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Power Grid Partitioning and Monitoring Methods
for Improving Resilience

Shuchismita Biswas

(ABSTRACT)

This dissertation aims to develop decision-making tools that aid power grid operators in
mitigating extreme events. Two distinct areas are focused on: improving grid performance
after a severe disturbance, and enhancing grid monitoring to facilitate timely preventive
actions. The first part of the dissertation presents a proactive islanding strategy to split
the bulk power transmission system into smaller self-adequate islands in order to arrest the
propagation of cascading failures after an event. Heuristic methods are proposed to determine
in what sequence should the island boundary lines be disconnected such that there are no
operation constraint violations. The idea of optimal partitioning is further extended to
the distribution network. A planning problem for determining which parts of the existing
distribution grid can be converted to microgrids is formulated. This partitioning formulation
addresses safety limits, uncertainties in load and generation, availability of grid-forming units,
and topology constraints such as maintaining network radiality. Microgrids help maintain
energy supply to critical loads during grid outages, thereby improving resilience. The second
part of the dissertation focuses on wide-area monitoring using Phasor Measurement Unit
(PMU) data. Strategies for data imputation and prediction exploiting the spatio-temporal
correlation in PMU measurements are outlined. A deep-learning-based methodology for
identifying the location of temporary power systems faults is also illustrated. As severe
weather events become more frequent, and the threats from coordinated cyber intrusions
increase, formulating strategies to reduce the impact of such events on the power grid becomes
important; and the approaches outlined in this work can find application in this context.



Power Grid Partitioning and Monitoring Methods
for Improving Resilience

Shuchismita Biswas

(GENERAL AUDIENCE ABSTRACT)

The modern power grid faces multiple threats, including extreme-weather events, solar
storms and potential cyber-physical attacks. Towards the larger goal of enhancing power sys-
tems resilience, this dissertation develops strategies to mitigate the impact of such extreme
events. The proposed schemes broadly aim to- improve grid performance in the immedi-
ate aftermath of a disruptive event, and enhance grid monitoring to identify precursors of
impending failures. To improve grid performance after a disruption, we propose a proactive
islanding strategy for the bulk power grid, aimed at arresting the propagation of cascading
failures. For the distribution network, a mixed integer linear program is formulated for iden-
tifying optimal sub-networks with load and distributed generators that may be retrofitted
to operate as self-adequate microgrids, if supply from the bulk power systems is lost. To
address the question of enhanced monitoring, we develop model-agnostic, computationally
efficient recovery algorithms for archived and streamed data from Phasor Measurement Units
(PMU) with data drops and additive noise. PMUs are highly precise sensors that provide
high-resolution insight into grid dynamics. We also illustrate an application where PMU
data is used to identify the location of temporary line faults.
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���M�/ �b�T�2�+�i�`���H �i�2�+�?�M�B�[�m�2�b ���`�2 �M���i�m�`���H �+�?�Q�B�+�2�b �7�Q�` �T�Q�r�2�` �b�v�b�i�2�K�b ���M���H�v�b�B�b ���M�/ �p�B�b�m���H�B�x���i�B�Q�M
�(�R�e�-�R�d�-�R�3�)�X �S�m�`�2 �i�Q�T�Q�H�Q�;�B�+���H �K�2�i�`�B�+�b �K���v �M�Q�i ���/�2�[�m���i�2�H�v �+���T�i�m�`�2 �i�?�2 �T�?�v�b�B�+���H �H���r�b �;�Q�p�2�`�M�@
�B�M�; �T�Q�r�2�` �7�H�Q�r�- ���M�/ �i�?�2�`�2�7�Q�`�2 �i�?�2 �;�`���T�? �2�/�;�2�b �K���v �M�2�2�/ �i�Q �#�2 �r�2�B�;�?�i�2�/ �#�v �b�Q�K�2 �2�H�2�+�i�`�B�+���H
�7�2���i�m�`�2�X ���b �`�2�+�Q�M�7�B�;�m�`���i�B�Q�M �b�+�?�2�K�2�b �B�M�p�Q�H�p�2 �/�2�i�2�`�K�B�M�B�M�; �r�?�2�i�?�2�` �+�2�`�i���B�M �;�`�B�/ �+�Q�K�T�Q�M�2�M�i�b
�b�?�Q�m�H�/ �#�2 �B�M �b�2�`�p�B�+�2�- �i�?�2�v �#�2�+�Q�K�2 �+�Q�K�#�B�M���i�Q�`�B���H �T�`�Q�#�H�2�K�b �i�?���i �M�2�2�/ �i�Q �m�b�2 �B�M�i�2�;�2�` �/�2�+�B�b�B�Q�M
�p���`�B���#�H�2�b�X
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�h�Q ���H�H�2�p�B���i�2 �2�K�2�`�;�2�M�+�v �+�Q�M�/�B�i�B�Q�M�b �B�M �i�?�2 �;�`�B�/�- �Q�T�2�`���i�Q�`�b �2�K�T�H�Q�v �p���`�B�Q�m�b �K�2���b�m�`�2�b �b�m�+�? ���b
�#�`���M�+�? �b�r�B�i�+�?�B�M�;�- ���/�D�m�b�i�B�M�; �;�2�M�2�`���i�Q�` �b�2�i�@�T�Q�B�M�i�b�- �+���M�+�2�H�H�B�M�; �b�+�?�2�/�m�H�2�/ �Q�m�i���;�2�b�- ���M�/ �+�?���M�;�B�M�;
�T�Q�r�2�` �i�`���M�b�7�2�` ���+�`�Q�b�b �K���D�Q�` �B�M�i�2�`�7���+�2�b�X �_�2�K�2�/�B���H ���+�i�B�Q�M �a�+�?�2�K�2�b �U�_���a�V �Q�` �a�T�2�+�B���H �S�`�Q�i�2�+�@
�i�B�Q�M �a�+�?�2�K�2�b �U�a�S�a�V ���`�2 �#�2�B�M�; �m�b�2�/ �i�Q �T�`�2�p�2�M�i �b�B�M�;�H�2 �+�Q�K�T�Q�M�2�M�i �7���B�H�m�`�2�b �7�`�Q�K �+���m�b�B�M�; �;�`�Q�r�B�M�;
�Q�b�+�B�H�H���i�B�Q�M�b �B�M �� �?�B�;�?�H�v �b�i�`�2�b�b�2�/ �;�`�B�/ �(�R�N�-�k�y�-�k�R�)�X �>�Q�r�2�p�2�`�- �_���a ���`�2 �m�b�m���H�H�v �/�2�b�B�;�M�2�/ �r�B�i�?
�b�T�2�+�B�7�B�+ �+���b�2�b �B�M �K�B�M�/�- ���M�/ �T�Q�i�2�M�i�B���H �K�B�b�@�Q�T�2�`���i�B�Q�M �Q�7 �b�m�+�? �b�+�?�2�K�2�b �K���v �+���m�b�2 �r�B�/�2�@���`�2�� �Q�m�i�@
���;�2�b ���b �Q�#�b�2�`�p�2�/ �B�M �i�?�2 �*�2�M�i�`���H ���K�2�`�B�+���M �B�M�i�2�`�+�Q�M�M�2�+�i�2�/ �i�`���M�b�K�B�b�b�B�Q�M �b�v�b�i�2�K �(�k�k�)�X �l�M�H�B�F�2
�_���a�- �i�?�2 �;�`�B�/ �b�T�H�B�i�i�B�M�; �b�i�`���i�2�;�v �Q�m�i�H�B�M�2�/ �B�M �i�?�B�b �r�Q�`�F �B�b �K�2���M�i �i�Q �#�2 �/�2�T�H�Q�v�2�/ �Q�M�H�v �/�m�`�B�M�;
�T�Q�i�2�M�i�B���H�H�v �+���i���b�i�`�Q�T�?�B�+ �2�p�2�M�i�b�X

�*�Q�M�i�`�Q�H�H�2�/ �B�b�H���M�/�B�M�; �?���b �#�2�2�M �m�b�2�/ �i�Q ���`�`�2�b�i �+���b�+���/�B�M�; �/�B�b�i�m�`�#���M�+�2�b �#�v �;�`�Q�m�T�B�M�; �+�Q�?�2�`�2�M�i
�;�2�M�2�`���i�Q�`�b �i�Q�;�2�i�?�2�` �B�M �i�?�2 �b���K�2 �B�b�H���M�/ �(�k�j�-�k�9�-�k�8�-�k�e�)�X �a�m�+�? �B�b�H���M�/�B�M�; �b�+�?�2�K�2�b ���`�2 �m�b�m���H�H�v
�`�2���+�i�B�p�2�- ���M�/ �M�2�2�/ �i�Q �#�2 �2�t�2�+�m�i�2�/ �b�r�B�7�i�H�v �7�Q�H�H�Q�r�B�M�; �� �/�B�b�i�m�`�#���M�+�2�X �a�Q�K�2 �B�/�2���b �`�2�;���`�/�B�M�;
�T�`�Q���+�i�B�p�2�H�v �b�T�H�B�i�i�B�M�; �i�?�2 �;�`�B�/ ���H�b�Q ���T�T�2���` �B�M �H�B�i�2�`���i�m�`�2�@ �(�k�d�) �T�`�Q�T�Q�b�2�b �B�/�2�M�i�B�7�v�B�M�; �+�Q�K�T�Q�M�2�M�i�b
�K�Q�b�i �H�B�F�2�H�v �i�Q �7���B�H �/�m�2 �i�Q �� �r�2���i�?�2�` �2�K�2�`�;�2�M�+�v ���M�/ �B�b�Q�H���i�2 �i�?�2�K �7�`�Q�K �i�?�2 �`�2�b�i �Q�7 �i�?�2 �;�`�B�/�c ���M�/
�(�k�3�) �T�m�i�b �7�Q�`�i�? �� �b�T�2�+�i�`���H �+�H�m�b�i�2�`�B�M�; �#���b�2�/ �b�i�`���i�2�;�v �i�Q �/�2�i�2�`�K�B�M�2 �i�B�;�?�i�H�v �+�Q�M�M�2�+�i�2�/ �T�Q�`�i�B�Q�M�b
�r�B�i�?�B�M �i�?�2 �M�2�i�r�Q�`�F�X �h�?�2 �T�`�B�Q�` ���T�T�`�Q���+�?�2�b ���b�b�m�K�2 �i�?���i �K�B�M�B�K�B�x�B�M�; �i�?�2 �T�Q�r�2�` �7�H�Q�r �/�B�b�`�m�T�i�B�Q�M
�r�B�H�H �`�2�b�m�H�i �B�M �i�?�2 �+�`�2���i�B�Q�M �Q�7 �b�i���#�H�2 �B�b�H���M�/�b�- ���M�/ �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �B�M�i�2�M�/�2�/ �B�b�H���M�/�b �B�b �M�Q�i
�B�M�p�2�b�i�B�;���i�2�/�X �A�M �i�?�B�b �r�Q�`�F�- �� �T�`�Q���+�i�B�p�2 �B�b�H���M�/�B�M�; �b�i�`���i�2�;�v �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �T�Q�r�2�` �B�K�#���H���M�+�2
���M�/ �Q�T�2�`���i�B�Q�M �+�Q�M�b�i�`���B�M�i �p�B�Q�H���i�B�Q�M�b �B�M �i�?�2 �B�M�i�2�M�/�2�/ �B�b�H���M�/�b �B�b �/�2�p�2�H�Q�T�2�/�X �h�?�2 �M�m�K�#�2�` �Q�7
�B�b�H���M�/�b �B�b �/�2�i�2�`�K�B�M�2�/ �#���b�2�/ �Q�M �i�?�2 �M���i�m�`�2 �Q�7 �i�?�2 �2�t�T�2�+�i�2�/ �+�Q�M�i�B�M�;�2�M�+�v�- �T�Q�r�2�` �#���H���M�+�2�- ���M�/
�i�?�2 �M�m�K�#�2�` �Q�7 �H�B�M�2 �/�B�b�+�Q�M�M�2�+�i�B�Q�M�b �M�2�2�/�2�/ �i�Q �`�2���H�B�x�2 �i�?�2 �B�b�H���M�/�b�X

�h�?�2 �b�m�+�+�2�b�b�7�m�H �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 ���M�v �B�b�H���M�/�B�M�; �b�+�?�2�K�2 �M�2�2�/�b �+�Q�Q�`�/�B�M���i�B�Q�M ���K�Q�M�; �K�m�H�i�B�T�H�2
�m�i�B�H�B�i�B�2�b ���M�/ �A�M�/�2�T�2�M�/�2�M�i �a�v�b�i�2�K �P�T�2�`���i�Q�`�b �U�A�a�P�V�X �q�?�B�H�2 ���M �A�a�P �K���v �/�2�i�2�`�K�B�M�2 �i�?�2 �B�b�H���M�/
�+�Q�M�7�B�;�m�`���i�B�Q�M �7�Q�` �� �T���`�i�B�+�m�H���` �+�Q�M�i�B�M�;�2�M�+�v�- �T�?�v�b�B�+���H �T�Q�r�2�` �b�v�b�i�2�K�b ���b�b�2�i�b �+���M �Q�M�H�v �#�2 �Q�T�2�`���i�2�/
�#�v �i�?�2 �`�2�b�T�2�+�i�B�p�2 ���b�b�2�i �Q�r�M�2�`�b�X �h�?�2�`�2�7�Q�`�2�- �+�Q�K�K�m�M�B�+���i�B�Q�M �T�`�Q�i�Q�+�Q�H�b ���K�Q�M�; �i�?�2 �b�i���F�2�?�Q�H�/�2�`�b
�M�2�2�/ �i�Q �#�2 �b�i���M�/���`�/�B�x�2�/ �7�Q�` �Q�+�+���b�B�Q�M�b �r�?�2�`�2 �B�K�T�H�2�K�2�M�i�B�M�; �i�?�2 �T�`�Q���+�i�B�p�2 �B�b�H���M�/�B�M�; �b�i�`���i�2�;�v
�r�B�H�H �#�2 �M�2�2�/�2�/�X �a�i���F�2�?�Q�H�/�2�`�b �K�m�b�i ���H�b�Q �+�Q�K�2 �i�Q ���M ���;�`�2�2�K�2�M�i ���#�Q�m�i �r�?�2�M �i�?�2 �b�T�H�B�i�i�B�M�;
�b�+�?�2�K�2 �b�?�Q�m�H�/ �#�2 �i�`�B�;�;�2�`�2�/�X �.�B�7�7�2�`�2�M�i �A�a�P�b ���M�/ �i�?�2�B�` �m�i�B�H�B�i�v �K�2�K�#�2�`�b ���H�`�2���/�v �?���p�2 ���+�i�B�Q�M
�T�H���M�b �7�Q�` �`�2�b�T�Q�M�/�B�M�; �i�Q �/�B�7�7�2�`�2�M�i �2�K�2�`�;�2�M�+�v �b�+�2�M���`�B�Q�b�- ���M�/ �� �b�B�K�B�H���` ���+�i�B�Q�M �T�H���M �+���M �#�2 �/�`���r�M
�m�T �7�Q�` �B�b�H���M�/�B�M�; ���b �r�2�H�H �(�k�N�-�j�y�)�X �A�a�P�b �H�B�F�2 �S�C�J �A�M�i�2�`�+�Q�M�M�2�+�i�B�Q�M �+�Q�M�/�m�+�i �b�v�b�i�2�K �`�2�b�i�Q�`���i�B�Q�M
�/�`�B�H�H�b ���i �`�2�;�m�H���` �B�M�i�2�`�p���H�b�- ���M�/ �b�B�K�B�H���` �/�`�B�H�H�b �7�Q�` �B�b�H���M�/�B�M�; �m�M�/�2�` �/�B�7�7�2�`�2�M�i �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b
�+���M �T�`�Q�p�2 �#�2�M�2�7�B�+�B���H �B�M �7�B�M�2�@�i�m�M�B�M�; �i�?�2 �7�Q�`�K�m�H���i�2�/ ���+�i�B�Q�M �T�H���M�b�X

�R�X�k�.���i���@�#���b�2�/ �:�`�B�/ �J�Q�M�B�i�Q�`�B�M�;

�A�M �i�?�2 �H���b�i �i�r�Q �/�2�+���/�2�b�- �2�H�2�+�i�`�B�+ �m�i�B�H�B�i�B�2�b �?���p�2 �K���/�2 �;�`�2���i �b�i�`�B�/�2�b �B�M �/�2�T�H�Q�v�B�M�; ���/�p���M�+�2�/ �K�2�@
�i�2�`�b ���M�/ �b�2�M�b�Q�`�b �7�Q�` �K�Q�M�B�i�Q�`�B�M�; �i�?�2�B�` �M�2�i�r�Q�`�F�b�X �h�?�2�b�2 �/�2�p�B�+�2�b �b�i�`�2���K �B�M�7�Q�`�K���i�B�Q�M �i�Q �� �+�Q�M�@
�i�`�Q�H �+�2�M�i�2�` �B�M �M�2���`�@�`�2���H�@�i�B�K�2�- �T�`�Q�p�B�/�B�M�; �B�M�+�`�2���b�2�/ �r�B�/�2�@���`�2�� �b�B�i�m���i�B�Q�M���H ���r���`�2�M�2�b�b�X �6�Q�`�2�K�Q�b�i
���K�Q�M�; �b�m�+�? �b�2�M�b�Q�`�b ���`�2 �S�?���b�Q�` �J�2���b�m�`�2�K�2�M�i�b �l�M�B�i�b �U�S�J�l�b�V �i�?���i �T�`�Q�p�B�/�2 �?�B�;�?�@�`�2�b�Q�H�m�i�B�Q�M
�B�M�b�B�;�?�i �B�M�i�Q �;�`�B�/ �/�v�M���K�B�+�b �i�?�`�Q�m�;�? �T�`�2�+�B�b�2 �i�B�K�2�@�b�v�M�+�?�`�Q�M�B�x�2�/ �K�2���b�m�`�2�K�2�M�i�b�X �a�B�K�T�H�v �T�m�i�-
�S�J�l�b ���`�2 �?�B�;�?�@�T�`�2�+�B�b�B�Q�M �K�2���b�m�`�2�K�2�M�i �/�2�p�B�+�2�b �i�?���i �`�2�T�Q�`�i �b�v�M�+�?�`�Q�M�B�x�2�/ �T�?���b�Q�` �[�m���M�i�B�i�B�2�b
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�6�B�;�m�`�2 �R�X�k�, �S�J�l �/�2�T�H�Q�v�K�2�M�i �B�M �i�?�2 �L�Q�`�i�? ���K�2�`�B�+���M �T�Q�r�2�` �;�`�B�/�- ���b �Q�7 �P�+�i�Q�#�2�` �k�y�R�9�X
�A�K���;�2 �`�2�T�`�Q�/�m�+�2�/ �7�`�Q�K �L���a�S�A �b�v�M�+�?�`�Q�T�?���b�Q�` �i�2�+�?�M�Q�H�Q�;�v �7���+�i �b�?�2�2�i �(�j�R�)�X

�U�Q�`�b�v�M�+�?� �̀Q�T�?���b�Q�`�b�V ���i �/�B�7�7�2�`�2�M�i �T�Q�B�M�i�b �Q�7 �i�?�2 �;�`�B�/ ���i �� �`���i�2 �Q�7 �j�y�f�e�y �7�`���K�2�b �T�2�` �b�2�+�Q�M�/
�U�7�T�b�V�X �h�?�2 �K�2���b�m�`�2�/ �T�?���b�Q�`�b �b�?���`�2 �� �+�Q�K�K�Q�M �i�B�K�2 �`�2�7�2�`�2�M�+�2�- �b�m�+�? ���b �Q�M�2 �T�`�Q�p�B�/�2�/ �#�v �i�?�2
�:�S�a�X �a�v�M�+�?�`�Q�T�?���b�Q�` �K�2���b�m�`�2�K�2�M�i�b �?���p�2 �T�`�Q�p�2�/ �B�M�p���H�m���#�H�2 �B�M �/�B���;�M�Q�b�B�M�; �i�?�2 �+���m�b�2�b �Q�7 �#�H���+�F�@
�Q�m�i�b�- �K�Q�M�B�i�Q�`�B�M�; �2�[�m�B�T�K�2�M�i �?�2���H�i�?�- ���M�/ �/�2�p�2�H�Q�T�B�M�; �i�Q�Q�H�b �7�Q�` �`�2�b�Q�m�`�+�2 �T�H���M�M�B�M�; �(�j�k�)�X �6�m�M�/�B�M�;
�T�`�Q�p�B�/�2�/ �#�v �i�?�2 ���K�2�`�B�+���M �_�2�+�Q�p�2�`�v ���M�/ �_�2�B�M�p�2�b�i�K�2�M�i ���+�i �Q�7 �k�y�y�N �;�`�2���i�H�v ���+�+�2�H�2�`���i�2�/ �i�?�2
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�B�b �/�2�M�Q�i�2�/ ���bN = f 0; 1; ; : : : ; Ng�- �r�?�2�`�2 �#�m�b0 �B�b �i�?�2 �b�H���+�F �#�m�b�X �h�?�2 �b�2�i �Q�7 �H�B�M�2�b �B�b �;�B�p�2�M
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lm � � t �U�j�X�R�V

�L�Q�r�- �i�?�2 �S�h�.�6�b �K���v �#�2 �+�Q�K�T�m�i�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �K���M�M�2�`�X

PTDF (i;j )
lm = ISF i

lm � ISF j
lm �U�j�X�k�V

�S�h�.�6�b �M�2�2�/ �i�Q �#�2 �`�2�+�Q�K�T�m�i�2�/ �B�7 �i�?�2 �M�2�i�r�Q�`�F �i�Q�T�Q�H�Q�;�v �+�?���M�;�2�b�X �L�Q�r�- �H�2�i �m�b �+�Q�M�b�B�/�2�` �i�?�2
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�r�?�2�M �K�m�H�i�B�T�H�2 �i�`���M�b�K�B�b�b�B�Q�M �H�B�M�2�b ���`�2 �/�B�b�+�Q�M�M�2�+�i�2�/ �?���p�2 ���H�b�Q �#�2�2�M �/�2�`�B�p�2�/ �(�8�e�)�X �A�i �+���M �#�2
�b�?�Q�r�M �i�?���i

�G�P�.�6O
S = �S�h�.�6O

S (�A� �S�h�.�6O
O)� 1 �U�j�X�8�V

�>�2�`�2�-O �/�2�M�Q�i�2�b �i�?�2 �b�2�i �Q�7 �H�B�M�2�b �Q�M �Q�m�i���;�2 ���M�/S �B�b �i�?�2 �b�2�i �Q�7 �H�B�M�2�b �`�2�K���B�M�B�M�; �B�M �b�2�`�p�B�+�2�X
�J���i�`�B�t�A�B�b �i�?�2 �B�/�2�M�i�B�i�v �K���i�B�`�t �Q�7 �b�B�x�2jOj � j Oj�X �h�?�2 �S�h�.�6 �p���H�m�2�b ���`�2 �+���H�+�m�H���i�2�/ �7�Q�` �i�?�2
�T�`�2�@�+�Q�M�i�B�M�;�2�M�+�v �M�2�i�r�Q�`�F �i�Q�T�Q�H�Q�;�v�X �S�`�Q�Q�7 �Q�7 �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �B�M �2�[�m���i�B�Q�M �U�j�X�8�V �B�b ���p���B�H���#�H�2
�B�M �(�8�9�-�8�e�)�X �P�M�+�2 �i�?�2 �:�2�M�2�`���H�B�x�2�/ �G�P�.�6 �U�:�G�P�.�6�V �p���H�m�2�b ���`�2 �+���H�+�m�H���i�2�/�- �T�Q�b�i�@�+�Q�M�i�B�M�;�2�M�+�v
���T�T�`�Q�t�B�K���i�2 �`�2���H �T�Q�r�2�` �7�H�Q�r �/�B�b�i�`�B�#�m�i�B�Q�M �+���M �#�2 �+�Q�K�T�m�i�2�/ �m�b�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�t�T�`�2�b�b�B�Q�M�X

�7cS = �70s + �G�P�.�6O
S � �70O �U�j�X�e�V



�k�9
�+�Ñ�ž�ÿ���¶�� �k�Y �Q�ÿ�¶���ž���Ô�ñ�é �b�¶�����¶�é�«�¶ �Å�ñ�� �T���ñ�ž�«���Ô�&�¶ �B���ã�ž�é�²�Ô�é�Ì �ñ�Å ���Ñ�¶ �T�ñ�'�¶�� �;���Ô�² �- �?�¶�����Ô�����Ô�«

�K�¶���Ñ�ñ�²��

���H�;�Q�`�B�i�?�K �k�G�P�.�6�@�#���b�2�/ �7�Q�`�r���`�/ ���T�T�`�Q���+�?

�R�,�a�i���`�i
�k�,T  �A�M�B�i�B���H �M�2�i�r�Q�`�F �i�Q�T�Q�H�Q�;�v
�j�, k  1
�9�,�S�2�`�7�Q�`�K �i�?�2 �;�2�M�2�`���i�B�Q�M �`�2�/�B�b�T���i�+�? ���M�/ �H�Q���/�@�b�?�2�/�/�B�M�; �`�2�[�m�B�`�2�/ �i�Q �2�b�i���#�H�B�b�? �H�Q���/�@

�;�2�M�2�`���i�B�Q�M �#���H���M�+�2 �B�M �i�?�2 �B�M�i�2�M�/�2�/ �B�b�H���M�/�b�X �*�Q�K�T�m�i�2 �T�Q�r�2�` �7�H�Q�r�b �Q�M ���H�H �i�`���M�b�K�B�b�b�B�Q�M
�H�B�M�2�b�X

�8�,�.�2�i�2�`�K�B�M�2 �i�?�2 �+�m�i�@�b�2�i �Q�7 �H�B�M�2�b �i�Q �#�2 �/�B�b�+�Q�M�M�2�+�i�2�/�X �.�2�M�Q�i�2 �B�i �#�vL cut �X �G�2�ijL cut j = n�X
�e�,�A�M�B�i�B���H�B�x�2 ���M �2�K�T�i�v �b�2�[�m�2�M�+�2f L0

j gj =1: n �r�?�B�+�? �r�B�H�H �b�i�Q�`�2 �i�?�2 �+�?�Q�b�2�M �b�r�B�i�+�?�B�M�; �b�2�[�m�2�M�+�2�X
�d�,�r�?�B�H�2L cut �B�b �M�Q�M�@�2�K�T�i�v�/�Q
�3�, �*���H�+�m�H���i�2 �G�P�.�6 �K���i�`�B�t �7�Q�` �i�Q�T�Q�H�Q�;�vT �X
�N�, �7�Q�`i = (1 : n � k + 1) �/�Q

�R�y�, �*�Q�K�T�m�i�2 ���T�T�`�Q�t�B�K���i�2 �`�2���H �T�Q�r�2�` �7�H�Q�r�b �r�?�2�M �i�?�2i �@�i�? �2�H�2�K�2�M�i �Q�7L cut �B�b �/�B�b�+�Q�M�@
�M�2�+�i�2�/ �m�b�B�M�; �2�[�m���i�B�Q�M �U�j�X�9�V�X

�R�R�, �*���H�+�m�H���i�2 �H�B�M�2 �H�Q���/�B�M�;�b�X
�R�k�, Si  �b�m�K �Q�7 �H�Q���/�B�M�; �Q�M �i�?�2 �7�B�p�2 �K�Q�b�i �?�2���p�B�H�v �H�Q���/�2�/ �H�B�M�2�b�X
�R�j�, l  L cut (i ) �7�Q�` �r�?�B�+�?Si �B�b �K�B�M�B�K�m�K�X
�R�9�, L0

k  l
�R�8�, k  k + 1
�R�e�, �.�B�b�+�Q�M�M�2�+�i �H�B�M�2l �XT  �m�T�/���i�2�/ �i�Q�T�Q�H�Q�;�v�X
�R�d�, �_�2�K�Q�p�2l �7�`�Q�KL cut �X
�R�3�,�1�M�/
�R�N�,�P�m�i�T�m�i�,�a�2�[�m�2�M�+�2L0�X

�j�X�k�X�j�G�P�.�6�@�#���b�2�/ �6�Q�`�r���`�/�@���T�T�`�Q���+�?

