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Numerical Inverse Kinematics for a 

Six-Degree-of-Freedom Manipulator 

Abstract 

This work bridges the gap between theory and practice. The development of general 

inverse kinematic solution techniques is new, hence few detailed applications of these 

methods exist. Before methods such as these were available, most commercial 

manipulators were designed to be geometrically simple, yielding 4th or lower degree 

governing equations. With the further development and application of these techniques, 

industry will be capable of implementing more complex manipulators for highly specialized 

tasks. 

A general inverse kinematic analysis technique is applied to an industrial manipulator 

designed for the inspection of nuclear reactor vessels. The analysis is performed by 

solving the 16th degree univariate displacement polynomial of the general six-degree-of- 

freedom arm using an equivalent seven-degree-of-freedom closed-loop spatial chain. All 

possible combinations of joint angles for a given hand position and orientation are 

obtained. A region in which the manipulator has the maximum number of solutions is 

used as a numerical example. The inverse kinematic analysis was programmed in C, which 

is included in Appendix D.
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1. Introduction 

1.1 Background 

This work is in response to a request by Babcock and Wilcox Nuclear Service Company 

(BWNS) for a kinematic analysis to be performed on a new manipulator. The design of 

this manipulator was a cooperative effort between the Robotics and Mechanisms Group at 

Virginia Tech and the Special Products and Inspection Services (SPIS) Division of 

BWNS. The purpose of the new manipulator is to supplement and eventually replace the 

current nuclear reactor vessel inspection manipulator, ARIS (Automated Reactor 

Inspection System). The design of the ARIS manipulator is based upon a polar crane 

concept with a four-degree-of-freedom (DOF), all-revolute (R), serial arm attached to the 

boom assembly. ARIS has performed well in service, but the size and complexity inherent 

to its design make installation and removal of the manipulator a time consuming process. 

Its weight of approximately sixteen tons and size requiring several tractor trailers for 

transportation, necessitate assembly before and during installation into the vessel and 

calibration thereafter. The process of assembly and calibration takes approximately three 

days before vessel inspections may begin. Disassembly and loading for transport requires 

about the same amount of time. 

The URSULA (Ultrasonic Reactor Scanner Un-Like ARIS) manipulator is a design 

concept that greatly reduces total vessel inspection time by decreasing the amount of 

assembly and disassembly required on-site. The URSULA design consists of a 6 DOF, all- 

revolute (6R) arm secured to a mobile platform. The platform has suction pads that attach 

to the side of the vessel while the arm, fitted with an ultrasonic transducer array, scans 

welds in its workspace. After scanning in that area is complete, the tool is replaced by a 

suction cup from the tool rack on the platform. Once the suction tool is fixed to the 

vessel, the platform is released and moved to another position for further scanning. Thus, 

the arm is used for both locomotion and inspection. The relatively small size of URSULA 

facilitates rapid assembly and calibration. These characteristics also allow for the 

possibility of two URSULA systems running concurrently, reducing vessel inspection 

times further. Figure 1.1 shows a photograph of a scale model of the URSULA arm, 

while Figure 1.2 shows the URSULA system installed in a reactor vessel. 

Both forward and inverse kinematic analysises of the URSULA arm must be performed. 

The forward kinematic analysis uses the manipulator joint angles to find the Cartesian 

coordinate position and orientation of the manipulator hand or tool plate. This analysis 
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Figure 1.2 URSULA in a Reactor Vessel 
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requires a full understanding of the manipulator geometry and of mathematical spatial 

descriptions. The forward analysis also introduces important concepts and nomenclature 

needed for a full understanding of the inverse kinematic analysis. 

1.2 Introduction to Manipulator Inverse Kinematics 

The inverse kinematics of a manipulator uses a desired hand position and orientation to 

find a set of manipulator joint angles. The set of joint angles for a given position and 

Orientation is not unique. In fact, for a general 6R arm, there can be up to sixteen sets of 

joint angles that will result in a single hand position and orientation [Lee and Liang, 1988; 

Raghavan and Roth, 1990; Kholi and Osvatic, 1992]. 

6 DOF manipulators can be separated into two classes by their inverse kinematics. In this 

paper, the term "closed-form" refers to manipulators whose inverse kinematics can be 

performed without any iteration. The URSULA manipulator does not have a closed-form 

solution; and, as a result, iterations are required in order to solve the inverse kinematics. 

For the six-degree-of-freedom class of manipulators without a closed-form solution, there 

are primarily two categories of methods for the formulation of the inverse kinematics, 

numeric and algebraic. 

The numeric inverse kinematic techniques for a 6 DOF manipulator typically consist of 

developing a system of six nonlinear equations in sines and cosines of the unknown joint 

parameters. Then a method such as Newton-Raphson is used to solve the system 

[Thomopoulos and Tam, 1991; Goldenberg and Lawrence, 1985]. Although these 

methods can be efficient, only a single set of joint angles is obtained, convergence is not 

guaranteed, and an initial guess for the solution is required. 

If obstacle avoidance is a requirement, it is often necessary to know more than one set of 

joint angle solutions for a given end-effector position and orientation. The algebraic 

methods provide a means for computing all possible joint angle solutions. These methods 

utilize vector mathematics to develop a univariate polynomial in one of the joint variables. 

This polynomial can be solved for all possible roots by one of many techniques not 

requiring initial guesses, such as Laguerre's Method [Press, Flannery, et al., 1992] or the 

Jenkin's Traub Method [Ralston and Rabinowitz, 1978]. Once the solutions are found to 

the joint variable in the polynomial, the remaining joint variable solutions are found in 

closed form. A handful of researchers, such as Albala, Angeles, Duffy, Lee, Liang, Roth, 

and Ragavan, is responsible for the development of these algebraic methods. Although 

this work concentrates primarily on methods proposed by Hong-You Lee and Chong-Gao 
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Liang [1988], it is important to delineate the work of other researchers that have 

contributed to the study of manipulator inverse kinematics. 

1.3 Previous Work 

Pieper [1968] is believed to be the first researcher to have proposed iterative numerical 

methods for the inverse kinematics solution for 6 DOF manipulators of general geometry. 

He showed that if a naive elimination strategy is used to develop the univariate 

characteristic polynomial, the polynomial would be of 524,288th degree. 

In 1969 Pieper and Roth proposed closed-form solutions for 6 DOF manipulators with 

special geometries. Specifically, manipulators with the following characteristics were 

shown to have closed form solutions: 

1. Three axes intersecting at a point 

2. All axes perpendicular to their neighbors and three sets of pairs of intersecting 

axes 

3. All axes perpendicular to their neighbors, no offsets, and two alternate pairs of 

axes intersecting. 

They also showed that the analysis of a 6R, open-loop manipulator is equivalent to the 

displacement analysis of a 7R, single-loop spatial mechanism. 

Roth, Rastegar, and Scheinman [1973] presented a non-constructive proof using 

arguments from synthetic geometry to show that the general 6R manipulator has at most 

32 distinct solutions for a desired hand position and orientation. 

In 1979 Albala and Angeles were able to find a 12x12 determinant in the tangent of the 

half-angle of one of the joint variables. They were unable to expand the determinant 

symbolically, but conjectured that the degree of the polynomial would be no more than 48. 

Duffy [1980] showed that 6 DOF manipulators with three parallel axes have a closed-form 

solution. He also devised a method of notation used prevalently in the analysis of 

mechanisms and robotic manipulators. 

In 1980 Duffy and Crane used spherical geometry and dialytic elimination techniques to 

obtain a 32d degree univariate polynomial in the tangent of the half-angle of one of the 

joint variables. Although they obtained proper inverse solutions, false roots were also 

obtained. 
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Albala and Pessen [1983] showed that 6R manipulators with all link lengths equal, each 

axis perpendicular to its neighbors, and no offsets has a fourth degree characteristic 

polynomial and thus a closed-form inverse kinematic solution. 

Tsai and Morgan [1985] were the first to suggest that the 6R manipulator has sixteen 

solutions at most. They showed this using homotopy continuation techniques on 

manipulators of varying geometries. 

Lee and Liang [1988] derived a 16th degree univariate polynomial in the tangent of the 

half-angle of one of the joint variables. This was the first complete solution to this 

problem and verified the belief of Tsai and Morgan that there were at most sixteen 

solutions for a 6 DOF general manipulator. Lee and Liang derived fourteen linearly 

independent equations using a new vector theory based on the work of Duffy [1980]. 

Through dialytic elimination, the fourteen equations are reduced to the univariate 

polynomial in the tangent of the half-angle of a joint variable. Using the same method, 

they have also analyzed manipulators with prismatic (P) joints [1987]. 

In 1990 Ragavan and Roth [1990a] using 4x4 transformation matrices, derived a set of 

fourteen linearly independent equations. Using linear algebra and dialytic elimination, they 

obtained a 24th degree univariate polynomial. A 16th degree polynomial is obtained by 

dividing out two known spurious roots of multiplicity four. This method was applied to 

manipulators containing prismatic joints as well as all-revolute manipulators [Raghavan 

and Roth, 1990b,c; Kholi and Osvatic, 1992]. 

Lee and Reinholtz [1992] showed how the methods proposed by Lee [1990] could be 

used to find the univariate polynomial of minimum degree from the fewest closure 

equations for any 6 DOF serial-chain manipulator. For example, the 16th degree 

polynomial for a manipulator with four revolute joints and a cylindric joint (4RC) can be 

derived from only six closure equations. 
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2. URSULA Forward Kinematics 

2.1 Spatial Descriptions 

In order for a robot to manipulate an object in space, a method for describing the position 

and orientation of that object with respect to the manipulator is required. Once a 

coordinate frame is established, the position of an object in space with respect to that 

reference frame can be described using a 3 x 1 position vector, P, as shown in Figure 2.1. 

    
x 

Figure 2.1 Position Vector, P 

where 

P=! p, (2.1) 

P, 

A coordinate system must be attached to an object if its orientation relative to a given 

frame is to be described. If the coordinate system attached to the object is referred to as 

frame {2} and the fixed frame is referred to as frame {1} (Fig 2.2), the orientation of 

frame {2} with respect to frame {1} is given by the rotation matrix, 'R,. 

> > w~ ~ 

XX, aX 24° X, 
1 _ ~ nw aw na nn n~ 

R,=/%,-¥ Yow 2), (2.2) 

X72, YQ 2, 2° Sy 
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Xx 

Figure 2.2 Two Coordinate Frames 

The symbol (.) is used to denote the scalar or dot product of two vectors. If the position 

vector, iP, locates the origin of frame {2} with respect to frame {1}, a transformation 

matrix relating the position and orientation of {2} with respect to {1} may be constructed 

as follows [Craig, 1989]: 

1 ip 

'T, = R, f, (2.3) 
{0,0,0} 1 

The advantage of this description of one frame with respect to another is that compound 

transformations can be calculated by multiplying the respective transformations together. 

If frame {2} is known with respect to frame {1} and frame {3} is known with respect to 

frame {2}, then frame {3} is known with respect to frame {1} through the following 

relation: 

'T.='T, *T, (2.4) 

If the transformation giving reference frame {2} with respect to frame {1} is known, the 

transformation relating frame {1} to frame {2} is found by inverting the known 

transformation as follows [Craig, 1989]: 

1 T l T1yn 

°T='T, _ R, R, P, (2.5) 

{0,0,0} 1 

2.2 Forward Kinematics 

The task of determining the position and orientation of the end-effector, when a set of 

manipulator joint angles is known, is called forward kinematic analysis. By assigning a 

URSULA Forward Kinematics 8



coordinate frame to each link of the manipulator, transformation matrices can be used to 

calculate the position and orientation of the end-effector with respect to a fixed reference 

frame, typically attached to the base of the manipulator. The first step in solving the 

forward kinematics is to assign the coordinate frames to the manipulator. 

2.2.1 Assigning Coordinate Frames to the Manipulator 

Figure 2.3 shows the assignment of link frames to the URSULA manipulator. The 

manipulator joints are numbered 1 through 6, while the coordinate frames are numbered 1 

through 7. The coordinate frames are centered at each joint and are considered fixed to 

the previous link. Therefore, coordinate frame 1 is centered at joint one, but is fixed to 

the base of the manipulator. Coordinate frame 7 is attached to the tool plate. The 

following guidelines should be used when assigning coordinate frames to links: 

e Z, is along joint axis 7 

e x, is along the common normal between Z,, and 2, 

e y, is defined by Z, x X, 

e the origin of frame / is located at the intersection of Z, and x, 

Coordinate frames are attached to the links so that only two rotations, one about the Xx, 

and one about the z, axis, are needed to fully describe the orientation of one coordinate 

frame with respect to another. The amount of rotation about the x, axis is a fixed 

property of the link, while the rotation about the Z, axis is due to the rotation of joint /. 

The translation between frames is described along the rotated link. 

    
         1 Ye 

LOW    

  

f 

Y6,¥7 

      
19 X6,X7 

           
YO 

Figure 2.3 URSULA Coordinate Frame Assignments 
(URSULA shown in the zero position) 

URSULA Forward Kinematics 9



2.2.2 Defining Manipulator Geometry 

In order to fully understand the general transforms used to calculate the forward 

kinematics, certain manipulator link parameters must be defined. 

Q,,,,):_ the distance between Z, and Z,,, along £, 

(link length) 

S,: the distance between x, and X,,, along the Z, axis 

(link offset) 

6: the angle between x, and X,,, about the 2, axis 

(joint angle) 

Q,;,,): the angle between Z, and Z,,, about the x, axis 

(link twist) 

These values are known as Denavit-Hartenberg link parameters. Table 2.1 lists the 

geometry of URSULA in terms of the link parameters shown in Figure 2.4. 

Table 2.1 URSULA Link Parameters 

Ai is1) i 

14.0 0 

31.125 0 

0 0 

125 

0 11.5 

0 0 

Note that all parameters are constant except for the six joint angles, @,. 

1 

2 

3 

4 0 31 

5 

6 

  

2.2.3 Forward Transformation Matrices 

As stated previously, the orientation of frame i+1 with respect to i may be expressed in 

terms of a rotation about Z, and a rotation about ¥,. This may be written as the 

multiplication of two rotation matrices as follows: 

c, -s, 0 1 0 0 
M, =| §; C; 0 MX.) =| 0 ©,(i+1) Safest) (2.6) 

0 0 1 0 Si(i+1) Ci(i+1) 

where 

URSULA Forward Kinematics 10
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c= cos( 6,) Cia) = cos(a,,,) (2.7) 

5; = sin( 6) Si(i+1) = sin(a%,,,y) | 

The rotation matrix M,,,,,, is constant because it is a function of link twist only, while M, 

is a function of the unknown joint angles. The position of frame i+1 with respect to ij is a 

function of link geometry and joint angle @,. This may be written in the following form: 

F441) 

M| 0 (2.8) 

S, 
Now that the position and orientation of frame i+1 with respect to / is known, the forward 

transformation relating any two adjacent links is known. 

iit) 

T,,=|MiMun Myo (2.9) 
5; 

{0, 0,0} I 

In its most general form, the transformation is written as follows [McKerrow, 1991]: 

C.  TSCiGay SSigsty Sqn) 

T - 5; CC icis1) ~C;SiG41) Bini (2.10) 

0 Sigs) Cici41) S; 

0 0 0 1 

The transformation matrices obtained by using equation (2.10) in conjunction with the link 

parameters given in Table 2.1 follow: 

c 0 Ss 4a,¢, Cc, -S, 0 aC, c; 0 s, O 

IT, = S, 0 -c, @,S, mp = S, ¢, O a5, 7 = Ss, 0 -c, 0 

0 1 0O 0 0 0 1 O 1 0 O 

0 0 0 I 0 0 0 1 0 0 0 1 

(2.11) 

c, 0 s, O C, O S, AsgCs Cc, —-S, O 0 

“T = S, 0 -e, 0 sp = S, 0 Cy A568; op = S, C, 90 Q 

0 1 0 S, 0 1 0O 0 0 0 1 90 

00 0 1 0 0 O ] 0 0 O01 
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If the six joint angles are known, the position and orientation of the tool plate with respect 

to the base of the manipulator can be calculated by simply multiplying the link transforms. 

