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(ABSTRACT) 

This thesis addresses the problem of developing a statistical method for validating 

the ESDM strain-field output. Specifically, 1t addresses the problems of estimating the 

ESDM strain-field uncertainty, choosing an appropriate standard measurement, estimating 

the uncertainty in the standard measurement and comparing the ESDM strain-fields 

against a finite set of standard measurements. A solution to each of these problems is 

presented. Specifically, it is shown that 1) the uncertainty in the strain-field may be 

estimated from the ESDM dynamic stiffness matrix; 2) strain gages are chosen to validate 

the ESDM strain-fields; 3) the uncertainty of the strain gage measurements may be 

estimated from the uncertainty in the system calibration, the output voltage of the system 

and the tolerance of the strain gage gage factor; and 4) the ESDM strain-fields may be 

validated against a set of strain gage measurements by a combining a 2-group z-test 

(hypothesis test on two means with known variances) with a qualitative analysis of the 

field. This statistical validation method is then evaluated in test-based simulation to 

determine if it provides reliable assessments of the ESDM strain-field accuracy. The 

results of the simulation show that the validation method does, indeed, provide reliable 

assessment of the ESDM strain-field accuracy. The results also show that the ESDM 
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method should be capable of accurately estimating dynamic strain-fields, provided it is not 

subjected to subtantial error in the calculated position and orientation of the laser or non- 

stationary behavior in the structure. 
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CHAPTER 1 

INTRODUCTION 

1.1 Problem Statement 

Structural dynamics is the area of engineering concerned with the response of load 

bearing machines to dynamic inputs. One of the major goals of structural dynamicists is to 

create light structures which are still capable of reliably carrying dynamic loads. To 

achieve this, it is often necessary to determine the stress state which develops in a 

structure during dynamic loading. Unfortunately, it is not possible to measure stress 

directly. However, the stress state is directly related to the deformation or strain state of 

the structure, which can be measured. 

Conventionally, dynamic strains are measured using strain gages [1]. Strain gages 

measure the average strain over a small region of the structure, and are typically used 

because they provide accurate results and are lightweight. Unfortunately, strain gages are 

difficult to install and require a considerable amount of data acquisition equipment. These 

two drawbacks make it impractical to use large numbers of strain gages during a test, 

which is not a problem in many cases. If the experimenter is only concerned with the 

maximum strain in a structure, and knows the location of maximum strain, then strain 

gages are well suited to the application. However, it is becoming increasingly important 

to know how the strain-field behaves as a whole. For example, when dealing with 

Introduction 1



complex structures, experimenters do not always know the location of maximum strain, or 

the experimenters are interested in how the strain-field changes due to changes in loading. 

Thus, it is becoming necessary to have methods capable of measuring full-field dynamic 

strains. 

Currently, many new techniques are being developed to measure full-field dynamic 

strains. Most of these techniques are optically based and include photoelasticity, video 

optical diffractometry and interferometry methods, such as moiré techniques, electronic 

speckle pattern interferometry (ESPI) and holography. Some of these methods, such as 

photelasticity and certain moiré techniques, operate with diffuse, or white, light. Other 

methods, such as ESP] and holography operate due to the coherence properties of laser 

light. 

There is also another class of methods that indirectly extract estimates of the full- 

field strain. These methods operate due to the Doppler effect properties of laser light and 

are being specifically developed for use with the scanning laser Doppler vibrometer 

(LDV). One method uses the velocity output of the scanning LDV to estimate the 

bending strain in a beam that is subjected to random input [2]. The other method, called 

experimental spatial dynamic modeling (ESDM), uses the velocity output of the scanning 

LDV to reconstruct the 3-D velocity field of the structure and to determine the dynamic 

strain-field. 

ESDM is a method developed by Montgomery and West [3] for reconstructing 

vector fields from high spatial density, spatially qualified measurements. Currently, as 

mentioned above, the ESDM method is used with a scanning laser Doppler vibrometer 

(LDV) where the field in question is the surface velocity field. However, the method may 

be adapted for use with any measurement system capable of high spatial density, 3-D 

measurements. 
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The ESDM method is theoretically capable of determining the surface strain-field 

on a vibrating structure. The method uses the scanning LDV measurements to reconstruct 

the 3-dimensional velocity field on the surface of the structure. The reconstructed velocity 

field may be post-processed to determine, among other things, the surface strain-field. 

Currently, the strain-fields from this technique have never been experimentally verified. 

Because ESDM is an experimental technique, and because there is always some error in 

the results from any experimental technique, the ESDM strain-field output must be 

validated through some statistical means. Currently, no methods have been developed to 

statistically validate the ESDM strain-fields. More specifically, no methods have been 

developed to determine the uncertainty in the ESDM strain-fields, no standard for 

comparing the ESDM strain-fields has been chosen and no method for validating the 

ESDM strain-field output against the standard has been developed. This thesis discusses 

research which has focused on the development of a method for statistically validating the 

ESDM strain-fields. 

1.2 Research Hypothesis 

The hypothesis of this research is that it 1s possible to statistically validate the 

ESDM strain-fields by comparing them to a standard measurement which is not a full-field 

technique. More specifically, it is hypothesized that: 1) it is possible to estimate the 

uncertainty in the ESDM strain-fields, 2) it is possible to find a standard measurement that 

is suitable for comparison with the ESDM strain-fields, 3) it is possible to estimate the 

uncertainty in this standard measurement, and 4) it is possible to develop a statistical test 

for determining if the ESDM strain-fields and the standard measurement are equivalent. 

Furthermore, it is hypothesized that qualitative properties of the strain-field can be used to 

indicate the accuracy of the ESDM strain-fields. 
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1.3 Research Objectives 

There were two primary objectives of this research. The first objective was to 

formulate a method for statistically validating the ESDM strain-fields. The second 

objective was to determine if the statistical validation method could reliably assess the 

accuracy of the ESDM strain-fields and to determine if any qualitative properties of the 

strain-fields could be used to assess their accuracy. 

Each of these primary objectives could be separated into several supporting 

objectives. The supporting objectives for the formulation and testing of the validation 

method are listed below. 

Formulation Objectives 

1. Develop the method for estimating the uncertainty in the strain-fields developed from 

the ESDM solution. 

2. Choose an independent standard, or calibration, measurement for validating the ESDM 

strains. 

3. Determine what parameters affect the accuracy of the standard measurement. 

4. Develop methods for assessing the uncertainty in the standard measurement. 

5. Develop a method for statistically comparing the ESDM strains and the validation 

strains. 

Testing Objectives 

1. Develop a method for creating known ESDM input. Also develop a method for 

creating known standard measurements. These objectives must be reached so that the 

experimenter can test the validation method under controlled conditions. 
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2. Determine what parameters affect the accuracy of the ESDM strain-fields. This 

objective must be reached so that the experimenter can create ESDM input that will 

produce both accurate and inaccurate strain-fields. 

3. Perform tests using the controlled data to determine if the statistical validation method 

produces reliable assessments of the ESDM strain-field accuracy. 

4. Determine what visual characteristics of the strain-fields might provide clues to the 

quality of the ESDM strain-field estimates. 

1.4 Research Overview 

The method for estimating the uncertainty in the ESDM strain-fields (formulation 

objective 1) was developed from the strain-field post-processing procedures and the 

Statistical properties of the ESDM method. The statistical properties of the ESDM 

method were extrapolated from the statistical properties of least-squares regression 

results. The development of the ESDM strain-field uncertainty is discussed in Chapter 3. 

Strain gages were chosen as the standard measurement for the ESDM strain-fields 

(formulation objective 2). Strain gages were chosen because of their accuracy, availability 

and cost. The method for estimating the uncertainty in the strain-gage measurements 

(formulation objective 4) was developed from the statistical properties of the strain-gage 

calibration method, the time-signal model, the manufacturer's data and the mathematical 

rules for the propagation of uncertainty. Strain gages, the error sources for strain gages 

(formulation objective 3) and the method for estimating the strain-gage uncertainty are 

discussed in Chapter 4. The strain gage error sources are also discussed in Chapter 2. 

Since the ESDM method and the strain gages measure different quantities, the 

ESDM estimates 2-D point strains and the strain gages measure 1-D average strains, they 

cannot be compared directly. The ESDM strains must be processed to produce equivalent 
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1-D average strains. These ESDM equivalent strains may be compared with the strain- 

gage strains in a 2-sample hypothesis test with known variances (hereafter referred to as a 

'2-group z-test') to determine if the ESDM strain-fields are statistically identical to the 

strain-gage strains (formulation objective 5). The methods for producing the ESDM 

equivalent strains and performing the 2-group z-test are discussed in Chapter 5. 

Due to the complexities associated with the ESDM method (e.g. structure 

behavior, transducer behavior, etc.), the only practical venue for providing a controlled 

test environment (testing objective 1) is in a simulation. Thus, a simulation of an ESDM 

experiment was developed to test the reliability of the validation method. This simulation 

software included simulations of a structure, the laser and the strain gages. The output of 

the simulated laser was processed to be used as input for the ESDM method. The 

simulated strain-gage output was used for comparison with the ESDM output. Clearly, 

for the results of the simulation to prove anything about the usefulness of the validation 

method, the simulation must provide realistic data. Thus, the parameters for the 

simulation were taken from an actual test. The simulation and it's parameters are 

discussed in Chapter 6. Chapter 6, as well as Chapter 2 and Chapter 3, also discusses the 

parameters which affect the accuracy of the ESDM strain-fields (testing objective 2). The 

test which provided parameters for the simulation is discussed in Appendix B. 

The reliability of the validation method was assessed (testing objective 3) by 

performing, and evaluating the results of, 5 simulations. The results of the simulation 

were also visually evaluated to determine if the strain-fields provided any qualitative clues 

to their accuracy (testing objective 4). Each simulation tested the affect of different error 

parameters on the ESDM solution. The results of the simulation are discussed in Chapter 

7. 
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1.5 Scope of Research 

Due to time constraints and practicality, it is never possible to consider every 

possible aspect of an area of research. Thus, it was decided to limit this research in the 

following areas. 

Experimental Spatial Dynamics Modeling 

It is assumed for this discussion that the scanning laser doppler vibrometer is used 

as the full-field transducer for the ESDM method. However, much of the work here 

would also apply to full-field measurements by other instrumentation. 

Validation Method 

The only validation measurement discussed are strain gages. It is expected that in 

most cases, strain gages will be used as the standard due to their low cost, ready 

availability and high degree of precision and accuracy. Also, only the wheatstone bridge is 

considered as the method of converting resistance change to voltage, as most strain-gage 

amplifier systems use only the wheatstone bridge. 

Simulation 

Only an Euler-Bernoulli beam was considered in the simulation. This was done 

because a beam that was outfitted with strain gages was available for determining error 

levels, and the beam was tested at a low frequency where the behavior is well described by 

the Euler-Bernoulli theory. 

The error simulations were only concerned with whether or not the ESDM method 

works under realistic error conditions. That is, it was only concerned with error 

conditions that the ESDM method is likely to encounter during an actual test. No attempt 

was made to determine the maximum allowable error conditions that still produced 

accurate ESDM strain-fields. 
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CHAPTER 2 

LITERATURE REVIEW 

This chapter discusses the literature relevant to completing the tasks of this 

research. It covers several topics including the rationale for undertaking this research, 

uncertainty in the ESDM strain-fields, uncertainty in the strain-gage results and the 

hypothesis testing. 

2.1 Rationale for Research 

Experimental spatial dynamics modeling is, as the name implies, an experimental 

technique. As is the case with any other experimental technique, the precision and 

accuracy of the ESDM results are limited by the finite precision and accuracy of the 

equipment used to collect the data. Also, because ESDM is an experimental technique, it 

is subject to noise and errors in the data. As such, it is necessary to be able to estimate the 

uncertainty in the ESDM results. Because the ESDM method is still a maturing 

technology, the techniques for estimating the uncertainty in many of the results, 

particularly the strain-fields, have not been developed. Currently, only the technique for 

estimating the elliptic confidence intervals on the nodal velocities has been developed by 

Montgomery [4]. No other literature on the topic has been published to date. 

The ESDM method provides a continuous field solution over the solution space. 

There are two options if one wishes to validate the ESDM strain-field solutions. The 
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ESDM strain-fields can be validated against the results of another full-field measurement 

system, or they can be validated against a set of discrete measurements. In most cases It is 

necessary to validate the ESDM strain solution using a limited number of discrete standard 

measurements because a full-field measurement system is unavailable. No literature was 

found that directly addresses the problem of validating a full-field solution with a limited 

number of discrete measurements. 

Before the ESDM strain-fields can be validated it is necessary to have estimates of 

the strain-field uncertainties and a method for validating the strain-fields against a small set 

of standard measurements. This research was undertaken since, as discussed above, 

neither of these items were available. 

2.2 ESDM Strain-Field Uncertainty 

It is important with any experimental technique to be aware of the possible error 

sources in the data acquisition process. Some error sources, such as environmental noise 

and A/D quantization error, are universal to all experimental methods. However, there are 

always some error sources that are unique to particular techniques. Since ESDM 

technology is still maturing, the amount of literature that discuss ESDM-specific error 

sources is limited. Lopez-Dominguez [5] discussed how error in the calculated location of 

the laser can cause out-of-plane velocity components to bleed into the in-plane 

components. Also, Venter [6] provided a sensitivity study of the ESDM method to spatial 

error. The information from both of these sources suggested that spatial error be 

considered in the ESDM test simulation. During an ESDM test, the location of the laser is 

determined from the position registration results. The magnitude of the spatial error in the 

simulation was, thus, determined from the results of Lindholm [7] who has developed a 

method for estimating the uncertainty in the position registration results. 
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The ESDM method is a finite element method where the nodal values are 

determined from the data with a weighted least-squares regression. To determine the 

uncertainty at any point in the solution, it is necessary to know the covariances of the 

nodal values. Draper and Smith [8] show that the regression coefficient covariance matrix 

can be calculated by pre- and post-multiplying the weighting matrix by the independent 

variable matrix. It is, thus, shown in Chapter 3 that the ESDM nodal velocity covariance 

matrix is equal to the inverse of the dynamic stiffness matrix. 

2.3 Strain-Gage Uncertainty 

When using strain gages there are many errors that can occur between the strain- 

field and the output strain. Like other experimental techniques, some of these errors are 

universal and some are unique. Murray and Miller [9] discuss four areas that can 

adversely affect strain-gage output. These error sources include wheatstone bridge 

desensitization, wheatstone bridge linearity and strain-gage lateral sensitivity. They also 

showed that the voltmeter resistance can desensitize the wheatstone bridge output. 

Window, et al. [10] also lists many possible error sources in strain-gage systems. In 

addition to the errors discussed by Murray and Miller, Window shows the many ways in 

which strain gages can be affected by temperature. Specifically, it shows that the strain- 

gage resistance and gage factor can both change with temperature, and that the structure 

can produce an apparent strain output if the gage is not properly temperature 

compensated. Window also lists many factors that can increase the lead resistance in the 

system. 

To compensate for the uncertainty in the many parameters of the strain-gage 

system, both Murray and Miller, and Beckwith, et al. [12] recommend calibrating the 

entire data acquisition system with a shunt calibration resistance. The calibration 
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�e�s�t�i�m�a�t�e�d� �f�r�o�m� �m�o�r�e� �t�h�a�n� �3�0� �s�a�m�p�l�e� �p�o�i�n�t�s�.� �W�h�e�n� �t�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� 

�e�q�u�a�l� �t�o� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �v�a�r�i�a�n�c�e� �i�t� �i�s� �r�e�a�s�o�n�a�b�l�e� �t�o� �p�e�r�f�o�r�m� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t� �u�s�i�n�g� �a� 

�L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �1�1



�n�o�r�m�a�l�!� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n�s�t�e�a�d� �o�f� �a� �t�-�d�i�s�t�r�i�b�u�t�i�o�n�.� �A�n�y� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�d� �w�i�t�h� �t�h�e� �E�S�D�M� 

�m�e�t�h�o�d� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �m�a�n�y� �m�a�n�y� �m�o�r�e� �t�h�a�n� �3�0� �p�o�i�n�t�s�.� �U�s�u�a�l�l�y� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� 

�u�s�e�s� �t�e�n�s� �o�f� �t�h�o�u�s�a�n�d�s� �o�f� �p�o�i�n�t�s� �t�o� �r�e�c�o�n�s�t�r�u�c�t� �a� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �r�e�a�s�o�n�a�b�l�e� 

�t�o� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l� �t�o� �t�h�e� 

�p�o�p�u�l�a�t�i�o�n� �v�a�r�i�a�n�c�e�.� �T�h�u�s�,� �i�f�t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n� �m�a�g�n�i�t�u�d�e�s� �a�r�e� �e�s�t�i�m�a�t�e�d� �f�r�o�m� �m�o�r�e� 

�t�h�a�n� �3�0� �p�o�i�n�t�s�,� �o�n�e� �c�a�n� �u�s�e� �a� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t� �w�i�t�h� �a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �t�o� �c�o�m�p�a�r�e� �t�h�e� 

�E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d�s� �a�n�d� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n�s�.� 

�L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �1�2



�C�H�A�P�T�E�R� �3� 

�E�X�P�E�R�I�M�E�N�T�A�L� �S�P�A�T�I�A�L� �D�Y�N�A�M�I�C�S� �M�O�D�E�L�I�N�G� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�i�s�c�u�s�s�e�s� �a�s�p�e�c�t�s� �o�f� �t�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� 

�m�e�t�h�o�d� �t�h�a�t� �a�r�e� �i�m�p�o�r�t�a�n�t� �t�o� �c�a�l�c�u�l�a�t�i�n�g� �a�c�c�u�r�a�t�e� �s�t�r�a�i�n�-�f�i�e�l�d�s� �a�n�d� �r�e�l�a�t�e�d� �s�t�a�t�i�s�t�i�c�s�.� 

�S�p�e�c�i�f�i�c�a�l�l�y�,� �i�t� �d�i�s�c�u�s�s�e�s� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �s�t�r�a�i�n� �r�e�l�a�t�i�o�n�s� �t�h�a�t� �m�a�y� �b�e� �u�s�e�d� �d�u�r�i�n�g� �p�o�s�t�-� 

�p�r�o�c�e�s�s�i�n�g�,� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �p�o�s�t�-�p�r�o�c�e�s�s�i�n�g� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �t�o� 

�d�e�t�e�r�m�i�n�e� �s�t�r�a�i�n� �a�n�d� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �o�n� �t�h�e� 

�c�a�l�c�u�l�a�t�e�d� �s�t�r�a�i�n�-�f�i�e�l�d�.� �I�t� �a�l�s�o� �d�i�s�c�u�s�s�e�s� �c�e�r�t�a�i�n� �p�r�a�c�t�i�c�a�l� �a�s�p�e�c�t�s� �o�f� �m�o�d�e�l� �g�e�o�m�e�t�r�y� �t�h�a�t� 

�a�r�e� �i�m�p�o�r�t�a�n�t� �d�u�r�i�n�g� �p�o�s�t�-�p�r�o�c�e�s�s�i�n�g�.� 

�3�.�1� �B�a�c�k�g�r�o�u�n�d� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �(�E�S�D�M�)� �m�e�t�h�o�d� �i�s� �a�n� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �b�a�s�e�d�,� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �f�o�r� �r�e�c�o�n�s�t�r�u�c�t�i�n�g� �v�e�c�t�o�r� �f�i�e�l�d�s� �f�r�o�m� �h�i�g�h� 

�s�p�a�t�i�a�l� �d�e�n�s�i�t�y�,� �3�-�D�i�m�e�n�s�i�o�n�a�l� �m�e�a�s�u�r�e�m�e�n�t�s�.� �T�h�e� �E�S�D�M� �m�e�t�h�o�d� �w�a�s� �d�e�v�e�l�o�p�e�d� �t�o� �f�u�l�l�y� 

�u�t�i�l�i�z�e� �t�h�e� �c�a�p�a�b�i�l�i�t�i�e�s� �o�f� �t�h�e� �s�c�a�n�n�i�n�g� �l�a�s�e�r� �d�o�p�p�l�e�r� �v�i�b�r�o�m�e�t�e�r� �(�S�L�D�V�)�.� �A�l�t�h�o�u�g�h� �t�h�e� 

�m�e�t�h�o�d� �c�a�n� �b�e� �u�s�e�d� �w�i�t�h� �a�n�y� �m�e�a�s�u�r�e�m�e�n�t� �s�y�s�t�e�m� �c�a�p�a�b�l�e� �o�f� �h�i�g�h� �s�p�a�t�i�a�l� �d�e�n�s�i�t�y� 

�m�e�a�s�u�r�e�m�e�n�t�s�,� �i�t� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �a�s� �i�t� �s�p�e�c�i�f�i�c�a�l�l�y� �r�e�l�a�t�e�s� �t�o� �t�h�e� �S�L�D�V�.� 

�T�h�e� �S�L�D�V� �i�s� �d�e�s�i�g�n�e�d� �t�o� �s�e�q�u�e�n�t�i�a�l�l�y� �s�a�m�p�l�e� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �o�f� �a� �d�y�n�a�m�i�c� 

�s�t�r�u�c�t�u�r�e� �a�t� �m�a�n�y� �s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n�s�.� �T�h�e�s�e� �s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n�s� �a�r�e� �r�e�f�e�r�r�e�d� �t�o� �a�s�  ��s�c�a�n� �p�o�i�n�t�s�'�,� 

�a�n�d� �t�h�e� �p�r�o�c�e�s�s� �o�f� �c�o�l�l�e�c�t�i�n�g� �d�a�t�a� �f�r�o�m� �a� �s�e�t� �o�f� �s�c�a�n� �p�o�i�n�t�s� �i�s� �c�a�l�l�e�d� �a�'�s�c�a�n ��.� �A�t� �e�a�c�h� �s�c�a�n� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �1�3



�p�o�i�n�t�,� �t�h�e� �l�a�s�e�r� �m�e�a�s�u�r�e�s� �t�h�e� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �a�l�o�n�g� �t�h�e� �l�a�s�e�r� �b�e�a�m�,� �s�e�e� �F�i�g�.� 

�3�.�1�.� �B�y� �a� �p�r�o�c�e�s�s� �c�a�l�l�e�d� �'�r�e�g�i�s�t�r�a�t�i�o�n�'� �[�1�3�]� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �p�o�s�i�t�i�o�n� �a�n�d� 

�o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �l�a�s�e�r� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� 

�l�o�c�a�t�i�o�n� �o�f� �e�a�c�h� �s�c�a�n� �p�o�i�n�t� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �r�e�g�i�s�t�r�a�t�i�o�n� �p�r�o�c�e�s�s� �a�l�s�o� �d�e�t�e�r�m�i�n�e�s� �t�h�e� 

�d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �l�a�s�e�r� �b�e�a�m� �f�r�o�m� �e�a�c�h� �s�c�a�n� �p�o�i�n�t�.� �W�h�e�n� �t�h�e� �l�a�s�e�r� �s�c�a�n�s� �t�h�e� �s�t�r�u�c�t�u�r�e� �f�r�o�m� 

�a�t� �l�e�a�s�t� �t�h�r�e�e� �n�o�n�-�c�o�p�l�a�n�a�r� �l�o�c�a�t�i�o�n�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �e�x�t�r�a�c�t� �t�h�e� �3�-�D� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �f�r�o�m� 

�S�c�a�n�n�i�n�g� �L�D�V� 

�t�h�e� �d�a�t�a�.� 
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�F�i�g�u�r�e� �3�.�1�.� �O�p�e�r�a�t�i�o�n� �o�f� �S�L�D�V�,� �f�r�o�m� �M�o�n�t�g�o�m�e�r�y� �[�1�4�]� 

�T�h�e� �f�i�r�s�t� �s�t�e�p� �o�f� �r�e�c�o�n�s�t�r�u�c�t�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �w�i�t�h� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �i�s� �t�o� 

�c�r�e�a�t�e� �a� �g�e�o�m�e�t�r�y� �m�o�d�e�l� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�i�s� �m�o�d�e�l� �i�s� �c�r�e�a�t�e�d� �o�u�t� �o�f� �p�l�a�t�e� �o�r� �s�h�e�l�l� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t�s�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �u�s�e�d� �i�n� �E�S�D�M� �a�r�e� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �e�l�e�m�e�n�t�s� �u�s�e�d� �i�n� 

�t�r�a�d�i�t�i�o�n�a�l� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �(�F�E�A�)�.� �I�n� �t�r�a�d�i�t�i�o�n�a�l� �F�E�A�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �i�s� 

�s�o�l�v�e�d� �a�t� �t�h�e� �m�i�d�-�s�u�r�f�a�c�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�n�d� �e�x�t�r�a�p�o�l�a�t�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� 

�a�n�d� �s�t�r�a�i�n�-�f�i�e�l�d�s� �a�t� �t�h�e� �o�u�t�e�r� �s�u�r�f�a�c�e�s�.� �I�n� �E�S�D�M�,� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d�,� �a�n�d� �h�e�n�c�e� �t�h�e� 

�1�4� �E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g



�d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �s�t�r�a�i�n�-�f�i�e�l�d�s�,� �a�r�e� �s�o�l�v�e�d� �a�t� �t�h�e� �o�u�t�e�r� �s�u�r�f�a�c�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�i�s� �i�s� 

�d�o�n�e� �f�o�r� �a�n� �o�b�v�i�o�u�s� �r�e�a�s�o�n�;� �t�h�e� �v�e�l�o�c�i�t�y� �d�a�t�a� �i�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �l�a�s�e�r� �a�t� �t�h�e� �o�u�t�e�r� �s�u�r�f�a�c�e�.� 

�F�i�g�u�r�e� �3�.�2� �s�h�o�w�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �l�a�y�o�u�t� �o�f� �t�r�a�d�i�t�i�o�n�a�l� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �a�n�d� 

�E�S�D�M� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s�.� 

�T�r�a�d�i�t�i�o�n�a�l� �F�E�M� �P�l�a�t�e� �E�l�e�m�e�n�t� 

�w�e� �n� � � � � 
� � � � � � � � 
� � 

� � 

� � � � � � 

� � � � � � � � � � 
� � � � � � 

�E�S�D�M� �P�l�a�t�e� �E�l�e�m�e�n�t� 

�M�o�d�e�l�e�d� �S�t�r�u�c�t�u�r�e� 

� � 
�F�i�g�u�r�e� �3�.�2�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �T�r�a�d�i�t�i�o�n�a�l� �a�n�d� �E�S�D�M� �F�i�n�i�t�e� �E�l�e�m�e�n�t�s� 

�O�n�c�e� �t�h�e� �g�e�o�m�e�t�r�y� �m�o�d�e�l� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �c�o�m�p�l�e�t�e�,� �i�t� �i�s� �c�o�m�b�i�n�e�d� �w�i�t�h� �t�h�e� 

�v�e�l�o�c�i�t�y� �d�a�t�a� �f�r�o�m� �t�h�e� �S�L�D�V� �a�n�d� �t�h�e� �l�a�s�e�r� �p�o�s�i�t�i�o�n� �f�r�o�m� �t�h�e� �r�e�g�i�s�t�r�a�t�i�o�n� �t�o� �p�r�o�d�u�c�e� �a�n� 

�e�f�f�e�c�t�i�v�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �K� �,�(�@�)�,� �a�n�d� �l�o�a�d� �v�e�c�t�o�r�,� �f�(�a�)� �;� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �1�5



�f�,�(�@�)� �=�K�,�(�@�)� �V�y� �(�3�.�1�.�1�)� 

�T�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �a�n�d� �l�o�a�d� �v�e�c�t�o�r� �a�r�e� �a�n�a�l�a�g�o�u�s� �t�o� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� 

�a�n�d� �l�o�a�d� �v�e�c�t�o�r� �i�n� �t�r�a�d�i�t�i�o�n�a�l� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�.� �T�h�e� �e�f�f�e�c�t�i�v�e� �l�o�a�d� �v�e�c�t�o�r� �i�s� 

�p�r�e�m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �i�n�v�e�r�s�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �3�-�D�i�m�e�n�s�i�o�n�a�l� �n�o�d�a�l� 

�v�e�l�o�c�i�t�i�e�s�.� �T�h�e� �d�e�t�a�i�l�s� �o�f� �t�h�i�s� �p�r�o�c�e�s�s� �a�r�e� �d�i�s�c�u�s�s�e�d� �l�a�t�e�r� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �a�n�d� �i�n� 

�M�o�n�t�g�o�m�e�r�y� �[�1�5�]�.� 

�3�.�2� �S�t�r�a�i�n� �C�a�l�c�u�l�a�t�i�o�n� �f�r�o�m� �R�e�c�o�n�s�t�r�u�c�t�e�d� �V�e�l�o�c�i�t�y� 
�F�i�e�l�d� 

�A�p�p�l�y�i�n�g� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �t�o� �a� �p�r�o�p�e�r� �s�e�t� �o�f� �S�L�D�V� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� 

�p�r�o�d�u�c�e�s� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �w�h�i�c�h� �c�a�n� �b�e� �s�o�l�v�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �3�-�D�i�m�e�n�s�i�o�n�a�l� �n�o�d�a�l� 

�v�e�l�o�c�i�t�i�e�s�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �m�a�y� �b�e� �p�o�s�t�-�p�r�o�c�e�s�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e�.� �T�h�i�s� �s�e�c�t�i�o�n� �d�i�s�c�u�s�s�e�s� �t�h�e� �e�l�e�m�e�n�t�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �a�c�c�u�r�a�t�e� �s�t�r�a�i�n�-� 

�f�i�e�l�d�s� �u�s�i�n�g� �t�h�e� �E�S�D�M� �r�e�s�u�l�t�s�.� 

�3�.�2�.�1� �S�t�r�a�i�n� �R�e�l�a�t�i�o�n�s� 

�G�e�n�e�r�a�l� �S�t�r�a�i�n� �E�q�u�a�t�i�o�n�s� 

�F�r�o�m� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s�,� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �i�n� �a� �s�t�r�u�c�t�u�r�e� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �b�y� �E�q�.� �(�3�.�2�.�1�)� �[�1�6�]�.� �E�q�u�a�t�i�o�n� �(�3�.�2�.�1�.�a�)� �s�h�o�w�s� �t�h�e� �n�o�r�m�a�l� �s�t�r�a�i�n�s�,� �a�n�d� 

�E�q�.� �(�3�.�2�.�1�.�b�)� �s�h�o�w�s� �t�h�e� �s�h�e�a�r� �s�t�r�a�i�n�s�.� �N�o�t�e� �t�h�a�t� �t�h�e� �f�i�r�s�t� �s�u�b�s�c�r�i�p�t� �o�f� �e�a�c�h� �s�t�r�a�i�n� �i�n�d�i�c�a�t�e�s� 

�t�h�e� �n�o�r�m�a�l� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �p�l�a�n�e� �i�n� �q�u�e�s�t�i�o�n�,� �a�n�d� �t�h�e� �s�e�c�o�n�d� �s�u�b�s�c�r�i�p�t� �i�n�d�i�c�a�t�e�s� �t�h�e� 

�d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �s�t�r�a�i�n�.� �T�h�u�s�,�  ¬�y�y� �i�s� �t�h�e� �s�t�r�a�i�n� �n�o�r�m�a�l� �t�o� �t�h�e� �x�-�p�l�a�n�e� �a�n�d� �y�,�,�,� �i�s� �t�h�e� �s�t�r�a�i�n� 

�p�a�r�a�l�l�e�l� �t�o� �t�h�e� �x�-�p�l�a�n�e� �i�n� �t�h�e� �y�-�d�i�r�e�c�t�i�o�n�.� �A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �E�q�.� �(�3�.�2�.�1�)�,� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� 

�i�s� �a� �f�u�n�c�t�i�o�n� �o�n�l�y� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �g�r�a�d�i�e�n�t�s� �a�n�d� �t�h�e� �g�e�o�m�e�t�r�y�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �1�6
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�(�2� �{�%�)� �(�3�.�2�.�1�.�a�)� 
�Y� �B�g� 

�}�+�(�S�)�(�S�)�,� �+�{ �� �|� �+�)�  �� �a�)� �\�@� 

�A�A� �A�R� �W�w� 
�a�w�n� �a�y� �a�D� 
�B�e� �A�A� �W�w�W� �(�3�.�2�.�1�.�b�)� �a�a� �k�A� �K�E� 
�A�A� �A�N�,� �w�o�w� 
�Q�A� �W�a� �a�e� 

�E�q�u�a�t�i�o�n� �(�3�.�2�.�1�)� �i�s� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �s�t�r�a�i�n� �d�e�r�i�v�e�d� �f�r�o�m� �p�u�r�e� �g�e�o�m�e�t�r�i�c�a�l� 

�r�e�l�a�t�i�o�n�s�h�i�p�s� �a�n�d�,� �h�e�n�c�e�,� �i�s� �e�x�a�c�t� �f�o�r� �a�n�y� �g�i�v�e�n� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �[�1�7�]�.� �H�o�w�e�v�e�r�,� �f�o�r� 

�s�m�a�l�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �t�h�e� �h�i�g�h�e�r� �o�r�d�e�r� �t�e�r�m�s� �h�a�v�e� �l�i�t�t�l�e� �e�f�f�e�c�t� �a�n�d� �c�a�n� �b�e� �n�e�g�l�e�c�t�e�d�.� �T�h�e� 

�s�m�a�l�l� �d�i�s�p�l�a�c�e�m�e�n�t� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�2�.�2�)�.� �S�i�n�c�e� �t�h�e� �s�t�r�a�i�n�s� �c�o�l�l�e�c�t�e�d� 

�d�u�r�i�n�g� �m�o�s�t� �d�y�n�a�m�i�c� �t�e�s�t�s� �a�r�e� �e�x�p�e�c�t�e�d� �t�o� �b�e� �v�e�r�y� �s�m�a�l�l� �(�<�<� �0�.�1�%� �=� �1�0�0�0� �L�s�)�,� �i�t� �i�s� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �s�t�r�a�i�n� �c�a�n� �b�e� �a�c�c�u�r�a�t�e�l�y� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �s�m�a�l�l� �d�i�s�p�l�a�c�e�m�e�n�t� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�s�.� �N�o�t�e� �t�h�a�t� �t�h�e�s�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �m�a�y� �n�o�t� �b�e� �a�c�c�u�r�a�t�e� �f�o�r� �t�h�i�n�,� �f�l�e�x�i�b�l�e� 

�s�t�r�u�c�t�u�r�e�s� �w�h�e�r�e� �t�h�e� �s�u�r�f�a�c�e� �r�o�t�a�t�i�o�n�s� �a�r�e� �l�a�r�g�e� �[�1�8�]�.� �S�u�c�h� �a� �c�a�s�e� �c�o�u�l�d� �b�e� �l�a�r�g�e�,� �t�h�i�n� 

�p�l�a�t�e�s�.� 

�a�M� 
�E� �=�a� 

�a�3� 
�a� 

�E�y� �=�=� 
�Y� 
�W�w� 

�é�,�,� �= �� 
 �� � �@� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� 

�=� �R�d� �V�y� �a� �B�D� 

�O�w� �a�M� 
�= �� �+�  �� �3�.�2�.�2� 

�W�m� 

�1�7



�E�q�u�a�t�i�o�n� �(�3�.�2�.�2�)� �i�s� �a� �m�u�c�h� �s�i�m�p�l�e�r� �f�o�r�m� �t�h�a�n� �E�g�.� �(�3�.�2�.�1�)� �a�n�d� �i�s� �t�h�e� �f�o�r�m� �c�u�r�r�e�n�t�l�y� 

�u�s�e�d� �w�i�t�h� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�.� �T�h�i�s� �i�s� �a�l�s�o� �t�h�e� �a�c�c�e�p�t�e�d� �m�e�t�h�o�d� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �s�t�r�a�i�n� �i�n� �a� 

�c�o�n�v�e�n�t�i�o�n�a�l� �l�i�n�e�a�r� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s�.� 

�S�u�r�f�a�c�e� �S�t�r�a�i�n�s� 

�A�n� �i�m�p�o�r�t�a�n�t� �p�o�i�n�t� �a�b�o�u�t� �t�h�e� �l�a�s�e�r� �d�o�p�p�l�e�r� �v�i�b�r�o�m�e�t�e�r� �i�s� �t�h�a�t� �i�t� �i�s� �o�n�l�y� �c�a�p�a�b�l�e� �o�f� 

�m�e�a�s�u�r�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� �a� �s�t�r�u�c�t�u�r�e�.� �A�n�y� �m�o�t�i�o�n� �b�e�n�e�a�t�h� �t�h�e� �s�u�r�f�a�c�e� 

�i�s� �n�o�t� �d�i�r�e�c�t�l�y� �m�e�a�s�u�r�a�b�l�e�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �i�m�p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �g�r�a�d�i�e�n�t� �o�f� �t�h�e� 

�v�e�l�o�c�i�t�y� �f�i�e�l�d�,� �a�n�d� �h�e�n�c�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d�,� �a�c�r�o�s�s� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�n� 

�t�h�e� �c�a�s�e� �o�f� �a� �p�l�a�t�e� �i�n� �t�h�e� �x�y�-�p�l�a�n�e�,� �t�h�i�s� �m�e�a�n�s� �t�h�a�t�  ¬�,�,� �c�a�n�n�o�t� �b�e� �c�a�l�c�u�l�a�t�e�d�,� �a�n�d� �y�,�,� �a�n�d� 

�Y�y�z� �c�a�n� �b�e� �o�n�l�y� �p�a�r�t�i�a�l�l�y� �c�a�l�c�u�l�a�t�e�d�.� �E�l�i�m�i�n�a�t�i�n�g� �t�h�e�s�e� �s�t�r�a�i�n�s� �f�r�o�m� �E�q�.� �(�3�.�2�.�2�)� �p�r�o�d�u�c�e�s� 

�E�q�.� �(�3�.�2�.�3�)�.� �E�q�u�a�t�i�o�n� �(�3�.�2�.�3�)� �s�h�o�w�s� �t�h�o�s�e� �s�t�r�a�i�n�s�,� �o�n� �a� �p�l�a�t�e� �i�n� �t�h�e� �x�y�-�p�l�a�n�e�,� �t�h�a�t� �c�a�n� �b�e� 

�c�o�m�p�l�e�t�e�l�y� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �S�L�D�V� �d�a�t�a�.� �H�o�w�e�v�e�r�,� �t�h�e�s�e� �s�t�r�a�i�n�s� �a�r�e� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �m�a�n�y� 

�s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l�s�,� �s�u�c�h� �a�s� �b�e�a�m�s�,� �p�l�a�t�e�s� �a�n�d� �s�h�e�l�l�s�.� 

�(�3�.�2�.�3�)� !"�
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�R�e�c�a�l�l� �t�h�a�t� �a�b�i�l�i�t�y� �o�f� �t�h�e� �S�L�D�V� �t�o� �m�e�a�s�u�r�e� �o�n�l�y� �s�u�r�f�a�c�e� �v�e�l�o�c�i�t�i�e�s� �i�s� �a�l�s�o� �t�h�e� 

�r�e�a�s�o�n� �f�o�r� �c�h�o�o�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�2�.� 

�3�.�2�.�2� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �D�i�s�p�l�a�c�e�m�e�n�t� �F�i�e�l�d� �f�r�o�m� �V�e�l�o�c�i�t�y� �F�i�e�l�d� 

�C�u�r�r�e�n�t�l�y� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �h�a�s� �o�n�l�y� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �t�o� �p�e�r�f�o�r�m� �s�i�n�e�-�d�w�e�l�l� 

�t�e�s�t�i�n�g�.� �D�u�r�i�n�g� �s�u�c�h� �a� �t�e�s�t� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �i�s� �a� �s�t�e�a�d�y�-�s�t�a�t�e� �v�e�l�o�c�i�t�y� 

�f�i�e�l�d�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �E�q�.� �(�3�.�2�.�3�)� �t�h�a�t� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �1�8



�d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d�.� �T�h�u�s�,� �t�h�i�s� �s�e�c�t�i�o�n� �d�i�s�c�u�s�s�e�s� �t�h�e� �m�e�t�h�o�d� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �f�r�o�m� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� 

�I�n� �t�h�e� �c�u�r�r�e�n�t� �E�S�D�M� �m�e�t�h�o�d�,� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� 

�S�t�e�a�d�y�-�s�t�a�t�e�,� �h�a�r�m�o�n�i�c� �f�u�n�c�t�i�o�n� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�2�.�4�)� �[�1�9�]�.� �N�o�t�e� �t�h�a�t� �i�n� �E�q�.� �(�3�.�2�.�4�)�,� 

�R�e�[�]� �m�e�a�n�s� �t�h�e� �r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �c�o�m�p�l�e�x� �f�u�n�c�t�i�o�n�,� �a�n�d� �@� �i�s� �t�h�e� �p�h�a�s�e� �b�e�t�w�e�e�n� �t�h�e� �v�e�l�o�c�i�t�y� 

�a�n�d� �t�h�e� �f�o�r�c�e�.� �S�i�m�p�l�i�f�y�i�n�g� �E�q�.� �(�3�.�2�.�4�)� �p�r�o�d�u�c�e�s� �E�q�.� �(�3�.�2�.�5�)�.� 

�V�(�x�,� �y�,�z�,�0�,�f�)� �=� �R�e�l� �V�(�x�,� �y�,�Z�,� �a�e�]� �(�3�.�2�.�4�)� 

�V�(�x�,� �y�,�z�,�@�,�1�)� �=�V�,�,�(�x�,�y�,�z�,�@�)� �c�o�s�(�o�t�)� �+� �V�,�,�,�(�x�,� �y�,�z�,�@�)�s�i�n�(�a�t�)� 

�V�e�e� �(�x�,� �y�,�z�,�0�)� �=�V�(�x�,� �y�,�z�,�@�)�c�o�s�(�¢�)� �(�3�.�2�.�5�)� 

�V�(�x�,� �¥�,�z�,�@�)� �=�V�(�x�,� �y�,�z�,�@�)�s�i�n�(�¢�)� 

�B�y� �d�e�f�i�n�i�t�i�o�n�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �i�s� �g�i�v�e�n� �b�y� �E�q�.� �(�3�.�2�.�6�)�.� 

�O�(�x�,�y�,�2�,�0�,�1�)�=� �[�V�(�x�,�y�,�2�,�0�,�1�)�a�t� �(�3�.�2�.�6�)� 

�I�n�t�e�g�r�a�t�i�n�g� �E�q�.� �(�3�.�2�.�5�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�i�m�e� �r�e�s�u�l�t�s� �i�n� �E�q�.� �(�3�.�2�.�7�)�.� 

�U�(�x�,�y�,�z�,�0�,�t�)�=� �U� �(�x�,� �y�,�z�,�@�)�c�o�s�(� �a�t�)� �+� �U� �,�,�(�x�,�y�.�z�,�@�)�s�i�n�(� �a�t�)� 

�U�.�,� �(�x�.�y�,�2�,�0�9�)� �=� �V�M� �e�9�.�2�,�0�)� 
�6�2�7�)� 

�@� 

�O�T� �n�l� �X�s� �V�2�,� �)� �=� �V�a�g� �(�x�.�9�.�2�,�0�)� 

�@� 

 ��~� 

�N�o�t�e� �i�n� �E�q�.� �(�3�.�2�.�7�)� �t�h�a�t� �t�h�e� �r�e�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �1�s� �d�u�e� �t�o� �t�h�e� �i�m�a�g�i�n�a�r�y� �v�e�l�o�c�i�t�y� �a�n�d� 

�v�i�c�e� �v�e�r�s�a�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �d�i�v�i�d�i�n�g� 

�t�h�e� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� �b�y� �t�h�e� �f�o�r�c�i�n�g� �f�r�e�q�u�e�n�c�y� �a�n�d� �t�r�a�n�s�p�o�s�i�n�g� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� 

�c�o�e�f�f�i�c�i�e�n�t�s�.� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a�n�d� �h�e�n�c�e� �t�h�e� �p�h�a�s�e�,� �o�f� 

�t�h�e� �v�e�l�o�c�i�t�y� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �f�o�r�c�e� �a�n�d� �a�r�e� �o�r�t�h�o�g�o�n�a�l� �[�2�0�]�.� �I�t� �f�o�l�l�o�w�s� �t�h�a�t� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �1�9



�t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �a�n�d� �h�e�n�c�e� �t�h�e� �s�t�r�a�i�n�,� �a�r�e� �a�l�s�o� �o�r�t�h�o�g�o�n�a�l�.� 

�T�h�u�s�,� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �m�a�y� �b�e� �c�a�l�c�u�l�a�t�e�d� �s�e�p�a�r�a�t�e�l�y� �a�n�d� 

�r�e�c�o�m�b�i�n�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �t�o�t�a�l� �s�t�r�a�i�n� �r�e�s�p�o�n�s�e�.� �A�l�s�o� �n�o�t�e� �t�h�a�t� �a�l�t�h�o�u�g�h� �t�h�e� �r�e�a�l� �a�n�d� 

�i�m�a�g�i�n�a�r�y� �f�i�e�l�d�s� �(�v�e�l�o�c�i�t�y�,� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �s�t�r�a�i�n�)� �a�r�e� �o�r�t�h�o�g�o�n�a�l�,� �t�h�e�y� �a�r�e� �n�o�t� 

�s�t�a�t�i�s�t�i�c�a�l�l�y� �i�n�d�e�p�e�n�d�e�n�t� �[�2�1�]�.� �T�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�i�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �l�a�t�e�r� �i�n� �t�h�i�s� 

�c�h�a�p�t�e�r�.� 

�3�.�2�.�3� �P�o�s�t�-�P�r�o�c�e�s�s�i�n�g� �t�h�e� �D�i�s�p�l�a�c�e�m�e�n�t� �F�i�e�l�d� 

�T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�u�r�f�a�c�e� �s�t�r�a�i�n�s� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �g�r�a�d�i�e�n�t�s� �o�f� �t�h�e� �i�n�-� 

�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�l�o�n�g� �e�a�c�h� �i�n�-�p�l�a�n�e� �a�x�i�s�,� �E�q�.� �(�3�.�2�.�3�)�.� �T�h�e� �g�r�a�d�i�e�n�t�s� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� 

�t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �a�s� �w�e�l�l� �a�s� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�n� �a�n�y� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�m�o�d�e�l�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �t�h�e� �g�e�o�m�e�t�r�y� �a�r�e� �b�o�t�h� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�e�r�m�s� �o�f� �n�o�d�a�l� �v�a�l�u�e�s� 

�a�n�d� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �a�r�e�,� �i�n� �t�u�r�n�,� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s�,�  ¬� �a�n�d� �n�.� 

�I�t� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �u�s�e� �a�n� �i�s�o�p�a�r�a�m�e�t�r�i�c� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �e�l�e�m�e�n�t�.� �I�n� �o�t�h�e�r� 

�w�o�r�d�s�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �a�n�d� �t�h�e� �g�e�o�m�e�t�r�y� �m�a�y� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �d�i�f�f�e�r�e�n�t� �s�h�a�p�e� 

�f�u�n�c�t�i�o�n�s�.� �E�q�u�a�t�i�o�n� �(�3�.�2�.�8�)� �a�n�d� �E�q�.� �(�3�.�2�.�9�)� �s�h�o�w� �t�h�e� �n�o�n�-�i�s�o�p�a�r�a�m�e�t�r�i�c� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �o�f� �t�h�e� �x�-�d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �x�-�c�o�o�r�d�i�n�a�t�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �f�o�r� �l�o�c�a�t�i�o�n� �7�.� �T�h�e� 

�o�t�h�e�r� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �c�o�o�r�d�i�n�a�t�e� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �s�i�m�i�l�a�r�l�y�.� 

�u�,� 

�u� 

�w�=�[�N�(�E�.�n�)� �M�(�E�.�n�)� �o�o�.� �N�a�(�E�.�m�)�]�)� �2� �=�0�N� �J�u�]� �(�3�.�2�.�8�)� 

�x�,�=�[�M�(�é�.�n�)� �M�(�E�,�n�)� �.�.� �.�.� �M�(�é�.�n�)�]�)� �¢� �J�=�[�M�'�]�x�]� �(�3�.�2�.�9�)� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �2�0



�A�s� �c�a�n� �b�e� �s�e�e�n� �i�n� �E�q�.� �(�3�.�2�.�8�)� �a�n�d� �E�q�.� �(�3�.�2�.�9�)�,� �b�o�t�h� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �a�n�d� 

�g�e�o�m�e�t�r�y� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �e�l�e�m�e�n�t�.� �S�i�n�c�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� 

�f�i�e�l�d� �i�s� �n�o�t� �a� �d�i�r�e�c�t� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�o�o�r�d�i�n�a�t�e�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�l�a�t�e� �t�h�e� �t�w�o� 

�q�u�a�n�t�i�t�i�e�s� �t�h�r�o�u�g�h� �t�h�e� �e�l�e�m�e�n�t� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� �T�h�i�s� �c�a�n� �b�e� �d�o�n�e� �b�y� �u�s�i�n�g� �t�h�e� �c�h�a�i�n� 

�r�u�l�e� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�2�.�1�0�)� �[�2�2�]�.� �N�o�t�e� �t�h�a�t� �t�h�e� �n�o�t�a�t�i�o�n� �i�n� �E�q�.� �(�3�.�2�.�1�0�)�,� �u�,�,�.�,� �r�e�p�r�e�s�e�n�t�s� 

