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Investigating the e�ect of charge hydration asymmetry and incorporating it
in continuum solvation framework

Abhishek Mukhopadhyay

(ABSTRACT)

One of the essential requirements of biomolecular modelingis an accurate description of
water as a solvent. The challenge is to make this descriptioncomputationally facile { rea-
sonably fast, simple, robust and easy to incorporate into existing software packages, yet
accurate. The most rigorous procedure to model the e�ect of aqueous solvent is to explicitly
model every water molecule in the system. For many practicalapplications, this approach
is computationally too intense, as the number of required water atoms is on an average at
least one order of magnitude larger than the number of atoms of the molecule of interest.
Implicit solvent models, in which solvent molecules are replaced by a continuous dielectric,
have become a popular alternative to explicit solvent methods. However, implicit solvation
models often lack various microscopic details which are crucial for accuracy. One such miss-
ing e�ect that is currently missing from popular implicit models is the so called e�ect of
charge hydration asymmetry (CHA). The missing e�ect of chargehydration asymmetry {
the asymmetric response of water upon the sign of solute charge { manifests a characteristic,
strong dependence of solvation free energies on the sign of solute charge. Here, we incorpo-
rate this missing e�ect into the continuum solvation framework via the conceptually simplest
Born equation and also in the generalized Born model. We identify the key electric multipole
moments of model water molecules critical for the various degrees of CHA e�ect observed
in studies based on molecular dynamics simulations using di�erent rigid water models. We
then use this gained insight to incorporate this e�ect �rst into the Born model and then into
the generalized Born model. The proposed framework signi�cantly improves accuracy of the
hydration free energy estimates tested on a comprehensive set of varied molecular solutes
{ monovalent and divalent ions, small drug-like molecules,charged and uncharged amino
acid dipeptides, and small proteins. We �nally develop a methodology to resolve the issue
with unacceptably large uncertainty that stems from a variety of fundamental and technical
di�culties in experimental quanti�cation of CHA from charge d solutes. Using the proposed
corrections in the continuum framework, we untangle the charge-asymmetric response of
water from its symmetric response, and further circumvent the di�culties by extracting ac-
curate estimate propensity of water to cause CHA from accurate experimental hydration
free energies of neutral polar molecules. We show that the asymmetry in water's response is
strong, about 50% of the symmetric response.
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Glossary

The de�nition of a few key terms used extensively throughoutthis document.

Solvation Free Energy The change in free energy for transferring a molecule from gas
phase to aqueous phase, conventionally estimated as the molar transfer free energy, in kcal/mol.

Generalized Born Model(GB) An analytical approximation of the Poisson equation to
compute the electrostatic part of the solvation free energy,see Eq. 4.2 of Chapter 4.

Molecular Surface For a solvated molecule it is de�ned as surface enclosing themolecu-
lar volume { obtained by rolling a water probe around the union of molecular atoms. This
surface is sometimes referred to as the Solvent Excluded Surface and most commonly used
for the generalized Born model.

E�ective Born Radius Characterizes the degree to which an atom is buried inside the
molecular cavity. It is de�ned as the radius for an atom which,if inserted into the Born
formula, would give the same electrostatic solvation free energy that Poisson Equation would
give for a hypothetical molecule with the same dielectric boundary as the original, but having
only the single charge at the same position inside the molecule. An integral formula which is
exact for spherical geometry of the molecule is used to approximate the e�ective Born radius
for realistic molecules, see Eq. 4.9 in Chapter 4.

Charge Hydration Asymmetry (CHA) Asymmetric response of water to the micro-
scopic electric �elds. CHA manifests strong, characteristic dependence of the solvation free
energy on the sign of solute charges.
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Chapter 1

Introduction

Detailed quantitative understanding of aqueous solvation{ transfer of a molecular solute
from gas phase to condensed (aqueous) phase { is key to understand many biology pro-
cesses [71, 38, 188, 54, 116]. Accurate estimation of solvation free energy is critical for many
important problems in the �elds of chemistry, biology, and pharmaceutical sciences, such as
protein folding, conformational transitions, protein-ligand binding, and transport of drugs
across biological membranes. A large number of studies havefocused on the quantitative
estimation of solvation free energies. Nevertheless, estimation of free energy is notoriously
complicated, and computationally expensive, often takingdays of processor time even for
a single calculation. In practice, solvation free energy calculations are often accomplished
by free energy perturbation (FEP) calculations or standardthermodynamic integration (TI)
techniques. During these calculations a solute is solvatedin �nite size (rigid model) wa-
ter box, and the electrostatic and Van-der Waals interactions are increased (or decreased) in
small increments, mimicking the process of charging (or uncharging) the solute cavity. Recent
studies have shown that such methods are able to reproduce experimental solvation energies
with reasonable accuracy, approximately 1.2 kcal/mol of average error to experiments for a
large set small drug like molecules [167, 119]. However, one of the major limitations of the
explicit solvent treatment is that the approach is computationally too expensive for many
practical applications, as major computational resourcesare utilized in modeling the dynam-
ics of the orders of magnitude larger numbers of water atoms rather than simply focusing
on the molecule of interest.

Implicit solvent model is a popular alternative framework used to mitigate issues related to
high computational cost associated with explicit water simulations, by replacing the discrete
water molecules by an in�nite structureless continuum medium with the average dielectric
properties of water. The advantages of implicit solvent model over the explicit solvation
frameworks are:

� Signi�cantly lower computational costs for many molecularsystems.

4
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� Enhanced sampling of conformational space: for explicit solvent models, due to many
degrees of freedom within the problem, solvent viscosity slows down conformational
transitions. In implicit solvent models this can be substantially reduced; the energy
landscape is signi�cantly smoother.

� Quick estimation of free energies

� Instantaneous dielectric response circumvents lengthy equilibration of water typical for
explicit simulations. This is crucial when the molecular charge con�guration changes
frequently during the course of a simulation.

Within the implicit solvent framework the solvation free energy is typically decoupled into
electrostatic (� Gel) and non-polar (� Gnopol ) components:

� Gsolv = � Gel + � Gnopol (1.1)

� Gel takes into account the electrostatic interactions and �Gnopol , other non-polar, disper-
sive interactions. Among these, �Gel is by far the largest contribution for the majority of
molecules; �Gnopol has not been the computational bottleneck so far, perhaps due to the
simplistic nature of the popular approximations most commonly used in this context [58].
Within linear response continuum electrostatics, the mostrigorous formalism to compute
the � Gel is solving the Poisson equation (PE) [56, 59, 71, 110, 139, 158, 36, 11].

Despite the conceptual simplicity, PE is only a local, linear-response continuum dielectric
approximation of the many-body problem of electrostatic interactions in a solute-solvent
system. A hierarchy of approximations separates the PE fromreality [153, 172, 99], and from
the more fundamental explicit solvent model [167, 40, 189, 52, 164, 166, 163, 119, 15] resulting
in limitations such as inability of the PE to account for manye�ects that arises from the
microscopic details of the solvent charge con�guration [98, 25, 147, 74, 63, 118, 144, 125]. One
such key e�ect is the ubiquitous e�ect of the so called \charge hydration asymmetry" (CHA).
Charge hydration asymmetry can be de�ned as the characteristic dependence of solvation free
energy upon the sign of solute charge. A qualitative justi�cation of the observed di�erence
in solvation free energies is that water has di�erent ordering around solute of di�erent charge
signs, see Fig 1.1.

The solution of the PE for the case of a charged (q) spherical cavity (e.g. ions) of sizeR can
simply be expressed using the Born equation;

� G(q; R) = �
�

1 �
1
�

�
q2

2R
(1.2)

Clearly, Eq. 1.2 gives exact same value of solvation free energy for positive and negative
charges of same size. However, in reality the solvation energy is seen to be very di�erent { a
di�erence of � 50 kcal/mol of similar size ions K+ and F� is reported by experiments [160],
roughly 50% of their individual � G values. These di�erences are larger than many relevant
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Figure 1.1: Shown is a schematic of the preferable orientation of three point water molecules
(TIP3P water model) around two ions of similar ionic radii, K+ and F� .

biomolecular energy scales, such as folding free energy of atypical protein. The CHA e�ects
are strong not only for the charged, but also for net neutral solvated structures { FEP
estimates of solvation free energy for a specially designedset of highly polar neutral solutes
shows di�erent degrees of CHA for di�erent explicit water models [118].

Models aiming to go beyond the popular \two-dielectric PE" consider various forms of
� (~r) [75, 93, 67, 2, 92, 192] but do not capture the e�ect of chargeasymmetry; that ef-
fect is also missing from several more sophisticated \beyond PE" solvent models based on
point dipoles[186, 187, 188, 190]. More sophisticated \beyond PE" models include 3D-
RISM[29, 68, 70, 69, 94], an integral equation formalism[19], approaches based on the use of
the fundamental variational principle[55, 46, 2, 32, 30], and the recent Semi Explicit Assembly
(SEA) [53, 51, 105], assembling hydration shells of solutes using the pre-computed proper-
ties of hydration shells of charged spheres in explicit solvent, and numerical explicit/implicit
hybrid solvent models that consider the nearest to solute layers of solvent at the atomic level
[61, 90, 5, 17, 18, 193, 134, 101, 106, 192, 40]. These are expected to account for most[17, 18]
of the explicit water e�ects including the charge hydrationasymmetry[25, 74]. However, so
far these numerical approaches have not been converted to fully implicit, practical, analyt-
ical models of solvation that would keep the critical \beyond PE" advantages. E�orts to
improve the accuracy of �Gel within the PE framework by adjusting atomic radii have also
been made[196, 52, 30]. These improvements, although computationally very e�cient, are
poorly transferable from one set of molecular structures toanother[193].

During my PhD work, I have investigated the microscopic origin of charge hydration asym-
metry in relation to the charge distribution of water molecule and used the gained insight
to improve the accuracy of the implicit solvation framework. Our �rst step towards the
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goal was to introduce charge hydration asymmetry into the Born equation. In Chapter 3,
adapted with permission fromJ. Phys. Chem. B, 2012, 116 (32), pp 97769783, Copyright
2012 American Chemical Societywith A. T. Fenley, I. S. Tolokh, and A. V. Onufriev as
other contributors, we �rst investigate the origin of CHA by decomposing a general rigid
�xed charge water molecule into its fundamental electric multipole moments. We show that
a particular combination of these moments primarily account for various degrees of CHA
seen in explicit water simulations. Using the gained insightfrom the microscopic origin of
CHA we incorporated this e�ect into the linear response continuum framework and propose
a closed form solution by employing two corrections into thefundamental Born equation.
The �rst correction accounts for accurate placement of the dielectric boundary to emulate
the charge symmetric (non-CHA) solvation e�ect. The second correction is a simple scaling
function that introduces the e�ect of CHA. This scaling function incorporates di�erent de-
gree of CHA as seen for di�erent water models, using a single order parameter that strictly
depends upon the charge distribution of the water molecule for a given model. This cor-
rection was derived using arguably the two most simplistic representations of n-point water
models. This analytical correction not only gives good agreement with the experimental
solvation energies of monovalent and divalent anions and cations, it also accurately predicts
the solvation entropy of these singly charged solutes.

We extended the previous work by adding CHA into the continuumsolvation framework for
the more general multi-atom case presented in Chapter 4, adapted with permission fromJ.
Chem. Theory Comput., 2014, 10 (4), pp 17881794, Copyright 2012 American Chemical
Society with B. H. Aguilar, I. S. Tolokh, and A. V. Onufriev as other contributors. The
underlying philosophy of this work was similar to that of Chapter 3, i.e. here we cleanly
separate the de�nition of dielectric boundary from the CHA e�ect. We use a similar analyt-
ical function to incorporate CHA into the generalized Born equation. The generalized Born
equation is a faster (by� 10 folds) alternative to the standard Poisson equation solvers, and
has a closed form analytical expression. The generalized Born equation for a set of of charges
qi within a molecular cavity, with each charge representing a sphere of intrinsic atomic radii
� i can be expressed as,

� Gel = �
1
2

�
1

� in
�

1
� out

� X

i;j

qi qjq
r 2

ij + Ri Rj exp
�
� r 2

ij =(4Ri Rj )
� : (1.3)

where r ij is the spatial separation between two chargesi; j , Ri is the so called \e�ective
Born radius", which quanti�es the degree of how buried the atom i is within the molecular
cavity. The value of these e�ective Born radii,Ri for each atom in the molecule strictly
depend upon their locations with respect to the dielectric boundary (surface that separates
the molecular cavity from the bulk water) de�ned by the intrinsic atomic radii, � i and the
water molecule (probe) radius.

The e�ective Born radii are accurately computed by numerically integrating the \R6" integral
formula [3, 124] using the molecular surface de�ned by� i for each atom. Here, instead of
using the conventional molecular surface, we compute the Born radii by uniformly shifting the
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molecular surface via a similar correction introduced in Chapter 3 to account for the charge
symmetric e�ects, and CHA is employed as a correction to the computed Born radii using a
similar scaling function as Chapter 3, that also incorporates the e�ect due to neighboring
charges. Testing on four diverse classes of solutes { arti�cially constructed highly polar
solutes, small neutral molecules, capped amino acid dipeptides, and small proteins { we
show that introduction of CHA leads to a uniform improvement in the performance of the
model on di�erent classes of molecules, even for cases when solutes have non zero total
charge.

In Chapter 5, accomplished along withI. S. Tolokh, and A. V. Onufriev (under review),
we have addressed nearly a century old perplexity that arises from limitation of experi-
mental and computational approaches to accurately quantify the true propensity of CHA.
Absolute single-ion solvation free energies are deduced from experimental estimates of hy-
dration enthalpies of ionic solutions via the Born-Haber cycle [180, 160] using highly con-
troversial estimation of absolute proton (H+ ) hydration enthalpy. Uncertainties of up to 16
kcal/mol are reported that stem from various degrees [42] ofextra-thermodynamic assump-
tions [112, 160] or cluster ion solvation estimates [180] made to obtain these estimates. Fur-
thermore, there are fundamental di�culties associated in determining and interpreting [87]
the liquid-vapor and liquid-cavity surface (interface) potentials; a recent work [107] provides
a detailed overview of the associated issues. The net resultof these, and possibly other,
issues is an almost 300% variation between the four available comprehensive experimental
data sets [160, 180, 112, 98] of ion hydration energies for CHAfor K+ /F � pair, Fig. 5.1.
From the theoretical prospective, relating experimental hydration free energies of a charged
species to the corresponding computational estimates is also fraught with di�culties[107].
The solvation free energies of neutral solutes on the other hand, can be determined from
experiments very accurately. To circumvent the problems mentioned above we found two
\CHA-conjugate" molecule pairs similar to the K+ /F � , such that the CHA e�ect can be
cleanly isolated from the charge symmetric e�ect. To accomplish this we have used the two
models discussed in Chapters 3 and 4, and explicit water simulations. We conclude that
although exact amount of CHA depends on both the solute and solvent, the propensity of the
solvent (water) to cause CHA is comparable, roughly 50% to thecharge symmetric e�ects.

Works unrelated to this thesis

Apart from the work discussed in the following chapters, I also have collaborated on several
additional projects which is not a part of this thesis. I am the primary author in the work
listed as Ref [128, 161], and co-author in Ref. [195, 123] while three more are currently un-
der preparation. In Ref [128] we have developed a numerical procedure that employs the
Zwanzig-Mori projection formalism on chemical networks. Iuse the formalism to construct
generalized Langevin equation for a speci�c degree of freedom (dof, a chemical species/node
in the network) and incorporate the e�ect of the other degrees of freedom onto the chosen
dof as the memory kernel. The proposed numerical scheme was validated using two chal-
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lenging systems. A prominent feature of the procedure is that all the model parameters are
extracted directly and self consistently from the data,i.e. without using any external �tting
parameters. In this project I performed the research, analysis of the data and prepared the
manuscript with help from Dr. Jianhua Xing. In Ref. [161] we study the evolution of binary
opinions on a zero dimensional simple adaptive network of �nite size. At each time step, a
randomly selected node updates its state (\opinion") according to the majority opinion of
the nodes that it is linked to; subsequently, all links are reassigned with di�erent probability
if they connect nodes with same or opposite opinions. In contrast to an earlier work, we en-
sure that the average connectivity (\degree") of each node is independent of the system size
(\intensive"), by choosing the probability of connectivity to be of O(1=N), where N is the
system size. Using simulations and analytic arguments, we determine the �nal steady states
and the relaxation into these states for di�erent system sizes. We �nd two absorbing states,
characterized by perfect consensus, and one metastable state, characterized by a population
split evenly between the two opinions. We �nd that the relaxation time of this state grows
exponentially with the number of nodes. In this project I performed the research, while the
research design and manuscript preparation was accomplished by Dr. Beate Schmittmann.
In the work published in Ref. [195] we construct a Potts-typemodel based on experimentally
observed nearest-neighbor enzyme lateral interactions and nucleosome covalent modi�cation
state biased enzyme recruitment. We show that the model can lead to e�ective nonlocal inter-
actions among nucleosomes suggested in previous theoretical studies, and epigenetic memory
is robustly inheritable against stochastic cellular processes. My particular contribution in
this project was performing numerical computations by varying the model parameters over
a large, physically meaningful range to show that the predicted qualitative behavior of the
model and hence the overall conclusions of this work is robust, that is, not just an artifact of
the choice of the model parameters. In the article, [123] we propose a method that searches
the continuous parameter space of an assembly of network topologies, without enumerating
individual network topologies separately as traditionally done in other reverse engineering
procedures. We test the method on a previously studied problem: the resettable bistabil-
ity of an Rb-E2F gene network in regulating the quiescence-to-proliferation transition of
mammalian cells. From a simpli�ed Rb-E2F gene network, we identi�ed network topologies
responsible for generating resettable bistability. The identi�ed topologies were shown to be
consistent with those reported in the previous study based on individual topology search,
and hence demonstrate the e�ectiveness of this approach. Since the searches performed using
the two methods are based on di�erent mathematical formulations and di�erent algorithms,
the consistency of the results also helps cross-validate both approaches. A unique advantage
of the proposed approach lies in its applicability to biological networks with large numbers
of nodes. My particular contribution was to discuss the methodology, analyze the results
and proof read the manuscript.



Chapter 2

Background

In this chapter I review the basic concepts of continuum solvation framework, and the foun-
dation of the implicit solvation models that are used in thiswork.

In continuum solvation framework, the solvent is often modeled as a structureless continuous
medium with average dielectric properties of the solvent. For aqueous solvation, the solute-
solvent system is often modeled using the two dielectric approximation, where the solute
(usually � in = 1), and the solvent (usually � out ' 80) are assigned two di�erent values of
dielectric constant. Although two-dielectric approximation is a conceptually simpler and
computationally faster approach, it has its limitations. The major limitation is ignoring
the microscopic response of water near the hard wall dielectric surface. Attempts to go
beyond the popular \two-dielectric PE" consider various forms of � (~r) [75, 93, 67, 2, 92, 192]
but the success of these attempts are questionable. The major di�culty in modeling a
distance dependent dielectric constant is the lack of uni�cation of the functional form of the
dielectric constant, and needs special treatment for di�erent molecular charge distribution
and especially the charge distribution near the molecule-water interface. Other beyond the
simple two-dielectric PE models are also fraught with accuracy or speed limitations, discussed
earlier in the Chapter 1.

One of the cornerstones of continuum electrostatics is setting up and solving the Poisson
equation. Solving the Poisson equation amounts to �nding the electric potential � (r ) for a
given charge distributionqi � (r � r i );

r [� (r )r � (r )] = � 4�
X

i

qi � (r � r i ): (2.1)

where � (r ) represents position-dependent dielectric constant. Eq.2.1 assumes that the
medium is linear, isotropic, and homogeneous,i.e. the displacement vector~D(r ) / ~E(r ) =
�r � (r ), see Ref. [78]. The most simplistic approach adopted to solve Eq. 2.1 is to treat
the solute-solvent system using two dielectric constants,� out = 80 for the region outside
the molecular volume and� in = 1 for the molecular cavity, see Fig. 2.1. Several numerical
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techniquese.g. �nite di�erence method, �nite element method, boundary element method
are commonly used to numerically solve PE for complex molecular structures, see Ref. [104]
for a detailed review on the available methods and recent developments. Once the potential
� (r ) is known, the electrostatic component of the solvation free energy is then computed
by � Gel = 1

2

P
i qi [� (r i ) � � vac(r i )], where � vac(r i ) is computed by Eq. 2.1 using a con-

stant value of � (r ) = 1 inside and outside the dielectric boundary. The sharp transition
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Figure 2.1: Two-dimensional representation of a solvated protein system typically used by
the Poisson equation.

of dielectric constants de�nes the so called Dielectric Boundary (DB). Schematics of three
basic surface de�nitions that are commonly used in biomolecular computations are shown
in Fig. 2.2. The Van-der Waals (vdW) representation of the molecule { molecular volume
denoted by representing atoms as hard spheres { is the simplest and most computationally
facile. The notion of Van-der Waals radius for a given atom, i.e. the radius of the hard sphere
representing an atom follows from modeling the dispersive interactions using Lennard-Jones
model. The Lennard-Jones potential consists of a steep repulsive term, and a smoother at-
tractive term, representing the London dispersion forces.The most commonly used model
for Lennard-Jones potential for a pair of atoms is given by,

V(r ) = 4 �
� � �

r

� 12
�

� �
r

� 6
�

(2.2)

V is the intermolecular potential between the two atoms or molecules.� is the well depth and
a measure of how strongly the two particles attract each other. r is the distance of separation
between the center of one particle to the center of the other particle. � is the distance at
which the intermolecular potential between the two particles is zero. It gives a measurement
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of how close two non-bonding particles can be used to model the Van-der Waals radius. Note
that the 12-6 Lennard-Jones model is not the most accurate representation of the dispersive
interactions, but it is preferred due to its computational expediency and reasonable accuracy.

Nevertheless, it is the Lee-Richards molecular surface[100] (MS), that has been utilized [12,
151, 124] most often in solving Eq. 2.1. Arguments in favor of aparticular DB representation
can be purely technical/computational. The use of a smooth representation for DB can
signi�cantly increase convergence rate of iterative solutions of the PE equation. Note that
each of these de�nitions of surfaces are based on the assumption that atoms are represented
as hard spheres, and the interior and exterior are treated di�erently subject to the geometry
of the molecule. There are currently many sets of intrinsic atomic radii which are obtained
from a set of crude approximations or estimated empirically[196, 30, 131] We acknowledge
the importance of accurate representation of the solute-solvent interface, we however do not
investigate the accuracy of di�erent surface de�nitions inthis thesis.
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water probe

VdW MS SAS

Figure 2.2: The three representations of solute{solvent dielectric boundary (thick magenta
line). Left panel The van-der-Waals (vdW) boundary coincides with the surface of atomic
spheres, the inter-atomic interstitial space is treated ashigh dielectric solvent (white). Mid-
dle panel: The Lee-Richards molecular surface (MS): all interstitialspace, small voids and
invaginations inside the surface are treated as low dielectric solute (Grey). (3) Right panel:
The solvent accessible surface (SAS) de�nes the boundary: all interstitial space and small
voids inside the SAS are treated as low dielectric solute.

Going back to the theoretical foundation of continuum solvation framework, the energy
cost of charging a spherical cavity with� in = 1 of radius R to chargeq in external dielectric
� out = � can be exactly given by the Born equation [24], and follows directly from the solution
of Eq. 2.1;

� G = �
�

1 �
1
�

�
q2

2R
: (2.3)

This equation is often used to obtain the solvation free energy of simple ions { the ionic radii
for which are measured using experimental techniques such as x-ray di�raction, neutron
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di�raction etc. [112]. The dielectric properties of continuous medium can be sought as that
of in�nitesimally small point dipoles in a lattice. In linear response theory, the polarizability
of the medium, ~P(~r) is de�ned as the average dipole moment density< j~pj > =V , and
~P(~r) / ~E(~r), where ~E(~r) is the electric �eld. However, for the continuum analogue of
�nite size water molecules represented as point dipoles a detailed calculation namely the
mean spherical approximation(MSA) is needed. MSA employs mean �eld theory for a hard
sphere ion/water-dipole mixture by explicitly accountingfor ion-water and dipole-dipole
interactions. This resulted in a correction to the match theproposed Born equation to
account for ionic hydration in the continuum framework. In order to approximate water as
a hard sphere if one uses the standard 1.4�A(approximated using Lennard Jones potential
of water-water interaction in bulk water), this correctionamounts to shifting the ionic radii
roughly by 0:52 �A at standard conditions. Although for spherical ions PE leads to a closed
form analytical expression, for multi-atomic solutes witharbitrary molecular geometry, it is
extremely di�cult to approximate PE. One such great attempt was the generalized Born
model. The generalized Born model was derived from Kirkwood's solution [91] of multiple
charged sites within a spherical cavity and later for non-spherical geometries, empirically
corrected by Still et.al. [176]. Here I brie
y outline the derivation for generalized Born
approximation.