�q�2 �T�`�Q�T�Q�b�2 �?�2�m�`�B�b�i�B�+ �K�2�i�?�Q�/�b �7�Q�` �7�Q�`�K�m�H���i�B�M�; �i�?�2 �Q�T�2�`���i�B�Q�M �b�2�[�m�2�M�+�2 �M�2�2�/�2�/ �i�Q �b�2�T���`���i�2 ��
�i�`���M�b�K�B�b�b�B�Q�M �M�2�i�r�Q�`�F �B�M�i�Q �B�b�H���M�/�b�X �A�i �B�b ���b�b�m�K�2�/ �i�?���i ���i �i�?�2 �B�M�B�i�B���H �b�i���;�2�- �;�2�M�2�`���i�B�Q�M �/�B�b�T���i�+�?
���M�/ �H�Q���/�@�b�?�2�/�/�B�M�; �M�2�2�/�2�/ �i�Q �2�b�i���#�H�B�b�? �T�Q�r�2�` �#���H���M�+�2 �B�M �i�?�2 �B�M�i�2�M�/�2�/ �B�b�H���M�/�b �r�B�H�H �#�2 �2�t�2�+�m�i�2�/�X
�P�M�+�2 �i�?�2 �M�2�r �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b ���`�2 �`�2���H�B�x�2�/�- �b�2�[�m�2�M�i�B���H �H�B�M�2 �/�B�b�+�Q�M�M�2�+�i�B�Q�M�b �+���M �b�i���`�i�X �A�i �B�b
�7�m�`�i�?�2�` �b�m�T�T�Q�b�2�/ �i�?���i �i�?�2 �H�B�M�2�b ���`�2 �i�Q �#�2 �/�B�b�+�Q�M�M�2�+�i�2�/ �Q�M�2 ���i �� �i�B�K�2 �i�Q �H�B�K�B�i �b�v�b�i�2�K �b�?�Q�+�F�- ���M�/
�i�?�2�`�2 �r�B�H�H �#�2 �b�m�7�7�B�+�B�2�M�i �/�2�H���v �#�2�i�r�2�2�M �+�Q�M�b�2�+�m�i�B�p�2 �b�r�B�i�+�?�B�M�; ���+�i�B�Q�M�b �b�Q �i�?���i �i�?�2 �b�v�b�i�2�K �+���M
�`�2���+�? �� �b�i�2���/�v �b�i���i�2 �#�2�7�Q�`�2 �i�?�2 �M�2�t�i �H�B�M�2 �/�B�b�+�Q�M�M�2�+�i�2�/�X �.�v�M���K�B�+ �T�2�`�7�Q�`�K���M�+�2 �?���b �M�Q�i �#�2�2�M
�+�Q�M�b�B�/�2�`�2�/ �#�v �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/�b�- �r�B�i�? �i�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���i �K�B�M�B�K�B�x�B�M�; �H�B�M�2 �+�Q�M�;�2�b�i�B�Q�M�b
�r�B�H�H ���p�Q�B�/ �p�Q�H�i���;�2 �p�B�Q�H���i�B�Q�M�b�- ���M�/ �Q�7�7�2�` �Q�T�2�`���i�Q�`�b ���/�2�[�m���i�2 �Q�T�T�Q�`�i�m�M�B�i�v �i�Q �K���B�M�i���B�M �b�v�b�i�2�K
�b�i���#�B�H�B�i�v �m�b�B�M�; �T�Q�r�2�` �b�v�b�i�2�K�b �b�i���#�B�H�B�x�2�`�b�- �p�Q�H�i���;�2 �`�2�;�m�H���i�Q�`�b�- �2�i�+�X �P�7 �+�Q�m�`�b�2�- �i�?�2 �?�2�m�`�B�b�i�B�+
�K�2�i�?�Q�/�b �+�Q�m�H�/ ���H�b�Q �#�2 �m�b�2�/ �i�Q �b�+�`�2�2�M �B�M�B�i�B���H �+���M�/�B�/���i�2�b�- ���M�/ �i�?�2 �Q�T�i�B�K���H �Q�T�2�`���i�B�Q�M �T�H���M
�K���v �#�2 �+�?�Q�b�2�M ���7�i�2�` �T�2�`�7�Q�`�K�B�M�; �/�v�M���K�B�+ �b�B�K�m�H���i�B�Q�M �b�i�m�/�B�2�b�X �h�?�2 �T�Q�b�b�B�#�B�H�B�i�v �Q�7 �+�Q�K�T�Q�M�2�M�i
�7���B�H�m�`�2�b �/�m�`�B�M�; �i�?�2 �H�B�M�2 �b�r�B�i�+�?�B�M�; �Q�T�2�`���i�B�Q�M�b �?���b �M�Q�i �#�2�2�M �b�i�m�/�B�2�/ �?�2�`�2�B�M�X

�A�7n �i�`���M�b�K�B�b�b�B�Q�M �H�B�M�2�b �M�2�2�/ �i�Q �#�2 �/�B�b�+�Q�M�M�2�+�i�2�/ �i�Q �`�2���H�B�x�2 �i�?�2 �B�M�i�2�M�/�2�/ �B�b�H���M�/�b�- �i�?�2�M �i�?�2
�M�m�K�#�2�` �Q�7 �T�Q�b�b�B�#�H�2 �b�r�B�i�+�?�B�M�; �b�2�[�m�2�M�+�2�b �#�2�+�Q�K�2�bn!�- ���M�/ ���M�v �#�`�m�i�2�@�7�Q�`�+�2 �K�2�i�?�Q�/ �r�Q�m�H�/ �?���p�2
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�i�Q �+�?�2�+�Fn � n! �T�Q�r�2�` �7�H�Q�r �+���b�2�b �7�Q�` �T�Q�b�b�B�#�H�2 �+�Q�M�b�i�`���B�M�i �p�B�Q�H���i�B�Q�M�b�X �L�2�2�/�H�2�b�b �i�Q �b���v�- �i�?�B�b �r�Q�m�H�/
�#�2 �+�Q�K�T�m�i���i�B�Q�M���H�H�v �T�`�Q�?�B�#�B�i�B�p�2�X �l�b�B�M�; �G�P�.�6�b �i�Q ���T�T�`�Q�t�B�K���i�2 �+�?���M�;�2�b �B�M �`�2���H �T�Q�r�2�` �7�H�Q�r�b
�/�m�2 �i�Q �+�?���M�;�2�b �B�M �;�`�B�/ �i�Q�T�Q�H�Q�;�v�- �r�2 �7�Q�`�K�m�H���i�2 �� �;�`�2�2�/�v ���T�T�`�Q���+�? �i�?���i�- ���i �2���+�? �b�i���;�2�- �+�?�Q�Q�b�2�b
�i�Q �/�B�b�+�Q�M�M�2�+�i �i�?�2 �H�B�M�2 �i�?���i �T�`�Q�/�m�+�2�b �i�?�2 �H�2���b�i �H�Q���/�B�M�; �Q�M �i�?�2 �7�B�p�2 �?�B�;�?�2�b�i �H�Q���/�2�/ �H�B�M�2�b �B�M �i�?�2
�T�Q�b�i�@�/�B�b�+�Q�M�M�2�+�i�B�Q�M �i�Q�T�Q�H�Q�;�v�X �h�?�2 �H�Q���/�B�M�; �Q�M �i�?�2 �?�2���p�B�2�b�i �H�B�M�2�b �B�b �K�B�M�B�K�B�x�2�/ �b�Q �i�?���i �Q�i�?�2�`
�T���`�i�b �Q�7 �i�?�2 �M�2�i�r�Q�`�F �+���M �#�2 �#�2�i�i�2�` �m�i�B�H�B�x�2�/�X

�q�2 �b�i���`�i �r�B�i�? �i�?�2 �i�Q�T�Q�H�Q�;�v �r�?�2�`�2 ���H�H �#�`���M�+�?�2�b �B�M �i�?�2 �+�m�i�@�b�2�i ���`�2 �+�Q�M�M�2�+�i�2�/ ���M�/ �/�B�b�+�Q�M�M�2�+�i
�Q�M�2 �H�B�M�2 ���i �� �i�B�K�2�X �h�?�B�b �7�Q�`�r���`�/�@���T�T�`�Q���+�? �K�2�i�?�Q�/ �B�b �b�m�K�K���`�B�x�2�/ �B�M ���H�;�Q�`�B�i�?�K�k�X �P�7 �+�Q�m�`�b�2�-
�B�7 �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �#�m�/�;�2�i ���H�H�Q�r�b�- ���+�+�m�`���i�2 �H�B�M�2 �H�Q���/�B�M�;�b �+�Q�m�H�/ �#�2 �+�Q�K�T�m�i�2�/ �m�b�B�M�; ���* �T�Q�r�2�`
�7�H�Q�r�X �h�?�2 �M�m�K�#�2�` �Q�7 �T�Q�r�2�` �7�H�Q�r �+���b�2�b �i�Q �#�2 �b�Q�H�p�2�/ �r�Q�m�H�/ �#�2n(n+1)

2 � 1�- �r�?�B�+�? �B�b �b�B�;�M�B�7�B�+���M�i�H�v
�H�Q�r�2�` �i�?���Mn!�X

�j�X�k�X�9�:�G�P�.�6�@�#���b�2�/ �"���+�F�r���`�/ ���T�T�`�Q���+�?

�A�i �K���v �#�2 ���`�;�m�2�/ �i�?���i �B�i �B�b �+�`�B�i�B�+���H �i�Q �2�M�b�m�`�2 �i�?���i �i�?�2�`�2 ���`�2 �M�Q �Q�p�2�`�H�Q���/�b �Q�` �p�Q�H�i���;�2 �p�B�Q�H���@
�i�B�Q�M�b �/�m�`�B�M�; �i�?�2 �H���i�2�` �b�i�2�T�b �Q�7 �i�?�2 �b�r�B�i�+�?�B�M�; �b�2�[�m�2�M�+�2 �r�?�2�M �i�?�2 �b�v�b�i�2�K �B�b ���H�`�2���/�v �r�2���F�2�M�2�/�X
�*�Q�M�b�B�/�2�`�B�M�; �i�?�B�b�- �r�2 �T�`�Q�T�Q�b�2 �� �?�2�m�`�B�b�i�B�+ �#���+�F�r���`�/�@���T�T�`�Q���+�? �K�2�i�?�Q�/�- ���b �Q�m�i�H�B�M�2�/ �B�M ���H�;�Q�@
�`�B�i�?�K�j�X �>�2�`�2�- �r�2 �b�i���`�i �r�B�i�? �i�?�2 �i�Q�T�Q�H�Q�;�v �r�?�2�`�2(n � 1) �#�`���M�+�?�2�b �B�M �i�?�2 �+�m�i�@�b�2�i �?���p�2 �#�2�2�M
�/�B�b�+�Q�M�M�2�+�i�2�/�X �h�?�2 �M�m�K�#�2�` �Q�7 �b�m�+�? �T�Q�b�b�B�#�H�2 �i�Q�T�Q�H�Q�;�B�2�b �B�bn�- ���M�/ ���T�T�`�Q�t�B�K���i�2 �T�Q�r�2�` �7�H�Q�r
�`�2�/�B�b�i�`�B�#�m�i�B�Q�M�b ���`�2 �+�Q�K�T�m�i�2�/ �7�Q�` �2���+�? �+�Q�K�#�B�M���i�B�Q�M �Q�7(n � 1) �#�`���M�+�? �/�B�b�+�Q�M�M�2�+�i�B�Q�M�b �7�`�Q�K �i�?�2
�+�m�i�@�b�2�i�X �h�?�2 �+���M�/�B�/���i�2 �r�?�B�+�? �K�B�M�B�K�B�x�2�b �H�Q���/�B�M�; �Q�M �i�?�2 �7�B�p�2 �K�Q�b�i �?�2���p�B�H�v �H�Q���/�2�/ �#�`���M�+�?�2�b �B�b
�b�2�H�2�+�i�2�/ �7�Q�` �i�?�2n� �i�? �b�r�B�i�+�?�B�M�; �b�i�2�T�X �L�2�t�i�- �i�?�2 �b�2�H�2�+�i�B�Q�M �T�`�Q�+�2�b�b �B�b �`�2�T�2���i�2�/ �7�Q�` �i�Q�T�Q�H�Q�;�B�2�b
�r�B�i�?(n � 2) �H�B�M�2 �/�B�b�+�Q�M�M�2�+�i�B�Q�M�b ���M�/ �b�Q �Q�M ���M�/ �b�Q �7�Q�`�i�?�X ���;���B�M�- �B�7 �+�Q�K�T�m�i���i�B�Q�M �#�m�/�;�2�i ���H�H�Q�r�b�-
�2�t���+�i �H�B�M�2 �H�Q���/�B�M�;�b �+�Q�m�H�/ �#�2 �+���H�+�m�H���i�2�/ �#�v �b�Q�H�p�B�M�; ���* �T�Q�r�2�` �7�H�Q�r �+���b�2�b�X

�j�X�j �L�m�K�2�`�B�+ �_�2�b�m�H�i�b

�q�2 �B�H�H�m�b�i�`���i�2 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �b�2�[�m�2�M�+�2 �/�2�i�2�`�K�B�M���i�B�Q�M �K�2�i�?�Q�/�b �r�B�i�? �i�?�2
�?�2�H�T �Q�7 �+���b�2�@�b�i�m�/�B�2�b �Q�M �i�?�2 �K�Q�/�B�7�B�2�/ �A�1�1�1 �j�N�@�#�m�b �R�y�@�K���+�?�B�M�2 �i�2�b�i �b�v�b�i�2�K �b�?�Q�r�M �B�M �7�B�;�m�`�2
�j�X�R�(�8�N�)�X ���H�H �+�Q�K�T�m�i���i�B�Q�M�b ���`�2 �T�2�`�7�Q�`�K�2�/ �Q�M �� �j�X�e �:�>�x �A�M�i�2�H �*�Q�`�2 �B�d�@�9�d�N�y �*�S�l �r�B�i�? �R�e �:�"
�_���J�X �J���h�S�P�q�1�_ �B�b �m�b�2�/ �7�Q�` ���M���H�v�x�B�M�; �i�?�2 �2�H�2�+�i�`�B�+���H �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �i�2�b�i �b�v�b�i�2�K �(�e�y�)�X

�j�X�j�X�R�1�t�T�2�`�B�K�2�M�i �a�2�i�m�T

�h�?�2 �M�2�i�r�Q�`�F �B�M �7�B�;�m�`�2�j�X�R�B�b �i�Q �#�2 �b�T�H�B�i �B�M�i�Q �i�r�Q �B�b�H���M�/�b�c �/�B�b�+�Q�M�M�2�+�i�B�M�; �7�B�p�2 �i�`���M�b�K�B�b�b�B�Q�M �H�B�M�2�b
�Q�M �i�?�2 �#�Q�m�M�/���`�v�X �h�?�2�b�2 �H�B�M�2�b ���`�2�,L cut := f (4; 14); (5; 6); (5; 8); (9; 39); (14; 15)g�X �A�b�H���M�/1
�U�b�?�Q�r�M �B�M �+�Q�H�Q�` �B�M �7�B�;�m�`�2�j�X�R�V �?���b �d�3�y �J�q �H�Q���/�- ���M�/ �R�j�d�R �J�q �;�2�M�2�`���i�B�Q�M �+���T���+�B�i�v�X �A�b�H���M�/
2 �?���b �9�e�N�y �J�q �H�Q���/�- ���M�/ �e�y�j�R �J�q �;�2�M�2�`���i�B�Q�M �+���T���+�B�i�v�X �"�m�b �j�R ���M�/ �j�N ���`�2 ���b�b�B�;�M�2�/ ���b �i�?�2
�b�H���+�F �#�m�b�2�b �B�M �B�b�H���M�/�b1 ���M�/2 �`�2�b�T�2�+�i�B�p�2�H�v�X �"�2�7�Q�`�2 �M�2�i�r�Q�`�F �b�T�H�B�i�i�B�M�;�- �H�Q�b�b�2�b �B�M �i�?�2 �M�2�i�r�Q�`�F
���`�2 �K�B�M�B�K�B�x�2�/ �#�v �`�2�/�B�b�T���i�+�?�B�M�; �;�2�M�2�`���i�B�Q�M �U�b�Q�H�p�B�M�; ���*�@�P�S�6 �r�B�i�? �B�/�2�M�i�B�+���H �+�Q�b�i �T���`���K�2�i�2�`�2�b
�7�Q�` ���H�H �;�2�M�2�`���i�Q�`�b�V�X �h�?�2 �H�Q���/ ���M�/ �;�2�M�2�`���i�B�Q�M ���i �M�2�i�r�Q�`�F �#�m�b�2�b ���`�2 �b�?�Q�r�M �B�M �i���#�H�2�j�X�R�X ���b
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�h���#�H�2 �j�X�R�, �G�Q���/ ���M�/ �:�2�M�X �7�Q�` �i�?�2 �A�1�1�1�@�j�N �"�m�b �h�2�b�i �a�v�b�i�2�K

�"�m�b �S�H�Q���/�U�J�q�V �Z�H�Q���/�U�J�o���`�V�S�;�2�M�U�J�q�V �Z�;�2�M�U�J�o���`�V
�R �N�d�X�e �9�9�X �y �y
�k �y �y �y �y
�j �k�3�N�X�3 �k�X�R�e �y �y
�9 �j�y�y �R�R�y�X�9 �y �y
�8 �y �y �y �y
�e �y �y �y �y
�d �k�j�j�X�3 �3�9 �y �y
�3 �8�k�k �R�d�e�X�e �y �y
�N �e�X�8 �@�e�e�X�e �y �y
�R�y �y �y �y �y
�R�R �y �y �y �y
�R�k �3�X�8�j �3�3 �y �y
�R�j �y �y �y �y
�R�9 �y �y �y �y
�R�8 �j�k�y �R�8�j �y �y
�R�e �j�k�N �j�k�X�j �y �y
�R�d �y �y �y �y
�R�3 �R�8�3 �j�y �y �y
�R�N �y �y �y �y
�k�y �e�3�y �R�y�j �y �y
�k�R �k�d�9 �R�R�8 �y �y
�k�k �y �y �y �y
�k�j �k�9�d�X�8 �3�9�X�e �y �y
�k�9 �j�y�3�X�e �@�N�k�X�k �y �y
�k�8 �k�k�9 �9�d�X�k �y �y
�k�e �R�j�N �R�d �y �y
�k�d �k�3�R �d�8�X�8 �y �y
�k�3 �k�y�e �k�d�X�e �y �y
�k�N �k�3�j�X�8 �k�e�X�N �y �y
�j�y �y �y �9�8�k�X�e �R�9�y
�j�R �N�X�k �9�X�e �9�8�e�X�j�d �k�d�9�X�8�j
�j�k �y �y �j�N�R�X�d �k�R�9�X�d�8
�j�j �y �y �e�8�k �k�R�y�X�k
�j�9 �y �y �8�y�3 �R�e�d
�j�8 �y �y �e�3�d �k�3�d�X�9�j
�j�e �y �y �8�3�y �N�8�X�j�e
�j�d �y �y �8�8�R�X�d�3 �8�X�k�8
�j�3 �y �y �3�9�9�X�j�e �d�3�X�j�d
�j�N �R�R�y�9 �k�8�y �N�8�y�X�3�9 �@�e�y�X�d�R
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���H�;�Q�`�B�i�?�K �j�:�G�P�.�6�@�#���b�2�/ �#���+�F�r���`�/�@���T�T�`�Q���+�?

�R�,�a�i���`�i
�k�,k  1
�j�, �S�2�`�7�Q�`�K �i�?�2 �;�2�M�2�`���i�B�Q�M �`�2�/�B�b�T���i�+�? ���M�/ �H�Q���/�@�b�?�2�/�/�B�M�; �`�2�[�m�B�`�2�/ �i�Q �2�b�i���#�H�B�b�? �H�Q���/�@

�;�2�M�2�`���i�B�Q�M �#���H���M�+�2 �B�M �i�?�2 �B�M�i�2�M�/�2�/ �B�b�H���M�/�b�X �*�Q�K�T�m�i�2 �T�Q�r�2�` �7�H�Q�r�b �Q�M ���H�H �i�`���M�b�K�B�b�b�B�Q�M
�H�B�M�2�b�X

�9�,�.�2�i�2�`�K�B�M�2 �i�?�2 �+�m�i�@�b�2�i �Q�7 �H�B�M�2�b �i�Q �#�2 �/�B�b�+�Q�M�M�2�+�i�2�/�X �.�2�M�Q�i�2 �B�i �#�vL cut �X �G�2�ijL cut j = n�X
�8�,�A�M�B�i�B���H�B�x�2 ���M �2�K�T�i�v �b�2�[�m�2�M�+�2f L0

j gj =1: n �r�?�B�+�? �r�B�H�H �b�i�Q�`�2 �i�?�2 �+�?�Q�b�2�M �b�r�B�i�+�?�B�M�; �b�2�[�m�2�M�+�2�X
�e�,T  �L�2�i�r�Q�`�F �i�Q�T�Q�H�Q�;�v �r�B�i�? ���H�H �H�B�M�2�b �B�ML cut �/�B�b�+�Q�M�M�2�+�i�2�/�X
�d�,�r�?�B�H�2L cut �B�b �M�Q�M�@�2�K�T�i�v�/�Q
�3�, �7�Q�`i = (1 : n � k + 1) �/�Q
�N�, O  L cut n Lcut (i )�X

�R�y�, �A�M �i�Q�T�Q�H�Q�;�vT �- �+�Q�M�M�2�+�iL cut (i ) ���M�/ �+�Q�K�T�m�i�2 �:�G�P�.�6 �7�Q�` �Q�m�i���;�2�b �Q�M �2�H�2�K�2�M�i�b �Q�7
O �m�b�B�M�; �2�[�m���i�B�Q�M �U�j�X�8�V�X

�R�R�, �*�Q�K�T�m�i�2 ���T�T�`�Q�t�B�K���i�2 �`�2���H �T�Q�r�2�` �7�H�Q�r �/�B�b�i�`�B�#�m�i�B�Q�M�b �m�b�B�M�; �2�[�m���i�B�Q�M �U�j�X�e�V�X
�R�k�, Si  �b�m�K �Q�7 �H�Q���/�B�M�; �Q�M �i�?�2 �7�B�p�2 �K�Q�b�i �?�B�;�?�H�v �H�Q���/�2�/ �H�B�M�2�b�X
�R�j�, l  L cut (i ) �7�Q�` �r�?�B�+�?Si �B�b �K�B�M�B�K�m�K�X
�R�9�, L0

n� k+1  l
�R�8�, k  k + 1
�R�e�, �*�Q�M�M�2�+�i �H�B�M�2l �XT  �m�T�/���i�2�/ �i�Q�T�Q�H�Q�;�v�X
�R�d�, �_�2�K�Q�p�2l �7�`�Q�KL cut �X
�R�3�,�1�M�/
�R�N�,�P�m�i�T�m�i�,�a�2�[�m�2�M�+�2L0�X

�i�?�2 �/�2�7�2�M�b�B�p�2 �B�b�H���M�/�B�M�; ���T�T�`�Q���+�? �B�b �2�t�T�2�+�i�2�/ �i�Q �#�2 �/�2�T�H�Q�v�2�/ �Q�M�H�v �r�?�2�M �2�t�i�`�2�K�2 �2�p�2�M�i�b ���`�2
�2�t�T�2�+�i�2�/�- �i�?�2 �;�`�B�/ �K���v �7���+�2 �2�K�2�`�;�2�M�+�v �Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b�X

�h�?�2 �#�m�b �p�Q�H�i���;�2�b ���M�/ �H�B�M�2 �H�Q���/�B�M�;�b �B�M �i�?�2 �`�2�/�B�b�T���i�+�?�2�/ �M�2�i�r�Q�`�F �#�2�7�Q�`�2 ���M�/ ���7�i�2�` �B�b�H���M�/�B�M�;
���`�2 �b�?�Q�r�M �B�M �7�B�;�m�`�2�j�X�k���M�/ �7�B�;�m�`�2�j�X�j�`�2�b�T�2�+�i�B�p�2�H�v�X �a�Q�K�2 �#�m�b �p�Q�H�i���;�2�b �B�M �B�b�H���M�/1 ���`�2 �b�H�B�;�?�i�H�v
�?�B�;�?�2�` �i�?���M1:05 �T�X�m�X �r�?�B�+�? �+���M �#�2 �`�2�K�2�/�B�2�/ �#�v �p�Q�H�i���;�2 �`�2�;�m�H���i�Q�`�b�X �G�B�M�2(3; 4) �B�b �H�Q���/�2�/ �i�Q
�+���T���+�B�i�v ���b ���7�i�2�` �B�b�H���M�/�B�M�;�- �i�?�2 �2�M�i�B�`�2 �H�Q���/ ���i �#�m�b4 �B�b �#�2�B�M�; �b�m�T�T�H�B�2�/ �#�v �i�?�B�b �H�B�M�2�X �h�Q ���H�H�2�p�B���i�2
�i�?�2 �Q�p�2�`�H�Q���/ ���i �H�B�M�2(3; 4)�- �b�Q�K�2 �H�Q���/ ���i �#�m�b4 �K���v �#�2 �b�?�2�/�X

�j�X�j�X�k�P�T�2�`���i�B�Q�M �a�2�[�m�2�M�+�2

�h�?�2 �b�r�B�i�+�?�B�M�; �b�2�[�m�2�M�+�2 �7�Q�` �M�2�i�r�Q�`�F �b�2�T���`���i�B�Q�M �B�b �/�2�i�2�`�K�B�M�2�/ �m�b�B�M�; ���H�;�Q�`�B�i�?�K�b�k���M�/�j�- ���M�/
�i�?�2 �2�H�2�+�i�`�B�+ �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �i�Q�T�Q�H�Q�;�B�2�b ���i �2���+�? �b�i�2�T ���`�2 �+�?�2�+�F�2�/ �m�b�B�M�; �b�i�2���/�v�@�b�i���i�2 ���*
�T�Q�r�2�` �7�H�Q�r�X �"�m�b�2�b �j�R ���M�/ �j�N ���`�2 �#�Q�i�? ���b�b�B�;�M�2�/ ���b �b�H���+�F �#�m�b�2�b �r�B�i�? �2�[�m���H �T���`�i�B�+�B�T���i�B�Q�M�X �h�?�2
�Q�T�2�`���i�B�Q�M �b�2�[�m�2�M�+�2�b �Q�#�i���B�M�2�/ ���`�2 �+�Q�K�T���`�2�/ �i�Q �� �`���M�/�Q�K�H�v �;�2�M�2�`���i�2�/ �b�2�[�m�2�M�+�2 �Q�7 �/�B�b�+�Q�M�M�2�+�@
�i�B�Q�M�b�- ���b �H�B�b�i�2�/ �B�M �i���#�H�2�j�X�k�X �A�i �+���M �#�2 �b�2�2�M �i�?���i �i�?�2 �H���b�i �b�i�2�T �/�2�i�2�`�K�B�M�2�/ �#�v �#�Q�i�? �i�?�2 �7�Q�`�r���`�/
���M�/ �#���+�F�r���`�/ ���T�T�`�Q���+�?�@�#���b�2�/ �K�2�i�?�Q�/�b �B�b �i�?�2 �b���K�2�X



�k�3
�+�Ñ�ž�ÿ���¶�� �k�Y �Q�ÿ�¶���ž���Ô�ñ�é �b�¶�����¶�é�«�¶ �Å�ñ�� �T���ñ�ž�«���Ô�&�¶ �B���ã�ž�é�²�Ô�é�Ì �ñ�Å ���Ñ�¶ �T�ñ�'�¶�� �;���Ô�² �- �?�¶�����Ô�����Ô�«
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�6�B�;�m�`�2 �j�X�R�, �J�Q�/�B�7�B�2�/ �A�1�1�1 �j�N�@�#�m�b �i�2�b�i �+���b�2

�h���#�H�2 �j�X�k�, �P�T�2�`���i�B�Q�M �a�2�[�m�2�M�+�2�b �.�2�i�2�`�K�B�M�2�/ �#�v �o���`�B�Q�m�b �J�2�i�?�Q�/�b

�J�2�i�?�Q�/ �G�B�M�2 �a�r�B�i�+�?�B�M�; �a�2�[�m�2�M�+�2
�_���M�/�Q�K �a�2�[�m�2�M�+�2(4; 14); (14; 15); (5; 6); (5; 8); (9; 39)
�6�Q�`�r���`�/�@���T�T�`�Q���+�?(9; 39); (14; 15); (5; 6); (5; 8); (4; 14)

�"���+�F�r���`�/�@���T�T�`�Q���+�?(14; 15); (5; 8); (5; 6); (9; 39); (4; 14)

�h�?�2 �p�Q�H�i���;�2�b �+�Q�K�T�m�i�2�/ ���i �M�Q�M�@�;�2�M�2�`���i�Q�` �#�m�b�2�b �B�M �i�?�2 �M�2�i�r�Q�`�F �7�Q�` �2���+�? �b�i�2�T �B�M �i�?�2 �b�r�B�i�+�?�B�M�;
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�L�Q�i�2 �i�?���i �B�M �7�B�;�m�`�2�9�X�R�- �i�?�2y�@���t�B�b �`�2�T�`�2�b�2�M�i�b �� �;�2�M�2�`�B�+ �b�v�b�i�2�K �7�m�M�+�i�B�Q�M ���b �B�i�b �T�2�`�7�Q�`�K���M�+�2
�K�2���b�m�`�2�X �.�B�7�7�2�`�2�M�i �[�m���M�i�B�i�B�2�b �?���p�2 �#�2�2�M �m�b�2�/ �i�Q �+�Q�M�p�2�v �b�v�b�i�2�K �T�2�`�7�Q�`�K���M�+�2�- �7�Q�` �2�t���K�T�H�2�-
�`�2�7�2�`�2�M�+�2 �(�N�) �+�Q�M�b�B�/�2�`�b �i�?�2 �T�Q�r�2�` �b�m�T�T�H�B�2�/ �i�Q �+�`�B�i�B�+���H �H�Q���/�b �r�2�B�;�?�i�2�/ �#�v �i�?�2�B�` �+�`�B�i�B�+���H�B�i�v�X �h�?�2
�7�Q�`�K�m�H���i�B�Q�M �T�`�2�b�2�M�i�2�/ �?�2�`�2�B�M �+�Q�M�b�B�/�2�`�b �i�?�2 �i�Q�i���H �H�Q���/ �b�2�`�p�2�/ �#�v �K�B�+�`�Q�;�`�B�/�b �Q�M�+�2 �i�?�2 �K���B�M
�;�`�B�/ �B�b �H�Q�b�i�X �J���t�B�K�B�x�B�M�; �K�B�+�`�Q�;�`�B�/ �b�2�`�p�B�+�2 �r�B�H�H �B�M �i�m�`�M �`�2�/�m�+�2 �H�Q���/ �B�M�i�2�`�`�m�T�i�B�Q�M�b ���M�/ �#�Q�Q�b�i
�i�`���/�B�i�B�Q�M���H �;�`�B�/ �`�2�H�B���#�B�H�B�i�v �K�2���b�m�`�2�b �b�m�+�? ���b �a���A�.�A �U�a�v�b�i�2�K ���p�2�`���;�2 �A�M�i�2�`�`�m�T�i�B�Q�M �.�m�`���i�B�Q�M
�A�M�/�2�t�V�- �a���A�6�A �U�a�v�b�i�2�K ���p�2�`���;�2 �A�M�i�2�`�`�m�T�i�B�Q�M �6�`�2�[�m�2�M�+�v �A�M�/�2�t�V ���M�/ �J���A�6�A �U�J�Q�K�2�M�i���`�v ���p�@
�2�`���;�2 �A�M�i�2�`�`�m�T�i�B�Q�M �6�`�2�[�m�2�M�+�v �A�M�/�2�t�V �(�R�k�)�X