�t�h�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �w�u�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �x�-�d�i�r�e�c�t�i�o�n� �[�2�2�]�.� �T�h�i�s� 

�n�o�t�a�t�i�o�n� �i�s� �u�s�e�d� �w�i�t�h� �a�l�l� �t�h�e� �f�u�n�c�t�i�o�n�s� �t�o� �r�e�p�r�e�s�e�n�t� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a� 

�p�a�r�t�i�c�u�l�a�r� �c�o�o�r�d�i�n�a�t�e�.� 

 � �� �=� �4� 

�C�E� �K�E� �a� �u�,� �X�y�e� �V�o�z� �|�{� �t�s�,� �5� �O�M� �f�l�e�e�t� �|� �P�e� �M�e�e� �(�3�.�2�.�1�0�)� 
�é�n� �&� �O�n� �W�e�n� �y�y� 

�[�G�]�=�[�s�]�"� �=�{�*�|� �-�(�6�)�}�"�"�f� �(�3�.�2�.�1�1�)� 

�E�q�u�a�t�i�o�n� �(�3�.�2�.�1�0�)� �s�h�o�w�s� �t�h�e� �x�-�d�i�s�p�l�a�c�e�m�e�n�t� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e� �d�e�r�i�v�a�t�i�v�e�s� �a�s� �a� 

�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �x�-�d�i�s�p�l�a�c�e�m�e�n�t� �g�r�a�d�i�e�n�t�.� �T�h�e� �x�-�d�i�s�p�l�a�c�e�m�e�n�t� �g�r�a�d�i�e�n�t� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�p�r�e�-�m�u�l�t�i�p�l�y�i�n�g� �E�q�.� �(�3�.�2�.�1�0�)� �b�y� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �J�a�c�o�b�i�a�n�,� �J�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�2�.�1�1�)�.� 

�T�h�e� �y�-�d�i�s�p�l�a�c�e�m�e�n�t� �g�r�a�d�i�e�n�t� �i�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �s�a�m�e� �J�a�c�o�b�i�a�n�.� �N�o�t�e� �t�h�a�t� �t�h�e� �J�a�c�o�b�i�a�n� 

�i�s� �t�h�e� �m�a�t�r�i�x� �t�h�a�t� �c�o�n�t�a�i�n�s� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �e�l�e�m�e�n�t� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s� �a�n�d� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �c�o�o�r�d�i�n�a�t�e�s�.� 

�T�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �J�a�c�o�b�i�a�n� �a�r�e� �t�h�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �g�e�o�m�e�t�r�y� 

�f�u�n�c�t�i�o�n�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �e�l�e�m�e�n�t� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� �E�q�u�a�t�i�o�n� �(�3�.�2�.�1�2�)� �s�h�o�w�s� �t�h�e� 

�p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �x�-�c�o�o�r�d�i�n�a�t�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �n�,� �t�h�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �x� �a�n�d� �y� 

�w�i�t�h� �r�e�s�p�e�c�t� �t�o�  ¬� �a�n�d� �y�n� �a�r�e� �s�i�m�i�l�a�r�.� �S�i�m�i�l�a�r�l�y�,� �t�h�e� �r�i�g�h�t� �s�i�d�e� �o�f� �E�q�.� �(�3�.�2�.�1�1�)� �i�s� �t�h�e� �p�a�r�t�i�a�l� 

�d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �e�l�e�m�e�n�t� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �2�1



�E�q�u�a�t�i�o�n� �(�3�.�2�.�1�3�)� �t�h�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �x�-�d�i�s�p�l�a�c�e�m�e�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �n�,� �t�h�e� �o�t�h�e�r�s� 

�a�r�e� �s�i�m�i�l�a�r�.� 

�X�e�=�[�M�c�(�E�.�m�)� �M�i�l�E�s�m�)� �o�o� �M�,�.�(�é�.�n�)�}�|� �2� �=�(�M ��,�,�|�[�x�]� �(�3�.�2�.�1�2�)� 

�U�,�5�4�=�[�M�i�o�n�(�E� �s�m�)� �N�a�l�.�)� �o�e� �o�e� �M�o�o�l�a�)� �2� �]�=�[�N�,�]�[�u�]�  �� �G�.�2�.�1�3�)� 

�T�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �m�a�y�,� �t�h�u�s�,� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �c�o�m�b�i�n�i�n�g� �t�h�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� 

�g�e�o�m�e�t�r�y� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �e�l�e�m�e�n�t� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s�,� �w�i�t�h� �t�h�e� 

�J�a�c�o�b�i�a�n� �a�n�d� �E�q�.� �(�3�.�2�.�3�)�.� �T�h�i�s� �p�r�o�c�e�s�s� �i�s� �s�u�m�m�a�r�i�z�e�d� �i�n� �E�q�.� �(�3�.�2�.�1�4�)� �t�h�r�o�u�g�h� �E�q�.� �(�3�.�2�.�1�7�)� 

�[�2�3�]�.� 

�u�,�.� 

�E�x�,� �1�0�0� �O�l�y� 
�e�,� �|�=�}�0� �0� �0� �I�f �� �(�3�.�2�.�1�4�)� 

�7� �0� �l� �|� �0� �V�5�,� �V�n� �v�,�,� 

�u�,�.� �G�i� �G�,�,� �0� �0� �U�y�,� 

�U�y�  �� �G�,�,� �G�y�,� �0� �0� �U�,� �v�l�l�o�o�o� �G�a�.� �G�A�Y� �(�3�.�2�.�1�5�)� 
�v�,�,� �0� �0� �G�,� �G�y�]� �y�,� 

 �� 

�[�G�]�=�[�J�]�'� �=�[�J�]�=� �f�e� �t�o�m�a� �(�3�.�2�.�1�6�)� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �2�2



�w�e�]� �{�L�N� �e�l�l�e�]� 
�t�o�e� �c�e� �(�3�.�2�.�1�7�)� 

�Y�d� �1� �N�'�]�E�]� 

�3�.�2�.�4� �P�r�a�c�t�i�c�a�l� �C�o�n�s�i�d�e�r�a�t�i�o�n�s� �W�h�e�n� �P�o�s�t�-�P�r�o�c�e�s�s�i�n�g� �F�i�n�i�t�e� 
�E�l�e�m�e�n�t� �R�e�s�u�l�t�s� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �a�r�e�a�s� �t�h�a�t�,� �d�u�e� �t�o� �t�h�e�i�r� �e�f�f�e�c�t� �o�n� �t�h�e� �r�e�s�u�l�t�s�,� �n�e�e�d� �t�o� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �w�h�e�n� �p�o�s�t�-�p�r�o�c�e�s�s�i�n�g� �a�n�y� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s�.� �T�h�e�s�e� �a�r�e�a�s� �i�n�c�l�u�d�e�:� �e�l�e�m�e�n�t� 

�c�o�n�t�i�n�u�i�t�y�,� �m�o�d�e�l� �c�o�n�v�e�r�g�e�n�c�e� �a�n�d� �a�c�c�u�r�a�c�y� �o�f� �g�e�o�m�e�t�r�y� �m�o�d�e�l�i�n�g�.� 

�E�l�e�m�e�n�t� �C�o�n�t�i�n�u�i�t�y� 

�A�l�t�h�o�u�g�h� �a�l�l� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �a�r�e� �C�°� �c�o�n�t�i�n�u�o�u�s�,� �m�o�s�t� �a�r�e� �n�o�t� �C�!� �c�o�n�t�i�n�u�o�u�s� �o�r� 

�h�i�g�h�e�r�.� �C�°� �c�o�n�t�i�n�u�o�u�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�s� �c�o�n�t�i�n�u�o�u�s� �b�e�t�w�e�e�n� �e�l�e�m�e�n�t�s�,� �b�u�t� 

�t�h�e� �s�p�a�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �a�r�e� �n�o�t� �c�o�n�t�i�n�u�o�u�s� �b�e�t�w�e�e�n� �e�l�e�m�e�n�t�s�.� �C�!� 

�m�e�a�n�s� �t�h�a�t� �b�o�t�h� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �a�n�d� �t�h�e� �f�i�r�s�t� �s�p�a�t�i�a�l� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �a�r�e� 

�c�o�n�t�i�n�u�o�u�s� �b�e�t�w�e�e�n� �e�l�e�m�e�n�t�s�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t�,� �f�o�r� �C�9� �c�o�n�t�i�n�u�o�u�s� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s�,� �t�h�e� 

�s�t�r�a�i�n� �r�e�s�u�l�t�s� �a�r�e� �d�i�s�c�o�n�t�i�n�u�o�u�s� �a�t� �t�h�e� �e�l�e�m�e�n�t� �b�o�u�n�d�a�r�i�e�s�.� �A�l�s�o�,� �i�n� �c�o�n�v�e�n�t�i�o�n�a�l� �F�E�A�,� �t�h�e� 

�c�a�l�c�u�l�a�t�e�d� �s�t�r�a�i�n�-�f�i�e�l�d� �i�s� �o�f�t�e�n� �o�n�l�y� �a�c�c�u�r�a�t�e� �a�t� �t�h�e� �G�a�u�s�s� �p�o�i�n�t�s� �[�2�4�]�.� �T�h�e�r�e� �a�r�e� �m�e�t�h�o�d�s� 

�o�f� �"�s�m�o�o�t�h�i�n�g� �o�u�t�"� �t�h�e�s�e� �s�t�r�a�i�n� �r�e�s�u�l�t�s� �[�2�5�]�,� �o�r� �t�h�e� �u�s�e�r� �c�a�n� �u�s�e� �h�i�g�h�e�r� �c�o�n�t�i�n�u�i�t�y� 

�e�l�e�m�e�n�t�s�.� 

�M�o�d�e�l� �C�o�n�v�e�r�g�e�n�c�e� 

�R�e�g�a�r�d�l�e�s�s� �o�f� �w�h�e�t�h�e�r� �a�n� �e�l�e�m�e�n�t� �i�s� �C�9� �c�o�n�t�i�n�u�o�u�s� �o�r� �h�i�g�h�e�r�,� �i�f� �t�h�e� �e�l�e�m�e�n�t� �o�r�d�e�r� 

�i�s� �t�o�o� �l�o�w�,� �o�r� �i�f� �a�n� �i�n�a�d�e�q�u�a�t�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �a�r�e� �a�p�p�r�o�p�r�i�a�t�e�l�y� �p�l�a�c�e�d� �i�n� �t�h�e� �m�e�s�h�,� 

�t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �w�i�l�l� �n�o�t� �b�e� �a�c�c�u�r�a�t�e�.� �O�f�t�e�n� �i�t� �i�s� �n�o�t� �c�l�e�a�r� �i�f� �t�h�e� �m�o�d�e�l� �o�r�d�e�r� �i�s� �h�i�g�h� �e�n�o�u�g�h�.� 

�I�n� �t�h�i�s� �c�a�s�e� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�f�i�n�e� �t�h�e� �m�o�d�e�l� �m�e�s�h�,� �e�i�t�h�e�r� �w�i�t�h� �m�o�r�e� �e�l�e�m�e�n�t�s� �o�r� �h�i�g�h�e�r� 

�o�r�d�e�r� �e�l�e�m�e�n�t�s�,� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �r�e�s�u�l�t�s� �h�a�v�e� �c�o�n�v�e�r�g�e�d�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �2�3



�N�o�t�e� �t�h�a�t� �w�h�e�n� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d�,� �o�n�e� �i�s� �a�t�t�e�m�p�t�i�n�g� �t�o� �m�o�d�e�l� �t�h�e� �s�l�o�p�e� �o�f� 

�t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d�,� �i�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �i�t�s�e�l�f�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �m�a�y� 

�r�e�q�u�i�r�e� �m�o�r�e�,� �o�r� �h�i�g�h�e�r� �o�r�d�e�r�,� �e�l�e�m�e�n�t�s� �t�o� �p�r�o�v�i�d�e� �a�n� �a�c�c�u�r�a�t�e� �s�t�r�a�i�n�-�f�i�e�l�d� �t�h�a�n� �i�t� �w�o�u�l�d� �t�o� 

�p�r�o�v�i�d�e� �a�n� �a�c�c�e�p�t�a�b�l�y� �a�c�c�u�r�a�t�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� �T�h�i�s� �m�e�a�n�s� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �c�o�n�v�e�r�g�e�s� �s�l�o�w�e�r� 

�t�h�a�n� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� 

�I�n� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �h�a�v�e� �t�o�o� �h�i�g�h� �a� �m�o�d�e�l� �o�r�d�e�r�.� �T�h�i�s� �o�c�c�u�r�s� 

�w�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �m�o�d�e�l� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�p�p�r�o�a�c�h�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �d�a�t�a� �d�e�g�r�e�e�s� �o�f� 

�f�r�e�e�d�o�m� �(�i�.�e�.� �t�h�e� �n�u�m�b�e�r� �o�f� �s�c�a�n� �p�o�i�n�t�s�)�.� �W�h�e�n� �t�h�i�s� �h�a�p�p�e�n�s�,� �t�h�e� �E�S�D�M� �m�o�d�e�l� �l�o�s�e�s� 

�s�t�a�t�i�s�t�i�c�a�l� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�n�d� �s�t�a�r�t�s� �t�o� �m�o�d�e�l� �t�h�e� �n�o�i�s�e� �i�n� �t�h�e� �d�a�t�a�.� �T�h�i�s� �p�r�o�b�l�e�m� �c�a�n� 

�b�e� �r�e�m�e�d�i�e�d� �s�i�m�p�l�y� �b�y� �c�o�l�l�e�c�t�i�n�g� �m�o�r�e� �d�a�t�a�.� 

�A�c�c�u�r�a�c�y� �o�f� �G�e�o�m�e�t�r�y� �M�o�d�e�l� 

�S�i�n�c�e� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �i�s� �b�a�s�e�d� �n�o�t� �o�n�l�y� �o�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d�,� �b�u�t� �a�l�s�o� �o�n� �t�h�e� 

�m�o�d�e�l� �g�e�o�m�e�t�r�y�,� �i�t� �i�s� �e�s�s�e�n�t�i�a�l� �t�h�a�t� �t�h�e� �g�e�o�m�e�t�r�y� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �a�c�c�u�r�a�t�e�l�y�.� �A�l�s�o�,� �i�t� �i�s� 

�e�s�s�e�n�t�i�a�l� �t�h�a�t� �m�o�d�e�l� �e�l�e�m�e�n�t�s� �a�r�e� �n�o�t� �e�x�c�e�s�s�i�v�e�l�y� �d�i�s�t�o�r�t�e�d� �[�2�6�]�.� �F�o�r� �s�i�m�p�l�e� �g�e�o�m�e�t�r�i�e�s� 

�s�u�c�h� �a�s� �f�l�a�t� �p�l�a�t�e�s� �a�n�d� �b�e�a�m�s�,� �t�h�i�s� �i�s� �n�o�t� �a� �p�r�o�b�l�e�m�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �i�s� 

�a�p�p�l�i�e�d� �t�o� �m�o�r�e� �c�o�m�p�l�e�x� �s�h�a�p�e�s�,� �t�h�e� �n�e�c�e�s�s�a�r�y� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �a�n�d� �s�i�m�p�l�i�f�i�c�a�t�i�o�n�s� �w�h�i�c�h� 

�a�r�e� �m�a�d�e� �t�o� �t�h�e� �g�e�o�m�e�t�r�y� �m�o�d�e�l� �m�a�y� �h�a�v�e� �a� �s�u�b�s�t�a�n�t�i�a�l� �e�f�f�e�c�t� �o�n� �t�h�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s�,� �a�s� 

�t�h�e�y� �d�o� �o�n� �c�o�n�v�e�n�t�i�o�n�a�l� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s�.� 

�3�.�3� �S�t�a�t�i�s�t�i�c�a�l� �A�n�a�l�y�s�i�s� �o�f� �C�a�l�c�u�l�a�t�e�d� �S�t�r�a�i�n� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�i�s�c�u�s�s�e�s� �t�h�e� �i�t�e�m�s�,� �o�u�t�s�i�d�e� �o�f� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�i�n�g� �i�s�s�u�e�s�,� �w�h�i�c�h� 

�a�f�f�e�c�t� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �s�t�r�a�i�n�-�f�i�e�l�d�.� �I�t� �a�l�s�o� �d�i�s�c�u�s�s�e�s� �t�h�e� �m�e�t�h�o�d� �b�y� �w�h�i�c�h� �t�h�e� 

�u�n�c�e�r�t�a�i�n�t�y� �c�o�n�t�r�i�b�u�t�e�d� �b�y� �t�h�e�s�e� �i�t�e�m�s� �m�a�y� �b�e� �q�u�a�n�t�i�f�i�e�d�.� 

�F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �d�i�s�c�u�s�s�i�o�n� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �i�s� 

�p�r�o�p�e�r�l�y� �c�o�n�v�e�r�g�e�d� �f�o�r� �s�t�r�a�i�n� �a�n�d� �t�h�a�t� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �a�c�c�u�r�a�t�e�l�y� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �2�4



�r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �m�o�d�e�l�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �a�n�y� �e�r�r�o�r� �b�e�t�w�e�e�n� �t�h�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� �s�t�r�a�i�n�-� 

�f�i�e�l�d� �a�n�d� �t�h�e� �a�c�t�u�a�l� �s�t�r�a�i�n�-�f�i�e�l�d� �d�u�e� �t�o� �t�h�e� �m�o�d�e�l� �i�s� �n�e�g�l�i�g�i�b�l�e� �r�e�l�a�t�i�v�e� �t�o� �o�t�h�e�r� �e�r�r�o�r�s�.� 

�3�.�3�.�1� �E�r�r�o�r� �S�o�u�r�c�e�s� 

�A�s� �i�n� �a�n�y� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�c�h�n�i�q�u�e�,� �t�h�e�r�e� �a�r�e� �m�a�n�y� �e�r�r�o�r� �s�o�u�r�c�e�s� �i�n� �t�h�e� �E�S�D�M� �d�a�t�a� 

�a�c�q�u�i�s�i�t�i�o�n� �p�r�o�c�e�s�s� �t�h�a�t� �c�a�n� �c�o�n�t�a�m�i�n�a�t�e� �t�h�e� �r�e�s�u�l�t�s�.� �M�a�n�y� �o�f� �t�h�e� �s�o�u�r�c�e�s� �a�r�e� �n�o�t� �u�n�i�q�u�e� 

�t�o� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�.� �I�t�e�m�s� �s�u�c�h� �a�s� �f�i�l�t�e�r� �m�a�t�c�h�i�n�g�,� �a�n�a�l�o�g�-�t�o�-�d�i�g�i�t�a�l� �c�o�n�v�e�r�t�e�r� 

�r�e�s�o�l�u�t�i�o�n�,� �c�h�a�n�n�e�l� �c�r�o�s�s�-�t�a�l�k�,� �t�r�a�n�s�d�u�c�e�r� �n�o�i�s�e�,� �e�n�v�i�r�o�n�m�e�n�t�a�l� �n�o�i�s�e�,� �c�a�l�i�b�r�a�t�i�o�n� �e�r�r�o�r�s�,� 

�a�n�d� �c�o�m�p�o�n�e�n�t� �n�o�n�-�l�i�n�e�a�r�i�t�i�e�s� �a�r�e� �u�n�i�v�e�r�s�a�l� �t�o� �a�l�l� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�c�h�n�i�q�u�e�s�.� �T�h�e� �E�S�D�M� 

�t�e�c�h�n�i�q�u�e�,� �h�o�w�e�v�e�r�,� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t�e�d� �b�y� �s�o�m�e� �e�r�r�o�r� �s�o�u�r�c�e�s� �t�h�a�t� �d�o� �n�o�t� �h�a�v�e� �a� 

�s�u�b�s�t�a�n�t�i�a�l� �i�m�p�a�c�t� �o�n� �m�o�r�e� �t�r�a�d�i�t�i�o�n�a�l� �m�e�t�h�o�d�s�.� �T�h�e� �t�w�o� �m�o�s�t� �p�r�e�v�a�l�e�n�t� �s�o�u�r�c�e�s� �o�f� �t�h�i�s� 

�t�y�p�e� �a�r�e� �r�e�g�i�s�t�r�a�t�i�o�n�/�s�p�a�t�i�a�l� �e�r�r�o�r� �a�n�d� �n�o�n�-�s�t�a�t�i�o�n�a�r�y� �s�t�r�u�c�t�u�r�e� �b�e�h�a�v�i�o�r�.� 

�S�p�a�t�i�a�l� �E�r�r�o�r� 

�S�p�a�t�i�a�l� �e�r�r�o�r� �c�a�n� �b�e� �b�r�o�k�e�n� �i�n�t�o� �t�w�o� �c�a�t�e�g�o�r�i�e�s�,� �l�a�s�e�r� �p�o�s�i�t�i�o�n� �e�r�r�o�r� �a�n�d� �l�a�s�e�r� 

�o�r�i�e�n�t�a�t�i�o�n� �e�r�r�o�r�.� �L�a�s�e�r� �p�o�s�i�t�i�o�n� �e�r�r�o�r� �i�s� �a� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �l�o�c�a�t�i�o�n� �o�f� 

�t�h�e� �l�a�s�e�r� �a�n�d� �t�h�e� �a�c�t�u�a�l� �J�o�c�a�t�i�o�n� �o�f� �t�h�e� �l�a�s�e�r�.� �L�a�s�e�r� �o�r�i�e�n�t�a�t�i�o�n� �e�r�r�o�r� �1�s� �a� �d�i�f�f�e�r�e�n�c�e� 

�b�e�t�w�e�e�n� �t�h�e� �a�c�t�u�a�l� �a�n�d� �c�a�l�c�u�l�a�t�e�d� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �l�a�s�e�r�,� �a�n�d� �c�a�u�s�e�s� �a� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� 

�t�h�e� �c�a�l�c�u�l�a�t�e�d� �l�o�c�a�t�i�o�n�s� �o�f� �s�c�a�n� �p�o�i�n�t�s� �a�n�d� �t�h�e� �a�c�t�u�a�l� �l�o�c�a�t�i�o�n�s� �s�c�a�n� �p�o�i�n�t�s�.� �B�o�t�h� �o�f� �t�h�e�s�e� 

�e�r�r�o�r�s� �a�r�e� �r�e�l�a�t�e�d� �a�n�d� �r�e�s�u�l�t� �f�r�o�m� �t�h�e� �n�e�c�e�s�s�i�t�y� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �r�e�g�i�s�t�e�r�i�n�g� �t�h�e� �l�a�s�e�r� �t�o� 

�t�h�e� �s�t�r�u�c�t�u�r�e�.� �S�i�n�c�e� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �i�s� �m�e�a�n�t� �t�o� �b�e� �u�s�e�d� �i�n� �n�o�n�-�l�a�b�o�r�a�t�o�r�y� 

�e�n�v�i�r�o�n�m�e�n�t�s�,� �a� �r�e�g�i�s�t�r�a�t�i�o�n� �p�r�o�c�e�s�s� �w�a�s� �d�e�v�e�l�o�p�e�d� �t�h�a�t� �c�o�u�l�d� �d�e�t�e�r�m�i�n�e� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� 

�t�h�e� �l�a�s�e�r� �b�y� �u�s�i�n�g� �a� �f�e�w� �"�k�n�o�w�n�"� �p�o�i�n�t�s� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�n�d� �t�h�e� �m�i�r�r�o�r� �a�n�g�l�e�s� �n�e�e�d�e�d� �t�o� 

�d�i�r�e�c�t� �t�h�e� �b�e�a�m� �t�o� �t�h�e�s�e� �p�o�i�n�t�s�.� �L�i�k�e� �a�n�y� �o�t�h�e�r� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�c�h�n�i�q�u�e�,� �t�h�e� �r�e�g�i�s�t�r�a�t�i�o�n� 

�p�r�o�c�e�s�s� �i�s� �s�u�b�j�e�c�t� �t�o� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �i�t�s�'� �p�a�r�a�m�e�t�e�r�s�.� �T�h�u�s�,� �e�r�r�o�r� �c�a�n� �d�e�v�e�l�o�p� �b�e�t�w�e�e�n� 

�c�a�l�c�u�l�a�t�e�d� �a�n�d� �a�c�t�u�a�l� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �l�a�s�e�r�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�i�s� �e�r�r�o�r� �c�a�n� �r�a�n�g�e� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �2�5



�a�n�y�w�h�e�r�e� �f�r�o�m� �1�.�0� �m�m� �t�o� �1�.�0� �m� �(�s�e�e� �A�p�p�e�n�d�i�x� �B�)� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �c�o�n�d�i�t�i�o�n� �o�f� �t�h�e� 

�r�e�g�i�s�t�r�a�t�i�o�n� �d�a�t�a�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �s�p�a�t�i�a�l� �e�r�r�o�r� �i�s� �t�o� �a�t�t�r�i�b�u�t�e� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�y� �t�o� �t�h�e� �i�n�c�o�r�r�e�c�t� �3�-�D� 

�v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t� �a�n�d� �i�s� �d�i�s�c�u�s�s�e�d� �m�o�r�e� �i�n� �C�h�a�p�t�e�r� �6�.� 

�N�o�n�-�S�t�a�t�i�o�n�a�r�y� �S�t�r�u�c�t�u�r�e� �B�e�h�a�v�i�o�r� 

�N�o�n�-�s�t�a�t�i�o�n�a�r�y� �s�t�r�u�c�t�u�r�e� �b�e�h�a�v�i�o�r� �m�e�a�n�s� �t�h�a�t� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�h�a�n�g�e�s� 

�d�u�r�i�n�g� �t�h�e� �c�o�u�r�s�e� �o�f� �a� �t�e�s�t�.� �A� �m�a�j�o�r� �a�s�s�u�m�p�t�i�o�n� �o�f� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�,� �a�n�d� �t�h�u�s� �a� 

�n�e�c�e�s�s�a�r�y� �c�o�n�d�i�t�i�o�n� �t�s� �t�h�a�t� �t�h�e� �s�t�r�u�c�t�u�r�e�'�s� �b�e�h�a�v�i�o�r� �i�s� �s�t�e�a�d�y�-�s�t�a�t�e� �a�n�d� �s�t�a�t�i�o�n�a�r�y� �d�u�r�i�n�g� �t�h�e� 

�c�o�u�r�s�e� �o�f� �a� �t�e�s�t�.� �T�h�a�t� �i�s�,� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �d�o�e�s� �n�o�t� �c�h�a�n�g�e� �d�u�r�i�n�g� �a� �s�c�a�n� �a�n�d� �d�o�e�s� �n�o�t� 

�c�h�a�n�g�e� �b�e�t�w�e�e�n� �s�c�a�n�s�.� �E�x�a�m�p�l�e�s� �o�f� �n�o�n�-�s�t�a�t�i�o�n�a�r�y� �b�e�h�a�v�i�o�r� �i�n�c�l�u�d�e� �a� �s�h�i�f�t� �i�n� �p�h�a�s�e� �o�r� 

�m�a�g�n�i�t�u�d�e� �b�e�t�w�e�e�n� �t�h�e� �i�n�p�u�t� �a�n�d� �t�h�e� �s�t�r�u�c�t�u�r�e� �r�e�s�p�o�n�s�e�,� �o�r� �a� �c�h�a�n�g�e� �i�n� �t�h�e� �o�p�e�r�a�t�i�n�g� 

�s�h�a�p�e�.� 

�M�a�n�y� �c�o�n�d�i�t�i�o�n�s� �c�a�n� �c�r�e�a�t�e� �n�o�n�-�s�t�a�t�i�o�n�a�r�y� �s�t�r�u�c�t�u�r�e� �b�e�h�a�v�i�o�r�.� �T�e�m�p�e�r�a�t�u�r�e� 

�c�h�a�n�g�e�s� �c�a�n� �a�f�f�e�c�t� �t�h�e� �m�o�d�u�l�u�s� �a�n�d� �t�h�e�r�m�a�l� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �e�x�p�a�n�s�i�o�n� �o�f� �m�a�t�e�r�i�a�l�s� �a�n�d�,� 

�t�h�u�s�,� �s�h�i�f�t� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �[�2�7�]�.� �B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �c�a�n� �c�h�a�n�g�e� �(�e�.�g�.� �b�r�a�c�k�e�t�s� 

�c�a�n� �l�o�o�s�e�n�,� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�a�n� �s�h�i�f�t� �i�n� �i�t�s� �m�o�u�n�t�,� �e�t�c�.�)�,� �w�h�i�c�h� �w�i�l�l� �c�h�a�n�g�e� �t�h�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �t�h�e� �m�o�d�e� �s�h�a�p�e�s�.� �A�l�s�o�,� �t�h�e� �s�t�r�u�c�t�u�r�e� �m�a�y� �b�e� �s�t�a�t�i�o�n�a�r�y�,� �b�u�t� �i�n�s�t�a�b�i�l�i�t�y� �i�n� �a� 

�t�r�a�n�s�d�u�c�e�r� �m�a�y� �p�r�o�d�u�c�e� �"�a�p�p�a�r�e�n�t�"� �n�o�n�-�s�t�a�t�i�o�n�a�r�y� �b�e�h�a�v�i�o�r�.� 

�3�.�3�.�2� �E�r�r�o�r� �A�s�s�u�m�p�t�i�o�n�s� 

�A�l�l� �t�h�e� �e�r�r�o�r� �s�o�u�r�c�e�s� �i�n� �a�n�y� �e�x�p�e�r�i�m�e�n�t� �p�r�o�d�u�c�e� �e�r�r�o�r�s� �t�h�a�t� �c�a�n� �b�e� �c�l�a�s�s�i�f�i�e�d� �a�s� 

�e�i�t�h�e�r� �r�a�n�d�o�m� �e�r�r�o�r�s� �o�r� �b�i�a�s� �e�r�r�o�r�s� �[�2�8�]�.� �R�a�n�d�o�m� �e�r�r�o�r�s� �a�r�e� �t�h�o�s�e� �t�h�a�t� �o�c�c�u�r� �i�n� �n�o� �s�e�t� 

�p�a�t�t�e�r�n�;� �b�i�a�s� �e�r�r�o�r�s� �a�r�e� �t�h�o�s�e� �t�h�a�t� �o�c�c�u�r� �i�n� �a� �r�e�g�u�l�a�r� �s�y�s�t�e�m�a�t�i�c� �p�a�t�t�e�r�n�.� �A�n� �e�x�a�m�p�l�e� �o�f� 

�r�a�n�d�o�m� �e�r�r�o�r� �i�s� �w�h�i�t�e� �n�o�i�s�e�.� �A�n� �e�x�a�m�p�l�e� �o�f� �b�i�a�s� �e�r�r�o�r� �i�s� �t�h�e� �s�p�a�t�i�a�l� �e�r�r�o�r� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e�.� 

�N�o�n�-�s�t�a�t�i�o�n�a�r�y� �b�e�h�a�v�i�o�r� �c�a�n� �b�e� �c�l�a�s�s�i�f�i�e�d� �a�s� �e�i�t�h�e�r� �r�a�n�d�o�m� �o�r� �b�i�a�s�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �2�6



�R�a�n�d�o�m� �e�r�r�o�r�s� �c�a�n� �b�e� �d�e�a�l�t� �w�i�t�h� �b�y� �t�a�k�i�n�g� �m�a�n�y� �m�e�a�s�u�r�e�m�e�n�t�s� �a�n�d� �p�e�r�f�o�r�m�i�n�g� �t�h�e� 

�p�r�o�p�e�r� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g�.� �B�i�a�s� �e�r�r�o�r�s� �a�r�e� �m�o�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �d�e�a�l� �w�i�t�h� �b�e�c�a�u�s�e� �t�h�e�y� �c�a�n� 

�u�s�u�a�l�l�y� �o�n�l�y� �b�e� �d�e�t�e�c�t�e�d� �b�y� �c�a�l�i�b�r�a�t�i�o�n� �[�2�9�]�.� �I�n� �s�o�m�e� �c�a�s�e�s� �i�t� �m�a�y� �n�o�t� �b�e� �p�o�s�s�i�b�l�e� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �e�x�a�c�t� �b�i�a�s� �a�t� �a�l�l�.� �T�h�i�s� �r�e�q�u�i�r�e�s� �t�h�a�t� �a�n�y� �u�n�c�e�r�t�a�i�n�t�y� �v�a�l�u�e�s� �f�o�r� �a� 

�m�e�a�s�u�r�e�m�e�n�t� �b�e� �a�d�j�u�s�t�e�d� �t�o� �r�e�f�l�e�c�t� �a�d�d�i�t�i�o�n�a�l� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �b�i�a�s�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e�s� �o�f� 

�t�h�i�s� �u�n�c�e�r�t�a�i�n�t�y� �a�n�a�l�y�s�i�s� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �b�i�a�s� �e�r�r�o�r� �i�n� �t�h�e� �i�n�s�t�r�u�m�e�n�t�a�t�i�o�n� �i�s� 

�n�e�g�l�i�g�i�b�l�e�.� �T�h�a�t� �i�s�,� �a�l�l� �i�n�s�t�r�u�m�e�n�t�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �p�r�o�p�e�r�l�y� �c�a�l�i�b�r�a�t�e�d�.� �T�h�e� �e�f�f�e�c�t� �o�f� 

�b�i�a�s� �p�r�o�d�u�c�e�d� �b�y� �s�p�a�t�i�a�l� �e�r�r�o�r� �a�n�d� �n�o�n�-�s�t�a�t�i�o�n�a�r�y� �b�e�h�a�v�i�o�r� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l� �i�n� 

�C�h�a�p�t�e�r� �6�.� 

�F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �e�r�r�o�r� �a�n�a�l�y�s�i�s�,� �t�h�e� �r�a�n�d�o�m� �e�r�r�o�r�s� �i�n� �v�e�l�o�c�i�t�y� �a�t� �e�a�c�h� �s�c�a�n� 

�p�o�i�n�t� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �n�o�r�m�a�l�l�y� �a�n�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� �s�e�e� �E�q�.� �(�3�.�3�.�1�)�.� �I�t� �i�s� �a�l�s�o� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �e�r�r�o�r� �i�s� �u�n�c�o�r�r�e�l�a�t�e�d� �b�e�t�w�e�e�n� �s�c�a�n� �p�o�i�n�t�s�.� 

�e� �~�N�(�0�,�0�°�)� �(�3�.�3�.�1�)� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �n�o�r�m�a�l�i�t�y� �c�a�n� �b�e� �m�a�d�e� �b�e�c�a�u�s�e� �t�h�e� �e�r�r�o�r� �i�n� �a� �v�e�l�o�c�i�t�y� 

�m�e�a�s�u�r�e�m�e�n�t� �i�s� �c�o�m�p�o�s�e�d� �o�f� �e�r�r�o�r� �f�r�o�m� �m�a�n�y� �s�o�u�r�c�e�s�.� �B�y� �t�h�e� �c�e�n�t�r�a�l� �l�i�m�i�t� �t�h�e�o�r�e�m� �[�3�0�]� 

�t�h�e� �c�o�m�b�i�n�e�d� �e�f�f�e�c�t� �o�f� �m�a�n�y� �e�r�r�o�r� �s�o�u�r�c�e�s�,� �e�v�e�n� �i�f� �e�a�c�h� �i�s� �n�o�t� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� 

�a�p�p�r�o�a�c�h�e�s� �a� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �e�r�r�o�r� �f�u�n�c�t�i�o�n�.� �N�o�t�e� �t�h�a�t� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �n�o�r�m�a�l�i�t�y� �i�s� 

�a�l�s�o� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �n�o�t� �s�u�b�j�e�c�t� �t�o� �a� 

�p�h�e�n�o�m�e�n�o�n� �c�a�l�l�e�d� �"�d�r�o�p�-�o�u�t�s�"�.� �D�r�o�p�-�o�u�t�s� �a�r�e� �a� �m�o�m�e�n�t�a�r�y� �l�o�s�s� �o�f� �v�e�l�o�c�i�t�y� �s�i�g�n�a�l� �f�r�o�m� 

�t�h�e� �l�a�s�e�r�.� �T�h�e�s�e� �d�r�o�p�-�o�u�t�s� �c�a�u�s�e� �t�h�e� �e�r�r�o�r� �d�i�s�t�r�i�b�u�t�i�o�n� �t�o� �b�e�c�o�m�e� �n�o�n�-�n�o�r�m�a�l� �a�n�d� �b�i�a�s�e�d�.� 

�T�h�e� �o�r�i�g�i�n�s� �o�f� �d�r�o�p�-�o�u�t�s� �a�r�e� �n�o�t� �w�e�l�l� �u�n�d�e�r�s�t�o�o�d�.� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �i�n�d�e�p�e�n�d�e�n�c�e� �b�e�t�w�e�e�n� �e�a�c�h� �s�c�a�n� �p�o�i�n�t� �c�a�n� �b�e� �m�a�d�e� �f�o�r� �a�t� �l�e�a�s�t� 

�o�n�e� �r�e�a�s�o�n�.� �T�h�e� �n�o�i�s�e� �i�n� �a�n�y� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t� �i�s� �d�u�e� �a�t� �l�e�a�s�t� �p�a�r�t�i�a�l�l�y� �t�o� �t�h�e� �s�p�e�c�k�l�e� 

�p�a�t�t�e�r�n� �a�t� �t�h�e� �l�o�c�a�t�i�o�n� �w�h�e�r�e� �t�h�e� �l�a�s�e�r� �i�s� �h�i�t�t�i�n�g� �t�h�e� �s�t�r�u�c�t�u�r�e� �[�3�1�]�.� �T�h�e� �s�p�e�c�k�l�e� �p�a�t�t�e�r�n� �i�s� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �2�7



�d�u�e� �t�o� �t�h�e� �o�p�t�i�c�a�l� �r�o�u�g�h�n�e�s�s� �o�f� �a� �s�u�r�f�a�c�e�.� �T�h�e� �p�a�t�t�e�r�n� �o�f� �r�i�d�g�e�s� �a�n�d� �v�a�l�l�e�y�s� �o�n� �a�n�y� �r�o�u�g�h� 

�s�u�r�f�a�c�e� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �r�a�n�d�o�m� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �s�o� �t�s� �t�h�e� �s�p�e�c�k�l�e� �p�a�t�t�e�r�n� �t�h�e�y� �p�r�o�d�u�c�e�.� 

�T�h�u�s�,� �t�h�e� �v�e�l�o�c�i�t�y� �e�r�r�o�r� �v�a�r�i�a�n�c�e� �a�t� �a�n�y� �s�c�a�n� �p�o�i�n�t� �d�u�e� �t�o� �s�p�e�c�k�l�e� �p�a�t�t�e�r�n� �i�s� �i�n�d�e�p�e�n�d�e�n�t� 

�f�r�o�m� �a�n�y� �p�r�e�v�i�o�u�s� �o�r� �s�u�b�s�e�q�u�e�n�t� �s�c�a�n� �p�o�i�n�t�.� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �u�n�c�o�r�r�e�l�a�t�e�d� �n�o�i�s�e� �b�e�t�w�e�e�n� �s�c�a�n� �p�o�i�n�t�s� �i�s� �b�a�s�e�d� �o�n� �t�h�e� 

�a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �s�i�g�n�a�l�s� �h�a�v�e� �b�e�e�n� �p�r�o�p�e�r�l�y� �s�h�i�e�l�d�e�d� �f�r�o�m� �a�n�y� �s�y�s�t�e�m�a�t�i�c� �n�o�i�s�e�.� 

�3�.�3�.�3� �E�r�r�o�r� �A�n�a�l�y�s�i�s� 

�I�n� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�,� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�s� �r�e�c�o�n�s�t�r�u�c�t�e�d� �u�s�i�n�g� �a� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-� 

�s�q�u�a�r�e�s� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �[�3�2�]�.� �T�h�a�t� �i�s� �t�o� �s�a�y�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �a�n� �a�s�s�u�m�e�d� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �(�i�n� �t�h�i�s� �c�a�s�e�,� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �o�f� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�)�,� 

�a�r�e� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �a� �l�e�a�s�t�-�s�q�u�a�r�e�s� �v�a�r�i�a�t�i�o�n�a�l� �s�t�a�t�e�m�e�n�t�.� �T�h�e� �u�n�c�e�r�t�a�i�n�t�i�e�s� �o�f� �t�h�e� �n�o�d�a�l� 

�v�e�l�o�c�i�t�i�e�s�,� �a�n�d� �a�n�y� �p�o�i�n�t� �i�n� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �s�o�l�u�t�i�o�n�,� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �w�h�e�n� �t�h�e� 

�r�e�a�l�i�z�a�t�i�o�n� �i�s� �m�a�d�e� �t�h�a�t� �u�n�d�e�r� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �v�a�r�i�a�t�i�o�n�a�l� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �i�n�v�e�r�t�e�d� 

�"�d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�"� �i�s� �a�l�s�o� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �u�n�i�v�e�r�s�a�l� �t�o� �a�l�l� �l�i�n�e�a�r� 

�r�e�g�r�e�s�s�i�o�n� �a�n�a�l�y�s�e�s�.� �T�h�e� �p�r�o�c�e�s�s� �o�f� �p�r�o�v�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�x� �a�n�d� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �i�s� �b�e�s�t� �d�e�s�c�r�i�b�e�d� �u�s�i�n�g� �m�a�t�r�i�x� �c�a�l�c�u�l�a�t�i�o�n�s� �a�n�d� �a�s� �s�u�c�h� �i�t� �i�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �E�S�D�M� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�n� �t�e�r�m�s� 

�o�f� �m�a�t�r�i�c�e�s�.� �N�o�t�e� �t�h�a�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�u�s�s�i�o�n� �i�s� �m�e�a�n�t� �t�o� �s�h�o�w� �t�h�e� �e�q�u�i�v�a�l�e�n�c�e� �o�f� �t�h�e� 

�E�S�D�M� �m�e�t�h�o�d�'�s� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �v�a�r�i�a�t�i�o�n�a�l� �f�o�r�m�u�l�a�t�i�o�n� �t�o� �a� �m�a�t�r�i�x� �l�e�a�s�t�-�s�q�u�a�r�e�s� 

�s�o�l�u�t�i�o�n�.� �T�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �a�n�d� �e�f�f�e�c�t�i�v�e� �f�o�r�c�e� �v�e�c�t�o�r� �a�r�e� �n�o�t� �a�c�t�u�a�l�l�y� �c�a�l�c�u�l�a�t�e�d� �i�n� �t�h�e� 

�m�a�n�n�e�r� �i�m�p�l�i�e�d�,� �s�i�n�c�e� �i�t� �i�s� �i�n�e�f�f�i�c�i�e�n�t� �t�o� �p�e�r�f�o�r�m� �t�h�e� �d�i�s�c�u�s�s�e�d� �m�a�t�r�i�x� �c�a�l�c�u�l�a�t�i�o�n�s� �o�n� �t�h�e� 

�l�a�r�g�e� �d�a�t�a� �s�e�t�s� �u�s�u�a�l�l�y� �u�s�e�d� �b�y� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�.� 

�M�a�t�r�i�x� �L�e�a�s�t�-�S�q�u�a�r�e�s� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �F�o�r�m�u�l�a�t�i�o�n� �o�f� �V�e�l�o�c�i�t�y� �F�i�e�l�d� 

�T�h�e� �v�a�r�i�a�t�i�o�n�a�l� �m�o�d�e�l� �f�o�r� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �i�s� �g�i�v�e�n� �b�y� �E�q�.� �(�3�.�3�.�2�)� �[�3�3�]�.� �N�o�t�e� 

�t�h�a�t� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �e�r�r�o�r� �i�n� �E�q�.� �(�3�.�3�.�2�)� �i�s� �g�i�v�e�n� �i�n� �E�q�.� �(�3�.�3�.�1�)�.� �T�h�i�s� �e�q�u�a�t�i�o�n� �s�t�a�t�e�s� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �2�8



�t�h�a�t� �a�t� �a� �g�i�v�e�n� �p�o�i�n�t� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�d� �a�l�o�n�g� �t�h�e� �l�a�s�e�r� �b�e�a�m� �i�s� �a� 

�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �3�-�D�i�m�e�n�s�i�o�n�a�l� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �d�i�r�e�c�t�i�o�n� 

�c�o�s�i�n�e�s� �b�e�t�w�e�e�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�x�e�s� �a�n�d� �t�h�e� �l�a�s�e�r� �b�e�a�m�.� 

�v�i�,� �=� �v�,�(�%�,�,�9�,�5�2�)�)� �W�e�n� �+�v�,�(�x�,�,�¥�,�,�2�,�)� �W�r�y� �+�v�,�(�%�,�,�.�9�,�.�2�%�,�)� �W�e�s� �+�e�@�,� �(�3�.�3�.�2�)� 

�I�n� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �e�q�u�a�t�i�o�n�,� �t�h�e� �u�n�k�n�o�w�n�s� �a�r�e� �t�h�e� �3�-�D�i�m�e�n�s�i�o�n�a�l� �v�e�l�o�c�i�t�y� 

�c�o�m�p�o�n�e�n�t�s�.� �T�h�e� �v�e�l�o�c�i�t�y� �a�l�o�n�g� �t�h�e� �l�a�s�e�r� �b�e�a�m� �i�s� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�.� �A�l�l� �t�h�e� �e�r�r�o�r� �i�n� 

�t�h�e� �l�a�s�e�r� �v�e�l�o�c�i�t�y� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �d�u�e� �t�o� �t�h�e� �e�r�r�o�r� �t�e�r�m�,� �e�;�.� �T�h�e� �c�o�o�r�d�i�n�a�t�e�s�,� �(�x�;�,� �y�j�,� �Z�;�)�,� 

�a�n�d� �h�e�n�c�e� �t�h�e� �d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e�s�,� �(�y�,�,�,� �¥�,�,�,� �W�,�,�)�,� �a�r�e� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �a�n�d� �a�r�e� 

�c�u�r�r�e�n�t�l�y� �t�a�k�e�n� �t�o� �b�e� �k�n�o�w�n� �"�e�x�a�c�t�l�y�"� �f�r�o�m� �t�h�e� �r�e�g�i�s�t�r�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �l�a�s�e�r� �a�n�d� �t�h�e� 

�s�t�r�u�c�t�u�r�e�.� 

�T�h�e� �3�-�D� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �a�n�d� �t�h�e� �g�e�o�m�e�t�r�y� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �b�a�s�i�s� �f�u�n�c�t�i�o�n�s�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�2�.�7�)� �a�n�d� �E�q�.� �(�3�.�2�.�8�)�.� �T�h�u�s�,� �E�q�.� �(�3�.�3�.�2�)� �c�a�n� �b�e� 

�w�r�i�t�t�e�n� �a�s� �E�q�.� �(�3�.�3�.�3�)�.� 

�G�u� �=� �[�N�v�]� �Y�e�e� �+�I�N ��]� �V�y�]� �M�o�n� �+� �O�N �� �a�]� �v�e� �(�3�.�3�.�3�)� 

�T�h�e� �E�S�D�M� �m�e�t�h�o�d� �a�c�t�u�a�l�l�y� �u�s�e�s� �a� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �m�e�t�h�o�d�.� �T�h�u�s�,� �e�a�c�h� 

�s�i�d�e� �o�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �e�q�u�a�t�i�o�n� �i�s� �d�i�v�i�d�e�d� �b�y� �t�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� 

�a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�3�.�4�)�.� �T�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �l�a�s�e�r� �v�e�l�o�c�i�t�y� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� 

�t�i�m�e� �s�e�r�i�e�s� �m�o�d�e�l� �a�s� �p�e�r� �M�o�n�t�g�o�m�e�r�y� �[�3�4�]�.� 

�w
�e

� �Y�u�e� �A�N� �I�v�a� �V�o�w� �+�(�N�'�]� �V�y�]� �V�i�e� �+�N �� �T�v�]� �¥�e�n�}� �(�3�.�3�.�4�)� 
�a� �e�l� 

�e�o
�]� 

�m
� 

�M�u�l�t�i�p�l�y�i�n�g� �o�u�t� �t�h�e� �m�a�t�r�i�x� �t�e�r�m�s� �r�e�s�u�l�t�s� �i�n� �E�q�.� �(�3�.�3�.�5�)�.� �T�h�i�s� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� 

�r�e�o�r�g�a�n�i�z�e�d� �t�o� �t�h�e� �f�o�r�m� �o�f� �E�q�.� �(�3�.�3�.�6�)�.� 

�E�x�p�e�r�i�m�e�n�t�a�l�!� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �2�9



�W�i� �D�N� �V�y� �+� �W�i� �D�L�N� �V�y� �+� �H�a� �N�i�v�e�}� 
�j�=�l� �j�=�l� 

�1� 
�2� �2� 

�S�j� �S�u�i� �j�=�l� 

�i� 
�S�I�N� �[� �v�i�n�g� �+� �V�i�s�i� �V�y� �+� �V�i�n�y�l�}� 

�=�]� �t�o�s� 

�»
� 

�|� 

�f
�e

� 
�>� 

�5� 

�n�
m�

 

�w
�t�?