Equation 2.1 can be casted into an equivalent form for the Green's function, G(r i ; r j ):

r [� (r )r G(r i ; r j )] = � 4�� (r i � r j ): (2.4)

The solution inside the dielectric boundary is given by,

G(r i ; r j ) =
1

� in jr i � r j j
+ F(r i ; r j ) (2.5)

The �rst term in the Green function has the familiar form of the Coulomb potential due to a
single charge source, while the second term satis�es the Laplace equationr 2F(r i � r j ) = 0.
The electrostatic component of the solvation free energy can therefore be given by,

� Gpol =
1
2

X

i;j

F(r i ; r j )qi qj (2.6)

For a spherical geometry within the two dielectric model {� in and � out , the internal and
external dielectric constants, the exact solution ofF(r i ; r j ) can be derived exactly [91]:

F(r i ; r i ) = �
�

1
� in

�
1

� out

�
1
A

1X

l=0

t l
ii

1 + l
l+1 �

(2.7)

F(r i ; r j ) = �
�

1
� in

�
1

� out

�
1
A

1X

l=0

t l
ij Pl (cos(� ))

1 + l
l+1 �

; (i 6= j ) (2.8)

where t ij = r i r j =A2, r i = jr i j is the atoms position relative to the center of the sphere,A
is the molecules radius,� is the angle betweenr i and r j , and � = � in =�out , see Fig. 2.3.
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Figure 2.3: Schematic showing two chargesqi ; qj at location r i ; r j with respect to the center
of a spherical cavity with internal dielectric constant� in surrounded by continuum media
with dielectric constant � out . The angle betweenr i and r j is equal to� and r ij is the distance
between the two charges.

Using Eq. 2.8 in practical computational problems is limitedbecause the sums converge
slowly ast ij ! 1. For typical water dielectric constant,� out = 80, is high and therefore for
analytical simplicity one can take the limit � out ! 1 , such that � ! 0. In this limit, using
the geometrical identity cos(� ) = r 2

i + r 2
j � r 2

ij =(2r i r j ), where r ij is the distance betweenr i

and r j , Eq. 2.8 further reduces to:

F(r i ; r i ) = �
1

� in

1
A � r 2

i =A
(2.9)

F(r i ; r j ) = �
1

� in

1
q

r 2
ij + ( A � r 2

i =A)(A � r 2
j =A)

(2.10)

Note that both, for the self (F(r i ; r i )) and cross termF(r i ; r j ) the Green's functions depend
only on A � r 2

i =A, the quantity we will call the \e�ective Born radius" Ri of atom i . Thus,
we simply need to compute the self term (F(r i ; r i )), or equivalently � Gii

pol for every atom in
the molecule. Note that in the limit r i ! 0, Ri ! A resulting in the Born equation. In the
limit r i ! A however,Ri ! 0 and leads to singularity inF(r i ; r i ). Note that, this is not an
issue in reality, as the molecular surface is de�ned in a way that it never crosses through the
center of an atom.

Using the above mentioned approximations, the solvation free energy for a spherical solute
can now simply be expressed as

� Gel = �
1
2

�
1

� in
�

1
� out

� X

i;j

qi qjq
r 2

ij + Ri Rj

(2.11)
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For realistic biomolecular shapes the speci�c form ofF(r i ; r j ) currently used by the gener-
alized Born is slightly more complicated, an additionale� r 2

ij =(4R i R j ) is needed to account for
non-spherical geometries:

� Gel = �
1
2

�
1

� in
�

1
� out

� X

i;j

qi qjq
r 2

ij + Ri Rj exp
�
� r 2

ij =(4Ri Rj )
� (2.12)

This additional empirical correction accounts for slightly concave regions in the molecu-
lar surface, accounting for the weaker electric �eld lines that go through the exterior high
dielectric region.

Note that Eq. 2.11 is an exact solution of PE for spherical geometries and � out ! 1 . For
realistic molecules, the e�ective Born radii can in principle be estimated by computing the
solvation free energy solving the Poisson equation for a single atom within the same molecular
cavity and matching the solution (� Gii

el) with the Born equation

Ri = �
1
2

�
1

� in
�

1
� out

�
q2

i

� Gii
el

(2.13)

However, this loses the key advantage of computational e�ciency of the generalized Born
over the rigorous Poisson equation. To circumvent this issue, Grycuk et. al. [65] proposed
an integral equation to accurately and e�ciently estimate the e�ective Born radii, which was
later converted to a numerical tool by Mongan et. al. [124]. Here I give the outline of the
derivation.

From classical electrostatics [78], the work done to bring charges from in�nity to a given
con�guration can be obtained using the volume integral,

W =
1

8�

Z

R3

j ~D(r )j2

� (r )
d� (2.14)

Here, ~D(r ) is the electric displacement vector andd� is an in�nitesimal volume element.
The cost to bring the single chargeqi in the molecular cavity, i.e. � Gii

el, can be then given
by solving Eq. 2.14;

� Gii
el =

1
8�

�
1

� out

Z

ext
j ~D i (r )j2d� +

1
� in

Z

int
j ~D i (r )j2d�

�
1

� in

Z

ext
j ~D 0

i (r )j2d� �
1

� in

Z

int
j ~D 0

i (r )j2d�
�

(2.15)

For atom i , ~D i is the total displacement vector and~D 0
i (r ) � qi

r 2 r̂ is the displacement vector
due to Coulomb �eld. The Coulomb �eld approximation (CFA), assumes spherically sym-
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metry of the electric displacement vector about the charge sources, ~D i (r ) = ~D 0
i (r ). Within

this approximation the integrals over the interior volume cancel and therefore,

� Gii
el = �

1
8�

�
1

� in
�

1
� out

� Z

ext
j ~D 0

i (r )j2d� = �
1

8�

�
1

� in
�

1
� out

�
q2

i

Z

ext

1
jr � r i j4

d� (2.16)

Comparing Eqs. 2.13 and 2.16

R� 1
i =

1
4�

Z

ext

1
jr � r i j4

d� (2.17)

This is exact for a charge in the center of a spherical cavity.However, for a sphere with an
o�-center point charge, this equation does not agree with the solution of Poisson equation as
CFA does not hold. Given, the spherical geometry of the molecule a very general de�nition
of the e�ective Born radius can be given by,

R� 1=(N � 3)
i =

N � 3
4�

Z

ext

1
jr � r i jN

d� (2.18)

where N is a positive integer and can be determined using the known exact solution, Eq. 2.8
for an o�-center charge in a spherical cavity in the limit of the external dielectric constant
� out ! 1 . For a single charge located atr i from the center of the sphere;

Z

ext

1
jr � r i jN

d� = 2�
Z 1

A
drr 2

Z 1

� 1

d(cos�)
(r 2

i + r 2 � 2r i rcos� )N=2

= 2�
(A(N � 3) � r i )(A � r i )3� N � (A + r i )3� N (A(N � 3) + r i )

(N � 4)(N � 3)(N � 2)r i
(2.19)

For a single charge in a spherical cavity the Born radius for an atom i is given byRi = A � r 2
i

A ,
see Eq. 2.10. Therefore, in order for Eq. 2.19 to satisfy Eq. 2.18 i.e.

R
ext

1
jr i � r jN dV �

�
1

A� r 2
i =A

� 1=(N � 3)
it can be shown, [65] thatN = 6. More precisely,

1=R3
i = 1=(A � r 2

i =A)3 =
3

4�

Z

ext

1
jr i � r j6

dV (2.20)

Eq. 2.20 can be further reduced to an integral over the surface by employing Gauss's theo-
rem [124] { 1=jr jN = � 1

N � 3r � r
jr jN which �nally leads to;

R� 1
i =

�
�

1
4�

I

@V

r � r i

jr � r i j6
� dS

� 1=3

; (2.21)



Chapter 3

Charge hydration asymmetry: the
basic principle and how to use it to
test and improve water models

This chapter is adapted with permission from J. Phys. Chem. B, 2012, 116 (32), pp 9776{
9783. Copyright 2012 American Chemical Society.

Charge hydration asymmetry (CHA) manifests itself in the experimentally observed strong
dependence of free energy of ion hydration on the sign of the ion charge. This asymmetry is
not consistently accounted for by popular models of solvation; its magnitude varies greatly
between the models. While it is clear that CHA is somehow related to charge distribution
of a water molecule, the exact nature of this relationship isunknown. In this chapter,
we provide a simple, yet general and rigorous criterion thatrelates rotational and charge
inversion properties of a water molecule's charge distribution with its ability to cause CHA.
We show which electric multipole components of a water molecule are key to explain its
ability for asymmetric charge hydration. We further test several popular water models and
explain why speci�c models show none, little, or strong CHA insimulations. We use the
gained insight to derive an analogue of the Born equation that includes the missing physics
necessary to account for CHA, and does not rely on re-de�ning the continuum dielectric
boundary. The proposed formula is as simple as the original,does not contain any �tting
parameters, and predicts hydration free energies and entropies of spherical cations and anions
within experimental uncertainty. Our �ndings suggest that the gap between the practical
continuum electrostatics framework and the more fundamental explicit solvent treatment
may be reduced considerably by explicitly introducing CHA into the existing continuum
framework.
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3.1 Introduction

An accurate qualitative and quantitative description of aqueous solvation of molecules is of
paramount importance for physical chemistry, biology and biophysics[71, 38, 188, 54, 116].
Understanding the detailed microscopic origins of experimentally observed solvation e�ects
is therefore critical for our ability to improve solvation theories and practical water models.
Here, the hydration of a single spherical ion is arguably the purest test case for models of
solvation as well as for our current level of understanding of the basic physics of charge
hydration. And while seemingly simple, ions are critical to the structure and function of
biomolecules[62, 191].

In the widely used semi-microscopic implicit solvation approach[71, 36, 153, 172, 198], wa-
ter is treated as a structureless, linear response continuum, while the full structure of the
molecular solute is retained. Within this formalism, the hydration free energy of a single
spherical ion is given exactly by the famous Born equation[24]

� GB (Ri ) = �
�

1 �
1
�

�
q2

2Ri
(3.1)

where � is the dielectric constant of the solvent medium, andRi is the ion radius. At this
conceptual level, however, an important feature of ionic solvation observed in experiment[160,
113] { the charge hydration asymmetry[25, 147, 69, 154, 74, 20, 63, 118] (CHA) { is completely
missing. The phenomenon manifests itself in two ions of the same size but opposite charges,
having very di�erent hydration free energies. A good example is K+ /F � pair, where the
CHA is about 50 kcal/mol or 50 % of the ions' hydration energy[160, 113]. For small neutral
molecules the size of benzene, the CHA can be as large as 10 kcal/mol[118], resulting in
comparable errors in hydration energies predicted by the popular numerical Poisson equation
formalism[71, 12] which shares the same conceptual basis with the Born model. Hydration
asymmetry e�ects were observed in explicit solvent simulations of ion-ion potentials of mean
force (PMF)[50].

More detailed and complex, microscopic descriptions of hydration[69, 154, 29, 74, 63, 118, 9,
45, 146], often recover various degrees of CHA seen in experiment and provide valuable in-
sights into details of ion hydration. But serious unresolved issues remain: apparently similar,
commonly used explicit water models capable of predicting many of bulk water properties
reasonably well, may unexpectedly di�er amongst themselves substantially[146] in their in-
trinsic ability to predict hydration asymmetries. These di�erences, up to 14 kcal/mol[146] for
ions the size of K+ and F� , are comparable to or larger than many relevant biomolecular en-
ergy scales, such as folding free energy of a typical protein. Di�erences of similar magnitude
are found in computational studies of small molecules designed to test CHA[118]. Moreover,
other seemingly reasonable microscopic models with realistic dipole and quadrupole mo-
ments may produce negligible CHA[97] in stark disagreement with experiment. The current
understanding of the CHA phenomenon is insu�cient to consistently explain the di�erences,
and to improve the underlying water models accordingly.
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Given the vast number of already available water (solvation) models, and the fact that the
search for better ones continues to expand[144, 132, 53, 63,111, 149], it is critical to identify
a clear guiding principle to construct and test these modelscorrectly with respect to strong
experimentally observed CHA.

The �rst goal of this work is to move forward by providing a simple, general and robust
quantitative relationship between the charge distribution within a water model and its ability
to cause CHA. We will demonstrate how the theory can be used to explain the relative
propensities of popular water models to cause CHA. We will thenshow how our insights can
be used to improve the continuum solvent formalism by re-introducing the asymmetry into
the basic Born formula through rigorous physics. Identifying and eliminating what appears
to be the dominant source of error in the conceptual basis of the continuum electrostatics
models is important for the many �elds where these models areused.

It should be noted that for isolated ions the experimental hydration energies can be re-
produced well by empirical adjustments of the ion radii in the Born formula[98, 147]. The
idea that hydration asymmetry e�ects can be subsumed into a re-de�nition of the dielectric
boundary within the fundamentally charge-symmetric linear response continuum framework,
e.g., the Poisson equation, is responsible for numerous attempts to develop a universal set
of atomic radii for continuum solvent calculations on multiatomic molecules. However, even
for very small neutral molecules that approach has been shown to face di�culties[118]. A
number of di�erent atomic radii sets have been proposed overthe years[23, 173, 130], but
no single, transferable consensus set has ever emerged[193]. As a step towards this goal,
we will demonstrate how the issues of the dielectric boundary placement and the hydration
asymmetry can be clearly decoupled at the conceptual level of the Born model.

3.2 Results and Discussion

3.2.1 Origins of ion hydration asymmetry

In general, the free energy of ion hydration is given by

� G � � F = � kB T ln
�

Z II

Z I

�
; (3.2)

where Z I and Z II are the partition functions for a bulk state of water without the ion
(pre-hydrated state I with the ion in the gas phase) and for the ion embedded in water
(hydrated state II). The charge hydration asymmetry for otherwise identical ions of opposite
charge is then �� G = � G(+ q) � � G(� q) = � kB T ln

�
Z II (+ q)=ZII (� q)

�
, where the sum

in Z II (q) =
P

~� exp(� �E (q; ~� )) extends over all admissible spatial con�gurations~� of the
ion-water system with the con�gurational energiesE(q; ~� ).
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Since the electrostatic part ofE(q; ~� ) is a quadratic form in charges,Z II and, hence, �G
are invariant upon inversion of every charge in the ion-water system. However,Z II will
also be invariant upon inversion of the ion charge alone (q ! � q) if the following condition
is satis�ed: inversion of the charge distribution (� w) within each water molecule,C :=
f � w(~r) ! � � w(~r)g, is equivalent to a set of consecutive rotationsR of this molecule about
its single (often centered on the oxygen) spherically symmetric van der Waals interaction
center. Mathematically, this statement can be expressed asC � R = I , whereI is the identity
operator, and R := R n̂1 ( 1) � R n̂2 ( 2) : : :, where each rotationR n̂m ( m ) is a rotation
through angle m around some axis ^nm going through the van der Waals interaction center.
If C � R = I , then for each term in the sumZ II (+ q) =

P
~� exp(� �E (+ q; ~� )) there exists a

corresponding term inZ II (� q) with the ion-water con�guration R~� and the same energy
E(� q;R~� )) = E(+ q; ~� )). This leads to Z II (+ q) = Z II (� q) and, hence, to �� G = 0. The
equality will hold regardless of the ion size. Conversely,

C � R 6= I (3.3)

is a necessary condition for a water molecule to exhibit CHA. The meaning of the above
expression is that the charge inversion can not be mimicked by any set of rotations of the
molecule around its single van der Waals interaction center.

The Ben-Naim and Stillinger (BNS) model [145], which has two positive and two nega-
tive charges of equal magnitude at the vertices of a perfect tetrahedron, Fig. 3.1, sat-
is�es C � R = I , and thus cannot produce CHA. In contrast, a real water molecule, as
well as many popular \n-site" water models such as SPC/E[22], TIP3P[85], TIP4P[85]
and TIP5P[111, 149], Fig. 3.1, are not \charge-symmetric" (their charge distributions obey
Eq. 3.3), and therefore they are expected to exhibit CHA.

Figure 3.1: Schematics of several point charge water modelsand C � R symmetries of their
charge distributions. (Reprinted with permission from J. Phys. Chem. B, 2012, 116 (32),
pp 9776{9783. Copyright 2012 American Chemical Society)

However, water models that satisfy Eq. 3.3 may still produce very di�erent degrees of CHA,
as seen in simulations[97, 146, 118]. To explain why, we examine individual spherical electric
multipole moments (up to the octupole) of real water molecule, Fig. 3.2, in light of our
general relationship, Eq. 3.3.
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Figure 3.2: Symmetry properties of the lowest non-zero spherical multipole moments of water
molecule. Shown are the corresponding charge distributions. From left to right: coordinate
system; a dipole,p; a linear quadrupole,Q0; a square quadrupole,Q2; a linear octupole,

 0, and a cubic octupole, 
2. These moments are related to the Cartesian components of
the traceless multipole moments of water molecule asQ0 = Qzz, Q2 = 1=2(Qyy � Qxx ),

 0 = 
 zzz, 
 2 = 1=2(
 yyz � 
 xxz ) [132]. (Reprinted with permission from J. Phys. Chem.
B, 2012, 116 (32), pp 9776{9783. Copyright 2012 American Chemical Society)

For water models consistent with theC2v symmetry of real water, all individual moments,
except linear quadrupole (Q0), satisfy C � R = I . The same is true for any pair of moments
not including linear quadrupole. Note that for a combinationof more then one moment, the
transformations in C � R must be applied to all the moments simultaneously since the mo-
ments belong to the single molecule being transformed. Thiscan be easily seen by comparing
rotational transformations that are equivalent to charge inversion for each moment in the
pair. For example, charge inversion of the cubic octupole (
2) is equivalent to these rotations:
C � R x̂ (� ) = R ẑ(�= 2); for the square quadrupole (Q2): C � R x̂ (� ) � R ẑ(�= 2) = R ẑ(�= 2);
and for the dipole (p) or the linear octupole (
 0): C � R x̂ (� ) = R x̂ (� ) � R ẑ(�= 2). Thus,
by itself, only Q0 appears to be able to cause CHA. However, the magnitude ofQ0 of water
molecule is very small[132], and is strictly zero for the SPC/E water model, which presents
an apparent paradox { real water as well as the SPC/E model exhibit strong CHA. The
paradox is resolved by noticing that while each of the remaining multipoles in Fig. 3.2, or
any pair of them is C � R = I symmetric, a combination ofp, Q2 and 
 2 { all of which
signi�cant in a water molecule { is not; the three moments together satisfyC � R 6= I . Thus,
the combination of these three multipole moments causes theion charge hydration asym-
metry. This key observation explains the puzzling results of earlier RISM (the reference
interaction site model[69, 154, 29]) calculations of ion hydration where a substantial amount
of ion hydration asymmetry was observed only after the octupole moments of water were
included[97]. While both the dipole and quadrupole momentsof commonly used water mod-
els vary little amongst each other, the moment 
2 is di�erent. For the models shown in
Fig. 3.1 this moment (shown in brackets in units of D�A2) varies considerably [132] between
models: 0 = BNS [0.0]< TIP5P/TIP5P-Ew [0.59] < TIP3P [1.68] � SPC/E [1.96] � TIP4P
[2.10]. Given that 
 2 is critical for CHA, we suggest that the above sequence describes the
intrinsic propensities of then-site water models to cause the asymmetry. The relative values
of 
 2 explain the TIP3P < SPC/E < TIP4P sequence of relative hydration asymmetries
observed for the F+ /F � pair in the MD simulations that kept ion parameters constantwhile
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probing the water models themselves[146]. While we are not aware of an analogous F+ /F �

simulation for TIP5P/TIP5P-Ew, an extrapolation (see Methods) to K+ /F � from the hy-
dration free energies for Na+ /Cl � previously computed in TIP5P-Ew water[60] yields a three
times smaller CHA than that computed for SPC/E model[146], consistent with the lower 
 2

of TIP5P-Ew.

The signi�cant variation between water models in their ability to cause CHA is not limited
to ion hydration: the hydration free energy calculations onpairs of \charge-inverted" neutral
small molecules show[118, 117] that CHA varies as TIP5P-Ew< TIP3P < TIP4P-Ew. In
fact, relative CHA correlates well with the CHA prediction based on the relative values of

 2, Fig. 3.3.
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Figure 3.3: (a) Relative ability of several point-charge water models to cause charge hydra-
tion asymmetry. �� G is CHA for a pair of charge inverted solutes (ions or neutral molecules,
see panel (b)). �� G for TIP5P-Ew water is taken as a reference. The horizontal axis shows
various test solutes used (only one molecule of a pair shown). The �rst structure corresponds
to F + =F � ion pair (see Methods). The rest of the pairs are neutral N/P-bracelets (only N-
bracelets shown on the axis) from Ref[118, 117]. The horizontal black dashed lines show the
relative values of 
 2 for di�erent water models (relative to 
 2 for TIP5P model). (b) The
example of N- and P-bracelets for the hexagonal charge con�guration[118].(Reprinted with
permission from J. Phys. Chem. B, 2012, 116 (32), pp 9776{9783. Copyright 2012 American
Chemical Society)

In general, not every multipole moment necessarily contributes to the energy of a water
molecule in external electric �eld. Thus, Eq. 3.3 should be applied selectively to investigate
the asymmetry of water response to electric �elds other thanthat produced by a single ion.
For example, there will be no asymmetric water response to a constant �eld since only the
dipole moment (obeyingC � R = I ) contributes to the energy.
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3.2.2 Charge-asymmetric ion hydration in continuum solvent

We will now use our understanding of how asymmetric ion hydration works to derive a �rst-
principles \charge-asymmetric" analogue of the Born equation. It is known from explicit
solvent simulations[84, 74] and analysis of the experimental hydration energies (see Methods)
that a purely quadratic dependence of the solvation free energy on the ionic charge for
ions of the same sign is remarkably accurate in a wide range ofsizes and charge values.
This observation suggests the following ansatz for the general case of charge-asymmetric ion
hydration:

� G = � GB (Ref f ) � � (3.4)

where all of the CHA e�ects are contained in the yet undetermined function� , while the e�ec-
tive ion radius Ref f is asymmetry-independent and is the same for cations and anions of the
same size,Ri . We stress that, without restrictions on� or Ref f , Eq. 3.4 is not an approxima-
tion. In what follows, we will use microscopic water models to infer functional forms of� and
Ref f . Speci�cally, we invert Eq. 3.4 to de�ne the asymmetry factor � = � G=� GB (Ref f ).
We then estimate � G from a realistic, yet analytically tractable microscopic model that
contains the key physics responsible for the asymmetric hydration. For � GB (Ref f ), we will
use a \fully charge-symmetric" microscopic model for whichthe original Born equation is
exact. Note that while direct accurate estimates of �G are extremely demanding in terms
of the accuracy of the input models and sensitivity to their details[63, 96, 64, 69], the ra-
tio � = � G=� GB (Ref f ) may be expected to be much less sensitive to the models used to
estimate it. As agreement with experiment will demonstrate,this is indeed the case.

Key derivation steps. Although most of the detailed water models shown in Fig. 3.1 are
charge-asymmetric, these are arguably[41] not optimal foranalytical calculations aimed at
elucidating the general principle. Arguably the least complex \charge-asymmetric"C � R 6= I
model is a two-point model, denoted as 2P, with a negative charge at the center of a sphere
and a positive charge o�set by a certain distance� , Fig. 3.4(A). Our 2P model preserves
components of all primitive multipole moments of TIP3P water along its z-axis of symme-
try, which are directly related to all components of the traceless moments. Thus, the 2P
primitive moments retain the key elements (components) that can cause the hydration asym-
metry. Two-point charge models have been used successfullyto investigate various hydration
phenomena[44], including CHA[41].

The simplest reasonable water model that satis�esC � R = I is the simple point dipole (SPD)
model, Fig. 3.4. SPD is also unique in that the Born equation Eq. 3.1, with an e�ective ion
radius, is exact for this model in the mean spherical approximation (MSA) limit [28].