�h�?�2 �`�2�b�B�H�B�2�M�+�2 �i�`���T�2�x�Q�B�/ �/�2�b�+�`�B�#�2�b �@ ���V �i�?�2 �`���i�2 ���M�/ �2�t�i�2�M�i �Q�7 �T�2�`�7�Q�`�K���M�+�2 �/�`�Q�T �r�?�2�M ��
�/�B�b�`�m�T�i�B�p�2 �2�p�2�M�i �b�i�`�B�F�2�b�- �#�V �?�Q�r �H�Q�M�; �i�?�2 �b�v�b�i�2�K �`�2�b�B�/�2�b �B�M �� �/�2�;�`���/�2�/ �b�i���i�2�- ���M�/ �+�V �?�Q�r
�7���b�i �B�i �`�2�+�Q�p�2�`�b �i�Q �i�?�2 �T�`�2�@�/�B�b�i�m�`�#���M�+�2 �b�i���i�2�X �� �K�2�i�`�B�+ �i�?���i �+�Q�K�#�B�M�2�b �i�?�2�b�2 �K�2���b�m�`�2�b ���M�/
�[�m���M�i�B�7�B�2�b �i�?�2 �`�2�b�B�H�B�2�M�+�2 �Q�7 �� �b�v�b�i�2�K �B�b �i�?�2��� �̀2�� �m�M�/�2�` �i�?�2 �+�m�`�p�2 �U���l�*�V�Q�7 �i�?�2 �i�`���T�2�x�Q�B�/�X
���M�v �`�2�b�B�H�B�2�M�+�2 �2�M�?���M�+�2�K�2�M�i �b�i�`���i�2�;�v ���i�i�2�K�T�i�b �i�Q �K���t�B�K�B�x�2 �i�?�B�b ���l�*�X �6�B�;�m�`�2�9�X�R�b�?�Q�r�b �?�Q�r
�P�.�L�S �T�`�Q�T�Q�b�2�b �i�Q �B�M�+�`�2���b�2 �i�?�2 ���l�* �Q�7 �i�?�2 �`�2�b�B�H�B�2�M�+�2 �i�`���T�2�x�Q�B�/�X ���b �b�?�Q�r�M �#�v �i�?�2 �/�Q�i�i�2�/
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�H�B�M�2�- �B�7 �� �/�B�b�i�`�B�#�m�i�B�Q�M �M�2�i�r�Q�`�F �B�b �M�Q�i �2�[�m�B�T�T�2�/ �r�B�i�? �K�B�+�`�Q�;�`�B�/�b�- �� �H�Q�b�b �Q�7 �i�?�2 �;�`�B�/ �K���v �`�2�b�m�H�i
�B�M �� �/�`���b�i�B�+ �/�2�+�`�2���b�2 �B�M �H�Q���/ �b�2�`�p�2�/ �/�2�b�T�B�i�2 �B�M�b�i���H�H�2�/ �.�1�_ �+���T���+�B�i�v�X �"�v �Q�T�i�B�K���H�H�v �T�H���M�M�B�M�;
�K�B�+�`�Q�;�`�B�/�b �r�B�i�? �2�t�B�b�i�B�M�; �.�1�_�b�- �i�?�2 �b�v�b�i�2�K �#�2�?���p�B�Q�` �+���M �#�2 �+�?���M�;�2�/ �i�Q �i�?�2 �b�Q�H�B�/ �H�B�M�2 �b�?�Q�r�M �B�M
�7�B�;�m�`�2�9�X�R�X �h�?�2 �T�`�Q�T�Q�b�2�/ �P�.�L�S �7�Q�`�K�m�H���i�B�Q�M �K���t�B�K�B�x�2�b �i�?�2 �H�Q���/ �b�2�`�p�2�/ �/�m�`�B�M�; �i�?�2 �/�2�;�`���/�2�/
�b�i���i�2 �Q�7 �b�2�+�Q�M�/ �T�?���b�2�X �h�?�m�b�- �i�?�2 �b�?���/�2�/ �T�Q�`�i�B�Q�M �b�?�Q�r�M �B�M �i�?�2 �b�2�+�Q�M�/ �T�?���b�2 �Q�7 �i�?�2 �`�2�b�B�H�B�2�M�+�2
�i�`���T�2�x�Q�B�/ �B�b �2�p�B�/�2�M�i�H�v �K���t�B�K�B�x�2�/�- �i�?�2�`�2�#�v �B�M�+�`�2���b�B�M�; �i�?�2 ���l�*�X �6�m�`�i�?�2�`�- �#�v �B�K�T�`�Q�p�B�M�; �b�v�b�i�2�K
�T�2�`�7�Q�`�K���M�+�2 �B�M �i�?�2 �/�2�;�`���/�2�/ �b�i���i�2�- �Q�M�2 �+���M ���M�i�B�+�B�T���i�2 �� �7���b�i�2�` �`�2�+�Q�p�2�`�v �U�7�`�Q�Kt0

n �i�Qtn �B�M �7�B�;�m�`�2
�9�X�R�V�- �7�m�`�i�?�2�` �B�M�+�`�2���b�B�M�; �i�?�2 ���l�*�X �P�7 �+�Q�m�`�b�2�- �i�?�2 �`�2�+�Q�p�2�`�v �i�B�K�2 �r�B�H�H �/�2�T�2�M�/ �Q�M �K�m�H�i�B�T�H�2 �7���+�i�Q�`�b
�b�m�+�? ���b �i�B�K�2 ���M�/ �M���i�m�`�2 �Q�7 �/�B�b�i�m�`�#���M�+�2�- �T�`�2�@�2�p�2�M�i �b�v�b�i�2�K �Q�T�2�`���i�B�M�; �b�i���i�2 �2�i�+�X �L�2�p�2�`�i�?�2�H�2�b�b�-
�i�?�2 �P�.�L�S �7�Q�`�K�m�H���i�B�Q�M �T�`�Q�p�B�/�2�b �� �;�2�M�2�`���H �K�2�i�?�Q�/�Q�H�Q�;�v �7�Q�` �2�M�?���M�+�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M �M�2�i�r�Q�`�F
�`�2�b�B�H�B�2�M�+�2�- �i�?���i �+���M �#�2 ���/���T�i�2�/ �i�Q �B�M�+�Q�`�T�Q�`���i�2 �/�B�7�7�2�`�2�M�i �.�1�_ �i�2�+�?�M�Q�H�Q�;�B�2�b�X

�9�X�j �S�`�2�H�B�K�B�M���`�B�2�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �b�Q�K�2 �K���i�?�2�K���i�B�+���H �T�`�2�H�B�K�B�M���`�B�2�b ���`�2 �`�2�p�B�b�B�i�2�/ �#�2�7�Q�`�2 �2�t�T�Q�m�M�/�B�M�; �Q�M �i�?�2
�T�`�Q�#�H�2�K �7�Q�`�K�m�H���i�B�Q�M�X �a�i���M�/���`�/ �K���i�?�2�K���i�B�+���H �M�Q�i���i�B�Q�M�b ���`�2 �m�b�2�/�- �+���H�H�B�;�`���T�?�B�+ �b�v�K�#�Q�H�b �`�2�T�@
�`�2�b�2�M�i �b�2�i�b�- �H�Q�r�2�` �U�m�T�T�2�`�V �+���b�2 �#�Q�H�/ �H�2�i�i�2�`�b �`�2�T�`�2�b�2�M�i �+�Q�H�m�K�M �p�2�+�i�Q�`�b �U�K���i�`�B�+�2�b�V�X ���H�H �x�2�`�Q ���M�/
���H�H �Q�M�2 �p�2�+�i�Q�`�b ���M�/ �K���i�`�B�+�2�b �Q�7 ���T�T�`�Q�T�`�B���i�2 �b�B�x�2 ���`�2 �/�2�M�Q�i�2�/ �#�v�y ���M�/�R�`�2�b�T�2�+�i�B�p�2�H�v�X

�9�X�j�X�R�:�`���T�? �h�?�2�Q�`�v

�� �;�`���T�?G := ( V; E) �+�Q�M�b�B�b�i�b �Q�7 ���p�2�`�i�2�t �b�2�iV ���M�/ ���M�2�/�;�2 �b�2�iE�- �r�?�2�`�2 ���M �2�/�;�2 �B�b ���M
�m�M�Q�`�/�2�`�2�/ �T���B�` �Q�7 �/�B�b�i�B�M�+�i �p�2�`�i�B�+�2�b �Q�7G�X �1�/�;�2eij 2 E �B�b �/�2�M�Q�i�2�/ �#�v �B�i�b �B�M�+�B�/�2�M�i �p�2�`�i�B�+�2�b
(i; j )�- �b�m�+�? �i�?���ii; j 2 V �X �A�7eij 2 E�- �i�?�2�M �p�2�`�i�B�+�2�bi ���M�/j ���`�2���/�D���+�2�M�i�X �h�r�Q �2�/�;�2�b ���`�2
���/�D���+�2�M�i �B�7 �i�?�2�v �?���p�2 �� �+�Q�K�K�Q�M �p�2�`�i�2�t�X ���b�m�#�;� �̀��T�?�Q�7G �B�b �� �;�`���T�?H := ( X ; Y) �b�m�+�? �i�?���i
X � V ���M�/Y � E �X �A�7X = V�- �i�?�2�MH �B�b ���b�T���M�M�B�M�; �b�m�#�;� �̀��T�?�Q�7G�XH �B�b ���M�B�M�/�m�+�2�/ �b�m�#�;� �̀��T�?
�Q�7G �B�7 �p�2�`�i�B�+�2�b �B�MX ���`�2 ���/�D���+�2�M�i �B�MH �B�7 ���M�/ �Q�M�H�v �B�7 �i�?�2�v ���`�2 ���/�D���+�2�M�i �B�MG�X

�� �T���i�?�7�`�Q�Ki �i�Qj �B�b �� �b�2�[�m�2�M�+�2 �Q�7 �/�B�b�i�B�M�+�i �p�2�`�i�B�+�2�b �b�i���`�i�B�M�; ���ii ���M�/ �2�M�/�B�M�; ���ij �b�m�+�? �i�?���i
�+�Q�M�b�2�+�m�i�B�p�2 �p�2�`�i�B�+�2�b ���`�2 ���/�D���+�2�M�i�X �A�7 �i�?�2�`�2 �B�b �� �T���i�? �#�2�i�r�2�2�M ���H�H �T���B�`�b �Q�7 �p�2�`�i�B�+�2�b �Q�7 �� �;�`���T�?
G�- �i�?�2�MG �B�b�+�Q�M�M�2�+�i�2�/�c �2�H�b�2G �B�b�/�B�b�+�Q�M�M�2�+�i�2�/�X ���M �B�M�/�m�+�2�/ �b�m�#�;�`���T�? �Q�7G �i�?���i �B�b �K���t�B�K���H�-
�b�m�#�D�2�+�i �i�Q �#�2�B�M�; �+�Q�M�M�2�+�i�2�/�- �B�b �+���H�H�2�/ ���+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i�Q�7G�X ���+�v�+�H�2�B�b �� �b�2�[�m�2�M�+�2 �Q�7
���/�D���+�2�M�i �2�/�;�2�b �r�B�i�?�Q�m�i �`�2�T�2�i�B�i�B�Q�M �i�?���i �b�i���`�i�b ���M�/ �2�M�/�b ���i �i�?�2 �b���K�2 �M�Q�/�2�X �� �;�`���T�? �r�B�i�? �M�Q
�+�v�+�H�2�b �B�b �+���H�H�2�/���+�v�+�H�B�+�X �� �+�Q�M�M�2�+�i�2�/ ���M�/ ���+�v�+�H�B�+ �;�`���T�? �B�b ���i� �̀2�2�X ���b�T���M�M�B�M�; �i� �̀2�2�b�m�#�;�`���T�? �Q�7
G�B�b �� �i�`�2�2 �i�?���i �+�Q�p�2�`�b ���H�H �p�2�`�i�B�+�2�b �B�MG�X ���M ���+�v�+�H�B�+ �;�`���T�? �r�B�i�? �K�m�H�i�B�T�H�2 �+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i�b
�B�b ���7�Q� �̀2�b�i�X ���b�T���M�M�B�M�; �7�Q� �̀2�b�i�b�m�#�;�`���T�? �Q�7G �B�b �� �7�Q�`�2�b�i �i�?���i �+�Q�p�2�`�b ���H�H �p�2�`�i�B�+�2�b �B�MG�X �a�T���M�M�B�M�;
�7�Q�`�2�b�i�b �K���v �B�M�+�H�m�/�2 �+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i�b �r�B�i�? �� �b�B�M�;�H�2 �M�Q�/�2�X �6�Q�` �7�m�`�i�?�2�` �`�2�7�2�`�2�M�+�2�- �� �`�2�p�B�2�r
�Q�7 �;�`���T�? �i�?�2�Q�`�v �7�m�M�/���K�2�M�i���H�b �B�b ���p���B�H���#�H�2 �B�M �(�3�R�)�X
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�9�X�j�X�k�*�?���M�+�2�@�*�Q�M�b�i�`���B�M�2�/ �P�T�i�B�K�B�x���i�B�Q�M

�a�i�Q�+�?���b�i�B�+ �Q�T�i�B�K�B�x���i�B�Q�M �`�2�7�2�`�b �i�Q �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �K�2�i�?�Q�/�b �7�Q�` �b�Q�H�p�B�M�; ���M �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K
�r�B�i�? �m�M�+�2�`�i���B�M �T���`���K�2�i�2�`�b�X �6�Q�` �K���M�v �`�2���H�@�r�Q�`�H�/ ���T�T�H�B�+���i�B�Q�M�b �Q�T�2�`���i�B�M�; �B�M �m�M�+�2�`�i���B�M �2�M�p�B�`�Q�M�@
�K�2�M�i�b�- �2�M�b�m�`�B�M�; �R�y�y�W �`�2�H�B���#�B�H�B�i�v �B�b �T�?�v�b�B�+���H�H�v ���M�/ �2�+�Q�M�Q�K�B�+���H�H�v �B�K�T�`���+�i�B�+���H�X �h�?�B�b �/�B�7�7�B�+�m�H�i�v
�B�b �Q�7�i�2�M �/�2���H�i �r�B�i�? �#�v �/�2�b�B�;�M�B�M�; �b�v�b�i�2�K�b �i�?���i ���b�b�m�`�2 �� �K�B�M�B�K�m�K �`�2�H�B���#�B�H�B�i�v �H�2�p�2�H �r�B�i�? �?�B�;�?
�T�`�Q�#���#�B�H�B�i�v�X �J���i�?�2�K���i�B�+���H �K�Q�/�2�H�b �Q�7 �b�m�+�? �`�2�H�B���#�B�H�B�i�v�@�+�Q�M�b�i�`���B�M�2�/ �b�v�b�i�2�K�b �B�M�p�Q�H�p�2 �i�?�2 �m�b�2 �Q�7
�T�`�Q�#���#�B�H�B�b�i�B�+ �Q�`�+�?���M�+�2 �+�Q�M�b�i� �̀��B�M�i�b�(�3�y�)�X �� �;�2�M�2�`�B�+ �+�?���M�+�2�@�+�Q�M�b�i�`���B�M�2�/ �Q�T�i�B�K�B�x���i�B�Q�M �U�*�*�P�V
�T�`�Q�#�H�2�K �B�b �Q�7 �i�?�2 �7�Q�`�K�,

�K�B�M
x 2X

f (x ) �UP1�V

�b�X �i�Qh(x ) � 0 �UC1�V

P rf g(x ; � ) � 0g � 1 � " �UC2�V

�>�2�`�2�-x �B�b �i�?�2 �p�2�+�i�Q�` �Q�7 �/�2�+�B�b�B�Q�M �p���`�B���#�H�2�b�- �r�?�Q�b�2 �7�2���b�B�#�H�2 �`�2�;�B�Q�M �B�b �;�B�p�2�M �#�vX � Rn �X �h�?�2
�Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �i�Q �#�2 �K�B�M�B�K�B�x�2�/ �B�bf : Rn ! R�X �o�2�+�i�Q�`� �b�i���+�F�b �i�?�2 �m�M�+�2�`�i���B�M �T���`���K�2�i�2�`�b
�r�B�i�? �F�M�Q�r�M �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�- ���M�/" 2 (0; 1) �B�b �� �i�m�M���#�H�2 �`�B�b�F �T���`���K�2�i�2�`�X �S�`�Q�#�H�2�K
P1 �b�2�2�F�b �i�Q �7�B�M�/ ���M �Q�T�i�B�K���H �/�2�+�B�b�B�Q�M �p�2�+�i�Q�`x � �i�?���i �K�B�M�B�K�B�x�2�bf (x )�- �b�m�+�? �i�?���i �i�?�2�?��� �̀/
�+�Q�M�b�i� �̀��B�M�i�bC1 ���`�2 ���H�r���v�b �b���i�B�b�7�B�2�/�- �r�?�B�H�2 �i�?�2�+�?���M�+�2 �+�Q�M�b�i� �̀��B�M�iC2 �B�b �b���i�B�b�7�B�2�/ �r�B�i�? �T�`�Q�#���#�B�H�B�i�v
���i �H�2���b�i1 � " �X

�A�M �T�Q�r�2�` �b�v�b�i�2�K�b �H�B�i�2�`���i�m�`�2�- �*�*�P �?���b �#�2�2�M �T�`�2�p�B�Q�m�b�H�v �m�b�2�/ �i�Q ���/�/�`�2�b�b �b�2�+�m�`�B�i�v �+�Q�M�b�i�`���B�M�2�/
�2�+�Q�M�Q�K�B�+ �/�B�b�T���i�+�? ���M�/ �m�M�B�i �+�Q�K�K�B�i�K�2�M�i �T�`�Q�#�H�2�K�b �(�3�k�)�X �h�?�B�b �+�H���b�b �Q�7 �T�`�Q�#�H�2�K�b �B�b �/�B�7�7�B�+�m�H�i �i�Q
�b�Q�H�p�2�- �/�m�2 �i�Q �i�r�Q �K���B�M �`�2���b�Q�M�b�,

�Ç �:�B�p�2�M �� �+���M�/�B�/���i�2 �b�Q�H�m�i�B�Q�M�x 2 X �- ���+�+�m�`���i�2�H�v �+�Q�K�T�m�i�B�M�;P rf g( �x ; � ) � �yg �+���M �#�2 �p�2�`�v
�/�B�7�7�B�+�m�H�i�- �K���F�B�M�; �B�i �?���`�/ �i�Q �+�?�2�+�F �B�7 �+�Q�M�b�i�`���B�M�iC2 �B�b �b���i�B�b�7�B�2�/�X

�Ç �h�?�2 �7�2���b�B�#�B�H�B�i�v �`�2�;�B�Q�M �/�2�7�B�M�2�/ �#�v �� �+�?���M�+�2 �+�Q�M�b�i�`���B�M�i �B�b �m�b�m���H�H�v �M�Q�i �+�Q�M�p�2�t �(�3�y�)�X �h�?�B�b
�K���F�2�b �7�B�M�/�B�M�; ���M �Q�T�i�B�K���H �b�Q�H�m�i�B�Q�M �/�B�7�7�B�+�m�H�i �2�p�2�M �r�?�2�M �i�?�2 �7�2���b�B�#�B�H�B�i�v �Q�7�x �+���M �#�2 �+�?�2�+�F�2�/�X

�h�?�2�b�2 �/�B�7�7�B�+�m�H�i�B�2�b �K���v �#�2 �Q�p�2�`�+�Q�K�2 �#�v �+�Q�M�b�B�/�2�`�B�M�; ���b���K�T�H�2 ���p�2� �̀��;�2 ���T�T� �̀Q�t�B�K���i�B�Q�M�U�a�����V �Q�7
�i�?�2 �Q�`�B�;�B�M���H �T�`�Q�#�H�2�K �r�?�2�`�2 �i�?�2 �i�`�m�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7� �B�b �`�2�T�H���+�2�/ �#�v ���M �2�K�T�B�`�B�+���H �/�B�b�i�`�B�#�m�i�B�Q�M
�r�B�i�? �/�B�b�+�`�2�i�2 �b�m�T�T�Q�`�i�X �h�?�2 �a���� �B�b �b�i�B�H�H �� �+�?���M�+�2�@�+�Q�M�b�i�`���B�M�2�/ �b�i�Q�+�?���b�i�B�+ �T�`�Q�#�H�2�K�- �#�m�i �r�B�i�? ��
�/�B�7�7�2�`�2�M�i �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�`� �- ���M�/ �K���v �#�2 �b�Q�H�p�2�/ �p�B�� �B�M�i�2�;�2�` �T�`�Q�;�`���K�K�B�M�; �(�3�y�)�X �h�?�B�b �K�2�i�?�Q�/
�?���b �#�2�2�M �b�?�Q�r�M �i�Q �v�B�2�H�/ �;�Q�Q�/ �+���M�/�B�/���i�2 �b�Q�H�m�i�B�Q�M�b �B�7 �i�?�2 �b���K�T�H�B�M�; �B�b ���K�T�H�2 ���M�/ �`�B�+�?�X �A�M
�i�?�B�b �r�Q�`�F�- �i�?�2 �a���� ���T�T�`�Q���+�? �r�B�H�H �#�2 �B�M�+�Q�`�T�Q�`���i�2�/ �i�Q �b�Q�H�p�2 �� �T�`�Q�#���#�B�H�B�b�i�B�+ �P�.�L�S ���M�/ �i�?�2
�b�Q�H�m�i�B�Q�M �Q�#�i���B�M�2�/ �r�B�H�H �#�2 �7�m�`�i�?�2�` ���M���H�v�x�2�/ �i�Q �p�2�`�B�7�v �?�Q�r �r�2�H�H �B�i �b�Q�H�p�2�b �i�?�2 �Q�`�B�;�B�M���H �Q�T�i�B�K�B�x���i�B�Q�M
�T�`�Q�#�H�2�K�X

�9�X�9�S�`�Q�#�H�2�K �6�Q�`�K�m�H���i�B�Q�M

�:�B�p�2�M �� �/�B�b�i�`�B�#�m�i�B�Q�M �M�2�i�r�Q�`�F �r�B�i�? �.�1�_�b�- �T�H���M�M�2�`�b �r�Q�m�H�/ �H�B�F�2 �i�Q �Q�T�i�B�K���H�H�v �+�Q�M�b�i�`�m�+�i �K�B�+�`�Q�@
�;�`�B�/�b�- �b�m�+�? �i�?���i �i�?�2 �.�1�_�b ���`�2 ���#�H�2 �i�Q �b�m�b�i���B�M �B�M�i�2�`�M���H �H�Q���/�b �B�7 �b�m�T�T�H�v �7�`�Q�K �i�?�2 �K���B�M �;�`�B�/ �B�b



�j�3
�+�Ñ�ž�ÿ���¶�� �:�Y �+�Ñ�ž�é�«�¶�A�+�ñ�é�������ž�Ô�é�¶�² �Q�ÿ���Ô�è�ž�ã �/�Ô�������Ô�ª�����Ô�ñ�é �M�¶���'�ñ���á �T�ž�����Ô���Ô�ñ�é�Ô�é�Ì ���ñ �2�é�Ñ�ž�é�«�¶

�T�ñ�'�¶�� �;���Ô�² �`�¶���Ô�ã�Ô�¶�é�«�¶

�H�Q�b�i�X �G�Q���/ �b�2�`�p�2�/ �B�b �i�Q �#�2 �K���t�B�K�B�x�2�/�X �"�Q�i�? �H�Q���/ ���M�/ �;�2�M�2�`���i�B�Q�M �p���`�v �r�B�i�? �i�?�2 �r�2���i�?�2�` ���M�/
���b�b�m�`�B�M�; �b�2�H�7�@���/�2�[�m���+�v �7�Q�` �i�?�2 �r�Q�`�b�i �+���b�2 �K���v �H�2���/ �i�Q �p�2�`�v �+�Q�M�b�2�`�p���i�B�p�2 �b�Q�H�m�i�B�Q�M�b�X �>�2�M�+�2�- ��
�b�Q�H�m�i�B�Q�M �i�?���i �r�Q�`�F�b �r�2�H�H �7�Q�`�K�Q�b�i�Q�T�2�`���i�B�M�; �+�Q�M�/�B�i�B�Q�M�b �K�B�;�?�i �#�2 �T�`�2�7�2�`���#�H�2�X �h�?�m�b �K�B�+�`�Q�;�`�B�/�b
�K���v �#�2 �/�2�b�B�;�M�2�/ �i�Q �#�2 �b�2�H�7�@���/�2�[�m���i�2 �r�B�i�? �T�`�Q�#���#�B�H�B�i�v ���i �H�2���b�i(1 � " ) ���+�`�Q�b�b ���H�H �T�Q�b�b�B�#�H�2 �Q�T�2�`�@
���i�B�M�; �b�+�2�M���`�B�Q�b�- �r�?�2�`�2" �B�b �� �i�m�M���#�H�2 �`�B�b�F �T���`���K�2�i�2�`�X �h�?�2 �p���H�m�2 �Q�7" �K���v �#�2 �+�?�Q�b�2�M �#���b�2�/ �Q�M
�b�2�p�2�`���H �7���+�i�Q�`�b �b�m�+�? ���b ���p���B�H���#�H�2 �b�i�Q�`���;�2 �`�2�b�Q�m�`�+�2�b�X �P�M�+�2 �Q�T�i�B�K���H �K�B�+�`�Q�;�`�B�/�b ���`�2 �B�/�2�M�i�B�7�B�2�/�-
�i�?�2�v �M�2�2�/ �i�Q �#�2 �2�[�m�B�T�T�2�/ �r�B�i�? �+�Q�M�i�`�Q�H �+���T���#�B�H�B�i�B�2�b ���M�/ �#�Q�m�M�/���`�v �H�B�M�2 �b�r�B�i�+�?�2�b�X �A�i �K�m�b�i �#�2
�M�Q�i�2�/ �i�?���i �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �;�2�M�2�`���i�B�Q�M �+���T���+�B�i�v �Q�7 �B�M�b�i���H�H�2�/ �.�1�_�b�- ���H�H �H�Q���/ �B�M �� �M�2�i�r�Q�`�F
�K���v �M�Q�i �#�2 �b�2�`�p�2�/ �#�v �K�B�+�`�Q�;�`�B�/�b�X

�P�m�` �K���i�?�2�K���i�B�+���H �7�Q�`�K�m�H���i�B�Q�M �B�b �T�m�i �7�Q�`�i�? �B�M �i�?�`�2�2 �b�i�2�T�b�X �6�B�`�b�i�- �� �/�2�i�2�`�K�B�M�B�b�i�B�+ �p�2�`�b�B�Q�M �Q�7
�i�?�2 �T�`�Q�#�H�2�K�- �/�@�P�.�L�S �B�b �T�`�2�b�2�M�i�2�/ �r�?�2�`�2 �i�?�2 �H�Q���/ �b�2�`�p�2�/ �B�b �K���t�B�K�B�x�2�/ �7�Q�` �� �;�B�p�2�M �b�+�2�M���`�B�Q
�Q�7 �/�2�K���M�/�b ���M�/ �;�2�M�2�`���i�B�Q�M�X �L�2�t�i�- �i�?�2 �+�?���M�+�2 �+�Q�M�b�i�`���B�M�i�b ���`�B�b�B�M�; �7�`�Q�K �i�?�2 �`���M�/�Q�K�M�2�b�b �B�M
�;�2�M�2�`���i�B�Q�M ���M�/ �/�2�K���M�/�b ���`�2 ���/�/�2�/�X �6�B�M���H�H�v�- �� �a���� �#���b�2�/ ���H�;�Q�`�B�i�?�K �B�b �T�`�Q�T�Q�b�2�/ �i�?���i �+���M
�i�`���+�i���#�H�v �b�Q�H�p�2 �i�?�2 �T�`�Q�#���#�B�H�B�b�i�B�+ �P�.�L�S�X

�9�X�9�X�R�.�B�b�i�`�B�#�m�i�B�Q�M �L�2�i�r�Q�`�F �J�Q�/�2�H

�� �b�B�M�;�H�2�@�T�?���b�2 �/�B�b�i�`�B�#�m�i�B�Q�M �M�2�i�r�Q�`�F �K���v �#�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v �� �+�Q�M�M�2�+�i�2�/ �/�B�`�2�+�i�2�/ �;�`���T�?GN :=
(VN ; EN )�- �r�?�2�`�2 �p�2�`�i�B�+�2�b �/�2�M�Q�i�2 �#�m�b�2�b ���M�/ �2�/�;�2�b �/�2�M�Q�i�2 �H�B�M�2�b�X �h�?�2 �b�m�#�b�i���i�B�Q�M �M�Q�/�2 �B�b �B�M�/�2�t�2�/
�#�v0�c ���M�/ �i�?�2 �b�2�i �Q�7 ���H�H �Q�i�?�2�` �M�Q�/�2�b �B�b �/�2�M�Q�i�2�/ �#�vV := VN n f 0g�X �1���+�? �2�/�;�2ei;j 2 EN �B�b
���b�b�B�;�M�2�/ ���M ���`�#�B�i�`���`�v �/�B�`�2�+�i�B�Q�M �7�`�Q�K �M�Q�/�2i �i�Qj �X �A�7ei;j 2 EN �- �i�?�2�Mej;i /2 EN �X �h�?�2 �i���b�F ���i
�?���M�/ �+�Q�M�b�B�/�2�`�b �i�?���i �i�?�2 �K���B�M �;�`�B�/ �B�b �m�M���p���B�H���#�H�2�- �?�2�M�+�2 �T���`�i�B�i�B�Q�M�B�M�; �M�2�2�/�b �i�Q �#�2 �+���`�`�B�2�/ �Q�m�i
�Q�MG := ( V; E)�- �i�?�2 �B�M�/�m�+�2�/ �b�m�#�;�`���T�? �Q�7GN �Q�M �p�2�`�i�2�t �b�2�iV�X �A�M �i�?�2 �T�`�2�b�2�M�i �b�2�i�m�T ���H�H �H�B�M�2�b
���`�2 �+�Q�M�b�B�/�2�`�2�/ �b�r�B�i�+�?���#�H�2�X ���M�v �M�Q�M�@�b�r�B�i�+�?���#�H�2 �2�/�;�2 �+�Q�B�M�+�B�/�B�M�; �r�B�i�? �� �K�B�+�`�Q�;�`�B�/ �#�Q�m�M�/���`�v
�r�Q�m�H�/ �M�2�2�/ �i�Q �#�2 �`�2�i�`�Q�7�B�i�i�2�/ �r�B�i�? �� �b�r�B�i�+�?�X �J�Q�`�2�Q�p�2�`�- �;�`���T�? �2�/�;�2�b �B�M�+�H�m�/�2 �H�B�M�2�b �r�B�i�? �2�t�B�b�i�B�M�;
�M�Q�`�K���H�H�v �Q�T�2�M ���M�/ �M�Q�`�K���H�H�v �+�H�Q�b�2�/ �b�r�B�i�+�?�2�b�- ���M�/ �?�2�M�+�2G �B�b �M�Q�i �M�2�+�2�b�b���`�B�H�v �`���/�B���H�X

�1���+�? �M�Q�/�2 �?���b ���M ���b�b�Q�+�B���i�2�/ �/�2�K���M�/(� dp
i + j� dq

i ) ���M�/ �;�2�M�2�`���i�B�Q�M �+���T���+�B�i�v(� gp
i + j� gq

i )�X
�h�?�2 �/�2�K���M�/ ���M�/ �;�2�M�2�`���i�B�Q�M �+���T���+�B�i�B�2�b ���`�2 �M�Q�i �T�`�2�+�B�b�2�H�v �F�M�Q�r�M ���i �i�?�2 �T�H���M�M�B�M�; �b�i���;�2 ���M�/
�Q�M�H�v �� �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�- �T�Q�b�b�B�#�H�v �2�K�T�B�`�B�+���H�- �K���v �#�2 ���p���B�H���#�H�2�X �G�2�ivi �#�2 �i�?�2 �p�Q�H�i���;�2
�K���;�M�B�i�m�/�2 ���i �#�m�bi ���M�/(pi + jq i ) �#�2 �i�?�2 �+�Q�K�T�H�2�t �T�Q�r�2�` �B�M�D�2�+�i�B�Q�M�X �"�m�b �p�Q�H�i���;�2�b�- �/�2�K���M�/�-
�;�2�M�2�`���i�B�Q�M �+���T���+�B�i�v�- ���M�/ �+�Q�K�T�H�2�t �T�Q�r�2�` �B�M�D�2�+�i�B�Q�M�b ���`�2 �`�2�b�T�2�+�i�B�p�2�H�v �b�i���+�F�2�/ �B�M�i�Q �p�2�+�i�Q�`�b�p�-
� dp + j � dp ; � gp + j � gq ; �T+ j �[�X ���H�H �[�m���M�i�B�i�B�2�b ���`�2 �B�M �T�2�` �m�M�B�i�b�X

�G�2�i �m�b �B�M�i�`�Q�/�m�+�2 �#�B�M���`�v �p���`�B���#�H�2�bbn
i ���M�/be

ij �i�?���i �`�2�b�T�2�+�i�B�p�2�H�v �/�B�+�i���i�2 �B�7 �p�2�`�i�2�ti 2 V ���M�/ �2�/�;�2
eij 2 E ���`�2 �2�M�2�`�;�B�x�2�/�X �h�?�2 �2�M�/ �M�Q�/�2�bi ���M�/j �Q�7 ���M �2�M�2�`�;�B�x�2�/ �2�/�;�2eij �b�?���H�H �#�2 �2�M�2�`�;�B�x�2�/�-
�`�2�[�m�B�`�B�M�;

bn
i + bn

j � 2be
ij 8eij 2 E: �U�9�X�R�V

�h�?�2 ���L�a�A �b�i���M�/���`�/�b �K���M�/���i�2 �i�?���i �p�Q�H�i���;�2�b ���i �2�M�2�`�;�B�x�2�/ �#�m�b�2�b �b�?�Q�m�H�/ �#�2 �r�B�i�?�B�M� 5�W �T�X�m�X
�Q�7 �i�?�2 �M�Q�K�B�M���H �p���H�m�2 �(�8�d�)�X �h�?�m�b�-