� 

�i� 

�(�3�.�3�.�5�)� 

�(�3�.�3�.�6�)� 

�I�t� �i�s� �n�o�w� �p�o�s�s�i�b�l�e� �t�o� �r�e�o�r�g�a�n�i�z�e� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �e�q�u�a�t�i�o�n� �t�o� �a� �m�a�t�r�i�x� �f�o�r�m� �w�h�i�c�h� �i�s� 

�i�n� �t�e�r�m�s� �o�f� �t�h�e� �e�l�e�m�e�n�t� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s�,� �E�q�.� �(�3�.�3�.�7�)�.� �N�o�t�e� �t�h�a�t� �t�h�e� �n�o�d�a�l� �v�e�l�o�c�i�t�y� �m�a�t�r�i�x� �i�s� 

�i�n� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �E�S�D�M� �f�o�r�m� �[�3�5�]�.� 

� � 

� � � � 

�:� �x�l� 

�y�l� 

�.� �i� 
�v�i� 

�Y�,�.� �.� 

�P�o� �N�W�,� �N�W� �N�Y� �N� �W�i�s�i� �N�m� �Y�e�s� �N�,�V� �|� 
�5�,� �e�i� 

�V� �e�m� 

�V�v� 
�y�m� 

�V�a�n� �|� 

�E�q�u�a�t�i�o�n� �(�3�.�3�.�7�)� �i�s� �f�o�r� �a� �s�i�n�g�l�e� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�.� �I�f� �t�w�o� �v�e�l�o�c�i�t�y� 

�(�3�.�3�.�7�)� 

�m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �t�a�k�e�n� �i�n� �t�h�e� �r�e�g�i�o�n� �o�f� �t�h�e� �s�a�m�e� �e�l�e�m�e�n�t� �E�q�.� �(�3�.�3�.�7�)� �t�a�k�e�s� �o�n� �t�h�e� �f�o�r�m� �o�f� 

�E�q�.� �(�3�.�3�.�8�)�.� 

�N�i�,� �W�r�s�t� �N�,�,� �W�i�t� 
� � 

�0� �1� �N�i� �W�i�s�s� �N�e� �W�y�,� �N�E� �V�i�z� 

�S�e�r� 

 ��-� �Q�O�]�.�  �� �0� 
�S�s�.� �s� �|� �_� �s�.�,� �|� �W�i�n� �N�,� �V�i�s�t� �N�i� �W�i�s� 

�v� 
� � 

�R�e�w�r�i�t�i�n�g� �E�q�.� �(�3�.�3�.�8�)� �i�n� �m�a�t�r�i�x� �n�o�t�a�t�i�o�n� �r�e�s�u�l�t�s� �i�n� �E�q�.� �(�3�.�3�.�9�)�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� 

�V�v� 
�N�i�W�i�n� �|�e� 

�N�O�V� �N�e�W� �i�y�2� �N�O�W� �i�r� �y� 

� � � � 

�3�0



�3� �|� �(�3�.�3�.�9�)� 

�E�q�u�a�t�i�o�n� �(�3�.�3�.�9�)� �c�a�n� �b�e� �p�r�e�-�m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �"�b�a�s�i�s� �f�u�n�c�t�i�o�n�-�d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e�"� 

�m�a�t�r�i�x� �t�o� �g�e�t� �E�q�.� �(�3�.�3�.�1�0�)�.� �E�q�u�a�t�i�o�n� �(�3�.�3�.�1�0�)� �i�s� �n�o�w� �i�n� �t�h�e� �m�a�t�r�i�x� �f�o�r�m� �o�f� �a� �w�e�i�g�h�t�e�d� 

�l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �[�3�6�]�.� 

�[�N�Y�]� �[�W�T� �[�v�,� �J�=�[�N�Y�]� �[�W�]�'�[�N�Y� �V�y�]� �(�3�.�3�.�1�0�)� 

�T�h�e� �e�f�f�e�c�t�i�v�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �a�n�d� �f�o�r�c�e� �v�e�c�t�o�r� �t�e�r�m�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� 

�E�q�.� �(�3�.�3�.�1�0�)� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�3�.�1�1�)�.� �C�a�r�r�y�i�n�g� �o�u�t� �t�h�e� �m�a�t�r�i�x� �c�a�l�c�u�l�a�t�i�o�n�s� �p�r�o�d�u�c�e�s� 

�r�e�s�u�l�t�s� �t�h�a�t� �a�r�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �r�e�s�u�l�t�s� �o�f� �M�o�n�t�g�o�m�e�r�y� �[�3�7�]�.� 

�f�,�(�@�)�=�K�,�(�@�)�V�y� 

�7�,�(�@�)� �=�[�N�¥�]� �[�W�]�'�[�v�,� �]� �(�3�.�3�.�1�1�)� 

�K� �,�(�@�)� �=� �[�N�Y�]� �[�W�]� �[�N�Y�]� 

�T�h�u�s�,� �E�q�.� �(�3�.�3�.�1�1�)� �s�h�o�w�s� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �a�n�d� �f�o�r�c�e� �v�e�c�t�o�r� �e�q�u�a�t�i�o�n�s� 

�i�n� �m�a�t�r�i�x� �f�o�r�m�.� �T�h�i�s� �i�s� �s�i�g�n�i�f�i�c�a�n�t� �b�e�c�a�u�s�e�,� �i�n� �t�h�e� �m�a�t�r�i�x� �c�a�l�c�u�l�a�t�i�o�n� �f�o�r�m�,� �i�t� �i�s� �e�a�s�y� �t�o� �s�e�e� 

�t�h�a�t� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �i�s� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �n�o�d�a�l� �v�e�l�o�c�i�t�y� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� 

�[�3�8�]�.� �T�h�e� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �w�i�l�l� �b�e� �n�e�e�d�e�d� �l�a�t�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� 

�r�e�c�o�n�s�t�r�u�c�t�e�d� �s�t�r�a�i�n�-�f�i�e�l�d�.� 

�V�a�r�i�a�n�c�e� �o�f� �R�e�c�o�n�s�t�r�u�c�t�e�d� �V�e�l�o�c�i�t�y� �F�i�e�l�d� 

�R�e�c�a�l�l� �t�h�a�t� �o�n�e� �m�a�j�o�r� �g�o�a�l� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �i�s� �t�o� �o�b�t�a�i�n� �a� �s�t�a�t�i�s�t�i�c�a�l�l�y� �q�u�a�l�i�f�i�e�d� 

�s�t�r�a�i�n�-�f�i�e�l�d� �f�r�o�m� �a�n� �E�S�D�M� �r�e�c�o�n�s�t�r�u�c�t�e�d� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� �M�o�r�e� �s�p�e�c�i�f�i�c�a�l�l�y�,� �i�t� �i�s� �d�e�s�i�r�e�d� �t�o� 

�b�e� �a�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �a� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �o�n� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d�.� �S�i�n�c�e� �t�h�e� �s�t�r�a�i�n� �t�s� �c�a�l�c�u�l�a�t�e�d� 

�b�y� �p�o�s�t�-�p�r�o�c�e�s�s�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�t� �i�s� �i�n�s�t�r�u�c�t�i�v�e� �t�o� �f�i�r�s�t� �l�o�o�k� �a�t� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� 

�v�e�l�o�c�i�t�y� �a�t� �a� �p�o�i�n�t�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �3�1



�E�q�u�a�t�i�o�n� �(�3�.�3�.�1�2�)� �s�h�o�w�s� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e� �o�f� �t�h�e� �x�-�a�x�i�s� 

�v�e�l�o�c�i�t�y� �a�t� �a� �s�p�e�c�i�f�i�c� �p�o�i�n�t� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �i�s� �n�e�e�d�e�d� 

�f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �v�e�l�o�c�i�t�y�.� �T�h�e� �l�o�c�a�t�i�o�n� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �a�n�d� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �m�e�s�h� �o�n� �t�h�e� �g�e�o�m�e�t�r�y� �m�o�d�e�l�,� �d�e�t�e�r�m�i�n�e� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s�.� �T�h�e� 

�s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �n�o�t� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�,� �s�i�n�c�e� �t�h�e�y� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� 

�v�a�r�i�a�b�l�e�s� �o�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �e�q�u�a�t�i�o�n�.� �T�h�u�s�,� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �i�s� �t�h�e� �s�u�m� �o�f� 

�t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e�s� �o�f� �t�h�e� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s�.� 

�M�y�o� �=� �E�l�v�,�,�)� �=� �E�C�N�,�(�&�,�.� �0�,�)�V�a� �+� �N�o�(�E�5�0�,� �V�e�o� �t�e� �+� �N�y� �(�E�5�5� �)�V�w� �)� 
�N�(�é�,�,�7�,�)�E�(�v�,�,�)� �+� �N�,�(�E�,�.� �7�,� �J�E�(�v�,�,� �+�.�.�.� �+�N�,�( ¬�,�,� �7�,� �E�C�,� �)� �(�3�.�3�.�1�2�)� 
�N�(�E�,�,� �1�,� �b�y�e� �+� �N�,�( ¬�,�,� �1�,� �l�n�g� �t�+� �+�N�,� �(�E�,�,� �1�,� �V�e� �r�e�m� 

�T�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �x�-�v�e�l�o�c�i�t�y� �i�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�3�.�1�3�)�.� �T�h�e� �f�i�r�s�t� 

�l�i�n�e� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �s�h�o�w�s� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �v�a�r�i�a�n�c�e� �[�3�9�]�.� �O�n�c�e� �a�g�a�i�n� �n�o�t�e� �t�h�a�t� �t�h�e� �b�a�s�i�s� 

�f�u�n�c�t�i�o�n�s� �a�r�e� �n�o�t� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�.� 

�F�a�g� �=� �V�(�Y�o�g�)� �=� �E�l� �(�V�o�s� �=� �H�a�o� �)� 

�=� �E�I�(�N�.�.� �f�v�,� �-� �M�y�a� �l� �+� �N�,�V� �a�2� �=� �H�e�y�y�y� �f�+� �+�N� �p�o� �V�e�m� �=� �L�o�y�d�)� �|� 

�=� �E�|� �N�E� �(�v�e�  ��~� �H�y�e� �) �� �+�2�N�,�,�N�,�,�(�V�y� �=� �b�y�a� �M�V�  �� �f�y�y�q�)� �+�e�.� �(�3�.�3�.� �1�3�)� 

�+�2�N�,�,�N�,�.� �(�V�o�i� �=� �B�y� �)� �V�o�m� �=� �L�y�m�)� �+�2�N�,�,�N�y�o� �(�V�s� �~� �E�y�x�e� �V�i�m� �=� �L�g� �)� �F�o� 

�+�N�?� �(�v�_�,� �~� �H�n�)� �|� 

�S�i�m�p�l�i�f�y�i�n�g� �E�q�.� �(�3�.�3�.�1�3�)� �b�y� �u�s�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n�s� �o�f� �v�a�r�i�a�n�c�e� �a�n�d� �c�o�v�a�r�i�a�n�c�e� �[�4�0�]� 

�r�e�s�u�l�t�s� �i�n� �E�q�.� �(�3�.�3�.�1�4�)�.� �T�h�u�s�,� �t�h�e� �v�e�l�o�c�i�t�y� �v�a�r�i�a�n�c�e� �a�t� �a� �p�o�i�n�t� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �a�n�d� �n�o�d�a�l� �c�o�v�a�r�i�a�n�c�e�s� �o�f� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �e�l�e�m�e�n�t�.� 

�O�n�s� �=� �N�i� �v�x� �+�2�N� �N�y� �O�v�e�i�v�a�g� �t�e� �+�2�,� �N�,� �o�n� �+�2�.�N�,� �N�i�s� �v�s�a�v�e�m�t� �A�N�T� �F�i�v�e�r� �(�3�.�3�.� �1�4�)� �l�o�*�  ��m�o� �~� �V�x�i�V�x�m� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �3�2



�T�h�e� �c�o�v�a�r�i�a�n�c�e�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x�,� �w�h�i�c�h� �i�s� �t�h�e� �i�n�v�e�r�s�e� �o�f� 

�t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �E�q�.� �(�3�.�3�.�1�1�)�.� �R�e�a�r�r�a�n�g�i�n�g� �E�q�.� �(�3�.�3�.�1�4�)� �i�n� �t�e�r�m�s� �o�f� �t�h�e� 

�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �p�r�o�d�u�c�e�s� �E�q�.� �(�3�.�3�.�1�5�)� �[�4�1�]�.� �N�o�t�e� �t�h�a�t� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �u�s�e�d� �i�n� 

�E�q�.� �(�3�.�3�.�1�5�)� �i�s� �a� �s�u�b�m�a�t�r�i�x� �o�f� �t�h�e� �s�y�s�t�e�m� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x�.� �E�q�u�a�t�i�o�n� �(�3�.�3�.�1�5�)�,� �a�s� �w�r�i�t�t�e�n�,� 

�c�o�n�t�a�i�n�s� �o�n�l�y� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �t�e�r�m�s� �f�o�r� �t�h�e� �x�-�d�i�r�e�c�t�i�o�n�,� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �o�n� �t�h�e� �e�l�e�m�e�n�t� �i�n� 

�q�u�e�s�t�i�o�n�.� 

�N�,�,� �«�+� �N�a�,� �|�K�o�,�(�@�)�'�|� �2�?� �|�=� �N�S�K�G�I�N�,� �(�3�.�3�.�1�5�)� 
�m�m� 

�V�a�r�i�a�n�c�e� �o�f� �R�e�c�o�n�s�t�r�u�c�t�e�d� �D�i�s�p�l�a�c�e�m�e�n�t� �F�i�e�l�d� 

�T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �v�a�r�i�a�n�c�e� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �i�n� �a� �s�i�m�i�l�a�r� �f�a�s�h�i�o�n� �t�o� �t�h�e� �v�e�l�o�c�i�t�y� 

�v�a�r�i�a�n�c�e�.� �T�h�e� �o�n�l�y� �a�d�d�i�t�i�o�n� �i�s� �t�h�a�t� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �v�e�l�o�c�i�t�y� �d�i�v�i�d�e�d� �b�y� �t�h�e� 

�f�o�r�c�i�n�g� �f�r�e�q�u�e�n�c�y�.� �T�h�u�s�,� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�t� �a� �p�o�i�n�t� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� 

�g�i�v�e�n� �b�y� �E�q�.� �(�3�.�3�.�1�6�)�.� 

�N�.�,� 

�N� �@� 

�o� �-�|� �M�e� �N�w� �M�e� �I�k�i�,� �(�o�)� �o�f�)� �- ��N�G�K� �R�I�N�,� �(�3�.�3�.�1�6�)� 
�o�O�o� �o�O� 

�N�n�a�/�-� 
�@� 

�V�a�r�i�a�n�c�e� �o�f� �R�e�c�o�n�s�t�r�u�c�t�e�d� �S�t�r�a�i�n�-�f�i�e�l�d� 

�T�h�e� �s�t�r�a�i�n� �v�a�r�i�a�n�c�e� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �v�a�r�i�a�n�c�e�,� �e�x�c�e�p�t� �t�h�a�t� �t�h�e� �s�t�r�a�i�n� �1�s� 

�d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �s�p�a�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s�,� �E�q�.� �(�3�.�3�.�1�7�)�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �3�3





�l�o� �O�N�,� 

� � 

� � 

�O�x� 
�O�N�.� �1�|�@�N�,� �O�N� �O�N�.� �-�1�|�  ��4� �"�2�0� 

�o�.�=�- ��| ��»�  �� �.�.�.� �m�?� �I�K�*� �(�l�o� �3�.�3�.�1�7�  ¬�x�o� �|� �O�x� �O�x� �e�s� �D�X� �(� �)� �O�x� �(� �)� 

�O�N�,� 

�O�x� 

�R�e�c�a�l�l� �f�r�o�m� �S�e�c�.� �3�.�2�.�3� �t�h�a�t� �t�h�e� �s�p�a�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �b�a�s�i�s� �f�u�n�c�t�i�o�n�s� �a�r�e� 

�c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �J�a�c�o�b�i�a�n�,� �E�q�.� �(�3�.�2�.�9�)�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �s�p�a�t�i�a�l� 

�d�e�r�i�v�a�t�i�v�e�s� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �x�-�d�i�r�e�c�t�i�o�n� �o�n�l�y� �a� �p�o�r�t�i�o�n� �o�f� �t�h�e� �i�n�v�e�r�s�e� �J�a�c�o�b�i�a�n� �i�s� �n�e�e�d�e�d�,� �s�e�e� 

� � 
� � 

�E�q�.� �(�3�.�3�.�1�8�)�.� 

�O�N�,�,�|� �|� �M�2� �P�N�r�e� �|� 
�O�x� �O�f� �O�n� �I�r� 

�O�N�,�,� �O�N�,�,� �O�N�,�,� �2� 

 ��a�x� �|�=�|� �2� �a�y� �|� �S�I�=� �a�N� �(�J�o�)�,� �(�3�.�3�.�1�8�)� 

�O�N� �O�N�,�,�,� �O�N�,�,�,� �~� �O�x� 

�O�x�}� �|� �8� �e�n� �|� � � � � 
�C�o�m�b�i�n�i�n�g� �E�q�.� �(�3�.�3�.�1�7�)� �a�n�d� �E�q�.� �(�3�.�3�.�1�8�)� �p�r�o�d�u�c�e�s� �E�q�.� �(�3�.�3�.�1�9�)�.� 

�o� �=�  ��(�a�3� �)�,� �I�N�K� �S�A�N�,�(�J�2�)� �(�3�.�3�.�1�9�)� 

�T�h�u�s�,� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �n�o�r�m�a�l� �s�t�r�a�i�n� �m�a�y� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �p�r�e�-� �a�n�d� �p�o�s�t�-� 

�m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �c�o�v�a�r�i�a�n�c�e� �s�u�b�m�a�t�r�i�x� �b�y� �t�h�e� �p�a�r�t�i�a�l� �i�n�v�e�r�s�e� �J�a�c�o�b�i�a�n� �a�n�d� �t�h�e� 

�b�a�s�i�s� �f�u�n�c�t�i�o�n� �d�e�r�i�v�a�t�i�v�e� �m�a�t�r�i�x�.� �E�q�u�a�t�i�o�n� �(�3�.�3�.�2�0�)� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�n�c�e� �f�o�r� �t�h�e� �y�-�d�i�r�e�c�t�i�o�n� 

�n�o�r�m�a�l� �s�t�r�a�i�n�.� �N�o�t�e� �t�h�a�t� �t�h�e� �o�n�l�y� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �E�q�.� �(�3�.�3�.�1�9�)� �a�n�d� �E�q�.� �(�3�.�3�.�2�0�)� �a�r�e� 

�t�h�e� �c�o�v�a�r�i�a�n�c�e� �s�u�b�m�a�t�r�i�x� �a�n�d� �t�h�e� �i�n�v�e�r�s�e� �J�a�c�o�b�i�a�n� �s�u�b�v�e�c�t�o�r�.� 

�o�,�,�=� �(�J�e�)�,� �N�U�K� �d�N�,� �(�J�z�)�,� �(�3�.�3�.�2�0�)� �£� �y�o� �2� 
�@� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �3�4



�E�q�u�a�t�i�o�n� �(�3�.�3�.�2�1�)� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �x�y�-�s�h�e�a�r� �s�t�r�a�i�n�.� �T�h�e� �s�e�c�o�n�d� 

�c�o�v�a�r�i�a�n�c�e� �s�u�b�m�a�t�r�i�x� �c�o�n�t�a�i�n�s� �t�h�e� �c�o�v�a�r�i�a�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �x�-�d�i�r�e�c�t�i�o�n� �a�n�d� �y�-�d�i�r�e�c�t�i�o�n� 

�n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s�.� �I�n� �m�o�s�t�,� �b�u�t� �n�o�t� �a�l�l�,� �c�a�s�e�s� �t�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �z�e�r�o�.� �A� �c�o�m�p�l�e�t�e� �d�e�r�i�v�a�t�i�o�n� 

�o�f� �t�h�e� �x�y�-�s�h�e�a�r� �s�t�r�a�i�n� �v�a�r�i�a�n�c�e� �i�s� �s�h�o�w�n� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�o� �y�x�y�o� �e�
|�-�

 
 �
�~

� 
�7�

 

�'�)� �S�A�N�E�K�5�3�d�N�,� �(�J�z�)�,� 
�+

� 

�&
�|
�+

� �
8�

,� 
�h

�o
� 

�(�5�2�)�,� �a�N�U�K�S�S�d�N�,� �(�J�z�)�,� �(�3�.�3�.�2�1�)� 
�+

� �(�5�3�)�,� �d�N�U�K�S� �A�N�,� �(�J�z�)�,� 

�T�h�e� �x�-�y� �b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �n�o�t� �s�t�a�t�i�s�t�i�c�a�l�l�y� �i�n�d�e�p�e�n�d�e�n�t�.� �T�h�u�s�,� �t�h�e� 

�c�o�v�a�r�i�a�n�c�e� �t�e�r�m�s� �b�e�t�w�e�e�n� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�3�.�2�2�)�,� �E�q�.� �(�3�.�3�.�2�3�)� �a�n�d� 

�E�q�.� �(�3�.�3�.�2�4�)�.� �T�h�e�s�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �a�r�e� �d�e�r�i�v�e�d� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�l� �,� 

�= �� �(�5�3�)�,� �a�N� �K�o�n� �d�N�,� �(�J�o�)�,� �(�3�.�3�.�2�2�)� �e�x�e�y�o� �2� 
�@� 

�]� �'� 

 ��(�5�3�)�,� �d�N�G�K�S�{�d�N�(�J�3�)� �(�3�.�3�.�2�3�)� 
�a�o� �C�r�i�m�e� �=� �3� �(�I�3�)�,� �A�N�S�K� �5� �A�N�o�(�I�Q�)�,� �+� 

 �
� �-�1�\�/� �-� �_� �]� �-�1�\�'� �a�n�y� �u�r�e�-� �_� 

�= ��(�J�o�)�,� �d�N�U�K�5�/�d�N�,�(�J�3�)�)�,� �+�e� �)�,� �A�N�U� �K�5�)�,�d�N�,�(�J�5�)� �)�,� �(�3�.�3�.�2�4�)� 

�3�.�3�.�4� �N�o�t�e�s� �o�n� �S�t�r�a�i�n� �V�a�r�i�a�n�c�e� �C�a�l�c�u�l�a�t�i�o�n�s� 

�T�h�e�r�e� �a�r�e� �t�w�o� �i�m�p�o�r�t�a�n�t� �i�t�e�m�s� �t�h�a�t� �n�e�e�d� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �w�h�e�n� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� 

�s�t�r�a�i�n� �v�a�r�i�a�n�c�e� �w�i�t�h� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s�.� �F�i�r�s�t�,� �a�s� �n�o�t�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�2�,� �t�h�e� �r�e�a�l� �p�o�r�t�i�o�n� 

�o�f� �t�h�e� �s�t�r�a�i�n� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �a�n�d� �v�i�c�e� �v�e�r�s�a�.� �T�h�e� �E�S�D�M� 

�m�e�t�h�o�d� �t�r�e�a�t�s� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �s�e�p�a�r�a�t�e�l�y�.� �T�h�u�s�,� �t�h�e�r�e� �i�s� �a� �r�e�a�l� �c�o�v�a�r�i�a�n�c�e� 

�m�a�t�r�i�x� �a�n�d� �a�n� �i�m�a�g�i�n�a�r�y� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x�.� �T�h�e�r�e�f�o�r�e�,� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �r�e�a�l� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�p�a�t�i�a�l� �D�y�n�a�m�i�c�s� �M�o�d�e�l�i�n�g� �3�5



�s�t�r�a�i�n�,� �o�n�e� �u�s�e�s� �t�h�e� �i�m�a�g�i�n�a�r�y� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x�,� �a�n�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �i�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� 

�v�a�r�i�a�n�c�e� �o�n�e� �u�s�e�s� �t�h�e� �r�e�a�l� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x�.� 

�T�h�e� �s�e�c�o�n�d� �i�t�e�m� �t�h�a�t� �n�e�e�d�s� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�s� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �i�n�d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� 

�r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s�.� �A�s� �a�l�s�o� �m�e�n�t�i�o�n�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�2�,� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� 

�v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �n�o�t� �s�t�a�t�i�s�t�i�c�a�l�l�y� �i�n�d�e�p�e�n�d�e�n�t� �[�4�2�]�.� �T�h�u�s�,� �t�h�e�r�e� �i�s� �a� �c�o�v�a�r�i�a�n�c�e� 
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�S�L�D�V� �i�s� �o�n�l�y� �c�a�p�a�b�l�e� �o�f� �m�e�a�s�u�r�i�n�g� �v�e�l�o�c�i�t�i�e�s� �o�n� �a� �s�t�r�u�c�t�u�r�e�'�s� �o�u�t�e�r� �s�u�r�f�a�c�e�,� �t�h�e� �E�S�D�M� 

�m�e�t�h�o�d� �u�s�e�s� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�h�a�t� �m�o�d�e�l�s� �o�n�l�y� �t�h�e� �o�u�t�e�r� �s�u�r�f�a�c�e� �r�e�s�p�o�n�s�e�.� �F�o�r� �a� �p�l�a�t�e� �i�n� 

�t�h�e� �x�y�-�p�l�a�n�e�,� �t�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �c�a�n� �b�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�u�r�f�a�c�e� 

�s�t�r�a�i�n�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�4�.�1�)�.� 
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�T�h�e� �E�S�D�M� �m�e�t�h�o�d� �p�r�o�d�u�c�e�s� �t�h�e� �3�-�D� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �s�u�r�f�a�c�e�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �g�r�a�d�i�e�n�t�.� �T�h�u�s�,� �i�t� �i�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �f�r�o�m� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� �F�o�r� �a� �s�t�r�u�c�t�u�r�e� �t�e�s�t�e�d� 

�u�s�i�n�g� �a� �s�i�n�e�-�d�w�e�l�l� �t�e�s�t�,� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �v�e�l�o�c�i�t�y� �i�s� �g�i�v�e�n� �b�y� 

�E�q�.� �(�3�.�4�.�2�)�.� 
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�o� 

�F�r�o�m� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d�,� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �E�q�.� �(�3�.�4�.�3�)� 

�t�h�r�o�u�g�h� �E�q�.� �(�3�.�4�.�6�)�.� 

�u�,�.� 

�e�y�.� �1� �0� �0� �O�l�y� 
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�(�3�.�4�.�6�)� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �p�r�a�c�t�i�c�a�l� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �i�t�e�m�s� �t�h�a�t� �m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �e�n�s�u�r�e� 

�t�h�a�t� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d�s� �a�r�e� �a�c�c�u�r�a�t�e�.� �F�i�r�s�t�,� �e�l�e�m�e�n�t�s� �t�h�a�t� �a�r�e� �l�o�w�e�r� �t�h�a�n� �C�!� 

�c�o�n�t�i�n�u�o�u�s� �w�i�l�l� �p�r�o�d�u�c�e� �s�t�r�a�i�n�-�f�i�e�l�d�s� �t�h�a�t� �a�r�e� �d�i�s�c�o�n�t�i�n�u�o�u�s� �a�t� �t�h�e� �e�l�e�m�e�n�t� �b�o�u�n�d�a�r�i�e�s�.� 

�T�h�u�s�,� �t�h�e� �r�e�s�u�l�t�s� �w�i�l�l� �r�e�q�u�i�r�e� �f�u�r�t�h�e�r� �p�r�o�c�e�s�s�i�n�g� �t�o� �p�r�o�d�u�c�e� �a� �c�o�n�t�i�n�u�o�u�s� �s�t�r�a�i�n�-�f�i�e�l�d�.� 

�S�e�c�o�n�d�,� �i�n� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �h�a�v�e� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �o�r�d�e�r� �t�h�a�t� �i�s� �t�o�o� 

�h�i�g�h� �o�r� �t�o�o� �l�o�w�.� �I�f�t�h�e� �m�o�d�e�l� �o�r�d�e�r� �i�s� �t�o�o� �l�o�w�,� �t�h�e� �m�o�d�e�l� �w�i�l�l� �n�o�t� �h�a�v�e� �t�h�e� �p�o�w�e�r� �t�o� 

�m�o�d�e�l� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� �I�f� �t�h�e� �m�o�d�e�l� �o�r�d�e�r� �i�s� �t�o�o� �h�i�g�h�,� �t�h�e� �m�o�d�e�l� �w�i�l�l� �s�t�a�r�t� �t�o� �m�o�d�e�l� �t�h�e� 

�n�o�i�s�e� �i�n� �t�h�e� �d�a�t�a�.� �A�l�s�o�,� �s�t�r�a�i�n�-�f�i�e�l�d�s� �c�o�n�v�e�r�g�e� �a�t� �a� �s�l�o�w�e�r� �r�a�t�e� �t�h�a�n� �v�e�l�o�c�i�t�y� �f�i�e�l�d�s�.� �F�i�n�a�l�l�y�,� 

�t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d� �d�e�p�e�n�d�s� �o�n� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �g�e�o�m�e�t�r�y� �m�o�d�e�l�.� 

�T�h�u�s�,� �c�a�r�e� �m�u�s�t� �b�e� �t�a�k�e�n� �t�o� �e�n�s�u�r�e� �t�h�a�t� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �m�o�d�e�l�e�d� �w�i�t�h� �s�u�f�f�i�c�i�e�n�t� �d�e�t�a�i�l�.� 

�T�h�e� �E�S�D�M� �m�e�t�h�o�d� �t�s� �s�u�b�j�e�c�t� �t�o� �b�o�t�h� �r�a�n�d�o�m� �e�r�r�o�r�s� �a�n�d� �b�i�a�s� �e�r�r�o�r�s�.� �T�h�e� �t�w�o� 

�m�o�s�t� �i�m�p�o�r�t�a�n�t� �b�i�a�s� �e�r�r�o�r� �s�o�u�r�c�e�s� �a�r�e� �s�p�a�t�i�a�l� �e�r�r�o�r� �a�n�d� �n�o�n�-�s�t�a�t�i�o�n�a�r�y� �b�e�h�a�v�i�o�r�.� �T�h�e� 

�e�f�f�e�c�t� �o�f� �t�h�e�s�e� �b�i�a�s� �e�r�r�o�r�s� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �l�a�t�e�r� �c�h�a�p�t�e�r�s�.� �T�h�e� �r�a�n�d�o�m� �e�r�r�o�r� �i�s� �a�s�s�u�m�e�d� �t�o� 

�i�n�d�e�p�e�n�d�e�n�t�l�y� �a�n�d� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �b�e�t�w�e�e�n� �s�c�a�n� �p�o�i�n�t�s�.� 

�T�h�e� �m�a�t�r�i�x� �f�o�r�m� �o�f� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �i�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�4�.�7�)�.� �F�r�o�m� �t�h�i�s� �e�q�u�a�t�i�o�n� 

�i�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �i�s� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �o�f� 

�t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�.� �N�o�t�e� �t�h�a�t� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �a�n�d� �t�h�e� �d�y�n�a�m�i�c� 

�f�o�r�c�e� �v�e�c�t�o�r� �w�e�r�e� �n�o�t� �a�c�t�u�a�l�l�y� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�i�s� �m�a�n�n�e�r�,� �b�u�t� �s�h�o�w� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� 

�b�e�t�w�e�e�n� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �a�n�d� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �i�n� �a� �l�i�n�e�a�r� 

�r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n�.� 
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�F�i�n�a�l�l�y�,� �u�s�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �i�s� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �s�t�r�a�i�n� 

�v�a�r�i�a�n�c�e�s� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �E�q�.� �(�3�.�3�.�1�9�)� �t�h�r�o�u�g�h� �E�q�.� �(�3�.�3�.�2�4�)�.� 
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�C�H�A�P�T�E�R� �4� 

�S�T�R�A�I�N� �G�A�G�E� �M�E�T�H�O�D� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�i�s�c�u�s�s�e�s� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �m�e�a�s�u�r�e�m�e�n�t� �t�e�c�h�n�i�q�u�e� �w�h�i�c�h� �w�a�s� �c�h�o�s�e�n� �a�s� 

�t�h�e� �r�e�f�e�r�e�n�c�e� �f�o�r� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �i�t� �d�i�s�c�u�s�s�e�s� �w�h�y� �s�t�r�a�i�n� �g�a�g�e�s� �w�e�r�e� 

�c�h�o�s�e�n� �a�s� �t�h�e� �r�e�f�e�r�e�n�c�e�,� �w�h�i�c�h� �t�y�p�e� �o�f� �g�a�g�e�s� �w�e�r�e� �c�h�o�s�e�n�,� �t�h�e� �b�a�s�i�c� �p�r�i�n�c�i�p�l�e� �o�f� �s�t�r�a�i�n� 

�g�a�g�e� �o�p�e�r�a�t�i�o�n�,� �t�h�e� �m�e�t�h�o�d� �o�f� �c�o�l�l�e�c�t�i�n�g� �d�a�t�a� �f�r�o�m� �s�t�r�a�i�n� �g�a�g�e�s�,� �t�h�e� �p�o�s�s�i�b�l�e� �e�r�r�o�r�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �s�t�r�a�i�n� �g�a�g�e�s�,� �a�n�d� �t�h�e� �p�r�o�c�e�s�s� �f�o�r� �s�t�a�t�i�s�t�i�c�a�l�l�y� �q�u�a�l�i�f�y�i�n�g� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� 

�o�u�t�p�u�t�.� 

�4�.�1� �W�h�y� �C�h�o�s�e�n� 

�T�h�e� �k�e�y� �g�o�a�l� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h�,� �o�n�c�e� �a�g�a�i�n�,� �i�s� �t�o� �v�a�l�i�d�a�t�e� �t�h�e� �s�t�r�a�i�n� �o�u�t�p�u�t� �o�f� �t�h�e� 

�E�S�D�M� �m�e�t�h�o�d�.� �M�o�r�e� �s�p�e�c�i�f�i�c�a�l�l�y�,� �t�h�e� �g�o�a�l� �i�s� �t�o� �v�e�r�i�f�y� �t�h�a�t� �t�h�e� �m�e�t�h�o�d� �i�s� �c�a�p�a�b�l�e� �o�f� 

�m�e�a�s�u�r�i�n�g� �a�c�c�u�r�a�t�e�,� �q�u�a�n�t�i�t�a�t�i�v�e� �s�t�r�a�i�n�-�f�i�e�l�d�s�.� �T�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �t�e�c�h�n�i�q�u�e� �i�s� �a�c�c�u�r�a�t�e�,� �i�t� 

�i�s� �n�e�c�e�s�s�a�r�y� �t�o� �o�b�t�a�i�n� �a�n� �i�n�d�e�p�e�n�d�e�n�t� �s�t�r�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�,� �w�h�i�c�h� �i�s� �k�n�o�w�n� �t�o� �b�e� �a�c�c�u�r�a�t�e�,� 

�f�o�r� �c�o�m�p�a�r�i�s�o�n�.� �T�h�a�t� �t�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �o�b�t�a�i�n� �a� �s�t�a�n�d�a�r�d� �t�o� �c�a�l�i�b�r�a�t�e� �t�h�e� �E�S�D�M� 

�o�u�t�p�u�t�.� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �a�s�p�e�c�t�s� �o�f� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �w�h�i�c�h� �m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �w�h�e�n� 

�c�h�o�o�s�i�n�g� �a� �c�a�l�i�b�r�a�t�i�o�n� �s�t�a�n�d�a�r�d�.� �F�i�r�s�t�,� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �p�r�o�v�i�d�e�s� �a� �f�u�l�l�-�f�i�e�l�d� �s�o�l�u�t�i�o�n�.� �A� 

�s�t�r�a�i�n� �v�a�l�u�e� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�o�r� �a�n�y� �p�o�i�n�t� �o�n� �t�h�e� �s�o�l�u�t�i�o�n� �s�p�a�c�e�.� �T�h�u�s�,� �a�n� �i�d�e�a�l� 

�c�a�l�i�b�r�a�t�i�o�n� �s�t�a�n�d�a�r�d� �w�i�l�l� �a�l�s�o� �p�r�o�v�i�d�e� �a� �f�u�l�l�-�f�i�e�l�d� �m�e�a�s�u�r�e�m�e�n�t�.� �S�e�c�o�n�d�,� �t�h�e� �E�S�D�M� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �4�0



�m�e�t�h�o�d� �i�s� �o�n�l�y� �c�a�p�a�b�l�e� �o�f� �o�b�t�a�i�n�i�n�g� �d�y�n�a�m�i�c� �m�e�a�s�u�r�e�m�e�n�t�s�.� �T�h�a�t� �i�s�,� �i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� 

�s�t�a�t�i�c�a�l�l�y� �c�a�l�i�b�r�a�t�e� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�,� �i�t� �m�u�s�t� �b�e� �d�y�n�a�m�i�c�a�l�l�y� �c�a�l�i�b�r�a�t�e�d�.� �T�h�e�r�e�f�o�r�e�,� �a�n� 

�i�d�e�a�l� �c�a�l�i�b�r�a�t�i�o�n� �s�t�a�n�d�a�r�d� �f�o�r� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �w�o�u�l�d� �p�r�o�v�i�d�e� �a� �f�u�l�l�-�f�i�e�l�d�,� �q�u�a�n�t�i�t�a�t�i�v�e�,� 

�d�y�n�a�m�i�c� �m�e�a�s�u�r�e�m�e�n�t�.� �T�h�e�r�e� �a�r�e� �s�u�c�h� �m�e�t�h�o�d�s� �a�v�a�i�l�a�b�l�e�,� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �2�,� 

�h�o�w�e�v�e�r�,� �i�n� �m�o�s�t� �c�a�s�e�s� �a�n� �e�x�p�e�r�i�m�e�n�t�e�r� �w�o�u�l�d� �n�o�t� �h�a�v�e� �b�o�t�h� �m�e�t�h�o�d�s� �a�v�a�i�l�a�b�l�e�.� �T�h�u�s�,� �i�t� 

�i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �o�f� �t�h�e� �c�r�i�t�e�r�i�a� �m�u�s�t� �b�e� �m�e�t� �t�o� �p�r�o�v�i�d�e� �a� �r�e�a�s�o�n�a�b�l�e�,� �i�f� �n�o�t� 

�i�d�e�a�l�,� �c�a�l�i�b�r�a�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�.� �C�l�e�a�r�l�y�,� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �s�t�a�n�d�a�r�d� �m�u�s�t� �p�r�o�v�i�d�e� �a�n� �a�c�c�u�r�a�t�e�,� 

�q�u�a�n�t�i�t�a�t�i�v�e� �m�e�a�s�u�r�e�m�e�n�t�.� �A�l�s�o�,� �i�t� �m�u�s�t� �o�p�e�r�a�t�e� �p�r�o�p�e�r�l�y� �u�n�d�e�r� �d�y�n�a�m�i�c� �c�o�n�d�i�t�i�o�n�s�.� 

�H�o�w�e�v�e�r�,� �i�t� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �f�o�r� �t�h�e� �s�t�a�n�d�a�r�d� �t�o� �p�r�o�v�i�d�e� �a� �f�u�l�l�-�f�i�e�l�d� �m�e�a�s�u�r�e�m�e�n�t�,� 

�e�s�p�e�c�i�a�l�l�y� �c�o�n�s�i�d�e�r�i�n�g� �t�h�a�t� �o�n�l�y� �s�e�l�e�c�t� �p�o�i�n�t�s� �w�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d� �f�r�o�m� �a� �f�u�l�l�-�f�i�e�l�d� �s�o�l�u�t�i�o�n� 

�a�n�y�w�a�y�.� 

�B�a�s�e�d� �o�n� �t�h�e�s�e� �c�r�i�t�e�r�i�a�,� �e�l�e�c�t�r�i�c�a�l� �r�e�s�i�s�t�a�n�c�e� �f�o�i�l� �s�t�r�a�i�n� �g�a�g�e�s� �w�e�r�e� �c�h�o�s�e�n� �a�s� �t�h�e� 

�c�a�l�i�b�r�a�t�i�o�n� �s�t�a�n�d�a�r�d� �f�o�r� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�.� �T�h�i�s� �t�y�p�e� �o�f� �s�t�r�a�i�n� �g�a�g�e�,� �w�h�e�n� �p�r�o�p�e�r�l�y� 

�i�n�s�t�a�l�l�e�d�,� �c�a�n� �p�r�o�v�i�d�e� �h�i�g�h�l�y� �a�c�c�u�r�a�t�e� �m�e�a�s�u�r�e�m�e�n�t�s� �u�n�d�e�r� �b�o�t�h� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� 

�c�o�n�d�i�t�i�o�n�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �M�e�a�s�u�r�e�m�e�n�t�s� �G�r�o�u�p� �p�r�o�d�u�c�e�s� �g�a�g�e�s� �w�i�t�h� �0�.�5�%� �t�o�l�e�r�a�n�c�e� �g�a�g�e� 

�f�a�c�t�o�r�s� �a�n�d� �o�n�l�y� �0�.�6�%� �t�r�a�n�s�v�e�r�s�e� �s�e�n�s�i�t�i�v�i�t�y� �[�4�3�]�.� 

�A�d�v�a�n�t�a�g�e�s� 

�I�n� �a�d�d�i�t�i�o�n� �t�o� �p�r�o�v�i�d�i�n�g� �a�c�c�u�r�a�t�e�,� �d�y�n�a�m�i�c� �m�e�a�s�u�r�e�m�e�n�t�s�,� �s�t�r�a�i�n� �g�a�g�e�s� �h�a�v�e� 

�s�e�v�e�r�a�l� �o�t�h�e�r� �a�d�v�a�n�t�a�g�e�s� �a�s� �a� �c�a�l�i�b�r�a�t�i�o�n� �s�t�a�n�d�a�r�d�.� �T�h�e�y� �w�o�r�k� �o�n�a� �s�i�m�p�l�e� �p�r�i�n�c�i�p�l�e� �o�f� 

�o�p�e�r�a�t�i�o�n�,� �t�h�e�y� �a�r�e� �r�e�a�d�i�l�y� �a�v�a�i�l�a�b�l�e� �a�n�d� �a�r�e� �l�o�w� �c�o�s�t�.� �T�h�e�y� �a�r�e� �a�l�s�o� �a�v�a�i�l�a�b�l�e� �w�i�t�h� �v�e�r�y� 

�s�m�a�l�l� �g�a�g�e� �l�e�n�g�t�h�s� �w�h�i�c�h� �m�e�a�n�s� �t�h�e�y� �c�a�n� �a�p�p�r�o�a�c�h� �p�o�i�n�t� �m�e�a�s�u�r�e�m�e�n�t�s�.� �F�i�n�a�l�l�y�,� �t�h�e�y� �a�r�e� 

�l�i�g�h�t�w�e�i�g�h�t�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �f�o�r� �p�r�a�c�t�i�c�a�l� �p�u�r�p�o�s�e�s� �t�h�e�y� �d�o� �n�o�t� �a�f�f�e�c�t� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �b�y� �a�d�d�i�n�g� �m�a�s�s�.� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �4�1



�D�i�s�a�d�v�a�n�t�a�g�e�s� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �d�i�s�a�d�v�a�n�t�a�g�e�s� �o�f� �s�t�r�a�i�n� �g�a�g�e�s� �w�h�i�c�h� �s�h�o�u�l�d� �b�e� �m�e�n�t�i�o�n�e�d�.� �F�i�r�s�t�,� 

�t�h�e�y� �a�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �a�p�p�l�y� �b�e�c�a�u�s�e� �t�h�e� �m�e�a�s�u�r�e�d� �s�u�r�f�a�c�e� �m�u�s�t� �b�e� �w�e�l�l�-�c�l�e�a�n�e�d� �a�n�d� �t�h�e� 

�m�o�u�n�t�i�n�g� �p�r�o�c�e�d�u�r�e� �i�s� �t�e�d�i�o�u�s�.� �S�e�c�o�n�d�,� �a� �c�o�n�s�i�d�e�r�a�b�l�e� �a�m�o�u�n�t� �o�f� �e�q�u�i�p�m�e�n�t� �i�t�s� �r�e�q�u�i�r�e�d� 

�t�o� �c�o�l�l�e�c�t� �d�a�t�a� �f�r�o�m� �e�a�c�h� �s�t�r�a�i�n� �g�a�g�e�.� �T�h�e�s�e� �t�w�o� �p�r�o�b�l�e�m�s� �a�r�e� �t�h�e� �r�e�a�s�o�n� �t�h�a�t� �s�t�r�a�i�n� �g�a�g�e�s� 

�a�r�e� �n�o�t� �r�e�a�d�i�l�y� �s�u�i�t�e�d� �t�o� �l�a�r�g�e� �f�i�e�l�d� �s�t�r�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�s�.� 

�T�h�e� �t�h�i�r�d� �m�a�j�o�r� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �e�l�e�c�t�r�i�c�a�l� �r�e�s�i�s�t�a�n�c�e�,� �f�o�i�l� �s�t�r�a�i�n� �g�a�g�e�s� �i�s� �t�h�a�t� �t�h�e�y� 

�c�a�n� �b�e� �a�d�v�e�r�s�e�l�y� �a�f�f�e�c�t�e�d� �b�y� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�i�s� �i�s� �n�o�t� �a� �m�a�j�o�r� �p�r�o�b�l�e�m�,� �a�s� �t�h�e� �t�h�e�r�m�a�l� 

�o�u�t�p�u�t� �o�f� �t�h�e� �g�a�g�e�s� �i�s� �u�s�u�a�l�l�y� �n�e�a�r� �s�t�e�a�d�y�-�s�t�a�t�e� �a�n�d� �c�a�n�,� �t�h�u�s�,� �b�e� �f�i�l�t�e�r�e�d� �o�u�t� �d�u�r�i�n�g� 

�d�y�n�a�m�i�c� �m�e�a�s�u�r�e�m�e�n�t�s�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �i�s� �s�o�m�e�t�h�i�n�g� �t�h�a�t� �n�e�e�d�s� �t�o� �b�e� �m�o�n�i�t�o�r�e�d� 

�t�o� �e�n�s�u�r�e� �t�h�a�t� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�u�l�t�s� �a�r�e� �n�o�t� �c�o�n�t�a�m�i�n�a�t�e�d�.� 

�F�i�n�a�l�l�y�,� �e�v�e�n� �t�h�o�u�g�h� �s�t�r�a�i�n� �g�a�g�e�s� �d�o� �n�o�t� �c�o�n�t�r�i�b�u�t�e� �a�n�y� �s�i�g�n�i�f�i�c�a�n�t� �m�a�s�s� �t�o� �a� 

�d�y�n�a�m�i�c� �s�y�s�t�e�m�,� �t�h�e�y� �c�a�n� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� 

�m�a�d�e� �o�f� �a� �f�l�e�x�i�b�l�e� �m�a�t�e�r�i�a�l�,� �s�u�c�h� �a�s� �s�o�m�e� �f�o�r�m�s� �o�f� �p�l�a�s�t�i�c�,� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �c�a�n� �p�r�o�d�u�c�e� �a� 

�l�o�c�a�l� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �s�t�i�f�f�n�e�s�s�.� �N�o�t�e� �t�h�a�t� �t�h�i�s� �i�s� �n�o�t� �u�s�u�a�l�l�y� �a� �p�r�o�b�l�e�m� �f�o�r� �m�e�t�a�l� �s�t�r�u�c�t�u�r�e�s�,� 

�a�s� �i�s� �d�i�s�c�u�s�s�e�d� �l�a�t�e�r� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�4�.�2� �P�r�i�n�c�i�p�l�e�s� �o�f� �O�p�e�r�a�t�i�o�n� 

�4�.�2�.�1� �S�t�r�a�i�n� �G�a�g�e� 

�T�h�e� �e�l�e�c�t�r�i�c�a�l� �r�e�s�i�s�t�a�n�c�e� �f�o�i�l� �s�t�r�a�i�n� �g�a�g�e� �w�o�r�k�s� �o�n� �t�h�e� �p�r�i�n�c�i�p�l�e� �t�h�a�t� �t�h�e� �r�e�s�i�s�t�a�n�c�e� 

�o�f� �a� �c�o�n�d�u�c�t�o�r� �c�h�a�n�g�e�s� �w�h�e�n� �t�h�e� �c�o�n�d�u�c�t�o�r� �i�s� �s�u�b�j�e�c�t�e�d� �t�o� �a� �l�o�a�d�.� �T�h�i�s� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� 

�i�s� �d�u�e� �t�o� �s�e�v�e�r�a�l� �f�a�c�t�o�r�s� �i�n�c�l�u�d�i�n�g� �t�h�e� �c�h�a�n�g�e� �i�n� �l�e�n�g�t�h� �o�f� �t�h�e� �c�o�n�d�u�c�t�o�r�,� �t�h�e� �c�h�a�n�g�e� �i�n� 

�c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �a�n�d� �t�h�e� �c�h�a�n�g�e� �i�n� �r�e�s�i�s�t�i�v�i�t�y� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�.� �I�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� 

�c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �c�h�a�n�g�e� �a�n�d� �t�h�e� �c�h�a�n�g�e� �i�n� �r�e�s�i�s�t�i�v�i�t�y� �c�a�n� �b�o�t�h� �b�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� �c�h�a�n�g�e� 

�i�n� �c�o�n�d�u�c�t�o�r� �l�e�n�g�t�h� �[�4�4�]�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �c�h�a�n�g�e� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� 
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�c�h�a�n�g�e� �i�n� �l�e�n�g�t�h� �b�y� �t�h�e� �P�o�i�s�s�o�n�'�s� �r�a�t�i�o�,� �v�,� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�.� �T�h�u�s�,� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� 

�t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �a�n�d� �t�h�e� �l�e�n�g�t�h� �c�h�a�n�g�e� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� �E�q�.� �(�4�.�2�.�1�)�.� �N�o�t�e� �t�h�a�t� �i�n� 