An analysis of the water oxygen radial distributions around model spherical ions [63] reveals
that these distributions are not very sensitive to the sign of the ion charge. Thus, the
hard sphere model for ion and water with purely electrostatic interactions is a reasonable
�rst-order approximation for estimation of the asymmetry factor � . Using the two simplest
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Figure 3.4: A: The charge-asymmetric 2-point (2P) and the symmetric simple point dipole
(SPD) hard sphere water models. Both models have identical dipole momentsj~pj = j�qO j.
B: The two orientation states, � = � 1, of the water dipole in the ion �rst hydration shell
used in Eq. 3.6. The dipole energy of any other ion-water orientation can be decomposed as
a linear combination of these two states.(Reprinted with permission from J. Phys. Chem.
B, 2012, 116 (32), pp 9776{9783. Copyright 2012 American Chemical Society)

water models, 2P that obeys Eq. 3.3 and SPD that produces an ion solvation free energy
in agreement with the Born equation (see Fig. 3.4(A)), in the de�nition of the asymmetry
factor, we obtain via Eq. 3.2:

� =
ln

�
Z II

2P
Z I

2P

�

ln
�

Z II
SP D

Z I
SP D

� (3.5)

To make further progress towards a simple analytical model akin to Eq. 3.1, we restrict the
computation in Eq. 3.5 to the �rst hydration shell - an approximation that was successfully
used in the past to estimate various hydration e�ects[25, 53, 34]. Importantly, explicit water
simulations show that most of the charge hydration asymmetry e�ects can be attributed to
the �rst shell[118]. With our 2P model, this approximation predicts ion hydration free ener-
gies for monovalent ions within� 6 % of the experiment, and fully preserves the hydration
asymmetry, see Methods.

Within the �rst-shell approximation, Eq. 3.5 becomes tractable, see Methods, but still does
not lead to a single equation nearly as transparent and insightful as the Born formula. Our
next simplifying step is based on the observation that, while the hydration free energy does
depend strongly on water-water interactions, the asymmetry factor � is virtually independent
of water-water interactions over their entire range of strength when scaled from zero to full,
see Methods. Thus, to calculate� , we can set the water-water interactions in Eq. 3.5 to zero,
which drastically simpli�es the calculation by decouplingthe identical water molecules in the
�rst shell and, thus, making Z factorizable. The focus on ion-water interactions as the cause
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of the hydration asymmetry is consistent with earlier RISM calculations[69]. Denoting� (I;II )
1;2P

and � (I;II )
1;SP D as the partition functions for ion + single water molecule inthe �rst hydration

shell for both models, we have:

� =
ln

�
� II

1;2P

� I
1;2P

�

ln
�

� II
1;SP D

� I
1;SP D

� =
lnhe� �E �

2P i �

lnhe� �E �
SP D i �

; (3.6)

where E � is the electrostatic ion-water interaction energy for the water orientation � , and
hi� denotes averaging over all possible orientations of the water molecule. Additionally, the
accuracy of� for realistic ions estimated via Eq. 3.6 is virtually the same if the number of
possible orientations of the water molecule relative to theion is reduced to just two extreme
orientational states (� = � 1) that span the entire range of possible directions of the water
dipole, Fig. 3.4 (B). With only two allowed water orientations, we �nally obtain from Eq. 3.6:

� =

ln

 
1
2

X

� = � 1

e� � �qq O �
R iw ( R iw + �� )

!

ln
�

cosh
�

� qqO �
(R iw )2

�� ; (3.7)

where Riw = Ri + Rw is the distance between ion and water hard sphere centers, and qO

with � characterize the charge distribution in the model water molecule, Fig. 3.4.

We now turn our attention to Ref f in Eq. 3.4. As was noted above, in the MSA limit the
solvation free energy of an ion of radiusRi in the hard sphere SPD water model [28] is given
by the Born equation with Ref f = Ri + Rs:

� GB = �
�

1 �
1
�

�
q2

2(Ri + Rs)
; (3.8)

whereRs could be regarded as a shift of the dielectric boundary from the ion surface (Rs =
0:52 �A at � = 80 and the standard water radiusRw = 1:4 �A). Recall now that the SPD
model is manifestly charge-symmetric, so thatRef f de�ned above is independent of the sign
of the ion charge, as needed by the proposed model. Substituting Eq. 3.8 and Eq. 3.7 into
our general ansatz Eq. 3.4 we arrive at

� G = �
�

1 �
1
�

�
q2

2(Ri + Rs)

ln

 
1
2

X

� = � 1

e� � �qq O �
R iw ( R iw + �� )

!

ln
�

cosh
�

� qqO �
(R iw )2

�� (3.9)

For realistic ions considered here,Ri � 3 �A, jqj � e, the water molecules in the �rst hydration
shell experience a strong enough ion electric �eld~E such that the energy of the water dipole
~p in this �eld j ~E~pj � kB T. Under these conditions, Eq. 3.9 reduces (see Methods for details)
to the simpler Eq. 3.10 below.
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Figure 3.5: Predicted molar hydration free energies are compared with experiment [160] for
monovalent ions (blue and red dots) at 298 K and 1 mol/L. Solidblack lines: our model,
Eq. 3.10. Dashed green line: Born model, Eq. 3.1. Ion radii are from Ref.[113]. (Reprinted
with permission from J. Phys. Chem. B, 2012, 116 (32), pp 9776{9783. Copyright 2012
American Chemical Society)

3.2.3 Charge-asymmetric \Born" formula

We propose the following \charge-asymmetric" replacementfor the Born equation Eq. 3.1
for the solvation free energy of a spherical ion of radiusRi and chargeq in water:

� G = �
�

1 �
1
�

�
q2

2(Ri + Rs)

�
1 + sgn[q]

�
Ri + Rw

� � 1

: (3.10)

Just like the original Born formula, the above equation doesnot have �tting parameters.
Unlike the original, Eq. 3.10 is asymmetric with respect to the sign of the ion chargeq
through the asymmetry factor

� (q) =
�

1 + sgn[q]
�

Ri + Rw

� � 1

: (3.11)

Agreement with experiment. The hydration free energies predicted by Eq. 3.10 for
spherical mono-valent and di-valent ions agree with experiment, Fig. 3.5, essentially within
the uncertainty range of the experiments, Table 3.1. The agreement with experiment is
noteworthy given that the proposed model is a very simple-looking equation with no �tting
parameters. It is reassuring that the \�rst principles" MSA value ofRs = 0:52 �A in Eq. 3.9 is
close (= 0:475�A) to the value that can be obtained by takingRs as a parameter and �tting
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Table 3.1: Root mean square percent error (RMSPE) in hydration
Free Energy for di�erent models

Ions Born � Latimer y Our Model z Experiment {

monovalent 60.25% 4.62% 3.94% 6.25%

divalent x 116.86% 3.23% 3.52% 2.14%
� Born equation, Eq. 3.1 without any correction in ion radii
y Empirical correction proposed by Latimer et al.[98]
z Eq. 3.10
{ RMSPE calculated from two sets of experimental data [113, 160]
x RMSPE calculated using cations only; data for spherical simple divalent

anions unavailable in [160]

Eq. 3.9 to the experiment. The use of the best �tRs in Eq. 3.9 results in an insigni�cant
improvement over the use of the \�rst principles" Rs of � 1% in agreement between the
predicted and experimental hydration energies, see Methods.
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Figure 3.6: Hydration entropyjT� Sj of monovalent alkali halide ions at 298 K and 1 mol/L.
Experimental data: Marcus [114], orange bars; Schmidet al. [160], red bars. Our model:
black bars. The \ion{centric" prescription for empirical correction [98] to ion radii: cyan
bars. (Reprinted with permission from J. Phys. Chem. B, 2012, 116 (32), pp 9776{9783.
Copyright 2012 American Chemical Society)

A more subtle test of the model comes from comparing the predicted hydration entropies
� S = � @� G=@Twith experiment. The predicted entropy contribution to � G of hydration,
Eq. 3.34 in Methods, shows an excellent qualitative and a reasonable quantitative agreement
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with experiments [160, 114], Fig. 3.6. In contrast to this, the \ion-centric" approach, which
considers the e�ective ion radius as a temperature independent, intrinsic property of the
ion, cannot properly reproduce �S. Within that approach the only contribution to � S is
due to a temperature dependence of� (the �rst term of Eq. 3.34) that, for most ions, is not
su�cient to account for the experimental values of � S. For example, the asymmetry between
hydration entropies contributions of K+ and F� ions, Tj� S(K + ) � � S(F � )j, predicted by
the \ion-centric" approach is only 0:7 kcal/mol, while the experimental values are 4:5 to 6:7
kcal/mol, comparable to our prediction of 3:5 kcal/mol.

Microscopic origins of earlier empirical radii correction s. By re-casting Eq. 3.10
to:

� G = �
�

1 �
1
�

�
q2

2
�

Ri + Rs + sgn[q] � (R i + Rs )
R iw

� (3.12)

we recover the form of the Latimeret al. prescription with the radii corrections C+ =
Rs + �

R iw
(Ri + Rs) and C� = Rs � �

R iw
(Ri + Rs). Our \corrections" range from 0:86 �A (Li + )

to 0:94 �A (Cs+ ) for monovalent cations and 0:12 �A (F � ) to 0:08 �A (I � ) for anions, and are
numerically close to the Latimeret al. empirical correctionsC+ = 0:85 �A and C� = 0:1
�A. Our model uncovers the microscopic origin of these corrections { speci�c asymmetry of
charge distribution in water molecule that gives rise to CHA in a non-uniform �eld of the
ion.

Propensities of common explicit water models to cause charg e hydration asym-
metry. For a similar size cation/anion pair (B + =A� ) such as K+ /F � , the dimensionless
ratio

� � (B + =A� ) =
� G(B + ) � � G(A � )

1
2 j� G(B + ) + � G(A � )j

(3.13)

is a particularly simple and robust measure of CHA. Within our simpli�ed 2P model, the
water charge distribution asymmetry is quanti�ed by a single parameter,� , which, by con-
struction, can be related to the ratio of the �rst two primiti ve multipole moments of the

TIP3P water model, � = ~Qzz=p. By identifying
�

~Qzz=p
� MODEL

= � we can map commonly
usedn-site water models onto our simpli�ed 2P model. This allows us to explore their intrin-
sic hydration asymmetry properties via Eq. 3.10 and Eq. 3.13using � � as a measure of their
propensity to cause CHA. AssumingRi (A � ) = Ri (B + ), our ion hydration model predicts
for the CHA propensity:

� � (B + =A� ) = 2
�

Riw
: (3.14)

This result, as well as Eq. 3.11, suggest that the ion and water sizes a�ect the CHA propensity
only through ion-water distanceRiw , which is experimentally well-de�ned quantity with a
small margin of error. Thus, we can now evaluate (via Eq. 3.14) the intrinsic propensity of



29

Table 3.2: Predicted relative propensities of common n{site water models to cause charge hydration
asymmetry using� � (K + =F� ), Eq. 3.14 (Riw =2:755�A= 1

2(Ri (K + ) + Ri (F � )) + Rw). Experimental
� � is de�ned via Eq. 3.13

WATER MODEL BNS TIP3P SPC/E TIP4P TIP5P-Ew Experiment

propensity for CHA, � � (K + =F � ) 0 0.43 0.42 0.53 0.13 0.51

water models to cause CHA, irrespective of any parametrization of ions. These propensities
are shown in Table 3.2, and are in over-all agreement with ourgeneral symmetry arguments
presented above. Intrinsic propensities of TIP3P, SPC/E and TIP4P to cause CHA are close
to experiment used here as reference[160], with TIP4P beingthe closest, while TIP5P-Ew
underestimates CHA by a factor of four.

Note that in neutral solutes, the opposing CHA shifts in �G for opposite partial charges may
largely cancel out, masking a CHA de�ciency of a particular water model. To illustrate the
point, consider solvation of a net neutral system of solvent-separated K+ and F� . According

to Eq. 3.10, its hydration energy can be approximated as �G = 2� GB

�
1 �

�
�

R iw

� 2
� � 1

where the correction relative to completely charge-symmetric Born model is of the second
order in �

R iw
, which is small (about 6 % in this case) compared to the asymmetry correction

to individual ion solvation energies. It is therefore possible that while the total computed � G
appears almost right, the solvation energies of individualgroups in the molecule are under-
or over-estimated signi�cantly because the CHA is not accounted for correctly. Computed
e�ective charge-charge interactions may contain gross errors in this case, causing distortions
in molecule conformation dynamics. Such total solvation energy error cancellations are
reminiscent of those that occur in the generalized Born model[138].

Potential of a spherical cavity in water. The electrostatic potential for a solvated ion
can be de�ned as� = � G=q. Within the Born equation, � / q, and therefore in the limit
q ! 0, i.e. the potential of an empty cavity, � cav = 0. However, Monte Carlo simulations of
a single hard-sphere ion in explicit water (SPC) performed to assess the e�ect of ion radius
on the charging free energy reveals a non-zero potential inside a cavity with zero charge, see
Fig. 2 in Ref. [9]. As a further con�rmation of the proposed model, we will show that using
the proposed CHA correction in the Born model, the limitationof the Born model to capture
the cavity potential can be elimitated and also the proper dependence of the cavity potential
with the cavity size as found in Ref. [9] can be accurately reproduced. Taylor expansion of
� G from Eq. 3.9 in a power series ofq leads to a closed form analytical expression for� cav:

� G = q
�

1 �
1
�

�
kB T �

j~pj
R3

iw

(Ri + Rs)(R2
iw � � 2)

+ O(q2) + : : : (3.15)

Using the de�nition, the potential of the uncharged cavity can be given by limq! 0
� G

q . Using
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Eq. 3.15 we get :

� cav =
�

1 �
1
�

�
kB T �

j~pj
R3

iw

(Ri + Rs)(R2
iw � � 2)

(3.16)

For most water models� 2 is negligible compared to the radius of water moleculeRw , therefore
Eq. 3.16 can be further simpli�ed as :

� cav =
�

1 �
1
�

�
kB T �

j~pj
Riw

(Ri + Rs)
(3.17)
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Figure 3.7: Dependence of the potential of uncharged spherical cavity in water with cavity
radius via Eq. 3.17compares well with Fig. 2 in Ref. [9].

In order to compare with the potential (as a function of cavity size) from Fig. 2 in Ref. [9],
we will make a slight modi�cation to the above formula. We will scale the temperature
down by a factor of 10 { the rationale behind this adjustment is that we use two states for
the orientation of the water molecule to derive this expression, weighing the preferred state
much higher than the other. However in reality, the water-water correlations are enhanced
in the absence of the electric �eld due to the ion. This e�ect can be emulated by either
lowering the temperature or raising the dielectric constant for the ion-water interactions in
the calculation. The �nal result (with the scaled down temperature by a factor of 10) leads
to an excellent agreement between the simulation results and Eq. 3.17, see Fig. 3.7. We note
that the potential for cavities with radius less than the water radius is di�cult to caculate
analytically and is beyond the scope of current work.
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3.3 Conclusion

We have used basic statistical mechanics to derive a quantitative connection between the
expected CHA and speci�c symmetry properties of the underlying water model. Mathemat-
ically, the principle is expressed asC � R 6= I , whereC and R are the charge inversion and
rotation operations applied to the water molecule. It explains why real water exhibits CHA
{ \charge{inverted water" can not be made from water by any combination of rotations of
the molecule about its van der Waals interaction center. When applied to popular water
models, the equation shows why some of them cause little to none CHA, while in others
this e�ect is signi�cant. Here, consideration of the symmetry properties of a water model's
electric multipole components was particularly insightful.

Once the key ingredients needed for a water model to exhibit CHA became clear, we used the
gained insight to reintroduce the ingredients into the original Born formula, which serves as
a conceptual example of the continuum electrostatics. Our approach explicitly separates two
problems that are commonly mixed in the development of continuum solvent models: the
charge-asymmetry e�ects and the placement of the dielectric boundary around the ion. The
result is an equation that is as simple as the original Born model, free from �tting parameters,
and predicts hydration free energies and entropies of spherical ions in good agreement with
experiment.

Potential bene�ts of the proposed replacement for the Born model are at least two-fold.
First, due to simplicity of the new formula, it can be used just as the original to describe
the basics of aqueous solvation of charges, but now with the hydration asymmetry e�ects
fully taken into account from �rst principles. Perhaps moreimportantly, the agreement with
experiment we have achieved shows that once the charge asymmetry e�ects are consistently
added to the foundation of the electrostatic continuum formalism, the result can be quite
accurate, without the need for empirical parametrization.This result is noteworthy since
CHA is obviously not the only real e�ect currently missing from the continuum solvent
framework, compared toe.g. the more fundamental explicit solvent representation. Which
suggests that, at least as far as the energetics are concerned, the asymmetry may be the main
ingredient still missing from the basis of the existing continuum electrostatics framework.
This observation should be particularly useful for future development of implicit solvent
models, especially if simplicity, robustness and computational e�ciency are key. Over-all,
the main potential bene�t of the proposed analysis of CHA is that it can be used to test,
and ultimately improve, practical water models.
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3.4 Methods

3.4.1 Quadratic dependence of hydration free energy on ion ch arge
for ions of the same sign
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Figure 3.8: Experimental hydration free energy, �G, of monovalent and divalent cations and
anions at 298 K and 1 mol/L as a function of ion radius [113]. The dashed lines correspond
to the best �t � G's exhibiting almost quadratic dependence on ion charge.

As inferred earlier by Latimeret al. [98], we recon�rm the fact that the hydration free energies
of ions with same sign of charge depend quadratically on the magnitude of the ion charge.
To this end, we �t experimental hydration free energies [113] to the following equation,

� G = �
�

1 �
1
�

�

 (q)

2
�
Ri + C+ =�

� (3.18)

whereC+ and C� are the corrections to the ion radii, speci�c to the sign of ion charge. Em-
ploying Eq. 3.18, we �nd the best �t (minimum RMSD to experimental � G, Fig. 3.8) values
of the 
 (q) for the each set of anions and cations, independently. We obtain � G(+2 e)=� G(+ e) =

 (+2 e)=
 (+ e) = 4 :02 and � G(� 2e)=� G(� e) = 
 (� 2e)=
 (� e) = 3 :92, a 0.5% deviation
from quadratic behavior for cations and 1.5% for anions.

3.4.2 Weak dependence of asymmetry factor � on water-water in-
teraction

Free energy of ion hydration: �rst hydration shell approxim ation

To investigate the ion hydration asymmetry and its dependence on water-water interactions
we utilize a simple �rst hydration shell model shown in the Fig. 3.9. For many realistic
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Figure 3.9: Schematic of the �rst hydration shell model usedhere. The ion (dark sphere
with a chargeq at it's center) is surrounded by six water molecules (light spheres) with their
centers �xed in space in an octahedral con�guration. Each individual water molecule has
two orientation states relative to the ion: its dipole directed away (+) or towards the ion
(� ).

ions, the number of water molecules in the �rst shell is closeto six (Ref. [63]). This allows
us to consider the ion surrounded by six water molecules withtheir centers �xed in space in
octahedral con�guration, making our analyses analytically tractable.

With only two allowed orientations for a water molecule dipole (+ and � ), the canonical
partition function of the ion-water system shown in Fig. 3.9can be written as,

Z II =
X

i

gi exp
�
� �

�
N +

i E + + (6 � N +
i )E � + Wi

��
: (3.19)

Here, gi is the degeneracy of the energy of thei th con�guration (see Table 3.3),Wi the
Coulomb interaction energy between all the water molecules, N +

i the number of water
molecules in the state +. The Coulomb interaction energy between the ion and one wa-
ter molecule is characterized byE + , and E � for the water molecule in the state + and� ,
respectively. Within this model the van der Waals interactions are assumed to be constant
and hence, are not explicitly incorporated in the calculations.

The partition function for a hydrated empty spherical cavity within this model can similarly
be expressed as,

Z I =
X

i

gi exp (� � Wi ) : (3.20)

Neglecting the tiny contribution pertaining to the cavity creation in water and the di�erence
between � G and � F for the standard states of ions and using Eq. 3.19 and Eq. 3.20, the
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1 2 3 4 5 6 7 8 9 10

Con�g.( i )

gi 1 6 3 12 12 8 3 12 6 1
N +

i 0 1 2 3 4 5 6

Table 3.3: Con�gurational states of the water dipoles in the�rst-shell model of Fig. 3.9.
First row: schematic of con�gurations (i ) of the ion-water system corresponding to di�erent
values of water-water interactionWi . Individual water dipole orientation states + or � are
represented by or # respectively. The ion center is located at the origin of the axes formed
by the water molecules. Second row: the degeneracygi of the i th con�guration. Third row:
N +

i , the number of water molecules in state +.

free energy of ion hydration is approximated by:

� G1st
� � F 1st

= �
1
�

ln
�

Z II

Z I

�
= �

1
�

ln

 P
i gi exp

�
� �

�
N +

i E + + (6 � N +
i )E � + Wi

��

P
i gi exp (� � Wi )

!

:

(3.21)

We now use our2P water model in Eq. 3.21 to calculate �G1st
for alkali and halide ions.

We have already established, that this two point water modelis capable of causing charge
hydration asymmetry.

The result is only 5.9% RMS deviation from the experimental [160] values of hydration free
energy. This agreement suggests that the simpli�ed �rst shell, two-state model introduced
here is a reasonable approximation for the energetics of ionhydration.

We will now show that this model can capture proper hydrationasymmetry when used in
the framework of the formalism based on the proposed ansatz,Eq. 3.4.

Evaluation of the asymmetry factor �

The asymmetry factor � is de�ned as,

� = � G2P =� GSP D � � G1st

2P =� G1st

SP D (3.22)

One can express �G1st

SP D and � G1st

2P within the �rst-shell approximation via Eq. 3.21. Further
using Eq. 3.22, the asymmetry factor� is

� =
ln

� P
i gi exp(� � (N +

i E +
2P +(6 � N +

i )E �
2P + W 2P

i ))
P

i gi exp(� � W 2P
i )

�

ln
� P

i gi exp(� � (N + (i )E +
SP D +(6 � N +

i )E �
SP D + W SP D

i ))
P

i gi exp(� � W SP D
i )

� : (3.23)
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The above equation is analytically tractable. Using the ion radii from [113] and parameters
for 2P and SPD water models, one can hence calculate the hydration free energies for alkali
and halide ions. Leading towards the goal of this section,i.e. to investigate the intensity
of e�ect of water{water interactions in hydration free energy, we now scale the water-water
interaction term in Eq. 3.23 with a multiplicative factor f , Wi ! f Wi , such that f can
vary from 0 to 1. The resulting dependence of� calculated for mono{valent ions with ionic
radius Ri = 1 and 2 �A are presented in Fig. 3.10.
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Figure 3.10: Dependence of the asymmetry factor� on the strength of water{water interac-
tion. The calculation is for mono{valent ions of radiusRi = 1 and 2 �A and chargeq = � 1e,
f = 1 corresponds to full strength of water{water interaction.

