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CHAPTER l

INTRODUCTION

Multiple linear regression is a procedure for estimating the

relationship between a set of independent variables and a dependent

variable. Estimation of the regression coefficients of the independ-

ent variables is often performed by using least squares estimators.

When certain assumptions are satisfied, the least squares estimator

has minimum variance in the class of linear unbiased estimators of

the regression coefficients. However, this property does not guaran-

tee that its variance is small, particularly when near linear rela-

tionships exist among the independent variables, a situation referred

to as multicollinearity.

In this situation of multicollinearity, the variance of the

least squares estimators can be very large and hence the estimators

tend to be unreliable. It is difficult to isolate and interpret con-

fidently the separate effects of variables involved in multicollinear-

ities. Alternative estimation procedures are often required to pro-

vide more reliable coefficient estimates under the condition of multi-

collinearity. Biased estimation procedures provide alternative

methods.

One biased estimation procedure which has been proposed in the

statistical literature is principal components regression (Massy, 1965)

1
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(Mansfield, 1975). Principal components regression attempts to

remove the damaging effects of multicollinearities on the least

squares estimator by an orthogonal transformation of the data, and by

deleting the components associated with small latent roots of X'X.

This is done to obtain more stable estimates of the regression coeffi-

cients. The major disadvantage of the principal components regression

is that it may result in loss of information when the deleted compo-

nent has predictive value because components associated with small

latent roots may be useful as predictors.

The objective of this paper is to present a compromise method,

modified principal component regression, in which the components

associated with small latent roots are dampened but are not completely

deleted. It provides a reasonable compromise choice when the orienta-

tion of the vector of the regression coefficients and the latent

vectors associated with small latent roots is unknown.

In Chapter II, we explore the effect of multicollinearities on

the least squares estimates of the coefficients in multiple linear

regression and present methods of detecting multicollinearities. We

also discuss principal components regression, and other biased esti-

mation procedures and point out some of their advantages and disadvan-

tages. Modified principal components regression is discussed in

Chapter III. Certain properties of the estimator are derived and

discussed. In Chapter IV, we derive a t-statistic for the test of

significance of the individual coefficients and the confidence inter-

val for the individual coefficients using a modified principal compo-

nents estimator. We also construct an F-statistic for testing any
‘
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general linear hypothesis and the confidence region for the linear

functions of the unknown regression coefficients based on a modified

principal components estimator. In Chapter V, we present the results

of a Monte Carlo simulation. The performance of the modified princi-

pal components estimator is evaluated by the mean squared error cri-

terion and is compared to the principal components estimator and the

least squares estimator. Summary and conclusions are presented in

the final chapter.



CHAPTER II

MULTICOLLINEARITY PROBLEMS AN BIASED ESTIMATION PROCEDURES

2.1 Classical Linear Regression Model

The multiple linear regression model can be written as

= *
ic ° =yi B3 + Blxäi + + Bpxgi + ei 1 1, 2, ..., I1 (2.1.1)

where yi: the response for the ith observation (dependent variable).

xäi: the value of jth regressor variable for the ith observation

(independent variable).

BF: unknown regression coefficients to be estimated,

j = 0, 1, 2, ..., p.

ei: an unobservable random error.

In order to minimize roundoff error and to increase computational

accuracy, we transform the regression model (2.1.1) by letting

(X1.-§=s> _
1 H

x., = —————ll——l———— where x# = —- Z x*J1 /———„ J 1 ..1 J1
E (x§i—;¥)2

i=l J

Thus, the equation (2.1.1) becomes

i=l, 2,...,11.

(2.1.2)

4
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where

= * + ä g*§%
4 Bo Bo

j=l 3 3

/“ — 2

BjThen equations in (2.1.2) can be written in matrix notation as

Z = BO; + 2;;+ i (2.1.3)

X; a nxl vector of observed responses.

X: a nxp matrix of known values of the regressor variables.

X = [xl, x2, ..., xp]

1; a nxl vector of ones.

BO: the intercept parameter whose value is unknown.

Bj a pxl vector of unknown parameters to be estimated.

E} a nxl unobservable random error vector.

In the equation (2.1.3), the regressor variables have been

standardized so that x5l_= O, and xéxj = 1 for j = 1, 2, ..., p.

Thus, X'X will have the form of a correlation matrix.

To complete the specification of the regression model, we add

the following basic assumptions:

(i) The elements of E_are unobservable errors with E(E) = O,

and E(gg') =
gzln.

(ii) Each of the regressor variables is nonstochastic with

values fixed in repeated samples.

(iii) The matrix X has rank p < n.

5
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The first assumption states that ei are variables with zero

expectation and that they have constant variance
cz.

This property

is referred to as homoscedasticity. Assumption (i) also implies that

the ai are pairwise uncorrelated. Assumption (ii), that each of the

regressor variables is nonstochastic, means that the only source of

Variation in the y_vector is Variation in the g_Vector and the proper-

ties of estimators and tests are conditional upon X. Assumption (iii)

states that the number of observations exceeds the number of parameters

to be estimated and that no exact linear relationships exist among the

x variables.

The following notation will be used throughout this paper:

21 j_22 j_... j_2p are latent roots of X'X.

V1, V2, ..., VP are the corresponding orthonormal latent Vectors

of X'X.

V = (V1, V2, ..., V?) is a pxp matrix of unit length latent

Vectors of X'X, and A = diag (21, 22, ..., 2p).

2.2 Least Squares Estimation

The relationship (2.1.3) with assumptions (i) through (iii)

describes the classical linear regression model. Our problem is to

obtain estimates of the unknown parameters in this model. The least

squares estimators of the regression coefficients are given by

é„=§,

and é_= (X'X)_l xß y_. (2.2.1)
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The equation (2.2.l) can be written in another form as

S = ä 2Tlc.V. where c, = V!X'y_. (2.2.2)_
j:1 J J"J J

_J

Since V'(X'X)-lV=
A_l

- - P -thus, (X'X) 1
= VA lV'

= Z z.lv.vi ..:1 J ‘U'ÜJ

The variance—covariance matrix of the least squares estimator is

given by

Var Q_= o2(X'X)-1
=

¤2C
(2.2.3)

where C = (X'X)_l = (c.,) .
1J

Thus, Var(g,) = 02c., and COV(é.,é.) = ¤2c.. •
J JJ 1 J 1J

Equation (2.2.3) can also be written as

. P _
Var B =

cz
Z 2,lv_vi

(2.2.4)“
-:1 J

“Ü”U
J

.. P -since <x'x> 1 = 2 2-lll! .
j:1 J J J

The mean squared error of the least squares estimator is

MSE(_é) = EQ - EQ)' (Q - EQ) whereQ==

E E (b, - Eb.) = E Var b. , (where b.'s are elements
-:1 J J -:1 J JJ J

of EQ

= tr Var é_= o2
tr (X'X)_l

P _ P _
= 02 Z £,ltr V.!} =

oz
E £,l . (2.2.5)

j:1 J
”U J j:1 J
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The least squares estimator of the regression coefficients is

unbiased and has minimum variance among the class of unbiased linear

estimators (Graybill, 1976). However, the restriction to unbiased

estimators can result in a very large variance when the matrix of

independent variables is ill—c0nditioned.

2.3 Effects of Multicollinearity

Multicollinearity can be defined as the presence of a near

linear dependence among the set of column vectors xj, of the matrix

X; that is, multicollinearity exists if

P
E a.x. Z 0 . (2.3.1)

j=l
J“3

for some set of constant al, az, a3, ..., ap, not all zero (Mason,

Gunst, and Webster, 1975).

One of the assumptions underlying the classical linear regression

model is that matrix X has rank p < n; that is, no exact linear

dependence exists among the regressor variables and the number of

observations exceed the number of parameters to be estimated. When

some of the regressor variables are perfectly correlated with any

other regressor variables, the classical least squares estimates are

not unique. This describes an exact multicollinearity.

Exact multicollinearity is not very frequent in practical

application. The multicollinearity problems of greatest concern arise

from situations where near linear relationship exists between two or

more regressor variables but not a perfect linear relationship; that
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is, the cases where (2.3.l) is approximately zero are our concern in

”
this paper.

Johnston (1972) clearly presents the main consequences of multi-

collinearity as:

1. The precision of estimation falls so that it becomes
very difficult, if not impossible, to disentangle the
relative influences of the various X variables. This
loss of precision has three aspects: specific esti-
mates may have very large errors; these errors may be
highly correlated, one with another; and the sampling
variances of the coefficients will be very large.

2. Investigators are sometimes led to drop variables in-
correctly from an analysis because their coefficients
are not significantly different from zero, but the
true situation may be not that a variable has no effect
but simply that the set of sample data has not enabled
us to pick it up.

3. Estimates of coefficients become very sensitive to
particular sets of sample data, and the addition of
a few more observations can sometimes produce dramatic
shifts in some of the coefficients.

These problems which arise from the presence of multicollineari-

ties can be demonstrated as followsz

Strong multicollinearities among the regressor variables cause

X'X to be nearly singular, this implies that the determinant of (X'X)

is very small, so that elements of (X'X)_{and,therefore,some of the var-

iances and covariances of the estimated regression coefficients in the

equation (2.2.3) are very large.

To illustrate this further, we can write the diagonal elements of

c = (x·x>’l as

2 -1 .cjj = (1 — Rj) 3 = 1, 2, ..., p (2.3.2)

(Mason, Gunst, and Webster, 1975)
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where R; is the coefficient of determination of the least squares

regression of xj on the remaining p—l regressor variables. Suppose

a single linear relationship of the form (2.3.1) holds approximately

among the first s j_p regressor variables. If xj is involved in the

multicollinearity, then R? is very close to one and cjj will be very

large. Since Var(Bj) = czcjj, the variance of the estimator of

regression coefficients of xj is also very large. Mason, Gunst, and

Webster (1975) also demonstrated that if both xi and xj are involved

in the multicollinearity, cij (i # j) will tend to be large in absolute

value.

Since §_= (X'X)_lX'y_= C X'y

„ P
'

e
and Bj = i§lcji(g<_iy) j = l, 2, ..., p

where Bj is the jth element of éj we see that if xj is one of the

variables involved in the multicollinearity, Bj will tend to be very

large in absolute value. This is due primarily to the relationship

between the regressor variables, and not to the relationship between

the response variable and the regressor variables. Variables with

large estimates of coefficients arerunznecessarily strong in predictive

ability. The signs of the estimates of the regression coefficients

are not necessarily indicative of a regressor variable having a posi-

tive or negative effect on the dependent variable. This phenomenon

can be explained by the fact that the elements of_Q corresponding to

regressors involved in multicollinearities tend to be dominated by the

first few terms of equation (2.2.2). For example, if X'X contains one
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strong multicollinearity, the smallest latent root of X'X becomes very

small so that
lll

becomes several times larger than the remaining

ßgl. Therefore, the values of éj, the elements of §_in equation

(2.2.2), corresponding to regressors involved in multicollinearity are

approximately equal to the corresponding elements of the first term

of é_in equation (2.2.2) (Gunst and Mason, 1977).

2.4 Detecting the Presence of the Multicollinearity

Several techniques for detecting the presence of multicollineari-

ties have been proposed in the statistical literature (Mason, Webster,

and Gunst, 1975). Two of the most useful methods will be discussed

here.

1. Examine the diagonal elements of (X'X)—l.

As mentioned earlier, if a near linear relationship exists among

xj and a subset of the remaining columns of X, cjj in equation (2.3.2)
will become very large. Large values of some of the cjj indicagg

that the variables corresponding to them are involved in a multicol-

linearity. However, this method gives no information about the nature

of the dependence relationship.