�E�q�.� �(�4�.�2�.�1�)�,� �m� �i�s� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �r�e�s�i�s�t�i�v�i�t�y� �c�h�a�n�g�e� �t�o� �v�o�l�u�m�e� �c�h�a�n�g�e� �[�4�5�]�.� 

�A�l�s�o�,� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �o�f� �E�q�.� �(�4�.�2�.�1�)�,� �A�L�/�Z�o�,� �i�s� �t�h�e� �a�v�e�r�a�g�e� �s�t�r�a�i�n� �o�v�e�r� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� 

�c�o�n�d�u�c�t�o�r�.� �T�h�e� �r�i�g�h�t� �s�i�d�e� �o�f� �E�q�.� �(�4�.�2�.�1�)� �[�4�6�]� �i�s� �c�a�l�l�e�d� �t�h�e�  ��s�t�r�a�i�n� �s�e�n�s�i�t�i�v�i�t�y �� �o�f� �t�h�e� �g�a�g�e�.� 

�A�R�/�R� �A�p� �2� �(�m�-� �I�-�2�0�)� �(�4�.�2�.�1�)� 

�I�n� �m�a�n�u�f�a�c�t�u�r�e�d� �s�t�r�a�i�n� �g�a�g�e�s�,� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �a�n�d� �s�t�r�a�i�n� 

�c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�2�.�2�)�.� �N�o�t�e� �t�h�a�t� �G�f� �c�a�l�l�e�d� �t�h�e� �'�g�a�g�e� �f�a�c�t�o�r ��,� �i�s� �r�o�u�g�h�l�y� 

�e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �s�t�r�a�i�n� �s�e�n�s�i�t�i�v�i�t�y� �i�n� �E�q�.� �(�4�.�2�.�1�)�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �g�a�g�e� �f�a�c�t�o�r� 

�a�n�d� �t�h�e� �s�t�r�a�i�n� �s�e�n�s�i�t�i�v�i�t�y� �a�r�e� �"�d�u�e� �t�o� �t�h�e� �g�e�o�m�e�t�r�i�c�a�l� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �a� �s�t�r�a�i�g�h�t� �w�i�r�e� 

�a�n�d� �a� �s�t�r�a�i�n� �g�a�g�e� �g�r�i�d�"� �[�4�7�]�.� �N�o�t�e� �t�h�a�t� �E�q�.� �(�4�.�2�.�2�)� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �s�t�r�a�i�n�s� �a�r�e� �i�n� �t�h�e� 

�e�l�a�s�t�i�c� �r�a�n�g�e� �o�f� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �c�o�n�d�u�c�t�o�r�.� 

�A�R�,� �i� 
�G�,� �R� 

�g�o� 

�(�4�.�2�.�2�)� � � 

�é�,� 
�_� �A�L� 

�L�,� 

�S�t�r�a�i�n� �g�a�g�e�s� �a�r�e� �u�s�u�a�l�l�y� �d�e�s�i�g�n�e�d� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1�.� �B�e�c�a�u�s�e� �a� �f�a�i�r�l�y� �l�o�n�g� 

�c�o�n�d�u�c�t�o�r� �m�u�s�t� �b�e� �u�s�e�d� �t�o� �p�r�o�d�u�c�e� �a� �n�o�t�i�c�e�a�b�l�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�,� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� 

�c�o�n�d�u�c�t�o�r� �i�s� �l�o�o�p�e�d� �b�a�c�k�-�a�n�d�-�f�o�r�t�h� �a�c�r�o�s�s� �t�h�e� �b�a�c�k�i�n�g� �t�o� �p�r�o�d�u�c�e� �a� �g�r�i�d�.� �N�o�t�e� �t�h�a�t� �t�h�e� 

�s�t�r�a�i�n� �g�a�g�e� �i�s� �o�n�l�y� �c�a�p�a�b�l�e� �o�f� �m�e�a�s�u�r�i�n�g� �t�h�e� �a�v�e�r�a�g�e� �s�t�r�a�i�n� �o�v�e�r� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�t�r�a�i�n�-� 

�g�a�g�e� �g�r�i�d�.� 
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�S�e�n�s�i�n�g� �D�i�r�e�c�t�i�o�n� 

� � 

�C�o�n�d�u�c�t�o�r� �G�r�i�d� 

�S�o�l�d�e�r� �T�a�b�s�  � ��~� � � � � �\� �B�a�c�k�i�n�g� 
� � 

� � 

�F�i�g�u�r�e� �4�.�1�.� �B�a�s�i�c� �S�t�r�a�i�n� �G�a�g�e� �C�o�n�f�i�g�u�r�a�t�i�o�n� 

�A�n�y�  ��i�n�t�e�r�n�a�l �� �c�h�a�n�g�e�s� �i�n� �t�h�e� �s�t�r�a�i�n� �g�r�a�d�i�e�n�t� �a�r�e� �a�v�e�r�a�g�e�d� �o�u�t� �i�n� �t�h�e� �o�v�e�r�a�l�l� �r�e�s�i�s�t�a�n�c�e� 

�c�h�a�n�g�e� �o�f� �t�h�e� �g�a�g�e�.� 

�4�.�2�.�2� �M�e�a�s�u�r�e�m�e�n�t� �o�f� �R�e�s�i�s�t�a�n�c�e� �C�h�a�n�g�e� 

�E�v�e�n� �w�h�e�n� �u�s�i�n�g� �a� �f�a�i�r�l�y� �l�o�n�g� �s�t�r�a�i�n�-�g�a�g�e� �g�r�i�d�,� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �o�f� �a� �g�a�g�e� �I�s� 

�n�o�r�m�a�l�l�y� �s�o� �s�m�a�l�l� �t�h�a�t� �i�t� �c�a�n�n�o�t� �b�e� �m�e�a�s�u�r�e�d� �d�i�r�e�c�t�l�y�.� �F�o�r� �e�x�a�m�p�l�e�,� �c�o�n�s�i�d�e�r� �a� �s�t�r�a�i�n� �g�a�g�e� 

�w�i�t�h� �G�f�=� �2�.�0�9� �a�n�d� �R�y�,� �=� �3�5�0�Q�.� �I�f�t�h�e� �g�a�g�e� �i�s� �s�u�b�j�e�c�t�e�d� �t�o� �a� �s�t�r�a�i�n� �o�f� �¢� �=� �1�0�0�0�p�,� �t�h�e�n� 

�A�R� �=� �0�.�7�3�Q�.� �T�h�i�s� �i�s� �n�o�t� �a�c�c�u�r�a�t�e�l�y� �m�e�a�s�u�r�a�b�l�e� �o�n� �a� �s�c�a�l�e� �t�h�a�t� �w�o�u�l�d� �a�c�c�o�m�m�o�d�a�t�e� �a� 

�3�5�0�Q� �r�e�s�i�s�t�o�r�.� �T�h�i�s� �i�s� �a� �b�a�d� �s�i�t�u�a�t�i�o�n� �c�o�n�s�i�d�e�r�i�n�g� �t�h�a�t�,� �i�n� �m�o�s�t� �c�a�s�e�s�,� �t�h�e� �d�y�n�a�m�i�c� �s�t�r�a�i�n� 

�w�i�l�l� �b�e� �<�<� �1�0�0�0�u�U�¢�.� 

�T�h�u�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �m�e�a�s�u�r�e� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�n�d�i�r�e�c�t�l�y� �t�h�r�o�u�g�h� �a� �c�i�r�c�u�i�t� 

�w�h�i�c�h� �i�s� �s�e�n�s�i�t�i�v�e� �t�o� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �a�n�d� �p�r�o�d�u�c�e�s� �a� �m�e�a�s�u�r�a�b�l�e� �o�u�t�p�u�t�.� �S�u�c�h� �a� �c�i�r�c�u�i�t� 

�i�s� �t�h�e� �w�h�e�a�t�s�t�o�n�e� �b�r�i�d�g�e�.� 

�T�h�e� �1�/�4� �W�h�e�a�t�s�t�o�n�e� �B�r�i�d�g�e� 

�T�h�e� �q�u�a�r�t�e�r� �w�h�e�a�t�s�t�o�n�e� �b�r�i�d�g�e� �c�i�r�c�u�i�t� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�2�.� �A�s� �t�h�e� �f�i�g�u�r�e� �s�h�o�w�s�,� 

�t�h�e� �q�u�a�r�t�e�r� �w�h�e�a�t�s�t�o�n�e� �b�r�i�d�g�e� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �s�e�t�s� �o�f� �s�e�r�i�e�s� �r�e�s�i�s�t�o�r�s� �i�n� �p�a�r�a�l�l�e�l�.� �O�n�e� �o�f� 
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�t�h�e� �r�e�s�i�s�t�o�r�s� �i�s� �v�a�r�i�a�b�l�e�,� �w�h�i�c�h� �i�s� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �i�n� �t�h�i�s� �c�a�s�e�.� �T�h�e� �c�i�r�c�u�i�t� �i�s� �p�o�w�e�r�e�d� �b�y� �a� 

�c�o�n�s�t�a�n�t� �v�o�l�t�a�g�e� �p�o�w�e�r� �s�u�p�p�l�y�.� �F�o�r� �a�n� �i�n�i�t�i�a�l�l�y� �b�a�l�a�n�c�e�d� �b�r�i�d�g�e�,� �t�h�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �i�s� �a� 

�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�2�.�3�)�.� �N�o�t�e� �t�h�e� �v�a�l�u�e�s� �a� �a�n�d� �7� �i�n� 

�E�q�.� �(�4�.�2�.�3�)�.� �T�h�e� �v�a�l�u�e� �a� �i�s� �k�n�o�w�n� �a�s� �t�h�e� �b�r�i�d�g�e� �r�a�t�i�o� �a�n�d� �i�s� �g�i�v�e�n� �b�y� �E�q�.� �(�4�.�2�.�4�)�.� �F�o�r� 

�m�o�s�t� �c�a�s�e�s�,� �t�h�e� �b�r�i�d�g�e� �r�e�s�i�s�t�a�n�c�e�s� �a�r�e� �a�l�l� �t�h�e� �s�a�m�e� �v�a�l�u�e� �a�s� �t�h�e� �i�n�i�t�i�a�l� �s�t�r�a�i�n�-�g�a�g�e� 

�r�e�s�i�s�t�a�n�c�e�,� �a�n�d� �t�h�e� �v�a�l�u�e� �o�f� �a� �=� �1�.� 

� � 

�a�V� �A�R� 
�A�E� �=�  ��(�l�-�n�)�}�)� �[�4�8� �4�2�.�3� �T�e�a� �a�t�i�n�)� �[�4�8� �(�4�.�2�.�3�)� 

�R�o� �.� 
�a�= ��;� �b�r�i�d�g�e� �r�a�t�i�o� �(�4�.�2�.�4�)� 

�R�,� 

�n�= ��_�1�_�.� �n�o�n�-�l�i�n�e�a�r�i�t�y� �f�a�c�t�o�r� �(�4�.�2�.�5�)� 
�i�+� �l�+�a� 

� � �a� �R�.�,� 

�T�h�e� �v�a�l�u�e� �7�7� �i�s� �t�h�e� �n�o�n�-�l�i�n�e�a�r�i�t�y� �f�a�c�t�o�r� �o�f� �t�h�e� �b�r�i�d�g�e� �a�n�d� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�2�.�5�)�.� �F�o�r� �s�m�a�l�l� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�s� �t�h�e� �v�a�l�u�e� �o�f� �7�7� �i�s� 

�v�e�r�y� �s�m�a�l�l�,� �a�n�d� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� �b�r�i�d�g�e� �i�s� �n�e�a�r�l�y� �l�i�n�e�a�r�.� �F�o�r� �e�x�a�m�p�l�e�,� �f�o�r� �a� �b�r�i�d�g�e� �w�i�t�h� �a� 

�=�]�,� �R�g�o� �=� �3�5�0� �a�n�d� �A�R�g� �=� �3�Q�,� �t�h�e�n� �7� �=� �0�.�4�3�%�.� �N�o�t�e�,� �t�h�a�t� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �n�e�x�t� 

�s�e�c�t�i�o�n�,� �f�o�r� �a� �g�a�g�e� �w�i�t�h� �G�r�=� �2�.�0�9�,� �A�R�g� �=� �3�Q� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �¢� �=� �4�1�0�1�p�.� �T�h�i�s� �a�m�o�u�n�t� �o�f� 

�s�t�r�a�i�n� �i�s� �b�e�y�o�n�d� �t�h�e� �e�l�a�s�t�i�c� �l�i�m�i�t� �o�f� �m�o�s�t� �s�t�r�a�i�n� �g�a�g�e�s� �a�n�d� �1�s� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �w�i�l�l� �b�e� 

�e�x�p�e�r�i�e�n�c�e�d� �d�u�r�i�n�g� �a�l�m�o�s�t� �a�n�y� �d�y�n�a�m�i�c� �t�e�s�t�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �n�o�n�-�l�i�n�e�a�r�i�t�y� �o�f� �t�h�e� �b�r�i�d�g�e� 

�c�a�n� �b�e� �n�e�g�l�e�c�t�e�d� �f�o�r� �m�o�s�t� �c�a�s�e�s�.� 
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�4�.�2�.�3� �R�e�l�a�t�i�o�n�s�h�i�p� �B�e�t�w�e�e�n� �S�t�r�a�i�n� �&� �B�r�i�d�g�e� �O�u�t�p�u�t� �V�o�l�t�a�g�e� 

�T�h�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �o�f� �t�h�e� �w�h�e�a�t�s�t�o�n�e� �b�r�i�d�g�e� �c�a�n� �b�e� �d�i�r�e�c�t�l�y� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�t�r�a�i�n� �i�n� 

�t�h�e� �g�a�g�e� �b�y� �c�o�m�b�i�n�i�n�g� �E�q�.� �(�4�.�2�.�2�)� �w�i�t�h� �E�q�.� �(�4�.�2�.�3�)� �a�n�d� �E�q�.� �(�4�.�2�.�5�)�.� �S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e�s�e� 

�e�q�u�a�t�i�o�n�s� �r�e�s�u�l�t�s� �i�n� �E�q�.� �(�4�.�2�.�6�)� �t�h�r�o�u�g�h� �E�q�.� �(�4�.�2�.�8�)�.� 
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�_�_�_�!� �(�4�.�2�.�8�)� �a� �l�t�a�  �� 
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�4�.�3� �P�o�t�e�n�t�i�a�l� �E�r�r�o�r�s� �i�n� �S�t�r�a�i�n�-�G�a�g�e� �O�u�t�p�u�t� 

�W�h�e�n� �p�e�r�f�o�r�m�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l� �w�o�r�k�,� �i�t� �i�s� �a�l�w�a�y�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�p�o�s�s�i�b�l�e� �s�o�u�r�c�e�s� �o�f� �e�r�r�o�r�.� �I�t� �i�s� �e�s�p�e�c�i�a�l�l�y� �i�m�p�o�r�t�a�n�t� �i�n� �t�h�i�s� �s�i�t�u�a�t�i�o�n� �s�i�n�c�e� �t�h�e� �d�a�t�a� �a�c�q�u�i�r�e�d� 

�f�r�o�m� �t�h�e� �s�t�r�a�i�n� �g�a�g�e�s� �i�s� �t�o� �b�e� �u�s�e�d� �t�o� �v�e�r�i�f�y� �t�h�e� �o�u�t�p�u�t� �o�f� �a�n�o�t�h�e�r� �m�e�t�h�o�d�.� �T�h�e� �p�o�t�e�n�t�i�a�l� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �4�6



�e�r�r�o�r� �s�o�u�r�c�e�s� �f�o�r� �a� �t�y�p�i�c�a�l� �s�t�r�a�i�n�-�g�a�g�e� �s�y�s�t�e�m� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�4� �[�4�9�]�.� �N�o�t�e� �t�h�a�t� �s�o�m�e� 

�o�f� �t�h�e�s�e� �e�r�r�o�r� �s�o�u�r�c�e�s� �a�r�e� �u�n�i�v�e�r�s�a�l� �t�o� �a�l�l� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�s�,� �w�h�i�l�e� �o�t�h�e�r�s� �a�r�e� �u�n�i�q�u�e� 

�t�o� �s�t�r�a�i�n� �g�a�g�e�s�.� 

�T�h�e� �n�e�x�t� �t�w�o� �s�e�c�t�i�o�n�s� �d�i�s�c�u�s�s� �t�h�e� �e�r�r�o�r�s� �i�n� �F�i�g�.� �4�.�4� �i�n� �d�e�t�a�i�l�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �t�h�e�y� 

�d�i�s�c�u�s�s� �h�o�w� �t�h�e� �e�r�r�o�r�s� �a�f�f�e�c�t� �t�h�e� �d�a�t�a� �a�n�d� �h�o�w� �t�h�e�y� �c�a�n� �b�e� �a�v�o�i�d�e�d� �o�r� �c�o�r�r�e�c�t�e�d�.� �A�s� 

�m�e�n�t�i�o�n�e�d� �a�b�o�v�e�,� �s�o�m�e� �o�f� �t�h�e�s�e� �e�r�r�o�r�s� �a�r�e� �s�p�e�c�i�f�i�c� �t�o� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�y�s�t�e�m� �w�h�i�l�e� �o�t�h�e�r�s� 

�a�r�e� �a�p�p�l�i�c�a�b�l�e� �t�o� �a�l�l� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �p�r�o�c�e�s�s�e�s�.� 

�4�.�3�.�1� �P�o�s�s�i�b�l�e� �R�a�n�d�o�m� �E�r�r�o�r�s� 

�A�l�l� �E�q�u�i�p�m�e�n�t� 

�R�a�n�d�o�m� �N�o�i�s�e� �-� �A�l�l� �e�q�u�i�p�m�e�n�t� �a�r�e� �s�u�b�j�e�c�t� �t�o� �t�h�e� �e�f�f�e�c�t� �o�f� �e�x�t�e�r�n�a�l� �n�o�i�s�e� �t�o� �s�o�m�e� 

�e�x�t�e�n�t�.� �R�a�n�d�o�m� �n�o�i�s�e� �c�a�n� �f�a�l�l� �i�n�t�o� �t�w�o� �c�a�t�e�g�o�r�i�e�s�,� �w�h�i�t�e� �n�o�i�s�e� �a�n�d� �f�l�i�c�k�e�r� �n�o�i�s�e�.� �W�h�i�t�e� 

�n�o�i�s�e� �h�a�s� �a� �p�o�w�e�r� �s�p�e�c�t�r�u�m� �w�h�i�c�h� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �f�r�e�q�u�e�n�c�y� �a�n�d� �f�l�i�c�k�e�r� �n�o�i�s�e� �h�a�s� �a� 

�p�o�w�e�r� �s�p�e�c�t�r�u�m� �w�h�i�c�h� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �i�n�v�e�r�s�e� �o�f� �f�r�e�q�u�e�n�c�y� �[�5�0�]�.� �W�h�i�t�e� �n�o�i�s�e� �i�s� 

�u�s�u�a�l�l�y� �d�u�e� �t�o� �t�h�e� �r�a�n�d�o�m� �m�o�t�i�o�n� �o�r� �r�a�n�d�o�m� �a�r�r�i�v�a�l� �o�f� �e�l�e�c�t�r�o�n�s� �i�n� �a� �m�a�t�e�r�i�a�l�.� �W�h�i�t�e� 

�n�o�i�s�e� �i�s� �o�f�t�e�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e�r�m�a�l� �e�f�f�e�c�t�s� �[�5�0�]�.� �T�h�e� �o�r�i�g�i�n�s� �o�f� �f�l�i�c�k�e�r� �n�o�i�s�e� �a�r�e� �n�o�t� �w�e�l�l� 

�u�n�d�e�r�s�t�o�o�d� �[�5�0�]�.� 
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�-�P�o�o�r� �c�o�n�n�e�c�t�i�o�n� �-�L�i�n�e�a�r�i�t�y� �o�f� �g�a�g�e� �o�u�t�p�u�t� 
�-�T�h�e�r�m�a�l� �E�M�F�s� �-�T�r�a�n�s�v�e�r�s�e� �S�e�n�s�i�t�i�v�i�t�y� 

�-�M�i�s�m�a�t�c�h� �o�f� �g�a�g�e� �s�e�l�f�-�t�e�m�p�e�r�a�t�u�r�e� 
�c�o�m�p�e�n�s�a�t�i�o�n� �a�n�d� �s�t�r�u�c�t�u�r�e� �m�a�t�e�r�i�a�l� 

�-�G�a�g�e� �l�e�n�g�t�h�/�s�t�r�a�i�n� �g�r�a�d�i�e�n�t� �r�a�t�i�o� 
�W�H�E�A�T�S�T�O�N�E� �i�i� �7� �4� �-�S�e�l�f�-�h�e�a�t�i�n�g� �e�f�f�e�c�t�/�t�e�m�p�e�r�a�t�u�r�e� �s�e�n�s�i�t�i�v�i�t�y� 
�B�R�I�D�G�E� �C�I�R�C�U�I�T�.� �-� �M�i� �i� �-�C�h�a�n�g�e� �i�n� �g�a�g�e� �f�a�c�t�o�r� �w�i�t�h� �c�h�a�n�g�e� �i�n� 
�-�L�i�n�e�a�r�i�t�y� �o�f� �T�T�T� �o�r�c�.�.�.� �t�e�m�p�e�r�a�t�u�r�e� 
�c�o�n�f�i�g�u�r�a�t�i�o�n� �-�T�o�l�e�r�a�n�c�e� �f�r�o�m� �q�u�o�t�e�d� �g�a�g�e� �f�a�c�t�o�r� 
�(�1�/�4� �b�r�i�d�g�e�)� �-�T�o�l�e�r�a�n�c�e� �f�r�o�m� �q�u�o�t�e�d� �r�e�s�i�s�t�a�n�c�e� 

�t�y� �a� 
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�A�C�Q�U�I�S�I�T�I�O�N� �E�Q�U�I�P�.� �|� �|�:� �|� 
�-�C�r�o�s�s�-�t�a�l�k� �b�e�t�w�e�e�n� 
�c�h�a�n�n�e�l�s� 

�A�/�D� �C�O�N�V�E�R�T�E�R� 
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�R�a�n�d�o�m� �n�o�i�s�e� �c�a�n� �b�e� �a�v�o�i�d�e�d� �i�n� �t�w�o� �d�i�f�f�e�r�e�n�t� �w�a�y�s�.� �F�i�r�s�t�,� �i�t� �c�a�n� �b�e� �a�v�o�i�d�e�d� �b�y� 

�f�o�l�l�o�w�i�n�g� �p�r�o�p�e�r� �s�h�i�e�l�d�i�n�g� �p�r�a�c�t�i�c�e�s� �f�o�r� �c�a�b�l�e� �a�n�d� �c�o�n�n�e�c�t�i�o�n�s� �[�5�1�]�,� �a�n�d� �b�y� �s�e�l�e�c�t�i�n�g� �d�a�t�a� 

�a�c�q�u�i�s�i�t�i�o�n� �e�q�u�i�p�m�e�n�t� �(�i�.�e�.� �f�i�l�t�e�r�,� �a�m�p�l�i�f�i�e�r�s�,� �A�/�D� �c�o�n�v�e�r�t�e�r�s�)� �w�h�i�c�h� �a�r�e� �p�r�o�p�e�r�l�y� �s�h�i�e�l�d�e�d� 

�a�n�d� �m�a�t�c�h�e�d�.� �S�e�c�o�n�d�,� �i�t� �c�a�n� �b�e� �a�v�o�i�d�e�d� �b�y� �r�e�d�u�c�i�n�g� �t�h�e� �b�a�n�d�w�i�d�t�h� �o�f�,� �o�r� �f�i�l�t�e�r�i�n�g�,� �t�h�e� 

�n�o�i�s�e� �[�5�2�]�.� �A�l�s�o�,� �n�o�i�s�e� �w�h�i�c�h� �i�s� �n�o�t� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �s�i�g�n�a�l� �b�y� �f�i�l�t�e�r�i�n�g� �c�a�n� �p�o�s�s�i�b�l�y� �b�e� 

�s�e�p�a�r�a�t�e�d� �b�y� �u�s�i�n�g� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �t�e�c�h�n�i�q�u�e�s�.� 

�A�n�a�l�o�g� �-� �T�o� �-� �D�i�g�i�t�a�l� �C�o�n�v�e�r�t�e�r� 

�A�/�D� �C�o�n�v�e�r�t�e�r� �Q�u�a�n�t�i�z�a�t�i�o�n� �E�r�r�o�r� �-� �A�l�l� �a�n�a�l�o�g�-�t�o�-�d�i�g�i�t�a�l� �c�o�n�v�e�r�t�e�r�s� �i�n�t�r�o�d�u�c�e� 

�s�o�m�e� �e�r�r�o�r� �i�n�t�o� �t�h�e� �d�a�t�a� �d�u�r�i�n�g� �c�o�n�v�e�r�s�i�o�n�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�i�s� �e�r�r�o�r� �d�e�p�e�n�d�s� �o�n� �t�h�e� 

�s�i�z�e� �o�f� �t�h�e� �q�u�a�n�t�i�z�a�t�i�o�n� �s�t�e�p�,� �w�h�i�c�h� �i�n� �t�u�r�n� �d�e�p�e�n�d�s� �o�n� �t�h�e� �d�y�n�a�m�i�c� �r�a�n�g�e� �o�f� �t�h�e� �c�o�n�v�e�r�t�e�r�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �q�u�a�n�t�i�z�a�t�i�o�n� �e�r�r�o�r� �c�a�n� �b�e� �k�e�p�t� �n�e�g�l�i�g�i�b�l�e� �b�y� �u�s�i�n�g� �a� �c�o�n�v�e�r�t�e�r� �w�i�t�h� �a�n� 

�a�d�e�q�u�a�t�e� �n�u�m�b�e�r� �o�f� �b�i�t�s�,� �a�n�d� �b�y� �m�a�x�i�m�i�z�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �r�a�n�g�e� �o�f� �t�h�e� �c�o�n�v�e�r�t�e�r�.� �T�h�e� 

�n�u�m�b�e�r� �o�f� �b�i�t�s� �w�h�i�c�h� �i�s� �a�d�e�q�u�a�t�e� �w�i�l�l� �c�l�e�a�r�l�y� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �d�e�s�i�r�e�d� �l�e�v�e�l� �o�f� 

�a�c�c�u�r�a�c�y�,� �t�h�e� �e�x�p�e�c�t�e�d� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �s�t�r�a�i�n� �s�i�g�n�a�l� �a�n�d� �t�h�e� �p�o�s�s�i�b�l�e� �d�y�n�a�m�i�c� �r�a�n�g�e�s� �o�f� 

�t�h�e� �c�o�n�v�e�r�t�e�r�.� 

�4�.�3�.�2� �P�o�s�s�i�b�l�e� �B�i�a�s� �E�r�r�o�r�s� 

�A�l�l� �E�q�u�i�p�m�e�n�t� 

�D�e�t�e�r�m�i�n�i�s�t�i�c� �N�o�i�s�e� �-� �A�l�l� �e�q�u�i�p�m�e�n�t� �a�r�e� �s�u�b�j�e�c�t� �t�o� �e�x�t�e�r�n�a�l� �d�e�t�e�r�m�i�n�i�s�t�i�c� �n�o�i�s�e� �i�n� 
� � 

�t�h�e� �s�a�m�e� �w�a�y� �t�h�a�t� �t�h�e�y� �a�r�e� �s�u�b�j�e�c�t� �t�o� �e�x�t�e�r�n�a�l� �r�a�n�d�o�m� �n�o�i�s�e�.� �I�f� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �n�o�i�s�e� �i�s� 

�a�t� �f�r�e�q�u�e�n�c�i�e�s� �w�h�i�c�h� �a�r�e� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �s�i�g�n�a�l� �f�r�e�q�u�e�n�c�y�,� �i�t� �c�a�n� �b�e� �r�e�m�o�v�e�d� �i�n� �t�h�e� �s�a�m�e� 

�m�a�n�n�e�r� �a�s� �r�a�n�d�o�m� �n�o�i�s�e�.� �H�o�w�e�v�e�r�,� �i�f� �t�h�e� �n�o�i�s�e� �i�s� �a�t� �t�h�e� �s�a�m�e� �f�r�e�q�u�e�n�c�y� �a�s� �t�h�e� �s�i�g�n�a�l�,� 

�s�u�c�h� �a�s� �c�u�r�r�e�n�t�s� �i�n�d�u�c�e�d� �b�y� �t�h�e� �m�a�g�n�e�t�i�c� �f�i�e�l�d� �o�f� �t�h�e� �s�h�a�k�e�r�,� �t�h�e�n� �i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �f�i�l�t�e�r� 

�o�u�t� �t�h�e� �n�o�i�s�e� �f�r�o�m� �t�h�e� �s�i�g�n�a�l�.� �S�i�n�c�e� �t�h�e� �s�o�u�r�c�e�s� �f�o�r� �s�u�c�h� �d�e�t�e�r�m�i�n�i�s�t�i�c� �n�o�i�s�e� �a�r�e� �u�s�u�a�l�l�y� 

�k�n�o�w�n�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �a�v�o�i�d� �c�o�n�t�a�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �s�i�g�n�a�l� �b�y� �m�a�i�n�t�a�i�n�i�n�g� �s�e�p�a�r�a�t�i�o�n� 

�b�e�t�w�e�e�n� �t�h�e� �n�o�i�s�e� �s�o�u�r�c�e� �a�n�d� �t�h�e� �s�i�g�n�a�l�,� �a�s� �w�e�l�l� �a�s� �f�o�l�l�o�w�i�n�g� �p�r�o�p�e�r� �s�h�i�e�l�d�i�n�g� �p�r�o�c�e�d�u�r�e�s�.� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �4�9



�C�r�o�s�s�-�T�a�l�k� �B�e�t�w�e�e�n� �S�i�g�n�a�l� �C�h�a�n�n�e�l�s� �-� �P�o�o�r� �s�h�i�e�l�d�i�n�g� �c�a�n� �r�e�s�u�l�t� �i�n� �c�r�o�s�s�-�t�a�l�k� 

�b�e�t�w�e�e�n� �s�i�g�n�a�l� �c�h�a�n�n�e�l�s�.� �T�h�i�s� �c�r�o�s�s�-�t�a�l�k� �c�a�n� �o�c�c�u�r� �a�n�y�w�h�e�r�e� �t�h�e� �c�h�a�n�n�e�l�s� �a�r�e� �i�n� �c�l�o�s�e� 

�p�r�o�x�i�m�i�t�y� �(�e�.�g�.� �f�i�l�t�e�r�s�,� �A�/�D� �c�o�n�v�e�r�t�e�r�,� �s�t�r�a�i�n�-�g�a�g�e� �a�m�p�l�i�f�i�e�r� �s�y�s�t�e�m�)�.� �T�h�i�s� �p�r�o�b�l�e�m� �c�a�n� 

�o�n�l�y� �b�e� �a�v�o�i�d�e�d� �b�y� �u�s�i�n�g� �p�r�o�p�e�r�l�y� �c�o�n�f�i�g�u�r�e�d� �a�n�d� �s�h�i�e�l�d�e�d� �e�q�u�i�p�m�e�n�t�.� 

�E�r�r�o�r� �B�e�t�w�e�e�n� �Q�u�o�t�e�d� �S�e�t�t�i�n�g�s� �a�n�d� �A�c�t�u�a�l� �S�e�t�t�i�n�g�s� �-� �M�a�n�y� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� 

�c�o�m�p�o�n�e�n�t�s� �h�a�v�e� �p�a�r�a�m�e�t�e�r�s�,� �s�u�c�h� �a�s� �i�n�p�u�t� �v�o�l�t�a�g�e�,� �g�a�i�n�,� �e�t�c�.�,� �t�h�a�t� �c�a�n� �b�e� �a�d�j�u�s�t�e�d� �t�o� �s�u�i�t� 

�a� �p�a�r�t�i�c�u�l�a�r� �e�x�p�e�r�i�m�e�n�t�.� �T�h�e�r�e� �i�s� �a�l�w�a�y�s� �a� �s�l�i�g�h�t� �a�m�o�u�n�t� �o�f� �e�r�r�o�r� �b�e�t�w�e�e�n� �t�h�e� �q�u�o�t�e�d� 

�(�n�o�m�i�n�a�l�)� �a�n�d� �a�c�t�u�a�l� �v�a�l�u�e�s� �o�f� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s�.� �U�s�u�a�l�l�y� �t�h�i�s� �e�r�r�o�r� �i�s� �v�e�r�y� �s�m�a�l�l�,� �h�o�w�e�v�e�r�,� 

�i�n� �a� �c�o�m�p�l�e�x� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�,� �s�u�c�h� �a�s� �t�h�a�t� �u�s�e�d� �w�i�t�h� �s�t�r�a�i�n� �g�a�g�e�s�,� �t�h�e�s�e� �e�r�r�o�r�s� �c�a�n� 

�c�o�m�p�o�u�n�d� �t�o� �p�r�o�d�u�c�e� �s�u�b�s�t�a�n�t�i�a�l� �e�r�r�o�r�s� �i�n� �t�h�e� �o�u�t�p�u�t� �q�u�a�n�t�i�t�y�.� �T�h�i�s� �p�r�o�b�l�e�m� �c�a�n� �b�e� 

�a�v�o�i�d�e�d� �b�y� �c�a�l�i�b�r�a�t�i�n�g� �t�h�e� �e�n�t�i�r�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�c�t�u�a�l� 

�r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �q�u�a�n�t�i�t�i�e�s�.� 

�S�t�r�a�i�n� �G�a�g�e� 

�C�h�a�n�g�e� �i�n� �S�t�r�a�i�n�-�f�i�e�l�d� �D�u�e� �t�o� �E�x�i�s�t�e�n�c�e� �o�f� �G�a�g�e� �-� �I�f� �t�h�e� �g�a�g�e� �i�s� �s�t�i�f�f�e�r� �t�h�a�n� �t�h�e� 

�m�a�t�e�r�i�a�l� �t�o� �w�h�i�c�h� �i�t� �i�s� �m�o�u�n�t�e�d�,� �t�h�e�n� �i�t� �w�i�l�l� �s�t�a�r�t� �t�o� �c�a�r�r�y� �a� �s�u�b�s�t�a�n�t�i�a�l� �p�a�r�t� �o�f� �t�h�e� �l�o�a�d� �a�t� 

�t�h�a�t� �p�o�i�n�t�.� �T�h�u�s�,� �i�t� �w�i�l�l� �a�c�t�u�a�l�l�y� �c�h�a�n�g�e� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d� �t�h�a�t� �i�t� �i�s� �s�u�p�p�o�s�e�d� �t�o� �b�e� �m�e�a�s�u�r�i�n�g�.� 

�T�h�i�s� �i�s� �c�a�n� �b�e� �a�v�o�i�d�e�d� �b�y� �c�h�o�o�s�i�n�g� �a� �g�a�g�e� �w�h�i�c�h� �i�s� �d�e�s�i�g�n�e�d� �f�o�r� �u�s�e� �w�i�t�h� �t�h�e� �m�a�t�e�r�i�a�l� �i�n� 

�q�u�e�s�t�i�o�n�.� 

�I�n�c�o�m�p�l�e�t�e� �S�t�r�a�i�n� �T�r�a�n�s�m�i�s�s�i�o�n� �-� �I�n�c�o�m�p�l�e�t�e� �s�t�r�a�i�n� �t�r�a�n�s�m�i�s�s�i�o�n� �f�r�o�m� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�t�o� �t�h�e� �g�a�g�e� �i�s� �d�u�e� �t�o� �t�h�e� �u�s�e� �o�f� �a�n� �i�m�p�r�o�p�e�r� �s�t�r�a�i�n�-�g�a�g�e� �a�d�h�e�s�i�v�e�.� �I�t� �c�a�n� �a�l�s�o� �b�e� �d�u�e� �t�o� 

�i�m�p�r�o�p�e�r� �p�r�e�p�a�r�a�t�i�o�n� �o�f� �t�h�e� �s�u�r�f�a�c�e� �b�e�f�o�r�e� �b�o�n�d�i�n�g� �t�h�e� �g�a�g�e�.� �T�h�e�s�e� �p�r�o�b�l�e�m�s� �c�a�n� �b�e� 

�a�v�o�i�d�e�d� �b�y� �a�d�h�e�r�i�n�g� �t�o� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r�'�s� �i�n�s�t�r�u�c�t�i�o�n�s� �f�o�r� �m�o�u�n�t�i�n�g� �t�h�e� �g�a�g�e�.� �N�o�t�e� �t�h�a�t� 

�t�h�e� �o�n�l�y� �w�a�y� �t�o� �e�n�s�u�r�e� �t�h�a�t� �t�h�e�r�e� �i�s� �c�o�m�p�l�e�t�e� �s�t�r�a�i�n� �t�r�a�n�s�m�i�s�s�i�o�n� �i�s� �t�o� �c�a�l�i�b�r�a�t�e� �t�h�e� �g�a�g�e� �b�y� 

�a�p�p�l�y�i�n�g� �a� �s�p�e�c�i�f�i�e�d� �s�t�r�a�i�n�-�f�i�e�l�d� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�i�s� �i�s� �a� �d�i�f�f�i�c�u�l�t� �p�r�o�c�e�s�s� �a�n�d� �r�e�q�u�i�r�e�s� �a� 

�c�o�n�s�i�d�e�r�a�b�l�e� �a�m�o�u�n�t� �o�f� �s�p�e�c�i�a�l� �e�q�u�i�p�m�e�n�t� �[�5�3�]�.� �T�h�u�s�,� �i�t� �i�s� �n�o�t� �p�r�a�c�t�i�c�a�l� �t�o� �p�e�r�f�o�r�m� �s�u�c�h� �a� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �5�0



�c�a�l�i�b�r�a�t�i�o�n� �i�n� �m�o�s�t� �c�a�s�e�s�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e�r�e� �i�s� �a�l�w�a�y�s� �a�n� �a�m�o�u�n�t� �o�f� �u�n�c�e�r�t�a�i�n�t�y�,� �a�l�b�e�i�t� 

�e�x�t�r�e�m�e�l�y� �s�m�a�l�l� �i�f� �p�r�o�p�e�r� �m�o�u�n�t�i�n�g� �p�r�o�c�e�d�u�r�e� �h�a�s� �b�e�e�n� �f�o�l�l�o�w�e�d�,� �i�n� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �o�u�t�p�u�t� 

�d�u�e� �t�o� �t�h�i�s� �p�h�e�n�o�m�e�n�o�n�.� 

�T�r�a�n�s�v�e�r�s�e� �S�e�n�s�i�t�i�v�i�t�y� �o�f� �G�a�g�e� �-� �A� �s�t�r�a�i�n� �g�a�g�e� �c�a�n� �b�e� �a�f�f�e�c�t�e�d� �b�y� �s�t�r�a�i�n�s� �t�h�a�t� �a�r�e� 

�t�r�a�n�s�v�e�r�s�e� �t�o� �t�h�e� �g�r�i�d�,� �a�s� �w�e�l�l� �a�s� �s�t�r�a�i�n�s� �t�h�e� �a�r�e� �a�l�o�n�g� �t�h�e� �g�r�i�d�.� �T�h�i�s� �i�s� �c�l�e�a�r�l�y� �u�n�d�e�s�i�r�a�b�l�e� 

�w�h�e�n� �d�e�a�l�i�n�g� �w�i�t�h� �a� �b�i�a�x�i�a�l� �s�t�r�e�s�s� �s�t�a�t�e�.� �H�o�w�e�v�e�r�,� �f�o�r� �f�o�i�l� �g�a�g�e�s� �t�h�i�s� �t�r�a�n�s�v�e�r�s�e� �s�e�n�s�i�t�i�v�i�t�y� 

�c�a�n� �b�e� �a�s� �l�o�w� �a�s� �0�.�6�%� �[�5�4�]� �o�r� �l�o�w�e�r�.� �F�o�r� �m�o�s�t� �l�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n�s�,� �t�h�i�s� �p�r�o�d�u�c�e�s� �a� 

�t�r�a�n�s�v�e�r�s�e� �r�e�s�p�o�n�s�e� �w�h�i�c�h� �i�s� �t�o�o� �l�o�w� �t�o� �b�e� �m�e�a�s�u�r�e�d�.� �F�o�r� �e�x�a�m�p�l�e�,� �c�o�n�s�i�d�e�r� �a� �s�t�r�a�i�n� �g�a�g�e� 

�w�h�i�c�h� �i�s� �s�u�b�j�e�c�t�e�d� �t�o� �a� �s�t�r�a�i�n� �o�f� �1�0�0�1�,� �a�n�d� �i�s� �m�o�u�n�t�e�d� �t�o� �a� �m�a�t�e�r�i�a�l� �w�i�t�h� �v� �=� �0�.�3�.� 

�A�s�s�u�m�i�n�g� �n�o� �o�t�h�e�r� �t�r�a�n�s�v�e�r�s�e� �l�o�a�d�s� �o�n� �t�h�e� �g�a�g�e�,� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n� �i�s� �-�3�0�u�e�.� �T�h�e� 

�t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n� �o�u�t�p�u�t� �o�f� �t�h�e� �g�a�g�e� �i�s� �0�.�0�0�6�*�(�-�3�0�u�e�)� �=� �-�0�.�1�8�p�e�.� �T�h�i�s� �i�s�,� �o�f� �c�o�u�r�s�e�,� �o�n�l�y� 

�0�.�1�8�%� �o�f� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �s�t�r�a�i�n�.� �H�e�n�c�e�,� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�e�n�s�i�t�i�v�i�t�y� �c�a�n� �b�e� �i�g�n�o�r�e�d�.� 

�G�a�g�e� �L�e�n�g�t�h�/�S�t�r�a�i�n� �G�r�a�d�i�e�n�t� �R�a�t�i�o� �-� �I�f� �t�h�e� �s�t�r�a�i�n� �g�r�a�d�i�e�n�t�,� �t�h�e� �r�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� 

�s�t�r�a�i�n� �a�l�o�n�g� �a� �d�i�r�e�c�t�i�o�n�,� �a�t� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �l�o�c�a�t�i�o�n� �i�s� �v�e�r�y� �l�a�r�g�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �g�a�g�e� 

�l�e�n�g�t�h�,� �t�h�e�n� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �o�b�t�a�i�n� �a� �m�e�a�s�u�r�e�d� �s�t�r�a�i�n� �w�h�i�c�h� �i�s� �m�u�c�h� �l�o�w�e�r� �t�h�a�n� �t�h�e� �a�c�t�u�a�l� 

�s�t�r�a�i�n�.� �T�h�i�s� �i�s�,� �o�f� �c�o�u�r�s�e�,� �d�u�e� �t�o� �t�h�e� �a�v�e�r�a�g�i�n�g� �a�f�f�e�c�t� �o�f� �t�h�e� �s�t�r�a�i�n� �g�a�g�e�.� �T�h�i�s� �e�r�r�o�r� �c�a�n� �b�e� 

�a�v�o�i�d�e�d� �b�y� �u�s�i�n�g� �a� �s�m�a�l�l�e�r� �(�i�.�e�.� �s�h�o�r�t�e�r� �g�a�g�e� �l�e�n�g�t�h�)� �g�a�g�e�.� 

�M�i�s�m�a�t�c�h� �o�f� �G�a�g�e� �S�e�l�f�-�T�e�m�p�e�r�a�t�u�r�e� �C�o�m�p�e�n�s�a�t�i�o�n� �a�n�d� �S�t�r�u�c�t�u�r�e� �-� �T�h�i�s� �c�o�n�d�i�t�i�o�n� 

�c�a�n� �c�a�u�s�e� �l�a�r�g�e� �a�p�p�a�r�e�n�t� �s�t�r�a�i�n� �o�u�t�p�u�t�s� �d�u�e� �t�o� �t�h�e�r�m�a�l� �e�f�f�e�c�t�s�.� �T�h�i�s� �c�a�n� �b�e� �a�v�o�i�d�e�d� �b�y� 

�c�h�o�o�s�i�n�g� �t�h�e� �p�r�o�p�e�r� �s�e�l�f�-�t�e�m�p�e�r�a�t�u�r�e� �c�o�m�p�e�n�s�a�t�e�d� �g�a�g�e�.� �A�l�s�o�,� �s�i�n�c�e� �o�n�l�y� �d�y�n�a�m�i�c� �s�t�r�a�i�n�s� 

�a�r�e� �o�f� �c�o�n�c�e�r�n�,� �t�h�e� �t�h�e�r�m�a�l� �s�t�r�a�i�n�s� �c�a�n� �b�e� �r�e�m�o�v�e�d� �b�y� �u�s�i�n�g� �a�n� �a�c� �c�o�u�p�l�e�d� �f�i�l�t�e�r�.� 

�S�e�l�f�-�H�e�a�t�i�n�g� �E�f�f�e�c�t� �-� �W�h�e�n� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �i�s� �f�i�r�s�t� �e�n�e�r�g�i�z�e�d�,� �i�t� �s�t�a�r�t�s� �t�o� �d�i�s�s�i�p�a�t�e� 
� � 

�h�e�a�t� �a�n�d� �i�t�'�s� �t�e�m�p�e�r�a�t�u�r�e� �i�n�c�r�e�a�s�e�s�.� �T�h�i�s� �t�e�m�p�e�r�a�t�u�r�e� �i�n�c�r�e�a�s�e� �i�s� �a�c�c�o�m�p�a�n�i�e�d� �b�y� �a� �s�m�a�l�l� 

�c�h�a�n�g�e� �i�n� �r�e�s�i�s�t�a�n�c�e�,� �w�h�i�c�h� �i�n� �t�u�r�n� �p�r�o�d�u�c�e�s� �a�n� �a�p�p�a�r�e�n�t� �s�t�r�a�i�n� �o�u�t�p�u�t�.� �T�h�i�s� �c�a�n� �b�e� 

�a�v�o�i�d�e�d� �b�y� �a�l�l�o�w�i�n�g� �t�h�e� �s�y�s�t�e�m� �t�o� �w�a�r�m� �u�p� �a�n�d� �s�t�a�b�i�l�i�z�e� �b�e�f�o�r�e� �b�a�l�a�n�c�i�n�g� �t�h�e� �w�h�e�a�t�s�t�o�n�e� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �5�1



�b�r�i�d�g�e�,� �c�a�l�i�b�r�a�t�i�n�g� �t�h�e� �s�y�s�t�e�m� �a�n�d� �c�o�l�l�e�c�t�i�n�g� �d�a�t�a�.� �I�t� �c�a�n� �a�l�s�o� �b�e� �f�i�l�t�e�r�e�d� �i�n� �t�h�e� �s�a�m�e� 

�m�a�n�n�e�r� �a�s� �a� �t�h�e�r�m�a�l� �o�u�t�p�u�t� �d�u�e� �t�o� �s�e�l�f�-�t�e�m�p�e�r�a�t�u�r�e� �c�o�m�p�e�n�s�a�t�i�o�n� �m�i�s�m�a�t�c�h�i�n�g�.� 

�L�i�n�e�a�r�i�t�y� �o�f� �G�a�g�e� �O�u�t�p�u�t� �-� �W�h�e�n� �s�u�b�j�e�c�t�e�d� �t�o� �l�a�r�g�e� �s�t�r�a�i�n�s�,� �t�h�e� �g�a�g�e� �f�a�c�t�o�r� �o�f� �a� 

�g�a�g�e� �c�a�n� �d�e�v�i�a�t�e� �f�r�o�m� �t�h�e� �q�u�o�t�e�d� �v�a�l�u�e�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �i�s� �n�o�t� �a� �p�r�o�b�l�e�m� �w�h�e�n� �t�h�e� �s�t�r�a�i�n�s� 

�a�r�e� �w�i�t�h�i�n� �t�h�e� �e�l�a�s�t�i�c� �r�e�g�i�o�n� �o�f� �t�h�e� �g�a�g�e� �[�5�5�]�.� 

�C�h�a�n�g�e� �i�n� �G�a�g�e� �f�a�c�t�o�r� �w�i�t�h� �T�e�m�p�e�r�a�t�u�r�e� �-� �T�h�e� �g�a�g�e� �f�a�c�t�o�r� �c�a�n� �a�l�s�o� �v�a�r�y� �w�i�t�h� 

�t�e�m�p�e�r�a�t�u�r�e�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �n�o�t� �p�e�r�f�o�r�m�i�n�g� �t�e�s�t�s� �i�n� �e�x�t�r�e�m�e� �t�e�m�p�e�r�a�t�u�r�e� �e�n�v�i�r�o�n�m�e�n�t�s� 

�[�<�-�5�0�°�C� �o�r� �>�1�5�0�°�C�]�,� �t�h�i�s� �v�a�r�i�a�t�i�o�n� �i�s� �u�s�u�a�l�l�y� �s�m�a�l�l� �e�n�o�u�g�h� �t�o� �b�e� �i�g�n�o�r�e�d� �[�5�4�]�.� 

�W�h�e�a�t�s�t�o�n�e� �B�r�i�d�g�e� 

�B�r�i�d�g�e� �N�o�n�-�L�i�n�e�a�r�i�t�y� �-� �A�s� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �4�.�2�.�2�,� �t�h�e� �b�r�i�d�g�e� �o�u�t�p�u�t� �i�s� �v�e�r�y� 
� � 