In Fig. 3.10 we see that the relative change of� (f ) over the entire range off , from 0 to

1, is very small,
�
�
� � (1) � � (0)

� (1)

�
�
� � 3%. This allows one to neglect the water-water interactionsin

estimating � which modi�es Eq. 3.23 to the model discussed in Eq. 3.6. Mathematically,

� =
ln

�
e� �E +

2P + e� �E �
2P

2

�

ln
�

e� �E +
SP D + e� �E �

SP D

2

� : (3.24)

Employing our ansatz,� G = � GB (Ref f )� , in Eq. 3.24 provides us with:

� G = � GB (Ref f )
ln

�
e� �E +

2P + e� �E �
2P

2

�

ln
�

e� �E +
SP D + e� �E �

SP D

2

� ; (3.25)

whereRef f = Ri + Rs with the quantity Rs = 0:52�A.
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3.4.3 Ion hydration energy expressed via water model parame ters

The asymmetry factor in Eq. 3.24 utilizes two simpli�ed water models, 2P and SPD .
Below we express the Coulomb energies of water molecule in the �eld of ion, ~E, through the
parameters of these two models. Taking into account only twoallowed orientations of the
water molecule (� = + ; � ) in our simpli�ed �rst hydration shell model described earlier,
these energies can be written as

E �
2P =

qqO

Riw
+

qqH

Riw � �
; (3.26)

E �
SP D = � ( ~E �~p� ) = �

�
�

qqH �
R2

iw

�
; (3.27)

whereqO, qH are the negative (\oxygen") and positive (\hydrogen") charges in the2P model
separated by the distance� , Riw the distance between center of ion and the center of water
molecule (the \oxygen" point in 2P model), andj~pj = p = qH � . Using the above expressions
for the energies and noting thatqO = � qH , we can rewrite Eq. 3.25 as

� G = � GB (Ref f )

ln

 
1
2

X

� = � 1;1

e� �qq O

�
1

R iw
� 1

R iw + ��

�
!

ln (cosh(�qqO �=R 2
iw ))

: (3.28)

3.4.4 Strong �eld limit for ion hydration

In this article as we used small ions,Ri < 3�A and jqj � e, the electric �eld of the ion acting
on the �rst hydration shell water molecules satis�esj ~E(Riw )j � (�p )� 1. The energy of a
water dipole in this �eld can exceedkT by orders of magnitude. With only two allowed
water dipole orientations (� = + ; � ) in our �rst shell model, this leads to the condition
j�E � j � 1. Under these conditions, Eq. 3.28 simpli�es signi�cantly.This simpli�ed form is
most easily obtained from the strong �eld limit of Eq. 3.24,i.e.,

� =
E � �

2P

E � �

SP D
: (3.29)

Here � � denotes the orientation of the water dipole with the lowest ion-water interaction
energy (the orientation along the �eld of the ion: \+" for cat ions and \-" for anions). Using
Eq. 3.26 and Eq. 3.27 in Eq. 3.29, the asymmetry factor can be expressed as

� =
qqH

�
1

R iw
� 1

R iw + sgn[q]�

�

qqH
sgn[q]�

R2
iw

=
Riw

Riw + sgn[q]�
=

�
1 + sgn[q]

�
Riw

� � 1

: (3.30)

With Eq. 3.30, the expression for �G (see Eq. 3.25) in the strong �eld limit can thus
reduces to Eq. Eq. 3.10,
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3.4.5 Ion hydration Entropy estimation

The explicit form of free energy change upon ion hydration �G given by Eq. 3.10 allows us
to estimate the ion hydration entropy using the general thermodynamics relation

� S = �
�

@� G
@T

�

P

(3.31)

The temperature dependent parameters in Eq. 3.10 are the dielectric constant of water, � ,
the solvent dependent e�ective position of the dielectric boundary, Ref f , and the ion-water
distance, Riw . At T = 298K, @�=@T= � 0:36 [133]. Under our treatment, the thermal
expansion ofRef f and Riw are approximated to be the same as the thermal expansion of
the mean intermolecular spacing of neighboring molecules (Rww = 2Rw) in bulk water, i.e.,
@Ref f =@T� @Riw =@T� @Rww=@T. Using the volumetric thermal expansion coe�cient of
water, � = 2:57� 10� 4 K � 1 at T = 298 K [88], one can express@Rww=@Tas,

� =
3

Rww

@Rww

@T
: (3.32)

Under the above assumptions and using Eq. 3.10 and Eq. 3.31 we obtain,

� S = � GB (Ref f ) � �
�

�
1

� (� � 1)
@�
@T

+
�
3

�
Rww

Ref f
�

�
Rww

Riw

�
sgn(q)�

Riw + sgn(q)�

��
: (3.33)

which can be further simpli�ed to,

� S = � G
�

�
1

� (� � 1)
@�
@T

+
�
3

�
Rww

Ref f
+ ( � � 1)

Rww

Riw

��
: (3.34)

3.4.6 Insensitivity to the number of water states

In this section we calculate the ion hydration free energy using 2P and SPD water models
with all possible orientation states of a water molecule in the ion �rst hydration shell. The
orientation of the water molecule is determined by the angle� between the water dipole and
the axis connecting ion and water centers shown in Fig. 3.11.The post{solvation canonical
partition function for ion{water interaction with one water molecule is given by,

� II
1 =

Z �

0
e� �E (� ) sin�d�; (3.35)

whereE(� ) is the ion-water Coulomb interaction energy. The equationfor SPD water can
be simpli�ed taking into account that ESP D (� ) = qqO � cos�=R 2

iw ,

� II
1;SP D =

2 sinh
�

�qq O �
R2

iw

�

�qq O �
R2

iw

: (3.36)
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Ri

ROHqO

Rw

q

Riw

Figure 3.11: Schematic represents a simple ion (a sphere of radius Ri with a chargeq at the
center) interacting with 2P water molecule of radiusRw with the oxygen partial chargeqO

(red dot) at the center. The light blue sphere represents alladmissible states of the positive
\hydrogen" charge (blue dot) at the distance� from the center. � is the angle between the
axis connecting ion and water center,~Riw and the water dipole moment,~p.

The pre{solvation partition function for both SPD and 2P models is given by� I
1 =

R�
0 e0 sin�d� =

2.

Now, using our ansatz �G = � GB � � and Eq. 3.6, we can express the hydration energy as,

� G = � GB (Ref f ) �
ln

�
� II

1;2P

� I
1;2P

�

ln
�

� II
1;SP D

� I
1;SP D

�

= � GB (Ref f )
ln

� R�
0 e� � E( � ) sin( � )d�

2

�

ln

 
sinh

�
�qq O �

R 2
iw

�

�qq O �

R 2
iw

! : (3.37)

We use Eq. 3.37 to calculate the hydration free energies of alkali halide ions. The results
of this calculation is compared with the analytical strong �eld limit result, Eq. 3.10 and
experimental data in Fig. 3.12. It clearly shows that incorporating more states (all orien-
tation states in this example) does not provide any noteworthy di�erence in accuracy when
compared to the simpli�ed analytical formula, Eq. 3.10i.e. the model based on just two
orientation states.
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Figure 3.12: Comparison of the hydration free energies for monovalent anions and cations
predicted using our main result, Eq. 3.10 based on only two orientation states (+=� ) of the
water molecule (solid black lines) and the results from the all states model, Eq. 3.37 (orange
circles). The experimental data (red and blue circles) are taken from Ref. [160].

3.4.7 The \�rst principles" (MSA) universal shift in ion radi us,
Rs, is close to optimal.

We introduce a \�rst-principles" uniform shift, Rs, to the ion radius, Ref f = Ri + Rs,
suggested by Ref. [28], a study based on the mean spherical approximation (MSA). Using
the MSA formalism, we obtainRs = 0:52�A at 298K and using the typical water radius,
Rw = 1:4�A. In Fig. 3.13, we assess the sensitivity of the hydration energy, Eq. 3.10 by
varying the Rs around the MSA calculated value. As seen in the Fig. 3.13, the \�rst
principles" MSA value of Rs is very close (within 9%) to its optimum value for Eq. 3.10.
The hydration free energies based on this �tted optimal value is within 1% di�erence from
the energies computed with the \�rst principles" MSA-basedRs = 0:52 �A.

3.4.8 Water models

Our charge-asymmetric model, Fig. 3.4(A), is a hard sphere, two-point (2P) \charge ana-
logue" of the popular TIP3P [85]. The partial chargeqO = � 0:834e on the oxygen center is
unaltered, but the two hydrogen charges are merged into a single partial charge, +0:834e,
o�set from the center by � = 0:586�A{ the projection of the ~OH vector on the z-axis of
symmetry of TIP3P. This transformation preserves all z-components of the primitive (non-
traceless) multipole moments of the TIP3P charge distribution about the oxygen center,
in particular, the components of the dipole moment,pz = j~pj =

P
i qi zi = jqO � j, and the

quadrupole moment, ~Qzz =
P

i qi zi
2 = jqO(� )2j. The \charge-symmetric" water molecule is
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Figure 3.13: RMS% deviation of hydration free energy, Eq. 3.10 from experimental val-
ues [160] plotted as a function ofRs. The \�rst principles" Rs = 0:52 �A is marked by the
red bullet.

Table 3.4: Ion radii used[113] to compute the hydration freeenergies of monovalent and
divalent ions

Alkali ions Halide ions Divalent Cations �

Ion Radius(�A) Ion Radius(�A) Ion Radius(�A)

Li+ 0.69 F� 1.33 Be2+ 0.40
Na+ 1.02 Cl� 1.81 Mg2+ 0.72
K+ 1.38 Br � 1.96 Ca2+ 1.00
Rb+ 1.49 I � 2.20 Sr2+ 1.13
Cs+ 1.70 Ba2+ 1.36
� Data for spherical simple divalent anions unavailable in [160] and hence not used in our analyses

modeled as a hard sphere with a simple point dipole (SPD) in its center; its dipole moment
equals that of the 2P model. In both models we useRw = 1:4�Aas a radius of the hard
sphere.

3.4.9 Experimental reference

Experimental measurement of hydration energies of individual ions is anything but straight-
forward. As a result, a variety of di�erent sets of ion hydration energies can be found in
literature[86, 148]. Comparison between theory and experiment is also not straightforward {
one must carefully select experimental reference that corresponds to the type of calculation
performed[60, 86]. For example, issues such as whether bulkwater/vapor interface potential
is included need to be considered. Following a discussion ofthese issues in Ref. [86], we
have chosen Schmidet al. [160] as our main experimental reference for free energy �G and
entropy � S of ion hydration. We also use Marcus' data [114] to compare with our entropy
calculations. Both sets of values are determined for the state conditions T = 298 K and
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1 mol/L both in the gas phase and in the solution, and do not include contribution from
water/air interface potential, consistent with our theoretical approach. The set of ionic radii
are obtained from [113] and are shown in Table 3.4.

3.4.10 Extrapolating absolute hydration free energies

Relative values of the experimental ion hydration free energies are known as the conventional
free energies. Provided that at least one value of the absolute hydration free energy is
known, it is easy to calculate the other hydration free energies by applying the corresponding
di�erences in the conventional energies[89]. E.g., �G(K + ) = � G(Na+ ) + � Gconv(K + ) �
� Gconv(Na+ ).



Chapter 4

Charge Hydration Asymmetry into
the Generalized Born Model

This chapter is adapted with permission from J. Chem. TheoryComput., 2014, 10 (4), pp
1788{1794. Copyright 2014 American Chemical Society.

In this chapter we propose the Charge Hydration Asymmetric Generalized Born (CHA-GB)
model that approximates the e�ect of charge hydration asymmetry(CHA) into the popular
Generalized Born (GB) model. The CHA is added to the GB equation via an analytical
correction which quanti�es the speci�c propensity of CHA of agiven water model; the latter
is determined by the charge distribution of a model water molecule. Signi�cant variations
in CHA seen in explicit water (TIP3P, TIP4P-Ew and TIP5P-E) free energy calculations on
charge-inverted \molecular bracelets" are closely reproduced by CHA-GB, with the accuracy
similar to models such as SEA and 3D-RISM that go beyond the linear response. Compared
against reference explicit (TIP3P) electrostatic solvation free energies, CHA-GB we show
that about 40% improvement in accuracy over the canonical GBcan be achieved, as found
when tested on a diverse set of 248 rigid small neutral molecules (the root mean square
error, rmse = 0:88 kcal/mol for CHA-GB vs 1:24 kcal/mol for GB) and 48 conformations of
amino acid side chain analogs (rmse = 0:81 kcal/mol vs. 1:26 kcal/mol). CHA-GB employs
a novel de�nition of the dielectric boundary which does not subsume the CHA e�ects into
the intrinsic atomic radii. The strategy leads to �nding a new set of intrinsic atomic radii
optimized for CHA-GB; these radii show physically meaningfulvariation with the atom type,
in contrast to the radii set optimized for GB. Compared to several popular radii sets used
with the original GB model, the new radii set shows better transferability between di�erent
classes of molecules.

42
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4.1 Introduction

The conceptual simplicity of the implicit solvation (solvent treated as a structureless contin-
uum dielectric medium) framework [153, 16, 56, 138] facilitates fast quantitative estimates
of solvation e�ects that are key in biomolecular computation. In this framework one of-
ten approximates the solvation free energy { free energy change to transfer a solute from
gas phase to aqueous phase { as a sum of its electrostatic (polar) and non-polar parts, i.e.
� Gsolv = � Gpol + � Gnp . Among these, � Gpol is by far the largest contribution in the
majority of molecules; � Gnp has not been the computational bottleneck so far, perhaps due
to the simplistic nature of the popular approximations mostcommonly used in this con-
text. [58] The de-facto \workhorse" for estimation of � Gpol in most practical computations
is the linear response continuum treatment of electrostatics based on numerical solutions of
the Poisson (PE) or Poisson Boltzmann (PB) equation [56], orthe Generalized Born (GB)
model [138], which is an approximation to the PE. Due to its closed analytical form, the GB
is arguably the fastest among these implicit solvent models. Some noteworthy applications of
GB include protein folding, [171, 31, 82, 194, 83, 102, 142, 79, 108, 49] \large scale" motions
in biomolecules, [73, 6, 155] analysis of nucleic acid conformational energetics, [181, 174]
binding between proteins and nucleic acids, [39, 4, 33] modeling of peptides in membrane
environment,[175, 76, 178, 182, 197] and many others.[141,183, 134, 196]

A number of approximations of various severity separate thelinear response continuum
PE/PB or GB models from the more accurate explicit solvent treatment [136]. One such
serious approximation is the neglect of Charge Hydration Asymmetry (CHA) [69, 154, 74,
63, 118, 9, 45, 13] { the characteristic dependence of solvation free energy, �Gsolv , on the sign
of the charges in a solute. The e�ect is clearly missing from the linear response continuum
model, in which � Gsolv � q2=R for a single spherical chargeq of radiusR. A straightforward
example of CHA is the large di�erence between experimental �Gsolv for oppositely charged
ions of similar ionic radius;e.g., K+ and F� [113, 160] di�er roughly by 50 kcal/mol { about
50% of their individual � Gsolv values.

Within the continuum framework, experimental solvation energies of single-charge spherical
ions could be reproduced accurately by ad-hoc adjustments made to the ion radii. [147, 98]
These adjustments essentially amount to re-de�ning the dielectric boundary, which (to an
extent) implicitly accounts for the missing CHA by making theboundary depend on the ion
charge. While for single ions the procedure works well, its generalization to the multi-atom
case did not yet lead to a single consensus [193] set of atomicradii; a set that works well for
a certain class of molecules does not necessarily perform equally well for a di�erent class of
structures, see for example, Table 4.1. We argue that, to a signi�cant degree, the problem
is the missing CHA: we show that once the e�ect is explicitly added into even the simplest
of the continuum models, the GB, a more universal set of atomic radii can be developed.
Several existing \beyond PE" semi-empirical approaches such as the Semi Explicit Assembly
(SEA), [53] (assembling hydration shells of solutes using the pre-computed properties of
hydration shells of charged spheres in explicit solvent) orintegral equations based Reference
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Table 4.1: Root mean square error (rmse, in kcal/mol) of the GB � Gpol relative to the
explicit solvent (TIP3P) reference. The numerical R6 GB calculations[3] (see Methods) are
based on three common sets of atomic radii [23, 173, 130], thenumber of atom types for
each radius set is shown in parentheses. The corresponding errors in numerical PE � Gpol

(not shown) are not smaller. (Adapted with permission from J.Chem. Theory Comput.,
2014, 10 (4), pp 1788{1794. Copyright 2014 American ChemicalSociety)

Radii Set Small Molecules Amino Acids
Bondi[23] (10) 1.55 1.99
Parse[173] (10) 2.33 7.45
ZAP9[130] (13) 0.82 2.88

Interaction Site Models (RISM, 3D-RISM) [29, 68, 70, 94] already implicitly account for
CHA, along with many other e�ects missing from the linear response continuum framework.
However, these methods are not comparable to the GB model in computational e�ciency
and conceptual simplicity, which gives us an additional motivation to attempt to introduce
CHA directly into the GB model.

Elsewhere [127] we presented a derivation of a CHA-aware analogue of the Born equation [24],
which can be regarded as a single spherical charge limit of the Generalized Born approxi-
mation. A key novelty of our approach lies in a distinct separation between the placement
of the solute dielectric boundary and the manner in which oneaccounts for the asymmetric
response of the solvent (water) to the sign of the solute charge. Within the approach, the
CHA e�ects no longer have to be mimicked by a re-de�nition of the dielectric boundary via
ad-hoc adjustments to the atomic radii. Instead, the asymmetric response is accounted for
by a scaling factor applied to the Born electrostatic solvation energy; the scaling contains the
details of the asymmetric response speci�c to the water model one wants to emulate. Here
we apply the strategy to derive a CHA-aware analogue of the GB equation which we call the
Charge Hydration Asymmetric Generalized Born (CHA-GB) model. By direct comparison
with explicit solvation energies we will show how CHA-GB improves the accuracy of the GB
framework. The new model will also compared with several other recent semi-continuum
models such as SEA [53] and 3D-RISM [29, 68, 70, 94].
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4.2 Charge Hydration Asymmetric Generalized Born:
CHA-GB

The \CHA-aware" modi�ed Born formula for a single spherical ion of radius � and chargeq
is given by[127] (see Chapter 1 for details):

� Gpol = �
�

1
� in

�
1

� out

�
q2

2(� + Rs)| {z }
Symmetric Born

�
1 + sgn[q]

�
� + � w

� � 1

| {z }
CHA scaling �

; (4.1)

where � in and � out are dielectric constants of the solute and the solvent, respectively, and
� w = 1:4 �A is the water probe radius. The �rst part in the Eq. 4.1 describes the charge-
symmetric dielectric response of the original Born equation [24], accurate in the limit of a
continuum, \charge-symmetric" solvent. (Throughout this chapter we will loosely use the
word \symmetric" for models devoid of charge hydration asymmetry.) One such model is the
mean spherical approximation [28] (MSA) for which the Born model is exact; the dielectric
boundary is shifted up byRs = 0:52 �A relative to the surface of the spherical solute of
radius � . Later in this work we will extend this dielectric boundary de�nition to multi-atom
solutes. Once the charge-symmetric solvation is accountedfor in the \Symmetric Born" part
of Eq. 4.1, the charge hydration asymmetry (CHA) correction enters via a multiplicative
scaling factor � . In � , the CHA of a water model being emulated is controlled by the
model dependent parameter� = ~Qzz=p, where ~Qzz and p are respectively the primitive
(non-traceless) quadrupole and dipole moments of the n-point water model, Table 4.2.

Table 4.2: � = ~Qzz=p for the three water models used in this work. ~Qzz =
P

i qi z2
i and

p = qi zi where zi is the azimuthal-symmetry coordinate of chargeqi with respect to the
molecule center. A geometric interpretation of� for TIP3P water model is shown in the
schematic on the right.(Adapted with permission from J. Chem. Theory Comput., 2014, 10
(4), pp 1788{1794. Copyright 2014 American Chemical Society)

Water
Model

TIP4P-
Ew

TIP3P
TIP5P-
E

z

R z
OH

� ( �A) 0.73 0.58 0.18

We now seek an analogue of the CHA-aware Born equation, Eq. 4.1 for multi-atom molecules.
Without the CHA, such analogue is well known { the canonical (charge-symmetric) Gener-
alized Born (GB) equation:

� Gpol = �
1
2

�
1

� in
�

1
� out

� X

i;j

qi qj

f GB
ij

; (4.2)
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whereqi ( j ) the atomic partial charge of atomi(j ). The empirical function f GB
ij is

f GB
ij =

q
r 2

ij + Ri Rj exp
�
� r 2

ij =(4Ri Rj )
�
; (4.3)

where r ij is the distance between thei th and j th atom, Ri and Rj are their e�ective Born
radii. The e�ective Born radius of an atom characterizes itsdegree of burial inside the solute.
Many e�cient methods exist for computing this quantity, seeRef. 136 for a recent review.
The foundation of the generalized Born model can be derived from the Poisson equation, see
Chapter 2.

The Generalized Born approximation can be viewed as an interpolation between the two
limiting cases: Case a)r ij ! 1 , i.e. charged atoms are treated as separate, distant
(non-interacting) charged spheres and, Case b)r ij ! 0, i.e. all charges merge to form
a single sphere of charge

P
i qi and e�ective Born radius R. The empirical correction,

exp
�
� r 2

ij =(4Ri Rj )
�

in f GB
ij , Eq. 4.3, originally introduced by Still et al. [176], performs

the interpolation in a way that at least partially accounts for non-spherical shapes of realis-
tic molecules[138]. Our strategy is to utilize the same interpolation to derive the CHA-aware
analogue of Eq. 4.2 by matching the asymptotes, a) and b), to the CHA-aware Born formula,
Eq. 4.1. In what follows we consider these two limiting casesin detail:
Case a) From Eq. 4.2, the �Gpol = � 1

2

�
1

� in
� 1

� out

� P
i

q2
i

R i
i.e. the sum of self energies of

every atom in the molecule. Comparing with the symmetric Born part of Eq. 4.1, the ef-
fective Born radius,Ri , is seen as equivalent to the dielectric boundary radius,� + Rs. To
add CHA correction in this limit, we scale each GB self energy term by the corresponding

� i =
�

1 + sgn[q] �
R i � Rs + � w

� � 1
from Eq. 4.1. This implies � Gpol ! � 1

2

�
1

� in
� 1

� out

� P
i

q2
i

R i
� i

as r ij ! 1 .
Case b) In this limit all the charges are merged together to form a single sphere of e�ec-
tive Born radius, R, with the total charge of

P
i qi . Using the charge-symmetric Eq. 4.2

we can write � Gpol = � 1
2

�
1

� in
� 1

� out

� (
P

i qi )2

R . To add the CHA according to Eq. 4.1, the
overall � Gpol must now be scaled with CHA factor which depends upon the net charge of the

molecule,i.e. � =
�

1 + sgn[
P

i qi ] �
R� Rs + � w

� � 1
. This implies � Gpol ! � 1

2

�
1

� in
� 1

� out

� (
P

i qi )2

R �
as r ij ! 0.

In short, for Case a) each self term of Eq. 4.2 has to be scaled by its respective CHA scaling
factor, whereas for Case b) a global CHA-scaling is needed. To consistently satisfy both
of these asymptotes while preserving the over-all GB functional form set by Eqs. 4.2 and
4.3, we need a single functional form for the CHA scaling factor � i that is aware of other
charges in the molecule. To this end we make� i a function of

P
j qj e� � r 2

ij =(R i R j ) and scale
the e�ective Born radii accordingly:

~Ri = Ri

 

1 + sgn

"
X

j

qj e
� �

r 2
ij

R i R j

#
�

Ri � Rs + � w

!

; (4.4)
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Table 4.3: Optimized intrinsic atomic radii sets for CHA-GB and GB

Radii Set( �A)
C H N O S F Cl Br I

CHA-GB 1.56 0.47 1.59 1.37 1.88 1.44 1.84 1.92 2.29
GB 1.76 1.29 1.46 1.50 2.04 1.16 1.25 2.04 1.72

where � is a positive constant that controls the e�ective range of the neighboring charges
(j ) a�ecting the CHA of atom ( i ). For realistic molecules ther ij 's are of the same order
of Ri 's and hence it can be argued that� is of the order of 1. Indeed, the value of� that
we obtain by systematic �tting against explicit solvent reference � Gpol 's (see Methods) is
close to 1. Using Eq. 4.4 the Charge Hydration Asymmetric Generalized Born (CHA-GB)
approximation can be written as

� Gpol = �
1
2

�
1

� in
�

1
� out

� X

i;j

qi qj

f CHA � GB
ij

; (4.5)

where f CHA � GB
ij =

q
r 2

ij + ~Ri
~Rj exp

�
� r 2

ij =(4Ri Rj )
�
. In line with our philosophy of sepa-

rating the CHA e�ects from the purely geometric dielectric boundary we do not use the
CHA-corrected e�ective radii in the exp

�
� r 2

ij =(4Ri Rj )
�

factor due to its \geometry correc-
tion" role in the GB model.

