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(ABSTRACT)

Many fields in science and engineering require large-scale numerical simulations of complex
systems described by differential equations. These systems are typically multi-physics (they
are driven by multiple interacting physical processes) and multiscale (the dynamics takes
place on vastly different spatial and temporal scales). Numerical solution of such systems
is highly challenging due to the dimension of the resulting discrete problem, and to the
complexity that comes from incorporating multiple interacting components with different
characteristics. The main contributions of this dissertation are the creation of new families
of time integration methods for multiscale and multiphysics simulations, and the development
of industrial-strengh tools for sensitivity analysis.

This work develops novel implicit-explicit (IMEX) general linear time integration methods
for multiphysics and multiscale simulations typically involving both stiff and non-stiff com-
ponents. In an IMEX approach, one uses an implicit scheme for the stiff components and
an explicit scheme for the non-stiff components such that the combined method has the
desired stability and accuracy properties. Practical schemes with favorable properties, such
as maximized stability, high efficiency, and no order reduction, are constructed and applied
in extensive numerical experiments to validate the theoretical findings and to demonstrate
their advantages. Approximate matrix factorization (AMF) technique exploits the structure
of the Jacobian of the implicit parts, which may lead to further efficiency improvement of
IMEX schemes. We have explored the application of AMF within some high order IMEX
Runge-Kutta schemes in order to achieve high efficiency.

Sensitivity analysis gives quantitative information about the changes in a dynamical model
outputs caused by caused by small changes in the model inputs. This information is crucial
for data assimilation, model-constrained optimization, inverse problems, and uncertainty
quantification. We develop a high performance software package for sensitivity analysis in
the context of stiff and nonstiff ordinary differential equations. Efficiency is demonstrated
by direct comparisons against existing state-of-art software on a variety of test problems.
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Chapter 1

Introduction

1.1 Problem formulation

Numerical solution of systems of differential equations is essential for simulating complex
physical and engineered systems characterized by multiple interacting physical processes.
Solving such multiphysics and multiscale problems poses considerable challenges due to their
large scale, and to complexities resulting from the computation of interacting components
with different dynamical properties [1]. Examples of relevant applications include fission
reactor fuel performance, reactor core modeling, crack propagation, DNA sequencing, fusion,
subsurface science, hydrology, climate, geodynamics, and accelerator design [2].

This work focuses on time discretization algorithms which can be applied to solve ordinary
differential equations (ODEs) or time-dependent partial differential equations (PDEs). To
fix ideas consider the following system of ODEs

y' =F(typ), to<t<tr, y(to)=1vo(p). (1.1)

Here y(t; p) € RY is the solution vector, y, the initial condition, and p € R™ a vector of model
parameters. This category of problems are also known as initial value problems (IVPs). In
the method of lines approach time-dependent PDEs are represented in the form (1.1) after
the spatial discretization.

Multiphysics and multiscale problems may result in problems in which the right-hand side F’
has components with widely different dynamics, often classified as stiff and non-stiff. Such
problems can be expressed concisely as

Yy =F(typ) = ftyip) +gt,y;p) to<t<tr, ylto)=vo(p), (1.2)
where f corresponds to the nonstiff term, and g corresponds to the stiff term.

The time discretization of multiple components in multiphysics and multiscale systems may
impose more severe constraints on stability, accuracy, or robustness than the limitations
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associated with each individual component. For example, in advection-diffusion-reaction
systems, the advection is usually a slow process and can be solved efficiently with an explicit
time integration scheme; however, the diffusion and chemistry processes can be very fast,
restricting the time steps of explicit methods to impractically small values due to stability
constraints [3, 4, 5].

Research question 1. What are the most effective time stepping methods for multiphysics
and multiscale systems? Our point of view is that numerical approaches that allow the use
of different strategies for different components are essential for providing an efficient and
time-accurate solution to these problems.

Partitioned time stepping schemes apply different numerical discretizations to different com-
ponents; for example, implicit-explicit (IMEX) schemes treat the nonstiff term explicitly and
the stiff term implicitly, therefore combing the low cost of explicit methods with the favorable
stability properties of implicit methods. Partitioned methods have been designed to tackle
the temporal coupling of multiphysics components [4, 6, 7, 8, 9, 10, 11, 12, 13], to improve
efficiency and stability for multiscale problems such as solid mechanics and heat transfer
applications [14, 15], and to overcome geometry-induced stiffness in fluid-flow problems [16].

Objective 1. One objective of this research is to develop novel partitioned time stepping
methods for the efficient simulation of large scale ODE systems and time-dependent PDE
systems. Specifically, we study new IMEX methods based on general linear methods for
multiscale and multiphysics time discretization.

Systems such as diffusion-reaction PDEs often lead to an ODE system in a semi-linear form

y=F(y)=Ly+f(y), yeRY (1.3)

where L is a constant matrix (Jacobian of the stiff component). For example, L may cor-
respond to the diffusion term that is approximated by a linear discrete Laplace operator in
finite difference. In each time step, IMEX methods need to solve a linear system involving
L

(I—-hyL)z=0b, x,bcRY (1.4)
where h is the step size and v is a parameter of the implicit integration scheme.
The matrix L is usually sparse but have a large bandwidth, especially when high order
spatial discretization schemes are applied. The complexity of the structure of the matrix
also increases with the dimensionality of the problems. So direct solve of the system (1.4) can

be very costly. Assuming that L = 22/[:1 Ly, an Approzimate Matriz Factorization (AMF)
scheme uses the easier to factorize matrix

M
I-hyLaI—hyL=][@-hvyL), (1.5)
k=1
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where the subsystems (I — A~y L) can usually be solved much faster and expose more par-
allelism.

Objective 2. Another objective coming along with the first one is to investigate the (AMF)
technique that is known to be useful for efficiently solving systems of diffusion-reaction type.
We want to explore better ways to apply it to high order IMEX schemes and evaluate its
potential benefits and value for large scale stiff systems.

Sensitivity analysis quantifies the relationship between changes in model parameters and
changes in model outputs. It has become a crucial ingredient for complex applications
such as data assimilation, model-constrained optimization, inverse problems and uncertainty
quantification. For example, sensitivity analysis helps identify the most influential parame-
ters and help the modeler better understand the dynamics of a system. The sensitivity of a
solution to changes in the data may provide insight that leads to improvements in the model.

Research question 2. What tools are needed to efficiently perform sensitivity analysis in
large scale simulations?

In the context of the ODE system (1.1), sensitivity analysis yields derivatives of the solution,
or a function of the solution \If(y(t;p)), with respect to the initial conditions or system

parameters, as follows
_0¥(y(t:p)

Ope
Here we assume that the system parameters p are independent of time.

S(t) L 1<l<m. (1.6)

Objective 3. A third objective of this research is to develop industrial-strength software
for ODE simulations, endowed with sensitivity analysis capabilities, and which can be easily
incorporated into other simulation codes.

1.2 Current state-of-the-art methodologies for integra-
tion and sensitivity analysis

This section summarizes relevant work from the literature related to our research objectives.

ODE solvers with sensitivity analysis capabilities. Only a few available software
packages for the solution of ODEs have the capability to compute sensitivities. One of the
earlier packages is Odessa [17], which performs direct sensitivity analysis. A modern package
is CVODES within SUNDIALS [18] from Lawrence Livermore National Laboratory. CVODES
is able to compute direct and continuous adjoint sensitivities. Both Odessa and CVODES are



Hong Zhang Chapter 1. Introduction 4

based on backward differentiation formulas (BDF). A software based on explicit Runge-Kutta
discretizations is DENSERKS [19] which implements continuous adjoint sensitivity analysis
for nonstiff ODEs. The Kinetic PreProcessor KPP [20, 21] is a widely used tool for the
simulation of chemical kinetics, and incorporates Runge-Kutta and Rosenbrock solvers that
are endowed with tangent linear and discrete adjoint sensitivity analysis capabilities.

General linear methods. The general linear method (GLM) family proposed by J.C.
Butcher [22] generalizes both Runge-Kutta (RK) and linear multistep methods. The added
complexity improves the flexibility to develop methods with better stability and accuracy
properties. While Runge-Kutta and linear multistep methods are special cases of GLMs,
the framework allows for the construction of many other methods as well. the diagonally
implicit multistage integration methods (DIMSIM) [23] and two step Runge Kutta (TSRK)
methods are two subclasses of general linear methods, which are both efficient and accurate,
and great potentials for practical use. GLM can overcome the limitations of both linear
multistep methods (lack of A-stability at high orders) and of Runge-Kutta methods (low
stage order leading to order reduction). A complete treatment of GLMs can be found in the
book of Jackiewicz [24]. However, there is no available general purpose software or large-scale
applications for GLMs.

Implicit-explicit methods. The idea of IMEX makes an optimal trade-off between effi-
ciency and stability possible [25, 26, 27, 28]. IMEX linear multistep (LM) methods have
been proposed in [29, 30, 31] and IMEX RK schemes in [32, 33, 34, 35, 36]. The orders of
consistency of these methods is typically lower than five. High order IMEX RK methods
are difficult to construct due to the large number of order conditions. IMEX LM meth-
ods have decreasing stability properties with increasing order. A special category of IMEX
schemes based on Extrapolation methods, which can theoretically achieve very high order,
are proposed in [27].

AMF technique. Calvo and Gerisch [37] studied the use of LIRK methods with AMF
on reaction-diffusion systems. They proposed an approach to apply AMF to a transformed
formula of LIRK methods which can avoid costly matrix vector multiplications. But only first
order of convergence is obtained. To recover second order, they came up with a correction
procedure on the solution at each time step. Applications of AMF with other time integration
methods such as Rosenbrock methods and peer methods are investigated in [38, 39].

1.3 Research accomplishments

This section provides a summary of the main contributions of this dissertation.
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1.3.1 ODE solvers with sensitivity analysis capabilities

We developed FATODE [40, 41], a Fortran library for the integration of ordinary differen-
tial equations with direct and adjoint sensitivity analysis capabilities. FATODE implements
four families of methods — explicit Runge-Kutta for nonstiff problems and fully implicit
Runge-Kutta, singly diagonally implicit Runge-Kutta, and Rosenbrock for stiff problems.
Each family contains several methods with different orders of accuracy; users can add new
methods by simply providing their coefficients. For each family the forward, adjoint, and
tangent linear models are implemented. General purpose solvers for dense and sparse linear
algebra are used; users can easily incorporate problem-tailored linear algebra routines. The
performance of the package is demonstrated on several test problems. To the best of our
knowledge FATODE is the first publicly available general purpose package that offers for-
ward and adjoint sensitivity analysis capabilities in the context of Runge-Kutta methods. A
wide range of applications are expected to benefit from its use; examples include parameter
estimation, data assimilation, optimal control, and uncertainty quantification.

1.3.2 Practical IMEX two-step Runge-Kutta schemes

We have developed new implicit-explicit schemes in the family of two-step Runge-Kutta
methods [42]. The class of schemes of interest is characterized by stage consistency (same
abscissae) and linear invariant preservation (same weights). The study of order conditions for
partitioned TSRK methods reveals that, in case of high stage orders, no additional coupling
conditions need to be satisfied. Therefore this framework offers extreme flexibility in pairing
implicit and explicit methods. The new framework allows to obtain IMEX schemes of order
p and stage order ¢ = p — 1 using only s = p — 1 stages. For p > 4 this is another advantage
over existing IMEX Runge-Kutta schemes.

We construct two practical IMEX TSRK methods, of orders three and four, respectively.
Their implicit parts are stiffly-accurate. The corresponding explicit parts have been con-
structed such as to maximize their stability properties; their coefficients were found via a
numerical optimization approach. A convergence analysis for the Prothero-Robinson prob-
lem shows that the effective order of IMEX schemes in case of stiffness equals the stage order
of the explicit part; a slight order reduction (from p to ¢ = p — 1) is expected in the general
case, but can be avoided in principle by using explicit methods with ¢ = p.

Numerical examples include an advection-reaction system, the Van der Pol equation, and a
semi-implicit integration of shallow water equations. Representative existing IMEX schemes
of Runge-Kutta and linear multistep types are included for comparison. The results show
that IMEX TSRK methods have favorable properties for stiff problems where IMEX Runge-
Kutta methods suffer from severe order reduction. The larger shallow water test shows
that the IMEX-TSRK methods are competitive in terms of accuracy and efficiency with the
currently available families of methods.
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A framework for partitioned and IMEX general linear methods

In [43, 44] we introduced a new family of partitioned time integration methods based on
high stage order general linear methods. We proved that the general linear framework is
well suited for the construction of multi-methods. Specifically, owing to the high stage
orders, no coupling conditions are needed to ensure the order of accuracy of the partitioned
GLM. We applied the partitioned general linear framework to construct new implicit-explicit
GLM pairs, together with appropriate starting and ending procedures.

The linear stability analysis proposes the use of constrained stability functions to quantify
the joint stability of the IMEX pair. A Prothero-Robinson convergence analysis reveals that
the order of an IMEX GLM scheme on very stiff problems is dictated by the stage order
of its non-stiff component; in particular, no order reduction appears if the explicit method
has a full stage order. This result indicates that IMEX GLMs are particularly attractive for
solving stiff problems, where other multistage methods may suffer from order reduction.

We constructed several practical IMEX GLM pairs starting from known implicit schemes
and adding an appropriate explicit counterpart. This strategy is applied to build second
and third order IMEX schemes based on DIMSIMs, which are a subfamily of general linear
methods promising for practical applications. Numerical experiments with the van der Pol
equation confirm the fact that IMEX GLMs converge at full order while IMEX RK methods
suffer from order reduction. We implemented our algorithms in a discontinuous Galerkin
finite element model developed by Blaise et al. [45], which has efficient parallel scalability.
The results show that the new IMEX DIMSIM schemes perform slightly better than the
IMEX RK methods of the same order.

1.3.3 Practical high-order IMEX general linear schemes

IMEX general linear methods can have similar stability properties as IMEX Runge-Kutta
methods, but are superior in terms of accuracy and efficiency, especially at high orders.
In the numerical solution of partial differential equations using a method-of-lines approach,
the availability of high-order spatial discretization schemes motivates the development of
sophisticated high-order time integration methods.

We construct two IMEX general linear methods of orders four and five, respectively. The
schemes are based on DIMSIMs with p = ¢ = r = s, where p and ¢ are method order
and stage order, r and s are number of external stages and number of internal stages. The
fourth-order IMEX DIMSIM comes with a new L-stable implicit DIMSIM. The fifth-order
IMEX DIMSIM consists of an existing L-stable implicit DIMSIM with refined accuracy in
the coefficients. The stability regions of the new schemes are optimized numerically to cover
as large a portion of the negative plane as possible. Compared to high-order classical IMEX
Runge-Kutta methods, our methods are more computationally efficient. The performance
gain comes from the fact that our methods require fewer number of stages to achieve same
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order, and more importantly, from the property of high-stage order that avoids the order
reduction IMEX Runge-Kutta methods may suffer from when applied to stiff problems.

Numerical tests on the Allen-Cahn equation and the viscous Burgers’ equation with time-
varying Dirichlet boundary conditions using finite difference schemes for spatial discretization
have been performed to show the advantages of our methods over classic high-order IMEX
Runge-Kutta methods. The new methods have also been successfully applied to large-
scale atmospheric simulations using high-order discontinuous Galerkin schemes for spatial
discretization. Two-dimensional and three-dimensional simulations of rising thermal bubbles
are used for illustration. Results show that IMEX GLMs perform better than high-order
IMEX Runge-Kutta methods in terms of accuracy and efficiency.

1.3.4 Application of approximate matrix factorization to high or-
der linearly implicit integration methods.

Existing AMF approaches limit the application only to low order schemes due to the possible
loss of order. We use a refinement approach which is based on inexact Newton iteration to
apply the AMF technique to high order methods, at the same time maintaining the high
order of accuracy and high efficiency. For convergence study, we analyze the linear system
solution error and then show how this error propagates to the solution. We also look into
the stability issues associated with AMF approach. Numerical results on a reaction-diffusion
problem validate the effectiveness and evaluate the efficiency of our method applied to third-
order and fourth-order linearly implicit Runge-Kutta methods.

1.4 Dissertation layout

The dissertation is organized as follows.

e Chapter 2 presents the general purpose library FATODE for the integration of ordinary
differential equations and for direct and adjoint sensitivity analysis. The implementa-
tion, code structure and usage are discussed.

e Chapter 3 reviews the theory of general linear methods (GLMs). A novel framework
of partitioned time stepping methods based on GLMs is constructed. The stability
and accuracy theory for the new methods is established. The partitioned framework
is applied to construct new IMEX GLMs, and to explain their advantages over classic
IMEX schemes. New second order and third order IMEX methods are constructed and
tested.

e Chapter 4 develops practical high order IMEX GLMs based on diagonally implicit
multistage integration methods. Similar to the low order methods described in the
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previous chapter, the new high order methods have inherent Runge-Kutta stability
property. The constrained stability regions are maximized using numerical optimiza-
tion. Numerical results with the Allen-Cahn and Burgers’ equations show that the new
methods do not suffer from order reduction. The new methods are implemented in a
high performance geophysical simulation software based upon the mesh database of the
GMSH mesh generator code [46], and applied to 2D and 3D simulations of atmospheric
flows governed by Euler equations. The high order IMEX DIMSIMs are more efficient
than classic IMEX Runge-Kutta methods.

e Chapter 5 studies another family of IMEX methods — IMEX two-step Runge-Kutta
(TSRK) methods in the partitioned GLMs framework. We construct the third and
fourth order IMEX TSRK methods that have a stiffly-accurate implicit component and
an explicit component with numerically maximized stability regions. The theoretical
findings are validated by numerical experiments on an advection-reaction system, van
der Pol equations, and shallow water equations.

e Chapter 6 explores the application of AMF technique to high order linearly implicit
Runge-Kutta methods, which are a special case of IMEX Runge-Kutta methods. By
using a cheap correction procedure, similar to the inexact Newton’s iteration, on each
stage computation, high order and high accuracy is achieved with high order LIRK
methods and AMF. Numerical experiments on reaction-diffusion type problems with
different degrees of stiffness and scales illustrate the effectiveness and efficiency of our
approach.

e Chapter 7 gives the conclusions of this work and future research directions.



Chapter 2

FATODE: A library for Forward,
Adjoint and Tangent linear
integration of ODEs

2.1 Introduction

Many dynamical systems in science and engineering are modeled by ordinary differential
equations (ODEs)

y =ftyp), to<t<te, y(to)=1o(p). (2.1)
Here y(t) € R? is the solution vector, 3o the initial condition, and p € R™ a vector of model
parameters. Stiffness results from the existence of multiple dynamical scales, with the fastest
characteristic times being much smaller than the time scales of interest in the simulation.
It is well known that the numerical solution of stiff systems requires unconditionally stable
discretizations which allow time steps that are not bounded by the fastest time scales in the
system [47]. Here we assume that the system parameters p are independent of time. In the
context of the ODE system (2.1), sensitivity analysis yields derivatives of the solution with
respect to the initial conditions or system parameters, as follows

_ 9y(t)

Sit) =5, 5 L=Lom. (2.2)

Two main approaches are available for computing the sensitivities (2.2). The direct (or tan-
gent linear) method is efficient when the number of parameters is smaller than the dimension
of the system (m < d), while the adjoint method is efficient when the number of parameters
is larger than the dimension of the system (m > d). Furthermore, two distinct approaches
can be taken for defining adjoint sensitivities; the continuous adjoint (differentiate then dis-
cretize) and the discrete adjoint (discretize then differentiate) approaches typically lead to
different computational results.
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Sensitivity analysis is an essential ingredient for uncertainty quantification, parameter es-
timation, optimization, optimal control, and construction of reduced order models. Only
a few available software packages for the solution of ODEs have the capability to compute
sensitivities. One of the earlier packages is Odessa [17], which performs direct sensitivity
analysis. A modern package is CVODES within SUNDIALS [18] from Lawrence Livermore Na-
tional Laboratory. CVODES is able to compute direct and continuous adjoint sensitivities.
Both Odessa and CVODES are based on backward differentiation formulas (BDF). A software
based on explicit Runge-Kutta discretizations is DENSERKS [19] which implements continu-
ous adjoint sensitivity analysis for nonstiff ODEs. The Kinetic PreProcessor KPP [20, 21]
is a widely used tool for the simulation of chemical kinetics, and incorporates Runge-Kutta
and Rosenbrock solvers that are endowed with tangent linear and discrete adjoint sensitivity
analysis capabilities.

In this chapter we present a library of explicit/implicit Runge-Kutta and Rosenbrock solvers
for the simulation of nonstiff and stiff ODEs. The library, called FATODE [48, 40, 49, 50],
performs forward simulations, and sensitivity analysis via the discrete adjoint and the tangent
linear methods. FATODE brings new capabilities to the constellation of available sensitivity
analysis software, as follows.

e FATODE is based on the KPP library of solvers. While the KPP implementation is
specifically aimed at chemical kinetic systems, the FATODE implementation is general
and suitable for a wide range of applications.

e FATODE is the first available general purpose software that implements a discrete ad-
joint sensitivity analysis approach. This gives gradients that are exact, within roundoff
error, and therefore are highly suitable for numerical optimization problems. In con-
tradistinction, both DENSERKS and CVODES implement a continuous adjoint approach,
i.e., they solve the adjoint ODEs by applying the same numerical methods as for the
forward ODEs.

e FATODE is the first general purpose package that implements sensitivity analysis for
stiff systems using implicit Runge-Kutta and Rosenbrock methods. In contrast, DENSERKS
uses explicit Runge-Kutta methods for non-stiff problems, while CVODES is based on
linear multistep methods.

e Numerical tests show that FATODE is competitive with CVODES, from a computational
efficiency perspective, both as an ODE integration package, as well as a forward and
adjoint sensitivity solver. In addition, the FATODE library implements not one, but
multiple methods, and the user has the possibility to select the best one for the appli-
cation at hand.

The chapter is organized as follows. The background Section 2.2 reviews numerical integra-
tion algorithms, with emphasis on those implemented in FATODE, and summarizes the direct
and adjoint approaches to sensitivity analysis. Section 2.3 discusses the array of tunable
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parameters offered by the package, and provides general guidelines to select the best options
for the problem at hand. Section 2.4 presents the code structure and implementation aspects
of FATODE. Numerical tests with a nonstiff system are shown in Section 2.6, and with a stiff
system in Section 2.8. Section 2.9 discusses discusses several important choices of methods
and parameters. Section 2.10 summarizes the conclusions of this chapter.

2.2 Background

2.2.1 Numerical solution of ODEs

A considerable body of work has been devoted to the numerical solution of ODE systems
(2.1), as presented in the monograph [51, 47]. Many classes of numerical discretizations are
available and rigorous mathematical theories have been developed to analyze their accuracy
and stability properties. Numerical discretizations can be broadly classified into explicit,
which compute the new solution by repeated evaluations of the right hand side of (2.1), and
implicit, which compute the new solution by solving (non-)linear systems of equations at
each step. When solving nonstiff systems of ODEs the step sizes are decided solely based
on accuracy requirements, and explicit methods [51] are preferred due to their lower cost
per step. Implicit methods [47] are employed when solving stiff systems due to their better
numerical stability properties.

FATODE implements four families of methods: explicit Runge-Kutta for nonstiff problems,
and Rosenbrock, fully implicit Runge-Kutta, and singly diagonally implicit Runge-Kutta
for stiff problems. Forward and adjoint sensitivity solvers are also included. The implicit
methods have been previously implemented in KPP [20, 21] and have proved to be very
efficient for solving many stiff chemical problems including CBM-IV [52], SAPRC [53] and
NASA HSRP/AESA. The implementation of the forward implicit methods is inspired by the
codes associated with the monograph [47].

All methods in FATODE are one-step integration formulas that advance the numerical solution
Yn = y(tn) to Ynt1 = y<tn+1)a tn+1 = tn + h7 uSing

Yn+1 = (I)n(ynup>7 n = 07 v 7N —1. (23)

The specific families of methods are introduced below.

Runge-Kutta methods A general s-stage Runge-Kutta method reads [51]

T, = tateh, Yi=ya+h Y ap; f(T;,Y;), i=1...s, (2.4a)
j=1
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j=1

where the coeflicients

A= [ai,jhg,jgs , b= [bihgz‘gs ;€= [Cihgigs =A- 1(s,l) ) (2-5)

define the method and determine its accuracy and stability properties. Explicit Runge-Kutta
methods are characterized by the coefficients a; ; = 0 for all ¢ and j > ¢. Singly diagonal
implicit Runge-Kutta methods are defined by (2.4) with a;; = v and a;; = 0 for all ¢ and
j > 4. Fully implicit methods don’t enjoy any special structure of the coefficient matrix
and require coupled solutions for all the stage vectors, i.e., solutions of nonlinear systems of
dimension sd X sd.

Rosenbrock methods An s-stage Rosenbrock method [51] is given by the formulas

i—1
T%:tn—FOéih, Y;:yn—i—Zai,jkj, izl,...,S, (26&)
j=1
ki = hf <Tz> Y;) + h.fy(tmyn) : Z’Vi,jkj + %h‘th(tna yn)a (26b)
j=1
Ynt1 = Yn T Z bik; (2.6¢)
j=1

where particular methods are defined by their coefficients
o= [O‘i,jhgz‘,jgs , b= [bi]lgigs Y= [%Jhgz’,jgs ; (2.7)

i—1 7
Oéi:ZOéi’j, ’}/,L:Z"}/ZJ, OLZJ:O,VZE‘], ’}/ijj:O,VZ'>j.
= =1

We have 7;; =« for all i for computational efficiency. Here f, = 0f /0y € R?*¢ represents
the Jacobian of the ODE function, and f, = df/0t, as discussed in 2.2.2. We will denote
matrices and tensors by bold symbols, and vectors and scalar by regular symbols. Rosenbrock
methods are attractive because of their excellent stability properties and the conservation of
linear invariants of the system. They typically outperform backward differentiation formulas
such as those implemented in SMVGEAR [54] for medium accuracy solutions.

Methods implemented in FATODE The particular numerical schemes available in FA-
TODE are summarized in Table 2.1.
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The explicit Runge-Kutta (ERK) methods are suitable for non-stiff systems. The orders of
accuracy range between two (RK2) and eight (DOPRI-853). The cost per step is (roughly)
proportional to the number of stages.

All fully implicit Runge-Kutta (FIRK) methods in FATODE have three stages and require
a coupled solution of all of them. This is implemented via two LU factorizations per step,
one real and one complex. Thus the FIRK cost per step is the largest among all methods
in FATODE. A-stability and L-stability are linear stability properties that guarantee that
truncation errors do not accumulate quickly regardless of the stepsize [47]. L-stable methods
are well suited for stiff problems as they guarantee a strong damping of the fast solution
transients. Stiff accuracy is a property that allows for correct solutions of nonlinear systems
in the limit of infinite stiffness (when the ordinary differential equation becomes a differential
algebraic equation [47]).

Singly diagonally implicit Runge-Kutta (SDIRK) schemes perform a single LU factorization
per time step, which is used to solve the nonlinear equations in each stage by simplified
Newton equations. The number of forward-backward substitutions equals the total number
of simplified Newton iteration for all stages. The methods implemented have orders two and
four, and are all stiffly accurate, meaning that they are suitable for stiff problems.

Rosenbrock methods have the lowest cost per time step among all implicit schemes. Only
linear systems need to be solved. There is one LU factorization per time step and as many
forward-backward substitutions as there are stages. All methods implemented are L-stable.
The stiff accuracy property is defined differently for Rosenbrock schemes than for Runge-
Kutta schemes [47], but the meaning is similar: stiffly accurate methods provide correct
results in the asymptotic limit of infinite stiffness.

2.2.2 Preliminaries on derivatives

Consider the following smooth function
o(y,p) : R™™ - R"

and its first and second order derivatives

0¢; 0¢;
(5 e o # ™ (00) o
Y dy; 1<i<n, 1<j<d ? Ip; 1<i<n, 1<j<m

é _(32@-) é _(82@)
Y,y ) Yy,p )
Y5 OYx ) 1 <i<n, 1<jh<d 0Yj OPk /) 1<icn, 1<j<d, 1<k<m

& _(32@-) & _<82¢i)
y 22y ? Py °
Op; Opy 1<i<n, 1<j,k<m Op; Oy 1<i<n, 1<j<m, 1<k<d
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Table 2.1:  Time stepping methods implemented in FATODE. (ERK, FIRK, SDIRK and
ROS stand for Explicit Runge-Kutta, Fully Implicit Runge-Kutta, Singly Diagonally Implicit

Runge-Kutta and Rosenbrock, respectively.)

Family | Method Stages | Order | Stability properties
RK2(3) [51] 3 2 Conditionally stable
RK3(2) [51] 4 3 Conditionally stable

ERK RK4(3) [51] 5 4 Conditionally stable
DOPRI5 [51] 7 5 Conditionally stable
Verner [51] 8 6 Conditionally stable
DOPRI853 [51] 12 8 Conditionally stable
RadaulA [47] 3 5 L-stable

FIRK Radau2A [47] 3 5 L-stable, stiffly-accurate
Lobatto3C [47] 3 4 L-stable, stiffly-accurate
Gauss [47] 3 6 Weakly A-stable
Sdirk2a 2 2 L-stable, stiffly-accurate
Sdirk2b 2 2 L-stable, stiffly-accurate

SDIRK | Sdirk3a 3 2 L-stable, stiffly-accurate
Sdirk4a [47] 5 4 L-stable, stiffly-accurate
Sdirk4b [47] 5 4 L-stable, stiffly-accurate
Ros2 [55] 2 2 L-stable

ROS Ros3 [56] 3 3 L-stable
Rodas3 [56] 4 3 L-stable, stiffly-accurate
Ros4 [47] 4 4 L-stable
Rodas4 [47] 6 4 L-stable, stiffly-accurate

Let u,v € R4, u,v € R™
£~ Jy; Oy

Py,y - U

, and z € R"™. Hessian-vector products are matrices of the form

n
Uk y R ¢y,y = E
1<i<n, 1<5<d i=1

and similar for all other derivatives. The derivatives of Jacobian-vector products are:

d Do,
(Z y;

0%
Ay Oy

).

zz) )
1<j,k<d



Hong Zhang Chapter 2. FATODE

=1 k=1
(Ppy - u)-ueR"
= (yp-u)-ucR".
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= (Z"by,p)'EERd
= (z- ¢p,y)T -u € R
= (‘by,p'ﬂ)T'zERd-

They are used to express derivatives of Jacobian-vector products as follows:

(5@ 0) v = Guru)v =By 0) ue R,

TB59)) = b u= (B0 R,
(5@ )7 = Gy 7= (Bpp 1) TR,
(£652)) 5 = )= (@) 2R,
(@) 0 = @) 1= (G 1) u e R,
((62)) - = @y -z R",
(5 @) T = Gupem)uchr,
<%(¢Z z))-ﬂ = (¢yp-0) -z€R.

Consider now the extended ODE (2.11). The right hand side function has the following
extended Jacobian

t7y7p) f <t7y7p) Odl
d [f,0,r ful p @)
[ ] = J<t7yap) = O(m,d) O(m,m) O(m,l) y (28)
Ty(ta 3/717) Tp(ta yap) 0(1,1)
T fg(t7y7p) O(d,m) rg(t7yap)
J'ty.p) = | fpt,y,p) Opmmy 7ty p)
0@1,0) 0(1,m) 0,1

d [y,p,q|

o)

The extended Hessian times vector terms reads:

u B v d fyT 0 TZ u v
u|-H T | = fo 0 7] | |7 v (2.9)
mn n d [y7p7 Q] 0 0 0 n n
(fy,y ) U); “u+ (fy,p : @); U+ (ry,y U); U+ (Ty,p _); U
= (fp,y ) cut (fpp0) cut (Tp,y V)" U+ (Tpp V) U
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2.2.3 Sensitivity analysis

Consider an output vector ¥ € R® that depends on the solution of the system (2.1)

V=gt + [ ey . (2.10)

to

where g : R™™ — R° and r : R*¥™ 5 R For example, the first terms can penalize
the discrepancy between the model state and a target state at the final time, g(tp) =
1Y — Ytarget (tF)||. The integral terms can measure the discrepancy between quantities O(y)
predicted by the model and measurements of the same quantities in the physical world,
= ||O(y(t)) — Zobservea(t)||- In the solution of inverse problems the entries of ¥ are referred
to as objective functions, and in the context of uncertainty quantification as quantities of
interest.

The output functions (2.10) can be formulated solely in terms of the final state by extending
the ODE system. To account for the evolution of the parameters we add the formal equations
for the parameter evolution p’ = 0. To compute the integral terms in (2.10) we add the
quadrature variables ¢ € R° whose evolution is defined by ¢(ty) = 0 and ¢’ = r (¢,y,p). The
equation (2.1) and the outputs (2.10) become

/

Y f(t,y,p) y(to) Yo
p| = 0 , to<t<tp; | plo) |=|p |, (2.11)
q (t,y,p) q(to) 0

U= g(yltr)p) +qltr). (2.12)

Since (2.10) is equivalent to (2.12) in the remainder of this section we will consider r = 0
in order to simplify the presentation, and without loss of generality. However, as explained
later, the FATODE implementation treats the case r # 0 separately to enhance computational
efficiency.

Sensitivity analysis yields the derivatives of the model outputs ¥y,..., V,, with respect to
the model inputs, i.e., the parameters py, ..., p,. The two main approaches to compute the
sensitivity matrix dW¥/dp € R°*™ are discussed next.

2.2.4 Direct sensitivity analysis

Small changes dp in the parameters result in small perturbations dy(t) of the solution of ODE
system (2.1), which in turn lead to small changes 0¥ in the model outputs. Let p = dp/ ||op||
be the scaled perturbation and y = dy/ ||dp|| be the directions of solution change. These
directions propagate forward in time according to the tangent linear ODE:

dyo

v = fylt,y;p) -9+ folt,ysp) P, 9lte) = o P, y(t) e RY. (2.13)
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The sensitivity matrix dW¥/dp is computed column by column, as follows. Solve the tangent
linear model (2.13) with p = e, to obtain g, = S, (2.2). Here e, € R™ is a vector with the
(-th entry equal to one, and all other entries equal to zero. The /-th column of the sensitivity
matrix is

av

dpe
(recall that we now assume r = 0 without loss of generality). The computational cost of the
forward sensitivity analysis is dominated by the m integrations of the tangent linear model
(2.13). Therefore the forward approach works best when the number of parameters m is
small. On the other hand, the number of outputs defines the dimension of (2.14) but has
a small influence on (2.13), therefore it has only a small impact on the total computational
cost.

gy (y(tF>7p>'y€<tF>+gpe (y(tF)ap) ) (= 17"'7m7 (214>

In principle two approaches are possible to obtain the sensitivities in an application. In
the continuous forward sensitivity approach one first differentiates the forward ODE system
(2.1) to obtain the continuous tangent linear ODE (2.13). The forward and the tangent
linear ODE systems are solved together forward in time. For example, an application of the
implicit Euler method leads to the numerical solution

yn—i-l - yn + h f(tn-l—lu yn+1,p) ) (215&)
Unt1 = Un+ D0 fy(tnst, Uni1,0) - Ungr + b fp(tnit, Yns1,0) - D (2.15D)

In this case 7, represents a numerical approximation of the continuous forward sensitivities
Y(tn)-

In the discrete forward sensitivity approach one starts with the numerical approximation of
the forward system (2.3) and differentiates it in the direction p

Unt1 = PY(Yn, D) * Un + ®p(Yn,p) -0, n=0,...,N—1. (2.16)
In this case g, represents the sensitivity of the forward numerical solution dy, /dp - p.