0:95 �#�M� �p� 1:05 �#�M: �U�9�X�k�V



�:�Y�:�Y �T���ñ�ª�ã�¶�è �7�ñ���è���ã�ž���Ô�ñ�é �j�N

�G�2�i �i�?�2 �T�Q�r�2�` �7�H�Q�r �Q�M �H�B�M�2eij 2 E �#�2Pij + jQ ij �X �h�?�2 �H�B�M�2 �+���T���+�B�i�v �+�Q�M�b�i�`���B�M�i�b �K���v �#�2
�7�Q�`�K�m�H���i�2�/ ���b �7�Q�H�H�Q�r�b�X

� be
ij Pmax

ij � Pij � be
ij Pmax

ij 8eij 2 E �U�9�X�j���V

� be
ij Qmax

ij � Qij � be
ij Qmax

ij 8eij 2 E �U�9�X�j�#�V

�6�H�Q�r �+�Q�M�b�i�`���B�M�i�b �Q�7 �i�?�2 �7�Q�`�KP2
ij + Q2

ij � S2
ij �U�r�?�2�`�2S �/�2�M�Q�i�2�b ���T�T���`�2�M�i �T�Q�r�2�`�V ���`�2 �M�Q�i �m�b�2�/

�?�2�`�2 �i�Q ���p�Q�B�/ �[�m���/�`���i�B�+ �+�Q�M�b�i�`���B�M�i�b�X �� �T�Q�H�v�i�Q�T�B�+ ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�B�b �+�Q�M�b�i�`���B�M�i �T�`�Q�T�Q�b�2�/
�B�M �(�3�j�) �+�Q�m�H�/ ���H�b�Q �#�2 �m�b�2�/�X

�9�X�9�X�k�S�Q�r�2�` �6�H�Q�r �J�Q�/�2�H

�.�1�_ �m�M�B�i�b �T�H���m�b�B�#�H�2 �B�M �� �H�Q�r�f�K�2�/�B�m�K �p�Q�H�i���;�2 �/�B�b�i�`�B�#�m�i�B�Q�M �M�2�i�r�Q�`�F �b�2�i�m�T �B�M�+�H�m�/�2 �T�?�Q�i�Q�@
�p�Q�H�i���B�+ �U�S�o�V �;�2�M�2�`���i�Q�`�b�- �/�B�2�b�2�H �;�2�M�2�`���i�Q�`�b �U�.�:�b�V ���M�/ �+�Q�K�#�B�M�2�/ �?�2���i ���M�/ �T�Q�r�2�` �T�H���M�i�b
�U�*�>�S�b�V�X �h�?�2 ���+�i�B�p�2 �T�Q�r�2�` �;�2�M�2�`���i�B�Q�M �+���T���+�B�i�v �Q�7 �i�?�2�b�2 �m�M�B�i�b �K���v�#�2 �b�i�Q�+�?���b�i�B�+�c �7�Q�` �B�M�b�i���M�+�2
�S�o �;�2�M�2�`���i�B�Q�M �B�b �/�B�+�i���i�2�/ �#�v �b�Q�H���` �B�`�`���/�B���M�+�2 �H�2�p�2�H�b�- ���M�/ �*�>�S �;�2�M�2�`���i�B�Q�M �B�b ���7�7�2�+�i�2�/ �#�v �H�Q�+���H
�?�2���i�B�M�; �/�2�K���M�/�b�X �L�Q�M�@�m�i�B�H�B�i�v �b�+���H�2 �S�o �;�2�M�2�`���i�Q�`�b ���`�2 �m�b�m���H�H�v �M�Q�i �/�B�b�T���i�+�?���#�H�2�- �r�?�B�H�2 �b�Q�K�2
�.�1�_ �m�M�B�i�b �H�B�F�2 �*�>�S�b �K���v �#�2 �/�B�b�T���i�+�?���#�H�2 �H�B�K�B�i�2�/ �#�v �i�?�2�B�` �b�i�Q�+�?���b�i�B�+ �;�2�M�2�`���i�B�Q�M �+���T���+�B�i�v�X
�.�: �m�M�B�i�b ���`�2 �m�b�m���H�H�v �/�B�b�T���i�+�?���#�H�2 ���M�/ �i�?�2�B�` �K���t�B�K�m�K �;�2�M�2�`���i�B�Q�M �+���T���+�B�i�v �K���v �#�2 �7�B�t�2�/
�#���b�2�/ �Q�M �i�?�2 �K���+�?�B�M�2 �`���i�B�M�;�X �G�Q���/�b ���`�2 ���b�b�m�K�2�/ �i�Q �#�2 �B�M�2�H���b�i�B�+�X

�h�?�2 �T�Q�r�2�` �;�2�M�2�`���i�B�Q�M�b �#�v �/�B�b�T���i�+�?���#�H�2 �m�M�B�i�b ���`�2 �;�Q�p�2�`�M�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,

0 � pg
i � bn

i � gp
i 8i 2 VD �U�9�X�9���V

� bn
i � gq

i � qg
i � bn

i � gq
i 8i 2 VD : �U�9�X�9�#�V

�>�2�`�2�- �+�Q�M�b�i�`���B�M�i�b �U�9�X�9���V�@�U�9�X�9�#�V �#�Q�m�M�/ �i�?�2 �;�2�M�2�`���i�Q�` �Q�m�i�T�m�i�bpg
i ; qg

i ���i �#�m�bi �X �a�2�iVD �+�Q�K�T�`�B�b�2�b
�Q�7 ���H�H �M�Q�/�2�b �r�B�i�? �� �/�B�b�T���i�+�?���#�H�2 �;�2�M�2�`���i�Q�`�X �:�B�p�2�M �i�?�2 �H�B�K�B�i �Q�M ���+�i�B�p�2 �T�Q�r�2�`�- �� �+�Q�`�`�2�b�T�Q�M�/�B�M�;
�H�B�K�B�i �Q�M �`�2���+�i�B�p�2 �T�Q�r�2�` �;�2�M�2�`���i�B�Q�M �+���M �#�2 �Q�#�i���B�M�2�/ �#���b�2�/ �Q�M �i�?�2 �;�2�M�2�`���i�Q�` ���T�T���`�2�M�i �T�Q�r�2�`
�`���i�B�M�;�b�X �L�Q�M�@�/�B�b�T���i�+�?���#�H�2 �;�2�M�2�`���i�Q�`�b ���`�2 �B�M�+�Q�`�T�Q�`���i�2�/ �B�M�i�Q �i�?�2 �7�Q�`�K�m�H���i�B�Q�M ���b �b�?�Q�r�M �#�2�H�Q�r�X

pg
i = bn

i � gp
i 8i 2 V n VD �U�9�X�8���V

qg
i = bn

i � gq
i 8i 2 V n VD �U�9�X�8�#�V

�*�Q�M�b�i�`���B�M�i�b �U�9�X�8���V�@�U�9�X�8�#�V �b�i���i�2 �i�?���i �i�?�2 �T�Q�r�2�` �Q�m�i�T�m�i �#�v ���M �2�M�2�`�;�B�x�2�/ �M�Q�M�@�/�B�b�T���i�+�?���#�H�2 �.�1�_
�B�b �2�[�m���H �i�Q �B�i�b �b�i�Q�+�?���b�i�B�+ �;�2�M�2�`���i�B�Q�M �+���T���+�B�i�v�X �6�Q�` �B�M�2�H���b�i�B�+ �H�Q���/�b�- �i�?�2 �+�Q�M�b�i�`���B�M�i�b �7�Q�` �T�Q�r�2�`
�+�Q�M�b�m�K�T�i�B�Q�M �#�2�+�Q�K�2�,

pd
i = bn

i � dp
i 8i 2 V �U�9�X�e���V

qd
i = bn

i � dq
i 8i 2 V �U�9�X�e�#�V

�*�Q�M�b�i�`���B�M�i�b �U�9�X�e���V�@�U�9�X�e�#�V �b�i���i�2 �i�?���i �+�Q�M�b�m�K�T�i�B�Q�M ���i �#�m�bi �B�b �2�[�m���H �i�Q �B�i�b �/�2�K���M�/�c �B�7 �2�M�2�`�;�B�x�2�/�X
�h�?�m�b �i�?�2 �M�2�i �T�Q�r�2�` �B�M�D�2�+�i�B�Q�M�b ���`�2�,

pi = pg
i � pd

i 8i 2 V �U�9�X�d���V

qi = qg
i � qd

i 8i 2 V �U�9�X�d�#�V
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�6�Q�` �T�Q�r�2�` �7�H�Q�r �+���H�+�m�H���i�B�Q�M�b�- �i�?�2 �H�B�M�2���`�B�x�2�/ �/�B�b�i�`�B�#�m�i�B�Q�M �7�H�Q�r �U�G�.�6�V �K�Q�/�2�H �T�`�Q�T�Q�b�2�/ �B�M �(�3�9�) �B�b
�7�Q�H�H�Q�r�2�/�X �.�2�b�T�B�i�2 �#�2�B�M�; ���M ���T�T�`�Q�t�B�K���i�B�Q�M �7�Q�` �i�?�2 �7�m�H�H ���* �T�Q�r�2�` �7�H�Q�r �K�Q�/�2�H�- �G�.�6 �?���b �#�2�2�M
�m�b�2�/ �2�t�i�2�M�b�B�p�2�H�v ���M�/ �b�?�Q�r�M �i�Q �T�2�`�7�Q�`�K �r�2�H�H �B�M �H�B�i�2�`���i�m�`�2 �(�3�8�)�X �L�Q�r�- �B�;�M�Q�`�B�M�; �H�B�M�2 �H�Q�b�b�2�b�- �i�?�2
�T�Q�r�2�` �#���H���M�+�2 ���i �2���+�? �M�Q�/�2 �2�M�i���B�H�b�,

X

eij 2E

Pij �
X

ejk 2E

Pjk = pj 8j 2 V �U�9�X�3���V

X

eij 2E

Qij �
X

ejk 2E

Qjk = qj 8j 2 V �U�9�X�3�#�V

�G�2�ir ij + jx ij �#�2 �i�?�2 �B�K�T�2�/���M�+�2 �Q�7 �H�B�M�2eij 2 E�X �h�?�2�M�- �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �p�Q�H�i���;�2�b ���M�/
�T�Q�r�2�` �B�M�D�2�+�i�B�Q�M�b �K���v �#�2 �H�B�M�2���`�B�x�2�/ ���b�,v2

i � v2
j = 2( r ij Pij + x ij Qij )�X ���b�b�m�K�B�M�; �b�K���H�H �p�Q�H�i���;�2

�/�2�p�B���i�B�Q�M�b�- �i�?�2 �b�[�m���`�2�/ �i�2�`�K�b �K���v �#�2 ���T�T�`�Q�t�B�K���i�2�/ ���bv2
i ' 2vi � 1�X �l�b�B�M�; �i�?�2�b�2 �`�2�b�m�H�i�b�-

be
ij (vi � vj � r ij Pij � x ij Qij ) = 0 ; 8eij 2 E �U�9�X�N�V

�>�2�`�2�- �i�?�2 �B�M�/�B�+���i�Q�`be
ij �B�b �K�m�H�i�B�T�H�B�2�/ �i�Q �2�M�7�Q�`�+�2 �i�?�2 �p�Q�H�i���;�2 �/�`�Q�T �`�2�H���i�B�Q�M �Q�M�H�v �7�Q�` �2�M�2�`�;�B�x�2�/

�H�B�M�2�b�X �6�Q�` �+�Q�K�T�m�i���i�B�Q�M���H �2���b�2�- �#�B�H�B�M�2���` �i�2�`�K�b �H�B�F�2be
ij vi �B�M �U�9�X�N�V �+���M �#�2 �?���M�/�H�2�/ �#�v �J�+�*�Q�`�K�B�+�F

�H�B�M�2���`�B�x���i�B�Q�M�- �r�?�2�`�2 �i�?�2 �T�`�Q�/�m�+�i �i�2�`�K�b ���`�2 �`�2�T�H���+�2�/ �#�v �i�?�2�B�` �H�B�M�2���` �+�Q�M�p�2�t �2�M�p�2�H�Q�T�2�b �i�Q �v�B�2�H�/
�� �`�2�H���t���i�B�Q�M �Q�7 �i�?�2 �Q�`�B�;�B�M���H �M�Q�M�@�+�Q�M�p�2�t �7�2���b�B�#�H�2 �b�2�i �(�3�e�)�X �A�7 ���i �K�Q�b�i �Q�M�2 �Q�7 �i�?�2 �p���`�B���#�H�2�b �B�b
�+�Q�M�i�B�M�m�Q�m�b ���M�/ �i�?�2 �`�2�b�i ���`�2 �#�B�M���`�v�- �i�?�B�b �`�2�H���t���i�B�Q�M �B�b �2�t���+�i�X �6�Q�` �B�H�H�m�b�i�`���i�B�Q�M�- �H�2�i �m�b �+�Q�M�b�B�/�2�`
�� �i�2�`�Kz = xy�- �r�?�2�`�2x �B�b �#�B�M���`�v ���M�/y �B�b �� �+�Q�M�i�B�M�m�Q�m�b �p���`�B���#�H�2 �#�Q�m�M�/�2�/ �B�My 2 [y; y]�X �>�2�`�2�-
z = xy �K���v �#�2 �2�[�m�B�p���H�2�M�i�H�v �2�t�T�`�2�b�b�2�/ ���b �7�Q�m�` �H�B�M�2���` �B�M�2�[�m���H�B�i�v �+�Q�M�b�i�`���B�M�i�b�X

xy � z � xy �U�9�X�R�y���V

y + ( x � 1)y � z � y + ( x � 1)y �U�9�X�R�y�#�V

�L�Q�i�2 �i�?���i �T�m�i�i�B�M�;x = 0 �B�M �2�[�m���i�B�Q�M�b �U�9�X�R�y���V�@�U�9�X�R�y�#�V �v�B�2�H�/�bz = 0�X �a�B�K�B�H���`�H�v�- �T�m�i�i�B�M�;x = 1
�v�B�2�H�/�bz = y�X ���H�H �b�m�+�? �#�B�H�B�M�2���` �i�2�`�K�b ���T�T�2���`�B�M�; �?�2�M�+�2�7�Q�`�i�? �B�M �i�?�B�b �r�Q�`�F �r�B�H�H �#�2 �i�`�2���i�2�/
�b�B�K�B�H���`�H�v�X

�9�X�9�X�j�_���/�B���H�B�i�v �*�Q�M�b�i�`���B�M�i�b

�L�2�i�r�Q�`�F �`���/�B���H�B�i�v �B�b �2�b�b�2�M�i�B���H �7�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �b�v�b�i�2�K �Q�T�2�`���i�B�Q�M�b�X �a�Q�K�2 �T�`�B�Q�` ���T�T�`�Q���+�?�2�b
�T�`�Q�T�Q�b�2�/ �7�Q�` �2�M�7�Q�`�+�B�M�; �`���/�B���H�B�i�v ���`�2 �+�v�+�H�2 �2�H�B�K�B�M���i�B�Q�M �(�d�3�) ���M�/ �p�B�`�i�m���H �+�Q�K�K�Q�/�B�i�v �7�H�Q�r �(�e�N�-�3�d�)�X
�h�?�2 �P�.�L�S �i���b�F �M�2�2�/�b �i�Q �B�/�2�M�i�B�7�vG0 = ( V; E0)�- �� �b�T���M�M�B�M�; �b�m�#�;�`���T�? �Q�7G�- �b�m�+�? �i�?���i �2�p�2�`�v
�+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i�- �Q�` �b�B�K�T�H�v �+�Q�K�T�Q�M�2�M�i�- �Q�7G0 �B�b �� �i�`�2�2�- �B�X�2�XG0 �B�b ���7�Q� �̀2�b�i�X �� �b�T���M�M�B�M�;
�7�Q�`�2�b�i �K���v �B�M�+�H�m�/�2 �B�b�Q�H���i�2�/ �M�Q�/�2�b�- �B�X�2�X �B�i �K���v �?���p�2 �+�Q�K�T�Q�M�2�M�i�b �r�B�i�? �� �b�B�M�;�H�2 �p�2�`�i�2�t ���M�/ �M�Q
�2�/�;�2�b�X

���b �/�B�b�+�m�b�b�2�/ �B�M �b�2�+�i�B�Q�M�9�X�R�- �i�?�2 �`���/�B���H�B�i�v �7�Q�`�K�m�H���i�B�Q�M �Q�m�i�H�B�M�2�/ �B�M �i�?�B�b �+�?���T�i�2�` �?���b �i�?�2 �7�Q�H�H�Q�r�B�M�;
���/�p���M�i���;�2�b�, ���V �i�?�2 �Q�T�i�B�K���H �M�m�K�#�2�` �Q�7 �K�B�+�`�Q�;�`�B�/�b ���M�/ �i�?�2�B�` �i�Q�T�Q�H�Q�;�B�2�b ���`�2 �/�2�i�2�`�K�B�M�2�/ �B�M ��
�b�B�M�;�H�2�@�b�?�Q�i�- ���M�/ �#�V �.�1�_�b �M�2�2�/ �M�Q�i �#�2 �T�`�2�@���b�b�B�;�M�2�/ �i�Q �K�B�+�`�Q�;�`�B�/�b �H�B�F�2 �B�M �(�d�y�-�d�e�)�X�h�?�2 �`���/�B���H�B�i�v
�+�Q�M�b�i�`���B�M�i�b �r�B�H�H �#�2 �7�Q�`�K�m�H���i�2�/ �m�b�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�Q�b�B�i�B�Q�M�X



�:�Y�:�Y �T���ñ�ª�ã�¶�è �7�ñ���è���ã�ž���Ô�ñ�é �9�R

�6�B�;�m�`�2 �9�X�k�, �*�Q�K�T�Q�M�2�M�i�b(f A; B; C g; f AB; BC g)�-(f D; E; F g; f DE; DF g) ���M�/(f Gg; fg )
�7�Q�`�K �� �b�T���M�M�B�M�; �7�Q�`�2�b�i�X ���/�/�B�M�; �2�/�;�2�bBD ���M�/DG �+�`�2���i�2�b �� �b�T���M�M�B�M�; �i�`�2�2�X

�S�`�Q�T�Q�b�B�i�B�Q�M �R�X�(�e�N�)�V�:�B�p�2�M �� �b�T���M�M�B�M�; �7�Q� �̀2�b�i �b�m�#�;� �̀��T�?F := ( V; EF ) �Q�7 �� �+�Q�M�M�2�+�i�2�/ �;� �̀��T�?
G := ( V; E)�- �i�?�2� �̀2 �2�t�B�b�i�b ���i �H�2���b�i �Q�M�2 �b�T���M�M�B�M�; �i� �̀2�2 �b�m�#�;� �̀��T�? �Q�7G�- �2�t�T� �̀2�b�b�2�/ ���bT := ( V; ET )�-
�b�m�+�? �i�?���iEF � E T � E �X

�A�M �Q�i�?�2�` �r�Q�`�/�b�- �b�Q�K�2 �2�/�;�2�b �K���v �#�2 �`�2�K�Q�p�2�/ �7�`�Q�K �� �b�T���M�M�B�M�; �i�`�2�2 �i�Q �Q�#�i���B�M �� �b�T���M�M�B�M�; �7�Q�`�2�b�i�X
�h�?�B�b �B�/�2�� �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �7�B�;�m�`�2�9�X�k�X �h�?�2 �b�Q�H�B�/ �H�B�M�2�b �b�?�Q�r �2�/�;�2�b �B�M �� �b�T���M�M�B�M�; �7�Q�`�2�b�i ���M�/ �i�?�2
���/�/�B�i�B�Q�M �Q�7 �/���b�?�2�/ �2�/�;�2�b �+�`�2���i�2�b �� �b�T���M�M�B�M�; �i�`�2�2�X �>�2�M�+�2�- �i�?�2 �`���/�B���H�B�i�v �Q�7G0 := ( V; E0) �?�Q�H�/�b
�i�`�m�2 �B�7 �i�?�2�`�2 �2�t�B�b�i�b �� �7�B�+�i�B�i�B�Q�m�b �b�T���M�M�B�M�; �i�`�2�2 �b�m�#�;�`���T�?T := ( V; ET ) �Q�7G �b�m�+�? �i�?���iE0 � E T �X
�G�2�i �m�b �7�B�`�b�i �2�b�i���#�H�B�b�? �� �+�Q�M�/�B�i�B�Q�M �i�Q �b�2�H�2�+�i �� �b�T���M�M�B�M�; �i�`�2�2�- ���M�/ �i�?�2�M �2�t�i�`���+�i �i�?�2 �`�2�[�m�B�`�2�/
�b�T���M�M�B�M�; �7�Q�`�2�b�i �7�`�Q�K �B�i�X �h�?�2 �#���b�2 �i�Q�T�Q�H�Q�;�v �Q�7G �K���v �#�2 �+���T�i�m�`�2�/ �#�v �� �#�`���M�+�?�@�#�m�b �B�M�+�B�/�2�M�+�2
�K���i�`�B�t���� �Q�7 �/�B�K�2�M�b�B�Q�MjEj � (jVj)�- �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�M�i�`�B�2�b�,

���� eij ;k :=

8
><

>:

1 ; k = i

� 1 ; k = j

0 ; �Q�i�?�2�`�r�B�b�2

�U�9�X�R�R�V

�h�?�2 �7�B�`�b�i �+�Q�H�m�K�M��1 �Q�7���� �K���v �#�2 �b�2�T���`���i�2�/ ���b���� = [ ��1 �� ]�X �h�?�B�b �v�B�2�H�/�b �i�?�2� �̀2�/�m�+�2�/�#�`���M�+�?�@
�#�m�b �B�M�+�B�/�2�M�+�2 �K���i�`�B�t�� �Q�7G�X ���M �2�7�7�B�+�B�2�M�i �K�Q�/�2�H �7�Q�` �B�K�T�Q�b�B�M�; �;�`���T�? �+�Q�M�M�2�+�i�B�p�B�i�v �T�m�i �7�Q�`�i�?
�B�M �(�3�d�) �T�Q�b�B�i�b �i�?���i �� �;�`���T�? �r�B�i�? �p�2�`�i�2�t �b�2�iV ���M�/ �`�2�/�m�+�2�/ �#�`���M�+�?�@�#�m�b �B�M�+�B�/�2�M�+�2 �K���i�`�B�t�� �-
�B�b �+�Q�M�M�2�+�i�2�/ �B�7 ���M�/ �Q�M�H�v �B�7 �i�?�2�`�2 �2�t�B�b�i�b �� �p�2�+�i�Q�`�72 R jEj�- �b�m�+�? �i�?���i�� T �7= �R�X �6�Q�` �T�`�Q�Q�7�- �b�2�2
�(�3�d�)�X

�6�Q�` �� �T�?�v�b�B�+���H �B�M�i�2�`�T�`�2�i���i�B�Q�M�- �+�Q�M�b�B�/�2�` �2�p�2�`�v �p�2�`�i�2�t �B�MV nf1g �B�M�D�2�+�i�b �m�M�B�i �p�B�`�i�m���H �+�Q�K�K�Q�/�B�i�v
�B�M�i�Q �i�?�2 �M�2�i�r�Q�`�F �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �;�`���T�?�X �h�?�2�M�-�7�/�2�M�Q�i�2�b �i�?�2 �7�H�Q�r �Q�7 �+�Q�K�K�Q�/�B�i�B�2�b �Q�M �i�?�2
�2�/�;�2�b�X �A�7 �i�?�B�b �7�H�Q�r �b�2�i�m�T �B�b �7�2���b�B�#�H�2�- �i�?�2�M �i�?�2�`�2 �K�m�b�i �#�2 �� �r�B�i�?�/�`���r���H �Q�7jVj � 1 �m�M�B�i�b ���i
�p�2�`�i�2�t1�- ���M�/ �2�p�2�`�v �p�2�`�i�2�t �B�MV n f1g �K�m�b�i �?���p�2 �� �T���i�? �i�Q �`�2���+�? �p�2�`�i�2�t1�X �o�2�`�i�2�t1 �K���v �#�2
���`�#�B�i�`���`�B�H�v �+�?�Q�b�2�M�X

�a�i���i�B�M�; �� �r�2�H�H�@�F�M�Q�r�M �`�2�b�m�H�i �7�`�Q�K �;�`���T�? �i�?�2�Q�`�v�- �� �i�`�2�2 �r�B�i�?n �p�2�`�i�B�+�2�b �?���b �2�t���+�i�H�vn � 1 �2�/�;�2�b�X



�9�k
�+�Ñ�ž�ÿ���¶�� �:�Y �+�Ñ�ž�é�«�¶�A�+�ñ�é�������ž�Ô�é�¶�² �Q�ÿ���Ô�è�ž�ã �/�Ô�������Ô�ª�����Ô�ñ�é �M�¶���'�ñ���á �T�ž�����Ô���Ô�ñ�é�Ô�é�Ì ���ñ �2�é�Ñ�ž�é�«�¶

�T�ñ�'�¶�� �;���Ô�² �`�¶���Ô�ã�Ô�¶�é�«�¶

�>�2�M�+�2�- �i�?�2 �`���/�B���H�B�i�v �+�Q�M�b�i�`���B�M�i�b ���`�2 �b�i���i�2�/ ���b�,

�� T �7= �R �U�9�X�R�k���V

� (jVj � 1)� � �7� (jVj � 1)� ; �U�9�X�R�k�#�V

� 2 f 0; 1gjEj �U�9�X�R�k�+�V

�RT � = jVj � 1 �U�9�X�R�k�/�V

�#�2 � � �U�9�X�R�k�2�V

�*�Q�M�b�i�`���B�M�i�b �U�9�X�R�k���V�@�U�9�X�R�k�/�V �2�M�b�m�`�2 �i�?���i ���m�t�B�H�B���`�v �#�B�M���`�v �B�M�/�B�+���i�Q�` �p���`�B���#�H�2�b� �Q�M �i�?�2 �2�/�;�2�@�b�2�i
�Q�7 �i�?�2 �#���b�2 �;�`���T�? �/�2�b�+�`�B�#�2 �� �b�T���M�M�B�M�; �i�`�2�2�X �h�?�2�M�- �U�9�X�R�k�2�V �b�i���i�2�b �i�?���i �i�?�2 �2�/�;�2�b �b�2�H�2�+�i�2�/ �p�B��
�i�?�2 �#�B�M���`�v �p���`�B���#�H�2�b�#�2 ���`�2 �� �b�m�#�b�2�i �Q�7 �i�?�B�b �b�T���M�M�B�M�; �i�`�2�2�c ���M�/ �?�2�M�+�2 �7�Q�`�K �� �b�T���M�M�B�M�; �7�Q�`�2�b�i
�b�i�`�m�+�i�m�`�2 ���b �T�2�` �S�`�Q�T�Q�b�B�i�B�Q�M �R�X ���b �i�?�2 �`���/�B���H�B�i�v �+�Q�M�b�i�`���B�M�i�b ���`�2 �i�?�m�b �T�Q�b�2�/�- �i�?�2 �M�m�K�#�2�` �Q�7
�+�Q�K�T�Q�M�2�M�i�b �B�MG0 �M�2�2�/ �M�Q�i �#�2 �T�`�2�@���b�b�B�;�M�2�/�X

�9�X�9�X�9�*�Q�M�M�2�+�i�B�Q�M �i�Q �;�`�B�/�@�7�Q�`�K�B�M�; �;�2�M�2�`���i�Q�`�b

���b �b�i���i�2�/ �B�M �a�2�+�i�B�Q�M�9�X�R�- �i�?�2 �A�1�1�1 �R�8�9�d �b�i���M�/���`�/ �K���M�/���i�2�b �i�?���i �2�p�2�`�v �p�B���#�H�2 �K�B�+�`�Q�;�`�B�/
�b�?�Q�m�H�/ �?���p�2 �� �;�`�B�/�@�7�Q�`�K�B�M�; �;�2�M�2�`���i�Q�` �i�?���i �T�`�Q�p�B�/�2�b �p�Q�H�i���;�2 ���M�/ �7�`�2�[�m�2�M�+�v �b�m�T�T�Q�`�i �r�?�2�M
�B�b�Q�H���i�2�/ �7�`�Q�K �i�?�2 �K���B�M �;�`�B�/�X �A�M �T�`���+�i�B�+�2�- �b�m�+�? �� �m�M�B�i �+�Q�m�H�/ �#�2 �� �*�>�S�- �� �.�:�- �Q�` ���M �B�M�p�2�`�i�2�`�@
�B�M�i�2�`�7���+�2�/ �S�o �;�2�M�2�`���i�Q�` �r�B�i�? �b�i�Q�`���;�2�X

�A�M �i�?�2 �P�.�L�S �7�Q�`�K�m�H���i�B�Q�M �/�2�b�+�`�B�#�2�/ �B�M �i�?�B�b �r�Q�`�F�- �B�i �B�b �;�m���`���M�i�2�2�/ �i�?���i �2�p�2�`�v �2�M�2�`�;�B�x�2�/ �#�m�b
�B�M �i�?�2 �M�2�i�r�Q�`�F �B�b �+�Q�M�M�2�+�i�2�/ �i�Q �� �;�`�B�/�@�7�Q�`�K�B�M�; �;�2�M�2�`���i�Q�`�- �Q�` ���H�i�2�`�M���i�B�p�2�H�v �2�p�2�`�v �K�B�+�`�Q�;�`�B�/ �?���b
���i �H�2���b�i �Q�M�2 �;�`�B�/�@�7�Q�`�K�B�M�; �m�M�B�i�X �G�2�iVs �#�2 �i�?�2 �b�2�i �Q�7 �#�m�b�2�b �r�B�i�? �;�`�B�/�@�7�Q�`�K�B�M�; �+���T���#�B�H�B�i�B�2�b�X
�h�?�2�M�- �i�?�2 �+�Q�M�M�2�+�i�B�p�B�i�v �+�Q�M�b�i�`���B�M�i�b �K���v �#�2 �b�i���i�2�b ���b �7�Q�H�H�Q�r�b�,