Charge-symmetric dielectric boundary. The dielectric boundary, which separates the
low dielectric solute from the high dielectric solvent, is akey concept in the standard con-
tinuum solvation approach. Just like in the original GB model, the boundary is needed in
our CHA-GB formalism for the computation of the e�ective Born radii via an integral over
the solute surface, see Methods. The dielectric boundary de�nition we propose, Fig. 4.1,
is a generalization of the single spherical ion case, Eq. 4.1, designed to account for the
charge-symmetric part of the solvent dielectric response.The idea is to make the boundary
manifestly invariant to inversion of charges within the solute, as is the case in the classi-
cal macroscopic continuum electrostatics framework[78] on which the GB or PE are based.
Charge hydration asymmetry of a more realistic solvent has to be added as an external
correction to electrostatic solvation energy,e.g., as done above for the case of the proposed
CHA-GB formalism. In principle, one could �nd a set of optimal charge-symmetric atomic
radii � i by an optimization against solvation energies computed within a charge-symmetric
explicit water model such as BNS [145] or an even simpler modelin which the appropri-
ate point dipole is placed at a single vdW center[127]. In practice, we will �rst add CHA
via Eqs. 4.4 and 4.5, and then iteratively optimize the radiito obtain best �t against a
more realistic, charge-asymmetric explicit solvent (TIP3P) � Gpol for a representative set of
realistic molecules.
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Figure 4.1: The charge-symmetric dielectric boundary usedin CHA-GB for multi-atom
solutes. The schematic inset shows the key construction steps; each atomic radius (� i , red
circle) is increased (purple area) by the same correctionRs = 0:52 �A, the dielectric surface
(blue line) is outlined by by rolling a probe of radius� w � Rs. The smaller than the standard
� w = 1:4 �A probe ensures invariance of the solvent accessible surface around the solute.
(Reprinted with permission from J. Chem. Theory Comput., 2014, 10 (4), pp 1788{1794.
Copyright 2014 American Chemical Society)

Figure 4.2: Polar solvation free energies of the charged-inverted \bracelets". Atomic struc-
tures of the P-bracelets are shown on the top horizontal axiswhile the N-bracelets are shown
at the bottom. Explicit solvent energies for three di�erentwater models (from left to right)
TIP4P-Ew, TIP3P, and TIP5P-E ) are denoted by red dots for N-bracelets and blue dots
for P-bracelets. The corresponding CHA-GB energies are shownby the black triangles; the
� parameter which controls the CHA in CHA-GB Eq. 4.5 is set to the value appropriate for
the given explicit water model, Table 4.2. The dashed lines are put simply to guide the eye.
(Reprinted with permission from J. Chem. Theory Comput., 2014, 10 (4), pp 1788{1794.
Copyright 2014 American Chemical Society)



49

4.3 Performance of the new model

CHA-GB closely reproduces the explicit polar solvation energy (� Gpol), Fig. 4.2, of the
charge inverted N and P \bracelet" molecules in TIP3P (rmse = 0:67 kcal/mol), TIP4P-Ew
(rmse = 1:02 kcal/mol), and TIP5P-E (rmse = 0:50 kcal/mol) water models emulated in
CHA-GB by using the appropriate value of� from Table 4.2. Note that using identical (for
all water models) dielectric boundary for the N and P bracelet of same size properly captures
the propensity for CHA of each of the three explicit water models tested. It is interesting
that within CHA-GB, the CHA contributions from both self and cross terms in Eq. 4.5 are
signi�cant, e.g., for TIP3P the ratio of magnitude of CHA in cross terms to that in the
self terms,h

�
�
� �� Gpol (cross)

�� Gpol (self )

�
�
� i = 0:6. These contributions have opposite e�ects on the overall

CHA; the CHA in self terms is partially negated by the CHA in cross terms. As expected,
the canonical GB does not capture the CHA, Fig. 4.2 (a); best �t to explicit solvent � Gpol

results in very di�erent values of� (\ca") for di�erent water models as the readjustment of the
dielectric boundary compensates for the missing CHA. The inability of the Poisson treatment
to capture CHA of the same \bracelet" molecules was noted earlier[118]. In contrast, our
fairly simplistic way of introducing the CHA into the linear response continuum already
captures the e�ect at a level similar to considerably more complex, \beyond Poisson" models
such as 3D-RISM [140, 57] and SEA [53], Fig. 4.3. A noteworthyobservation is that the

Figure 4.3: Asymmetry in the polar part of solvation free energies, �� Gpol = j� Gpol(N ) �
� Gpol(P)j for N/P bracelets using di�erent methods. For the SEA model, the data are
adapted from Ref. [53]. (Reprinted with permission from J. Chem. Theory Comput., 2014,
10 (4), pp 1788{1794. Copyright 2014 American Chemical Society)

atomic radii optimized for CHA-GB have physically meaningfulvariation with the atom
type, Table 4.3, unlike the ones optimal for GB which have� (I) < � (Br) and � (H) > � (Cl).
It is also reassuring that the optimal hydrogen radius� (H)=0.47 �A in the CHA-GB model
is such that the realistic distance[199] of about 2�A observed between the hydrogen and
its electronegative partner in hydrogen bond can now be reproduced. Compared against
the reference (TIP3P) � Gpol, CHA-GB shows a 40% improvement in accuracy (root mean
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Table 4.4: Accuracy of � Gpol estimated by CHA-GB and GB based on their respective
optimal atomic radii, Table 4.3. The accuracy is assessed relative to explicit solvent (TIP3P)
� Gpol: root mean square error (rmse), mean error (herr i ), mean absolute errorhjerr ji ,
r 2 correlation, percentage of molecules with absolute error> 2kB T and rmse of the 5%
molecules with largestjerr j (Adapted with permission from J. Chem. Theory Comput.,
2014, 10 (4), pp 1788{1794. Copyright 2014 American ChemicalSociety)

Small Mols. Amino Acids Proteins

GB CHA-GB GB CHA-GB GB CHA-GB

rmse 1.24 0.88 1.26 0.81 10.24 8.95
herr i -0.53 -0.37 0.24 0.09 -6.12 -2.80
hjerr ji 0.93 0.63 0.90 0.64 7.79 7.63

r 2 0.86 0.93 0.998 0.999 0.99 0.99
%(jerr j > 2kB T ) 30.6 14.9 25.0 16.7 84.2 89.5
rmse worst 5% 3.20 2.55 4.14 2.11 25.53 16.20

square error, rmse) over the canonical GB, Table 4.4, for the 248 small molecules and
48 amino acid analogs. The largest errors and the average errors are also reduced in the
CHA-GB model. For small proteins CHA-GB also shows an improvement in accuracy;
note that this type of structures was not used to train the radii sets. Arguably the most
impressive achievement of CHA-GB is that it provides equally good accuracy of better than
1 kcal/mol simultaneouslyfor both the small molecules and amino acids. This is in contrast
to GB: for example, GB with ZAP9 set (13 atom types) speci�cally optimized for small
molecules can yield similar good accuracy (�Gpol rmse = 0:82 kcal/mol) for the 248 small
molecules, but then the corresponding errors for the 48 amino acid analogs become large
(� Gpol rmse = 2:88 kcal/mol), Table 4.1. We have checked directly that the uniformity of
the accuracy improvement, or, equivalently, the improved transferability of the new radii set
is indeed the consequence of introducing the CHA into the GB model. Namely, even if the
new dielectric boundary of Fig. 4.1 is used in the charge-symmetric GB, the model still can
not reach the 1 kcal/molrmse accuracy of � Gpol simultaneously for both the small molecules
and amino acids, see Methods. Our overall conclusions do notchange, and the accuracy of
CHA-GB remains essentially the same if we extend the molecule set to include the 
exible
molecules from the original set of 504 neutral molecules. A comparison of the performance
of CHA-GB and 3D-RISM [95] is presented in Table 4.5. Note that the same training set
and optimization technique, see Methods, was used to obtainbest �t parameters for both
models. A systematic comparison of CHA-GB with other \beyond PE" models is out of the
scope here. However, we note that the published performance of the SEA [53] model relative
to explicit solvent on the same set of 504 small molecules (same partial atomic charges),
� Gpol rmse = 0:81 kcal/mol, is comparable to that of CHA-GB,rmse = 0:89 kcal/mol.

Since many disparate approximations separate reality fromthe linear response continuum
framework[135], it is noteworthy that adding only CHA to it (here via GB) yields accuracy
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Table 4.5: Error (rmse relative to explicit solvent, in kcal/mol) in � Gpol estimates using
CHA-GB and 3D-RISM.

Small Mols. Amino acids Proteins
CHA-GB 0.88 0.81 8.95
3D-RISM 0.50 5.28 18.36

in � Gpol estimates similar to or even better than that of some more complex approaches
that implicitly incorporate not only CHA, but also other explicit solvent e�ects missing from
the linear response continuum. At the same time, the reported computational cost of such
methods,e.g., SEA [53], and especially of 3D-RISM [109], is much higher than that of the
canonical GB [3], while CHA-GB is only about� 1:5 folds slower than GB.

By adding the non-polar contribution to the polar part, see Methods, we can compare the
total solvation energy against experiment. The solvation free energy predicted by CHA-GB,
rmse = 1:22 kcal/mol against experiment, is about 20% more accurate than that of the
GB, rmse = 1:45 kcal/mol, and is comparable to the accuracy of calculations in explicit
(TIP3P) water [120], rmse = 1:26 kcal/mol, for the same 504 small molecules. A standalone
code to perform the GB and CHA-GB calculations described here can be downloaded from
http://people.cs.vt.edu/ ~onufriev/CODES/R6bornRadius.zip .

4.3.1 Modifying the CHAGB equation for molecular dynamics
simulations

In the implicit solvation framework, dynamics of molecularsystems is typically simulated
using discrete Langevin equation. Mathematically, the Langevin equation describing the
dynamics of a particle with massm within the molecule is given by:

m•r = �r U(r ) + 
m _~x +
p

2
k B TmR(t) (4.6)

where,U(r ) is the interaction potential, 
 is the collision frequency due to viscosity of the
solvent, andR(t) is a delta-correlated stationary Gaussian process with zero-mean satisfying
hR(t)i = 0 and hR(t)R(t0)i = � (t � t0) (from 
uctuation dissipation theorem).

In practice the potential, U(r ) accounts for di�erent forces acting on the atom. These forces
are primarily categorized into bonded and non-bonded interactions. The bonded interactions
include Hookian forces (bonded) emulating the covalent bonds between two atoms, anglular
forces, dihedrals, van der Waals interactions and electrostatic interactions, see Fig. 4.4. The
total interaction potential due to di�erent forces can be given by:

U(~r) =
X

bonds

k (r � req)
2 +

X

angles

k� (� � � eq)
2 +

X

dihedrals

Vn [1 + cos(n� � � 0
n )] (4.7)

+
X
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�
+

X

i<j

� Gel
ij (4.8)

http://people.cs.vt.edu/~onufriev/CODES/R6bornRadius.zip
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Figure 4.4: Schematic showing di�erent bonded and non-bonded interactions in molecular
systems

The bonded interactions and the van-der Waals interactionsare obtained from parameter-
ized force �elds for di�erent molecule classes. The electrostatic interactions however, are
computed through implicit solvation models such as the generalized Born or Poisson (Pois-
son Boltzmann) models. Although it is straightforward to compute the forcesr U(r ) in
Eq. 4.6 due to electrostatic interaction in implicit models, one must be careful about the
non-di�erentiability of the potential. For example in the proposed CHA-GB model, to com-
pute the forces using Eq. 4.5 one has to di�erentiate Eq. 4.4 with respect to the positional

coordinates. Note thatsgn function in ~Ri = Ri

 

1 + sgn

"
P

j qj e
� �

r 2
ij

R i R j

#
�

R i � Rs + � w

!

is not

di�erentiable for

"
P

j qj e
� �

r 2
ij

R i R j

#

near 0. A simple way around that we propose to tackle

this problem is to replace thesgn function with a smoother interpolation from the� 1 limit
to +1 limit. There are several ways to accomplish this using error functions or trignometric
functions. This remains a question for future invenstigation to test di�erent replacements
of the sgn function to improve the accuracy of molecular dynamics simulations within the
implicit solvation framework via the CHA-GB model.

4.4 Conclusion

The work has two main results. First, we have demonstrated how charge hydration asymme-
try (CHA) { so far missing from the conceptual framework of the linear response continuum
electrostatics { can be incorporated into what is arguably the simplest, commonly used ap-
proximation based on the framework, namely the GeneralizedBorn model. The resulting
CHA-GB model is as conceptually simple, and should be nearly ascomputationally e�cient
as the original. At the same time it provides a noticeable improvement in the accuracy of



53

electrostatic solvation energy estimates relative to explicit solvent reference. What is, per-
haps, even more noteworthy is that the introduction of CHA leads to a uniform improvement
in the performance of the model on di�erent classes of molecules, including charged com-
pounds. Note that standard continuum electrostatic calculations based on commonly used
sets of intrinsic atomic radii do not show the uniform accuracy across a range of charge states
and structures, which had led to the development of specialized radii sets. These atomic radii
often exhibit unphysical trends in the atom sizes,e.g., radius of Fluorine may become smaller
than that of Hydrogen. And this is where the second main result of the work is: the develop-
ment of a new dielectric boundary de�nition to which the CHA e�ects are \external". In the
proposed formalism, the dielectric boundary is manifestlycharge-symmetric, while the CHA
e�ects are added to the computed solvation energy as a correction. Within this framework,
atomic radii optimized for solvation energy calculations against explicit solvent reference
show physically meaningful variation with the atom type. As is the case with any model,
there are limitations of the proposed approach. The CHA scaling has so far been incorpo-
rated by matching the two obvious limiting cases of the original Generalized Born equation.
While these two limits are physically well grounded, the intermediate region is treated sim-
ply as a mathematical interpolation. Another limitation of our current model is that the
CHA is solely determined by the sign of the solute charge,i.e. independent of its magnitude.
While a good approximation for ions (integer charge), a moresophisticated approach may
be needed to treat fractional atomic charges[13]. One should also not forget that, even at
the level of continuum solvent, various CHA-unrelated microscopic solvent e�ects[125] are
not considered by the proposed CHA-GB model. Nevertheless, it is noteworthy that the
accuracy of the basic continuum electrostatics model can beimproved noticeably by adding
only CHA to it.

4.5 Methods

4.5.1 E�ective Born Radius

To avoid uncertainties associated with the e�ective Born radii estimation, we use numerical
\R6" radii[65], which were shown [3, 124] to deliver �Gpol estimates essentially as accurate as
those based on the perfect[137], PE-based radii. Speci�cally, the e�ective radii are computed
via

R� 1
i =

�
�

1
4�

I

@V

r � r i

jr � r i j6
� dS

� 1=3

; (4.9)

where r is the position of the in�nitesimal surface elementdS that encloses the charge-
symmetric dielectric boundary@V, Fig. 4.1, and r i is the coordinate of atomi . Unless
otherwise stated, for canonical GB we use Lee-Richards molecular surface [100] obtained with
the standard water probe radius� w = 1:4 �A. We use a numerical approximation of Eq. 4.9,
representing the dielectric boundary as a triangulated mesh with density of 6 vertices/�A2
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obtained using MSMS [157] package. For proteins structures, following Ref. 124 we add
a uniform correction of 0:028�A � 1 to the R� 1

i in Eq. 4.9. This Rs is obtained using �rst
principles calculation based on Mean Spherical Approximation, [28]. We then use a probe of
radius � w � Rs. This ensures invariance of the physically meaningful distance between the
center of the atom and the �rst shell water molecules, see Fig4.1. r i is the position of atom
i , and r is the position of the in�nitesimal surface vectordS. Eq. 4.9 was approximated by
a numerical summation over the triangulated DS obtained using the MSMS [157] package.
We used 6 vertices/�A2 as the triangulation density of the DS { higher densities increase the
computational cost while accuracy is marginally improved [3]. Although this de�nition for
the e�ective Born radius was used for the two realistic molecule sets; the set of 504 neutral
small molecules and the set of 48 amino acid side chain dipeptides. We however added a
correction of 0:028�A � 1 to the inverse of the e�ective Born radius in Eq. 4.9 for the relatively
larger protein molecules, as suggested in Ref. [124].

4.5.2 Molecule sets.

Four molecule sets [118, 120, 177, 48] were used to test the performance of the proposed
model.

Set (1) N- and P- bracelets. A set of arti�cial neutral molecules or \bracelets" (name,
structure and parameters adopted from Ref [118]) with planar and regular polygonal geom-
etry were constructed with the aromatic carbon (\ca" atom type in the generalized Amber
force �eld (GAFF)[185]) with the Lennard Jones parameters,� = 3:39967�A and � = 0:086
kcal/mol, see Fig. 4.2. Two adjacent beads/atoms were connected by a bond of length
1:4 �A. We used the distributed charge scheme from Ref. [118],e.g., for a n-beaded bracelet
one bead was charged +1 (P-bracelet) or� 1 (N-bracelet) whereas the othern � 1 beads
were alloted equal charge such that overall molecule was neutral. Six charge inverted clones
(pairs of P- and N-bracelets) were constructed withn ranging from 3 (triangle) to 8 (oc-
tagon). We performed standard thermodynamic integration (TI) calculations in explicit
TIP3P and TIP4P-Ew water to obtain the � Gpol. For TIP5P-E the polar solvation energy,
� Gpol were obtained from the total solvation energy, �Gsolv , as provided in Ref. [118]. The
non-polar part of the solvation energy is approximated as �Gnp = 
SASA (the e�ective
surface energy coe�cient 
 = 5 cal/mol/ �A2, SASA is the solvent accessible surface area
obtained using the MSMS package [157], for simplicity the dissipative van-der Waals term
was ignored) was subtracted from �Gsolv values.

Set (2) Rigid Neutral Small Molecules. This set of rigid small molecules consists of
248 molecules selected from a larger set of 504 molecules, originally examined by Mobley
et al. [120]. Following is a summary of how these molecules were prepared in the original
work. [120] These molecules were prepared using the GAFF [185] small molecule parame-
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ters as assigned by Antechamber [120] . Merck-Frosst implementation of AM1-BCC [80, 81]
were used to assign the partial charges. The explicit simulation hydration free energies
were computed using the Bennett acceptance ratio [21] (BAR) in standard TIP3P water.
These simulations were performed without any restraint andhence conformational changes
occurred during these simulations. In GB framework does notaccount for variable conforma-
tions (only rigid structures) and hence we selected the rigid molecules to avoid errors related
to conformational variability. Although the explicit simulation trajectories were not avail-
able, in a related work, [121] implicit simulations were performed on the same 504 molecule
set. [119] The trajectories for the molecular dynamics in implicit solvent simulations were
obtained from http://mobleylab.org/resources.html . From the bigger 504 molecule set
we selected 248 molecules mean square deviations (rmsd) were smaller than 0:3 �A(Fig. 4.7)
relative to initial conformations, calculated over 10 ns implicit solvent MD runs [121]. The
initial conformations were used to compute the solvation energies reported in this work. The
coordinates, charge distribution, TIP3P and experimentalsolvation energies were obtained
from Ref. [120].

Set (3) Single Amino Acid side chain dipeptides. This set is comprised of 48
molecules. The coordinates, atomic partial charges, and the explicit simulation solvation
energies in TIP3P of 40 structures were obtained from Ref. [177] { two conformations for
each of 20 nonzwiterionic single amino acid side chain dipeptides of the form N-acetyl-X-
N�-methylamide, where X refers to one of the twenty standardamino acids. Only the charged
states of the titratable amino acids, ASP, LYS, GLU, and ARG were considered in Ref .[177].
8 additional structures corresponding to the neutral states of these four amino acids were
added. The same coordinates as that of the corresponding charged structures were used.
The atomic partial charges of the neutral ASP, GLU and LYS were obtained from AMBER
force �eld parameters, whereas partial charges of neutral ARG were obtained from Ref. [169].
The polar part of the solvation free energies of these 8 additional structures were computed
using standard TI in explicit (TIP3P) water.

Set (4) Protein set 19 small proteins were randomly selected from a larger data set of
representative proteins structures from Feig et al.[48] with PDB IDs 1az6, 1bh4, 1bku, 1brv,
1byy, 1cmr, 1dfs, 1dmc, 1eds, 1fct, 1fmh, 1fwo, 1g26, 1ha9, 1hzn, 1paa, 1qfd, 1qk7, and
1scy. Chain \A" or \model 1" (as refered to in the original work) has been chosen when
appropriate. We used the H++ server [7] to assign partial charges and the protonation
states of ionizable amino acids. Using speci�c values of pH inH++ we transformed the
structures such that overall molecule was neutral. The random selection resulted in a fairly
representative sampling of various structural classes. The structural composition of the
proteins is as follows: 6 mostly� helical, 4 mostly� sheet, 4 roughly equal mix of�=� , and
5 mostly disordered. The size of most of these proteins is about 30 amino acids.

http://mobleylab.org/resources.html
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4.5.3 Parameter Optimization: realistic molecule sets.

For CHA-GB 10 parameters (� i of 9 atom types, Table 4.3 and� = 1:47) were optimized
against the explicit (TIP3P) solvation free energy with a training set comprised of 124
molecules from the rigid small molecule set and 24 moleculesfrom the amino acid set. These
molecules in the training set were sampled to approximate anequal representation of the
span of solvation free energies as well as of the atom types ofthe entire set, see Methods. We
used Nelder-Mead simplex algorithm [129] with the objectivefunction that weighs equally
RMS deviations from the reference of the small molecules andthe amino acid analogs. Con-
vergence to the optimum set of parameters, Table 4.3, was ensured within 100 independent
runs with random initial guess parameters (within a physical range), see Methods. For all
realistic molecules we use the analytical linearized Poisson Boltzmann (ALPB) model [168],
a correction to GB, Eq. 4.2, that introduces a physically correct dependence on the dielec-
tric constants while keeping the computational e�ciency ofthe original. In ALPB � Gpol is
approximated as

� Gpol = �
1
2

�
1

� in
�

1
� out

�
1

1 + ��

X

i;j

qi qj

�
1

f GB
ij

+
��
A

�
; (4.10)

where� = � in =�out , � = 0:571412, andA is the electrostatic size of the molecule, essentially
the overall size of the structure computed analytically. [168] We add the CHA correction to
ALPB by replacing f GB

ij by f CHA � GB
ij similar to Eq. 4.5.

4.5.4 Parameter Optimization: N and P Bracelets.

The intrinsic radius of aromatic carbon, \ca" atom type, wasobtained by �tting against the
TIP4P-Ew � Gpol { optimal � (\ca") = 1 :37 �A. The same value of� = 1:47 as above was
used in Eq. 4.4.

4.5.5 3D RISM: additional accuracy metrics

Protocol was to compute the single point �Gpol in TIP3P using the 3D-RISM implementa-
tion [109] in AMBER-12 [27] was adopted fromhttp://dansindhikara.com/Tutorials.html .
The results were corrected [140] using two parameters,a1 and a2, which was obtained by
�tting against the explicit � Gpol,

� Gcorr
pol = � G3DRISM=GF

pol + a1�V + a2; (4.11)

Here, � G3DRISM=GF
pol , is the computed 3D-RISM � Gpol with Kovalenko-Hirata closure [95]

assuming Gaussian 
uctuation of the solvent,V is the computed partial molar volume and
� = 0:0333A � 3 is the solvent number density. The corrected polar solvation energy, � Gcorr

pol

http://dansindhikara.com/Tutorials.html
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Figure 4.5: Polar solvation free energies of the charged-inverted bracelets. Atomic structures
N-bracelets are shown on the horizontal axis. TIP3P explicitsolvent energies are shown in
red dots for N-bracelets and blue dots for P-bracelets. The corresponding CHA-GB energies
are shown by the black triangles with dashed lines; the 3D-RISM energies are shown in
purple squares with solid lines.

were obtained using optimizations performed using Nelder-Mead simplex algorithm. The
same training set that was used for the rigid molecules and the amino acid analogs, Ta-
ble 4.7 and the same objective functionrmse(small molecules) +rmse(amino acid analogs)
was used. These optimizations led toa1 = � 0:0118 kcal/mol and a2 = 0:6419 kcal/mol.
The performance of 3D-RISM against the explicit (TIP3P) �Gpol is shown in Fig. 4.6 and
Table 4.6. For the charge inverted \bracelets" the optimum values ofa1 = 0:759 kcal/mol
and a2 = 0:1991 kcal/mol were obtained by �tting with the corresponding explicit � Gpol

values in TIP4P-Ew water. For a direct visual comparison against experimental � Gpol for
the bracelets solvated in TIP3P, with CHA-PB see Fig 4.5.
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Figure 4.6: The polar solvation free energies, �Gpol using 3D-RISM (corrected by two �tting
parameters a1 = 0 :0118 kcal/mol and a2 = 0 :6419 kcal/mol, see Main Text) against the explicit
(TIP3P) � Gpol of the rigid neutral molecule set (left) and the amino acid analogs (right)
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Table 4.6: Accuracy of � Gpol computed using 3D-RISM relative to the reference explicit
(TIP3P) simulation[120, 177] for the rigid neutral molecule set and the amino acid analogs

Small Mols. Amino Acids
rmse 0.50 5.28

herror i -0.05 0.65
hjerror ji 0.36 2.95

corr. coef. (r 2) 0.98 0.95
%jerror j > 2kB T 2.4% 43.8%

RMS of worst 5% 2.95 15.58

4.5.6 Simulation Protocol

Standard thermodynamic integration(TI) protocol for neutral molecules adopted from Ref [165]
was used for explicit simulation calculations in explicit (TIP3P, TIP4P) solvent using Am-
ber12 [27] simulation package. The polar contribution was computed as the di�erence of the
charging energy of the molecular cavity in the aqueous phaseand the gas phase [152]. The TI
integrals were approximated using a �ve point gaussian weighted sum. All simulations were
performed using the Langevin thermostat with a collision frequency of 2 ps� 1 and a time
step of 2 fs. Hydrogen bonds were constrained with SHAKE [156] using a geometrical toler-
ance of 10� 6 �A. For the aqueous phase, the molecules were placed in a truncated octahedral
box such that the minimum distance between the solute atoms and the box edge was 12�A.
The non-bonded interaction cuto� was 10:0 �A, and long-range electrostatic interactions were
calculated using periodic boundary conditionsvia. the particle mesh Ewald (PME) summa-
tion [47, 37]. Positional restraints of 50 kcal/mol/�A2 on all atoms were employed to hold the
solute in the desired conformation. The system was gradually heated at constant volume for
50 ps followed by a 1 ns equilibration at constant pressure of1 atm and pressure relaxation
time of 2 ps. The last 1 ns of a 2 ns constant volume simulation was used for the free energy
calculations.