It is easy to see that the differentiation of the implicit Euler solution (2.15a) with respect
to parameters leads to discrete sensitivity equations (2.16) that are precisely (2.15b). Like
with implicit Euler, for all methods implemented in FATODE the continuous and the discrete
forward sensitivity approaches lead to exactly the same results. FAOTODE solves the com-
bined equations (2.15) in an efficient manner; for example, in case of implicit schemes, the
LU factorization used to solve the sensitivity equation (2.15b) is re-used in the next step to
solve the forward system (2.15a).
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2.2.5 Adjoint sensitivity analysis

In adjoint sensitivity analysis the matrix dW¥/dp is computed row by row, as follows. For
each output function ¥; solve the following adjoint ODE for \;i(t) € R¢ and u;(t) € R™

Xoo= —fItyp) - A, Nilte) = (9:)T (y(tr),p) |
o= —frtyp) - N, pilte) = (g:)) (Wte),p) 3 tr >t >t.

The adjoint equation (2.17) is derived using variational calculus [57, 58]. We observe that
the adjoint equation is solved backwards in time, and that its formulation depends on the
forward model state y(t). Therefore in order to solve (2.17) one needs to first solve (2.1)
forward in time and save the entire solution y(¢). This solution is used to form the Jacobians
during the backward in time adjoint integration.

(2.17)

It can be shown that the the sensitivity of the i-th output with respect to all parameters
can be obtained from the adjoint variables as [57, 58]

d¥, d .
o =)+ (20) i1

The cost of computing the entire sensitivity matrix dW¥/dp is dominated by the repeated
solution of the adjoint systems (2.17) for i = 1,..., 0. Therefore the adjoint method is most
effective when the number of outputs o is small. The number m of model inputs (parameters)
defines the size of ;. Since these variables are obtained via relatively inexpensive Jacobian-
transposed vector products pr)\i, the number of parameters m does not impact considerably
the overall computational cost.

Two approaches are possible to evaluate numerically the sensitivities d¥ /dp. The continuous
adjoint approach applies a numerical discretization to solve the adjoint ODE (2.17). Since the
adjoint ODE is formed first, this strategy is also called differentiate-then-discretize approach.
For example, if the implicit Euler method (2.15) is used to solve (2.17) one obtains

N)n = (91)f Wtr),p) ;5 A = Ni)nr1 + b (b, y(£0); ) - Ao s
(m)n = (9)p (te),p) 5 (o = (E)nir + o fy (tns y(ta); 2) - Ao

for N —1 >mn > 0. In practice the Jacobian arguments are replaced by numerical approxi-
mations of the forward trajectory. In general the forward steps and the continuous adjoint
steps need not coincide. The Jacobian arguments are computed by interpolating the stored
forward solution, such as to obtain intermediate state variables at the times required by the
backward integration. The continuous adjoint variables are approximation of the solutions

of the adjoint ODE (2.17), (M), = Ai(tn) and (@;), = pi(ty)-

In the discrete adjoint sensitivity approach one starts with the numerical approximation of
the forward system (2.3) and builds the adjoint (linearized transpose) of the discrete system

Av =gy (yn); pn = gy (Yn) ;

(2.18
/\TL = QZ(yTHp)T : A'n,—‘y-l; Hn = @g(ynap)T ' )‘n-‘rla n=N-— 17 s 70' )
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For example, the discrete adjoint of the implicit Euler method (2.15) reads

(A)n = (g0)y (Un,0) 5 Ni)n = ANings + 0 Fy (tnsts Yns130) - N s
(i) = (93)p, (n,p) 5 (1o = (Ha)ng1 + b L (bnts Yns1s0) - (Aidn s

for N—1 > n > 0. The arguments of fg , fg are the numerical approximations of the
implicit Euler method applied to the forward problem (2.15). The discrete adjoint approach
(2.19) follows exactly the same sequence of time steps as the forward integration (2.15),
but in reverse order. The discrete adjoint variables represent derivatives of the numerical
solution, e.g., (A\;)n = dV;(yn)/dyy.

The continuous (differentiate-then-discretize) and the discrete (discretize-then-differentiate)
adjoint approaches lead, in general, to different computational results [59]. This can be
easily seen for our implicit Euler example by comparing equations (2.18) and (2.19). The
arguments of fg , fg differ; even if the same sequence of forward steps is used in both cases,
the Jacobians are evaluated at y, in the continuous adjoint, and at y,.; in the discrete
adjoint systems.

All sensitivity packages currently available (Odessa [17], CVODES [18], and DENSERKS [19])
implement a continuous adjoint sensitivity approach. Important characteristics of the con-
tinuous adjoint approach are as follows. Continuous adjoints are numerical solutions of the
adjoint ODE, therefore they always approximate the continuous derivatives. However they
are not the (exact) gradients of any function. The continuous approach offers implementa-
tion flexibility; the numerical method and the sequence of step sizes used to solve the adjoint
ODE may differ from those used to solve the forward ODE, and may be tuned separately
to satisfy the accuracy needs of the reverse integration. However, this comes at a cost; the
forward numerical solution needs to be interpolated to the time points required in the adjoint
integration.

The discrete adjoint approach has several important characteristics that distinguishes it from
the continuous approach. Discrete adjoint variables are derivatives of the forward numerical
solution. However, there is no guarantee that they are approximations of the continuous
derivatives [57, 21]. The discrete approach provides exact gradients (within roundoff) of the
numerical cost functions, which is advantageous in the solution of numerical optimization
problems. The computational process and the sequence of step sizes are determined by the
forward numerical method and by the forward steps; there is no flexibility to separately tune
the adjoint integration. In the same time, all the variables needed to form the discrete adjoint
are computed during the forward solution, and no additional interpolations are necessary.
The human effort required to implement the adjoint of a complex model is considerable; dis-
crete adjoints can be constructed automatically by algorithmic differentiation [60] to reduce
this effort. In addition, one can compute sensitivities of ODEs described by legacy code, and
for which the analytical formulation may be unavailable.

FATODE is the first package to implement discrete adjoints for all the methods considered.
This allows the users to benefit from all the advantages of this approach described above.
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In addition, the discrete adjoints implemented have good theoretical properties, in the sense
that they are consistent discretizations of the adjoint ODE. We recall the following theorem
from [57, 58].

Theorem 2.2.1 (Consistency of discrete Runge-Kutta adjoints). If a Runge-Kutta method
(2.4) has order of consistency p, then its discrete adjoint (2.18) is an order p discretization

of the adjoint ODE (2.17).

The proof of this theorem accounts for both the adjoint truncation error and for the approx-
imation of the linearization point (the use of a forward discrete solution y,, instead of y(¢,)
in the Jacobian arguments). Similar arguments apply to the discrete adjoints of Rosenbrock
methods (2.6).

2.3 Selection of different options in FATODE

FATODE offers a wide array of tunable parameters for the solution of ODEs and the calcu-
lation of sensitivities. We provide some general guidelines that could help a user select the
options that best suit the problem at hand. A complete discussion of the available options
is given in FATODE User’s guide [49].

2.3.1 Selecting a family of methods

ERK are the methods of choice for non-stiff problems. SDIRK and ROS are preferable for
stiff problems where a moderate accuracy is required, and FIRK for very stiff systems or
when a high accuracy is needed. Among the implicit schemes the FIRK cost per step is the
highest, while the ROS cost per step is the lowest.

2.3.2 Selecting a particular method within a family

This choice reflects the tradeoff between compute time and accuracy. For maximum effi-
ciency one would choose schemes of order two to four for faster, low to medium accuracy
calculations, and progressively higher order schemes for more accurate results. Methods of
order five to eight are most efficient when high accuracies are sought.

As explained in Section 2.2.1 all L-stable methods are suitable for the integration of stiff
systems as they provide strong damping of the fast components of the error. Methods which,
in addition, are stiffly accurate retain the solution accuracy in the limit of infinite stiffness.
Therefore stiffly accurate methods like Radau2A, Lobatto3C, Sdirk4{a,b}, and Rodas{3,4}
are well suited for the integration of very stiff systems (2.1). On the other hand the Gauss
method is only weakly A-stable, meaning that it only weakly attenuates fast transients, and
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is therefore not suited for very stiff systems. Gauss method is useful when the energy of the
system needs to be preserved, for example in the case of Hamiltonian dynamics.

2.3.3 Selecting a linear algebra solver

The most computationally intensive part in solving large-scale ODE systems by implicit
methods is the solution of linear systems at each step. FATODE provides several direct linear
algebra solvers that work well for small and medium size problems. The selection of a specific
package depends on the problem at hand: LAPACK should be used for problems with full
Jacobian matrices, and UMFPACK or SuperLU for problems with a sparse structure. For
very large problems a better solution is to link the integrators to third party Krylov space
iterative solvers and utilize problem specific preconditioners.

2.3.4 Choosing the direct or the adjoint approach to sensitivity
calculations

The two main approaches to compute the sensitivity matrix d¥/dp € R°*™ have different
computational complexities as explained in Section 2.2. As a rule of thumb the direct (or
tangent linear) method is chosen when the number of parameters is smaller than the number
of outputs (m < o), while the adjoint method is chosen when the number of parameters is
larger than the number of outputs (m > 0). When m =~ o the direct method is preferable
due to its lower implementation complexity.

For the adjoint method method the user has the option to compute sensitivities with respect
to only the initial conditions, e.g., for a data assimilation application, or to compute sensi-
tivities with respect to both model parameters and initial conditions, e.g., in a parameter
estimation application.

2.3.5 Selecting the solution approach for the sensitivity systems

Both the tangent and the adjoint ODEs are linear, and during each step the corresponding
sensitivity variables are are the solutions of a linear system of equations. FATODE offers the
choice to build this system and to solve it directly, or to employ simplified Newton iterations
that reuse the LU decompositions performed during forward calculation. If the LU factors
can be stored then the simplified Newton iterations saves considerable CPU time in forward
sensitivity mode by reusing the LU decomposition. In adjoint sensitivity calculations the
computational savings need to be judged against the additional read/write overhead for
checkpointing large, multiple LU factorized matrices, and against the physical dimensions
of the tape. The direct approach should be selected if an iterative linear algebra solver is
employed, and no explicit LU decomposition is available. When simplified Newton iterations
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are used the computed adjoints are equal to the discrete gradients within the truncation error
margin (and not to roundoff error).

2.3.6 Choosing tolerances

Absolute and relative tolerances reflect the desired degree of solution accuracy. It is a good
idea to select slightly tighter tolerances for sensitivities than required by the forward applica-
tion alone. For best performance absolute tolerances need to be chosen such as to reflect the
magnitude of each solution component. This is typically very difficult with sensitivity calcu-
lations, as sensitivity coefficients can vary over many many orders of magnitude, and little
information about their values is available apriori. Repeated calculations may be needed to
properly calibrate absolute tolerances.

2.3.7 Computing derivatives

The stiff solvers, as well as the tangent linear and adjoint methods, require the computation
of various derivatives such as the Jacobians of the ODE function or of the output functions
with respect to the state and parameters. The derivatives supplied to FATODE can be
obtained analytically, by finite differences, or by automatic differentiation. Details about the
required derivatives and their implementation can be found in [61, part 2.5.7]. Analytical or
automatic differentiation generated Jacobians and Hessians are to be preferred due to their
accuracy and, most often, their computational efficiency. Finite differences are the least
recommended as their accuracy is difficult to control, and their errors impact directly the
computed sensitivities. ROS methods require most additional derivatives, including Hessians
for sensitivity calculations. If derivatives are difficult to obtain, or expensive to run, then
SDIRK or FIRK methods are to be preferred.

2.4 Code organization

FATODE implements four types of methods: explicit, fully implicit, and singly diagonally
implicit Runge-Kutta methods, and Rosenbrock methods. For each family of methods, a
module is given for the main integrator, a module for linear system solver interface, and a
set of modules for generic linear system solvers. They form the basic structure shown in
Figure 2.1.

The main integration module provides the basic time stepping framework, and is independent
of the linear system solver.

e The forward integrator calls the user-supplied right-hand side function and Jacobian
and accesses the linear system solver, in order to compute the ODE solution. Users
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Figure 2.1: Overall structure of FATODE.

can employ FATODE as a high quality ODE solution library even when its sensitivity
analysis capabilities are not needed. Details of the implementation of different Runge-
Kutta and Rosenbrock methods are given in [61, part 2.5.1].

e The tangent linear integrator and the adjoint integrator require users to also specify the
parameters of interest as additional inputs. The tangent linear integrator, by default,
considers the initial conditions of the ODE system as the parameters of interest and
computes the sensitivity of the ODE solution with respect to them. Highly efficient
tangent linear implementations are obtained by re-using the LU decompositions from
the forward solution on the sensitivity equations [62]. Details about each family of
tangent linear methods are given in [61, part 2.5.2].

e For efficiency reasons FATODE provides two implementations of the adjoint integrator,
one for sensitivities with respect to initial conditions, detailed in [61, part 2.5.3], and
and one sensitivities with respect to parameters, discussed in [61, part 2.5.5]. By default
scalar cost functions (2.10) are considered. The cost function and its derivatives are
supplied by the user; cost function derivatives are used to define the adjoint initial
conditions, see (2.18) and [61, Eqn. (2.47)], and to provide the forcing of the adjoint
equations.

The linear system solver modules define the data structures for the Jacobians (e.g., dense,
sparse), interfaces to routines that compute Jacobian (or its transpose) times vector products,
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as well as interfaces to linear solvers. Linear algebra is implemented transparently to the
ODE solvers via four generic routines: LS_Init (allocates memory and initializes the specific
linear solver), LS_Decomp (LU decomposition), LS_Solve (solves the triangular systems by
substitution), and LS_Free (frees the memory allocated during the initialization stage). They
provide interfaces to dense (LAPACK [63]) and sparse (UMFPACK [64] and SuperLU [65]) linear
algebra packages. Separate modules are provided for each of the implicit time stepping
families in FATODE, as they perform different Jacobian operations and solve different types
of systems (e.g., real-valued linear systems of dimension d x d for Rosenbrock and real
and complex linear systems of dimension d x d for Runge-Kutta). All the required code
modifications for a new application, or for adding a new solver, are done within the linear
algebra modules. Details on the linear algebra part of FATODE are given in [61, part 2.5.8].

The adjoint model requires two runs. First the forward code performs a regular integration
of the ODE system. At each step the time t,, the step size, the forward solution vector,
and the intermediate stage vectors are all saved in checkpoints. Next, the discrete adjoint
code is run backward in time and traces the same sequence of steps, but in reverse order. At
each step, the data in the checkpoint storage is retrieved and used to construct the adjoint
system. The results of LU factorizations can, in principle, be checkpointed and reused in the
adjoint calculations. This is not done in our implementation, due to the following reasons.
The memory and input/output costs for storing LU factors can be extremely large when
the system is large or when many steps are taken. Next, FATODE is designed such that the
details of the linear solver are transparent to the main integrator. This transparency cannot
be preserved when one builds and manages a stack for data structures that are specific to
particular linear solvers.

Variable step size is employed by FATODE to control numerical errors and maximize efficiency.
The forward integrators estimate the truncation errors using Runge-Kutta and Rosenbrock
embedded solutions. Local error tests are performed based on the relative and absolute
error tolerances specified by the user, and they are used to decide acceptance/rejection of
the current solution as well as the size of the next step. For the forward sensitivity analysis
FATODE allows to control the truncation errors for both the forward solution and the tangent
linear model solution. There is no step size control during the discrete adjoint integration
as it traces the same sequence of steps as the forward integration. However, user specified
tolerances are employed to control the convergence of the iterative solutions of sensitivity
equations. Implementation details for error estimates and step size control are given in [61,
part 2.5.6].

To increase efficiency the FIRK and SDIRK implementations have the possibility to reuse
previous LU factorizations in lieu of recomputing a new factorization at the current step.
The reuse is allowed when the following three conditions are simultaneously met: the same
LU factorization has not been in use for more than ... consecutive steps; the ratio of
the predicted step size to the current step size satisfies gmin < Ppredicted/P < ¢max; and the

convergence rate of the simplified Newton iterations in previous step is smaller than 6,,..
The default values are Nyax = 20, Gmin = 1, ¢max = 1.2, Opnaxe = 0.001, and they can be
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changed by the user.

2.5 Implementation

2.5.1 FATODE implementation of forward model integration

26

FATODE provides a high quality solvers for the forward ODE problem (2.1). Even without
the sensitivity analysis capabilities it can be used as a generic ODE solution library. In this
section we discuss the efficient implementation of different Runge-Kutta and Rosenbrock
methods for solving (2.1). The implementation of forward solvers is inspired by [51, 47].

Explicit Runge-Kutta methods

The implementation of explicit methods is based on (2.4). The stage vectors are computed
in succession using

i—1
Vi=yns Yi=yth ) oy f(T,Y), =25,
j=1

Matrices for solving implicit methods

The implementations of implicit methods use the following matrices

R (v,t,y) = Iaa) — hy fy(t.y) .

~ 1
R 77t>y =—1 , _f t7y )
(1ts8) = =T — £ut)
1_ha1,1fy(T17Y1) _hal,sfy<T57YS)
ﬁ _ : . . ERdSXdS.
—hasy fy(T1, Y1) - 1= hass fy(T,Y5)

Replacing each f,(7;,Y;) in (2.20c) by fy(tn,t,) leads to the approximation:

En = I(ds,ds) -hA® fy(tna yn) ~ ﬁna

where ® is the matrix Kronecker product [47].

(2.19)

(2.20a)
(2.20D)

(2.20c)

(2.20d)



Hong Zhang Chapter 2. FATODE 27

Implicit Runge-Kutta methods

To reduce the influence of round-off errors, we apply the transformation z; = Y; — y,, [47] in
the formulas (2.4) to obtain

E:tn—i-cih, zl-:hZai,jf(Tj,yn+zj), izl,...,s, (221&)
j=1

Ynt1 = Yn t Z di z; . (2.21Db)
i=1

The new coefficients are

d=[d] e, ; d'=b".- A", (2.22)

Singly diagonally implicit Runge-Kutta methods

The stage equations (2.21a) read

i—1
Zz‘zhzai,jf(Tj7yn+2j)+h7f(Ti,yn+Zi)- (2.23)

j=1
The nonlinear systems of equations (2.23) are solved in succession for each stagei =1,...,s

by simplified Newton iterations of the form

1—1
k
R(’Vatmyn) . AZZ[ ] = Zl[k} - h Zai,j f(ir]a Yn + Zj)
j=1

I RN

7 7 i

k=01, . (2.24)

The same matrix is shared for all iterations and all stages, so that only one LU decomposition
of R is performed in each time step.

Fully implicit Runge-Kutta methods

Fully implicit Runge-Kutta methods require the solution of the ds x ds nonlinear system
(2.21a) [66]. With the compact notation

Z=[T2T" F2) = [T (Tgn+ ) T (Toyn + 2] (2.25)

«

where Z, F(Z) € R%, the nonlinear system (2.21a) can be written as

Z=(A®I4) F(Z). (2.26)
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The system (2.26) is solved by simplified Newton iterations [47],

R, AZW = ZW _(hA® I4.)- F(ZM)
k] — gk AgW 0, (2.27)

Note that only the Jacobian at the beginning of the time step is used in Newton’s iterations.
Following [47], our implementation of the fully implicit s-stage Runge-Kutta method uses a
transformation of the system (2.27) to a complex form such that the costly ds-dimensional
real LU decomposition is replaced by d-dimensional LU decompositions of matrices of the
form R (A;, tn, yn), where \; are the eigenvalues of A. For the 3-stage methods implemented
in FATODE the coefficient matrices A have one real and two complex conjugate eigenvalues,
which leads to solving one real and one complex d-dimensional systems.

Rosenbrock methods

For implementation purpose, we use the alternative formulation [51] of the formula (2.6)

i—1
ﬂ = tn + Oéz'h, Y; = Yn + Z Qi 4 kj s (228&)
j=1
i—1
R (v, tn,yn) - ki = [ (T Vi) + ) ki 0 fo (b yn) (2.28b)
j=1
Ynt1 = Yn + Z my ki, (2.28c¢)

i=1
where a = [a; 5], o, € = [cij] < <o T =[], are defined by

a=a-v"', c=dagly)—~v"', m=~"-b. (2.29)

At each stage (2.28b) the solution of a linear system of dimension d x d is required. The
same matrix R is shared by all the stages and one LU decomposition per step is required.

2.5.2 FATODE implementation of tangent linear model integration

Tangent linear models are derived for direct sensitivity analysis with each of the families
of methods in FATODE. Highly efficient implementations are obtained by re-using the LU
decompositions from the forward solution on the sensitivity equations [62].
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Tangent linear Runge-Kutta methods

A tangent linear Runge-Kutta (2.4) method reads

Yi=yu+hY 5 ai (1Y), Yi=gu+h Y ai;fiy(Ti, V) Yi,  (2.30a)

Jj=1

i=1

Similar to the implementation of implicit forward integrators, we introduce the sensitivity
stage variables Z; = Y; — 1, and the sensitivity part becomes

G=h Yy fy(T,Y)) 5 =h Yy aiy; fy(T;, V) dn, i=1-,5(23la)
=1 j=1

U1 = Un + > di 5. (2.31D)
=1

Using the compact notation (2.25) and the matrix (2.20c) the stage equations (2.31a) can
be written as

R, 7 — (I(Sd,sd) _ ﬁn) (1, @ Gn) - (2.32)

Explicit RK methods

For ERK methods the equations (2.30a) are solved successively for each stage i = 1,--- s,
using

i—1
}q:yna Yzzyn—l-hZamfy(Tj,Yj)Y]’ ZZQ,,S
j=1

Singly diagonally implicit Runge-Kutta methods

For SDIRK methods the system (2.31a) reduces to s independent d-dimensional linear sys-
tems that are solved successively for each staget =1,--- s

i—1
R(.T.,Y:) -z = h Zai,j Fy(T; Y5) - (G + %) + by Fy (T, Y5) - -
j=1

FATODE allows users to choose to solve the linear system (2.33) directly at the expense of
an additional LU decomposition of the matrix R (v, T;,Y;) per stage, or to apply simplified
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Newton iterations of the form

R (77 tn, yn) ) Azz[m] = 21'[m} —h ZCLM -fy(TJ ) Y}) ) (yn + zj[m])
p (2.33)

gt = sl Azl =01,

The LU decomposition of the matrix R (v, t,,y,) is also necessary in forward integration.
Equations (2.33) re-use the LU decomposition which is available after the equations (2.24)
are calculated in each step. FATODE controls the iteration number, and possibly the step
size, such that the iteration error in (2.33) is smaller than the local truncation error at the
current step. When (2.33) is used the accuracy of the sensitivity coefficients is of the same
order as the local truncation error. The reuse of the forward LU factorization can save
considerable CPU time.

Fully implicit Runge-Kutta methods

For fully implicit Runge-Kutta methods two options are available for solving the system
(2.32). One is to construct the ds x ds linear system (2.32) explicitly and solve it directly
by factorizing the matrix R,,.

The other is to apply simplified Newton iterations of the form

ZmH = gml _Azm o, =01, (2.34)
The matrix R, of the resulting ds x ds linear system is available from the forward solution
process, i.e., the calculations of the equations (2.27). The real and complex LU decomposi-

tions can be reused. According to our experience, the second option is usually more efficient
than the first one for large systems.

Rosenbrock methods

The tangent linear Rosenbrock method consists of the formula formula (2.28) plus the sen-
sitivity part, which is obtained by differentiating the formula (2.28). In each step we solve
the combined set of equations

i—1

Cii
R (s tasyn) - ki = F (1Y) + Y 5 ks + bk fultn, ) (2.35)

J=1

i—1 i—1
~ . . . Cij s
Jj=1 Jj=1
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+ (yn : fy,y(tna yn)) ki +hovi fy,t<tn7 yn) “Yn

Yny1 = Yn + Z m; ki, (2.35¢)
i=1

Ynt1 = Ynt Z m k. (2.35d)
i=1

The stage vectors k; are obtained in succession by solving a sequence of linear systems, all
of which re-use the LU decomposition of R (hv, t,, y,) performed in (2.28). Formula (2.35b)
involves the Hessian tensor fy ,(f,, y»). In practice, an analytical Hessian tensor is difficult
to obtain, and its evaluation is costly in both CPU time and memory storage. Note that the
above equation only needs the product (9, - fy,y(tn, Yn)) - ki. Such terms can be obtained
efficiently using automatic differentiation [60, 67] twice, in forward over reverse mode.

2.5.3 FATODE implementation of discrete adjoint model integra-
tion: sensitivities with respect to initial conditions

FATODE implements discrete adjoints of all the methods. Such discrete adjoints have good
theoretical properties, in the sense that they are consistent discretizations of the adjoint ODE
[57, 58]. This section discusses the adjoint sensitivities with respect to initial conditions.

The discrete adjoint Runge-Kutta method [68] solving the discrete adjoint equations (2.18)
reads

u; = h f,g (E, Y;) : (bi)\nJrl + Z CLj}ﬂLj) s 1= S,..., 1 s (236&)
j=1
A = A Y uy (2.36b)
j=1

The stage equations (2.36a) form a ds x ds linear system involving the transpose of matrix
(2.20¢):
U= [ulTuST}T ’

RY-U = h [T fy (T3, Y0) b fy (T3] (2.37)

For b; # 0 one can rewrite (2.36) as another Runge-Kutta method [68] applied to the adjoint
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ODE
6 = f5<tn+1 _h, Ysﬂ_i) : ()\”“ + hiamﬂj> L di=s,...1,
j=1
Ano= A ZB 0, (2.38)
where b = bs+1_:~:,1 O B As1—j,s41—i * Dsg1—j .

bs+17i

The method (A, b,¢) is called the formal adjoint of the Runge-Kutta method (A, b, c) [57].
The formal adjoint of Radau-2A is Radau-1A, vice versa. Lobatto-3C, Gauss and SDIRK-3a
are formally self-adjoint.

Explicit Runge-Kutta methods

The stage equations (2.36a) are solved in succession for stages s down to 1:

Ug = hbs fg(Tsa Ys) )\n-i-l’

uZ:hfyT(ﬂ,Yz)<bz)\"+1—|— ZCLj),;Uj) s i:S—l,...,l. (239)

j=i+1

Each stage i requires the computation of the Jacobian f, (7}, Y;), forming the vector b; A"+
iji 41 @jiu; from previously computed stages u; . . . 441, and performing one Jacobian vec-
tor product.

Singly diagonally implicit Runge-Kutta methods

For SDIRK methods the s stages of the system (2.36a) are solved successively from the last
stage to the first. Each stage requires the solution of a different linear system:

R(7,T3,Y) - u; = h fy (T3, Y;) - (bi A4y a],iuj) , i=s8...,1. (2.40)

j=it+1

FATODE offers two options: to form and solve one linear system (2.40) per stage, or to
employ simplified Newton iterations of the form (2.33) and re-use the LU decomposition of
R(7, tn,yn) for all stages. When the iterative approach is used the accuracy of the gradients
is of the same order as the local truncation error. Considerable CPU time can be saved if
checkpointing the forward LU factorization is feasible from a storage perspective.



Hong Zhang Chapter 2. FATODE 33

Fully implicit Runge-Kutta methods

For the fully implicit Runge-Kutta methods the ds x ds system (2.37) is fully coupled.
FATODE offers two approaches to solve it. The first is to build and solve directly (2.37) via
a ds x ds LU decomposition of f{n The second approach uses simplified Newton iterations
of the form (2.32), where R,, is replaced by R, in (2.37), and the transformation to real
and complex systems is performed. The real and complex LU factorizations associated with
the matrix R, are re-used in all iterations. These factorizations are computed during the
forward solution, and in principle they can be checkpointed. The tradeoff between the size
of the LU factorizations to store and the time needed to recompute them will determine the
best strategy.

Rosenbrock methods

The discrete Rosenbrock adjoint [20] reads

RT (h77 o, yn) Uy =Ty )\n—i-l + Z (aj,i Uj + % uj) ’ (241&)
J=i+1
V; f(TZ,Y) u, 1=258,...,1, (2.41Db)

_/\”+1+Z fyy nyyn))kz+hf t nayn Z’quz"i_zvz- 241C

The linear system (2.41a) can be solved directly at each stage. Users have to supply a
routine for calculating the term (u; - fy 4 (tn, Yn))-ki, whose meaning is explained in Appendix
2.2.2. Automatic differentiation tools like TAMC [67] provide considerable help: the product
between the Hessian transposed times vector can be obtained by two consecutive runs of
TAMC in forward mode.

2.5.4 Discrete adjoint sensitivities with respect to parameters:
general approach

Consider a numerical solution of (2.11):

Yn+1 = o (ympn) )
Pn+1 = Dn, (242)
Gn+1 = qn+Qn(yn7pn)7 n:07"'7N_17

together with the numerical evaluation of the cost function (2.12)

U =g(yn,p) +qn- (2.43)
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Replacing p, = p for all n in (2.43) leads to the discrete forward model:

ynJrl:(I)n(ynup) ; gn+1 IQn+Qn<ynap)7 Tl:O,,N—l

Differentiating (2.44) in the direction p yields the discrete tangent linear model:

Y% = 0, po=p, Go=0
Yns1 = Py (Yn,Pn) * Un + Py (Yns Pn) * Pn,
DPnt1 = DPun,
Gny1 = G+ (Yns Pn) * Yn + Q, (Yns Pn) * P

Replacing p, = p and p,, = p for all n leads to (2.46)
Y% = 0, ¢@=0,
yn-i—l = (I)Z (ynap) ’ yn + (I)Z (yn7p) ' p?
q.n-i—l = Qn+QZ (ymp) yn"i_Qg (ymp) P
From (2.43) we define the co-state variables at ty = tp
)\N B < AV )T gg(yN7p)
df ]

[N = | g, (yn,D)

eN YN, PN, 4N 1
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(2.44)

(2.45)

(2.46)

(2.47)

The backwards in time evolution of the adjoint variables is governed by the discrete adjoint

equations obtained by differentiating and transposing (2.43)

An Dy (Yn,p) Pp(Yyn,p) O An+t1
My | = 0 1 0 pt1 |, n=N—-1,.../1.
On Q(Yn,0) QU (Ynp) I Ons1
or
Ai ‘I)Z,(?Jz‘ap) 0 QZ(?JZ,P) Ait1
pi | = | Q(yip) I Q(yi,p) piv1 |, i=N—1,...,1
0; 0 0 o 0,1

An = ((I)Z(ympn>)T “Apy1 + (QZ(yn,pn))T : 8n+1 ,

n T n T
Hn = Hpi1 T+ (q)p (ymp)) ) )‘n-i-l + (Qp (ymp>) : en—i-l )
en = Qg(ynvpu QH) 9n+1 :

(2.48)
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and finally

Moo= (W) s+ (W 00)) O s
Hn = Hn+1 + ((I)g(ympn))’r )‘n+1 + (Qg<ynapn)>T 9n+17 (249>

0, = Oy,

From (2.47) and (2.48) one infers that 6, = 1 for all n. Using this fact, a rearrangement of
(2.48) leads to the discrete adjoint equations

Av = gy(yn,p). v =g, (yn, D),
Moo= (W) A+ (0 0)) (2.50)
Hn = Hn4l + ((I);L(yfup))T : )\n+1 + (Qz<ynap))T ) n=N— 1a s 70 .

The adjoint values at the initial time represent the sensitivities of the numerical cost function
(2.43) with respect to the initial conditions and with parameters, respectively:

o\’ AN
(@) = (a—p) = (251)

For details on derivation see [57].

2.5.5 FATODE implementation of discrete adjoint model integra-
tion: sensitivities with respect to a vector of parameters

We now consider the case where the adjoint sensitivity is computed with respect to a time-
independent vector of parameters p € R"™ which appears in the right hand side of (2.1). We
consider a scalar quantity of interest having the general form (2.10) (with the number of
outputs 0 = 1). As shown in Appendix 2.5.4 the numerical solution of (2.11) provides the
discrete y,, and g,. The discrete adjoint model equations calculate the adjoint variables A\,
and p, backward in time, such that

Av =g (yn.p). v =g (yn.p); Ao = (0¥/0ye)" , po=(0T/9p)" . (2.52)

For details on derivation see [57] and Appendix 2.5.4.

Runge-Kutta methods

Consider the Runge-Kutta method (2.4) applied to the extended ODE system (2.11)

S/;l = yn_’_hzal,]f(jjj’}/;’p)7 izla"'7$7 (253&)
7=1
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Ynir = Yn+h Y b f(T3,Y;p) (2.53b)
j=1

a1 = Quth Y bir(T;,Y,p) . (2.53¢)
j=1

Note that, since r does not depend on ¢, there is no need to compute the stage values for
the quadrature variable.

Using the extended co-state vector and the extended Jacobian (2.8), the discrete adjoint
(2.48) of a Runge-Kutta method is

u; Fo(T;,Yi,p) Owmy 7, (T3,Yip)
U; = h fg(Tz, Yi, p) O(m,m) Tg(Ti, Yi,p) (2.54a)
w; 0(1,0) 01,m) O,

/\n+1 s U

bi | Hnt1 —i—Zam V; , 1 =58,...,1,

Ons1 j=1 w;
An A1 s U
fn, = Hns1 | + Z v | . (2.54b)
o, Oni1 =1 | w;

From the last equation of (2.54a) we see that w; = 0 for all i, and from (2.54b) we infer
that 0, = 6,41 = --- = Oy = 1. The discrete adjoint Runge-Kutta method (2.54) can be
rewritten as

u; = hfyT(Ti,Y;,p) . (bi Ani1 + ZS:(ZM Uj) + hb; rg(Ti,Y;,p) , (2.55a)
j=1
v = hf}(T;,Y:,p)- (bi Mgl + iaﬂ uj) (2.55b)
=1
—i—hbirg(Ti,}Q,p), i= s..J.l,
A = Ans1 + iuj , (2.55¢)
j=1
o = oyt Y05 (2.55d)
j=1

The stages u; are obtained by solving the system in a similar way as solving system (2.39) and
the implementation differs between SDIRK and fully implicit 3-stage Runge-Kutta method.
Then v; can be readily obtained from the right-hand side calculation.

