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Abstract

Methods for analyzing the structural-acoustic power efficiency of active struc-

tures are developed. For this work we deÞne the power efficiency as the ratio of the

sound power radiated by a structure to the maximum possible radiated sound power.

An active structure is deÞned as one that has electromechanical actuators distributed

over its surface for the purpose of structural-acoustic excitation. The power efficiency

of planar, baffled structures with arbitrary boundary conditions is examined using a

combination of methods based on numerical integration, variational principles, and

Þnite element analysis.

The fundamental result of this work is that computing the power efficiency of

an active structure reduces to the solution of two eigenvalue problems. The maximum

possible sound power radiated by a planar, baffled structure is shown to be equiva-

lent to the largest eigenvalue of the acoustic power transfer matrix. The structural-

acoustic power efficiency is the solution of a separate generalized eigenvalue problem

whose parameters include the location of the electromechanical actuators and the type

of electromechanical actuation. The advantage of this metric over other measures of

radiation efficiency is that 0 and 1 bound the structural-acoustic power efficiency. Fur-

thermore, solving for the power efficiency as a function of frequency yields a measure

of the bandwidth of the structural-acoustic actuator.
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Power efficiency is analyzed for point force actuation and distributed moment

actuation. Numerical simulations demonstrate that maximizing the power efficiency

requires that the magnitude and phase of the structural modal velocity vector be

matched to that of the eigenvector that corresponds to the maximum eigenvalue of

the acoustic power transfer matrix. Matching the modal velocity to the maximizing

eigenvector produces a vibration shape that maximizes the sound power radiation

of the structure. Individual actuators are not able to achieve high efficiency over

a broad frequency range for both types of electromechanical actuation. Multiple-

actuator arrays are able to achieve higher average efficiency at the expense of increased

number of actuators.

An optimization problem is then posed to maximize the structural-acoustic

power efficiency by varying the location and size of distributed moment actuators.

We demonstrate that an average efficiency on the order of 0.85 is possible over a large

bandwidth through optimal placement and sizing of a set of four distributed moment

actuators. Experimental results on a baffled plate demonstrate that correct phasing

of the actuators results in velocity distributions that correlate well with predicted

results.
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Chapter 1

Introduction

1.1 Background

Vibration and noise are persistent problems in many engineering applications. Vari-

ous noise and vibration control techniques have been developed to alleviate problems

in sound radiation and sound transmission. The large majority of these systems can

be loosely deÞned as active or passive. Among these techniques, passive methods

are widely used in industries and commercial products. Passive methods differ from

active methods, in that they require no external power inputs for operation. Passive

noise control either adds some noise reduction materials or devices to, or modiÞes the

original system in such a way to reduce the unwanted the sound emission by the net

system. Typical passive methods include sound absorbing materials and vibration

damping materials. Mufflers, enclosures, and barriers are other examples of passive

methods to reduce noise. Sound absorbing materials are commonly implemented for

a large range of applications (such as buildings, machinery enclosures, and aircraft)

to reduce sound propagation. As suggested by Kim and Song (1999), passive meth-

ods are often the most cost effective technique for suppressing noise in the mid to

high frequencies, but they are less effective at low frequencies where the acoustical

wavelength of the sound is relatively long compared to the thickness of the absorbing

materials. Vibration damping materials can also be effective at suppressing structural

sound radiation, but they also have limited effectiveness at frequencies well below the
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critical frequency of the vibrating structure.

The limited effectiveness of passive noise suppression has resulted in the de-

velopment of active control methods for the attenuation of low frequency noise. The

possibility of active noise control was suggested by Lueg in 1936, but it was not until

relatively recently that advances in digital signal processing have made active noise

control a feasible alternative to passive techniques [Warnaka (1982)]. Active noise

cancelation(ANC) is achieved by the intentional superposition of acoustic waves to

create a destructive interference pattern so that attenuation of unwanted sound oc-

curs. With this method, noise is canceled by an out of phase control signal gener-

ated by the control sources, such as speakers, directly added onto the acoustic Þeld.

Previous studies demonstrated that when the sound source is complex or distrib-

uted over multiple surfaces, many acoustic control sources are required in order to

provide global control [C. R. Fuller and Nelson (1996)]. This disadvantage limited

its engineering applications and motivated the development of a new technique, ac-

tive structural-acoustic control(ASAC) for controlling structural sound radiation and

structural sound transmission.

ASAC differs from active noise cancelation in the manner in which sound ra-

diation and sound transmission is controlled. The seminal work in active structural-

acoustic control was performed and reported by Fuller (1990) and , Jones and Fuller

(1989) in their series of papers on controlling structural sound radiation and sound

transmission. Since this study will not focus on the ASAC, this author will not present

a detailed literature review on this Þeld. However, a very comprehensive literature

survey in the advancement of active noise control until 1990 can be found in the paper

of Stevens and Ahuja (1991).

ANC uses acoustic sources directly added on the acoustic Þeld to cancel the

noise. Unlike ANC, ASAC relies on vibration sources, such as piezoelectric ceramic

actuators and electromagnetic shakers, applied directly to the structure to control

the noise. In general, this strategy requires a smaller number of control inputs for a

global sound reduction in the acoustic Þeld as compared to ANC. A common type

of piezoelectric ceramic used in active noise control is the lead zirconate titanate
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or short for PZT, a ferroelectric ceramic material with piezoelectric properties and

reciprocal behavior that converts electrical energy into mechanical energy. Although

a lot of scholars have successfully reduced the noise by the implementations of ASAC

using different control algorithms: adaptive feedforward control algorithm [Widrow

and Stearns (1985)], eigenvalue assignment [Burdisso et al. (1994)], linear-quadratic-

Gaussian (LQG) [Ho and Robertshaw (1992)], not much emphasis has been paid to

the effectiveness of an individual actuator or group actuators. As one can imagine, the

effectiveness of the actuators plays a key role in the active noise control. Therefore,

this work will focus on the maximization of the actuation power of the actuators.

A brief literature review in the immediately following sections will focus on the

previous work on the sound radiation power analysis, the effectiveness of an actuator,

and especially the sound radiation power and the actuation power efficiency of an

actuator driven structure.

1.2 Sound Radiation from Plates

Early researchers studying the sound radiation of a structure focused on the radiation

efficiency, which is deÞned as the ratio of the average acoustic power radiated per unit

area of a vibrating surface to the average acoustic power radiated per unit area of a

piston that is vibrating with the same average mean square velocity [Fahy (1985)].

Based on the similar deÞnition, different approaches were applied to analyze the

radiation of a beam and panel.

Using the Rayleigh integral and a far-Þeld power integral, Wallace (1972) stud-

ied the far-Þeld radiation efficiency of each low frequency mode without the coupling

of different modes of a simply supported panel. One of the major disadvantages of his

work was that the coupling between modes was ignored. Maillard (1974) advanced

Wallace�s work by cataloging the vibrational modes of the surface, edge, and cor-

ner modes in terms of modal radiation efficiency. Lomas and Hayek (1977) further

advanced Wallace�s work by including the numerical evaluation of the inertial cross-

coupling terms oscillating functions. They also developed an approach to study the
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sound radiation from an elastically supported plate. Keltie and Peng (1987) investi-

gated the problem of the modal coupling and concluded that its effect on the radiated

sound power was important to the degree that the modal coupling terms should not

be ignored, especially for low frequency and off-resonance excitation cases. Instead of

the direct evaluation on the Rayleigh integral, Levine (1984) developed a coordinate

transformation that enables the exact evaluation of the integrals obtained in the use

of spatial Fourier analysis applied to beams.

In another hand, some recent researchers further advanced Wallace�s work by

substituting the modal expansions into the Rayleigh integration and evaluated the

sound radiation from radiation efficiency. Elliot and Johnson (1993) investigated the

sound radiation power using the magnitude of mode shapes, and amplitudes of a num-

ber of elemental radiators. It was shown that velocity distributions which radiate in-

dependently can be calculated as the eigenvectors of an elemental radiation resistance

matrix. The radiation efficiencies of these radiation modes were proportional to the

corresponding eigenvalue of the radiation resistance matrix. Similarly, Naghshienh

(1993), Snyder and Tanaka (1995)published their work on the study of sound power

radiated from a simply supported structure. Based upon Wallace�s work, they using a

modal decomposition analysis of the acoustic power radiated from a simply-supported

rectangular panel, represented the total acoustic power as summed contributions from

the radiation efficiencies. They represented a power transfer matrix as their radiation

operator. Within the power transfer matrix, the off-diagonal or mutual radiation

terms were expressed as functions of the on-diagonal or self-radiation terms [Snyder

and Tanaka (1995)]. Applying the modal decomposition analysis to their study, Leo

and Paine (1997a) contributed to the Þeld by deriving the maximum sound power

radiation of a simply-supported plate as an eigenvalue decomposition problem. Their

technique showed that the maximum radiation power was simply proportional to the

largest eigenvalue of the power transfer matrix, which could be evaluated using nu-

merical integration. It provided us with a easy way to evaluate the maximum sound

radiation power of a simply supported structure. However, it could not be directly

applied to a structure under non-simply supported boundary conditions.
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While majority of the researchers focused on their study on the simply sup-

ported structures, a few scholars were considering noise reduction of the structures

with a variation of boundary conditions from simply supporting. Based on a varia-

tional method and the Hamiltonian principle, Berry et al. (1990) presented a method

using trial functions to study the radiation of the sound from a plate with edges elasti-

cally restrained against deßection and rotation. They applied their model to analyze

the radiation efficiencies of modes of simply supported, clamped, free, and guided

plates. Their results of a simply supported plate agreed with previous work. How-

ever, this method requires signiÞcant large terms of the trial functions [Berry et al.

(1990); Song (1995)].

Based upon Galerkins method, Sung and Jan (1997) published their work on

the active control of sound radiation from a clamped rectangular plate by piezoelec-

tric moments. They proposed an approximate solution to the clamped plate using

quasiorthogonal shape functions and the virtual work principal. The dynamic system

response of the structure to the point force and piezomoments was approximately

derived. They demonstrated that the piezomoment excitation effectively attenuated

the global sound radiation power by approximately 24dB.

As an further application of the variational method and the Rayleigh-Ritz

method, some researchers [Aksu and Ali (1976); Mead (1988a,b); Newbury and Leo

(2000)] investigated the frequency or mode shape variation of plates with stiffeners,

which are widely used in civil, marines, and aerospace structures because of their

high strength-to-weight ratio. However, theses authors did not focus on the sound

radiation power analysis of the stiffened structures.

As we could see from the literatures listed above that the majority of the sound

radiation analysis did not focus on structure under the non-simply supported bound-

ary conditions. Although some researchers� work on active noise control involved in

the analysis of non-simply supported structure, it did not focus on the sound radia-

tion analysis. Cao and Leo (1998) integrated the FEA, numerical integration, and

eigenvalue decomposition technique into the sound radiation analysis of a structure

under an arbitrary support. Submitting the normal mode analysis from FEA into
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numerical integration, and integrated with eigenvalue decomposition technique, this

method provides us with a general approach to analyze the sound radiation of a planar

structure under any supports. Unfortunately, the FEA made it hard for the designers

to get physical meaning from results. Therefore, a hybrid method integrated the vari-

ational approach with the numerical integration and eigenvalue technique will also be

developed in this study.

1.3 The Effectiveness of Noise Reduction

Our above literature survey shows that the majority of the research related to the

active noise control so far has not been directly related to the analysis of actuator

efficiency. However, some of the work involves the effectiveness of noise reduction of

the structure.

Fuller (1989) analyzed the active control of sound transmission through a

circular plate clamped at the edges. Using active control, the plate will have a lower

radiation efficiency. They inferred that the sound reduction is in some cases the

results of redistributing the plate response, modal restructuring, and in others as

suppressing plate modal vibration, modal suppression. They also experimentally

investigated the effectiveness of using secondary acoustic sources and using control

forces [Fuller (1990)]. It was found that the accelerometer locations were so critical

to the control output that, at certain circumstance, the control system resulted in an

increase in the sound pressure level.

Using distributed PZT actuators as control elements, Dimitriadis and Fuller

(1989) suggested that the locations and sizes of the PZT actuators were very impor-

tant to the control performance. Results from their study showed that the number

of the control point forces required less than that of acoustic sources. Through an

analytical study, Snyder and Hansen (1991) also reached the similar conclusion as

above and they emphasized the importance of the actuator locations on the control

performance of the system.

In the implementation of active noise control, different cost functions or con-
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trol algorithms were used in the noise reduction. Built the cost function as being

proportional to the radiated sound power, Dimitriadis and Fuller (1990) analyzed

sound radiation control of a multiple PZT actuator driven simply supported plate.

In their analysis, they concluded that the control would be much more effective with

the use of multiple actuators. They also pointed out that the actuator locations were

the key factor to the control effectiveness. Similarly, choosing a Þnite sum of the

mean-squared sound pressure in the far Þeld as the optimization objective function,

Dimitriadis and Fuller (1990) developed an optimization approach for optimal loca-

tions of PZT actuators. It is demonstrated that with optimally located actuators,

the control performance of the system is much better than that with the arbitrarily

positioned actuators [Fuller and Dimitriadis (1991)].

Using the same cost function and Þltered -x version of the adaptive LMS al-

gorithm, Clark and Fuller (1991, 1992) developed an approach for the optimization

of the sizes and locations of rectangular PVDF sensors in their investigation of the

active noise control using polyvinylidene ßuoride(PVDF) sensors. The experiments

illustrate the importance of optimally locating the control transducers is of the same

importance as the number of control channels.

Choosing the total sound radiation power, Varadan et al. (1997) combined a

FEA with optimization to model and optimize sound attenuation of a piezoelectric

active structure system. In their work, a group of actuators were used to reduce the

sound radiated noise in a moderate frequency band, 200-400Hz. By changing the

applied voltage to one of the single piezoelectric actuators, the sound radiation of

the structure at Þrst few natural frequencies was controlled. In their model, three-

dimensional piezoelectric elements, ßat shell elements, and transition element were

used. It required large computer space and memory, and due to the size limitation of

meshes, it is difficult to apply to a large structure.

Instead of using sound power as cost function, Meirovitch and Thangjithan

(1990) chose the most active radiators as control strategy and then evaluated the

attenuation level of the sound Þeld with the high excitation frequencies of a large

number of control actuator driven simply supported plate. Burdisso et al. (1994)
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developed a technique to actively control the noise by responding with only the weak-

est set of modal radiators. They implemented the eigenvalue analysis for active noise

control using a feedforward algorithm. This was demonstrated on a simply-supported,

rectangular plate mounted in an inÞnite, rigid baffled. Cunefare (1991) presented

an optimal velocity distribution for simply supported and clamped beams and the

minimum radiation efficiencies in a set of orthogonal radiation modes. A modal ex-

pansion of the surface velocity in terms of unknown modal amplitude coefficients, the

Rayleigh integration and a far-Þeld intensity integration are employed to obtain a

quadratic expression for the radiation efficiency of the beam. He concluded that the

eigenvector of modal amplitude coefficients corresponding to the lowest eigenvalue

yields the minimum radiation efficiency, while the eigenvalue itself is the actual value

of the minimum radiation efficiency.

In another hand, some researchers use surface velocity as cost function in their

implementation of noise reduction. Expressing the sound power as a function of the

surface velocity, Ho and Robertshaw (1992) and Naghshienh (1993) used it to control

broad band sound radiation from structures. Expressed the radiated power in the

quadratic form of surface velocity, Naghshineh and Koopmann (1992) using a modal

decomposition technique to actively control the noise of a clamped-clamped beam.

The radiated power was summed contributions of eigenvalues determined from the

linear combination of the eigenvectors, corresponding to the actual surface velocity.

The radiated power was expressed in terms of primary and control forces on the nodes

of the discrete node of the beam. With quadratic optimization the minium value of the

power was achieved based on the spatial placement of the control forces, resulting in

a set of optimum weights for the actuator forces. They also used eigenvectors acted

as surface velocity Þlters to minimize the cost function using the control strategy

determined by actively eliminating the most efficient radiators.

In addition, some work has also been performed in noise reduction by using

linear control theory, such as linear quadratic regulator(LQR) or linear quadratic

Gussion(LQG) in their controlling of noise. Ho and Robertshaw (1992) developed

a method to estimate, in real time, the total radiated energy from measurements on
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the structure and designed radiation Þlters and the feedback controller using LQR

to suppress the acoustic energy radiated to the far Þeld from a structure that has

been excited by a short-duration pulse. The real time estimation of total acoustic en-

ergy was accomplished by spatially decomposing the structure and then decomposing

the radiation of these spatial functions with respect to temporal frequency. A radi-

ator Þlter was constructed based on these frequency responses. The radiation was

estimated by converting the velocity measurements into the predetermined spatial

functions. Computer simulation of a clamped-clamped beam demonstrated the effec-

tiveness of the acoustic controller incorporated with radiation Þlter when compared

to a vibration controller using the same control energy [Suanders and Robertshaw

(1991)]. Furthermore, Ho and Robertshaw (1992) formulated the acoustic suppres-

sion problem for persistent broadband disturbance as a standard LQG problem and

an optimal feedback controller was designed to minimize the radiation power of a

clamped-clamped beam.

Song (1995) investigated the optimization of transducers for active control

structural sound radiation from elastically supported plates under multiple-frequency

excitation. In his study, two types of approaches have been developed to optimally

design the error sensors. One is to design the sensors which can provide information

about the radiated sound power. The other is based on the sufficient conditions

developed in this work for the error criteria in the linear quadratic optimal control

theory. For the second approach, an optimization procedure has been developed to

determine the optimal locations of microphone sensors in the sound Þeld. Moreover,

a series of parametric studies have been conducted to evaluate the sensitivity of

the control performance of the optimally designed actuator and sensor systems to

the changes in important system parameters, such as the disturbance frequency, the

plate support conditions. Its results show that even use of a small number of carefully

located error sensors, it is possible to achieve global sound attenuation.

Problems with multiple actuators require a multiple input multiple output(MIMO)

analysis. Some researchers tried to simplify the control problem using a directed com-

binatorial search, called Tabu search, to select an optimal conÞguration from a much
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larger set of candidate locations, Dan, et al, optimized the locations for arrays of

sensors and actuators. In their test 8 PZT actuators were installed on the interior

shell of the cylinder, a total of 462 microphone locations were sampled. The goal is to

derive and test optimum sensor and actuator arrays of dimension 8 x4, respectively,

at three frequencies, which are relatively corresponding to the coupled strong acoustic

and strong structural mode, weak acoustic and strong structural mode, and strong

acoustic and weak structural mode [Palumbo and Cabell (2000)].

Instead of a conventional multichannel controller, Feng (1995) used one control

channel to control multiple actuators by turning the subsidiary actuators to in phase

or out of phase with the master actuator or simply switch off the subsidiary actuators

and noise reduction is 15 -20 dB higher than that of the signal actuator method for

a baffled, simply supported plate.

The above literature review showed that different methods have been success-

fully applied to the noise reduction control. However, the majority of the research

focused on the noise reduction as a global measurement of the effectiveness of the

control algorithm. There have been not enough emphases on the effectiveness of the

actuator itself.

In order to analyze the effectiveness and maximize the performance of the actu-

ators, Leo and Paine (1997a) suggested a deÞnition of power efficiency as a standard

to compare with for different actuators. The power efficiency is deÞned as the actual

sound power radiated by the plate over the maximum possible sound power. It was

evaluated using the eigenvalue decomposition for both the point force and the moment

distributed PZT actuator driven plate. They also reduced the power efficiency of an

air acoustic actuator array to a generalized eigenvalue problem, and they studied the

maximum acoustic power output of the air-acoustic actuator array [Leo and Paine

(1997b)].

Applying Leo and Paine�s work to the study of the power efficiency of a gen-

eral planar structure under an arbitrary supporting condition, Cao and Leo (1998)

extended the eigenvalue decomposition technique to the study of power efficiency of

an elastically supported general planar structure by integrating the Þnite element and
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numerical integration. They also investigated the effect of boundary conditions, the

number of actuators, as well as the location of the actuator on the power efficiency.

Furthermore, they applied the eigenvalue decomposition and general eigenvalue de-

composition technique to the radiation impedance calculation and power efficiency

study of an elastic supported circular plate.

As the literatures suggested that there were little work focused on the power

efficiency of the actuators, although a great deal of work has been successfully made

to the noise reduction as a globe measurement. Therefore, this work will focus on the

actuation power efficiency of the actuator(s) and the maximization of the actuator

performance of an active structure.

1.4 Piezoceramic Actuator Modeling

With the development of ASAC, smart materials, such as shape memory alloys, elec-

trostrictive materials, magnetostrictive materials and electro-rheological ßuids, PVDF

Þlm, especially the piezoelectric ceramics, have been studied extensively for active

control. When a control voltage is applied to PZT materials, it will generate me-

chanical strain. Conversely, it will generate a voltage when it is under mechanical

deformation. Because of the coupling of the PZT materials with the host structure,

the dynamics of the active system will vary from those of the plain host structure

or PZT material itself. There also is energy transfer between mechanical energy and

electric energy when the control voltage is applied.

Some researchers have investigated the mechanisms and modeling of smart

materials, especially the piezoceramics.

Based on strain compatibility between the PZT patch and structure surface

in contact, Crawley and Luis (1989) used both static model and dynamic models

to predict the structural response when an external voltage was applied to PZT

actuators. Their dynamic model was not strictly dynamic because it was generated

by simply incorporating a dynamic model of the structure into a coupling static

model of the PZT and its substructure. However, this model will give a reasonable
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estimation of the force response if the PZT mass is much smaller than the total mass

and the resonance frequency is much higher than the frequency of interest. As an

extension of this work, Dimitriadis et al. (1991) derived a dynamic analysis model

for an undamped thin rectangular plate with simply supported boundary conditions

excited by a PZT patch.

By taking into account the free stress boundary conditions characterizing the

Þnite size piezoelectric actuator, Pan et al. (1992) developed a dynamical model to

predict the response of a beam driven by piezoelectric actuator. Their model agreed

with the experiment results and had a good improvement on the prediction of the

strain in the region close to the actuator. On other hand, some researchers moved to

use FEA to analyze the active structure. Liang and Rogers (1992) used the Þnite

element method to analyze the strain of shape memory alloy actuators embedded

composite materials. Although this model is accurate in the strain calculation in

the regions far away from the edge, it can not accurately estimate the strain value

at the free edge because the boundary condition of the free stress in the surface is

not satisÞed in this model. Liang and Rogers (1994) also investigated the energy

consumption and conversion of PZT actuators in active structures.