The variance inflation factors (V.I.F.), defined by Marquardt

(1970), are the diagonal elements of (X'X)—l, when the X matrix is

scaled so that X'X is in the form of a correlation matrix. The var-

° iance inflation factor associated with each coefficient represents the

amount by which the variance of that coefficient is inflated by the

correlation between variables.
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From equation (2.3.2), the variance inflation factor of xj can

be written as

V.I.F.(x.) = c,. = (1 — R?)_l j = l, 2, ..., p. (2.4.1)
J JJ J

lf xj is involved in a multicollinearity, Rä can be close to one and
the corresponding variance inflation factor will be very large. If

R? = 0.9, V.I.F.(xj) = 10 and hence variance inflation factors of 10

or more are considered an indication of the presence of one or more

strong multicollinearities (Marquardt (1970)).

2. Examine the smallest latent roots and the corresponding

latent vector of X'X.

A small latent root of X'X indicates the near singularity of the

X'X matrix. The number of small latent roots indicates the number of

linear relationships present. The closer the smallest latent root is

to zero, the stronger is the linear dependency among the columns of

the X matrix. The elements of the corresponding latent vector of X'X

are the coefficients of these linear relationship, the large elements

indicating which variables are involved in the multicollinearity (Mason,

Gunst, and Webster, 1975).

No precise rules have been set up to determine what is a small

latent root since this decision depends on such factors as uniformity

of all latent roots and the number of regressor variables. However,

Webster, Gunst, and Mason (1974) indicated that latent roots of size

0.05 or smaller are reliable indicators of a near singularity.
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Marquardt and Snee (1975) suggested that the variance inflation factor

can be used as a measure of how close the smallest latent root is to

zero.

2.5 Biased Estimation: Alternative Procedures to Least Squares

Estimation

Since least squares estimators of regression coefficients may be

unreliable when multicollinearities exist, we need alternative methods

of estimation that enable us to remove the effects of the multicol-

linearity. Often the large variance of the unbiased least squares

estimates can be greatly reduced by the addition of a small amount

of bias, resulting in estimators with smaller mean squared error.

Several alternative procedures to least squares estimation of regression

coefficients have been proposed in the statistical literature.

Among these proposed alternatives are ridge regression, principal

components regression, and latent root regression. All of these are

biased estimation procedures which are useful when multicollinearity

is present in the data. Some of the properties of each alternative

procedure will also be discussed.

2.5.1 Ridge Regression

One form of biased estimation of the regression parameters is

ridge regression proposed by Hoerl and Kennard (1970a, b). A moti-

vating factor for ridge regression is the fact that the least squares

estimates of regression coefficieuts tend to be overestimates of_Q

when multicollinearities exist among the regressor variables.
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Therefore, the Euclidean distance from é_to Q_wi1l tend to be large.

This can easily be seen as follows:

Let Ll = distance from é_to Q:

Li = <§-g>'<§—g>

E(Lä) = C12.? zgl = MsE<§>
j—l

where ll jßz j_... j_£p are latent roots of X'X (Hoerl and Kennard,

1970a).

If strong multicollinearities are present, one or more of the

latent roots of X'X will be small, and the expected value of squared

distance between §_and @_becomes large. Ridge regression seeks a

reduction in the length of the vector of estimated coefficients by

adding small quantities to the diagonal elements of X'X. The ridge

regression estimator can be written as

(X°X + kI)—lX°X_ (2.5.1)

where k is a positive constant (Hoerl and Kennard, l970a).

With the appropriate choice of k, the average value of the squared

distance between the vector of estimated coefficients and the vector

of true coefficient, EJ can be reduced.

Many properties of the ridge regression estimator have been

derived by Hoerl and Kennard (1970a); we will discuss some of the

important properties here.

The ridge regression estimator, ER, is a linear transformation

of the least squares estimator; the transformation depends only on

X and k.



15

$11 = G1ä·
I -1 I I -1

_]'

where Gl = (X X + kl) X X = (I + k(X X) ) .

It follows that the ridge estimator is a biased estimator of Q)

for k # 0.

E(§ ) = G B where G = (I + k(X'X)—l)—l (2.5.2)—R 1-’
1 '

The variance of the ridge regression estimator is given by

^ 2 , -1 , , -1
Var(§R) = o (X X + kI) X X(X X + kI) . (2.5.3)

The mean squared error of the ridge regression estimator is

given by the following, where bä are the elements of ék,

MSE(QR) E(QR Q) (QR Q)

P P
= Z Var bg + Z (bias of

b$)2

j=l J j=1 J

P - -= G2 E g,(2,+k) 2 + kzg (x'x+k1) 26 . (2.5.4)
·=l J J ‘”
J

The variance term is a monotonic decreasing function of k. The bias

term is a monotonic increasing function of k. The limiting value of

the squared bias is §j§_as k + ¤ (Hoerl and Kennard, 1970a).

Hoerl and Kennard (1970a) also demonstrated that there exists a

range of values of k for which the ridge regression estimator has

smaller mean squared error than the least squares estimator. Unfortu-

nately, the range depends upon the unknown parameters, Q_and
gz.
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Consequently, Hoerl and Kennard recommended that k be determined from

a ridge trace.

Hoerl and Kennard (l970b),defined the ridge trace as a two-

dimensional plot of the bä, j = 1, 2, ..., p, and the residual sum of

squares versus k. To illustrate the procedure, an example with two

variables is given as followsz

b$
J

0.3

0.2

0.1 »—„„___,.e._.._.__......__..1 bä

0 R
‘

-0.1 X-«--··"""‘Ä_Pz-· SSE
---·"”

0.4_O'2-Q_3

_ _,--"'°‘-- 0.2
0.1

-0.4 k
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Fig. 2.5.1 Ridge Trace, Two Factor Example

Upon examination of the ridge trace in Figure 2.5.1 above, we can

see that the system "stabilizes" at a value of k in the interval (0.2,

0.4). Therefore, we could choose k = 0.2 as a stable point solution

since at this point the ridge trace indicates that the system is

reasonably stable and there is not a large increase in the bias or

residual sum of squares.
4
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Since k is estimated from the data, the mean, variance, and mean

squared error properties of the ridge regression estimator as derived

by Hoerl and Kennard are no longer valid. The properties of the ridge

regression estimator when k is estimated from the data are unknown.

Hoerl and Kennard (1970 a, b) also give a general form of the

ridge regression estimator

QR = (X'X +

K*)_lX'y

where K* = diag(kl, kz, ..., kp). The ridge regression estimator in

equation (2.5.1) is a special case of this general form when kj are

equal for all j.

A modification of ridge regression, partitioned ridge regression,

in which some of Bj's are estimated by least squares estimators and

other Bj's by ridge regression estimators, discussed by Farebrother

(1978), is based on

· ^ -1
QR = (X'X + kA) X'y_ k > 0 (2.5.5)

where

O 0
A2 0 A22

and A22 is a
p2Xp2

positive semidefinite matrix. We partition the

matrix X into X = (X1, X2), where X2 has p2 columns and X1 has pl =

p - p2 columns, and partition QR similarly,
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R
„ E1

QR = bR '
-2

Thus, equation (2.5.5) becomes

R , , -l ,Q1 Xlxl XlX2 X1!
bR =

x'x x'x +14. x'-2 2 1 2 2 22 2X

then,

bR = [x·M x + kA ]'lx·M X-2 2 1 2 22 2 l

· R _ , -1 , RQ1 (XlXl) X1 (X X2Q2)

where M = 1 — x (x'x
)‘lX'.

1 1 1 1 1

Most of the discussion of ridge regression in the literature

centers around the choice of the optimal values of k in the ridge

regression estimator. Hoerl, Kennard, and Baldwin (1975) suggested
2

that a reasonable choice for k is an estimate of gig since MSE(§R) is
2 ——

minimized if X'X = I and k = Egg-. They present the results of a

simulation study and conclude that the ridge estimator with this choice

of k has a probability greater than 0.5 of producing estimates with a

smaller mean squared error than the least squares estimator. Hoerl

and Kennard (1976) suggest an iterative method for selecting the

biasing parameter k in the ridge regression estimator; that is, they

consider a sequence of estimates of §_and k as:
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_ ~2 A 82 A

—— —R 0
The sequence is stopped if —i£l——£ < Ö, where 6 is a very small

positive constant. They concläde that the method has a smaller

estimated mean squared error than the least squares estimator or

ridge regression estimator with single iteration estimate of

kHemmerle(1974) obtained a non—iterative, closed form solution fo? éhe

estimated k, eliminating the need for the iterative procedure.

Coniffe and Stone (1973) examined the concept of ridge regression

and gave some critical coments on the usefulness of the method. They

point out that Var éR and MSE(§R) which were derived by Hoerl and

Kennard (19703) and treating k as a constant rather than an estimated

quantity, are incorrect, since, in practice, k is estimated from the

data.

2.5.2 Principal Components Regression

Principal components regression is another alternative biased

estimation procedure. Massy (1965) investigated the procedure and

concluded that the procedure can be very useful in exploratory research.

Mansfield (1975) gave a detailed discussion of the principal components

regression.

Consider the standard linear regression model (2.1.3). Principal

components regression transforms the columns of the X matrix into

orthogonal columms of principal components through the following

process:



20

Z = XV, so gj = Xyj j = 1, 2, ..., p

where Z = •·•s •

Then Ea is called the jth principal component of X; that is, principal

components are an orthogonal transformation of the values of the

regressor variables.

The model (2.1.3) can now be written as

X_= Bol + Zi + E_ where l_= V'§_. (2.5.6)

The ordinary least squares estimator of x_can be written as

i_= (Z'Z)_lZ'X

=Theestimator §_in (2.1.3) can be written as

.. „ .. - P _
g_ = Vx = vAlz'X = vzx ]v'X';; = 2 2.lc.v. (2.5.7)

j=l J
J‘J

where cj = If all components are retained in the model, the
estimator of §_wil1 be identical to the least squares estimator.

In order to remove the damaging effects of the multicollinearity

on the least squares estimator and obtain more stable estimators of

the B., the procedure of principal components re ression is to deleteJ 8
those components corresponding to small latent roots of X'X. Then we

regress Z_on the retained components using ordinary least squares.

If we assume that the first s components are deleted, we can

partition the matrix of latent vectors into

V = (VS, Vt)
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where VS contains the s latent vectors corresponding to components

which are deleted and Vt contains the p—s latent vectors corresponding

to components which are not deleted. Partition X and A similarly as

follows:

— XS _ AS O
1 — A -

Alt O t

where At = diag(lS_V_l, ..., lp) contains the (p—s) latent roots

which are not close to zero and AS = (ll, lz, ..., ls) contains the

s small latent roots of X'X.

From equation (2.5.7), we have the principal com onents estimatorp 9

(Mansfield, 1975)

Ä = V A_lV'X'X=
1;

lTlc.V. where c. = V!X'X. (2.5.8)—p<= t ¤ ¤ ·= +1 J J—J J —J
J s

gpc is a linear combination of the least squares estimator g, since

A , ,l ,1 A
=

I I I I =
I I

gpc VcAtlVtX X(X X) X X VtAt VtX Xg ,

. A —
_l

' '
A

=
A

E(gpC) VCAVZ VCX Xg Gzg (2.5.9)

where G2 = Vt 1\;lVéX'X . Since

=

_
I I

=

_
I I , IG2 vtzrtlvtx X Vt At]'VtX XV V

VI
_ —l , _ -1 s‘VN: (0 ^:>V

"° VN: A:) V,
t

=
V 2 — V

VtVt I VSVS
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(I — VSV;)@ = g_— VSV;ä

S „
= , (2.5.10)

Thus, the principal components estimator is biased.

The variance—covariance matrix of the principal components

estimator is given by (Mansfield, 1975)

Var(§Pc) = o2Vt!{lVé . (2.5.11)

The mean squared error of the principal components estimator can

be written as (Mansfield, 1975)

A 2 P -1 S 2
MSE(B ) = o Z 2. + E (VXB) . (2.5.12)“’P°

j=s+1J j=1
“J“

The variance portion of (2.5.12) is much less than the variance

for least squares due to the deletion of the small latent roots and

if the bias portion is not too large, a great reduction in mean squared
A

error is possible. Principal components estimators perform very well

when the vector of regression coefficients, Q, and the latent vectors

defining the multicollinearities, Y1, 22, XG, ..., YS, are orthogonal

or near—orthogonal. On the other hand, when the vector of regression

coefficients and the latent vectors defining the multicollinearity are

parallel or nearly parallel, the principal components procedure may

perform very poorly.