VT ='T,°T,3T,‘T,°T, T, (2.12) 

The forward kinematic analysis for the URSULA arm is now complete. Given a set of 

joint angles, @,,6,,0,,0,,0,, and @,, the position and orientation of any point on the 

manipulator can be determined. For this analysis, the position and orientation of the tool 

plate are desired. Although computing the forward kinematics is not necessary for 

calculating the inverse kinematics, it provides a means for validating inverse kinematic 

results. 
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3. URSULA Inverse Kinematics 

3.1 Loop Closure 

In order to introduce the application of loop closure to the analysis of open serial-chain 

manipulators, a 3R planar manipulator will be analyzed as a 4R closed-loop mechanism. If 
—_ 

the links are replaced by vectors, 7,, and the position of the hand is denoted by, R,, as 

indicated in Figure 3.1, the vector loop closure equation may be written as follows: 

+7+7-R, =0 (3.1) 
2 3 H 

= 

R= 
=
 

    Ces 

Figure 3.1 Three-Degree-of-Freedom All-Revolute Manipulator 

Vector loop equation (3.1) may be written in terms of unit vectors and magnitudes as 

follows: 

_ 

R=rft+nf,+rf,-R, =0 (3.2) 

All real solutions to this equation also satisfy the positional constraints of the physical 

system. While there may be complex solutions to this equation, these solutions are not 

physically realizable. By differentiating R with respect to time, it is possible to perform 

velocity and acceleration analyses as well. The loop closure analysis of this mechanism is 

identical to that of the four-bar linkage [Mabie and Reinholtz, 1987]. 

In a similar manner, the 6R manipulator can be modeled as a 7R closed-loop spatial 

mechanism. The displacement analysis of the closed-loop mechanism is equivalent to the 

inverse kinematic analysis of the 6R manipulator [Lee and Liang, 1988]. 
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3.2 Assigning Vectors to the Manipulator 

In order to develop the loop closure equation, vectors and coordinate frames must be 

assigned to the manipulator. Coordinate frames are assigned to the manipulator in the 

same manner as in that of the forward kinematic analysis, while for convenience, the unit 

vectors are defined with the following convention: 
~ 

=X >
 

}? i(i+1) 

> “a 
. 25> 

I 

> 

aw 

5 = YY, = 8; XA); 

while R,, is the desired hand position vector, and G,, and $, describe the desired hand 

orientation. Figure 3.2 shows the vector assignments and Denavit-Hartenberg parameters 

for a general 6R manipulator. 

The elements of the hand position vector and rotation matrix are defined as follows: 

_ Ts 

Ry =|7, (3.3) 

r, 

hn M2 Ns 

[4,, b, s,|= ry In I (3.4) 

BR To Ne 

The resulting loop closure equation for a general 6 DOF manipulator is the following: 

R= S\S, +A,,0,, + 8,8, + Ay, + Sy85 + Ay,G,, + 5,8, + 3.5) 

AysAys + S555 + AsgAsg + S65 + Ag Ae, ~ Ry = 0 

The loop closure equation for URSULA is obtained by substituting the link parameters fo1 

URSULA into the general loop closure equation. 
=> 

R= ad, + Ay Gy, + S48, + Acgigg — Ry = 0 (3.6) 

3.3 The Three Closure Equations 

Lee and Liang [1988] showed that the 16'h degree univariate polynomial for the closed- 

loop 7R mechanism of general geometry could be derived from 14 scalar closure 

equations. The fourteen closure equations consist of scalar, triple scalar, and quadruple 

scalar products of two subchains in the vector loop equation. The subchains result from 
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�t�h�e� �d�i�s�c�o�n�n�e�c�t�i�o�n� �o�f� �t�w�o� �j�o�i�n�t�s� �i�n� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r�.� �T�h�e� �v�e�c�t�o�r� �l�o�o�p� �e�q�u�a�t�i�o�n� �m�a�y� �b�e� 

�r�e�w�r�i�t�t�e�n� �a�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �o�f� �t�h�e� �t�w�o� �s�u�b�c�h�a�i�n�s�.� 

�R�=�R�,�-�R�,�=�0� �(�3�.�7�)� 

�I�f� �a� �g�e�n�e�r�a�l� �6� �D�O�F� �m�a�n�i�p�u�l�a�t�o�r� �i�s� �d�i�s�c�o�n�n�e�c�t�e�d� �a�t� �j�o�i�n�t�s� �i� �a�n�d� �/�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �1�4� �s�c�a�l�a�r� 

�e�q�u�a�t�i�o�n�s� �a�r�e� �a�s� �f�o�l�l�o�w�s�:� 

�5�-�4�u�a�y�]�,� �=�[�5� �4�]�,� �(�3�.�8�)� 

�8�-�8�]� �=�[�8�-�8�)�]�,� �(�3�.�9�)� 

�[�5�-�3�]� �=�[�5�-�3�)�]�,� �(�3�.�1�0�)� 

�[�R�x�3�,�-�4�,�,�]� �=�[�R�x�5�,�-�4�.�y�,�]�,� �(�3�.�1�1�)� 

�[�R�x� �5�-�8�.�)� �=�[�R�x�5�,�-�5�,�]� �(�3�.�1�2�)� 

�[�R�x� �§�-�8�,�]� �=�[�R�x�8�,�-�5�]�,� �(�3�.�1�3�)� 

�[�R�a�y�]� �=�[�R�-�a�y�,� �(�3�.�1�4�)� 

�a�5�)� �-�[�R�5� �6�1�9� 
�[�R�:�8�,�]�,� �=�[�R�-�3�,�]�,� �(�3�.�1�6�)� 

�f�e�-�5�]�,� �=�[�&� �3�]�,� �e�.�7� 
�(�e�i�,� �=� �[�R�A� �1�8�)� 

�[�(�4�(�R�-�R�)�s�,� �-�(�R�-�3�)�R�)�-�4�,�,�]� �=�[�(�4�(�R�-�R�)�s� �-�(�R�-�§�)�R�)�-�4�,�.�,� �|� �(�3�.�1�9�)� �)�R�)�-�4�,�,�.�»�,�]�,� 
�|�(�4�(�R�-�R�)�s�,� �-�(�R�-�8�)�R�)�-�b�,�]� �=�[�(�4�(�R�-�R�)�5�,� �-�(�R�-�8�)�R�)�-�5�,�]�,� �(�3�.�2�0�)� 

�)�R�)�-�3�,�]� �=�|� �(� �3� �-� �R�-�3�,�)�R�)�-�5�,�|� �(�3�.�2�1�)� 
�B� 

�3�;� �F�G� �E�a�r� �+� �S�i�r�S�i�a�r� �+� �p�s�r�y�i�e�y� �o�n�a�n�i�e�a�y� �t�S� �8�)� �+� �9�G�)� �A�G�)� �}� �(�3�.�2�2�)� 

�R�,� �=� �(�s� �S�$� �j�e� �(�j�a�y� �t�S� �j�r�S� �p�a� �F�I� �r�y� �j�2�)�%�j�a�n�l�j�e�2�)� �+�:�-�-�R�,� �+�S�,�_�8�,�,� �+�4� �s�,�4�i�c�r�y�)� �(�3�.�2�3�)� 

�R�,�=�R�,� �(�3�.�2�4�)� 
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�F�i�g�u�r�e� �3�.�3� �s�h�o�w�s� �t�h�e� �g�e�n�e�r�a�l� �6�R� �m�a�n�i�p�u�l�a�t�o�r� �d�i�s�c�o�n�n�e�c�t�e�d� �a�t� �j�o�i�n�t�s� �3� �a�n�d� �6�,� �r�e�s�u�l�t�i�n�g� �i�n� 
�s�u�b�c�h�a�i�n� �A� �(�P�,�Q�,�)� �a�n�d� �s�u�b�c�h�a�i�n� �B� �(�P�,�Q�,�)�.� 

�F�o�r� �t�h�e� �g�e�n�e�r�a�l� �6� �D�O�F� �m�a�n�i�p�u�l�a�t�o�r�,� �a�l�l� �1�4� �e�q�u�a�t�i�o�n�s� �w�o�u�l�d� �n�e�e�d� �t�o� �b�e� �e�v�a�l�u�a�t�e�d� �i�n� �o�r�d�e�r� 

�t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �u�n�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l� �o�f� �1�6�t�h� �d�e�g�r�e�e�.� �U�R�S�U�L�A� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�o� �h�a�v�e� 

�s�p�e�c�i�a�l� �g�e�o�m�e�t�r�y�,� �b�e�c�a�u�s�e� �t�h�e� �f�i�r�s�t� �f�o�u�r� �j�o�i�n�t�s� �o�p�e�r�a�t�e� �i�n� �a� �s�i�n�g�l�e� �p�l�a�n�e�.� �T�h�i�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�i�s� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t� �w�h�e�n� �c�h�o�o�s�i�n�g� �a�t� �w�h�i�c�h� �j�o�i�n�t�s� �t�o� �d�i�s�c�o�n�n�e�c�t� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �l�o�o�p� 

�e�q�u�a�t�i�o�n�.� �I�f� �j�o�i�n�t� �1� �a�n�d� �j�o�i�n�t� �4� �a�r�e� �c�h�o�s�e�n� �a�s� �t�h�e� �d�i�s�c�o�n�n�e�c�t�i�o�n� �p�o�i�n�t�s�,� �o�n�l�y� �t�h�r�e�e� �o�f� �t�h�e� 

�f�o�u�r�t�e�e�n� �e�q�u�a�t�i�o�n�s� �a�r�e� �r�e�q�u�i�r�e�d� �[�L�e�e� �a�n�d� �R�e�i�n�h�o�l�t�z�,� �1�9�9�2�]�.� �E�q�u�a�t�i�o�n�s� �(�3�.�1�3�)�,� �(�3�.�1�7�)�,� �a�n�d� 

�(�3�.�1�8�)� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �c�l�o�s�u�r�e� �e�q�u�a�t�i�o�n�s� �a�n�d� �a�r�e� �s�u�f�f�i�c�i�e�n�t� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�u�n�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l� �f�o�r� �t�h�e� �U�R�S�U�L�A� �m�a�n�i�p�u�l�a�t�o�r�.� �T�h�e� �t�h�r�e�e� �c�l�o�s�u�r�e� �e�q�u�a�t�i�o�n�s� �a�r�e� 

�w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s�:� 

�[�R�x� �§�-�3�,�]� �=�[�R�x� �5�-�3�,� �(�3�.�2�5�)� 

�[�R�-�8�]� �=�[�R�-�3�]�,� �(�3�.�2�6�)� 

�[�R�R�]� �=� �[�R�R�]� �(�3�.�2�7�)� 

�w�h�e�r�e� 

�R�,� �= ��(�a�,�,�4�,�,� �+� �4�,�4�,�;�)� �(�3�.�2�8�)� 

�R�,� �=�(�S�,�8�,� �+� �A�g�e�e�  �� �R�y�)� �(�3�.�2�9�)� 

�B�e�f�o�r�e� �t�h�e� �c�l�o�s�u�r�e� �e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �e�v�a�l�u�a�t�e�d�,� �m�e�t�h�o�d�s� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �s�c�a�l�a�r� �a�n�d� 

�t�r�i�p�l�e� �s�c�a�l�a�r� �p�r�o�d�u�c�t�s� �m�u�s�t� �b�e� �i�n�t�r�o�d�u�c�e�d�.� 
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�3�.�3�.�1� �S�c�a�l�a�r� �a�n�d� �T�r�i�p�l�e� �S�c�a�l�a�r� �P�r�o�d�u�c�t�s� 

�T�o� �h�e�l�p� �v�i�s�u�a�l�i�z�e� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �s�c�a�l�a�r� �a�n�d� �t�r�i�p�l�e� �s�c�a�l�a�r� �p�r�o�d�u�c�t�s�,� �t�h�e� �c�l�o�s�e�d�-�l�o�o�p� 

�e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �U�R�S�U�L�A� �m�a�n�i�p�u�l�a�t�o�r� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �s�h�o�w�n� �b�e�l�o�w�.� 

� � 
�F�i�g�u�r�e� �3�.�4� �V�i�s�u�a�l�i�z�a�t�i�o�n� �o�f� �V�e�c�t�o�r� �L�o�o�p� �C�l�o�s�u�r�e� 

�E�q�u�a�t�i�o�n� �f�o�r� �U�R�S�U�L�A� 

�T�h�e� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �c�l�o�s�e�d� �l�o�o�p� �r�e�p�r�e�s�e�n�t� �t�h�e� �p�o�s�i�t�i�o�n�s� �o�f� �t�h�e� �j�o�i�n�t�s� �a�n�d� �t�h�e� �h�a�n�d�,� �w�h�i�l�e� 

�t�h�e� �c�l�o�c�k�w�i�s�e� �a�r�r�o�w� �d�e�s�i�g�n�a�t�e�s� �t�h�e� �c�o�n�v�e�n�t�i�o�n� �f�o�r� �p�o�s�i�t�i�v�e� �e�v�a�l�u�a�t�i�o�n�.� �S�u�b�c�h�a�i�n�s� �A� �a�n�d� �B� 

�a�r�e� �a�l�s�o� �d�e�p�i�c�t�e�d�.� 

�3�.�3�.�1�.�1� �S�c�a�l�a�r� �P�r�o�d�u�c�t�s� 

�T�h�e� �v�e�c�t�o�r� �s�c�a�l�a�r� �p�r�o�d�u�c�t� �o�r� �d�o�t� �p�r�o�d�u�c�t� �o�f� �a�n�y� �t�w�o� �u�n�i�t� �v�e�c�t�o�r�s� �i�n� �a� �c�h�a�i�n� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� 

�t�h�e� �i�n�c�l�u�d�e�d� �j�o�i�n�t� �a�n�g�l�e�s� �o�n�l�y�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �m�u�l�t�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l� �i�s� �l�i�n�e�a�r� �i�n� �t�h�e� �s�i�n�e�s� 

�a�n�d� �c�o�s�i�n�e�s� �o�f� �t�h�e� �i�n�c�l�u�d�e�d� �j�o�i�n�t� �a�n�g�l�e�s�.� �T�h�e� �v�e�c�t�o�r� �s�c�a�l�a�r� �p�r�o�d�u�c�t� �o�f� �t�w�o� �v�e�c�t�o�r�s� �m�a�y� �b�e� 