Based on a Þnite element analysis using a Rayleigh-Ritz energy formulation,

Hagood et al. (1990) proposed a dynamic model that included the coupling between

the actuator, structure, and electrical network. The corresponding state space models

are developed and a comparison of theoretical derivations and validated experiment

on an actively controlled cantilever beam shows a good agreement between the model

and experimental results. However, his work does not discuss electromechanical power

relationships in active structures, and the actuator force loading is not explicitly

expressed as a function of the input impedance of the actuator itself [Zhou and Rogers

(1995)]. In addition, Molyet et al. (1998) presented an experiment and Þnite element

analysis on the induced strain transfer from PZT material to the metal substructure

through a bonding layer. In order to include the electromechanical coupling of the

active system, Sun et al. (1993) suggested a coupled electromechanical analysis for a

piezoelectric actuator-driven spring-mass damper system, and discussed the concepts
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of actuator power factor and energy transfer of the system. Zhou (1994) further

expanded Liang�s coupled electromechanical model to the 2D plate and cylinder.

This model was also experimentally validated.

Combining the thermo coupling to piezoelectric-mechanical coupling, Chat-

topadlyoy (1999) developed a theormo-piezoelectric-mechanical model of composite

laminates with surface bonded piezoelectric actuators by applying a higher-order dis-

placement Þeld to capture the transverse shear effects. Their model shows that signif-

icant deviations from the classical plate theory are observed for moderately thick and

thick plates because classical theory neglects the presence of transverse shear effects.

Energy conversion is involved in both the piezoelectric and converse piezoelec-

tric effects, therefore, how to model the power consumption in piezoelectric actuators

attracted the attention of researchers. Giurgiutiu and Rogers (1996) used the dy-

namic analysis of an induced strain actuation stack coupled with external dynamic

stiffness to study the maximum mechanical power and minimum power consumption.

Giurgiutiu (2000) reviewed the active-materials induced-strain actuation for

aeroelastic vibration control, especially for aircraft. They inferred that the maximum

energy output from the induced-strain actuator was calculated for the matched stiff-

ness conditions. The overall efficiency of active-material actuation depends, to a great

extent, on the efficiency of the entire system that includes not only the active-material

transducer but also the displacement ampliÞcation and the power supply.

The above literature survey suggested the following: different actuation mod-

els, such as static model, dynamic model, FEA model, and coupled electro-mechanical

model, have been used to investigate the mechanism and predict the response of the

active system. Since a static model ignored the inßuence of the actuator on the sys-

tem dynamic and the response predicted by a static model is frequency independent,

therefore it is not accurate in all applications. A dynamic model is therefore neces-

sary to the analysis of system response of active structure. However, most dynamic

models are simply integrating the decoupled mechanical solution into a static model.

The electro-mechanical coupling is ignored. As an alternative, a FEA model could

be used to solve the coupled model with a good accuracy, but it typically has a high
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requirement on the computer speed and memory. Since most commercial software did

not have a suitable type of elements to handle the piezoelectric materials, it also lim-

ited its applications. Zhou and Rogers (1995) proposed a coupled electro-mechanical

model by taking into account the coupling between the structure and actuators. Their

model is veriÞed by the experiment. Therefore, this model will be integrated in this

work into actuation power efficiency analysis.

1.5 Motivation

In summary, the literature survey concerning the sound radiation, effectiveness of

noise reduction, and actuation modeling suggests some of the limitations of current

studies on the noise control and motivate this study on the followings:

1. The primary focus of noise control has not been power efficiency issues, although

some researchers have used sound power output as a performance metric for

active structural-acoustic control laws. The literature also shows that, under

most circumstances, the planar structure under investigation concerning noise

control is simply supported. Although a few researcher investigated on the

clamped panels, their method lacked of a generality, and their work did not

focus on issues of power efficiency [Sung and Jan (1997)]. The work by Berrys

involved in the radiation power calculation of an elastically supported plate,

but signiÞcant large terms of trial functions required by the model limited its

applications [Berry et al. (1990), Song (1995)]. Furthermore, it is hard to apply

this technique to a geometrically complex structure. Therefore, a more general

method integrated the FEA/variational approach, numerical integration, and

eigenvalue decomposition into the power radiation analysis will be developed.

2. On the other hand, great progress has been made in the implementation of ac-

tive control and noise reduction, but few efforts have been contributed to the

analysis of the effectiveness of the actuators. This motivates this work to ex-

pand the current actuation power efficiency studies of an active actuator driven
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structure performed by Leo (1998) to include different boundary conditions

and geometries.

3. As the rapid development of active noise control, smart materials are getting

popular in the implementation of the control algorithm. Different actuation

models have been developed to predict the response of an active system. Among

them, the coupled electro-mechanical model developed by Zhou and Rogers

(1995) incorporated the electro-mechanical coupling of the active system. How-

ever, few efforts have been made to study the power efficiency, especially the

efficiency of active structure with electro-mechanical coupling. Although Liang

and Rogers (1994) Dimitriadis et al. (1991) used the impedance models in

their analyses of electromechanical energy conversion between the PZT actua-

tor and the host structure, their results are sensitive to the damping ratios. In

order to overcome the shortage of the current efficiency studies not accounting

the dynamic coupling, this study is motivated to integrate the coupled electro-

mechanical model into the power efficiency of the active structure.

4. As we knew, one of the disadvantages of active noise control in certain applica-

tions is the narrow bandwidth of performance. Although substantial progress

has been made in noise control, very limited studies were focused on the im-

provement of the frequency bandwidth. Leo (1998) reduced the power efficiency

of an active structure driven by the multiple actuators to a generalized eigen-

value problem. As suggested by previous studies, multiple actuators could not

only improve the power efficency, but also increase the high efficiency band-

width. However, research so far has shown that multiple actuators increasing

the high frequency efficiency is far less successful than their performance in

increasing low frequency efficiency. On the other hand, some researchers have

successfully optimized the parameters of the multiple actuators to minimize the

noise. However, their optimization procedures were tied to the control algo-

rithms and did not focus on the performance of the actuators and nor the high

efficiency bandwidth. This work is motivated to optimize the power efficiency
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at a broad frequency bandwidth.

5. As for a typical active control applications, piezoceramic actuators or sensors

are relatively small. Therefore, the efficiency analysis can be evaluated based on

the power transfer matrix obtained from the normal mode analysis results of the

host structure. Current efficiency studies did not take into account the normal

mode and frequency variation on the inßuence of power efficiency. This study

is motivated to investigate the power efficiency variation at some extremities,

such as a multiple thick PZT actuator driven thin plate excited by multiple

piezoceramic actuators.

1.6 Objective

As reviewed in the above sections, although considerable research work considering

about the total noise reduction has been performed in the Þeld of active control

of sound radiation from the plates, there are some limitations on the research as

following. Therefore, a general method could be used to calculate the sound radiation

for any planar structure under arbitrary boundary conditions is worthwhile to study.

On the other hand, the increasing popular PZT actuation applications at-

tracted a lot of investigators to study the reduction of noise using multiple actuators.

However, very limited efforts have been made to evaluate the effectiveness of actua-

tors. How effective of these smart materials is an important issue in the noise control.

Previous studies focus on the noise reduction and not enough emphasis is paid on the

effectiveness of actuation itself. As a results, in most cases the noise attenuation is

problem dependent and only effective at a speciÞc frequency bandwidth. Therefore,

some fundamental investigation about the best location and number of the control

actuators, as well as the performance of each actuator or the group actuators is still

needed, especially with consideration of the active structure driven by PZT patches.

In addition, the factors inßuencing the effectiveness, such as the electro-mechanical

coupling of PZT actuators is worthwhile to study. Furthermore, the effect of system

parameters, such as, edge support conditions and complex geometry, on the effective-
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ness is deserving of investigation.

The goal of this work is to develop systematic methods to study the power

efficiency of a baffled planar structure under various supporting conditions and to

maximize the performance of actuators. It will provide the designers with a useful

tool in the control design, especially the actuator design. On the basis of the literature

review and study, the speciÞc objectives of this dissertation are to:

1. Develop a general hybrid method that integrats the numerical integration, vari-

ational approach, and eigenvalue decomposition technique to predict sound ra-

diation power for the complex plate under elastic supports;

2. Extend current sound radiation power analysis to the power efficiency issue of

the active structure driven by a point force or distributed actuator. Further

apply the power efficiency study to the multiple actuators driven structure;

3. Introduce a coupled dynamic eletro-mechanical model to the power efficiency

analysis. The impedance model, reßecting the dynamic response of a point

force actuator and its host structures, will be incorporated with the generalized

eigenvalue decomposition technique to study power efficiency of the structure

driven by actuator arrays;

4. Maximize the power efficiency by optimizing the PZT actuator sizes and lo-

cations, and analyze the inßuence factors such as the relative thickness of the

PZT actuators on the power efficiency. Validate the power efficiency modal to

the extremities such as relative thick PZT actuator driven thin plate.

1.7 Contributions

This work will focus on the power efficiency investigation of an actuator driven struc-

ture, especially the maximization of the actuator performance. The speciÞc contri-

bution of this study are as following:
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1. First, one common method of sound radiation calculation using modal expan-

sion is directly integrate the normal mode analysis results obtained from closed

-form analysis. The speciÞc contribution of this work is to introduce the nor-

mal mode analysis results from the variational approach or FEA to the above

sound radiation analysis. Because of the generality of the variational approach

and FEA, this hybrid sound calculation method can be easily applied to for

any geometrical complex planar structure under elastic supports. In addition,

similar to the previous maximum sound radiation analysis Leo (1998), this hy-

brid method is further integrated into eigenvalue decomposition technique to

investigate the maximum power efficiency.

2. Another speciÞc contribution is to introduce a coupled dynamical electro-mechanical

model into the power efficiency analysis in order to take into account the inßu-

ence of distributed PZT actuators on the power efficiency analysis caused by

the electro-mechanical coupling.

3. In addition, this work contributes speciÞcally to the power efficiency analysis by

investigating the distributed PZT parameters, such as the relative thickness or

size of PZT actuator to that of structure, on the power efficiency. This effort has

been made by combining the variational method with the proposed hybrid sound

radiation power analysis. The results show that the actuation power efficiency

is much less inßuenced by the distributed PZT parameters than sound radiation

power is.

4. The Þnal contribution is to maximize the multiple PZT actuators performance

using optimization based on the maximum efficiency. Although some efforts

have been made on the optimization of actuator parameters, such as location

and thickness , the majority of them was based on the noise reduction, not on

the actuator performance. In addition, the optimization was based on narrow

frequency range and was typically tied to the particular control algorithm. As a

result, this optimization achieve a high efficiency at a much broader frequency

bandwidth comparing to previous analyses.
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1.8 Organization of This Dissertation

The work in this dissertation is broken up into several major sections.

Chapter 1 is concerned with an introduction of the background and a review

of related work.

Chapter 2 deals with the analysis of the sound radiation power. A general

method is proposed to analyze the sound radiation power for any planar structure

under an arbitrary boundary. As derived by Snyder et al. (1995), the sound radiation

power of a baffled planar structure can be expressed a function of the integration of

the weighted mode shapes. By integrating the numerical integration approach with

modal expansions, the sound radiation power could therefore be evaluated.

In order to make this analysis more genetic, a Þnite element analysis could be

used to perform the normal mode analysis. Thereby the power transfer matrix can be

evaluated with the mode shapes and frequencies using FEA or the variational method.

According to the eigenvalue decomposition, the maximum sound radiation power is

proportional to the maximum eigenvalue of the power transfer matrix. Therefore, the

sound radiation power for any planar structure under arbitrary boundary conditions

can be evaluated. Although a FEA generally provides a good accuracy of the normal

mode analysis, it does not provide any physical insights. The variational method is

alternatively used to analyze the normal mode. The sound radiation power is then

calculated.

Chapter 3 studies the power efficiency of a point force actuator driven struc-

ture. In oder to compare the performance of a point force actuator quantitatively, the

actuation efficiency of the point force driven structure is investigated using the eigen-

value decomposition technique. The efficiency is a function of the maximum power

transfer matrix. The inßuence factors on the power efficiency are analyzed. Also,

the radiation impedance of a rigid plate is derived and the corresponding results are

compared with the rigid piston of the structure.

Chapter 4 applies the previous power efficiency of the point force actuator

driven structure to the PZT actuator driven structure. As we know, the application
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of the PZTs in the active control are getting popular and popular because of its

small size and easy application. In order to take into account the electro-mechanical

coupling, a dynamic electro-mechanical model is integrated into the power efficiency

analysis. The effect factors of parameters such as PZT location are analyzed.

Chapter 5 extends the power efficiency from single actuator to multiple actu-

ators. As previous studies illustrate that the multiple actuators could improve the

power efficiency at a broad frequency ranges. Based upon the generalized eigenvalue

technique, the maximum power efficiency of the multiple actuators is investigated.

According to previous analysis the actuator locations are very crucial to the noise re-

duction, optimization is therefore be conducted. The corresponding maximum power

is achieved with the optimized actuation location.

Chapter 6 studies the inßuence of the PZT size and thickness on the power

efficiency. As we know, when a control voltage is applied to the PZT patches, the

working procedure accompanies the energy changes, from mechanical to electrical ,

or vice verse. The added PZTs will also inßuence the dynamics of the original host

structure. Using variational approach integrating the coupled dynamic impedance

model, the power efficiency of the relative thick multiple PZT patch driven structure

is then analyzed.

Chapter 7 discuses the experimental investigation of the inßuence of PZT

patches on the frequencies, mode shapes, and damping ratios. Furthermore, the

experimental results are used to verify the sound radiation power analytical modal.

Chapter 8 summarizes the major conclusions deducted from this work.
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Chapter 2

Sound radiation power calculation

2.1 Introduction

Power requirements are a fundamental consideration in the application of active con-

trol systems to problems in noise and vibration suppression. Unlike a purely passive

design, an active system converts electrical power into mechanical and acoustic power

for the purpose of suppressing the unwanted sound or vibration. This energy con-

version is performed using the sensors and actuators of the control system, and the

amount of energy required is a function of how well the overall system can perform

this electromechanical and electroacoutic conversion. Different actuators such as a

point force actuator or a PZT actuator are used to excite the structure. How effective

the actuation, which is deÞned later as the actuator power efficiency, will be a main

topic of this work. Before we go deep into the efficiency analysis, we would Þrst like

to investigate the acoustic power generated by the active structure.

As discussed in the preceding chapter, a great amount of work has been per-

formed to reduce the noise level using active noise control. Among the work, some

research involved the sound radiation calculation and sound radiation power evalu-

ation. Expressing the sound radiation power as the integral of the modal velocity,

Snyder and Tanaka (1995) investigated the sound radiation power of a simply sup-

ported plate. The modal velocity vectors are a function of mode shapes. Integrat-

ing the mode expansions, the sound radiation power, therefore, could be evaluated.
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Figure 2.1: A plate under an inÞnite baffle.

However, for a geometrically complex plate or a plate under elastic support, it is not

suitable to evaluate the sound radiation power directly using the same formulation.

This chapter will derive a general hybrid approach to compute the sound radi-

ation power of a planar structure, as shown in Figure 2.1. This planar structure could

be in any shape and it could be under an arbitrary boundary condition. As it will be

known later that the sound radiation power of a planar structure could be evaluated

using numerical integration by expressing the sound radiation power as a quadratic

form of the integration of the mode velocity [Snyder and Tanaka (1995)]. By integrat-

ing the normal mode analysis from the Þnite element analysis or variational approach

with numerical integration, a more general method is achieved.

2.2 Problem Ddescription

In this chapter, it is assumed that the structural vibration is controlled by a set of

actuator(s) that apply point force inputs normal to the plate surface. A systematic

method will be derived to compute sound power radiation. As examples, this method

will be applied to the analysis of sound radiation of a rectangular plate under different

boundary conditions.
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2.3 Sound radiation power formulation

For the planar structure in an inÞnite baffle, as shown in Figure 2.1, there are two

common approaches to calculate the sound power radiation. The Þrst approach is

to integrate the far-Þeld acoustic intensity over a hemisphere enclosing the sound

resource and the other approach is to integrate the real part of the acoustic intensity

over the surface of the vibrating structure. Here the second approach will be taken, as

it leads more directly to the desired result. For the planar structure being considered

here, the acoustic power output can be expressed as the following integral [Snyder

et al. (1995)],

W =
1

2

Z
s

Re(p(X)∗v(X))dX (2.1)

where S denotes integration over the surface of the vibrating structure, v(X) is the

complex surface velocity at a location X(x, y) on the structure, with z = 0 deÞning

the plane of the structure, and Re denotes the real part of the expression.

Using the Rayleigh integral, the acoustic pressure of the planar structure, p(X)

can be expressed in terms of surface velocity [Snyder et al. (1995)],

p(x) =
jωρ0

2π

Z
S

V (X 0)
e−jkr

r
dX 0 (2.2)

where k is the acoustic wave number, which is deÞned as angular frequency normalized

with respect to the speed of sound, c and r is the distance between the source location

X
0
and the receiver location X, respectively. After simpliÞcation, the sound power

radiated into far Þeld can be expressed as followings [Snyder and Tanaka (1995)]:

W =
ωρ0

4π

Z
S

Z
S

V H(X 0, t)
sin(kr)

r
V (X, t)dX 0dX, (2.3)

where H stands for the complex conjugate transpose, ω the angular frequency, the

variable S denotes the integration over the surface of the plate, and V (X, t) is the

physical velocity at a given locationX and time t. The physical velocity V (X, t) is ex-

pressed as the linear combination of a modal velocity v(t) and mode shape ψ(X). The
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velocity V (X, t) at any locationX can be expressed in the modal expansions [Snyder

et al. (1995)]

V (X, t) =
NX
i=1

ψi(X)vi(t), (2.4)

where N is the number of the modes in modal expansions, the variable vi is the ith

the modal velocity, and ψi(X) is the ith mode shape. As an example, sound power

radiation of a planar structure is derived as follows. If we normalize the dimensions

with respect to the maximum length and maximum width of the plate, respectively,

then we have

ξ = x
a

ζ = y
b

(2.5)

and express r as:

r = a
p
(ξ − ξ0)2 + %2(ζ − ζ 0)2 = aη, (2.6)

where % is the aspect ratio. The differential element is expressed in nondimensional-

ized form

dX = dxdy = abdξdζ = abdξ. (2.7)

After inserting Equation( 2.6) and Equation( 2.7) into Equation( 2.3), the sound

power can be expressed as:

W =
ωρ0ab

2

4π
V H

Z
S

Z
S

ψT (ξ0)
sin(κη)

η
ψ(ξ)dξ0dξV, (2.8)

where T stands for the transpose. If we deÞne α as:

α =

Z
S

Z
S

ψT (ξ0)
sin(κη)

η
ψ(ξ)dξ0dξ, (2.9)

then the sound radiation power can be expressed as:
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W = γ
2κ%

π
vHαv, (2.10)

where γ = ρ0cab
4
is equivalent to the sound power output of a rigid piston normalized

with respect to the velocity of the piston. Therefore, sound radiation power is a

quadratic function of modal velocity and a function of power transfer matrix. In the

following sections, we will propose a general method to evaluate the sound power

radiation.

2.4 A General Hybrid Method

In previous analysis, it is shown that the sound power radiation can be evaluated

using numerical integration with equation (2.8). However, due to the irregularity of

the geometry and the varying boundary conditions, we may not be able to obtain the

closed-form frequencies and mode shapes necessary to evaluate the integrals. In order

to evaluate the sound radiation of a general planar structure, we Þrst need a general

method to solve for normal modes and then a general procedure to evaluate the two

double integrations over the surface of the structure. For the normal modal analysis,

the commonly used Þnite element analysis [Liang et al. (1992)] and the variational

approach [Charette and Berry (1997); Newbury and Leo (2000)] will be employed. As

for the evaluation of the two double integrations, a numerical integration subroutine

is developed for the rectangular plate. Furthermore, the more general approach of

using the approximate summation of the integration elements over small areas instead

of the direct integration over the surfaces is also proposed. One advantage of this

approximation is that it could be applied to any planar structure. As a contribution,

this work will integrate the modal analysis data with numerical integration to evaluate

sound radiation, and later on the power efficiency for any planar structure. In the

following sections, we will address the FEA, variational approach for normal modal

analysis and the numerical integration procedures of the two double integrations.
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2.5 Normal Mode Analysis

In his section, two methods, FEA and variational approach will be applied to the

normal mode analysis to obtain the natural frequencies and mode shapes which are

needed in the sound radiation power analysis. Natural frequencies alone are usually

sufficient for applications in which the primary concern is avoiding a structural reso-

nance. In noise and vibration control applications, though, the mode shapes play an

equally important role in the design of effective passive and active treatments [New-

bury and Leo (2000)]. It is well known that structural sound radiation is related to

the radiation efficiency of the vibration modes [Wallace (1972)]. In this study, normal

mode analysis will be directly related to the sound radiation power of the structure.

In addition, due to the fact that damping is ignored during normal mode analysis,

experimental modal analysis of damping ratios will be used in the acoustic analysis

to increase its accuracy.

2.5.1 Finite element analysis

Finite element analysis is a popular engineering tool with a proven high degree of

accuracy for the modal analysis of a structure. Actually, some researchers, to name

a few, Liang and Rogers (1994); Varadan et al. (1997), have also advanced one

step further and analyzed the dynamic response of the PZT actuator-driven active

structure. However, a dynamic FEA model requires Þne meshes around PZT regions

and most commercial software does not have the proper elements to handle the PZT.

Due to the above reasons, in this section, we will use FEA as one of the approaches

to obtain the normal mode analysis needed in the sound radiation analysis instead of

direct modeling the acoustics of the structure.