X

ejk 2E

f 0
jk �

X

eij 2E

f 0
ij = bn

j ; 8j 2 V n Vs �U�9�X�R�j���V

� (jVj � jV sj)�#�2 � �70 � (jVj � jV sj)�#�2 �U�9�X�R�j�#�V

�*�Q�M�b�i�`���B�M�i �U�9�X�R�j���V �b�i���i�2�b �i�?���i �2�p�2�`�v �2�M�2�`�;�B�x�2�/ �M�Q�M �;�`�B�/�@�7�Q�`�K�B�M�; �M�Q�/�2 �B�MG�B�M�D�2�+�i�b �m�M�B�i �p�B�`�i�m���H
�+�Q�K�K�Q�/�B�i�v �B�M�i�Q �i�?�2 �M�2�i�r�Q�`�F�X �*�Q�M�b�i�`���B�M�i �U�9�X�R�j�#�V �#�Q�m�M�/�b �7�H�Q�r�b �Q�M �2�M�2�`�;�B�x�2�/ �H�B�M�2�b ���M�/ �7�B�t�2�b
�7�H�Q�r�b �Q�M �/�2�@�2�M�2�`�;�B�x�2�/ �Q�M�2�b ���i �y�X �>�2�`�2�-�70 2 R jEj �B�b �� �p�2�+�i�Q�` �`�2�T�`�2�b�2�M�i�B�M�; �p�B�`�i�m���H �H�B�M�2 �7�H�Q�r�b�X
�A�i �K�m�b�i �#�2 �2�K�T�?���b�B�x�2�/ �i�?���i�70 �B�b �/�B�7�7�2�`�2�M�i �7�`�Q�K�7�B�M �U�9�X�R�k���V�X �"�Q�i�? �i�?�2�b�2 �p�2�+�i�Q�`�b ���`�2 �m�b�2�/
�i�Q �B�K�T�Q�b�2 �+�Q�M�M�2�+�i�B�p�B�i�v �+�Q�M�/�B�i�B�Q�M�b�- ���M�/ �?���p�2 �M�Q �T�?�v�b�B�+���H �b�B�;�M�B�7�B�+���M�+�2 �`�2�H���i�2�/ �i�Q �i�?�2 �T�Q�r�2�`
�7�H�Q�r �[�m���M�i�B�i�B�2�b�X ���;���B�M�- �i�?�B�b �b�2�i�m�T �B�b �7�2���b�B�#�H�2 �Q�M�H�v �r�?�2�M ���H�H �m�M�B�i�b �B�M�D�2�+�i�2�/ �#�v �2�M�2�`�;�B�x�2�/ �M�Q�M
�;�`�B�/�@�7�Q�`�K�B�M�; �M�Q�/�2�b �+���M �#�2 �r�B�i�?�/�`���r�M ���i �;�`�B�/�@�7�Q�`�K�B�M�; �M�Q�/�2�b�X

�a�Q�K�2 �;�`�B�/�@�7�Q�`�K�B�M�; �M�Q�/�2�b �K���v �M�Q�i �#�2 �2�M�2�`�;�B�x�2�/ �B�M �i�?�2 �Q�T�i�B�K���H �i�Q�T�Q�H�Q�;�v�X �h�?�B�b �B�b �B�K�T�H�B�+�B�i�H�v
�+�Q�M�b�B�/�2�`�2�/ �i�?�`�Q�m�;�? �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �+�Q�M�b�i�`���B�M�i �B�M �U�9�X�R�V�- �i�?���i �2�M�b�m�`�2�b ���H�H �2�/�;�2�b �+�Q�M�M�2�+�i�2�/ �i�Q ��
�/�2�@�2�M�2�`�;�B�x�2�/ �M�Q�/�2 ���`�2 �/�2�@�2�M�2�`�;�B�x�2�/ ���b �r�2�H�H�X �h�?�2�`�2�7�Q�`�2�- �M�Q �T���i�? �2�t�B�b�i�b �7�`�Q�K ���M �2�M�2�`�;�B�x�2�/ �M�Q�M
�;�`�B�/�@�7�Q�`�K�B�M�; �i�Q �� �/�2�@�2�M�2�`�;�B�x�2�/ �;�`�B�/�@�7�Q�`�K�B�M�; �M�Q�/�2�X �� �T�Q�i�2�M�i�B���H �K�B�+�`�Q�;�`�B�/ �+���M�/�B�/���i�2 �K���v �?�Q�b�i
�K�m�H�i�B�T�H�2 �;�2�M�2�`���i�Q�`�b �r�B�i�? �;�`�B�/�@�7�Q�`�K�B�M�; �+���T���#�B�H�B�i�B�2�b�X �A�M �b�m�+�? �+���b�2�b�- �Q�M�H�v �Q�M�2 �;�2�M�2�`���i�Q�` �b�?���H�H



�:�Y�:�Y �T���ñ�ª�ã�¶�è �7�ñ���è���ã�ž���Ô�ñ�é �9�j

�b�2�`�p�2 ���b �i�?�2 �K���b�i�2�` �m�M�B�i�- ���M�/ �b�m�B�i���#�H�2 �T�Q�r�2�` �b�?���`�B�M�; �b�i�`���i�2�;�B�2�b �K���v �#�2 �`�2�[�m�B�`�2�/�c �b�2�2 �(�3�3�) ���M�/
�`�2�7�2�`�2�M�+�2�b �i�?�2�`�2�B�M�X

�9�X�9�X�8�.�2�i�2�`�K�B�M�B�b�i�B�+ �P�.�L�S

�h�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �P�.�L�S �T�`�Q�#�H�2�K �U�/�@�P�.�L�S�V �B�b �b�Q�H�p�2�/ �7�Q�` �Q�M�2 �`�2���H�B�x���i�B�Q�M �Q�7 �i�?�2 �T�Q�r�2�` �;�2�M�@
�2�`���i�B�Q�M �+���T���+�B�i�v(� gp ; � gq )�- ���M�/ �/�2�K���M�/�b(� dp ; � dq )�X �h�?�2 �+�2�M�i�`���H �B�/�2�� �B�b �i�Q �b�m�b�i���B�M �K���t�B�K�m�K
�H�Q���/ �i�?�`�Q�m�;�? �K�B�+�`�Q�;�`�B�/�b �B�7 �b�m�T�T�H�v �7�`�Q�K �i�?�2 �K���B�M �;�`�B�/ �B�b �H�Q�b�i�- �i�?�2�`�2�#�v �K�B�M�B�K�B�x�B�M�; �b�2�`�p�B�+�2
�B�M�i�2�`�`�m�T�i�B�Q�M�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�Q�` �/�@�P�.�L�S �#�2�+�Q�K�2�b �K���t�B�K�B�x�B�M�; �H�Q���/ �b�2�`�p�2�/�X �h�?�2
�2�M�i�B�`�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �Q�T�i�B�K�B�x���i�B�Q�M �b�2�i�m�T �K���v �#�2 �K���i�?�2�K���i�B�+���H�H�v �2�t�T�`�2�b�b�2�/ ���b �7�Q�H�H�Q�r�b�X

�K�B�M� �RT �T�/ �U�P�.�L�S�@�R�V

�b�X �i�Q �U�9�X�R�V� �U�9�X�N�V; �U�9�X�R�k���V� �U�9�X�R�k�2�V; �U�9�X�R�j���V� �U�9�X�R�j�#�V

�h�?�2 �`�2�H���i�B�p�2 �T�`�B�Q�`�B�i�v �Q�7 �H�Q���/�b �?���b �M�Q�i �#�2�2�M �+�Q�M�b�B�/�2�`�2�/ �B�M �U�P�.�L�S�@�R�V�X �>�Q�r�2�p�2�`�- �i�?�B�b �+�Q�b�i �K���v
�#�2 �K�Q�/�B�7�B�2�/ �#�v ���b�b�B�;�M�B�M�; �r�2�B�;�?�i�b �i�Q �H�Q���/�b �B�M �T�`�Q�T�Q�`�i�B�Q�M �i�Q �i�?�2�B�` �+�`�B�i�B�+���H�B�i�v�X

�9�X�9�X�e�S�`�Q�#���#�B�H�B�b�i�B�+ �P�.�L�S

�h�?�2 �T�`�Q�#�H�2�K �U�P�.�L�S�@�R�V ���T�T�H�B�2�b �i�Q �Q�M�2 �`�2���H�B�x���i�B�Q�M �Q�7 �i�?�2 �;�2�M�2�`���i�B�Q�M�@�/�2�K���M�/ �b�+�2�M���`�B�Q �p���`�B�@
���#�H�2�b(� gp ; � gq ; � dp ; � dq )�X �>�Q�r�2�p�2�`�- �� �K�Q�`�2 �`�2���H�B�b�i�B�+ �;�Q���H �r�Q�m�H�/ �#�2 �i�Q �B�/�2�M�i�B�7�v �K�B�+�`�Q�;�`�B�/�b �i�?���i
���`�2 �Q�T�i�B�K���H �B�M �b�Q�K�2 �b�2�M�b�2 �7�Q�` �� �H���`�;�2 �b�2�i �Q�7 �`�2���H�B�x���i�B�Q�M�b �Q�7 �i�?�2 �;�2�M�2�`���i�B�Q�M�@�/�2�K���M�/ �b�+�2�M���`�B�Q�b�X
�A�M �i�?�2 �H���i�i�2�` �b�2�i�m�T�- �i�?�2 �/�2�+�B�b�B�Q�M �p���`�B���#�H�2�b 1 := f �#�M; �#�2; �7; �70; � g �b�?���H�H �`�2�K���B�M �7�B�t�2�/ �7�Q�`
���H�H �`�2���H�B�x���i�B�Q�M�b �Q�7 �i�?�2 �m�M�+�2�`�i���B�M�i�B�2�b�X �h�?�2 �`�2���H�B�x���i�B�Q�M �/�2�T�2�M�/�2�M�i �p���`�B���#�H�2�b �r�Q�m�H�/ �#�2 2 :=
f �T�/ ; �[ �/ ; �T�; ; �[ �; ; �p; �S; �Zg�X �*�Q�H�H�2�+�i�B�M�; ���H�H �i�?�2 �m�M�+�2�`�i���B�M�i�B�2�b �B�M� := f � gp ; � gq ; � dp ; � dq g�- �i�?�2
�T�`�Q�#���#�B�H�B�b�i�B�+ �P�.�L�S �K���v �b�2�2�F �i�Q �b�Q�H�p�2�@

�K�B�M
 1

� E � [�RT �T�/ ] �U�P�.�L�S�@�k�V

�b�X �i�Q �S�`(9  2 j1(�U�9�X�R�V� �U�9�X�N�V; �U�9�X�R�k���V� �U�9�X�R�j�#�V) = 1) � 1 � �

�h�?�2 �T�`�Q�#���#�B�H�B�b�i�B�+ �+�Q�M�b�i�`���B�M�i �B�M �U�P�.�L�S�@�k�V �B�b �p�2�`�v �/�B�7�7�B�+�m�H�i �i�Q �2�M�7�Q�`�+�2 �B�M �T�`���+�i�B�+�2�X �>�Q�r�2�p�2�`�- �r�2
�r�B�H�H �M�2�t�i �/�B�b�+�m�b�b �b�Q�K�2 �`�2�7�Q�`�K�m�H���i�B�Q�M�b �i�?���i �b�B�K�T�H�B�7�v �i�?�2 �b�2�i�m�T �r�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�X �6�B�`�b�i�-
�M�Q�i�2 �i�?���i �B�7 �i�?�2 �T�Q�r�2�` �/�2�K���M�/�b ���i ���H�H �M�Q�/�2�b ���`�2 �x�2�`�Q�- �i�?�2�M �7�Q�` �� �7�2���b�B�#�H�2 1 �b���i�B�b�7�v�B�M�; �U�9�X�R�V
���M�/ �U�9�X�R�k���V�@�U�9�X�R�j�#�V�- �i�?�2�`�2 ���H�r���v�b �2�t�B�b�i�b �� 2 �i�?���i �b���i�B�b�7�B�2�b ���H�H �Q�i�?�2�` �+�Q�M�b�i�`���B�M�i�b�X �h�?�2�`�2�7�Q�`�2�-
�i�?�2 �T�`�Q�#���#�B�H�B�b�i�B�+ �+�Q�M�b�i�`���B�M�i �K���v �#�2 �2�[�m�B�p���H�2�M�i�H�v �T�Q�b�2�/ �#�v �2�M�7�Q�`�+�B�M�; ���H�H �+�Q�M�b�i�`���B�M�i�b �Q�i�?�2�` �i�?���M
�U�9�X�e���V�@�U�9�X�e�#�V ���b �?���`�/ �+�Q�M�b�i�`���B�M�i�b�- ���M�/ �T�m�i�i�B�M�; �i�?�2 �T�`�Q�#���#�B�H�B�b�i�B�+ �`�2�[�m�B�`�2�K�2�M�i �Q�M �U�9�X�e���V�@�U�9�X�e�#�V�X
�a�2�i�i�B�M�; ���b�B�/�2 �U�9�X�e�#�V �7�Q�` �2�t�T�Q�b�B�i�Q�`�v �+�Q�M�p�2�M�B�2�M�+�2�- �M�Q�i�B�+�2 �i�?���i �i�?�2 �2�[�m���H�B�i�v �+�Q�M�b�i�`���B�M�i�b �B�M �U�9�X�e���V
�K���v �#�2 �/�2�+�Q�K�T�Q�b�2�/ �B�M�i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �B�M�2�[�m���H�B�i�v �+�Q�M�b�i�`���B�M�i�b�X

pd
i � bn

i � dp
i � 0; 8i �U�9�X�R�9���V

� pd
i + bn

i � dp
i � 0; 8i �U�9�X�R�9�#�V
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�T�ñ�'�¶�� �;���Ô�² �`�¶���Ô�ã�Ô�¶�é�«�¶

�L�Q�r�- �U�9�X�R�9���V �+���M �#�2 �T�Q�b�2�/ ���b �� �?���`�/ �+�Q�M�b�i�`���B�M�i�- �H�2���p�B�M�; �U�9�X�R�9�#�V ���b �i�?�2 �K���B�M �+�?���M�+�2 �+�Q�M�b�i�`���B�M�i�X
�h�Q �`�2�B�i�2�`���i�2�- �i�?�2 �P�.�L�S �i���b�F �b�2�2�F�b �i�Q �B�/�2�M�i�B�7�v �T�Q�i�2�M�i�B���H �K�B�+�`�Q�;�`�B�/�b �r�B�i�?�B�M ���M �2�t�B�b�i�B�M�; �/�B�b�@
�i�`�B�#�m�i�B�Q�M �M�2�i�r�Q�`�F�- �b�m�+�? �i�?���i �H�Q���/ �b�2�`�p�2�/ �B�b �K���t�B�K�B�x�2�/�- ���M�/ �i�?�2 �K�B�+�`�Q�;�`�B�/�b ���`�2 �b�2�H�7�@���/�2�[�m���i�2
�r�B�i�? �T�`�Q�#���#�B�H�B�i�v ���i �H�2���b�i(1 � " )�X �A�b�H���M�/�2�/ �K�B�+�`�Q�;�`�B�/�b ���`�2 �+���H�H�2�/ �b�2�H�7�@���/�2�[�m���i�2 �r�?�2�M �i�?�2�B�`
�B�M�i�2�`�M���H �H�Q���/ �+���M �#�2 �K�2�i �#�v �i�?�2�B�` �B�M�i�2�`�M���H �;�2�M�2�`���i�B�Q�M�X �J���i�?�2�K���i�B�+���H�H�v�-

P r(� pd
i + bn

i � dp
i � 0; 8i ) � 1 � " �U�9�X�R�8�V

�h�?�2 �b�2�H�7�@���/�2�[�m���+�v �+�Q�M�/�B�i�B�Q�M �Q�7 �K�B�+�`�Q�;�`�B�/�b �+���M �?�2�M�+�2 �#�2 �T�Q�b�2�/ ���i �i�?�2 �M�Q�/�2 �H�2�p�2�H �b�B�M�+�2 �+�Q�M�@
�b�i�`���B�M�i�b �U�9�X�R�k���V�@�U�9�X�R�k�2�V �2�M�b�m�`�2 �i�?���i �i�?�2 �M�2�i�r�Q�`�F �i�Q�T�Q�H�Q�;�v �B�b �� �b�T���M�M�B�M�; �7�Q�`�2�b�i�- ���M�/ �H�Q���/�b �B�M
�� �K�B�+�`�Q�;�`�B�/ �+���M �#�2 �b�m�T�T�H�B�2�/ �Q�M�H�v �#�v �;�2�M�2�`���i�Q�`�b �r�B�i�?�B�M �i�?�2 �b���K�2 �K�B�+�`�Q�;�`�B�/�X �A�7 �M�2�2�/�2�/�- �Q�M�2
�K���v �`�2�H���t �i�?�2 �i�?�2 �`�2�H�B���#�B�H�B�i�v �`�2�[�m�B�`�2�K�2�M�i �#�v �K�Q�/�B�7�v�B�M�; �U�9�X�R�8�V �b�H�B�;�?�i�H�v�X �6�Q�` �B�M�b�i���M�+�2�- �i�?�2
�+�Q�M�/�B�i�B�Q�M �i�?���i �� �K�B�+�`�Q�;�`�B�/ �b�?�Q�m�H�/ �#�2 ���#�H�2 �i�Q �b�2�`�p�2 �N�y�W �Q�7 �B�i�b �B�M�i�2�`�M���H �H�Q���/ �+�Q�m�H�/ �#�2 �r�`�B�i�i�2�M
���bP r(� pd

i + 0:9 � bn
i � dp

i � 0; 8i ) � 1 � " �X

�9�X�9�X�d�a���K�T�H�2 ���p�2�`���;�2 ���T�T�`�Q�t�B�K���i�B�Q�M

�_�2�+���H�H �7�`�Q�K �a�2�+�i�B�Q�M�9�X�j�X�k�i�?���i �� �+�?���M�+�2 �+�Q�M�b�i�`���B�M�i �M�2�2�/�b �i�Q �#�2 �b���i�B�b�7�B�2�/ �r�B�i�? �� �T�`�Q�#���#�B�H�B�i�v
�b�T�2�+�B�7�B�2�/ �#�v �� �`�B�b�F �T���`���K�2�i�2�`" �X �h�?�2 �+�?���M�+�2�@�+�Q�M�b�i�`���B�M�i(C2) �K���v ���H�b�Q �#�2 �`�2�r�`�B�i�i�2�M ���bq(x ) �
" �- �r�?�2�`�2q(x ) = Pr(g(x ; � ) > 0)�X �G�2�i� 1; � 2; :::; � N �#�2N �B�M�/�2�T�2�M�/�2�M�i ���M�/ �B�/�2�M�i�B�+���H�H�v
�/�B�b�i�`�B�#�m�i�2�/ �U�B�B�/�V �b���K�T�H�2�b �Q�7 �i�?�2 �m�M�+�2�`�i���B�M�i�v �p�2�+�i�Q�`� �c �i�?�2�M̂qN (x )�- ���M �2�b�i�B�K���i�Q�` �Q�7q(x ) �B�b
�2�[�m���H �i�Q �i�?�2 �T�`�Q�T�Q�`�i�B�Q�M �Q�7 �`�2���H�B�x���i�B�Q�M�b �B�M �i�?�2 �b���K�T�H�2 �r�?�2�`�2g(x ; � i ) > 0; i = 1; ::; N �X �h�?�B�b
�B�b �� �b���K�T�H�2 ���p�2�`���;�2 ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �+�?���M�+�2�@�+�Q�M�b�i�`���B�M�2�/ �T�`�Q�#�H�2�K �UP1�V �7�Q�` �i�?�2 �b���K�T�H�2�b
� 1; � 2; : : : ; � N �,

�K�B�M
x 2X

f (x ) �b�X�i�Q�X̂qN (x ) � 
 �UP2�V

�>�2�`�2�-
 2 (0; 1) ���M�/ �B�b �i�?�2 �`�B�b�F �H�2�p�2�H �7�Q�` �i�?�2 �a���� �T�`�Q�#�H�2�K�X ���b�b�m�K�B�M�; �i�?���i �i�?�2 �a���� �+���M �#�2
�b�Q�H�p�2�/�- ���V �B�7
 < "; ���M�/N �B�b �b�m�7�7�B�+�B�2�M�i�H�v �H���`�;�2�- �a���� �B�b �� �`�2�b�i�`�B�+�i�B�Q�M �Q�M �i�?�2 �i�`�m�2 �T�`�Q�#�H�2�K ���M�/
�� �7�2���b�B�#�H�2 �b�Q�H�m�i�B�Q�M �Q�7 �a���� �B�b �H�B�F�2�H�v �i�Q �#�2 �7�2���b�B�#�H�2 �7�Q�` �i�?�2 �i�`�m�2 �T�`�Q�#�H�2�K ���b �r�2�H�H�- �#�V �B�7
 > " �-
�a���� �B�b �� �`�2�H���t���i�B�Q�M �Q�7 �i�?�2 �i�`�m�2 �T�`�Q�#�H�2�K ���M�/ �i�?�2 �Q�T�i�B�K���H �p���H�m�2 �Q�7 �a���� �B�b �H�B�F�2�H�v �i�Q �#�2 �� �H�Q�r�2�`
�#�Q�m�M�/ �i�Q �i�?�2 �Q�T�i�B�K�m�K �7�Q�` �i�`�m�2 �T�`�Q�#�H�2�K�X �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �7�Q�`
 = " �- �i�?�2 �a���� �Q�T�i�B�K�m�K
���T�T�`�Q���+�?�2�b �B�i�b �i�`�m�2 �+�Q�m�M�i�2�`�T���`�i �r�B�i�? �T�`�Q�#���#�B�H�B�i�v �Q�M�2 ���bN ���T�T�`�Q���+�?�2�b �B�M�7�B�M�B�i�v �(�3�y�)�X

�h�?�2 �+�?���M�+�2�@�+�Q�M�b�i�`���B�M�2�/ �a���� �T�`�Q�#�H�2�KP2 �+���M �#�2 �b�Q�H�p�2�/ �m�b�B�M�; �J�A�G�S �7�Q�`N �B�B�/ �b���K�T�H�2�b �Q�7�
���b �b�?�Q�r�M �#�2�H�Q�r �(�3�y�)�X

�K�B�M
x 2X

f (x ) �UP3�V

�b�X �i�Qh(x ) � 0 �U�9�X�R�e���V

g(x ; � � ) � M (1 � z� ); � = 1; 2; : : : ; N �U�9�X�R�e�#�V

�RT �x� (1 � 
 )N �U�9�X�R�e�+�V

�x2 f 0; 1gN ; � = 1; 2; : : : ; N �U�9�X�R�e�/�V

�>�2�`�2�-� �B�b �m�b�2�/ �i�Q �B�M�/�2�t �b���K�T�H�2�b �Q�7� �- z� �B�b �� �#�B�M���`�v �p���`�B���#�H�2 ���M�/M �B�b �� �H���`�;�2 �M�m�K�#�2�`
�b�m�+�? �i�?���iM > �K���tx 2X g(x ; � � ) �7�Q�` ���H�H� = 1; 2; : : : ; N �X �o�2�+�i�Q�`�x �b�i���+�F�b ���H�Hz� �p���H�m�2�b�X �A�M



�:�Y�:�Y �T���ñ�ª�ã�¶�è �7�ñ���è���ã�ž���Ô�ñ�é �9�8

�6�B�;�m�`�2 �9�X�j�, �J�Q�/�B�7�B�2�/ �A�1�1�1 �j�d�@�#�m�b �#�2�M�+�?�K���`�F �7�2�2�/�2�` �b�?�Q�r�B�M�; �i�?�2 �H�Q�+���i�B�Q�M �Q�7 �.�1�_ �m�M�B�i�b
���M�/ �M�Q�`�K���H�H�v �Q�T�2�M �b�r�B�i�+�?�2�b�X

�+�Q�M�b�i�`���B�M�i �U�9�X�R�e�#�V�- �B�7z� �4�R�- �i�?�2�M �i�?�2 �+�?���M�+�2 �+�Q�M�b�i�`���B�M�i �B�b �M�Q�i �p�B�Q�H���i�2�/�X �A�7z� = 0�- �i�?�2�M �M�Q
�#�Q�m�M�/ �B�b �B�K�T�Q�b�2�/�X �h�?�2 �+���`�/�B�M���H�B�i�v �+�Q�M�b�i�`���B�M�i �B�M �U�9�X�R�e�+�V �#�Q�m�M�/�b �i�?�2 �T�`�Q�T�Q�`�i�B�Q�M �Q�7 �+�Q�M�b�i�`���B�M�i
�p�B�Q�H���i�B�Q�M�b�X

�6�Q�` �P�.�L�S �i�?�2 �?���`�/ �+�Q�M�b�i�`���B�M�i�b ���`�2 �;�B�p�2�M �#�vf �U�9�X�R�V� �U�9�X�9�#�V; �U�9�X�e�#�V� �U�9�X�N�V; �U�9�X�R�k���V� �U�9�X�R�j�#�V; �U�9�X�R�9���V8� g�X
�S�`�Q�#���#�B�H�B�i�v �Q�7 �p�B�Q�H���i�B�M�; �i�?�2 �+�?���M�+�2�@�+�Q�M�b�i�`���B�M�if �U�9�X�R�9�#�V8� g �B�b �i�Q �#�2 �#�Q�m�M�/�2�/�X �1�[�m���i�B�Q�M
�U�9�X�R�e�#�V �#�2�+�Q�K�2�b�,

� �T�/
� + diag(�#�M) � � �/ �T;� � M (1 � z� ) � �R; 8� �U�9�X�R�d�V

�S�m�i�i�B�M�; �2�p�2�`�v�i�?�B�M�; �i�Q�;�2�i�?�2�`�- �i�?�2 �T�`�Q�#�H�2�K �#�2�+�Q�K�2�b�,

�K�B�M�
1
N

NX

� =1

�RT �T�/
� �U�P�.�L�S�@�j�V

�b�X �i�Q�T�/
� � z� � � dp ; 8� �U�9�X�R�3�V

�U�9�X�R�V� �U�9�X�9�#�V; �U�9�X�R�k���V� �U�9�X�R�j�#�V; �U�9�X�R�9���V; �U�9�X�R�e�+�V� �U�9�X�R�d�V

�h�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �B�M �U�P�.�L�S�@�j�V �B�b �i�?�2 �b���K�T�H�2�@�#���b�2�/ �2�b�i�B�K���i�Q�` �Q�7 �i�?�2 �Q�#�D�2�+�i�B�p�2 �B�M �U�P�.�L�S�@�k�V
�/�2�b�B�;�M�2�/ �i�Q �K���t�B�K�B�x�2 ���p�2�`���;�2 �H�Q���/ �b�2�`�p�2�/ ���+�`�Q�b�b �+�Q�M�b�B�/�2�`�2�/ �b�+�2�M���`�B�Q�b�X �*�Q�M�b�i�`���B�M�i �U�9�X�R�3�V �7�B�t�2�b
�#�m�b �+�Q�M�b�m�K�T�i�B�Q�M�b ���i �x�2�`�Q �r�?�2�M �+�Q�M�b�i�`���B�M�i �U�9�X�R�9�#�V �B�b �M�Q�i �b���i�B�b�7�B�2�/�X �h�?�B�b �K�Q�i�B�p���i�2�b �i�?�2 �Q�T�i�B�K���H
�b�Q�H�m�i�B�Q�M �7�Q�` �i�?�2 �P�.�L�S �i�Q �#�2 �Q�M�2 �i�?���i ���H�b�Q �B�M�+�`�2���b�2�b�RT �x�- �H�Q�r�2�` �#�Q�m�M�/�2�/ �#�v(1 � 
 )N �X

�h�?�2 �Q�T�i�B�K���H �i�Q�T�Q�H�Q�;�v �Q�#�i���B�M�2�/ �#�v �b�Q�H�p�B�M�; �U�P�.�L�S�@�j�V �B�b �/�2�i�2�`�K�B�M�2�/ �#�v �p�2�+�i�Q�`�b�#�M� ���M�/�#�2� �X
�A�M �T�`���+�i�B�+�2�- �K�B�+�`�Q�;�`�B�/�b �+���M �#�2 �B�b�Q�H���i�2�/ �#�v �Q�T�2�M�B�M�; �i�?�2 �#�Q�m�M�/���`�v �H�B�M�2�b �#�2�i�r�2�2�M �2�M�2�`�;�B�x�2�/
�M�Q�/�2�b ���M�/ �/�2�2�M�2�`�;�B�x�2�/ �M�Q�/�2�b�X
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�T�ñ�'�¶�� �;���Ô�² �`�¶���Ô�ã�Ô�¶�é�«�¶

�9�X�8�a�Q�H�m�i�B�Q�M �o���H�B�/���i�B�Q�M

�*�Q�M�b�B�/�2�` �� �+���M�/�B�/���i�2 �b�Q�H�m�i�B�Q�M�x �7�Q�m�M�/ �#�v �i�?�2 �a���� ���T�T�`�Q���+�? �Q�7 �U�P�.�L�S�@�j�V�X �h�Q ���/�D�m�/�;�2 �B�i�b
�[�m���H�B�i�v�- �i�r�Q ���b�T�2�+�i�b �M�2�2�/ �i�Q �#�2 ���M���H�v�x�2�/�,���V�*���M �B�i �#�2 �b���B�/ �r�B�i�? �b�Q�K�2 �/�2�b�B�`�2�/ �+�Q�M�7�B�/�2�M�+�2
�i�?���i�x �� �7�2���b�B�#�H�2 �b�Q�H�m�i�B�Q�M �7�Q�` �i�?�2 �i�`�m�2 �T�`�Q�#�H�2�K �U�P�.�L�S�@�k�V�\�#�V�A�7 �v�2�b�- �i�?�2�M �?�Q�r �7���` �B�bf ( �x )
�7�`�Q�K �i�?�2 �Q�T�i�B�K���H �p���H�m�2f (x � )�\ �� �K�2�i�?�Q�/ �7�Q�` �+�?�2�+�F�B�M�; ���M �m�T�T�2�` �#�Q�m�M�/ �Q�7P rf g( �x ; � ) > �yg
���M�/ �H�Q�r�2�` �#�Q�m�M�/ �Q�Mf (x � ) �B�b �b�?�Q�r�M �B�M �(�3�y�) ���M�/ �`�2�7�2�`�2�M�+�2�b �i�?�2�`�2�B�M�X

�Ç �l�T�T�2�` �#�Q�m�M�/ �Q�M �p�B�Q�H���i�B�Q�M �T� �̀Q�#���#�B�H�B�i�v �,

�*�Q�M�b�B�/�2�`N 0 �B�B�/ �`�2���H�B�x���i�B�Q�M�b �Q�7� �- �b�m�+�? �i�?���iN 0 >> N �- �r�?�2�`�2N �B�b �i�?�2 �M�m�K�#�2�` �Q�7� �b���K�T�H�2�b
�m�b�2�/ �7�Q�` �b�Q�H�p�B�M�; �i�?�2 �a���� �T�`�Q�#�H�2�K�X �>�2�`�2�-N 0 �K���v �#�2 �H���`�;�2 ���b �i�?�2 �b���K�T�H�2�b �r�B�H�H �M�Q�i �#�2 �m�b�2�/ �B�M
�b�Q�H�p�B�M�; ���M �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�- ���p�Q�B�/�B�M�; �+�Q�K�T�m�i���i�B�Q�M���H �B�b�b�m�2�b�X �G�2�iq̂N 0( �x ) �#�2 ���M �2�b�i�B�K���i�Q�`
�Q�7q( �x )�c �2�[�m���H �i�Q �i�?�2 �T�`�Q�T�Q�`�i�B�Q�M �Q�7 �i�B�K�2�b �i�?�2 �2�p�2�M�i1(g( �x ; � j ) > 0) = 1 �B�b �Q�#�b�2�`�p�2�/ �B�MN 0