�w�r�i�t�t�e�n� 
�_� 

�V�,�-�¥�,� �=�,� �-�¥�,� �=�a�,�6�,� �+�a�,�b�,� �+�a�,�6�,� �(�3�.�3�0�)� 

�w�h�e�r�e� 

�v�,�=� �a�i� �+� �a�,�j� �+� �a�k� 
�.� �.� �A� �(�3�.�3�1�)� 

�¥�,� �=� �b�i� �+�b�,� �j�+�b�k� 

�I�n� �o�r�d�e�r� �f�o�r� �e�q�u�a�t�i�o�n� �(�3�.�3�0�)� �t�o� �b�e� �c�o�r�r�e�c�t�,� �b�o�t�h� �v�e�c�t�o�r�s� �m�u�s�t� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� �s�a�m�e� 

�c�o�o�r�d�i�n�a�t�e� �f�r�a�m�e�.� �O�n�e� �v�e�c�t�o�r� �m�a�y� �b�e� �r�o�t�a�t�e�d� �i�n�t�o� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �f�r�a�m�e� �o�f� �t�h�e� �o�t�h�e�r�,� �o�r� 

�b�o�t�h� �v�e�c�t�o�r�s� �c�o�u�l�d� �b�e� �r�o�t�a�t�e�d� �i�n�t�o� �a� �n�e�w� �r�e�f�e�r�e�n�c�e� �f�r�a�m�e� �b�e�f�o�r�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �s�c�a�l�a�r� 
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�p�r�o�d�u�c�t�.� �T�h�e� �m�e�t�h�o�d� �a�d�o�p�t�e�d� �h�e�r�e� �r�o�t�a�t�e�s� �t�h�e� �v�e�c�t�o�r� �f�a�r�t�h�e�s�t� �i�n� �t�h�e� �c�h�a�i�n� �i�n�t�o� �t�h�e� �f�r�a�m�e� 

�o�f� �t�h�e� �o�t�h�e�r� �v�e�c�t�o�r�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �d�o�t� �p�r�o�d�u�c�t� �5�,�-�a�,�,� �i�n� �s�u�b�c�h�a�i�n� �A�,� �t�h�e� 
�v�e�c�t�o�r� �@�,�,� �w�o�u�l�d� �b�e� �r�o�t�a�t�e�d� �i�n�t�o� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �f�r�a�m�e� �a�t�t�a�c�h�e�d� �t�o� �S�,� �b�e�f�o�r�e� �t�h�e� �p�r�o�d�u�c�t� 

�w�a�s� �c�a�l�c�u�l�a�t�e�d�.� �T�h�i�s� �i�s� �d�o�n�e� �a�s� �f�o�l�l�o�w�s�:� 
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�w�h�e�r�e� �t�h�e� �r�o�t�a�t�i�o�n� �m�a�t�r�i�c�e�s� �a�r�e� �d�e�f�i�n�e�d� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�6�)�.� �T�h�e� �s�e�q�u�e�n�c�e� �o�f� �r�o�t�a�t�i�o�n� 

�m�a�t�r�i�c�e�s� �r�e�q�u�i�r�e�d� �t�o� �s�u�c�c�e�s�s�f�u�l�l�y� �e�v�a�l�u�a�t�e� �t�h�i�s� �d�o�t� �p�r�o�d�u�c�t� �m�a�y� �b�e� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� 
�F�i�g�u�r�e� �3�.�4�.� �S�i�n�c�e� �t�h�e� �d�o�t� �p�r�o�d�u�c�t� �o�f� �s�,� �a�n�d� �a�,�,� �i�n� �s�u�b�c�h�a�i�n� �A� �i�s� �d�e�s�i�r�e�d�,� �r�o�t�a�t�i�o�n� �m�a�t�r�i�c�e�s� 

�1� �t�h�r�o�u�g�h� �3�4� �a�r�e� �n�e�e�d�e�d�.� 

�T�h�e� �r�o�t�a�t�i�o�n� �m�a�t�r�i�c�e�s� �M�,� �a�n�d� �M�,�,� �m�a�y� �b�e� �e�l�i�m�i�n�a�t�e�d� �i�n� �t�h�e� �a�b�o�v�e� �s�e�q�u�e�n�c�e� �b�e�c�a�u�s�e� �t�h�e�y� 

�a�r�e� �r�o�t�a�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �s�,� �a�n�d� �a�,�,� �a�x�e�s�,� �r�e�s�p�e�c�t�f�u�l�l�y�,� �a�n�d� �w�i�l�l� �h�a�v�e� �n�o� �e�f�f�e�c�t� �o�n� �t�h�e� �r�e�s�u�l�t�.� 

�S�i�n�c�e� �@�,�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �X� �a�x�i�s� �i�n� �f�r�a�m�e� �{�3�}� �a�n�d� �S�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �Z� �a�x�i�s� �i�n� �f�r�a�m�e� �{�1�}�,� 
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�I�n� �o�r�d�e�r� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �v�e�c�t�o�r� �t�r�i�p�l�e� �s�c�a�l�a�r� �p�r�o�d�u�c�t�,� �t�h�e� �v�e�c�t�o�r�s� �i�n�v�o�l�v�e�d� �m�u�s�t� �b�e� 

�e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� �s�a�m�e� �r�e�f�e�r�e�n�c�e� �f�r�a�m�e�.� �O�n�c�e� �t�h�i�s� �i�s� �d�o�n�e�,� �t�h�e� �t�r�i�p�l�e� �s�c�a�l�a�r� �p�r�o�d�u�c�t� �i�s� 
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�t�h�e� �r�e�s�u�l�t�a�n�t� �m�u�l�t�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l� �i�s� �t�o� �b�e� �f�r�e�e� �o�f� �n�o�n�l�i�n�e�a�r� �t�e�r�m�s� �i�n� �s�i�n�e�s� �a�n�d� �c�o�s�i�n�e�s� �o�f� 

�t�h�e� �i�n�c�l�u�d�e�d� �j�o�i�n�t� �a�n�g�l�e�s�.� �I�f� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �s�h�a�r�e�s� �a�n� �a�x�i�s� �w�i�t�h� �t�h�e� �u�n�i�t� �v�e�c�t�o�r� �i�n� 
�t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �s�u�b�c�h�a�i�n�,� �t�h�e� �r�e�s�u�l�t� �w�i�l�l� �b�e� �f�r�e�e� �o�f� �a�n�y� �p�r�o�d�u�c�t� �t�e�r�m�s� �c�,�s�,�,� �¢�, ��,� �a�n�d� �s�, �� 
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�T�h�e� �s�c�a�l�a�r� �t�r�i�p�l�e� �p�r�o�d�u�c�t� �[�5�,� �-�4�,�,� �x� �5�,� �|� �w�i�l�l� �b�e� �e�v�a�l�u�a�t�e�d� �a�s� �a�n� �e�x�a�m�p�l�e�.� �F�r�o�m� �F�i�g�u�r�e� �3�.�4� 

�i�t� �i�s� �o�b�v�i�o�u�s� �t�h�a�t� �S�,� �l�i�e�s� �i�n� �t�h�e� �c�e�n�t�e�r� �o�f� �s�u�b�c�h�a�i�n� �B� �b�o�u�n�d�e�d� �b�y� �5�S�,� �a�n�d� �a�,�,�,� �s�o� �t�h�e� �v�e�c�t�o�r� 
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�e�x�p�r�e�s�s�i�o�n�s� �a�c�c�u�r�a�t�e�l�y� �a�n�d� �m�o�r�e� �r�e�a�d�i�l�y�.� �A�l�l� �s�y�m�b�o�l�i�c� �m�a�n�i�p�u�l�a�t�i�o�n� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�i�s� 
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�f�r�a�m�e� �f�o�r� �c�a�l�c�u�l�a�t�i�o�n�s� �m�u�s�t� �b�e� �c�h�o�s�e�n�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �u�n�i�t� �v�e�c�t�o�r� �4�,�,� �i�s� �i�n� �t�h�e� �c�e�n�t�e�r� �o�f� 
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�T�h�e� �s�e�c�o�n�d� �t�r�i�p�l�e� �s�c�a�l�a�r� �p�r�o�d�u�c�t� �i�n� �t�h�e� �r�i�g�h�t�-�h�a�n�d� �s�i�d�e� �o�f� �e�q�u�a�t�i�o�n� �(�3�.�2�7�)� �i�s� �c�a�l�c�u�l�a�t�e�d� �i�n� 

�t�h�e� �s�a�m�e� �m�a�n�n�e�r�.� �I�n� �t�h�i�s� �i�n�s�t�a�n�c�e� �t�h�e� �f�i�r�s�t� �t�w�o� �v�e�c�t�o�r�s�,� �n�a�m�e�l�y� �R�,� �a�n�d�§�,� �a�r�e� �b�o�t�h� 

�e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� �f�i�r�s�t� �c�o�o�r�d�i�n�a�t�e� �f�r�a�m�e�.� �T�h�e�r�e�f�o�r�e� �t�h�i�s� �w�i�l�l� �a�l�s�o� �b�e� �t�h�e� �f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e� 
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�T�h�e� �f�o�l�l�o�w�i�n�g� �m�a�n�i�p�u�l�a�t�i�o�n�s� �p�a�r�a�l�l�e�l� �t�h�o�s�e� �p�e�r�f�o�r�m�e�d� �b�y� �L�e�e�,� �L�i�n�,� �a�n�d� �D�u�f�f�y� �[�1�9�9�2�]� �f�o�r� 
�a�n� �i�n�-�p�a�r�a�l�l�e�l� �p�l�a�t�f�o�r�m� �m�e�c�h�a�n�i�s�m�.� �E�q�u�a�t�i�o�n�s� �(�3�.�5�1�)� �a�n�d� �(�3�.�5�2�)� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �0�,� �a�n�d� �6�,� 

�a�l�o�n�e�.� �A�t� �t�h�i�s� �p�o�i�n�t�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�a�n�g�e�n�t� �o�f� �t�h�e� �h�a�l�f�-�a�n�g�l�e� �s�u�b�s�t�i�t�u�t�i�o�n� �i�s� �m�a�d�e�:� 
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�A�f�t�e�r� �t�h�i�s� �s�u�b�s�t�i�t�u�t�i�o�n� �a�n�d� �s�i�m�p�l�i�f�i�c�a�t�i�o�n�,� �i�t� �i�s� �r�e�a�d�i�l�y� �a�p�p�a�r�e�n�t� �t�h�a�t� �e�q�u�a�t�i�o�n�s� �(�3�.�5�1�)� �a�n�d� 
�(�3�.�5�2�)� �b�e�c�o�m�e� �m�u�l�t�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l�s� �i�n� �x�,� �a�n�d�x�,�.� �E�q�u�a�t�i�o�n� �(�3�.�5�1�)� �i�s� �n�o�w� �a� �s�e�c�o�n�d� 

�d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� �i�n� �x�,�,� �w�h�e�r�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �t�h�e�m�s�e�l�v�e�s� �s�e�c�o�n�d� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l�s� 

�i�n� �x�,�.� �E�q�u�a�t�i�o�n� �(�3�.�5�2�)� �i�s� �a� �f�o�u�r�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� �i�n� �x�,�,� �w�h�e�r�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�i�s� 

�p�o�l�y�n�o�m�i�a�l� �a�r�e� �f�o�u�r�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l�s� �i�n� �x�,�.� 

�A�,�x�i� �+� �A�x�,� �+�A�,� �=�0� �(�3�.�5�5�)� 

�B�,�x�?� �+� �B�x�?� �+� �B�,�x�i� �+� �B�x�,�+�B�,�=�0� �(�3�.�5�6�)� 

�w�h�e�r�e� 

�A�,� �=� �s�e�c�o�n�d� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l�s� �i�n� �x�,� 

�B�,� �=� �f�o�u�r�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l�s� �i�n� �x�,� 

�S�i�n�c�e� �t�h�i�s� �s�y�s�t�e�m� �i�s� �h�o�m�o�g�e�n�e�o�u�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �c�r�e�a�t�e� �a�d�d�i�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s� �b�y� 
�m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �e�x�i�s�t�i�n�g� �e�q�u�a�t�i�o�n�s� �b�y� �p�o�w�e�r�s� �o�f� �x�,�.� �U�s�i�n�g� �S�y�l�v�e�s�t�e�r�'�s� �D�i�a�l�y�t�i�c� �M�e�t�h�o�d� 

�(�A�p�p�e�n�d�i�x� �A�)�,� �e�q�u�a�t�i�o�n� �(�3�.�5�5�)� �i�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �x�2�,� �x�3�,� �x�,�,� �a�n�d� �1�,� �w�h�i�l�e� �e�q�u�a�t�i�o�n� �(�3�.�5�6�)� �i�s� 

�m�u�l�t�i�p�l�i�e�d� �b�y� �x�,� �a�n�d� �1�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s� �i�n� �a�d�d�i�t�i�o�n� �t�o� �(�3�.�5�5�)� �a�n�d� �(�3�.�5�6�)� �r�e�s�u�l�t�:� 

�A�,�x� �+� �A�x�i� �+� �A�x�,� �=� �0� �(�3�.�5�7�)� 

�A�x�i� �+� �A�x�;� �+� �A�,�x�5� �=�0� �(�3�.�5�8�)� 

�A�,�x�2� �+� �A�x�}� �+�A�,�x�2� �=�0� �(�3�.�5�9�)� 

�B�,�x�2� �+� �B�x�}� �+� �B�x�?� �+� �B�.�x�i� �+� �B�x�,� �=�0� �(�3�.�6�0�)� 

�E�q�u�a�t�i�o�n�s� �(�3�.�5�5�-�3�.�6�0�)� �m�a�y� �n�o�w� �b�e� �w�r�i�t�t�e�n� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�a�t�r�i�x� �f�o�r�m�:� 
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� � � � � � � � � � 

�A�,� �A� �A�,� �0� �0� �O�x�]� �[�f�o� 
�0� �4� �A� �A� �O� �O�]�x�s�]� �f�o� 
�0� �0� �4� �4� �A� �O�f�}� �[�0� �G�6�1�)� 
�0� �0� �0� �A� �A� �A�l�l�x�?�}�]� �[�0� 

�B�,� �B�,� �B�,� �B�,� �B�,� �O�}�f�x�,�|� �j�o� 
�}�0� �B�,� �B�,� �B�B� �B�l�1�]�)� �{�o�l� 

�S�i�n�c�e� �t�h�e�r�e� �i�s� �n�o� �t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �a�b�o�v�e� �s�y�s�t�e�m� �(�1� �¥� �0�)�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �c�a�n�n�o�t� 

�b�e� �i�n�v�e�r�t�e�d� �[�A�n�t�o�n�,� �1�9�8�7�]�.� �S�i�n�c�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �i�s� �s�i�n�g�u�l�a�r�,� �i�t�s� �d�e�t�e�r�m�i�n�a�n�t� �i�s� �e�q�u�a�l� 
�t�o� �z�e�r�o�.� �T�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �i�n� �e�q�u�a�t�i�o�n� �(�3�.�6�1�)� �i�s� �f�r�e�e� �o�f� �x�,� �a�n�d� �i�s� �i�n� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�:� 

�(�3�.�6�2�)� 
�D�e�t� �=� �A�)�B�y� �~� �A�,�A�>�B�,�B�,� �+� �A�,� �A�,�B�;� �+� �A� �A�,� �B�B�,� �~� �2�A�,�A�,�B�,�B�,� �~� �A�,� �A�,� �A�B�B�,� �+� �A�,� �A�,�B�;� 