Natural Frequency

A FEA model is Þrst used to determine the natural frequencies and mode shapes of

the structure under different supports. In order to simulate the different boundary

conditions, a group of rotational springs and translational springs are placed along the
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Table 2.1: The mode shapes and damping ratios

Index Notation Physical meaning Value Unit
1 ωi Angular frequency of the plate
2 M,N Modal indices
3 ν Poisson�s rate 0.3
4 a Length of the plate 1.88 m
5 b Width of the plate 0.88 m
6 h Plate thickness 0.009 m
7 E Young�s modulus 254 GPa
8 ρs The density of the plate 7800 kg/m3

9 % The rate of the side length b/a
10 ρa Density of air 1.34 kg/m3

11 C Air velocity 340 m/s

edges. In order to simulate the boundary condition variation from simply supported

to clamped, the translation of all nodes on the edge of the plate is constrained to be

zero and the torsional spring supports whose stiffness is varied with the boundary

conditions are placed on the rotational degrees of freedom. For the simply supported,

the plate rotational stiffness is set to zero and for the clamped, the rotational stiffness

is a very large number. In order to verify the accuracy of normal mode analysis, a 1.88

x 0.88 x 0.09 meter steel rectangular plate listed in Table 2.1 is used as an example.

A 1.88x0.8x0.009 m rectangular plate is used as the study objective. Its corre-

sponding parameters and their deÞnitions used for the numerical analyses are listed

in Table 2.1.

Different commercial software, such as SDRC-IDEAS and MSC/NASTRAN,

has been used for normal mode analysis. Table 2.1 lists the plate parameters and their

deÞnitions used for the numerical analyses. As an example, a FEA model consisting of

a 21 x 21 grid of the elements is developed for the normal mode analysis. The accuracy

of the FEA is checked against the closed-form solution in the simply-supported case.

The undamped closed-form solution for the natural frequency of a simply supported
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plate can be calculated from following expression [Inman (1994)]:

ω =

s
Dπ4

ρsha4

µ
M2 +

N2

%2

¶
(2.11)

where D is the bending stiffness of the plate:

D =
Eh3

12(1− ν2)
(2.12)

The above expression demonstrates that the natural frequency is a function of mate-

rial properties, geometries and side length ratio, but the side length ratio of the plate

% is the only parameter that affects the order of the vibration modes. For the simply

supported case, the closed-form solution of frequencies and Þnite element analytical

results are listed in Table 2.2. The numerical calculation shows that the error is less

than one percent for each of the Þrst six natural frequencies. The accuracy of the FEA

model in the simulation of boundary conditions is also checked against the closed-

form solution. This check is performed by increasing the stiffness of the torsional

springs and comparing the results to the closed-form solutions for a simply-supported

and clamped plate. As shown in Figure 2.2, the Þrst natural frequency changes as

the stiffness of the torsional springs vary. The FEA frequencies of the large spring

stiffness supported plate matched those of a clamped plate. Similarly, the FEA fre-

quencies of the small stiffness supporting matched those of a simply supported plate.

The above analysis demonstrates that the FEA model to simulate the variation of

boundary is acceptable.

Mode shapes

As discussed previously, sound radiation power is a function of mode shapes. There-

fore, the accuracy of the mode shape is crucial in the analysis. The accuracy of the

previous model is checked only in respect to the natural frequencies. Now we will

also check the accuracy of the mode shapes. This check is performed for a special

case, i.e, simply supported. The mode shapes of the FEA are compared with those of
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Figure 2.2: The Þrst mode frequency of the plate under different spring
stiffnesses.

closed-form solution. For a simply- supported plate, the mode shapes are sinusoidal

functions given by the expression.

ψi(x, y) = sin(Miπxj)sin(Niπyj). (2.13)

where x, y are coordinates. The variable i and j are mode index and location index,

respectively. Detailed numerical analysis demonstrates that the FEA mode shapes

have a high accuracy comparing to those of closed-form analysis.

After verifying of the accuracy of the FEA model, it is applied to the study of

normal mode analysis for the structure under different boundary conditions, such as

clamped and spring supported plate. By constraining the translational degrees free-

doms and varying the torsional stiffness of the supporting springs, the FEA model can

easily simulate boundary conditions from simply-supported to clamped. As an exam-

ple, the second mode shape of the plate under the simply -supported and clamped con-

ditions are plotted in Figure 2.3 and Figure 2.4, respectively. As seen from these Þg-

ures, the mode shape of the clamped plate looks similar to that of a simply-supported

plate except that it has relatively smaller displacement along the edges. These mode

shape analyses will be the basis for the sound radiation and power efficiency analysis

presented in the later sections.
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Table 2.2: A comparison of the closed-form and Þnite element analytical
frequencies

Index Closed-form FEA Error (%)
1 38.41 38.41 0.0
2 59.12 59.01 0.2
3 93.63 93.42 0.2
4 132.93 133.39 0.3
5 141.96 141.77 0.7
6 153.70 153.58 0.0

2.5.2 Variational Approach

The FEA method is a general method with good accuracy, however, a variational

approach with the Hamilton principle could also be used as an alternative to solve for

the normal modes. Similar to the FEA model, this approach is able to accommodate

a wide variety of geometries and boundary conditions. Based on the Hamilton�s

principle and Lagrange�s equation of motion, the formulation derivation for the system

is brießy summarized from reference as follows. The Hamilton�s principle can be

expressed as following [Meirovitch (1997)]R t2
t1
(δT + δW )dt = 0

δqk(t1) = δqk(t2) = 0 k = 1, 2, ..., n

(2.14)

where δT is the system kinetic energy, δW is the virtual work done by the applied

force, qk is the generalized coordinates, and k is the number of the degree of freedoms.

The above equation can be simpliÞed as Lagrange�s equations of motion

d

dt
(
∂L

∂ úqk
)− ∂L

∂qk
= Qk, k = 1, 2, ..., n (2.15)

where L = T − V , V is the potential energy, and Q is the external force. If we use

a polynomial trial function, the out-of-plane displacement of the structure can be
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Figure 2.3: The second mode shape of a simply -supported plate.

approximated as:

W (x, y, t) =
NX
m=1

NX
n=1

amne
jωt(

2x

a
)m−1(

2y

b
)n−1 (2.16)

Furthermore, the system�s potential energy, kinetic energy, and external force can

be expressed in terms of W . After inserting these terms into Lagrange�s equation of

motion, the system will yield an eigenvalue problem.

(−ω2M +K)U = Q (2.17)

which is an N by N degree of freedom model of the system that can be solved for the

system frequencies and corresponding eigenvectors. Where M and K are the system

mass matrix and stiffness matrix, respectively. These matrices are contributed by

several factors such as plate, PZT patches, and boundary conditions.

Mass matrix and stiffness matrix formulations

In order to solve the eigenvalue problem, equation (2.17), we should evaluate the

matrices Þrst. In the interest of simplicities, equation (2.16) is expressed in a more

compact form [Newbury and Leo (2000)]:
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Figure 2.4: The second mode shape of a clamped plate.

W = UTΦe(jωt)

Φ = [σ0ϑ0 σ0ϑ1 ... σ0ϑN−1 σ1ϑ0 ... σN−1ϑN−1];

(2.18)

where σ = 2x
a
and ϑ = 2y

b
are non-dimensional spatial coordinates. r = a

b
is the aspect

ratio.

Based on the small deßection theory of thin plates, Charette and Berry (1997)

derived the plate stiffness matrix in terms of the motion of the mid-plane of the plate

W . The plate�s contribution to the structure�s stiffness matrix is expressed as the

following [Newbury and Leo (2000)]:

Kplt =
4D

ra2

Z Z
Aplt

£
ΦσσΦ

T
σσ + r

4ΦϑϑΦ
T
ϑϑ + νr

2(ΦσσΦ
T
ϑϑ + ΦϑϑΦ

T
σσ) + 2r

2(1− ν)ΦσϑΦTσϑ
¤
dσdϑ

(2.19)

where subscript plt stands for the plate parameters, h is the thickness, Φσσ, Φϑϑ is

the second derivatives of trial functions Φ with respect to σ and ϑ, respectively and

Φσϑ is the second derivative with respect Þrst to σ and then to ϑ. The PZT also
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contributes to the stiffness matrix in the following manner.

Kpzt =
³
h2
pzt

12
+

(hpzt+hplt)
2

4

´
hpzt

4
ra2

R R
Apzt
(C11

£
ΦσσΦ

T
σσ + r

2ΦϑϑΦ
T
ϑϑ

¤
+

C12r
2
£
ΦσσΦ

T
ϑϑ + ΦϑϑΦ

T
σσ

¤
+ C444r

2ΦσϑΦ
T
σϑ)dσdϑ

(2.20)

where subscript pzt stands for the parameter of the PZT patches.

Boundary conditions also contribute to the stiffness matrix. For an edge at

ϑ = ϑ0, the stiffness matrix is:

Kbc =
kD
2a2

R σ1

σ0
Φ(σ,ϑ = ϑ0)Φ

T (σ,ϑ = ϑ0)dσ

+2Dcr
a2

R σϑ
σ0
Φϑ(σ,ϑ = ϑ0)Φ

T
ϑ (σ,ϑ = ϑ0)dσ

(2.21)

where k = Ka3

D
and c = Ca

D
. By varying K and C, we can simulate any kinds of

boundary conditions. For example, a simply-supported boundary condition can be

easily simulated by assigning the translational spring constant K a value approaching

inÞnity and the rotational spring stiffness C zero at the edge. Since the supporting

condition at each edge will contribute to the stiffness matrix, the total matrix stiffness

related to boundary conditions is simply the total of the stiffness matrix contributed

by the boundary conditions for all edges.

The Þnal stiffness matrix is the summation of above stiffness caused by plate,

PZTs, and boundary conditions.

Similarly, the mass matrix can also be formulated based upon the contributions

of the plate and the PZT. The boundary condition will not inßuence the stiffness.

The mass matrix for the plate is

Mplt = ρplthplt
a2

4r

Z Z
Aplt

ΦΦTdσdϑ (2.22)

The mass matrix for the PZT is

Mpzt =
ρpzthpzta

2

4r

Z Z
Apzt

ΦΦTdσdϑ (2.23)

Apzt denotes integration area over the transducer surface. The total mass matrix is

M =Mplt +Mpzt (2.24)
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With above N by N mass matrix and stiffness matrix, the homogenous equation of

equation (2.17) can be solved for natural frequencies and eigenvectors.

The next step is to solve for the modal shapes. The modal shapes can be

evaluated using the following expression:

ψi(σ,ϑ) = u
T
i Φ (2.25)

where ui is the column eigenvectors corresponding to the ith frequency and ψi is the

mode displacement of ith mode at location (σ,ϑ).

Forcing functions

Two types of excitations are considered in this study: the concentrated impact loads

that are perpendicular to the plate, and induced in-plane strains resulting from elec-

trical excitation of the piezoceramic actuator(s). An impact load is represented by

an impulsive force acting at a single point on the plate. The point force can be rep-

resented by this concentrated force. The corresponding force vector Q is found by

differentiating the virtual work that corresponds to a displacement at the point of the

applied force with respect to the expansion coefficient U [Newbury and Leo (2000)]:

Q =
δW

δU
= FΦ(XF , YF ) (2.26)

where F is the magnitude of the force. Similarly, the force vector corresponding to

voltage excitation of the piezoelectric actuator is

QPZT =
V d31

2r
(C11 + C12)(hpat + hplat)

Z Z
(Φσσ + r

2Φϑϑ)dσdϑ (2.27)

where V is the applied voltage and d31 is the piezoelectric coefficient of the actuator

material.

Applications of variational approach in modal analysis

In this subsection, the variational model presented in previous section can be used to

calculate the natural frequencies and mode shapes of a plate with a PZT actuator.
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Table 2.3: Properties of the plate and PZT actuator

Index Notation Physical meaning Value Unit
Plate

1 Lx Length 480 mm
2 Ly Width 420 mm
3 hplt Thickness 3.22 mm
4 ρ Density 2700 kg/m3

5 E Young�s modulus 66.5 ∗ 109 N/m2

6 ν Poisson�s coefficient 0.33
PZT

1 lx Length 38.1 mm
2 ly Width 31.8 mm
3 hpzt Thickness 0.254 mm
4 ρ Density 7750 kg/m3

5 E Young�s modulus 63 ∗ 109 N/m2

6 ν Poisson�s coefficient 0.33
7 d31 210 ∗ 10−12 m/v

For the purpose of convenience for the comparison, the structure used in the work

of Charette and Berry (1997) whose parameters are listed in Table 2.3 is used as

example to compute the natural frequencies.

Using the above variational model with a truncation of N = 9 terms of trial

functions, the system equation is evaluated and solved for the eigenvalue problem.

The corresponding Þrst ten frequencies are listed in the following Table 2.4. As one

advantage, the variational approach can also be used to solve the normal modes

for a plate without PZT patches. The frequencies with PZT and without PZT are

compared to that of analytical solutions and the corresponding percentage errors are

also listed in the same table for reference.

The error is deÞned as

Ef =
|Freq − Fana|

Fana
∗ 100 (2.28)

where Freq stands for the natural frequency of the structure, Fana is the theoretical
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Table 2.4: A comparison of frequencies of a plate with or without PZT

Modal Index Fana FwoPZT Error(%) FwPZT Error(%)
1 77.064 77.042 0.033 77.039 0.03
2 177.316 177.261 0.031 177.261 0.03
3 208.005 207.942 0.031 207.942 0.03
4 308.257 308.090 0.049 308.106 0.05
5 344.402 344.334 0.021 344.331 0.02
6 426.240 426.135 0.028 426.123 0.03
7 475.343 475.048 0.062 475.048 0.06
8 526.492 526.176 0.060 526.176 0.06
9 578.323 599.665 3.690 599.665 3.69
10 693.578 692.947 0.095 692.916 0.10

values of natural frequencies. As Table 2.4 shown, most frequencies predicted by the

variational model is very close to that of analytical model. The maximum frequency

error is less than 3.7 percent, occurs at the 9th mode, while most frequency errors

are below 0.1 percent. The above numerical analysis results demonstrate that the

variational model is very accurate in predict the natural frequency.

Table 2.4 also lists the natural frequencies of the same plate with a PZT patch

whose dimension is 1� x 1.5� by 0.01�, which is located at the center of the plate.

As we could see from the table, the frequencies predicted by the variational model

is almost identical to that of the plate without PZT patch predicted by the same

approach. It shows that a relatively small PZT patch does not inßuence the natural

frequencies much. The frequencies predicted by this variational model matches with

the experimental results conducted by Charette and Berry (1997).

We also like to make a comparison between the variational mode shapes and

analytical mode shapes. Here we deÞne that the mode shape error as following:

Ems =
N0X
l=1

||Z|− |Zana||
|Zana| (2.29)

where N0 is the total number of the grids of the plate, Z, Zana is the mode displace-

36



Table 2.5: A comparison of mode shape error for different thickness of
PZT patches

Single PZT hpzt
h

Error(%) Double PZT hpzt
h

Error(%)
0.5 0.114
1.0 0.367
2.0 2.085 2.0 3.65
3.0 4.919
5.0 9.495

ment normal to the plate surface at each grid for the mode desired to compare with

and the analytical mode, respectively. A numerical evaluation shows that the error for

the Þrst ten modes between the analytical and variational model is 1.8 percent. Thus

it is reasonable for us to use the modal analysis result obtained from the variational

method in our later sound radiation analysis.

Based on the structure and parameters given by Charette and Berry (1997),

the natural frequencies and modal shapes are evaluated using variational approach.

The parameters for the plate and PZTs are listed in Table 2.3. Assuming the center

of the PZT patch is collocated with the center of the plate. The area of ratio of PZT

to plate is about 0.6%. By varying the thickness of PZT patch, the modal shapes are

evaluated and the error based on the deÞnition, equation (2.29), is computed. The

corresponding errors are listed in Table 2.5.

The results demonstrates that for regular control applications, PZT size is

about an order of 0.5% of the structure, the mode shape error is ignorable if the rela-

tive thickness of PZT patches to the thickness of the plate are less than 3. However,

if the relative thickness is great than 5, the mode shape may need compensation.

For the collocated PZTs, the mode shape error is relatively large, for example, the

mode shape error is 3.65% for a double PZT patches instead of 2.0% for a single PZT

patch. Increasing the term of trial functions will increase the accuracy of variational

approach at a cost of computing time. In addition, Matlab may have difficulty in per-
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forming Gaussian elimination in solving the eigenvalue problem in the large degree of

freedoms when N is greater than 12 [Newbury and Leo (2000)].

2.6 Evaluation of the Double Integrals

With the frequencies and modal shapes obtained either from FEA or variational ap-

proach, we can use mode expansions to evaluate the double integrals and therefore,

the sound radiation analysis. As discussed previous, either a direct numerical integra-

tion or an approximation of summation of the integral over the surface can be used

to evaluate the integrals, equation (2.3) or (2.9).

For a rectangular plate, a direct integration subroutine over the surface is writ-

ten. The integration meshes must correspond to those of normal modal analysis. In

this analysis, a 21 by 21 mesh is used for the rectangular plate. Since this subrou-

tine is only valid on a rectangular plate, another more general method will also be

employed to approximately evaluate the double integrals.

Because of the complexity of the geometry, a different approach is employed

to evaluate the double surface integrals by breaking down it into the summation of

an integral function over small elements. For example, the component of the matrix

α, equation (2.9), can therefore be approximated as

αi,j =
X
m

X
n

ψi(ξm, ηm)
T sin(κη)

η
ψj(ξn, ηn)S

0
mSn, (2.30)

where Sm is the normalized area of the mth element and ψi(ξm, ηm) is the ith mode

shape at location (ξm,ηm). In order to verify the accuracy of this method, the above

approximation method and the directly numerical integration approach are used to

evaluate the power transfer matrix of a rectangular plate which is divided into 21

by 21 elements. Results indicate that only 0.5 percent error exists between these

two methods. Comparing to the direct integration, this method is applicable to any

planar structures.
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2.7 Sound Radiation Calculations

Previous sections presented a methodology to compute sound radiation for a baffled

general structure under arbitrary conditions. In this section, we will Þrst apply this

method to study the inßuence of boundary conditions on the sound radiation for a

rectangular plate, and then to investigate the sound radiation of a circular plate under

elastic support.

The material properties and dimensions are listed in Table 2.1. In order to

compute the sound radiation power, equation (2.10), we need to evaluate the two

double integrals, equation (2.9), Þrst. The natural frequencies and mode shapes are

computed using either FEA or variational approach. With the modal analysis results,

a subroutine for the two double integrations over a rectangular panel is written to

perform a numerical integration. Before we apply this method to the study of sound

radiation analysis, the power transfer matrix of a simply supported plate is computed

and compared with that of publication by Snyder and Tanaka (1995). The sound

transfer matrix is deÞned as

A =
ωρ0ab

2

4π

Z
S

Z
S

ψT (ξ0)
sin(κη)

η
ψ(ξ)dξ0dξ. (2.31)

It is calculated with numerical integration for the same structure as used by Snyder

and Tanaka (1995) with the Þrst ten mode truncations and the 30 by 30 mesh grids

for the double integration.

10.5344 0.0000 3.1981 0.0000 0.0000 0.0000 0.0000 1.8771 0.0000 3.4138

0.0000 0.5996 0.0000 0.0000 0.2869 0.0000 0.0000 0.0000 0.0000 0.0000

3.1981 0.0000 0.9775 0.0000 0.0000 0.0000 0.0000 0.5740 0.0000 1.0356

0.0000 0.0000 0.0000 0.1464 0.0000 0.0000 0.0460 0.0000 0.0000 0.0000

0.0000 0.2869 0.0000 0.0000 0.1373 0.0000 0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 0.0000 0.0050 0.0000 0.0000 0.0024 0.0000

0.0000 0.0000 0.0000 0.046 0.0000 0.0000 0.0145 0.0000 0.0000 0.0000

1.8771 0.0000 0.5740 0.0000 0.0000 0.0000 0.0000 0.3370 0.0000 0.6078

0.0000 0.0000 0.0000 0.0000 0.0000 0.0024 0.0000 0.0000 0.0012 0.0000

3.4138 0.0000 1.0356 0.0000 0.0000 0.0000 0.0000 0.6078 0.0000 1.1067


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Snyder calculated the power transfer matrix and the total acoustic power out-

put of a simply supported rectangular plate using modal radiation efficiencies by

including the Þrst ten modes in the mode expansion. The corresponding power trans-

fer matrix of Snyder�s calculation can be found from the work of Snyder and Tanaka

(1995). Results show that the corresponding between these two approaches is ex-

tremely good with the maximum error less than 4 percent.

Then we move to the study of the sound radiation of a point force actuator-

driven panel. For a simply supported plate, the modal velocity of the ith mode can

be expressed as [Snyder and Tanaka (1995)]

vi = jω
sin(Miπξa)sin(Niπς)

miZi
, (2.32)

where mi =
ρ0hab

4
, Zi = ω

2
i − ω2, and (Mi, Ni) are the modal indices of the ith mode.

General speaking, for a non-damping system

M úX +KX = BTF (2.33)

with mode coordinate, the modal velocity can be evaluated using follow expression:

V = s(ψTMψs2 + ψTMψ)−1ψTBTF (2.34)

where s = jω and B is the force location vectors. With modal velocity and matrix

α, equation (2.9), the sound radiation power can be evaluated using equation (2.10).

Figure 2.5 is a plot of sound radiation power of the rectangular plate under

simply supported and clamped, respectively. The plate is driven by a point force

actuator at the center of the plate. The peaks are corresponding to the resonance

frequencies. Since the clamped plate has a larger resonance frequencies, the sound

radiation power shifts against frequencies to the right comparing to the simply sup-

ported plate. Therefore, we conclude that the boundary conditions will affect the

sound radiation.

In this chapter a general hybrid approach is proposed to calculate the sound

radiation power of a baffled plate under arbitrary boundary conditions. In this ap-

proach, the FEA or variational approach is Þrst used to analyze the normal modes
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Figure 2.5: The sound radiation power.

of the structure. In order to simulate any boundary supports, translational and rota-

tional springs are used in these models. With the normal mode analytical results, a

direct numerical integration or an approximate summation is applied to integrate the

sound power radiation. Numerical comparison shows that the above approach has

a good accuracy. Therefore, this approach could be applied to the actuation power

efficiency analysis in later chapters.
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Chapter 3

Power Efficiency Analysis of a

Point Force Actuator-Driven Plate

3.1 Introduction

As outlined in the introduction in Chapter 1, research into the active noise control

has drawn substantial attention in recent years. The analytical and experimental

work on active noise control sound radiation has shown the advantage of the ASAC

strategy [Dimitriadis and Fuller (1990); Fuller and Dimitriadis (1991)]. However,

most of the active noise control focused on the implementation of the active control

and the noise reduction is mainly used as the target of the control. As discussed

previously, the global noise reduction does not accurately reßect the effectiveness of

the speciÞc actuator, especially the effectiveness of an individual actuator among a

group of actuators.