�i�`�B���H�b�X �1�b�i�B�K���i�Q�`q̂N 0( �x ) �Q�7q( �x ) �B�b �m�M�#�B���b�2�/�- �B�K�T�H�v�B�M�;E(q̂N 0( �x )) = q( �x )�X ���H�b�Q�- �7�Q�` �� �H���`�;�2N 0�-
�B�i�b �/�B�b�i�`�B�#�m�i�B�Q�M �K���v �#�2 ���T�T�`�Q�t�B�K���i�2�/ �#�v �� �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �K�2���Mq( �x ) ���M�/ �p���`�B���M�+�2
q( �x )(1 � q( �x ))/ N 0 �(�3�y�)�X �h�?�B�b �v�B�2�H�/�b ���M ���T�T�`�Q�t�B�K���i�2(1 � � )�@�+�Q�M�7�B�/�2�M�+�2 �m�T�T�2�` �#�Q�m�M�/ �Q�Mq( �x )�,

U�;N 0( �x ) := q̂N 0( �x ) + z�

p
q̂N 0( �x )(1 � q̂N 0( �x ))/ N 0 �U�9�X�R�N�V

�>�2�`�2�-z� = � � 1(1 � � )�- �r�?�2�`�2� �B�b �i�?�2 �+�m�K�m�H���i�B�p�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �7�Q�` �i�?�2 �b�i���M�/���`�/
�M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M�-� 2 (0; 1)�X �q�2 �+�Q�K�T���`�2U�;N 0( �x ) �i�Q" �i�Q �+�?�2�+�F �B�7�x �B�b �� �7�2���b�B�#�H�2 �b�Q�H�m�i�B�Q�M�X
�A�7U�;N 0( �x ) � " �- �i�?�2�M�x �/�2�b�+�`�B�#�2�b �� �i�Q�T�Q�H�Q�;�v �r�?�2�`�2 �K�B�+�`�Q�;�`�B�/�b ���`�2 �p�2�`�v �H�B�F�2�H�v �i�Q �#�2 �b�2�H�7�@
�b�m�7�7�B�+�B�2�M�i�X �� �b�m�K�K���`�v �Q�7 �i�?�2 �b�i�2�T�b �i�Q �#�2 �7�Q�H�H�Q�r�2�/ �i�Q �/�2�`�B�p�2 �i�?�B�b �m�T�T�2�` �#�Q�m�M�/ �Q�M �+�?���M�+�2
�+�Q�M�b�i�`���B�M�i �p�B�Q�H���i�B�Q�M �T�`�Q�#���#�B�H�B�i�v �B�b �T�`�Q�p�B�/�2�/ �B�M ���H�;�Q�`�B�i�?�K�9�X �L�Q�i�2 �i�?���i �i�?�2 �b�+�2�M���`�B�Q�b �m�b�2�/ �i�Q
�b�Q�H�p�2 ���M�/ �p���H�B�/���i�2 �i�?�2 �a���� �T�`�Q�#�H�2�K ���`�2 �;�2�M�2�`���i�2�/ �m�b�B�M�; �B�M�/�2�T�2�M�/�2�M�i �T�`�Q�+�2�b�b�2�b�X

���H�;�Q�`�B�i�?�K �9�.�2�`�B�p���i�B�Q�M �Q�7 �m�T�T�2�` �#�Q�m�M�/ �Q�M �+�?���M�+�2 �+�Q�M�b�i�`���B�M�i �p�B�Q�H���i�B�Q�M �T�`�Q�#���#�B�H�B�i�v
�R�X�:�2�M�2�`���i�2N 0 �B�B�/ �`�2���H�B�x���i�B�Q�M�b �Q�7� �- �r�?�2�`�2N 0 >> N �X
�k�X�6�Q�` �i�?�2N 0 �b�+�2�M���`�B�Q�b�- �+�Q�m�M�i �i�?�2 �M�m�K�#�2�` �Q�7 �i�B�K�2�b �UN 0

v �V �i�?�2 �2�p�2�M�i1(g( �x ; � j ) > 0) = 1 �B�b
�Q�#�b�2�`�p�2�/�X
�j�X�*���H�+�m�H���i�2q̂N 0( �x ) = N 0

v/ N 0�X
�9�X�a�m�#�b�i�B�i�m�i�2q̂N 0( �x ) �B�M �2�[�m���i�B�Q�M �U�9�X�R�N�V ���M�/ �+���H�+�m�H���i�2U�;N 0( �x )�X

�Ç�G�Q�r�2�` �#�Q�m�M�/ �Q�M �Q�T�i�B�K���H �p���H�m�2 �,�� �T�`�Q�+�2�/�m�`�2 �7�Q�` �/�2�`�B�p�B�M�; �� �H�Q�r�2�` �#�Q�m�M�/ �7�Q�`f (x � ) �B�b �b�?�Q�r�M
�B�M �(�3�y�)�X �G�2�i �i�?�2 �a���� �T�`�Q�#�H�2�K �U�P�.�L�S�@�j�V �#�2 �b�Q�H�p�2�/ �7�Q�`N 00�B�B�/ �b���K�T�H�2�b �Q�7� �r�B�i�? �`�B�b�F �H�2�p�2�H

 � 0�c ���M�/ �/�2�M�Q�i�2 �i�?�B�b �T�`�Q�#�H�2�K �#�vPN 00


 �X �G�2�i �i�?�2 �i�`�m�2 �T�`�Q�#�H�2�K �U�P�.�L�S�@�k�V �r�B�i�? �`�B�b�F" �#�2
�/�2�M�Q�i�2�/ ���bP" �X �L�Q�r�- �i�?�2 �T�`�Q�#���#�B�H�B�i�v �i�?���i ���i �K�Q�b�ib
N 00c �+�Q�M�b�i�`���B�M�i �p�B�Q�H���i�B�Q�M�b ���`�2 �Q�#�b�2�`�p�2�/
�B�MN 00�i�`�B���H�b �r�?�B�H�2 �b�Q�H�p�B�M�;PN 00


 �- �r�?�2�M �i�?�2 �i�`�m�2 �p�B�Q�H���i�B�Q�M �T�`�Q�#���#�B�H�B�i�v �B�b" �- �#�2�+�Q�K�2�b�,

� N 00 := B(b
N 00c; "; N 00)

�r�?�2�`�2�-



�:�Y�f�Y �M���è�¶���Ô�«�ž�ã �`�¶�����ã���� �9�d

B(k; q; N) :=
k� 1X

r =0

�
N
r

�
qr (1 � q)N � r

�B�b �i�?�2 �+�m�K�m�H���i�B�p�2 �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �#�B�M�Q�K�B���H �/�B�b�i�`�B�#�m�i�B�Q�M�X �a���v�- �b�Q�H�p�B�M�;PN 00


 �v�B�2�H�/�b ���M
�Q�#�D�2�+�i�B�p�2 �p���H�m�2f ( �x )�X ���b�b�m�K�B�M�;P" �?���b ���M �Q�T�i�B�K���H �b�Q�H�m�i�B�Q�Mf (x � )�-P rf f ( �x ) � f (x � )g � � 00

N �X
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�/���i�2 �b�Q�H�m�i�B�Q�M�b �+���M �#�2 �7�Q�m�M�/ �r�B�i�? �K�Q�/�2�b�i �+�Q�K�T�m�i���i�B�Q�M �+�Q�b�i�c �M�2�i�r�Q�`�F �7�H�2�t�B�#�B�H�B�i�v �B�b �r�2�H�H�@�m�i�B�H�B�x�2�/�c
���M�/ �T���`�i�B�i�B�Q�M�B�M�; �+�?���M�;�2�b �r�B�i�? �`�B�b�F �#�m�/�;�2�i�X�6�m�i�m�`�2 �r�Q�`�F �r�B�H�H �7�Q�+�m�b �Q�M �2�t�i�2�M�/�B�M�; �i�?�2 �T�`�2�b�2�M�i
�T�H���M�M�B�M�;�@�b�i���;�2 �7�Q�`�K�m�H���i�B�Q�M�b �i�Q �K�m�H�i�B�@�T�?���b�2 �i�Q�T�Q�H�Q�;�B�2�b ���M�/ �M�2���` �`�2���H�@�i�B�K�2 ���T�T�H�B�+���i�B�Q�M�b�X
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�� �J�Q�/�2�H�@���;�M�Q�b�i�B�+ �J�2�i�?�Q�/ �7�Q�` �S�J�l
�.���i�� �_�2�+�Q�p�2�`�v �l�b�B�M�; �P�T�i�B�K���H
�a�B�M�;�m�H���` �o���H�m�2 �h�?�`�2�b�?�Q�H�/�B�M�;

�8�X�R�A�M�i�`�Q�/�m�+�i�B�Q�M

�S�?���b�Q�` �J�2���b�m�`�2�K�2�M�i �l�M�B�i�b �U�S�J�l�b�V ���H�H�Q�r �?�B�;�?�@�`�2�b�Q�H�m�i�B�Q�M �B�M�b�B�;�?�i �B�M�i�Q �T�Q�r�2�` �b�v�b�i�2�K�b �/�v�M���K�@
�B�+�b �i�?�`�Q�m�;�? �T�`�2�+�B�b�2 �i�B�K�2�@�b�v�M�+�?�`�Q�M�B�x�2�/ �K�2���b�m�`�2�K�2�M�i�b �(�j�k�)�X �A�M �`�2�+�2�M�i �v�2���`�b�- �2�H�2�+�i�`�B�+ �m�i�B�H�B�i�B�2�b
�?���p�2 �K���/�2 �;�`�2���i �b�i�`�B�/�2�b �i�Q�r���`�/�b �/�2�T�H�Q�v�B�M�; �S�J�l�b �B�M �i�?�2�B�` �M�2�i�r�Q�`�F�b ���M�/ �m�i�B�H�B�x�B�M�; �i�?�2 �`�2�T�Q�`�i�2�/
�K�2���b�m�`�2�K�2�M�i�b �7�Q�` �r�B�/�2�@���`�2�� �b�B�i�m���i�B�Q�M���H ���r���`�2�M�2�b�b �(�j�j�)�X �S�?���b�Q�` �K�2���b�m�`�2�K�2�M�i�b ���`�2 �m�b�2�/ �B�M
�#�Q�i�? �Q�M�H�B�M�2 �U�b�i���i�2 �2�b�i�B�K���i�B�Q�M�- �`�2�K�2�/�B���H ���+�i�B�Q�M �b�+�?�2�K�2�b�V ���M�/ �Q�7�7�H�B�M�2 �U�K�Q�/�2�H �p���H�B�/���i�B�Q�M�- �+�Q�M�@
�i�B�M�;�2�M�+�v ���M���H�v�b�B�b�- �T�Q�b�i�@�2�p�2�M�i �/�B���;�M�Q�b�B�b�V ���T�T�H�B�+���i�B�Q�M�b �(�j�9�)�-�(�j�8�)�- �(�k�k�)�X ���b �b�?�Q�r�M �B�M �7�B�;�m�`�2�8�X�R�-
�i�Q �`�2���+�? �i�?�2 �T�Q�B�M�i�@�Q�7�@�m�b�2 �7�`�Q�K �i�?�2 �T�Q�B�M�i�@�Q�7�@�K�2���b�m�`�2�K�2�M�i�- �S�J�l �/���i�� �7�H�Q�r�b �i�?�`�Q�m�;�? �p���`�B�Q�m�b
�+�Q�K�K�m�M�B�+���i�B�Q�M �+�?���M�M�2�H�b ���M�/ �B�M�i�2�`�K�2�/�B���i�2 �/���i�� �+�Q�M�+�2�M�i�`���i�Q�`�b�X �>�2�M�+�2�- �i�?�2 �/���i�� �B�b �b�m�b�+�2�T�i�B�#�H�2
�i�Q �+�?���M�M�2�H �+�Q�M�;�2�b�i�B�Q�M �Q�` �+�Q�K�T�Q�M�2�M�i �K���H�7�m�M�+�i�B�Q�M �B�b�b�m�2�b �r�?�B�+�? �H�2���/ �i�Q �/�2�;�`���/�2�/ �B�M�7�Q�`�K���i�B�Q�M
�[�m���H�B�i�v �(�N�8�)�X �_�2�H�B���#�H�2 �K�2���b�m�`�2�K�2�M�i�b ���`�2 �+�`�B�i�B�+���H �i�Q �/�2�p�2�H�Q�T�B�M�; �`�Q�#�m�b�i �+�Q�M�i�`�Q�H ���M�/ �K�Q�M�B�i�Q�`�B�M�;
���H�;�Q�`�B�i�?�K�b �7�Q�` �i�?�2 �T�Q�r�2�` �;�`�B�/�- �K���F�B�M�; �7���b�i ���M�/ ���+�+�m�`���i�2 �/���i�� �`�2�+�Q�p�2�`�v �+�`�B�i�B�+���H ���b �r�2�H�H�X

�h�`���/�B�i�B�Q�M���H �K�Q�/�2�H�@�#���b�2�/ �`�2�+�Q�p�2�`�v �K�2�i�?�Q�/�b ���`�2 �b�2�M�b�B�i�B�p�2 �i�Q �i�?�2 �m�M�/�2�`�H�v�B�M�; �K�Q�/�2�H ���+�+�m�`���+�v�-
���M�/ �K���v �M�2�2�/ �i�?�2 �F�M�Q�r�H�2�/�;�2 �Q�7 �`�2���H�@�i�B�K�2 �M�2�i�r�Q�`�F �i�Q�T�Q�H�Q�;�v�X �a�Q�K�2 �b�m�+�? �K�2�i�?�Q�/�b ���b�b�m�K�2
�i�?�2 �F�M�Q�r�H�2�/�;�2 �Q�7 �i�`���M�b�K�B�b�b�B�Q�M �H�B�M�2 �T���`���K�2�i�2�`�b�- ���M�/ ���`�2 ���7�7�2�+�i�2�/ �#�v �B�M���+�+�m�`���i�2 �B�M�7�Q�`�K���i�B�Q�M
�(�N�e�)�X ���M�Q�i�?�2�` �+�H���b�b �Q�7 �K�Q�/�2�H�@�#���b�2�/ �K�2�i�?�Q�/�b �m�b�2 �H�B�M�2���` �b�i���i�2 �2�b�i�B�K���i�B�Q�M �U�G�a�1�V �7�Q�` �S�J�l �/���i��
�+�Q�M�/�B�i�B�Q�M�B�M�; �(�j�8�-�N�d�)�X �G�a�1�@�#���b�2�/ �/���i�� �`�2�+�Q�p�2�`�v �B�b �+�Q�M�i�B�M�;�2�M�i �Q�M �#�`�2���F�2�` �b�i���i�m�b �B�M�7�Q�`�K���i�B�Q�M
���M�/ ���M�v �2�`�`�Q�` �Q�` �H���i�2�M�+�v �B�M �`�2�T�Q�`�i�B�M�; �+���M ���/�p�2�`�b�2�H�v �B�K�T���+�i �T�2�`�7�Q�`�K���M�+�2 �(�N�3�)�X �P�M �i�?�2 �Q�i�?�2�`
�?���M�/�- �K�2���b�m�`�2�K�2�M�i�b �7�`�Q�K �S�J�l�b �r�B�i�?�B�M �� �M�2�i�r�Q�`�F �2�t�?�B�#�B�i �b�T���i�B���H ���M�/ �i�2�K�T�Q�`���H �+�Q�`�`�2�H���i�B�Q�M
�i�?���i �+���M �#�2 �m�i�B�H�B�x�2�/ �i�Q �2�b�i�B�K���i�2 �K�B�b�b�B�M�; �b���K�T�H�2�b �r�B�i�?�Q�m�i �2�t�T�H�B�+�B�i �F�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �T�Q�r�2�`
�b�v�b�i�2�K �K�Q�/�2�H�X �a�2�p�2�`���H �`�2�+�2�M�i �T���T�2�`�b �?���p�2 ���/�/�`�2�b�b�2�/ �K�Q�/�2�H�@���;�M�Q�b�i�B�+ �S�J�l �/���i�� �`�2�+�Q�p�2�`�v
�(�N�N�-�R�y�y�-�R�y�R�-�R�y�k�-�R�y�j�-�R�y�9�-�R�y�8�)�X �a�Q�K�2 �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/�b �i���`�;�2�i �B�K�T�m�i���i�B�Q�M �Q�7 �/���i��
�#�H�Q�+�F�b �(�N�N�-�R�y�y�-�R�y�k�)�- �r�?�B�H�2 �Q�i�?�2�`�b ���`�2 ���B�K�2�/ ���i �b�i�2�T�@���?�2���/ �T�`�2�/�B�+�i�B�Q�M �(�R�y�R�-�R�y�j�-�R�y�9�-�R�y�8�)�X
�6�m�`�i�?�2�`�- �i�?�2�b�2 �`�2�+�Q�p�2�`�v ���T�T�`�Q���+�?�2�b �#�`�Q���/�H�v �2�K�T�H�Q�v �b�i�`���i�2�;�B�2�b �#���b�2�/ �Q�M �@ ���V �7�B�H�i�2�`�B�M�; �(�R�y�R�)�- �#�V
�H�Q�r �`���M�F �K���i�`�B�t �+�Q�K�T�H�2�i�B�Q�M �(�R�y�k�-�R�y�j�-�R�y�9�-�R�y�8�)�- �Q�` �+�V �H�Q�r �`���M�F �i�2�M�b�Q�` �+�Q�K�T�H�2�i�B�Q�M �(�N�N�-�R�y�y�)�X

�A�M �(�R�y�R�)�- �i�?�2 ���m�i�?�Q�`�b �T�`�Q�T�Q�b�2 �� �F���H�K���M �7�B�H�i�2�`�@�#���b�2�/ �K�B�b�b�B�M�; �/���i�� �2�b�i�B�K���i�B�Q�M ���H�;�Q�`�B�i�?�K �i�?���i
�T�`�2�/�B�+�i�b �i�?�2 �p���H�m�2 �Q�7 ���M �B�M�+�Q�K�B�M�; �b���K�T�H�2 �m�b�B�M�; �i�?�2 �H���b�i �i�?�`�2�2 �K�2���b�m�`�2�K�2�M�i�b�X �h�?�2 ���+�+�m�`���+�v �Q�7
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�6�B�;�m�`�2 �8�X�R�, �S�J�l �/���i�� �7�H�Q�r �7�`�Q�K �T�Q�B�M�i�@�Q�7�@�K�2���b�m�`�2�K�2�M�i �i�Q �T�Q�B�M�i�@�Q�7�@�m�b�2

�i�?�B�b �K�2�i�?�Q�/ �/�2�i�2�`�B�Q�`���i�2�b �r�?�2�M �K�Q�`�2 �i�?���M �i�?�`�2�2 �+�Q�M�b�2�+�m�i�B�p�2 �2�M�i�`�B�2�b ���`�2 �K�B�b�b�B�M�;�X �J�Q�`�2�Q�p�2�`�-
���b �i�?�2 ���H�;�Q�`�B�i�?�K �T�`�Q�+�2�b�b�2�b �Q�M�2 �S�J�l �+�?���M�M�2�H ���i �� �i�B�K�2�- �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �Q�i�?�2�` �+�?���M�M�2�H�b
�Q�` �M�2���`�#�v �S�J�l�b �+���M�M�Q�i �#�2 �H�2�p�2�`���;�2�/ �i�Q �`�2�+�Q�M�b�i�`�m�+�i �b�2�;�K�2�M�i�b �Q�7 �+�Q�M�b�2�+�m�i�B�p�2 �K�B�b�b�B�M�; �/���i���X
�J���i�`�B�t �U�i�2�M�b�Q�`�V �2�b�i�B�K���i�B�Q�M �K�2�i�?�Q�/�b �T�`�Q�T�Q�b�2 �i�Q �b�i���+�F �+�Q�`�`�2�H���i�2�/ �S�J�l �K�2���b�m�`�2�K�2�M�i �+�?���M�M�2�H�b
�i�Q�;�2�i�?�2�` �i�Q �+�Q�M�b�i�`�m�+�i �K���i�`�B�+�2�b �U�i�2�M�b�Q�`�b�V�- �r�?�Q�b�2 �H�Q�r�@�`���M�F �T�`�Q�T�2�`�i�v �+���M �#�2 �2�t�T�H�Q�B�i�2�/ �i�Q �`�2�+�Q�p�2�`
�+�Q�`�`�m�T�i �/���i���X �h�2�M�b�Q�` �2�b�i�B�K���i�B�Q�M �K�2�i�?�Q�/�b ���`�2 �K�Q�`�2 �+�Q�K�T�m�i���i�B�Q�M���H�H�v �2�t�T�2�M�b�B�p�2�- �H�B�K�B�i�B�M�; �i�?�2�B�`
�T�Q�i�2�M�i�B���H �7�Q�` �`�2���H�@�i�B�K�2 �m�b�2�X �J�2�i�?�Q�/�b �i�Q �b�T�2�2�/ �m�T �i�2�M�b�Q�` �2�b�i�B�K���i�B�Q�M �?���p�2 �#�2�2�M �2�t�T�H�Q�`�2�/ �B�M
�(�N�N�-�R�y�y�)�X

�A�M �i�?�2 �K���i�`�B�t �2�b�i�B�K���i�B�Q�M �U�J�1�V ���`�2���- �p���`�B�Q�m�b �b�i�`���i�2�;�B�2�b �?���p�2 �#�2�2�M �T�m�i �7�Q�`�i�? �7�Q�` �b�i���+�F�B�M�; �K�2���@
�b�m�`�2�K�2�M�i �+�?���M�M�2�H�b�X �A�M �(�R�y�k�)�- �i�?�2 �+�?���M�M�2�H�b ���`�2 �b�i���+�F�2�/ �`�Q�r�r�B�b�2�- ���M�/ ���M �B�i�2�`���i�B�p�2 ���H�i�2�`�M���i�B�M�;
�/�B�`�2�+�i�B�Q�M �K�2�i�?�Q�/ �Q�7 �K�m�H�i�B�T�H�B�2�`�b �B�b �m�b�2�/ �i�Q �7�B�H�H �K�B�b�b�B�M�; �K�2���b�m�`�2�K�2�M�i�b�X �A�M �(�R�y�j�)�- �i�?�2 �+�?���M�M�2�H�b
���`�2 �b�i���+�F�2�/ �+�Q�H�m�K�M�r�B�b�2�- ���M�/ �i�?�2 �b�T���i�B���H �+�Q�`�`�2�H���i�B�Q�M ���K�Q�M�; �S�J�l�b �B�b �m�b�2�/ �i�Q �`�2�+�Q�p�2�` �K�B�b�b�B�M�;
�2�M�i�`�B�2�b �m�b�B�M�; �b�B�M�;�m�H���` �p���H�m�2 �i�?�`�2�b�?�Q�H�/�B�M�;�X ���M�Q�i�?�2�` �p���`�B���i�B�Q�M �i�?���i �m�b�2�b �i�?�2 �i�2�K�T�Q�`���H �+�Q�`�`�2�H���@
�i�B�Q�M ���K�Q�M�; �+�?���M�M�2�H�b �B�b �b�?�Q�r�M �B�M �(�R�y�9�)�X �a�B�M�+�2 �i�?�2�b�2 �K�2�i�?�Q�/�b �T�`�Q�+�2�b�b �K�m�H�i�B�T�H�2 �S�J�l �+�?���M�M�2�H�b
�i�Q�;�2�i�?�2�`�- �i�?�2�v ���`�2 ���#�H�2 �i�Q ���+�+�m�`���i�2�H�v �`�2�+�Q�p�2�` �K�B�b�b�B�M�; �/���i�� �b�2�[�m�2�M�+�2�b �Q�M �Q�M�2 �+�?���M�M�2�H �m�b�B�M�;
�B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �Q�i�?�2�` �/�2�p�B�+�2�b�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �/���i�� �T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v �B�b �b�2�p�2�`�2�H�v
���7�7�2�+�i�2�/ �#�v �?�B�;�? �M�Q�B�b�2 �+�Q�M�i�2�M�i �B�M ���M�v �Q�M�2 �+�?���M�M�2�H�X ���M �Q�M�H�B�M�2 �`�2�+�Q�p�2�`�v �K�2�i�?�Q�/ �2�t�T�H�Q�B�i�B�M�;
�i�?�2 �H�Q�r�@�`���M�F �T�`�Q�T�2�`�i�v �Q�7 �i�?�2 �?���M�F�2�H �K���i�`�B�t �+�Q�M�b�i�`�m�+�i�2�/ �#�v �Q�p�2�`�H���T�T�B�M�; �b�2�;�K�2�M�i�b �Q�7 �S�J�l
�/���i�� �?���b �#�2�2�M �T�`�Q�T�Q�b�2�/ �B�M �(�R�y�8�)�X ���b �+�Q�H�m�K�M�b �B�M �� �?���M�F�2�H �K���i�`�B�t �Q�p�2�`�H���T�- �i�?�B�b ���T�T�`�Q���+�?
�7���+�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �/�`���r�#���+�F�b�@ ���V �`�2�T�2���i�2�/ �2�M�i�`�B�2�b �;�`�2���i�H�v �B�M�+�`�2���b�2 �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �?���M�F�2�H
�K���i�`�B�t�- �i�?�2�`�2�#�v �B�M�+�`�2���b�B�M�; �+�Q�K�T�m�i���i�B�Q�M �#�m�`�/�2�M�- �#�V �M�Q�B�b�2 �B�M �i�?�2 �K���i�`�B�t �2�H�2�K�2�M�i�b ���`�2 �?�B�;�?�H�v
�+�Q�`�`�2�H���i�2�/�- �+�V �M�Q�B�b�v �2�M�i�`�B�2�b ���`�2 �`�2�T�2���i�2�/ �K�m�H�i�B�T�H�2 �i�B�K�2�b ���7�7�2�+�i�B�M�; �`�2�+�Q�p�2�`�v ���+�+�m�`���+�v�X

�h�Q �Q�p�2�`�+�Q�K�2 �i�?�2 �H�B�K�B�i���i�B�Q�M�b �/�B�b�+�m�b�b�2�/ ���#�Q�p�2�- �i�?�B�b �T���T�2�` �T�`�Q�T�Q�b�2�b �� �M�Q�p�2�H �i�2�+�?�M�B�[�m�2 �7�Q�` �S�J�l
�/���i�� �`�2�+�Q�p�2�`�v�X �� �b�2�[�m�2�M�+�2 �Q�7 �S�J�l �K�2���b�m�`�2�K�2�M�i�b �B�b �7�B�`�b�i �i�`���M�b�7�Q�`�K�2�/ �B�M�i�Q ���T���;�2 �K���i�`�B�t
�(�R�y�e�)�- ���M�/ �i�?�2�M �`�2�+�Q�p�2�`�2�/ �m�b�B�M�; �� �p���`�B���i�B�Q�M �Q�7 �i�?�2 �i�`�m�M�+���i�2�/ �b�B�M�;�m�H���` �p���H�m�2 �i�?�`�2�b�?�Q�H�/�B�M�;
���H�;�Q�`�B�i�?�K �(�R�y�d�)�X ���b �i�?�2 �K���i�`�B�t �+�Q�H�m�K�M�b �+�Q�M�b�B�b�i �Q�7 �M�Q�M�@�Q�p�2�`�H���T�T�B�M�; �/���i�� �b�2�;�K�2�M�i�b�- �i�?�2�v ���`�2
�b�K���H�H�2�` �B�M �b�B�x�2 �i�?���M �?���M�F�2�H �K���i�`�B�+�2�b ���M�/ �i�?�2 �T�`�Q�#�H�2�K �Q�7 �?�B�;�?�H�v �+�Q�`�`�2�H���i�2�/ �M�Q�B�b�2 �B�M �K���i�`�B�t
�2�M�i�`�B�2�b �B�b ���p�Q�B�/�2�/�X ���M �Q�T�i�B�K���H �?���`�/ �i�?�`�2�b�?�Q�H�/ �B�b �m�b�2�/ �7�Q�` �b�B�M�;�m�H���` �p���H�m�2�b�c �i�?�m�b �i�?�2 �K���i�`�B�t �`���M�F
�/�Q�2�b �M�Q�i �M�2�2�/ �i�Q �#�2 �2�t�T�H�B�+�B�i�H�v �2�b�i�B�K���i�2�/ ���i �2�p�2�`�v �b�i�2�T�- �`�2�b�m�H�i�B�M�; �B�M �b�B�;�M�B�7�B�+���M�i �+�Q�K�T�m�i���i�B�Q�M���H
�b���p�B�M�;�b �7�Q�` �Q�M�H�B�M�2 �T�`�2�/�B�+�i�B�Q�M�X �h�r�Q �p���`�B���i�B�Q�M�b �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K ���`�2 �T�`�Q�T�Q�b�2�/�- ���V ���M �Q�7�7�H�B�M�2
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�B�K�T�m�i���i�B�Q�M �K�2�i�?�Q�/ �7�Q�` ���`�+�?�B�p�2�/ �S�J�l �/���i���- ���M�/ �#�V ���M �Q�M�H�B�M�2 �Q�M�2�@�b�i�2�T ���?�2���/ �T�`�2�/�B�+�i�B�Q�M
�K�2�i�?�Q�/�X �S�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �T���;�2 �K���i�`�B�t �K�2�i�?�Q�/ �B�b �+�Q�K�T���`�2�/ �i�Q �i�?�2 �?���M�F�2�H �K���i�`�B�t �K�2�i�?�Q�/
�m�b�B�M�; �i�?�2 �b���K�2 �2�b�i�B�K���i�B�Q�M �i�2�+�?�M�B�[�m�2�X �1�t�i�2�M�b�B�p�2 �M�m�K�2�`�B�+���H �i�2�b�i�b �b�?�Q�r �i�?���i �#�Q�i�? �K�2�i�?�Q�/�b
�?���p�2 �b�B�K�B�H���` �`�2�+�Q�p�2�`�v ���+�+�m�`���+�v�- ���M�/ �i�?�2 �T���;�2 �K���i�`�B�t �K�2�i�?�Q�/ �B�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v �K�m�+�? �7���b�i�2�`�X

�h�?�2 �T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�b �+���M �#�2 ���T�T�H�B�2�/ �i�Q �#�Q�i�? �m�M�B�p���`�B���i�2 ���M�/ �K�m�H�i�B�p���`�B���i�2 �i�B�K�2�@�b�2�`�B�2�b �U�#�Q�i�?
�b�B�M�;�H�2�@�+�?���M�M�2�H ���M�/ �K�m�H�i�B�@�+�?���M�M�2�H �+���b�2�b�V�X ���H�i�?�Q�m�;�? �m�b�B�M�; �K�2���b�m�`�2�K�2�M�i�b �7�`�Q�K �K�m�H�i�B�T�H�2 �S�J�l�b
�i�`���M�b�H���i�2�b �i�Q �?�B�;�?�2�` ���+�+�m�`���+�v �B�M �/���i�� �`�2�+�Q�p�2�`�v�- �b�Q�K�2 �m�b�2 �+���b�2�b �K�B�;�?�i �r���`�`���M�i �T�`�Q�+�2�b�b�B�M�;
�b�B�M�;�H�2 �+�?���M�M�2�H�b�X �6�Q�` �B�M�b�i���M�+�2�- �`�2�b�2���`�+�?�2�`�b �K���v �?���p�2 ���+�+�2�b�b �i�Q �H�B�K�B�i�2�/ �S�J�l �/���i�� �/�m�2 �i�Q �i�?�2�B�`
�b�2�M�b�B�i�B�p�2 �M���i�m�`�2�X �J�Q�`�2�Q�p�2�`�- �+�Q�K�T�m�i���i�B�Q�M �K���v �#�2 �b�T�2�/ �m�T �#�v �T���`���H�H�2�H�H�v �T�`�Q�+�2�b�b�B�M�; �b�B�M�;�H�2
�K�2���b�m�`�2�K�2�M�i �+�?���M�M�2�H�b�X �h�?�B�b �K���v �#�2 �m�b�2�7�m�H �B�M �+���b�2�b �r�?�2�`�2 �i�?�2 �b�i�`�2���K�B�M�; �b�v�M�+�?�`�Q�T�?���b�Q�` �/���i��
�B�b �Q�7 �b�m�T�2�`�B�Q�` �[�m���H�B�i�v�- ���M�/ �b�B�;�M�B�7�B�+���M�i �/���i�� �/�`�Q�T�b ���`�2 �M�Q�i �2�t�T�2�+�i�2�/�X