4.5.7 Parameter validation using training and test sets

Designing Training and Test Sets

Exactly half the molecules from each set,i.e. 124 molecules from the set of 248 diverse rigid
neutral molecules and 24 from 48 structures of single amino acid side chain dipeptides were
used as a training set (see Table 4.7) to train the model parameters { 9 intrinsic radii and �
for CHA-GB and a di�erent set of 9 intrinsic radii for GB. The optimizations were validated
using a test set, Table 4.8, designed using the rest of the molecules from the two sets. While
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Figure 4.7: The distribution of rmsd of structural change during 10 ns molecular dynamics
simulation in TIP3P using initial conformation as reference. The trajectories were obtained
from Ref. [120]. Red bars correspond to the selected subset of 248 rigid small molecules,
with conformation variation rmsd < 0:3�A

choosing the training set, the solvation energy distribution of the training set was kept similar
to that of the test set along with roughly similar representation of atom types in training and
test set. Thepqr �les can be downloaded fromhttp://mobleylab.org/resources.html .

4.5.8 Optimization protocol

We optimize the model parameters using an objective function rmse(rigid molecules)+rmse(amino
acids) such that the two molecule classes are equally represented during optimization. We
use a heuristic nonlinear optimization technique namely the Nelder-Mead simplex algorithm,
that uses initial guess values of the parameters. With termination criteria of 10� 3 for the
parameter set and convergence criteria of 10� 4 for the objective function, several parameter
sets randomly selected within a physical range were used as initial guess, Table 4.9.

Robustness and Validation The optimum parameter set pertains to the converged set
with the lowest objective function. 10 independent optimizations led to the converged ob-
jective function of 1:58 kcal/mol for CHA-GB, with the rmse of the full 248 small molecules
set and the full 48 amino acids set, 0:90 kcal/mol and 0:93 kcal/mol respectively. How-
ever for GB the converged objective function value was 2:82 kcal/mol with the rmse of the
two molecule sets being 1:35 and 1:40 kcal/mol, respectively. For more re�ned estimate of
� Gpol, we obtained our �nal set of parameters from 100 random optimizations. The �nal
value of the objective function for CHA-GB was 1:47 kcal/mol whereas for GB it was 2:48.
Note that the �nal outcome of the optimizations with 10 runs was similar to that obtained

http://mobleylab.org/resources.html
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Table 4.7: Training set

Part of training set with the rigid neutral small molecule set.
111trichloroethane thiophenol 35dimethylpyridine cyclohexanol
112trichloro122tri
uoroethane trichloroethene 3acetylpyridine dimethylamine
1234tetrachlorobenzene Z12dichloroethene 3cyanophenol dimethylether
1245tetrachlorobenzene 123trimethylbenzene 3methylbutanoicacid dinbutylether
124trichlorobenzene 124trimethylbenzene 3methylpyridine dinpropylether
135trichlorobenzene 12ethanediol 4acetylpyridine Ebut2enal
14dichlorobenzene 135trimethylbenzene 4cyanophenol ethanamide
2bromo2methylpropane 13dimethylnaphthalene 4methylacetophenone ethane
2chloropyridine 14dioxane 4methylbenzaldehyde methylcyanoacetate
2chlorotoluene 1methylnaphthalene 4methylpyridine methylcyclohexane
2iodophenol 1methylpyrrole acenaphthene mxylene
2methylthiophene 1naphthol acetaldehyde Nacetylpyrrolidine
3chloroaniline 22dimethylpropane aceticacid naphthalene
4bromophenol 23dimethylnaphthalene acetonitrile nbutane
4chloroaniline 23dimethylphenol acetophenone nbutylacetate
4chlorophenol 26dimethylphenol alphamethylstyrene nitromethane
benzylbromide 26dimethylpyridine ammonia Nmethylacetamide
bromotri
uoromethane 2methoxyethanol aniline Nmethylmorpholine
chlorodi
uoromethane 2methylbut2ene anthracene Nmethylpiperazine
chloroethane 2methylbut2ene azetidine NNdimethylformamide
chloro
uoromethane 2methylpropan2ol benzaldehyde NNdimethylpnitrobenzamide
diiodomethane 2methylpropane benzamide npentylacetate
dimethyldisul�de 2methylpropene benzene npropylbutyrate
dinpropylsul�de 2methylpyrazine benzonitrile piperidine
E12dichloroethene 2methylpyridine but1yne propan2ol
iodobenzene 2naphthol buta13diene pyrrole
methanethiol 2naphthylamine butan2ol pyrrolidine
methyltri
uoroacetate 33dimethylpentane cis12dimethylcyclohexane quinoline
pdibromobenzene 34dimethylphenol cyanobenzene styrene
tetrachloroethene 34dimethylpyridine cyclohepta135triene triacetylglycerol
tetra
uoromethane 35dimethylphenol cyclohexane trimethoxymethane
Part of training set from amino acid side chain analogs
gly2-abt phe2-abt tyr2-abt glh2-abt
ala2-abt trp2-abt asn2-abt ash2-abt
val2-abt met2-abt gln2-abt arg2-abt
leu2-abt ser2-abt hsd2-abt lys2-abt
ile2-abt thr2-abt arn2-abt asp2-abt
pro2-abt cys2-abt lyn2-abt glu2-abt
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Table 4.8: Test Set
Part of the test set with the rigid small neutral molecules
11dichloroethane 3cyanopyridine ethanol methyltrimethylacetate
11dichloroethene 3formylpyridine ethene morpholine
11di
uoroethane 3hydroxybenzaldehyde ethylamine npropylformate
1235tetrachlorobenzene 3methyl1hindole ethylbutanoate npropylpropanoate
123trichlorobenzene 4bromotoluene ethylhexanoate ocresol
12dichlorobenzene 4chloro3methylphenol ethylpentanoate otoluidine
13dichlorobenzene 4cyanopyridine ethylpropanoate oxylene
14dimethylnaphthalene 4
uorophenol 
uorene pcresol
14dimethylpiperazine 4formylpyridine 
uorobenzene pentanoicacid
1iodopropane 4hydroxybenzaldehyde 
uoromethane phenanthrene
1methylcyclohexene 4methyl1himidazole imidazole phenol
1methylimidazole bromobenzene indane piperazine
1naphthylamine bromoethane iodoethane propane
22dimethylpentane chlorobenzene isobutylacetate propanenitrile
23dimethylpyridine chloroethylene isopropylacetate propanoicacid
24dimethylphenol chloromethane isopropylformate propanone
24dimethylpyridine cyclohexanone mcresol propene
25dimethylphenol cyclohexylamine methane propionaldehyde
25dimethylpyridine cyclopentane methylamine propyne
25dimethyltetrahydrofuran cyclopentanol methylbenzoate ptoluidine
26dimethylaniline cyclopentanone methylbutanoate pxylene
26dimethylnaphthalene cyclopentene methylchloroacetate pyrene
2bromopropane cyclopropane methylcyclohexanecarboxylate pyridine
2chloro2methylpropane dibromomethane methylcyclopentane tetrachloromethane
2chloroaniline dichloromethane methylcyclopropanecarboxylate tetrahydrofuran
2chlorophenol diethylamine methylcyclopropylketone tetrahydropyran
2chloropropane diethylmalonate methylmethanesulfonate thiophene
2
uorophenol diethylsul�de methylpentanoate toluene
2iodopropane diisopropylether methylpmethoxybenzoate trans14dimethylcyclohexane
3chlorophenol dimethylsulfone methylpropanoate tribromomethane
3chloropyridine ethanethiol methyltbutylether trichloromethane
Part of the test set with amino acid side chain analogs
gly-abt phe-abt tyr-abt glh-abt
ala-abt trp-abt asn-abt ash-abt
val-abt met-abt gln-abt arg-abt
leu-abt ser-abt hsd-abt lys-abt
ile-abt thr-abt arn-abt asp-abt
pro-abt cys-abt lyn-abt glu-abt



62

Table 4.9: Initial Parameters used for the optimization of parameters for CHA-GB and GB:
random numbers from a uniform distribution were drawn from the lower bound (Min) and
upper bound (Max) for various parameters. The intrinsic radii are in �A

Initial parameter values used in the optimization
Model � (C) � (H ) � (N ) � (O) � (S) � (F) � (Cl ) � (Br ) � (I ) �

CHA-GB Min 1.2 0.3 1.2 1.2 1.7 1.2 1.5 1.7 2.0 1
Max 1.7 0.8 1.7 1.7 2.2 1.7 2.0 2.2 2.5 2

GB Min 1.5 1.0 1.2 1.2 1.7 1.0 1.1 1.3 1.5 N/A
Max 2.0 1.5 1.7 1.7 2.2 1.5 1.6 1.8 2.0 N/A
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Figure 4.8: The converged value of the objective function (OF), rmse(small
molecules)+rmse(amino acid analogs) for each of the 100 random optimizationruns. The
OF is plotted against the parameter distance metricdi 0 = jj r i � r � jj2, where r i is the con-
verged parameter set for the ith optimization run and r � is the optimum parameter set used
in this work for CHA-GB (in red) and GB (in black).

with 100 runs. Models' performance on the training set and the test set compares well, see
Table 4.10. Comparison of the converged parameter sets of all 100 optimizations with the
respective converged objective function, Fig. 4.8 reveal that the parameter set for CHA-GB
is more robust than that of the GB. The resulting parameter sets and the objective func-
tions of these optimizations form a tight clusteri.e. close to the global optimum, whereas
for GB the optimized parameters vary signi�cantly from one optimization run to another.
Note that the parameter sets were multi-dimensional and hence we used the distance met-
ric (a measure of disparity between these parameter sets) namely, di = jj r i � r � jj2, where
r i is a parameter set for thei th optimization run and r � is the optimum parameter set.
In Fig. 4.10 we compare the performance of GB and CHA-GB for all 248 small molecules
and 48 amino acids against the explicit (TIP3P) �Gpol. For the 248 rigid small molecules,
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we further analyzed the performance of �Gpol estimated via CHA-GB and GB for di�er-
ent range of explicit (TIP3P) � Gpol; small (� Gpol > � 3:0 kcal/mol), intermediate (� 3:0
kcal/mol> � Gpol > � 6:0 kcal/mol) and large (� Gpol < � 6:0 kcal/mol), see 4.9. It is reas-
suring that CHA-GB consistently provides a more accurate estimate over GB for each �Gpol

range.
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Figure 4.9: The root mean square error (rmse) of CHA-GB (blue bars) and GB (red bars) for
the 248 rigid neutral small molecules against the TIP3P polar solvation energies (� Gpol). The
three columns correspond to di�erent range of � Gpol; � Gpol > � 3:0 kcal/mol, � 3:0 kcal/mol
> � Gpol > � 6:0 kcal/mol and � Gpol < � 6:0 kcal/mol.

Improved radii transferability is due to introduced CHA. To further investigate the
importance of CHA in the improvements o�ered by the CHA-GB model, we again performed
a set of 100 optimizations for GB, but now with the new dielectric boundary de�nition, see
Main Text, that we have so far used exclusively in CHA-GB. Namely, we used a probe of
radius � w � Rs = 0:88 �Ato de�ne the solute/solvent boundary over which the "R6" surface
integration is performed to obtain the e�ective Born radii. The use of the new surface in GB
makes the model formally equivalent to CHA-GB with the water model asymmetry \switched
o�", � = 0. After the radii optimization against the same training set as before, the model
yields 1:01 kcal/mol rmse error in � Gpol for the rigid molecule set and 1:27 kcal/mol error
for the amino acid set. Recall that the corresponding CHA-GB errors are 0:88 and 0:81
kcal/mol, which means that the modi�ed surface de�nition by itself can not bring about the
uniform rmse accuracy of better than 1 kcal/mol seen in CHA-GB.

Outliers Although CHA-GB shows a noticeable improvement in accuracy over the canon-
ical GB, we �nd one prominent outlier in the rigid molecule set, and two in the full set
of 504 molecules. Namely dimethyl-sulfate and methyl-methanesulfonate, each show about
5 kcal/mol deviation from the reference explicit �Gpol. A possible explanation could be
that both molecules contain a highly charged Sulphur (S) atom (with partial atomic charge
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Figure 4.10: The polar solvation free energies, �Gpol of GB (left panel) and CHA-GB (right
panel) against the reference TIP3P simulation [120] for thetwo molecule sets, neutral small
molecules (top panels) and amino acid side chain analogs (bottom panel) using the optimum
radii sets obtained with (left) just the 248 rigid moleculesfrom the neutral small molecule
set in the training set and (right) the training set with 
exi ble molecules included
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Table 4.10: Performance of the GB and CHA-GB in Training and Test sets

Method
Training Set Test Set

Small Mols Amino Acid Small Mols Amino Acid

GB
rmse 1.22 1.26 1.25 1.26

herror i -0.50 0.13 -0.55 0.34
r 2 0.85 0.997 0.87 0.998

CHA-GB
rmse 0.83 0.64 0.92 0.96

herror i -0.39 -0.03 -0.36 0.22
r 2 0.95 0.999 0.90 0.998

1.6-1.8 e), which misrepresent the solvent polarization (the sign of CHA) of the atoms in the
neighborhood. The CHA-scaling factor in the proposed CHA-GB model i.e. � , uses a simple
exponential interpolation to account for the contribution of neighboring charges to deter-
mine the sign of e�ective solvent polarization for a particular atom. This rather simplistic
approximation apparently fails to reproduce a proper sign dependence of this polarization
for the immediate neighbors of these highly charged S-atomswhich, in turn causes wrong
CHA-contribution for their neighbors, �nally leading to erroneous estimates of �Gpol.

4.5.9 Optimizing model parameters including the 
exible mole cules

Here we present the results of optimization of the intrinsic radii for 10 atom types (extra
phosphorus atom type P is added) and parameter� using a training set di�erent from the
one above. This new set comprises of the same 24 structures ofsingle amino acid side chain
dipeptide used as a training subset before (see Table 4.7) but includes di�erent subset of the
504 small molecule set { 124 molecules includes a mixture of 
exible and rigid molecules.
Here too the solvation energy distribution and the atom type representations were kept
homologous between the training and test sets. The new training set was also used to
optimize 10 atom types of intrinsic radii for the canonical GB model. The resulting radius
set is provided in Table 4.11 and the value of parameter� = 1:3. Note that we have one
additional parameter than the analogous set for the rigid molecule case presented in the case
for the 248 rigid molecule set; the intrinsic atomic radius of atom type P. Only two molecules
among the 504 molecules had this speci�c atom type while bothof them were 
exible (had a
conformational variability with rmsd > 0:3�Aduring the 10 ns molecular dynamics simulation;
the blue region in Fig 4.7). The performance of the GB and CHA-GBmodels are shown in
Fig. 4.10 and Table 4.12.
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Table 4.11: The optimized radii sets for GB and CHA-GB obtainedusing the training set
with 
exible molecules

Radii Set( �A)
C H N O S P F Cl Br I

CHA-GB 1.60 0.52 1.58 1.36 1.72 1.63 1.22 1.63 1.84 2.14
GB 1.85 1.30 1.40 1.49 1.46 1.20 0.82 1.87 1.47 1.31

Table 4.12: Accuracy in � Gpol computed using GB and CHA-GB against the reference
explicit (TIP3P) simulation[120, 177] with all 504 molecules from the neutral molecule set
and 48 amino acid analogs

Small Mols Amino Acid
GB CHA-GB GB CHA-GB

rmse 1.34 0.89 1.31 0.89
herror i -0.43 -0.34 0.15 0.20
hjerror ji 0.98 0.62 1.00 0.67

corr. coef. (r 2) 0.82 0.92 0.997 0.998
%jerror j > 2kB T 28.4% 12.7% 27.1% 18.8%

RMS of worst 5% 3.86 2.70 3.85 2.29

Table 4.13: Lennard-Jones Parameters Used for Computation of � Gnp for GB and CHA-GB

� i (�A) � i (kcal/mol) � i

GB CHA-GB

 = 0 :0104kcal=mol=�A2 
 = 0 :0178kcal=mol=�A2

H 2.64953 0.0157 -0.0361 0.0192
C 3.39967 0.1094 0.1744 0.1296
O 2.9592 0.2100 -0.0460 0.1098
N 3.25 0.1700 0.1856 0.5433
S 3.56359 0.2500 -0.0172 0.3554
P 3.74177 0.2000 -0.2767 -0.2218
F 3.11815 0.061 -0.3751 0.0012
Cl 3.47094 0.265 0.1229 0.2464
Br 3.95559 0.320 0.0517 0.3007
I 4.18722 0.40 -0.0986 0.2722
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4.5.10 Optimizing the non-polar part of solvation energy and com-
paring the � Gsolv with experiments

We use the polar part of the solvation energy, �Gpol computed using the optimum radius
in Table 4.3 to optimize the non-polar part against the experimental total solvation energy
� Gsolv [120], under the approximation �Gsolv = � Gpol + � Gnp. The optimization protocol
from Ref [3] is used in this regard. The nonpolar component ofthe solvation energy can be
decomposed into cavity (�Gcav) and van der Waals dispersion (�Gvdw) terms. [58]

� Gnp = � Gcav + � Gvdw (4.12)

= 
 � SASA �
X

i

16
3

�d w � iw � 6
iw

� i

(Ri + � w)3

Here 
 is the e�ective surface tension coe�cient andSASA is the solvent accessible surface
area of a solute computed using the MSMS package [157] with the standard 1.4�A water
probe radius. In principle [58]
 can be di�erent, speci�c to the atom type of a solute.
However in this work we use a global(same for all atom types) value of 
 similar to Ref. [3].
dw = 0:033428�A � 3 is the number density of water at standard conditions.� iw and � iw are
computed using,

� iw =
1
2

(� i + � w) (4.13)

� iw =
p

� i � w

where � w = 3:1507 �A and � w = 0:152 kcal/mol are the Lennard-Jones (LJ) parameters
for oxygen in TIP3P water and � i ; � i are the LJ parameters for the atom typei , standard
GAFF [185] values were used in this work.

The values of global
 and � i were optimized using a training set comprised of the same 124
molecules used earlier for the optimization of parameter sets provided in Table 4.3. Nelder-
Mead simplex algorithm with 100 random initial seeds was used for this optimization. The
�nal value of parameters(
; � i 's) used in this work were the ones pertaining to the lowest
value of the objective function (rmse against the experimental � Gsolv ). The optimized
parameters are provided in Table 4.13. The results, shown inFig 4.11 and in Table 4.14
clearly indicate a better correlation of CHA-GB with experiments. � Gpol obtained using
TIP3P simulation being the gold standard for optimizing thepolar part i.e. the major
portion of the solvation energy sets the accuracy benchmarkfor the performance of our
analytical model. Any further improvement of CHA-GB would require a more accurate
estimation of the polar solvation energy.
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Table 4.14: Accuracy in � Gsolv computed using GB and CHA-GB compared to experimental
values[120]

TIP3P GB CHA-GB
rmse 1.26 1.45 1.22

herror i 0.68 0.04 0.02
hjerror ji 1.03 1.09 0.91

corr. coef. (r 2) 0.89 0.79 0.84
%jerror j > 2kB T 40% 34% 30%

RMS of worst 5% 2.95 3.71 3.46
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Figure 4.11: The solvation free energies, �Gsolv using CHA-GB, red crosses and the TIP3P
simulations, blue open circles. [120] against the reference experimental values [120]



Chapter 5

Evaluation of charge asymmetry in
aqueous solvation

This chapter has been converted into a manuscript that is currently being reviewed.

Charge hydration asymmetry (CHA) { a characteristic dependence of hydration free energy
on the sign of the solute charge { quanti�es the asymmetric response of water to electric �eld
at microscopic level. Accurate estimates of CHA are critical for understanding and prediction
of hydration e�ects ubiquitous in chemistry and biology, and for development of accurate
models of water. Yet, fundamental di�culties associated with measuring and interpreting
hydration energies of charged species lead to unacceptablylarge (up to 300 %) variation in
the available estimations of the CHA e�ect from ion hydrationdata. We circumvent these
di�culties by developing a framework (an approach) which allows to extract an accurate
estimate of the relative intrinsic CHA propensity of water from experimentally measured
hydration free energies of neutral polar molecules, which are themselves highly accurate.
Speci�cally, from a set of 504 small molecules, we identify two pairs that are analogous,
with respect to CHA, to K+ /F � pair of ions { classical probe for the e�ect. We use these
\CHA-conjugate" pairs of molecules to quantify the intrinsiccharge-asymmetric response of
water to microscopic charge perturbations: the asymmetry of the response is strong,� 50%
of the symmetric response (average hydration free energy ofthe molecules in the pair). The
ability of widely used water models to predict hydration energies of small molecules strongly
correlates with their ability to predict CHA.

5.1 Introduction

The water molecule, H2O, is among the simplest chemical structures, yet the liquidphase
of water is among the most complex liquids. Many of its unique, vital for Life properties,
including the ability to establish complex hydrogen bondedstructure [115], are due to the
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complexity of electrostatic interactions. The ability of water to hydrate ions and biomolecules
is crucial to biological functions; detailed atomistic understanding of these functions is impos-
sible without accurate description of the energetics of aqueous solvation (hydration). Given
the very polar nature of water as a solvent, understanding key details of molecular hydration
requires accurate and comprehensive experimental characterization of electrostatic proper-
ties of water molecule in liquid phase at microscopic level.This characterization is currently
lacking: for example, even the exact value of the dipole moment of water molecule in liquid
is still debated[103]: the experimental range is from 2.7 to3.2D, [170, 162, 10] and higher
multipole moments are not available from experiment at all.

Experiments further lack consensus in quantifying the key characteristic of the asymmetry
of water response to microscopic �elds of solvated charges {the so called charge hydration
asymmetry (CHA) [25, 147, 69, 154, 74, 20, 146, 63, 118, 127, 13,126, 159, 14], Fig. 5.1.
One of its earliest [98] known manifestations is the observed di�erences in hydration free
energies of oppositely charged ions of similar size,e.g., the K+ /F � pair, Fig. 5.1; completely
unaccounted for in the linear response continuum framework[24]. These di�erences are
larger than many relevant biomolecular energy scales, suchas folding free energy of a typical
protein. The CHA e�ects are strong not only for the charged, but also for net neutral
solvated structures [118, 126, 14].
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Figure 5.1: Uncertainty in experimentally determined charge hydration asymmetry (CHA)
for K+ /F � ion pair. Shown are the hydration free energies for K+ (top markers) and
F� (bottom markers) from four classical experimental references [98, 112, 180, 160], from
historical to modern, spanning more than eight decades. Alsoshown are the absolute CHA,
�� G = � G(K + ) � � G(F � ) and the dimensionless relative CHA [127],� � =

�
� �� G

< � G>

�
� where

< � G > = (1 =2)
�
� G(K + ) + � G(F � )

�
.

Absolute single-ion solvation free energies are conventionally deduced from experimental es-
timates of hydration enthalpies of ionic solutions via the Born-Haber cycle [180, 160] using
highly controversial estimation of absolute proton (H+ ) hydration enthalpy. Uncertainties of
up to 16 kcal/mol are reported that stem from various degrees[42] of extra-thermodynamic
assumptions [112, 160] or cluster ion solvation estimates [180] made in obtaining these
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estimates. Furthermore, there are fundamental di�cultiesassociated in determining and
interpreting [87] the liquid-vapor and liquid-cavity surface (interface) potentials; a recent
work [107] provides a detailed overview of the associated issues. The net result of these,
and possibly other, issues is an almost 300% variation in thestrength of the CHA e�ect
between the four available comprehensive experimental data sets of ion hydration energies
for the K+ /F � pair, Fig. 5.1. We note that due to di�erent range of solvation free energy
for di�erent classes of solutes we quantify the strength of the CHA e�ect using a dimen-
sionless quantity, namely relative CHA,� � de�ned as � � = j �� G

h� Gi j. From the theoretical
prospective, relating experimental hydration free energies of a charged species to the corre-
sponding computational estimates is also fraught with di�culties[107]. At the same time,
even uncertainties of order of just severalkT can have profound e�ect on the thermody-
namics or kinetics of di�erent phenomena where ion dehydration is involved, e.g., membrane
ion channel transport, ion binding to receptor proteins, etc. An accurate quanti�cation of
the inherent CHA of water is therefore of paramount importance for accurate quantitative
estimates in biology, chemistry, and physics.