Mansfield (1975) showed that the F—statistic comonly used to

determine the predictive ability of a component is not reliable when
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the component is associated with a small latent root. He discussed

the advantages and the disadvantages of this procedure and presented

a technique of variable selection after some components are deleted.

The residual sum of squares of the principal components regression

can be written as

= _ c , _ c c = ^ = - , ,SSEC (y_ Kb ) (X Xb_) where b_ gpc vtAtlvtx_X

I

= fx — hc X'x — <x'Xä° — ä°X'Xä<=>

- 1
C, I

1— .2 2; — 2 X x

' -
—

-Sims x'X2° · hc XXä°

1 ']-V1 1 1 "l 11-lV•X'” XXVtAc cx X ” XXVc^1; Atx: t X

-1 - 0 .

‘Thus, the regression sum of squares of the principal components

regression is

SSR = bC'X'y_= yfXV A_lV'X'y_= ä (V'X'
)2ß_l

(2 5 13)C — c c c ._ —j X j ' ‘ 'J—s+1

It should be noted that the principal components estimator is a

special case of the generalized inverse estimator discussed by

Marquardt (1970). He suggests that a generalized inverse should be

used according to the following two situations:

(a) If the rank of X'X is t, where t = p—s, a generalized inverse

of X'X is (X'X)_ = VtA;lV£, and the generalized inverse estimator is
then given by
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A

=
I

_
I =

_
I Igc (X X) X_y VtAtlVtX y_ (2.5.14)

which is equivalent to the principal components estimator, gpc.

(b) If X'X is full rank, but some of the latent roots of X'X

are small, Marquardt (1970) suggests the concept of fractional rank

of X'X. If X'X has s small latent roots, he assumes the rank of X'X

is f, where t < f < t + 1 and t = p—s. A generalized inverse of X'X

is then

(VX)- = VGÄJVLs

and the generalized inverse estimator based on a fractional rank of

X'X is then given by

EG = <><'><> X1

=
f—t , , ,—lVvXv

(2;-YSYS)X y_+ VtAt t X. (2.5.15)

For more details of the derivation of the generalized inverse estima—

tor, the reader should refer to Marquardt (1970).

2.5.3 Latent Root Regression

Latent root regression, derived by Webster, Gunst, and Mason

(1974) and independently by Hawkins (1973), is another alternative

to least squares estimation. _
(yi—y>

Consider again the model (2.1.3) and let yä = ——;———-where

2
“ — 2

V
n = Z (yi—y) and let A = (yf X). Thus, A'A is in the form of a

i=1
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correlation matrix of dependent and independent variables.

Let A0 j_1l j_... j_Ap be the ordered latent roots of A'A, and

let 10, xl, ..., xp be the corresponding latent vectors. The

elements of the jth latent vector are denoted by

' = . ... . = . Q! .

Finally, let

F = (10, ll, ..., xp) A* = diag(AO, Al, ..., Ap)

then F'(A'A)F = A* .

From this we obtain

15A'Axj = Aj j = 1, 2, ..., p . (2.5.16)

When multicollinearity is present, some of the latent roots of

A'A will be near zero since KO £Q£l(Gunst, Webster, and Mason, 1976). ,

Suppose A0 5 0. Hence 5 0, and 5 O.

This implies Alo Q O,

d = 1an Axe yyoo + XQ0 _ O. (2.5.17)

Thus el=»ents of the latent vector 10 are coefficients of a linear

combination involving the response and regressor variables. Equation

(2.5.17) can be written as
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PylY00 + Ä XlrYrOr—1

° 5 O . (2.5.18)

P

ynYO0 + XnrYrOr—1

If A0 5 O and Y00 5 O, we can see from (2.5.18), that the linear

dependence exists among the columns of X and does not involve Z.

This is termed a nonpredictive multicollinearity by Webster, et al.

(1974). If A0 i 0, but
YOO

is not small, the response variable is

involved in the relationship. This is termed a predictive multi- _

collinearity.

The least squares estimator of §_can be written in terms of the

latent roots and latent vectors of A'A as

. P R 2 P Yä—n Z a,g„ where nz = Z a, = YO.XTl(

Ej=OJ J i=l J J J 2=0 2

(2.6.19)

If we assume that the latent vectors Yo, Y1, ..., Yq_l correspond to

nonpredictive multicollinearities, the latent root estimator of

regression coefficients can be written as

P P
Y2

^ -1 02 -1
B = -n E a,5. where a, = Y .A. ( Z --9 j = q q+1 ... p .
_LR

'
0 Ä S S S S

J=q J“J J J J £=q 2

(Webster, Gunst, and Mason, 1974) (2.5.20)
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Thus, we remove the latent vectors corresponding to the no¤pre—

dictive multicollinearities in order to improve the estimation. The

actual improvement is strongly dependent upon the orientation of

coefficient vector Q) to latent vectors which are removed.

The advantage of this method is that by deleting the effect of

the nonpredictive multicollinearities, the true influence of the

regressor variables on the response variable are more clearly repre-

sented. The disadvantage of this method is that distributional pro-

perties, including expectation, variance, and mean squared error of

the estimator are unknown.



CHAPTER III

MODIFIED PRINCIPAL CCMONENTS REGRESSION

3.1 The Estimation Procedures

In this chapter, we propose a compromise estimation procedure

for regression coefficients when multicollinearities exist among the

regressor variables. Certain theoretical properties of the resulting

estimator will be derived and discussed.

Consider again the classical linear regression model (2.1.3).

This model can be written in terms of the principal components as in

equation (2.5.6). The dependent variable is now regressed on the

principal components, gi, rather than on the original variables, xj.

As mentioned in Chapter II, the ordinary least squares estimator of Q

V for the model (2.1.3) can be written in terms of latent roots and

latent vectors of X'X as

' B = E 2. c.V. + E 2. c_V. . (3.1.1)

The variance of the least squares estimator can be written as

var é = 62 ;v.T]·v.v! + ¤2 Ei y.T]v.v! . (3.1.2)

Thus, the least squares estimator tends to place large weights

on the latent vectors corresponding to the small latent roots of X'X.

28
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Theelements of é_corresponding to regressors involved in multicol-

linearities tend to be dominated by the first few terms of (3.1.1).

From equations (3,1.1) and (3.1.2), we can see that the least squares

estimator is unstable primarily due to the presence of small latent

roots in equation (3.1.1). Therefore, the least squares estimator is

severely affected by the linear dependence among regressors and could

provide poor estimates of the true parameters.

As we have seen from Chapter Il, the disadvantage of the princi-

pal components regression is that the components are deleted without

regard to their predictive ability. lf a component has predictive

ability and we delete the component, we will lose information on the

linear combination of x's represented by this component. As mentioned

in Chapter I1, the measure comonly used to determine the predictive

ability of a component is not reliable when the component is associated

with a small latent root.

The modified principal components regression is designed to remove

the dominant effects of the multicollinearity, and at the same time,

to keep as much important information as possible. Instead of deleting

the components associated with small latent roots, the modified princi-

pal components regression reduces the weights of latent vectors corre-

sponding to small latent roots of X‘X.

The modified principal components estimator can be written as

^ S -1 P -1
émpc = ·§ (ßj + kj) cjyj + Z ßj cjyj (3.1.3)

j—l j=s+l

where cj = y5x'Z_.
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The kj are determined so that the variance inflation factors of
xj are less than ten but close to ten, since a V.I.F(xj) of ten or

greater is considered an indication that the variable xj is involved

in multicollineariy (Marquardt, 1970). The reason for this has been

2
explained in Chapter II (section 2.4).

Equation (3.1.3) can also be written as

émpc = VS(1E + KS)_lV;X'Y + vt^;lvéx'g_= VD—lV'X'X_ (3.1.4)

where D = diag((2l+kl),(22+k2), ..., (2S+kS), 25+1, ..., 2p)

=
AS+KS O

0 ^t

and KS = diag(kl, k2, ..., ks).

3.2 The Properties of Modified Principal Components Regression

We now consider certain theoretical properties of this estimator.

In the derivation which follows, we assume kj to be nonstochastic.
The estimator,

émpc,
is a linear combination of the least squates

estimator:

émpc = VD_lV'X'X_= VD-lV'(X'X) · (X'X)—lX'X

—l
I I I^

= VD V (X X)V · V Q

= VD—lAV'_E;

= gg (3.2.1)

where G = VD—lKV' = [I + (X'X)—lV K
V']_l

.p s s s
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Since

D-1/\.= (A+ V' (X'X + VSKSV;)-IV · V'(X'X)V

where K = diag(kl, k2, ..., ks, O, ..., O) is a pxp matrix, then

-1 I
_

I -1 I
=

I - I -1VD AY — (X X + VSKSVS)
(X X) [Ip + (X X)

lVSKSVS] .

It follows immediately that Qmpc is a biased estimator of Q:

E(é ) = G · E(S) = GB where G =
VD_l!W'

—mpc —- —— ' °

. , -1 -1 -1Since V GV = D A = D (D — K) = Ip — D K, then we have

A

= =
_

I „ I
I E(gmPc) G§_ V V GV V_Q

-1 I= V(I - D K)V B

I -1 I= VV §_— VD KV_Q

S -1= ß — E k.(£. + k.) (V.B)V. . (3.2.2)" -:1 J J J
‘ü“"ü

J

Thus, the bias of the modified principal components estimator

depends on the orientation of the vector of regression coefficients

to the latent vectors corresponding to small latent roots. The bias

should be relatively small if kj is small and Q_is not parallel to

Vj for j = 1, 2, ..., s.

The variauce-covariance matrix of the modified principal compo-

nents estimator is

Var émpc = Var Gé_= G · Var é_· G'

Av' (x·x>‘lv.m‘Lv·
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= GZVD-l./)D_lV'

s _ p _
= 62 [ 2 2.(2. +k.) 2 V.V! + 2 2.]‘v.V!] . (3.2.3)

j=l J J J *1*1 j=S+l J *1*1

The variance inflation factors for the modified principal components

estimator are the diagonal elements of VD_l1D_lV'.

Comparing equation (2.2.4) with equation (3.2.3), we can see

that the variances and pairwise covariances of the modified principal

components estimators of individual coefficients are smaller than the

corresponding ones of the least squares estimators for any kj > O.

The mean squared error of the modified principal components

estimator can be expressed as:

. S - P .. S
-MSE(Qm C) = 62 2 2.(2.+k.) 2+62 2 2.1+ 2 kS(£,+k.) 2(y_!§_)S

P j=l J J J j=S+l J j=l J J .J J

(3.2.4)

Since,

^
=

Hl _ V H!. _ m =
^MSE(QmPC) E(Q_ Q) (Q_ Q) where Q_
Qmpc

2>
P P

= E 2 [bg — E(bS)]2 + E [Eb? — 8.12
j=l J J j=l J J

P P
= E Var bw + Z (bias of b?)2 = V + B1=1 J 1=1 J

where PV = Z Var b? = tr Var Q? = gz tr VD_l!D_lV'
J=l .
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_ 2 -2 ,, -l ,— 0 tr[VS(/\S+kS) ASVS + Vt At Vt]

S _ P _
= O2

E £.(£,+k,) 2
CI V,V! +

O2
X 2,1 CI V,V!

j=l J J J _J—J j=S+l J —J—J

S _ P _
= 62 z 141,+16,) 2 + 62 z 11.1

jzl J J J j=S+l J

B = (E§>_m—§)'(Egm·§) = <G§—§)'(G§—§)

= Q'(G—I)'(G—I)Q .

Since G = VD-1'AV',

VGV' =
D-1/\.