�-�4�:� �A�,� �B�B�,� �+�3�A�,�A�,� �A�;�B�,�B�;� �+� �A�,�A ��A�,�B�B�,� �7� �2�4�)� �A�B�B�,� �~� �A�v� �A�A�,�B�,�B�,� �+� �A�,�A�,�B�;� 

�+�A�*�B�.�B�,� �-� �4�4�,�4�7� �A�,�B�,�B�,� �+�2�4�2� �A�2�B�,�B�,�  �� �A�,�A�2�B�,�B�,� �+�3�A�2�A�,�A�,�B�.�B�,� �+� �A�2�A�°�B�,�B�,� 
 ��2� �4�?� �A�,�B�,�B�,�  �� �A�,� �A�,�B�,�B�,� �+� �A�S�B�;� 

�w�h�i�c�h� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �f�o�l�l�o�w�s�:� 
�1�6� 

�>� �4�x�5� �=� �0� �(�3�.�6�3�)� 
�i�=�0� 

�T�h�i�s� �i�s� �t�h�e� �d�e�s�i�r�e�d� �1�6�t�h� �d�e�g�r�e�e� �u�n�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l� �i�n� �x�,� �w�i�t�h� �c�o�n�s�t�a�n�t� �c�o�e�f�f�i�c�i�e�n�t�s�  ¬�,�.� 

�3�.�4�.�2� �S�o�l�v�i�n�g� �f�o�r� �9�,� 

�O�n�c�e� �a� �d�e�s�i�r�e�d� �h�a�n�d� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n� �i�s� �s�p�e�c�i�f�i�e�d�,� �a�l�l� �e�,� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �e�q�u�a�t�i�o�n� 

�(�3�.�6�1�)� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d�.� �T�h�e� �r�o�o�t�s� �o�f� �t�h�i�s� �p�o�l�y�n�o�m�i�a�l� �t�h�e�n� �g�i�v�e� �a�l�l� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n�s� �o�f� 

�X�,� �r�e�q�u�i�r�e�d� �t�o� �r�e�a�c�h� �t�h�e� �d�e�s�i�r�e�d� �p�o�s�e�.� �L�a�g�u�e�r�r�e�'�s� �M�e�t�h�o�d� �w�a�s� �u�s�e�d� �f�o�r� �c�o�m�p�u�t�i�n�g� �t�h�e� 

�r�o�o�t�s� �o�f� �t�h�i�s� �p�o�l�y�n�o�m�i�a�l�.� �A� �d�e�t�a�i�l�e�d� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�i�s� �r�o�o�t� �f�i�n�d�i�n�g� �m�e�t�h�o�d� �c�a�n� �b�e� �f�o�u�n�d� �i�n� 

�A�p�p�e�n�d�i�x� �B�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �j�o�i�n�t� �a�n�g�l�e� �i�s� �f�o�u�n�d� �a�s� �f�o�l�l�o�w�s�:� 

�6�,� �=� �2�A�t�a�n�(�x�,�)� �(�3�.�6�4�)� 

�A�n�y� �c�o�m�p�l�e�x� �v�a�l�u�e�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �r�o�o�t�i�n�g� �e�q�u�a�t�i�o�n� �(�3�.�6�3�)� �c�o�r�r�e�s�p�o�n�d� �t�o� �s�o�l�u�t�i�o�n�s� �t�h�a�t� 

�a�r�e� �k�i�n�e�m�a�t�i�c�a�l�l�y� �u�n�r�e�a�l�i�z�a�b�l�e� �f�o�r� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r�.� �I�f� �a�l�l� �r�o�o�t�s� �a�r�e� �c�o�m�p�l�e�x�,� �n�o� 

�k�i�n�e�m�a�t�i�c�a�l�l�y� �r�e�a�l�i�z�a�b�l�e� �m�a�n�i�p�u�l�a�t�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �e�x�i�s�t� �f�o�r� �t�h�e� �d�e�s�i�r�e�d� �h�a�n�d� �p�o�s�i�t�i�o�n� �a�n�d� 

�o�r�i�e�n�t�a�t�i�o�n�.� �I�f� �o�n�e� �o�r� �m�o�r�e� �r�e�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �6�,� �e�x�i�s�t�,� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �j�o�i�n�t� 

�a�n�g�l�e�s� �m�a�y� �b�e� �s�o�l�v�e�d� �i�n� �c�l�o�s�e�d� �f�o�r�m�,� �r�e�q�u�i�r�i�n�g� �n�o� �i�t�e�r�a�t�i�o�n�.� 
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�3�.�4�.�3� �S�o�l�v�i�n�g� �f�o�r� �9�,� 

�N�o�w� �t�h�a�t� �x�,� �i�s� �d�e�f�i�n�e�d�,� �s�o� �t�o�o� �a�r�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �e�q�u�a�t�i�o�n�s� �(�3�.�6�1�)�.� �T�h�i�s� �s�y�s�t�e�m� �m�a�y� 

�n�o�w� �b�e� �u�s�e�d� �t�o� �s�o�l�v�e� �f�o�r� �x�,�.� �E�q�u�a�t�i�o�n� �(�3�.�6�1�)� �m�a�y� �b�e� �r�e�w�r�i�t�t�e�n� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�:� 

� � � � � � � � 

�[�A� �A� �A� �O� �O�F�}� �4� �[�|� �0�7� 
�0� �4� �4� �A� �o�f� �3�]� �|� �o� 

�0� �0� �A� �A� �A�e� �.� �-�|� �°� �(�3�.�6�5�)� �0� �0� �0� �4� �A�l�l�|� �|�-�4� 
�B�,� �B�,� �B�B� �B�|� �|� �|� �o� 

�(�O�o� �B�,� �B�B�,� �B�i� �4� �|�-�B�|� 

�B�e�c�a�u�s�e� �t�h�e�r�e� �a�r�e� �m�o�r�e� �e�q�u�a�t�i�o�n�s� �t�h�a�n� �u�n�k�n�o�w�n�s�,� �t�h�e� �s�y�s�t�e�m� �i�n� �e�q�u�a�t�i�o�n� �(�3�.�6�5�)� �i�s� 

�o�v�e�r�c�o�n�s�t�r�a�i�n�e�d�.� �S�i�n�c�e� �t�h�i�s� �s�e�r�i�e�s� �o�f� �e�q�u�a�t�i�o�n�s� �w�a�s� �d�e�v�e�l�o�p�e�d� �f�r�o�m� �a� �r�e�d�u�c�e�d� �s�e�t� �o�f� 

�e�q�u�a�t�i�o�n�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �e�l�i�m�i�n�a�t�e� �t�w�o� �e�q�u�a�t�i�o�n�s� �w�i�t�h�o�u�t� �a�f�f�e�c�t�i�n�g� �t�h�e� �r�e�s�u�l�t�.� �S�e�l�e�c�t�i�n�g� 

�t�h�e� �e�q�u�a�t�i�o�n�s� �t�o� �e�l�i�m�i�n�a�t�e� �s�h�o�u�l�d� �b�e� �d�o�n�e� �s�o� �a�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�s�y�m�b�o�l�i�c� �s�o�l�u�t�i�o�n�.� �B�e�c�a�u�s�e� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�i�s� �s�y�s�t�e�m� �w�i�l�l� �r�e�q�u�i�r�e� �t�h�e� �i�n�v�e�r�s�i�o�n� �o�f� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �w�i�t�h� �t�h�e� �g�r�e�a�t�e�s�t� �n�u�m�b�e�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� 

�m�a�t�r�i�x� �s�h�o�u�l�d� �b�e� �e�l�i�m�i�n�a�t�e�d�,� �n�a�m�e�l�y� �t�h�e� �f�i�r�s�t� �a�n�d� �f�i�f�t�h� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �s�y�s�t�e�m� �i�s� 

�A�,� �A� �A�,� �O� �|� �x�?� �0� 

�0� �A� �A� �A�l�l�e� �_� �0� �(�3�.�6�6�)� 

�0� �0� �A� �A�l�l�x�z�|� �|�-�A� 
�B�,� �B�,� �B�,� �B� �|� �x�,�  ��B�,� 

�T�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �x�,� �i�s� �n�o�w� �f�o�u�n�d� �b�y� �s�o�l�v�i�n�g� �t�h�i�s� �s�y�s�t�e�m� �a�n�d� �t�a�k�i�n�g� �t�h�e� �f�i�f�t�h� �e�l�e�m�e�n�t� �o�f� �t�h�e� 

�s�o�l�u�t�i�o�n� �v�e�c�t�o�r�,� �w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� 

�X�=� �-�4�,�B�,� �+� �A�,� �A�;�B�,� �~� �A�,� �A�,� �A�,�B�;� �+� �A�A� �B�,� �_� �A�,�A�,�B�,� �(�3�.�6�7�)� 
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�S�i�n�c�e� �j�o�i�n�t� �a�n�g�l�e�s� �0�;� �a�n�d� �0�,� �a�r�e� �n�o�w� �d�e�f�i�n�e�d�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �s�o�l�v�e� �d�i�r�e�c�t�l�y� �f�o�r� �s�,� �a�n�d� �c�,� 
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�I�n� �o�r�d�e�r� �t�o� �m�a�i�n�t�a�i�n� �t�h�e� �p�r�o�p�e�r� �q�u�a�d�r�a�n�t� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �6�,�,� �t�h�e� �A�t�a�n�2� �f�u�n�c�t�i�o�n� �i�s� �u�s�e�d�.� 

�6�,� �=� �A�t�a�n�2�(�s�,�,�c�,�)� �(�3�.�7�1�)� 

�3�.�4�.�5� �S�o�l�v�i�n�g� �f�o�r� �9�,� 

�U�s�i�n�g� �t�h�e� �s�a�m�e� �l�o�o�p� �s�u�b�c�h�a�i�n�s�,� �R�,� �a�n�d� �R�,�,� �u�s�e�d� �i�n� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �t�h�r�e�e� �c�l�o�s�u�r�e� 

�e�q�u�a�t�i�o�n�s�,� �(�3�.�2�5�)�,� �(�3�.�2�6�)�,� �a�n�d� �(�3�.�2�7�)�,� �e�x�p�r�e�s�s�i�o�n�s� �i�n�c�l�u�d�i�n�g� �t�h�e� �s�i�n�e� �a�n�d� �c�o�s�i�n�e� �o�f� �6�,� �c�a�n� 

�b�e� �f�o�u�n�d�.� �T�h�e�s�e� �s�u�b�c�h�a�i�n�s� �c�a�n� �b�e� �u�s�e�d� �b�e�c�a�u�s�e� �t�h�e� �d�i�s�c�o�n�n�e�c�t�i�o�n� �o�f� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �a�t� 

�j�o�i�n�t�s� �1� �a�n�d� �4� �e�x�c�l�u�d�e�s� �t�h�o�s�e� �j�o�i�n�t� �a�n�g�l�e�s� �f�r�o�m� �a�n�y� �s�u�b�s�e�q�u�e�n�t� �c�a�l�c�u�l�a�t�i�o�n�s� �i�n�v�o�l�v�i�n�g� 

�e�q�u�a�t�i�o�n�s� �(�3�.�1�0�)�,� �(�3�.�1�3�)�,� �(�3�.�1�6�-�3�.�1�8�)�,� �a�n�d� �(�3�.�2�1�)�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �b�e� �f�r�e�e� �o�f� �u�n�k�n�o�w�n� �j�o�i�n�t� �v�a�r�i�a�b�l�e�s� �6� �a�n�d� �@�,�.� �L�o�o�p� �e�q�u�a�t�i�o�n�s� �(�3�.�1�0�)� 
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�T�Y�,� �{�P�C�s� �+� �8�5�(�1�5�1�0�,�  �� �r�y�p�S�o�)�}� 

�T�h�e�s�e� �t�w�o� �e�q�u�a�t�i�o�n�s� �a�r�e� �l�i�n�e�a�r� �i�n� �t�e�r�m�s� �o�f� �s�i�n�e�s� �a�n�d� �c�o�s�i�n�e�s� �o�f� �6�,� �a�n�d� �c�a�n� �t�h�u�s� �b�e� �s�o�l�v�e�d� 

�f�o�r� �d�i�r�e�c�t�l�y�.� �T�h�e� �r�e�s�u�l�t�s� �f�o�l�l�o�w�:� 
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�+�5�5�8�6� �(�r�r�,� �H�T�L�,� �T�T�,� �M� �M�a�s�e�,� �+�a�,�)� 

�T�h�e� �A�t�a�n�2� �f�u�n�c�t�i�o�n� �i�s� �a�g�a�i�n� �u�s�e�d� �t�o� �r�e�s�o�l�v�e� �t�h�e� �p�r�o�p�e�r� �a�n�g�l�e�.� 

�6�,� �=� �A�t�a�n�2�(�s�,�,�c�,�)� �(�3�.�8�0�)� 

�3�.�4�.�6� �S�o�l�v�i�n�g� �f�o�r� �9�,� 

�T�w�o� �d�i�f�f�e�r�e�n�t� �s�u�b�c�h�a�i�n�s� �n�e�e�d� �t�o� �b�e� �u�s�e�d� �i�n� �s�o�l�v�i�n�g� �f�o�r� �6�,�.� �S�u�b�c�h�a�i�n�s� �R�,� �a�n�d� �R�,� �r�e�s�u�l�t� 

�f�r�o�m� �d�i�s�c�o�n�n�e�c�t�i�n�g� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �a�t� �j�o�i�n�t�s� �1� �a�n�d� �4�,� �t�h�u�s� �e�l�i�m�i�n�a�t�i�n�g� �a�n�y� �d�e�p�e�n�d�e�n�c�e� �o�n� 
�@�,� �a�n�d� �@�,� �i�n� �t�h�e� �r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n�s�.� �T�o� �e�n�s�u�r�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �@�,�,� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �w�i�l�l� �b�e� 

�d�i�s�c�o�n�n�e�c�t�e�d� �a�t� �j�o�i�n�t�s� �1� �a�n�d� �5�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �f�i�g�u�r�e� �i�s� �u�s�e�d� �t�o� �v�i�s�u�a�l�i�z�e� �t�h�i�s� �l�o�o�p� �c�l�o�s�u�r�e�.� 
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�a�n�g�l�e� �6�@�,�,� �a�s� �s�h�o�w�n� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�i�g�u�r�e�:� 

� � 

�F�i�g�u�r�e� �3�.�6� �L�o�o�p� �C�l�o�s�u�r�e� �D�i�a�g�r�a�m� �f�o�r� �S�o�l�u�t�i�o�n� �o�f� �0�,� 

�T�h�e� �r�e�s�u�l�t�i�n�g� �s�u�b�c�h�a�i�n�s� �a�r�e� 

�R�,� �=� �~�(�a�,�,�4�,�,� �+�8�,�5�,�)� �(�3�.�9�2�)� 

�a�n�d� 
�_� 

�R�,� �=� �(�c�i�g�s� �~� �R�y� �+�a�,�4�,�)� �(�3�.�9�3�)� 

�L�o�o�p� �e�q�u�a�t�i�o�n�s� �(�3�.�8�)� �a�n�d� �(�3�.�1�7�)� �a�r�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �e�q�u�a�t�i�o�n�s� �w�i�t�h� �l�i�n�e�a�r� �d�e�p�e�n�d�e�n�c�i�e�s� �o�n� 