Sensitivities with respect to initial conditions are obtained by setting all derivatives with
respect to parameters to zero in (2.55), to obtain (2.36).



Hong Zhang Chapter 2. FATODE 37

Rosenbrock methods

Applying the Rosenbrock method (2.28) to the extended system (2.11) gives the following
formula for evaluating the quadrature term in the cost functional (2.10):

i—1
j=1
In+1 = Qn + Z mik; (2.56b)

i=1
Equation (2.56) is evaluated simultaneously with the ODE integration.
The discrete adjoint (2.48) of a Rosenbrock method is

I
(d 4 fT< ny Yns D ) ! 0 _rg(tnayna ) U; )\n_;,_l
_.f ( ny Yny P ) (T}r;—;/m) _rg(tna ynap) ’ /ﬂ\l =m; Hnt1
0 0 L U Ont1
hy
s Uj U,
_ Cji _
+ Z @ji EJ' + % Qij ) J
j=i+1 Vj Uj
[ Vg fg(ﬂa}i?p) 0 Tg(ﬂa}Q?p) Usj
Ei — fg(ﬂa}/;7p) 0 rg(ﬂax7p) : ﬂl ; iZS,S—l,"',l,
K 0 o
[ An )\n—l-l Us . Ez
HFn | = | Hnt1 u; | -H lf\z
0, enH i, 3
T tnsYn,p) O T;, t(tns Yn, D) s Ez s Ez
+h ( n ynv p) O Tpt (tna Yns D) Vi | Wi |t Z Ui
0 i=1 U; i=1 | ;

Using the derivative notation in Appendix 2.2.2, this equation can be written component by
component as follows:

1 Cii ~
h’y Jj=i+1 h
I (4,0 T (4 y \ o
_fy(”’y"’p) Ui =Ty ( yp>uz+mz n+1 Tt Z ji V5 + == h uj )
! j=i+1
1 s ¢
h_,yﬂlzfg(tmvap) Ui—i-rz(tn,yn,p) ﬂi+miﬂn+1_¢_ Z (aj,i@j‘i‘ hl E]> 7

j=i+1
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P
= 0
= Ang1t Z i Fu) Rt (i Fyp) ki (W ryy) K+ (G ryp) - Ki)
+h fya(ty,p) - Z it bl () - S i+ S,
‘ 1=1 i=1
= Hnt1 Z i To) ki (Wi Fop) Ko+ (U mpy) ki 4 (Ui - rpp) - Ki)

+h oy (ty,p) - Zm +hrl(ty.p) - Y v+ > T,
=1 i=1

i=1
O = Opi1+ Y _0;.
i=1
This equation can be simplified using the following facts.

e Note that 6,, = 1 for all n and v; = 0 for all 7, therefore the numbers u; can be computed
by the simple recurrence

1 : C',i e e —1
Eul = m; —|—j§1 (% uj> & u=hy (1(875) - ’yCT) m. (2.57)

Equations (2.57) and (2.29) lead to

u=nhb.
e Equation (2.28¢)
Yn+1 Yn s EZ
Pnt1 | = | Pn | T+ Z m; Ez
dn+1 dn ‘ k;

indicates that k; = 0 for all time steps since p,11 = p, = p. The vector k; and E are
obtained from the solution of the extended form of forward integration (2.28b) and
(2.56).

e The equation for calculating the quantity @ is not needed to update the adjoint variables
A and p so that the third equation can be omitted.

With the above simplifications, and using (2.9) and the derivative notation of Appendix
2.2.2, the discrete adjoint Rosenbrock method can be written in a component-wise manner
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as follows:
1 TN
o i =m,; + Z <%uj>
Jj=i+1
Laa) ez, t A
W_fy(mymp) U; = uz (n7yn:p)+mz n+1+ Z ajlvj+
Jj=i+1
_' = fT(Tqup) © Uy + a@ T(j—jia}/;ﬁp)
A=A + Z( Suw) kit @) K
+h.fyt 'ruy’rw Z’quz—i_hr nayna Z,yzuz_’—zvz
= An1 + Z((fy,y ' ki)T Ui+ U (Tyy kz)T>
+h £ (tns Y D) Z%uwhr ot Yo D) - D Yills + Y v
i=1 i=1 i=1
b = st + Z((ui o) b+ (@ 7py) i)
+hfpt ns Yn, P Z’%uz'f'hr nayna ) 27$a1+262
i=1 i=1
= Hnp1 Z<(«fp,y : ki)T U U (Tpyy - kl)T)
+hf naynv ZVzuz+hr nuyn; ) nyzﬂl—i_zﬁz
i=1 i=1
The result is
RT (7, tn, yn) - u; = hb; 'r‘ + m; Apy1 + Z (aﬂvij ljz uj>

Jj=i+1
= fo(T3,Y;,p) - us + hbry, (T3, Vi, p)
0= fo (T, Yi,p) - ui + hbr) (TZ,Y”p)
>\n:)\n+1+2(fy,y'ki)T'ui+h Zbi (Ty,y'k'i)T

i=1

ST TR IES 9
=1 =1
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)

(2.58a)

(2.58b)
(2.58¢)

(2.584)
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fo = s+ O (Fpy ki)t + 1Y by (rpgy - Ki) (2.58¢)
=1

i=1

HhfE, Y i R prh, Y T
=1 i=1

where p = 3 v b; and all derivatives are evaluated at ({,,yn,p), unless their arguments
are explicitly shown.

When all partial derivatives with respect to parameters are set to zero in (2.58) one obtains
the discrete Rosenbrock adjoint (2.41), which calculates sensitivities with respect to initial
conditions.

2.5.6 FATODE error estimation and step size control

Variable step size control is routinely adopted by general ODE solvers to control numerical
errors and maximize efficiency. FATODE’s forward integrators use estimates of the truncation
error to decide whether to accept or reject the step, and to compute the next step size. The
maximum number of integration steps before an unsuccessful return can be specified by the
user.

For the ERK, SDIRK, and Rosenbrock methods the classical error estimators based on
embedded solutions are implemented; they proved to work well in practice. Two different
error estimation options are provided for fully implicit Runge-Kutta methods. One is the
classical error estimation [47] which uses an embedded third order method based on an
additional explicit stage. The embedded solution is

gn—i—l = Yn + h (80 f(tna yn) + Z Bz f(tn + & h, Yn + Zl)) (259)

i=1

where the increment vectors z; are already computed in previous stages. The second esti-
mator uses two additional stages: an explicit stage at the beginning of the time step and
another SDIRK stage which re-uses the LU decomposition from the solution of the main
integrator. The SDIRK stage reads

gn-‘rl = Un + h (60 f(tn’yn) + Zéz f(tn + Cihyyn + Zi) + Vf(tn + h’yn + Zs—l—l)) .

=1

The coefficients are chosen such that the order of consistency of the embedded solution ¢,
is p = p — 1, where p is the order of y,, ;. The difference vector Est = §,.1 — yn1 is used
as a local error estimator. Our experience indicates that the SDIRK error estimator yields
better results overall.
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The local error test is performed as follows. Let T'oly, = atoly +rtoly - |yn+1.k|, where atol and
rtol are the absolute and relative error tolerance specified by user, and |y,11 x| is the absolute
value of the k-th component of y,, 1. The relative and absolute error tolerances can be either
vector or scalar (in which case the same tolerance values are used for all components k). The
local error test takes the form [47]

d 2
1 EStk
Err= | = 1. 2.
rT g Z (TOlk> < (2.60)

k=1

If the test passes the step size is accepted, otherwise it rejected and the step is recomputed.
The new step size, for both accepted and rejected cases, is given by [47]

hnew = hold - min <fmaxy max <fmin7 fsafe : ETT’il/(ﬁJrl))) )

where Fax 18 the upper bound on step increase factor, F;, the lower bound on step decrease
factor, and Fiap is a safety factor. The default values of these factors depend on the specific
method. All of them can be changed by the user in the parameter settings. If the step size
is rejected at the first step, the step increase factor F... is set to 1, and the step size is
reduced by a factor of 10. Furthermore, the step size can be constrained by minimum (A, )
and maximum (Ay.y) values. The starting step size hgary can be specified by the user.

For the tangent linear model integration FATODE provides two options for controlling errors
in the sensitivities. The first option is to use only the forward error estimates for step size
control. The second option is to estimate the truncation errors for both the forward solution
and the tangent linear model solution. The solution error is taken as the maximum between
the forward truncation error and the truncation error of any column of the sensitivities. This
solution error is then used to control the step size.

The discrete adjoint model integration traces the same sequence of steps as the forward
integration, in reverse order. Therefore, the choice of the step sizes is completely determined
during the forward integration, and the accuracy of the adjoint solution will depend on the
error control performed during the forward run.

2.5.7 Computing derivatives required by FATODE

The implicit formulation of the stiff solvers, as well as the formulation of the tangent linear
and adjoint methods, require the computation of various derivatives, summarized in Ap-
pendix 2.2.2. These derivatives include the Jacobians of the ODE function with respect to
the state f,, e.g., in equations (2.20); gradients of the quadrature function TZ, TZ, e.g.,
in (2.55); Jacobian times vector products, e.g., fyu in (2.30); transposed Jacobians times

vector products, e.g., fyTu and fgu in (2.58b)—(2.58¢); Hessian times vector products, e.g.,
(fywk)u in (2.35b) and (fpuk)" u, (rp k)" w in (2.58); and time derivatives of Jacobians
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transposed times vectors, e.g., fj,u in (2.58d). Among the methods implemented in FA-
TODE, the Rosenbrock family requires the calculation of most derivatives, including Hessian
vector products.

The derivatives supplied to FATODE can be obtained analytically, by finite differences, or by
automatic differentiation. The errors in the derivative terms should be smaller than the local
truncation error of the integrator, otherwise a loss of accuracy in the computed sensitivities
will be experienced. Therefore utmost care must be exercised with the use of finite difference
approximations. If analytical derivatives are not available, automatic differentiation tools
like TAMC [67] can provide considerable help. For example, a Jacobian vector product is
obtained by one TAMC run in forward mode, a transposed-Jacobian vector product by one
TAMC run in reverse mode, and the product between the Hessian transposed times vector
can be obtained by two consecutive runs of TAMC in forward mode.

2.5.8 Linear solvers in FATODE

The most computationally intensive part in solving large-scale ODE systems by implicit
methods is the solution of linear systems at each step. Linear systems arise from the sim-
plified Newton iterations applied to solve the nonlinear systems in case of fully implicit
Runge-Kutta methods and SDIRK methods. For Rosenbrock methods, linear systems ap-
pear directly in the formula (2.6). In general, all implicit time stepping methods in FATODE
require the solution of linear systems with matrices R or R defined in (2.20). These matrices
inherit the sparsity structure of the system Jacobian.

The best efficiency is achieved when taking advantage of the problem-specific characteristics.
Consequently, FATODE was designed to allow users to provide their own linear solvers and
sparse data structures. We have incorporated three direct methods in current version of
FATODE. For dense systems calls to LAPACK [63] routines are provided. For large sparse
systems, substantial memory and execution time benefits can be gained by calling the direct
sparse solvers UMFPACK [64] and SuperLU [65] and representing the sparse matrices in a
compressed column format. Interfaces to both these codes are provided.

All the relevant information is encapsulated in a linear algebra module, as explained in
Section 2.4. The module contain interfaces to the following four generic routines: LS_Init
(initialization and memory allocation required by the specific linear solver), LS_Decomp (LU
decomposition), LS_Solve (solves the triangular systems by substitution), and LS_Free (frees
the memory allocated and clears the objects created during the initialization stage). The
time integrators make calls to these functions without having to consider the underlying
solver details. The user can choose one of the linear solvers provided (LAPACK, UMFPACK,
SuperLU), or can use them as templates and add a new linear solver to the module. For
example adding an iterative solver requires to provide a data structure for the Jacobian,
and a corresponding Jacobian-vector product routine; LS_Decomp remains empty, while the
iterative solver is called from within LS_Solve. All the required code modifications are within
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the linear algebra module.

2.6 Numerical experiments with nonstiff solvers on the
two-dimensional shallow water equations

In this section we illustrate the capabilities of FATODE and evaluate the performance of
each family of methods using a semi-discretized system of partial differential equations.
We compare FATODE with the well established code CVODES within SUNDIALS [69] for the
forward solution, as well as for the direct and adjoint sensitivity analysis. Note that CVODES
is implemented in the C programming language while FATODE is written in Fortran. To
reduce the influence of different compilers we use the same Fortran implementations of the
right hand side function and its Jacobian, and call them from cvODES via C interfaces.

All the experiments are performed on a workstation with dual Intel Xeon E5-2630 CPUs
(2.3GHz) running Fedora 17 (x86_64) Linux. PGI Fortran Version 12.10-5 and GCC Version
4.7.2 are used for compilation, with level O3 optimization. Unless stated otherwise, the
default settings for parameters are used in all FATODE calls.

We consider the two-dimensional shallow water equations [70]

0 0 0
§h+%(“h)+a_y(vh)_0’

0 0 1 0
— (uh) + — (u® + =gh* | + =— (uvh) =0 2.61
G uh) 5 (42 5ak?) + 2 (woh) =0, (2:61)
0 0 0 1
— (vh) + = (wh) + =— (v*h+ =gh®’ | =0
at(v)—l—at(uv)—i-ay <U +39 ) ,
where u(t, z,y), v(t,z,y) are the components of the velocity field, h(t,z,y) is the fluid layer
thickness, and g denotes the gravitational acceleration. The spatial domain is = [—3, 3]?,
and the simulation time interval is [to,tp] = [0,0.02] time units. The spatial domain is
covered by a grid of size 40 x 40, and third order upwind finite differences are used to
perform the spatial discretization. This results in a large, non-stiff ODE system of dimension
40 x 40 x 3 = 4800 which is solved by FATODE.

A reference solution of the ODE system is obtained by using LSODE [71], a well known but
relatively slow ODE solver, with a very tight relative and absolute tolerances of 10~!4. The
solution relative error is defined as

Err = [ly(tr) = tret(tr)lly / Nyrer(te)ll5 (2.62)

where y(tr) is the numerical solution at the final step ¢, and y,t () is the reference solution
at tp. A similar metric is used for the relative sensitivity errors

Err = ||3 - 3ref”2 / HsrefH2 . (2'63)
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where s is a numerical sensitivity vector. The reference values s,.f are computed using Adam-
Moulton methods in cVODES [69] with relative and absolute tolerances of 107 for adjoint
sensitivities, and with a relative tolerance of 107 and an absolute tolerance of 107! for
tangent linear sensitivities.

We report below numerical results with the nonstiff integrators in FATODE and CVODES.
Results with the stiff solvers in FATODE and CVODES on the shallow water test can be found
in the Supplementary material [61, part 2.7].

2.6.1 Forward solution

CVODES [69] is a the sensitivity analysis-enabled version of CVODE, which uses the Adams-
Moulton methods for non-stiff ODE systems and the backward differentiation formulas (BDF
methods) for stiff ODE systems. Both methods are implemented in a variable-order variable-
step form. In our test, we employ the Adams-Moulton method in ¢CVODE. We select three
ERK methods of orders three, five, and eight in FATODE. The Gustafsson predictive error
controller is used for all of them.

With each solver we vary both absolute and relative error tolerances from 1072 to 107 to
obtain solutions of different levels of accuracy (the absolute and relative error tolerances are
equal to each other). The resulting work-precision diagrams shown in Figures 2.2(a) (error
versus step size) and 2.2(b) (error versus CPU time). For the same level of accuracy, the
ERK methods in FATODE take fewer steps than the Adams-Moulton method in CVODES, but
the cost per step is higher. Nevertheless, FATODE’s ERK methods of orders five and eight
outperform CVODES, with the best overall CPU time being achieved by FATODE’s order eight
method.

2.6.2 Direct sensitivity analysis

We now calculate the sensitivities of all solution components at the final time with respect
to the initial value of the first solution component dy;(tz)/0yi(ty), ¢ = 1...d, using tangent
linear model integration.

The performance results of nonstiff tangent linear integrators are shown in Figures 2.2(c)
(error versus step size) and 2.2(d) (error versus CPU time). FATODE’s ERK TLM methods
of all orders are considerably more efficient than the nonstiff forward sensitivity solver in
CVODES in terms of both CPU time and number of steps.
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Figure 2.2: ODE solution and sensitivity analysis of the shallow water equations (2.62)
using nonstiff solvers. Comparison is made between three ERK methods in FATODE and
the Adams-Moulton method in ¢vODE. Different points in each plot correspond to different
tolerances levels in the range 1072,1072,...,1077 (with the absolute tolerances equal to the
relative tolerances). The tangent linear models compute the sensitivity dy;(tr)/0yi(to), i =
1...d, and the adjoint models compute the sensitivity 0y, (tr)/0y;(to), i =1...d.
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2.6.3 Adjoint sensitivity analysis

We next calculate the sensitivities of the first solution component at the final time with
respect to all initial values Oy (tr)/ Oyi(to), @ = 1...d, using adjoint model integration.

Work-precision diagrams for the adjoint explicit solvers are shown inFigures 2.2(e) (error
versus step size) and 2.2(f) (error versus CPU time). The ERK adjoint methods in FATODE
take fewer steps, but run slightly slower than the Adams-Moulton method in ¢vODES. This
is due to the fact that the explicit Runge-Kutta method in FATODE requires more Jacobian
evaluations and Jacobian-vector products during the adjoint backward run.

2.7 Numerical experiments with stiff solvers on the
two dimensional shallow water problem

2.7.1 Forward solution

In our test, we choose the option of the BDF method for the comparison with implicit
methods in FATODE. From each family of implicit integrators in FATODE we select sev-
eral representative methods with different orders for the tests: Lobatto3C, Radau2A, and
Gauss (fully implicit Runge-Kutta); Ros3 and Ros4 (Rosenbrock); Sdirk4a, Sdirk2a (singly
diagonally implicit Runge-Kutta). The Gustafsson predictive error controller is used for all
integrators. An additional SDIRK stage was used in the error estimator in the fully implicit
Runge-Kutta integrator.

Since solution of linear systems dominates the computational cost of implicit integration,
especially for large-scale ODE systems, it is necessary to use the same linear solvers for both
CVODE and FATODE for a fair performance comparison. In our comparison experiments
we use the direct linear solver (DGETRF and DGETRS) from LAPACK simply for comparison
purposes. Note that sparse linear solvers should be used in practice for best efficiency. In
all cases, the full Jacobian is supplied.

We vary both absolute and relative error tolerances from 1072 to 1077 to obtain solutions
of different levels of accuracy (the absolute and relative error tolerances are equal to each
other). The simulation time interval is [to,tr] = [0,0.02] time units. A reference solution
is obtained by using LSODE [71], a well known but relatively slow ODE solver, with a very
tight relative and absolute tolerances of 107!, The relative error is defined by (2.62).

The work-precision diagrams for the stiff solvers are shown in Figure 2.3. The results in-
dicate that singly diagonally implicit and fully implicit Runge-Kutta methods implemented
in FATODE outperform the BDF method implemented in CVODE, requiring fewer time steps
and considerably smaller CPU times to reach a desired accuracy. The Rosenbrock method
is also more efficient than cVODE for accuracy levels below 1075,
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Figure 2.3: Forward integration of the shallow water equations (2.62) using stiff integrators.
Comparison is made between FIRK, SDIRK, and Rosenbrock methods in FATODE with the
BDF method in ¢voDE. Different points on the plots correspond to different absolute and
relative tolerances levels in the range 1072,...,107".

2.7.2 Direct sensitivity analysis

We now calculate the sensitivities of all solution components at the final time with respect
to the initial value of the first solution component dy;(tr)/0y1(to), i = 1...n using tangent
linear model integration. The FATODE results are compared against those obtained with
CVODES [18], an extension of CVODE capable to perform sensitivity analysis. The LAPACK
linear solvers are used in both CVODES and FATODE.

Tangent linear model results with the stiff integrators are shown in Figure 2.4. The three
implicit methods in FATODE requires considerably fewer steps than ¢vODES. The perfor-
mance of the SDIRK and Rosenbrock methods is comparable to that of the BDF method
in CVODES in terms of accuracy versus CPU time. The fully implicit Runge-Kutta method
is nearly three times more expensive since it solves either a large real-valued system or a
complex-valued system at each step.

2.7.3 Adjoint sensitivity analysis

We calculate the sensitivities of the first solution component at the final time with respect to
all initial values Oy (tr)/0y;(to), @ =1...d using adjoint model integration. Work-precision
diagrams for the implicit solvers are shown in Figure 2.5. All implicit methods in FATODE
outperform CVODES in terms of both number of steps and CPU time required for a given
solution accuracy. The highest efficiency is achieved by the Rosenbrock method, despite the
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Figure 2.4: Tangent linear model integration of the shallow water equations (2.62) using stiff
solvers. Comparison is made between implicit methods in FATODE with the BDF method
in cVODES. Different points on the plots correspond to different absolute and relative toler-
ances levels in the range 1072,...,107% The tangent linear model computes the sensitivity
yi(tr)/Oyi(to), 1=1...d.

computation of Hessian-vector products.

2.8 Numerical experiments with a very stiff problem:
the Carbon Bond-IV chemical system

We now apply FATODE to the integration and parameter sensitivity analysis for a very stiff
system. The experiments are carried out on the same platform and with the same Fortran
compiler and optimization options as for the shallow water test. The relative errors are
evaluated using formulas (2.62) and (2.63).

The Carbon Bond-IV Mechanism (CBM-IV), which consists of 32 species and 81 reactions,
was developed for simulating urban smog and modeling regional atmospheric pollution [53].
Complete descriptions of the CBM-IV chemical mechanism, and of the setting of the nu-
merical experiments, are given in the Table 2.8, 2.8, and 2.4. All numerical experiments
integrate the CBM-IV system over a 72 hours interval (three diurnal cycles).

It is shown in Table 2.5 that the first six dominant eigenvalues of the Jacobian matrix vary in
magnitude from —1.4 x 10° to —2.4 x 107!, which indicates that the system is very stiff and
requires implicit methods with good stability properties. We select two L-stable and stiffly-
accurate methods (a high order one and a low order one) from each of the three categories
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Figure 2.5:  Adjoint integration of the shallow water equations (2.62) using stiff solvers.
Comparison is made between implicit methods in FATODE with the BDF method in CVODES.
Different points on the plots correspond to different absolute and relative tolerances levels in
the range 1072,...,107% The adjoint model computes the sensitivity dy;(tr)/dy;(to), i =
1...d.

of implicit methods in FATODE. Their performance is compared against the BDF method
implemented in CVODES.

The sensitivities of individual species concentrations at the final time with respect to a va-
riety of reaction rate coefficients are calculated using adjoint integration. These sensitivities
quantify the change in concentrations due to small perturbations in the reaction rate coeffi-
cients, and help identify the most important reactions. Of particular interest is the response
of the gas-phase species O3, NOy, HONO, NyO5, and HNQO;3 to perturbations of reaction
rates. The sensitivities of these species with respect to 24 constant reaction rates are shown
in Table 2.6 (the table displays the full reactions whose rates are included in the calculation).

To obtain a reference solution both adjoint CVODES and the adjoint RADAU5 integrator in
FATODE were run with very tight tolerance settings. For the ODE solution we use rtol =
10~ and atol = 1078 x atoly for both codes. The of entries of the vector of absolute
tolerances atoly reflect the magnitude of typical concentrations of individual chemical species.
CVODES requires additional tolerances for sensitivity analysis, which are set to rtol_sen =
107, atol_sen = 107'7. The two codes yield sensitivity results that are very close to each
other. To provide the most favorable comparison setting for CVODES we use its results as
the reference solutions in (2.62) and (2.63).

For the numerical tests each solver is run with a series of progressively tighter tolerances
{atol, rtol} = {atoly/(5%),1073/(5%)} for k = 0,...,7 (for CVODES we use k = 0,...,9 to
better capture its behavior at high accuracy levels). The forward ODE integration results
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Table 2.2: List of species in CBM-IV

No. | Species Initial concentrations | Absolute tolerances

' ” (in molecules/cm?®) (ATOLy)
1 01D 3.6bE—2 1E-9
2 H202 3.47E11 1E4
3 PAN 2.56E3 1E—4
4 CRO 3.35E—23 1E-30
5 TOL 5.29E—20 1E-27
6 N205 1.31E7 1
7 XYL 0 1E-14
8 XO2N 1.99E1 1E—6
9 HONO 3.84E8 1E1
10 PNA 2.68E8 1E1
11 TO2 1.59E—24 1E-31
12 HNO3 1.19E12 1E5
13 ROR 4.89E—5 1E-12
14 CRES 5.46E—21 1E—-28
15 MGLY 1.94E—-23 1E-30
16 CcO 2.33E12 1E5
17 ETH 2.11E-30 1E-37
18 X02 5.51E8 1E1
19 OPEN 2.63E—21 1E-28
20 PAR 8.12E3 1E—4
21 HCHO 3.00E10 1E3
22 ISOP 0 1E-14
23 OLE 0 1E-14
24 ALD2 2.69E2 1E-5
25 03 2.06E12 1E5
26 NO2 1.56E10 1E3
27 OH 3.67TE7 1
28 HO2 9.89E8 1E1
29 (0] 1.25E4 1E-3
30 NO3 3.36E7 1
31 NO 2.73E9 1E2
32 C203 6.53 1E-7

shown in Figures 2.7(a), 2.7(b) reveal that the most efficient solvers are FATODE’s Rodas4
(for lower accuracies) and Radau2A (for higher accuracies), followed closely by CVODES.

The work-precision diagrams for the adjoint sensitivity results are shown in Figure 2.7(c)
(with respect to the number of backward steps) and in Figure 2.7(d) (with respect to CPU
time). For FATODE the number of backward steps is the same as the number of accepted
steps during forward integration, while for CVODES the number of backward steps varies
for each different adjoint problem. Figure 2.7(c) reveals that the number of backward steps
in FATODE is in general smaller that in ¢vODES. The results in Figure 2.7(d) show that
for moderate accuracies (relative error above 107°) the SDIRK and the Rosenbrock adjoint
methods in FATODE are more effective than ¢vODES. For high accuracies the most efficient is
FATODE’s FIRK adjoint method Radau2A. Note that cVODES implements a variable-order
BDF method with maximum order five. The most efficient method Radau2A has order
five as well, while the other schemes in FATODE have lower orders. So in this sense the
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Table 2.3: List of reactions in CBM-1V

Z
©

Reactions

No.

Reactions

= © 00 O Ui Wi+

12

13
14

15
16
17

18

19
20
21
22
23
24
25
26
27

28

29
30

31

32
33

34

35

36

37
38
39
40
41

NO2+hv=NO+0O
0+02+M=03
03+NO=NO2
O+NO2=NO
O+NO2=NO3
O+NO=NO2
03+NO2=NO3
03+hv=0
0O3+hv=01D
0O1D=0

01D+H20=20H

03+0OH=HO2

03+HO2=0H
NO3+hv=0.89NO2+0.890+0.11NO

NO3+NO=2NO0O2
NO3+NO2=NO+NO2
NO3+NO2=N205

N205+H20=2HNO3

N205=NO3+NO2
2NO=2NO2
NO+NO2+H20=2HONO
OH+NO=HONO
HONO+hv=0OH+NO
OH+HONO=NO2
2HONO=NO+NO2
OH+NO2=HNO3
OH+HNO3=NO3

HO2+NO=0OH+NO2

HO2+NO2=PNA
PNA=HO2+NO2

OH+PNA=NO2

2HO2=H202
2HO2+H20=H202

H202+hv=20H

OH+H202=HO2

OH+CO=HO2

HCHO+OH=HO2+CO
HCHO+hv+202=2H02+CO
HCHO+hv=CO
HCHO+0=0H+HO2+CO
HCHO+NO3=HNO3+HO2+CO

42
43
44
45
46
47
48
49
50
51

52

53

54
55

59

60
61
62
63
64
65
66
67
68

69

70
71

72

73
74

75

76

T

78
79
80
81

ALD2+0=C203+0H
ALD24+OH=C203
ALD2+NO3=C203+HNO3
ALD2+hv+202=HCHO-+X02+C0O+2HO2
C203+NO=HCHO+X02+HO0O2+NO2
C203+NO2=PAN
PAN=C203+NO2
20203=2HCHO+2X02+2HO2
C2034+H02=0.79HCHO+-0.79X02+4-0.79HO2+0.790H
OH=HCHO+XO02+HO2
PAR+OH=0.87X02+0.13X0O2N+0.11HO2+0.11ALD2
+0.76ROR-0.11PAR
ROR=1.1ALD2+0.96X02+0.94H02+40.04XO2N
+0.02ROR-2.10PAR
ROR=HO2
ROR+NO2=PROD
O+OLE=0.63ALD2+-0.38HO2+0.28X02+0.3CO
+0.2 HCHO+0.02X02N+0.22PAR+0.20H
OH+OLE=HCHO+ALD2+X02+HO2-PAR
03+OLE=0.5ALD2+0.74HCHO+0.33C0O+0.44HO2
+ 0.22X02+40.10H-PAR
NO3+OLE=0.91X02+HCHO+ALD2+0.09X0O2N
+NO2-PAR
O+ETH=HCHO+0.7X02+C0+1.7HO2+0.30H
OH+ETH=X02+1.56HCHO+HO2+0.22ALD2
O3+ETH=HCHO+0.42C0+-0.12HO2
OH+TOL=0.08X02+0.36 CRES+0.44H02+4-0.56 TO2
TO2+NO=0.9NO2+0.90PEN+0.9HO2
TO2=HO2+CRES
OH+CRES=0.4CRO+0.6X02+0.6HO2+-0.30PEN
NO34+CRES=CRO+HNO3
CRO+NO2=PROD
OH+XYL=0.7HO2+0.5X02+0.2CRES+0.8MGLY
+1.10 PAR+0.3T0O2
OH+OPEN=X02+C203+2H02+2CO+HCHO
OPEN+hv=C2034+CO+HO2
03+OPEN=0.03ALD2+0.62C203+0.7HCHO+-0.03X02
+0.69CO+0.080H+0.76HO2+0.2MGLY
OH+MGLY=X02+C203
MGLY+hv=C2034+CO+HO2
O+ISOP=0.6HO2+4-0.8ALD2+0.550LE+0.5X02
+0.5CO+0.45ETH+0.9PAR
OH+ISOP=HCHO+X02+0.67THO2+0.4MGLY
+0.2C203+ETH+0.2ALD2+0.13XO02N
03+ISOP=HCHO+0.4ALD2+0.55ETH+0.2MGLY
+0.06CO+ 0.1PAR+0.44HO2+0.10H
NO3+ISOP=X02N
X02+NO=NO2
2X02=PROD
XO2N+NO=PROD

ol
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Table 2.4: List of reaction rates in CBM-IV

No. | Reaction rate No. | Reaction rate

1 (8.89E—3)xSUN 42 | ARR2(1.2E-11, —9.86E2)
2 ARR2(1.4E3, 1.175E3) 43 ARR2(7.0E—12, 2.5E2)

3 ARR2(1.8E—12, —1.37E3) | 44 | 2.5E—15

4 9.3E—12 45 (4.0E—6)+«SUN

5 ARR2(1.6E—13, 6.87E2) 46 | ARR2(54E—12, 2.5E2)

6 ARR2(2.2E—13, 6.02E2) 47 | ARR2(8.0E—20, 5.5E3)

7 ARR2(1.2E—13, —2.45E3) | 48 | ARR2(9.4E16, —1.4E4)

8 (3.556E—4)+«SUN 49 2.0E—-12

9 (2.489E—5)«SUN 50 | 6.5E—12

10 | ARR2(1.9ES, 3.9E2) 51 ARR2(1.1E2, —1.71E3)
11 2.2E—-10 52 8.1E—13

12 ARR2(1.6E—12, —9.4E2) 53 | ARR2(1.0E15, —8.0E3)
13 | ARR2(1.4E—14, —5.8E2) 54 1.6E3

14 (1.378E—1)xSUN 55 1.5E—-11

15 ARR2(1.3E—11, 2.5E2) 56 ARR2(1.2E-11, —3.24E2)
16 | ARR2(2.5E—14, —1.23E3) | 57 | ARR2(5.2E—12, 5.04E2)
17 | ARR2(5.3E—13, 2.56E2) 58 | ARR2(1.4E—14, —2.105E3)
18 1.3E—21 59 7.7TE—15

19 | ARR2(3.5E14, —1.0897E4) | 60 | ARR2(1.0E—11, —7.92E2)
20 | ARR2(1.8E—20, 5.3E2) 61 ARR2(2.0E—12, 4.11E2)
21 4.39999E—40 62 ARR2(1.3E—14, —2.633E3)
22 ARR2(4.5E—13, 8.06E2) 63 ARR2(2.1E—-12, 3.22E2)
23 (1.511E—-3)%«SUN 64 | 8.1E—12

24 | 6.6E—12 65 | 4.2

25 1.0E—20 66 | 4.1E-11

26 | ARR2(1.0E—12, 7.13E2) 67 | 2.2E-11

27 | ARR2(5.1E—15, 1.0E3) 68 1.4E-11

28 | ARR2(3.7E—12, 2.40E2) 69 ARR2(1.7E—-11, 1.16E2)
29 | ARR2(1.2E—13, 7.49E2) 70 3.0E—11

30 | ARR2(4.8E13, —1.0121E4) | 71 (5.334E—5)xSUN

31 ARR2(1.3E—12, 3.8E2) 72 | ARR2(5.4E—17, —5.0E2)
32 ARR2(5.9E—14, 1.15E3) 73 1.7E-11

33 | ARR2(2.2E-38, 5.8E3) 74 (1.654E—4)xSUN

34 (6.312E—6)*xSUN 75 1.8E—11

35 ARR2(3.1E—12, —1.87E2) | 76 9.6E—11

36 | 2.2E—-13 77 1.2E-17

37 1.0E—11 78 3.2E—-13

38 (2.845E—5)«SUN 79 8.1E—-12

39 (3.734E—5)«SUN 80 | ARR2(1.7E—14, 1.3E3)
40 | ARR2(3.0E—11, —1.55E3) | 81 6.8E—13

41 6.3E—16

52

1. The coefficient SUN is updated with time. It is 0 during the night. During daytime, it is
computed as (1 + cos(m * ((2 % tl — tsr — tss)/(tss — tsr))?))/2 where ¢l is the local time, tsr
and tss correspond to the sunrise time and sunset time respectively. In our experiments, we

use tsr = 4.5 (4:30am) and tss = 19.5 (7:30pm).