= D.-l(D-K) = IP — D2-1K

.. 'l 1 -
'l 1 "l 1G—V(Ip-D K)V —IP-VD KV , t;henG-I= (-VD KV)

1
‘l

1 1 'l 1B=Q(—VD KV)(—-VD=

;'VKO'lV' · vD'lKV';

1 ‘2
1= QVKI) KV Q

K 0 (A+K)_2 0 K 0 V';
= S S S

2
S S

0 0 0 11; 0 0 véß
_ '2„ 1— Q'VSKS(AS+KS) KSVSQ

S 2 -2 2= E k. 2..+k. V'.Bj=l
J( J J) <_j_)

and the result follows.
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Since the determination of kj, using the V.l.F.(x) as a criterion,

depends only on the X matrix, which is assumed to be nonstochastic,

käs for the modified principal components estimator in equation (3.1.3)

are nonstochastic in practice. Therefore, the theoretical properties,

derived above under the assumption of nonrandom kj, are all valid.
From equations (3.2.4) and (2.2.5), we can see that the variance

portion of MSE(émPC) is smaller than the corresponding one of MSE(Q)

for any kj > 0. From equation (3.2.4) and (2.5.12), it is obvious

that the bias portion of the MSE(§mpC) is always smaller than that of

the MSE(éPC) for iny kj > O. Each term of the bias part of MSE(§mpc)

is weighted by
(ET%ET)2 which.is less than one and will be close to

zero if kj is neaf zäro. Thus, the bias of the modified principal

components regression will be much smaller than that of the principal

components regression when the vector of regression coefficients and

the latent vector defining the multicollinearity are parallel or

nearly parallel. This will be illustrated in our simulation results.

From equations (3.2.4) and (2.2.5), wehaveMsmémpc)J‘l

J;
2Ül"

j=1 J j=s+l J _

Comparing MSE(émpc) with MSE(éb, we see that MSE(émpc) < MSEQE), if
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and only if

s s k, s
62

E Z
62

2
2jl

3*1 3*1 3 3 3*1

s k, s s
Or Z O2 Z 2.1

-
G2 Z 2.(2.+k.) 2 .

1=1 33 J 5=1J 5=1JJJ

After some simplification, we obtain that a necessary and suffi—

cient condition for MSE(émpc) < MSE(é) is

S 2 -2 2 2 S -2 -12 k.(2_+k.) (vis) < 6 2 k.(2.+k.) 2. (16+22.)
j=l J J J *ü*

j=l J J J J J J

S 2 2 S -1OI 2 k.(vig) < 6 2 2. (k.+22.) . (3.2.5)

From equation (2.2.5) and (2.5.12), we have

„ S _ P _
MSE(g) = 62 2

2.1
+

02
Z

2.1

j=l J j=s+1 J

„ P _ S
. MSE(ß C) = 62 2 2.1 + 2 (gig)2 .

P j=s+l J j=l J

Comparing MSE(é) with MSE(§pC), we see that a necessary and sufficient

condition for MSE(§pc) to be less than MSE(§) is

s s
oz E

2jl
> E (KÄQZ . (3.2.6)

j=l j=l
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From equation (3.2.5), it follows that MSE(émpC) is less than
A _ k.

MsE(6), if 622.1 > (1?—·J——)(V!ß)2,j = 1, 2, ..., s. (3.2.7)— 3 .+22. —J··J J

From equation (3.2.6), it follows that MSE(§PC) is less than M5E(é)

. 2 -1 2 .1f oßj > (L/_5§_) , J = 1, 2, ..., s. (3.2.8)

The two equations (3.2.7) and (3.2.8) imply that the range of orienta-

tions for which MSE(ämpC) < MSE(ä) is larger than the range of orienta-
A A k.

tions for which MSE(Qpc) < MSE(ä) since in equation (3.2.7)

is less than one.

From equations (3.2.4) and (2.5.12), we have

A S
-

P
-

S -2MSE(B )=¤2 2 2.(2.+k.) 2 +<*2 2 2.1 + 2k;(2.+k.)—mP¤
j=l J J J :]:8+1 J j=l J J J J

A P _ S
MSE(ß C) =

oz
2 2.1

+ E (fg)2 .

If we compare MSE(émpc) with MSE(§pC), it is clear that MSE(émpC) <

MSE(é_pC) if and only if

2 s _2 s k. 2 2 s 2¤ 2 2j(2.+k.) + 2 (gb (gig) < E (Zig)3=1 JJ 3=113 J J=lJ
2 s __ s s k,

GY S Z lj(ßj+kj) 2 < ZZJ=l
J=l J=l J J

After some simplification, we obtain that a necessary and sufficient

condition for MSE(émPC) < MSE(§pC) is
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S SC2 2 2.(2.+k.)-2 < 2 (v!ß>22.(2.+k.> 2(2.+2k.)
·= J J J =

‘J“‘
J J J J JJ l j l

2 S , 2or CC < 2 (2.+2k.)(V.ß) . (3.2.9).:1 J J ‘J"
J

From equation (3.2.9), it follows that MSE(émpc) is less than

MSE(gpC) if

, 2 aj 2 -1 .Q[:g) > (ß
+2k

)o 2. J = 1, 2, ..., s. (3.2.10)J - - JJ J

Using equations (3.2.7) and (3.2.10), we see that a sufficient con-

dition for both MSE(§mpC) < MSE(§) and MSE(émpC) < MSE(§PC) is

2. k.+22.(TJ-) C22.l < (yig)2 < (—J———J—)o22.l 3= 1, 2, ..., C..+2k. 3 3 k. 3J J J
(3.2.11)

Thus, for given 2j and kj, and estimated G2,
we can obtain an estimated

range of (yäßjz,
J = l, 2, ..., s, where the modified principal compo-

nents estimator will always perform better in terms of mean squared

error criterion than both the least squares estimator and the princi-

pal components estimator.

If we compare equation (2.5.10) with equation (3.2.2), we can

observe that the biases of both modified principal components estimator

and principal components estimator are functions of (yäßjyj and because
k.

of the nature of the weights, (E—;%—), in equation (3.2.2), the bias of
J J

the modified principal components estimator will always be smaller than

that of the principal components estimator.
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The residual sum of squares of the modified principal components

estimator can be written as

I I

= ' — bm'X' - bm'V K V'bm
XX - X - S S S..

. , m m' , m , m , —lV, , msince XXR -1:1 XXä=XX_11 -XXVD XXQ

= X‘XV'D_lV'(VDV'—X'X)p_m

= XfXVD—lV'(VDV'-VÄV')h?

I I

= gm V(D-A)V'gm = gm VKV'äm

I

= bm v K V'bm .
" S S S*

The regression sum of squares of the modified principal components

regression is

= , _
= m' , m' , m1 ssnm XX sszam g K y_+ 11 VSKSVSR

= 1 1 _ 1 ' 1 1 m' K 1 m(gxlgvmlvxl) +11 vs Svsg

=-
1; >2k (1 +k +k fl]

111

= I; (1+k.—‘ ’
. ‘ ‘ ‘ ‘ 2. 2.+k.J,1 1 J J=l_-J 1 1 1 J(J J)
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p _ s _ k,

1=1 1=1 1 1

since, pm = GE = V · V'GV ' V"g_

= V(I—D_lK)V'h = g - vD'l1<v·_1;L
v ..XI lvlxll

= X'X(X'X)_lX'X - X'X(X'X)-lVKD—]'V'XX

= fxv · V'(X'X)_lV · v'x'y_- Z'xv · V'(X'X)_lVKD_]'V'X'Z

= X·xvA"v·x·X - Z_'XVA—lKD_lV‘X'l
P _ S _ _

= 2 (v!x'};)22.l — 2 (V!X’X)29..lk.(2.+k.) 1
j=l

_J
J j=l

—J
J J J J

v - -hm VSKSV;hm = hm)/KV'äm = X'XVD lV'VKV'VD ]v'x'X

= X'XVD—lKD—lV'X‘X
s 2 -2= 2 V!x' 2.+k. k. .j=l("J X) (

J
J)

J

Thus, the regression sum of squares of the modified principal compo-

nents regression can be written as

p _ s _ k,
SSR = E (V!X'l)29..l — E (V!X'Z)£,l(—J—)2 . (3.2.12)m ._ -3 3 ._ -3 3 9..+k.1-1 J·l 1 1

If all the kj are zero, the regression sum of squares for the

modified principal components method will be identical to that of the
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least squares estimator, that is,

SSR = ä (V'X'y}2l—l = SSRL if k = 0
m

j=l
—-j

j S j
,

j = 1, 2, ..., s.

If we compare equation (3.2.12) with equation (2.5.13), we obtain

s s k,
SSRm — SSRC = E

Zj=lj=l 1 j

s 2 _l kg
S 2 aj [1 ——·J—;]

'=l 2 +k.J (j J)
S 2 _l !L_+k?+22.k.—k%

= Z ij [-1-;--;*%**;]
'=l 2,+k,J (J J)
S

2 _l a,(a_+2k.)
= 2 (vtx';) a. [—·J——·Jig—-]

j=1
’J J (a.+k.)

J J

= ä (V'X' )2(a
+2k )(a +k

)—2
> 0

H -1 J 1 1 1 1 ‘

Thus, the regression sum of squares for the modified principal

components method is always greater than that for the principal

components method. Alternatively, the residual sum of squares of

the modified principal components regression will be always smaller

than that of the principal components regression.

3.3 The Relationship Between the Modified Principal Components

Estimator and Other Estimators

1. The Least Squares Estimator and the Modified Principal

Components Estimator.
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From equation (3.2.1), we can see that
émpc

is a linear combina-

tion of the least squares estimator, éß

8 = Gé where G = VD—lAV' = [I + k
V']_l

.—mpc — s s s

(3.3.1)

2. The Principal Components Estimator and the Modified Principal

Components Estimator.

From equation (2.5.8), the principal components estimator can be

written as

A
=

_
I Iß-pc V.^.LY.>< Y

From equation (3.1.4), the modified principal components estimator

can be written as

A

= · I I
_

gmpc VS(AS+kS) lvsx y+ VtAtlV;X'X

Therefore, the relationship between é and é is-mpc —pc

A

=

—
I I

A

gmpc VS(AS+kS) LVSX y+gpc . (3.3.2)

3. The Generalized Inverse Estimator and the Modified Principal

Components Estimator.

The relationship between the generalized inverse estimator dis-

cussed by Marquardt (1970) and the modified principal components

estimator can be outlined according to the following two situations:

(a) If the rank of X'X is t, where t = p-s, the generalized

inverse estimator can be written as equation (2.5.14), which is
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equivalent to the principal components estimator,
épc. In this case,

the relationship between the modified principal components estimator

and the generalized inverse estimator will be the same as the relation-

ship given in equation (3.3.2).

(b) If the rank of X'X is p, but some of the latent roots of X'X

are small, the generalized inverse estimator, based on a fractional

rank of X'X, can be written as equation (2.5.15).

From equation (3.1.4), the modified principal components estimator

can be written as

^ _, -1 I I
_

I I
ßmpc VS(AS+1<S) VSX X + VtAt1‘VtX X

S
- -= { 2 (2,+1;.) ]‘V,V!]X'y + VA ]V'X'X . (3.3.3).:11 1 -1-1 - Ct E

J

Comparing equation (2.5.15) with equation (3.3.3), we can see

that the modified principal components estimator uses information

from all the latent vectors, V1, V2, V3, ..., VP; whereas, the

generalized inverse estimator based on a fractional rank of X'X,

contains information only from the latent vectors VS, VS+l, VS+2, ...,

V . In addition to this, V of é is weighted by (2 +k )—lc ;—p -6 —mpc s s s

whereas, VS of gc is weighted by wherecsB

For s = 1, B in equation (3.3.3) can be written as—mpc

Ä = (2 +k
)_lc

V + V A-lV'X'X_
where c = V'X'X· (3.3.4)—mpc 1 1 1-1 t t t 1 -1

’

whereas, éc in equation (2.5.15) can be written as
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QG vtiglvéxgi. (3.3.5)
l

Thus, f in equation (3.3.5) can be chosen so that @G is equal to

@mpC; this requires f = t + £l(2l+kl)—l. However, f is not generally

chosen in this fashion, so that, in practice, @mpc
and @6 will be

different estimators.

4. The Partitioned Ridge Regression and the Modified Principal

Components Regression.