�s�i�n�e�s� �a�n�d� �c�o�s�i�n�e�s� �o�f� �j�o�i�n�t� �a�n�g�l�e� �1�.� 

�(�5�,� �-�4�,�,�)�,� �=� �(�5�,�-�4�.�5�)�,� �(�3�.�9�4�)� 

�(�3�,� �b�s�)� �=� �(�3�,� �-�b�,�)� �(�3�.�9�5�)� 

�E�q�u�a�t�i�o�n�s� �(�3�.�9�4�)� �a�n�d� �(�3�.�9�5�)� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s�:� 

�z!"�M�,�,�M�,�M�,�,�M�,�x� �=� �< ��M�.�M�.�.�M�.�M�,�'�M�.�M�,�,�2� �(�3�.�9�6�)� 

�z ��M�,�,�M�,�M�,�,�M�,�M�,�,�9� �=� �9 �� �M�,�M�.�,�.�M�,�.�M�,�M�\�M�,�,�z� �(�3�.�9�7�)� 

�F�u�l�l�y� �e�x�p�a�n�d�i�n�g� �e�q�u�a�t�i�o�n�s� �(�3�.�9�6�)� �a�n�d� �(�3�.�9�7�)� �r�e�s�u�l�t�s� �i�n� 

�$�,�=�5�,� �{�c�,� �(�7�.�,�¢�.� �-� �r�,�5�<�)� �+� �1�4�5�5�}�  ��¢�,� �l�e�,� �(�7�,�¢�,� �-� �P�y�S�q�)� �+� �5�3�5�;� �f� �(�3�.�9�8�)� 

�a�n�d� 

�U�R�S�U�L�A� �I�n�v�e�r�s�e� �K�i�n�e�m�a�t�i�c�s� �3�2



�O�=�s�5�,� �1�5�5�(�C�o�f� �~� �S�c�h�i�2�)� �~� �c�s�r�}� �7�G� �1�5�;� �(�C�e�r�,� �~� �S�F�)�  �� �C�3�5�}� �(�3�.�9�9�)� 

�T�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �s�,� �a�n�d� �c�,� �f�o�l�l�o�w�s�:� 

�8�,�(�C�s�y�3� �-� �8�,�(� �C�e�r�,�  �� �S�é�n�.�)�)� 
� � 

� � 

�S�,� �=� �(�3�.�1�0�0�)� 
�C�6� �(�r�h�s�  �� �h�a�l�'�n�)� �+� �S�6�(�T�i�s�P�o�p� �-� �N�a�F�)� 

�a�n�d� 

�S�,� �(�c�.�r�3�  �� �S�5�(�C�6�F�,�  �� �S�6�M�i�2� �)�)� �C�=� �(�3�.�1�0�1�)� 
�C�e� �(�7�,� �.�h�%�5�3� �F�a�l� �)� �+� �S�6�(�T�s�F�o�9�  �� �T�a�l�o�s�)� 

�A�g�a�i�n�,� �t�h�e� �A�t�a�n�2� �f�u�n�c�t�i�o�n� �i�s� �u�s�e�d� �t�o� �f�i�n�d� �p�r�o�p�e�r� �s�o�l�u�t�i�o�n� �t�o� �6�,�.� 

�6�,� �=� �A�t�a�n�2�(�s�,�,�c�,�)� �(�3�.�1�0�2�)� 

�3�.�5� �L�o�c�o�m�o�t�i�o�n� 

�S�i�n�c�e� �t�h�e� �U�R�S�U�L�A� �a�r�m� �w�i�l�l� �b�e� �u�s�e�d� �f�o�r� �l�o�c�o�m�o�t�i�o�n� �w�i�t�h�i�n� �t�h�e� �v�e�s�s�e�l� �a�s� �w�e�l�l� �a�s� �f�o�r� 

�s�c�a�n�n�i�n�g� �v�e�s�s�e�l� �w�e�l�d�s�,� �t�h�e� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c�s� �m�u�s�t� �b�e� �a�b�l�e� �t�o� �c�a�l�c�u�l�a�t�e� �j�o�i�n�t� �a�n�g�l�e�s� �f�o�r� �t�h�e� 

�c�a�s�e� �w�h�e�n� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �b�a�s�e� �a�n�d� �h�a�n�d� �s�w�i�t�c�h� �r�o�l�e�s�.� �P�r�e�s�e�n�t�l�y�,� �t�h�e� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c�s� 

�t�a�k�e�s� �a� �h�a�n�d� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �b�a�s�e� �a�s� �i�n�p�u�t� �f�o�r� 

�c�a�l�c�u�l�a�t�i�n�g� �j�o�i�n�t� �a�n�g�l�e� �s�o�l�u�t�i�o�n� �s�e�t�s�.� �T�h�i�s� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�m�a�t�r�i�c�e�s� �a�s� 

�R�.� �R� 
�'�T�=�|� �7� �#� �3�.�1�0�3� �7� �0�]� �(� �)� 

�w�h�e�r�e� 

�R�,� �=�a�,� �4�,� �3�,�|� �(�3�.�1�0�4�)� 

�W�h�e�n� �t�h�e� �h�a�n�d� �i�s� �e�q�u�i�p�p�e�d� �w�i�t�h� �t�h�e� �s�u�c�t�i�o�n� �t�o�o�l� �a�n�d� �i�s� �s�e�c�u�r�e�d� �t�o� �t�h�e� �v�e�s�s�e�l�,� �i�t� �i�s� �d�e�s�i�r�e�d� 

�t�o� �m�o�v�e� �t�h�e� �b�a�s�e� �t�o� �a� �n�e�w� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �h�a�n�d�.� �T�h�e� �p�o�s�i�t�i�o�n� 
�a�n�d� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �b�a�s�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �h�a�n�d� �i�s� �w�r�i�t�t�e�n� �a�s� �'�T�,�.� �I�f� �t�h�i�s� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�s� �f�i�r�s�t� �i�n�v�e�r�t�e�d�,� �i�t� �c�a�n� �b�e� �u�s�e�d� �a�s� �i�n�p�u�t� �f�o�r� �t�h�e� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c�s� 

�w�i�t�h�o�u�t� �a�n�y� �m�o�d�i�f�i�c�a�t�i�o�n� �t�o� �t�h�e� �c�o�d�e�.� �E�q�u�a�t�i�o�n� �(�2�.�5�)� �s�h�o�w�s� �t�h�a�t� 

 ��T�'�=�'�T�,� �(�3�.�1�0�5�)� 

�w�h�i�c�h� �i�s� �t�h�e� �r�e�q�u�i�r�e�d� �i�n�p�u�t� �f�o�r� �t�h�e� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c�s�.� �B�e�c�a�u�s�e� �t�h�e� �h�a�n�d� �i�s� �f�i�x�e�d�,� �t�h�e� �j�o�i�n�t� 

�a�n�g�l�e� �s�o�l�u�t�i�o�n�s� �w�i�l�l� �y�i�e�l�d� �t�h�e� �d�e�s�i�r�e�d� �b�a�s�e� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n�.� 
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�4�.� �N�u�m�e�r�i�c�a�l� �E�x�a�m�p�l�e� 
�T�h�e� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c�s� �f�o�r� �U�R�S�U�L�A� �w�a�s� �c�o�d�e�d� �i�n� �M�a�t�h�e�m�a�t�i�c�a� �a�s� �w�e�l�l� �a�s� �i�n� �C�.� �S�o�u�r�c�e� 

�c�o�d�e� �f�o�r� �b�o�t�h� �i�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �A�p�p�e�n�d�i�x�.� �S�o�l�v�i�n�g� �f�o�r� �a�l�l� �s�i�x�t�e�e�n� �s�e�t�s� �o�f� �j�o�i�n�t� �a�n�g�l�e� 

�s�o�l�u�t�i�o�n�s� �f�o�r� �a� �g�i�v�e�n� �h�a�n�d� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n� �u�s�i�n�g� �t�h�e� �C� �c�o�d�e� �(�i�n�c�l�u�d�e�d� �i�n� �A�p�p�e�n�d�i�x� 

�D�)�,� �e�x�e�c�u�t�e�s� �a�t� �3�1� �H�z� �o�n� �a� �4�8�6�/�D�X�5�0� �p�e�r�s�o�n�a�l� �c�o�m�p�u�t�e�r� �a�s� �m�e�a�s�u�r�e�d� �b�y� �B�o�r�l�a�n�d�'�s� �T�u�r�b�o� 

�P�r�o�f�i�l�e�r� �2�.�0�.� 

�A�s� �p�r�e�v�i�o�u�s�l�y� �s�t�a�t�e�d�,� �f�o�r� �a� �g�e�n�e�r�a�l� �s�i�x�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �m�a�n�i�p�u�l�a�t�o�r�,� �t�h�e�r�e� �a�r�e� �a�t� �m�o�s�t� 

�s�i�x�t�e�e�n� �s�e�t�s� �o�f� �s�o�l�u�t�i�o�n�s� �f�o�r� �a� �g�i�v�e�n� �h�a�n�d� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n�.� �O�n�c�e� �l�i�n�k� �l�e�n�g�t�h�s� �a�n�d� 

�j�o�i�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �a�r�e� �s�p�e�c�i�f�i�e�d�,� �n�o�t� �a�l�l� �s�i�x�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �m�a�n�i�p�u�l�a�t�o�r�s� �w�i�l�l� �h�a�v�e� 

�s�i�x�t�e�e�n� �s�o�l�u�t�i�o�n�s�.� �H�o�w�e�v�e�r�,� �s�i�x�t�e�e�n� �s�o�l�u�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �f�o�u�n�d� �i�n� �s�e�v�e�r�a�l� �r�e�g�i�o�n�s� �o�f� �t�h�e� 

�U�R�S�U�L�A� �w�o�r�k�s�p�a�c�e�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �n�u�m�e�r�i�c�a�l� �e�x�a�m�p�l�e� �e�n�u�m�e�r�a�t�e�s� �o�n�e� �s�u�c�h� �c�a�s�e�.� 

�G�i�v�e�n� �t�h�e� �d�e�s�i�r�e�d� �h�a�n�d� �p�o�s�i�t�i�o�n� 

�1�3�.�0� 

�R�,� �=�|� �0�.�0� �(�4�.�1�)� 
�-�4�.�0� 

�a�n�d� �o�r�i�e�n�t�a�t�i�o�n� 

 ��0�.�3�5�9�4�7�3�3�3�8�5� �0�.�6�8�1�9�8�0�9�1�5�4�1� 

�A�,� �=�|�  ��0�.�8�6�8�6�1�8�7�1�8�5� �b�,� �=�8�,�X�d�,� �8�,� �=�|� �0�.�4�8�7�7�9�2�4�0�0�6�2�e�  �� �2� �(�4�.�2�)� 

�0�.�3�4�0�9�9�9�1�8�0�0� �0�.�7�3� �1�3�5�3�7�0�1�6�1� 

�s�i�x�t�e�e�n� �r�e�a�l� �s�o�l�u�t�i�o�n�s� �r�e�s�u�l�t� �f�r�o�m� �t�h�e� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c�s�.� �T�h�e� �s�o�l�u�t�i�o�n�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �i�n� 

�t�h�e� �C� �p�r�o�g�r�a�m� �c�a�l�l�e�d� �I�N�V�E�R�S�E�.�C� �a�n�d� �v�e�r�i�f�i�e�d� �i�n� �t�h�e� �M�a�t�h�e�m�a�t�i�c�a� �i�n�p�u�t� �f�i�l�e� 

�I�N�V�E�R�S�E�M�G�.�M�.� �T�h�e�s�e� �s�o�l�u�t�i�o�n�s� �a�r�e� �l�i�s�t�e�d� �i�n� �T�a�b�l�e� �4�.�1�.� 

�F�i�g�u�r�e� �4�.�2� �s�h�o�w�s� �U�R�S�U�L�A� �i�n� �a�l�l� �s�i�x�t�e�e�n� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�,� �v�e�r�i�f�y�i�n�g� �t�h�e� �r�e�s�u�l�t�s� �g�i�v�e�n� �i�n� 

�T�a�b�l�e� �4�.�1�.� �T�h�e� �U�R�S�U�L�A� �m�o�d�e�l� �d�e�p�i�c�t�e�d� �i�n� �t�h�e� �f�i�g�u�r�e� �i�s� �k�i�n�e�m�a�t�i�c�a�l�l�y� �c�o�r�r�e�c�t�,� �b�u�t� �j�o�i�n�t� 

�s�i�z�e�s� �a�n�d� �l�i�n�k� �t�h�i�c�k�n�e�s�s�e�s� �h�a�v�e� �b�e�e�n� �r�e�d�u�c�e�d� �f�o�r� �c�l�a�r�i�t�y�.� �F�i�g�u�r�e� �4�.�1� �s�h�o�w�s� �U�R�S�U�L�A� �w�i�t�h� 

�a�l�l� �j�o�i�n�t� �a�n�g�l�e�s� �s�e�t� �e�q�u�a�l� �t�o� �z�e�r�o�.� 
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�T�a�b�l�e� �4�.�1� �S�i�x�t�e�e�n� �S�e�t�s� �o�f� �S�o�l�u�t�i�o�n�s� �f�o�r� �U�R�S�U�L�A� 
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�S�e�t�_�|� �4� �(�d�e�g�)� �|� �6�,� �(�d�e�g�)� �|� �(�d�e�g�)� �|� �6�,� �(�d�e�g�)� �|� �6�,� �(�d�e�g�)� �|� �9�,� �(�d�e�g�)� 
�1� �1�7�9�.�9�0�3�3� �9�6�.�0�7�3�8� �|� �-�1�2�5�.�5�0�6�0� �1�7�9�.�6�3�7�5� �7�2�.�4�3�2�3� �|� �-�1�1�9�.�7�3�8�9� 

�2� �1�7�8�.�3�3�2�4� �|� �-�1�1�9�.�4�3�5�2� �|� �-�5�4�.�4�8�5�4� �|� �-�1�7�7�.�6�4�1�6� �|� �-�1�4�3�.�0�7�4�7� �|� �-�1�2�0�.�3�6�6�1� 

�3� �4�9�.�0�9�8�5� �6�8�.�2�9�4�2� �|� �-�9�6�.�9�3�1�1� �8�5�.�0�1�9�6� �3�0�.�9�4�4�9� �|� �-�7�5�.�5�6�7�3� 

�4� �4�4�.�0�5�3�4� �3�5�.�5�5�8�5� �|� �-�8�3�.�0�6�5�7� �|� �1�1�3�.�6�2�6�1� �3�0�.�9�1�4�5� �|� �-�3�7�.�8�8�1�0� 

�5� �3�1�.�6�2�5�6� �|� �-�1�3�4�.�5�3�3�7� �|� �-�1�0�7�.�3�7�9�8� �|� �-�1�3�6�.�3�5�8�6� �|� �-�1�4�9�.�1�9�3�1� �-�3�.�2�2�3�9� 
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�5�.� �F�u�t�u�r�e� �W�o�r�k� 

�5�.�1� �C�o�d�e� �O�p�t�i�m�i�z�a�t�i�o�n� 

�T�h�e� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c�s� �C� �c�o�d�e� �p�r�e�s�e�n�t�l�y� �r�u�n�s� �a�t� �3�1� �H�z� �o�n� �a� �4�8�6�/�D�X�5�0� �p�e�r�s�o�n�a�l� �c�o�m�p�u�t�e�r� 