In contrast to ions, direct measurements of experimental hydration energies [150, 119] of
neutral solutes are very accurate, with errors within a fraction of kcal/mol. The two primary
sources of error for the case of ionic solutes is completely eliminated for the case of net neutral
solutes,

P
i qi = 0. Firstly, the energy cost of transferring the charges through each of the

two potential barriers, the vacuum-water interface and into the molecular cavity is zero as
Ecav=int = � cav=int

P
i qi = 0. Furthermore, the solvation free energy computations ofthese

neutral molecules were obtained using calorimetric measurements of transfer free energy
using known Ostwald solubility coe�cients which are free from any empirical estimate of
a reference such as the proton solvation free energy for the ionic solute case. [1]. The
relationship between the observation and computational prediction is also straightforward
in this case [119, 153, 122, 107, 105]. We therefore propose to quantify the water CHA
e�ect based on experimental hydration energies of small neutral molecules, rather than ions.
Speci�cally, we identify \CHA-conjugate" pairs of anion-like and cation-like neutral polar
molecules that behave, in some precisely de�ned sense, justlike the K+ /F � pair with respect
to charge hydration asymmetry.

5.2 Results and Discussion

Without loss of generality, the hydration free energy, �G of a molecule can be decom-
posed into symmetric, � Gsym , and asymmetric, � Gasym , parts with respect to solute charge
inversion: � G = � Gsym + � Gasym ; such that upon sign inversion of the partial atomic
charges � Gsym remains invariant, whereas �Gasym ! � � Gasym . However, for an ar-
bitrary pair (A,B) of molecules, the experimental di�erence in their hydration energies
�� G = � G(A) � � G(B) would contain a mix of CHA-related and unrelated components.
Here we propose to cleanly isolate the asymmetric part by identifying special pairs of \CHA-
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conjugate" neutral molecules { molecules with same �Gsym , but equal and opposite �Gasym ;
for these special pairs �Gsym would cancel out in the di�erence, while � Gasym would com-
bine, so that �� G would contain only the CHA e�ect we seek to quantify. Since no known
experimental method can perform the solvation energy decomposition into charge-symmetric
and asymmetric parts, we must resort to theoretical water models to identify such special
pairs of molecules.

� ����� �
�������

����
	
����
�

Figure 5.2: A family of rigid n-point water models arranged in ascending order with respect
to deviation from the perfect tetrahedral symmetry (BNS model, zero CHA). The ability
of the water models to cause CHA is proportional to the magnitude of parameter� that
progressively breaks the speci�c charge inversion symmetry in this family of models

Within the widely used family of TIPnP water models [111], the propensity to cause CHA
increases [146, 118] progressively from TIP5P to TIP3P[85]to TIP4P[72]. In contrast, one
of the earliest water models, BNS [145], does not exhibit any CHA: its perfectly tetrahedral
geometry implies that its charged-inverted version can be exactly mimicked by a set of
rotations around the oxygen center { a su�cient condition for the absence of CHA [127].
This high degree of charge inversion symmetry is progressively broken in other water models
in Fig. 5.2 by an order parameter� that has an intuitive geometric interpretation, Fig. 5.2. �
is the distance between the projection of negative charge arms along the azimuthal symmetry
axis from that of the corresponding charge-symmetric modelin which the length of the
negative charge arms are made equal to the positive ones. A relation between� (geometry)
and CHA (energy) is established in the Computational Methods, where it is shown that� �

 2 { the cubic octupole moment of water molecule earlier recognized [97, 179, 132, 127] as key
for breaking the charge hydration symmetry. This moment is de�ned as 
 2 = (1 =2)(
 yyz �

 xxz ) where 
 ijk are the traceless octupole tensor components of a water molecule model in
the Cartesian frame with origin at the water oxygen center and OH bonds in theyz plane
with z-axis bisecting the H{O{H bond angle.

CHA can be introduced as a �rst order perturbation to the symmetric part of the solvation
free energy �Gsym , i.e. � Gasym / � . To illustrate the concept for K+ /F � ion pair, we
follow an earlier work [127] where CHA correction was explicitly introduced into the charge-
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symmetric original Born formula [24] for ion hydration energy:

� G ' �
�

1 �
1
�

�
q2

2(R + Rs)

�
1 � sgn[q]

�
R + Rw

�
(5.1)

Here, � is the dielectric constant of water,Rw is the radius of water molecule,q and R are
the ion charge and ionic radius, respectively, andRs is a constant shift to the dielectric
boundary [127]. Neglecting the minor di�erence in the ionic radii of K+ and F� ions, Eq. 5.1
results in the same �Gsym = � G(� = 0) for both ions and a symmetric gap in hydration
free energies �� G = 2j� Gasym (� )j which increases monotonically with� , Fig 5.3. In other
words, for a cation/anion pair of the same size, Eq. 5.1 describes a \CHA-conjugate" ion
pair with identical � Gsym and equal but opposite �Gasym .
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Figure 5.3: K+ (blue dashed line) and F� (red dashed line) ion pair de�nes the characteristic
behavior of CHA-conjugate pair of solutes { a symmetric, monotonically increasing di�erence
in the electrostatic hydration free energies with respect to increasing degree of the perturba-
tion � that breaks the charge-inversion symmetry of the water models. Hydration energies
are computed via Eq. 5.1 withRs = 0:52 �A, Rw = 1:4 �A, and ionic radii from Ref.[113]

We propose to use these two distinct characteristics of the �� G(� ) for a pair of molecules
as a signature feature to identify CHA-conjugate pairs among neutral molecules. To identify
such pairs, we have searched through a set of rigid, polar small molecules. These molecules
were selected from an extensively used, diverse set of 504 small, neutral molecules [119] with
known experimental hydration free energies (see Computational Methods). We note that, the
experiments were conducted in conditions to ensure [150] that these molecular solutes were
neutral, and hence circumvents the issues related to uncertainties in the hydration energies of
charged solutes, discussed earlier. The fast analytical CHA-GB model [126] was used in the
initial screening for the signature �� G(� ) gap, and the best candidates were then con�rmed
by careful free energy perturbation (FEP) calculations [119] using the three TIPnP explicit
water models in Fig. 5.2, see Computational Methods. The justi�cation for using the CHA
signature of the K+ /F � pair for the neutral molecule pair search lies in the very de�nition
of the CHA-GB model. The self energy terms in the CHA-GB equation correspond to the
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Born equation, for which we already show that the �� G / � . This dependence on� holds
true also for the charge-charge interaction (cross terms) terms. Within CHA-GB, for a pair
(i,j) of atoms � Gij � qi qj

1
f CHA � GB

ij
the �rst two terms of expansion of the Green's function,

1
f CHA � GB

ij
leads to the charge symmetric part which is essentially the classical Still equation

� Gij � 1
f GB

ij
and a term proportional to � . While is true that the CHA contribution due

each self and cross term is proportional to� , it is not guaranteed that the total symmetric
part for a pair of molecules are equal and that the variation of CHA with � is same,i.e. it
is not guaranteed that for every molecule pair the CHA signature holds. In this search we
limit ourself to rigid, non-polarizable water models of thesame geometry (TIPnP family)
that have roughly the same dipole moment (less than 0.06 D di�erence between models) and
exhibit a well studied behavior with respect to CHA [127]. Importantly, we do not rely on
the speci�c value(s) of CHA propensity of the water models, which for some, or even for all
of the models, may di�er from the correct experimental valuewe seek to uncover. What
is critical is that the water models we use di�er substantially in their propensity to cause
CHA [127].

Our search has yielded two CHA-conjugate pairs of neutral, highly polar molecules, see
Fig. 5.4. The rationalization for the unique behavior of these two pairs with respect to CHA
is illustrated for one of them in Fig. 5.5.
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Figure 5.4: Hydration free energies of two pairs of moleculesanalogous to K+ /F � pair with
respect to CHA; compare with Fig. 5.3. The energies are computed using the CHA-GB
model (dashed lines) [126], and free energy perturbation (FEP) calculations (solid markers),
see Computational Methods. Statistical error bars (not shown) for the FEP calculations are
smaller than the symbol size

The anion-like (cation-like) molecule has one relatively highly charged, \CHA-dominant"
atom, e.g. the amide oxygen ofN-methyl acetamide(carboxylic hydrogen of pentanoic
acid) that behaves like F� (or K + ) with respect to the structuring of water around it.
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Figure 5.5: Similarity between water-structuring e�ects of ions (left) and one pair of CHA-
conjugate neutral polar molecules (right). Shown are water-oxygen (magenta) and water-
hydrogen (cyan) occupancy maps computed using TIP3P water model. High probability
isomaps are shown using solid surfaces and relatively lowerprobability isomaps are shown
as translucent surfaces. The other cation-like molecule,3-methyl butanoic acid, is an isomer
of pentanoic acid and has similar occupancy isomap, see the Computational Methods. Us-
ing TIP4P-Ew instead of TIP3P results in similar occupancy maps (not shown) for these
molecules.
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The e�ect of the opposite charges within each molecule is much more di�use, and can not
cancel the dominant asymmetric contribution from this one atom. We quantify the charge
hydration asymmetry of these two pairs by their relativeexperimentalCHA, � � =

�
�
� �� G

h� Gi

�
�
� .

The experimental� � is 0.49 and 0.48 respectively, for the two cha-conjugate pairs (3-methyl
butanoic acid, N-methylacetamide)and (pentanoic acid, N-methylacetamide), respectively,
see Table 5.1. The physical meaning of the large, almost 0:5, experimental value of� � is that
the intrinsic charge-asymmetric response of water to microscopic charges (atomic size CHA
perturbations) is strong, comparable to the charge hydration energy itself. For example,
experimental hydration energies of the moleculespentanoic acidand N-methylacetamideare
-6.09 and -10.00 kcal/mol respectively, [150]i.e. the jh� Gij = 8.08 kcal/mol while the
j�� Gj= 3.84 kcal/mol for the pair. In fact, the asymmetry of the individual perturbation
caused by the single \CHA-dominant" atom can be even stronger,as the net e�ect in a pair of
molecules measured by� � is attenuated somewhat by the opposing contributions from other
charges, see Fig. 5.5. We again stress that the� � from Table 5.1 are free from the issues
related to the fundamental or technical di�culties [107] associated with the ion hydration
asymmetry: � � inferred from CHA-conjugate pairs of neutral polar moleculesdirectly and
accurately characterize the intrinsic asymmetry of the water response to microscopic electric
�eld. As expected, the uncertainty in the experimental� � is small, about 2 %, as seen from
the di�erence between the two independent CHA-conjugate pairs. This high accuracy is
contrast to the almost 300 % di�erence between available experimental hydration energies
for K+ /F � pair, Fig. 5.1.

Table 5.1: Relative CHA propensity,� � , of two CHA-conjugate pairs of neutral molecules
from experiment and explicit water simulations. Water models used for comparison are
TIP5P, TIP3P, TIP4P-Ew and a recent 4-point model OPC [8, 77]

Molecule Pair Exp Water models
TIP5P TIP3P TIP4P-Ew OPC

0.49 0.10 0.43 0.56 0.45

0.48 0.11 0.42 0.53 0.45

Looking through the prism of CHA, at the development of classical �xed-charge water models
during the past several decades, we note that, geometrically, the largest variation between
the popular water models appears along the single coordinate: one that breaks the perfect
charge-inversion symmetry of a perfect tetrahedral chargearrangement assumed by early
BNS model, Fig. 5.2. Judging by the ability of each water modelin Table 5.1 to predict the
experimental � � , we conclude that, to the extent that the charge distribution of a real water
molecule in liquid water can be approximated by three point charges, their con�guration
may be close to that of a recently proposed water model OPC [8,77], Fig. 5.6.

This new water model is, perhaps, the very �rst attempt to explicitly consider the CHA
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Figure 5.6: Charge distribution in OPC water model[8, 77]. The distance between the
oxygen center and the positive charges is shorter than the� 1 �A assumed by common 3
point charge water models[85, 72].

e�ect in water model optimization [77]; the model is curiously successful in accurately re-
producing most properties of liquid water [77]. Importantly, the accuracy of the predicted
small molecule hydration energies by the water models used in this study (in Table 5.1) cor-
relates well with their ability to reproduce experimental CHA. Namely, RMS errors against
experiment in hydration free energy estimates for TIP5P, TIP3P, TIP4P-Ew and OPC are,
respectively: 1.85, 1.10, 1.14, and 0.97 kcal/mol (based on20 neutral molecules , see Com-
putational Methods, chosen to span the entire hydration energy range of the 504 molecule
set [77]). The correlation suggests that the highly accurate experimental� � for the CHA-
conjugate pairs of neutral small molecules can be used to calibrate and improve water models,
especially their ability to accurately describe microscopic electrostatic e�ects important for
molecular hydration. The expected insensitivity of the relative quantity � � to parameters
describing the molecule (such as atomic partial charges) means that predicted � � mostly
characterizes propensity of the water model to cause CHA.

Having quanti�ed the intrinsic CHA e�ect of water by � � for a pair of neutral, cation-like and
anion-like small molecules, we inquire if we can use the accurate experimental value of� � to
reduce the dramatic uncertainty associated with the original, ionic (K+ /F � ) CHA, Fig. 5.1.
The idea is to extract from experimental molecular� � , Table 5.1, the contribution from two
\CHA-dominant atoms", Fig. 5.5. This intrinsic[107] value of the relative CHA e�ect for
this pair of opposite charges sets the lower bound for the corresponding (intrinsic) value of
� � for K+ /F � pair. While the latter can not be measured directly[107], wecan relate it to
the experimental observable� � ion , Fig. 5.1 by considering the additional contributions to
�� G speci�c to ions, including [43] the dispersion correctionsand cavity formation energy.
The detailed analysis is presented in the Computational Methods. The end result is a lower
bound estimate on� � ion set by the molecular� � : � � ion > 0:54� � + 0:14 or, using� � = 0:48
from Table 5.1:

� � ion (K + =F� ) > 0:4 (5.2)

Therefore, the \original" relative CHA e�ect for the K + /F � ion pair, Fig. 5.1, is also likely
to be strong. The strength of the CHA e�ect in water is consistent with the large value of
the charge-inversion symmetry breaking separation� , Fig. 5.4, comparable to the positive-
negative charge separation in water models that approximate the experimental CHA reason-
ably well, Table 5.1. The CHA strength is also consistent withthe relatively large value of
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the 
 2 octupole moment of water molecule in liquid phase predictedby several independent
quantum mechanical estimates[35, 132].

5.3 Conclusions

In this Chapter, we have proposed an approach to use highly accurate experimental hydra-
tion energies of small neutral molecules to quantify the e�ect of charge hydration asymmetry
{ the charge-asymmetric response of water to microscopic electric �eld. Characteristic de-
pendence of hydration free energies on the sign of charged solutes of similar radii such as the
K+ /F � pair is the best known manifestation of CHA. However, for ion pairs, the quanti�-
cation of the hydration free energy, and hence the associated CHA, is highly uncertain (�
300% among four available comprehensive sets of experimental data) due to a variety of fun-
damental, and technical di�culties [42, 87, 180, 89, 107]. Here we overcome these di�culties
and accurately quantify CHA directly from neutral solutes for which the experimental hy-
dration free energies are accurately measured. The crux of the approach is the identi�cation
of pairs of neutral solutes that show charge-asymmetric response of water similar to that
that of the K + /F � pair, based on a set of quantitative criteria we infer from the behavior of
K+ /F � pair with respect to the charge-symmetry breaking perturbation. For this purpose
we use a combination of \CHA-aware" implicit solvation model and free energy perturba-
tion simulations in di�erent explicit water models to search through a large, comprehensive
set of small, neutral drug- like molecules. The search has yielded two \CHA-conjugate"
pairs of neutral molecules that behave just like the K+ /F � pair with respect to asymmetric
charge hydration. The di�erence between experimental hydration energies within each pair
of neutral molecules, relative to the pair's average hydration energy, quanti�es the intrinsic
charge-asymmetric response of real water, free from extrinsic, complicating factors such as
the energetic cost of a charge species crossing the liquid/vapor boundary. Unlike the corre-
sponding quantity for K+ /F � pair, the measured relative hydration asymmetry of neutral
solutes is very accurate. Given the paucity of available experimental characterization of
electrostatic properties of water molecule at the microscopic level in the liquid phase, we
�nd the charge-asymmetry of the intrinsic aqueous responseto microscopic �elds is strong.
Quantitatively, we �nd that the charge-asymmetric response of water is close to one-half of
the average charge hydration energy itself. Quantitatively, we �nd the charge-asymmetric
response of water to be close to one-half of the average charge hydration energy itself, which
means that the charge-asymmetry of the intrinsic aqueous response to microscopic �elds is
strong.

The availability of a novel, accurate reference value for the charge hydration asymmetry
made possible through this work, should be of interest in itsown right. For example, we
have found that the ability of an explicit water model to predict the correct experimental rel-
ative CHA for just one pair of neutral solutes correlates wellwith the accuracy of the model
in predicting absolute hydration energies of small neutralmolecules covering a wide range
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of hydration energies. The observation suggests an immediate use of the proposed neutral
molecule-based CHA reference for testing, and ultimately improving, solvent models. Note
that computational estimate of hydration energies of smallneutral solutes is now inexpen-
sive, straightforward and free from serious complicating issues associated with analogous
computations for charges species. The inclusion of the propose accurate CHA reference as
an additional optimization target in the process of water model construction may eventually
result in more accurate models of water.

5.4 Computational Methods

5.4.1 The CHA-GB equation

The implicit solvent hydration free energies were computedusing the CHA aware generalized
Born equation [126]

� G = �
1
2

�
1 �

1
�

� X

i;j

qi qj

f CHA � GB
ij

; (5.3)

whereqi is the charge of atomi , f CHA � GB
ij =
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r 2
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!

introduces the CHA scaling of

the e�ective Born radii, Ri analogous to the CHA scaling of the Born radii in Eq. 5.1.�
is a positive constantO(1) that controls the e�ective range of the neighboring charges (j )
a�ecting the CHA of atom ( i ). The e�ective Born radii Ri are computed using the numerical
implementation of the \R6" formula [65], over the dielectric surface (boundary). The later
is obtained by increasing [28] the intrinsic atomic radii byRs = 0:52 �A , see Ref [126], and
further rolling a probe of radius� w � Rs, where� w = 1.4 �A de�nes the size of water molecule.

5.4.2 Selections of small molecules and identifying the CHA con -
jugate pairs

To identify the CHA conjugate molecule pairs from the original 504 molecule set [119] we �rst
selected 250 most rigid molecules, that undergo very little(< 0.3 �A) conformational change,
as seen from molecular dynamics trajectories [121]. We thenpicked 60 \polar dominant"
molecules { those with the smallest non-polar �G to polar � G ratio (< 0.2), based on
previous solvation energy estimates [119] in TIP3P water. Further, we �rst performed single
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point � G estimates using a CHA-aware implicit solvation model; the polar part was modeled
using the CHA-GB equation Eq. 5.3, and the non-electrostatic part modeled as
SASA ,
where SASA is the solvent accessible surface area computed numerically [157] and 
 =
0.005 kcal/mol/�A2. The topology and coordinates for the molecules were obtained from
Ref. [119]. Intrinsic atomic radii set and� , Eq. 5.3, were optimized (using Nelder Mead
simplex algorithm [129]) against the experimental solvation free energy for the 60 polar
molecules using di�erent values of� in the range (0, 1.4�A). For each value of� we performed
2000 separate optimizations using random initial guess; the parameter set corresponding
to the smallest deviation (root mean square error,rmse) from experiments, was used for
analysis. In Fig. 5.7 we show thermse of the solvation free energy for the best outcome of
the 2000 optimizations for di�erent values of� . Note that the minima of the plot in Fig. 5.7
is close to the OPC water model with� = 0:699�Athat provides the best agreement with
the experimental relative CHA, � � . The resulting � G for di�erent values of � were used to
shortlist an initial selection of 11 molecule pairs (17 distinct molecules) that showed promising
behavior in the �� G(� ) gap. The initial set was re�ned via careful explicit water free energy
perturbation calculations in TIP3P, TIP4P-Ew and TIP5P, resulting in two CHA-conjugate
pairs, Table 5.1, that exhibit near perfect symmetric monotonically increasing �� G(� ) gap.

0 0.2 0.4 0.6 0.8 1 1.2 1.4
d (Å)

0.8

1

1.2

rm
se

D
G
 (

kc
al

/m
ol

)

Figure 5.7: Shown is the (against experiments for the 60 molecule set) root mean square
error, rmse (kcal/mol) corresponding to the optimum parameter set obtained by optimizing
the CHAGB model for di�erent values of � in the range (0,1.4)�A.
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5.4.3 Explicit solvation free energies

Molecule topology and coordinate �les were prepared in an earlier work [119], using GAFF [185]
small molecule parameters assigned by Antechamber 14 [184],and the partial charges were
assigned using the Merck-Frosst implementation of AM1-BCC [81]. The hydration free en-
ergy calculations in explicit water were performed in GROMACS 4.6.5 [143] using standard
free energy perturbation (FEP) calculations [119] { the coulomb and van der Waals coupling
was reduced from 1 to 0 using 20 intermediate� values. Molecules were solvated in triclinic
box with at least 12�A from the solute to the nearest box edge. Real space electrostatic cuto�
was 10�A, and long-range electrostatic interactions were calculated using periodic boundary
conditions via. the particle mesh Ewald (PME) summation [47, 37] and all bonds were re-
strained using the LINCS algorithm. Production simulationswere 5 ns in length at each�
value, and free energies and the associated uncertainties were computed using the Bennett
acceptance ratio (BAR), namely thegbar feature in GROMACS 4.6.5. The FEP estimates
were validated by ensuring convergence of forward (turningthe coupling on) and backward
(turning the coupling o�) computations for two molecules, and also by comparing with the
FEP estimates for TIP3P in Ref. [119]. The same topology and coordinate �les were used
and identical simulation protocol was used to perform the FEP calculations in each of the
four water models, TIP5P, TIP3P, TIP4P-Ew and OPC [8] for 17 molecules (including the 11
shortlisted pairs, above). FEP calculations were also performed for 3 additional molecules,
such that the 17+3 = 20 molecule set spans the experimental �G range of -0.7 to -10.0
kcal/mol. This set was used to compare the four water models against the experimental
� G. The estimated solvation free energies are shown in Table 5.2.

5.4.4 Simple relationship between the geometric symmetry b reak-
ing parameter � and octupole moment component 
 2 of the
water model

Here we derive a simple relationship that connects the chargeinversion symmetry breaking
parameter � = z+ + z� , which depends on a water model geometry, Fig. 5.8, to the cubic
octupole moment 
 2 and the dipole momentj~pj. The dipole moment can be expressed as:

j~pj = 2q+ � = 2 q+ (2z+ � � ) (5.4)

where � = z+ � z� = 2z+ � � , q+ is the partial charge of each positively charged site.