�n�e�a�r�l�y� �l�i�n�e�a�r� �f�o�r� �s�m�a�l�l� �s�t�r�a�i�n� �i�n�p�u�t�s�.� 

�B�r�i�d�g�e� �D�e�s�e�n�s�i�t�i�z�a�t�i�o�n� �-� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �b�r�i�d�g�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �a�n�d� 

�t�h�e� �g�a�g�e� �s�t�r�a�i�n� �c�a�n� �b�e� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �l�e�a�d� �w�i�r�e�s� �a�n�d� �c�o�n�n�e�c�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� 

�a�n�d� �t�h�e� �w�h�e�a�t�s�t�o�n�e� �b�r�i�d�g�e�.� �T�h�e� �l�e�a�d� �w�i�r�e�s� �a�d�d� �a�d�d�i�t�i�o�n�a�l� �r�e�s�i�s�t�a�n�c�e� �t�o� �t�h�e� �b�r�i�d�g�e� �a�c�t�i�v�e� 

�a�r�m� �t�h�a�t� �d�o�e�s� �n�o�t� �c�h�a�n�g�e� �w�h�e�n� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �i�s� �l�o�a�d�e�d�.� �T�h�u�s�,� �t�h�e� �p�e�r�c�e�n�t� �r�e�s�i�s�t�a�n�c�e� 

�c�h�a�n�g�e� �i�n� �t�h�e� �a�r�m� �i�s� �l�e�s�s� �w�i�t�h� �l�e�a�d� �r�e�s�i�s�t�a�n�c�e�s� �t�h�a�n� �w�i�t�h�o�u�t�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� 

�g�a�g�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �a�n�d� �t�h�e� �a�r�m� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�s� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�3�.�1�)� �[�5�6�]�.� �F�R�;� �i�s� 

�t�h�e� �t�o�t�a�l� �r�e�s�i�s�t�a�n�c�e� �o�f� �t�h�e� �b�r�i�d�g�e� �a�r�m�,� �R�y� �i�s� �t�h�e� �l�e�a�d� �r�e�s�i�s�t�a�n�c�e�,� �R�g� �i�s� �t�h�e� �g�a�g�e� �r�e�s�i�s�t�a�n�c�e�.� 

�B�o�)� �B�e� �A�R�,� �(�4�.�3�.�1�)� 
�R� �R� �R� 

�t� �&� �&� 

�T�h�e� �d�e�s�e�n�s�i�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �b�r�i�d�g�e� �c�a�n� �b�e� �c�o�r�r�e�c�t�e�d� �f�o�r� �b�y� �c�a�l�i�b�r�a�t�i�n�g� �t�h�e� �d�a�t�a� 

�a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�.� 
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�L�e�a�d� �W�i�r�e�s� �a�n�d� �C�o�n�n�e�c�t�i�o�n�s� 

�L�e�a�d� �a�n�d� �C�o�n�t�a�c�t� �R�e�s�i�s�t�a�n�c�e�s� �-� �I�n� �a�d�d�i�t�i�o�n� �t�o� �d�e�s�e�n�s�i�t�i�z�i�n�g� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� 

�w�h�e�a�t�s�t�o�n�e� �b�r�i�d�g�e�,� �l�e�a�d� �a�n�d� �c�o�n�t�a�c�t� �r�e�s�i�s�t�a�n�c�e�s� �w�i�l�l� �a�t�t�e�n�u�a�t�e� �t�h�e� �v�o�l�t�a�g�e� �s�i�g�n�a�l� �b�e�t�w�e�e�n� 

�t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �c�o�m�p�o�n�e�n�t�s�.� �T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e�s�e� �r�e�s�i�s�t�a�n�c�e�s� �i�s� �u�s�u�a�l�l�y� �s�m�a�l�l� �a�n�d� �c�a�n� 

�b�e� �c�o�r�r�e�c�t�e�d� �f�o�r� �b�y� �c�a�l�i�b�r�a�t�i�n�g� �t�h�e� �s�t�r�a�i�n� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�.� 

�F�i�l�t�e�r�s� �a�n�d� �A�m�p�l�i�f�i�e�r�s� 

�F�i�l�t�e�r� �A�t�t�e�n�u�a�t�i�o�n� �a�n�d� �P�h�a�s�e� �D�i�s�t�o�r�t�i�o�n� �o�f� �S�i�g�n�a�l� �-� �I�f� �s�e�t� �i�m�p�r�o�p�e�r�l�y�,� �f�i�l�t�e�r�s� �c�a�n� 

�a�t�t�e�n�u�a�t�e� �t�h�e� �d�a�t�a� �s�i�g�n�a�l�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �n�o�i�s�e�.� �T�h�i�s� �c�a�n� �b�e� �a�v�o�i�d�e�d� �b�y� �b�e�c�o�m�i�n�g� �f�a�m�i�l�i�a�r� 

�w�i�t�h� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �f�i�l�t�e�r�s� �u�s�e�d� �d�u�r�i�n�g� �a� �t�e�s�t�.� �A�l�s�o�,� �i�f� �t�h�e� �f�i�l�t�e�r�s� �a�r�e� �n�o�t� �p�h�a�s�e� 

�m�a�t�c�h�e�d� �t�h�e� �s�i�g�n�a�l�s� �c�a�n� �b�e� �p�h�a�s�e� �s�h�i�f�t�e�d� �a�n�d� �a�t�t�e�n�u�a�t�e�d� �b�y� �d�i�f�f�e�r�e�n�t� �a�m�o�u�n�t�s�.� �T�h�u�s�,� �t�h�e� 

�p�r�o�p�e�r� �p�h�a�s�e� �i�n�f�o�r�m�a�t�i�o�n� �w�i�l�l� �b�e� �l�o�s�t�.� �I�f� �p�h�a�s�e�-�m�a�t�c�h�e�d� �f�i�l�t�e�r�s� �a�r�e� �n�o�t� �a�v�a�i�l�a�b�l�e� �t�h�e�n� �i�t� �i�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �p�h�a�s�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �f�i�l�t�e�r�s� �s�o� �t�h�a�t� �t�h�e� �p�h�a�s�e� �a�n�g�l�e� 

�o�f� �t�h�e� �d�a�t�a� �c�a�n� �b�e� �c�a�l�i�b�r�a�t�e�d� �a�f�t�e�r� �i�t� �i�s� �c�o�l�l�e�c�t�e�d�.� 

�A�n�a�l�o�g� �-� �T�o� �-� �D�i�g�i�t�a�l� �C�o�n�v�e�r�t�e�r� 

�F�i�n�i�t�e� �R�e�s�i�s�t�a�n�c�e� �o�f� �A�/�D� �C�o�n�v�e�r�t�e�r� �-� �S�i�n�c�e� �t�h�e� �i�m�p�e�d�a�n�c�e� �o�f� �t�h�e� �A�/�D� �c�o�n�v�e�r�t�e�r� �i�s� 

�n�o�t� �i�n�f�i�n�i�t�e�,� �i�t� �w�i�l�l� �c�a�u�s�e� �t�h�e� �m�e�a�s�u�r�e�d� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �o�f� �t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m� �t�o� �b�e� 

�l�o�w�e�r� �t�h�a�n� �t�h�e� �o�p�e�n�-�c�i�r�c�u�i�t� �o�u�t�p�u�t� �v�o�l�t�a�g�e�.� �T�h�i�s� �b�i�a�s� �c�a�n� �b�e� �c�o�r�r�e�c�t�e�d� �f�o�r� �b�y� �c�a�l�i�b�r�a�t�i�n�g� 

�t�h�e� �e�n�t�i�r�e� �s�t�r�a�i�n� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �A�/�D� �C�o�n�v�e�r�t�e�r�.� 

�4�.�4� �S�t�a�t�i�s�t�i�c�a�l� �Q�u�a�l�i�f�i�c�a�t�i�o�n� �o�f� �S�t�r�a�i�n�-�G�a�g�e� �O�u�t�p�u�t� 

�A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �S�e�c�t�i�o�n� �4�.�3�,� �t�h�e�r�e� �a�r�e� �m�a�n�y� �p�o�s�s�i�b�l�e� �m�e�t�h�o�d�s� �o�f� �i�n�t�r�o�d�u�c�i�n�g� 

�e�r�r�o�r� �i�n�t�o� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� 

�c�a�n� �b�e� �a�f�f�e�c�t�e�d� �b�y� �e�r�r�o�r�,� �i�t� �i�s� �i�m�p�r�a�c�t�i�c�a�l� �t�o� �m�o�n�i�t�o�r� �e�a�c�h� �o�n�e� �i�n�d�i�v�i�d�u�a�l�l�y�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�t� 

�i�s� �s�i�m�p�l�y� �i�m�p�o�s�s�i�b�l�e� �t�o� �k�n�o�w� �t�h�e� �e�x�a�c�t� �v�a�l�u�e� �o�f� �a�n�y� �p�a�r�a�m�e�t�e�r� �b�e�c�a�u�s�e� �o�f� �t�h�e� �f�i�n�i�t�e� 

�p�r�e�c�i�s�i�o�n� �a�n�d� �a�c�c�u�r�a�c�y� �o�f� �m�e�a�s�u�r�i�n�g� �d�e�v�i�c�e�s�.� �T�h�u�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�v�e�l�o�p� �a� �m�e�t�h�o�d� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �5�3



�f�o�r� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �s�t�r�a�i�n� �f�r�o�m� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�.� �I�t� �i�s� 

�a�l�s�o� �n�e�c�e�s�s�a�r�y� �t�o� �q�u�a�n�t�i�f�y� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �s�t�r�a�i�n� �d�u�e� �t�o� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� 

�s�y�s�t�e�m� �a�n�d� �e�n�v�i�r�o�n�m�e�n�t�a�l� �p�a�r�a�m�e�t�e�r�s�.� 

�4�.�4�.�1� �O�v�e�r�v�i�e�w� 

�F�i�v�e� �t�a�s�k�s� �a�r�e� �c�o�m�p�l�e�t�e�d� �t�o� �o�b�t�a�i�n� �s�t�a�t�i�s�t�i�c�a�l�l�y� �q�u�a�l�i�f�i�e�d� �d�y�n�a�m�i�c� �s�t�r�a�i�n� �d�a�t�a� �f�r�o�m� 

�t�h�e� �m�e�a�s�u�r�e�d� �v�o�l�t�a�g�e� �d�a�t�a�.� �F�i�r�s�t�,� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �s�t�r�a�i�n� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� 

�s�y�s�t�e�m� �o�u�t�p�u�t� �a�n�d� �t�h�e� �a�c�t�u�a�l� �a�v�e�r�a�g�e� �s�t�r�a�i�n� �u�n�d�e�r� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �i�s� �d�e�t�e�r�m�i�n�e�d�.� �T�h�i�s� �i�s� 

�d�o�n�e� �b�y� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �c�a�l�i�b�r�a�t�i�n�g� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m� �a�n�d� �u�s�i�n�g� �t�h�e� 

�m�a�n�u�f�a�c�t�u�r�e�r�'�s� �d�a�t�a�.� �S�e�c�o�n�d�,� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �v�o�l�t�a�g�e� �d�a�t�a� �a�r�e� 

�d�e�t�e�r�m�i�n�e�d�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �a�p�p�l�y�i�n�g� �a� �s�i�n�g�l�e�-�f�r�e�q�u�e�n�c�y� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �a�l�g�o�r�i�t�h�m� �t�o� �t�h�e� 

�d�a�t�a�.� �T�h�i�r�d�,� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �m�e�a�s�u�r�e�d� �v�o�l�t�a�g�e� �m�u�s�t� �b�e� �d�e�t�e�r�m�i�n�e�d�.� �T�h�i�s� �i�s� �a�l�s�o� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �s�i�n�g�l�e� �f�r�e�q�u�e�n�c�y� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �a�l�g�o�r�i�t�h�m�.� �F�o�u�r�t�h�,� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� 

�r�e�s�u�l�t�s� �a�r�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �v�o�l�t�a�g�e� �c�o�m�p�o�n�e�n�t�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�a�l� �a�n�d� 

�i�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�.� �F�i�n�a�l�l�y�,� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �v�o�l�t�a�g�e� �d�a�t�a�,� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� 

�a�n�d� �t�h�e� �g�a�g�e� �f�a�c�t�o�r� �a�r�e� �p�r�o�p�a�g�a�t�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s� �d�i�s�c�u�s�s� �t�h�e� �d�e�t�a�i�l�s� �o�f� �e�a�c�h� �s�t�e�p�.� 

�4�.�4�.�2� �C�a�l�i�b�r�a�t�i�o�n� �o�f� �S�t�r�a�i�n�-�G�a�g�e� �D�a�t�a� �A�c�q�u�i�s�i�t�i�o�n� �S�y�s�t�e�m� 

�A�s� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e�,� �t�h�e�r�e� �a�r�e� �m�a�n�y� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� 

�s�y�s�t�e�m� �w�h�i�c�h� �c�a�n� �a�f�f�e�c�t� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �m�e�a�s�u�r�e�d� �v�o�l�t�a�g�e� �a�n�d� �t�h�e� �s�t�r�a�i�n� 

�m�e�a�s�u�r�e�d� �b�y� �t�h�e� �s�t�r�a�i�n� �g�a�g�e�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �s�y�s�t�e�m�,� �a�n�d� �b�e�c�a�u�s�e� �s�o�m�e� 

�o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �n�o�n�s�t�a�t�i�o�n�a�r�y�,� �i�t� �i�s� �n�o�t� �p�r�a�c�t�i�c�a�l� �t�o� �m�e�a�s�u�r�e� �a�l�l� �o�f� �t�h�e� �s�y�s�t�e�m� 

�p�a�r�a�m�e�t�e�r�s� �a�n�d� �t�h�e�n� �c�a�l�c�u�l�a�t�e� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p�.� �I�t� �i�s� �m�u�c�h� �e�a�s�i�e�r� �t�o� �c�a�l�i�b�r�a�t�e� �t�h�e� �e�n�t�i�r�e� 

�s�y�s�t�e�m� �b�y� �a�p�p�l�y�i�n�g� �a� �k�n�o�w�n� �i�n�p�u�t� �a�n�d� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �f�r�o�m� �t�h�e� �m�e�a�s�u�r�e�d� 

�o�u�t�p�u�t�.� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �5�4



�C�a�l�i�b�r�a�t�i�o�n� �M�e�t�h�o�d� 

�T�h�e�r�e� �a�r�e� �t�w�o� �g�e�n�e�r�a�l�l�y� �a�c�c�e�p�t�e�d� �m�e�t�h�o�d�s� �f�o�r� �c�a�l�i�b�r�a�t�i�n�g� �a� �s�t�r�a�i�n�-�g�a�g�e� �s�y�s�t�e�m� 

�[�5�7�]�.� �T�h�e� �f�i�r�s�t� �m�e�t�h�o�d� �i�n�v�o�l�v�e�s� �s�u�b�j�e�c�t�i�n�g� �t�h�e� �g�a�g�e� �t�o� �a� �k�n�o�w�n� �s�t�r�a�i�n�-�f�i�e�l�d� �a�n�d� �t�h�e�n� 

�m�e�a�s�u�r�i�n�g� �t�h�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�o�n�s�t�a�n�t�s�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �i�d�e�a�l� 

�b�e�c�a�u�s�e� �i�t� �p�r�o�v�i�d�e�s� �a� �c�a�l�i�b�r�a�t�i�o�n� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� �v�o�l�t�a�g�e� �t�o� �t�h�e� �s�t�r�a�i�n�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �i�t� �i�s� 

�n�o�r�m�a�l�l�y� �i�m�p�r�a�c�t�i�c�a�l� �t�o� �a�p�p�l�y� �a� �k�n�o�w�n� �s�t�r�a�i�n�-�f�i�e�l�d� �t�o� �a� �s�t�r�u�c�t�u�r�e�.� �T�h�u�s�,� �t�h�e� �s�e�c�o�n�d� 

�m�e�t�h�o�d� �i�s� �n�o�r�m�a�l�l�y� �u�s�e�d� �t�o� �c�a�l�i�b�r�a�t�e� �a� �s�t�r�a�i�n�-�g�a�g�e� �s�y�s�t�e�m�.� 

�T�h�e� �s�e�c�o�n�d� �m�e�t�h�o�d� �i�n�v�o�l�v�e�s� �c�o�n�n�e�c�t�i�n�g� �a� �k�n�o�w�n� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r� �i�n� �p�a�r�a�l�l�e�l� 

�w�i�t�h� �t�h�e� �s�t�r�a�i�n� �g�a�g�e�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�5�,� �a�n�d� �u�s�i�n�g� �t�h�e� �r�e�s�u�l�t�i�n�g� �o�u�t�p�u�t� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �m�e�a�s�u�r�e�d� �v�o�l�t�a�g�e� �a�n�d� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�.� �N�o�t�e� 

�t�h�a�t� �t�h�i�s� �m�e�t�h�o�d� �d�o�e�s� �n�o�t� �i�n�c�l�u�d�e� �c�a�l�i�b�r�a�t�i�o�n� �f�o�r� �g�a�g�e� �f�a�c�t�o�r� �o�r� �i�n�c�o�m�p�l�e�t�e� �s�t�r�a�i�n� 

�t�r�a�n�s�m�i�s�s�i�o�n�.� �T�h�u�s�,� �i�t� �i�s� �c�r�i�t�i�c�a�l� �t�h�a�t� �t�h�e� �g�a�g�e�s� �a�r�e� �a�p�p�l�i�e�d� �p�r�o�p�e�r�l�y�.� �I�t� �i�s� �a�l�s�o� �n�e�c�e�s�s�a�r�y� �t�o� 

�u�s�e� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r�'�s� �g�a�g�e� �f�a�c�t�o�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�t�r�a�i�n� �f�r�o�m� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �a�n�d� 

�t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �g�a�g�e� �f�a�c�t�o�r� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �s�t�r�a�i�n� �u�n�c�e�r�t�a�i�n�t�y�.� 
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�F�i�g�u�r�e� �4�.�5�.� �P�a�r�a�l�l�e�l� �R�e�s�i�s�t�o�r� �C�a�l�i�b�r�a�t�i�o�n� �M�e�t�h�o�d� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �o�f� �t�h�e� �b�r�i�d�g�e� �a�r�m� �w�h�e�n� �t�h�e� 

�g�a�g�e� �1�s� �p�l�a�c�e�d� �i�n� �p�a�r�a�l�l�e�l� �w�i�t�h� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r� �a�r�e� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�1�)� �t�h�r�o�u�g�h� 

�E�q�.� �(�4�.�4�.�3�)� �[�5�7�]�.� 
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� � 

� � � � 

�R�= ��*� �4�.�4�.�1� 
�R�+�R�,� �(� �)� 

�R�R� �R� 
�A�R�,� �=� �R�-� �R�,� �= � ��+� �-� �R�,� �=�- �� �(�4�.�4�.�2�)� 

�3� �*� �R�+�R�,� �*� �R�,�+�R�,� 

�A�R� �R� 
�£�= ��_�_�4� �(�4�.�4�.�3�)� 

�R�,� �R�,�+�R� 

�N�o�t�e� �f�r�o�m� �E�q�.� �(�4�.�4�.�3�)� �t�h�a�t� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �1�s� �a�l�w�a�y�s� �n�e�g�a�t�i�v�e� �s�i�n�c�e� �t�h�e� 

�o�v�e�r�a�l�l� �r�e�s�i�s�t�a�n�c�e� �d�r�o�p�s� �w�h�e�n� �r�e�s�i�s�t�o�r�s� �a�r�e� �p�l�a�c�e�d� �i�n� �p�a�r�a�l�l�e�l�.� 

�C�a�l�i�b�r�a�t�i�o�n� �P�r�o�c�e�d�u�r�e� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �c�a�l�i�b�r�a�t�i�n�g� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�y�s�t�e�m� �i�s� �s�h�o�w�n� �b�e�l�o�w�.� �T�h�e� �b�a�s�i�c� 

�c�o�n�c�e�p�t� �i�s� �t�o� �a�p�p�l�y� �v�a�r�i�o�u�s� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r�s�,� �c�o�l�l�e�c�t� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �o�u�t�p�u�t� �v�o�l�t�a�g�e�s�,� �a�n�d� 

�p�e�r�f�o�r�m� �a� �l�i�n�e�a�r� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �f�r�o�m� �t�h�e� �m�e�a�s�u�r�e�d� 

�v�o�l�t�a�g�e� �t�o� �t�h�e� �g�a�g�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�.� 

�1�.� 

�2�.� 

�8�.� 

�9�.� 

�A�l�l�o�w� �t�h�e� �s�y�s�t�e�m� �t�o� �w�a�r�m� �u�p� �a�n�d� �r�u�n� �t�e�s�t�.� 

�S�e�t� �a�l�l� �f�i�l�t�e�r�s� �t�o� �a� �l�o�w� �c�u�t�-�o�f�f� �f�r�e�q�u�e�n�c�y� �(�e�.�g�.� �5� �H�z�)� �w�i�t�h� �d�c�-�c�o�u�p�l�e�d�,� 

�d�i�f�f�e�r�e�n�t�i�a�l� �i�n�p�u�t�.� 

�S�e�t� �A�/�D� �c�o�n�v�e�r�t�e�r� �d�y�n�a�m�i�c� �r�a�n�g�e�,� �s�a�m�p�l�e� �r�a�t�e� �a�n�d� �s�a�m�p�l�e� �s�i�z�e�.� 

�R�e�-�b�a�l�a�n�c�e� �b�r�i�d�g�e�s�.� 

�C�o�n�n�e�c�t� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �t�o� �l�e�a�d�s� �o�f� �g�a�g�e�.� 

�S�e�t� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �t�o� �d�R� �=� �0�.� 

�C�o�l�l�e�c�t� �s�e�t� �o�f� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �d�a�t�a� �a�n�d� �n�o�t�e� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �s�e�t�t�i�n�g�.� 

�S�e�t� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �t�o� �n�e�x�t� �s�e�t�t�i�n�g�,� �c�o�l�l�e�c�t� �d�a�t�a�,� �n�o�t�e� �s�e�t�t�i�n�g�.� 

�R�e�p�e�a�t� �a�b�o�v�e� �f�o�r� �r�e�s�t� �o�f� �c�i�r�c�u�i�t� �s�e�t�t�i�n�g�s�.� 

�1�0�.� �R�e�p�e�a�t� �a�b�o�v�e� �f�o�r� �r�e�s�t� �o�f� �s�t�r�a�i�n�-�g�a�g�e� �c�h�a�n�n�e�l�s�.� 
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�1�1�.� �P�e�r�f�o�r�m� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �o�n� �e�a�c�h� �s�e�t� �o�f� �d�a�t�a� �t�o� �d�e�t�e�r�m�i�n�e� �c�a�l�i�b�r�a�t�i�o�n� �f�r�o�m� �A�E� 

�t�o� �A�R�/�R�.� 

�C�a�l�i�b�r�a�t�i�o�n� �C�i�r�c�u�i�t� 

�T�o� �p�r�o�v�i�d�e� �a� �c�o�n�v�e�n�i�e�n�t� �m�e�t�h�o�d� �o�f� �c�o�n�n�e�c�t�i�n�g� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r�s� �t�o� �t�h�e� �s�t�r�a�i�n� 

�g�a�g�e�s�,� �a� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�6� �w�a�s� �c�o�n�s�t�r�u�c�t�e�d�.� �T�h�e� �c�i�r�c�u�i�t� �c�o�n�s�i�s�t�s� �o�f� 

�f�i�v�e� �r�e�s�i�s�t�a�n�c�e�s�,� �p�l�u�s� �a�n� �o�p�e�n�-�c�i�r�c�u�i�t� �p�o�s�i�t�i�o�n�,� �w�h�i�c�h� �p�r�o�d�u�c�e� �a� �s�e�t� �o�f� �d�e�s�i�r�e�d� �r�e�s�i�s�t�a�n�c�e� 

�c�h�a�n�g�e�s� �i�n� �a� �3�5�0�Q� �s�t�r�a�i�n� �g�a�g�e�.� �N�o�t�e� �t�h�a�t� �m�o�s�t� �s�t�r�a�i�n�-�g�a�g�e� �a�m�p�l�i�f�i�e�r� �s�y�s�t�e�m�s� �i�n�c�l�u�d�e� 

�c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t�s�,� �h�o�w�e�v�e�r�,� �t�h�e� �r�e�s�i�s�t�o�r�s� �t�h�a�t� �a�r�e� �i�n�c�l�u�d�e�d� �w�i�t�h� �t�h�e�s�e� �c�i�r�c�u�i�t�s� �p�r�o�v�i�d�e� �a� 

�r�a�t�h�e�r� �l�a�r�g�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�.� �T�h�e�s�e� �l�a�r�g�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�s� �p�r�o�d�u�c�e� �l�a�r�g�e� �o�u�t�p�u�t� 

�v�o�l�t�a�g�e�s� �t�h�a�t� �r�e�q�u�i�r�e� �t�h�e� �d�y�n�a�m�i�c� �r�a�n�g�e� �o�f� �t�h�e� �A�/�D� �c�o�n�v�e�r�t�e�r�s� �t�o� �b�e� �i�n�c�r�e�a�s�e�d� �t�o� �a� �l�e�v�e�l� 

�m�u�c�h� �h�i�g�h�e�r� �t�h�a�n� �i�s� �u�s�e�d� �t�o� �c�o�l�l�e�c�t� �d�y�n�a�m�i�c� �s�t�r�a�i�n�s�.� �T�h�u�s�,� �t�h�i�s� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �w�a�s� 

�c�o�n�s�t�r�u�c�t�e�d� �t�o� �p�r�o�v�i�d�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�s� �w�h�i�c�h� �a�r�e� �n�e�a�r� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� 

�c�h�a�n�g�e�s� �p�r�o�d�u�c�e�d� �d�u�r�i�n�g� �a� �d�y�n�a�m�i�c� �t�e�s�t�.� 

�C�a�l�i�b�r�a�t�i�o�n� �l� �S�o� �4�s� 
�R�e�s�i�s�t�o�r�s� �2� 

�x� �w�e�e�d� �4� �\� 
�a�t�)� �N�Y� 

�7� �c�o� 
 ��L�h�,� 

�~� 

�e�e� 

�S�i�x� �P�o�s�i�t�i�o�n� �S�w�i�t�c�h� 

�F�i�g�u�r�e� �4�.�6�.� �C�a�l�i�b�r�a�t�i�o�n� �C�i�r�c�u�i�t� �D�i�a�g�r�a�m� 

�T�h�e� �r�e�s�i�s�t�a�n�c�e�s� �w�e�r�e� �c�h�o�s�e�n� �b�a�s�e�d� �o�n� �d�a�t�a� �f�r�o�m� �p�r�e�l�i�m�i�n�a�r�y� �t�e�s�t�s� �a�n�d� �s�i�m�u�l�a�t�i�o�n�s� 

�w�h�i�c�h� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� �m�a�x�i�m�u�m� �d�y�n�a�m�i�c� �s�t�r�a�i�n� �i�n� �t�h�e� �i�n�s�t�r�u�m�e�n�t�e�d� �b�e�a�m� �(�d�i�s�c�u�s�s�e�d� �i�n� 

�A�p�p�e�n�d�i�x� �B�)� �w�a�s� �e�x�p�e�c�t�e�d� �t�o� �b�e� �a�b�o�u�t� �5�0�u�e�.� �T�o� �p�r�o�v�i�d�e� �e�x�t�r�a� �r�a�n�g�e� �o�n� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� 
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�r�e�g�i�o�n� �t�h�e� �f�i�r�s�t� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r� �w�a�s� �c�h�o�s�e�n� �s�o� �t�h�a�t� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �s�t�r�a�i�n� �w�a�s� �a�b�o�u�t� �-� 

�7�0�u�e�.� �T�h�u�s�,� �a�s�s�u�m�i�n�g� �a� �G�f�=� �2�.�0�5�,� �a�n�d� �u�s�i�n�g� �E�q�.� �(�4�.�2�.�6�)� �a�n�d� �E�q�.� �(�4�.�4�.�3�)�,� �t�h�e� �f�i�r�s�t� �r�e�s�i�s�t�o�r� 

�w�a�s� �c�a�l�c�u�l�a�t�e�d� �t�o� �h�a�v�e� �a� �v�a�l�u�e� �o�f� �2�.�4�3�9� �M�Q�.� �T�h�e� �o�t�h�e�r� �f�o�u�r� �r�e�s�i�s�t�o�r�s� �w�e�r�e� �c�h�o�s�e�n� �i�n� �a� 

�s�i�m�i�l�a�r� �m�a�n�n�e�r� �s�o� �t�h�a�t� �t�h�e�y� �p�r�o�d�u�c�e�d� �e�q�u�i�v�a�l�e�n�t� �s�t�r�a�i�n�s� �w�h�i�c�h� �w�e�r�e� �e�v�e�n�l�y� �s�p�a�c�e�d� �b�e�t�w�e�e�n� 

�O�v�e� �a�n�d� �-�7�0�p�1�e�.� �H�o�w�e�v�e�r�,� �r�e�s�i�s�t�o�r�s� �o�f� �t�h�e�s�e� �e�x�a�c�t� �v�a�l�u�e�s� �w�e�r�e� �u�n�a�v�a�i�l�a�b�l�e�,� �s�o� �t�h�e� �n�e�x�t� 

�c�l�o�s�e�s�t� �a�v�a�i�l�a�b�l�e� �r�e�s�i�s�t�o�r�s� �w�e�r�e� �c�h�o�s�e�n�.� �T�h�e� �v�a�l�u�e�s� �o�f� �t�h�e�s�e� �r�e�s�i�s�t�o�r�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� 

�4�.�1�,� �a�l�o�n�g� �w�i�t�h� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�s� �t�h�e�y� �p�r�o�d�u�c�e� �w�i�t�h� �a� �3�5�0�Q� �s�t�r�a�i�n� �g�a�g�e�,� �a�n�d� �t�h�e� 

�e�q�u�i�v�a�l�e�n�t� �s�t�r�a�i�n�s� �f�o�r� �a� �G�f�=� �2�.�0�5�.� 

�T�a�b�l�e� �4�.�1�.� �C�a�l�i�b�r�a�t�i�o�n� �R�e�s�i�s�t�o�r� �V�a�l�u�e�s� 
� � 
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� � 

� � 

� � 

� � 

� � � � � � � � 

�R�e�s�i�s�t�o�r� �V�a�l�u�e�*� �R�e�s�i�s�t�a�n�c�e� �C�h�a�n�g�e�,� �A�R�/�R� �E�q�u�i�v�.� �S�t�r�a�i�n� �(�G�r�=� �2�.�0�5�)� 

�0�0� �0� �O�u�s�e� 

�1�2�.�0�3�7�M�Q� �-�2�.�9�0�8�e�-�0�5� �-�1�4�.�1�8�p�¢� 
�6�.�3�1�1�M�Q� �-�5�.�5�4�6�e�-�0�5� �-�2�7�.� �0�5� 
�4�.�1�3�4�M�Q� �-�8�.�4�6�6�e�-�0�5� �-�4�1�.�3�0�p� 
�3�.�0�7�3�M�Q� �-�1�1�.�3�8�8�e�-�0�5� �-�5�5� �5�5� 
�2�.�8�4�9�M�Q� �-�1�2�.�2�8�4�e�-�0�5� �-�5�9� �9�2� � � � � 

�*�m�e�a�s�u�r�e�d� �w�i�t�h� �H�P� �3�4�7�8�A� �m�u�l�t�i�m�e�t�e�r�,� �V�P�I�&�S�U� �#�1�1�3�0�3�3� 

�R�e�g�r�e�s�s�i�o�n� �o�f� �C�a�l�i�b�r�a�t�i�o�n� �D�a�t�a� 

�T�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �m�o�d�e�l� �w�h�i�c�h� �w�a�s� �c�h�o�s�e�n� �f�o�r� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� 

�m�e�a�s�u�r�e�d� �v�o�l�t�a�g�e� �a�n�d� �t�h�e� �g�a�g�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�s� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�4�)� �t�h�r�o�u�g�h� 

�E�q�.� �(�4�.�4�.�7�)�.� �T�h�e� �l�i�n�e�a�r� �m�o�d�e�l�,� �E�q�.� �(�4�.�4�.�5�)�,� �w�a�s� �c�h�o�s�e�n� �b�a�s�e�d� �o�n� �E�q�.� �(�4�.�2�.�3�)� �a�n�d� �t�h�e� �f�a�c�t� 

�t�h�a�t� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�s� �a�r�e� �s�m�a�l�l�.� �T�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�o�n�s�t�a�n�t�s�,� �w�h�i�c�h� �n�e�e�d� �t�o� �b�e� 

�e�s�t�i�m�a�t�e�d� �b�y� �t�h�e� �r�e�g�r�e�s�s�i�o�n�,� �a�r�e� �t�h�e� �l�i�n�e�a�r� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �g�r�a�d�i�e�n�t�,� �8�)�,� �a�n�d� �r�e�s�i�s�t�a�n�c�e� 

�c�h�a�n�g�e� �o�f�f�s�e�t�,� �B�g�,� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�6�)�.� �N�o�t�e� �t�h�a�t� �t�h�i�s� �m�o�d�e�l� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e�r�e� �i�s� �s�o�m�e� 

�e�r�r�o�r� �i�n� �t�h�e� �m�e�a�s�u�r�e�d� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �w�h�i�c�h� �h�a�s� �a� �m�e�a�n� �v�a�l�u�e� �o�f� �z�e�r�o� �a�n�d� �a� �v�a�r�i�a�n�c�e� �a�s� 

�s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�7�)�.� �I�t� �a�l�s�o� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� �e�r�r�o�r� �i�n� �t�h�e� �m�e�a�s�u�r�e�d� �v�o�l�t�a�g�e�.� �N�o�t�e� 
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�t�h�a�t� �n�e�i�t�h�e�r� �o�f� �t�h�e�s�e� �a�s�s�u�m�p�t�i�o�n�s� �i�s� �e�x�a�c�t�l�y� �t�r�u�e�.� �T�h�e� �a�f�f�e�c�t� �o�f� �v�i�o�l�a�t�i�n�g� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� �1�s� 

�d�i�s�c�u�s�s�e�d� �l�a�t�e�r� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�r�=� �(�=�)� �=�E�f�+�e�,� �(�4�.�4�.�4�)� 

�E�=�[�1� �A�E�,�]� �(�4�.�4�.�5�)� 

�B�=�|� �(�4�.�4�.�6�)� �4� 
�u�,� �=�E�[�e�,�]�=�0� �o�-�V�e�l�e�o� �(�4�.�4�.�7�)� 

�T�h�e� �t�r�u�e� �v�a�l�u�e�s� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�,� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�o�n�s�t�a�n�t�s� �a�n�d� �t�h�e� �e�r�r�o�r� 

�v�a�r�i�a�n�c�e� �a�r�e�,� �o�f� �c�o�u�r�s�e�,� �u�n�k�n�o�w�n� �a�n�d� �n�e�e�d� �t�o� �b�e� �e�s�t�i�m�a�t�e�d�.� �T�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� 

�r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�8�)�.� �T�h�e� �e�s�t�i�m�a�t�e�s� 

�o�f� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�o�n�s�t�a�n�t�s�,� �w�h�i�c�h� �a�r�e� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �g�r�a�d�i�e�n�t�,� �1�,� 

�a�n�d� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �o�f�f�s�e�t�,� �b�g�,� �a�r�e� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�9�)�.� 

�7� �=�E�b� �(�4�.�4�.�8�)� 

�b�=� �°�s� �4�4�9� �i�n� �a�s� 
�T�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�o�n�s�t�a�n�t�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �p�l�a�c�i�n�g� �a�l�l� �t�h�e� 

�r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �m�e�a�s�u�r�e�m�e�n�t�s� �a�n�d� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �m�e�a�s�u�r�e�m�e�n�t�s� �i�n� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� 

�m�a�t�r�i�c�e�s� �a�n�d� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�1�0�)� �[�5�8�]�.� 

�b�=�(�E�E�)� �E�'�r� �(�4�.�4�.�1�0�)� 
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�T�h�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �e�r�r�o�r� �v�a�r�i�a�n�c�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�1�1�)�,� �w�h�e�r�e� �7� 

�i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �d�a�t�a� �p�o�i�n�t�s� �u�s�e�d� �i�n� �t�h�e� �r�e�g�r�e�s�s�i�o�n�.� 

�,� �%�r�r ��-�b ��E ��r� 
�S�s�.� �=� 

�n�-�2� 
�(�4�.�4�.�1�1�)� 

�T�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �s�l�o�p�e� �i�s� �g�i�v�e�n� �b�y� �E�q�.� �(�4�.�4�.�1�2�)� �[�5�9�]�.� �T�h�e� �v�a�r�i�a�n�c�e� �o�f� 

�t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �o�f�f�s�e�t� �i�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �b�e�c�a�u�s�e� �i�t� �i�s� �a� �d�.�c�.� �t�e�r�m� �t�h�a�t� �o�n�l�y� �r�e�p�r�e�s�e�n�t�s� �t�h�e� 

�u�n�b�a�l�a�n�c�e� �o�f� �t�h�e� �b�r�i�d�g�e�.� �A�l�l� �d�.�c�.� �t�e�r�m�s� �a�r�e� �f�i�l�t�e�r�e�d� �d�u�r�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �t�e�s�t�s�.� 

� � �o�d�,� �=� �V�[�a�]�J�= �� �(�4�.�4�.�1�2�)� 

�N�o�t�e�s� �o�n� �C�a�l�i�b�r�a�t�i�o�n� �M�e�t�h�o�d� 

�E�r�r�o�r� �I�n� �I�n�d�e�p�e�n�d�e�n�t�_�V�a�r�i�a�b�l�e�s� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �i�t�e�m�s� �t�h�a�t� �n�e�e�d� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �w�h�e�n� �u�s�i�n�g� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� 

�m�e�t�h�o�d� �a�s� �i�t� �i�s� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e�.� �F�i�r�s�t�,� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �a�s�s�u�m�e�s� �t�h�a�t� 

�t�h�e�r�e� �i�s� �n�o� �e�r�r�o�r� �i�n� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�,� �w�h�i�c�h� �i�n� �t�h�i�s� �c�a�s�e� �i�s� �t�h�e� �m�e�a�s�u�r�e�d� �v�o�l�t�a�g�e�.� 

�T�h�i�s� �i�s� �n�o�t� �c�o�r�r�e�c�t�.� �S�o�m�e� �n�o�i�s�e� �w�i�l�l� �e�n�t�e�r� �t�h�e� �v�o�l�t�a�g�e� �s�i�g�n�a�l� �b�e�f�o�r�e� �i�t� �i�s� �s�a�m�p�l�e�d�.� �T�h�i�s� 

�e�r�r�o�r� �c�a�n� �c�a�u�s�e� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �B� �|� �t�o� �b�e� �b�i�a�s�e�d� �b�e�l�o�w� �t�h�e� �t�r�u�e� �v�a�l�u�e� �[�6�0�]�.� �T�h�e�r�e� �a�r�e� �t�w�o� 

�w�a�y�s� �i�n� �w�h�i�c�h� �t�h�i�s� �b�i�a�s� �c�a�n� �b�e� �c�o�n�t�r�o�l�l�e�d� �o�r� �a�c�c�o�u�n�t�e�d� �f�o�r�.� �F�i�r�s�t�,� �t�h�e� �b�i�a�s� �i�s� �n�o�t� �t�o�o� �l�a�r�g�e� 

�i�f� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� �i�s� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �d�e�p�e�n�d�e�n�t� 

�v�a�r�i�a�b�l�e�.� �T�h�u�s�,� �t�h�e� �b�i�a�s� �c�a�n� �b�e� �k�e�p�t� �t�o� �a� �m�i�n�i�m�u�m� �b�y� �p�r�o�p�e�r�l�y� �s�h�i�e�l�d�i�n�g� �t�h�e� �v�o�l�t�a�g�e� �s�i�g�n�a�l� 

�a�n�d� �b�y� �c�o�l�l�e�c�t�i�n�g� �l�a�r�g�e� �d�a�t�a� �s�e�t�s� �f�o�r� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n�.� �S�e�c�o�n�d�,� �t�h�e� �p�o�s�s�i�b�l�e� �b�i�a�s� �c�a�n� �b�e� 

�r�e�f�l�e�c�t�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�o�n�s�t�a�n�t�s�.� �O�f� �c�o�u�r�s�e�,� �t�h�e� �a�m�o�u�n�t� 

�o�f� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �m�u�s�t� �b�e� �e�s�t�i�m�a�t�e�d�.� 
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�C�a�l�i�b�r�a�t�i�o�n� �M�e�t�h�o�d� �a�n�d� �L�e�a�d� �W�i�r�e� �D�e�s�e�n�s�i�t�i�z�a�t�i�o�n� 

�A�s� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e�,� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �m�e�a�n� �e�r�r�o�r� �i�n� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�,� 

�r�,� �e�q�u�a�l�s� �z�e�r�o� �i�s� �i�n�c�o�r�r�e�c�t�.� �T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� �i�s� �c�o�m�p�l�e�x� �a�n�d� �i�s� �r�e�l�a�t�e�d� �t�o� �w�h�e�r�e� �t�h�e� 

�c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r� �i�s� �c�o�n�n�e�c�t�e�d� �i�n�t�o� �t�h�e� �w�h�e�a�t�s�t�o�n�e� �b�r�i�d�g�e� �c�i�r�c�u�i�t�.� �F�o�r� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �t�o� 

�b�e� �m�o�s�t� �a�c�c�u�r�a�t�e�,� �(�i�.�e�.� �f�o�r� �t�h�e� �l�e�a�d� �r�e�s�i�s�t�a�n�c�e� �d�e�s�e�n�s�i�t�i�z�a�t�i�o�n� �t�o� �b�e� �a�c�c�o�u�n�t�e�d� �f�o�r�)� �i�t� �i�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �a�t�t�a�c�h� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r�s� �d�i�r�e�c�t�l�y� �t�o� �t�h�e� �s�t�r�a�i�n� �g�a�g�e�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�7� 

�a�)�.� �H�o�w�e�v�e�r�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �s�m�a�l�l� �s�i�z�e� �o�f� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �t�e�r�m�i�n�a�l�s�,� �t�h�i�s� �i�s� �i�m�p�r�a�c�t�i�c�a�l�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r� �i�s� �u�s�u�a�l�l�y� �c�o�n�n�e�c�t�e�d� �i�n� �p�a�r�a�l�l�e�l� �w�i�t�h� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �a�n�d� 

�p�a�r�t� �o�f� �t�h�e� �l�e�a�d� �w�i�r�e�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�7� �b�)�.� �T�h�i�s� �s�i�t�u�a�t�i�o�n� �c�a�n� �c�r�e�a�t�e� �a� �s�m�a�l�l� �b�i�a�s� �i�n� �t�h�e� 

�c�a�l�i�b�r�a�t�i�o�n� �r�e�s�u�l�t�s� �b�e�c�a�u�s�e� �t�h�e�r�e� �i�s� �a� �g�r�e�a�t�e�r� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�n� �s�i�t�u�a�t�i�o�n� �b�)� �t�h�a�n� �1�s� 

�a�s�s�u�m�e�d� �i�n� �s�i�t�u�a�t�i�o�n� �a�)�.� �T�h�i�s� �b�i�a�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�.� �4�.�8�.� �I�n� �F�i�g�.� �4�.�8�,� �'�r�,�'� �i�s� �t�h�e� �a�c�t�u�a�l� 

�p�e�r�c�e�n�t� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �w�h�i�l�e� �'�7�;�'� �i�s� �t�h�e� �a�s�s�u�m�e�d� �p�e�r�c�e�n�t� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �a�n�d� �'�E�a�'� �i�s� 

�t�h�e� �m�e�a�s�u�r�e�d� �o�u�t�p�u�t� �v�o�l�t�a�g�e�.� �S�i�n�c�e�,� �i�n� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�,� �7�g� �i�s�n�'�t� �k�n�o�w�n�,� �r�g� �i�s� 

�u�s�e�d� �i�n� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �w�i�t�h� �E�a�.� �S�i�n�c�e� �e�a�c�h� �r�g� �(�r�e�c�a�l�l� �t�h�a�t� �t�h�e�r�e� �a�r�e� �f�i�v�e� �o�f� �t�h�e�m�)� �i�s� �b�i�a�s�e�d� 

�a� �p�r�o�p�o�r�t�i�o�n�a�l� �a�m�o�u�n�t�,� �t�h�a�t� �i�s� �t�h�e� �m�e�a�n� �v�a�l�u�e� �o�f� �t�h�e� �e�r�r�o�r� �i�s� �n�o�t� �z�e�r�o�,� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�c�a�l�i�b�r�a�t�i�o�n� �l�i�n�e� �h�a�s� �a� �s�h�a�l�l�o�w�e�r� �s�l�o�p�e� �t�h�a�n� �t�h�e� �a�c�t�u�a�l� �l�i�n�e�.� �N�o�t�e� �t�h�a�t� �a�l�t�h�o�u�g�h� �t�h�e� �e�r�r�o�r� 

�b�e�t�w�e�e�n� �r�g� �a�n�d� �r�c� �i�s� �s�y�s�t�e�m�a�t�i�c� �o�n� �a� �p�a�r�t�i�c�u�l�a�r� �g�a�g�e�,� �i�t� �i�s� �r�a�n�d�o�m� �b�e�t�w�e�e�n� �d�i�f�f�e�r�e�n�t� �g�a�g�e� 

�c�h�a�n�n�e�l�s�.� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �6�1



�R�g� �o�h�  ��~� �R�g� 

�R�e�c� �R�e� �R�I� �o�m� 

�a�)� �A�s�s�u�m�e�d� �C�a�l�i�b�r�a�t�i�o�n� �_�_�b�)� �A�c�t�u�a�l� �C�a�l�i�b�r�a�t�i�o�n� 

�A�R�~�é� �A�R�~�e�é� 

�R�g� �R�g� 
�\� �~� 

�a�e� 
�c�)� �I�d�e�a�l� �A�c�t�i�v�e� �B�r�i�d�g�e� �d�)� �A�c�t�u�a�l� �A�c�t�i�v�e� �B�r�i�d�g�e� �A�r�m� 

�A�r�m� 

�F�i�g�u�r�e� �4�.�7�.� �D�i�f�f�e�r�e�n�c�e�s� �B�e�t�w�e�e�n� �I�d�e�a�l� �a�n�d� �A�c�t�u�a�l� �A�c�t�i�v�e� �A�r�m� �C�o�n�d�i�t�i�o�n�s� 

�T�h�e� �b�i�a�s� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e� �i�s� �c�o�m�p�o�u�n�d�e�d� �b�y� �b�r�i�d�g�e� �d�e�s�e�n�s�i�t�i�z�a�t�i�o�n� �d�u�e� �t�o� �t�h�e� �l�e�a�d� 

�r�e�s�i�s�t�a�n�c�e�s�.� �F�i�g�u�r�e� �4�.�7� �c�)� �a�n�d� �d�)� �s�h�o�w� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �a�n� �i�d�e�a�l� �a�c�t�i�v�e� �b�r�i�d�g�e� �a�r�m� 

�a�n�d� �a�n� �a�c�t�u�a�l� �a�c�t�i�v�e� �b�r�i�d�g�e� �a�r�m�.� �T�h�e� �a�d�d�i�t�i�o�n�a�l� �l�e�a�d� �r�e�s�i�s�t�a�n�c�e� �i�n� �t�h�e� �b�r�i�d�g�e� �a�r�m� �c�a�u�s�e�s� 

�t�h�e� �b�r�i�d�g�e� �t�o� �b�e�c�o�m�e� �m�i�l�d�l�y� �d�e�s�e�n�s�i�t�i�z�e�d� �t�o� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�n� �t�h�e� �g�a�g�e� �[�6�1�]�.� �T�h�e� 

�r�e�s�u�l�t� �o�f� �d�e�s�e�n�s�i�t�i�z�a�t�i�o�n� �i�s� �t�h�a�t� �b�r�i�d�g�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �i�s� �l�o�w�e�r� �i�n� �t�h�e� �a�c�t�u�a�l� �c�a�s�e� �t�h�a�n� �i�n� �t�h�e� 

�i�d�e�a�l� �c�a�s�e�.� �T�h�i�s� �s�i�t�u�a�t�i�o�n� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�.� �4�.�9�.� �A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �t�h�e� �i�l�l�u�s�t�r�a�t�i�o�n�,� �t�h�e� 

�s�l�o�p�e� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�n� �t�h�e� �a�c�t�u�a�l� �t�e�s�t�,� �7�;�,� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �i�s� �s�h�o�w�n� �i�n� �t�h�e� 

�c�a�l�i�b�r�a�t�i�o�n� �r�e�s�u�l�t�s�.� �T�h�e� �s�l�o�p�e� �i�s� �a�l�s�o� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �a�c�t�u�a�l� �c�a�l�i�b�r�a�t�i�o�n� �c�u�r�v�e�.� 

�T�h�u�s�,� �i�f� �a� �v�o�l�t�a�g�e�,� �Z�i�,� �i�s� �m�e�a�s�u�r�e�d� �w�i�t�h� �t�h�e� �s�t�r�a�i�n� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�,� �t�h�e� �c�a�l�c�u�l�a�t�e�d� 