�a�s� �m�e�a�s�u�r�e�d� �b�y� �B�o�r�l�a�n�d�'�s� �T�u�r�b�o� �P�r�o�f�i�l�e�r� �2�.�0�.� �T�h�e� �s�o�l�u�t�i�o�n� �f�r�e�q�u�e�n�c�y� �c�o�u�l�d� �b�e� �i�n�c�r�e�a�s�e�d� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �b�y� �c�h�a�n�g�i�n�g� �p�l�a�t�f�o�r�m�s� �a�n�d�/�o�r� �o�p�t�i�m�i�z�i�n�g� �t�h�e� �C� �c�o�d�e� �f�u�r�t�h�e�r�.� �I�f� �t�h�i�s� �c�o�d�e� 

�w�e�r�e� �e�x�e�c�u�t�e�d� �o�n� �a� �d�i�f�f�e�r�e�n�t� �p�l�a�t�f�o�r�m�,� �s�u�c�h� �a�s� �a� �w�o�r�k�s�t�a�t�i�o�n� �o�r� �a� �d�e�d�i�c�a�t�e�d� 

�m�i�c�r�o�p�r�o�c�e�s�s�o�r�,� �c�o�d�e� �e�x�e�c�u�t�i�o�n� �s�p�e�e�d� �w�o�u�l�d� �b�e� �s�u�f�f�i�c�i�e�n�t� �f�o�r� �m�o�s�t� �t�a�s�k�s�.� �T�h�e� �f�o�r�w�a�r�d� 

�a�n�d� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c�s� �C� �c�o�d�e� �w�r�i�t�t�e�n� �f�o�r� �t�h�i�s� �s�t�u�d�y� �w�e�r�e� �w�r�i�t�t�e�n� �w�i�t�h� �e�f�f�i�c�i�e�n�c�y� �a�n�d� 

�e�x�e�c�u�t�i�o�n� �s�p�e�e�d� �a�s� �p�r�i�o�r�i�t�i�e�s�,� �b�u�t� �c�o�u�l�d� �b�e� �r�e�f�i�n�e�d� �f�u�r�t�h�e�r�.� �R�o�o�t�i�n�g� �o�f� �t�h�e� �s�i�x�t�e�e�n�t�h� �d�e�g�r�e�e� 

�u�n�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l� �i�n� �t�h�e� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c� �c�o�d�e� �t�a�k�e�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �f�i�f�t�y� �p�e�r�c�e�n�t� �o�f� 

�t�h�e� �c�o�m�p�u�t�i�n�g� �t�i�m�e� �f�o�r� �a� �s�i�n�g�l�e� �h�a�n�d� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n�.� 

�T�e�c�h�n�i�q�u�e�s� �o�t�h�e�r� �t�h�a�n� �t�h�a�t� �o�f� �r�o�o�t�i�n�g� �a� �1�6�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� �h�a�v�e� �b�e�e�n� �s�t�u�d�i�e�d�.� �I�n� 

�p�a�r�t�i�c�u�l�a�r�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �u�s�e�d� �t�o� �d�e�r�i�v�e� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �m�a�y� �b�e� �m�o�d�i�f�i�e�d� �s�u�c�h� �t�h�a�t� 

�i�t�s� �e�i�g�e�n�v�a�l�u�e�s� �a�r�e� �t�h�e� �n�e�g�a�t�i�v�e� �o�f� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �r�o�o�t�s�.� �T�h�e� �e�i�g�e�n�v�a�l�u�e� �a�n�a�l�y�s�i�s� �m�a�y� 

�p�r�o�v�e� �t�o� �b�e� �a� �m�o�r�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �e�f�f�i�c�i�e�n�t� �m�e�t�h�o�d� �o�f� �s�o�l�u�t�i�o�n� �[�M�a�n�o�c�h�a� �a�n�d� �C�a�n�n�y�,� 

�1�9�9�2�;� �K�h�o�l�i� �a�n�d� �O�s�v�a�t�i�c�,� �1�9�9�2�]�.� 

�5�.�2� �R�e�d�u�c�t�i�o�n� �o�f� �S�o�l�u�t�i�o�n�s� 

�N�o�w� �t�h�a�t� �a�l�l� �p�h�y�s�i�c�a�l�l�y� �r�e�a�l�i�z�a�b�l�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �a� �d�e�s�i�r�e�d� �h�a�n�d� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n� �c�a�n� 

�b�e� �c�a�l�c�u�l�a�t�e�d�,� �t�h�e� �t�a�s�k� �o�f� �c�h�o�o�s�i�n�g� �a� �s�o�l�u�t�i�o�n� �n�e�e�d�s� �t�o� �b�e� �a�d�d�r�e�s�s�e�d�.� �T�h�i�s� �c�a�n� �b�e� �t�h�o�u�g�h�t� 

�o�f� �a�s� �r�u�n�n�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n�s� �t�h�r�o�u�g�h� �a� �s�e�r�i�e�s� �o�f� �f�i�l�t�e�r�s�,� �t�o� �e�l�i�m�i�n�a�t�e� �u�n�a�c�c�e�p�t�a�b�l�e� �s�o�l�u�t�i�o�n�s�.� 

�O�n�e� �p�o�s�s�i�b�l�e� �m�e�t�h�o�d� �o�f� �s�e�l�e�c�t�i�n�g� �a� �s�o�l�u�t�i�o�n� �s�e�t� �i�s� �d�e�p�i�c�t�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�i�g�u�r�e�.� 
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�F�i�g�u�r�e� �5�.�1� �P�o�s�s�i�b�l�e� �S�o�l�u�t�i�o�n� �S�e�t� �R�e�d�u�c�t�i�o�n� �S�c�h�e�m�e� 

�5�.�2�.�1� �C�o�m�p�l�e�x� �S�o�l�u�t�i�o�n�s� 

�A�l�t�h�o�u�g�h� �c�o�m�p�l�e�x� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �r�o�o�t�s� �o�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �p�o�l�y�n�o�m�i�a�l� �a�r�e� 

�m�a�t�h�e�m�a�t�i�c�a�l�l�y� �c�o�r�r�e�c�t�,� �t�h�e�y� �d�o� �n�o�t� �r�e�p�r�e�s�e�n�t� �a�n�y� �p�h�y�s�i�c�a�l�l�y� �o�b�t�a�i�n�a�b�l�e� �m�a�n�i�p�u�l�a�t�o�r� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�e�r�e�f�o�r�e�,� �c�o�m�p�l�e�x� �s�o�l�u�t�i�o�n�s� �s�h�o�u�l�d� �b�e� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�o�l�l�e�c�t�i�o�n� �o�f� 

�v�i�a�b�l�e� �s�o�l�u�t�i�o�n�s� �p�r�i�o�r� �t�o� �a�n�y� �f�u�r�t�h�e�r� �c�a�l�c�u�l�a�t�i�o�n�s�.� 

�5�.�2�.�2� �J�o�i�n�t� �L�i�m�i�t�a�t�i�o�n�s� 

�T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�h�e� �f�i�l�t�e�r�i�n�g� �p�r�o�c�e�s�s� �s�h�o�u�l�d� �b�e� �t�o� �e�l�i�m�i�n�a�t�e� �a�l�l� �s�o�l�u�t�i�o�n�s� �t�h�a�t� �a�r�e� �n�o�t� 

�p�h�y�s�i�c�a�l�l�y� �r�e�a�l�i�z�a�b�l�e�.� �T�h�e� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c�s� �a�r�e� �v�a�l�i�d� �f�o�r� �t�h�e� 

�k�i�n�e�m�a�t�i�c� �m�o�d�e�l�,� �w�h�i�c�h� �d�o�e�s� �n�o�t� �t�a�k�e� �i�n�t�o� �a�c�c�o�u�n�t� �l�i�n�k� �i�n�t�e�r�f�e�r�e�n�c�e� �o�r� �a�c�t�u�a�t�o�r� �l�i�m�i�t�s�.� �B�y� 

�p�e�r�f�o�r�m�i�n�g� �t�h�i�s� �t�a�s�k� �o�n� �t�h�e� �r�e�a�l� �v�a�l�u�e�d� �s�e�t�s� �f�i�r�s�t�,� �u�n�n�e�c�e�s�s�a�r�y� �c�a�l�c�u�l�a�t�i�o�n�s� �i�n� �f�u�t�u�r�e� 

�f�i�l�t�e�r�i�n�g� �s�t�e�p�s� �a�r�e� �r�e�d�u�c�e�d�.� 
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�5�.�2�.�3� �S�i�n�g�u�l�a�r�i�t�i�e�s� 

�A� �s�i�n�g�u�l�a�r�i�t�y� �i�s� �a� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n� �i�n� �w�h�i�c�h� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �l�o�s�e�s� �o�n�e� �o�r� �m�o�r�e� 

�d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �W�h�e�n� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �i�s� �m�o�v�i�n�g� �t�o�,� �t�h�r�o�u�g�h�,� �o�r� �c�l�o�s�e� �t�o� �a� 

�s�i�n�g�u�l�a�r�i�t�y�,� �j�o�i�n�t� �v�e�l�o�c�i�t�i�e�s� �t�e�n�d� �t�o� �i�n�f�i�n�i�t�y�,� �a�s� �t�h�e� �r�e�m�a�i�n�i�n�g� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�t�t�e�m�p�t� �t�o� 

�r�e�a�c�h� �t�h�e� �d�e�s�i�r�e�d� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n�.� �F�i�n�d�i�n�g� �s�i�n�g�u�l�a�r�i�t�i�e�s� �f�o�r� �a� �m�a�n�i�p�u�l�a�t�o�r� �c�a�n� �b�e� �a� 

�v�e�r�y� �d�i�f�f�i�c�u�l�t� �p�r�o�b�l�e�m�.� �T�h�e� �t�e�r�m� �"�s�i�n�g�u�l�a�r�i�t�y�"� �i�s� �u�s�e�d� �b�e�c�a�u�s�e� �a�t� �t�h�e�s�e� �p�o�i�n�t�s� �t�h�e� 

�m�a�n�i�p�u�l�a�t�o�r� �J�a�c�o�b�i�a�n� �m�a�t�r�i�x� �i�s� �s�i�n�g�u�l�a�r�.� �T�h�e� �J�a�c�o�b�i�a�n� �r�e�l�a�t�e�s� �j�o�i�n�t� �s�p�a�c�e� �v�e�l�o�c�i�t�i�e�s� �t�o� 

�C�a�r�t�e�s�i�a�n� �v�e�l�o�c�i�t�i�e�s�.� �T�h�e� �a�n�g�u�l�a�r� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �h�a�n�d� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�W�y� �=� �O�S�,� �+� �0�,�8�,� �+� �0�,�8�,� �+� �0�,�8�,� �+� �O�8�,� �+� �6�,�8�.� �(�5�.�1�)� 

�w�h�i�l�e� �t�h�e� �l�i�n�e�a�r� �v�e�l�o�c�i�t�y� �m�a�y� �b�e� �w�r�i�t�t�e�n� 

�¥�,�=�W�,� �x�R�,� �(�5�.�2�)� 

�w�h�e�r�e� 
 ��_� 

�R�y� �=� �1� �2�4�,�q� �+� �A�3�4�,�;� �+� �S�4�8�,� �+� �A�c�e�s� �(�5�.�3�)� 

�a�s� �d�e�f�i�n�e�d� �i�n� �e�q�u�a�t�i�o�n� �(�3�.�6�)�.� �T�h�e� �J�a�c�o�b�i�a�n� �i�s� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �o�f� �t�h�e� �s�y�s�t�e�m� �a�s� �s�h�o�w�n� 

�b�e�l�o�w�.� 

�{�P�t� �[�J�]� �4� �(�5�.�4�)� 

�T�h�e� �a�b�o�v�e� �J�a�c�o�b�i�a�n� �r�e�l�a�t�e�s� �t�h�e� �l�i�n�e�a�r� �a�n�d� �a�n�g�u�l�a�r� �v�e�l�o�c�i�t�i�e�s� �o�f� �t�h�e� �h�a�n�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�b�a�s�e�.� �T�h�i�s� �i�s� �d�e�s�i�r�e�d� �i�f� �v�e�l�o�c�i�t�y� �c�o�n�t�r�o�l� �i�s� �t�o� �b�e� �u�s�e�d�;� �b�u�t� �f�o�r� �s�i�n�g�u�l�a�r�i�t�y� �a�n�a�l�y�s�i�s�,� �i�t� �i�s� 

�p�o�s�s�i�b�l�e� �t�o� �e�x�p�r�e�s�s� �t�h�e� �J�a�c�o�b�i�a�n� �i�n� �a�n�o�t�h�e�r� �r�e�f�e�r�e�n�c�e� �f�r�a�m�e�,� �t�o�w�a�r�d�s� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� 

�m�a�n�i�p�u�l�a�t�o�r�,� �w�h�i�c�h� �w�o�u�l�d� �r�e�d�u�c�e� �t�h�e� �n�u�m�b�e�r� �o�f� �i�n�c�l�u�d�e�d� �t�e�r�m�s�.� �F�o�r� �e�x�a�m�p�l�e� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �r�e�f�e�r�e�n�c�e� �f�r�a�m�e� �m�a�y� �b�e� �u�s�e�d�.� 

�[�S�,� �4�,� �§�]� �(�5�.�5�)� 

�I�f� �t�h�i�s� �r�e�f�e�r�e�n�c�e� �f�r�a�m�e� �i�s� �u�s�e�d�,� �t�h�e� �J�a�c�o�b�i�a�n� �i�s� �w�r�i�t�t�e�n� 

�(�W�e� �S�|� 
�W� �y�z� �A�y�,� 

�W�S� �.� 
�>� �b�=� �[�S�H� �(�5�.�6�)� 

�V�i� �S�g� 

�V�i�z� �*� �B�z�,� � � � � �L� �V�i� �S�3� �4� 

�F�u�t�u�r�e� �W�o�r�k� �4�0



�E�x�p�a�n�d�i�n�g� �t�h�e� �s�c�a�l�a�r� �a�n�d� �t�r�i�p�l�e� �s�c�a�l�a�r� �p�r�o�d�u�c�t�s� �i�n� �t�h�e� �J�a�c�o�b�i�a�n� �g�i�v�e�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t�.� 
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�A� �s�i�n�g�u�l�a�r�i�t�y� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �J�a�c�o�b�i�a�n� �i�s� �s�i�n�g�u�l�a�r�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �t�h�e� �J�a�c�o�b�i�a�n� �d�o�e�s� �n�o�t� 

�h�a�v�e� �a�n� �i�n�v�e�r�s�e� �a�n�d� �i�t�s� �d�e�t�e�r�m�i�n�a�n�t� �i�s� �z�e�r�o�.� �T�h�e�r�e�f�o�r�e� �a�l�l� �s�i�n�g�u�l�a�r�i�t�i�e�s� �f�o�r� �t�h�i�s� �m�a�n�i�p�u�l�a�t�o�r� 

�m�u�s�t� �s�a�t�i�s�f�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�:� 

�|�J�|� �=� �£�(�4�,�,� �O�,� �0�,� �4�5�)� 
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�T�h�i�s� �e�q�u�a�t�i�o�n� �d�e�f�i�n�e�s� �s�i�n�g�u�l�a�r�i�t�i�e�s� �i�n� �j�o�i�n�t� �s�p�a�c�e�.� �T�h�e� �d�i�f�f�i�c�u�l�t�y� �i�n� �a�p�p�l�y�i�n�g� �t�h�i�s� �e�q�u�a�t�i�o�n� 