Acoustic radiation from planar vibrating structures into free space is a topic

of continuing research in the structural acoustics community, from the standpoint

of both prediction and control. One common measure employed to qualify the low-

frequency radiation characteristics of structures is radiation efficiency [Snyder and

Tanaka (1995)]. There are, however, limitations to the use of these modal radiation

efficiencies to characterize the radiation of a vibrating structure; they could not be

used to directly calculate the total acoustic power and they do not account the cou-
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pling among different modes. Furthermore, the radiation efficiency is not bounded

by unity.

Because of the above limitations of radiation efficiency, Leo (1998) deÞned a

maximum actuation power efficiency to investigate the effectiveness of the actuator.

The maximum power efficiency is deÞned as the actual sound power radiated by the

structure over the maximum possible sound power. Based on this deÞnition, this

chapter will analyze the power efficiency to identify the effectiveness of a single point

force actuator and the factors which inßuence efficiency by integrating the general

method for sound radiation power calculation discussed in the preceding chapter with

an eigenvalue decomposition technique. The power efficiency analysis, in this Chapter,

will focus on the point force-driven complex structure which is shown in Figure 2.1. In

addition, the radiation impedances of the structures will also be derived. As examples,

the radiation impedance and power efficiency will be numerically evaluated using the

previous mentioned general method for both rectangular and circular plates. The

radiation impedance at special cases could also be served as a purpose of the modal

validation. This efficiency analysis could be used as a reference in comparing the

effectiveness of different actuators. It will also help the designer to choose and place

actuators.

The basis for this investigation power efficiency of a point force actuator driven

structure will be a sound power model developed by several researchers, including

Snyder et al. (1995); Snyder and Tanaka (1995); C. R. Fuller and Nelson (1996), for

the acoustic radiation from a planar baffled structure . It was demonstrated that

the sound power radiation from a baffled structure could be expressed as a quadratic

function of the structural modal velocities [Snyder et al. (1995)]. This sound power

model provides a convenient means for studying the control authority due to the

simple relationship between the structural vibration and the sound power radiation.

Another basis for analyzing power efficiency is the eigenvalue technique. Instead of

applying the eigenvalue technique to the noise control effort [Burdisso et al. (1994); Ho

and Robertshaw (1992); Cunefare (1991); Naghshienh (1993)], this chapter will focus

on the power efficiency of the point force actuator driven structure using eigenvalue
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techniques. Leo and Paine (1997a) developed an eigenvalue technique for studying

the acoustic control authority of point force and distributed moment actuators. Cao

and Leo (1998, 1999a,b) extend the technique to study the power efficiency for a

baffled planar structure for any geometry under different support conditions.

3.2 Eigenvalue Decomposition Technique for Max-

imum Radiation Power

In the previous chapter, a formulation of sound radiation power for a baffled planar

structure is expressed as

W = γ
2κ%

π
vHαv, (3.1)

or, equivalently

W = vHAv, (3.2)

where A = γ 2κ%
π
and γ = ρ0cab

4
is equivalent to the sound power output of a rigid

piston normalized with respect to the velocity of the piston and α is deÞned as:

α =

Z
S

Z
S

ψT (ξ0)
sin(κη)

η
ψ(ξ)dξ0dξ. (3.3)

The matrix α or A is frequency dependent and real symmetric. For the purpose of

convenience, we expressed the modal velocity as: v = vmVq and normalized it in such

a way that V Tq Vq = unity. Where v and Vq represent the magnitude and phase of

modal velocity, respectively. Now we try to Þnd the extremty of

maxvHαv = max||vm||2V Hq αVq (3.4)

According to Lancaster (1969)(interested reader may Þnd the derivation procedure in

Appendix A),maxV Hq αVq = λ1 while Vq = q1, which is the eigenvectors corresponding

to the largest eigenvalue λ1. Therefore,

maxvHαv = ||vm||2λ1 (3.5)
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For the purpose of concise, we drop the subscript m in vm and

maxvHαv = ||v||2λ1 (3.6)

As we see from equation (3.1), when equation (3.3) achieves its maximum

value, the sound power radiation is also maximized. Therefore, the maximum sound

radiation power can be expressed as:

Wmax = γ||v||22κ%
π
λ1. (3.7)

The maximum radiation sound power output can be normalized with respect to the

power output of a rigid piston by dividing both sides of the equation by γ||v||2:

Wmax

γ||v||2 =
2κ%

π
λ1. (3.8)

The above derivation shows that the maximum sound power radiation can be simpli-

Þed as an eigenvalue problem of the matrix α, which is deÞned by equation (3.3).

3.3 Actuation Power Efficiency

In previous sections, the sound power generated by a point force actuator-driven

structure has been derived. The maximum sound power radiated from a plate driven

by a point force actuator is normalized with respect to the maximum power that could

be generated by the plate, this quantity, denoted actuator efficiency, is examined in

this section as a function of frequency and also as a function of actuator location on

the plate.

The point force actuation is modeled as a dirac delta function located at (ξa, ζa):

f(ξ, ζ) = δ(ξ − ξa)δ(ζ − ζa), (3.9)

therefore, the modal velocity of the ith mode is [Snyder et al. (1995)]

vi = jω
sin(Miπξa)sin(Niπζa)

miZi
, (3.10)
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where mi =
ρshab

4
and Zi = ω

2
i − ω2, and (M,N) are the modal indices. Based upon

the above deÞnition, the power efficiency can be expressed as:

η =
W

Wmax

. (3.11)

Inserting equation ( 3.1) and equation ( 3.7) into equation ( 3.11), the efficiency can

be simpliÞed as:

η =
vHαv

vHvλ1

. (3.12)

Comparing to the previous efficiency deÞnition, this expression is directly related the

power efficiency to the maximum eigenvalue of the power transfer matrix. It also

clearly shows that the power efficiency is a function of modal velocities.

This equation demonstrates that efficiency is a function of frequency, modal

velocity, matrix α, as well as the largest eigenvalue of the matrix. Since the matrix α

and modal velocities are a function of mode shapes and natural frequencies, we can

numerically relate the power efficiency to the modes and frequencies. By controlling

certain modes, we are able to achieve the desired efficiency. Unlike the radiation

efficiency that could be higher than unity, this power efficiency is not great than 1.

According to equation (3.6), the maximum value of the numerator of equation (3.12)

is ||v||2λ1 or equivalently v
Hαv < vHvλ1. Therefore, the efficiency is not greater than

unity. As for a special case, if a rigid piston vibrates in the Þrst rigid mode, i.e.

the normal displacement at each node is uniform, then all the components of power

transfer matrix will be the same. According to equation (3.12), the efficiency is unity.

As we can see from equation (3.12), the numerator of the efficiency is the sound

radiation power; the denominator is the maximum possible value of the power could

be generated at that particular frequency. The maximum efficiency occurs while the

modal velocity components are propotional to the components of the eigenvectors of

the largest eigenvalue of the matrix α. There are some advantages of this efficiency

deÞnition

1. The value is bounded by unity;
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Table 3.1: Frequency indices.

Index M2 + N2

%2 M N

1 5.56 1 1
2 8.56 2 1
3 13.56 3 1
4 19.26 1 2
5 20.56 4 1
6 22.26 2 2
7 27.26 3 2
8 29.56 5 1
9 34.26 4 2
10 40.56 6 1

2. It provides an easy tool to compute the efficiencies and make comparisons among

different actuators or various placements;

3. It can also be extended to compare the efficiency of multiple actuators. The

disadvantage is that it is hard to experimentally verify the efficiency directly,

because of the difficulty of measuring the maximum possible radiation power.

3.4 Numerical Analysis

In this section, we will Þrst verify the above general approach of the calculation of

sound radiation power and then apply this approach to analyze the power efficiency

of a point force actuator driven plate. It is known that there are an inÞnite number

of mode shapes for a plate with a speciÞed boundary condition. However, previous

studies show that only the (odd, odd) modes will contribute to the increase of the

maximum eigenvalue of the matrix acoustic power [Leo and Paine (1997a); Snyder

and Tanaka (1995)]. For this reason, only the Þrst few frequencies and their mode

shapes used in the numerical calculation are converged sufficiently [Leo and Paine

(1997a)]. Table 3.1 demonstrated how the index affects the order of the frequencies.
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Table 3.2: The converge analysis of the normalized maximum power.

Index No. of Modes Normalized Maximum Sound Power Error (%)
1 10 0.8540 6.4
2 15 0.9123 0.1
3 20 0.9123 0.1
4 30 0.9124 0.0
5 50 0.9124

As we could see from the Table 3.1, the (odd, odd) modes: (1,1), (3,1) and

(5,1), are among the Þrst ten modes. For this particular problem, the effect of the

number of the modes on the convergence is shown in Table 3.2. Numerical results

demonstrate that the normalized maximum sound power converges fast with the

increasing of the number of mode expansions.

Including only the Þrst ten modes in the mode expansion will result in a max-

imum 6.4 percent error for this particular structure in the sound radiation power

analysis. Including less modes will make the power transfer matrix less accurate.

Since the maximum eigenvalue is proportional to the matrix, therefore, the largest

eigenvalue will be decreased correspondingly. In another words, including less modes

will make both the numerator and the denominator of the power efficiency expres-

sion, equation (3.12), decrease. Thereby there is a relatively smaller error of power

efficiency compared to the error of sound radiation power.

3.4.1 Radiation Impedance

Although this work will not focus on the radiation, the calculation of the radiation

impedance acting on the vibrating surface is fundamental to the prediction of its

acoustic behavior. The purpose of this analysis is to verify the model at special cases

using radiation impedance. Usually effects of the radiation impedance on the sound

radiation is ignored by assuming small radiation impedance. This simpliÞcation is
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acceptable at low frequencies, but it will cause errors at high frequencies. Even for

a simple structure, it�s hard to compute the radiation impedance. In this section,

the radiation impedance of the structure will be derived in terms of the maximum

eigenvalue of the power transfer matrix. We will not only apply the previously derived

general method of sound radiation to the radiation impedance, but also verify the

model accuracy by comparing the radiation impedance with published values for

special cases.

The mechanical radiation impedance of a baffled piston is deÞned as the ratio

of the force amplitude to the normal velocity amplitude of the piston. It equals to

the area integral of the speciÞc radiation impedance [Pierce (1994)]:

Zm,rad =
−iωρ0

2π

Z
S

Z
S

r−1eikrds0ds. (3.13)

On the other hand, the sound power radiation of a rigid piston can also be expressed

as [Kinsley (1982)]:

W =
1

2
U2

0Zr, (3.14)

where Zr is the real part of the radiation impedance or radiation resistance and U0

the magnitude of the physical velocity. For a rigid piston, the velocity U0 is equal to

the modal velocity v. If we substitute W with 2κ%
π
λ1γ||v||2, then the real part of the

radiation impedance can be simpliÞed as:

Zr =
4κ%

π
γλ1. (3.15)

Equation (3.15) shows that the radiation resistance is proportional to the largest

eigenvalue of the matrix α. It provides us an effective way to calculate the radiation

impedance.

As suggested by equation (3.15), the radiation impedance is proportional to

the maximum eigenvalue of the matrix α. Using the normal modes and numerical
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integrations, the radiation impedance for a rigid rectangular plate and circular plates

are evaluated, respectively. Then, as in special cases, this radiation impedance is

compared to that of other publications.

In this work, the mode shape ψ is normalized against its maximum component,

i.e. the maximum ψ(m,n) = 1. For a circular plate, if we use a unit mode shape at

each node to simulate the rigid mode solution, the corresponding radiation resistance

can be evaluated using equations (3.22) and (3.12). In this work, the mode shape ψ

is normalized against its maximum component, i.e. the maximum ψ(m,n) = 1. The

radiation resistance obtained using the eigenvalue decomposition technique is plotted

against non-dimensional wave number κ, in Figure 3.1.

For the rigid circular plate, we can compare the radiation resistance between

our model and the corresponding closed-form solution. The radiation impedance is

deÞned as the ratio of the force amplitude to the normal velocity amplitude for a

baffled piston. Generally speaking, there is no closed-form solution of the radiation

impedance for a rigid piston of any arbitrary geometry. However, for the circular

baffled piston, the real part of the radiation impedance, Zr, is a Bessel function of

the Þrst kind [Pierce (1994)]

Zr = ρ0cπa
2[1− 2J1(2ka)

2ka
], (3.16)

where J1 is the Bessel function. The corresponding radiation impedance is evaluated

using equation (3.16) and plotted versus that predicted by the general model in the

Figure 3.1. The maximum error between the solutions is less than 2.5 percent. The

difference is attributed to several factors, such as the number of modes used in the

modal truncation, the size of the Þnite element mesh, and using the average area of

the Þnite element instead of the individual element area in the numerical integration.

This analysis shows that the general method has a good accuracy and can be applied

to the radiation analysis of a rigid planar structure.

As for the rectangular plate, some researchers have investigated the radiation

impedance, which could be used as references to validate the above model. Morse and

Ingard (1968) evaluated the radiation impedance for rectangular large aspect ratio
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Figure 3.1: The radiation impedance of a circular plate: ∗�closed-form
solution of a rigid piston, solid line�evaluated by the eigenvalue decom-
position with rigid mode

pistons. Ford presented a theoretical expression for the intensity at a distance from

an inÞnitely long narrow ribbon, and deduced the resistive part of the impedance

function. Using Simpson�s approximation, Bank and Wright (1995) evaluated the

radiation impedance of a rectangular piston with two double surface integrals over the

four divided surface areas. Following the procedures suggested by Bank and Wright,

the radiation resistance of the rectangular plate is computed using Simpson�s approx-

imation. Meanwhile, equation (3.15) is evaluated using the eigenvalue decomposition

technique. Both results are plotted in Figure 3.2. Simpson stands for the radiation

resistance evaluated by equation (3.13) using the Simpson approximation , Approxi

the approximation using equation (3.15). The error between these two methods is less

than 0.5 percent. The error is mainly caused by the step of the integration. These

examples demonstrate that the eigenvalue decomposition technique can be used to

evaluate the sound radiation of a rigid planar structure with a good accuracy.

Applications in a circular plate

As in a special case, the sound radiation power, radiation impedance, as well as

power efficiency of a point force driven circular plate can be easily derived. In order

to validate the above analytical model, the radiation impedance will be examined
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Figure 3.2: A comparison of radiation resistance of a rigid rectangular
plate:∗�Simpson method, solid line� eigenvalue decomposition technique

against the close form solution. For the purpose of simplicity, the detailed derivation

process is omitted [Cao and Leo (1999a)]. The following is a brief description of the

formulation of sound radiation power and radiation resistance of a circular plate.

Instead of normalizing x, y with respect to the maximum length and maxi-

mum width of the structure for the case of a rectangular plate, respectively, they are

normalized with respect to the radius of the plate, R,

ξ = x
R

ζ = y
R

(3.17)

Using equation (3.14) The sound power can be simpliÞed as

W =
ω%

4π
vHαv, (3.18)

where,

α =

Z
S

Z
S0
R3ψT (ξ, ζ)

sin(κη)

η
ψ(ξ, ζ)dS0dS. (3.19)

where dS = dξdζ. The maximum sound power for the circular plate is

W = ||v||2ω%
4π
λ1. (3.20)
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The radiation resistance can be expressed as

Zr =
ω%

2π
λ1. (3.21)

Because of the complex geometry, an approximate approach is employed to evaluate

the double surface integrals by breaking it down into the summation of an integral

function over small elements. The component of the matrix α can therefore be ap-

proximated as

αi,j = R
3
X
m

X
n

κψi(ξm, ηm)
T sin(κη)

η
ψj(ξn, ηn)S

0
mSn, (3.22)

where m,n are the indices of location coordinate. In order to verify the accuracy of

this method, the above approximation method and the direct numerical integration

approach are used to evaluate the matrix α of a rectangular plate which is divided

into 21 by 21 elements, respectively. Results indicate that only 0.5 percent error

exists between these two methods. Therefore, we can use the procedure suggested

by equation (3.22) to evaluate sound radiation power, equation (3.1), for any planar

structures.

3.4.2 Normalized maximum power

For the planar structure in an inÞnite baffle, as shown in Figure 2.1, the expression

for the radiated power is shown by equation (2.3). For a simply -supported plate,

matrix α can be evaluated using the above two double integrations. However, if the

plate is not simply -supported, it is not possible to obtain a closed -form solution for

frequencies and mode shapes. Therefore, the sound radiation calculation approach

based on the closed-form normal modes is impractical. Thereby an Þnite element

method or variational method will be introduced into the frequency and mode shape

computation.

Figures 3.3 and 3.4 are plots of the normalized maximum radiated sound power

as a function of the side length ratio and the supporting boundary conditions. In

the FEA, a 21 by 21 grid is used. As with the Þnite element analysis, the same
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Figure 3.3: A comparison of the normalized maximum power of a simply-
supported plate with different length ratios.

pattern of grid was also used for the numerical integration of equation (3.3). From

the curves of maximum power as a function of the nondimensional frequency, we

conclude that the maximum radiated power increases with frequency. The κ term

in the expression of maximum power ensures that the quantities will increase with

frequency. However, the increase is not linear because it is also related to the integral

term of κ . For a given frequency, the normalized maximum power decreases with

the stiffness of rotational spring, Figure 3.4. The notations used in the legend are

explained as follows :SSSS stands for simply-supported along all edges, 1K and

5K a spring with a stiffness of 1 KN/m and 5KN/m at each node along all edges,

respectively, and CCCC clamped at all edges. The maximum power is the largest

for the simply supported case and the smallest for the clamped support and varies

between these upper and lower boundaries for different rotational spring stiffnesses.

Because the clamped edges constraint the motion of the edge, the plate mode shape

is relatively smaller along the edge comparing to the mode shapes at corresponding

nodes when the plate is simply-supported. The mode shapes different along edges

of the plate for the simply-support and clamped can be refereed at Figure 2.3 and

2.4. In another words, a simply -supported plate radiate sound power easier than the
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Figure 3.4: A comparison of normalized sound power under different
boundary conditions.

clamped the case. Similarly, the stiffer the supporting spring, the less effective of the

sound radiation.

As shown in Table 3.1, the side length ratio will affect the order of frequencies.

Detailed investigation suggests that it would inßuence the sound power radiation.

Figures 3.3 demonstrates that the normalized maximum power increases with side

length ratio. The maximum power increases as the side length rate increases to 1

when the plate is clamped. It has similar results when it is simply supported or

under spring supports. The increasing sound power as a function of side length ratio

is attributed to the fact that the efficient radiator modes, e.g., the (1,3), and (3,1)

modes, coalesce towards the same frequency as the side length ratio approaches 1.

3.5 Power Efficiency

Not only can the actuator power efficiency be used as an index of the performance of

single actuator itself, but also it can be used to quantitively to compare the perfor-

mance among different actuators. Therefore, it is worthwhile to investigate the power

efficiency.
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Figure 3.5: A comparison of the inßuence of the boundary conditions on
the actuation power efficiency.

3.5.1 Efficiency calculation procedure

In order to compute the power efficiency, the sound radiation power or power transfer

matrix is Þrst evaluated. Then the eigenvalue decomposition technique is applied to

the power efficiency analysis. For a given plate driven by a point force actuator, the

sound radiation can be calculated using the general hybrid method described at the

previous Chapter. First, normal mode analysis is conducted using either the FEA

or variational approach. For the simply-supported rectangular plate, a closed-form

normal mode analysis could be directly computed. As the of normal mode analysis,

frequencies and mode shapes of the structure are thereby obtained.

Next step is to compute the power transfer matrix using the two double inte-

grals. For the rectangular plate, a direct numerical integration is performed. There-

fore, the matrix α is evaluated. If the geometry is not rectangular, a direct, numerical

integration may be not practical, the approximation described by equation (2.30) will

be used instead of the direct numerical integration to evaluate the matrix α.

Then the power efficiency is computed using the eigenvalue decomposition of

matrix α and modal velocities, or equation (3.12).
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3.5.2 Numerical results

As a numerical example, the power efficiency generated by an actuator located at

nondimensional coordinate (1/2, 1/2) under different boundary conditions is shown in

Figures 3.5. In general, the power efficiency curves are similar for different rotational

spring stiffnesses with the highest value about the same, 90 percent. For a given

frequency and structure, the maximum radiated power achieved by a point force is

a function of the structural boundary conditions. As we see, the power efficiency is

high at low frequencies and low at high frequencies. Increasing the rotational stiffness

will increase the resonance frequencies. Figure 3.5 demonstrates the power efficiency

shifts to higher frequencies as stiffness increases. At low frequencies, the clamped

case has the smallest power efficiency while the highest the power efficiency is about

the same, 90%, for the different spring stiffnesses. The reason for the higher efficiency

at low frequencies is that the Þrst mode shape is dominate at low frequencies and

the modal velocity has a good correspondence to the eigenvectors related to the Þrst

eigenvalue. For the clamped case, the Þrst natural frequency increases comparing to

that of the simply-supported case. Therefore, the efficiency peak shifts to a higher

frequency correspondingly.

As we see from Figure 2.3 and 2.4, for different boundary condition, the mode

shapes are different, but they are very similar except near the edges. Since the mode

shapes are similar, the power efficiency will be similar but with a frequency shift to

the right with a higher stiffness spring supports. As we knew from the FEA model,

the rotational spring stiffness is very small for the simply support and the stiffness

is very high for the clamped. We also knew that the natural frequency is relatively

lower for the simply supported plate comparing to the frequency at the corresponding

order of the same plate under the clamped case. Since the efficiency is proportional

to the mode velocity, which is proportional to 1
(ω2−ω2

n)
. Therefore, for the clamped

case, the efficiency high peak will shift to a higher frequency.

The above analysis concludes that boundary condition will affect the power

efficiency. Although the maximum efficiency is almost identical for different bound-
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Figure 3.6: A comparison of power efficiency for a simply supported plate
when actuator is located at center or (a/4, b/2).

ary conditions, the efficiency will shift with the resonance frequencies for a support

condition that approaches clamped. For a small variation of boundary conditions, it

will not change the efficiency signiÞcantly. However, for larger variation of boundary

conditions, the power efficiency will shift with the resonance frequencies. Therefore,

for small boundary condition variation, such as the variation of experimental setup

for the same structure at different times, the efficiency will not change signiÞcantly.