�r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �w�i�l�l� �b�e� �r�¢�,� �w�h�i�c�h� �i�s� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �a�c�t�u�a�l� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�,� �r�y�.� 
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�e�e� �C�a�l�i�b�r�a�t�e�d� 

�E�a� �A�E�o� 

�F�i�g�u�r�e� �4�.�8�.� �H�l�u�s�t�r�a�t�i�o�n� �o�f� �B�i�a�s� �i�n� �C�a�l�i�b�r�a�t�i�o�n� �P�r�o�c�e�d�u�r�e� 

�A�c�t�u�a�l� �T�e�s�t� 

� � 

�T�a� � � 

�r�e� � � 

� � � � 
� � 

�-� �=� �A�c�t�u�a�l� �C�a�l�i�b�r�a�t�i�o�n� 

�_�-�-�7 �� �C�a�l�i�b�r�a�t�e�d� 

�E�i� �A�E�o� 

�F�i�g�u�r�e� �4�.�9�.� �I�l�l�u�s�t�r�a�t�i�o�n� �o�f� �T�o�t�a�l� �B�i�a�s� �i�n� �C�a�l�i�b�r�a�t�i�o�n� �R�e�s�u�l�t�s� 

�T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �b�i�a�s� �i�n� �t�h�e� �r�e�s�u�l�t�s� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �c�a�l�i�b�r�a�t�i�o�n� �c�a�n�n�o�t� �b�e� 

�m�e�a�s�u�r�e�d� �a�c�c�u�r�a�t�e�l�y� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �m�u�s�t� �b�e� �e�s�t�i�m�a�t�e�d�.� �I�n� �m�o�s�t� �c�a�s�e�s� �t�h�e� �b�i�a�s� �d�i�s�c�u�s�s�e�d� 

�a�b�o�v�e� �i�s� �n�o�t� �v�e�r�y� �g�r�e�a�t� �a�n�d� �c�a�n� �b�e� �r�e�f�l�e�c�t�e�d� �b�y� �a�p�p�r�o�p�r�i�a�t�e�l�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� 

�t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �s�l�o�p�e�,� �E�q�.� �(�4�.�4�.�1�2�)�.� �T�h�u�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �e�s�t�i�m�a�t�e� �a�n� �a�p�p�r�o�p�r�i�a�t�e� 
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�i�n�c�r�e�a�s�e�.� �T�o� �d�o� �t�h�i�s�,� �c�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�i�t�u�a�t�i�o�n�;� �a� �s�e�t� �o�f� �s�t�r�a�i�n� �g�a�g�e�s� �w�i�t�h� �a� �m�e�a�n� 

�v�a�l�u�e� �o�f� �3�5�0�Q� �a�n�d� �a� �9�5�%� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �o�f� �+� �2�;� �a� �s�e�t� �o�f� �l�e�a�d� �w�i�r�e�s�,� �9�5�%� �o�f� �w�h�i�c�h� 

�a�r�e� �b�e�l�o�w� �2�Q�;� �a� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r� �o�f� �1�.�0� �M�Q�;� �a�n�d� �a� �b�r�i�d�g�e� �s�u�p�p�l�y� �v�o�l�t�a�g�e� �o�f� �5�.�0�V�.� �I�n�a� 

�9�5�%� �w�o�r�s�t� �c�a�s�e�,� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �i�n� �q�u�e�s�t�i�o�n� �w�i�l�l� �b�e� �3�5�2�.� �T�h�e� �g�a�g�e� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �3�5�0� 

�Q� �i�n� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n�.� �T�h�u�s�,� �t�h�e� �a�s�s�u�m�e�d� �p�e�r�c�e�n�t� �a�r�m� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�,� �c�a�l�c�u�l�a�t�e�d� �w�i�t�h� 

�E�q�.� �(�4�.�4�.�3�)�,� �i�s� �-�3�.�5�e�-�0�2� �a�n�d� �t�h�e� �a�c�t�u�a�l� �p�e�r�c�e�n�t� �a�r�m� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�,� �c�a�l�c�u�l�a�t�e�d� �w�i�t�h� 

�E�q�.� �(�4�.�4�.�3�)� �w�h�e�r�e� �R�g� �i�s� �e�q�u�a�l� �t�o� �3�5�4�Q� �(�3�5�2�Q� �g�a�g�e� �+� �2�Q� �l�e�a�d� �w�i�r�e�)�,� �i�s� �-�3�.�5�1�9�e�-�0�2� �w�i�t�h� �a�n� 

�o�u�t�p�u�t� �v�o�l�t�a�g�e� �o�f� �-�1�.�7�6�e�-�3�V� �(�c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �E�q�.� �(�4�.�2�.�3�)�)�.� �T�h�e� �s�l�o�p�e� �o�f� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� 

�c�u�r�v�e� �1�s�,� �t�h�u�s�,� �c�a�l�c�u�l�a�t�e�d� �t�o� �b�e� �(�-�3�.�5�e�-�0�2�)�/�(�-�1�.�7�6�e�-�0�3�)� �=� �1�9�.�8�9�.� �D�u�r�i�n�g� �t�h�e� �a�c�t�u�a�l� �t�e�s�t�,� �a� 

�p�e�r�c�e�n�t� �a�r�m� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �o�f� �-�3�.�5�3�9�e�-�0�2�,� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �E�q�.� �(�4�.�3�.�1�)�,� �w�o�u�l�d� �b�e� 

�r�e�q�u�i�r�e�d� �t�o� �p�r�o�d�u�c�e� �a�n� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �o�f� �-�1�.�7�6�e�-�0�3�V�.� �T�h�u�s�,� �t�h�e� �a�c�t�u�a�l� �s�l�o�p�e� �o�f� �v�o�l�t�a�g�e� �t�o� 

�r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�s� �(�-�3�.�5�3�9�e�-�0�2�)�/�(�-�1�.�7�6�e�-�0�3�)� �=� �2�0�.�1�1�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �a�c�t�u�a�l� 

�s�l�o�p�e� �a�n�d� �c�a�l�i�b�r�a�t�e�d� �s�l�o�p�e� �i�s� �1�.�0�%�.� �T�h�u�s�,� �a� �r�e�a�s�o�n�a�b�l�e� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� 

�o�f� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �s�l�o�p�e�,� �g�i�v�e�n� �b�y� �E�q�.� �(�4�.�4�.�1�2�)�,� �c�o�u�l�d� �b�e� �0�.�5�%�.� 

�4�.�4�.�3� �T�i�m�e�-�S�i�g�n�a�l� �M�o�d�e�l� 

�S�i�n�c�e� �s�i�n�e�-�d�w�e�l�l� �t�e�s�t�s� �a�r�e� �c�u�r�r�e�n�t�l�y� �u�s�e�d� �i�n� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�,� �t�h�e� �v�o�l�t�a�g�e�s� 

�c�o�l�l�e�c�t�e�d� �w�i�t�h� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m� �w�i�l�l� �b�e� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �s�i�n�g�l�e� 

�f�r�e�q�u�e�n�c�y� �s�i�n�e� �w�a�v�e�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �a�p�p�r�o�p�r�i�a�t�e� �t�o� �p�r�o�c�e�s�s� �t�h�e� �d�a�t�a� �u�s�i�n�g� �t�h�e� �s�i�n�g�l�e�-� 

�f�r�e�q�u�e�n�c�y� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �b�y� �M�o�n�t�g�o�m�e�r�y� �[�6�2�]�.� �T�h�i�s� �m�e�t�h�o�d� 

�e�s�t�i�m�a�t�e�s� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �a� �h�a�r�m�o�n�i�c� �e�q�u�a�t�i�o�n�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�1�3�)�,� �f�r�o�m� �t�h�e� �d�a�t�a� 

�u�s�i�n�g� �a� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n�.� �T�h�e� �m�e�t�h�o�d� �e�s�t�i�m�a�t�e�s� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �m�a�g�n�i�t�u�d�e�s� 

�o�f� �t�h�e� �v�o�l�t�a�g�e� �r�e�l�a�t�i�v�e� �t�o� �a� �r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l�.� �T�h�e� �r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l� �i�s� �u�s�u�a�l�l�y� �t�h�e� �i�n�p�u�t� �f�o�r�c�e�.� 

�A�s�s�u�m�i�n�g� �t�h�a�t� �a�n�y� �n�o�i�s�e� �i�n� �t�h�e� �d�a�t�a� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�,� �t�h�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �v�o�l�t�a�g�e� �c�o�m�p�o�n�e�n�t�s� �i�s� �g�i�v�e�n� �b�y� �E�q�.� �(�4�.�4�.�1�3�)�.� 
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�t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�o�n�s�t�a�n�t�s� �p�r�o�p�a�g�a�t�e� �i�n�t�o� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�.� �N�o�t�e� 
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�s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�1�4�)�.� �A�l�s�o�,� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �e�q�u�a�t�i�o�n�,� �E�q�.� �(�4�.�4�.�8�)� �h�a�s� �b�e�e�n� �r�e�-�w�r�i�t�t�e�n� �i�n� 

�t�h�e� �f�o�r�m� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�1�5�)�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �f�o�r�m�s� �i�s� �s�h�o�w�n� �i�n� 

�E�q�.� �(�4�.�4�.�1�6�)�.� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �6�5



�r�= �� �(�4�.�4�.�1�4�)� � � 

�b� �=�F�  ��-�B�b� �A�E�,� �(�4�.�4�.�1�6�)� 

�I�n� �E�q�.� �(�4�.�4�.�1�5�)�,� �t�h�e� �v�a�r�i�a�b�l�e�s� �*� �,� �b�,�,� �a�n�d� �A�E�,� �a�r�e� �a�l�l� �r�a�n�d�o�m�,� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� 

�[�6�3�]�.� �T�h�e� �m�e�a�n� �v�a�l�u�e�s� �a�n�d� �t�h�e� �v�a�r�i�a�n�c�e�s� �f�o�r� �t�h�e�s�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�1�7�)� 
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�i�m�a�g�i�n�a�r�y� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �v�o�l�t�a�g�e�,� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �i�n�t�e�r�e�s�t� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r�.� �N�o�t�e� �t�h�a�t� 
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�a� �+� �2�a� �4� �R�o�,� �(�4�.�4�.�2�5�)� 
�X�X� 

� � 

�n� �n� �S� 
�a�m� 

�.� �A�E ��,� �-� �2�A�E�_�,�A�E�,�,� �a�e� �|� �o�,�=�| ��+� 

�A�R�/�R� �t�o�e� 

�F�i�n�a�l�l�y�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �h�o�w� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� 

�a�n�d� �g�a�g�e� �f�a�c�t�o�r� �p�r�o�p�a�g�a�t�e� �i�n�t�o� �t�h�e� �s�t�r�a�i�n� �u�n�c�e�r�t�a�i�n�t�y�.� �S�i�n�c�e� �t�h�e� �s�t�r�a�i�n� �i�s� �a� �n�o�n�-�l�i�n�e�a�r� 
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�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �g�a�g�e� �f�a�c�t�o�r�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�2�7�)�,� �i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� �s�t�r�a�i�n� �i�n� �a� �m�a�n�n�e�r� �s�i�m�i�l�a�r� �t�o� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�.� 

�H�o�w�e�v�e�r�,� �s�i�n�c�e� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� �g�a�g�e� �f�a�c�t�o�r� �i�s� �s�m�a�l�l�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� 

�v�a�r�i�a�n�c�e� �o�f� �t�h�e� �s�t�r�a�i�n� �b�y� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �l�i�n�e�a�r� �o�v�e�r� �a� �s�m�a�l�l� 

�r�e�g�i�o�n� �a�n�d� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �v�a�r�i�a�n�c�e� �u�s�i�n�g� �E�q�.� �(�4�.�4�.�2�6�)� �[�6�6�]�.� 

�z�=�f�(�x�,�y�)� 

�o�e� �-�(�9�)�)� �o� �+�{� �4�2�)� �2� �(�4�.�4�.�2�6�)� 
�x� �w�v� �y� 

�T�h�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �s�t�r�a�i�n� �f�u�n�c�t�i�o�n� �a�r�e� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�4�.�2�7�)�.� 

� � 

�P� 
�E�= �� 

�G�,� 

�C�a� �(�4�.�4�.�2�7�)� 
�a� �G�,� 
�O ¬� �o�r� 

�6�G�,� �G� 

�C�o�m�b�i�n�i�n�g� �E�q�.� �(�4�.�4�.�2�6�)� �a�n�d� �E�q�.� �(�4�.�4�.�2�7�)� �r�e�s�u�l�t�s� �i�n� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �v�a�r�i�a�n�c�e� 

�o�f� �t�h�e� �m�e�a�s�u�r�e�d� �s�t�r�a�i�n�,� �E�q�.� �(�4�.�4�.�2�8�)�.� 

�=� �t�o�t�e� �(�4�.�4�.�2�8�)� 
�G�;� �G�,� 

�4�.�4�.�5� �R�e�s�u�l�t�i�n�g� �S�t�a�t�i�s�t�i�c�a�l� �E�q�u�a�t�i�o�n�s� 

�E�q�u�a�t�i�o�n� �(�4�.�4�.�2�8�)� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�n�c�e� �f�o�r� �t�h�e� �m�e�a�s�u�r�e�d� �s�t�r�a�i�n� �i�n� �t�h�e� �s�i�t�u�a�t�i�o�n� 

�w�h�e�r�e� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�o�n�s�t�a�n�t�s�,� �e�r�r�o�r� �v�a�r�i�a�n�c�e�,� �v�o�l�t�a�g�e� �v�a�r�i�a�n�c�e� �a�n�d� �s�t�r�a�i�n�-�g�a�g�e� �v�a�r�i�a�n�c�e� 

�a�r�e� �a�l�l� �k�n�o�w�n�.� �N�o�r�m�a�l�l�y�,� �t�h�e� �t�r�u�e� �v�a�r�i�a�n�c�e�s� �f�o�r� �t�h�e�s�e� �q�u�a�n�t�i�t�i�e�s� �a�r�e� �u�n�k�n�o�w�n�,� �a�n�d� 

�e�s�t�i�m�a�t�e�s� �o�f� �t�h�e�s�e� �v�a�l�u�e�s� �m�u�s�t� �b�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� 
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�a�n�d� �s�t�r�a�i�n� �v�a�r�i�a�n�c�e�s�.� �S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�a�l�u�e�s� �i�n�t�o� �E�q�.� �(�4�.�4�.�2�8�)� �r�e�s�u�l�t�s� �i�n� 

�E�q�.� �(�4�.�4�.�2�9�)� �w�h�i�c�h� �i�s� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �e�s�t�i�m�a�t�e�d� �s�t�r�a�i�n� �v�a�r�i�a�n�c�e�.� 

�2�»� �1�a� �f�F� �2� �S�i�=� �T�a� �S�i� �+� �G�a� �S�s� �(�4�.�4�.�2�9�)� 
�F� �F� 

�w�h�e�r�e� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�s� �g�i�v�e�n� �a�s�,� 

�5� �+�b� �s�i�,� �(�4�.�4�.�3�0�)� 
�x�m� 

� � 

�n� �S�s� 
�x�x� 

�S�s�.� �=� 
�:� �[� �1� �A�E�?� �-�2�A�E� �A�E�,� �+� �a�f� �s�i�s�t�,� 

�+� �s�+� 

�I�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e� �f�r�o�m� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �p�r�o�c�e�s�s� �i�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� 

�c�o�n�s�t�a�n�t� �v�a�r�i�a�n�c�e�,� �t�h�e�n� �E�q�.� �(�4�.�4�.�3�0�)� �b�e�c�o�m�e�s� �E�q�.� �(�4�.�4�.�3�1�)�.� 

�2� �s� �S�s�.� �2� 

�s�i�x� �+�(�A�E�?�  ��2�A�E�_�,�A�E�,�,� �+� �A�E�?� �+� �a�l�g� �+� �{�0�.�0�0�5�9�}� �i�s� �(�4�.�4�.�3�1�)� 
�x�x� 

� � 

�4�.�5� �S�u�m�m�a�r�y� 

�S�t�r�a�i�n� �g�a�g�e�s� �w�e�r�e� �c�h�o�s�e�n� �a�s� �t�h�e� �v�a�l�i�d�a�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t� �f�o�r� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�.� 

�S�t�r�a�i�n� �g�a�g�e�s�,� �p�a�r�t�i�c�u�l�a�r�l�y� �e�l�e�c�t�r�i�c�a�l� �r�e�s�i�s�t�a�n�c�e� �f�o�i�l� �s�t�r�a�i�n� �g�a�g�e�s�,� �w�e�r�e� �c�h�o�s�e�n� �b�e�c�a�u�s�e� �t�h�e�y� 

�a�r�e� �a�c�c�u�r�a�t�e�,� �c�a�p�a�b�l�e� �o�f� �d�y�n�a�m�i�c� �m�e�a�s�u�r�e�m�e�n�t�s�,� �r�e�a�d�i�l�y� �a�v�a�i�l�a�b�l�e�,� �c�h�e�a�p� �a�n�d� �l�i�g�h�t�w�e�i�g�h�t�.� 

�E�l�e�c�t�r�i�c�a�l� �r�e�s�i�s�t�a�n�c�e� �s�t�r�a�i�n� �g�a�g�e�s� �o�p�e�r�a�t�e� �o�n� �t�h�e� �p�h�e�n�o�m�e�n�o�n� �t�h�a�t� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �o�f� 

�a� �c�o�n�d�u�c�t�o�r� �c�h�a�n�g�e�s� �w�h�e�n� �i�t� �i�s� �s�u�b�j�e�c�t�e�d� �t�o� �a�l�o�a�d�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �s�t�r�a�i�n� �a�n�d� 

�r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�s� �g�i�v�e�n� �i�n� �E�q�.� �(�4�.�5�.�1�)� �w�h�e�r�e� �G�f�i�s� �c�a�l�l�e�d� �t�h�e� �g�a�g�e� �f�a�c�t�o�r�.� 

� � �£�-� �6�G�,� �(�4�.�5�.�1�)� 

�I�t� �i�s� �n�o�t� �p�r�a�c�t�i�c�a�l� �t�o� �m�e�a�s�u�r�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �d�i�r�e�c�t�l�y� �b�e�c�a�u�s�e� �i�t� �i�s� �u�s�u�a�l�l�y� �v�e�r�y� 

�s�m�a�l�l� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �n�o�m�i�n�a�l� �r�e�s�i�s�t�a�n�c�e� �o�f� �a� �g�a�g�e�.� �T�h�e�r�e�f�o�r�e�,� �a� �w�h�e�a�t�s�t�o�n�e� �b�r�i�d�g�e� �i�s� 
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�u�s�e�d� �t�o� �c�o�n�v�e�r�t� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �o�f� �a� �g�a�g�e� �t�o� �a� �v�o�l�t�a�g�e� �c�h�a�n�g�e�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� 

�b�e�t�w�e�e�n� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �a�n�d� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �i�n� �a� �w�h�e�a�t�s�t�o�n�e� �b�r�i�d�g�e� �i�s� �g�i�v�e�n� �b�y� 

�E�q�.� �(�4�.�5�.�2�)� �t�h�r�o�u�g�h� �E�q�.� �(�4�.�5�.�4�)�.� �T�h�e� �v�a�l�u�e�  ��a �� �i�s� �c�a�l�l�e�d� �t�h�e� �b�r�i�d�g�e� �r�a�t�i�o� �a�n�d� �i�s� �u�s�u�a�l�l�y� �e�q�u�a�l� 

�t�o� �o�n�e�.� �T�h�e� �v�a�l�u�e� �'�7�7�'� �i�s� �t�h�e� �n�o�n�-�l�i�n�e�a�r�i�t�y� �f�a�c�t�o�r� �o�f� �t�h�e� �b�r�i�d�g�e�.� �U�s�u�a�l�l�y� �t�h�e� �n�o�n�-�l�i�n�e�a�r�i�t�y� 

�f�a�c�t�o�r� �i�s� �s�o� �s�m�a�l�l� �t�h�a�t� �i�t� �c�a�n� �b�e� �i�g�n�o�r�e�d�.� 

� � � � 
�A�R� �A�E�,� �=� �2�1�s� �(�y�_� �1�)� �(�4�.�5�.�2�)� 

�(�l�+�a�)� �R�,�,� 

�R�y�e� 
�a�= ��)�;� �b�r�i�d�g�e� �r�a�t�i�o� �(�4�.�5�.�3�)� 

�R�,� 

�n�=� �_�!� �_�.� �n�o�n�-�l�i�n�e�a�r�i�t�y� �f�a�c�t�o�r� �(�4�.�5�.�4�)� 
�l�+�a� 

�R�e� 

�T�h�e�r�e� �a�r�e� �m�a�n�y� �p�o�s�s�i�b�l�e� �s�o�u�r�c�e�s� �o�f� �e�r�r�o�r� �a�n�d� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �a� �s�t�r�a�i�n� �g�a�g�e� �d�a�t�a� 

�1�+� 

� � 

�a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�.� �S�o�m�e� �o�f� �t�h�e�s�e� �e�r�r�o�r� �s�o�u�r�c�e�s� �a�r�e� �c�o�m�m�o�n� �t�o� �a�l�l� �e�x�p�e�r�i�m�e�n�t�a�l� 

�t�e�c�h�n�i�q�u�e�s� �w�h�i�l�e� �o�t�h�e�r�s� �a�r�e� �s�p�e�c�i�f�i�c� �t�o� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �m�e�t�h�o�d�.� �M�o�s�t� �o�f� �t�h�e�s�e� �e�r�r�o�r�s� �c�a�n� 

�b�e� �c�o�r�r�e�c�t�e�d� �f�o�r� �b�y� �c�a�l�i�b�r�a�t�i�n�g� �t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m� �a�s� �a� �w�h�o�l�e�.� �T�h�e�r�e� �a�r�e� �t�w�o� 

�m�e�t�h�o�d�s� �o�f� �c�a�l�i�b�r�a�t�i�n�g� �t�h�e� �s�y�s�t�e�m�.� �T�h�e� �f�i�r�s�t� �i�s� �t�o� �a�p�p�l�y� �a� �k�n�o�w�n� �s�t�r�a�i�n�-�f�i�e�l�d� �t�o� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �a�n�d� �m�e�a�s�u�r�e� �t�h�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �i�t� �i�s� �i�m�p�r�a�c�t�i�c�a�l�,� �a�n�d� �o�f�t�e�n� 

�i�m�p�o�s�s�i�b�l�e�,� �t�o� �a�p�p�l�y� �a� �k�n�o�w�n� �s�t�r�a�i�n�-�f�i�e�l�d� �t�o� �a� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �s�e�c�o�n�d� �c�a�l�i�b�r�a�t�i�o�n� �m�e�t�h�o�d� �i�s� 

�t�o� �a�p�p�l�y� �a� �k�n�o�w�n� �c�h�a�n�g�e� �i�n� �r�e�s�i�s�t�a�n�c�e� �t�o� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �a�n�d� �m�e�a�s�u�r�e� �t�h�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e�.� 

�T�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�s� �c�r�e�a�t�e�d� �b�y� �c�o�n�n�e�c�t�i�n�g� �a� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r� �i�n� �p�a�r�a�l�l�e�l� �w�i�t�h� �t�h�e� 

�s�t�r�a�i�n� �g�a�g�e�.� �T�h�e� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �i�s� �g�i�v�e�n� �b�y� �E�q�.� �(�4�.�5�.�5�)�.� 

� � � � 
�A�R� �R� 

�f�= ��- � ��*� �(�4�.�5�.�5�)� 
�R�,� �R�+�R�,� 

�S�t�r�a�i�n� �G�a�g�e� �M�e�t�h�o�d� �7�0



�T�h�e� �c�o�m�p�l�e�t�e� �p�r�o�c�e�s�s� �f�o�r� �c�a�l�i�b�r�a�t�i�n�g� �t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m� �i�s� �g�i�v�e�n� �b�e�l�o�w�:� 

�1�.� �A�l�l�o�w� �t�h�e� �s�y�s�t�e�m� �t�o� �w�a�r�m� �u�p� �a�n�d�/�o�r� �r�u�n� �t�e�s�t�.� 

�2�.� �S�e�t� �a�l�l� �f�i�l�t�e�r�s� �t�o� �a� �l�o�w� �c�u�t�-�o�f�f� �f�r�e�q�u�e�n�c�y� �(�e�.�g�.� �5� �H�z�)� �w�i�t�h� �d�c�-�c�o�u�p�l�e�d�,� 

�d�i�f�f�e�r�e�n�t�i�a�l� �i�n�p�u�t�.� 

�3�.� �S�e�t� �A�/�D� �c�o�n�v�e�r�t�e�r� �d�y�n�a�m�i�c� �r�a�n�g�e�,� �s�a�m�p�l�e� �r�a�t�e� �a�n�d� �s�a�m�p�l�e� �s�i�z�e�.� 

�4�.� �R�e�-�b�a�l�a�n�c�e� �b�r�i�d�g�e�s�.� 

�5�.� �C�o�n�n�e�c�t� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �t�o� �l�e�a�d�s� �o�f� �g�a�g�e�.� 

�6�.� �S�e�t� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �t�o� �d�R� �=� �0�.� 

�7�.� �C�o�l�l�e�c�t� �s�e�t� �o�f� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �d�a�t�a� �a�n�d� �n�o�t�e� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �s�e�t�t�i�n�g�.� 

�8�.� �S�e�t� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �t�o� �n�e�x�t� �s�e�t�t�i�n�g�,� �c�o�l�l�e�c�t� �d�a�t�a�,� �n�o�t�e� �s�e�t�t�i�n�g�.� 

�9�.� �R�e�p�e�a�t� �a�b�o�v�e� �f�o�r� �r�e�s�t� �o�f� �c�i�r�c�u�i�t� �s�e�t�t�i�n�g�s�.� 

�1�0�.� �R�e�p�e�a�t� �a�b�o�v�e� �f�o�r� �r�e�s�t� �o�f� �s�t�r�a�i�n�-�g�a�g�e� �c�h�a�n�n�e�l�s�.� 

�1�1�.� �P�e�r�f�o�r�m� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �o�n� �e�a�c�h� �s�e�t� �o�f� �d�a�t�a� �t�o� �d�e�t�e�r�m�i�n�e� �c�a�l�i�b�r�a�t�i�o�n� �f�r�o�m� �A�F� 

�t�o� �A�R�R�.� 

�A� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �w�a�s� �d�e�v�e�l�o�p�e�d� �t�o� �f�i�t� �t�h�e� �n�e�e�d�s� �o�f� �t�h�e� �v�a�l�i�d�a�t�i�o�n� �t�e�s�t�s� �t�h�a�t� �a�r�e� 

�e�x�p�e�c�t�e�d� �t�o� �b�e� �c�o�n�d�u�c�t�e�d� �l�a�t�e�r�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t� �w�a�s� �c�o�n�s�t�r�u�c�t�e�d� �t�o� 

�p�r�o�d�u�c�e� �v�a�l�u�e�s� �o�f� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �t�h�a�t� �a�r�e� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �t�h�o�s�e� �p�r�o�d�u�c�e�d� �d�u�r�i�n�g� �a�n� 

�a�c�t�u�a�l� �t�e�s�t�.� �T�h�i�s� �w�a�s� �d�o�n�e� �s�o� �t�h�a�t� �t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m� �c�o�u�l�d� �b�e� �c�a�l�i�b�r�a�t�e�d� �a�t� �t�h�e� 

�d�e�s�i�r�e�d� �A�/�D� �c�o�n�v�e�r�t�e�r� �d�y�n�a�m�i�c� �r�a�n�g�e� �s�e�t�t�i�n�g�.� �T�h�e�r�e� �a�r�e� �s�i�x� �d�i�f�f�e�r�e�n�t� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r�s� 

�c�o�n�t�a�i�n�e�d� �i�n� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t�.� �T�h�i�s� �p�r�o�v�i�d�e�s� �m�o�r�e� �d�a�t�a� �p�o�i�n�t�s� �f�o�r� �t�h�e� �l�i�n�e�a�r� 

�r�e�g�r�e�s�s�i�o�n� �t�h�a�n� �a�r�e� �a�v�a�i�l�a�b�l�e� �w�i�t�h� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�i�r�c�u�i�t�s� �i�n�c�l�u�d�e�d� �i�n� �m�o�s�t� �s�t�r�a�i�n�-�g�a�g�e� 

�a�m�p�l�i�f�i�e�r� �s�y�s�t�e�m�s�.� 

�T�h�e� �c�a�l�i�b�r�a�t�i�o�n� �d�a�t�a� �i�s� �r�e�g�r�e�s�s�e�d� �u�s�i�n�g� �a� �l�i�n�e�a�r� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d�.� �A� �l�i�n�e�a�r� 

�r�e�l�a�t�i�o�n�s�h�i�p� �i�s� �a�s�s�u�m�e�d� �b�e�t�w�e�e�n� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �a�n�d� �t�h�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e�.� �T�h�e� 

�r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l� �i�s� �s�h�o�w�n� �i�n� �E�q�.� �(�4�.�5�.�6�)� �t�h�r�o�u�g�h� �E�q�.� �(�4�.�5�.�8�)�.� 
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� � �(�&� �~�E�p�+�e� �(�4�5�.�6�)� 

�E�=�[�1� �A�E�,�,�]� �(�4�.�5�.�7�)� 

�B�y� �=� �4�.�5�.�8�)� �t�a� �'� 
�T�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �e�s�t�i�m�a�t�e�d� �b�y� �E�q�.� �(�4�.�5�.�9�)�.� �T�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� 

�c�a�l�i�b�r�a�t�i�o�n� �s�e�n�s�i�t�i�v�i�t�y� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �e�s�t�i�m�a�t�e�d� �b�y� �E�q�.� �(�4�.�5�.�1�0�)� �a�n�d� �E�q�.� �(�4�.�5�.�1�1�)�.� 

� � 

�b�=�(�E�'�E�)� �E�r� �(�4�.�5�.�9�)� 

�a�=� �V�6�]� �=�<�:� �(�4�.�5�.�1�0�)� 

�e�u� �r�r ��b � ��E ��r� 
�4�.�5�.�1�]� �a� �(�4�.�5�.�1�1�)� 

�T�h�e�r�e� �a�r�e� �t�w�o� �s�m�a�l�l� �p�r�o�b�l�e�m�s� �w�i�t�h� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �m�e�t�h�o�d�.� �F�i�r�s�t�,� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�r�e�g�r�e�s�s�i�o�n� �m�e�t�h�o�d� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� �e�r�r�o�r� �i�n� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s�.� �T�h�i�s� �i�s� 

�n�e�v�e�r� �e�x�a�c�t�l�y� �t�r�u�e�.� �T�h�e� �e�r�r�o�r� �i�n� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �c�a�n� �c�a�u�s�e� �t�h�e� �e�s�t�i�m�a�t�e�d� 

�c�a�l�i�b�r�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �t�o� �b�e� �b�i�a�s�e�d�.� �T�h�i�s� �p�r�o�b�l�e�m� �c�a�n� �b�e� �m�a�n�a�g�e�d� �b�y� �e�n�s�u�r�i�n�g� �t�h�a�t� �t�h�e� 

�o�u�t�p�u�t� �v�o�l�t�a�g�e� �i�s� �p�r�o�p�e�r�l�y� �f�i�l�t�e�r�e�d�,� �o�r� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�e� �s�e�c�o�n�d� �p�r�o�b�l�e�m� �i�s� �t�h�a�t� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�o�r�s� �m�u�s�t� �b�e� �c�o�n�n�e�c�t�e�d� �t�o� �t�h�e� 

�g�a�g�e� �l�e�a�d�s� �i�n�s�t�e�a�d� �o�f� �d�i�r�e�c�t�l�y� �t�o� �t�h�e� �g�a�g�e�.� �T�h�i�s� �a�l�s�o� �c�a�u�s�e�s� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �t�o� 

�b�e� �b�i�a�s�e�d�.� �S�i�n�c�e� �t�h�i�s� �b�i�a�s� �i�s� �u�n�m�e�a�s�u�r�a�b�l�e� �a�n�d� �i�s� �r�a�n�d�o�m� �b�e�t�w�e�e�n� �d�i�f�f�e�r�e�n�t� �s�t�r�a�i�n�-�g�a�g�e� 

�c�h�a�n�n�e�l�s�,� �i�t� �c�a�n� �b�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �c�a�l�i�b�r�a�t�i�o�n� 

�s�e�n�s�i�t�i�v�i�t�y� �b�y� �0�.�5�%�.� 
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�S�i�n�c�e� �t�h�e� �s�t�r�a�i�n� �d�a�t�a� �i�s� �c�o�l�l�e�c�t�e�d� �d�u�r�i�n�g� �a� �s�i�n�e�-�d�w�e�l�l� �t�e�s�t�,� �t�h�e� �o�u�t�p�u�t� �i�s� �i�n� �t�h�e� �f�o�r�m� 

�o�f� �a� �s�i�n�g�l�e� �f�r�e�q�u�e�n�c�y� �s�i�n�e� �w�a�v�e�.� �T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �m�a�g�n�i�t�u�d�e�,� �p�h�a�s�e� �a�n�d� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� 

�r�a�w� �d�a�t�a�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �p�r�o�c�e�s�s� �i�t� �u�s�i�n�g� �t�h�e� �s�i�n�g�l�e�-�f�r�e�q�u�e�n�c�y� �s�i�g�n�a�l�-�p�r�o�c�e�s�s�i�n�g� �m�e�t�h�o�d�s� 

�t�h�a�t� �a�r�e� �u�s�e�d� �w�i�t�h� �t�h�e� �E�S�D�M� �d�a�t�a�.� 

�T�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s� �p�r�o�p�a�g�a�t�e�s� �i�n�t�o� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� 

�s�t�r�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�s�.� �T�h�i�s� �u�n�c�e�r�t�a�i�n�t�y� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �f�r�o�m� �E�q�.� �(�4�.�4�.�2�9�)� �a�n�d� 

�E�q�.� �(�4�.�4�.�3�0�)� �o�r� �E�q�.� �(�4�.�4�.�3�1�)�.� 
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�C�H�A�P�T�E�R� �5� 

�S�T�A�T�I�S�T�I�C�A�L� �V�A�L�I�D�A�T�I�O�N� �M�E�T�H�O�D� 

�T�h�i�s� �c�h�a�p�t�e�r� �d�i�s�c�u�s�s�e�s� �t�h�e� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �s�t�r�a�i�n� �o�u�t�p�u�t� �o�f� �t�h�e� 

�E�S�D�M� �m�e�t�h�o�d� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �m�e�t�h�o�d�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �i�t� 

�d�i�s�c�u�s�s�e�s� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �e�a�c�h� �m�e�a�s�u�r�e�m�e�n�t� �m�e�t�h�o�d�,� �h�o�w� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� 

�p�r�o�p�e�r�t�i�e�s� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t� �m�a�y� �b�e� �u�s�e�d� �f�o�r� �c�o�m�p�a�r�i�s�o�n�,� �h�o�w� �t�h�e� �d�a�t�a� 

�m�u�s�t� �b�e� �p�r�o�c�e�s�s�e�d� �f�o�r� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t�,� �a�n�d� �t�h�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t�.� 

�5�.�1� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �E�S�D�M� �S�t�r�a�i�n� �O�u�t�p�u�t� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �E�S�D�M� �s�t�r�a�i�n� �o�u�t�p�u�t� �w�h�i�c�h� �m�u�s�t� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �b�e�f�o�r�e� �t�h�e� �d�a�t�a� �c�a�n� �b�e� �v�a�l�i�d�a�t�e�d� �a�g�a�i�n�s�t� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �o�u�t�p�u�t�.� �R�e�c�a�l�l� �f�r�o�m� 

�C�h�a�p�t�e�r� �3� �t�h�a�t� �t�h�e� �E�S�D�M� �o�u�t�p�u�t� �i�s� �g�i�v�e�n� �i�n� �E�q�.� �(�5�.�1�.�1�)�.� �A�s� �s�h�o�w�n� �i�n� �t�h�e� �e�q�u�a�t�i�o�n�,� �t�h�e� 

�E�S�D�M� �m�e�t�h�o�d� �p�r�o�v�i�d�e�s� �a�n� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �d�y�n�a�m�i�c� �s�t�r�a�i�n�-�f�i�e�l�d� �o�v�e�r� �t�h�e� �s�o�l�u�t�i�o�n� �s�p�a�c�e�.� 

�T�h�i�s� �e�s�t�i�m�a�t�e� �i�n�c�l�u�d�e�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� �t�h�r�e�e� �b�i�a�x�i�a�l�-�s�t�r�a�i�n�-�c�o�m�p�o�n�e�n�t�s�;�  ¬� 

�x�x� �y�y� �a�n�d� �Y�y�y�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �f�o�r�m� �o�f� �r�e�a�l� 

�a�n�d� �i�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�.� �F�r�o�m� �t�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� 

�m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� �s�t�r�a�i�n� �a�l�o�n�g� �a�n�y� �d�i�r�e�c�t�i�o�n� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �s�u�r�f�a�c�e�.� 

�(� 
�&�,�,� �(�x�,�)�,�t�)� �=� �n�e�e� �(�x�,� �y�)�c�o�s�(�a�t�)� �+� �&�4�,�(�x�,�y�)�s�i�n�(� �a�r�)� �(�5�.�1�.�1�)� 

�(� 
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�T�h�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� �i�n� �E�q�.� �(�5�.�1�.�1�)� �a�r�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�.� �S�i�n�c�e� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� 

�t�h�e� �e�r�r�o�r� �i�n� �t�h�e� �v�e�l�o�c�i�t�y� �i�s� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� 

�s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �a�l�s�o� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�1�.�2�)� �[�6�7�]�.� �T�h�e� 

�v�a�r�i�a�n�c�e�s� �i�n� �E�q�.� �(�5�.�1�.�2�)� �a�r�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �E�q�.� �(�3�.�3�.�1�9�)� �t�h�r�o�u�g�h� �E�q�.� �(�3�.�3�.�2�4�)�.� 

�é�E�.� �e�x� �O�.�,� �O�n�n� �O�n�v�y�e�y� 

�z� �|� �~�a�l�l�e� �W�o�t�,� �o�p�m� �(�5�.�1�.�2�)� 
�*�Y� �J�i�p�e�,�I�M� �V�o� �C�o�n�n�y� �C�o�n�y� �O�n�n� �R�E�,�I�M� 

�R�e�c�a�l�l� �f�r�o�m� �S�e�c�t�i�o�n� �3�.�2�.�2� �t�h�a�t� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �o�f� �s�t�r�a�i�n� �a�r�e� �n�o�t� 

�S�t�a�t�i�s�t�i�c�a�l�l�y� �i�n�d�e�p�e�n�d�e�n�t�.� �H�o�w�e�v�e�r�,� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �c�u�r�r�e�n�t�l�y� �d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� 

�c�o�v�a�r�i�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �i�n� �t�h�e� �i�n�p�u�t� �a�n�d� �t�h�e�r�e�f�o�r�e� �d�o�e�s� �n�o�t� 

�p�r�o�d�u�c�e� �a� �c�o�v�a�r�i�a�n�c�e� �b�e�t�w�e�e�n� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �i�n� �t�h�e� �o�u�t�p�u�t�.� �T�h�u�s�,� �n�o� 

�c�o�v�a�r�i�a�n�c�e� �t�e�r�m�s� �b�e�t�w�e�e�n� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �a�r�e� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�1�.�2�)�.� �R�e�c�a�l�l� �f�r�o�m� 

�S�e�c�t�i�o�n� �3�.�3�.�4� �t�h�a�t� �t�h�i�s� �m�e�a�n�s� �i�t� �i�s� �c�u�r�r�e�n�t�l�y� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �p�r�o�v�i�d�e� �a� �r�i�g�o�r�o�u�s� �e�s�t�i�m�a�t�e� �o�f� 

�t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �a�n�y� �v�a�l�u�e� �w�h�i�c�h� �i�s� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s�,� �s�e�e� 

�E�q�.� �(�3�.�3�.�2�5�)� �a�n�d� �E�q�.� �(�3�.�3�.�2�6�)�.� 

�A� �f�i�n�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d�s� �i�s� �t�h�a�t� �t�h�e�y� �a�r�e� �t�y�p�i�c�a�l�l�y� �c�o�m�p�u�t�e�d� 

�f�r�o�m� �m�a�n�y� �s�t�a�t�i�s�t�i�c�a�l� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �F�o�r� �e�x�a�m�p�l�e�,� �c�o�n�s�i�d�e�r� �a� �t�y�p�i�c�a�l� �d�a�t�a� �s�e�t� �u�s�e�d� �a�s� 

�i�n�p�u�t� �i�n�t�o� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�.� �I�t� �w�i�l�l� �c�o�n�s�i�s�t� �o�f� �a�t� �l�e�a�s�t� �4� �s�c�a�n�s� �a�n�d� �e�a�c�h� �s�c�a�n� �i�s� �l�i�k�e�l�y� �t�o� 

�c�o�n�t�a�i�n� �a�t� �l�e�a�s�t� �(�f�o�r� �a� �b�e�a�m�)� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �a�t� �1�,�0�0�0� �s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n�s�.� �A�t� �e�a�c�h� 

�s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n� �t�h�e� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �l�a�s�e�r� �w�i�l�l� �t�y�p�i�c�a�l�l�y� �b�e� �s�a�m�p�l�e�d� �a�t� �6�4� �p�o�i�n�t�s� �(�8� 

�p�o�i�n�t�s� �p�e�r� �w�a�v�e� �o�v�e�r� �8� �w�a�v�e�f�o�r�m�s�)�.� �T�h�e� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t� �a�t� �e�a�c�h� �s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n� 

�w�i�l�l� �b�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s�.� �S�o�m�e� �o�f� 

�t�h�e�s�e� �p�o�i�n�t�s� �w�i�l�l� �d�i�r�e�c�t�l�y� �i�n�f�l�u�e�n�c�e� �a� �n�o�d�a�l� �v�e�l�o�c�i�t�y� �b�y� �b�e�i�n�g� �o�n� �t�h�e� �e�l�e�m�e�n�t� �o�f� �i�n�t�e�r�e�s�t�.� 

�O�t�h�e�r� �p�o�i�n�t�s� �w�i�l�l� �i�n�d�i�r�e�c�t�l�y� �i�n�f�l�u�e�n�c�e� �n�o�d�a�l� �v�e�l�o�c�i�t�y� �b�y� �b�e�i�n�g� �o�n� �o�t�h�e�r� �e�l�e�m�e�n�t�s�.� �T�h�u�s�,� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �2�5�6�,�0�0�0� �p�o�i�n�t�s� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �v�e�l�o�c�i�t�y� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� 
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�s�t�r�a�i�n�,� �a�t� �a�n�y� �l�o�c�a�t�i�o�n�.� �B�e�c�a�u�s�e� �t�h�e� �s�t�r�a�i�n�s� �a�r�e� �e�s�t�i�m�a�t�e�d� �f�r�o�m� �s�u�c�h� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� 

�s�a�m�p�l�e�s�,� �o�n�e� �c�a�n� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l� �t�o� �t�h�e� 

�p�o�p�u�l�a�t�i�o�n� �v�a�r�i�a�n�c�e�s� �[�6�8�]�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �a� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t� �c�a�n� �b�e� �d�e�v�e�l�o�p�e�d� �f�r�o�m� �a� 

�n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n�s�t�e�a�d� �o�f� �a� �t�-�d�i�s�t�r�i�b�u�t�i�o�n�.� 

�5�.�2� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �S�t�r�a�i�n�-�G�a�g�e� �O�u�t�p�u�t� 

�T�h�e� �s�t�r�a�i�n�-�g�a�g�e� �o�u�t�p�u�t� �h�a�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �t�h�a�t� �a�r�e� �a�l�s�o� �v�e�r�y� �i�m�p�o�r�t�a�n�t� �t�o� �t�h�e� 

�v�a�l�i�d�a�t�i�o�n� �o�f� �t�h�e� �E�S�D�M� �s�t�r�a�i�n� �o�u�t�p�u�t�.� �R�e�c�a�l�l� �f�r�o�m� �C�h�a�p�t�e�r� �4� �t�h�a�t� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �o�u�t�p�u�t� 

�i�s� �g�i�v�e�n� �b�y� �E�q�.� �(�5�.�2�.�1�)�.� �N�o�t�i�c�e� �t�h�a�t�,� �u�n�l�i�k�e� �t�h�e� �E�S�D�M� �m�e�t�h�o�d�,� �s�t�r�a�i�n� �g�a�g�e�s� �a�r�e� �n�o�t� 

�c�a�p�a�b�l�e� �o�f� �m�e�a�s�u�r�i�n�g� �s�t�r�a�i�n� �a�t� �a� �p�o�i�n�t�.� �A�s� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �4�,� �t�h�e� �o�u�t�p�u�t� �o�f� �a� �s�t�r�a�i�n� 

�g�a�g�e� �1�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �a�v�e�r�a�g�e� �s�t�r�a�i�n� �o�v�e�r� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �g�r�i�d� �a�r�e�a�,� �A� �g� �A�n�o�t�h�e�r� 

�i�m�p�o�r�t�a�n�t� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �i�s� �t�h�a�t� �i�t� �c�a�n� �o�n�l�y� �s�e�n�s�e� �s�t�r�a�i�n�s� �t�h�a�t� �a�r�e� �a�l�o�n�g� �t�h�e� �a�x�i�s� 

�o�f� �t�h�e� �g�r�i�d�.� �I�t� �c�a�n�n�o�t� �m�e�a�s�u�r�e� �t�a�n�g�e�n�t�i�a�l� �o�r� �s�h�e�a�r� �s�t�r�a�i�n�s�.� �N�o�t�e� �i�n� �E�q�.� �(�5�.�2�.�1�)� �t�h�a�t� �O�g� �i�s� 

�t�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �a�x�i�s� �a�n�d� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �a�x�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �a�s� �s�h�o�w�n� 

�i�n� �F�i�g�.� �5�.�1�.� �A� �t�h�i�r�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �o�u�t�p�u�t� �i�s� �t�h�a�t� �i�t� �a�l�s�o� �c�o�n�t�a�i�n�s�,� �d�u�e� �t�o� 

�s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g�,� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �s�t�r�a�i�n�.� �L�i�k�e� �t�h�e� �E�S�D�M� 

�s�t�r�a�i�n�-�f�i�e�l�d�s�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �i�n�f�o�r�m�a�t�i�o�n� �a�r�e� �i�n� �t�e�r�m�s� �o�f� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� 

�c�o�m�p�o�n�e�n�t�s� �(�r�e�l�a�t�i�v�e� �t�o� �a�n� �i�n�p�u�t� �s�i�g�n�a�l�,� �1�.�e�.� �f�o�r�c�e�)�.� 

�&�,�(�A�,�,�0�,�,�¢�)� �=� �E�x�e� �(�A�,�,� �8�,� �)�c�o�s�(� �c�t�)� �+� �E�,�,�4�(�4�,�,�0�,� �)�s�i�n�(�c�o�r�)� �(�5�.�2�.�1�)� 
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�F�i�g�u�r�e� �5�.�1�.� �O�r�i�e�n�t�a�t�i�o�n� �o�f� �S�t�r�a�i�n� �G�a�g�e� �o�n� �S�t�r�u�c�t�u�r�e� 

�B�e�c�a�u�s�e� �o�f� �r�a�n�d�o�m� �e�r�r�o�r�s� �a�n�d� �p�o�s�s�i�b�l�e� �b�i�a�s� �e�r�r�o�r�s� �i�n� �t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �p�r�o�c�e�s�s�,� 

�t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �E�q�.� �(�5�.�2�.�1�)� �a�r�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �t�r�u�e� �s�t�r�a�i�n� 

�u�n�d�e�r� �t�h�e� �s�t�r�a�i�n� �g�a�g�e�.� �T�h�e�s�e� �e�s�t�i�m�a�t�e�s� �a�r�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �w�i�t�h� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �g�i�v�e�n� �i�n� 

�E�q�.� �(�5�.�2�.�2�)�.� �T�h�e� �v�a�r�i�a�n�c�e�s� �i�n� �E�q�.� �(�5�.�2�.�2�)� �a�r�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �E�q�.� �(�4�.�4�.�2�9�)� �t�h�r�o�u�g�h� 

�E�q�.� �(�4�.�4�.�3�0�)�.� �N�o�t�e� �f�r�o�m� �t�h�e� �e�q�u�a�t�i�o�n� �t�h�a�t� �t�h�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �n�o�r�m�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d�.� �T�h�i�s� �i�s� �a� �r�e�a�s�o�n�a�b�l�e� �a�s�s�u�m�p�t�i�o�n� �b�e�c�a�u�s�e� �t�h�e� �e�r�r�o�r� �i�n� �t�h�e� �r�a�w� �s�t�r�a�i�n� �d�a�t�a� �c�o�m�e�s� 

�f�r�o�m� �m�a�n�y� �d�i�f�f�e�r�e�n�t� �s�o�u�r�c�e�s�.� �B�y� �t�h�e� �c�e�n�t�r�a�l� �l�i�m�i�t� �t�h�e�o�r�e�m�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� 

�c�o�m�p�o�s�i�t�e� �e�r�r�o�r� �f�r�o�m� �m�a�n�y� �s�o�u�r�c�e�s� �a�p�p�r�o�a�c�h�e�s� �a� �g�a�u�s�s�i�a�n� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �a� �s�u�f�f�i�c�i�e�n�t�l�y� 