From equation (2.5.5), the partitioned ridge estimator can be

written as

QR = (x•x + kA)_lX'X k > 0
O O

where A = O A22

and A22 is a positive semidefinite matrix.

From equation (3.1.4), the modified principal components estimatoy

can be written in another form as

·
A

= - I I
=

I I
—

IQmpc vu lv x X (x X+VSKSVS) lx X. (3.3.6)
• I I I -]*V , I I I -1Since V (X X+V K V ) — [V (X X+V K V )V]s s s s s s

As+1<S 0 'l _l
= = D

O At

I I -1* .. -1 Ithus, (X X+V K V ) — VD V .s s s
The matrix VSKSVé

in the equation (3.3.6) can be expanded and

written as follows:
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v'*1 0 Y1
' k V'v =

_VSKSVS (V1, V2, ..., Vs) Z, 2

0
*k

v'S *8

Vll Vzl ... Vsl kl O Vll V12 ... Vlp
V12 V2Z VS2 '*2 V2l Vss Vzp

Vlp Vzp ... VSP 0 ks Vsl VS2 ... VSP

S 2 S S
· Z k.V.l E k.V,lV.2 ... E k.V.lV.

j=l J J j=l J J J j=l J J JS

S S 2 S
Z k.V V Z k V E k V V

= J=l J J J J=l J J J=l J J2 JS

S S
.

S
•

2E k,VjSV,l E k,V,SV,2 ... Z k,V_S

Therefore, no element of the matrix VSKSVé is zero.

If we compare the equation (2.5.5) with the equation (3.3.6), we

can see that in the partitioned ridge estimator, some of the elements

of the matrix kA, which is added to the matrix X'X, are zero. However,

in the modified principal components estimator, the elements in the

matrix VSKSVÄ, added to the matrix X'X, are nonzero. In addition to
this, the criteria of the determination of k or kj are different under
these two procedures.



CHAPTER IV

FURTHER RESULTS OF STATISTICAL INFERENCE

4.1 Introduction

In Chapter III, the modified principal components (MPC) estimator

of the regression coefficients was established and some of its theore-

tical properties were developed. We shall now consider the use of

the regression model for testing hypotheses about the regression

coefficients and for constructing confidence intervals for the

individual coefficients based on estimates obtained through the use of

the MPC estimator.

4.2 The t-statistic for the Tests of Significance and a lOO(l-d)Z

Confidence Interval for Bj
we will now consider testing the hypothesis, HO: Bj = O.

Define m(b.—@.)-m.B. ‘
ti:VMS

• h.,E 11
m 1 "l 1 1 · ·

mwhere bj = Bj D V X Z_lS the jth element of B_,

B5 = is the jth row vector of V,

- /ä~ -1 ^
. = E b.) = ZD AY'B ,EJ (J HJ ·W

Bw = b - VA‘lu, cT%b,, and b, is the jth element of b,
- -' -1 JJ J J ‘-

h..= m?c,, and m, = uXD—lu,cT% .
JJ J JJ J -1 -1 JJ

We can now state the following theorem. '
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Theorem 4.2.1. For the model (2.1.3), with i ~ MVN(0, 021),
the t*

statistic in (4.2.1) has central t distribution with n-p—1 degree of

freedom.

Proof: (Adapted from Obenchain, 1977)

From equation (3.2.1), we have bm
= VD—lI\V'b. So, bl?

= uYD_l/\V'b

and E(b?) = g5D_l!\V'ä. We can then let ej = E(b;1) = where

^ -1 -1 -1=b—HXb— H= X'X , KX'X , .äw _ (gJ_ o), ( ) gJ(5J( ) 5J)

For the null hypothesis of Bj = 0 we have D = O and
_a:;”=

(0,...,0,l,0,

...,0) is a row vector with the value of one in the jth position and

zero elsewhere. Thus, gw is the restricted least squares estimator

of g under HO: ßj = 0.

Hence, H and gw =

Q — Vflgjcg-;“bj. Therefore, E(éw) = Q under H0. Thus ,we have

bl; — ej = g5D_lAV'ä—-1

-1 -1= XD V' V . ..b.EJ A ( A ä;1°J1 1)
= u€D_lu.cT%b. = m.b. (4.2.2)*J *J JJ J J J
where m, = uXD_lu,cT%.

J *3 *3 JJ
This implies that E(b? — ej) = mjßj and Var

(bi; — ej) =
czhjj,

where

hjj = mäcjj. Therefore, on the basis of the normality assumption, we
have m 2b. — . ~ N . . h.. d(J 6J) (mlßj, 6 JJ), an

(b1?—e.)—m.6. ,
—J—l——·]——l is distributed N(0,l). Also, = L$, where M = [1-

»/02h. . G G
JJ
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X(X'X)_lX'], is distributed as Xä_p_l. (4.2.3)

Furthermore,

m _ _ -l , _ -1 ,^
= -1 , _^Q_ g_— VD AV Q_ VD AV gw VD AV (Q_gw)

-31-p ‘
% X°

- cg; _V-D_]·AVI.. X Hp

where c*= VD_lAV'HQ5(X'X)_lX'

and C*M = VD_lAV'Hg5(X'X)_lX'[l—X(X'X)_lX'] = 0 . (4.2.4)

' Since y_~ N(Xg, qzl), C*M = 0, and this implies that C*y_and

y'My are independent. Therefore, (Q? — g) and SSE are independent.

It follows that

(b?-e.)—m.B.
..l..J_..;L.1

Y 02h.. (b?—e.)-m.B.
tr = ........l1.... = ..;L..l...;L;1

SS ./MS · h.,E JJ
26 (¤—p—l)

is distributed as tn_P_l and the proof is completed.

Thus, HO: Bj = O can be tested using

(b?-e.)
t*

=OMS · h,.E JJ

as the tést statistic.

Corollary 4.2.1. A 100(l-a)Z confidence interval for Bj is given by
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l m 1 ;—————————— 1 m 1——{b.—&.)— ——·t MSE • h., < B. < ——(b.—e.)+ ———t v’MS
•h,,.mj J J mj JJ J mj J J mj E JJ

(4.2.5)

4.3 The General Linear Hypothesis

Suppose we wish to test the general linear hypothesis, H0: Ag_= g

where A is a known rxp matrix of rank r, and g_is a known rxl vector.

Define

m 1 1 'l 1 1
“]- m(Ag X) ATF6

= (4.3.1)
E

where Em = VD_lV'X'Z)
/*111 -1 ^ ·gf = E(Ag ) = AVD AV'gw, and gw = g_— H(Agjg),

T = AVD_lKV'H and

H = (x·x>’lA•[A(x·x>°lA·]'l .
The distribution of F* is stated in the following theorem.

Theorem 4.3.1. Given the model (2.1.3), with g_~ MVN(0, 021), the

F3 statistic in (4.3.1) is distributed as Fr’n_P_l under HO: Ag = gg

Pr¤¤f= (Adapted from Obenchain, 1977)

*
m _ -1 , -1 ,^g_ = Ag — gf - AVD NV g_- AVD RV gw

- - AVD_l/\V'H(Ag—g)
= T(AQjg) (4.3.2)

.. *1 1 - 1 *1 1 1 *1 1 *1where T — AVD KV H and H — (X X) A [A(X X) A ] .
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Thus, E(2*) = E(Aäm'S*) = T(A_@—2) = 0 under HO, (4.3.3)

and Var (2*) = Var (A2m-2*) = Var T(A2—2)

= T Var A2 T' = T ' Q2A(X'X)_lA'T' = c2TA(X'X)—lA"l",

(4.3.4)/‘
1 -1 1 1 1 1 .and Var(2*) = MSETA(X X) A T is the unbiased estimator of Var(2*).

Therefore, 2* is distributed N[T(A2—2), ¤2TA(X'X)_lA'T'] under Hl,

and 2* is distributed N[0, o2TA(X'X)—lA'T'] under H0. Consequently,

*1 *1 m 1 2 1 "'l 1 1 m
2 (Var 2*) 2* = (A2 -2*) [0 TA(X X) A T ](A2 -2*)

(AQm—5*) [TA(X'X)_lA'T ' ] -1 (A§m·§_*)
=G

. . . 2 _ 1 , 2 , -1 , 1 -1is distributed as Xt Ä
, where Ä — ?[T(A§_—2) [o TA(X X) A T ] [T(A2—

S

2)] under Hl and A = 0, under H0.
SSE ·MFrom equation (4.2.3), we have = äi, which is distributed
G O

as
Xä_p_l,

and SSE = 2'M2 where M = [I — X(X'X)_lX']. (4.3.5)

Also, 2* (Var 2*)-12* = (A2-2)'T'[¤2TA(X'X)_lA'T']—lT(Ab_—_Q)

_ 1 1 1*1 1'l 1 * *1 _

=
(A2 A20) T T A (X X)A lT T(A2 A20)

2
0

= = 1%
_ G O

§.'M*a -1where M* = X(X°X) X'.
o'

· · 2 1 *]—X1 1 "lX1We have 2 distributed as N(O, g I), and M*M = X(X X) [I — X(X X) ]

= O. This implies that 2'M*2 and 2'M2 are independent. Therefore,
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Ei (Var ui)_¥ui and SSE are independent. (Graybill, 1976)

1t follows that
(Abm-e*)

' [TA (X 'X)—lA'T ']
Q-l

(Abm-gi) g
OZI (A§m—5*) ' [ TA(X'X)—lA'T' 1-1 (Agm—5*)

*
=2FoSSE r MSE

T2--
U (n—p—1)

is distributed as FI,¤_P_l under H0 and the proof is complete.

Thus, the F6 statistic in (4.3.1) can be used as the test statis-

tic for testing HO: Ag = Q.

4.4 Confidence Region for AQ

We now may construct a confidence region for AQ.

Theorem 4.4.1. With the model (2.1.3), and with E_~ MVN(O, U21), we

have that

m , , -1 , , -1 m
*

[(A_‘9_ -5*)—T(A§—p_)] [TA(X X) A T ] [(A5 -5 )—T(A5-1;)]
P{

rMSEl

‘

(lrProof:(Adapted from Obenchain, 1977)

From equations (4.3.2) and (4.3.3), and by setting

Ri = Ei - E(ui), we have Ri = ui
— E(ui) = T(Ab — Ag) . (4.4.2)

Thus, E(R*) = T E(Ab — Ag) = O, and

Var(Ri) = Var(ui — E ui) = Var u* = U2TA(X'X)_lA'T'.

(4.4.3)
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Then, 5* is distributed N[Q, 02TA(X'X)_lA'T']. Therefore,

&*(Va_I
&*)_l§-*

= (g* • —
-

’* 1 1 "l 1 1_ ’l mKA; ·g )-T(A§—9_)J [TA(X X) A T J [(A§ —5*)—T(A§—g)]
2O’

. . . 2 _ l , 2 , —l , , —l
is distributed as X (r, A), where A — §(Q) [o TA(X X) A T ] (Q_) = O.

SS ,
From equation (4.2.3), we have —-§- = , which is distributed

0 0
as Xä_p_l. Also, from equation (4.3.5), we have SSE = i:_'M_g, where

M = [I — X(X'X)_lX'].

Therefore, referring to equations (4.4.2) and (4.4.3), we have

5* (Var 5*)-1
5* = (AQ—AQ)'T'[02TA(X'X)-lA'T']—lT(A5—AQ)

(A5-AQ)"I"T'_lA'_l(X'X)A_lT-lT(A5-AQ) Ai'X(X'X)_lX'£

02 02

s'M*s -= ——E— , where M* = X(X'X) lX'
,

0
• _

I -]XI _
I -1* I

_
1 f I -1 I _

since 5 - (X X) X
— (X X) X (XQ+5) - Q

-¤— (X X) X 5, and A(5—Q) —

A(X'X)_lX'5. Then, M*M = X(X'X)—l[I - X(X'X)-lX'] = 0, This implies

that ä'M*_zi and £'Mg are independent and hence 5*'(Var 5*)-1
5* and

SSE are independent. Therefore, _

m 1 1 "l 1 1 "l m[(A§ —g*) —T(A§—g)J [TA(X X) A T ] [(A§ —g*)—T (A_@—Q_)]

SSE

0 (n-p—l)

m , , ·-l , , -1 m[(A§ -g*)—T(A§—p_)J [TA(X X) A T J HAQ —g*)—T(Aß_—_;;)J
= 1: MSE
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is distributed as FI, ¤_P_l.