�*�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�B�b �r�Q�`�F �K���v �#�2 �b�m�K�K���`�B�x�2�/ ���b �7�Q�H�H�Q�r�b�X�6�B�`�b�i�- �r�2 �T�`�Q�T�Q�b�2 �� �K�Q�/�2�H�@
���;�M�Q�b�i�B�+ �K�2�i�?�Q�/ �7�Q�` �`�2�+�Q�p�2�`�B�M�; �S�J�l �K�2���b�m�`�2�K�2�M�i�b �7�`�Q�K �M�Q�B�b�v �b�B�;�M���H�b �r�B�i�? �/���i�� �/�`�Q�T�b�X
�h�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/�Q�H�Q�;�v �B�b �7���b�i�- �b�+���H���#�H�2�- �2���b�v �i�Q �B�K�T�H�2�K�2�M�i�- ���M�/ �T�Q�b�2�b �K�B�M�B�K���H �K�2�K�Q�`�v
�`�2�[�m�B�`�2�K�2�M�i�b�- �K���F�B�M�; �B�i �r�2�H�H�@�b�m�B�i�2�/ �7�Q�` �`�2���H�@�i�B�K�2 �m�b�2�X�a�2�+�Q�M�/�- �i�?�2 �K�2�i�?�Q�/�Q�H�Q�;�v �B�b �2�t�i�2�M�/�2�/
�B�M�i�Q �i�r�Q ���H�;�Q�`�B�i�?�K�b �@ ���V ���M �Q�7�7�H�B�M�2 �K�2�i�?�Q�/ �B�M�i�2�M�/�2�/ �7�Q�` �`�2�+�Q�p�2�`�B�M�; ���`�+�?�B�p�2�/ �/���i���- ���M�/ �#�V ���M
�Q�M�H�B�M�2 �K�2�i�?�Q�/ �7�Q�` �T�`�2�/�B�+�i�B�M�; �i�?�2 �M�2�t�i �K�2���b�m�`�2�K�2�M�i�- ���B�K�2�/ ���i �`�2���H�@�i�B�K�2 ���T�T�H�B�+���i�B�Q�M�b�X�h�?�B� �̀/�-
�i�?�`�Q�m�;�? �2�t�i�2�M�b�B�p�2 �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b �Q�M �b�B�K�m�H���i�2�/ ���M�/ �`�2���H �/���i���- �2�7�7�2�+�i�B�p�2�M�2�b�b �Q�7 �i�?�2
���H�;�Q�`�B�i�?�K�b �B�b �p�2�`�B�7�B�2�/�X �A�i �B�b �b�?�Q�r�M �i�?���i �i�?�2 �Q�`�B�;�B�M���H �K�2���b�m�`�2�K�2�M�i �b�B�;�M���H�b �+���M �#�2 �`�2�+�Q�M�b�i�`�m�+�i�2�/
�r�B�i�? �?�B�;�? ���+�+�m�`���+�v �2�p�2�M �B�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 ���/�/�B�i�B�p�2 �M�Q�B�b�2 ���M�/ �b�B�K�m�H�i���M�2�Q�m�b �/���i�� �2�`���b�m�`�2�b
���+�`�Q�b�b �K�m�H�i�B�T�H�2 �+�?���M�M�2�H�b�X

�8�X�k�S�`�Q�#�H�2�K �a�2�i�@�m�T
�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �2�b�i���#�H�B�b�? �i�?�2 �K���i�?�2�K���i�B�+���H �b�2�i�@�m�T �7�Q�` �i�?�2 �S�J�l �/���i�� �`�2�+�Q�p�2�`�v �T�`�Q�#�H�2�K ���M�/
�b�?�Q�r �?�Q�r �B�i �`�2�H���i�2�b �i�Q �H�Q�r�@�`���M�F �J�1�X �a�i���M�/���`�/ �K���i�?�2�K���i�B�+���H �M�Q�i���i�B�Q�M�b ���`�2 �7�Q�H�H�Q�r�2�/�X �*���H�H�B�@
�;�`���T�?�B�+ �b�v�K�#�Q�H�b �`�2�T�`�2�b�2�M�i �b�2�i�b�- �H�Q�r�2�` �+���b�2 �#�Q�H�/ �H�2�i�i�2�`�b �`�2�T�`�2�b�2�M�i �+�Q�H�m�K�M �p�2�+�i�Q�`�b�- ���M�/ �m�T�T�2�`
�+���b�2 �#�Q�H�/ �H�2�i�i�2�`�b �/�2�M�Q�i�2 �K���i�`�B�+�2�b�X ���H�H �x�2�`�Q ���M�/ ���H�H �Q�M�2 �p�2�+�i�Q�`�b ���M�/ �K���i�`�B�+�2�b �Q�7 ���T�T�`�Q�T�`�B���i�2
�b�B�x�2 ���`�2 �/�2�M�Q�i�2�/ �#�v�y ���M�/�R�`�2�b�T�2�+�i�B�p�2�H�v�X

�8�X�k�X�R�S�J�l �.���i�� �_�2�+�Q�p�2�`�v �l�b�B�M�; �J���i�`�B�t �1�b�i�B�K���i�B�Q�M

�a�B�K�T�H�v �b�i���i�2�/�- �S�J�l�b ���`�2 �b�2�M�b�Q�`�b �/�2�T�H�Q�v�2�/ ���i �/�B�7�7�2�`�2�M�i �T�Q�B�M�i�b �Q�7 �� �T�Q�r�2�` �M�2�i�r�Q�`�F �i�Q �K�2���b�m�`�2
�2�H�2�+�i�`�B�+���H �[�m���M�i�B�i�B�2�b �H�B�F�2 �p�Q�H�i���;�2 ���M�/ �+�m�`�`�2�M�i �K���;�M�B�i�m�/�2�b�- ���M�;�H�2�b�- �7�`�2�[�m�2�M�+�v ���M�/ �`���i�2 �Q�7 �+�?���M�;�2
�Q�7 �7�`�2�[�m�2�M�+�v�X �J�2���b�m�`�2�K�2�M�i�b ���`�2 �i�B�K�2�@�b�v�M�+�?�`�Q�M�B�x�2�/ ���M�/ �i�v�T�B�+���H�H�v �`�2�T�Q�`�i�2�/ ���i �j�y �Q�` �e�y �7�`���K�2�b
�T�2�` �b�2�+�Q�M�/ �U�7�T�b�V�X �.�m�2 �i�Q �i�?�2 �T�?�v�b�B�+���H �H���r�b �i�?���i �;�Q�p�2�`�M �T�Q�r�2�` �7�H�Q�r�- �K�2���b�m�`�2�K�2�M�i�b �`�2�+�Q�`�/�2�/
�#�v �� �S�J�l ���M�/ �B�i�b �M�2�B�;�?�#�Q�`�b ���`�2 �+�Q�`�`�2�H���i�2�/�X �J�Q�`�2�Q�p�2�`�- �/���i�� �r�B�i�?�B�M �� �+�?���M�M�2�H �B�b �+�Q�`�`�2�H���i�2�/
�B�M �i�B�K�2�X �h�?�2�b�2 �b�T���i�B���H ���M�/ �i�2�K�T�Q�`���H �+�Q�`�`�2�H���i�B�Q�M�b �K���v �?�2�M�+�2 �#�2 �m�i�B�H�B�x�2�/ �i�Q �`�2�+�Q�p�2�` �K�B�b�b�B�M�;
���M�/ �+�Q�`�`�m�T�i �K�2���b�m�`�2�K�2�M�i�b�X

�6�Q�`�K���H�H�v�- �i�?�2 �/���i�� �`�2�+�Q�p�2�`�v �T�`�Q�#�H�2�K �+���M �#�2 �T�Q�b�2�/ ���b �7�Q�H�H�Q�r�b�X �*�Q�M�b�B�/�2�` �� �/�B�b�+�`�2�i�2�@�i�B�K�2 �b�2�i�i�B�M�;
�r�B�i�? �i�B�K�2 �B�M�b�i���M�i�b �B�M�/�2�t�2�/ �#�vt 2 Z + �X �G�2�i �m�b �b���v �i�?���i �7�Q�` �2���+�?t 2 [1; 2; : : : T]�- �S�J�l i �`�2�+�Q�`�/�b
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�� �K�2���b�m�`�2�K�2�M�i �p�2�+�i�Q�`x i (t) �Q�7 �H�2�M�;�i�?c�- �r�?�2�`�2c �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �K�2���b�m�`�2�K�2�M�i �+�?���M�M�2�H�b�X
�J�2���b�m�`�2�K�2�M�i�b �K���v �+�Q�M�i���B�M �Q�#�b�2�`�p���i�B�Q�M �M�Q�B�b�2�- ���M�/ �B�i �B�b ���b�b�m�K�2�/ �i�?���iE[x i (t)] = f i (t)�- �r�?�2�`�2
f i (t) ���`�2 �i�?�2 �i�`�m�2 �p���H�m�2�b �Q�7 �b�v�b�i�2�K �b�i���i�2�b�X ���H�i�?�Q�m�;�? �i�?�2 �m�M�/�2�`�H�v�B�M�; �K�2���M �b�B�;�M���Hf i (t) �B�b
�b�i�`�Q�M�;�H�v �+�Q�`�`�2�H���i�2�/ �B�M �i�B�K�2�- �B�i �B�b ���b�b�m�K�2�/ �i�?���i �i�?�2 �T�2�`�@�b�i�2�T �M�Q�B�b�2 ���`�2 �B�M�/�2�T�2�M�/�2�M�i �K�2���M�@�x�2�`�Q
�`���M�/�Q�K �p���`�B���#�H�2�b �r�B�i�? �i�B�K�2�@�p���`�v�B�M�; �p���`�B���M�+�2�X �:�B�p�2�M �b�Q�K�2x i (t)�- �/���i�� �`�2�+�Q�p�2�`�v ���H�;�Q�`�B�i�?�K�b
�K���v �#�2 �/�2�b�B�;�M�2�/ �i�Q ���/�/�`�2�b�b �i�r�Q �;�Q���H�b�, ���V�B�K�T�m�i���i�B�Q�M�U�2�b�i�B�K���i�2f i (t) �7�Q�`t 2 [1; 2; : : : T]�V�- ���M�/
�#�V�T� �̀2�/�B�+�i�B�Q�M�U�2�b�i�B�K���i�2f i (T + 1) �V�X

�h�B�K�2�@�b�2�`�B�2�b �/���i�� �`�2�+�Q�p�2�`�v �B�b �� �r�2�H�H�@�b�i�m�/�B�2�/ �T�`�Q�#�H�2�K �i�?���i ���T�T�2���`�b �B�M �/�B�7�7�2�`�2�M�i �/�Q�K���B�M�b �H�B�F�2
�2�+�Q�M�Q�K�2�i�`�B�+�b�- �;�2�Q�b�+�B�2�M�+�2�b ���M�/ �?�2���H�i�?�+���`�2�X �*�H���b�b�B�+���H �K�2�i�?�Q�/�b �7�Q�` �i�B�K�2�@�b�2�`�B�2�b �B�K�T�m�i���i�B�Q�M ���M�/
�T�`�2�/�B�+�i�B�Q�M �?���p�2 �2�K�T�H�Q�v�2�/ ���T�T�`�Q���+�?�2�b �b�m�+�? ���b �?�B�/�/�2�M �J���`�F�Q�p ���M�/ �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H�b �(�R�y�3�)�X
�.�B�7�7�2�`�2�M�i �/�2�2�T �M�2�m�`���H �M�2�i�r�Q�`�F�b �U�L�L�V �?���p�2 ���H�b�Q �#�2�2�M �m�b�2�/ �(�R�y�N�-�R�R�y�)�X �_�2�+�2�M�i �r�Q�`�F �?���b �b�?�Q�r�M
�i�?���i �H�Q�r�@�`���M�F �K���i�`�B�t �2�b�i�B�K���i�B�Q�M �K�2�i�?�Q�/�b �+���M �T�`�Q�p�B�/�2 �b�B�K�T�H�2�- �2�7�7�2�+�i�B�p�2 ���M�/ �+�Q�K�T�m�i���i�B�Q�M���H�H�v
�2�7�7�B�+�B�2�M�i �K�2���M�b �7�Q�` �i�B�K�2�@�b�2�`�B�2�b �`�2�+�Q�p�2�`�v �(�R�R�R�- �R�R�k�)�X �h�?�B�b �+�H���b�b �Q�7 �K�2�i�?�Q�/�b �2�H�B�K�B�M���i�2�b �i�?�2
�i�`���B�M�B�M�; �/���i�� �`�2�[�m�B�`�2�K�2�M�i �Q�7 �L�L �K�Q�/�2�H�b�- ���M�/ �?�2�M�+�2 �T�`�Q�p�B�/�2 �� �;�2�M�2�`���H�B�x�2�/ �7�`���K�2�r�Q�`�F �b�m�B�i���#�H�2
�7�Q�` �[�m�B�+�F �/�2�T�H�Q�v�K�2�M�i�X

�h�?�2 �Q�#�D�2�+�i�B�p�2 �Q�7 �J�1 �B�b �i�Q �`�2�+�Q�p�2�` �� �T���`���K�2�i�2�` �K���i�`�B�t�J �7�`�Q�K �� �T���`�i�B���H�H�v �Q�#�b�2�`�p�2�/ �b�B�;�M���H
�K���i�`�B�t�s �r�B�i�? �+�Q�`�`�m�T�i �2�M�i�`�B�2�b�- �r�?�2�`�2E(�s) = �J �X �� �/�2�i���B�H�2�/ �T�B�+�i�m�`�2 �Q�7 �i�?�2 �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �B�b
���p���B�H���#�H�2 �7�`�Q�K �(�R�R�j�-�R�R�9�) ���M�/ �`�2�7�2�`�2�M�+�2�b �i�?�2�`�2�B�M�X �� �F�2�v �Q�#�b�2�`�p���i�B�Q�M �7�`�Q�K �J�1 �H�B�i�2�`���i�m�`�2 �B�b �i�?���i
�K���i�`�B�t�J �+���M �#�2 �`�2�+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �T���`�i�B���H ���M�/ �M�Q�B�b�v �Q�#�b�2�`�p���i�B�Q�M�b �#�v �+�Q�M�b�B�/�2�`�B�M�; �� �H�Q�r�@�`���M�F
���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �Q�#�b�2�`�p�2�/ �K���i�`�B�t�X �J�1 ���H�;�Q�`�B�i�?�K�b ���`�2 �7���B�`�H�v �K�Q�/�2�H�@���;�M�Q�b�i�B�+ �B�M �i�2�`�K�b �Q�7
�i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7�J ���M�/ �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7�s �;�B�p�2�M�J �X �h�?�2�`�2�7�Q�`�2�- �S�J�l �K�2���b�m�`�2�K�2�M�i�b �+���M
�#�2 �i�`���M�b�7�Q�`�K�2�/ �B�M�i�Q �K���i�`�B�+�2�b ���M�/ �`�2�+�Q�p�2�`�2�/ �#�v ���T�T�H�v�B�M�; �J�1 �K�2�i�?�Q�/�b �i�Q �i�?�2 �i�`���M�b�7�Q�`�K�2�/
�K���i�`�B�t�X �h�`�m�M�+���i�2�/ �b�B�M�;�m�H���` �p���H�m�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �U�a�o�.�V �#���b�2�/ �K���i�`�B�t �2�b�i�B�K���i�B�Q�M �K�2�i�?�Q�/�b
���`�2 �T�Q�T�m�H���`�H�v �m�b�2�/ �(�R�y�d�)�X

�8�X�k�X�k�J���i�`�B�t �h�`���M�b�7�Q�`�K���i�B�Q�M

�a�2�p�2�`���H �K�2�i�?�Q�/�b �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ �i�Q �i�`���M�b�7�Q�`�K �i�B�K�2�@�b�2�`�B�2�b �b�B�;�M���H�b �B�M�i�Q �K���i�`�B�+�2�b�X �� �M���B�p�2
�K�2�i�?�Q�/ �B�M�p�Q�H�p�2�b �b�B�K�T�H�v �b�i���+�F�B�M�; �b�B�;�M���H�b �i�Q�;�2�i�?�2�` �(�R�y�k�-�R�y�j�-�R�y�9�)�X ���H�i�?�Q�m�;�? �2�K�T�B�`�B�+���H�H�v �i�?�B�b
���T�T�`�Q���+�? �?���b �b�?�Q�r�M �`�2���b�Q�M���#�H�2 �2�7�7�2�+�i�B�p�2�M�2�b�b�- �B�i �+���M�M�Q�i �#�2 �m�b�2�/ �B�7 �p�2�`�v �7�2�r �K�2���b�m�`�2�K�2�M�i
�+�?���M�M�2�H�b ���`�2 ���p���B�H���#�H�2�X �P�7 �+�Q�m�`�b�2�- �i�?�B�b �B�b �M�Q�i �� �T�`�2�b�b�B�M�; �+�Q�M�+�2�`�M �7�Q�` �� �i�`���M�b�K�B�b�b�B�Q�M �M�2�i�r�Q�`�F
�r�B�i�? �K���M�v �S�J�l�b�X �"�m�i �B�M �b�Q�K�2 �+���b�2�b�- �B�i �K���v �#�2 �M�2�+�2�b�b���`�v �i�Q �r�Q�`�F �r�B�i�? �� �H�B�K�B�i�2�/ �M�m�K�#�2�`
�Q�7 �K�2���b�m�`�2�K�2�M�i �b�B�;�M���H�b�X �6�Q�` �B�M�b�i���M�+�2�- �`�2�b�2���`�+�?�2�`�b �Q�m�i�b�B�/�2 �2�H�2�+�i�`�B�+ �m�i�B�H�B�i�B�2�b �K���v �Q�M�H�v �?���p�2
���+�+�2�b�b �i�Q �H�B�K�B�i�2�/ �S�J�l �/���i���X �J�Q�`�2�Q�p�2�`�- �B�i �K���v �#�2 �/�2�b�B�`���#�H�2 �i�Q �T�`�Q�+�2�b�b �/���i�� �7�`�Q�K �#�H�Q�+�F�b �Q�7
�7�2�r �S�J�l�b �B�M �� �T���`���H�H�2�H �K���M�M�2�` �i�Q �b�T�2�2�/ �m�T �+�Q�K�T�m�i���i�B�Q�M �/�m�`�B�M�; �`�2���H�@�i�B�K�2 ���T�T�H�B�+���i�B�Q�M�X

���M ���H�i�2�`�M���i�B�p�2 ���T�T�`�Q���+�? �/�2�b�+�`�B�#�2�/ �B�M �(�R�y�8�) �m�b�2�b �i�?�2 �?���M�F�2�H �K���i�`�B�t �i�`���M�b�7�Q�`�K���i�B�Q�M�X �P�p�2�`�H���T�@
�T�B�M�; �b�2�;�K�2�M�i�b �Q�7 �S�J�l �/���i�� ���`�2 �T�H���+�2�/ �b�B�/�2 �#�v �b�B�/�2 �i�Q �7�Q�`�K �� �?���M�F�2�H �K���i�`�B�t�X �h�?���i �b�m�+�?
�K���i�`�B�+�2�b ���`�2 ���T�T�`�Q�t�B�K���i�2�H�v �H�Q�r�@�`���M�F �?���b �#�2�2�M �2�K�T�B�`�B�+���H�H�v �p�2�`�B�7�B�2�/ �B�M �(�R�y�8�)�X ���b �i�?�2 �?���M�F�2�H
�K���i�`�B�+�2�b �+�Q�M�i���B�M �`�2�T�2���i�2�/ �2�M�i�`�B�2�b�- �i�?�2�v ���`�2 �H���`�;�2 �B�M �b�B�x�2 ���M�/ �M�Q�B�b�v �2�H�2�K�2�M�i�b ���T�T�2���` �K�m�H�i�B�T�H�2
�i�B�K�2�b�X �_�2�T�2�i�B�i�B�Q�M �Q�7 �M�Q�B�b�v �2�M�i�`�B�2�b �K���v �`�2�/�m�+�2 �/���i�� �`�2�+�Q�p�2�`�v ���+�+�m�`���+�v ���M�/ �i�?�2 �H���`�;�2 �K���i�`�B�t
�b�B�x�2 �B�M�+�`�2���b�2�b �+�Q�K�T�m�i���i�B�Q�M �#�m�`�/�2�M�X



�8�3
�+�Ñ�ž�ÿ���¶�� �9�Y �� �K�ñ�²�¶�ã�A���Ì�é�ñ�����Ô�« �K�¶���Ñ�ñ�² �Å�ñ�� �T�K�m �/�ž���ž �`�¶�«�ñ�&�¶���- �m���Ô�é�Ì �Q�ÿ���Ô�è�ž�ã �b�Ô�é�Ì���ã�ž��

�p�ž�ã���¶ �i�Ñ���¶���Ñ�ñ�ã�²�Ô�é�Ì

�6�B�;�m�`�2 �8�X�k�, �S���;�2 ���M�/ �?���M�F�2�H �K���i�`�B�t �+�Q�M�b�i�`�m�+�i�B�Q�M �7�`�Q�K �S�J�l �K�2���b�m�`�2�K�2�M�i�b

�h�?�2 �H�B�K�B�i���i�B�Q�M�b �Q�7 �?���M�F�2�H �K���i�`�B�+�2�b �K���v �#�2 �Q�p�2�`�+�Q�K�2 �#�v �m�b�B�M�; �T���;�2 �K���i�`�B�+�2�b �(�R�R�R�-�R�R�k�)�X ��
�T���;�2 �K���i�`�B�t �B�b �+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �Q�#�b�2�`�p���i�B�Q�M �p�2�+�i�Q�`x (t) �#�v �T�H���+�B�M�; �+�Q�M�i�B�;�m�Q�m�b �b�2�;�K�2�M�i�b �Q�7
�b�B�x�2L > 1 �b�B�/�2 �#�v �b�B�/�2 ���b �M�Q�M�@�Q�p�2�`�H���T�T�B�M�; �+�Q�H�m�K�M�b �Q�7 �i�?�2 �`�2�b�m�H�i���M�i �K���i�`�B�t �(�R�y�e�)�X �� �b�+�?�2�K���i�B�+
�/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �K���i�`�B�t �i�`���M�b�7�Q�`�K���i�B�Q�M �T�`�Q�+�2�b�b �B�b �b�?�Q�r�M �B�M �7�B�;�m�`�2�8�X�k�X �A�i �+���M �#�2 �b�2�2�M �i�?���i
�r�?�2�M �� �i�B�K�2�@�b�2�`�B�2�b �Q�7 �i�?�2 �b���K�2 �H�2�M�;�i�? �B�b �i�`���M�b�7�Q�`�K�2�/�- �i�?�2 �?���M�F�2�H �K���i�`�B�t �B�b �K�m�+�? �H���`�;�2�`
�i�?���M �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �T���;�2 �K���i�`�B�t�X �h�?�2 �H�Q�r�@�`���M�F �T�`�Q�T�2�`�i�v �Q�7 �T���;�2 �K���i�`�B�+�2�b �?���b ���H�b�Q �#�2�2�M
�2�t���K�B�M�2�/ �B�M �(�R�R�R�)�X �A�i �B�b �2�b�i���#�H�B�b�?�2�/ �i�?���i�- �B�M �2�t�T�2�+�i���i�B�Q�M�- �7�Q�` �� �H���`�;�2 �+�H���b�b �Q�7 �T�`�Q�+�2�b�b�2�b�- �i�?�2
�;�2�M�2�`���i�2�/ �T���;�2 �K���i�`�B�t �B�b �2�B�i�?�2�` �2�t���+�i�H�v �Q�` ���T�T�`�Q�t�B�K���i�2�H�v �H�Q�r�@�`���M�F�X �h�?�2�b�2 �T�`�Q�+�2�2�b�2�b �B�M�+�H�m�/�2
�H�B�M�2���` �`�2�+�m�`�`�2�M�i �7�m�M�+�i�B�Q�M�b �U�G�_�6�V �/�2�b�+�`�B�#�2�/ �#�vf (t) =

P G
g=1 � gf (t � g)�- �7�Q�` �b�Q�K�2G � 1�X �h�?���i

�T�Q�r�2�` �b�v�b�i�2�K�b �[�m���M�i�B�i�B�2�b �b�m�+�? ���b �#�m�b �p�Q�H�i���;�2�b�- �H�B�M�2 �+�m�`�`�2�M�i�b ���M�/ �7�`�2�[�m�2�M�+�v �7�Q�H�H�Q�r �G�_�6 �?���b
�#�2�2�M �T�`�2�p�B�Q�m�b�H�v �+�Q�M�+�H�m�/�2�/ �B�M �H�B�i�2�`���i�m�`�2�X �6�Q�` �2�t���K�T�H�2�- �B�i �B�b �T�Q�b�B�i�2�/ �i�?���i �b�i�2���/�v �b�i���i�2 �T�Q�r�2�`
�b�v�b�i�2�K�b �K�2���b�m�`�2�K�2�M�i�b ���i ���M�v �B�M�b�i���M�i ���`�2 �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2 �H���b�i �i�?�`�2�2 �K�2���b�m�`�2�K�2�M�i�b
�(�R�R�8�)�X �h�?�B�b �`�2�b�m�H�i �?���b ���H�b�Q �#�2�2�M �m�b�2�/ �i�Q �/�2�b�B�;�M �i�?�2 �F���H�K���M �7�B�H�i�2�`�@�#���b�2�/ �/���i�� �T�`�2�/�B�+�i�B�Q�M ���M�/
�b�K�Q�Q�i�?�B�M�; ���H�;�Q�`�B�i�?�K �B�M �(�R�y�R�)�X

�h�?�2 �G�_�6 �M���i�m�`�2 �Q�7 �S�J�l �K�2���b�m�`�2�K�2�M�i�b ���H�b�Q �?�2�H�T�b �B�M �7�Q�`�K�m�H���i�B�M�; �� �T�`�2�/�B�+�i�B�Q�M ���H�;�Q�`�B�i�?�K�X
�P�M�+�2 �i�?�2 �H�Q�r�@�`���M�F ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �i�`���M�b�7�Q�`�K�2�/ �T���;�2 �K���i�`�B�t �B�b �Q�#�i���B�M�2�/ �p�B�� �b�Q�K�2
�J�1 �i�2�+�?�M�B�[�m�2�- �i�?�2 �H���b�i �`�Q�r �Q�7 �i�?�B�b �K���i�`�B�t �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2
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�;�2�i�?�2�` �7�Q�` �`�2�+�Q�p�2�`�B�M�; �/�2�;�`���/�2�/ �S�J�l �/���i���X �h�?�2 ���H�;�Q�`�B�i�?�K�b �+���M �#�2 ���T�T�H�B�2�/ �i�Q �#�Q�i�? �b�B�M�;�H�2�@
�+�?���M�M�2�H ���M�/ �K�m�H�i�B�@�+�?���M�M�2�H �/���i�� �m�b�B�M�; �b�m�B�i���#�H�2 �T���;�2 �K���i�`�B�+�2�b�X

�8�X�j�X�R�P�7�7�H�B�M�2 �.���i�� �A�K�T�m�i���i�B�Q�M

�G�2�i �m�b �+�Q�M�b�B�/�2�` �i�?�2 �T�`�Q�#�H�2�K �Q�7 �/�2�M�Q�B�b�B�M�; ���H�`�2���/�v �`�2�+�Q�`�/�2�/ �S�J�l �K�2���b�m�`�2�K�2�M�i�b ���M�/ �B�K�T�m�i�B�M�;
�K�B�b�b�B�M�; �`�2���/�B�M�;�b�X ���b�b�m�K�2n �M�m�K�#�2�` �Q�7 �S�J�l�b�- �2���+�? �r�B�i�?c �K�2���b�m�`�2�K�2�M�i �+�?���M�M�2�H�b�X �h�?�2�M
�i�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �/���i�� �+�?���M�M�2�H�b ���p���B�H���#�H�2 �B�bN = n � c�X �h�?�2 �Q�#�b�2�`�p���i�B�Q�M�b ���`�2 �T���`�i�B�i�B�Q�M�2�/
�B�M�i�Q �b���vk �r�B�M�/�Q�r�b �Q�7 �H�2�M�;�i�?T �2���+�?�X �L�Q�i�2 �?�2�`�2 �i�?���i �7�Q�` �i�?�2 �B�K�T�m�i���i�B�Q�M �i���b�F�- �?�Q�m�`�b �Q�7 �/���i��
�+���M �#�2 �T�`�Q�+�2�b�b�2�/ ���i �Q�M�+�2�X �h�?�m�b�-T �+���M �#�2 �[�m�B�i�2 �H���`�;�2�X �A�i �B�b ���b�b�m�K�2�/ �?�2�`�2 �i�?���iT �B�b �T�2�`�7�2�+�i�H�v
�/�B�p�B�b�B�#�H�2 �#�v �i�?�2 �p���H�m�2 �Q�7L �+�?�Q�b�2�M�X �h�?�2 �b�2�[�m�2�M�i�B���H �b�i�2�T�b �i�Q �#�2 �T�2�`�7�Q�`�K�2�/ �7�Q�` �Q�7�7�H�B�M�2 �/���i��
�B�K�T�m�i���i�B�Q�M ���`�2 �H�B�b�i�2�/ �B�M ���H�;�Q�`�B�i�?�K �k�X



�9�Y�k�Y �/�ž���ž �`�¶�«�ñ�&�¶���- ���ã�Ì�ñ���Ô���Ñ�è�� �e�R

���H�;�Q�`�B�i�?�K �d�P�7�7�H�B�M�2 �S�J�l �/���i�� �B�K�T�m�i���i�B�Q�M

�R�,�A�M�B�i�B���H�B�x���i�B�Q�M�,�a�2�iT  �r�B�M�/�Q�r �H�2�M�;�i�?�-N  �M�m�K�#�2�` �Q�7 �S�J�l �+�?���M�M�2�H�b�-k  �M�m�K�#�2�`
�Q�7 �/���i�� �r�B�M�/�Q�r�b�X