2. Function ARR2(a, b) is defined as a * exp(b/temperature).
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Table 2.5: The first 6 dominant eigenvalues of Jacobian matrix in CBM-IV

Rank Eigenvalues

1 —1.404 53E9
2 —7.21991E4
3 —3.749 62E3
4 —4.22209
5) —2.27299
6 —2.44218E—-1
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Figure 2.6: Forward integration of CBM-IV using stiff integrators. Comparison is made
between FIRK, SDIRK, and Rosenbrock methods in FATODE with the BDF method in
cvODES. Different points on each curve correspond to a series of absolute and relative
tolerances decreasing by a factor of 5.

comparison between Radau2A and CVODES seems to be more fair. Although CVODES has
low cost per step, advantage in stability property saves Radau2A a significant number of
integration steps resulting in less CPU time. Comparing the two plots we can see that the
shapes of the curves almost stay the same for all the solvers. This is due to the fact that the
time cost of backward integration dominates the total time cost for this problem.

The species concentrations in CBM-IV can take widely different values (e.g., HoOy ~ 10!
while ROR ~ 107® molecules/cm?®). We have observed that calculating sensitivities of
species with small concentrations is challenging for both codes. To validate the results we
have approximated these sensitivities using complex finite differences [72]; a comparison
revealed that FATODE provides results that are closer to the complex-step approximations
than CVODES.

When calculating the sensitivities of other species to the reaction rates, we have observed that
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Table 2.6: The sensitivities of five species to reaction rates at a temperature of 298K

Chapter 2. FATODE

Reaction No. NoOs HONO HNOg O3 NOy
4 —8.28E13 2.36E15 —2.21E16 —1.44E19 —2.10E14
11 1.39E16 5.36E17 —1.72E18 —1.27E21 3.03E17
18 —1.21E27 —4.39E27 2.10E29 —1.61E31 —1.85E29
21 2.14E37 1.52E41 —1.50E41 —1.15E42 —3.57E39
24 —3.28E15 —8.91E18 8.89E18 1.64E20 2.78E17
25 —4.94E16 —1.79E20 1.70E20 —2.62E21 6.06E:18
36 —6.93E18 —1.11E20 —1.37E20 —2.57E23 —1.03E20
37 —4.24E16 —4.69E17 —1.79E18 —1.73E21 —4.20E17
41 —1.88E19 2.88E20 —5.84E20 —2.93E24 —2.43E21
44 3.67TE9 —6.93E10 2.35E12 6.27E14 —2.94E11
49 —8.63E2 2.03E4 —1.85E5 —1.65E8 2.35E3
50 —2.18E8 5.25E9 2.64E11 —4.40E13 —4.22E10
52 —6.94E8 9.39E10 1.21E13 —3.66E14 —3.30E11
54 —1.43E—6 —1.45E-5 —5.27TE-2 —7.29E-2 —6.78E—4
55 —3.65E5 —3.03E6 —1.26E10 —1.95E10 —1.66E8
64 2.53E—16 4.80E—16 9.13E—12 1.95E—11 1.17E—-13
65 —4.88E—-28 | —9.26E—28 | —1.76E—23 | —3.76E—23 | —2.26E—25
66 5.67TE—15 1.39E—14 1.74E-10 4.38E—10 2.24E—12
67 —1.05E—-14 | —2.54E—14 | —3.22E—10 | —8.15E—10 | —4.15E—12
68 —5.72E—-20 | —1.94E—-19 | —5.36E—18 | —4.71E—15 | —1.93E—-19
70 —3.25E—17 | —9.29E—16 2.15E—15 3.86E—13 | —8.02E—16
74 6.77TE—19 9.25E—18 3.11E—-17 3.12E—-14 7.26E—18
79 4.82E16 —1.73E18 1.53E19 8.36E21 —1.37TE17
81 3.86E6 2.99E8 —4.22E10 —-3.63E11 6.04E9

54

for species with extremely small concentrations, e.g. much smaller than machine accuracy,
the cVODES result does not agree with the FATODE result, while for species with relatively
large concentrations, they are close to each other. The difficulty of calculating sensitivities
accurately for species with extremely small concentrations may due to computational errors
such as roundoff error and truncation error. To further verify the solution, we approximate
the sensitivities using complex-step methods [72] which are usually not very accurate but can
serve as an alternative way to estimate the sensitivities. The comparison between these three
different methods shows that the FATODE result appears to be closer to the complex-step
approximation in extreme cases and our results for species with relatively large concentrations
are reliable. A part of the numerical results is illustrated in Table 2.7, where the concentration
of H202 is around 3.23E11 and that of ROR is around 5.42E—8 at the end of integration

time.

2.9 Comparison of different option choices in FATODE

FATODE offers a multitude of methods, and a wide range of tunable parameters for each
method. This allows the user to configure the solvers such as to best meet the needs of
the application at hand. This section discusses several important choices of methods and
parameters in FATODE, and illustrates their impact on the solver performance with the help
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Figure 2.7: Work-precision diagrams for the ODE solution and for adjoint sensitivities for the
stiff CBM-IV test problem. Adjoint sensitivities of five chosen species (O3, NOy, HONO,
NyOs, and HNOj3) with respect to 24 constant reaction rate coefficients are computed.
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Table 2.7: Comparison between complex-step approximation, FATODE and CVODE

Reaction 1202 ROR

CVODES FATODE CVM CVODES FATODE CVM
NO2+0=NO —1.58E18 —1.58E18 | —1.58E18 4.44E4 5.58E—1 7.75E-1
01D+H20=20H 1.17E20 1.17E20 1.17E20 —2.13E7 —4.52E2 —4.52E2
N205+H20=2HNO3 7.47E29 7.47TE29 7.40E29 6.04E16 1.83E12 1.82E12
NO2+NO+H20=2HONO 1.86E41 1.86E41 | —3.01E44 —2.66E28 —7.05E23 4.62E27
HONO+OH=NO2 —2.29E19 —2.29E19 | —2.27E19 1.27E6 8.15E1 8.11E1
2HONO=NO2+NO —1.56E20 —1.56E20 | —1.60E25 1.80E7 1.18E3 2.04E8
CO+0OH=HO2 2.04E23 2.04E23 2.03E23 2.96E9 2.75E5 2.72E5
HCHO+OH=CO+HO2 —2.10E20 —2.10E20 | —2.09E20 3.70E7 1.02E3 1.01E3
HCHO+NO3=HNO3+CO+HO2 —4.24F23 —4.24E23 | —4.21E23 1.16E9 —1.17E5 —1.12E5
ALD2+NO3=HNO3+C203 5.51E13 5.51E13 | —5.83E19 5.13 —3.44E—4 8.26E2
20203=2X02+2HCHO+2HO2 —2.60E7 —2.60E7 | —=5.77TE16 —1.03E-8 1.13E-11 1.07
HO2+C203=0.79X02+0.79HCHO+-0.790H —8.41E12 —8.41E12 | —2.17E16 | —6.46E—1 | —7.04E—6 | 3.14E—1
PAR+OH=0.13X02N+0.76ROR~+0.87X02 —1.51E14 —1.51E14 | —1.97E17 —4.69E5 —3.93E5 | —3.80E5
ROR=HO2 3.31E-3 3.31E-3 —7.97E1 3.85E—11 3.09E—11 | 3.06E—11
ROR+NO2= —2.69E8 —2.69E8 | —8.48E15 5.56E—1 4.34E-1 5.71E—1
TO2+NO=0.90PEN+0.9NO2+0.9HO2 2.86E—12 2.86E—12 | —1.52E16 | —8.92E—24 | —2.45E—30 2.59E—1
TO2=CRES+HO2 —5.51E-24 | —=5.51E-24 —2.93E4 2.30E-35 4.74E—42 | 4.99E—-13
CRES+0OH=0.4CRO+0.6X02+0.30PEN+0.6HO2 4.22E-11 4.22E—11 | —3.00E15 | —3.38E—22 | —1.02E—28 5.11E—2
CRES+NO3=CRO+HNO3 —7.90E—-11 | —7.90E—11 | —5.60E15 9.90E—24 1.96E—-28 | 9.52E—2
CRO+NO2= —5.01E-13 | —2.18E—15 | —8.80E15 6.76E—26 5.01E-32 | 1.50E—1
OPEN+OH=2C0O+X02+HCHO+2H02+C203 1.53E—12 1.53E—-12 | —4.11E15 1.32E—24 3.60E—30 | 6.98E—2
MGLY+OH=X02+C203 —1.81E—-14 | —1.81E—14 | —7.25E15 1.44E-26 7.19E-33 1.23E-1
X02+NO=NO2 1.06E21 1.06E21 1.05E21 —3.47E8 —2.15E2 —2.12E2
XO2N+NO= —5.46E11 —5.46E11 | —1.72E17 —3.50 2.19E—6 2.98

of the shallow water and carbon bond example problems. For a detailed discussion of all
available choices the reader should consult FATODE User’s guide [49].

2.9.1 Choice of method

Generally speaking, higher order methods are more efficient than lower order methods when
medium to high accuracies are sought. Figure 2.2 illustrates this in the context of the shallow
water problem: the eighth-order DOPRIS53 is the most efficient explicit method for both
the ODE solution and the sensitivity analysis.

In case of implicit schemes the solution of nonlinear systems dominates the total cost when
large ODE systems are solved. The test results on the shallow water equations (reported in
the supplementary material)reveal that Sdirk4a is the most efficient implicit solver for both
forward and tangent linear integration. For smaller ODE systems like CBM-IV the highest
efficiency can be obtained by FIRK methods, e.g., Radau2A in Figure 2.7. The sixth-order
method Gauss takes too many steps to be competitive on CBM-IV. This is due to its weak
A-stability. For larger systems the stage coupling inherent with FIRK methods impacts the
cost of the linear solvers, which explains why SDIRK and Rosenbrock methods perform best
on the shallow water test.

Results with both examples confirm the fact that Rosenbrock methods are particularly fa-
vorable for low accuracy requirements. Ros4 and Ros3 have the same orders with Rodas4
and Rodas3, but take fewer stages, thus are expected to behave similarly on problems that
are mildly stiff. Additional tests with CBM-IV confirm that on very stiff problems the stiffly
accurate schemes Rodas4 and Rodas3 perform considerably better than Ros4 and Ros3,
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respectively.

2.9.2 Choice of linear solver

We have assessed the efficiency of sparse linear solvers incorporated in FATODE by comparing
their performance with LAPACK full linear solvers in the shallow water test. The Jacobian
matrix is of dimension 4800, but only 100,800 elements (0.4375%) are non-zero. The incor-
poration of sparse linear solvers leads to significant computational savings and allows for
very efficient forward, tangent linear, and adjoint model integration. The compute times for
various implicit integrators in FATODE using different linear solvers are shown in Table 2.8.
As expected, FATODE benefits significantly from the use of sparse linear solvers. UMFPACK
is slightly faster than SuperLU for this test, and both sparse solvers give essentially the same
results as the full algebra linear solver. Users can link their own linear algebra routines, e.g.,
preconditioned Krylov based iterative methods.

Table 2.8: Overall compute times (in seconds) using different linear solvers in FATODE for
the shallow water test problem. The tolerances are atol = rtol = 107¢ and the time interval
is to = 0 to tp = 0.02 (time units).

Full algebra Sparse algebra

Solver

LAPACK UMFPACK SuperLU
Ros4 474.7 21.6 31.7
Ros4_TLM 506.8 58.3 71.4
Ros4_ADJ 991.7 96.8 120.2
Lobatto3C 342.0 8.8 14.8
Lobatto3C_TLM 431.3 32.9 40.0
Lobatto3C_ADJ 1722.4 69.0 102.2
Sdirk4a 74.5 3.8 5.7
Sdirk4a_TLM 125.2 46.0 49.0
Sdirk4a_ADJ 1685.9 69.0 107.4

2.9.3 Choice of the direct versus adjoint approach

In the shallow water test, we used tangent linear model to calculate Oy;(tr)/0yi(to), i =
1...d (with one tangent linear variable) and adjoint model to calculate dy;(tr)/0y1(to), i =
1...d (with one adjoint variable). These two vectors correspond to the first column and
the first row of the full sensitivity matrix (Jy;(tr)/0y;(to)) € R4, respectively. The two
approach compute the same sensitivities: the tangent linear result and the adjoint result
converge to the same value for Jy;(tr)/0y1(ty). The computational costs are, however,
different. The adjoint approach is considerably more efficient when only a small number
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of rows in the sensitivity matrix are needed, and the direct approach is considerably more
efficient when only a few columns are computed. A comparison of Figure 2.4b and Figure
2.5b reveals that the tangent linear approach (to compute a column) is at least twice as fast
as the adjoint approach (to compute a row of the sensitivity matrix) for the same accuracy
level and same integration method. This can also be expected when calculating the full
sensitivity matrix where the number of parameters is equal to the dimension of the system.

2.9.4 Solution of the sensitivity system

Both the forward sensitivity system (2.13) and the adjoint sensitivity system (2.17) are
linear with respect to the corresponding sensitivity variables. Consequently, at each step of
an implicit solver, the stage variables are the solutions of a linear system , e.g., Eqn. (2.30)
for tangent linear Runge-Kutta and Eqn.(2.55) for discrete adjoint Runge-Kutta methods.
FATODE offers two choices to solve these linear systems: directly, at the expense of additional
LU decompositions each step, and iteratively, via simplified Newton iterations that reuse the
LU decomposition for each stage.

We investigate how the solution approach affects the accuracy and cost of sensitivities com-
puted with FIRK and SDIRK methods for the shallow water and CBM-IV problems. The
results for Sdirk4a and Radau2A methods are shown in Table 2.9. For the large shallow
water problem the direct solve is significantly more expensive than the iterative approach,
while providing similar accuracy. In contrast, the direct solve is both more efficient and
slightly more accurate for the CBM-IV test.

Table 2.9: Timings and accuracy of the CBM-IV test and the shallow water test solving the
linear adjoint system directly (or via simplified Newton iterations)

Tolerances

Method Relative error CPU time

Rtol  Atol
CBM-1V

Siflts  LE3 atolo 4.307E-6 (1.933E-5) 52.25ms (93.43ms)
2E-4 0.2 x atoly  5.757E-6 (1.231E-5) 77.41ms (14.73ms)

Radauoa  1E-3 atolo 3.047E-6 (2.997E-6) 55.95ms (69.99ms)
2E-4 0.2 x atoly 1.454FE-6 (1.436E-6)  61.04ms (73.25ms)

Shallow water
Sifkds B2 1E-2 2.697E-2 (2.697E-2)  14.41s (11.68s)
T E3 1E3 8.349E-2 (8.349E-2)  20.22s (17.37s)

1E-2  1E-2 8.669E-2 (8.669E-2)  160.06s (32.85s)

Radaw2Ap s g3 3.170E-2 (3.170E-2)  203.75s (39.82s)

The relative efficiency of the two choices is both problem dependent and method dependent.
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The iterative approach is preferable for large problems, while the direct approach works best
with smaller systems. For the s-stage FIRK methods the direct solution involves one coupled
system of dimension sd X sd, while for SDIRK methods there are s systems of dimension
d x d. Considering the cost scaling, the direct approach is the default option for SDIRK
methods and the iterative approach is the default for FIRK methods. This can be changed
by users to best match the problem at hand.

2.10 Conclusions

This chapter presents the FATODE library for the integration of stiff ODE systems, and for
performing direct and discrete adjoint sensitivity analyses. The software is based on our KPP
numerical library; while KPP solves only chemical kinetic systems, FATODE offers a general
purpose implementation that makes it potentially useful for a wide range of applications.
Important areas that can benefit from using FATODE include uncertainty quantification,
inverse problems such as parameter estimation and data assimilation, and optimization of
systems governed by ODEs.

FATODE implements explicit Runge-Kutta methods for non-stiff problems, and fully implicit
Runge-Kutta, singly diagonally implicit Runge-Kutta, and Rosenbrock methods for stiff
problems. This distinguishes the software from CcVODES, which is based on linear multistep
methods.

FATODE employs a discrete adjoint sensitivity analysis approach, i.e., it computes the deriva-
tives of the numerical solution. This approach sets it apart from both DENSERKS and
CVODES, which implement a continuous adjoint approach. The discrete adjoint approach
gives gradients of the numerical cost function that are exact, to roundoff error. Such gradi-
ents are highly suitable for numerical optimization problems, as well as for aposteriori error
estimation in complex systems. It has been shown in [58] that the discrete Runge-Kutta ad-
joints are dual consistent. Consequently, the discrete adjoints computed by FATODE represent
solutions of the continuous adjoint ODEs, that are as accurate as the solutions obtained by
the continuous adjoint approach. We note that controlling the sensitivity error may require
several runs. Since sensitivity coefficients can vary over many orders of magnitude, a good
setting of the absolute tolerances may require several trial and error iterations. In the ad-
joint approach, the sensitivity error depends on both the forward and the adjoint integration
errors - this issue is common to both continuous and discrete approaches. While the inde-
pendent adjoint step size control in the continuous approach is apparently an advantage,
current implementations do not account for the interpolation errors. Moreover, in practice,
the interplay between forward, interpolation, and adjoint discretization errors is very diffi-
cult to control directly. A good guideline is to use tighter tolerances than required by the
application during the sensitivity calculations.

All methods in FATODE use local truncation error estimation and step size control for effi-
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ciency. The step size is also adjusted to ensure rapid convergence of the linear and nonlinear
system solvers at each step. Checkpointing, needed for adjoint runs, is performed in a man-
ner that is completely transparent to the user. The discrete implicit sensitivity equations
require the solution of different linear systems for each stage, or of linear systems that couple
all stages of a method. Two options are offered in FATODE: the first one constructs each
linear system and solves it individually, the second one performs simplified Newton iterations
that allow to reuse one LU factorization across all stages. FATODE controls the iteration
number, and possibly the step size, such that the iteration error in the latter approach is
smaller than the local truncation error at the current step.

FATODE contains stand-alone linear system solvers for different types of systems. The pack-
age includes direct solvers for both dense (LAPACK) and sparse (SUPERLU, UMFPACK) Sys-
tems. The decoupling between the time integration routines and the linear solvers allows
users to easily add their own methods, e.g., preconditioned iterative solvers tuned for the
application at hand. Details can be found in the User’s guide [49].

The implicit formulation of the stiff solvers, as well as the formulation of the tangent linear
and adjoint methods, require the user to provide various derivatives such as Jacobian-vector,
transposed Jacobian-vector, and Hessian-vector products. These derivatives can be obtained
analytically, by finite differences, or by automatic differentiation. Since the accuracy of the
derivative approximations directly impacts the overall accuracy of the sensitivity results,
care must be exercised when finite differences are employed.

Numerical experiments presented here reveal that FATODE compares favorably with the cur-
rent state of the art package CvODES. For the (larger) shallow water problem in Section 2.6
the stiff FATODE solvers are considerably more efficient, in terms of work-precision, than the
backward differentiation formulas implemented in ¢VODES. For non-stiff solvers the linear
multistep methods provide better performance. FATODE sensitivity solutions are consider-
ably more accurate than cVODES’ for the stiff chemical system discussed in Section 2.8.

Code availability

The source code and the User’s manual are available online from the FATODE web site [50].
The code has been tested under the following compilers: Portland group’s pgf90, Lahey’s
1f95, Sun’s sunf90, gfortran, g95, and Absoft.



Chapter 3

IMEX general linear methods

3.1 Introduction

Many science and engineering problems require numerical simulations of multiphysics and
mulstiscale systems, i.e., systems driven by multiple simultaneous physical processes evolving
at different time scales.

Such problems can be expressed concisely as the system of ordinary differential equations
(ODEs)

v =fty) +gty) to<t<tr, ylto) =10, (3.1)

where f corresponds to the nonstiff term, and ¢ corresponds to the stiff term. In case
of systems of partial differential equations (PDEs) the system (3.1) appears after semi-
discretization in space. As an example consider advection-diffusion-reaction systems where
the advection is slow while the diffusion and reaction are typically fast [3, 4, 5]. Another
example is the semi-implicit time integration of PDEs, where g represents the linear part of
the discretized spatial operator, and f is its nonlinear part [73, 74, 75].

The best numerical solution strategy for a particular problem depends on its dynamics. For
non-stiff processes explicit time discretizations are the most efficient, due to their low cost
per step. For stiff processes explicit methods require prohibitively small time steps (limited
by the fastest time scale in the system). In this case implicit methods, designed such that
their step sizes are not limited by stability considerations, are more efficient [51, 47]. The
numerical solution of multiphysics systems (3.1) is challenging as neither purely explicit
nor purely implicit methods are completely satisfactory. Explicit methods have restricted
time steps (due to g), while implicit methods require the solution of (non)linear systems of
equations that involve all the processes in the model.

The implicit-explicit (IMEX) approach alleviates these difficulties by combining an implicit
scheme for the stiff component with an explicit scheme for the non-stiff component. The pair

61
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is chosen such that the overall discretization of (5.1) has the desired stability and accuracy
properties. IMEX linear multistep (LM) methods have been proposed in [29, 30, 76] and
IMEX Runge-Kutta (RK) schemes in [77, 33, 34, 78]. The orders of consistency of these
methods is typically lower than five. High order IMEX RK methods are difficult to construct
due to the large number of order conditions. IMEX LM methods have decreasing stability
properties with increasing order.

The general linear method (GLM) family proposed by J.C Butcher [22, 79] generalizes both
Runge-Kutta and linear multistep methods. The added complexity improves the flexibility
to develop methods with better stability and accuracy properties. While Runge-Kutta and
linear multistep methods are special cases of GLMs, the framework allows for the construc-
tion of many other methods as well. Here we focus on the diagonally implicit multistage
integration methods (DIMSIM) [23, 80], which are both efficient and accurate, and great
potentials for practical use. GLM can overcome the limitations of both linear multistep
methods (lack of A-stability at high orders) and of Runge-Kutta methods (low stage order
leading to order reduction). A complete treatment of GLMs can be found in the book of
Jackiewicz [24].

In this study we develop the concept of partitioned DIMSIM methods, and develop an order
conditions theory for a family of such methods. This shows that partitioned GLM is a
great framework for developing multi-methods (composite methods). Next, we propose a
new family of implicit-explicit methods based on pairs of DIMSIMs, and develop second and
third order methods on this class.

In our earlier work [43, 81] we have developed second order IMEX-GLM schemes. While this
research was under study, we became aware of an effort to construct IMEX-GLM schemes
for Hamiltonian systems [82]. The theoretical results presented in this chapter have also
been used in the construction of extrapolation-based IMEX-GLM schemes [83].

This chapter is organized as follows. Section 3.2 reviews the class of general linear methods.
The new concept of partitioned DIMSIM schemes is proposed in Section 3.3, and the or-
der conditions theory is developed. IMEX-DIMSIM schemes are constructed in Section 3.4.
Linear stability is analyzed in section 3.4.5, and Prothero-Robinson convergence in section
3.4.5. IMEX methods of second and third order are built in Sections 3.5.1 and 3.5.2, respec-
tively. Numerical results for van der Pol system and for the two dimensional gravity waves
equations are presented in Section 3.6. Section 3.7 draws conclusions and points to future
work.
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3.2 General linear methods

3.2.1 Representation of general linear methods

Consider the initial value problem for an autonomous system of differential equations in the
form

y(t)=fly), to<t<tp, ylto)=uwo, (3.2)

with f : R? — R? and y(t) € RY. GLMs [24] for (3.2) can be represented by the abscissa
vector ¢ € R?®, and four coefficient matrices A € R***, U € R**", B € R"™* and V € R™"
which can be represented compactly in the following tableau

A|U
B .

On the uniform grid ¢, = tq+nh, n=0,1,..., N, Nh = tp — ty, one step of the GLM reads

Yo o= hy a f) D ugyl =1, (3.3)
j=1 j=1

y" = h Z bij f(Y;) + Z Vi j yﬁ”_”7 i=1...,m (3.3b)
j=1 j=1

where s is the number of internal stages and r is the number of external stages. Here, h is the
step size, Y; is an approximation to y(t,_1 + ¢;h) and yzm is an approximation to the linear
combination of the derivatives of y at the point ¢,,. The method (3.3) can be represented in
vector form

Y = h (A & Idxd) F(Y) + (U & Idxd) y[nil}, (34&)
Y= b (B @Iga) F(Y) + (V@I ym Y, (3.4b)

where 1,4 is an identity matrix of the dimension of the ODE system.

3.2.2 Stability considerations
The linear stability of method (3.3) is analyzed in terms of its stability matrix

M(z) =V + 2B (I, — 2A) ' U, (3.5)
and the corresponding stability function

p(w, z) = det(wl,«, — M(z)), (3.6)
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where w, z € C. A desirable property is the inherent Runge-Kutta stability [84, 85]. This
means that the stability function (3.6) has the form

p(w, z) = w*! (w — R(z)) , (3.7)

where R(z) is the stability function of Runge Kutta method of order p = s.

3.2.3 Accuracy considerations

We assume that the components of the input vector yZ U for the next step in (3.3) satisfy
' = Zq HEY B )+ OB, i=1,. (3.8)
for some real parameters ¢;, 2 =1,...,7, k=0,1,...,p.
The method (3.3) has order p if the output vector yl[n] satisfies
= j{:q WhEy® () + ORPTY), =1, (3.9)

for the same parameters g; ; of (3.8).
[n]

The method (3.3) has stage order ¢ if the internal stage vectors Y, are approximations of

order ¢ to the solution at the time points t,,_1 + ¢; h
Y =gty + e h) + ORI, i=1,...,s. (3.10)

We collect the parameters ¢; , in the matrix W for convenience

G0 q11 ° Gip
420 421 - Q2p

W=l a - q]=| " " . | (3.11)
4r0  4ra drp

Theorem 3.2.1 (GLM order conditions [24]). Assume that y"~Y satisfies (3.8). Then the
GLM (3.3) has order p (3.9) and stage order ¢ = p (3.10) if and only if

e = zAe” + Uw(z) + O(zF1), (3.12a)
ew(z) = zBe” + Vw(z) + 0P, (3.12b)

where

p
e = [, ..., e, w(z) = qu 2
=0
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For stage order ¢ = p — 1 condition (3.12a) is replaced by

e Ae” + Uu( )+(cp Ac Uq) P+ Ot (3.12¢)
e” = zAe w(z — - = z 2P :
pl (p—1)! ’
Proof. See Butcher and Jackiewicz [22] [24, Section 2.4]. O

It is shown in [22, 24] that a GLM (3.3) has order p and stage order ¢ with ¢ = p =r = s if
and only if

where the matrices By, By, Bs € R**® are defined by
Jo ™ ¢i(w)de ¢5(1+ ) " 6 (x)da
By, =22 27" (B)),. =2 (B, =227 3.14
( 0)173 ¢j(cj) ( 1)173 ¢j (Cj) ( 2)7,,] ¢j(cj) ( )

with

s

di(x) = H (x—¢), i=1,...,s

j=1,j#i
(cf. [22, Thm. 5.1],[24, Thm. 3.2.1]).
3.2.4 Starting and ending procedures

Assumption (3.8) requires to compute the initial vector yl° by a starting procedure satisfying

y = quhy to) + O, i=1,... 7. (3.15)
k=0

Dense output is based on derivative approximations of the form
Zhﬁ,“f +Z%]y[n Uok=01,...,r. (3.16)
It is shown in [22, 86] that (3.16) is accurate within O(hP*!) if and only if

[1,2,..., 2" = 2Be” + Vw(z) + O(zP+1) (3.17)

where B = [;,] and V = [y4,]. The finishing procedure uses (3.16) with k = 0 to generate
the solution at the last step

Zhﬁmf +Z%]yj” 1, (3.18)
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3.2.5 Diagonally implicit multistage integration methods

Diagonally implicit multistage integration methods (DIMSIMs) are a subclass of GLMs char-
acterized by the following properties [22]:

1. A is lower triangular with the same element a;; = A on the diagonal;

2. V is a rank-1 matrix with the nonzero eigenvalue equal to one to guarantee preconsis-
tency;

3. The order p, stage order ¢, number of external stages r, and number of internal stages
s are related by ¢ € {p — 1,p} and r € {s,s + 1}.

In this work we focus on DIMSIMs with p = ¢ =7 = s, U = I,,, and V = 1,07, where
vT'1, = 1 [24]. DIMSIMs can be categorized into four types according to [22]. Type 1
or type 2 methods have a;; = 0 for j > 7 and are suitable for a sequential computing
environment, while type 3 and type 4 methods have a;; = 0 for j # ¢ and are suitable for
parallel computation. Methods of type 1 and 3 are explicit (a;; = 0), while methods of type
2 and 4 are implicit (a;; = A # 0) and potentially useful for stiff systems.

Next we briefly review the construction of type 1 DIMSIMs with p=q¢=7r =5, U =1, and
V = ev”, where v7e = 1 since we will need to follow some procedures here when constructing
IMEX-DIMSIM schemes. For details regarding construction of Type 2 methods, we refer
readers to Jackiewicz’s book[24].

Imposing the appropriate stage order and order conditions and additional stability require-
ment results in large systems of polynomial equations for the remaining unknown parameters
of the methods. If the order of the methods is less than 5, these systems can be generated
and solved symbolic manipulation packages such as MATHEMATICA or MAPLE.

It can be demonstrated that the stability function of DIMSIM of type 1 is a polynomial of
the form
p(w, 2) = w® — pi(2)w* ' + - 4 (1) pe 1 (2)w + (—1)°ps(2), (3.19)

where

pi(z) =1+piz +P1,222 + - prs?”,
p2(2)  =Dpaz+ P22 4+ Pas?t,

psfl(z) = p371,5722872 + p371,5712871 + psfl,szsa
pS(Z) :ps,s—lzs_l +psszs-

Note that the coefficients p; ; of the polynomials p;(z) depend on a; j, v;. This leads to the
system of (s — 1)(s + 2)/2 nonlinear equations

P =0, k=2,3,...,8, Il=k—1k,...,s, (3.20)
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with respect to (s — 1)(s + 2)/2 unknowns a; ; and v;.

3.3 Partitioned general linear methods

Consider the partitioned system of ODEs

!/

Yy fay(way, - uy)
y=1 1 | = ; =f), (3.21)
YNy foy(yays - yn)
where the solution vector is separated into components yg,,), m = 1,..., N, each of which

may be itself a vector.

A partitioned general linear method solves (3.21) by applying a different GLM to each compo-
nent. If not explicitly stated otherwise , we use the subscript {m} to denote the coefficients
specific to the m-th component of the partitioned system. We have the following

Definition 1 (Partitioned GLM). One step of a partitioned GLM has the form

Yt{m}i = h Z A{m}i,j f{m} (Y{l}ja Yi{Z}j, - vY{N}j) (3.22&)
j=1
[n—1] -
+§:WMMMMW 1=1,...,s,
j=1
S
] _
Yimyi = h Z b{m}i,j f{m} <Y{1}j, Y{g}j, R ,Y{N}j) (3.22b)
j=1
n—1 .
+Zv{m}i,jy£m}j], 1=1,...,m,
J=1

where agmyij, Uimyijs Ofmyij, and cgmy; for m = 1,... N represent the coefficients of N dif-
ferent GLMs.

Definition 2 (Internal consistency). A partitioned GLM (3.22) is internally consistent if
all component methods share the same abscissae, Cpny; = ¢; form =1,..., N.

Internal consistency means that all stage components approximate the solution components
at the same time point, ie., [Yiiy;,..., Yyt = y(tn + cjh), for all j = 1,...,s. An
internally consistent partitioned GLM method (3.22) can be represented compactly as
Ay | Upny
By | Vimy

(3.23)

C{m} =C,
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Definition 3 (Order of partitioned GLM). Assume that each component of the input vector
satisfies (3.8)

Yyt = Zq{mwh YL (br) + O(WPHY), i=1,.. . (3.24)
k=0

The partitioned GLM (3.22) has order p if each component of the output vector satisfies

y{m}z Zq{m}zkh y{m}( )+ O(hp—"_l)’ /L: 1, e ,T, m = 17. .. ,N, (3.25)
k=0

for the same parameters qumyix as in (3.24). The partitioned GLM (3.22) has stage order q
if each component of the internal stages Yi[n] satisfies

Y = Yy (bt + gy h) + O(hHY), i=1,....s, m=1,... N. (3.26)

Theorem 3.3.1 (Order conditions for partitioned GLMs). Assume that each component
y% ' satisfies (3.8). Then the internally consistent partitioned GLM (3.23) has order p

(3. 25) and stage order ¢ € {p—1,p} (3.26) if and only if each component method (A gny, Biny,
Uy, Vimy) has order p (3.9) and stage order q (3.10).

Remark 1. Fach component method needs to independently meet its own order conditions
(3.12). No additional “coupling” conditions are needed for the partitioned GLM (i.e., no
order conditions contain coefficients from multiple component schemes).

Proof. We first prove the “only if” part: if the partitioned GLM satisfies (3.25)—(3.26)
with order p and stage order ¢ € {p — 1,p}, then each component method satisfies its
own order conditions (3.9)—(3.10) with the same p and ¢g. This can be seen immediately
by employing the same component method for all partitions, (A{k},B{k},U{k},V{k}) =
(A{m}, By, Uy V{m}) for k =1,..., N. The partitioned method (3.23) is the traditional
GLM method (A{m}, By, Upny, V{m}) and has to satisfy the traditional order conditions
(3.9) and (3.10).

We next prove the “if” part: if each component method satisfies (3.9)—(3.10) with order p
and stage order g € {p — 1, p}, then the partitioned GLM (3.23) has order p and stage order
q. Denote

Yoy, Y
Yivy Y
and
Yy (L1 + ¢jh) Y(tn-1 + c1h)
Y(tn_1 +cjh) = : . Y(th—1 +ch) = :

Yiny (tn-1 + ¢jh) Y(tn_1 + csh)
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Consider the stage equations of the individual method m with exact solution arguments

Y(taor +cih) = 1Y agyis f (Yt + b)) (3.27)
j=1

r p
+ ) Uy (Z Ggmy gy (tn1)> FO (MY, i=1,...,s.
Jj=1 k=0

The error size is given by the stage order ¢ of each individual method (3.10). Using the

assumption (3.24) each component of the sum » 7 _, Q{m}i,khkygg} (t,—1) can be replaced by

the numerical approximations yﬁz}lj], which differ from their exact counterparts by O(hP*!);
therefore their use in (3.27) does not change the asymptotical error size. The m-th component
of relation (3.27) then reads

Y{m) (tn—l + Cih) = h Z A{mi,j f{m} (y(tn_l + th)) (3.28)
=1

+3 Ui gy + O (B i=1,. s

j=1
Subtracting (3.28) from the stage equation (3.22a) gives
)/{m}i = Y{m} (tn—l + Czh) = hz Af{m}i,j (f{m} (}/J) - f{m} (y(tn—l + th)>) + O(hq+1)
j=1
and therefore
Yimyi = yomy (tns +ah)|| < B[ Ay L 1Y = y(tas + ch)ll + OB

where L, is the Lipschitz constant of fy,,). It follows that [24]

1Y = y(ta-s + ch)ll, = O(h") (3.29)

for all sufficiently small step sizes

h<r = (max [ Al Ln)

Equation (3.29) proves the stage order of the partitioned GLM method.