It follows that lOO(l—¤)Z confidence region for AQ is given by

the set of all §_for which

m ‘ v v "l r v
’l m[(A§ ·e*)—·T(A§··g)J ITA(X X) A T J [(A§ —_@_*)—T(A@—g)]

< _

A r MSE A A

Fa,r,n—p—l}°



CHAPTER V

SIMULATIONS

5.1 Introduction

In this chapter, Monte Carlo techniques are employed to evaluate

the effectiveness of the modified principal components estimator in

reducing the damaging effects of multicollinearity. The estimator

will be compared with the least squares estimator and the principal

components estimator.

The simulatious were conducted on an IBM—37O computing using a

program written by the author, which incorporated subroutines from

the IBM Scientific Subroutine Package (1970).

5.2 Construction

From equations (3.2.7), (3.2.8), and (3.2.10), we see that for

constant kj, the magnitude of improvement of MSE(§mPC) over MSE(é)

or MSE(gpC) depends on the magnitude of (:%-9 relative to ij for i =

l, 2, ..., s. For this simulation, we controlled the following

parameters:

n = number of observations,

p = number of regressor variables,

ij = smallest latent roots of X'X, j = 1, 2, ..., s, s = 1, or 2,

53
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VÖB
¢. = orientation = :1:-, j = 1, 2, ..., s, s = 1, or 2,J ·/EE

Q'Q
p = signal-to-noise ratio =——-E .

Six X matrices were generated for this study. They are as

follows:

first X matrix: with n = 30, p = 10, 21 = 0.0105992,

second X matrix: with n = 30, p = 10, 21 = 0.005009,

third X matrix: with n = 30, p = 10, 21 = 0.0490105,

fourth X matrix: with n = 30, p = 5, 21 = 0.013574,

fifth X matrix: with n = 30, p = 15, 21 = 0.005374,

sixth X matrix: with n = 30, p = 10, 21 = 0.0178895

22 = 0.0303788, with two

multicollinearities.

The strength of the multicollinearities is indicated by the

size of the smallest latent roots of X'X. For convenience, the X

matrices are identified by 21, the smallest latent root. The complete

set of the latent roots of X'X for the six X matrices is given in

Table 5.l,where the latent roots have been arranged in ascending order

of magnitude. Each matrix represents a different degree of multicol-

linearity. The first X matrix through the fifth X matrix contains a

single multicollinearity involving the first three regressor variables.

The sixth X matrix contains two multicollinearities. It consists of

eight columns of random observations, and the first column is a linear

combination of the third column and the fourth column plus a random

error vector, and the second column is a linear combination of the
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fifth column and the sixth column plus a random error vector.

The latent vectors associated with small latent roots of X'X
for each matrix are given in Table 5.2. In this table, the latent

vectors corresponding to small latent roots reveal that the multi-

collinearity involves the first three regressor variables for the

first X matrix through the fifth X matrix and that the multicollinear-

ity involves the first six regressor variables for the sixth X matrix.

The values of §_used in the simulation are given in the Tables

5.3a and 5.3b. They were selected in order to obtain various orienta-

tions of §_with.Yl. The degree of parallelism is used as the measure

of orientation. The orientations of §_and Yj are given below:

j=l, 2,...,S
xi, er fi?

where 6 is angle between Q_and Yj.

The choices of §_in Tables 5.3a and 5.3b were made in order to

compare the performance of the estimators for various orientations of

g_ranging from parallel to Y1 to orthogonal to Y1. A value of |¢l|

near one indicates that Q_is nearly parallel to Y1. On the other

hand, a value of |¢l| near zero indicates that g_is nearly orthogonal

to X1. The measure is scaled so that iävés not affected by the length
of Q: The signal—to-noise ratios, p = I-gz, are given in the Table5.3a. U

One hundred samples of size 30 of response variables were genera-

ted for each X matrix, using each of nine choices of orientation and

five choices of signal-to-noise ratios according to the model:
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NVM(0, ozln)
.

The random error terms were generated by GAUSS, a subroutine

from the IBM Scientific Subroutine Package.

5.3 Evaluation

For each sample so generated, we obtain the estimates of §_for

the least squares estimator, the principal components estimator,

and the modified principal components estimator, In order to evalu-

ate the performance of the modified principal components estimator

and to compare its performance with that of the least squares estima-

tor and that of the principal components estimator, the total estimated

squared error was calculated for each sample using
A P A 2mil= SEQQ) = ·§l(ßj—Bj) , i = 1, 2, ..., 100

P ^ 2mi2= SEQQPC) = j§l(BjpC-Bj) , i = 1, 2, ..., 100

A p A 2mi3= SE(§mpc) = jfl(Bjmpc—Bj) , i = 1, 2, ..., 100

for the least squares estimator, the principal components estimator

and the modified principal components estimator respectively.

We also determined the average value, the standard deviation, the

maximum and the minimum of the 100 total estimated squared EYYOYS f¤f

each combination of orientation and signal-to-noise ratio. We refer

to these average estimated total squared errors as estimated mean

squared errors. These sumary statistics for the 100 total estimated

squared errors for the least squares estimates, the principal comp-

onents estimates, and the modified principal components
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estimates are presented in Tables 5.4 through 5.9. Within each

table, various values of the orientation |¢| are included, ranging

from zero to one.

For the principal components procedure used here, we always delete

the components associated with the small latent roots of X'X, since

Mansfield (1975) has demonstrated that the use of the response varia-

bles as an aid to determine which terms to delete does not consistent—

ly indicate the proper terms to delete.

Table 5.16 through Table 5.21 contain the number of times (out

of 100) that the total estimated squared error of the modified princi-

pal components estimator is less than that of the least squares esti-

mator and the principal components estimator respectively for the

first X matrix through the sixth X matrix.

Table 5.22 (a through f) contains the variance inflation factors

for both the least squares estimator and the modified principal com-

ponents estimator.

5.4 Conclusions

”
In this section, the performance of each estimator will be dis-

cussed and the situations where each does the best will be mentioned.

From the simulation results presented in Table 5.4 through Table

5.9, we can make the following comments.

The least squares estimator is very unstable as can be seen from

the maximum values and the minimum values of the 100 total estimated

squared errors in each table. Among each set of 100 runs there is
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considerable variation of the total estimated squared errors, with

some being extremely large and some very small. For example, for

the X matrix with.a minimum latent root of 0.005009 and the signal—to-

noise ratio of 100, the minimum total estimated squared error is 10.35

and the maximum total estimated squared error is 2248.02. This indi-

cates that the least squares estimator is very unreliable when multi-

collinearity is present. Hence, predictions obtained from least

squares estimates will also be very unreliable.

The least squares estimator has larger estimated mean squared

error than either of the other two estimators for most of the orienta-

tions when the signal—to—noise ratio is small. For example, when 21 =

0.0105992 and p = 100, the MSE(é) is 110.73, which is larger than

either MSE(§pc) or MSE(§mpC) in most of the orientations.

For the least squares estimates, the average of 100 runs is

affected a great deal by the size of the smallest latent root. This

is because the least squares estimator in equation (2.2.2) still con-

tains the smallest latent root. For example, when 2l = 0.0490105, and

p.= 100, the average of 100 total estimated squared error is 36.77;

when 21 = 0.005009, and p = 100, the average of 100 total estimated

squared error is 254.18. However, the average of 100 runs for the

least squares estimates is not affected by the orientation. This is

because the least squares estimator is unbiased and its mean squared

error in equation (2.2.5) does not contain a (Zig) term. This can be

seen from Tables 5.4 through 5.9 which show that as the orientation

increases, the average values of the 100 total estimated squared errors
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for the 100 samples remain nearly constant across orientations.

For the principal components estimates, the average values of

the total estimated squared errors for the 100 samples increase as the

orientation increases. This is caused by the addition of the bias in

the mean squared error function. However, these averages are not

affected by the changes in the magnitude of the smallest latent root.

This is due to the fact that the smallest latent root has been removed

from the estimator, as seen in equation (2.5.8).

The principal components procedure performs well in those cases

where_ä is orthogonal or nearly orthogonal to Y1. This is to be

expected since the deletion of the first component reduces the variance

part of MSE(épc) in equation (2.5.12) by an amount equal to ozßil,

without adding any bias. However, it performs very poorly when g_is

parallel or nearly parallel to X1. This can be seen by examining the

estimated mean squared error for the cases where ¢l > 0.625 in Tables

5.4 through 5.9.

The modified principal components estimator has a smaller esti-

mated mean squared error than the other two estimators over a wide

range of middle values of orientations as indicated by the notation

"*" in Tables 5.4 through 5.9. For those cases for which modified

principal components regression does not perform the best, it is always

the second best and is always close to the best. For example, when

ll = 0.005009, p = 100, and ¢l = 0, the estimated mean squared error

of the modified principal components estimate is 33.96, and it is

much closer to that of the principal components estimate (10.706) than
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that of the least squares estimate (254.182).

When §_is parallel or nearly parallel to Y1, the modified princi-

pal components estimator produces substantially smaller estimated mean

squared error than the principal components estimator does. For

example, when 21 = 0.0105992, p = 100, and ¢l = 1.0, the MSE(émPc) is
59.47 while MSE(§Pc) is 111.02. This due to the fact that the bias

in MSE(émpC) has been tremendously reduce; since the weight in each

term of the bias part of
MSE(§mpc) is (E-ié-)2 which is less than one

and will be close to zero when kj is sma11.J
For the X matrix with.the smallest latent root of 0.0490105,

principal components regression performs noticeably worse than the

least squares estimator or the modified principal components estimator

for all the signal-to-noise ratios when $1 is greater than 0.625.

This is due to the addition of the very large bias in the mean squared

error function. The modified principal components procedure effective-

ly reduces the bias and hence effectively reduces the mean squared

error. This phenomenon can be seen by examining the estimated mean

squared error for the cases where $1 > 0.625 in the Table 5.6 (a

through f). For example, when 21 = 0.0490105, p = 1000, and $1 = 1.0,

the MSE(émPc) is 3.47, while the MSE(§Pc) is 101.05. The use of the

principal components estimator in this case could be very misleading

because the estimates are very biased.

The standard deviations of the 100 total estimated squared errors

for the least squares estimator are very large relative to those of

the other two estimators. This indicates the large variability of the
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the 100 total estimated squared errors of the least squares estimator

with the multicollinear data; that is, least squares estimates of

regression coefficients fluctuate from sample to sample and are very

unstable. Thus, least squares estimates of regression coefficients

can be very unreliable when multicollinearity exists in the matrix of

regressor variables.

For the X matrix with.5 variables in Table 5.7 (a through f) and

the X matrix with 15 variables in Table 5.8 (a through f), we obtain

similar conclusions as for the X matrix with 10 regressor variables.

The simulation is also extended to the case of two small latent

roots as displayed in Table 5.9 (a through f). For this table, all

possible combinations of ¢j are used where ¢j was chosen to be 0,

0.25, 0.5, 0.75, and 1.0 for j = 1, 2. The simulation results of this

X matrix with two small latent roots are similar to those of the X

matrix with one small latent root. Thus, the comments, made above for

the sumary statistics, also apply to the X matrix with two multicol-

linearities. For example, in this matrix, when p = 200 or 300, the

modified principal components estimator produces more satisfactory

results than either of the other two estimators in 12 out of 17 cases.

(See Table 5.9.)