�l�a�r�g�e� �n�u�m�b�e�r� �o�f� �s�a�m�p�l�e�s�,� �r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �e�r�r�o�r� �s�o�u�r�c�e�s�.� 

�N�o�t�e� �a�l�s�o� �i�n� �E�q�.� �(�5�.�2�.�2�)� �t�h�a�t� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� 

�c�o�e�f�f�i�c�i�e�n�t�s� �1�s� �a�v�a�i�l�a�b�l�e�.� �T�h�u�s�,� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �a�n�y� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �r�e�a�l� �a�n�d� 

�i�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d�.� 

�E�u�r�e� �|�_� �a�l� �C�o�a�t�  ��a� �5�.�2�.�2� 
�E�a� �(� �e�u�m� �|�e� �O�n�n� �(� �)� 

�A� �f�i�n�a�l� �c�o�n�s�i�d�e�r�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �o�u�t�p�u�t� �i�s� �t�h�a�t� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �c�o�l�l�e�c�t� 

�l�a�r�g�e� �s�t�r�a�i�n� �d�a�t�a� �s�e�t�s� �d�u�r�i�n�g� �e�a�c�h� �s�c�a�n�.� �I�f� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� 

�e�s�t�i�m�a�t�e�d� �f�r�o�m� �m�o�r�e� �t�h�a�n� �3�2� �s�a�m�p�l�e�s� �i�t� �i�s� �r�e�a�s�o�n�a�b�l�e� �t�o� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e�s� 
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�i�n� �E�q�.� �(�5�.�2�.�2�)� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l� �t�o� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �v�a�r�i�a�n�c�e�s� �[�6�9�]�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �a� 

�h�y�p�o�t�h�e�s�i�s� �t�e�s�t� �c�a�n� �t�h�e�n� �b�e� �d�e�v�e�l�o�p�e�d� �f�r�o�m� �a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n�s�t�e�a�d� �o�f� �a� �t�-� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� 

�5�.�3� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �E�q�u�i�v�a�l�e�n�t�-�S�t�r�a�i�n�s� 

�B�e�c�a�u�s�e� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�s� �a�n�d� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n�s�,� 

�i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �d�i�r�e�c�t�l�y� �c�o�m�p�a�r�e� �t�h�e� �t�w�o�.� �E�i�t�h�e�r� �t�h�e� �E�S�D�M� �s�t�r�a�i�n� �o�r� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� 

�s�t�r�a�i�n�,� �o�r� �b�o�t�h�,� �m�u�s�t� �b�e� �p�r�o�c�e�s�s�e�d� �f�u�r�t�h�e�r� �t�o� �p�r�o�d�u�c�e� �v�a�l�u�e�s� �w�h�i�c�h� �a�r�e� �s�u�i�t�a�b�l�e� �f�o�r� 

�c�o�m�p�a�r�i�s�o�n�.� �S�i�n�c�e� �i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �c�a�l�c�u�l�a�t�e� �a� �p�o�i�n�t� �s�t�r�a�i�n� �(�E�S�D�M�)� �f�r�o�m� �a�n� �a�v�e�r�a�g�e� 

�s�t�r�a�i�n� �(�S�t�r�a�i�n� �G�a�g�e�)�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �a�t� �l�e�a�s�t� �p�r�o�c�e�s�s� �t�h�e� �E�S�D�M� �s�t�r�a�i�n� �t�o� �p�r�o�d�u�c�e� �a�n� 

�a�v�e�r�a�g�e� �s�t�r�a�i�n�.� �A�l�s�o�,� �s�i�n�c�e� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �c�a�l�c�u�l�a�t�e� �a�n� �s�t�r�a�i�n�-�g�a�g�e� �"�e�q�u�i�v�a�l�e�n�t�"� �s�t�r�a�i�n� 

�f�r�o�m� �t�h�e� �E�S�D�M� �r�e�s�u�l�t�s� �i�t� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �p�r�o�c�e�s�s� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n� �a�n�y� �f�u�r�t�h�e�r� 

�t�h�a�n� �E�q�.� �(�5�.�2�.�1�)� �a�n�d� �E�q�.� �(�5�.�2�.�2�)�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �d�a�t�a� �i�s� �t�h�e� �r�e�f�e�r�e�n�c�e� �i�n� �t�h�i�s� 

�s�t�u�d�y�,� �a�n�d� �i�t� �i�s� �b�e�s�t� �t�o� �n�o�t� �i�n�t�r�o�d�u�c�e� �a�n�y� �u�n�c�e�r�t�a�i�n�t�y� �i�n�t�o� �t�h�e� �r�e�f�e�r�e�n�c�e� �b�y� �m�a�n�i�p�u�l�a�t�i�n�g� �t�h�e� 

�p�r�i�m�a�r�y� �m�e�a�s�u�r�e�m�e�n�t� �t�o� �p�r�o�d�u�c�e� �a� �s�e�c�o�n�d�a�r�y� �v�a�l�u�e�.� �T�h�u�s�,� �i�t� �w�a�s� �d�e�c�i�d�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �a�n� 

�e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �f�r�o�m� �t�h�e� �E�S�D�M� �s�t�r�a�i�n� �r�e�s�u�l�t�s�.� 

�5�.�3�.�1� �E�S�D�M� �E�q�u�i�v�a�l�e�n�t�-�S�t�r�a�i�n� 

�T�h�e� �c�o�n�v�e�r�s�i�o�n� �o�f� �t�h�e� �E�S�D�M� �p�o�i�n�t� �s�t�r�a�i�n�s� �t�o� �a� �s�t�r�a�i�n�-�g�a�g�e� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�,� 

�h�e�r�e�a�f�t�e�r� �c�a�l�l�e�d� �a�n� �'�E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n ��,� �i�s� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�r�e�e� �s�t�e�p�s�.� �F�i�r�s�t�,� �t�h�e� �b�i�a�x�i�a�l� 

�s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �i�n� �E�q�.� �(�5�.�1�.�1�)� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�s� �d�i�s�c�u�s�s�e�d� �t�n� �C�h�a�p�t�e�r� �3� �a�t� �s�e�v�e�r�a�l� 

�l�o�c�a�t�i�o�n�s� �o�n� �t�h�e� �g�a�g�e� �r�e�g�i�o�n�.� �T�h�e�n� �t�h�e� �b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �a� 

�n�o�r�m�a�l� �s�t�r�a�i�n� �a�l�o�n�g� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �a�x�i�s�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �u�s�i�n�g� �t�h�e� �M�o�h�r�'�s� �c�i�r�c�l�e� �e�q�u�a�t�i�o�n�s� 

�f�o�r� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �s�t�r�a�i�n�.� �F�i�n�a�l�l�y�,� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �s�t�r�a�i�n�s� �a�r�e� �a�v�e�r�a�g�e�d� �o�v�e�r� �t�h�e� �g�a�g�e� 

�r�e�g�i�o�n� �t�o� �p�r�o�d�u�c�e� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�.� �T�h�e� �u�n�c�e�r�t�a�i�n�t�y� �o�f� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-� 
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�s�t�r�a�i�n� �i�s� �t�h�e�n� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �u�n�c�e�r�t�a�i�n�t�i�e�s� �o�f� �t�h�e� �b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�.� �E�a�c�h� �o�f� 

�t�h�e� �a�b�o�v�e� �s�t�e�p�s� �i�s� �d�i�s�c�u�s�s�e�d� �b�e�l�o�w�.� 

�T�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �S�t�r�a�i�n� 

�T�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �E�S�D�M� �s�t�r�a�i�n� �f�r�o�m� �s�t�r�u�c�t�u�r�e� �c�o�o�r�d�i�n�a�t�e�s� �t�o� �s�t�r�a�i�n�-�g�a�g�e� 

�c�o�o�r�d�i�n�a�t�e�s� �i�s� �a� �s�i�m�p�l�e� �m�a�t�t�e�r�.� �C�o�n�s�i�d�e�r� �a�n� �a�r�b�i�t�r�a�r�y� �a�x�i�s�,� �x ��,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�1�.� �R�e�c�a�l�l� 

�f�r�o�m� �m�e�c�h�a�n�i�c�s� �o�f� �m�a�t�e�r�i�a�l�s� �t�h�a�t�,� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �b�i�a�x�i�a�l� �s�t�r�a�i�n�,� �t�h�e� �s�t�r�a�i�n� �a�l�o�n�g� �x�'� �c�a�n� �b�e� 

�c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �n�o�r�m�a�l� �a�n�d� �s�h�e�a�r� �s�t�r�a�i�n�s� �u�s�i�n�g� �E�q�.� �(�5�.�3�.�1�)� �[�7�0�]�.� 

�6�,�2�1�8� �7� �E�y� �+�2� �c�o�s�(�2�6�,�)� �+� �s�i�n�(�2�¢�,� �(�5�.�3�.�1�)� � � 

�A�v�e�r�a�g�e� �o�f� �T�r�a�n�s�f�o�r�m�e�d� �S�t�r�a�i�n� �-� �E�S�D�M� �E�q�u�i�v�a�l�e�n�t�-�S�t�r�a�i�n� 

�T�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�,� �E�g�,� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �a�v�e�r�a�g�i�n�g� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �s�t�r�a�i�n� 

�o�v�e�r� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �r�e�g�i�o�n�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�3�.�2�)�.� 

�6�4�4�,� �0�,�)�=� �=�>� �b�e�l� �5�9�1�5�6�.�)� �(�5�.�3�.�2�)� 

�f�=�l� 

�A�t� �t�h�i�s� �p�o�i�n�t�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �h�o�w� �m�a�n�y� �p�o�i�n�t�s�,� �7�,� �a�r�e� �n�e�e�d�e�d� �t�o� 

�p�r�o�d�u�c�e� �a�c�c�u�r�a�t�e� �a�v�e�r�a�g�e� �i�n� �E�q�.� �(�5�.�3�.�2�)�.� �M�o�r�e� �s�p�e�c�i�f�i�c�a�l�l�y�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �k�n�o�w� �t�h�e� 

�m�i�n�i�m�u�m� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �r�e�q�u�i�r�e�d� �f�o�r� �a�n� �a�c�c�u�r�a�t�e� �a�v�e�r�a�g�e�.� �A�n� �a�n�s�w�e�r� �t�o� �t�h�i�s� �q�u�e�s�t�i�o�n� 

�c�a�n� �b�e� �f�o�u�n�d� �b�a�s�e�d� �o�n� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �l�a�s�e�r� �b�e�a�m� �d�i�a�m�e�t�e�r�.� �W�h�e�n� �f�o�c�u�s�e�d�,� �t�h�e� �l�a�s�e�r� �b�e�a�m� 

�h�a�s� �a� �d�i�a�m�e�t�e�r� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �1� �m�m�.� �T�h�i�s� �i�s� �a� �m�i�n�i�m�u�m� �s�i�n�c�e� �t�h�e� �d�i�a�m�e�t�e�r� �c�a�n� �o�n�l�y� 

�g�r�o�w� �l�a�r�g�e�r� �a�s� �t�h�e� �b�e�a�m� �l�o�s�e�s� �f�o�c�u�s�.� �T�h�e� �s�i�z�e� �o�f� �a� �t�y�p�i�c�a�l� �g�e�n�e�r�a�l� �p�u�r�p�o�s�e� �s�t�r�a�i�n� �g�a�g�e� �i�s� 

�a�b�o�u�t� �3� �m�m� �(�0�.�1�2�5� �i�n�)� �l�o�n�g� �b�y� �1� �m�m� �w�i�d�e�.� �I�t� �i�s� �r�e�a�s�o�n�a�b�l�e� �t�o� �a�s�s�u�m�e� �t�h�a�t�,� �u�n�d�e�r� �i�d�e�a�l� 

�c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�y� �i�s� �k�n�o�w�n� �o�n�l�y� �t�o� �w�i�t�h�i�n� �t�h�e� �d�i�a�m�e�t�e�r� �o�f� 

�t�h�e� �b�e�a�m�.� �I�t� �i�s� �a�l�s�o� �r�e�a�s�o�n�a�b�l�e� �t�o� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�y� �i�s� �t�h�e� �a�v�e�r�a�g�e� �o�f� �t�h�e� 

�v�e�l�o�c�i�t�y� �o�v�e�r� �t�h�e� �l�a�s�e�r� �b�e�a�m� �d�i�a�m�e�t�e�r�.� �T�h�u�s�,� �a�t� �b�e�s�t�,� �i�t� �w�o�u�l�d� �o�n�l�y� �b�e� �p�o�s�s�i�b�l�e� �t�o� 
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�d�i�f�f�e�r�e�n�t�i�a�t�e� �b�e�t�w�e�e�n� �t�h�r�e�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�i�e�s� �o�v�e�r� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �r�e�g�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �i�t� 

�i�s� �r�e�a�s�o�n�a�b�l�e� �t�o� �b�e�l�i�e�v�e� �t�h�a�t� �i�t� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �u�s�e� �p�o�i�n�t� �s�t�r�a�i�n�s� �a�t� �m�o�r�e� �t�h�a�n� �t�h�r�e�e� 

�s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n�s� �t�o� �d�e�t�e�r�m�i�n�e� �a�n� �a�c�c�u�r�a�t�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�.� �F�o�r� �s�i�m�p�l�i�c�i�t�y�,� �t�h�e�s�e� 

�t�h�r�e�e� �p�o�i�n�t�s� �w�e�r�e� �c�h�o�s�e�n� �t�o� �b�e� �t�h�e� �g�e�o�g�r�a�p�h�i�c�a�l� �c�e�n�t�e�r� �o�f� �t�h�e� �g�a�g�e� �a�n�d� �t�h�e� �e�n�d�s� �o�f� �t�h�e� 

�g�a�g�e�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�2�.� 
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�>� �E�q�u�i�v�a�l�e�n�t� �S�t�r�a�i�n� 
�S�a�m�p�l�e� �L�o�c�a�t�i�o�n�s� 

� � � � � � 
�F�i�g�u�r�e� �5�.�2�.� �S�a�m�p�l�e� �L�o�c�a�t�i�o�n�s� �f�o�r� �D�e�t�e�r�m�i�n�i�n�g� �E�q�u�i�v�a�l�e�n�t�-�S�t�r�a�i�n� 

�T�h�u�s�,� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�,� �t�h�e� �p�o�i�n�t� �s�t�r�a�i�n�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �a�t� 

�e�a�c�h� �o�f� �t�h�e� �s�a�m�p�l�e� �l�o�c�a�t�i�o�n�s�,� �t�h�e� �p�o�i�n�t� �s�t�r�a�i�n�s� �a�r�e� �t�h�e�n� �t�r�a�n�s�f�o�r�m�e�d� �t�o� �t�h�e� �s�t�r�a�i�n� �a�l�o�n�g� �t�h�e� 

�g�a�g�e� �a�x�i�s� �u�s�i�n�g� �E�q�.� �(�5�.�3�.�1�)�,� �a�n�d� �t�h�e� �a�v�e�r�a�g�e� �o�f� �t�h�e� �t�h�r�e�e� �t�r�a�n�s�f�o�r�m�e�d� �s�t�r�a�i�n�s� �i�s� �c�a�l�c�u�l�a�t�e�d� 

�t�o� �f�o�r�m� �t�h�e� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�,� �E�q�.� �(�5�.�3�.�2�)�.� �I�t� �i�s� �n�o�w� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� 

�t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �f�r�o�m� �t�h�e� �v�a�r�i�a�n�c�e�s� �o�f� �t�h�e� �p�o�i�n�t� �s�t�r�a�i�n�s�.� �T�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� 

�E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �i�s� �n�e�e�d�e�d� �t�o� �s�t�a�t�i�s�t�i�c�a�l�l�y� �c�o�m�p�a�r�e� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �t�o� 

�t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n�.� 

�U�n�c�e�r�t�a�i�n�t�y� �o�f� �E�S�D�M� �E�q�u�i�v�a�l�e�n�t�-�S�t�r�a�i�n� 

�T�h�e� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �i�s� �c�o�m�p�o�s�e�d� �o�f� �t�h�e� �a�v�e�r�a�g�e� �o�f� �t�h�r�e�e� �t�r�a�n�s�f�o�r�m�e�d� �s�t�r�a�i�n�s�,� 

�w�h�i�c�h� �a�r�e� �i�n� �t�u�r�n� �c�o�m�p�o�s�e�d� �o�f� �b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�.� �T�h�e�s�e� �b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t� 

�e�s�t�i�m�a�t�e�s�,� �é�,�,� �é�,� �a�n�d� �,�,�,� �a�r�e� �a�l�l� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�,� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� 

�S�e�c�t�i�o�n� �5�.�1�.� �T�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� 
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�b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t� �v�a�r�i�a�n�c�e�s� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �v�a�r�i�a�n�c�e� �[�7�1�]� �t�o� �t�h�e� 

�e�q�u�a�t�i�o�n�s� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�.� �F�i�r�s�t�,� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� 

�s�t�r�a�i�n� �i�s� �c�o�m�p�u�t�e�d� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �v�a�r�i�a�n�c�e� �t�o� �E�q�.� �(�5�.�3�.�1�)�.� �D�o�i�n�g� �s�o� 

�p�r�o�d�u�c�e�s� �E�q�.� �(�5�.�3�.�3�)�.� 
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�(�5� �-� �=�-�c�o�s�(�2�6�,� �(�3� �s�i�n�(�2�8�,� �J�o� 

�T�h�e� �v�a�r�i�a�n�c�e�s� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �p�o�i�n�t� �s�t�r�a�i�n�s� �a�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �v�a�r�i�a�n�c�e� 

�o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�.� �B�y� �a�p�p�l�y�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �v�a�r�i�a�n�c�e� �t�o� �E�q�.� �(�5�.�3�.�2�)�,� �i�t� �i�s� �s�e�e�n� 

�t�h�a�t� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �v�a�r�i�a�n�c�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�3�.�4�)�.� �N�o�t�e� �t�h�a�t� 

�t�h�e�r�e� �a�r�e� �n�o� �c�o�v�a�r�i�a�n�c�e� �t�e�r�m�s� �i�n� �E�q�.� �(�5�.�3�.�4�)� �b�e�c�a�u�s�e� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �s�t�r�a�i�n�s� �a�r�e� 

�s�t�a�t�i�s�t�i�c�a�l�l�y� �i�n�d�e�p�e�n�d�e�n�t�.� 
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�N�o�t�e� �t�h�a�t� �E�q�.� �(�5�.�3�.�3�)� �a�n�d� �E�q�.� �(�5�.�3�.�4�)� �a�r�e� �s�h�o�w�n� �f�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �p�o�p�u�l�a�t�i�o�n� 

�v�a�r�i�a�n�c�e� �f�o�r� �t�h�e� �b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �k�n�o�w�n�.� �T�h�i�s� �i�s�,� �h�o�w�e�v�e�r�,� �n�o�t� �t�h�e� �c�a�s�e� �a�n�d� 

�t�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e�s� �m�u�s�t� �b�e� �u�s�e�d� �i�n�s�t�e�a�d�.� �E�q�u�a�t�i�o�n�s� �(�5�.�3�.�5�)� �a�n�d� �(�5�.�3�.�6�)� �s�h�o�w� �t�h�e� �E�S�D�M� 

�e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e� �b�a�s�e�d� �o�n� �t�h�e� �b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e�s�.� 
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�D�i�s�t�r�i�b�u�t�i�o�n� �o�f� �E�S�D�M� �E�q�u�i�v�a�l�e�n�t�-�S�t�r�a�i�n� 

�A�p�p�l�y�i�n�g� �E�q�.� �(�5�.�3�.�1�)� �a�n�d� �E�q�.� �(�5�.�3�.�2�)� �t�o� �E�q�.� �(�5�.�1�.�1�)�,� �a�n�d� �a�p�p�l�y�i�n�g� �E�q�.� �(�5�.�3�.�6�)� �a�n�d� 

�E�q�.� �(�5�.�3�.�7�)� �t�o� �E�q�.� �(�5�.�1�.�2�)� �p�r�o�d�u�c�e�s� �a�n� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �o�f� �t�h�e� �f�o�r�m� 

�s�h�o�w�n� �i�n� �E�q�.� �(�5�.�3�.�8�)� �a�n�d� �E�q�.� �(�5�.�3�.�9�)�.� �T�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �r�e�a�l� �a�n�d� �t�m�a�g�i�n�a�r�y� �e�q�u�i�v�a�l�e�n�t�-� 

�s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �b�e�c�a�u�s�e� �t�h�e�y� �a�r�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �n�o�r�m�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�.� 
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�E�x�e�s� �~� �N�M� �E�c�e�e� �O�n�s� �)� 
�(�5�.�3�.�9�)� 

�E�m� �~� �N� �C�a� �o�y�)� 

�N�o�t�e� �i�n� �E�q�.� �(�5�.�3�.�9�)� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� �c�o�v�a�r�i�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� 

�e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�.� �T�h�e� �l�a�c�k� �o�f� �c�o�v�a�r�i�a�n�c�e� �i�s� �d�u�e� �t�o� �t�h�e� �c�u�r�r�e�n�t� �l�a�c�k� �o�f� 

�c�o�v�a�r�i�a�n�c�e� �o�u�t�p�u�t� �o�f� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �5�.�1�.� �T�h�e� �l�a�c�k� �o�f� 

�c�o�v�a�r�i�a�n�c�e� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�s� �a�n�d� �t�h�e� 

�s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n�s� �b�e� �c�a�r�r�i�e�d� �o�u�t� �o�n� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �s�e�p�a�r�a�t�e�l�y�,� �s�i�n�c�e� �t�h�e� 

�v�a�r�i�a�n�c�e� �o�f� �t�h�e� �t�o�t�a�l� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �i�s� �n�o�t� �c�o�m�p�l�e�t�e�l�y� �k�n�o�w�n�.� �N�o�t�e� �t�h�a�t� �i�n� �m�o�s�t� �c�a�s�e�s� �i�s� 

�d�e�s�i�r�a�b�l�e� �t�o� �c�o�m�p�a�r�e� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�e�f�f�i�c�i�e�n�t�s� �s�e�p�a�r�a�t�e�l�y�,� �s�i�n�c�e� �t�h�i�s� �p�r�o�v�i�d�e�s� 

�v�a�l�i�d�a�t�i�o�n� �o�f� �t�h�e� �p�h�a�s�e� �o�f� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d� �e�s�t�i�m�a�t�e�s�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �m�a�g�n�i�t�u�d�e�.� 
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�5�.�4� �H�y�p�o�t�h�e�s�i�s� �T�e�s�t� 

�W�i�t�h� �t�h�e� �E�S�D�M� �s�t�r�a�i�n� �a�n�d� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n� �i�n� �c�o�m�p�a�r�a�b�l�e� �f�o�r�m�s� �i�t� �i�s� �n�o�w� 

�p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �p�r�o�d�u�c�e�s� �r�e�s�u�l�t�s� �w�h�i�c�h� �a�r�e� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�e� 

�s�t�r�a�i�n�-�g�a�g�e� �r�e�s�u�l�t�s�.� �S�i�n�c�e� �b�o�t�h� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �a�n�d� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n� 

�e�s�t�i�m�a�t�e�s� �a�r�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �p�e�r�f�o�r�m� �a� �s�t�a�t�i�s�t�i�c�a�l� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t� �o�n� 

�t�h�e� �d�a�t�a� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �t�h�e� �s�a�m�e�.� �T�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �d�a�t�a� �a�r�e� �u�s�e�d� �t�o� 

�d�e�t�e�r�m�i�n�e� �w�h�a�t� �t�y�p�e� �o�f� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t� �m�a�y� �b�e� �u�s�e�d�.� �R�e�c�a�l�l� �f�r�o�m� �E�q�.� �(�5�.�2�.�2�)� �a�n�d� 

�E�q�.� �(�5�.�3�.�9�)� �t�h�a�t� �b�o�t�h� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �a�n�d� �g�a�g�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� �a�r�e� �n�o�r�m�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �w�i�t�h� �m�e�a�n�s� �a�n�d� �v�a�r�i�a�n�c�e�s� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�4�.�1�)�.� �N�o�t�e� �o�n�c�e� �a�g�a�i�n� �t�h�a�t� �t�h�e�r�e� 

�i�s� �n�o� �c�o�v�a�r�i�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�.� 

�T�h�u�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �t�e�s�t� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �s�e�p�a�r�a�t�e�l�y�.� 
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�E�n�e� �i�n�e� �~� �N�(�E�,�5�0�%�)� �o�e� �a� 

�A�l�s�o� �r�e�c�a�l�l� �f�r�o�m� �S�e�c�t�i�o�n� �5�.�1� �a�n�d� �S�e�c�t�i�o�n� �5�.�2� �t�h�a�t� �b�e�c�a�u�s�e� �o�f� �t�h�e� �l�a�r�g�e� �s�a�m�p�l�e� �s�i�z�e�s� �u�s�e�d� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e�,� �t�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e�s� �m�a�y� �b�e� �a�s�s�u�m�e�d� �t�o� 

�b�e� �r�e�a�s�o�n�a�b�l�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �v�a�r�i�a�n�c�e�s�.� �T�h�u�s�,� �a� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t� �o�n� �t�w�o� �m�e�a�n�s� 

�w�i�t�h� �k�n�o�w�n� �v�a�r�i�a�n�c�e�s� �(�h�e�r�e�a�f�t�e�r� �r�e�f�e�r�r�e�d� �t�o� �a�s� �a� �2�-�g�r�o�u�p� �z�-�t�e�s�t�)� �m�a�y� �b�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� 

�i�f� �t�h�e� �t�w�o� �m�e�t�h�o�d�s� �a�r�e� �p�r�o�d�u�c�i�n�g� �t�h�e� �s�a�m�e� �s�t�r�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�.� �T�h�e� �h�y�p�o�t�h�e�s�e�s� �f�o�r� �t�h�e� �2�-� 

�g�r�o�u�p� �z�-�t�e�s�t� �a�r�e� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�4�.�2�)�.� �T�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �i�s� �t�h�a�t� �t�h�e� �m�e�a�n� �v�a�l�u�e�s� �o�f� �t�h�e� 

�t�w�o� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �t�h�e� �s�a�m�e�.� �T�h�e� �a�l�t�e�r�n�a�t�e� �h�y�p�o�t�h�e�s�i�s� �i�s� �t�h�a�t� �t�h�e�y� �a�r�e� �n�o�t� �t�h�e� �s�a�m�e�.� 

�N�o�t�e� �t�h�a�t� �t�h�e�s�e� �h�y�p�o�t�h�e�s�e�s� �a�r�e� �a�p�p�l�i�e�d� �s�e�p�a�r�a�t�e�l�y� �t�o� �t�h�e� �r�e�a�l� �a�n�d� �t�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� 

�c�o�m�p�o�n�e�n�t�s�.� 
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�T�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �f�o�r� �t�h�e� �2�-�g�r�o�u�p� �z�-�t�e�s�t� �i�s� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�4�.�3�)�.� �N�o�t�e� �t�h�a�t� �t�h�e� 

�v�a�l�u�e�s� �o�f� �t�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e�s� �a�r�e� �u�s�e�d� �i�n� �p�l�a�c�e� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �v�a�r�i�a�n�c�e�s�.� 
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�F�o�r� �t�h�e� �2�-�g�r�o�u�p� �z�-�t�e�s�t�,� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �i�s� �r�e�j�e�c�t�e�d� �a�t� �t�h�e� �a�-�l�e�v�e�l� �i�f� �t�h�e� 

�(�5�.�4�.�3�)� 

�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �v�a�l�u�e� �o�f� �z�y�/�7�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�4�.�4�)�.� 

�r�e�j�e�c�t� �H�g� �i�f�:� �|�z�,�,�,�1� �>� �Z�a� �(�5�.�4�.�4�)� 

�T�h�e� �v�a�l�u�e� �o�f� �«� �w�a�s� �c�h�o�s�e�n� �t�o� �b�e� �0�.�0�5�,� �t�h�u�s� �z�y�/�2� �=� �1�.�9�6�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e�r�e� �i�s� 

�o�n�l�y� �a� �5�%� �c�h�a�n�c�e� �o�f� �r�e�j�e�c�t�i�n�g� �a� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �t�h�a�t� �i�s� �t�r�u�e�.� �I�t� �i�s� �a�l�s�o� �p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� 

�t�h�e� �l�i�k�e�l�i�h�o�o�d� �t�h�a�t� �H�o� �t�s� �t�r�u�e� �b�y� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �a�-�l�e�v�e�l� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�j�e�c�t� �i�t�.� �A� �n�u�l�l� 

�h�y�p�o�t�h�e�s�i�s� �t�h�a�t� �i�s� �o�n�l�y� �r�e�j�e�c�t�e�d� �a�t� �a� �h�i�g�h� �a�-�l�e�v�e�l� �i�s� �p�r�o�b�a�b�l�y� �t�r�u�e�,� �w�h�i�l�e� �o�n�e� �t�h�a�t� �i�s� �r�e�j�e�c�t�e�d� 

�a�t� �a� �l�o�w� �a�-�l�e�v�e�l� �i�s� �p�r�o�b�a�b�l�y� �n�o�t� �t�r�u�e�.� 

�5�.�5� �S�u�m�m�a�r�y� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d�s�,� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�5�.�1�)�,� �t�h�a�t� 

�a�r�e� �i�m�p�o�r�t�a�n�t� �t�o� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �o�u�t�p�u�t�.� �T�h�e�s�e� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �l�i�s�t�e�d� 

�b�e�l�o�w�.� 

�E� �(�X�Y�,� �1�)�=� �E�v�a�n�g� �(�X�,�Y�)� �C�O�S�(� �O�F�)� �+� �E�x�i�n�g� �(�X�,� �y�)�s�i�n�(� �a�o�t� �)� 

�E� �h�t�s� �t�)�=� �E�e�e� �(�X�,�y�)�c�o�s�(� �a�t�)� �+� �&� �i�n�g� �(�x�,�y�)�s�i�n�(� �a�)� �(�5�.�5�.�1�)� 

�V�o� �X�i� �V�s�t�)� �=� �P�y�n�e� �(�X�,�y�)�C�O�S�(� �O�t�)� �+� �¥�y�n�¢�(�¥�,�y�)�s�i�n�(� �a�r�)� 

�e� �T�h�e� �E�S�D�M� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �a�t� �a�n�y� �p�o�i�n�t� �o�n� �t�h�e� �s�o�l�u�t�i�o�n� �s�p�a�c�e� 

�¢� �T�h�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� �i�n�c�l�u�d�e� �t�h�e� �t�h�r�e�e� �b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�:�  ¬�y�y�,� �E�y�y� �a�n�d� �Y�y�y� 

�S�t�a�t�i�s�t�i�c�a�l� �V�a�l�i�d�a�t�i�o�n� �M�e�t�h�o�d� �8�4



�e� �T�h�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� �i�n�c�l�u�d�e� �b�o�t�h� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �s�t�r�a�i�n�-� 

�f�i�e�l�d�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �i�n� �t�h�e� �f�o�r�m� �o�f� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�.� 

�e� �T�h�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� �a�r�e� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�.� �T�h�e�r�e� �a�r�e� �c�o�v�a�r�i�a�n�c�e�s� 

�b�e�t�w�e�e�n� �t�h�e� �b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�n�d� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s�.� 

�H�o�w�e�v�e�r�,� �c�u�r�r�e�n�t�l�y� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �i�s� �n�o�t� 

�c�o�n�s�i�d�e�r�e�d�.� 

�e� �T�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d�s� �a�r�e� �t�y�p�i�c�a�l�l�y� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �a� �v�e�r�y� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �s�a�m�p�l�e�s�.� 

�T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �r�e�a�s�o�n�a�b�l�e� �t�o� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e�s� �o�f� �t�h�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� 

�a�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l� �t�o� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �v�a�r�i�a�n�c�e�s�.� 

�T�h�e� �s�t�r�a�i�n�-�g�a�g�e� �o�u�t�p�u�t�,� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�5�.�2�)�,� �a�l�s�o� �h�a�s� �s�e�v�e�r�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �t�h�a�t� 

�a�r�e� �i�m�p�o�r�t�a�n�t� �t�o� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d�s�.� �T�h�e�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� 

�l�i�s�t�e�d� �b�e�l�o�w�.� 

�2�,�(�A� �0� �1�)�=� �E�i�g� �(�A� �0�,� �)�o�o�s�(� �a�r�)� �+� �2�,� �4�4�(�A�,�.�9�,� �)�s�i�n� �(�a�r�)� �(�5�.�5�.�2�)� 
�g�°� �"�2�?� �g�°� �8� 

�e� �T�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �a�v�e�r�a�g�e� �s�t�r�a�i�n� �o�v�e�r� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �g�r�i�d� 

�e� �T�h�e� �s�t�r�a�i�n� �g�a�g�e�s� �c�a�n� �o�n�l�y� �s�e�n�s�e� �s�t�r�a�i�n� �a�l�o�n�g� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �g�r�i�d� �a�x�i�s�.� 

�e� �T�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� �i�n�c�l�u�d�e� �b�o�t�h� �t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� �s�t�r�a�i�n�,� 

�d�u�e� �t�o� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �i�n� �t�h�e� �f�o�r�m� �o�f� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �s�t�r�a�i�n� 

�c�o�m�p�o�n�e�n�t�s�.� 

�e� �T�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s� �a�r�e� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�.� 

�e� �I�f�l�a�r�g�e� �e�n�s�e�m�b�l�e�s� �a�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n� �e�s�t�i�m�a�t�e�s�,� �t�h�e�n� �i�t� �1�s� 

�r�e�a�s�o�n�a�b�l�e� �t�o� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �s�a�m�p�l�e� �v�a�r�i�a�n�c�e�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l� �t�o� �t�h�e� 

�p�o�p�u�l�a�t�i�o�n� �v�a�r�i�a�n�c�e�s�.� 

�B�a�s�e�d� �o�n� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d�s� �a�n�d� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n�s�,� �i�t� �i�s� 

�o�b�v�i�o�u�s� �t�h�a�t� �t�h�e� �t�w�o� �q�u�a�n�t�i�t�i�e�s� �c�a�n�n�o�t� �b�e� �c�o�m�p�a�r�e�d� �d�i�r�e�c�t�l�y�.� �T�h�u�s�,� �i�t� �w�a�s� �d�e�c�i�d�e�d� �t�o� 

�S�t�a�t�i�s�t�i�c�a�l� �V�a�l�i�d�a�t�i�o�n� �M�e�t�h�o�d� �8�5



�p�r�o�c�e�s�s� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d�s� �t�o� �d�e�t�e�r�m�i�n�e� �a� �c�o�m�p�a�r�a�b�l�e� �s�t�r�a�i�n�.� �T�h�i�s� �c�o�m�p�a�r�a�b�l�e� �s�t�r�a�i�n� 

�i�s� �c�a�l�l�e�d� �a�n� �"�E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�"�.� 

�T�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �i�n� �a� �t�w�o� �s�t�e�p� �p�r�o�c�e�s�s�.� �F�i�r�s�t�,� �t�h�e� 

�s�t�r�a�i�n� �a�t� �s�e�v�e�r�a�l� �p�o�i�n�t�s� �o�n� �t�h�e� �g�a�g�e� �a�r�e� �t�r�a�n�s�f�o�r�m�e�d� �f�r�o�m� �t�h�e� �b�i�a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �i�n� 

�E�q�.� �(�5�.�5�.�1�)� �t�o� �t�h�e� �s�t�r�a�i�n� �a�l�o�n�g� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �g�r�i�d� �u�s�i�n�g� �E�q�.� �(�5�.�5�.�3�)�.� 

�E�y�,� �=� �f�m� �T�S� �a�o�e� �c�o�s�(�2�0�,�)� �+�7�2� �s�i�n�(�2�6�,� �)� �(�5�.�5�.�3�)� � � � � 

�T�h�e� �t�r�a�n�s�f�o�r�m�e�d� �s�t�r�a�i�n�s� �a�r�e� �t�h�e�n� �a�v�e�r�a�g�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�,� �a�s� 

�s�h�o�w�n� �i�n� �E�q�.� �(�5�.�5�.�4�)�.� �B�a�s�e�d� �o�n� �t�h�e� �d�i�a�m�e�t�e�r� �o�f� �t�h�e� �l�a�s�e�r� �b�e�a�m�,� �i�t� �w�a�s� �d�e�c�i�d�e�d� �t�h�a�t� �a�n� 

�a�c�c�u�r�a�t�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �c�o�u�l�d� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �a�v�e�r�a�g�i�n�g� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �s�t�r�a�i�n� 

�a�t� �t�h�r�e�e� �p�o�i�n�t�s� �(�7� �=� �3�)� �o�n� �t�h�e� �s�t�r�a�i�n� �g�a�g�e�.� 

�n� �]� 
�£�4�(�4�,�.�9�,�)�= �� �>�)�  ¬�e�l�x�,�.�3�1�.�4�)� �(�5�.�5�.�4�)� 

�i�=�]� 

�T�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �b�i�a�x�i�a�l� �s�t�r�a�i�n� 

�c�o�m�p�o�n�e�n�t� �v�a�r�i�a�n�c�e�s� �u�s�i�n�g� �E�q�.� �(�5�.�5�.�5�)� �a�n�d� �E�q�.� �(�5�.�5�.�6�)�.� 

�3�-�4�3� �e�.�,� �(�5�.�5�.�5�)� 

�O�n�,� �[�5�+� �F�o�o�s�l�2�4�,�)�|� �a�,� �+�(�5�-�z�e�o�s�(�2�6�,�)�|� �o�,�,�+�(�s�i�n�(�2�6�,�)� �J�o�,� 
�2� �2� �2� �2� �2� 

�(�5�+� �j�e�o�s�(�2�0� �)� �|� �+� �S�o�o�s�(�2�4� �J�o� �(�5�+� �5�0�0�s�l�2�4� �)�|� �F�s�i�n�(�2�0� �N�o� �(�5�.�5�.�6�)� 
�2� �2� �"�2� �2� �y�p� �7� �\�2� �2� �7�2� �a�p�e� 
�!� �|� �1�.� �(�5� �-� �j�o�o�s�(�2�4�,�)� �{�+� �s�i�n�(�2�0�,�)� �J�o�,� 
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�T�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �i�s� �i�n� �a� �f�o�r�m� �t�h�a�t� �i�s� �c�o�m�p�a�r�a�b�l�e� �t�o� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� 

�s�t�r�a�i�n�s�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�5�.�7�)�.� �T�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� 

�n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�5�.�8�)�.� 

�&�,�(�4�,�,�0�,�t�)� �=� �S�a�n�e� �(� �A�,� �8�,� �J�o�o�s� �c�o�t�)� �+� �&�,� �(�A�,� �9�,� �)�s�i�n�(� �a�r�)� �(�5�.�5�.�7�)� 

�E�v�e� �~� �N� �E�s�e�r� �s�O� �a�p�e� �)� 
�(�5�.�5�.�8�)� 

�E�a�u� �~� �C�r� �O�y�)� 

�T�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n�s� �a�n�d� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n�s� �m�a�y� �b�e� �c�o�m�p�a�r�e�d� �v�i�a� �a� 

�2�-�g�r�o�u�p� �z�-�t�e�s�t�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �l�a�c�k� �o�f� �c�o�v�a�r�i�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� 

�e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �c�o�m�p�a�r�e� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� 

�c�o�m�p�o�n�e�n�t�s� �s�e�p�a�r�a�t�e�l�y�.� �T�h�e� �n�u�l�l� �a�n�d� �a�l�t�e�r�n�a�t�e� �h�y�p�o�t�h�e�s�e�s� �f�o�r� �e�a�c�h� �t�e�s�t� �a�r�e� �g�i�v�e�n� �i�n� 

�E�q�.� �(�5�.�5�.�9�)�.� �T�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s�,� �H�o�,� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �E�S�D�M� �e�q�u�i�v�a�l�e�n�t�-�s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t� 

�a�n�d� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t� �a�r�e� �e�q�u�a�l�.� �T�h�e� �a�l�t�e�r�n�a�t�e� �h�y�p�o�t�h�e�s�i�s� �s�t�a�t�e�s� �t�h�a�t� �t�h�e�y� 

�a�r�e� �n�o�t� �e�q�u�a�l�.� 

�A�,�. ¬�,� �=�  ¬�,� �(�5�.�5�.�9�)� 

�A�,� �#�  ¬�,� 

�T�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �f�o�r� �t�h�e� �2�-�g�r�o�u�p� �z�-�t�e�s�t� �i�s� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�5�.�1�0�)�.� �T�h�e� �n�u�l�l� 

�h�y�p�o�t�h�e�s�i�s� �i�s� �r�e�j�e�c�t�e�d� �i�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �v�a�l�u�e� �o�f� �z�y�/�9�,� 

�a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�5�.�5�.�1�1�)�.� 

�e� �-�%�,� �=� �(�5�.�5�.�1�0�)� 
�<� �o�b�s�  ��~� �2� �2� 

�S�i�,� �+�S�;� 

�r�e�j�e�c�t� �H�o� �i�f�:� 
� � 

� � 

�>� �Z�a�p� �(�5�.�5�.�1�1�)� �2� �o�b�s� 

�S�t�a�t�i�s�t�i�c�a�l� �V�a�l�i�d�a�t�i�o�n� �M�e�t�h�o�d� �8�7



�T�h�e� �v�a�l�u�e� �o�f� �o� �i�s� �t�h�e� �l�e�v�e�l� �o�f� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t�,� �a�n�d� �i�s� �c�h�o�s�e�n� �b�y� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r�.� �F�o�r� �t�h�i�s� �c�a�s�e�,� �«� �w�a�s� �c�h�o�s�e�n� �t�o� �b�e� �0�.�0�5�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �5�%� 

�c�h�a�n�c�e� �o�f� �r�e�j�e�c�t�i�n�g� �a� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �t�h�a�t� �i�s� �t�r�u�e�.� �I�t� �i�s� �a�l�s�o� �p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�l�i�k�e�l�i�h�o�o�d� �t�h�a�t� �H�o� �i�s� �t�r�u�e� �b�y� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �a�-�l�e�v�e�l� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�j�e�c�t� �i�t�.� 

�S�t�a�t�i�s�t�i�c�a�l� �V�a�l�i�d�a�t�i�o�n� �M�e�t�h�o�d� �8�8



�C�H�A�P�T�E�R� �6� 

�E�S�D�M� �T�E�S�T� �S�I�M�U�L�A�T�I�O�N� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�i�s�c�u�s�s�e�s� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �t�h�a�t� �w�a�s� �d�e�v�e�l�o�p�e�d� �t�o� �v�a�l�i�d�a�t�e� �a�n�d� �t�e�s�t� �t�h�e� 

�E�S�D�M� �s�o�f�t�w�a�r�e�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �i�t� �d�i�s�c�u�s�s�e�s� �t�h�e� �p�u�r�p�o�s�e� �a�n�d� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n�.� 

�I�t� �a�l�s�o� �d�i�s�c�u�s�s�e�s� �h�o�w� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d�.� �F�o�r� �r�e�f�e�r�e�n�c�e�,� �t�h�e� 

�s�i�m�u�l�a�t�i�o�n� �c�o�d�e� �i�s� �c�o�n�t�a�i�n�e�d� �i�n� �A�p�p�e�n�d�i�x� �C�.� 

�6�.�1� �P�u�r�p�o�s�e� �o�f� �S�i�m�u�l�a�t�i�o�n� 

�B�e�f�o�r�e� �a�p�p�l�y�i�n�g� �t�h�e� �v�a�l�i�d�a�t�i�o�n� �m�e�t�h�o�d� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �5� �t�o� �a�n� �a�c�t�u�a�l� 

�s�t�r�u�c�t�u�r�e�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �m�e�t�h�o�d� �w�i�l�l� �p�r�o�v�i�d�e� �r�e�l�i�a�b�l�e� �a�s�s�e�s�s�m�e�n�t�s� �o�f� �t�h�e� 

�b�i�a�s�,� �o�r� �l�a�c�k� �o�f� �b�i�a�s�,� �i�n� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d� �e�s�t�i�m�a�t�e�s�.� �T�o� �f�u�l�l�y� �a�s�s�e�s�s� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�o�f� �t�h�e� �v�a�l�i�d�a�t�i�o�n� �m�e�t�h�o�d� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �a�p�p�l�y� �i�t� �t�o� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d�s� �t�h�a�t� �a�r�e� �k�n�o�w�n� �t�o� 

�b�e� �a�c�c�u�r�a�t�e� �a�n�d� �o�n�e�s� �t�h�a�t� �a�r�e� �k�n�o�w�n� �t�o� �b�e� �i�n�a�c�c�u�r�a�t�e�.� �S�i�n�c�e� �n�o� �m�e�t�h�o�d� �i�s� �c�u�r�r�e�n�t�l�y� 

�a�v�a�i�l�a�b�l�e� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �s�t�r�a�i�n�-�f�i�e�l�d�s� �f�r�o�m� �a�n� �a�c�t�u�a�l� �t�e�s�t� �(�i�f� �t�h�e�r�e� �w�a�s�,� 

�t�h�e�n� �t�h�i�s� �r�e�s�e�a�r�c�h� �w�o�u�l�d� �b�e� �u�n�n�e�c�e�s�s�a�r�y�)�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �f�i�n�d� �a�n�o�t�h�e�r� �m�e�a�n�s� �f�o�r� 

�d�e�v�e�l�o�p�i�n�g� �"�k�n�o�w�n�"� �s�t�r�a�i�n�-�f�i�e�l�d�s�.� �T�h�e� �o�b�v�i�o�u�s� �s�o�l�u�t�i�o�n� �t�o� �t�h�i�s� �p�r�o�b�l�e�m� �i�s� �t�o� �u�s�e� �s�i�m�u�l�a�t�e�d� 

�d�a�t�a� �t�h�a�t� �i�s� �b�a�s�e�d� �o�n� �a�n� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�.� �T�h�e�n�,� �a�n� �a�n�a�l�y�t�i�c�a�l�,� �t�r�u�e� �s�t�r�a�i�n�-�f�i�e�l�d� �i�s� 

�a�v�a�i�l�a�b�l�e� �t�o� �c�o�m�p�a�r�e� �w�i�t�h� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d� �e�s�t�i�m�a�t�e�s� �a�n�d� �t�h�u�s� �d�e�t�e�r�m�i�n�e� �t�h�e� �o�v�e�r�a�l�l� 

�a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�t�r�a�i�n�-�f�i�e�l�d�s�.� �T�h�e�r�e�f�o�r�e�,� �a� �s�i�m�u�l�a�t�i�o�n� �w�a�s� �d�e�v�e�l�o�p�e�d� �t�o� �p�r�o�v�i�d�e� �a� �m�e�a�n�s� 

�f�o�r� �a�s�s�e�s�s�i�n�g� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �v�a�l�i�d�a�t�i�o�n� �m�e�t�h�o�d�.� 

�E�S�D�M� �T�e�s�t� �S�i�m�u�l�a�t�i�o�n� �8�9



�T�h�e�r�e� �a�r�e� �t�w�o� �d�i�f�f�i�c�u�l�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �u�s�i�n�g� �a� �s�i�m�u�l�a�t�i�o�n� �t�o� �a�s�s�e�s�s� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �v�a�l�i�d�a�t�i�o�n� �m�e�t�h�o�d�.� �F�i�r�s�t�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �p�r�o�v�i�d�e� �s�i�m�u�l�a�t�i�o�n� �d�a�t�a� �t�h�a�t� 

�a�r�e� �b�a�s�e�d� �i�n� �r�e�a�l�i�t�y�,� �s�o� �t�h�a�t� �t�h�e� �p�r�o�b�l�e�m�s� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �a�n� �a�c�t�u�a�l� �t�e�s�t� �w�i�l�l� �b�e� �e�n�c�o�u�n�t�e�r�e�d� 

�i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �a�n�d� �s�o� �t�h�a�t� �i�t� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �i�f� �t�h�e� �v�a�l�i�d�a�t�i�o�n� �m�e�t�h�o�d� �w�i�l�l� �b�e� �s�e�n�s�i�t�i�v�e� 

�t�o� �t�h�e�s�e� �p�r�o�b�l�e�m�s�.� �S�e�c�o�n�d�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �h�a�v�e� �b�o�t�h� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d� �e�s�t�i�m�a�t�e�s� �t�h�a�t� 

�a�r�e� �a�c�c�u�r�a�t�e� �a�n�d� �s�t�r�a�i�n�-�f�i�e�l�d� �e�s�t�i�m�a�t�e�s� �t�h�a�t� �a�r�e� �i�n�a�c�c�u�r�a�t�e�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �a�l�s�o� �n�e�c�e�s�s�a�r�y� 

�t�o� �d�e�t�e�r�m�i�n�e� �w�h�a�t� �p�a�r�a�m�e�t�e�r�s� �a�f�f�e�c�t� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �E�S�D�M� �r�e�s�u�l�t�s� �a�n�d� �t�o� �d�e�t�e�r�m�i�n�e� 

�w�h�a�t� �c�h�a�n�g�e�s� �i�n� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �w�i�l�l� �c�r�e�a�t�e� �u�n�s�a�t�i�s�f�a�c�t�o�r�y� �r�e�s�u�l�t�s�.� �T�h�u�s�,� �a�n� �a�d�d�i�t�i�o�n�a�l� 