Continuing, (3.29) implies that

= hf{m} (y(tn_l + Czh)) + O(hp+1) (3.30)
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where we have used the fact that ¢ +2 > p+ 1. Consider the solution step of the individual
method m with exact solution arguments

Z Gy inh"y"* = h Z bimyig [ (Y(tn1 +c;h)) (3.31)
+ Z Uim}ij (Z Gy iy ™ (tn—ﬁ) +0 (F)
j=1 k=0
fori =1,...,r, where the size of the error term reflects the fact that each individual method
has order p.

Use (3.30) and the assumption (3.24) into the m-th component of (3.31) to obtain
n—1
Z q{m}i, kh y =h Z b{m}l] ) ) + Z U{m}i,j y‘[[m}; +0 (thrl)
‘= (3.32)
_y{m}z+0(hp+1), i:1,...,r,

The last equality follows from the partitioned method solution equation (3.22b). This es-
tablishes the order p of the partitioned GLM.

O

3.4 Implicit-explicit general linear methods

3.4.1 Construction procedure

The derivation of IMEX-GLM schemes relies on the partitioned GLM theory developed
in Section 3.3. We transform the additively partitioned system (3.1) into a component
partitioned system (3.21) via the following transformation [32]

Yy = r+ =z,
¢ = f(x,2) = f(z+2), (3.33a)
= ) = glo ). (3.330)

Equation (3.33a) is discretized with an explicit (type 1) GLM
X, = hZa”fX + 7Z;) —i—Zu” A S (3.34a)

oM = th”fX +Z;) +Zv” A T (3.34b)
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Similarly, equation (3.33b) is discretized with an diagonally implicit (type 2) GLM

_hZaZJgX +Z +Zulj [n 1]7 .:17"‘)87 (3358‘)

_th”gX +7;) +va A=, (3.35b)

Combining (3.34) and (3.35) we obtain

i—1 i
j=1 j=1

+Z(ul]x] +ul] ][” 1]>7 7;:17'-'757

2 = (Z big F(X+ Z) + > iy g(X; + Zj)> (3.36b)

j=1 j=1
DO S

We consider pairs of explicit (3.34) and diagonally implicit (3.35) schemes that

e share the same abscissa vector ¢ = € so that the partitioned GLM is internally consis-
tent, and

e share the same coefficient matrices U = U and V = \A/'

For this class of schemes all internal stage vectors can be combined. Specifically, let Y; =
X; + Z; and y; = x; + z;. The scheme (3.36) becomes the following method/

Definition 4 (IMEX-GLM methods). One step of an implicit-explicit general linear method
applied to (3.1) advances the solution using

Y, = hZa”f +h2a”g )~I—Zui7jyj[<"_1], i=1,...,s, (3.37a)

yl["] = hZ(bUf —i—b”g )4—2@”%" Uoi=1,...r. (3.37b)

We note that in (3.37) xﬁ"} and z,L[n] need not to be known individually once they are initialized

in the first step. The combined solution yz[ "= [ Ly z[ " is advanced at each step as regular
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GLMs do. The IMEX-GLM (3.37) is represented compactly by the Butcher tableau
c \ Al

|

(3.38)

3.4.2 Starting procedures

An IMEX GLM (3.37) of order p requires a starting procedure that approximates linear
combinations of derivatives as follows

[0] Zq WhEx k)(to) + O(h?) and z Zq,kh z to + O(hP) (3.39)
k=0

respectively, where the i-th column of coefficient matrix ¢ and g, denoted by ¢; and g; for
short, can be computed by

c'i A cifl R Ci A Cifl

- =1, == — ———. 4
0oy D T ST (340)

Qo =1, ¢ =

[0] [0]

Y, = X +z[0]

= (Ifo)—FZ(to)—F(]zlhx (to)—l—qzlhz to +qukh X to +Zqzkh z
k=2

= Yo+ ai1hf(yo) + @G1hg(yo +Z%kzh 2™ (to) +Z%khk ®(to).
f—2 f—2

Evaluation of the first three terms is straightforward. But approximations of the other
terms containing derivatives () (to) and y*)(¢) for k > 2 requires additional work if their
analytical expressions are difficult to obtain.

To initialize an IMEX GLM we approximate independently the vectors h¥z®) (ty), h*¥ 2" (t),
k=1,...,r, using finite differences and the solution information provided by several steps
of an IMEX Runge-Kutta method.

For better accuracy, the IMEX RK method uses a small step size 7 < h, and produces the
numerlcal solutions y5** & y(to + i7). In the following we show how to compute the terms

1) (ty); each of these terms is then rescaled by (h/7)* to reflect the integration step h.
We have that

72'(to) z'(to) f (o)

T s | T oy = [ T oy

7'z (to) 2'(tr1) f(wer)
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where the coefficient matrix D € R"™" is derived by expanding the right hand side in Taylor
series and comparing the coefficients of each term. For the cases r = 2 and r = 3 the
coefficients are

D|T:2 = |: _11 (1) :| and Dlrzg = —3/2 2 —1/2 ,
1 —2 1

respectively. The same procedure is applied to obtain 7%z (%) (to). We note that the initializa-
tion procedure requires the function values f(y) and g(y) evaluated at the starting solution
steps y5**'* and that there is no need to compute x; or z; separately. A description of the
starting procedure in vector form can be found in Section 4.2 of the next chapter.

3.4.3 Finishing procedures

If we choose the last abscissa coordinate ¢, to be 1, the approximation to the ODE solution
using IMEX GLMs with stage order ¢ = p can be given by the final stage value to the
order p. But for IMEX GLMs with stage order ¢ = p — 1, a finishing procedure need to be
constructed.

To generate the solution at the last time step y(tr) using (3.18), a general finishing procedure
reads

Zhﬁmf +Z’yo,]a:[" ! +Zh502g +Z%,J AU (3.42a)

In order to avoid the difficulty of evaluating of xg-”_l] and zj[»”_l}

Yo,; = To,; for all j. In this case the finishing procedure reads

separately we require that

Z hBoif (V) + Z hBoig(Yi) + Z Yoyl 1. (3.42b)

The construction of the procedure can be simplified by choosing the abscissa vector [0, ¢a, . .., ¢s_1, 1].
For explicit (type 1) GLMs, ¢; = 0 implies that ¢; o = 1 and ¢, ; = 0 for j > 1 due to order
conditions. According to the formula (3.9), the first element of the output vector is exactly
the solution at the current step, ygn} ~ y(t,). In this case, fy is equal to the first row of the
coefficient matrix B, and 7 is the first row of V. Similarly, ¢; = 0 results in ¢ ; = 0 for

j > 1 for implicit (type 2) GLMs. According to the order condition (3.12b), we have

p s s p

z ~ ) 0 ciz ~ 1 +1

e E Q7 ==z E by €97 + E V1, E gi; 7 + 0P,
=0 j=1 i=1 =0
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which can be written as

s S p
z __ N ciz ~ z ~ j +1
e —ZE bis e’ —zq e +§ U1,j§ Q2+ O,
Jj=1

j=1 §=0
Comparing it with (3.17) and assuming ¢, = 1, we can simply use B\O,i = /b\l,i for ¢+ =
0,....,5s —1, Bos = b1s — q11 and 4y = 7 to guarantee the finishing procedure gives order

p in accuracy for the implicit part. Consequently, we can use the following procedure in
practice for the IMEX schemes:

y(ta) = Y b (V) + Y hbiig(Ys) — Giag(Ys) + > vyl
i=1 i=1 j=1 (3'43)
= ygn] - 51\1,1 9(Ys).

Notice that it can also be used on IMEX GLMs with ¢ = p though it is designed for the case
q = p — 1. But our experience shows that there is no obvious advantage doing so compared
with using the final stage value which can give very accurate approximations usually.

3.4.4 Linear stability analysis

For convenience, we write the IMEX-GLM (3.37) in the vector form

Y = RAF(Y)+hAG(Y)+ Uyl (3.44a)
y" = KBF(Y)+hBG(Y)+ Vyl» 1. (3.44b)

We consider the generalized linear test equation
Y =Ey+8&y, t>0, (3.45)

where £ and E are complex numbers. We consider §y to be the nonstiff term and gy the stiff
term, and denote w = h¢ and w = hé.

Applying (3.44) to the test equation (3.45) leads to

Y

h <5A + Efx) Y 4+ Uyt (3.46a)
)

y h <£B v gTB) Y 4Vl (3.46b)

Assuming I, — wA — WA is nonsingular we obtain

y[n] _ M(UJ, @) y[n—I]’
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where the stability matrix is defined by
. -1
M(w,@)zv+<wB+wB) (ISXS—wA—@A> U. (3.47)

Let S C C and S C C be the stability regions of the explicit GLM and of the implicit GLM,
respectively. The combined stability region is defined by

{wes,@eﬁzp(M(w,@))g1}csx§ccxc. (3.48)

For a practical analysis of stability we define a desired stiff stability region, e.g.,

Sp={BeSNC : |Im(@)| < tan(e) |Re(@)]},
and compute numerically the corresponding non-stiff stability region:

S, = {w €8 : p(M(w,@)) <1, Vi€ §a} . (3.49)
The IMEX-GLM method is stable if the constrained non-stiff stability region S, is non-trivial
(has a non-empty interior) and is sufficiently large for a prescribed (problem-dependent) value
of a;, e.g., a = 90°.
3.4.5 Prothero-Robinson convergence

We now study the possible order reduction for very stiff systems. We consider the Prothero-
Robinson (PR) [87] test problem written as a split system (3.1)

y=ply—o)+¢ () . n<0, y(0)=2¢0), (3.50)
9(y) 7(;/-)/

where the exact solution is y(t) = ¢(t). A numerical method is said to be PR-convergent
with order p if its application to (3.50) gives a solution whose the global error decreases as
O(h?) for h — 0 and hy — —o0.

Theorem 3.4.1 (Prothero-Robinson convergence of IMEX-GLM). Consider the IMEX GLM
method (3.37). Without loss of generality we consider that U = 1. The explicit part is of
order p and stage order q € {p — 1,p}, and the implicit part has order p = p and stage order
ge{p—1,p}. Assume that hy € S for all h > 0. Then the IMEX GLM method (5.37) is

PR-convergent with order min(p, q).

Remark 2. If the explicit stage order is ¢ = p, then the PR order of convergence is p. It is
convenient to construct IMEX GLM methods (3.87) with explicit stage order ¢ = p, even if
g =p—1, as such methods do not suffer from stiff order reduction on the PR problem.
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Proof. Let
¢ =6 (tnoy +ch) = [p(tar +c1h), ..., d(tas +csh)]" .
and
U = [Dtas) R (tat) o 1P 6P (1)]
The method (3.37) applied to (3.50) reads:

Y = AT L hpA (Y - o) Uyl (3.51a)
y" = AB¢™ +huB (Y — o) 4 vyl (3.51b)
Consider the global stage errors
EM =yl _ gl

To obtain the global error in y!™ we consider separately the global errors in the nonstiff and
stiff components:

6EonstiﬂC — x[n} — Z qx hk ZL'(k) (tn) y
o = A=) @t

= @l — gl _ Zak L (¢(k) _ x(k)) ()
= ¢l — gl

since the exact solution of the nonstiff system is x(t) = ¢(¢). Consequently, the total error is

e _ 6nonstiff + estiff
M — Z ar hF o™ (t,,)
oM — W plnl

Write the stage equation (3.51a) in terms of the exact solution and global errors

p
EM gl = hA¢™ 4 hpAEM e, +U DY quht 6®(t),
k=0

to obtain

(Im _ hpf&) EM = ¢+ hA (tas +ch) (3.52)
p
+U Z qk hk ¢(k) (tn—l) - ¢(tn—1 + Ch) :
k=0

The exact solution is expanded in Taylor series about ¢,,_1:

. hkck

k!
k=1

¢ (tn—l +c h) - ]-s ¢(tn—1) ¢(k) (tn—l) )



Hong Zhang Chapter 3. IMEX GLM 7

0 khkck—l
h¢/ (tn—l +c h) = Z k! ¢(k) (tn—l) :
k=1 )

Inserting the above Taylor expansions in (3.52) leads to

(sts - hM;&> E[n] = €p-1— ]-s gb(tn—l) + UqO ¢<tn—1)
00 hk
+ Z (kAck*1 + K Uqr — ck) o ®)(tn_1)
k=1
= €p_1+ @ (hQ+1)

where ¢ is the stage order of the explicit method. We have used the facts that qo = 15,
U1, = 1,, and the order conditions (3.12a) and (3.12c) for the cases where ¢ = p and
q = p — 1, respectively.

Similarly, we write the solution equation (3.51b) in terms of the exact solution and global

CITOorsS:

p
ent > aqrhFoM(t,) = B¢ (t,y+ch)+hpBEM + Ve,
k=0

p
+V Y e hF oM (k).
k=0

After rearranging the expression we obtain

. o\ -1 p
€n = (huB(ISXS—huA) +V) en1+hB¢ (t_y +ch) + VY qph* oM (t,_y)

k=0
p
k=0

By Taylor series expansion we have

p
> acht 6M(t,) =
k=0

S
RS
-
‘..Q
~| =
L
~_—
>
-
<
=
—~
~
3
L

and therefore
k

e, = ﬁ(h,u) en_1 + Z (k’Bck_1 +k'Vq,— k! B

k=1

Qi | ¥ (k) g+1
ng (tn_1)+(’)(h )

=0
(3.53)
The order condition (3.12b) of the nonstiff scheme reads

efw(z) = 2Be” + Vuw(z) + O (1)
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ckzk
k

p k+¢ e
2.2 q’“’Z B ;B

>0 k=0

+1 P
— > Ve +0 (")
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Identification of powers of z* leads to

~ K k—1k
qr—t2 c" 'z k
g! :B(k_1>!+quz, k=1,...,p.

=0

The error recurrence (3.53) becomes
en = M(h)e, 1 + O (RnarierD) (3.54)

Assume that the initial error is g = O(h?). The error amplification matrix K/I\(h,u) is the
stability matrix of the implicit method. Therefore its spectral radius is uniformly bounded
below one for all argument values hy of interest. By standard numerical ODE arguments [51]
the equation (3.54) implies convergence of global errors to zero at a rate ||e, || = O (A1)

O

3.5 Construction of implicit-explicit methods of orders
two and three

We now construct IMEX-DIMSIM methods as summarized in Section 3.2.5. Specifically, we
focus on DIMSIMs with p = ¢ =7r = s, U = Ly, and V = 1,07, where vT 1, = 1 [24].

3.5.1 Two-stage, second-order pairs with p=qg=r=s5s=2

The pair of explicit and implicit schemes developed in [81] is named IMEX-DIMSIM-2A and
consists of a type 2 DIMSIM from [22] with the same stability of SDIRK method of order
2, and a type 1 derived DIMSIM. Both of them share the same abscissa vector ¢ = [0, 1]7
and the same coefficient matrix V. The IMEX-DIMSIM-2A coefficients in the tableau (3.38)
representation are

o] o o0 | B2 0 1 0
2246 2—/2
1 2 0 7+ 5 0 1
3v2-1 3-v2 | 73-34V2 4/2-5 3v2-3 1-v2

4 4
3v2-3 1-/2
1

28 4
87—48vV2  —454+34V2
1 28

4 4

3-v2 V21
28 2 2
The choice of A = (2 — v/2)/2 ensures the type implicit part of IMEX-DIMSIM-2A is L-
stable. Inherent Runge-Kutta stability is a desirable property, but there are not enough free
parameters to enforce this property on both methods of the IMEX pair at the same time.
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(a) Stability region S of the im- (b) Stability region S of the ex- (c) Constrained stability region
plicit method plicit method 8o (3.49) for o = 90°

Figure 3.1: Stability regions for the IMEX-DIMSIM-2B pair

For a given implicit scheme we construct the explicit method by maximizing the constrained
stability region (3.49). We have observed that simply maximizing the explicit stability region
S is insufficient and can lead to a very poor constrained stability region for the IMEX method.
The matrix B can be determined by A, ¢ and V according to the order condition (3.13).
The only free parameter is ag; in matrix A, and it is chosen such as to maximize IMEX
stability. First, we use a Matlab Differential Evolution package ' as a heuristic for global
optimization to generate a starting point. Then we run the Matlab routine fminsearch
multiple times until the result converges; each run is initialized with the previous result.
The resulting stability regions are reported in Figure 3.1.

This procedure led to another explicit scheme that maximizes the IMEX stability

0 0
A—Lﬁ 0}’ B=

V2 32
V1 ses |
2 1

U and V are the same. We call the new pair IMEX-DIMSIM-2B.

3.5.2 Three-stage, third-order pairs with p=g=r=s=3

We construct two implicit-explicit pairs named IMEX-DIMSIM-3A and IMEX-DIMSIM-3B
starting from two existing implicit methods. All coefficients are obtained from the numerical
solution of order conditions using Mathematica. The calculations are performed with 24
digits of accuracy such as to reduce the impact of roundoff errors on the resulting coefficient
values.

IMEX-DIMSIM-3A. According to [88] there are five A-stable type 2 DIMSIMs with the
choice A = 1/2 and ¢ = [0,1/2,1]7. We select the implicit component in Table 3.1 which

Thttp:/ /www.mathworks.com/matlabcentral /fileexchange/18593-differential-evolution
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Figure 3.2: Stability regions for the IMEX-DIMSIM-3A pair of schemes
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Figure 3.3: Stability regions for the IMEX-DIMSIM-3B pair of schemes

has a balanced set of coefficients.

The explicit component is obtained by a numerical maximization of the constrained stability
region, as discussed in the previous section. The resulting coefficients are shown in Table
3.2. The IMEX stability regions are drawn in Figure 3.2.

IMEX-DIMSIM-3B. The choice of A = 0.435866521508459 and ¢ = [0,1/2, 1]7 leads to
the L-stable type 2 DIMSIM reported in [88]. The coefficients of the implicit component and
the explicit component are presented in Table 3.3 and 3.4 respectively. The IMEX stability
regions are drawn in Figure 3.3.

3.6 Numerical results

We test the IMEX-GLM methods on two test problems. The first one is the van der Pol
equation, a commonly used small nonlinear ODE system that emphasizes convergence under
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stiffness. The second test is a PDE problem arising in atmospheric modeling. We imple-
mented our algorithms in a discontinuous Galerkin finite element model developed by Blaise
et al. [45], which has efficient parallel scalability. We report the results obtained with
IMEX-DIMSIM-2B and IMEX DIMSIM-3B methods, since they have the better accuracy
and stability properties among their peers of the same order. Both IMEX Runge-Kutta
methods and IMEX BDF methods are included for comparison.

3.6.1 Van der Pol equation

We consider the nonlinear van der Pol equation with a split right hand side

{ g: } = f(y.2) + gy, 2) = { . } n { ((1_y2)oz_y) B (3.55)

on the time interval [0, 0.5], with initial values

2 10 292 , 1814

0) =2 2(0)= -2+ —e— _
y(0) =2, 2(0) = =3+ 5~ 5757 ~ To683°

+O(eY). (3.56)

We consider € = 107, a stiff case in which many methods suffer from order reduction [26].

The initialization (3.39) was done using the analytic derivatives. The reference solution is
obtained with Radau-5, a stiffly accurate method [51], with very tight tolerances of atol =
rtol = 5 x 107, We compare the new methods with IMEX-DIRK(3,4,3), a L-stable
three-stage third-order IMEX Runge-Kutta method proposed in [32], and IMEX-BDF3, a
third-order IMEX BDF method [30].

Figure 3.4 shows the global error, measured in the L, norm, against step size h. A geometric
sequence of step sizes, 7, 7/2, 7/4 and so on, were used. Order reduction can be clearly
observed for the IMEX Runge-Kutta method, which yields second-order convergence. The
IMEX DIMSIM converges at the theoretical third order and gives more accurate result than
the other two methods compared when same step size is applied. Second-order IMEX DIM-
SIMs also produced no order reduction; detailed results have been reported in [81]. These
results indicate that the high stage order of IMEX DIMSIMs make them particularly attrac-
tive for solving stiff problems where Runge-Kutta methods may suffer from order reduction,
and IMEX DIMSIMs are also favourable for obtaining high accuracy with relatively large
time steps.

3.6.2 Gravity waves

To assess the potential of the IMEX-DIMSIM schemes for solving partial differential equa-
tions, we consider the simulation of an idealized atmospheric phenomena: the propagation
of a two-dimensional inertia-gravity wave [89]. Such a phenomena can be described by the
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Figure 3.4: Convergence results for third-order IMEX schemes on the van der Pol equation.

compressible Euler equations, whose formulation is slightly modified to account for non-
hydrostatic atmospheric processes [90]:

0
—p—l—V-(pu) =0

ot
ag;tu + V- (puu+pl) = —pge, (3.57a)
0pb B
E +V. (p@u) = 0,

where p is the density, u is the two-dimensional xz—velocity, 8 is the potential temperature,
and I is a 2 x 2 identity matrix. The gravitational acceleration is denoted g while €, is a
unit vector pointing upwards. The prognostic variables are p, pu and pf. The pressure p in
the momentum equation is computed by the equation of state

Cl
pQRd v
P=Do ( ) ; (3.57Db)
Po
where py = 10° Pa is the surface pressure, R, is the gas constant, while ¢, and ¢, are

the specific heat of the air for constant pressure and volume. For the details on sptial
discretization, maintaining the hydrostatic state and performing the IMEX splitting for the
temporal integration, the reader is referred to Chapter 4 Section 4.4.3

The inertia-gravity wave test-case is described in [89]. Tt is started with an initial atmosphere
of constant horizontal velocity u, = 20 ms™' and constant Brunt-Viisild frequency N =

gd((li_r;@ = 1072s7! in a channel of length L = 300 km and height H = 10 km. The waves are

excited by a initial perturbation of the potential temperature
sin(nz/H)
1+ (x —x.)?/a?

Opert = Ay (3.58)
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with Afy = 0.01 °C, @ = 5 km and x. is located at 100 km at the right of the left boundary.
Figure 3.5 shows the initial solution and computational mesh with horizontal and vertical
resolutions of respectively 5 km and 1.1 km. Third-order polynomials are used on each
element, corresponding to actual resolutions of about 1.7 km in the horizontal direction and
0.4 km in the vertical direction. Radiative boundary conditions are considered for vertical
boundaries, while non-flux (i.e. wall) boundary conditions are used along the bottom and top
boundaries. Once the simulation is started, initial gravity waves are triggered by the initial
perturbation of the potential temperature and propagate towards the lateral boundaries
(Figure 3.5). The background velocity field has an influence on the solution by translating
the perturbation towards the right of the domain.

All the experiments are performed on a workstation with 4 Intel Xeon E5-2630 Processors (24
cores in total) using 12 MPI threads. The parallelization is performed via a decomposition
of the spatial domain. However, it has an influence upon the efficiency of the time-stepping
because of the implicit system to solve which is distributed among the different processors.
Note that it would be possible to keep the elements sharing the same column on the same
processor and only treat the vertical dynamics implicitly. Despite resulting in a more re-
strictive time step condition, this technique would allow each implicit system to be solved
locally, one system corresponding to a column of element.

Here we compare the performance of IMEX methods for a simulation window of 30 sec-
onds. The second order methods are IMEX-DIMSIM-2B and L-stable, two-stage, second-
order IMEX DIRK(2,3,2) [32]. The third order methods are IMEX-DIMSIM-3B and IMEX
DIRK(3,4, 3) [32]. The integrated Lo errors for all prognostic variables are measured against
a reference solution. The reference solution was obtained by applying an explicit RK method
to solve the original (non-split) model with a very small time step h = 0.005.

The error versus computational effort diagrams are shown in Figure 3.6. All the methods
display the theoretical orders of convergence. IMEX DIMSIMs and IMEX RK methods
perform similarly, with IMEX DIMSIMs yielding slightly better accuracy when the same
time steps are chosen. Also, IMEX DIMSIMs are slightly more efficient in terms of CPU
time than the IMEX RK methods of the same order. Note that the termination procedure
has been applied after each each time step to recovered the solution. The implementation
can be optimized such as to apply the termination procedure only once at the end of the
simulation; this would result in additional savings in computational cost. As the order
increases, the number of stages required by an IMEX RK method grows rapidly due to order
conditions, while an IMEX DIMSIM typically uses a number of stages equal to its order.
Consequently, we expect that IMEX DIMSIM methods will become even more competitive
for higher orders.
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Figure 3.5: Evolution of the gravity wave: perturbation of the potential temperature at the
initial time (TOP), after 450 seconds (MIDDLE) and after 900 seconds (BOTTOM). The
computational mesh is visible on the first panel. The results are obtained with a third-order
discontinuous Galerkin space discretization and third-order IMEX DIMSIM time integration.
For visualization purposes, a stretch is applied in the vertical direction.



Hong Zhang Chapter 3. IMEX GLM 85

10” 10 '
A A —A— 2nd-order IMEX DIMSIM
s o o —o— 3rd-order IMEX DIMSIM
E L A
10 10 - a- 2nd-order IMEX RK
o0 N\ - © - 3rd-order IMEX RK

7L -7 L e A 2nd-order IMEX BDF

10 10 N A
o \a o 3rd-order IMEX BDF
10° £ 107
210 2 407
w L

107 107

1 —a— 2nd-order IMEX DIMSIM 11
10 —o— 3rd-order IMEX DIMSIM 3 107

- A - 2nd-order IMEX RK
10730 - © - 3rd-order IMEX RK 1 10720
A 2nd-order IMEX BDF

s o 3rd—order IMEX BDF »
10 —2 —1 ‘ 0 1 10 0 ‘ 1 2 3

10 10 10 10 10 10 10 10

Step size (h) CPU time [sec]
(a) Convergence (b) Work-precision diagram

Figure 3.6: Integrated Ly errors against time steps (a) and CPU time (b) for different IMEX
schemes. The errors are computed after 30 s of simulation. A geometric sequence of step
sizes, T, 7/2, 7/4 and so on, is used (7 = 4).

3.7 Conclusions

In this chapter we introduce a new family of partitioned time integration methods based on
high stage order general linear methods. We prove that the general linear framework is well
suited for the construction of multi-methods (composite methods). Specifically, owing to the
high stage orders, no coupling conditions are needed to ensure the order of accuracy of the
partitioned GLM.

We apply the partitioned general linear framework to construct new implicit-explicit GLM
pairs, together with appropriate starting and ending procedures. The linear stability analysis
proposes the use of constrained stability functions to quantify the joint stability of the IMEX
pair. A Prothero-Robinson convergence analysis reveals that the order of an IMEX GLM
scheme on very stiff problems is dictated by the stage order of its non-stiff component; in
particular, no order reduction appears if the explicit method has a full stage order. This
result indicates that IMEX GLMs are particularly attractive for solving stiff problems, where
other multistage methods may suffer from order reduction.

We discuss the construction of practical IMEX GLM pairs starting from known implicit
schemes and adding an appropriate explicit counterpart. This strategy is applied to build
second and third order IMEX diagonally-implicit-explicit multi-stage integration methods.
Numerical experiments with the van der Pol equation confirm the fact that IMEX GLMs
converge at full order while IMEX RK methods suffer from order reduction. The two dimen-
sional gravity wave system is an important step towards solving real PDE-based problems.
The new IMEX-DIMSIM schemes perform slightly better than the IMEX RK methods of
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Chapter 4

High order general linear methods

4.1 Introduction

Many problems in science and engineering are modeled by time-dependent systems of equa-
tions involving both stiff and nonstiff terms. Examples include advection-diffusion-reaction
equations, fluid-structure interactions, and Navier-Stokes equations, and arise in application
areas such as mechanical and chemical engineering, astrophysics, meteorology and oceanog-
raphy, and environmental science.

A method-of-lines approach is frequently employed to separate the spatial and temporal
terms in the governing partial differential equations. After the spatial terms are discretized by
techniques such as finite differences, finite volumes, and finite elements, the resulting system
of ordinary differential equations (ODEs) is integrated in time. Stiffness may result from
different time scales involved (e.g., convective versus acoustic waves), from local processes
such as chemical reactions, and from grids with complex geometry [91].

Explicit numerical integration schemes have maximum allowable time steps bounded by
the fastest time scales in the system; for example, the time steps are restricted by the
CFL stability condition. Implicit integration schemes can avoid the step size restrictions but
require the solution of large nonlinear systems at each step, and are therefore computationally
expensive. It is therefore of considerable interest to construct numerical integration schemes
that avoid the time step restrictions while maintaining a high computational efficiency. In
the implicit-explicit (IMEX) framework computational efficiency is achieved by performing
an implicit integration only for the stiff components of the system.

High order methods usually qualify more accuracy and better efficiency than low order
methods. Many modern PDE solvers are able to employ high order spatial discretizations,
e.g., by using high degree polynomials in a discontinuous Galerkin (DG) approach. There
is a need to develop high order time stepping formulas to be used in conjunction with high

88



Hong Zhang Chapter 4. High Order IMEX GLM 89

order spatial discretizations. This need motivates the current work.

Existing high order IMEX methods face challenges when applied to practical problems. High
order IMEX linear multistep methods suffer from a marked reduction of the stability region
with increasing order. IMEX Runge-Kutta methods are known to suffer from possible order
reduction for stiff problems, which reduces the efficiency of high order methods to that of
low order methods. The order reduction of the former could be avoided by incorporating
additional order conditions [92]. Some possible remedies for the latter for Runge-Kutta
methods have also been proposed in the literature [93]. However, these strategies require
special treatment of boundaries which may bring in extra computational cost and complexity;
in addition, some of them only work for special cases such as linear boundary conditions.
To the best of our knowledge, there is no effective way for IMEX Runge-Kutta methods to
handle the order reduction in a general way. Furthermore, the considerable increase in the
number of coupling conditions makes the construction of high order methods difficult.

This work develops and tests new high order time stepping schemes in the framework of
implicit-explicit general linear methods (IMEX-GLMs) that we have recently developed [94,
81]. In our earlier work[94, 81] we have developed second and third-order IMEX-GLM
schemes that showed considerable promise.

This study develops fourth and fifth order IMEX-GLMs with optimized stability properties.
Numerical experiments confirm that these methods do not suffer from order reduction, and
are considerably more efficient than IMEX-RK methods on a suite of problems ranging from
two-dimensional Allen-Cahn and Burgers’ equations to three-dimensional compressible Euler
equations.

This chapter is organized as follows. Section 4.2 reviews the class of general linear methods.
The construction of high order IMEX-GLMs with desired stability properties is discussed in
Section 4.3. This section first introduces desirable stability properties building upon existing
stability theory for Runge-Kutta methods. Numerical results are reported in Section 4.4.
Conclusions are drawn in Section 4.5.

4.2 IMEX general linear methods

IMEX time stepping methods are used to solve systems of ordinary differential equations
(ODEs) of the form

Y = ft,y) +9t,y) to<t<tp, ylto) =y € R, (4.1)

where f is a nonstiff term, and g is a stiff term. Many systems of partial differential equations
(PDEs) solved in the methods of lines framework lead to partitioned ODE systems (4.1) after
semi-discretization in space. The nonstiff and stiff driving physical processes are captured
by f and g, respectively.
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Partitioned and IMEX general linear methods are described in Chapter 3. An implicit-
explicit general linear method applied to (4.1) advances the solution for one step using:

Y, = hZaZ]f —i—hZal]g —|—Zumy][" U oi=1,...s (4.2a)

yl[”} — hZ(b”f —l—b,]g )+vay][nl, i=1,...,r. (4.2b)

Such a method is denoted IMEX-GLM(p, q, s,7) (p,q,s and r stand for order, stage order,
number of internal stages, and number of external stages, respectively). The implicit and

the explicit components share the same abscissa vector ¢ and the same coefficients U and
V. The IMEX-GLM (4.2) is represented compactly by the Butcher tableau

~

SNEE
BBV

(4.3)

To study the method (4.2) in [94, 81] the additively partitioned original system (4.1) is
written in an equivalent component partitioned form:

y = x+z, (4.4a)

v = fla,2) = flz+2), (4.4b)

= Gle) = gla+2). (4.4c)

The external vector yz["fl] is defined as a pth-order approximation of linear combinations of
derivatives

=] Zqzkhk tn 1 +Zqzkh O (t,y) +OMPY, i=1,...,r (4.5)

for some real parameters ¢; x, ¢ = 1,...,7, k =0,1,...,p. Note that in (4.2) z; ") and Z[ " need

not to be known individually once they are initialized in the first step. Only the Combined

external vector yZ[n] [n] + z[ " is advanced at each step, similar to how regular GLMs

proceed.

To initialize y” the starting procedure developed in [94] advances the ODE solution by
taking r — 1 steps with a small step size 7 to obtain the solutions yg, yi%", ... 5" The
derivative terms are approximated usm% only the function evaluations at these r points. The
starting value for the external vector ;" is calculated via the formula

yio = o+ qi1hf(yo) + Gahg(yo)
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* Z Z gikh® [T i f (5™) + Z Z Gikh* /T gy (47) -

k=2 j=1 k=2 j=1

In vector form it can be written as
Y9 = 1, @y0+7 (QD @ Lig) (R ® Ly F) +7 (QD ® Idxd> (R ® L) G | (4.6)

where F®%'" and G5 consist of function values evaluated at the r starting points, e.g.
[rstart — [f (y(s)tart) ’ f (yitart) e 7f (y:tjm{t)]T

The r x r coefficient matrices Q, D, and R are computed as follows.

1. Q, Q are determined by the method coefficients A, A and the abscissa vector ¢. These
matrices can be computed column-wise via the order conditions [22]

¢ Act ¢ Aci!
q = 1s, I GV qo = 1s, T G Th (4.7)

2. Starting with the following approximation

o ][
T :p:(to) _ D x (:tl) oG, (4.8)
7720 () (1)

expanding the right hand side in Taylor series, and comparing the coefficients of each
term, allows to identify each entry of D.

3. R is a diagonal rescaling matrix which has the form

R = diag (h/7, h*/7*, ..., W /T"). (4.9)

Note that this starting procedure enables to compute the initial approximations with a
smaller step size 7 < h. The initial approximations can be computed with a regular method
of choice; the very small time steps ensure accurate initial solutions, and also circumvent
possible numerical stability issues with the auxiliary scheme. The starting procedure used
for the experiments in this chapter employs the IMEX-RK scheme. Considering the possible
low accuracy caused by order reduction, in the starting procedure we use a step size half as
large as the step size for the following integration. We point out that using the same step
size typically works well based on our experience.
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4.3 Construction of high order IMEX-GLMs

We now consider the construction oh high order IMEX-GLMs. The partitioned GLM theory
described in Chapter 3 ensures that, if the stage order is high, the IMEX-GLM method has
the desired order without the need for coupling conditions. One imposes the order and stage
order conditions independently on the implicit and on the explicit component GLMs.

The order conditions for constructing arbitrary GLMs are complicated. In this chapterr
we choose the explicit and implicit components from a subclass of GLMs —- diagonally
implicit multistage integration methods (DIMSIMs), for which the order conditions are more
manageable.