We now move one step further to study the effect of actuator location on the

maximum actuator power efficiency. Figure 3.6 shows that efficiency for actuator at

nondimensional location (1/4, 1/4) and (1/2, 1/2), respectively.

It is obvious from that Figure 3.6 actuator location has a strong effect on the

actuator power efficiency. From equation (3.12), the actuator power efficiency is a

function of modal velocity, which, in turn, is a function of the actuator position. If the

actuator is placed at a node of a structural mode, then the modal velocity of this mode

will be zero. In this case this particular mode will not have any contribution to the

maximum achievable power, or the power efficiency. For an actuator located at the

center of the plate, the efficiency is higher at lower frequencies than that of actuator at

the center of the quarter plate, because the latter actuator effectively excites the Þrst
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resonance and it is the dominate vibrating mode. However, at higher frequencies the

efficiency decreases because it cannot effectively excite other modes such as (1, 3), or

(3, 1) modes which are dominated at their resonances. As shown in Figure 3.6, when

the actuator is placed at the center of the plate, the power efficiency is maximized at

approximately κ = 2.0. The power efficiency changes from 68% to 95% from κ = 0.25

to 2.25, but drops off rapidly at higher frequencies and only achieves a value greater

than 20% in the region near κ = 5.25. The shape of the curve is different for an

actuator located at nondimensional coordinator(1/4, 1/2). For this actuator location

the maximum power efficiency shows a remarkable increase near the nondimensional

frequency of κ = 5.25, and achieves a value that is approximately a factor of two

greater than the value achieved by the actuator nondimensional location (1/2, 1/2).

The reason for the efficiency increase around κ = 5.25 is that the actuator located at

(1/4, 1/2) excites more modes, such as (, 2, 1), (1, 2), and (2, 2). These modes which

could not be excited by the actuator located at the center of the plate contribute the

sound radiation and improves the power efficiency. This analysis demonstrates that

the maximum power efficiency is strongly related to actuator location for a speciÞed

structural boundary condition. For the efficiency of the plate driven by an actuator

at (1/4, 1/4), the efficiency is high until the Þrst resonance, afterwards it drops, since

the actuator not only excite the Þrst frequency, but also excites the other low modes,

and none of these excited modes are dominated. Therefore, the efficiency decreases.

Figure 3.6 also demonstrates that the actuator power efficiency varies signif-

icantly with the nondimensional frequency. The peaks and valleys in the actuator

efficiency do not necessarily correspond to the frequencies of the plate modes, since

near structural resonance, the magnitude of one modal component will most likely

dominate because ωi = ω , but this will not necessarily result in a modal velocity

vector that is co-linear with q1.

This and next paragraphs further explain the efficiency difference at different

frequencies based on the modal velocity vector and vector q1. Figure 3.7 is the

power efficiency of the simply supported plate (1.88 by 0.88 by 0.09m) driven by a

central point force actuator with two vertical lines showing the Þrst two (odd, odd)
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Figure 3.7: The power efficiency for a single actuator located at the center
of the plate

resonances. The results illustrate that the maximum and minima do not correspond

to the plate radiated resonant frequencies. The maximum power efficiency occurs at

κ = 1.95, not the Þrst mode κ = 1.32 or the (3,1) mode κ = 3.25. Similarly, the

minimum power efficiency does not occur at exactly resonant frequencies.

The difference results from the fact that the power efficiency is related to

the direction and magnitude of the modal velocity vector, and not simply any one

component of the vector. For the present analysis, the largest element of the vector

q1 is the coefficient of the (1,1) vibration mode. This is true over the whole frequency

range of interest. Figure 3.8 illustrates that the modal velocity vector is dominated

by the (1,1) coefficient at low frequencies, thus explaining the relatively high power

efficiency over this range. For the none (odd, odd) modes, the corresponding modal

velocities are three or four order lower than those of (odd, odd) modes. In contrast,

near the resonance of the second (odd, odd) structural mode, this coefficient, not the

coefficient related to the Þrst mode, dominates the modal velocity vector and results

in a relatively low value of the power efficiency. These results show that the power

efficiency, unlike the sound power output, is not directly related to any one of the

structural natural frequencies.
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Figure 3.8: The modal velocities of radiated modes for a single actuator
located at the center of the plate

In Figure 3.9, 3.10, and 3.11 are the vector q1 and the modal velocities related

to Þrst three (odd, odd) modes at κ = 2, 7, and 3.25, respectively. Vector q1 is the

eigenvector corresponding to the maximum eigenvalue of the matrix α at a certain

frequency. For this particular point force location (at the center of the plate), the Þrst

three non-zero components which correspond to the Þrst three (odd, odd) modes are

plotted. The horizontal axis 1, 2, and 3 are correlated to (1,1), (3,1), and (5,1) modes,

respectively. The corresponding non-zero modal velocities related to Þrst three (odd,

odd) numbers are also plotted in the same Þgure. As we could see from Figure 3.9,

the modal velocity components have a very good corelation between the (1,1) and

(3,1) modes, in other words, the phase and the magnitude of modal velocity vector

are well matched with q1 and it is this match between the modal velocity components

and eigenvector q1 that results in a high efficiency. Nevertheless, when the frequency

increases, the Þrst mode is not the dominant vibrating mode and its Þrst modal

velocity component decreases while the (3, 1) and (5, 1) mode component increase,

see Figure 3.10, and 3.11. It is these magnitude changes that cause the phase change

between the q1 vector and modal velocity. The efficiency drops to 6% and 5.5% at

κ = 3.25 and 7, respectively.
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Figure 3.9: The q1 vector and modal velocity at κ = 2 of radiated modes
for a single actuator located at the center of the plate

The efficiency analysis illustrates that the general approach of sound radiation

calculation can be applied to power efficiency analysis of a point force driven structure.

Meanwhile, the efficiency analyses also demonstrate that the power efficiency is highly

dependent on the coupling of the modal velocity and eigenvector q1 corresponding

to the largest eigenvalue of matrix α, which are related to the actuator locations.

Usually, the efficiency is high at low frequencies because of the good match between

the modal velocity components and vector q1. However, unlike the sound power

output, the maximum efficiency is not necessary co-linear with that of resonance

frequencies because the magnitude and phase of these two vectors mentioned above

plays a key role in the efficiency contributions.

3.6 Summary

The eigenvalue decomposition was reviewed in this chapter. This technique shows

that the maximum eigenvalue was simply proportional to the largest eigenvalue of

matrix α. Integrating the general approach of sound radiation power analysis into
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Figure 3.10: The q1 vector and modal velocity at κ = 3.25 of radiated modes
for a single actuator located at the center of the plate

the eigenvalue decomposition, a general approach is developed and applied to study

the maximum radiation power and actuation power efficiency analysis.

The maximum power analysis demonstrates that aspect ratio will affect the

maximum power. For a chosen area of a rectangular plate, increasing the aspect ratio

will increase the maximum power since the (1, 3) and (3, 1) modes will approach the

same frequency. In addition, the FEA and variational approach are used respectively

to analyze the inßuence of the boundary condition on the maximum radiation power.

As we learned from the case studies, the normalized sound radiation power is bounded

by the limitations of simply supported and clamped, if a rotational spring stiffness is

used to simulate the boundary conditions from simply-support and clamped.

In addition, a derivation of sound radiation impedance shows that the general

approach of sound radiation power could also be applied to study the radiation im-

pedance of a rigid structure. Numerical analysis suggests that the general approach

integrating with the eigenvalue decomposition could be used to predict the sound

radiation impedance with a good accuracy. Meanwhile, the radiation impedance

evaluation of a rectangular plate and circular plate shows the above general model

is accurate. After the maximum sound radiation analysis and model validation, the
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Figure 3.11: The q1 vector and modal velocity at κ = 7 of radiated modes
for a single actuator located at the center of the plate

above general approach for the sound radiation calculation integrated with the eigen-

value is applied to the power efficiency analysis. The power efficiency evaluation of

the rectangular plate driven by a point force shows that efficiency is a strong func-

tion of frequency and actuator location. It is also related to boundary conditions.

Generally speaking the efficiency is high at low frequencies and low at high frequen-

cies. The maximum efficiency is near but does not necessary correspond to the Þrst

resonance frequency. It depends on the matrix α and the modal velocity, especially

the correspondence of the modal velocity vectors and the eigenvector related to the

largest eigenvalue of the matrix α. The relative phase between the vector q1 and the

modal velocity vector will signiÞcantly affect the power. In fact, it is their relative

magnitude and phase that will determine the sound power efficiency.

The location of actuator will also inßuence the modal velocity vector and the

power transfer matrix, and in turn they will affect the power efficiency. However, just

by placing a point force at a speciÞc location to effectively excite certain radiation

modes will not necessary result in a high efficiency, it is especially true when a broad

frequency range is considered. The placement of an actuator to maximize the power

efficiency should therefore be emphasized not only on effectively exciting the radiated

64



modes, but also on such a way that the generated modal velocity vector has a good

match with the eigenvector of the Þrst eigenvalue of the matrix α.

From above analysis, we may also infer that a single actuator is not enough to

achieve a good match between these two vectors both in the magnitude and in phase

at a broad frequency range. Therefore, a multiple actuator may be needed for some

applications.
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Chapter 4

Power Efficiency Analysis for

Structures with Distributed

Moment Actuators

4.1 Introduction

In the preceding chapter, we have analyzed the power efficiency of a point force ac-

tuator driven structure, which provides us with a systematic method to analyze the

actuator power efficiency and help designers in their implementation of active noise

control. Because of their small size and easy applications, PZT materials are becom-

ing popular in replacing point force actuators or shakers in the noise and vibration

suppression. Furthermore, PZT materials can also be used as sensors because of their

converse piezoelectric effect. So far a great deal of progress has been made in the

modeling and predicting the equivalent force or moments of a PZT acting on the host

structure. In addition, some scholars, such as Clark (1992); Dimitriadis et al. (1991);

Ho and Robertshaw (1992); Burdisso et al. (1994), working in the active noise control

areas, especially in ASAC, have successfully analyzed and optimized the performance

of PZT transducers in the implementation of active control. Nevertheless, very few

researchers have focused on the power efficiency of a PZT actuator driven structure.
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Among them, Leo (1998) compared the point force and PZT actuators based on the

efficiency.

In spite of the above progress in noise reduction by using the PZT actuators,

a majority of the research did not focus on the performance of PZT actuators them-

selves. The total noise reduction does not give much insight into the effectiveness

of the individual PZT actuator. In addition, the coupling models have not been

integrated into the power efficiency analysis, which lowers the credibility at certain

circumstances, such as when strong electro-mechanical coupling exists. In this chapter

we will extend the power efficiency analysis concerning the point force driven structure

to that of the structure driven by a distributed moment actuator. Unlike previous

studies, a dynamic coupling model will be integrated into the power efficiency analy-

sis. How to maximize the performance of each PZT actuator is an important aspect

in the implementation of ASAC, especially for large structures [Zhou and Rogers

(1995)]. This chapter can be used as basis for the later study on maximizing the

performance of actuators.

4.2 PZT Distributed Moment Actuator Modeling

A number of PZT actuator models have been studied: static model, dynamic model,

FEA model, and coupled electro-mechanical model, etc, have been developed to in-

vestigate the force interaction between a PZT and its host structure.

The static model refers to the method of using a statically determined equiv-

alent force or moment as the amplitude of the forcing function to determine the

dynamic response due to the activation of integrated induced strain actuators. In a

static model, it is assumed that the PZT actuators do not signiÞcantly alter the iner-

tia mass and the stiffness of the host structures and the dynamic interaction between

PZT actuators and their host structures is thus ignored. Therefore, the amplitude of

the excitation force of the PZT actuator predicted by these static models is frequency

independent.

Crawley and Luis (1989) developed a one-dimensional static model to predict
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Figure 4.1: A static model assuming uniform strain within the actuator
and linear variation of strain within the substrate structure
.

the equivalent force or moment acting to the structure, see Figure 4.1 and Figure 4.2.

As an extension of Crawleys work, Dimitriadis et al. (1991) derived an analytic model

for a PZT driven undamped rectangular plate. Once again, the force or moment is

calculated based on the stiffness of the structure at that point where the actuators

are attached and the resultant induced force or moment is independent of frequency,

even for the dynamic analysis.

In addition, some researchers, for example, Hagood et al. (1990) Liang and

Rogers (1992), Liang and Rogers (1994), Molyet et al. (1998), Varadan et al. (1997),

used Þnite element based models to predict the system response of an active structure.

Typically, FEA models require larger number of meshes. Although the results may be

accurate, it did not capture the physical essence of the dynamic interaction between

the actuator and structure [Liang and Rogers (1994)].
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Figure 4.2: A static model assuming linear variation of strain through the
thickness of the substrate structure and actuator
.

As an advancement from a static model, some dynamic models have been de-

veloped to predict the response of a structure driven by a piezoelectric actuator [Pan

et al. (1992)]. However, most dynamic model did not account the electromechan-

ical coupling. When a control voltage is applied to the PZT actuators, the strain

is induced on the host structure. To avoid the disadvantage of the static models,

dynamic analytical approaches have been developed to predict the force or moment

output of the PZT actuator. The active force is therefore generated as a result of

the mechanical interaction between the actuator and host structure. As we know,

when a control voltage is applied to the PZT patch along the polarization direction,

a force is generated as a result of the mechanical interaction between the actuator

and the structure; the PZT actuator itself is also driven by the force. This process is

involved in energy conversion from electronic energy to mechanical energy, and vice

69



versa. Therefore, a coupled electro- mechanical impedance model is desired and some

dynamic models concerning the electromechanical coupling have been suggested [Sun

et al. (1993); Giurgiutiu and Rogers (1996)]. Among these models, Zhou and Rogers

(1995) built a PZT model for actuator -driven plate and shell cylinder.

The focus of this chapter is to incorporate a more accurate coupled-impedance

model developed by Zhou (1994) with the eigenvalue technique to analyze the acoustic

control authority of distrubuted moment actuators. As demonstrated by Leo and

Paine (1997a), the problem of determining the sound power efficiency of one distrib-

uted moment actuator could be reduced to an eigenvalue problem and the maximum

power radiation efficiency of distributed moment actuators could be simpliÞed as a

general eigenvalue problem. These eigenvalue techniques provide a straightforward

method for studying the tradeoffs in the location and number of actuators in the

air-acoustic array consisting of multiple actuators.

4.2.1 Dynamic impedance model

The impedance method of analyzing the dynamic response of active material systems

can be used to describe the interactions between actuators and structures by including

the electro-mechanical coupling. In this chapter, a coupled electro-mechanical model

developed by Zhou (1994) will be used to analyze the actuator power efficiency of the

distributed moment actuator. The following is a brief review of the formulation of

the impedance model for power efficiency analysis. As shown in Figure 4.3, two PZT

patches are placed on the opposite sides of the plate. A control voltage was applied

to excite the structure.

As discussed in the previous chapters, we need modal velocity vectors and

a power transfer matrix to evaluate the efficiency. These parameters could be ob-

tained by solving the system partial differential equations using constitutive equation

and boundary conditions to take into account the electro-mechanical coupling. The

following is a brief review of the coupled electro-mechanical model as applied to de-

termining frequencies and equivalent moments, which are the key to model velocity

solutions .
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x1

Figure 4.3: Geometric conÞguration of a simply-supported thin plate with
surfaced boned PZT actuators.

The equivalent force, Fmn, can be expressed as [Zhou (1994)]:

Fmn =
4

ab%h
(
bm

an
Mx +

an

bm
My)CxCy, (4.1)

where Cx = cos(
mπ
a
x2)− cos(mπa x1), and Cy = cos(

nπ
b
y1)− cos(nπb y2), (x1, y1) ,(x2, y2)

are the coordinates of the PZT, see Figure 4.3, where a, b is the plate�s length and

width, respectively, and m and n are the mode indices. The constant

D =
h3Y

12(1− ν2)
(4.2)

is the ßexural stiffness of the plate, h is the thickness of the plate, and Y is the Young�s

modulus. %, ν is density, Poisson�s ratio of the plate, respectively. and Mx(y) is the

amplitude of the line moments per unit length created by a pair of PZT actuators

and can be computed by: Mx

My

 = −jω
 apZxx apZxy

bpZyx bpZyy

 A
C

 sin(kpap)
sin(kpbp)

 (4.3)

where ω is the excited angular frequency, and the resonant frequency, ωmn, is deter-

mined from the homogenous equation of the transverse motion of the plate:

ωmn = π
2

s
D

%h

h
(
m

a
)2 + (

n

b
)2
i
. (4.4)
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The variable kp is the wave number and can be expressed as:

kp = ω

r
%p
Y Ep
, (4.5)

where the subscript p refers to the parameters of the PZT patch, %p is the mass

density, and Y Ep is the complex Young�s modulus at a constant Þeld:

Y Ep = Yp(1 + jη), (4.6)

where η is the structural loss factor and j is the complex number. The constants ap,

bp, and tp are the length, width, and thickness of the PZT patch, respectively. The

constant A and C can be solved by the following expression:
A

C

 = − 1kp

cos(kpap)(1− νpZxy

rpZpxx
+ Zxx

Zpxx
) cos(kpbp)(rp

Zyx
Zpyy

− νp ZyxZpyy
)

cos(kpap)(
Zxy

rpZpxx
− νp ZxxZpxx

) cos(kpbp)(1− νprp ZxyZpxx
+ Zxx

Zpxx
)


−1 

d31

d32

E,
(4.7)

where νp is the Poisson�s ratio of the PZT material, rp =
ap
bp
is the ratio of the length

to the width of the PZT patch, d31 and d32 are the piezoelectric constants of the

PZT actuator, and Zpxx and Zpyy are the short-circuit input impedance of the PZT

actuator in the x and y directions, deÞned as:

Zpxx = −jKpx

ω

kpap
tan(kpap)

Zpyy = −jKpy

ω
kpbp

tan(kpbp)

(4.8)

where the Kpx, Kpy is the static extension stiffness of the PZT actuator in the x and

y directions, can be calculated as:

Kpx =
Y Ep bptp
ap

Kpy =
Y Ep aptp
bp

(4.9)

The direct and cross force admittance of the plate at the edge of the PZT patch can

be evaluated by the following expressions:
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Q =
2π(h+ tp)

2

%h

∞X
m=1

∞X
n=1


m2C2

xsin
nπ(y1+y2)

2b
Cy

a3bpn(ω2
mn−ω2)

mCxsin
mπ(x1+x2)

2a
C2
y

(a2bbpω2
mn−ω2)

nC2
xsin

nπ(y1+y2)
2b

C2
y

(ab2apω2
mn−ω2)

n2Cxsin
mπ(x1+x2)

2a
C2
y

b3apm(ω2
mn−ω2)

 ejωπ/2. (4.10)

where tp is the thickness of the PZT. The corresponding force impedance matrix is

determined by:

Z =

 Zxx Zxy

Zyx Zyy

 = [Q]−1 (4.11)

where Zxx, Zyy is the direct impedance in the x and y direction, respectively; Zxy,

Zyx is the cross impedance.

Based on the coupled electro-mechanical model, if we ignore the change of

mode shapes caused by PZT actuators, the power transfer matrix and eigenvalue

decomposition can be evaluated by the mode expansions using the same procedures

as in previous Chapters. In a later Chapter, a similar study concerning the power

efficiency will be conducted by incorporating the mode shapes and frequency changes

caused by PZT actuators. After evaluating the admittance using equation (4.10) or

the inverse of the impedance matrix and the constants A and C, the magnitude of

the line moments can be calculated by equation (4.3) and the equivalent force can be

computed using equation (4.1). Therefore, the mode velocity can be determined by

the following expression:

vmn = jω
Fmnsin(

mπ
a
x)sin(nπ

b
y)

ω2
mn − ω2

, (4.12)

With mode velocities, we will then be able to use the same formulae to calculate the

sound radiation power, equation (2.10), and power efficiency, equation (3.12).

The steady-state solution of the forced vibration of the plate can be expressed

as a function of mode shape Wmn(x, y) = sin(
mπ
a
x)sin(nπ

b
y):

w(x, y, t) =
∞X
m=1

∞X
n=1

Fmnsin(
mπ
a
x)sin(nπ

b
y)ejωt

ω2
mn − ω2

, (4.13)
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Figure 4.4: The test plate 8�x12�x0.12� with a patched PZT actuator (
0.5�x1�x0.01�)
.

4.3 Power Efficiency Analysis

In this section, the sound radiation power and power efficiency of a structure driven

by one distributed moment actuator will be evaluated using the above formulae. An

investigation on the effect of locations of PZT actuators on the efficiency will also be

performed.

Before we apply the coupled electro-mechanical impedance model to analyze

the power efficiency of a patched PZT actuator-driven active system, this model is

Þrst checked against the experimental results. An experimental modal analysis was

performed on a small plate, 0.203x0.305x0.003 m (8� x 12�x0.12�), on which a patched

PZT was placed in one corner, see Figure 4.4. The dimension of the PZT patch is

0.5�x1�x0.01�. The plate dimensions and material properties are listed in Table 2.1.
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Figure 4.5: A comparison of the acceleration of a patched PZT actu-
ator -driven plate: solid line�experimental results;dash-dot line�coupled
electro-mechanical model.

The experimental acceleration and analytic acceleration at location x = 3�, y =

5� predicted by the coupled electro-mechanical model were plotted in Figure 4.5. The

plot demonstrates that there was a close match both in resonance frequencies and

accelerations of the structure.

After above validation of the model, the equivalent moment is now calculated

using equation (4.3). The normalized magnitude of moments along the x and y

axes predicted by the coupled electro-mechanical model is shown in Figure 4.6. The

magnitudes of the moment at resonances are signiÞcantly larger than those of off-

resonance. At off-resonance, the moment is relatively constant. There is also a

noticeable difference between the moments along the X and Y axes at each frequency.

The difference increases with higher frequencies.

Table 4.3 lists the experimental frequencies and analytical frequencies predicted

by the impedance model. The maximum percentage frequency error is 1.23 %.