�s�h�o�u�l�d� �n�o�t� �b�e� �u�n�d�e�r�e�s�t�i�m�a�t�e�d�.� �D�u�e� �t�o� �t�h�e� �t�r�a�n�s�c�e�n�d�e�n�t�a�l� �n�a�t�u�r�e� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� �a�n�d� �t�h�e� 

�n�e�e�d� �t�o� �d�e�a�l� �i�n� �C�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s�,� �t�h�i�s� �a�n�a�l�y�s�i�s� �i�s� �u�s�u�a�l�l�y� �d�o�n�e� �o�f�f�-�l�i�n�e�.� �T�h�i�s� �a�n�a�l�y�s�i�s� 

�t�y�p�i�c�a�l�l�y� �f�a�l�l�s� �i�n�t�o� �t�h�e� �r�e�a�l�m� �o�f� �p�a�t�h� �p�l�a�n�n�i�n�g� �a�n�d� �o�b�s�t�a�c�l�e� �a�v�o�i�d�a�n�c�e�.� �A� �m�o�r�e� �i�n�-�d�e�p�t�h� 

�s�t�u�d�y� �o�f� �w�o�r�k�s�p�a�c�e� �a�n�d� �s�i�n�g�u�l�a�r�i�t�y� �i�s�s�u�e�s� �i�s� �p�r�e�s�e�n�t�e�d� �b�y� �L�e�e�,� �W�o�e�r�n�l�e�,� �a�n�d� �H�i�l�l�e�r� �[�1�9�9�1�]�.� 

�5�.�2�.�4� �J�o�i�n�t� �M�o�t�i�o�n�s� 

�A�t� �t�h�i�s� �p�o�i�n�t�,� �a�n�y� �r�e�m�a�i�n�i�n�g� �s�o�l�u�t�i�o�n� �s�e�t�s� �s�h�o�u�l�d� �p�r�o�v�i�d�e� �a� �s�a�t�i�s�f�a�c�t�o�r�y� �r�e�s�u�l�t�.� �I�f� �m�o�r�e� 

�t�h�a�n� �o�n�e� �s�e�t� �r�e�m�a�i�n�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�d�u�c�e� �t�h�e� �n�u�m�b�e�r� �o�f� �s�e�t�s� �u�n�t�i�l� �a� �s�i�n�g�l�e� �s�e�t� �r�e�m�a�i�n�s�.� 

�T�h�e� �s�o�l�u�t�i�o�n� �r�e�q�u�i�r�i�n�g� �t�h�e� �l�e�a�s�t� �j�o�i�n�t� �m�o�t�i�o�n� �f�r�o�m� �t�h�e� �c�u�r�r�e�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �m�a�y� �b�e� �u�s�e�d�.� 

�I�f� �t�h�e� �r�e�q�u�i�r�e�d� �c�h�a�n�g�e� �i�n� �j�o�i�n�t� �a�n�g�l�e� �@� �i�s� �d�e�f�i�n�e�d� �a�s� �A�@�,� �a�n� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� 

�d�e�f�i�n�e�d� �a�s� 
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�w�h�e�r�e� �k�,� �i�s� �a� �w�e�i�g�h�t�i�n�g� �f�a�c�t�o�r� �f�o�r� �e�a�c�h� �j�o�i�n�t�.� �T�h�i�s� �f�u�n�c�t�i�o�n� �m�a�y� �b�e� �e�v�a�l�u�a�t�e�d� �f�o�r� �e�a�c�h� 

�s�o�l�u�t�i�o�n� �s�e�t�,� �a�n�d� �t�h�e� �s�e�t� �w�i�t�h� �t�h�e� �m�i�n�i�m�u�m� �r�e�s�u�l�t� �w�o�u�l�d� �b�e� �t�h�e� �f�i�n�a�l� �s�o�l�u�t�i�o�n� �s�e�t�.� 

�T�h�i�s� �m�e�t�h�o�d� �o�f� �r�e�d�u�c�i�n�g� �t�h�e� �N� �s�e�t�s� �o�f� �s�o�l�u�t�i�o�n�s� �f�o�r� �a� �g�i�v�e�n� �h�a�n�d� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n� 

�i�s� �n�o�t� �u�n�i�q�u�e�.� 

�F�u�t�u�r�e� �W�o�r�k� �4�]



�6�.� �C�o�n�c�l�u�s�i�o�n� 

�A� �s�u�b�s�t�a�n�t�i�v�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a� �g�e�n�e�r�a�l� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e� �h�a�s� �b�e�e�n� 

�p�r�e�s�e�n�t�e�d�.� �T�h�e� �t�r�e�a�t�m�e�n�t� �o�f� �a� �6�R� �s�e�r�i�a�l�-�c�h�a�i�n� �m�a�n�i�p�u�l�a�t�o�r� �a�s� �a� �7�R� �c�l�o�s�e�d�-�l�o�o�p� �c�h�a�i�n� �h�a�s� 

�b�e�e�n� �e�x�p�l�a�i�n�e�d� �i�n� �d�e�t�a�i�l� �a�s� �w�e�l�l� �a�s� �t�h�e� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �c�l�o�s�u�r�e� �e�q�u�a�t�i�o�n�s� �v�i�a� �s�c�a�l�a�r� �a�n�d� 

�t�r�i�p�l�e� �s�c�a�l�a�r� �p�r�o�d�u�c�t�s�.� �T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �p�o�l�y�n�o�m�i�a�l� �i�n� �o�n�e� �j�o�i�n�t� 

�v�a�r�i�a�b�l�e� �a�n�d� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �j�o�i�n�t� �v�a�r�i�a�b�l�e�s� �w�a�s� �a�l�s�o� �e�n�u�m�e�r�a�t�e�d�.� 

�I�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�h�a�t� �t�h�e� �U�R�S�U�L�A� �m�a�n�i�p�u�l�a�t�o�r� �h�a�s� �t�h�e� �f�u�l�l� �c�o�m�p�l�e�m�e�n�t� �o�f� �s�o�l�u�t�i�o�n�s� �i�n� 

�c�e�r�t�a�i�n� �r�e�g�i�o�n�s� �o�f� �i�t�s� �w�o�r�k�s�p�a�c�e�.� �M�e�t�h�o�d�s� �f�o�r� �r�e�d�u�c�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n�s� �h�a�v�e� �a�l�s�o� �b�e�e�n� 

�d�i�s�c�u�s�s�e�d�.� �A� �f�o�u�n�d�a�t�i�o�n� �h�a�s� �b�e�e�n� �l�a�i�d� �u�p�o�n� �w�h�i�c�h� �f�u�t�u�r�e� �r�e�s�e�a�r�c�h�,� �s�u�c�h� �a�s� �w�o�r�k�s�p�a�c�e� �a�n�d� 

�s�i�n�g�u�l�a�r�i�t�y� �a�n�a�l�y�s�e�s�,� �c�a�n� �b�e� �b�a�s�e�d�.� 

�A�n� �e�f�f�i�c�i�e�n�t� �A�N�S�I� �C� �c�o�d�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �U�R�S�U�L�A� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c� �a�n�a�l�y�s�i�s� �w�a�s� 

�d�e�v�e�l�o�p�e�d�.� �R�e�a�l�-�t�i�m�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �m�a�y� �b�e� �p�o�s�s�i�b�l�e� �f�r�o�m� �a� �p�e�r�s�o�n�a�l� �c�o�m�p�u�t�e�r�,� �c�e�r�t�a�i�n�l�y� 

�f�r�o�m� �a� �w�o�r�k�s�t�a�t�i�o�n� �o�r� �s�i�m�i�l�a�r� �p�l�a�t�f�o�r�m�.� �T�h�i�s� �w�o�r�k� �s�h�o�u�l�d� �p�r�o�v�e� �t�o� �b�e� �a�n� �i�n�v�a�l�u�a�b�l�e� 

�r�e�s�o�u�r�c�e� �t�o� �t�h�o�s�e� �u�n�f�a�m�i�l�i�a�r� �w�i�t�h� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �g�e�n�e�r�a�l� �i�n�v�e�r�s�e� �k�i�n�e�m�a�t�i�c� �a�n�a�l�y�s�i�s� 

�m�e�t�h�o�d�s� �t�o� �m�a�n�i�p�u�l�a�t�o�r�s� �w�i�t�h� �s�p�e�c�i�f�i�c� �g�e�o�m�e�t�r�y�.� 
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�7�.� �R�e�f�e�r�e�n�c�e�s� 
�A�l�b�a�l�a�,� �H�.�,� �a�n�d� �A�n�g�e�l�e�s�,� �J�.�,� �1�9�7�9�,� �"�N�u�m�e�r�i�c�a�l� �S�o�l�u�t�i�o�n� �t�o� �t�h�e� �I�n�p�u�t�-�O�u�t�p�u�t� �D�i�s�p�l�a�c�e�m�e�n�t� 

�E�q�u�a�t�i�o�n� �o�f� �t�h�e� �G�e�n�e�r�a�l� �7�R� �S�p�a�t�i�a�l� �M�e�c�h�a�n�i�s�m�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �F�i�f�t�h� �W�o�r�l�d� 
�C�o�n�g�r�e�s�s� �o�n� �T�h�e�o�r�y� �o�f� �M�a�c�h�i�n�e�s� �a�n�d� �M�e�c�h�a�n�i�s�m�s�,� �p�p�.� �1�0�0�8�-�1�0�1�1�.� 

�A�l�b�a�l�a�,� �H�.� �a�n�d� �P�e�s�s�e�n�,� �D�.�,� �1�9�8�3�,� �"�D�i�s�p�l�a�c�e�m�e�n�t� �A�n�a�l�y�s�i�s� �o�f� �a� �S�p�e�c�i�a�l� �C�a�s�e� �o�f� �t�h�e� �7�R�,� 
�S�i�n�g�l�e�-�L�o�o�p�,� �S�p�a�t�i�a�l� �M�e�c�h�a�n�i�s�m�"�,� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �A�S�M�E�,� �J�o�u�r�n�a�l� �o�f� 
�M�e�c�h�a�n�i�s�m�s�,� �T�r�a�n�s�m�i�s�s�i�o�n�s�,� �a�n�d� �A�u�t�o�m�a�t�i�o�n� �i�n� �D�e�s�i�g�n�,� �V�o�l�.� �1�0�5�,� �M�a�r�c�h�,� 
�p�p�.� �7�8�-�8�7�.� 

�A�n�t�o�n�,� �H�.�,� �1�9�8�7�,� �E�l�e�m�e�n�t�a�r�y� �L�i�n�e�a�r� �A�l�g�e�b�r�a�,� �J�o�h�n� �W�i�l�e�y� �a�n�d� �S�o�n�s�,� �N�e�w� �Y�o�r�k�.� 

�C�r�a�i�g�,� �J�o�h�n� �J�.�,� �1�9�8�9�,� �I�n�t�r�o�d�u�c�t�i�o�n� �t�o� �R�o�b�o�t�i�c�s� �M�e�c�h�a�n�i�c�s� �a�n�d� �C�o�n�t�r�o�l�,� �A�d�d�i�s�o�n� �W�e�s�l�e�y�,� 
�N�e�w� �Y�o�r�k�.� 

�D�u�f�f�y�,� �J�.�,� �1�9�8�0�,� �A�n�a�l�y�s�i�s� �o�f� �M�e�c�h�a�n�i�s�m�s� �a�n�d� �R�o�b�o�t� �M�a�n�i�p�u�l�a�t�o�r�s�,� �E�d�w�a�r�d� �A�r�n�o�l�d� �L�t�d�.�,� 
�L�o�n�d�o�n� 

�D�u�f�f�y�,� �J�.�,� �a�n�d� �C�r�a�n�e�,� �C�.�,� �1�9�8�0�,�"�A� �D�i�s�p�l�a�c�e�m�e�n�t� �A�n�a�l�y�s�i�s� �o�f� �t�h�e� �G�e�n�e�r�a�l� �S�p�a�t�i�a�l� �7�R� 
�M�e�c�h�a�n�i�s�m�"�,� �M�e�c�h�a�n�i�s�m� �a�n�d� �M�a�c�h�i�n�e� �T�h�e�o�r�y�,� �V�o�l�.� �1�5�,� �p�p�.� �1�5�3�-�1�6�9�.� 

�G�o�l�d�e�n�b�e�r�g�,� �A�.� �a�n�d� �L�a�w�r�e�n�c�e�,� �D�.�,� �1�9�8�5�,� �"�A� �G�e�n�e�r�a�l�i�z�e�d� �S�o�l�u�t�i�o�n� �t�o� �t�h�e� �I�n�v�e�r�s�e� 
�K�i�n�e�m�a�t�i�c�s� �o�f� �R�o�b�o�t�i�c� �M�a�n�i�p�u�l�a�t�o�r�s�"�,� �J�o�u�r�n�a�l� �o�f� �D�y�n�a�m�i�c� �S�y�s�t�e�m�s�,� �M�e�a�s�u�r�e�m�e�n�t�.� 
�a�n�d� �C�o�n�t�r�o�l�,� �M�a�r�c�h�,� �V�o�l�.� �1�0�7�,� �p�p�.� �1�0�3�-�1�0�6�.� 

�K�h�o�l�i�,� �D�.� �a�n�d� �O�s�v�a�t�i�c�,� �M�.�,� �1�9�9�2�,� �"�I�n�v�e�r�s�e� �K�i�n�e�m�a�t�i�c�s� �o�f� �G�e�n�e�r�a�l� �6�R� �a�n�d� �5�R�,�P� �S�e�r�i�a�l� 
�M�a�n�i�p�u�l�a�t�o�r�s�"�,� �F�l�e�x�i�b�l�e� �M�e�c�h�a�n�i�s�m�s�,� �D�y�n�a�m�i�c�s�,� �a�n�d� �A�n�a�l�y�s�i�s�,� �D�E�-�V�o�l�.� �4�7�,� 
�p�p�.� �6�1�9�-�6�2�7�.� 

�L�e�e�,� �H�.�-�Y�.�,� �a�n�d� �L�i�n�,� �W�.�,� �a�n�d� �D�u�f�f�y� �J�.�,� �1�9�9�2�,� �"�A� �M�e�t�h�o�d� �f�o�r� �t�h�e� �F�o�r�w�a�r�d� �D�i�s�p�l�a�c�e�m�e�n�t� 
�A�n�a�l�y�s�i�s� �o�f� �I�n�-�P�a�r�a�l�l�e�l� �P�l�a�t�f�o�r�m� �M�e�c�h�a�n�i�s�m�s�"�,� �A�c�c�e�p�t�e�d� �f�o�r� �p�u�b�l�i�c�a�t�i�o�n� �i�n� �t�h�e� 
�I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �M�e�c�h�a�t�r�o�n�i�c�s�.� 

�L�e�e�,� �H�.�-�Y�.�,� �a�n�d� �R�e�i�n�h�o�l�t�z�,� �C�.�F�.�,� �1�9�9�2�,� �"�I�n�v�e�r�s�e� �K�i�n�e�m�a�t�i�c�s� �o�f� �S�e�r�i�a�l�-�C�h�a�i�n� �M�a�n�i�p�u�l�a�t�o�r�s�"�,� 
�S�u�b�m�i�t�t�e�d� �f�o�r� �p�u�b�l�i�c�a�t�i�o�n� �i�n� �t�h�e� �A�S�M�E� �J�o�u�r�n�a�l� �o�f� �M�e�c�h�a�n�i�c�a�l� �D�e�s�i�g�n�.� 