Following Chapter 3 we are particularly interested in DIMSIMs with p = ¢ = r = s,
U = I, and V = 1,07, where v 1, = 1 [24]. The order conditions are satisfied if the
coefficient matrix B is computed from the relation (3.13). Therefore to obtain high order
DIMSIMs there is no need to solve complex nonlinear systems as one usually does in the
construction of Runge-Kutta methods.

The important challenge that remains in the construction of IMEX-GLM methods is to
achieve the desirable stability properties. This section first introduces desirable stability
properties building upon existing stability theory for Runge-Kutta methods. A numerical
optimization process used to maximize the IMEX stability regions is then discussed. Two
new IMEX-DIMSIM methods of orders four and five are presented at the end.

4.3.1 Stability considerations

A-stability, L-stability, and inherent Runge-Kutta stability The classical linear
stability theory [51] considers the scalar test problem whose solution decays to zero

v =Xy, t>0, Re(\)<0. (4.10)

A numerical method is stable if, when applied to solve the test problem (4.10) for one step
of length h it generates a solution of non-increasing size. A GLM (A, B, U, V) (4.3) applied
to the test problem gives a solution

Yyt = M(2) g, M(2) =V 4 2B (I, —zA) "' U. (4.11)
Here M(z) is the stability matrix and has a corresponding stability function
p(w, z) = det(wl,», — M(2)), (4.12)
where w, z € C and z = A\h.

A-stability requires that the method is unconditionally stable independent of the size of the
time step h, i.e., the spectral radius of the stability matrix p(M(z)) < 1 for any z. L-stability
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further requires that p(M(z)) — 0 when z — oo [47]. L-stable methods damp components
of high frequencies and are particularly useful for stiff problems. Since IMEX-GLM schemes
are designed to treat stiff parts of a given problem implicitly, we want the implicit component
to be L-stable, or at least A-stable. Imposing L-stability directly on the GLM coefficients
leads to a difficult analysis, with complexity increasing dramatically as the order increases.

The inherent Runge-Kutta stability property [84, 85] provides a practical way to achieve
L-stability. This property requires that the stability function (4.12) has the form

p(w,z) =w*" (w— R(z)), (4.13)

where R(z) is the stability function of a Runge Kutta method of order p = s. When (4.13)
holds the existing L-stability theory for Runge Kutta methods can be applied to GLMs.
Note that conditions (4.13) lead to additional nonlinear constraints on method coefficients;
these constraints need to be solved accurately in practice.

Stability analysis for IMEX-GLMs To study the linear stability of IMEX-GLM schemes
we consider the following generalized linear test equation [94]

Y =¢y+Ey, t>0, Re(€),Re(€)<0. (4.14)

ThlS test problem mimics the structure of (4.1). We consider {y to be the nonstiff term and
§y the stiff term, and denote w = hé and w = hf

Applying (4.2) to the test equation (4.14) and assuming Iy, —wA — @A is nonsingular lead
to
" = M, @)y,

where the stability matrix is defined by [94]
-1

M(w,@) =V + (wB+@B) (L, —wA- @A) U. (4.15)

Let S € C and S C C be the stability regions of the explicit GLM component and of the
implicit GLM component, respectively. The combined stability region is defined by [94]

cz{wes,@e§;p(M(w,@))<1}csx§ccxc. (4.16)
For a practical analysis of stability we define a desired stiff stability region, e.g.,
S,={weSNC™ : |Im(@)| < tan(c) [Re(@)|},
and compute numerically the corresponding constrained non-stiff stability region:
S, = {w €8 : p(M(w,@)) <1, Y€ §a} . (4.17)

The IMEX-GLM method is stable if the constrained non-stiff stability region S, is non-trivial
(has a non-empty interior) and is sufficiently large for a prescribed (problem-dependent) value
of a, e.g., a = 1/2.
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4.3.2 Finding high order IMEX-DIMSIMs with large stability re-
gions

The implicit component of the IMEX-GLM is constructed first, and the desired L-stability
property is imposed L-stable GLMs existing in the literature can also be used as implicit
components in the combined IMEX scheme.

L-stability indicates that w in the non-stiff stability definition (4.17) can be any value on
the negative half-plane. So the constrained region with ov = 7/2 is

m™ T

Srj2 = {w es : p(M(w,rew)) <1, VOe [—5,5} , Vre [O,—oo)} )

The corresponding explicit component is constructed next based on the following criteria:
it shares the coefficients ¢, U,V with the implicit component; it satisfies the desired order
conditions; and results in a large constrained stability region (4.17).

According to the order conditions in [94], B depends on A and c. Thus the only free
parameters in determining the explicit part are the s(s — 1)/2 elements of matrix A. The
problem of finding IMEX-DIMSIMs can be regarded as a numerical optimization problem to
find the entries of A such as to maximize the area of the constrained stability region S /s.

We discretize the region S,/ using finite sets of points in polar coordinates

Sujp & {w €5 p(M(w,re®)) <1, VO e O C [—gg} , YreRC (—oo,o]} .
For example, Ry = [0,—1073,—1072,...,—103] and O are a set of equally spaced points

between —7/2 and /2.

We next determine the boundary 08/, of the constrained stability region. For this we

consider the points of intersection of the boundary with vertical lines on the negative half-
plane with abscissae zj. An intersection point wy = (xy, yx) should satisfy

ma M (wy,, re”)) = 1. 4.18

TGR{,G)é@fIO( ( ks )) ( )

Note that since the stability region is symmetric, we only need to consider the part above
the real axis.

Starting with an initial point on the vertical line, e.g. xy + ¢y, where vy, is large enough to
make the point outside the stability region, we apply the bisection Algorithm 1 to find the
first point w = x + iy along the vertical line such that

M(w, re 1. 4.1
Jmax p(M(a@, re)) < (4.19)

A similar idea can be used to find the intersection of the stability region and the real axis,
which is assumed to be the leftmost point of the stability region. Then we can determine
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Algorithm 1 Bisection algorithm for finding the points of intersection
Initialize Yiop <= Yo Ybot < 0
while yiop — Yot > tol do

Ymid = (ytop + ybot)/2
if w < ¢+ iymiq satisfies the condition (4.19) then

Ybot = Ymid
else
Ytop = Ymid
end if
end while

return ¢

Algorithm 2 Algorithm for computing the area of constrained stability regions
1: Find the point x; of intersection of the stability region and the x axis using a bisection
strategy similar to Algorithm 1
2: Generate m vertical lines with abscissae x;, linearly spaced between x;, and 0
3: Find the points of intersection of these lines and the stability region
4. Approximate the area of the stability region using the trapezoidal method

the boundary with the above-mentioned algorithm. Algorithm 2 summarizes the procedure
to approximate the area of the stability region.

As we can see, the objective function that approximates the area of the stability region
is highly nonlinear and computationally expensive, especially for the construction of high
order methods. The optimization problem is in general difficult to solve numerically. First we
transform the maximization problem to a minimization problem by minimizing the negative
of the objective function. Then we use the combination of MATLAB genetic algorithm
function, ga and MATLAB local minimizer fminsearch. We repeatedly apply the two
optimization routines one after another using one’s result as the starting point of the other.
Each optimizer is run multiple times until the results converge; each run is initialized with
the previous result. We terminate the procedure when the result does not change across
multiple runs for both optimizers.

4.3.3 New IMEX general linear methods

The construction of DIMSIMs starts with choosing the abscissa vector ¢ [88]. A natural
choice is a vector of values equally spaced in the interval [0, 1]. For DIMSIMs of order p and
stage order ¢ = p, the last value c, = 1 allows to use the last stage value as the ODE solution
at the next time step. This advantage also applies to IMEX-DIMSIM. Here we choose the
common abscissae for the IMEX pairs equally spaced in [0, 1], and including 0 and 1. There
is no evidence so far that other choices would lead to better schemes.
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A fourth-order IMEX-DIMSIM pair

We start with the construction of the implicit part of the IMEX pair. Butcher [88] reports
a failed attempt to construct DIMSIMs with inherent Runge-Kutta stability, p = ¢ =1r =
s =4, and ¢ = [0,1/3,2/3,1]. Surprisingly we succeeded in solving the nonlinear system
comes from the stability constraints by using the Mathematica software. For the detailed
information on the nonlinear system, we refer to [88]. The coefficients of the type 2 (implicit)
DIMSIM we found are given in Table 4.1. The choice of the diagonal element of A equal to
0.572816062482135 ensures that the implicit method L—stable, following the classic theory
of Runge-Kutta methods [51]. We remark that this new implicit DIMSIM method can be
used by itself due to its favorable stability properties.

The optimization problem formulated in Section 4.3.2 for maximizing the constrained sta-
bility regions has six free variables, the lower triangular entries the coefficient matrix A.
The maximal area of the constrained stability region of the explicit method on the negative
plane is_approximately 1.34. Figure 4.1 shows the stability regions of the implicit com-
ponent S, of the explicit component S, as well as the constrained stability regions S, for
a=m7/2,7/3,m/4.

We will refer to the resulting method as IMEX-DIMSIM4. The coefficients of the explicit
method to 15 accurate digits are given in Table 4.1.

A fifth-order IMEX-DIMSIM pair

An L-stable fifth-order type 2 (implicit) DIMSIM with p = ¢ = r = s = 5 and ¢ =
[0,1/4,1/2,3/4,1] was constructed by Butcher [95]. We have obtained its coefficients with
improved accuracy from 6 to 15 decimal digits by solving the nonlinear conditions using the
Levenberg-Marquardt algorithm implemented by MATLAB’s routine fsolve.

The corresponding explicit component is obtained by the numerical optimization procedure
described in the Section 4.3.2. The maximal area of the constrained stability region of the
explicit method on the negative plane is approximately 0.83, and is smaller than the area
of the fourth order pair. Figure 4.2 shows the stability regions of the implicit component
S of the explicit component S, as well as the constrained stability regions S, for a =
7/2,7/3,m/4.

We will refer to the resulting method as IMEX-DIMSIMb5. The coefficients of the method
to 15 accurate digits are given in Table 4.2 (compare the implicit coefficients to [95]).
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Figure 4.1: Stability regions for the fourth-order IMEX-DIMSIM pair with p = ¢ = r =
s = 4 and ¢ = [0,1/3,2/3,1]. From left to right are stability region S of the implicit
method, stability region S of the explicit method, and constrained stability regions §a (with
a=m7/2,7/3,m/4 from interior toward exterior, respectively).
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Figure 4.2: Stability regions for the fifth-order IMEX-DIMSIM pair withp=g=r=s=25
and ¢ =[0,1/4,1/2,3/4,1]. From left to right are stability region S of the implicit method,
stability region S of the explicit method, and constrained stability regions S, (with a =
7/2,7m/3,m/4 from interior toward exterior, respectively)
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4.4 Numerical tests

We consider several test problems that are motivated by different application areas such as
material science, fluid mechanics, and atmospheric modeling. All problems are governed by
partial differential equations and contain both stiff components and nonstiff components.
The first two test cases are implemented in MATLAB using finite difference schemes for
space discretization. The time integration is performed with the two high order IMEX
general linear methods IMEX-DIMSIM4 and IMEX-DIMSIM5. The performance of these
methods is compared against two classic IMEX Runge-Kutta methods, ARK4(3)6L[2]SA
and ARK5(4)8L[2]SA, from Kennedy and Carpenter [26]. We will refer to these methods as
IMEX-RK4 and IMEX-RK5, respectively. Both IMEX Runge-Kutta methods have a stiffly-
accurate implicit component and share the same abscissa ¢ = € as our IMEX-DIMSIMs
do.

We have also implement the IMEX-DIMSIM schemes in the discontinuous Galerkin solver
GMSH-DG [96] and applied them to the three-dimensional compressible Euler equations
coming from multiscale nonhydrostatic atmospheric simulations.

All the experiments have been performed on a workstation with four Intel Xeon E5-2630
Processors. The goal is to assess the performance of the high order IMEX-DIMSIM and
IMEX-RK methods on both two-dimensional and three-dimensional simulations.

4.4.1 Allen-Cahn equation

We consider the two-dimensional reaction-diffusion Allen-Cahn problem [97] which describes
the process of phase transition in materials science.

%:av2u+ﬁ(u—u3)+f, 0<z,y<1l, 0<t<0.5, (4.20)
where the parameters are « = 0.01, § = 3, and f(t,z,y) is a source term that is consistent
with the exact solution u(t,z,y) = 2+ sin(2w(x —t)) cos(37(y — t)). Time varying Dirichlet
boundary conditions (that represent the exact solution evaluated at the boundaries) are
imposed. The spatial discretization is performed using a second-order central finite difference
scheme on a uniform grid with Az = Ay = 1/40.

Explicit time stepping methods have a maximal allowable time step h o< Az? due to the
CFL condition related to diffusion. To overcome this limitation we treat the stiff diffusion
term implicitly and the remaining terms explicitly. Since the discrete diffusion term is linear
we perform a single LU factorization of the matrix I — hyJ and reuse it throughout the
simulation; here v is a method coefficient and J is the Jacobian of the stiff diffusion.

The reference solution u,.s is obtained using MATLAB’s routine odel5s with very tight
tolerances AbsTol = RelTol = 3 x 1074, The absolute solution error magnitude is measured
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Figure 4.3: Comparison of high order IMEX-DIMSIM and IMEX-RK results for the 2D
Allen-Cahn equation (4.20). Shown are the temporal discretization errors corresponding to

the solution at the final time ¢ = 0.5.

in the Lo norm:
E=|u-— uref||2. (4.21)

Figure 4.3(a) shows the errors at the final time for solutions computed using different numbers
of steps. The two IMEX-RK methods show a marked order reduction - to order two. There is
no order reduction for the IMEX-DIMSIM schemes; IMEX-DIMSIM4 displays the theoretical
order while IMEX-DIMSIM5 shows a higher convergence than the theoretical order. The
IMEX-DIMSIMs give considerably more accurate results than the IMEX-RK methods for
all step sizes tested. This is noteworthy since IMEX-DIMSIMs have fewer stages than the
IMEX-RK methods of the same order and therefore require fewer function evaluations and
linear solves per step. The corresponding work-precision diagrams of errors versus CPU time
are shown in Figure 4.3(b) and reveal a sizable gap in efficiency between the two families of
IMEX schemes. Figure 4.4 shows the spatial distribution of the absolute errors |tupumerical —
Ureference| at final time; this is only the temporal discretization error as we compare against
a reference solution that uses the same spatial discretization. IMEX-RK methods give large
errors near boundaries and relatively smaller errors in the interior of the domain are evenly
distributed. The order reduction phenomenon of IMEX-RK methods originates with errors
at the boundaries, but plague the whole domain as the time evolves. In contrast, IMEX-
DIMSIMs handle the boundaries well and preserve the theoretical orders of convergence.
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Figure 4.4: Absolute temporal errors at the final time ¢t = 0.5 for various IMEX schemes on
the 2D Allen-Cahn equation (4.20). A fixed time step of size h = 1/50 is used. IMEX-RK
methods show large errors originating near boundaries. IMEX-DIMSIM methods have much
smaller errors which are distributed over the entire domain.
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4.4.2 Burgers’ equation

The two-dimensional viscous Burgers equation [98]

1
%+§v<u.u>:uv2u, y=01, 0<zy<l, 0<t<l, (4.22)

is a simplification of the 2D Navier-Stokes equations which admits the analytic solution

. sy—t\ —1
uanalytlc(t’x7y) _ (1 +e +2yy t) .

The initial conditions and the Dirichlet boundary values correspond to the analytic solution.
Spatial derivatives are discretized with second order central finite differences on a uniform
grid with resolution Az = Ay = 1/50.

The application of the IMEX integration treats the diffusion term implicitly and the con-
vective term explicitly. We compare the numerical solutions against a reference solution
computed with MATLAB routine odel5s with tolerances AbsTol = RelTol = 3 x 10~ that
uses the same spatial discretization. Therefore the errors (4.21) reported here are only due
to the temporal discretization.

Figure 4.5 compares the performance of the high order IMEX schemes. The convergence
diagram in Figure 4.5(a) reveals that two IMEX-RK methods show order reduction to order
two. The two IMEX-DIMSIMs converge with their theoretical orders. The efficiency diagram
in Figure 4.5(b) illustrates again a gap in performance between the two families, with IMEX-
DIMSIMs demonstrating a considerably better efficiency than IMEX-RK methods.

Figure 4.6 shows the spatial distribution of absolute errors at the final time. The boundary
errors dominate the accuracy of the results for all schemes. The boundary conditions for this
PDE may be more challenging than the previous one since they affects both spatial derivative
terms in (4.22). Nevertheless, the error magnitude is much smaller for the IMEX-DIMSIM
solutions.

4.4.3 Application to atmospheric simulations
Compressible Euler equations

The dynamics of non-hydrostatic atmospheric processes can be described by the compressible
Euler equations [90]:

)
DYy (pu) = 0

ot
0 ~
% + V- (puu+pl) = —pge, (4.23a)
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Figure 4.5: Comparison of high order IMEX-DIMSIM and IMEX-RK results for the 2D
viscous Burgers equation (4.22). The integration time interval is [0,1]. Shown are the
temporal discretization errors corresponding to the solution at the final time ¢ = 1.

8/)9

6 pum
2 + V- (pbu) 0,

where p is the density, u = (u, v, w)? is the velocity vector, w being used in three-dimensional
case, # is the potential temperature, and I is the identity matrix. The gravitational acceler-
ation is denoted by ¢ while €, is a unit vector pointing upwards. The prognostic variables
are p, pu, and pf. The pressure p in the momentum equation is computed by the equation

of state .
OR,\ <
P =po (p d) : (4.23D)
Po

where py = 10° Pa is the surface pressure, R, is the ideal gas constant, and ¢, and ¢, are the
specific heat of the air for constant pressure and volume. To better maintain the hydrostatic
state we follow the splitting introduced by Giraldo and Restelli [90]

plct) = p(z)+p(x1)
(p0)(x,t) = (p0)(2) + (p0)'(x,1)
p(x,t) = p(z)+0(x,1),

where the overlined values are in hydrostatic balance. The governing equation (4.23) can
then be rewritten as

op
o5 = V()
gpu - _ —V - (puu + p'I) — p'ge, (4.24a)

ot
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Figure 4.6: Absolute temporal errors at the final time ¢ = 1 for various IMEX schemes on the
2D viscous Burgers equation (4.22). A fixed time step of size h = 1/50 is used. All methods
show larger errors originating near boundaries. IMEX-DIMSIM methods have much smaller

errors overall.
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o(pb)
— _V-(pf
5 V- (pbu)
and closed with .
P =po (’0 9Rd> - (4.24b)
Do

The equations are discretized in space using the discontinuous Galerkin method, whose usage
for geophysical simulations is gaining popularity, e.g. [99, 45, 100, 101, 90]. The model,
based upon the mesh database of the GMSH mesh generator code [46], has been used to
solve several PDEs, either in the domain of geophysics [102, 103] and engineering [104, 105].
For more information about the space discretization, refer to [96].

The set of equations (4.24) applied to atmospheric flows is a good candidate for an IMEX
time discretization, because of the different temporal scales involved. In usual atmospheric
configurations, the acoustic waves are the fastest phenomena, with a propagation speed of
about 340 ms~!. This high celerity restricts the explicit time step to a small value due
to the CFL stability condition. However, acoustic waves are generally not important for
the modeler who is more interested by advective timescales. The IMEX method allows to
circumvent the CFL condition by treating the linear acoustic waves implicitly, while the
remaining terms are explicit. According to Giraldo et al. [9], the right-hand side of (4.24a)
is additively split into a linear part responsible for the acoustic waves and a nonlinear part.
The linear term

V- (pu)
— |V-(T) + p'ge, (4.25)
V. (peu)
with the pressure linearized as ~
= L (pt)
copt

is treated implicitly, while the remaining (nonlinear) terms are treated explicitly.

Test cases

In this chapter we consider two-dimensional and three-dimensional rising thermal bubble
test cases slightly modified from the ones introduced in [90].

Two-dimensional case The motion of the air is driven by a time varying potential tem-
perature perturbation from the bottom boundary

) 0 for r > r,
0= 92—0 <1 + cos (f—:)) sin? (g—t) for r <r,, (4.26)
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where 0, = 5°C, r = \/(x — z.)?, r. = 250 m, and (z, z) € [0, 1000]* with ¢ € [0,200] s and
z, = 500 m. No-flux boundaries are used for the other three boundaries. The computational
domain is a 2D uniform mesh with actual resolution of about 66.7 x 66.7 m. Fourth-order
polynomials are used on each element. The resulting ODE system contains ~ 2.3 x 10*
variables.

Three-dimensional case Diffusion terms
V- (uVp')
V- (uV(pu)) (4.27)
V- (uV(p0)')

with 4 = 6 m?s~! are added to the right-hand side of (4.24a) to limit the oscillations resulting
from a high order spatial discretization of a complex flow on a coarse grid.

The bottom boundary is also imposed as (4.26) with r = \/(z — )% + (y — y)?, 7. = 250m,
(z,y,2) € [200,800]* x [0,600] and (z.,y.) = (500, 500). No-flux boundaries are used for all
the other boundaries. Considering the more expensive computational cost of the 3D test,
we use a polynomial order of 3 for the DG scheme. A 3D uniform mesh grid with actual
resolution of 100 x 100 x 100 m is used. The resulting ODE system has ~ 7 x 10* degrees
of freedom.

Figure 4.7 shows the reference solutions at the final time for 2D and 3D cases.
Numerical results

The relative Ly errors for each of the prognostic variables

f 0 ( qnumerical _ qreference ) 240
E(q) = , 4.28
( ) \/ fQ(qreference)2dQ ( )

are measured against a reference solution obtained by applying the classic fourth-order
explicit RK method to solve the original (non-split) model with a very small time step
h = 0.005s. Since the time varying boundary conditions are imposed directly on the temper-
ature term p’ in the momentum equations of (4.24), we discuss the results for the variables

pu.

Figure 4.8 compares the convergence results and efficiency for the fourth-order IMEX-
DIMSIM and IMEX-RK methods for the 2D simulations. As expected, the IMEX-DIMSIM
reproduces the theoretical order of accuracy. But the IMEX-RK scheme shows an obvious
order reduction, which translates into a loss of computational efficiency. The 3D results
are given in Figure 4.9. The IMEX-RK method stills yields order reduction, less severely
though. The error behavior of the IMEX-DIMSIM is somewhat irregular. It shows high
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(a) 2D solution at final time ¢ = 200s. (b) 3D solution at final time ¢ = 300s.

Figure 4.7: Perturbation of potential temperature (in °C') from the simulation of thermal
rising bubble (4.24). The background mesh is displayed in wireframe.

order in the beginning, and then plateaus at the accuracy level 10~7 for a wide range of
decreasing step sizes. The error plateau is likely due to the level of accuracy of the reference
solution. However, even with this irregular behavior, the IMEX-DIMSIM is considerably
more efficient than the IMEX-RK method. We have also tested large step sizes and found
that the maximal allowable step size for IMEX-RK4 and IMEX-DIMSIM4 are both approx-
imately equal to 1.0 sec. This agrees with the prediction of the stability analysis in section
4.3.1 which shows that the IMEX-DIMSIM has a good stability property. Furthermore, we
notice that neither IMEX-RK5 nor IMEX-DIMSIMS5 is suitable for this test problem because
the maximal step sizes for them are restricted to values that are too small to make them
competitive. Figure 4.10 shows that there are many eigenvalues of the Jacobian close to the
imaginary axis, therefore a stability region covering a large part of imaginary axis is highly
desirable.

4.5 Conclusions

Multiscale problems in science and engineering are modeled by time-dependent systems of
equations involving both stiff and nonstiff terms. Implicit-explicit time stepping schemes
perform an implicit integration only for the stiff components of the system, and thus combine
the low cost of explicit methods with the favorable stability properties of implicit methods.

Many modern PDE solvers use high order spatial discretization schemes, e.g., the discon-
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Figure 4.8: Comparison of high order IMEX-DIMSIM and IMEX-RK results for the 2D
rising bubble simulation (4.24). The integration time interval is [0, 200] sec. and is divided
into 400,600,900,1350,2025,3037,4555,6832,10248 equal time steps to obtain the points in the
diagrams. Temporal errors for all the variables (4.28) are computed for the solution at the
final time.
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Figure 4.9: Comparison of high order IMEX-DIMSIM and IMEX-RK results for the 3D
rising bubble (4.24). The integration time interval is [0,300] sec. and is divided into
150, 200, 250, 300, 350, 400, 600, 900, 1350 equal time steps to obtain the points in the dia-
grams. Temporal errors for all the variables (4.28) are computed for the solution at the final
time.
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Imaginary

10

Figure 4.10: Plot of eigenvalues of the Jacobian for 2D rising bubble test problem.

tinuous Galerkin approach with high degree polynomials. Often the high order of spatial
discretization is paired with a low order traditional time stepping scheme. It is therefore
of considerable importance to develop high order time stepping algorithms that match the
accuracy of the spatial discretization.

This chapter addresses the need for high order implicit-explicit temporal discretizations in
large scale applications. We construct new fourth and fifth order IMEX DIMSIM schemes
based on L-stable implicit components, and with the explicit components optimized such
as to maximize the constrained stability regions. The new methods have good stability
properties and can take large step sizes for stiff problems.

Several test problems from different application areas that can benefit from implicit-explicit
integration are considered. These problems are the two-dimensional Allen-Cahn and Burg-
ers’ equations with finite difference spatial discretizations, and two- and three-dimensional
compressible Euler equations with discontinuous Galerkin space discretizations. The perfor-
mance of the new fourth and fifth order IMEX-DIMSIMs is compared against existing fourth
and fifth order IMEX-RK methods. In all cases the IMEX-DIMSIMs can use large step sizes
- similar to those taken by traditional implicit-explicit Runge-Kutta methods. However,
the high stage order enables our methods to avoid the order reduction that plagues classic
IMEX-RK methods when applied to stiff systems or to problems with complex boundary
conditions. In all cases IMEX-DIMSIMs are considerably more efficient than traditional
IMEX-RK methods of the same order.

Typically multiscale flow simulations are carried out using fixed, predefined time steps. This
is the approach taken in this chapter as well.
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The high order IMEX-GLM schemes proposed herein are not only of interest to multiscale
nonhydrostatic atmospheric simulations, but also to many other fields where large-scale mul-
tiscale simulations are carried out with high order spatial discretizations. IMEX-GLMs can
prove especially useful in situations where IMEX-RK methods suffer from order reduction;
specific examples include stiff systems of singular perturbation type or problems with chal-
lenging time-dependent boundary conditions.
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Chapter 5

IMEX two-step Runge-Kutta methods

5.1 Introduction

In this chapter we are still concerned with solving systems that involve both stiff and non-
stiff processes. They are modeled by the following system of ordinary differential equations
(ODEs)

y(t)=Fy)=fly)+9(y), to<t<tp, ylto) =w; yit) eRY, (5.1)

where f and g represent the non-stiff and the stiff components, respectively. Without loss of
generality, we skip the explicit dependence of f and g on the time argument (Compare 3.1).
Problems of the form (5.1) often arise from the spatial discretization of partial differential
equations (PDEs) in the method of lines approach; in this case y is the semi-discrete state.
See Section 3.1 in Chapter 3 for more details.

General linear (GL) methods [106, 107, 108, 109, 110] represent a natural generalization of
both RK and LM methods, as they use both internal stages and information from previous
solution steps. Two step Runge Kutta (TSRK) methods are a subclass of general linear
methods that uses the stage values from only one previous step [111, 112, 113, 114]. The
added flexibility of using using both internal and external stage information allows to design
algorithms with superior stability and accuracy properties.

This work proposes a new family of implicit-explicit methods based on pairs of TSRK
schemes. The order conditions and the stability properties of the resulting discretization
are investigated. Two practical IMEX TSRK methods are constructed, and are used in
numerical tests to illustrate the theoretical findings.

The remainder of this chapter is organized as follows. Section 5.2 introduces the parti-
tioned two-step Runge Kutta methods, and order conditions are derived in Section 5.2.3.
Implicit-explicit TSRK methods are proposed in Section 5.3, and their stability properties

113
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are discussed in Section 5.4. Practical IMEX TRSK methods are constructed in Section 5.6,
and are used in numerical tests in Section 5.7. Conclusions are drawn in Section 5.8.

5.2 Partitioned two-step Runge Kutta methods

5.2.1 Two-step Runge Kutta (TSRK) methods

A TSRK method advances the numerical solution of (5.1) from ¢, to t,.1 = t,, + h as follows
[24]:

Yi[n] = (1 — i) Yn—1 + Ui Yn—2 (5.2a)
1y (am F (Yj”]) t by F (Y}“f“)) =15,
j=1

+h; (0 F (1) 4w, P (v17))

The method (5.2) can be represented compactly by its tableau of coefficients [24]

ul A | B
—‘—‘F o (5.3)

where A = (a;j)1<ij<sy B = (bij)i<ij<s: 0 = (W)i<ics, v = (vi)1<i<s, W = (Wi)1<i<s, and
¥ is a scalar. In addition the abscissa vector ¢ = (¢;)1<i<s describes the time points where
stage approximations are computed.

The TSRK method (5.2) has stage order q [112] if the stage vectors Y;-["] are order g approx-
imations of the exact solution at ¢,_1 + cjh

VI = yltas 4 oih) + O b0, j=1,..s.

According to [112, 24], the necessary and sufficient condition for (5.2) to have stage order g
1s:

¢ (= Ac’! B B(c—e)" !
V! e (v —1)! (v —1)!

=0, v=1,...,q, (5.4)

where e = [1,...,1]7 € R® and the power operator is applied component-wise. Note that
the stage consistency condition (v = 1) determines the abscissa vector,

c=(A+B)e—u. (5.5)
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The TSRK method (5.2) has order p [24, 112] if the final approximation y,,. to the solution
y(tr) is of (global) order p, that is

Ynp = y(tr) + O("),  h—0.

Consider a TSRK method (5.2) with stage order ¢ > p — 1. If the coefficients satisfy the
additional conditions

1 (_1)1/19 VTCV—l WT(C _ e)u—l

— — — — =0 =1,... 5.6
R R (Y § | R S o v=>L1..p, (5.6)
then the method has order p [24, 112].
5.2.2 Partitioned TSRK methods
Consider the partitioned system of ODEs
/
Y1y fay W) N[ o
y=11: 1= ' = fuyW) | = f(y) (5.7)
YNy fom)| =1L 0
with scalar quantities y(1y,...,y(ny}-

Each of the N ODEs for yf{k} is integrated using a different TSRK method

u{k}\ NG \ Bk}

k=1
o0 | ()" (i)

,....N. (5.8)

The coefficients of the methods (5.8) have to be coordinated such that the overall discretiza-
tion of (5.7) has the desired accuracy and stability. We focus on families of methods (5.8)
that have several particular characteristics which make them suitable for the integration of
PDEs, discretized in the method of lines.

Remark 3. The splitting of (5.7), (5.8) into scalar components does not restrict the general-
ity of the discussion. All results in this section extend directly to systems of equations by se-
lecting the component methods in (5.8) such that all components of a subsystem are discretized
with the same scheme. For example, if the system (5.7) is partitioned into two vector subsys-
tems with yj = [ygys - - -yt and Y = Yoty - - - yivy) L then we apply a two way par-
titioned method by using (5.8) with AT = ... = AMY = AN AMH} — o0 = AINF = Al
and similarly for B, 9, u, v, and w.
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Preservation of linear invariants Preservation of linear invariants is an essential prop-
erty for the integration of conservation laws [11, 115, 13]. For example, the numerical solution
of the advection equation conserves the total mass of the system (to roundoff accuracy) if
the space discretization is flux conservative, and the time discretization preserves linear
invariants.

The family of TSRK methods (5.8) conserves linear invariants of the system if all the weights
are equal to each other. Therefore of particular interest are methods which share the same
theta

o =9, k=1,...,N, (5.9)

and the same weight vectors
vit=yv, wl=w. k=1,...,N. (5.10)

To be specific, consider a linear invariant of the ODE system (5.7)

N
Zﬂ{k} fiyly) =0, Yy = Zu{k} Yy (t) = C = constant, Vt.
k=1

Assume that all the previous numerical solutions preserve this invariant

Z,u{k:}y{k},fzo, (=0,....,n—1.

From (5.2b), (5.9), and (5.10) it follows that the next step solution y, also preserves the
invariant

N N N
Z LRy Yy = (1 =1) Z Pk} Yikyn—1 + U Z Pk} Y{k},n—2
=1

k=1 k=1

[n]
Yy %ZM%} foo (Vi so - Yih)
7j=1

[n—1] _
+hzw32“{k}f{k}( {1},1 v Y{N},J) =C.
7=1

Internal consistency We consider the case where that all individual methods (5.8) are
stage consistent (5.5). Each method (5.8) computes stage values Y{[Z}], that approximate the
exact solution components yxy (t,+cl¥} h) at abscissae ¢! = (AR} BF) e —ul*, We call
the method (5.8) internally consistent if all components Y{[Iﬂz of a stage vector approximate
the exact solution at the same time moment, ¢, + c;h for all k. Consequently, we focus on

stage consistent methods which satisfy the simplifying assumption

u® = u, k=1,...,N, (5.11)
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and for which the abscissae of all N TSRK methods are equal

cM =AM +BM).e—u = ¢, k=1,...,N. (5.12)

The class of methods under consideration The class of partitioned TSRK (PTSRK)
methods under consideration enjoys the properties of theta-consistency (5.9), u-consistency
(5.11), linear conservation (5.10), and stage consistency (5.12). This class is characterized
by the tableaux

(k) | gk}
B — ¢, ul AW B k=1,...,N. (5.13)

) M
ﬁ‘vT‘WT

Partitioned methods in this family are written explicitly as follows:

Y{[lﬁ ;= (=) Yy -1 + Ui Yiryn—2 (5.14a)
[n]
+hz i f{k}< {17 Y{N}J>
{k} [n—1] [n—1]
S (55 )
j=1
wwn::ﬂ—ﬁ)wml+ﬁmwwg (5.14Db)

[n]
3wt ()

1]
+h§:1%f%}<{ug7“'JQNm>

k :1WWN.

5.2.3 Order conditions for partitioned TSRK methods

Theorem 5.2.1 (Convergence for the special class of PTSRK methods (5.13)). Consider
the class (5.13) of partitioned TSRK methods which satisfy the internal stage consistency
condition (5.12). If

each individual method is zero stable,

the starting values are of order p,

each component method has order p,

each component method has stage order ¢ > p — 1,
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then the numerical solution converges with order p,
yn = Y(tn) = O(RF), Vn.

Remark 4. In this case no “coupling” order conditions are needed. By “coupling” we mean
order conditions in the form of nonlinear equations involving the coefficients of multiple
methods. Such conditions are needed, for example, in the case of partitioned Runge Kutta
methods [51], as well as in the case of general PTSRK methods.