Figures 5.1 through 5.6 show the relationships between the esti-

mated mean squared error of the three estimators (the least squares

estimator, the principal components estimator, the modified principal

components estimator) and the orientation, ¢l, of §_to 21 for the first

X matrix (21 = 0.0105992). These figures, which are plotted by using
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information from Table 5.4 (a through f) provide a clear picture of

the performance of the three estimators in the first X matrix. The

comments made above concerning the estimated mean squared errors in

Table 5.4 can also apply to these figures. They can be outlined

briefly as follows. The estimated MSE(§pC) and the estimated

MSE(§mPc) increases as ¢l increases, while the estimated MSE(é)

remains constant as ¢l increases. The estimated MSE(éPc) is smaller

than either the estimated MSE(§) or the estimated MSE(émPC) when ¢l

is zero or near zero. However, it increases rapidly as ¢l increases

and it becomes larger than the estimated
MSE(émpc).

(This change

occurs when the value of ¢l is between 0.2 and 0.5.) The estimated

MSE(émpc) is much smaller than the estimated MSE(éPc) when ¢l is

equal to one or near one. Overall, these figures indicate that the

estimated MSE(§mpc) is smaller than the estimated MSE(§) and the

estimated MSE(§pc) over a wide range values of ¢l and p.

Table 5.10 through Table 5.15 contain the theoretical mean

squared errors of the least squares estimator, the principal compo-

nents estimator, and the modified principal components estimator.

These theoretical mean squared errors are obtained by using the

equations (2.2.5), (2.5.12), and (3.2.4) for the least squared esti-

mator, the principal components estimator, and the modified principal

components estimator respectively. They provide a further check on

the conclusions stated above. The fact that the estimated mean squared

errors in the Table 5.4 through the Table 5.9 are very close to the

corresponding theoretical mean squared errors in Table 5.10 through
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Table 5.15 indicates that our sample size of 100 is large enough to

compute the estimated mean squared error. The conclusions drawn above

for estimated mean squared errors (the average values of the total

estimated squared errors for the 100 samples) of least squares estie

mates, principal components estimates, and modified principal compo-

nents estimates, are unaltered by these corresponding theoretical mean

squared errors.

In Tables 5.16 through 5.21, for each set of 100 samples, cOuntS

are made of the number of samples out of 100 for which the total

estimated squared error of the modified principal components estimator

is smaller than that of the principal components estimator and the

least squares estimator respectively. These counts presented in Tables

5.16 through.5.21, can be used to support the conclusions made above.

For example, in Table 5.18, when p = 100,
MSE(émpc) is less than MSE(é)

more than 55% of the time for all the orientation, and the MSE(§mpC)
is less than the MSE(éPc) more than 532 of the time for ¢l > 0.375;

when p = 200, MSE(§mpC) is less than MSE(§)»more than 522 of the time

for all the orientations and the MSE(émPc) is less than the MSE(§Pc)

more than 502 of the time for ¢lA; 0.25. Principal components regres-

sion performs better only for the cases when é_is orthogonal or nearly

orthogonal to Y1.

Further results of the simulation can be seen by examining the

variance inflation factors corresponding to each of regressor variables

for least squares and for the modified principal components procedure

respectively. As can be seen in the Table 5.22 (a through f), the
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modified principal components procedure effectively reduces the

variance inflation factors for those regressor variables involved in

the multicollinearity, while its effect on the remaining variance

inflation factors is negligible.

For each X matrix, the käs, determined by the variance inflation
factor criterion, are given below:

first X matrix: kl = 0.014,

second X matrix:. kl = 0.0112,

third X matrix: kl = 0.003,

fourth X matrix: kl = 0.0126,

fifth X matrix: kl = 0.0118,

sixth X matrix: kl = 0.0122,

kz = 0.0113.

5.5 Tables and Figures
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Table 5.1 Latent Roots of X'X

lst X 2ud X 3rd X 4th X 5th X 6th X
Matrix Matrix Matrix Matrix Matrix Matrix

2l 0.010599 0.0050099 0.049010 0.013574 0.005374 0.017889
22 0.269799 0.373841 0.379009 0.720962 0.189588 0.030378
23 0.474545 0.586275 0.584896 1.024013 0.337236 0.484500
24 0.606893 0.780317 0.775352 1.168488 0.403558 0.606272
25 0.741168 0.902358 0.902387 2.072935 0.482485 0.897948
26 1.054171 0.945521 0.943341 0.515671 1.029147
27 1.168946 1.079109 1.077696 0.778568 1.160969
28 1.475028 1.445634 1.449540 0.936636 1.299992
29 1.647505 1.530352 1.536986 1.017790 2.118703
210 2.551177 2.351444 2.301644 1.100485 2.354039
211 1.378034
212 1.471312
213 1.592427
214 2.052575
215 2.737864

V
lst X Matrix: X30Xl0
2nd X Matrix: X3OXlO
3rd X Matrix: Xgoxlo
4th X Matrix: X3OX5
5th X Matrix: X3OXl5
6th X Matrix: X3OXlO
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Table 5.2 The Latent Vectors Associated With the Smallest

Latent Root(s) of Each Matrix

1st X Matrix:

Xi = (+0.73599l,- 0.628152,+ 0.246981,- 0.015178,- 0.009951,

+ 0.012783,+ 0.001666,+ 0.007821,+ 0.040456,- 0.023332)

2nd X Matrix:

Xi = (+0.704443,— 0.531947,- 0.467219,+ 0.012128,+ 0.022515,

- 0.018542,- 0.024426,- 0.009148,- 0.016042,+ 0.023637)

3rd X Matrix:

Xi = (+0.698568,- 0.538589,- 0.439688,+ 0.045079,+ 0.077228,

— 0.065633,- 0.078594,- 0.021569,- 0.052244,+ 0.083175)

4th X Matrix:

Xi = (+0.699432,- 0.415915,- 0.580736,+ 0.001846,+ 0.023435)

5th X Matrix:

Xi = (—0.71l466,+ 0.559907,+ 0.412157,+ 0.043568,+ 0.030222,

+ 0.046455,+ 0.026068,+ 0.003482,+ 0.013782,+ 0.033798,

- 0.036655,+ 0.009884,- 0.025930,- 0.007693,+ 0.035666)

6th X Matrix:

Xi = (-0.21293S,- 0.669694,+ 0.103216,+ 0.148562,+ 0.559638,

+ 0.397542,+ 0.008405,+ 0.017728,+ 0.024430,- 0.034971)

yé = (+0.700238,— 0.184906,- 0.426562,- 0.486455,+ 0.214913,

+ 0.061895,- 0.054415,- 0.014938,- 0.033233,+ 0.050689)
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Table 5.3a The Orientations of §_to 31 (for One Small Latent Root)

and Signal—to—Noise Ratio

Orientation

6 I
O §_= 10YlO

0.125 g_= 1.2531 + 9.9215310

0.25 g_= 2.531 + 9.6824310

0.375 g_= 3.7531 + 9.2702310

0*50.625 g_= 6.2531 + 7.8062310

0.75 g_= 7.531 + 6.6143310

0.875 3_= 8.7531 + 4.8412310

1.0 §_= 10Yl

Signal—to—Noise Ratio

. O1 2
100 62 = 12 = 1.000

200
”

62 = (O.7O7l)2 = 0.4999

300 62 = (O.5774)2 = 0.3334

500 62 = (O.4472)2 = 0.1999

750 62 = (0.3652)2 = 0.1334

1000 62 = (0.3l62)2 = 0.0999



68

Table 5.3b The Orientations of Q to 2l amd Q to 22

(for: wo Small Lateut Roots)

O 0 Q = 10210

0 0.25 Q = 2.522 + 9.6824210

0 0.5 Q = 522 + 8.6602210

0 0.75 Q = 7.522 + 6.6143210

0 l Q =~l022

0.25 0 Q = 2.521 + 9.6824210

0.25 0.25 Q = 2.521 + 2.522 + 9.3541210

.2 . = 2.5V0 5 0 5 Q __l + S22 + 8.2916210

0.25 0.75 Q = 2.521 + 7.522 + 6.1237210

0.5 0 Q = 521 + 8.6602210

_ 0.5 0.25 Q = 521 + 2.522 + 8.2916210

0.5 0.5 Q = 521 + 522 + 7.0711210

0.75 0 Q = 7.521 + 6.6144210

0.75 0.25 Q = 7.521 + 2.522 + 6.1237210

0.75 0.5
a

Q = 7.521 + 522 + 4.3301210

I1.0 0 B — 1021
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U
Table 5.16 Number of Times (of 100) that SE(émPc) < SE(é),

or SE{émpc) < SEQQPC); 1st X Matrix

p = 100 p = 200 p = 300
¢1

LS PC LS PC LS PC

0 100 0 100 0 100 0

0.125 94 20 94 27 90 40

0.25 88 43 80 56 74 62

0.375 80 56 70 69 64 76

0.5 72 67 61 77 56 81

0.625 66 75 56 81 48 88
U

0.75 60 78 50 87 40 93

0.875 56 81 42 92 35 96

1.0 54 84 40 93 28 97

p = 500 p = 750 p = 100

LS PC LS PC LS PC

0 100 0 100 0 100 0

0.125 88 45 82 55 78 56

. 0.25 69 70 62 77 59 79

0.375 56 81 52 86 44 90

0.5 47 88 40 93 32 97

0.625 40 93 29 97 22 98

0.75 30 98 20 99 17 99

0.875 23 98 16 99 14 100

1.0 19 99 14 100 9 100
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Table 5.17 Number of Times (of 100) that SE(émpc) < SE(ä),

or SE(ämPc) < SE(épC); 2nd X Matrix

p = 100 p = 200 p = 300

81
LS PC LS PC LS PC

0 100 0 100 0 100 0

0.125 95 21 94 29 90 32

0.25 88 35 86 48 80 54

0.375 86 50 72 66 70 69

0.5 75 60 69 70 64 76

0.625 72 68 63 77 60 79

0.75 68 71 62 78 52 84

0.875 64 76 52 84 46 88

1.0 62 78 48 86 39 92

p = 500 p = 750 p = 1000"’1
LS PC LS PC LS PC

0 100 0 100 0 100 0

0.125 88 42 86 47 83 52

0.25 72 68 70 69 66 74
l

0.375 64 75 62 78 54 82

0.5 57 81 49 85 45 89

0.625 48 86 40 92 35 94

0.75 40 92 33 96 30 97

0.875 36 94 30 97 24 97

1.0 31 96 25 97 17 99
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Table 5.18 Number of Times (of 100) that SE(§mpC) < SE(§)

or SE(§mpc) < SE(§pC); 3rd X Matrix

p = 100 p = 200 p = 300
4*1

LS PC LS PC LS PC

0 100 0 100 0 100 0

0.125 91 23 86 33 81 41

0.25 79 43 75 50 71 61

0.375 73 53 63 76 59 83

0.5 66 71 57 86 56 93

0.625 60 82 56 93 53 97

0.75 56 88 54 97 52 99

0.875 56 93 52 99 52 100

1.0 55 96 52 99 51 100

p = 500 p = 750 p — 1000
81

LS PC LS PC LS PC

0 100 0 100 0 100 0

0.125 77 47 76 49 72 57

0.25 61 78 57 86 56 91
4

0.375 56 93 54 97 53 98

0.5 53 97 52 99 52 100

0.625 52 99 52 100 50 100

0.75 52 100 50 100 50 100

0.875 50 100 50 100 48 100

~ 1.0 50 100 48 100 47 100
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Table 5.19 Nuber of Times (of 100) that SE(émPc) < SE(§)

or SE(§mPc) < SE(§?c) (4th X Matrix)

p = 100 p = 200 p = 300

¢1
LS PC LS PC LS PC

0 100 0 100 O 100 0

0.125 89 25 86 34 84 41

0.25 83 44 75 54 71 59

0.375 74 58 68 67 60 75

0.5 68 66 57 78 51 83

0.625 61 74 50 84 41 89

0.75 55 79 42 88 34 91

0.875 50 84 36 90 31 91

1.0 45 87 32 91 27 94

p = 500 p = 750 p = 1000
¢1

LS PC LS PC LS PC

0 100 0 100 0 100 0

0.125 81 47 77 51 73 58

0.25 66 70 58 77 54 80
‘ 0.375 51 83 44 87 37 90

0.5 40 89 33 91 31 91

0.625 32 91 27 94 20 96

0.75 27 94 20 96 15 98

0.875 20 96 15 98 12 99

1.0 16 98 12 99 10 100
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Table 5.20 Number of Times (of 100) that SE(émpC)
< SEQQ)

or SE(émPc)
< SE(§Pc) (5th X Matrix)

p = 100 p = 200 p = 300

11
LS PC LS PC LS PC

0 100 0 100 0 100 0

0.125 93 \20 90 32 88 37

0.25 87 42 82 52 ‘ 82 54

0.375 82 54 79 61 74 64

0.5 80 60 73 76 63 69

0.725 76 63 61 71 51 79

0.75 71 66 51 79 43 85

0.875 63 69 45 83 38 88

1.0 51 79 40 86 29 91

p = 500 p = 750 p = 1000
11

LS PC LS PC LS PC

0 100 0 100 0 100 0

0.125 87 43 82 50 82 54

0.25 78 61 73 65 66 69
‘

0.375 63 69 51 79 46 82

0.5 49 80 41 86 34 89

0.625 41 86 29 91 24 93

0.75 30 90 23 93 17 98

0.875 27 92 16 98 11 99

1.0 19 96 11 99 9 99
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Table 5.21 Number of Times (of 100) that SE(émpC) < SE(é)