As we could see from Figure 4.6, at off-resonance frequencies, the variation of

the equivalent moment is very small and the magnitude along the x and y axes are al-

most identical. However, there are high peaks corresponding to resonance frequencies.

In addition the magnitude of the moments are not equal in the x and y directions.
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Table 4.1: A comparison of experimental frequencies and analytical fre-
quencies with impedance model

Index Experiment Impedance Error (%)
1 261.2 258.0 1.23
2 500.0 495.3 0.94
3 800.0 794.9 0.64
4 1028.8 1037.2 0.82
5 1422.5 1421.7 0.06
6 1686.3 1682 0.25
7 1931.2 1926 0.27

Therefore, a frequency independent static actuation model will generate errors at res-

onance frequencies, although it may have a good accuracy at off-resonance. Because

the modal velocity is proportional to the equivalent force, equation (4.1), the sound

radiation is also a function of equivalent moments.

After verifying the accuracy of the coupled electro-mechanical model by com-

paring the experimental and analytic acceleration of a PZT actuator-driven struc-

ture, we will apply this impedance model to the power efficiency analysis following

the procedure presented in Section 4.2.1. Figure 4.7 is a plot of the sound radiation

power level of a PZT actuator -driven testing plate using this impedance model. The

Solid line is the sound radiation power generated by a PZT patch which is placed at

(a/4, b/4). Since this particular PZT effectively excites most low frequency modes,

such as (1, 1), (3, 1), etc., there are peaks corresponding to the peaks of the high

resonance. On other hand, a centrally located PZT can not effectively excite the low

frequencies except for the (1, 1) modes. Therefore, only a high peak is found near

the Þrst natural frequency. By changing the locations of the PZT, we can control the

modes of vibration, and therefore, the sound radiation power.

After a simple example of sound radiation power analysis, we will apply the

coupled electro-mechanical model to analyze the power efficiency of the simply sup-

ported plate whose dimensions and material properties are listed in Table 2.1. This

76



0 200 400 600 800 1000 1200 1400 1600 1800 2000
10

4

10
5

10
6

Frequency, Hz

N
o

r.
 M

ag
i.

[1
/(

d
3

1
*

E
)]

(N
.m

/m
)

Mxbar
Mybar

Figure 4.6: The magnitude of moment generated by a PZT actuator , solid
line�Mx, and dash line� My.

plate was driven by a patched PZT actuator. The investigation will focus on the

inßuence of factors such as the location of the PZT actuator and the number of the

actuators on the power efficiency.

The inßuence of the location of PZT actuators on the efficiency was exam-

ined using two PZT patches separately to drive the plate. First, a PZT patch,

0.0254x0.0125x0.003 m (1�x0.5�x0.01�), was placed in the same pattern as shown

in Figure 4.4, but its center was co-located at the center of the plate. A certain

voltage was applied to the PZT to excite the plate. The corresponding efficiency was

computed using equation (3.12) after evaluating the equivalent moments and modal

velocities. Similarly, the efficiency of a same size control PZT patch whose center

was at nondimensional location (1/4, 1/4) was also calculated. The corresponding

efficiency was plotted against non-dimensional wave number κ in Figure 4.8. As we

can see, similar to the efficiency of point force actuator, the efficiency is a strong

function of frequency. It has a high peak at low frequencies, and it is low at high

frequencies. Generally speaking, the efficiency for a PZT at the center of the quarter

plate is higher than that of a central PZT at low frequencies. As we expected , the

efficiency is related to the direction of the modal velocity. For a central PZT, the
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Figure 4.7: The sound radiation power generated by a PZT actuator at
different locations , solid line�(a/4, b/4), and dash line�(a/2, b/2).

Þrst mode is effectively excited and most other radiation modes are not,i.e., there is

a large magnitude of the Þrst mode. The large amplitude of the Þrst modal ampli-

tude decreases the angle between the modal velocity and vector q1, thereby increasing

the efficiency. However, at higher frequencies, the amplitude of the structural modes

other than the Þrst mode dominates and the efficiency is decreased.

For the plate driven by an actuator located at nondimensional location(1/2,

1/2), the efficiency is improved only up to the Þrst mode. Therefore, the efficiency

is higher at low frequencies, since at low frequencies the Þrst resonance frequency is

the only dominant mode. For the actuator at(1/4,1/4), the efficiency is high before

it reaches the Þrst resonance. However, it drops since the PZT also excites other

modes along with the Þrst mode. All of these modes contribute to the efficiency, but

none of them was dominating, i.e. q1 is not collinear so that the efficiency decreases.

According to our deÞnition of power efficiency, equation (3.12), efficiency is improved.

For a central PZT, the actuation power efficiency increases with non-dimensional wave

number, κ, up to κ ≈ 2.
In addition, if we compare Figure 4.7 and 4.8, it is easily seen that the max-

imum power efficiency does not correspond to the Þrst resonance frequency. The
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Figure 4.8: The power efficiency of the simply-supported rectangular plate
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reason for this is that the efficiency is related to the direction of the modal velocity

and not simply the magnitude of any one component. Near a structural resonance,

the magnitude of one modal component will most likely dominate because ωi ≈ ω,

although this will not necessarily result in a modal vector that is collinear with q1.

Leo and Paine (1997a) computed the power efficiency of a distributed moment

PZT actuator driven plate. In their model, the actuation force was modeled as a

pure moment applied about the neutral axis of the plate and the formulation of the

modal velocity was based on the reference [Clark (1992)]. The ith transfer function

component H(κ) related to the jth PZT patch can be computed using the following

expression [Leo (1998)]:

H(κ)ij =
j%aκ

c(κ2 − c2r(M2 + N2

%2 ))

∙
(
M

N
+

N

M%2
)(cos(Mπξ2

j )− cos(Mπξ1
j ))

¸ £
cos(Nπζ1

j )− cos(Nπζ2
j )
¤

(4.14)

where c2r = (Dπ
4)/(ρsha

2c2), and (ξ1
j , ζ

1
j ), (ξ

1
j , ζ

1
j ). are the corner locations of the jth

actuator.

Figure 4.11 is a comparison of sound pressure level of Leo�s model and coupled

dynamic model, respectively. As we could see, SPL predicted from both models are
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Figure 4.9: The q1 vector and modal velocity at κ = 2 or 355Hz of radiated
modes for a single actuator located at the center of the plate

closely matched at most frequencies. However, the dynamic model did predict a SPL

peak approximately at 1,838Hz, which corresponding to (2 , 3) mode. This mode is

not predicted by the static model.

The corresponding efficiencies predicted by these two models are plotted in

Figure 4.12. As we can see from this plot, the two efficiency curves are almost

overlapped, due to the cancelation in the numerator and denominator of the efficiency

expression, equation (3.12).

4.4 Summary and Conclusions

In general, the coupled electro-mechanical impedance model was integrated with the

general approach of sound radiation and eigenvalue technique to study the power

efficiency of the PZT actuator-driven structure. The representative example of a

simply-supported rectangular plate in an inÞnite baffle was used to demonstrate the

utility of the technique. The experiment shown that the model had a good accuracy

in dynamic responses. After the coupled electro-mechanical model was validated with

the experimental acceleration, it was applied to the power efficiency analysis of one
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radiated modes for a single actuator located at the center of the plate

PZT patch-driven plate using the eigenvalue technique.

The coupled dynamic impedance model shows that moment generated by a pair

of collocated PZT actuator is strongly depend on the frequencies. The magnitude of

moments near the resonances are signiÞcantly differ from that of off-resonance, where

the magnitude is almost identical. In addition, the moments generated by the PZT

actuator along X and Y axes are not necessary equivalent as it predicted by a static

model. Because of these two reasons, this model is more accurate in the prediction

of the moments and system responses, therefore the sound radiation power. If there

exists a strong coupling, then the dynamic impedance model should be applied.

Power efficiency analysis demonstrates that the efficiency is strongly depen-

dent on the frequency and location; a similar conclusion was drawn form the previous

chapter. Generally speaking, the frequency of one PZT actuator has a narrow band-

width of high efficiency at low frequencies and low efficiency at high frequencies. It

is apparent that changing a PZT actuator position will affect efficiency because it

will excite certain modes and therefore inßuence modal velocity and sound radiation

power. However, the detailed efficiency analysis shows that real reason is far more

complicated. Similar to the power efficiency of the point force actuator driven plate,
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it is the correlation of the modal velocity vectors and the eigenvectors q1 related to

the largest eigenvalue of the matrix α that inßuences the efficiency greatly.

Power efficiency analysis further demonstrates that the efficiency difference

between the coupled dynamic modal prediction and static model prediction is much

smaller than that of sound radiation power. The reason is that the signiÞcant differ-

ence of moment generation predicted by the two models is proportionally presented

at both the numerator and the denominator. Therefore, the efficiency is consistent

with that predicted by Leo and Paine (1997a) in their power efficiency analysis by

integrating the actuation model from the work of Clark and Fuller (1992), although

the coupled electro-mechanical model is more accurate in the sound power prediction.

In another words, we do not have to use the coupled dynamic model to perform the

efficiency analysis if we are only interested in calculating the power efficiency of the

actuation.
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Chapter 5

Power efficiency of the multiple

actuator air-acoustic array

In the previous chapters we have analyzed the power efficiency of a single actuator and

distributed moment actuator using an eigenvalue decomposition technique. Results

show that the efficiency is high at low frequencies, but low at high frequencies, see

Figure 3.6 and Figure 4.8. In other words, the bandwidth is narrow for a single

point force or distributed moment PZT actuator. In order to improve the efficiency

bandwidth, a multiple actuator air-acoustic array consisting of a group of actuators

can be employed.

In this chapter, we will extend the previous efficiency analysis to the multiple

actuator air-acoustic array. For this work we deÞne a multiple actuator air-acoustic

array as a multiple actuators placed in a certain pattern and used to excited the

structure. Both the point force actuator array and the distributed moment PZT

actuators will be analyzed. Furthermore, an efficiency comparison will be conducted

between one actuator and actuator arrays.

5.1 Generalized Eigenvalue Technique

As discussed in the previous chapters, the maximum radiated sound power for a baf-

ßed plate is proportional to the maximum eigenvalue of the power transfer matrix,
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α. Similarly, the maximum radiated power of a multiple air acoustic array can be re-

duced to a generalized eigenvalue problem. The maximum power is also proportional

to the maximum eigenvalue of this generalized eigenvalue problem. The correspond-

ing force input can be determined by expressing modal velocities of the baffled plate

as a function of the force inputs to the structure [Leo (1999)]. For a system, the

system equation can be expressed as follows:

M úúX + C úX +KX = Bf (5.1)

where M , C, and K are the mass, damping, and stiffness matrices of the structure,

respectively, B is the location vector for the forcing inputs, and f is the input vector.

If we use notations of ψ and Z as modal shape and mode coordinate, respectively,

the following relationship exists

X = ψZ (5.2)

and the modal velocities can be solved through the following expression,

v(jω) = H(jω)F (jω), (5.3)

where H(jω) and F (jω) are the system transfer function and Fourier transformation

of the applied force of the active structure system,

H(jω) = jω(Λs − Iω2)−1ψTB. (5.4)

The matrix Λs is a diagonal matrix of eigenvalues that corresponds to the square of

the natural frequencies of the structure. Substituting the nondimensional expressions:

κ =
ωa

c
�Λs = Λs

a2

c2
(5.5)

into equation (5.4) yields:

H(jω) = jκ(
a

c
)(�Λs − Iκ2)−1φTB. (5.6)

Thus, the modal velocities can be written as a function of the nondimensonal wavenum-

ber as [Leo (1998)]

v(jκ) = jκ(
a

c
)H(jκ)F (jκ). (5.7)
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The power efficiency is deÞned previously as the ratio of the maximum power gen-

erated by the actuator driven plate to the maximum achievable sound power of the

plate:

η =
vHαv

λ1vHv
. (5.8)

After inserting equation (5.7) into equation (5.8), the power efficiency is

η(jω) =
F T (−jκ)A(κ)F (jκ)
F T (−jκ)B(κ)F (jκ) , (5.9)

where A(κ) and B(κ) are deÞned by the following expressions

A(κ) = HT (κ)αH(κ)

B(κ) = λ1H
T (κ)H(κ)

. (5.10)

Since HT (κ)αH(κ) and HT (κ)H(κ) are real-symmetric matrices at each value of

κ, equation (5.9) represents a generalized eigenvalue problem at each value of κ,

where the maximum eigenvalue is the maximum power efficiency at that frequency.

The eigenvector corresponding to the maximum eigenvalue represents the relative

magnitude of the forcing inputs that achieves the maximum power efficiency at that

frequency.

5.2 Point Force Actuator Array Efficiency

As discussed in the previous section, the power efficiency of a multiple point force

actuator driven plate reduces to the solution of a generalized eigenvalue problem.

First, we will study the power efficiency of four actuators which are placed at nondi-

mensional coordinates (0.1, 0.1), (0.1, 0.9), (0.9, 0.1), and (0.9, 0.9). The matrix H(κ)

can be evaluated using the following expression:

H(κ) =



1
(a
c
ω1)2−κ2 ... 0

0 ... 0

... 1
( a
c
ωi)2−κ2 ...

0 ... 0

0 ... 1
(a
c
ωn)2−κ2


ψTB(κ) (5.11)
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The matrices A(κ) and B(κ) are computed using equation (5.10) from the α matrix

deÞned by equation (3.3) and the expression for H(κ), equation (5.11).

As discussed previously, if we assume that the point force applies an ideal force

to the structure, the power efficiency of the point force actuators could be computed

using equation (5.9). Figure 5.1 is a plot of the power efficiency for this set of four

point force actuators driving the plate with a dimension of 12�x8�x0.1235�. The four

actuators are placed at the center of each quarter of the plate. The efficiency of one

actuator placed at the center of the plate is also shown in the plot for the purpose of

comparison. For the case of four actuators, the efficiency is very close to unity when

κ is less than 1. However, it decreases rapidly between κ = 1 and 2 and is very low

after κ > 2. However, for a structure driven by one central actuator , the efficiency

is slightly lower than that of four actuators before κ = 1.5 but higher afterward until

κ = 2.75. The curve shifts to right a little bit, i.e. the bandwidth is larger than that

of four corner actuators. Similar to that of four actuators, the efficiency is very low

at higher frequencies. Meanwhile, the Þgure demonstrates that at certain frequencies

a single actuator placed at the center is more efficient in terms of power generation

than four actuators placed near the corners because they could not efficiently excite

the Þrst mode of the structure.

Figure 5.1 also includes the power efficiency curve of the same plate driven by

Þve actuators simultaneously. These Þve actuators consist of the previously mentioned

four actuators plus one central actuator. As we can see from the plot, these Þve

actuators not only increase the power efficiency but also increase the bandwidth of

the efficiency.

We now compare the effect of the actuator locations on the power efficiency.

Figure 5.2 plots the efficiency for two groups of actuators. Both groups have four

actuators. One group is placed at nondimensional coordinates (0.1, 0.1), (0.1, 0.9),

(0.9, 0.1), and (0.9, 0.9) , while the other is placed at the center of each quarter of the

plate.

Figure 5.2 shows that there is a higher efficiency for the group actuators at

centers of quarter plates at most frequencies as compared to the efficiency of four
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Figure 5.1: A comparison of efficiency for different number of actuators.

corner actuators. The reason is apparent because the actuators close to the corners

could not effectively excite the structure.

In order to analyze the effect of the number of actuators on the power efficiency,

a central actuator was added to the previously mentioned two groups of actuators.

The corresponding efficiency for these two groups are plotted in Figure 5.3. If we

compare the power efficiency of the group of four actuators to that of the group

of Þve, Figure 5.2 and 5.3 respectively, it is obvious that adding a center actuator

will signiÞcantly increase the efficiency, especially for those actuators located at the

center of each quarter plate. The Þgure also shows that the efficiency for the Þve

actuator driven plate is almost unity. It shows that it is not necessarily to add too

many actuators to increase the efficiency. Depending on the structure and actuator

locations, there is a limit to the number of actuators that are required to achieve the

maximum power efficiency.

In general, the above numerical analysis demonstrates that the number and

location of the actuators will signiÞcantly affect the power efficiency. Increasing the

numbers of actuators could, but not necessarily increase the power efficiency since

the location may outweigh the inßuence of the number of actuators.
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Figure 5.2: A comparison of efficiency of four actuators for different loca-
tions.

5.3 Patched PZT Actuator Array Efficiency Analy-

sis

Similar to the point force actuators, multiple distributed moment PZT patches could

also be adopted to increase the power efficiency. Because of the easy application of

the PZT actuators, it is very popular in the implementation of ANC. Since a single

PZT actuator is usually not enough to achieve the expected noise reduction in a real

structure, the group PZT actuators are widely applied in the actual vibration and

noise control. Therefore, it is worthwhile to study group actuator efficiency so that

the maximum power efficiency could be achieved. The power efficiency analysis of the

PZT actuators can be performed in the same manner as for the point force actuators

using the generalized eigenvalue technique. As discussed in the preceeding chapter,

different actuation models,including static and dynamic models, could be chosen in

the efficiency analysis.

Based on a frequency independent equivalent force model, Leo (1998) ana-

lyzed the power efficiency of distributed moment actuators. In this work, the coupled

dynamic model discussed in previous chapters will be used in the power efficiency

analysis. Since the dynamic coupling between the PZT actuators and its host struc-

ture is taken into account, this model should improve the accuracy of power analy-
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Figure 5.3: A comparison of efficiency of Þve actuators for different loca-
tions

sis, especially at resonance frequencies. However, for the power efficiency analysis,

we conclude from previous chapter that the efficiency analysis for the static model

and dynamic model is almost identical. Based on the coupled electro-mechanical im-

pedance model, the modal velocities are Þrst evaluated and then the transfer function

H(jω) is computed. The efficiency is Þnally computed using equation (5.9).

The following is a very brief procedure to compute the power efficiency of

patched PZT actuators. Based on the PZT patch and structure information and

boundary conditions, the force admittance matrix is evaluated, using equation (4.10).

The amplitude of the line moments is evaluated, using equation (4.3), after solving

constants A, and C, equation (4.7). Therefore, the equivalent force and modal veloc-

ities can be calculated using equation (4.1) and (4.12), respectively. Since our focus

is mainly on the power efficiency, the transfer function H(κ) can be evaluated using

the following expression:

H(κ) = [v1...vi...vn] ; (5.12)

where vi is the modal velocity caused by each PZT actuator. If we assume the PZT

actuator does not cause signiÞcant variation in mode shape and natural frequency,

we can still use equation (3.3) to compute the matrix α. Therefore, A(κ) and B(κ)

can be evaluated using equation (5.10). Figure 5.5 illustrates the power efficiency for
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Figure 5.5: A comparison of efficiency for different numbers of PZT actu-
ators.

four and Þve PZT patch driven plates, respectively. The four actuators are placed at

the center of each quarter plate respectively and the Þfth actuator is at the center of

the plate. The PZT size is 1� by 1.5�.
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5.4 The Optimization of PZT Patch Actuator Lo-

cations

As the previous numerical analysis shows, the power efficiency is a strong function

of actuator location. In this section, we will perform the optimization on the power

efficiency for the PZT patch actuators driven structure. The objective of this study

is to maximize the performance of the actuators at a broader frequency range.

Since we are more concerned about the actuation efficiency, we will choose the

maximum power efficiency, or equivalently the minimum of the negative efficiency

as an objective function. Because the bandwidth affects the efficency, a frequency

of interest is chosen in conjunction with the objective function. As we can see from

previous efficiency, Figure 5.1, we could optimize the power efficiency simply by

maximizing the area over the chosen frequency range. In other words, this maximized

the average value of efficiency over an interested nondimensional frequency κ range.

The optimal objective function can therefore be mathematically expressed as follows:

ηopt = −min η = −min
PN

i ηi
N

(5.13)

where, N is the total number of discrete frequencies, and ηi is the efficiency at ith

discrete frequency. A variety of parameters can be chosen as optimization variables.

In order to simplify the problem, we may assume that only four actuators are used

and these four actuators are symmetrical to the central axes. We will focus on the

optimization of the location and size of PZT patches. The optimization variables are:

dx, dy, ap, and rp, where dx and dy are the distance from the center of the plate to

the center to the PZT patches along X and Y axes, respectively. The variables ap,

and rp are the length and aspect ratio of PZT patch, respectively. The width of PZT

patch is bp =
ap
rp
.

The constraints are as follows:

ap
2
< dx <

a

2
(5.14)

bp
2
< dy <

b

2
(5.15)
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Figure 5.6: The placement pattern of PZT patches.

1� < ap < 2� (5.16)

0.75� < rp < 1.5� (5.17)

The Þrst two constraints will prevent the PZT from overlapping or moving out of the

plate surface. In other words, these constraints will guarantee the optimized solution

is feasible. The constraints three and four are the possible length and width of PZT

actuators. After choosing the initial conditions, a program is written to solve this

constrained optimization problem.

Because of the limitation of PZT sizes, we Þx ap = 1.5� and bp = 1� and opti-

mize the locations of PZT patch centers only. Table 5.1 lists the optimized locations

for the PZT centers based on the optimization of efficiency at the frequency range up

to κ = 4 or 6, respectively.

If we increase the κ to 6 (κ=5.6 corresponding to 1, 000Hz), the optimization

is listed in Table 5.2.
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Table 5.1: The optimization of 4 PZT patches for κ < 4

Initial Conditions dx dy Objective function note
a/8, b/8 0.0482m 0.0320m 0.89

Table 5.2: The optimization of 4 PZT patches for κ < 6

Initial Conditions dx dy Unit Objective function
a/8, b/8 0.0508 0.0359 meter 0.8490
a/8, b/5 0.0508 0.0359 meter 0.8490

After the optimization, the coordinates of the PZTs can be easily evaluated.

For example, for the bottom left PZT patch, the bottom left corner coordinate is:

x = x0− dx− ap/2

y = y0− dy − bp/2
(5.18)

where x0 = a/2 and y0 = b/2. After inserting values, the coordinate of the bottom left

corner (corresponding to the optimization in the range of κ < 6) is (0.0825, 0.0530) m,

or (3.25�, 2.09�). The optimized locations for four actuators are plotted at Figure 5.7

(κ up to 4).

Figures 5.9 and 5.10 are the power efficiency for the four actuators at the

optimization locations corresponding to κ < 4 and κ < 6, respectively. The optimized

locations for four actuators are plotted at Figure 5.8 (κ up to 6).