A proof based on P-trees is established by Sandu in [116]. Theorem 5.2.1 in Chapter 3.3.1
also implies this result since TSRK can be transformed into the general form of GLM (3.3)
by combining y,,_1, yn_2 and RE(Y™ 1) ( See (5.2)) into a column vector. A direct proof of
Theorem 5.2.1 following the approach of Jackiewicz [24, 112] that is not based on P-trees is
given in [42].

For PTSRK methods, this theorem leads to stage order conditions

& = —i—Za{k} v 1+Z by ( vl (5.15)
foralllgl/gqandk‘zl,...,]\f.

and order conditions

1 = 9 (-1)"+ Z Uj{»k}l/ ¢+ Z w]{k}y (1—c) 1, (5.16)
=1 j=1

foralll1<v<pandk=1,...,N.

5.3 Implicit-explicit TSRK methods

Implicit-explicit (IMEX) TSRK methods are PTSRK methods (5.13) with a two-way split-
ting
A=A A=A Bil=B, BZ=B,

where A, B are the coefficients of an an explicit TSRK method, and ;&, B are the coefficients
of an implicit one. Moreover, A is lower triangular, with A;; = v for all stagesi=1,...,s.
An IMEX TSRK method applied to (5.1) reads:

v = (1—ui)yn | Ui Yoo (5.17a)

+hZa”f< "])Jthb”f( v )
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i—1 s
+h Zai,j g (Y;‘[n]> + hvyg (Y;[n]> + hzgi,j g (Yj[n_l}> ,
J=1 j=1
Yo = (1= yn1+ 0 yns (5.17Db)

+hi (Uj (f +g) <Yj["]) +w; (f +9) <Yj[n_1])> :

j=1

5.4 Stability aspects

Application of the TSRK method (5.3) to the linear scalar test equation
v =y,
leads to a stability matrix of the form

1—9+2vIS(z)(e —u) 9+ 2vIS(z)u wl +2vIS(2)B
M(z) = 1 0 0 , (5.18)
2S(z)(e —u) 2S(z)u 2S(z)B

with z = h¢ and S(z) = (I, — zA)™! (see [24, p.95]). The method is linearly stable if the
spectral radius of the stability matrix (5.18) is smaller than or equal to one. The stability
region of the method is defined as

S=1{zeC : p(M(z) <1} .

5.4.1 Linear stability of the partitioned method

To assess the stability of the IMEX method (5.17), i.e., to study how the stability properties
of the two methods combine when used in tandem, we consider the linear scalar test problem

Yy =Cy+ny, {where f(y)=Cy, gly)=ny}. (5.19)

We denote the non-stiff and the stiff complex variables by z = h ( and x = hn, respectively.
The method (5.17) applied to the scalar test equation (5.19) gives

Yl = (e —u)yp1 +uy,o+ (zA +2x K) v 4 (zB + x]A3> y =1l
Yo = (1= ypoy +9Yno+ (z+2)vI Y 4 (24 2)wl Y1,
Solving this equation leads to
Yn Yn—1

YUn—1 | =M(z,2) - | Yn—2
vy [n] yn—1]
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with
MLl(I,Z) MLQ(ZE,Z) Ml,g(l’, Z)
M(z, z) = 1 0 01 x5 NE (5.20)
S(z,z) (e—u) S(z,z)u S(z,2) <ZB+xB>
where
-1
S(x,2z) = <IS—ZA—£BA> ,
Mii(z,2) = 1=+ (zv+29)" S(z,2) (e —u),
Mis(z,2) = 04 (zv+29)" S(z,2)u,
Mis(z,2) = (2v+2v)" S(z,2) (zB—l—xﬁ)—l—sz—i—aijvT.

Theoretical results about the spectral radius of the matrix (5.20) are difficult to obtain.
Instead, the joint stability is analyzed numerically as follows. Define a desired stiff stability

region § C C, for example S, = {z € C~ : |Im(z)| < tan(«) |Re(x)|} for A(a)-stability,
and compute numerically the constrained non-stiff stability region:
No={2€C : p(M(x,2)) <1, VzeS8,}. (5.21)

If the N, is not degenerate (contains an open subset of the left half plane) then the IMEX
combined stability is considered acceptable.

Nonlinear (algebraic) stability of the TSRK methods can be treated in the general linear
method framework following [106, 117]. To the best of our knowledge no extension of the
algebraic stability to partitioned or implicit-explicit methods is available at this time.

5.5 Convergence aspects

For completeness in this section we review the convergence and possible order reduction of
IMEX-TSRK methods with the help of several standard test problems. The proofs of the
theorems are given by Zharovsky and Sandu in [116].

We consider an infinite “region of interest” in the complex plane
R={2€C : Re(z) <z <0, |Im(2)] <a|Re(z)], a>0}, (5.22)

that contains all the eigenvalues of the stiff Jacobian h g,.

5.5.1 Semilinear problems

Consider the split ODE

Y Z&gjrf(y) , Re(u) <0, y(to) = o, (5.23)

9(y)
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where the stiff part g(y) = py is linear with p € R (5.22), and the nonstiff part f(y)
is nonlinear. We assume that f(y) is continuously differentiable and that its Jacobian is
uniformly bounded in a vicinity of the solution, ||fy(y)|| < Ly with Ly = O(1) of moderate
size. This assumption is slightly stronger than Lipschitz continuity, and L¢ plays the role of
the Lipschitz constant.

Theorem 5.5.1. [116//Convergence of IMEX TSRK methods applied to semi-linear test
problem] Consider the IMEX TSRK method (5.17) of order p, stage order q for the explicit
component, and stage order q for the implicit component. Assume that the implicit compo-
nent is linearly stable, and that the spectral radius of the implicit stability matriz (5.20) is
bounded uniformly in the infinite “region of interest” (5.22)

p(ﬁ(z)) <p<l, VzeR.

Then the IMEX method (5.17) is convergent with order min(p, q,q) for any p. This conver-
gence order holds uniformly for all levels of stiffness, i.e., for any hu € R.

It is convenient to construct IMEX TSRK methods (5.17) with § = ¢ = p as such methods
do not suffer from order reduction on the semi-linear problem (5.23).

5.5.2 Prothero-Robinson convergence

We consider the Prothero-Robinson (PR) [87] test problem written as a split system (5.1)

Y =ply—o@)+d(t) , n<0, y(0)=0e0), (5.24)
9(y) \f\(z,/-)/

where the exact solution is y(¢) = ¢(¢). A numerical method is said to be PR-convergent
with order p if its application to (5.24) gives a solution whose the global error decreases as
O(h?) for h — 0 and hy — —oo. In [42] a similar argument as in the proof of Theorem 5.5.1
was used to reveal that the IMEX method (5.17) is PR-convergent with order min(p, q).

This is shown as the following Theorem.

Theorem 5.5.2. [116] Consider the IMEX TSRK method (5.17) of order p, stage order q
for the explicit part, and stage order q for the implicit part. Assume that the implicit part is
linearly stable, and that the spectral radius of the implicit stability matriz (5.20) is bounded
uniformly in the infinite “region of interest” (5.22)

p(ﬁ(z)) <pr<l, VzeR.

Then the IMEX method (5.17) is PR-convergent with order min(p, q).
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In particular if the explicit stage order is ¢ = p, then the PR order of convergence is p. It is
convenient to construct IMEX TSRK methods (5.17) with explicit stage order ¢ = p, even
if ¢ = p — 1, as such methods do not suffer from order reduction on the PR problem.

An important aspect of Theorem 5.5.2 is that the proof does not rely on the limit Ay — oco.
Consequently the order of convergence min(p, q) established there holds uniformly for all
values of hu in the “region of interest” in the complex plane. Therefore, this order of
convergence is valid for a wide range of stiffness values of the ¢g(y) subsystem.

The discussion can be extended to IMEX-TSRK method applied to semi-discrete partial
differential equations. It is well known that Runge Kutta methods can suffer severe order
reductions in the presence of non-homogeneous boundary conditions or nonzero source terms
[118]. Consider the system

Yy =Vy+(t),

where V is a spatially discretized differential operator and b(¢) represents the non-homogeneous
boundary or source terms. This system can be cast in the PR form (5.24) after a trans-
formation of variables that diagonalizes V, and after identifying —u¢(t) + ¢'(t) with the
transformed b(t). The analysis reveals that the IMEX-TSRK method applied to this linear
PDE system converges with order min(p, q).

5.5.3 Singular perturbation analysis

Consider the singular perturbation test problem [47]:
!/
y| _ [ f(y,2) 0 o y e
u N [ 0 ]Jr [5_19(%2:) c tostste, |71 ()= ol (5.25)

where the sub-jacobian g, is invertible in a vicinity of the solution. Consequently, there is
a a locally unique solution z = G(y) that satisfies g (v, G(y)) = 0. For ¢ — 0 the system
(5.25) reduces to the index-1 differential algebraic equation

(-05) L) Hola) e

and the differential variable evolves according to the non-stiff reduced ODE

Yy =f(,Gy), to<t<tr, yto)="1o- (5.27)
Of particular interest are IMEX-TSRK pairs where the implicit component is stiffly accurate

V:KTeS, W:]§Tes, v=ule,, (5.28a)

and, in addition, it satisfies
p(A'B) < 1. (5.28b)
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For stiffly accurate methods v A~! = e”, ¢,=1, and

B, (5.28¢)
Tlu, 1-9=v'A(1-u). (5.28d)
From (5.18) the stiff stability matrix at infinity is

1-9—viA'(1—u) 9—v'A~'u wl'—v'A'B

M(co) = 1 0 0 . (5.29)
—A7 Y1 —u) —Au A1

wu)}

For stiffly accurate methods we have

e 0 0 0
M(co) — 1 0 0
—AY(1-u) -A'u A!'B

For stiffly accurate schemes (5.28b), (5.28¢c) imply that p(ﬁ(oo)) =p(A7'B) < 1.
The IMEX TSRK method (5.17) applied to (5.25) reads:

Y = (1 —u)ypy +uyp_o + hA M4 pB il (5.30a)
Zi["] = (1—w)z, 1 +uz, o+ hel QAlg["] +he '8 gy, (5.30b)
Yo = (1= 0) Ypo1 + Yoo+ ho" fV 4+ T fn=1l (5.30c)
Zn = (1 =9)2p_ 1+ 249 +he? ol g 4 he g1 (5.30d)

We denote the Kronecker products of coefficients by fractional letters, e.g., 2l = A ® I for
an appropriately sized identity matrix in (5.30a), and so on. We use the notation f" =

[fT(Yl[n], Z{n}) . fT(Y;["}, Zs[n])]T; g™ is defined similarly.
Taking the limit € — 0 in (5.30) gives

VPl = (1 —u)ypq Fuypo+hA M 4 pB ol (5.31a)
g — — (.&*1 B® I> g1 (5.31b)
Yo = (1 =0yt +9Yn_g+ hol fIl 4 pr? fin=tl (5.31c¢)
0 = olgl f g1 = ((WT ~vIAT'B)® I) gy (5.31d)

Theorem 5.5.3. [116] [IMEX TSRK on index-1 DAEs] Consider an IMEX TSRK method
(5.17) of order p, explicit stage order q, implicit stage order @, and whose implicit part
satisfies (5.28¢c) and p(M(oc0)) < 1. The application of this IMEX-TSRK to the reduced

problem (5.31) gives solutions with global errors

Y = Y(tn) = O (W), 24— 2(t,) = O (Rmr=1a=1D)
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In addition, if (5.28d) holds, then
Zn — 2(ty) = O (hmin(p’q"?“)) .

The last equation holds for IMEX-TSRK methods with a stiffly accurate implicit component.

In particular it is advantageous to construct IMEX TSRK methods with a stiffly accurate
implicit part, ¢ = p, and ¢ € {p — 1, p}.

5.6 Construction of practical IMEX TRSK methods

In this section we construct practical implicit-explicit TSRK schemes with order p = s + 1
and stage order ¢ = ¢ = s. The relatively large number of stages is necessary to be able to
enforce the desired stability properties.

We consider two strategies to construct IMEX pairs. The first one starts with an existing
implicit TSRK method with appropriate stability properties (e.g., A or L-stability), and
develops the explicit component. This simplifies the construction procedure, but places
significant restrictions on the IMEX pairs one can obtain; for example, most A-stable TSRK
methods currently available in the literature impose u = 0 for simplicity, which limits the
stability of the IMEX pair. A sixth order IMEX TSRK pair was developed in [42] by using
this approach. When the implicit component is predetermined, the only free parameters for
the explicit component the entries of the A matrix. The coefficients B of the nonstiff method
result from the explicit stage order conditions (5.4) and the internal consistency conditions
(5.12). The A coefficients are computed using a numerical optimization procedure related to
[113], where we optimize the explicit stability region such as to contain the longest possible
interval along the imaginary axis. We have also considered maximizing the area of a half
ellipse included in the stability region, and with one semi-axis overlapping the imaginary
axis; the results are similar to the ones discussed below and are not reported here. The
optimization process is done in two steps. First, we explore the parameter space using the
genetic algorithm function ga in MATLAB optimization toolbox. The best member of this
process is then taken as the starting point for MATLAB’s fminsearch routine, which locally
refines the solution and provides a sufficient number of accurate digits.

The second strategy is build simultaneously both the implicit and the explicit components
of the IMEX TSRK pair. We construct pairs of orders three and four with u # 0, and with
implicit components that are both stiffly accurate and A(«/) stable. The parameters are found
using the Differential Evolution DE optimization package [119] by maximizing the length of
the imaginary axis segment included in the stability region of the explicit component. The
stiff accuracy condition (5.28b) and A(«) stability of the implicit component are included
as optimization constraints. For good quality of solutions the genetic optimizer DE is run
multiple times; each run is initialized with the previous result.
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5.6.1 A third order, two stage IMEX pair

Third order IMEX-TSRK methods with two stages are specified by the abscissa vector
¢ = [c1, ¢o] and the tableaux of coefficients

up | A bi1 bio Uy b1 bio
U | A21 )\ b21 b22 ) U2 | A21 b21 b22 3 (532)
19‘ U1 /UQ‘wl Woy 19‘111 Ug‘wl Wo

where all the variables are real parameters. We impose the abscissa values ¢ = [0, 1]7, the
order conditions (5.16), the stage order conditions (5.15), and the stiff accuracy condition
(5.28a) to constrain the coefficients. The resulting family of third order IMEX TSRK pairs
depends on four free parameters uq, us, o, ag;. The implicit component is

5—ug uy u2+6u1—5
Ui | T3 2 12

-~ 5—u2 Suo—1  2uo—2as1+2
Uz | d21 12 12 ’

-~ 5—us Sus—1 2uo—2a01+2
u2‘ 21 12 12 3 :

and the explicit component is

uy uy
U1 Fl 2
uz—1 3+uz—2a921
Uz | @21 3 3
-~ 5—us Sus—1 2uo—2a21+2
Uz ‘ 21 12 12 3 .

The optimization procedure could not find any feasible points for A-stability, so we relaxed
this restriction by requiring A(a) stability with o = 75°. We also restricted the range of
parameters to as, ds1 € [—5,5] and uy,uy € [—1,1] to avoid having large coefficients which
may cause large roundoff errors. The resulting method is called IMEX-TSRK(2,3), and its
coefficients are given in Table 5.8.

The stability regions for each component and for the combined method are shown in Figures
5.1 (a,c,e). The regions of combined stability for all choices of the stiff stability region S
include an open subset of the left complex half plane (thus allowing conditional stability
for positive step sizes), as well as a nontrivial part of the imaginary axis (which is desirable
for certain PDEs such as advection equations where the Jacobian eigenvalues after spatial
discretization could have large imaginary parts [118]).

5.6.2 A fourth order, three stage IMEX pair

We impose the abscissa values ¢ = [0,1/2,1]7, the order conditions (5.16), the stage order
conditions (5.15), and the stiff accuracy condition (5.28a) to constrain the coefficients. A
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family of fourth order, third stage order IMEX-TSRK pairs is obtained with nine degrees of
freedom. We choose uy, ug, us, \, a1, asi, azs, ds1, a3; as the free parameters. The resulting
IMEX pair has the implicit component

2u2 ul
U A ui Uy
6 3 6
~ 54+4us—24\ _ 2 2us 23~ uz
Uo | Q21 A o4 3 + 3 + 3)\ o4 a91 + 6 3)\
)
a 4 _ 946A—1 2 4 20 _5_7 s
us | asy 3 4)\ )\ 6 3 —|— 3 4)\ 6 asy —|— 6 —|— 6)\
-~ 4 —1 2 2 -~
us | asy 5—4)\ )\ % §+?ﬁ—4>\ —%—a31+§+6)\

and the explicit component

UL 2ug ug
U1 6 3 6
54-4ug _2 4 2ug 2 Uz
Uz | 21 24 5T 53 21 ~ 0211 5
Y—6asz2+7 10 29 19 9
us | asq aso + 3 + 3@32 + 3 6 as) + 3@32 + %
o 4 Y+6A—1 2 29 -~ )
us | asy 5—4/\ /\ % §+?—4>\ —%—CL31+6+6)\

We impose A(«a) stability with o = 75°. The optimized method is called IMEX-TSRK(3,4)
and its coefficients are given in Table 5.8. The stability regions for each component and for
the combined method are shown in Figures 5.1 (b,d,f).

5.7 Numerical tests

We now illustrate the convergence properties of the proposed IMEX TSRK schemes with the
help of several test problems including ODEs (van der Pol equation) and discretized PDEs (a
linear advection-reaction system and shallow water equations). The advection-reaction PDE
displays stiffness in one additive component of the right hand side, while the van der Pol
ODE displays stiffness in one component; they help investigate the convergence behavior
and the possible order reduction of various methods. The larger shallow water model is
used in coastal and environmental engineering and helps compare the accuracy and relative
efficiency of different implicit-explicit time integration schemes.

The advantage of IMEX Runge-Kutta and IMEX linear multistep schemes over fully explicit
or fully implicit schemes applied to separable problems (5.1) has been well established [77,
120, 30]. These results, however, do not show a clear favorite: different IMEX schemes
perform best on different problems. We compare the new IMEX TSRK schemes with the
following Runge Kutta and multistep IMEX methods from literature:

e the second and third order IMEX Runge-Kutta methods ARS(2,2,2) and ARS(3,4,3),
respectively, from Ascher, Ruuth and Spiteri in [77];
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Figure 5.1: (a),(b) Stability regions for the implicit parts of the proposed IMEX-TSRK methods.
(¢),(d) Stability regions for the explicit parts. (e),(f) Explicit stability regions N, in (5.21) are
constrained by the A(«) stability of the implicit part. The explicit stability regions N, shown here
correspond to a = 60° (outer contours) and o = 75° (inner contours).
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e the fourth and fifth order methods ARK4(3)6L[2]SA and ARK5(4)8L[2]SA, named
here KC(5,6,4) KC(7,8,5), from Kennedy and Carpenter [120];

e the IMEX linear multistep methods of orders 2-5 from Hundsdorfer and Ruuth [30].

Here we use the naming of these methods proposed in [30].

For each of the test cases below a reference solution was computed with MATLAB’s ode15s
routine with the very tight tolerances atol = rtol = 2.22045 - 107!, The initial steps needed
by multistep methods and TSRK methods are also calculated by ode15s with the same
tolerance settings. All numerical errors are measured at the final simulation times against
the corresponding reference solutions. All the experiments are performed on a workstation
with 4 Intel Xeon E5-2630 processors running Linux Kernel 3.8.4.

5.7.1 Advection-reaction system

This test case is borrowed from [30] and is described by the following PDE system:

o, H — 0, [O‘ly] + hlfl _k;J : m + m . (t,z) €[0,1] x [0,1], (5.33)

oz z S92

[ij - m ’ m = 10°- H ’ m = m ’ (5.34)

and with the following initial and boundary values

with parameters

k 1
y(x,0) =14 sox, 2z(z,0) = k—ly(:v,O) + Pl y(0,t) = 1 — sin(12t)*. (5.35)
2 2
The space discretization is done with fourth order finite differences in the interior and third
order upwind biased finite differences at the borders of the spatial domain. The space grid
consists of 400 uniformly distributed nodes. We treat the nonstiff advection term explicitly,
and the stiff reaction term implicitly.

For all the schemes tested, the solutions are computed with different fixed time steps. They
are compared against MATLAB’s reference solution at the final time. The errors in L;-norms
are plotted against the time step in Figure 5.2. We observe that ARS(3, 4, 3) shows the same
second order behavior ARS(2,2,2). Both KC schemes suffer from significant order reduction.
However, the IMEX-BDF schemes, IMEX-TSRK(2,3), and IMEX-TSRK(3,4) do not exhibit
order reduction. For the same step size IMEX-TSRK schemes yield much smaller errors
than IMEX-BDF schemes of the same order. The sixth order scheme IMEX-TSRK(5,6)
does not show the theoretical order, but has the advantage of high accuracy compared to
other schemes under the same step size. In Figure 5.3 the errors are plotted as functions of
CPU time (in seconds) with the same sequence of time step sizes used in the convergence
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Figure 5.2: Convergence of IMEX-TSRK, IMEX-RK, and IMEX-BDF schemes for the
advection-reaction problem (5.33). The solution errors (measured at the final time in L,
norm) are plotted against the simulation time step h.

results. Among all the third order schemes, IMEX-TSRK(2,3) shows the highest efficiency.
For fourth order ones, IMEX-TSRK(3,4) and IMEX-BDF4 almost coincide; KC(5,6,4) leads
for the low accuracy part and lags behind for higher accuracy (errors smaller than 1079).

5.7.2 Van der Pol equation

The first non-linear test is the van der Pol equation

% m =y, 2) + gy ) = m 4 {((1 _y2§)2_y)/6 . 0<t<055139,  (5.36)

with parameter values taken from [33]

2 10 292 1814
=107 y(0)=2, 2(0)=—3+ e~ "o :
€ , y(0)=2, =2(0) 3 + 81° 21877 10683°

+ Ol . (5.37)

We integrate equation (5.36) treating the first term on the right explicitly and the other term
implicitly with different fixed step sizes. The results at the final time are compared against
the MATLAB reference solution. The errors for the stiff component z are plotted against step
sizes in Figure 5.4. All IMEX-RK methods except ARS(2,2,2) exhibit order reduction. All
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Figure 5.3: Global errors versus CPU time for the advection-reaction problem (5.33) solved
with IMEX-TSRK, IMEX-RK, and IMEX-BDF schemes.

IMEX-BDF methods display the expected orders. IMEX-TSRK(2,3) and IMEX-TSRK(3,4)
also show satisfactory convergence behavior and still retain the advantage of higher accuracy
compared to the corresponding IMEX-BDF methods of the same order. IMEX-TSRK(5,6)
suffers from order reduction in the high accuracy regime. This is also the case for another
high order method KC785. The IMEX-RK methods use more right hand side evaluations per
step than the IMEX-TSRK methods, and exhibit order reduction. This test case illustrates
the benefit of the proposed IMEX-TSRK schemes.

5.7.3 Shallow water equations

Semi-implicit time integration has become popular in the numerical weather and climate
prediction communities, e.g., as an effective way to treat gravity waves. Semi-implicit inte-
gration uses an IMEX scheme, with the implicit method applied to the linearized right hand
side operator, and the explicit method to the remaining nonlinear part. This approach goes
back to [121].

In this test we solve the two dimensional shallow water equations using a semi-implicit
integration approach. The shallow water system under consideration is

oH = —0,(uH)— 0,(vH)
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Figure 5.4: Convergence of IMEX-TSRK, IMEX-RK, and IMEX-BDF schemes for the stiff
variable z of the van der Pol equation (5.36) with ¢ = 1075. The solution errors (measured
at the final time) are plotted against the simulation time step h.

O(uH) = —0,(u2H + %g]:ﬂ) _ 0,(uvH) (5.38)
O(wH) = —du(uvH) — 0, H + %QHZ)

on the unit square domain (x,y) € [0, 1] x [0,1]. Here H is the fluid height, and v and v are
the flow velocity components. The initial conditions at ¢ty = 0 are

U(tml’,y) = 07 U(t()ax?y) = 07 H(to,l’,y) =1+ eXp(—H(:E,y) - (Cl7c2>||§)7 (539)

where the Gaussian height profile is described by ¢; = 1/3 and ¢y = 2/3. Furthermore,
the local gravity constant is g = 9.81 [m/sec?|. Reflective boundary conditions are used for
velocity terms and free-slip boundary conditions are used for height. The initial condition
produces traveling waves that suffer multiple reflections at the boundaries.

This test follows the shallow water example in [122]. A second order finite difference scheme
is used for space discretization. The resulting semi-discrete ODE system is

d
where U(t) is the discrete counterpart of the vector of unknowns (H,uH,vH). Denote by
Jswe = OFsye/OU the Jacobian of the discretized shallow water operator. We split the right
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hand side of equation (5.40) into a stiff part

g(U®) = Jawe(U®) -U®), (5.41)

and a non-stiff part
fU() = Fae(U(t)) — g (U(1)) - (5.42)

Here ¢ is a non-linear function in U(¢). The numerical solution of the implicit part of
the method uses a simplified Newton iteration that requires only a single factorization of
I—hAJswe(U,) per step. Here U, is the numerical approximation to U(t,). Note that a semi-
implicit approach can be obtained similarly by choosing a linear stiff part, i.e., a splitting of
the form g(U) = Jswe (Uy) - (U(t) — U,,) on each step t € [t,, tyi1].

The system is integrated from ty = 0 to tp = 1 [second] with a sequence of step sizes that
starts with h = 0.05 [seconds]; the step size is halved for each subsequent run. The Jacobian
is updated only once in each time step for all methods tested. The errors in L;-norms
are plotted against the time step size in Figure 5.5 and against the CPU time in Figure
5.6. Figure 5.5 reveals that all the schemes display the theoretical orders of convergence.
IMEX-RK methods yield the smallest errors for a given time step. However, IMEX-TSRK
are slightly superior to both IMEX-RK and IMEX-BDF in terms of efficiency. To achieve
the same order, IMEX-TSRK requires fewer stages than IMEX-RK, and the performance
gap between the two families gets larger as the order increases. IMEX-BDF methods have
the lowest cost per time step, however, the larger number of time steps attenuates this
advantage. In general, high order IMEX schemes are more efficient than low order ones. But
for a specific order, the selection of one IMEX family is not a clear cut choice. The efficiency
is highly dependent on implementation, and the relative performance is likely to vary for
different problems. Intrinsic method properties such as stability, accuracy, and lack of order
reduction, become even more important for in the context of complex multiphysics systems,
for which IMEX schemes are designed.

5.8 Conclusions

This paper develops a new family of implicit-explicit time integrators based on pairs of
two-step Runge-Kutta methods. The class of schemes of interest is characterized by stage
consistency (same abscissae) and linear invariant preservation (same weights). The study of
order conditions for partitioned TSRK methods reveals that, in case of high stage orders, no
additional coupling conditions need to be satisfied. Therefore this framework offers extreme
flexibility in pairing implicit and explicit methods. We construct two practical IMEX TSRK
methods, of orders three and four, respectively. In both cases the implicit parts are stiffly-
accurate. The corresponding explicit parts have been constructed such as to maximize their
stability properties; their coefficients were found via a numerical optimization approach. A
convergence analysis for the Prothero-Robinson problem shows that the effective order of
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Figure 5.5: Convergence of IMEX-TSRK, IMEX-RK, and IMEX-BDF schemes for the shal-
low water equations (5.38). The solution errors (measured at the final time in L; norm) are
plotted against the simulation time step h.

10 T T T T

10° } -
o’,

107} * 1

—&— IMEXTSRK23

S ¢ | —o IMEXTSRK34 |
AT —A— IMEXTSRK56
—+— ARS222
| -8 -ARS343
10 [ - e -KC564 1
- % —KC785
| -+ IMEXBDF2
10 " r ..o IMEXBDF3 1
.0 IMEXBDF4
% IMEXBDF5
107"° : : : :
107" 10° 10’ 10

CPU time [sec]

Figure 5.6: The global error versus CPU time for IMEX-TSRK, IMEX-RK, and IMEX-BDF
schemes applied to dove the shallow water equations (5.38).
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IMEX schemes in case of stiffness equals the stage order of the explicit part; a slight order
reduction (from p to ¢ = p—1) is expected in the general case, but can be avoided in principle
by using explicit methods with ¢ = p.

Numerical examples include an advection-reaction system, the Van der Pol equation, and a
semi-implicit integration of shallow water equations. Representative existing IMEX schemes
of Runge Kutta and linear multistep types are included for comparison. The results show
that IMEX TSRK methods have favorable properties for stiff problems where IMEX Runge-
Kutta methods suffer from sever order reduction. The larger shallow water test shows that
the IMEX-TSRK methods are competitive in terms of accuracy and efficiency with the
currently available families of methods.

The new framework allows to obtain IMEX schemes of order p and stage order p—1 using only
s = p — 1 stages. For p > 4 this is an advantage over existing IMEX Runge-Kutta schemes.
The proposed framework offers extreme flexibility in the construction of new partitioned
methods, since no coupling conditions are necessary.

Table 5.1: Coeflicients of the third order IMEX TSRK method

c= [ 01 ]T
u=[10]"
A 0 0

~ | 1.825912381819746 0
| 12 1/2

| —1/2 —0.325912381819746
A [ 5/12 0

~ | 0.815364469611720 5/12
§_ [ 1/2 1/12

T | —1/12 —0.148697802945053
9 =0
v =[ 0.81536446961172 5/12]"
w=[ —1/12 —0.148697802945053 | "
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Table 5.2: Coeflicients of the fourth order IMEX TSRK method

c=[0 05 1]"

u = [ 0.237173125722858 0.528507103963907 0.278367184188301 |"
I 0 0 0

A= | 1.215905100969091 0 0

| — 1.012523027539376  1.143656957186445 0

[ 0.039528854287143  0.158115417148572  0.039528854287143
B = | 0.296417850660651 —0.314328597357395 —0.169487250308440
| 0.069404240178355  0.283215661018536  0.794613353344341

R [ 0.235880190910947 0 0
A = | 1.018461419211348 0.235880190910947 0
| 0.290136315264242  0.389812569689545 0.235880190910947
R [ 0.039528854287143  0.158115417148572  —0.196351336623804
B = | 0.060537659749704 0.393311975375446  —0.679684141283538

| 0.115608054942414  —0.091275974184587  0.338206027566240
¥ = 0.278367184188801

V= [ 0.290136315264242 0.389812569689545 0.235880190910947 }T
W= [ 0.115608054942414 —0.091275974184587 0.338206027566240 }T



Chapter 6

Application of AMF to high order
LIRK methods

6.1 Introduction

A frequently used approach to solve partial differential equations (PDEs) is the method of
lines, where the spatial derivative terms are discretized first using techniques such as finite
differences, finite volumes or finite elements, and then integrating the resulting system of
ordinary differential equations (ODESs) in time. Discretization of PDEs with linear terms in
space leads to a semi-linear ODE system of the form

Yy =F(y,t)=Ly+ f(y,t), yeR"Y (6.1)

where L is a spatial linear operator and f(y,t) is nonlinear. We consider the case where the
linear term has a fast characteristic time scale and the nonlinear term has a slow characteristic
time scale. Due to the Courant-Friedrichs-Levy (CFL) condition, the step size of an explicit
time integrator is restricted by the fastest time scale. To alleviate the time step constraint
imposed by the stiff linear term with a reasonably low computational cost, linearly implicit
methods (particular cases of implicit-explicit methods) treat the stiff linear term implicitly
while the nonlinear term explicitly.

Various families of linearly implicit integration methods have been proposed and successfully
applied to solve PDEs with linear dispersion and dissipation [123, 93, 124, 125]. Fully implicit
schemes solve at each step a linear system where the matrix involves the Jacobian of the
right hand side function. Efficient schemes specialized in the solution of (6.1) such as linearly
implicit methods use only the part of the Jacobian associated with the stiff linear term,
resulting in linear systems of the form

I-hyL)yz=1¢ 2,(cRY, (6.2)

136
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where h is the step size, v is a parameter of the integration scheme, and the right hand side
¢ is determined by the method.

The matrix L is usually sparse but has a large bandwidth, especially when high order spatial
discretization schemes are applied. Consequently the LU factorization of the matrix in
(6.2) can be very costly in large scale problems. One approach to increase efficiency is to
apply iterative solvers to (6.2), as in [126], but there are associated challenges related to
preconditioning and convergence.

An alternative approach to increase the computational efficiency is approximate matrix fac-
torization (AMF). Assuming that the matrix is a sum of simpler matrices

L=)L, (6.3)

AMF replaces the system matrix (6.2) with a product of simpler, and easier to factorize,
matrices

R
I-hyL~I—hyL=]][@-hyL,). (6.4)
r=1

The approximation formula (6.4) defines implicitly the matrix L as

L=L+

WE

(—hy)Ft > L Li,...L;. (6.5)

2 1<) <ig<-<ip <R

i

For example, consider L to be the discrete two-dimensional Laplace operator. It can be
written in the form (6.3) where L; and Ly correspond to the derivatives along the x direc-
tion and y direction, respectively. The AMF approximation corresponds to the alternating
directions factorization [127, 128]

I—hyL:=(I—hvLy) (I—h+Ly)

where

L=L-hyL;L,. (6.6)

The idea of using AMF to speed up calculations in implicit time integration has appeared
multiple times in the literature. Sandu [129] discussed a family of methods named ELADI,
which are Rosenbrock-W schemes that make use of AMF to speed up calculations. The order
of the resulting discretization remains unchanged since Rosenbrock-W schemes can accom-
modate any Jacobian approximation. Houwen et al. provided a survey for AMF methods
applied in the context of several different linear integration schemes, and provide stability
results for such schemes [130]. The discussion is limited to methods of low order, two and
three, presumably due to the inaccurate nature of the AMF approximation. Gonzalez [3§]
proposed a way to apply AMF-refinements to second-order and third-order Rosenbrock-type
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methods for solving advection-diffusion-reaction PDEs. But their methods are limited to
the low or medium precision level, and no generalization to higher order is supplied. In [39]
Beck et al. compared the efficiency of AMF versus Krylov based approaches to the solution
of linear systems in the context of Newton iterations arising in Radau [47] and Peer [131]
integration methods. These methods avoid the issue of order degradation, through the use
of integration schemes in which the Jacobian of the spatial discretization does not appear
explicitly. They conclude that AMF methods are extremely efficient, particularly when low
accuracy solutions are sought. Berzins et al. [132, 133] presented a method for solving the
linear system in a Newton iteration arising from several classes of time integration methods
including theta methods, backward differential formulas, and implicit-explicit (IMEX) mul-
tistep methods. They performed and analysis of the error arising from operator splitting
and provided a method to control timesteps such as to guarantee Newton convergence when
using AMF. Since AMF is only used to speed up the solution of the nonlinear equations,
the error does not affect the order of accuracy at the time stepping level. Calvo and Gerisch
[134] applied AMF to a form of linearly implicit Runge-Kutta (LIRK) methods that avoids
the computation of matrix-vector products. First order of convergence is obtained by using
a third-order LIRK method, and improved to second order by adding a correction to the
solution at each time step.