0; $E(émpc) < SEQ§PC) (6th X Matrix)

p = 100 p = 200
4

p = 300
¢1 82 4

LS PC LS PC LS PC

0 0 100 0 100 „0 100 0

0 0.25 100 12 99 24 99 36

0 0.5 93 44 86 73 81 85

0 0.75 85 75 75 93 68 99

0 1 77 89 67 99 59 100

0.25 0 98 12 93 25 90 35

0.25 0.25 96 26 91
457

85 59

0.25 0.5 87 51 81 75 70 87

0.25 0.75 81 77 69 93 61 99

0.5 0 86 42 77 64 66 76

0.5 0.25 85 49 72 69 59 83

0.5 0.5 80 64 62 86 52 92

0.5 0.75 74 83 57 97 49 99

0.75 0 74 66 53 85 44 92

0.75 0 71 69 54 87 44 93

_ 0.75 0.5 63 79 48 92 43 98
1 0 57 84 41 93 32 99
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Table 5.21 (ßoutinued) (6th X Matrix)

p = 500 p = 750 p = 1000

LS PC LS PC LS PC

0 0 100 0 100 0 100 0

0 0.25 89 52 86 70 83 78

0 0.5 7l 97 67 99 63 99

0 0.75 61 100 50 100 48 100

0 1 49 100 37 100 35 100

0.25 0 83 45 78 60 74 66

0.25 0.25 75 73 64 84 59 89

0.25 0.5 59 97 51 99 48 100

0.25 0.75 48 100 44 100 42 100

0.5 0 51 85 42 93 37 96

0.5 0.25 50 91 41 98 35 99

0.5 0.5 45 100 40 100 33 100

0.5 0.75 42 100 36 100 31 100

0.75 0 36 97 26 100 20 100

0.75 0.25 32 99 27 100 24 100

0.75 0.5 32 100 27 100 23 100

1 0 22 100 18 100 12 100
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Table 5.22 The Variance Inflation Factors for LSE and PCE Respectively

(a) 1st X Matrix (b) 2nd X Matrix

. (LSE) (MPC) . (LSE) (MPC)Vaalabla vw vw Vaaaabla vw vw
xl 51.4717 9.8580 xl 99.3487 9.7706
x2 38.0357 7.7230 x2 57.2463 6.1666
x3 7.0567 2.3705 x3 44.5093 5.1041
xa 1.4551 1.4374 xa 1.1506 1.1240
xs 1.4419 1.4248 x5 1.4377 1.3461
x6 1.4683 1.4557 x6 1.1737 1.1116
x7 1.4793 1.4791 x7 1.5051 1.3973
x8 1.4190 1.4142 x8 1.2912 1.2760
xg 1.4864 1.3606 x9 1.1108 1.0643
xlo 1.3156 1.2737 xlo 1.3354 1.2345

(c) 3rd X Matrix (d) 4th X Matrix

, (LSE) (MPC) . (LSE) (MPC)
Variable VIF VIF Variable VIF VIE

xl 10.2891 9.1736 xl 36.3284 9.8806
x2 6.6161 5.9530 x2 13.4827 4.1654
x3 5.0027 4.5607 x3 25.3506 7.1869
xa 1.1506 1.1459 x4 1.0630 1.0625

x5 1.4377 1.4240 x5 1.1489 1.1189
x6 1.1737 1.1638
x7 1.5051 1.4909
x8 1.2912 1.2901

' xg 1.1108 1.1046
xlo 1.3355 1.3196



126

Table 5.22 (Continued) The Variance Inflation Factors

for LSE and PCE Respectively

(c) 5th X Matrix (f) 6th X Matrix

. (LSE) (MPC) . (LSE) GMPC)Variable VIF VIF Variable VIF VIF
xl 94.7532 9.7912 xl 18.9445 9.7401
x2 59.0034 6.3837 x2 26.5060 9.7908
x3 33.0418 4.5288 x3 7.5085 4.3159
xa 1.9253 1.6066 xß 9.6702 5.2275
x5 1.7639 1.6105 x5 19.6083 7.5777
x6 2.6438 2.2815 x6 9.7421 3.9719
x7 1.4955 1.3814 x7 1.4935 1.4452
x8 1.7559 1.7544 x8 1.2634 1.2485
xg 1.3322 1.3003 x9 1.1358 1.0971

xlo 1.8254 1.6336 xlO 1.2677 1.1838

xll 1.9023 1.6765
xlz 1.6792 1.5934
xl3 1.4769 1.3641

V xlé 1.4988 1.4888
xl5 1.8268 1.6132
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CHAPTER VI

CONCLUSIONS

When near linear relationships exist in the matrix of independent

variables of a multiple linear regression model, the least squares

estimators of the coefficients of the variables involved in the

linear relationships are very unreliable. As seen in Chapter II,

the least squares estimator of the regression coefficients tends to

place considerable weight on the latent vectors corresponding to small

latent roots of X'X. Therefore, the elements of the é_corresponding

to the regressors involved in multicollinearities tend to be dominated

by the multicollinearities. Thus, the least squares estimators are

severely affected by the linear dependence among the regressors, and

they could estimate the true parameters poorly.

Three biased estimation procedures which have been proposed as

alternative procedures to least squares estimation, are ridge regres-

sion, principal components regression, and latent root regression.

Principal components regression is designed to remove the ill-

effects of the multicollinearity by an orthogonal transformation of

the dataand by deleting the components associated with small latent

roots of X'X in order to obtain more stable estimates of the ß's

(Mansfield, l975)_ Several simulation studies in the statistical

literature have indicated that the principal components estimator

l33
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performs very well, in terms of mean squared error, relative to the

least squares estimator and other estimators. (Gunst and Mason, 1977)

(Mansfield, 1975) However, the performance of the principal components

estimator depends very*strongly on the orientation of §_to Y1, the

latent vector defining the multicollinearity. The principal components

estimate tends to be dominated by the bias when the §_is parallel

or nearly parallel to Y1. Since the measure commonly used to test the

_ predictive ability of a component is not reliable when the component

is associated with a small latent root, principal components regression,

which deletes a component associated with a small latent root without

regard to its predictive ability, may result in loss of information

when the deleted component has predictive value.

This paper proposes a modified principal components regression,

which is a compromise procedure between the least squares regression

and the principal components regression. For the modified principal

components estimator, the weights are reduced on the latent vector

corresponding to the small latent root from the least squares esti-

mator while retaining the same weights on the other latent vectors,

but these terms are not completely deleted as in principal components

estimator.

Certain theoretical properties of the resulting estimator are

investigated and are compared to those of the least squares estimator ·

and those of the principal component estimator.

A major feature of the modified principal components estimator l

is that kgs are nonstochastic. This is important because all the
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theoretical properties, including the expectation, the variance and

the mean squared error, are derived under the assumption that kjs are

constant. This allows some measure of the precision of the estimates

of the regression coefficients. Certain hypotheses about the Bj can

be tested and confidence intervals for the Bj can be constructed.

For this purpose, the t-statistic for the test of significance of the

individual coefficient and the F-statistic for testing the general

linear hypothesis have been constructed for the resulting estimator.

Since the mean squared error of the modified principal components
‘

estimator depends upon the unknown parameters, a Monte Carlo study was

undertaken to investigate the performance of this estimator by using

various orientations. signal—to-noise ratios, three different numbers

of regressor variables, and several degrees of multicollinearity.

The general results of these simulation can be summarized as follows:

1. The modified principal components estimator performs better

than either of the other two estimators over a wide range of orienta-

tions and signal—to-noise ratios. It provides a reasonable compromise

choice between the least squares estimator and the principal components

estimator when the orientation is unknown.

2. For those orientations where the modified principal components

estimator does not perform the best, it is always the second best and

is always close to the best.

3. The least squares estimator is unstable for all the orienta-

tions with multicollinear data.

4. Principal components regression performs very well in those-

cases where B_is orthogonal to or nearly orthogonal to Y1. However,
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it performs very poorly for ¢l j_0.625; that is, when §_is parallel

or nearly parallel to X1. For these orientations, the mean squared

errors of the modified principal components estimator are much smaller

than those of the principal components estimator.

Suggestion for Further Research:

In this paper, the kjs of the modified principal components

estimator are determined under the situation where the orientation

of §_and Y1 is unknown, since the measure comonly used to determine

the predictive ability of a component is not reliable when the component

is associated with a small latent root. If the orientation between ä

and Y1 can be estimated accurately, the kjs of the modified principal

components estimator can be determined so that the maximum variance

inflation factor of xj is equal to 1, 2.5, 5, 7.5, and 9.9 for ¢l =

O, 0.25, 0.5, 0.75, and 1.0 respectively. Thus, the modified principal

components regression has potential for improvement, but information

is needed about the orientation of the vector of regression coefficients

and the latent vector defining the multicollinearity before this poten-

tial can be realized. Therefore, further studies for determining the

orientations of §_and Y1 need to be done. Also needed are investiga-

tions to determine other methods of choosing kj in order to reduce the

estimated mean squared error of this estimator.

In addition, other measures of performance, such as componentwise

comparisons, can be used as criteria to evaluate estimators instead of

using mean squared error. Componentwise comparison is a criterion



137

based on estimated mean squared error of the individual regression

coefficients used in the various procedures.
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MODIFIED PRINCIPAL COMTONENTS REGRESSION

by

Huan—ter Wu

(ABSTRACT)

When near linear relationships exist among the columns of

regressor variables, the variances of the least squares estimators of

the regression coefficients become very large. The least squares

estimator of the vector of the regression coefficients, which can be

written in terms of latent roots and latent vectors of X'X, tends to

place heavy weights on the latent vectors corresponding to small

latent roots of X'X. Thus, the estimates of regression coefficients

corresponding to the regressors involved in multicollinearities tend

to be dominated by the multicollinearities. Therefore, the least

squares estimators could estimate the true parameters poorly and could

be very unreliable.

In order to overcome the ill-effects of multicollinearities on

the least squares estimator, the procedure of principal components

regression deletes those components corresponding to the small latent

roots of X'X. Then we regress y_on the retained components using

ordinary least squares. When principal components regression is used

as an alternative to the least squares in the presence of a near

singular X'X matrix, its performance depends strongly on the



orientation of the deleted components to the vector of regression

coefficients. In this paper, we present a modification of the prin-

cipal components procedure in which components associated with near

singularities are dampened but are not completely deleted.

The resulting estimator was compared in a Monte Carlo study with

the least squares estimator and the principal component estimator

using mean squared error as the basis of comparison. The results

indicate that the modified principal components estimator will perform

better than either of the other two estimators over a wide range of

orientations and signal-to—noise ratios and that is provides a reason-

able compromise choice when the orientation is unknown.