Figure 5.11 is a plot of power efficiency of the four PZT patch actuator driven

plate with actuators at the optimized and non-optimized locations, respectively. The

non-optimized location of each PZT patch�s center is collocated with the center of

each quarter of the plate. As we could see from this plot, although the efficiency for
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Figure 5.7: The optimized PZT locations for 4 actuators corresponding to
κ up to 4.

non-optimization is high at very low frequencies, the optimization does generate a

much higher efficiency at most frequencies other than the very low frequencies.

Figures 5.12 and 5.13 are the plot of q1 and non-zero modal velocity compo-

nents at κ = 2 and 4, respectively. In both cases the q1 and modal velocity vectors

have a good correlation. In other words, the phase between q1 and modal velocity

components is almost in-phase. Table 5.3 lists the Þrst 3 non-zero components of

the eigenvector and modal velocity vectors for κ = 2 and κ = 6, respectively. As we

could see from Figure 5.12 and Table 5.3, the Þrst component corresponding to the

largest eigenvalue of power transfer matrix is 0.9207 and the corresponding normalized

modal velocity vector component is 0.9701. The other two non-zero components of

the largest eigenvectors are 0.2663 and 0.2855, respectively. The other related modal

velocity vector components are 0 and 0.2425, respectively. Therefore, the magnitude

and phase between q1 and modal velocity vectors are in good correlation, which makes

the power efficiency high at κ = 2. As we knew from previous chapters, the efficiency

drops as the frequency goes higher because of the q1 and modal velocity vectors are

not in phase any more. However, Figure 5.13 and Table 5.3 demonstrates that q1 and

modal velocity vectors are still in a very good shape. This explains why the efficiency

is still high as the frequency goes up to κ = 6. As we observed from Figures 5.10

and 5.8, the efficiency is very high at all the frequencies of interest.

95



X

Y

0.305

.203

0.051

0.036

0.025

0.038

Unit: m

Figure 5.8: The optimized PZT locations for 4 actuators corresponding to
κ up to 6.

Table 5.3: A comparison of q1 and modal velocity vector at κ = 2

q1 modal velocity q1 modal velocity
κ = 2 κ = 6

0.9207 0.9701 0.9868 0.9166
0.2663 0 0.0377 0
0.2855 0.2425 0.1578 0.3998

If a central PZT patch is added to the other four symmetrically placed PZT

patches, we can perform the optimization for these Þve PZT actuators. The con-

straints now change to:

ap < dx <
a

2
(5.19)

bp < dy <
b

2
(5.20)

1� < ap < 2� (5.21)

0.75� < rp < 1.5� (5.22)
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Figure 5.9: The optimization efficiency of PZT actuators corresponding to
κ up to 4.

Table 5.4: The optimization of 5 PZT patches for κ < 4

Initial Conditions dx dy Objective function note
a/4, b/4 0.0928m 0.0547m 0.9825

Again, the Þrst two constraints will prevent the PZT from overlapping or moving out

of the plate surface and these constraints will guarantee that the optimized solution

is feasible. Using the same procedure, the constrained optimization problem are

performed.

Because of the limitation of PZT sizes, we Þx the ap = 1.5� and bp = 1� and

optimize the location of center of PZT patches only. Table 5.4 lists the optimized

locations for the PZT centers based on the optimization of efficiency at the frequency

range up to κ = 4.

The optimal location can be decided with the optimal results of dx= 0.0928 m

(3.6535�) and dy=0.0547 m (2.1535�). The corresponding PZT locations are plotted

in Figure 5.14.

The optimal function ηopt = −0.9825, i.e. the average efficiency is about 0.9825.
The corresponding efficiency was computed at the frequencies of interest and it was
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Figure 5.10: The optimization efficiency of PZT actuators corresponding
to κ up to 6.

plotted in Figure 5.15. If we compare Figure 5.5 with Figure 5.15, we notice that

although the efficiency of 5 actuators (one at the center of plate and the other four

at the center of the quarter plate) was higher at high frequencies but it is lower at

low frequencies than that of optimized results.

Traditionally, the optimization was focused on the noise reduction level, not the

performance of actuators. In addition, the previous power efficiency studies did not

focus on the optimization of the multiple distributed moment actuators. Therefore,

the research so far shows that the power efficiency can only achieve high efficiency

at a very low frequency bandwidth. Nevertheless, this optimization result suggested

that even a very limited amount of actuators could greatly expand the high efficiency

frequency bandwidth. The signiÞcance of this analysis lies in the fact that an op-

timization could greatly improve actuation efficiency of a multiple actuator array,

which will beneÞt the active noise reduction. In addition, with the optimization, it is

very possible to expand the frequency range of noise suppression.

5.5 Summary

In this chapter we focused on the power efficiency analysis of the multiple actuator

arrays. The coupled dynamic model and generalized eigenvalue decomposition were
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Figure 5.11: The optimization efficiency for four actuators at optimized
locations and non-optimized locations, respectively.

integrated to analyze the efficiency. In order to maximize the efficiency of actuator

arrays, the PZT locations were optimized for a given pattern of actuator placement.

As literature review suggested, the previous optimization of actuator placement was

mainly focused on the noise reduction, not the actuator performance. In order to

overcome the disadvantages of previous optimization, this optimization procedures

were concentrated on the maximization of the actuation performance, i.e. the max-

imum efficiency. The optimization procedure made it possible that the eigenvector

corresponding to the largest eigenvalue of the power transfer matrix in a good match

in phase and magnitude with those of the corresponding modal velocity vectors at all

the frequencies of interest. Numerical analysis unexpectedly demonstrated that high

actuation efficiency of the structure driven by the actuators at an optimized locations

have been achieved for a much higher frequency bandwidth than previous analysis

suggested. The signiÞcance of this optimization procedures lies in the fact the a very

few optimally placed PZT actuators could signiÞcantly increase not only the efficiency

but also the high efficiency bandwidth. This procedure could be easily modiÞed to

optimize more complicated PZT actuator placements during control designs.
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Figure 5.12: The q1 vector and modal velocity at κ = 2 of radiated modes
for the 4 pair actuator driven plate
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Figure 5.13: The q1 vector and modal velocity at κ = 6 of radiated modes
for the 4 pair actuator driven plate

100



X

Y

0.305

.203

0.0928

0.055

0.025

0.038

Unit: m

Figure 5.14: The optimized location for Þve PZT actuators
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Figure 5.15: The power efficiency of the plate driven by the 5 PZT actu-
ators at optimized locations.
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Chapter 6

The Affect of PZT Patches on

Power Efficiency

In previous chapters, we have investigated the power efficiency of the patched PZT

actuator driven structure. However, the investigation is based on the assumption

that the PZT actuators did not change the natural frequencies and modal shapes

signiÞcantly. Therefore, the power efficiency is evaluated by integrating the weighted

mode shapes using mode expansions. For a typical PZT application, the PZT area

comprises approximately 0.5% of the total area of the structure. For such applications,

the error of modal shape changes caused by PZT patches are small(refer to Table 2.5)

and can be ignored if the relative thickness of a single PZT patch to the structure

thickness is less than three. Therefore, the previous power efficiency analysis is valid.

Nevertheless, if the thickness of the structure itself is relatively thin comparing

to the PZT patch or there are many PZT patches on the surface of the structure, the

natural frequency and modal shape changes may be too large to be ignored. In this

case, the power efficiency analysis using mode expansions based on the modal shape

of the original structure needs further investigation. In this chapter, we will focus

on the study of the effect of PZT patches on the power efficiency of the structures,

whose PZT patches have a signiÞcant inßuence on the modal shapes and frequencies.
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6.1 Mode Shape Effect on Power Efficiency

The expression for the active system equation( see Section 2.5.2) can be simpliÞed as

(−ω2M +K)U = 0; (6.1)

where U is the displacement, or the eigenvectors corresponding to the mode shape

trial functions φ. The mode shape can be evaluated using the variational approach

ψ = UTφ (6.2)

As we know, the PZT patches will change the system stiffness and mass and thus

affect the system dynamics. The following is a derivation of the effect of the PZT

patches on the actuation power efficiency. Assume the PZT patches cause the natural

frequencies to change from ω to ω +∆ω, eigenvectors from U to U +∆U and mode

shapes from φ to φ+∆φ.

The mode shape of the active system could be expressed as the original mode

shape plus the terms reßecting the mode shape changes caused by added PZT actu-

ators.

ψ = (U +∆U)T (φ+∆φ) = UTφ+ U∆Tφ+∆UTφ+∆UT∆φ (6.3)

If we ignore the higher order term ∆UT∆φ, the above expression can be sim-

pliÞed as

ψ = UTφ+ U∆Tφ+ φ∆TU = ψ0 +∆ψ; (6.4)

where ψ0 = U
Tφ and ∆ψ = U∆Tφ+ φ∆TU .

The power transfer matrix is rewritten as the following:

α =

Z
S

Z
S

ψT (ξ0)
sin(κη)

η
ψ(ξ)dξ0dξ, (6.5)

Similarly, if we ignores the second order terms, the matrix α for the active

system can be expressed as

α =

Z
S

Z
S

((ψ0 +∆ψ)
T (ξ0)

sin(κη)

η
(ψ0 +∆ψ))(ξ)dξ

0dξ, (6.6)
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and can be simpliÞed as:

α = α0 +∆α, (6.7)

where ∆α is the power transfer matrix changes introduced by mode shapes.

∆α =

Z
S

Z
S

(ψT0
sin(κη)

η
ψ0 +∆ψ

T sin(κη)

η
ψ0)(ξ)dξ

0dξ, (6.8)

The corresponding maximum eigenvector for the active structure can also be expressed

as:

λ1 = λ1 +∆λ1 , (6.9)

In addition, the modal velocity change can also be simpliÞed as

v = v0 +∆v, (6.10)

Substituting equations (6.7),(6.9),(6.10) into equation (3.12), the power efficiency can

be expressed as:

η =
(v0 +∆v)

H(α0 +∆α)(v0 +∆v)

(v0 +∆v0)H(v0 +∆v)(λ1 +∆λ1)
(6.11)

If the higher order terms are ignored, this expression can be further simpliÞed as:

η =
(vH0 αv0 +∆v

Hα0v0 + v
H
0 ∆α+ v

H
0 λ1∆v0)

(vH0 λ1v0 +∆vH0 λ1v0 + vH0 ∆λ1 + vH0 λ1∆v0)
. (6.12)

Therefore, we can use the above mode shapes to evaluate the power transfer matrix

and efficiency.

6.2 Normal Mode Analysis for Multiple PZT Patched

Structure

The above analysis demonstrates that a PZT patch will change the structural modes

of the original structure. As we know, changes in the mode shapes will affect the

power transfer matrix and therefore the power efficiency. In this section, we will

apply the variational approach to analyze the normal mode analysis of the structure.
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As an example, the variational approach was applied to analyze the natural

frequencies and mode shapes for an aluminum plate, whose dimensions are 12� x 8� x

0.008�. A comparison will also be made between the variational method and FEA. As

we can see from Table 6.1, for the plate under the simply supported, there is a very

good match between the analytical frequencies and those predicted by the variational

approach. Furthermore, we will apply this method to analyze the power efficiency of

a thin structure, whose mode shapes and frequencies are substantially inßuenced by

the PZT patches.

To model a variety of boundary conditions, the structure�s boundary is repre-

sented by massless linear springs perpendicular to the plate and torsional springs. By

varying the spring constants, the model can represent free, clamped, and simply sup-

ported boundary conditions as well as any combination of these extremes. In order

to further verify the model accuracy, we will Þrst apply the variational approach to

analyze the normal mode analysis of the thin aluminum plate . The natural frequen-

cies and modal shapes for this clamped thin plate without PZT patches are listed in

Table 6.1. For the simply supported plate, the nondimensional translational spring

constant k = Ka3/D was chosen as 1e8 and the rotational spring constant c=0. The

9 terms of truncations of trial function were used in the variational approach. As

we can see from the simply supported results from Table 6.1, the natural frequencies

obtained from the variational approach agree with those of analytical results. The

largest errors occured at (4, 1) and (4, 2) modes with the errors of 3.5% and 2.2%, re-

spectively. For other frequencies, the two methods agree to within 0.0%. The slightly

higher error for these two higher modes probably results from the fact that the index

of the frequency is higher than others and we did not choose a large number of trial

function terms to accurately represent the corresponding mode shape. If we increase

the terms of trial functions, higher accuracy is expected.

Now we try to solve the normal modes for the same thin plate but under the

clamped support. To simulate clamped boundaries, the rotational spring constant

C is chosen as 1e5, the translational spring constants as K=1e8. The corresponding

frequencies of FEA and the variational approach were listed in the same Table 6.2. Re-
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Table 6.1: A comparison of frequencies, Hz, of a simply supported thin
plate

Simply Supported
Freq. Index Analytic V ariatonal Error%

1, 1 16.9971 16.9971 0.0
2, 1 32.6867 32.6869 0.0
1, 2 52.2987 52.2994 0.0
3, 1 58.8361 58.8457 0.0
2, 2 67.9883 67.9889 0.0
3, 2 94.1377 94.1450 0.0
4, 1 95.4451 98.7585 3.5
1, 3 111.1348 111.1594 0.0
2, 3 126.8244 126.8467 0.0
4, 2 130.7468 133.6226 2.2

sults demonstrated that the frequencies predicted by the variational approach matches

with those of FEA results. The percentage errors for all the modes are less than 4.5%

except for the 4, 1 mode. The major reason for the larger error of the higher modes

is that we do not use a sufficiently large number of trial functions. In the same table,

the frequencies with one pair of central PZT patches whose thickness are 0.008� are

also listed. As we see, this PZT pair has little inßuence on the frequencies and there-

fore, it will not signiÞcantly change the actuation power efficiency. As suggested by

previous analysis, we could still use the original structural modes and frequencies to

compute the power efficiency.

In addition to the frequency comparisons, the corresponding mode shapes of

the active structure was also compared with those of the original structure. Figure

6.1 and 6.2 are the mode shapes of the thin plate without PZT patch and with a

1� x 1.5� x 0.008� PZT patch, respectively. As we can see, these two Þgures are

almost identical. Based on the deÞnition given in equation (2.29), the mode shape

error for the active structure to its original host structure is 0.74 %. The mode shapes

corresponding to those two cases are plotted for the convenience of reference.
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Table 6.2: A comparison of frequencies,Hz, of a clamped thin plate

Freq. Index FEA woPZT Error(%) w1PZT Error(%)
1, 1 32.11 32.20 0.27 32.22 0.09
2, 1 49.39 49.73 0.69 49.73 0.00
1, 2 78.79 78.86 0.09 78.86 0.00
3, 1 78.89 79.40 0.65 79.65 0.31
2, 2 94.08 95.19 1.18 95.35 0.18
3, 2 120.04 123.04 2.50 123.05 0.00
4, 1 120.52 130.10 7.95 130.10 0.00
1, 3 149.83 149.64 0.13 149.80 0.11
2, 3 158.44 165.57 4.50 165.57 0.00
4, 2 163.71 168.86 3.15 169.06 0.11

6.3 Inßuence on Power Efficiency

The immediately previous section investigated the PZT patch�s inßuence on the mode

shapes for large or thick PZT patches comparing to the size of the host structure.

In this section, we will analyze the power efficiency changes incurred by the PZT

patches.

As in previous calculations, the power efficiency is computed using the same

deÞnition, equation (3.12) but with the mode shapes, modal velocities, and frequencies

of the active system instead of those of the plain host structure.

Using the variational approach, the normal modal analysis of the PZT patch

driven structure is Þrst evaluated. And then the power transfer matrix and modal ve-

locities are computed. Finally, the power efficiency is calculated, refer to Sections 3.5

and 4.3.

Figure 6.3 is a plot of the efficiency of the simply supported 12� by 8� by 0.008�

aluminum plate with one central thick ( 5 times of the plate�s thickness) PZT patch.

The solid line is the efficiency of the structure ignoring the PZT patch�s inßuence

on the normal mode analysis. The asterisk is the efficiency taking into account the
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Figure 6.1: The Þrst mode shape of the thin plate without PZT patches.

PZT patch�s inßuence on the system�s normal modes. The plot illustrates that these

two curves are almost identical. However, detailed numerical analysis does show some

errors exist between the efficiencies. The maximum efficiency error occurs at κ = 0.19

with the absolute error of 0.05, or percentage error of 8.46%. Therefore, we could

conclude that ignoring the PZT patch�s inßuence on the actuation power efficiency

is not signiÞcant and the inßuence can be ignored if a relatively small piece of PZT

patch is employed.

Then comes the question: if we increase the number of PZT patches, will

the added amount of PZT patches have a signiÞcant effect on the power efficiency?

Integrating the variational approach and the generalized eigenvalue technique, we will

further investigate the PZT patches� inßuence on the power efficiency while taking

into account the normal mode changes incurred by the PZTs. First, the natural

frequencies are evaluated using the variational approach for hpzt = 5hplt. The natural

frequencies of the structure with or without taking into account the inßuence of PZT

patches on the normal modes are computed using the variational approach. As we

could see from Table 6.3, the largest frequency error by ignoring the PZT patches�

effect on the frequencies occurs at (3, 1) mode. It is as high as 19%. For other

frequencies, the error is very small. The large variation of the error depends on
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Figure 6.2: The Þrst mode shape of the thin plate with a PZT patch.

the location of PZT patches, the frequency indices, as well as the accuracy of the

variational approach, which is related to the number of terms in the trial function.

Integrating the variational approach with the generalized eigenvalue technique,

the power efficiency is investigated. The corresponding efficiencies for the thin plate

with or without the inßuence of PZT patches on the normal modes are plotted in

Figure 6.7. Among the Þve PZT patches, one is placed at the center of the plate and

the other four are placed in the same positions as speciÞed the optimal location for

the 1/8� thick plate in previous chapters. Figure 6.7 illustrates the power efficiency

for a group of Þve actuators whose locations are the same as the optimal positions

speciÞed at previous chapters. The solid line is the efficiency of the structure ignoring

the PZT patches� inßuence on the normal mode analysis. The asterisk is the efficiency

taking into account the PZT patches� inßuence on the system�s normal modes. As

we could see, the difference is very small.

The following is a further analysis of the efficiency of the same group actuators

but with the thickness equal to the thickness of the plate. Table 6.3 lists the natural

frequencies of the structure with and without PZT patches, respectively. It shows

that the PZT patches with a thickness comparable to the thickness of the plate do

not cause much frequency change. Detailed numerical analysis demonstrates that
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Figure 6.3: Power efficiency of a PZT patch driven thin plate with or with
out taking into account the inßuence of normal modes incurred by PZT
patch.

the maximum power efficiency error occurs at κ = 0.36 with an absolute error of

0.0056, and a corresponding percentage error of 1.09%. In addition, as we can see

from Figure 6.4, the thickness does not change the efficiency signiÞcantly. In fact,

the efficiency is a weak function of PZT patch thickness. The thickness does not

change the mode shape much, although the moment generated by the PZT patches

is proportional to the thickness of the PZT patch. Due to the cancelation of the

inßuence of thickness in the numerator and denominator in the efficiency expression,

it has a very small inßuence on the efficiency.

After investigated the power efficiency of the thin plate with 5 comparable

thickness PZT patches, we now try to further study the relative thick multiple PZT

patch on the power efficiency. Figures 6.5 and 6.6 are the Þrst mode shape of the

thin plate with 5 PZT patches and the Þrst mode shape for the same plate without

PZT patch, respectively. The corresponding natural frequencies are listed in Table

6.3. It�s not hard to observe the two mode shapes. The existence of PZT patches

causes the displacements near the center of the plate to be ßatter than those of plain

plate. In order to quantitize the variation of mode shapes caused by multiple PZT
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Table 6.3: A comparison of the frequencies for 5 PZT patches (hpzt = 5∗hplt)
driven structure

Index fwnoPZT (Hz) fw5PZT (Hz) Error % fw1PZT Error %
1, 1 16.9969 18.004 5.93 17.06 0.38
2, 1 32.6865 33.0142 1.00 32.69 0.02
1, 2 52.2988 52.5178 0.42 52.30 0.01
3, 1 58.8449 70.0395 19.02 59.42 0.98
2, 2 67.9876 76.6971 12.81 68.39 0.59
3, 2 94.1425 95.6871 1.64 94.18 0.04
4, 1 98.7567 101.3889 2.67 98.80 0.04
1, 3 111.1571 122.6098 10.30 111.57 0.37
2, 3 126.843 128.1702 1.05 126.86 0.02
4, 2 133.6179 150.0928 12.33 134.19 0.42

patches, the previously deÞned mode shape error, equation (2.29), is used to evaluate

the mode shape error. The corresponding errors for the Þrst ten modes are listed in

Table 6.3. As we could see, the largest mode shape error occurs at the Þrst mode

with a percentage error of 14.54%.

Figure 6.7 plots the efficiency of the 5 thick PZT patch actuator driven thin

plate. As we can see from the plot, the efficiency calculated by taking into account of

the mode shape changes caused by PZT patches is higher than that of ignoring the

normal mode incurred by PZT patches, since the multiple thick PZT patches changed

the system dynamics signiÞcantly. The added PZT patches will not only change the

original system�s natural frequencies and mode shapes, but also the power transfer

matrix, which will cause the largest eigenvalue to vary. Therefore, the power efficiency

will change. However, the detailed efficiency analysis demonstrated that the thickness

of the multiple PZT actuators did not affect the power efficiency signiÞcantly. The

reason is that the power efficiency is not directly related to the mode shapes, but

the integration of mode shapes. The integral will decrease the sensitivity of the

mode shapes on the power efficiency. Furthermore, each individual mode has different

contributions to the efficiency. The comprehensive inßuences of the Þrst certain modes
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Table 6.4: A comparison of the frequencies for 5 PZT patches (hpzt = hplt
driven structure

Index fwnoPZT (Hz) fwPZT (Hz) Error %
1, 1 16.9969 17.0623 0.385
2, 1 32.6865 32.6922 0.00
1, 2 52.2988 52.3016 0.00
3, 1 58.8449 59.4222 0.01
2, 2 67.9876 68.3896 0.006
3, 2 94.1425 94.1767 0.000
4, 1 98.7567 98.7951 0.000
1, 3 111.1571 111.5722 0.004
2, 3 126.843 126.8636 0.000
4, 2 133.6179 134.1851 0.004

may cancel each other at certain degrees, which further decrease the inßuence of PZT

thickness on the power efficiency.