None of the existing methods that take advantage of AMF can provide highly accurate
results and there is still room for improvement in efficiency. The goal of this work is to
achieve high accuracy while maintaining a low computational cost. The focus is on using
AMF with linearly implicit Runge-Kutta methods of high order. The main contribution of
this paper is to account for the inherent inaccuracy of AMF through low cost refinements of
the stage values and to recover the accuracy of the underlying time discretization.

The remainder of this paper is organized as follows. Section 6.2 introduces LIRK methods
and the existing approaches to apply AMF. Section 6.3 presents a new strategy to incorporate
AMF by using an inexpensive stage refinement procedure. An error analysis explains how
this strategy solves the accuracy degradation issue that affects existing approaches. Stability
issues are also investigated. Section 6.4 reports numerical rests for a variety of test problems
of different dimensions and different degrees of stiffness, and illustrates the convergence
behavior and efficiency of the approach. Conclusions are drawn in Section 6.5.

6.2 Linearly implicit Runge-Kutta methods

A general linearly implicit Runge-Kutta (LIRK) scheme proposed by Calvo, de Frutos, and
Novo [93] is obtained by applying the IMEX Runge-Kutta methods [32, 34]

i—1 %
Yi = ynth Z ai; f(Y;) +h Z a;; 9(Y;), (6.7a)
=1 =1
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Yni1r = Ynth Db FY;) +h Y bg(Yy), (6.7)
j=1 j=1
to solve (6.1) where the stiff component is linear, g(y) := Ly:
i—1 i—1
j=1 j=1
Yori = Yn+h Y b f(Y)+h D BLY; (6.8b)
j=1 j=1

Order conditions for LIRK methods are derived in [93], and simplifications of the IMEX
Runge-Kutta conditions are possible due to the special form of the nonlinear term.

The coefficients @;; in practical methods are chosen to be equal to the same value vy for
computational efficiency, as this allows to reuse the same LU factorization in all stages. A
linear transformation of variables allows for a reformulation of the stage equations (6.8a) in
a form that avoids explicit multiplications by the matrix L

i—1 ~ 1—1
QA-hyL) U = gty 2By 40 Y g F(Y)), (6.92)
= j=1
i—1 ~
Y, = U=y ‘”—ﬂ Y;. (6.9b)
j=1

Moreover, it is convenient to choose pairs of methods with the same weights b; = Zj in which
case the next step solution (6.8b) is

Yne1 =Y+ h Y b F(Y)). (6.9¢)

i=1

Calvo and Gerisch [134] studied the use of LIRK methods with AMF. The approximation is
obtained by replacing I — hyL with I — hyL in (6.9a), or equivalently, by using the matrix
L instead of L in (6.8)

i—1 i—1
(1-rL) Vi = g+ h > as f() +h Y @ LY;,
j=1 j=1

j=1 j=1

It can also be regarded as a direct application of the LIRK method (6.8) to solve the per-
turbed ODE system

V=Lj+f@=F@G-hy (L-L)7 (6.10)
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instead of the original system (6.1). The first-order behavior of this approach has been
explained in [134] by the fact that the perturbation added in (6.10) changes the solution
over one time step by O(h?).

To recover second order Calvo and Gerisch [134] apply corrections to the numerical solution
obtained by LIRK with AMF. One such correction has the form

~\ —1 ~
Yot = Gorr + 12y (T=hyL)  (L—L) yo. (6.11)

The matrix inverse in the correction term uses the same LU factorization as the solution. The
presence of the matrix inverse in the correction term ensures the linear stability of the new
solution (6.11). It is also noted in [134] that “regaining order three using corrections similar
to (6.11) is not feasible with a computational cost comparable with the cost of recovering
order two”.

6.3 LIRK-AMF methods with stage refinement

We consider a different way to incorporate AMF into LIRK methods, which forms the basis
of all approaches presented in this paper. In order to keep the right-hand side of the original
ODE system (6.1), we only approximate I — L with I — hyL when computing the Runge-
Kutta stages:

i—1 i—1
j=1 j=1
Jovi = Ynth D b f(YV)+h Y LY, (6.12b)
j=1 j=1

Thus the new method uses an inexact Jacobian for the implicit part in the LIRK scheme.
The change of the left hand side in (6.12a) will affect the solution, and a correction is needed
to restore accuracy.

Consider the solution of the original stage equation (6.8a)
I-hyL)Y; = 6;=0

by simplified Newton iterations of the form:

Yy =y (1 i i) o ((1 L) v - zi) . (6.13)

K3 3

For example, the direct solution is:



Hong Zhang Chapter 6. AMF 141

and the solution after one refinement iteration is:

)

YO = vy (I - mi) o ((1 —hyL) YO - &-) (6.14)

1

A (I-hﬂi)_ -<hfyf,—hfyL) Y.

Next we analyze the linear system solution errors and investigate how this errors propagate
to affect the solution at the next step.

6.3.1 Error analysis

Consider the exact stage solution
V;=(I—hyL)"" 4.
The linear system solution error after k iterations is defined as
Sz(k) _ Yz(k) —v,.

From (6.13) we obtain

NOR 5§k_1)—<1—h7i>1-(1—h7L) k=) (6.15a)
= <I—h7i>_1«(I—h’yi—(l—hyL)) gk (6.15b)
= —(I-h~yL) - (hyL—hqL)F Y. (6.15¢)

(1-na) )

Nonstiff or moderately stiff case. In the nonstiff or moderately stiff case we have
|hL;|| = O(h), therefore ||L — L|| = O(h) and

-\ -1 ~
H(I—ML) -(h’yL—h’yL)HZO(h2).
Consequently from (6.15¢) the error decrease is

] = o]~ 0w

Highly stiff case. For the highly stiff case ||AL;|| > 1. We make the assumption that, for

any h there exists 0 < p(h) < 1 such that the following matrix norm is uniformly bounded
for any step size smaller than h:

H(I—mi)‘l_(mi—mL)H <p(h)<1, VYh: 0<h<h.
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In the highly stiff case the error decrease equation (6.15¢) leads to

e I

)

We expect that the convergence rate will decrease with increasing step sizes, i.e., p(h) — 1
when h — oo.

Example 1 (Dimensional splitting of the discrete diffusion operator on a Cartesian grid).
Consider the two-dimensional diffusion operator with periodic boundary conditions on a do-
main of size Lx X Ly. It is discretized on an M x N grid of size Az, Ay. We perform a
dimensional splitting. The error equation (6.15¢) can be written as
(I—hyLy) I—hvyLy) e® = (hyLy) (hyLy) eF . (6.16)

Consider the discrete frequencies

M M N _ 2mm  _  21mn
—<m<—-1, - — =1, m=— n=—-—-.

2 2 2 Lx Ly
A discrete Fourier transform applied to (6.16) gives the following error equation for each
spatial mode (m,n) of the error:

(1+hym®) (1 +hyi?) el = (—hym?)(—hya?) ek D

h 2rm )\ 2 h 2rn\ 2
a=xg\ar ) 2T ag v )

The evolution of the mode (m,n) of the error is

N
— < n<
5 =TS

Let

2lk41) _ (v21)(v22) ()
T (1 + ’)/Zl)(]. + ’)/ZQ) ik

The error amplification factor for the (m,n) mode is
(v21)(v22)
(L4 7y21)(1 + v22)

Therefore we expect that more iterations will be required for stiff problems. The AME with
correction will work well for mildly stiff problems. It will work well for stiff problems only
when the solution is smooth, and the high order modes are approaching zero. Similar con-
clusions are drawn for the three-way splitting of a three dimensional diffusion problem

(v21)(v22) + (v21)(v23) + (v22)(v23) + (v21)(v22) (723)
(14 v210) (1 4+ v22) (1 + 723)

Remark 5. The accuracy analysis in Calvo and Gerisch’s paper [134] considers the non-stiff
case. For very stiff systems the correction term (6.11) is

h (I—hyi)_l <hfyL—h7f;) yn = O(h)

and the remaining error term is O(h?), therefore the corrected solution is first order.

R = | Bmn| <1, Rl 2571

Rm,n.k -
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6.3.2 Propagation of linear system errors

The computation of stage values via (6.12) and (6.13) propagates the linear system errors
from one stage to another. To account for the total error consider the methods (6.8) and
(6.12) and let

5V, =Y, - Y, (6.17)
We assume that these errors are small. The exact stage equations (6.8a) read
i—1 i1
(IT—hyL)Y: = yuth Y ay f(Y;)+hY ay;LY;
j=1 j=1

The AMF stage equations are solved inexactly and read
N i1 N i1 _
(I—h~L) (n . 8,») = gt h Y ay f¥) +h Y ay,LY,
j=1 j=1

where ¢; is the error due to the simplified Newton approximation of the system solution.
Using (6.17) we express this in terms of the solution of the exact stages

i—1
(I—hyL) (Yi+6Y:i—&) = yn+h Y ai;f(Y;+6Y))

j=1
i—1

+h Y A LY+ 6Y))
j=1

i—1 i—1
= Yuth Y ai; f(Y;)+h D a,;LY;
j=1

j=1

i—1 i—1
+h Z Q; 4 fJ/ 5}/] + h Z ai,j L(SY},

J=1 J=1

where we use the mean value theorem
1
P4 8) = F05) = £-8;, f= [ 40+ 55%)ds
0

The nonstiff/moderately stiff assumption about the nonlinear terms f implies that these
average Jacobians are of moderate size,

1fil=0@1), Vj. (6.18)
After subtracting the exact stage equations we are left with the error relation

5Y:<1—hK®L—hA@F')_1 <I—hf®L>e (6.19)
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where T'=diag(A) and (A ® F' )ij = @i ;f;. For nonstiff or moderately stiff problems ||hL|| =
O(h), [|RE'|]| = O(h), and for small step sizes we have

16Y]] = (1 + O(h)) [l]|-

For highly stiff systems ||hL|| — oo and we have

5 = (Re /L)) (Fe@/IL)) -«
therefore
[6Y1| = 0(1) ]|

In both the nonstiff and the stiff cases the stage error is of the size of the linear system
solution error.

From the exact step equation the error in the solution is

Oynir = h Y0 fi0Y;+h Y bLY;
j=1

j=1

Non-stiff or moderately stiff problems. In the non-stiff or moderately stiff case where
|L|| = O(1) we have

£~ O (h2k+2) = 5Y ~ O (h2k+2) = H?7n+1 - ynJrl” ~ O (h2k+3) .
For k£ =0 and k = 1 correction iterations we have the following results.

Theorem 6.3.1. If a LIRK method of order higher than 2 is applied to a nonstiff or mod-
erately stiff case of (6.1) with the AMF technique according to (6.12), then the order of the
method will reduce to second order.

Theorem 6.3.2. If a LIRK method of order 3 or 4 is applied to a nonstiff or moderately
stiff case of (6.1) with the AMF technique according to (6.12), and one correction iteration
(6.14) is applied to each stage value Y;, the order of the method is the same as that of the
original method.

Remark 6. Tuking more iterations in the correction procedure may further reduce the linear
system solution errors.

Remark 7. Correspondingly two iterations of the correction procedure are needed for a LIRK
method of order 5 or 6 since k = 2 yields an error in the solution of magnitude O (h7). The
1dea can be extended to arbitrarily high order methods.
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Very stiff problems. In the highly stiff case a more complex analysis based on (6.19) is
called for since ||hL|| can be large and ||hL - §Y;|| can also become large. We consider LIRK

methods with a stiffly accurate implicit component b; = @, ;. We have that

Y, = yn+hza3jf +hza5]

Ynt1 = yn+h2bf +thLY

7j=1
= Y—I—hz CLS] j)-

The corresponding error equation
SYni1 = Y, +hz — ay;) [18Y;

and the non-stiff condition (6.18) reveal that the error in the solution is of the same size as
the error in the linear solvers

[9nt1 = Yngall ~ [15Y]] ~ [le]].

6.3.3 Stability considerations

Following Calvo and Gerisch [134] we perform stability analysis using the following scalar
test problem:

hf(y) =iwy, hL=2z= 2z + 2, hL = 21 + 29 — Y2123. (6.20)
The LIRK method (6.8) applied to the test problem (6.20) gives:
Yni1 = R(z,10) Yn,
R(zyiw) = 14 (iwb+ z/b\)T (I —zA— iwA) - 1,
R(oo,iw) = 1—bT A'1.
The LIRK+AMF method (6.12) applied to the test problem (6.20) gives:

i1 i1
LI=v2)(1=722) Y = gntiw Y ai;YV;+ (2 +2) Y 6, Y
=1 =1
N i1 _ i
(1+7%2122)Y; = yn +iw Z ai; Y+ (21 + 22) a;; Y,
=1 =1
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and therefore

N -1
Y, = ((1 +72212) — zA — z'wA) 1y,.

Unyl = yn+2waY—|— 21+ 22) Z

J=1 J=1

Consequently, for very stiff linear components the overall scheme is weakly stable:

Yn+1 — R(Zla 22, Zw) Yns
~ ~ -1
R(z1, 20,1w) = 1+ (iwb+ zb)" ((1 +72212) — zA — iwA) 1,

R(0c0,00,iw) = 1.

For the scheme with one refinement step we have:

i—1 i—1

(1 —7z1) (1 —yz) Yi(l) = 14w Z am?j +z Z [a% }7}7

j=1 j=1

(1 + ’722122) Y;(l) = 14w Z ;. j }7; +z Z Zii,j }7},
=1 =1

(1—v21) (1 =v2) Y; = (1 —v(z1 4+ 22) + 272z122) Yi(l),
and therefore

1— (21 + 29) + 2722129
(T —=721) (1 = y22) (1 +79%2122)

T

Yy = <7'_1I —iwA — (21 + 29) A\> 1y,,
T -1
Uil = Un+ (iwb + Zb) : (7‘711 —wA — (21 + 22) A) 1y,.

The corresponding stability function is

Yn+1 = R<Zlu ZZ’Z.U)) Yn,
AT N -1
R(z1, z9,iw) = 1+ <iwb + zb) . (T_II —wA — ZA) 1,
R(00, 00,iw) = 1.

We have that for very stiff components the scheme with one level of refinement is weakly
stable. The refinement does not improve the overall stability properties of the scheme, only
the accuracy. The correction step of Calvo and Gerisch [134] leads to L-stable, first order
methods for very stiff problems.
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6.4 Numerical experiments

We perform numerical experiments with the following methods:

e LIRK3(4): the original LIRK methods of orders three and four, respectively, proposed
by Calvo, de Frutos, and Novo [93]. The implicit parts are L-stable and stiffly accurate;

e LIRK3(4)AMEF: the LIRK methods using AMF as (6.12);

e LIRK3(4)AMFR1: the LIRK methods using AMF together with one iteration re-
finement;

e LIRK3(4)AMFR2: the LIRK methods using AMF together with two iterations
refinement.
In all the experiments, the error is computed in the relative L, norm as follows

[ = thres |5

et 2

E= (6.21)

where u is the numerical solution at the final time, and wu,.s is the reference solution at the
same point obtained using Matlab’s ode15s solver with very tight tolerances (AbsTol=RelTol=3x
10714).

6.4.1 An Allen-Cahn type problem

We use the PDE test problem of Allen-Cahn type from [134]:
uy = Au+u—ud + f, (6.22)
where f is chosen to make the exact solution of the equation be
u(t, z,y) = e’ sin(rx) sin(my).

The spatial domain is (x,y) € [0,1] x [0,1] and the time interval is ¢ € [0, 1] (units). The
initial conditions and Dirichlet boundary conditions are calculated from the exact solution.

The spatial discretization uses second order central finite differences of the Laplacian on a
uniform grid of size M x M

i J -
) = , =1, M 6.23
o) = (557 371 ) - (6.23)

In our tests we consider the case M = 59. The discrete solution elements U;;(t) ~ u(t, x;, y;)
are ordered into a vector

Z = (UH,Ulg,...,UlM,...,UMl,UMg,...,UMM)T.
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The resulting ODE system can then be written into the form (6.1) with the discrete diffusion
term being the linear part. The largest magnitude of the eigenvalues of the Jacobian for the
diffusion term is approximately 2.88E4. The discrete Laplacian operator L = L, + L, is
split into two matrices corresponding to derivatives along = and y directions, respectively:

where the symbol ® denotes the tensor product and I,; is an identity matrix of dimension

M x M.

Figure 6.1(a) plots the convergence results for all the methods tested. As expected, both
LIRK3AMF and LIRK4AMF show second order, and give less accurate results for the same
time step than the underlying LIRK methods. All the LIRK methods with AMF and refine-
ment perform equally well as the original LIRK methods; LIRK3SAMFR1 produces slightly
better results, and the full order of the underlying LIRK methods has been recovered.

Figure 6.1(b) shows the corresponding work-precision diagrams. LIRK methods with AMF
are not very competitive in terms of efficiency. One refinement iteration improves LIRK3AMF
and LIRK4AMF significantly. LIRK3SAMFR1 and LIRK4AMFR1 are clearly the most effi-
cient methods among the methods of the same order. A second iteration does not improve
accuracy, but spends compute time, and makes LIRK3(4)AMFR2 schemes slightly less effi-
cient. Calvo and Gerisch’s approach [134] can achieve second order with AMF, and may only
be attractive for low accuracy requirements. The approach with stage refinement proposed
herein is competitive at all accuracy levels due to the recovery of the full order and the addi-
tion of the relatively cheap refinement procedure. It should be noted that the separation of
L into L, and L, in (6.24) allows for a reduction of the large linear systems with 2)/ small
ones of dimension M x M, which can lead to considerable savings in the computational cost.
The trick is not used with this example simply for the sake of enabling a fair comparison
with the results in [134].

6.4.2 Brusselator problem

We next consider the two-dimensional Brusselator reaction-diffusion equation [51, Sec. IV.10]

w = 1+u*v— (B+1)u+aAu, (6.25a)
v, = Bu—u*v+alv, (6.25b)



Hong Zhang Chapter 6. AMF 149
10™" : —— 10° ————
o -©-LIRK3 order=3.1 -©-LIRK4 order=3.9
1072 *+. + + LIRKSAMF order=2.0 | + LIRK4AMF order=2.0
“4%-LIRKSAMFR1 order=3.0 10_2* + -+ -%-LIRK4AMFR1 order=3.9
5 -Ar-"-LIR_‘}_{SAMFRZ order=3.1 + +A-+LIRK4AMFR2 order=3.9
107 . . .,
e €107
T i
107 :
-6
10
1077 :
10_6 L L L L L L L 10_8 L L L L L L L
20 28 40 57 80113160 20 28 40 57 80113160
No. of steps No. of steps
(a) Temporal errors vs. number of steps
107 ‘ 10° ‘
+ -©-LIRK3 -©-LIRK4
1o A + LIRK3AMF | + LIRK4AMF
"4+ -%-LIRK3AMFR1 107 oy -%- LIRK4AMFR1
, *A,\ +*Q_ A LIRK3AMFR2 oy £ LIRK4AMFR2
107 L N A < v,
5 w N 5
NS S a4l
g, A a0
107F A
" %\\ 107}
107} B\
Ty
-6 -8
10 : 10 \ ‘
10? 10° 10 10° 10° 10* 10°

CPU time [in ms]

CPU time [in ms]

(b) Temporal errors vs. CPU time

Figure 6.1: Results for the 2D Allen-Cahn type problem (6.22).

where (z,y) € [0,1]%, ¢ € [0,1.5], with the Neumann boundary conditions

ou 0 ov
on ' On
The problem is discretized with a second order central finite difference scheme on a uniform
mesh (6.23). The stiffness of this problem increases with the value of o and number of

grid points M. We test LIRK4+AMF methods with or without iterative corrections on two
different cases.

0.

Case 1. A nonstiff stiff case described by o = 0.001, B = 3 and the initial conditions

w(z,y,0) =054y, v(z,y,0)=1+bz.
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with M = 39 grid points used in each dimension. This gives an ODE system is of dimension
N = 3,042.

Case 2. A stiff case, in which the settings follow [51, Sec. IV.10] where o = 0.1, B = 3.4,
and the initial conditions are defined as

U(ZL’, Y, 0) = 22y<1 - y)3/27 U(ZL’, Y, 0) = 221‘(1 - I)3/2.

We choose M = 127 for the three-way splitting test and M = 199 for the two-way splitting
test so that the resulting ODE systems are of size N = 31,752 and N = 79, 202 respectively.
The time varying Jacobian for the reaction term used in the three-way splitting test makes
the linearization challenging especially when the problem is very stiff. For a large M, e.g.
M = 150, the error caused by the linearization leads to failure in solving the linear systems
with direct methods after a few time steps. So we select a relatively smaller value of M for
the three-way splitting test. The details on the splitting setup are given later in this section.

Table 6.1 shows the dominant eigenvalues for these test cases which shed light on the degree
of stiffness. Note that the Jacobian matrix for the reaction term has complex eigenvalues
which makes this test problem more challenging than the previous one.

After spatial discretization the PDE is turned into a semi-linear ODE system of the form

2" = Lais 2 + Lyea(t) 2 +R,
—_——  S——

diffusion reaction

where z is the combined vector for the variables u and v, Lg;; and L, (t) are the Jacobian
of the diffusion term and reaction term respectively, and R is the rest of the terms such as
boundary treatment. The diffusion term is stiff while the reaction term is nonstiff. We first
apply LIRK methods with the diffusion treated implicitly and the other terms explicitly.
Next we include the Jacobian of the reaction terms in the linear part and apply a three-
way splitting strategy. The LU decompositions are performed per time step using sparse
Gaussian elimination in MATLAB.

Table 6.1: The dominant eigenvalues (largest in magnitude) of each component.
Case L, L, Ly+ Ly  Lyea(to)
1 (M = 39) 1.28E1 1.28E1 2.56E1 1.05E1

2 (M =127) 6.55E3 6.55E3 1.31E4 2.01E1l
3(M=199) 1.60E4 1.60E4 3.20E4 2.01El

Two-way splitting. A directional splitting is applied to the diffusion term which is written
as the sum of derivatives in the x-direction and y-direction, Ly;; = L, + L,,. See (6.24) for
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the structure of L, and L,. This splitting allows to reduce the linear algebra effort to solving
2M tridiagonal systems of dimension M, all of which share the same matrix I — Ay Dy, and
use reordered right-hand sides.

Figure 6.2(a) shows the convergence plots of different methods for Case 1. Both LIRK3AMF
and LIRK4AMF give second order. With one refinement iteration the results become as
accurate as those of the original LIRK methods. The largest allowable time steps are almost
the same for all methods, implying good stability properties of LIRK methods with AMF.
Figure 6.2(b) presents the corresponding work-precision diagrams. It can be seen that LIRK
methods with one refinement iteration yield the best efficiency. To achieve the same accuracy
level, LIRK3AMFRI1 is about 2.2 times faster than LIRK3 and LIRK4AMFRI1 is about 1.6
times faster than LIRK4.

Figure 6.3 shows the convergence and work-precision diagrams for different methods for the
large scale stiff case with M = 199. Generally LIRK methods with AMF and two refinement
iterations give more accurate results than those with AMF and one refinement iteration.
The refinement works well and recovers the theoretical orders of the corresponding LIRK
methods. The errors for methods with two refinement iterations approach the LIRK results
at a faster rate than methods with just one refinement iteration. This differs from the results
of the first case, but is in line with the theoretical prediction. Another notable advantage
of the AMF technique is the gain in term of stability. If no refinement is employed, the
maximal time step size can be at least two times larger than that allowed by the original
LIRK methods for both third-order and fourth-order schemes. However, the gain disappears
or shrinks when the refinement procedure is added.

In the efficiency comparison, LIRK methods with AMF and two refinement are the most
effective for solutions more accurate than approximately 10~*. LIRK methods with AMF
provide a good compromise between accuracy and speed since they can use a maximal
allowable time step size that is at least two times larger than LIRK methods, and run
significantly faster than LIRK methods.

Three-way splitting. We use a three-way splitting of the linear part
L=L,+L,+L,.(1)

where the Jacobian of the reaction terms is treated implicitly. L,.,(t) contains four blocks,
each of which is a diagonal matrix. It is updated at each time step.

The linear system associated with I — hyL,., can be reduced to M? smaller systems of
dimension two which can be solved separately at each grid point. We choose to solve the
large sparse system directly as an explicit decoupling does not lead to a clear performance
gain for a serial implementation.

The results are shown in Figure 6.4, and 6.5. For Case 1, the refinement procedure can
successfully improve the order from 2 to the theoretical order. AMF without refinement is
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Figure 6.2: Results for the 2D Brusselator system(6.25), Case 1, with M = 39. AMF is
applied with a two-way splitting of the Jacobian. 15,20,25,50,100,200,400 equal steps
are used for the time integration of the system on the interval [0,1]. The left-most points
(highlighted by a circle) on each curve indicates the maximal allowable time steps.

not competitive in terms of efficiency, but AMF with refinement yields some performance
gain for third-order schemes and comparable results with LIRK methods for fourth-order
schemes. This is due to the fact that the system is relatively small and additional cost is
brought in to solve the linear system associated with Ly, ().

For the stiff case, the Jacobian for the implicit part L makes the linear system difficult to solve
with direct methods. One LU decomposition of the system may take over 5000 seconds. To
improve the performance of LIRK methods, we make use of the reordering algorithm symamd
in MATLAB before solving the linear systems. The reordering can also help reduce the
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Figure 6.3: Results for the 2D Brusselator system (6.25), Case 2, with M = 199. AMF is
applied with a two-way splitting of the Jacobian. 400, 500, 600, 800, 1000, 1500, 2000, 4000,
8000 equal steps are used for the time integration of the system on the interval [0, 1]. The
left-most points (highlighted by a circle) on each curve indicate the maximal allowable time
steps.

bandwidth of the sparse matrices as similar to purpose of the splitting schemes we used.

The convergence orders for the stiff case are very close to the two-way splitting test results.
In terms of efficiency, there is still considerable performance gain for AMF with refinement,
especially for AMF with two refinement iterations. The savings in CPU time may mainly
come from reducing the big system into multiple small systems, which is another advantage
of the application of AMF.
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Figure 6.4: Results for the 2D Brusselator system (6.25), Case 1, with M = 39. AMF is
applied with a three-way splitting of the Jacobian. 15, 20, 25, 50, 100, 200, 400 equal steps
are used for the time integration of the system on the interval [0, 1]. The left-most points
(highlighted by a circle) on each curve indicates the maximal allowable time steps. The
numbers inside the triangle give the convergence order.

6.5 Conclusions

We have applied approximate matrix factorization to high order linearly implicit Runge-
Kutta methods for solving semi-linear systems of differential equations. The factorization
(splitting) error brought by AMF leads to severe order degradation, especially for high order
Runge-Kutta methods. The existing approach to recover second order is based on correction
applied to the next step solution [134]. In this work the full order of the underlying methods
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Figure 6.5: Results for the 2D Brusselator system (6.25), Case 2, with M = 127. AMF is
applied with a three-way splitting of the Jacobian. 100, 200, 300, 400, 500, 1000, 2000, 4000,
8000 equal steps are used for the time integration of the system on the interval [0, 1]. The
left-most points (highlighted by a circle) on each curve indicates the maximal allowable time

steps.
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is recovered by correcting stage values via a refinement procedure based on the idea of
simplified Newton iterations.

We have performed error analysis for the linear system solutions with AMF, and investigated
how this errors affect the next step solution. In the non-stiff and mildly stiff case the full
order of the underlying method can be recovered using a fixed, small number of refinement
iterations. In the very stiff case the number of iterations can be large since the convergence
can deteriorate with increasing stiffness. A stability analysis reveals that the stage refinement
procedure does not improve the overall stability of the LIRK4+AMF method. When AMF is
used the resulting schemes are only weakly stable for very stiff problems. Consequently, this
application of AMF is attractive for mildly stiff problems, but may not work well for very
stiff systems.

Numerical experiments on a variety of test problems of different sizes and different degrees of
stiffness validate the theoretical findings on the accuracy and stability of high order linearly
implicit Runge-Kutta methods when AMF is used. The results also show that the proposed
approach can improve the efficiency of high order linearly implicit Runge-Kutta methods
significantly and thus is attractive for solving large scale mildly stiff systems such as diffusion-
reaction equations. Furthermore, our tests on the three-way splitting demonstrate that our
methods can also efficiently deal with problems where stiffness comes from both diffusion and
reaction terms. Though we considered LIRK schemes up to order four, the general framework
developed herein can be applied to higher order LIRK methods, and could be extended to
study the use of AMF with implicit-explicit multistep methods and implicit-explicit general
linear methods.



Chapter 7

Summary and future work

Numerical simulations of multiphysics and multiscale systems pose great challenges to both
algorithms and software. Partitioned time stepping schemes are essential for providing an
efficient and time-accurate solution to these problems. Tools that can efficiently perform
sensitivity analysis of large scale simulations are also very important. This study addresses
novel partitioned time stepping methods for large scale systems of PDEs and ODEs and high
performance software for ODE simulations with sensitivity analysis capabilities.

FATODE is a general purpose software for time integration of nonstiff and stiff ODE systems,
and direct and discrete adjoint sensitivity analyses. This library is potentially useful for
a variety of applications including uncertainty quantification, inverse problems such as pa-
rameter estimation and data assimilation, and optimization of systems governed by ODEs.
FATODE is currently being used by other groups for:

e sensitivity analysis of multibody dynamic systems to tackle the optimization of the
response of very complex systems such as vehicles [135, 136, 137, 138, 139],

e computation of gradient or Hessian information for optimization-based time-parallel
algorithms and data assimilation [140, 141], and for

e educational use for the undergraduate course in mathematics “Applied Mathematical
Modeling” [142].

As far as we know, FATODE is the first publicly available general purpose software that im-
plements a discrete adjoint sensitivity analysis approach. This gives gradients that are exact,
within roundoff error, and therefore are highly suitable for numerical optimization problems.
Since FATODE is designed to be easily incorporated into other simulation codes, more ap-
plications are expected to benefit from its capabilities in the future without considerable
adaptation effort.

157
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Partitioned time integration schemes are becoming increasingly popular for solving multi-
physics and multiscale problems, which arise in many application areas such as mechanical
and chemical engineering, astrophysics, meteorology and oceanography, and environmental
science. We propose a new family of partitioned time integration methods based on high
stage order general linear methods. The high stage order guarantees that no coupling con-
ditions are needed to ensure the order of accuracy of the partitioned GLM. We prove that
the general linear framework is well suited for the construction of multi-methods (composite
methods). We apply the partitioned general linear framework to construct new implicit-
explicit (IMEX) DIMSIM pairs with different orders of accuracy ranging from two to five,
based on L-stable implicit components, and with the explicit components optimized such
as to maximize the constrained stability regions. The stability and convergence analysis
indicate that IMEX GLMs are particularly attractive for solving stiff problems, where other
multistage methods may suffer from serious order reduction.

High order spatial discretization schemes are gaining popularity in modern PDE solvers.
Time discretization schemes that match the high order of the spatial discretization are
highly desirable, but usually not available. The high order implicit-explicit methods we con-
structed demonstrate good stability and high efficiency for the two-dimensional Allen-Cahn
and Burgers’ equations with finite difference spatial discretizations, and two- and three-
dimensional compressible Euler equations with discontinuous Galerkin space discretizations.
We conclude from both the theoretical results and numerical results that IMEX GLMs are
useful in situations where IMEX Runge-Kutta methods suffer from order reduction; specific
examples include stiff systems of singular perturbation type or problems with challenging
time-dependent boundary conditions. We are currently exploring the application of the new
methods to large aerodynamic simulations.

The approach to construct IMEX schemes via numerical optimization has been extended to
another family of promising GLMs, namely, two-step Runge-Kutta methods. Two practical
IMEX TSRK methods, of orders three and four respectively, have been constructed. They
consist of a stiffly-accurate implicit part and an optimized explicit part. Numerical examples
including an advection-reaction system, the Van der Pol equation, and a semi-implicit inte-
gration of shallow water equations confirm the theoretical predictions and show competitive
the IMEX-TSRK methods are competitive in terms of accuracy and efficiency with classic
IMEX schemes of Runge-Kutta and linear multistep types.

The novel schemes we have developed are suitable for large scale systems, especially ones
with challenging boundary conditions, source terms, or stiff components. They are highly
competitive alternatives to classic IMEX methods.

The success of an IMEX scheme depends on the ability to find a good additive splitting
of the system. An appropriate splitting should be determined primarily by considering the
stiffness of different parts in the right-hand side of the system. Another aspect to consider is
whether the stiff part is linear or can be linearized since this may affect the computational
cost of the scheme significantly. In practice, one often has basic knowledge of the system,
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e.g. the dynamics of the physics, otherwise a strategy to justify the stiffness of different
components is needed. A common methodology for the measurement of stiffness is to look
into the eigenvalues of the Jacobian. To serve as a guideline for dealing with the splitting,
the approaches we used with IMEX GLMs in all the numerical examples are summarized
below:

e Straightforward splitting between different terms. Examples include the advection-
reaction system in Section 5.7.1, the Allen-Cahn equation and Burgers’ equation in
Section 4.4, where the diffusion terms are known to be stiff and thus treated implicitly.

e Use of zero-padding to transform component partitioning into additive partitioning.
In the van der Pol equation in Section 3.6.1, only one of the two components is stiff.
The right-hand side is split into two zero-padded vectors corresponding to the two
components respectively.

e Splitting involving linearization. To linearize a nonlinear stiff part, some terms on
the right-hand side of the system may have to be modified. For example, in the
compressible Euler equations in Section 3.6.2 and 4.4.3, a linear operator is built from
the advective terms to account for acoustic waves which has the fastest time scale. It is
also possible that the whole right-hand side is reformulated completely by techniques
like the Jacobian linearization used for the splitting of the shallow water equations in
Section 5.7.3.

Other approaches may also be feasible for various problems, but are not further discussed
here.

Moreover, the partitioned GLM framework opens up many opportunities to find new methods
with favorable properties. This work opens up new possibilities for constructing useful time
integration methods. An important ingredient of efficient implementations for large scale
simulations is step size adaptivity. In order to realize the full potential of IMEX GLMs we
will focus on the construction of schemes in this family with error estimation and adaptive
time steps.

Linearly implicit Runge-Kutta (LIRK) methods with approximate matrix factorization (AMF')
can solve large ODE systems resulting from semidiscretization of PDEs that have a stiff linear

part, e.g., reaction-diffusion systems. However, the use of AMF usually leads to severe order

reduction and loss of accuracy. Consequently AMF is attractive only for low order time

integration methods and low-to-medium accuracy requirements. By using an inexpensive

correction procedure similar to the inexact Newton’s iteration on each stage computation,

the accuracy of high order LIRK methods is preserved. Error analysis and error propagation

are studied. The effectiveness of our approach for both two-way and three-way splittings

have been demonstrated on several reaction-diffusion type problems of different degrees of

stiffness. The application of AMF to IMEX GLMs deserves further investigation.
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