�k�, �6�Q�j̀ = 1 : k�-�/�Q
�j�, �J���i�`�B�t �i�`���M�b�7�Q�`�K���i�B�Q�M�,�*�Q�M�b�i�`�m�+�i �� �b�i���+�F�2�/ �T���;�2 �K���i�`�B�t �m�b�B�M�; �/���i�� �7�`�Q�KN �S�J�l

�+�?���M�M�2�H�b �B�M �i�?�2j th �K�2���b�m�`�2�K�2�M�i �r�B�M�/�Q�r �r�B�i�?T �Q�#�b�2�`�p���i�B�Q�M�b�- ���b �/�2�b�+�`�B�#�2�/ �B�M �b�2�+�i�B�Q�M
�8�X�k�X�9�X

�9�, �G�Q�r�@�`���M�F �K���i�`�B�t �2�b�i�B�K���i�B�Q�M�,�P�#�i���B�M �� �H�Q�r�@�`���M�F ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �b�i���+�F�2�/
�T���;�2 �K���i�`�B�t�̂s �m�b�B�M�; �i�?�2 �P�a�o�h �K�2�i�?�Q�/ �Q�m�i�H�B�M�2�/ �B�M ���H�;�Q�`�B�i�?�K�e�X

�8�, �_�2�+�Q�p�2�` �2�b�i�B�K���i�2�/ �K�2���b�m�`�2�K�2�M�i�b�,�_�2�b�?���T�2 �K���i�`�B�t�̂s �i�Q �`�2�+�Q�p�2�` �i�?�2 �2�b�i�B�K���i�2�/
�K�2���b�m�`�2�K�2�M�i�b�X

�e�,�1�M�/ �7�Q�`

�6�B�;�m�`�2 �8�X�9�, �o�B�b�m���H �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �K���i�`�B�+�2�b�: ; �>; �: 0 ���M�/�>0 �7�Q�` �� �T���;�2 �K���i�`�B�t �m�b�B�M�; �/���i��
�7�`�Q�K �� �b�B�M�;�H�2 �+�?���M�M�2�H

�8�X�j�X�k�P�M�H�B�M�2 �.���i�� �S�`�2�/�B�+�i�B�Q�M

�h�?�2 �Q�M�H�B�M�2 �7�Q�`�2�+���b�i �T�`�Q�#�H�2�K �T�2�`�i���B�M�b �i�Q �T�`�2�/�B�+�i�B�M�; �i�?�2 �b�B�;�M���H �p���H�m�2f (T + 1) �;�B�p�2�M �T���b�i
�Q�#�b�2�`�p���i�B�Q�M�bx (t); t 2 [1; 2; : : : ; T]�X �h�?�B�b �B�b ���M���H���Q�;�Q�m�b �i�Q �T�2�`�7�Q�`�K�B�M�; �`�2�;�`�2�b�b�B�Q�M �r�B�i�? �M�Q�B�b�v
�/���i���X �h�?�2 �Q�M�H�B�M�2 �7�Q�`�2�+���b�i�B�M�; ���H�;�Q�`�B�i�?�K �T�`�Q�T�Q�b�2�/ �B�M �i�?�B�b �T���T�2�`�@�7�B�`�b�i�- �/�2�M�Q�B�b�2�b ���M�/ �B�K�T�m�i�2�b
�T���b�i �Q�#�b�2�`�p���i�B�Q�M�b �U���H�;�Q�`�B�i�?�K�d�V�- ���M�/�b�2�+�Q�M�/�- �m�b�2�b �H�B�M�2���` �`�2�;�`�2�b�b�B�Q�M �i�Q �H�2���`�M �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T
�#�2�i�r�2�2�M �i�?�2 �H���b�i �`�Q�r ���M�/ �`�2�K���B�M�B�M�; �`�Q�r�b �Q�7 �i�?�2 �B�K�T�m�i�2�/ �Q�#�b�2�`�p���i�B�Q�M �K���i�`�B�t�X �L�2�t�i�- �i�?�2
�H�2���`�M�2�/ �`�2�;�`�2�b�b�B�Q�M �T���`���K�2�i�2�`�b ���`�2 �m�b�2�/ �i�Q �T�`�2�/�B�+�i �i�?�2 �M�2�t�i �b���K�T�H�2 �7�`�Q�K �� �T���;�2 �K���i�`�B�t �b�?�B�7�i�2�/
�#�v �Q�M�2 �b���K�T�H�2�X �P�7 �+�Q�m�`�b�2�- �i�?�2 �7�B�`�b�i �/���i�� �r�B�M�/�Q�r �Q�7 �H�2�M�;�i�?T �M�2�2�/�b �i�Q �#�2 �7�B�H�H�2�/ �#�2�7�Q�`�2 �M�2�t�i�@�b�i�2�T
�T�`�2�/�B�+�i�B�Q�M �+���M �T�`�Q�+�2�2�/�X �h�?�2 �7�Q�`�2�+���b�i �T�`�Q�+�2�/�m�`�2 �B�b �/�2�b�+�`�B�#�2�/ �r�B�i�? �#�2�i�i�2�` �+�H���`�B�i�v �B�M ���H�;�Q�`�B�i�?�K
�3�X

�8�X�j�X�j�*�?�Q�B�+�2 �Q�7 �>�v�T�2�`�T���`���K�2�i�2�`�b

�a�2�H�2�+�i�B�M�;�;�Q�Q�/�?�v�T�2�`�T���`���K�2�i�2�`�b �B�b �2�b�b�2�M�i�B���H �7�Q�` ���+�?�B�2�p�B�M�; �?�B�;�?�@���+�+�m�`���+�v �/���i�� �`�2�+�Q�p�2�`�v �r�?�B�H�2
�K�B�M�B�K�B�x�B�M�; �+�Q�K�T�m�i���i�B�Q�M �i�B�K�2�X �6�Q�` �i�?�2 �/���i�� �`�2�+�Q�p�2�`�v ���H�;�Q�`�B�i�?�K�b �T�`�Q�T�Q�b�2�/ �B�M �i�?�B�b �r�Q�`�F�- �i�r�Q
�K���B�M �?�v�T�2�`�T���`���K�2�i�2�`�b �M�2�2�/ �i�Q �#�2 �+�?�Q�b�2�M�@ ���VL �Q�` �i�?�2 �M�m�K�#�2�` �Q�7 �`�Q�r�b �B�M �i�?�2 �T���;�2 �K���i�`�B�t�-
���M�/ �#�VT �Q�` �H�2�M�;�i�? �Q�7 �/���i�� �r�B�M�/�Q�r�X



�e�k
�+�Ñ�ž�ÿ���¶�� �9�Y �� �K�ñ�²�¶�ã�A���Ì�é�ñ�����Ô�« �K�¶���Ñ�ñ�² �Å�ñ�� �T�K�m �/�ž���ž �`�¶�«�ñ�&�¶���- �m���Ô�é�Ì �Q�ÿ���Ô�è�ž�ã �b�Ô�é�Ì���ã�ž��

�p�ž�ã���¶ �i�Ñ���¶���Ñ�ñ�ã�²�Ô�é�Ì

���H�;�Q�`�B�i�?�K �3�P�M�H�B�M�2 �S�J�l �/���i�� �T�`�2�/�B�+�i�B�Q�M

�R�,�A�M�B�i�B���H�B�x���i�B�Q�M�,�a�2�iT  �r�B�M�/�Q�r �H�2�M�;�i�?�-N  �i�Q�i���H �M�m�K�#�2�` �Q�7 �S�J�l �+�?���M�M�2�H�b�-j  0�X
�k�, �q�?�B�H�2�S�J�l �/���i�� �b�i�`�2���K�b ���`�2 ���p���B�H���#�H�2�-�/�Q�,
�j�, �J���i�`�B�t �7�Q�`�K���i�B�Q�M�,�*�Q�M�p�2�`�i �K�2���b�m�`�2�K�2�M�i �p�2�+�i�Q�`�bx i (t + j )�- i 2 [1; 2; : : : N ]�- t 2

[1; 2; : : : T] �i�Q �� �b�i���+�F�2�/ �T���;�2 �K���i�`�B�t�s �h+ �D�- �b���v�X
�9�, �J���i�`�B�t �B�K�T�m�i���i�B�Q�M�,�l�b�B�M�; ���H�;�Q�`�B�i�?�K�d�- �/�2�M�Q�B�b�2 ���M�/ �B�K�T�m�i�2�s �h+ �D�i�Q �Q�#�i���B�M���s �h+ �D�X
�8�, �G�2���`�M �i�?�2 �H�B�M�2���` �7�Q�`�2�+���b�i �K�Q�/�2�H�,�S���`�i�B�i�B�Q�M �K���i�`�B�t���s �h+ �D�B�M�i�Q �i�r�Q �T���`�i�b�: ���M�/�>

�b�m�+�? �i�?���i�: �+�Q�K�T�`�B�b�2�b �Q�7 �i�?�2 �7�B�`�b�iL � 1 �`�Q�r�b �B�M���s �h+ �D���M�/�> �+�Q�M�i���B�M�b �i�?�2 �H���b�i�X �G�B�M�2���`
�`�2�;�`�2�b�b�B�Q�M �?�2�`�2 �T�2�`�i���B�M�b �i�Q �2�b�i�B�K���i�B�M�; �i�?�2 �T���`���K�2�i�2�` �p�2�+�i�Q�`� j �7�Q�` �r�?�B�+�?�> = �: � j + �
�B�M �i�?�2 �H�2���b�i �b�[�m���`�2�b �b�2�M�b�2�X

�e�, �6�Q�`�2�+���b�i �i�?�2 �Q�M�2�@�b�i�2�T�@���?�2���/ �/���i���,�*�Q�M�b�i�`�m�+�i �K���i�`�B�t�: 0 �r�B�i�? �i�?�2 �H���b�iL � 1 �`�Q�r�b �Q�7
���s �h+ �D�X �1�b�i�B�K���i�2�>0 �7�`�Q�K�: 0 ���b�>0 = �: 0� j �m�b�B�M�; �i�?�2 �p���H�m�2 �Q�7� j �H�2���`�M�i �B�M �b�i�2�T �8�X �6�Q�` �i�?�2
�m�M�B�p���`�B���i�2 �T�`�2�/�B�+�i�B�Q�M �+���b�2�- �i�?�2 �H���b�i �2�M�i�`�v �Q�7�>0 �B�b �i�?�2 �T�`�2�/�B�+�i�B�Q�M �Q�7 �i�?�2 �M�2�t�i �K�2���b�m�`�2�K�2�M�i
x(T + j + 1) �X �6�Q�` �i�?�2 �K�m�H�i�B�p���`�B���i�2 �+���b�2�- �T�2�`�i�B�M�2�M�i �2�M�i�`�B�2�b �7�`�Q�K�>0 �M�2�2�/ �i�Q �#�2 �2�t�i�`���+�i�2�/�X
�6�Q�` �+�H���`�B�i�v�- �� �p�B�b�m���H �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �K���i�`�B�+�2�b�: ; �>; �: 0 ���M�/�>0 �B�b �T�`�Q�p�B�/�2�/ �B�M �7�B�;�m�`�2�8�X�9�X

�d�, �l�T�/���i�2�, �a�2�ij  j + 1
�3�,�1�M�/ �r�?�B�H�2

� �*�?�Q�B�+�2 �Q�7L�, �1�K�T�B�`�B�+���H�H�v�- �B�i �r���b �Q�#�b�2�`�p�2�/ �i�?���i �+�?�Q�Q�b�B�M�; ��L �p���H�m�2 �B�M �i�?�2 �8�@�R�y �`���M�;�2
�v�B�2�H�/�2�/ �;�Q�Q�/ �`�2�b�m�H�i�b �7�Q�` �#�Q�i�? �i�?�2 �Q�M�H�B�M�2 �T�`�2�/�B�+�i�B�Q�M ���M�/ �Q�7�7�H�B�M�2 �B�K�T�m�i���i�B�Q�M �i���b�F�b�X �E�2�2�T�B�M�;
�i�?�2 �T���`���K�2�i�2�`L �b�K���H�H �2�M���#�H�2�b �+���T�i�m�`�B�M�; �i�?�2 �b�?�Q�`�i�@�i�2�`�K �i�2�K�T�Q�`���H �T���i�i�2�`�M�b �B�M �S�J�l �/���i���X
�>�Q�r�2�p�2�`�- �7�Q�` �p�2�`�v �M�Q�B�b�v �/���i���- �B�M�+�`�2���b�B�M�;L �+���M �?�2�H�T �B�M �Q�#�i���B�M�B�M�; �b�K�Q�Q�i�?�2�` �2�b�i�B�K���i�2�b�X

� �*�?�Q�B�+�2 �Q�7T�, �h�?�2 �B�M�@�b���K�T�H�2 �B�K�T�m�i���i�B�Q�M ���M�/ �T�`�2�/�B�+�i�B�Q�M �2�`�`�Q�` �7�Q�` �i�?�2 �K�m�H�i�B�p���`�B���i�2 �/���i��
�`�2�+�Q�p�2�`�v �K�2�i�?�Q�/ �b�+���H�2�b ���b1/

p
NT �X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �H�Q�M�;�2�` �i�?�2 �/���i�� �r�B�M�/�Q�r�- �i�?�2 �#�2�i�i�2�` �i�?�2

�T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �+�?�Q�Q�b�B�M�; �� �H�Q�M�; �/���i�� �r�B�M�/�Q�r �B�M�+�`�2���b�2�b �+�Q�K�T�m�i���i�B�Q�M
�i�B�K�2�X ���b �+�Q�K�T�m�i���i�B�Q�M �i�B�K�2 �B�b �M�Q�i �� �T�`�B�K�2 �+�Q�M�+�2�`�M �7�Q�` �Q�7�7�H�B�M�2 �/���i�� �B�K�T�m�i���i�B�Q�M�- �� �7���B�`�H�v �H�Q�M�;
�r�B�M�/�Q�r �+���M �#�2 �+�?�Q�b�2�M�X �A�M �i�?�2 �M�m�K�2�`�B�+���H �`�2�b�m�H�i�b �b�2�+�i�B�Q�M �Q�7 �i�?�B�b �T���T�2�`�- �/���i�� �B�K�T�m�i���i�B�Q�M �r�B�i�?
T = 54000 �U�j�y �K�B�M�m�i�2�b �Q�7 �/���i���V �?���b �#�2�2�M �/�2�K�Q�M�b�i�`���i�2�/ �X

�*�Q�K�T�m�i���i�B�Q�M �i�B�K�2 �B�b �Q�7 �;�`�2���i�2�` �+�Q�M�+�2�`�M �r�?�2�M �B�i �+�Q�K�2�b �i�Q �Q�M�H�B�M�2 �T�`�2�/�B�+�i�B�Q�M�- ���b �2�p�2�`�v �T�`�2�/�B�+�@
�i�B�Q�M �b�i�2�T �`�2�[�m�B�`�2�b �� �K���i�`�B�t �2�b�i�B�K���i�B�Q�M ���M�/ �H�B�M�2���` �`�2�;�`�2�b�b�B�Q�M �Q�T�2�`���i�B�Q�M�X �>�2�M�+�2�- �+�?�Q�Q�b�B�M�; ��
�b�?�Q�`�i�2�` �i�B�K�2 �r�B�M�/�Q�r �B�b �#�2�M�2�7�B�+�B���H�X �>�Q�r�2�p�2�`�- �i�?�2 �r�B�M�/�Q�r �H�2�M�;�i�?T �b�?�Q�m�H�/ �#�2 �b�2�H�2�+�i�2�/ �+���`�2�@
�7�m�H�H�v�X �A�7T �B�b �i�Q�Q �b�K���H�H�- �T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v �r�B�H�H �#�2 �B�K�T���+�i�2�/ �#�v �K�2���b�m�`�2�K�2�M�i �M�Q�B�b�2�X �A�7
T �B�b �i�Q�Q �H���`�;�2�- �i�?�2 �/���i�� �r�B�M�/�Q�r �K���v �+�Q�M�i���B�M �Q�#�b�Q�H�2�i�2 �K�Q�/�2�b �i�?�2�`�2�#�v �/�2�;�`���/�B�M�; �T�`�2�/�B�+�i�B�Q�M
���+�+�m�`���+�v�X �A�i �r���b �2�K�T�B�`�B�+���H�H�v �Q�#�b�2�`�p�2�/ �i�?���i �� �/���i�� �r�B�M�/�Q�r �Q�7 ���#�Q�m�i� �j�y�@�9�8 �b���K�T�H�2�b �v�B�2�H�/�2�/
�;�Q�Q�/ �T�2�`�7�Q�`�K���M�+�2 �r�B�i�?�Q�m�i �m�M�/�m�H�v �B�M�+�`�2���b�B�M�; �T�`�2�/�B�+�i�B�Q�M �i�B�K�2�X

�8�X�j�X�9�a�+���H���#�B�H�B�i�v

�h�?�2 �b�B�x�2 �Q�7 �i�?�2 �T���;�2 �K���i�`�B�t �r�B�H�H ���H�b�Q �#�2 �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �M�m�K�#�2�` �Q�7 �S�J�l �+�?���M�M�2�H�b ���p���B�H���#�H�2�X
�A�M �� �`�2���H �b�v�b�i�2�K �r�B�i�? �?�m�M�/�`�2�/�b �Q�7 �7�B�2�H�/ �S�J�l�b�- �+�Q�K�T�m�i���i�B�Q�M �K���v �#�2 �b�T�2�/ �m�T �#�v �/�B�p�B�/�B�M�; �i�?�2
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�S�J�l�b �B�M�i�Q �;�`�Q�m�T�b �r�B�i�? �b�B�K�B�H���` �K�Q�/���H �b�B�;�M���i�m�`�2�b ���M�/ �T�`�Q�+�2�b�b�B�M�; �i�?�2 �;�`�Q�m�T�b �B�M �T���`���H�H�2�H�X
�:�`�Q�m�T�B�M�; �i�Q�;�2�i�?�2�` �S�J�l�b �;�2�Q�;�`���T�?�B�+���H�H�v �+�H�Q�b�2 �i�Q �2���+�? �Q�i�?�2�` �r�B�H�H ���H�b�Q �2�M�?���M�+�2 �p�B�b�B�#�B�H�B�i�v �B�M�i�Q
�õ�H�Q�+���H�ö �/�v�M���K�B�+�b �r�?�B�+�? �K�B�;�?�i �?���p�2 �#�2�2�M �Q�#�b�+�m�`�2�/ �#�v ���;�;�`�2�;���i�B�M�; �b�B�;�M���H�b �Q�p�2�` �� �r�B�/�2�@���`�2��
�;�`�B�/�X �a�Q�K�2 �b�i�`���i�2�;�B�2�b �7�Q�` �;�`�Q�m�T�B�M�; �S�J�l �b�B�;�M���H�b �i�Q �2�M�b�m�`�2 �H�Q�r�@�`���M�F�M�2�b�b �Q�7 �i�?�2 �K�2���b�m�`�2�K�2�M�i
�r�B�M�/�Q�r �?���p�2 �#�2�2�M �T�`�2�b�2�M�i�2�/ �B�M �H�B�i�2�`���i�m�`�2 �(�R�R�d�)�X

�.�m�`�B�M�; �� �/�B�b�i�m�`�#���M�+�2�- �i�?�2 �b�v�b�i�2�K �/�2�p�B���i�2�b �7�`�Q�K �B�i�b �T�`�2�/�B�+�i�2�/ �#�2�?���p�B�Q�`�- ���M�/ �i�?�2 �H�Q�r�@�`���M�F
�T�`�Q�T�2�`�i�v �Q�7 �i�?�2 �b�i���+�F�2�/ �T���;�2 �K���i�`�B�t �K���v �M�Q�i �?�Q�H�/ �i�`�m�2�X �h�?�2�`�2�7�Q�`�2�- ���i �i�?�2 �Q�M�b�2�i �Q�7 �� �/�B�b�@
�i�m�`�#���M�+�2�- �Q�M�H�B�M�2 �T�`�2�/�B�+�i�B�Q�M�b �K���v �p���`�v �;�`�2���i�H�v �7�`�Q�K �Q�#�b�2�`�p�2�/ �K�2���b�m�`�2�K�2�M�i�b�X �h�?�2 �/�B�7�7�2�`�2�M�+�2
�#�2�i�r�2�2�M �i�?�2 ���+�i�m���H �Q�#�b�2�`�p���i�B�Q�M�b ���M�/ ���H�;�Q�`�B�i�?�K �T�`�2�/�B�+�i�B�Q�M�b �/�2�+�`�2���b�2�b �;�`���/�m���H�H�v�X

�8�X�9�L�m�K�2�`�B�+���H �_�2�b�m�H�i�b
�h�?�B�b �b�2�+�i�B�Q�M �/�2�b�+�`�B�#�2�b �i�?�2 �M�m�K�2�`�B�+���H �i�2�b�i�b �T�2�`�7�Q�`�K�2�/ �i�Q �p���H�B�/���i�2 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2
�T�`�Q�T�Q�b�2�/ �B�K�T�m�i���i�B�Q�M ���M�/ �T�`�2�/�B�+�i�B�Q�M �K�2�i�?�Q�/�Q�H�Q�;�B�2�b�X �h�?�2 �7�B�`�b�i �b�2�i �Q�7 �i�2�b�i�b ���`�2 �T�2�`�7�Q�`�K�2�/
�Q�M �b�B�K�m�H���i�2�/ �/���i���- ���`�i�B�7�B�+�B���H�H�v �/�B�b�i�Q�`�i�2�/ �#�v �i�?�2 �B�M�D�2�+�i�B�Q�M �Q�7 ���/�/�B�i�B�p�2 �M�Q�B�b�2 ���M�/ �`���M�/�Q�K �/���i��
�/�`�Q�T�X �h�?�2 �M�2�t�i �b�2�i �Q�7 �i�2�b�i�b �+�Q�M�b�B�/�2�`�b �`�2���H �M�Q�B�b�v �S�J�l �K�2���b�m�`�2�K�2�M�i�b �`�2�+�Q�`�/�2�/ �#�v �� �l�X�a�X
�m�i�B�H�B�i�v�X �B�M �i�?�B�b �+���b�2�- �i�?�2�i�`�m�2 �p���H�m�2�b�Q�7 �i�?�2 �K�2���b�m�`�2�K�2�M�i�b ���`�2 �m�M�F�M�Q�r�M�- �#�m�i �p�B�b�m���H �B�M�b�T�2�+�i�B�Q�M
�`�2�p�2���H�b �i�?���i �`�2���b�Q�M���#�H�2 �p���H�m�2�b ���`�2 �T�`�2�/�B�+�i�2�/ �7�Q�` �b�r���i�?�2�b �Q�7 �K�B�b�b�B�M�; �/���i���X ���H�H �+�Q�K�T�m�i���i�B�Q�M�b
���`�2 �T�2�`�7�Q�`�K�2�/ �Q�M �� �S�* �r�B�i�? �R�e �:�" �_���J ���M�/ �k�X�e �:�>�x �A�M�i�2�H �+�Q�`�2 �B�d�@�N�d�8�y�>�6 �T�`�Q�+�2�b�b�Q�`�X

�8�X�9�X�R�a�B�K�m�H���i�2�/ �J�2���b�m�`�2�K�2�M�i�b �.���i���b�2�i

�L�m�K�2�`�B�+���H �i�2�b�i�b �r�2�`�2 �T�2�`�7�Q�`�K�2�/ �Q�M �3�e�X�e �b�2�+�Q�M�/�b �Q�7 �K�2���b�m�`�2�K�2�M�i�b �7�`�Q�K �S�J�l�b �B�M�b�i���H�H�2�/ ���i
�i�2�M �;�2�M�2�`���i�Q�` �#�m�b �i�2�`�K�B�M���H�b �Q�7 �i�?�2 �A�1�1�1 �j�N�@�#�m�b �i�`���M�b�K�B�b�b�B�Q�M �K�Q�/�2�H �(�R�R�3�)�X �Z�m���b�B�@�b�i�2���/�v �b�i���i�2
�Q�T�2�`���i�B�Q�M�b ���M�/ �i�?�`�2�2�@�T�?���b�2 �7���m�H�i�b �r�2�`�2 �`�2�+�Q�`�/�2�/ �m�b�B�M�; �_�h�.�a �T�Q�r�2�` �b�v�b�i�2�K�b �b�B�K�m�H���i�Q�` ���M�/
�:�h�L�1�h�t�k �#���b�2�/ �S�J�l�b ���i �e�y �7�T�b �`�2�T�Q�`�i�B�M�; �`���i�2�X �.�m�`�B�M�; �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �b�B�K�m�H���i�B�Q�M�- �[�m���b�B
�b�i�2���/�v�@�b�i���i�2 �+�Q�M�/�B�i�B�Q�M�b �r�2�`�2 �b�B�K�m�H���i�2�/ �#�v �K�Q�/�m�H���i�B�M�; �i�?�2 �K�2�+�?���M�B�+���H �i�Q�`�[�m�2 �Q�7 �;�2�M�2�`���i�Q�`
G1 �2�p�2�`�v �k�y�y �K�b �#�v �� �`���M�/�Q�K �T�2�`�i�m�`�#���i�B�Q�M �r�B�i�?�B�M� 1�W �Q�7 �i�?�2 �M�Q�K�B�M���H �p���H�m�2�X �h�?�2 �/���i�� ���H�b�Q
�b�?�Q�r�b �i�?�`�2�2 �/�B�b�i�m�`�#���M�+�2�b�X ���i �R�3�X�j�j �b�2�+�Q�M�/�b�- �� �b�2�H�7�@�+�H�2���`�B�M�; �i�?�`�2�2�@�T�?���b�2 �7���m�H�i �B�b �7�Q�H�H�Q�r�2�/ �#�v
�i�`�B�T�T�B�M�; �Q�7 �i�?�2 �7���m�H�i�2�/ �H�B�M�2�- �H�2���/�B�M�; �i�Q �� �i�Q�T�Q�H�Q�;�v �+�?���M�;�2�X ���i �8�8�X�e�d �b�2�+�Q�M�/�b�- �i�?�2 �i�`�B�T�T�2�/ �H�B�M�2
�B�b �`�2�+�Q�M�M�2�+�i�2�/�- �`�2�b�i�Q�`�B�M�; �i�?�2 �B�M�B�i�B���H �M�2�i�r�Q�`�F �i�Q�T�Q�H�Q�;�v�X ���i �d�3�X�R�j �b�2�+�Q�M�/�b�- ���M�Q�i�?�2�` �i�?�`�2�2�@�T�?���b�2
�b�2�H�7�@�+�H�2���`�B�M�; �i�?�`�2�2�@�T�?���b�2 �7���m�H�i �i���F�2�b �T�H���+�2�X

�A�M �i�?�B�b �b�i�m�/�v�- �i�?�`�2�2 �K�2���b�m�`�2�K�2�M�i �+�?���M�M�2�H�b �7�`�Q�K �2���+�? �S�J�l �r�2�`�2 �m�b�2�/ �@ �T�Q�b�B�i�B�p�2 �b�2�[�m�2�M�+�2
�p�Q�H�i���;�2 �K���;�M�B�i�m�/�2�- �T�Q�b�B�i�B�p�2 �b�2�[�m�2�M�+�2 �p�Q�H�i���;�2 ���M�;�H�2 ���M�/ �7�`�2�[�m�2�M�+�v�X �.���i�� �7�`�Q�K ���H�H �i�2�M �S�J�l�b
���`�2 �b�?�Q�r�M �B�M �7�B�;�m�`�2�b�8�X�8�-�8�X�e���M�/�8�X�d�X �S�J�l�b ���`�2 �`�2�7�2�`�`�2�/ �i�Q �#�v �i�?�2 �;�2�M�2�`���i�Q�` �i�2�`�K�B�M���H �i�?�2�v
���`�2 �B�M�b�i���H�H�2�/ ���i�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �S�J�l ���i �;�2�M�2�`���i�Q�`G1 �i�2�`�K�B�M���H �B�b �+���H�H�2�/ �S�J�lG1�X �o�Q�H�i���;�2
���M�;�H�2 ���i �S�J�lG1 �B�b �+�Q�M�b�B�/�2�`�2�/ ���b �i�?�2 �`�2�7�2�`�2�M�+�2 ���M�;�H�2�X

�a�B�K�m�H���i�2�/ �K�2���b�m�`�2�K�2�M�i�b �?���p�2 �#�2�2�M �m�b�2�/ �7�Q�` �2�p���H�m���i�B�M�; �i�?�2 �/���i�� �`�2�+�Q�p�2�`�v ���H�;�Q�`�B�i�?�K�b ���b �i�?�2
�õ�;� �̀Q�m�M�/ �i�`�m�i�?�ö �/���i�� �B�b ���p���B�H���#�H�2 �7�Q�` �+�Q�K�T���`�B�b�Q�M�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �B�M �`�2���H �S�J�l �K�2���b�m�`�2�@
�K�2�M�i�b�- �b�Q�K�2 �`�2���/�B�M�;�b �K���v ���H�`�2���/�v �#�2 �K�B�b�b�B�M�; �Q�` �+�Q�`�`�m�T�i�- ���M�/ �i�?�2�`�2 �B�b �M�Q �r���v �Q�7�2�t���+�i�H�v
�F�M�Q�r�B�M�;�r�?���i �i�?�Q�b�2 �K�2���b�m�`�2�K�2�M�i�b �b�?�Q�m�H�/ �?���p�2 �#�2�2�M�X �6�m�`�i�?�2�`�- ���b �i�?�B�b �b�B�K�m�H���i�B�Q�M �`�2�+�Q�`�/�b
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�6�B�;�m�`�2 �8�X�8�, �S�J�l �K�2���b�m�`�2�K�2�M�i�b�, �S�Q�b�B�i�B�p�2 �b�2�[�m�2�M�+�2 �p�Q�H�i���;�2 �K���;�M�B�i�m�/�2

�6�B�;�m�`�2 �8�X�e�, �S�J�l �K�2���b�m�`�2�K�2�M�i�b�, �S�Q�b�B�i�B�p�2 �b�2�[�m�2�M�+�2 �p�Q�H�i���;�2 ���M�;�H�2 �U�m�M�r�`���T�T�2�/�V
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�M�2�i�r�Q�`�F �i�Q�T�Q�H�Q�;�v �+�?���M�;�2�b�- �r�2 �+���M �B�M�p�2�b�i�B�;���i�2 �B�7 �p���`�v�B�M�; �i�Q�T�Q�H�Q�;�B�2�b ���7�7�2�+�i �`�2�+�Q�p�2�`�v ���+�+�m�`���+�v�X

�8�X�9�X�k�.���i�� �i�`���M�b�7�Q�`�K���i�B�Q�M

�h�?�2 �S�J�l �K�2���b�m�`�2�K�2�M�i�b ���`�2 �b�+���H�2�/ �#�2�7�Q�`�2 �#�2�B�M�; �i�`���M�b�7�Q�`�K�2�/ �B�M�i�Q �i�?�2 �b�i���+�F�2�/ �T���;�2 �K���i�`�B�t
�/�2�b�+�`�B�#�2�/ �B�M �b�2�+�i�B�Q�M�8�X�k�X�9�X �h�?�2 �b�+���H�B�M�; �T�`�Q�+�2�b�b �m�b�2�/ �B�M �i�?�B�b �T���T�2�` �B�b �/�2�b�+�`�B�#�2�/ �#�2�H�Q�r�,
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