The cubic octupole moment 
2 can be expressed as


 2 =
5
2

q+ (y2
+ z+ + x2

� z� ) =
5
4

j~pj
2z+ � �

(y2
+ z+ + x2

� z� ) (5.5)

For simplicity, we assume the angle between the positive sites and the angle between the
negative sites to be the same,� = � HOH = � LOL . This leads to
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Table 5.2: The hydration free energies of the 17 shortlistedmolecules (black, blue and red) +
3 extra molecules (green) computed using free energy perturbation in explicit water models
TIP4p-Ew, TIP3P, TIP5P and OPC. The blue and red color codes are used for the molecules
comprising the CHA conjugate pairs.

molecule name Exp TIP4P-Ew TIP3P TIP5P OPC
N-methylacetamide -10.00 -9.02� 0.05 -8.43� 0.03 -7.49� 0.02 -8.95� 0.05

pentanoic-acid -6.16 -5.06� 0.04 -5.45� 0.06 -6.78� 0.05 -5.68� 0.06
3-methylbutanoic acid -6.09 -5.22� 0.05 -5.49� 0.04 -6.72� 0.06 -5.65� 0.06
N-methylmorpholine -6.32 -6.44� 0.05 -5.86� 0.04 -4.27� 0.04 -6.61� 0.01

2-methoxyethanol -6.76 -5.44� 0.05 -5.37� 0.05 -6.19� 0.07 -5.75� 0.08
methyl-cyanoacetate -6.72 -5.99� 0.04 -6.24� 0.02 -5.51� 0.03 -6.60� 0.05

ethanol -5.00 -3.39� 0.03 -3.44� 0.01 -4.53� 0.04 -3.44� 0.01
NN-dimethylformamide -7.81 -7.30� 0.1 -7.02� 0.04 -5.53� 0.02 -7.65� 0.04

morpholine -7.17 -6.75� 0.02 -6.50� 0.05 -5.05� 0.07 -6.92� 0.08
26-dimethylpyridine -4.59 -3.33� 0.05 -3.45� 0.09 -2.36� 0.07 -3.43� 0.04

2-naphthol -8.11 -7.19� 0.04 -7.94� 0.06 -9.74� 0.08 -7.85� 0.05
1-naphthol -7.67 -6.88� 0.09 -7.64� 0.07 -9.48� 0.06 -7.51� 0.02

4-acetylpyridine -7.62 -7.6� 0.1 -7.49� 0.04 -5.76� 0.05 -7.59� 0.07
N-acetylpyrrolidine -9.80 -8.38� 0.07 -7.93� 0.06 -6.25� 0.05 -8.41� 0.03

3-cyanopyridine -6.75 -4.46� 0.02 -4.75� 0.03 -3.82� 0.03 -4.66� 0.03
3-formylpyridine -7.10 -7.35� 0.04 -7.47� 0.06 -5.99� 0.05 -7.61� 0.02
4-formylpyridine -7.00 -7.38� 0.05 -7.33� 0.09 -5.85� 0.04 -7.49� 0.07

1122-tetrachloroethane -2.47 -0.24� 0.01 -0.55� 0.06 -1.02� 0.05 -0.71� 0.04
diethyl-ether -1.59 -0.68� 0.02 -0.70� 0.07 -0.79� 0.04 -0.69� 0.03

hydrogen-sul�de -0.7 0.89� 0.01 -1.17� 0.04 -1.46� 0.05 -0.87� 0.03
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Figure 5.8: Schematic of TIP5P, aC2v point group symmetric water model. (0; � y+ ; z+ )
and (� x � ; 0; z� ) are the Cartesian coordinates of the positively and negatively charged sites
with respect to the origin O. Shown are the two length parameters of the model: the charge
inversion symmetry breaking parameter,� = z+ + z� , and the parameter � = z+ � z� related
to the dipole moment,j~pj = 2q+ �, where q+ is the charge of a single positive site.
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Using Eq. 5.5 and 5.6 we get,
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Simplifying Eq. 5.7 we get


 2 '
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� 3
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+

)y2
+ : (5.8)

This expression is general for any 5-point water model where� HOH = � LOL . For a geometry
wherex � = z� = 0 and � = z+ , the 5-point model converges to a 3-point model with a partial
negative charge located at the origin (oxygen atom center).This allows one to consider 3-
point water models like TIP3P or SPC/E as a special case of a 5-point model. For 4-point
models like TIP4P, with a single partial negative charge located on z-axis (x � = 0; z� 6= 0),
the dependence 
2(� ) is described by Eq. 5.5 where the second term in the bracketx2

� z� = 0.
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Fig. 5.9 shows the near linear dependence of 
2 on � found using Eq. 5.8 and the parameters
(p; z+ ; y+ ) of several n-point water models. A reference SPC/E model with the regular
tetrahedron angle of� HOH = 109:47� deviates slightly from the TIPnP water models with
� HOH ' � LOL = 104:52� and smaller OH bond length leading to a smaller values ofy+ .

In the limit of small � , for a water model with purely tetrahedral 6 HOH= 109:47� , � =
4

3
p

5j~pjj ~OH j

 2 in the limit of small � , wherej ~OH j is OH bond length.
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Figure 5.9: Dependence of 
2 on � shows a general linear trend. Shown are the exact
values (diamond bullets) of 
2 and � obtained directly from Ref. [132] and using Eq. 5.8
(continuous lines) for TIP5P (red), TIP3P (green), TIP4P-Ew (blue), TIP4P (purple) and
SPC/E (orange). � = � HOH = � LOL = 104:52� was used for the TIPnP models and
� = 109:47� was used for the SPC/E model, causing a slight deviation fromthe general
trend of TIPnP models.

The small � limit

In the limit of � ! 0 we can further approximate Eq. 5.8 to


 2 '
15
8

j~pj
z+

x2
+ � =

15
8

j~pj tan
�

�
2

�
sin

�
�
2

�
� : (5.9)

For the SPC/E model, � = 109:47� and therefore 
 2 can be further simpli�ed to


 2 =
3
p

5
4

j~pjj ~OH j� =
3
p

5
4

j~pj� : (5.10)
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5.4.5 Radial distribution functions (RDF) of water oxygen with
respect to the atoms in CHA-conjugate pair molecules and
water-oxygen, water-hydrogen occupancy maps

We computed the radial distribution functions of the water oxygen with respect to the
atoms in the molecular pairs using the cpptraj feature in AmberTools1.3 [26] using 5 ns
production runs in standard conditions followed by standard minimization and NVT and
NPT equilibration of the solute-solvent(TIP3P) system. All simulations were performed
using the Langevin thermostat with a collision frequency of2 ps� 1 and a time step of 2
fs. Hydrogen bonds were constrained with SHAKE [156] using a geometrical tolerance of
10� 6 �A. For the aqueous phase, the molecules were placed in a truncated octahedral box such
that the minimum distance between the solute atoms and the box edge was 12�A. Real space
electrostatic cuto� was 10�A, and long-range electrostatic interactions were calculated using
periodic boundary conditionsvia. the particle mesh Ewald (PME) summation [47, 37]. The
RDF's of water oxygen for di�erent atoms in the anion-like molecule, N-methyl acetamide,
and, one cation-like molecule, pentanoic acid are shown in Fig. 5.10. The RDF's for the
other cation-like molecule, 3-methyl butanoic acid is verysimilar to pentanoic acid, and
therefore not shown. The same production runs were used to obtain the water oxygen and
water hydrogen occupancy maps shown in Fig 5.5 and Fig 5.11. The water-oxygen water-
hydrogen occupancy map for a molecule,methyl cyanoacetate, shown in Fig. 5.11 (for which
the � G does not vary drastically between the di�erent water models, see Table 5.2), shows
existence of both anion type and cation type charges nullifying each other, and hence making
it a CHA-neutral case.

5.4.6 Estimation of the lower bound on � � for (K + /F � ) ion pair

In order to estimate the lower bound on ionic (K+ /F � ) � � , we will use the accurate� �

estimate for the CHA-conjugate molecule pairs. To proceed, wedecompose the �� G into
its polar (electrostatic) (� Gpol) and the non-polar (� Gnon � pol) parts, in the de�nition of � � :

� � =

�
�
�
�

�� Gpol

< � G >
+

�� Gnon � pol

< � G >

�
�
�
� (5.11)

For polar molecules of similar size,e.g. our CHA-conjugate molecule pairs, �Gnon � pol are
comparable [119], and so the second term in Eq. 5.11 is close to zero and can be ignored.
The polar contribution in Eq. 5.11 for the pair of molecules can be related to that of the two
\CHA-dominant" atoms (responsible for the strongest water polarization in their vicinity),
Fig. 5.11. This intrinsic \per atom pair" CHA e�ect sets the lower bound on the corre-
sponding (intrinsic) relative CHA for K+ /F � pair. However, the latter can not be measured
directly; to relate it to the observable� � of the ion pair (called � � ion here), we need to con-
sider additional contributions to �� G speci�c to ions. For the K+ /F � pair, �� Gnon � pol in
Eq. 5.11 is primarily due the di�erence in the ion-water dispersion interactions and minor
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di�erences in the cavity formation energy: Ref [43] reports�� Gnon � pol = � 13:5 kcal/mol
for the K+ /F � pair. Also, for the oppositely charged ions, the liquid-vapor interface poten-
tial [87] and the ion cavity potential [9] contribute to �� G; but, having the same physical
origin, these contributions roughly cancel each other [66], at least for the ions the size of K+ .

The �rst (polar) term in Eq. 5.11 can be further factorised as,

�� Gpol

< � G >
=

�� Gpol

< � Gpol >
< � Gpol >
< � G >

= � �
pol

< � Gpol >
< � G >

(5.12)

< � Gpol > can be simply expressed as< � G > � < � Gnon � pol > ; for the ion pair
experimental uncertainty in < � G > = � 95:5 kcal/mol is < 1 kcal/mol [113, 180, 160] and
< � Gnon � pol > = � 7:8 kcal/mol is obtained from Ref. [43]. Using the reference values and
Eqs. 5.11 and 5.12 (carefully accounting for the proper signs) we get,

� � ion =
87:7
95:5

� �
pol

ion +
13:5
95:5

= 0:92� �
pol

ion + 0:14 (5.13)

For the molecule pair case (note that we use theN-methyl acetamide/pentanoic acidpair for
the following analysis, the other pair being very similar leads to comparable estimates), the
non-electrostatic part of the solvation energy due to the van-der Waals interactions are ob-
tained from simulation results approximated by Lennard jones parameters;< � Gnon � pol > '
1:59 kcal/mol in TIP3P [119], and the �� Gnon � pol ' 0. For consistency, we use the average
value of polar part using< � Gpol > = < � G � � Gnon � pol > and use the experimental value
of � G = � 8:08 kcal/mol [119].

Using Eq. 5.11 for the molecular case, we get,

� � '
9:67
8:08

� �
pol = 1:19� �

pol (5.14)

Now, we will connect the� �
pol for the molecular solute pairs to the ion pair and obtain an

estimate on the lower bound on� � ion . To this end, we use the �rst order CHA perturbation,
like the one provided in the Eq. 5.1, to estimate the electrostatic � �

pol = 2�
R iw

for the ionic
pair, where Riw is the distance of the �rst hydration shell. For the molecule, we model
the � �

pol of the molecule using the single most in
uential atom,i.e. the atom that causes
the maximum occupancy of water in the vicinity, see the water-hydrogen and water-oxygen
occupancy isomaps in Fig. 5.11. Using the carboxylic hydrogen for the cation-like molecule
(pentanoic acid) and the amide oxygen for the anion-like molecule (N methyl acetamide) we
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estimate the� �
pol for the molecule.

� �
pol = j

� Gcat
pol � � Gan

pol

(� Gcat
pol + � Gan

pol)=2
j

< j
� GH

pol � � GO
pol

(� GH
pol + � GO

pol)=2
j

=
qH � H

�
RH

iw
+ qO � O

�
RO

iw

(qH � H + qO � O)=2
(5.15)

Here, superscriptscat and an denotes the cation-like and anion-like molecules respectively,
superscriptsH andO denote the amide hydrogen and carboxylic oxygen in the two molecules,
and � H=O reprsesents the reaction �eld potential at the position of the hydrogen and oxygen
in the two molecules.

Note that the single ion � � in principle can be huge, as there is no CHA-cancellation from
competing opposite sign charges. From the RDF plots 5.10, wenote that RO

iw > R H
iw and

therefore, Eq. 5.15 can be used to get;

� �
pol < 2

�
RH

iw
(5.16)

Again, from the RDF plots, RH
iw = 1:9 �A' 2=3RK + =F �

iw ; RK + =F �

iw = 2:75 �Afrom Ref. [113].
Using this relation and Eq. 5.16 we get

� �
pol

ion >
1:9
2:75

� �
pol = 0:7� �

pol (5.17)

Now using Eq. 5.14, 5.13 and 5.17 we get;

� � ion >
0:7 � 0:92

1:19
� � + 0:14

> 0:54� � + 0:14 (5.18)

Finally, using � � = 0:48 for the pair N-methyl acetamide/pentanoic acidfrom Table 5.1, we
get the lower bound on the� � for the ion pair,

� � ion > 0:40 (5.19)

5.4.7 The PQR �les for the CHA-conjugate molecule pairs

The PQR �les for the \anion-like" and \cation-like" molecul es are shown here with standard
Bondi radii, but various di�erent radii sets were obtained from optimizations with CHA-GB
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equation, Eq. 5.3 to sort these molecules from the larger 60 most polar rigid molecule set.

Cation-like molecules

1.) 3-methyl butanoic acid

REMARK *****
ATOM 1 C1 TMP 1 -2.882 -1.580 -0.667 0.6369 1.700
ATOM 2 C2 TMP 1 0.023 -1.082 -0.167 -0.0935 1.700
ATOM 3 C3 TMP 1 0.392 -0.816 -2.629 -0.0935 1.700
ATOM 4 C4 TMP 1 -1.963 -0.978 -1.703 -0.1229 1.700
ATOM 5 C5 TMP 1 -0.505 -1.442 -1.557 -0.0593 1.700
ATOM 6 O1 TMP 1 -3.515 -0.966 0.179 -0.5499 1.500
ATOM 7 O2 TMP 1 -2.944 -2.927 -0.823 -0.6115 1.500
ATOM 8 H1 TMP 1 -0.580 -1.559 0.613 0.0397 1.200
ATOM 9 H2 TMP 1 0.000 0.000 0.000 0.0397 1.200
ATOM 10 H3 TMP 1 1.056 -1.423 -0.043 0.0397 1.200
ATOM 11 H4 TMP 1 0.387 0.278 -2.562 0.0397 1.200
ATOM 12 H5 TMP 1 1.426 -1.155 -2.513 0.0397 1.200
ATOM 13 H6 TMP 1 0.064 -1.094 -3.635 0.0397 1.200
ATOM 14 H7 TMP 1 -2.336 -1.238 -2.701 0.0779 1.200
ATOM 15 H8 TMP 1 -2.024 0.111 -1.585 0.0779 1.200
ATOM 16 H9 TMP 1 -0.457 -2.533 -1.665 0.0573 1.200
ATOM 17 H10 TMP 1 -3.555 -3.342 -0.177 0.4425 1.200
TER
END

2.) pentanoic acid

REMARK *****
ATOM 1 C1 TMP 1 1.652 -1.768 3.507 0.6338 1.700
ATOM 2 C2 TMP 1 -2.881 -0.883 1.418 -0.0909 1.700
ATOM 3 C3 TMP 1 0.849 -0.849 2.614 -0.1240 1.700
ATOM 4 C4 TMP 1 -1.444 -0.411 1.574 -0.0798 1.700
ATOM 5 C5 TMP 1 -0.604 -1.307 2.486 -0.0756 1.700
ATOM 6 O1 TMP 1 1.220 -2.757 4.082 -0.5494 1.500
ATOM 7 O2 TMP 1 2.947 -1.364 3.596 -0.6116 1.500
ATOM 8 H1 TMP 1 -3.454 -0.154 0.835 0.0342 1.200
ATOM 9 H2 TMP 1 -2.935 -1.841 0.894 0.0342 1.200
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ATOM 10 H3 TMP 1 -3.367 -0.993 2.393 0.0342 1.200
ATOM 11 H4 TMP 1 0.879 0.158 3.046 0.0784 1.200
ATOM 12 H5 TMP 1 1.330 -0.835 1.631 0.0784 1.200
ATOM 13 H6 TMP 1 -1.453 0.601 1.994 0.0427 1.200
ATOM 14 H7 TMP 1 -0.974 -0.340 0.586 0.0427 1.200
ATOM 15 H8 TMP 1 -1.069 -1.318 3.480 0.0546 1.200
ATOM 16 H9 TMP 1 -0.636 -2.341 2.120 0.0546 1.200
ATOM 17 H10 TMP 1 3.518 -1.928 4.161 0.4434 1.200
TER
END

Anion-like molecule

N-methyl acetamide

REMARK *****
ATOM 1 C1 TMP 1 1.272 -0.805 1.513 0.6526 1.700
ATOM 2 C2 TMP 1 0.141 0.089 1.081 -0.1705 1.700
ATOM 3 C3 TMP 1 1.825 -3.206 1.865 0.0836 1.700
ATOM 4 N1 TMP 1 0.913 -2.142 1.511 -0.5833 1.550
ATOM 5 O1 TMP 1 2.377 -0.356 1.807 -0.6076 1.500
ATOM 6 H1 TMP 1 0.377 1.128 1.329 0.0639 1.200
ATOM 7 H2 TMP 1 0.000 0.000 0.000 0.0639 1.200
ATOM 8 H3 TMP 1 -0.784 -0.190 1.593 0.0639 1.200
ATOM 9 H4 TMP 1 1.814 -3.331 2.949 0.0423 1.200
ATOM 10 H5 TMP 1 2.828 -2.937 1.527 0.0423 1.200
ATOM 11 H6 TMP 1 1.500 -4.126 1.376 0.0423 1.200
ATOM 12 H7 TMP 1 -0.037 -2.387 1.248 0.3070 1.200
TER
END
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Figure 5.10: The water oxygen RDF for atom types C, H, O and N forN-methyl acetamide
(left panel) and atom types C, H and O for pentanoic acid (right panel). For N-methyl
acetamide, the highly charged oxygen (atom 5 in reference to the respective pqr �le provided
here) and hydrogens (atom 12) in the amide group are shown in red and blue lines, respec-
tively. The RDF for other atom types are shown in brown lines.For pentanoic acid, the
highly charged hydrogen (atom 17) in the carboxylic group isshown using blue line and the
other atoms are shown in brown lines.
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Figure 5.11: Water-oxygen(magenta) and water-hydrogen(cyan) occupancies maps for the
anion-like molecule, N-methyl acetamide and, the cation-like molecules, pentanoic acid, 3-
methyl butanoic acid and a CHA-neutral molecule methyl-cyanoacetate. High probability
isomaps are shown using solid surfaces and relatively lowerprobability isomaps are shown
using translucent surfaces. These occupancy maps illustrate the trend of varying solvation
free energy with increasing� for di�erent water models in Table 5.2.



Chapter 6

Conclusion

The work presented here is an attempt to incorporate a very fundamental and ubiquitous
e�ect missing from the framework of continuum linear response electrostatics namely the
charge hydration asymmetry. Charge hydration asymmetry, de�ned as the asymmetric re-
sponse of water to the microscopic electric �elds, manifests strong dependence of solvation
free energy on the sign of solute charge. To understand this elusive property, we �rst inves-
tigate the symmetry properties of the water molecule. We used basic statistical mechanics
and electrostatics to connect the expected propensity of CHAwith the speci�c symmetry
properties of the underlying water model. Ability of water toexhibit CHA is quanti�ed using
a simple property that can be related to the charge distribution of a single water molecule.
We show that the propensity of water to break the charge symmetry can be quanti�ed as to
what extent the identity C � R = I is broken, whereC and R are the charge inversion and
rotation (about its van der Waal's center) operators applied to a (model) water molecule.
When applied to popular water models, the equation shows whysome of them cause little
to no CHA, while in others this e�ect is signi�cant. Here, consideration of the symmetry
properties of a water model's electric multipole components was particularly insightful. We
observed that although the electric multipole moments, thedipole (p), square quadrupole
(Q2) and the cubic octupole moment (
2) do not break the charge symmetry individually,
these three electric multipole moments in combination causes the e�ect of CHA. In fact,
we notice that the e�ect due to eachp and Q2 are comparable between various popular
water models and therefore the largest contribution to CHA comes from the cubic octupole
moment alone, 
2.

Using this concisely de�ned criteria that connects the charge distribution of a water model
with its ability to cause CHA, we introduce this e�ect into the Born equation, which serves
as a conceptual basis of the continuum electrostatics. Our approach cleanly separates two
problems that are commonly mixed in the development of continuum solvent models: the
charge-asymmetry e�ects and the placement of the dielectric boundary with respect to the
solute. The result is an equation that is as simple as the original Born model, free from
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�tting parameters, and predicts hydration free energies and entropies of spherical ions accu-
rately when compared with experiments. The charge symmetric part is modeled using water
molecules treated as simple point dipoles within hard walled spheres, while the asymmetric
part is obtained by representing water molecule by two pointcharges that preserves the key
symmetry breaking property of a given model water. For hard sphere point dipole, the sol-
vation free energy of spherical chargese.g. ions at room temperature, 298 K is exact within
the mean spherical approximation and expressed using a Born-like equation by adjusting
the radius of the solute (ion) cavity by a constant shift ofRs = 0:52 �A. We obtain the
asymmetry by scaling this MSA-corrected Born equation, using a function that incorporates
electrostatic interactions between di�erent charge species in the �rst hydration shell model.

Potential bene�ts of the proposed replacement for the Born model are at least two-fold. First,
due to simplicity of the new formula, it can be used just as theoriginal, to describe the basics
of aqueous solvation of charges, but now with the hydration asymmetry e�ects fully taken into
account from �rst principles. Perhaps more importantly, the agreement with experimental
solvation free energies and entropies we have achieved, shows that once the charge asymmetry
e�ects are consistently added to the foundation of the electrostatic continuum formalism,
the result can be quite accurate, without the need for empirical parametrization. This
result is noteworthy since CHA is obviously not the only real e�ect currently missing from
the continuum solvent framework, compared toe.g. the more fundamental explicit solvent
representation. This suggests that, at least as far as the energetics are concerned, the
asymmetry may be the main ingredient still missing from the basis of the existing continuum
electrostatics framework.

Our next attempt was incorporating this e�ect into the conceptual framework of the linear
response continuum electrostatics for multi-atomic solutes{ what is arguably the simplest,
commonly used approximation based on the framework, namelythe generalized Born model.
The resulting CHA-GB model is as conceptually simple, and nearly as computationally facile
as the original. At the same time it provides a noticeable improvement in the accuracy of
electrostatic solvation energy estimates relative to explicit solvent reference. Introduction of
CHA leads to a uniform improvement in the performance of the model on di�erent classes of
molecules, including charged solutes. Standard continuumelectrostatic calculations based
on commonly used sets of intrinsic atomic radii do not show uniform accuracy across a range
of charge states and structures, which had led to the development of plethora of specialized
radii sets. We show by using two layers of correction into thegeneralized Born framework
{ the development of a new dielectric boundary de�nition and\external" CHA e�ects { we
can obtain a set of physically meaningful, transferable setof atomic radii. In the proposed
formalism, the dielectric boundary is charge-symmetric, while the CHA e�ects are added to
the computed solvation energy as an \external" correction.The limitations of the proposed
method lies in the fact that CHA scaling is incorporated by matching the two obvious limiting
cases of the original Generalized Born equation. While these two limits are physically well
grounded, the intermediate region is treated simply as a mathematical interpolation. Another
limitation of our current model is that CHA is solely determined by the sign of the solute



94

charge, i.e. independent of its magnitude. While a good approximation for ions (integer
charge), a more sophisticated approach may be needed to treat fractional atomic charges. It
is however noteworthy that the accuracy of the basic continuum electrostatics model can be
improved noticeably by adding a simple CHA correction to it, as proposed here.

We �nally propose an approach to resolve an 80 year old perplexity to quantify the true e�ect
of charge hydration asymmetry. Characteristic dependenceof hydration free energies on the
sign of charged solutes of similar radii such as the K+ /F � pair is the best known manifes-
tation of CHA. However, for ion pairs, the quanti�cation of the hydration free energy, and
hence the associated CHA, is highly uncertain (� 300% among four available comprehensive
sets of experimental data). This is due to a variety of fundamental, and technical di�culties
such as empirical estimations of proton hydration free energy and water-vacuum interfa-
cial potential. Here we overcome these di�culties and accurately quantify CHA directly
from neutral solutes for which the experimental hydration free energies can be accurately
measured. We identify pairs of neutral solutes that show charge-asymmetric response of
water similar to that that of the K + /F � pair, based on a set of quantitative criteria we
infer from the behavior of K+ /F � pair with respect to the charge-symmetry breaking per-
turbation. We use the CHA-GB model and free energy perturbation simulations in di�erent
explicit water models to search through a large, comprehensive set of small, neutral drug-
like molecules, �nally yielding two \CHA-conjugate" pairs of neutral molecules that behave
just like the K+ /F � pair with respect to asymmetric charge hydration. The di�erence be-
tween experimental hydration energies within each pair of neutral molecules, relative to the
pair's average hydration energy, quanti�es the intrinsic charge-asymmetric response of real
water, free from extrinsic, complicating factors such as the energetic cost of a charge species
crossing the liquid/vapor boundary. Unlike the corresponding quantity for K + /F � pair, the
measured relative hydration asymmetry of neutral solutes is very accurate. We quantify the
charge-asymmetric response of water to be close to one-halfof the average charge hydration
energy itself, which means that the charge-asymmetry of theintrinsic aqueous response to
microscopic �elds is strong. We also found that the ability of an explicit water model to
predict the correct experimental relative CHA correlates well with the accuracy of the model
in predicting absolute hydration energies of small neutralmolecules covering a wide range
of hydration energies. The observation suggests an immediate use of the proposed neutral
molecule-based CHA reference for testing, and ultimately improving, solvent models. Includ-
ing the proposed accurate CHA reference as an additional optimization target in the process
of water model construction may eventually facilitate designing more accurate models in
future.
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