6.4 Summary

In this chapter, the efficiency of a PZT patch driven structure has been investigated

by integrating the variational approach and generalized eigenvalue technique. Special

interest is paid to the study of efficiency for the three cases: a relatively thick PZT

patch, multiple PZT patches with a comparable thickness, and multiple thick PZT

patches.

Numerical analysis illustrates that the relative thickness of the PZT patches

has little inßuence on the power efficiency for the single PZT patch or multiple PZT

patches with the comparable thickness to the thickness of the plate. In spite of

the fact that the multiple thick PZT actuators may cause large frequency variations

and mode shape changes, even for multiple relatively thick PZT patches, they did

not cause signiÞcant difference on the power efficiency while their inßuence on the

frequencies and mode shapes were compensated in the power efficiency analysis model.
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Figure 6.4: Power efficiency of 5 PZT patch (hplt = hpzt) driven thin plate
with or with out taking into account the inßuence of normal modes in-
curred by PZT patch.

The reason is partly due to the fact that the efficiency is not directly proportional to

the mode shapes, but to the integration of mode shapes. The integration reduces the

sensitivity of the efficiency to the mode shapes. Therefore, we can conclude that the

power efficiency analysis discussed previously, based on the original structural modes,

is still valid for the multiple PZT actuator driven structures.
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Figure 6.5: First mode shape for the simply supported thin plate with 5
PZT patches.

Figure 6.6: First mode shape for the simply supported thin plate without
PZT patches.
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Table 6.5: A comparison of the mode shape error between the 5 PZT
patches (hpzt = hplt) driven structure and its plain structure

Index Error %
1, 1 14.54
2, 1 -0.23
1, 2 1.15
3, 1 -7.07
2, 2 -7.38
3, 2 -11.54
4, 1 -3.12
1, 3 2.18
2, 3 -9.04
4, 2 -3.24
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Figure 6.7: Power efficiency of 5 PZT patch (hpzt = 5hplt) driven thin
plate with or with out taking into account the inßuence of normal modes
incurred by PZT patch.
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Chapter 7

Experimental Investigation

In previous chapters we have investigated the sound radiation power and power effi-

ciency of point force and PZT patch actuator-driven structure. In this chapter, we

will focus on the experimental investigation on the validation of the theoretical model.

First we will brießy investigate the effect of PZT patches on the natural frequencies

and damping ratios of the structure. Then, we will verify our analytical acoustic

model by comparing the analytical sound radiation power and measured sound ra-

diation power. The 12� by 8� aluminum plates, refer to Figure 7.1, with different

thicknesses, 1/8� (actual thickness 0.1235�) or 0.008� are respectively used in all of

the experiments. Figure 7.2 is a diagram of the modal analysis test setup.

7.1 Modal Testing of the Test Fixture

The Þrst attempt is to verify the feasibility and the accuracy of the Þxture of the

experimental setup, Figure 7.3. An experimental modal impact testing is served for

this purpose. For the 1/8� thick plate, the simply-supported boundary condition is

simulated. The plate is machined with grooves along the all four edges. Since the

thickness of the groove area is much thiner than that of other areas, therefore, the

plate could easily rotate while its edges are Þxed by thread fasteners and the simply-

supported boundary condition is simulated. An accelerometer is placed on the corner

of the bottom left, coordinates (1�,1�). A 4 by 6 mesh grid is adopted in the impacting
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Figure 7.1: A plate with PZT patches.

test. Alternatively, a laser vibrometer is also used to measure displacement so that

a non-contact measurement could improve the accuracy of the frequency response.

This is especially important to the testing of a thin plate. The corresponding 24 FRF

Þles are saved using Tektronix analyzer. With these data Þles, a commercial software

package, STAR, is used to identify modes and determine the corresponding damping

ratios.

The natural frequencies and damping ratios are listed with those of closed-form

solutions in Table 7.1. Figure 7.4 is the FRF of the simply supported plate from 200

Hz to 2,000 Hz.

A comparison of the analytical and experimental frequencies are listed in Ta-

ble 7.1. As we can see from the table, the Þrst nine experimental natural frequencies

upto 2000 Hz agrees with those of analytical results with the largest error of 1.95%.

It demonstrates that the setup effectively simulates the simply supported boundary

condition.

Secondly, a similar modal testing is performed for the same plate with four pairs

of PZT patches bonded on the surface. The purpose of this analysis is to investigate

how PZT patches affect the frequencies and damping ratios. The placement pattern

of the PZT patches is shown in Figure 5.6. The modal analysis results of the plate
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Figure 7.2: The mode analysis experiment setup.

with PZT patches are listed with those of the plate without additional actuators in

Table 7.1. As we can see from the table, the PZT patches do cause some minor

changes to the frequencies and modal shapes. Apparently, the glued PZT patches

add mass to the plate and they also change the stiffness of the plate. Therefore, the

natural frequency will change. Results demonstrate that the percentage inßuence of

the PZT on the frequencies is much smaller than on the damping ratios. The largest

damping ratio variation occurs at the Þrst frequencies with a value increased from

0.65% of plain plate to 1.19% of the PZT patched plate. A similar modal testing is

also performed on the thin plate (0.008�). The corresponding FRF and coherence

curves are plotted at Figure 7.5.

Table 7.2 is a comparison of experimental and analytical frequencies of the

clamped thin plate. The analytical results were calculated using the variational ap-

proach. Generally speaking, there is a good agreement between the experimental

and analytical results with the largest errors less than 5.0%. There are many factors

contribute to the discrepancy, such as insufficient terms of trial functions. However,

one of the signiÞcant contributions to the error is that the variation of the mechanical

behaviors in different directions of the thin plate. The coatings of the plate are not

the same on the two sides. Because of the residual strains from manufacturing, the
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Figure 7.3: A plate with PZT patches and Þxtures.

plate has the natural bending trend while it is placed on a horizontal plane. There-

fore, the plate�s stiffnesses along x and y axes are different. In addition, there is no

detailed material properties available for the plate.

7.2 Sound Radiation Power

After investigating the effect of PZT patches on the structural frequencies and damp-

ing ratios, our next step is to verify the accuracy of our sound radiation predition

model. For the 1/8� thick plate, a simply-supported boundary condition is simulated

with the same modal testing Þxture. Four pairs of PZT patches are collocately placed

on both side of the plate, see Figure 5.6. Two separate testings are performed. First,

only the bottom left pair of PZT patches and then all the pairs are excited. The

control voltage is applied to collocated PZT patches in such a way that they could be

excited in phase. A Radio Shack OPTOMS 33-3003 microphone is used as a sensor

to measure the sound pressure level. Referring to the Standard of ISO-3477:1994(E),

the acoustic test is performed in the anechoic chamber. According to the Standard,

a radius of one meter hemisphere is adopted in the testing. The microphone is po-

sitioned at ten points as suggested by the standard along the hemisphere surface to
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Table 7.1: Frequency and damping ratio comparisons of a plate with or
without PZT patches

Index Ana. Freq. Exp. Freq. Error% Damping ratio% Exp. w PZT Damping ratio %
1 262.4 265.87 1.32 0.65 263.07 1.19
2 504.6 500.77 0.76 0.42 500.11 0.615
3 807.4 804.17 0.33 0.32 801.94 0.605
4 908.3 899.02 1.02 0.24 904.41 0.34
5 1049.6 1035 1.39 1030.5 0.347
6 1453.3 1425 1.95 1430.5 0.479
7 1473.4 1465 0.57 1473 0.388
8 1715.6 1695 1.20 1688 0.649
9 1957.9 1960 0.11 1941 0.507
10 2018.4

record the sound pressure level. The microphone is headed toward to the center of

noise source so that the measurement could minimize the pressure error caused by

the direction being inconsistent with the direction of the microphone calibration. A

random signal is supplied to the actuators after it is ampliÞed 20 times by the 790

series power ampliÞer. After the test, the signal from the microphone with the pre-

ampliÞer is ampliÞed by 50 times with a bypass mode of the Frequency Function

Device. These signals along with the random signal are connected to three different

channels of Tektronix analyzer. The corresponding time average signals and FRF,

coherence functions are saved. The microphone is calibrated against a B&K calibra-

tion device, which generates 94dB sine 1000 Hz signal. The sensitivity is 7mv/Pa.

Since the microphone signal is ampliÞed by 50 times before it is sent to the analyzer,

therefore, the micro sensitivity K1 with the ampliÞer is 350mv/Pa.

The sound pressure levels Lp at each point is averaged using the following

expression [ISO (1994)]:

L̄p = 10log10

"
1

N

NX
i=1

100.1Lpi

#
; (7.1)
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Table 7.2: A comparison of experimental and analytical frequencies of a
thin clamped plate

Mode Index Ana.(Hz) Exp.(Hz) Error (%)
1, 1 32.20 29.00 2.17
2, 1 49.73 52.53 5.64
1, 2 78.86 76.86 2.53
3, 1 79.40 83.13 4.70
2, 2 95.19 103.78 1.57
3, 2 123.04 121.11 3.51
4, 1 130.10 125.53 3.5
1, 3 149.64 146.18 2.32
2, 3 158.44 150.60 4.95
4, 2 168.86 170.88 1.19

where Lpi can be evaluated either using time signal or the FRF of microphone signal

to input signal. The background noise is ignored since it is relatively weaker than

the source. The testing is performed in the anechoic chamber. For convenience, the

FRF is used for sound pressure level calculation. The magnitude of each FRF is

evaluated using transfer functions. We can alternatively use the following expressions

to compute sound pressure levels:

Lpi = 20log10 [Lpi/Lref ] ; (7.2)

where Lref = 2x10
−5 or approximately,

Lpi = 94 + 20 ∗ log10 [mag(FRFi) ∗ 1000/K1] ; (7.3)

where mag(FRFi) is the magnitude of FRF while microphone at ith point and the

constant 1000 is introduced because the K1�s unit is mv/Pa instead of v/Pa. The

sound pressure levels Lp at each point is averaged using the following expression:

L̄p =
1

N

NX
i=1

Lpi; (7.4)
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Figure 7.4: Experimental frequency response functions for the simply sup-
ported plate at (3�, 7�).

The sound power level, Lw, can be calculated as follows [ISO (1994)]:

Lw = Ã̄Lp + 10log10(
S

S0
)dB (7.5)

where s is the area of the measurement surface of the hemisphere, in square meters,

and s0 = 1m
2.

For each plate, the acoustic testing is repeated by exciting the one pair actua-

tors or four pair actuators, respectively.

Figure 7.6 is a diagram of the sound pressure measurement setup. Figure 7.7

and Figure 7.8 are the pictures of the anechoic chamber and the sound pressure

measurement test setup inside the chamber, respectively.

In order to make comparison with experimental SPL, the coupled electro-

mechanical model, which takes into account the dynamic electro-mechanical coupling,

is used to predict SPL of the PZT patch driven plate. As a procedure, the active

system�s equivalent moments and modal velocities are Þrst computed. Then the gen-

eralized eigenvalue technique is used to compute the efficiency. The corresponding

value is plotted with experimental results in Figure 7.9. As we could see from this

Þgure, the predicted resonance frequencies and the peaks of SPL match with experi-
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Figure 7.5: Experimental frequency response functions for the clamped
thin plate at (3�, 7�).

mental results. Further numerical results show that the resonance frequency error is

less than 1 %. The main reasons for the frequency discrepancies are as following:

1. The experiment setup does not exactly simulate the simply-supported boundary

conditions.

2. The material properties may vary from what have been listed.

The possible reasons for the SPL difference are as follows:

1. Damping ratios are not the same as used in the model.

2. The Þxture is not exactly symmetric in the normal direction of the plate. There-

fore, the acoustic Þeld is not symmetric as we modeled.

3. Low microphone resolution may have negative effect on the accuracy of the

measurement.

In general, the coupled impedance model predicts the SPL with a reasonable

accuracy, although further adjust material properties and damping ratios may result

in a better accuracy.
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Table 7.3: Frequencies and damping ratios for the PZT patched plate with
or without supplying a voltage

Without Voltage With Voltage
Index Freq.,Hz Damping ratio% Freq.,Hz Damping ratio %
1 263.07 1.19 263.04 1.01
2 500.11 0.615 495.35 0.368
3 801.94 0.605 795.54 0.544
4 904.41 0.34 904.84 0.245

The acoustic power efficiency with a given excitation at a speciÞc frequency is

deÞned as a ratio of the sound radiation power generated to the maximum achievable

radiation power by the structure . According to this deÞnition, the numerator is the

sound radiation power, and the denorminator is its maximum achievable value. The

maximum achievable radiation power is obtained while all the modal velocity compo-

nents match with those of eigenvectors, q1, corresponding to the largest eigenvalue of

power transfer matrix. Unfortunately, in current test structure there are not enough

inputs to adjust all the modal velocity components to exactly match q1 components

at all locations. In another words, it is not feasible to exactly measure the maximum

possible radiation power of the structure based on current test design. Therefore, a

direct validation of efficiency model needs furture work. However, not directly val-

idating the efficiency model does not necessary means the model is not acceptable.

Since we have veriÞed the power transfer matrix calculation procedure by comparing

to previous work, sound radiation by the experiments, and the maximum achievable

power mathematically, it is meaningful to use this deÞnition to investigate the per-

formance of actuation and it is especially useful when it is used to make comparison

among different actuators. The general conclusions from this work is also validated.
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Figure 7.6: SPL measurement setup.

Figure 7.7: Anechoic chamber.
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Figure 7.8: Acoustic testing setup inside anechoic chamber.
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Figure 7.9: A comparison of analytical and experimental SPL of the plate
driven by a pair of PZT patches.
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Chapter 8

Conclusion and Recommendation

This dissertation studies the sound power radiation and power efficiency of the actu-

ator driven structures. Based on eigenvalue techniques, the purpose of this study is

to provide a easy way to compare the effectiveness of different actuators and thereby

to help the designers to choose actuators. The major contents and conclusions are

highlighted as follows.

8.1 Overall Conclusions

Based on the eigenvalue technique and mode expansions, a general method is pro-

posed to study the sound radiation power of a planar structure. By integrating the

variational method into the study, this hybrid approach processes a generality in the

analysis of the sound radiation of any planar structure under an arbitrary geometry

at any elastic supporting boundaries. This analysis conÞrms the previous results that

the sound power radiation is a strong function of frequency and actuation location

and boundary conditions affect the sound radiation.

By deÞning the maximum power efficiency as the ratio of power radiated from

the structure to the maximum achievable power by the structure, the actuation power

is reduced to an eigenvalue decomposition technique by Leo (1998). The power effi-

ciency of a point force actuator driving structure is investigated. The power efficiency

is simply proportional to the maximum eigenvalue of the power transfer matrix. The
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numerical analysis shows that efficiency is a strong function of frequencies and actu-

ator locations. Generally speaking, the single actuator driven structure has a narrow

bandwidth of high efficiency. Typically, the efficiency is high at low frequencies and

low at high frequencies. The maximum efficiency is near but does not necessary cor-

responding to the Þrst resonance. In addition, the actuation location inßuences the

efficiency greatly. The efficiency is also related to boundary conditions. It may not

necessary change the efficiency value signiÞcantly. However, it will shift the power

efficiency along the frequency axis, because of the different resonance frequencies for

different boundary conditions.

Due to the popular applications of the PZT patches in the noise and vibra-

tion control, the power efficiency of a PZT patch driven structure is investigated

using the coupled electro-mechanical impedance model [Zhou and Rogers (1995)].

Numerical analyses demonstrate that the efficiency of the PZT actuator driven struc-

ture is strongly dependent on the frequency, location, and number of PZT actuators.

Generally speaking, the frequency of one PZT actuator has a narrow bandwidth of

high efficiency at low frequencies and low efficiency at high frequencies. Changing a

PZT actuator position will affect efficiency because it will excite certain modes and

therefore inßuence mode velocity and sound radiation power.

The efficiency of a plate either driven by a point force or PZT patch has a

narrow bandwidth of high efficiency. Using the generalized eigenvalue technique,

the power efficiency study is extended to a multiple actuator array driven structure

for both the point force actuators and PZT patch actuators. Results demonstrate

that increasing the number of actuators will not only improve the efficiency but

also the bandwidth of high efficiency. In order to increase the efficiency further, an

optimization is performed for the PZT patch actuator locations and a relatively higher

efficiency at a wider frequency bandwidth is achieved for the optimized multiple PZT

locations.

This analysis also suggests that For the typical PZT patch applications the

system dynamics of the integrated active structure will not signiÞcantly vary from

the host structure. Therefore, their inßuences on the power efficiency analysis ignores
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the mode shape change caused by the PZT patch, although the frequency and im-

pedance change are taking into account in the coupled electro-mechanical impedance

model. Combining the variational method with the power efficiency analysis, the

power efficiency of an extremity, a very thin plate with relatively thick PZT patch

driven structure, is investigated. The analysis shows that although a multiple thick

PZT patches cause large frequency and mode shape variations, the efficiency varia-

tion is not so signiÞcant. As our analysis suggests that power efficiency is a function

of modal velocity and transfer matrix. The frequency and mode shape changes will

indeed cause power transfer matrix change. However, both the numerator and the de-

nominator of the efficiency are proportional to the modal velocity and power transfer

matrix or its maximum eigenvalue. Therefore, the efficiency is canceled out at nu-

merator and denominator and make the efficiency not so sensitive to the PZT patch

parameter as sound radiation power. Therefore, the previous efficiency analysis ignor-

ing the mode shape variation of the integrated structure from the plain host structure

is accurately even for the thick multiple PZT applications.

In addition, different experimental investigations, such as the experimental

modal analysis, sound radiation power and structure vibration, are performed. These

test results directly verify the coupled electromechanical model and sound radiation

power analysis.

8.2 Recommendation For Future Work

Recommendation for further investigation are as follows:

In the experimental investigation, it is found that the thin plate has a natural

bending trend even if it is placed on a ßat surface. It was probably caused during the

manufacturing. In addition, because of the limitation of the Þxture, the resonance

frequencies are not higher enough for the sound pressure measurement of the thin

plate because of the cut-off frequency. For the further experimental investigation,

re-designing the Þxture of a thin plate and choosing the dimension of the plate in

such a way that the Þrst resonance frequency could be above the cut-off frequency of
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the anechoic chamber.

Resign a structure to input have enough control inputs to make the modal

velocity matches the eigenvectors q1 as much as possible so that maximum possible

sound radiation could be measured.

Integrating the power efficiency into the active structural-acoustic control. This

work investigated the power efficiency from a point view of maximizing the actuator

performance, which is helpful in actuator design and comparison. However, when a

control algorithm is involved as in the ASAC, the control signal will interface the

performance of actuators. It is worthwhile to extend the power efficiency analysis

methodology presented in this work to analyze the actuator power efficiency of ASAC.

Extended this analysis to study the power efficiency of the sound transmis-

sion. Reducing transmission is another type of popular noise control involved in the

engineering problem. To maximize the actuator performance and reduce the sound

transmission with a few actuators will have practical engineering applications.
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Appendix A

Extrme Eigenvalues of

max < X,AX >

Let A be an n x n real symmetric matrix and deÞne the unit sphere, θ, in Rn to be

the set of all vectors in R for which < X,X >= 1, where X is vector. Consider the

problem of Þnding the maximum value of < X,AX > subject to the condition that

< X,X >= 1. We write the quantities:

max < X,AX >

< X,X >= 1
(8.1)

Suppose that the eigenvalues of A are λ1 ≥ λ2 ≥ ...λn, that Ω = diag{λ1, ...,λn}, and
let T be a real orthogonal matrix for which

T TAT = Ω. (8.2)

We observe that if X = TY , then

< X,X >= XTX = Y TT TTY = Y TY =< Y, Y > . (8.3)

Furthermore, since T is necessarily nonsingular, RT T = Rn and it follows that as X

varies over all vectors in θ, so Y varies over all the vectors in θ and

max < X,AX >= max < TY,ATY >= max(Y TT TATY ) = max(Y TΩY ) = max(
Pn

j=1 λjy
2
j ).

< X,X >= 1

(8.4)
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Because of the ordering of the eigenvalues,

nX
j=1

λjy
2
j <= λ1y

2
j = λ1 < Y, Y >= λ1. (8.5)

if Y ∈ θ. Furthermore, with Y = q1 we obtain
P
λjy

2
j = λ1. Hence, since q1 ∈ θ,

max < X,AX >= λ1

< X,X >= 1
(8.6)

140



Vita

The author, Renfang Cao, was born on June 10, 1963, in Changzhou, Jiangsu Province,

China. He obtained his Bachelor of Science degree in Dynamic Machine from North

China Institute of Technology, Taiyuan, China, in 1984. Later on he received his

Master of Engineering degree in Mechanical Engineering from Mechanical Engineer-

ing Department, Nanjing University of Science and Technology. His master thesis

was on the vibration and noise reduction of an aircraft gun. After graduation in

1987, he joined the faculty of the Department of Mechanical Engineering in the same

University and worked as an Assistant Professor. In 1989 he moved to Jiangsu Insti-

tute of Chemical Technology, Changzhou, China, and worked as a Lecturer Þrst and

later the Associated Chairman of the Department of Mechanical Engineering. His

eight years of work experience includes teaching and research on Machine Design and

Analysis, Dynamics and Vibration, and Optimization. He moved to West Virginia

University in August 1995 and quickly transferred to The University of Toledo in

September the same year, where he conducted research on active structural-acoustic

control. He received his second Master Degree of Science in Mechanical Engineering

from the Mechanical, Industrial, Manufacturing Engineering in 1998. Then he moved

to Virginia Polytechnic Institute and State University , in Blacksburg, Virginia, to

continue to pursue his Ph.D. degree in the same year. He completed the requirements

for the degree of Doctor of Philosophy in Mechanical Engineering in May 2001.

141



Permanent Address: 770 Coachman Dr, Apt. 2

Troy, MI 48083

This dissertation was typeset with LATEX2ε
1 by the author.

1LATEX 2ε is an extension of LATEX. LATEX is a collection of macros for TEX. TEX is a trademark
of the American Mathematical Society. The macros used in formatting this dissertation were written
by Greg Walker, Department of Mechanical Engineering, Virginia Tech.

142