�p�u�r�p�o�s�e� �o�f� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n� �w�a�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �a�f�f�e�c�t� �t�h�e� �E�S�D�M� �r�e�s�u�l�t�s� 

�a�n�d� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �r�e�a�l�i�s�t�i�c� �e�r�r�o�r�s� �i�n� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �w�i�l�l� �a�f�f�e�c�t� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� 

�E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d� �e�s�t�i�m�a�t�e�s�.� 

�6�.�2� �S�i�m�u�l�a�t�i�o�n� �C�o�m�p�o�n�e�n�t�s� 

�F�i�g�u�r�e� �6�.�1� �s�h�o�w�s� �t�h�e� �f�l�o�w�c�h�a�r�t� �f�o�r� �t�h�e� �E�S�D�M� �t�e�s�t� �s�i�m�u�l�a�t�i�o�n� �t�h�a�t� �w�a�s� �d�e�v�e�l�o�p�e�d� 

�t�o� �a�s�s�e�s�s� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �v�a�l�i�d�a�t�i�o�n� �m�e�t�h�o�d�.� �A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �t�h�e� �f�i�g�u�r�e�,� �t�h�e�r�e� 

�a�r�e� �f�o�u�r� �m�a�i�n� �c�o�m�p�o�n�e�n�t�s� �t�o� �t�h�e� �s�i�m�u�l�a�t�i�o�n�:� �t�h�e� �b�e�a�m� �r�e�s�p�o�n�s�e� �s�i�m�u�l�a�t�o�r�,� �t�h�e� �m�e�s�h� 

�g�e�n�e�r�a�t�o�r�,� �t�h�e� �l�a�s�e�r� �s�i�m�u�l�a�t�o�r�,� �a�n�d� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �s�i�m�u�l�a�t�o�r�.� �T�h�e� �b�e�a�m� �r�e�s�p�o�n�s�e� �s�i�m�u�l�a�t�o�r� 

�p�r�o�v�i�d�e�s� �a� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �a�n�d� �s�t�r�a�i�n�-�f�i�e�l�d� �b�a�s�e�d� �o�n� �b�e�a�m� �p�a�r�a�m�e�t�e�r�s�,� �m�e�s�h� �p�a�r�a�m�e�t�e�r�s�,� �a�n�d� 

�i�n�p�u�t� �f�u�n�c�t�i�o�n� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �m�e�s�h� �g�e�n�e�r�a�t�o�r� �c�r�e�a�t�e�s� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �b�a�s�e�d� �o�n� 

�b�e�a�m� �d�i�m�e�n�s�i�o�n�s� �a�n�d� �m�e�s�h� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �l�a�s�e�r� �s�i�m�u�l�a�t�o�r� �c�r�e�a�t�e�s� �a�n� �i�n�p�u�t� �f�i�l�e� �f�o�r� �t�h�e� 

�E�S�D�M� �s�o�f�t�w�a�r�e� �t�h�a�t� �i�s� �b�a�s�e�d� �o�n� �l�a�s�e�r� �c�o�o�r�d�i�n�a�t�e�s�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h�,� �t�h�e� �a�n�a�l�y�t�i�c�a�l� 

�v�e�l�o�c�i�t�y� �f�i�e�l�d� �a�n�d� �d�e�s�i�r�e�d� �e�r�r�o�r� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �s�t�r�a�i�n� �g�a�g�e� �s�i�m�u�l�a�t�o�r� �p�r�o�d�u�c�e�s� �o�u�t�p�u�t� 

�t�h�a�t� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �s�t�r�a�i�n�-�g�a�g�e� �o�p�e�r�a�t�i�n�g� �p�r�i�n�c�i�p�l�e�s�,� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �v�e�l�o�c�i�t�y� �f�i�e�l�d�,� �t�h�e� �s�t�r�a�i�n�-� 

�g�a�g�e� �l�o�c�a�t�i�o�n�s� �a�n�d� �d�e�s�i�r�e�d� �e�r�r�o�r� �p�a�r�a�m�e�t�e�r�s�.� �E�a�c�h� �o�f� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� 

�d�e�t�a�i�l� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�.� 
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�V� �G�e�o�m�e�t�r�y� �(�.�g�e�o�m�)� �F�i�l�e� �t�o� �E�S�D�M� �S�o�f�t�w�a�r�e� 
�A�n�a�l�y�t�i�c�a�l� �V�e�l�o�c�i�t�y� �F�i�e�l�d� 
� � � � �L�a�s�e�r� �S�i�m�.� �P�a�r�a�m�e�t�e�r�s� 

� � � � 

� � 
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�-�~�S�c�a�n� �R�e�g�i�o�n� �&� �D�e�n�s�i�t�y� �S�i�m�u�l�a�t�i�o�n� 
�-�N�o�i�s�e� 
�-�S�p�a�t�i�a�l� �E�r�r�o�r� 
�-�N�o�n�s�t�a�t�i�o�n�a�r�y� �B�e�h�a�v�i�o�r� 

� � �S�t�r�a�i�n� �G�a�g�e� 
�S�i�m�u�l�a�t�i�o�n� � � 

�S�i�m�u�l�a�t�e�d� �S�t�r�a�i�n� �G�a�g�e� �O�u�t�p�u�t� 

� � 

�S�i�m�u�l�a�t�e�d� �P�r�o�c�e�s�s�e�d� �L�a�s�e�r� �O�u�t�p�u�t� 
�M�e�a�s�u�r�e�m�e�n�t�s� �(�.�m�e�a�s�)� �F�i�l�e� �t�o� 

�E�S�D�M� �S�o�f�t�w�a�r�e� 

�F�i�g�u�r�e� �6�.�1�.� �S�i�m�u�l�a�t�i�o�n� �F�l�o�w�c�h�a�r�t� 

�6�.�2�.�1� �B�e�a�m� �R�e�s�p�o�n�s�e� �S�i�m�u�l�a�t�i�o�n� 

�C�u�r�r�e�n�t�l�y� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �o�n�l�y� �m�o�d�e�l�s� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a� �b�e�a�m�.� �A� �b�e�a�m� �w�a�s� �c�h�o�s�e�n� 

�b�e�c�a�u�s�e� �i�t� �w�a�s� �d�e�s�i�r�e�d� �t�o� �m�o�d�e�l� �a� �s�t�r�u�c�t�u�r�e� �f�o�r� �w�h�i�c�h� �d�a�t�a� �a�l�r�e�a�d�y� �e�x�i�s�t�e�d�.� �T�h�e� �n�o�i�s�e�,� 

�e�r�r�o�r� �a�n�d� �s�t�r�a�i�n� �d�a�t�a� �f�r�o�m� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�o�u�l�d� �b�e� �u�s�e�d� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �w�i�t�h� �b�a�s�i�s� �i�n� �a�c�t�u�a�l� 

�t�e�s�t�.� �A�s� �d�i�s�c�u�s�s�e�d� �l�a�t�e�r�,� �a� �b�e�a�m� �w�a�s� �t�h�e� �o�n�l�y� �s�t�r�u�c�t�u�r�e� �a�v�a�i�l�a�b�l�e� �a�t� �t�h�e� �t�i�m�e� �o�u�t�f�i�t�t�e�d� �t�o� 

�c�o�l�l�e�c�t� �t�h�e� �d�e�s�i�r�e�d� �d�a�t�a�.� 
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�B�e�a�m� �M�o�d�e� �S�h�a�p�e� 

�O�n�e� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e�s� �o�f� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �E�S�D�M� �m�e�t�h�o�d� �t�s� 

�c�a�p�a�b�l�e� �o�f� �a�c�c�u�r�a�t�e�l�y� �e�s�t�i�m�a�t�i�n�g� �s�t�r�a�i�n�-�f�i�e�l�d�s� �f�r�o�m� �r�e�a�l�i�s�t�i�c� �d�a�t�a�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� 

�f�o�r� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �t�o� �p�r�o�v�i�d�e� �a� �r�e�a�l�i�s�t�i�c�,� �o�r� �a�t� �l�e�a�s�t� �p�l�a�u�s�i�b�l�e�,� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� �F�o�r� 

�t�h�i�s� �r�e�a�s�o�n� �t�h�e� �b�e�a�m� �w�a�s� �m�o�d�e�l�e�d� �a�s� �a�n� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m�.� �T�h�e� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� 

�t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �m�o�d�e� �s�h�a�p�e�s� �o�f� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �a�r�e� �g�i�v�e�n� �b�y� 

�E�q�.� �(�6�.�2�.�1�)� �a�n�d� �E�q�.� �(�6�.�2�.�2�)� �[�7�2�]�.� �T�h�e� �v�a�l�u�e�s� �o�f� �k�,�,�,� �A�,� �B�,� �C� �a�n�d� �D� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e� �s�i�m�u�l�a�t�i�o�n� �i�s� �c�a�p�a�b�l�e� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �m�o�d�e� �s�h�a�p�e�s� �f�o�r� �e�v�e�r�y� �s�t�a�n�d�a�r�d� �t�y�p�e� �o�f� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �(�i�.�e�.�,� �f�r�e�e�-�f�r�e�e�,� 

�s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d�,� �c�a�n�t�i�l�e�v�e�r�,� �c�l�a�m�p�e�d�-�h�i�n�g�e�d�,� �c�l�a�m�p�e�d�-�c�l�a�m�p�e�d�,� �h�i�n�g�e�d�-�f�r�e�e�)�.� 

�@�.� �=� �(�k�A�)� �J�o� �(�6�.�2�.�1�)� 

�¢� �(�x�)�=� �A�c�o�s�h�(�k�,�x�)�+� �B�s�i�n�h�(�k�.�x�)�+�C�c�o�s�(�k�.�x�)�+� �D�s�i�n�(�k�,�x�)� �(�6�.�2�.�2�)� 

� � 

�T�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�s�s�u�m�p�t�i�o�n� �p�r�o�v�i�d�e�s� �a�n� �a�c�c�u�r�a�t�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �b�e�a�m� 

�b�e�h�a�v�i�o�r� �f�o�r� �t�h�e� �f�i�r�s�t� �f�o�u�r� �o�r� �f�i�v�e� �b�e�a�m� �b�e�n�d�i�n�g� �m�o�d�e�s�.� �A�t� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s�,� �s�h�e�a�r� 

�d�e�f�o�r�m�a�t�i�o�n� �b�e�c�o�m�e�s� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t� �i�n� �t�h�e� �b�e�a�m� �(�i�.�e�.� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �e�f�f�e�c�t�i�v�e� �l�e�n�g�t�h� �t�o� 

�t�h�i�c�k�n�e�s�s� �d�e�c�r�e�a�s�e�s�)�,� �a�n�d� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�s�s�u�m�p�t�i�o�n�s� �b�e�c�o�m�e� �i�n�v�a�l�i�d�.� 

�B�e�a�m� �O�p�e�r�a�t�i�n�g� �S�h�a�p�e� 

�T�h�e� �o�p�e�r�a�t�i�n�g� �s�h�a�p�e� �o�f� �t�h�e� �b�e�a�m� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �m�o�d�e� 

�s�h�a�p�e�s� �a�n�d� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �u�s�i�n�g� �t�h�e� �m�o�d�e�-�s�u�m�m�a�t�i�o�n� �m�e�t�h�o�d� �[�7�2�]�.� �I�n� �t�h�e� �m�o�d�e�-� 

�s�u�m�m�a�t�i�o�n� �m�e�t�h�o�d�,� �t�h�e� �o�p�e�r�a�t�i�n�g� �s�h�a�p�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �E�q�.� �(�6�.�2�.�3�)� �a�n�d� �E�g�.� �(�6�.�2�.�4�)�.� 

�N�o�t�e� �t�h�a�t� �i�n� �E�q�.� �(�6�.�2�.�4�)� �t�h�e� �i�n�p�u�t� �f�o�r�c�e� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a� �p�o�i�n�t� �l�o�a�d� �a�n�d� �t�h�e� �m�a�s�s�-�p�e�r�-� 

�u�n�i�t�-�l�e�n�g�t�h� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �c�o�n�s�t�a�n�t�.� 

�w�(�x� �=� �d�o� �C�x�)�a�e�)� �(�6�.�2�.�3�)� 
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�_� �F�l�a� �¢�,�(�a�)� 
�q�,� �a�e� �o�o� �(�6�.�2�.�4�)� 

�I�n�-�P�l�a�n�e� �O�p�e�r�a�t�i�n�g� �S�h�a�p�e� 

�T�h�e� �s�i�m�u�l�a�t�i�o�n� �c�a�l�c�u�l�a�t�e�s� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �u�s�i�n�g� �E�q�.� �(�6�.�2�.�3�)� �a�n�d� 

�E�q�.� �(�6�.�2�.�4�)�.� �H�o�w�e�v�e�r�,� �t�h�e� �E�S�D�M� �f�o�r�m�u�l�a�t�i�o�n� �c�a�l�c�u�l�a�t�e�s� �s�t�r�a�i�n� �f�r�o�m� �t�h�e� �i�n�-�p�l�a�n�e� 

�v�e�l�o�c�i�t�i�e�s�.� �F�o�r� �s�m�a�l�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m�s�,� �t�h�e� �s�u�r�f�a�c�e� �i�n�-�p�l�a�n�e� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�2� �a�n�d� 

�E�q�.� �(�6�.�2�.�5�)�.� �T�h�u�s�,� �t�h�e� �i�n�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �m�o�d�e� 

�s�h�a�p�e�s�,� �E�q�.� �(�6�.�2�.�6�)�.� �N�o�t�e� �t�h�a�t� �t�h�e�s�e� �r�e�l�a�t�i�o�n�s� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �b�e�a�m�,� �2�c�,� �i�s� 

� � 

�c�o�n�s�t�a�n�t�.� 

�u�(�x�,�t�)� �=� �-�o� �P�e�l�e� �(�6�.�2�.�5�)� 

�u�(�x�,�t�)� �=� �O�E�)�,� �(�0� �(�6�.�2�.�6�)� 

� � 

� � � � 
� � 

� � 
�C�r�o�s�s�-�s�e�c�t�i�o�n�s� �r�e�m�a�i�n� 
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�F�i�g�u�r�e� �6�.�2�.� �R�e�l�a�t�i�o�n�s�h�i�p� �B�e�t�w�e�e�n� �O�u�t�-�o�f�-�P�l�a�n�e� �a�n�d� �I�n�-�P�l�a�n�e� �D�i�s�p�l�a�c�e�m�e�n�t�s� 

�E�S�D�M� �T�e�s�t� �S�i�m�u�l�a�t�i�o�n� �9�3



�A�n�a�l�y�t�i�c�a�l� �S�t�r�a�i�n�-�F�i�e�l�d� 

�F�r�o�m� �m�e�c�h�a�n�i�c�s� �o�f� �m�a�t�e�r�i�a�l�s�,� �t�h�e� �a�x�i�a�l� �s�t�r�a�i�n� �d�u�e� �t�o� �b�e�n�d�i�n�g� �i�s� �i�n�v�e�r�s�e�l�y� 

�p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �r�a�d�i�u�s� �o�f� �c�u�r�v�a�t�u�r�e� �o�f� �t�h�e� �b�e�a�m� �[�7�3�]�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�6�.�2�.�7�)�.� �T�h�i�s� 

�e�q�u�a�t�i�o�n� �d�o�e�s� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�s� �o�f� �t�h�e� �b�e�a�m� �r�e�m�a�i�n� �p�l�a�n�a�r� �a�n�d� �p�e�r�p�e�n�d�i�c�u�l�a�r� 

�t�o� �t�h�e� �n�e�u�t�r�a�l� �a�x�i�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�2�.� �T�h�u�s�,� �t�h�e� �a�x�i�a�l� �s�t�r�a�i�n� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� 

�s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �m�o�d�e� �s�h�a�p�e�s�,� �E�q�.� �(�6�.�2�.�8�)�.� 

�é�,�(�x�,�t�)� �=� �-�o�L�e�b�e�s�t�)� �(�6�.�2�.�7�)� 

�)�=� �<�4� �d� �8�)�,� �(�6�.�2�.�8�)� 

�F�o�r� �p�u�r�p�o�s�e�s� �o�f� �s�i�m�p�l�i�c�i�t�y�,� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �a�s�s�u�m�e�s� �t�h�a�t� �a�l�l� �i�n�-�p�l�a�n�e� �m�o�t�i�o�n� �i�s� �a�l�o�n�g� 

�t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �b�e�a�m�.� �T�h�u�s�,� �t�h�e�r�e� �i�s� �n�o� �s�t�r�a�i�n� �a�l�o�n�g� �t�h�e� �y�-�d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �b�e�a�m�.� �A�l�s�o�,� �i�t� 

�1�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�s� �c�o�n�s�t�a�n�t� �a�c�r�o�s�s� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �b�e�a�m�.� �T�h�u�s�,� �t�h�e�r�e� �i�s� 

�n�o� �s�h�e�a�r� �s�t�r�a�i�n� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s�.� �T�h�e� �a�x�i�a�l�-�s�t�r�a�i�n�-�o�n�l�y� �c�o�n�d�i�t�i�o�n� �s�i�m�p�l�i�f�i�e�s� �t�h�e� 

�p�r�o�c�e�s�s� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d� �e�s�t�i�m�a�t�e�s�.� 

�C�a�l�c�u�l�a�t�i�o�n� �o�f� �V�e�l�o�c�i�t�y� �f�r�o�m� �D�i�s�p�l�a�c�e�m�e�n�t� 

�T�o� �p�r�o�p�e�r�l�y� �s�i�m�u�l�a�t�e� �t�h�e� �l�a�s�e�r� �o�p�e�r�a�t�i�o�n� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �v�e�l�o�c�i�t�y� 

�f�i�e�l�d� �f�r�o�m� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d�.� �T�h�e�s�e� �q�u�a�n�t�i�t�i�e�s� �a�r�e� �r�e�l�a�t�e�d� �b�y� �t�h�e� �f�o�r�c�i�n�g� �f�r�e�q�u�e�n�c�y� �a�s� 

�s�h�o�w�n� �i�n� �E�q�.� �(�3�.�2�.�6�)�.� �N�o�t�e� �t�h�a�t� �f�o�r� �s�i�m�p�l�i�c�i�t�y� �t�h�e� �s�i�m�u�l�a�t�e�d� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �a�l�l� �a�s�s�u�m�e�d� 

�t�o� �b�e� �i�m�a�g�i�n�a�r�y�.� �T�h�u�s�,� �t�h�e� �s�i�m�u�l�a�t�e�d� �v�e�l�o�c�i�t�i�e�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �r�e�a�l� �(�i�.�e�.� �t�h�e� �b�e�a�m� �1�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �a�t� �r�e�s�o�n�a�n�c�e�)�.� �T�h�i�s� �f�u�r�t�h�e�r� �s�i�m�p�l�i�f�i�e�s� �t�h�e� �p�r�o�c�e�s�s� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� 

�E�S�D�M� �s�t�r�a�i�n�-�f�i�e�l�d� �q�u�a�l�i�t�y� �b�y� �m�a�k�i�n�g� �t�h�e� �r�e�a�l� �s�t�r�a�i�n� �c�o�e�f�f�i�c�i�e�n�t�s� �z�e�r�o�.� 

�6�.�2�.�2� �M�e�s�h� �G�e�n�e�r�a�t�o�r� 

�R�e�c�a�l�l� �f�r�o�m� �C�h�a�p�t�e�r� �3� �t�h�a�t� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �t�h�e� �E�S�D�M� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �t�o� 

�a�c�c�u�r�a�t�e�l�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�f� �t�h�e� �s�t�r�a�i�n� �r�e�s�u�l�t�s� �a�r�e� �t�o� �b�e� �a�c�c�u�r�a�t�e�.� 

�E�S�D�M� �T�e�s�t� �S�i�m�u�l�a�t�i�o�n� �9�4



�T�h�e� �m�e�s�h� �g�e�n�e�r�a�t�o�r� �d�e�v�e�l�o�p�s� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �o�f� �t�h�e� �s�i�m�u�l�a�t�e�d� �b�e�a�m� �f�r�o�m� �t�h�e� �b�e�a�m� 

�d�i�m�e�n�s�i�o�n�s�,� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�y�p�e� �a�n�d� �m�e�s�h� �d�e�n�s�i�t�y�.� 

�M�e�s�h� �g�e�n�e�r�a�t�i�o�n� �c�a�n� �b�e� �a� �d�i�f�f�i�c�u�l�t� �p�r�o�c�e�s�s� �w�h�e�n� �d�e�a�l�i�n�g� �w�i�t�h� �a�n� �a�r�b�i�t�r�a�r�y� 

�g�e�o�m�e�t�r�y�.� �H�o�w�e�v�e�r� �t�h�e� �p�r�o�b�l�e�m� �i�s� �g�r�e�a�t�l�y� �s�i�m�p�l�i�f�i�e�d� �f�o�r� �t�h�i�s� �c�a�s�e� �s�i�n�c�e� �t�h�e� �g�e�o�m�e�t�r�y� �i�s� 

�a�l�w�a�y�s� �t�a�k�e�n� �t�o� �b�e� �a� �f�l�a�t� �r�e�c�t�a�n�g�u�l�a�r� �b�e�a�m�.� �S�e�v�e�r�a�l� �o�t�h�e�r� �c�o�n�s�t�r�a�i�n�t�s� �w�e�r�e� �i�m�p�o�s�e�d� �t�o� 

�f�u�r�t�h�e�r� �s�i�m�p�l�i�f�y� �t�h�e� �p�r�o�b�l�e�m�.� �T�h�e�s�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�3�.� �F�i�r�s�t�,� �a�l�l� �t�h�e� 

�e�l�e�m�e�n�t�s� �a�r�e� �r�e�c�t�a�n�g�u�l�a�r�,� �w�i�t�h� �t�h�e� �e�l�e�m�e�n�t� �f�a�c�e�s� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �b�e�a�m� �f�a�c�e�s�.� �T�h�i�s� �s�i�m�p�l�i�f�i�e�s� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �b�y� �d�e�c�o�u�p�l�i�n�g� �t�h�e� �x� �a�n�d�  ¬� �c�o�o�r�d�i�n�a�t�e�s� �f�r�o�m� �t�h�e� �y� �a�n�d� �n� �c�o�o�r�d�i�n�a�t�e�s�.� 

�S�e�c�o�n�d�,� �a�l�l� �t�h�e� �e�l�e�m�e�n�t�s� �a�r�e� �t�h�e� �s�a�m�e� �l�e�n�g�t�h� �a�n�d� �t�h�e� �s�a�m�e� �w�i�d�t�h�.� �T�h�u�s�,� �t�h�e� �e�l�e�m�e�n�t� �l�e�n�g�t�h� 

�i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �s�i�m�p�l�y� �d�i�v�i�d�i�n�g� �t�h�e� �b�e�a�m� �l�e�n�g�t�h� �b�y� �t�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s�.� �T�h�e� �e�l�e�m�e�n�t� 

�w�i�d�t�h� �i�s� �d�e�t�e�r�m�i�n�e�d� �i�n� �a� �s�i�m�i�l�a�r� �m�a�n�n�e�r�.� �F�i�n�a�l�l�y�,� �t�h�e� �e�l�e�m�e�n�t� �n�o�d�e�s� �a�r�e� �s�p�a�c�e�d� �e�q�u�a�l�l�y� 

�a�r�o�u�n�d� �t�h�e� �e�l�e�m�e�n�t�.� �T�h�u�s�,� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �n�o�d�e�s� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� 

�e�l�e�m�e�n�t� �d�i�v�i�d�e�d� �b�y� �t�h�e� �n�u�m�b�e�r� �o�f� �n�o�d�e�s� �a�l�o�n�g� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �e�l�e�m�e�n�t�.� �T�h�e�s�e� 

�s�i�m�p�l�i�f�i�c�a�t�i�o�n�s� �m�a�k�e� �i�t� �e�a�s�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �n�o�d�e�s� �i�n� �b�o�t�h� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�a�n�d� �e�l�e�m�e�n�t� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� 
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�O�n�c�e� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �n�o�d�e�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d�,� �t�h�e�y� �a�r�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� 

�a�p�p�r�o�p�r�i�a�t�e� �e�l�e�m�e�n�t�.� �T�h�e� �s�t�a�t�i�c� �n�o�d�e� �a�s�s�o�c�i�a�t�i�o�n� �a�n�d� �d�y�n�a�m�i�c� �n�o�d�e� �a�s�s�o�c�i�a�t�i�o�n� �a�r�e� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �e�l�e�m�e�n�t� �t�y�p�e�.� �F�o�r� �t�h�e� �c�u�b�i�c� �i�s�o�p�a�r�a�m�e�t�r�i�c� �e�l�e�m�e�n�t�,� �t�h�e� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� 

�n�o�d�e�s� �a�r�e� �t�h�e� �s�a�m�e�.� �F�o�r� �t�h�e� �c�u�b�i�c� �a�n�d� �q�u�i�n�t�i�c� �b�-�s�p�l�i�n�e� �e�l�e�m�e�n�t�s�,� �t�h�e� �s�h�a�p�e� �i�s� �m�o�d�e�l�e�d� �b�y� 

�c�u�b�i�c� �i�s�o�p�a�r�a�m�e�t�r�i�c� �e�l�e�m�e�n�t�s� �a�n�d� �t�h�e� �s�t�a�t�i�c� �n�o�d�e�s� �a�r�e� �a�s�s�o�c�i�a�t�e�d� �a�p�p�r�o�p�r�i�a�t�e�l�y�.� �T�h�e� 

�d�y�n�a�m�i�c� �n�o�d�e�s� �a�r�e� �a�s�s�o�c�i�a�t�e�d� �t�o� �t�h�e� �b�-�s�p�l�i�n�e� �e�l�e�m�e�n�t�.� 

�6�.�2�.�3� �L�a�s�e�r� �S�i�m�u�l�a�t�i�o�n� 

�P�r�i�n�c�i�p�l�e� �o�f� �O�p�e�r�a�t�i�o�n� 

�T�h�e� �l�a�s�e�r� �s�i�m�u�l�a�t�i�o�n�,� �a�s� �t�h�e� �n�a�m�e� �i�m�p�l�i�e�s�,� �a�l�l�o�w�s� �t�h�e� �u�s�e�r� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� �o�p�e�r�a�t�i�o�n� 

�o�f� �t�h�e� �l�a�s�e�r� �d�u�r�i�n�g� �a� �t�e�s�t�.� �M�o�r�e� �s�p�e�c�i�f�i�c�a�l�l�y�,� �i�t� �a�l�l�o�w�s� �t�h�e� �u�s�e�r� �t�o� �p�l�a�c�e� �t�h�e� �l�a�s�e�r� �i�n� �s�p�a�c�e� 

�a�n�d� �c�o�l�l�e�c�t� �d�a�t�a� �f�r�o�m� �t�h�e� �s�i�m�u�l�a�t�e�d� �s�t�r�u�c�t�u�r�e� �a�s� �w�o�u�l�d� �h�a�p�p�e�n� �i�n� �a�n� �a�c�t�u�a�l� �t�e�s�t�.� �T�h�e� �u�s�e�r� 

�c�h�o�o�s�e�s� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �l�a�s�e�r�,� �t�h�e� �s�c�a�n� �d�e�n�s�i�t�y�,� �t�h�e� �a�m�o�u�n�t� �o�f� �n�o�i�s�e� �o�n� �t�h�e� �l�a�s�e�r� �d�a�t�a� 

�a�n�d� �t�h�e� �a�m�o�u�n�t� �o�f� �s�p�a�t�i�a�l� �e�r�r�o�r�.� �T�h�e� �u�s�e�r� �c�a�n� �a�l�s�o� �s�i�m�u�l�a�t�e� �n�o�n�-�s�t�a�t�i�o�n�a�r�y� �s�t�r�u�c�t�u�r�e� 

�b�e�h�a�v�i�o�r�.� 

�D�u�r�i�n�g� �a�n� �a�c�t�u�a�l� �t�e�s�t�,� �t�h�e� �l�a�s�e�r� �b�e�a�m� �n�e�v�e�r� �s�c�a�n�s� �t�h�e� �e�x�a�c�t� �s�a�m�e� �p�o�i�n�t�s� �f�r�o�m� �t�h�e� 

�d�i�f�f�e�r�e�n�t� �s�c�a�n� �l�o�c�a�t�i�o�n�s�.� �T�o� �p�r�o�v�i�d�e� �a�d�d�i�t�i�o�n�a�l� �c�r�e�d�i�b�i�l�i�t�y� �t�o� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s�,� �t�h�i�s� 

�f�e�a�t�u�r�e� �w�a�s� �m�o�d�e�l�e�d� �a�s� �a� �s�e�m�i�-�r�a�n�d�o�m� �s�c�a�n�n�i�n�g� �p�a�t�t�e�r�n� �i�n� �t�h�e� �l�a�s�e�r� �s�i�m�u�l�a�t�i�o�n�.� �T�h�e� 

�s�i�m�u�l�a�t�e�d�,� �s�e�m�i�-�r�a�n�d�o�m�,� �s�c�a�n�n�i�n�g� �p�a�t�t�e�r�n� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �s�c�a�n� �p�o�i�n�t�s�,� �t�h�e� 

�s�c�a�n� �d�e�n�s�i�t�y�,� �a�n�d� �a� �r�a�n�d�o�m� �n�u�m�b�e�r� �t�a�k�e�n� �f�r�o�m� �a� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e� �r�a�n�d�o�m� 

�n�u�m�b�e�r� �d�e�t�e�r�m�i�n�e�s� �w�h�e�r�e� �t�h�e� �s�c�a�n� �w�i�l�l� �s�t�a�r�t�.� �T�h�e� �s�c�a�n� �d�e�n�s�i�t�y� �d�e�t�e�r�m�i�n�e�s� �h�o�w� �m�a�n�y� �s�c�a�n� 

�p�o�i�n�t�s� �a�r�e� �s�k�i�p�p�e�d� �b�e�t�w�e�e�n� �s�a�m�p�l�e�s�.� �F�o�r� �a�l�l� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �r�u�n�s�,� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� 

�w�a�s� �c�a�l�c�u�l�a�t�e�d� �a�t� �1�1�0�1�1� �l�o�c�a�t�i�o�n�s� �(�1�1� �r�o�w�s� �x� �1�0�0�1� �c�o�l�u�m�n�s�)�,� �a�n�d� �t�h�e� �r�a�n�d�o�m� �n�u�m�b�e�r� 

�c�a�m�e� �f�r�o�m� �a� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n� �w�i�t�h� �t�h�e� �l�i�m�i�t�s� �o�f� �0� �a�n�d� �2�0�.� �F�o�r� �m�a�n�y� �o�f� �t�h�e� �s�i�m�u�l�a�t�e�d� 

�s�c�a�n�s�,� �t�h�e� �s�c�a�n� �d�e�n�s�i�t�y� �w�a�s� �9� �(�s�c�a�n� �e�v�e�r�y� �9�t�h� �p�o�i�n�t�)�.� �T�h�u�s�,� �i�f� �t�h�e� �r�a�n�d�o�m� �n�u�m�b�e�r� �w�a�s� �5�,� 
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�t�h�e� �s�c�a�n� �w�o�u�l�d� �s�t�a�r�t� �a�t� �p�o�i�n�t� �5�,� �t�h�e� �n�e�x�t� �p�o�i�n�t� �w�o�u�l�d� �b�e� �1�4�,� �t�h�e�n� �2�3�,� �e�t�c�.� �T�h�e� �s�i�m�u�l�a�t�i�o�n� 

�w�a�s� �a�l�s�o� �s�e�t�u�p� �t�o� �s�c�a�n� �e�v�e�r�y� �p�o�i�n�t� �i�f� �d�e�s�i�r�e�d�.� 

�A�t� �e�a�c�h� �s�c�a�n� �p�o�i�n�t�,� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �c�a�l�c�u�l�a�t�e�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �a�l�o�n�g� 

�t�h�e� �l�a�s�e�r� �d�i�r�e�c�t�i�o�n�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� �b�y� �t�h�e� �d�i�r�e�c�t�i�o�n� 

�c�o�s�i�n�e�s� �f�r�o�m� �t�h�e� �s�c�a�n� �p�o�i�n�t� �t�o� �t�h�e� �l�a�s�e�r�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�4� �a�n�d� �E�q�.� �(�6�.�2�.�9�)�.� 

�V�i�i� �=� �V�a�i� �W�i�s�i� �+� �V�y� �W�a�y�s� �+� �V�a�s� �W�i�s�i� �(�6�.�2�.�9�)� 

�x�l�,� �y�l�,� �z�l� �a� 

� � 

�F�i�g�u�r�e� �6�.�4�.� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �L�a�s�e�r� �V�e�l�o�c�i�t�y� �f�r�o�m� �V�e�l�o�c�i�t�y� �C�o�m�p�o�n�e�n�t�s� 

�T�h�e� �d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e�s� �f�r�o�m� �s�c�a�n� �p�o�i�n�t� �t�o� �l�a�s�e�r� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�s� �s�h�o�w�n� �i�n� 

�E�q�.� �(�6�.�2�.�1�0�)�.� 
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� � 

� � 

� � 

� � 

�x�,� �7�%�;� 
�W�i�s�i� �=� �D�i� 

�y�=� �(�6�.�2�.�1�0�)� 
�L�i� 

�_� �4�,�4�;� 
�Y�a�i� �=� �T�i� � � � � 

�A�f�t�e�r� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�y� �f�o�r� �e�a�c�h� �s�c�a�n� �p�o�i�n�t�,� �t�h�e� �p�r�o�g�r�a�m� �s�a�v�e�s� �t�h�e� 

�d�a�t�a� �i�n� �a� �m�e�a�s�u�r�e�m�e�n�t�s� �f�i�l�e� �f�o�r� �u�s�e� �b�y� �t�h�e� �E�S�D�M� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �s�o�f�t�w�a�r�e�.� �T�h�i�s� �d�a�t�a� 

�i�n�c�l�u�d�e�s� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�y�,� �t�h�e� �s�c�a�n� �l�o�c�a�t�i�o�n� �(� �i�n� �b�o�t�h� �s�t�r�u�c�t�u�r�e� �c�o�o�r�d�i�n�a�t�e�s� �a�n�d� 

�e�l�e�m�e�n�t� �c�o�o�r�d�i�n�a�t�e�s�)�,� �t�h�e� �d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e�s�,� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�y�,� �t�h�e� 

�c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �a�n�d� �t�h�e� �p�-�v�a�l�u�e�.� �F�o�r� �a�l�l� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �c�a�s�e�s�,� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t� �w�a�s� �s�e�t� �t�o� �1�.�0� �a�n�d� �t�h�e� �p�-�v�a�l�u�e� �w�a�s� �s�e�t� �t�o� �0�.�0�.� 

�E�r�r�o�r� �i�n� �V�e�l�o�c�i�t�y� �M�a�g�n�i�t�u�d�e� �(�N�o�i�s�e�)� 

�T�o� �s�t�u�d�y� �t�h�e�i�r� �e�f�f�e�c�t� �o�n� �t�h�e� �E�S�D�M� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �r�e�s�u�l�t�s�,� �r�a�n�d�o�m� �e�r�r�o�r�s� �c�a�n� �b�e� 

�a�d�d�e�d� �t�o� �t�h�e� �v�e�l�o�c�i�t�y� �a�n�d� �l�o�c�a�t�i�o�n� �d�a�t�a� �i�n� �t�h�e� �l�a�s�e�r� �s�i�m�u�l�a�t�i�o�n�.� �T�o� �s�i�m�u�l�a�t�e� �n�o�i�s�e� �i�n� �t�h�e� 

�v�e�l�o�c�i�t�y�,� �a� �r�a�n�d�o�m� �e�r�r�o�r� �i�s� �a�d�d�e�d� �t�o� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�y� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�6�.�2�.�1�1�)�.� �T�h�e� 

�r�a�n�d�o�m� �e�r�r�o�r� �i�s� �c�h�o�s�e�n� �f�r�o�m� �a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�6�.�2�.�1�2�)�.� �T�h�e� �n�o�i�s�e� 

�m�o�d�e�l� �i�n� �E�q�.� �(�6�.�2�.�1�2�)� �d�o�e�s� �n�o�t� �m�o�d�e�l� �t�h�e� �d�r�o�p�-�o�u�t� �p�h�e�n�o�m�e�n�o�n� �d�i�s�c�u�s�s�e�d� �i�n� 

�S�e�c�t�i�o�n� �3�.�3�.�2�.� �T�h�e� �d�r�o�p�-�o�u�t�s� �a�r�e� �n�o�t� �m�o�d�e�l�e�d� �b�e�c�a�u�s�e� �t�h�e� �p�h�e�n�o�m�e�n�o�n� �i�s� �n�o�t� �w�e�l�l� 

�u�n�d�e�r�s�t�o�o�d�.� 

�v�,�=�Y�,� �t�e� �(�6�.�2�.�1�1�)� 

�e�,�~�N�(�0�,�0�)� �(�6�.�2�.�1�2�)� 

�T�h�e� �v�a�r�i�a�n�c�e� �i�n� �E�q�.� �(�6�.�2�.�1�2�)� �i�s� �c�h�o�s�e�n� �t�o� �s�i�m�u�l�a�t�e� �a�c�t�u�a�l� �t�e�s�t� �d�a�t�a�.� �T�h�e� �m�e�t�h�o�d� �f�o�r� 

�d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �v�a�r�i�a�n�c�e� �1�s� �d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l� �i�n� �S�e�c�t�i�o�n� �6�.�3�.� 
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�S�p�a�t�i�a�l� �E�r�r�o�r� 

�A�s� �d�i�s�c�u�s�s�e�d� �i�n� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s�,� �s�p�a�t�i�a�l� �e�r�r�o�r� �c�a�n� �b�r�o�k�e�n� �i�n�t�o� �t�w�o� �c�a�t�e�g�o�r�i�e�s�,� 

�l�a�s�e�r� �p�o�s�i�t�i�o�n� �e�r�r�o�r� �a�n�d� �l�a�s�e�r� �o�r�i�e�n�t�a�t�i�o�n� �e�r�r�o�r�.� �L�a�s�e�r� �p�o�s�i�t�i�o�n� �e�r�r�o�r� �m�e�a�n�s� �t�h�a�t� �l�a�s�e�r� 

�l�o�c�a�t�i�o�n� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �l�o�c�a�t�i�o�n� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �r�e�g�i�s�t�r�a�t�i�o�n�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� 

�6�.�5�.� �L�a�s�e�r� �p�o�s�i�t�i�o�n� �e�r�r�o�r� �c�a�u�s�e�s� �i�n�c�o�r�r�e�c�t� �d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e�s� �t�o� �b�e� �u�s�e�d� �i�n� �t�h�e� �E�S�D�M� 

�r�e�c�o�n�s�t�r�u�c�t�i�o�n�.� �L�a�s�e�r� �o�r�i�e�n�t�a�t�i�o�n� �e�r�r�o�r� �m�e�a�n�s� �t�h�a�t� �l�a�s�e�r� �o�r�i�e�n�t�a�t�i�o�n� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� 

�o�r�i�e�n�t�a�t�i�o�n� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �r�e�g�i�s�t�r�a�t�i�o�n�.� �O�r�i�e�n�t�a�t�i�o�n� �e�r�r�o�r� �c�a�u�s�e�s� �t�h�e� �l�a�s�e�r� �b�e�a�m� �t�o� �h�i�t� 

�t�h�e� �s�t�r�u�c�t�u�r�e� �a�t� �a� �l�o�c�a�t�i�o�n� �w�h�i�c�h� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �l�o�c�a�t�i�o�n� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� 

�r�e�g�i�s�t�r�a�t�i�o�n�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�6�.� �L�a�s�e�r� �o�r�i�e�n�t�a�t�i�o�n� �e�r�r�o�r� �c�a�u�s�e�s� �i�n�c�o�r�r�e�c�t� �s�a�m�p�l�e� 

�c�o�o�r�d�i�n�a�t�e�s� �t�o� �b�e� �u�s�e�d� �i�n� �t�h�e� �E�S�D�M� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�.� �I�t� �a�l�s�o� �c�a�u�s�e�s� �a� �s�m�a�l�l� �a�m�o�u�n�t� �o�f� 

�e�r�r�o�r� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e�s�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �e�x�p�e�c�t�e�d� �t�h�a�t� �t�h�e� �d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e� �e�r�r�o�r� �d�u�e� 

�t�o� �l�a�s�e�r� �p�o�s�i�t�i�o�n� �e�r�r�o�r� �i�s� �m�u�c�h� �g�r�e�a�t�e�r�.� 

�A�c�t�u�a�l� �L�a�s�e�r� �L�o�c�a�t�i�o�n� � � � 
�x�l�a�,� �y�l�a�,� �z�l�a� �b�o�w� 
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�F�i�g�u�r�e� �6�.�6�.� �L�a�s�e�r� �O�r�i�e�n�t�a�t�i�o�n� �E�r�r�o�r� 

�A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�.� �6�.�5� �a�n�d� �F�i�g�.� �6�.�6�,� �t�h�e�s�e� �t�w�o� �t�y�p�e�s� �o�f� �e�r�r�o�r� �a�r�e� �n�o�t� 

�i�n�d�e�p�e�n�d�e�n�t�.� �T�h�a�t� �i�s�,� �a�n� �e�r�r�o�r� �i�n� �r�e�g�i�s�t�r�a�t�i�o�n� �w�i�l�l� �r�e�s�u�l�t� �i�n� �b�o�t�h� �l�a�s�e�r� �p�o�s�i�t�i�o�n� �e�r�r�o�r� �a�n�d� 

�l�a�s�e�r� �o�r�i�e�n�t�a�t�i�o�n� �e�r�r�o�r�.� �H�o�w�e�v�e�r�,� �b�a�s�e�d� �o�n� �t�h�e� �r�e�s�u�l�t�s� �o�f� �L�i�n�d�h�o�l�m� �[�7�]� �t�h�e� �l�a�s�e�r� �p�o�s�i�t�i�o�n� 

�e�r�r�o�r� �i�s� �e�x�p�e�c�t�e�d� �t�o� �b�e� �c�o�n�s�i�d�e�r�a�b�l�y� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �l�a�s�e�r� �o�r�i�e�n�t�a�t�i�o�n� �e�r�r�o�r� �f�o�r� �a� �f�l�a�t� 

�s�t�r�u�c�t�u�r�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �w�a�s� �d�e�v�e�l�o�p�e�d� �t�o� �o�n�l�y� �t�h�e� �s�i�m�u�l�a�t�e� �l�a�s�e�r� �p�o�s�i�t�i�o�n� 

�e�r�r�o�r�.� �T�h�i�s� �s�i�m�p�l�i�f�i�c�a�t�i�o�n� �i�s� �j�u�s�t�i�f�i�e�d� �b�y� �t�h�e� �f�a�c�t� �t�h�a�t� �i�t� �w�i�l�l� �p�r�o�v�i�d�e� �c�o�n�s�e�r�v�a�t�i�v�e� �r�e�s�u�l�t�s�.� 

�T�h�a�t� �i�s�,� �i�f� �t�h�e� �E�S�D�M� �s�o�f�t�w�a�r�e� �f�a�i�l�s� �t�o� �p�r�o�p�e�r�l�y� �r�e�c�o�n�s�t�r�u�c�t� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �d�u�e� �t�o� �l�a�s�e�r� 

�p�o�s�i�t�i�o�n� �e�r�r�o�r�,� �t�h�e�n� �i�t� �w�i�l�l� �c�e�r�t�a�i�n�l�y� �f�a�i�l� �i�f� �s�u�b�j�e�c�t�e�d� �t�o� �b�o�t�h� �l�a�s�e�r� �a�n�d� �l�a�s�e�r� �o�r�i�e�n�t�a�t�i�o�n� 

�e�r�r�o�r�.� �L�a�s�e�r� �p�o�s�i�t�i�o�n� �e�r�r�o�r� �i�s� �s�i�m�u�l�a�t�e�d� �b�y� �u�s�i�n�g� �t�w�o� �l�a�s�e�r� �l�o�c�a�t�i�o�n�s� �d�u�r�i�n�g� �t�h�e� �s�i�m�u�l�a�t�i�o�n�,� 

�a�n� �a�c�t�u�a�l� �l�a�s�e�r� �l�o�c�a�t�i�o�n� �a�n�d� �a�n� �"�a�p�p�a�r�e�n�t�"� �l�a�s�e�r� �l�o�c�a�t�i�o�n�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �6�.�5�.� �T�h�e� 

�a�p�p�a�r�e�n�t� �l�a�s�e�r� �l�o�c�a�t�i�o�n� �i�s� �t�h�a�t� �l�o�c�a�t�i�o�n� �w�h�e�r�e� �t�h�e� �r�e�g�i�s�t�r�a�t�i�o�n� �p�r�o�c�e�s�s� �h�a�s� �i�n�c�o�r�r�e�c�t�l�y� 

�p�l�a�c�e�d� �t�h�e� �l�a�s�e�r�.� �T�h�e� �d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e�s� �f�r�o�m� �t�h�e� �a�c�t�u�a�l� �l�a�s�e�r� �l�o�c�a�t�i�o�n� �a�r�e� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� 

�t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�y�,� �w�h�i�l�e� �t�h�e� �d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e�s� �f�r�o�m� �t�h�e� �a�p�p�a�r�e�n�t� 
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�l�a�s�e�r� �l�o�c�a�t�i�o�n� �a�r�e� �s�a�v�e�d� �w�i�t�h� �t�h�e� �o�u�t�p�u�t� �d�a�t�a� �f�i�l�e�.� �T�h�u�s�,� �t�h�e� �a�p�p�a�r�e�n�t�,� �a�n�d� �i�n�c�o�r�r�e�c�t�,� 

�d�i�r�e�c�t�i�o�n� �c�o�s�i�n�e�s� �a�r�e� �u�s�e�d� �i�n� �t�h�e� �E�S�D�M� �r�e�c�o�n�s�t�r�u�c�t�i�o�n�.� 

�F�o�r� �e�a�c�h� �o�f� �t�h�e� �s�i�m�u�l�a�t�i�o�n�s� �w�i�t�h� �s�p�a�t�i�a�l� �e�r�r�o�r�,� �t�h�e� �a�m�o�u�n�t� �o�f� �e�r�r�o�r� �b�e�t�w�e�e�n� �t�h�e� 

�a�c�t�u�a�l� �a�n�d� �a�p�p�a�r�e�n�t� �l�a�s�e�r� �l�o�c�a�t�i�o�n�s� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �a� �s�t�a�t�i�s�t�i�c�a�l� �a�n�a�l�y�s�i�s� �o�f� �a�c�t�u�a�l� �t�e�s�t� 

�d�a�t�a�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e�s�e� �e�r�r�o�r�s� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l� �i�n� �S�e�c�t�i�o�n� �6�.�3�.� 

�N�o�n�s�t�a�t�i�o�n�a�r�y� �S�t�r�u�c�t�u�r�e� �B�e�h�a�v�i�o�r� 

�A�s� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �3�,� �n�o�n�-�s�t�a�t�i�o�n�a�r�y� �s�t�r�u�c�t�u�r�e� �b�e�h�a�v�i�o�r� �i�s� �o�f�t�e�n� �m�a�n�i�f�e�s�t�e�d� �b�y� 

�a� �c�h�a�n�g�e� �i�n� �t�h�e� �p�h�a�s�e� �b�e�t�w�e�e�n� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �a�n�d� �t�h�e� �f�o�r�c�e�,� �a�n�d� �b�y� �a� �c�h�a�n�g�e� �i�n� 

�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� �F�o�r� �t�h�e� �s�i�m�u�l�a�t�i�o�n�,� �n�o�n�-�s�t�a�t�i�o�n�a�r�y� �s�t�r�u�c�t�u�r�e� �b�e�h�a�v�i�o�r� �w�a�s� 

�s�i�m�u�l�a�t�e�d� �b�y� �p�h�a�s�e� �s�h�i�f�t�i�n�g� �t�h�e� �d�a�t�a� �a�t� �a�l�l� �s�c�a�n� �p�o�i�n�t�s� �i�n� �t�h�e� �s�c�a�n� �b�y� �a�n� �e�q�u�a�l� �a�m�o�u�n�t�.� 

�R�e�c�a�l�l� �f�r�o�m� �S�e�c�t�i�o�n� �6�.�2�.�1� �t�h�a�t� �t�h�e� �v�e�l�o�c�i�t�y� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �r�e�a�l�.� �I�f� �t�h�e� �v�e�l�o�c�i�t�y� �i�s� �p�h�a�s�e� 

�s�h�i�f�t�e�d� �t�h�e�n� �t�h�e� �r�e�a�l� �p�a�r�t� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �F�i�g�.� �6�.�7� �a�n�d� �E�q�.� �(�6�.�2�.�1�3�)�.� �F�o�r� �p�u�r�p�o�s�e� �t�h�e� �o�f� 

�s�i�m�p�l�i�c�i�t�y�,� �t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �o�f� �t�h�e� �s�h�i�f�t�e�d� �v�e�l�o�c�i�t�y� �i�s� �d�i�s�r�e�g�a�r�d�e�d�.� 
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�O�n�c�e� �a�g�a�i�n�,� �t�o� �p�r�o�v�i�d�e� �r�e�a�l�i�s�t�i�c� �e�r�r�o�r� �l�e�v�e�l�s�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �p�h�a�s�e� �s�h�i�f�t�i�n�g� �i�s� 
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