�L�e�e�,� �H�.�-�Y�.�,� �W�o�e�r�n�l�e�,� �C�.�,� �a�n�d� �H�i�l�l�e�r�,� �M�.�,� �1�9�9�1�,� �"�A� �C�o�m�p�l�e�t�e� �S�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �I�n�v�e�r�s�e� 
�K�i�n�e�m�a�t�i�c�s� �P�r�o�b�l�e�m� �o�f� �t�h�e� �G�e�n�e�r�a�l� �6�R� �R�o�b�o�t� �M�a�n�i�p�u�l�a�t�o�r�"�,� �A�S�M�E� �J�o�u�r�n�a�l� �o�f� 
�M�e�c�h�a�n�i�c�a�l� �D�e�s�i�g�n�,� �V�o�l�.� �1�1�3�,� �N�o�.� �4�,� �p�p�.� �4�8�1�-�4�8�6�.� 

�L�e�e�,� �H�.�-�Y�.�,� �1�9�9�0�,� �"�A� �U�n�i�f�i�e�d� �T�h�e�o�r�y� �f�o�r� �t�h�e� �C�o�m�p�l�e�t�e� �S�o�l�u�t�i�o�n� �t�o� �t�h�e� �I�n�v�e�r�s�e� �K�i�n�e�m�a�t�i�c�s� 
�P�r�o�b�l�e�m� �o�f� �I�n�d�u�s�t�r�i�a�l� �R�o�b�o�t�s� �w�i�t�h� �G�e�n�e�r�a�l� �G�e�o�m�e�t�r�y�"� �(�i�n� �G�e�r�m�a�n�)�,� �P�h�.�D�.� 
�D�i�s�s�e�r�t�a�t�i�o�n�,� �U�n�i�v�e�r�s�i�t�y� �o�f� �D�u�i�s�b�u�r�g�,� �F�.�R�.� �G�e�r�m�a�n�y�.� 

�L�e�e�,� �H�.�-�Y�.�,� �a�n�d� �L�i�a�n�g�,� �C�.�-�G�.�,� �1�9�8�8�,� �"�D�i�s�p�l�a�c�e�m�e�n�t� �A�n�a�l�y�s�i�s� �o�f� �t�h�e� �G�e�n�e�r�a�l� �S�p�a�t�i�a�l� �7�-�L�i�n�k� 
�7�R� �M�e�c�h�a�n�i�s�m�"�,� �M�e�c�h�a�n�i�s�m� �a�n�d� �M�a�c�h�i�n�e� �T�h�e�o�r�y�,� �V�o�l�.� �2�3�,� �N�o�.� �3�,� 

�p�p�.� �2�1�9�-�2�2�6�.� 

�L�e�e�,� �H�.�-�Y�.�,� �a�n�d� �L�i�a�n�g�,� �C�.�-�G�.�,� �1�9�8�7�,� �"�D�i�s�p�l�a�c�e�m�e�n�t� �A�n�a�l�y�s�i�s� �o�f� �t�h�e� �S�p�a�t�i�a�l� �7�-�L�i�n�k� �6�R�-�P� 
�L�i�n�k�a�g�e�s�"�,� �M�e�c�h�a�n�i�s�m� �a�n�d� �M�a�c�h�i�n�e� �T�h�e�o�r�y�,� �V�o�l�.� �2�2�,� �N�o�.� �1�,� �p�p�.� �1�-�1�1�.� 
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�M�a�b�i�e�,� �H�.�H�.�,� �a�n�d� �R�e�i�n�h�o�l�t�z�,� �C�.�F�.�,� �1�9�8�7�,� �M�e�c�h�a�n�i�s�m�s� �a�n�d� �D�y�n�a�m�i�c�s� �o�f� �M�a�c�h�i�n�e�r�y�,� �J�o�h�n� 
�W�i�l�e�y� �a�n�d� �S�o�n�s�,� �N�e�w� �Y�o�r�k�.� 

�M�a�n�o�c�h�a�,� �D�.�,� �a�n�d� �C�a�n�n�y�,� �J�.�,� �1�9�9�2�,� �"�R�e�a�l� �T�i�m�e� �I�n�v�e�r�s�e� �K�i�n�e�m�a�t�i�c�s� �f�o�r� �G�e�n�e�r�a�l� �6�R� 
�M�a�n�i�p�u�l�a�t�o�r�s�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �1�9�9�2� �I�E�E�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� 
�R�o�b�o�t�i�c�s� �a�n�d� �A�u�t�o�m�a�t�i�o�n�,� �N�i�c�e�,� �F�r�a�n�c�e�,� �M�a�y�.� 

�M�c�K�e�r�r�o�w�,� �P�.�J�.�,� �1�9�9�1�,� �I�n�t�r�o�d�u�c�t�i�o�n� �t�o� �R�o�b�o�t�i�c�s�,� �A�d�d�i�s�o�n� �W�e�s�l�e�y�,� �S�y�d�n�e�y�,� �A�u�s�t�r�a�l�i�a�.� 

�P�i�e�p�e�r�,� �D�.�L�.�,� �a�n�d� �R�o�t�h�,� �B�.�,� �1�9�6�9�,� �"�T�h�e� �K�i�n�e�m�a�t�i�c�s� �o�f� �M�a�n�i�p�u�l�a�t�o�r�s� �U�n�d�e�r� �C�o�m�p�u�t�e�r� 
�C�o�n�t�r�o�l�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �2�n�d� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�g�r�e�s�s� �f�o�r� �t�h�e� �T�h�e�o�r�y� �o�f� 
�M�a�c�h�i�n�e�s� �a�n�d� �M�e�c�h�a�n�i�s�m�s�,� �Z�a�k�o�p�a�n�e� �P�o�l�a�n�d�,� �V�o�l�.� �2�,� �p�p�.� �1�5�9�-�1�6�8�.� 

�P�i�e�p�e�r�,� �D�.�,� �1�9�6�8�,� �"�T�h�e� �K�i�n�e�m�a�t�i�c�s� �o�f� �M�a�n�i�p�u�l�a�t�o�r�s� �U�n�d�e�r� �C�o�m�p�u�t�e�r� �C�o�n�t�r�o�l�"�,� �P�h�.�D�.� 
�T�h�e�s�i�s�,� �S�t�a�n�f�o�r�d� �U�n�i�v�e�r�s�i�t�y�.� 

�P�r�e�s�s�,� �W�.�H�.�,� �T�e�u�k�o�l�s�k�y�,� �S�.�A�.�,� �V�e�t�t�e�r�l�i�n�g�,� �W�.�T�.�,� �a�n�d� �F�l�a�n�n�e�r�y�,� �B�.�P�.�,� �1�9�9�2�,� �N�u�m�e�r�i�c�a�l� 
�R�e�c�i�p�e�s� �i�n� �C� �-� �T�h�e� �A�r�t� �o�f� �S�c�i�e�n�t�i�f�i�c� �C�o�m�p�u�t�i�n�g�,� �2�n�d� �E�d�i�t�i�o�n�,� �C�a�m�b�r�i�d�g�e� 
�U�n�i�v�e�r�s�i�t�y� �P�r�e�s�s�,� �C�a�m�b�r�i�d�g�e�.� 

�R�a�g�h�a�v�a�n�,� �M�.�,� �a�n�d� �R�o�t�h�,� �B�.�,� �1�9�9�0�a�,� �"�I�n�v�e�r�s�e� �K�i�n�e�m�a�t�i�c�s� �o�f� �t�h�e� �G�e�n�e�r�a�l� �6�R� �M�a�n�i�p�u�l�a�t�o�r� 
�a�n�d� �R�e�l�a�t�e�d� �L�i�n�k�a�g�e�s�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �2�1�s�t� �B�i�e�n�n�i�a�l� �M�e�c�h�a�n�i�s�m�s� �C�o�n�f�e�r�e�n�c�e�,� 
�C�h�i�c�a�g�o�,� �I�L�,� �D�E�-�V�o�l�.� �2�5� �(�M�e�c�h�a�n�i�s�m� �S�y�n�t�h�e�s�i�s� �a�n�d� �A�n�a�l�y�s�i�s�)�,� �p�p�.� �5�9�-�6�5�.� 

�R�a�g�h�a�v�a�n�,� �M�.�,� �a�n�d� �R�o�t�h�,� �B�.�,� �1�9�9�0�b�,� �"�K�i�n�e�m�a�t�i�c� �A�n�a�l�y�s�i�s� �o�f� �6�R� �M�a�n�i�p�u�l�a�t�o�r� �o�f� �G�e�n�e�r�a�l� 
�G�e�o�m�e�t�r�y�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �5�t�h� �I�n�t�e�r�n�a�t�i�o�n�a�l� �S�y�m�p�o�s�i�u�m� �o�n� �R�o�b�o�t�i�c�s� 
�R�e�s�e�a�r�c�h�,� �e�d�.� �b�y� �M�u�n�a�,� �H�.�,� �a�n�d� �A�r�i�m�o�t�o�,� �S�.�,� �M�I�T� �P�r�e�s�s�,� �C�a�m�b�r�i�d�g�e�.� 

�R�a�g�h�a�v�a�n�,� �M�.�,� �a�n�d� �R�o�t�h�,� �B�.�,� �1�9�9�0�c�,� �"�A� �G�e�n�e�r�a�l� �S�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �I�n�v�e�r�s�e� �K�i�n�e�m�a�t�i�c�s� �o�f� �A�l�l� 
�S�e�r�i�e�s� �C�h�a�i�n�s�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �E�i�g�h�t�h� �C�I�S�M�-�I�F�T�O�M�M� �S�y�m�p�o�s�i�u�m� �o�n� �R�o�b�o�t�s� 
�a�n�d� �M�a�n�i�p�u�l�a�t�o�r�s� �(�R�O�M�A�N�S�Y�-�9�0�)�,� �C�r�a�c�o�w�,� �P�o�l�a�n�d�.� 

�R�a�l�s�t�o�n�,� �A�.�,� �a�n�d� �R�a�b�i�n�o�w�i�t�z�,� �P�.�,� �1�9�7�8�,� �A� �F�i�r�s�t� �C�o�u�r�s�e� �i�n� �N�u�m�e�r�i�c�a�l� �A�n�a�l�y�s�i�s�,� �2�n�d� 
�E�d�i�t�i�o�n�,� �M�c�G�r�a�w�-�H�i�l�l�,� �N�e�w� �Y�o�r�k�.� 

�R�o�t�h�,� �B�.�,� �R�a�s�t�e�g�a�r�,� �J�.�,� �a�n�d� �S�c�h�e�i�n�m�a�n�,� �V�.�,� �1�9�7�3�,� �"�O�n� �t�h�e� �D�e�s�i�g�n� �o�f� �C�o�m�p�u�t�e�r� �C�o�n�t�r�o�l�l�e�d� 
�M�a�n�i�p�u�l�a�t�o�r�s�"�,� �O�n� �t�h�e� �T�h�e�o�r�y� �a�n�d� �P�r�a�c�t�i�c�e� �o�f� �R�o�b�o�t�s� �a�n�d� �M�a�n�i�p�u�l�a�t�o�r�s�,� �V�o�l�.� �1�,� 
�F�i�r�s�t� �C�I�S�M�-�I�F�T�O�M�M� �S�y�m�p�o�s�i�u�m�,� �S�e�p�t�e�m�b�e�r�,� �p�p�.� �9�3�-�1�1�3�.� 

�S�a�l�m�o�n�,� �G�.�,� �1�8�8�5�,� �L�e�s�s�o�n�s� �I�n�t�r�o�d�u�c�t�o�r�y� �t�o� �t�h�e� �M�o�d�e�r�n� �H�i�g�h�e�r� �A�l�g�e�b�r�a�,� �W�.� �M�e�t�c�a�l�f�e� �a�n�d� 
�S�o�n�,� �C�a�m�b�r�i�d�g�e�.� 

�T�h�o�m�o�p�o�u�l�o�s�,� �S�.� �a�n�d� �T�a�m�,� �R�.�,� �1�9�9�1�,� �"�A�n� �I�t�e�r�a�t�i�v�e� �S�o�l�u�t�i�o�n� �t�o� �t�h�e� �I�n�v�e�r�s�e� �K�i�n�e�m�a�t�i�c�s� �o�f� 
�R�o�b�o�t�i�c� �M�a�n�i�p�u�l�a�t�o�r�s�"�,� �M�e�c�h�a�n�i�s�m� �a�n�d� �M�a�c�h�i�n�e� �T�h�e�o�r�y�,� �V�o�l� �2�6�,� �N�o�.� �4�,� 
�p�p�.� �3�5�9�-�3�7�3�.� 

�T�s�a�i�,� �L�.�-�W�.�,� �a�n�d� �M�o�r�g�a�n�,� �A�.�,� �1�9�8�5�,� �"�S�o�l�v�i�n�g� �t�h�e� �K�i�n�e�m�a�t�i�c�s� �o�f� �t�h�e� �M�o�s�t� �G�e�n�e�r�a�l� �S�i�x�-� �a�n�d� 
�F�i�v�e�-�D�e�g�r�e�e�-�o�f�-�F�r�e�e�d�o�m� �M�a�n�i�p�u�l�a�t�o�r�s� �b�y� �C�o�n�t�i�n�u�a�t�i�o�n� �M�e�t�h�o�d�s�"�,� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� 
�t�h�e� �A�S�M�E�,� �J�o�u�r�n�a�l� �o�f� �M�e�c�h�a�n�i�s�m�s�,� �T�r�a�n�s�m�i�s�s�i�o�n�s�,� �a�n�d� �A�u�t�o�m�a�t�i�o�n� �i�n� �D�e�s�i�g�n�,� 
�V�o�l�.� �1�0�7�,� �J�u�n�e�,� �p�p�.� �1�8�9�-�2�0�0�.� 

�R�e�f�e�r�e�n�c�e�s� �4�4



�W�o�l�f�r�a�m�,� �S�t�e�p�h�e�n�,� �1�9�9�1�,� �M�a�t�h�e�m�a�t�i�c�a�,� �A� �S�y�s�t�e�m� �f�o�r� �D�o�i�n�g� �M�a�t�h�e�m�a�t�i�c�s� �b�y� �C�o�m�p�u�t�e�r�,� 
�A�d�d�i�s�o�n� �W�e�s�l�e�y�,� �N�e�w� �Y�o�r�k�.� 
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�A�p�p�e�n�d�i�x� �A� 
�S�y�l�v�e�s�t�e�r�'�s� �D�i�a�l�y�t�i�c� �M�e�t�h�o�d� 

�[�S�a�l�m�o�n�,� �1�8�8�5�]� 

�"�S�y�l�v�e�s�t�e�r� �g�a�v�e� �h�i�s� �m�o�d�e� �o�f� �e�l�i�m�i�n�a�t�i�o�n� �i�n� �t�h�e� �P�h�i�l�o�s�o�p�h�i�c�a�l� �M�a�g�a�z�i�n�e� �f�o�r� 
�1�8�4�0�,� �a�n�d� �c�a�l�l�e�d� �i�t� �'�d�i�a�l�y�t�i�c�a�l�'�,� �b�e�c�a�u�s�e� �t�h�e� �p�r�o�c�e�s�s� �a�s� �i�t� �w�e�r�e� �d�i�s�s�o�l�v�e�s� �t�h�e� 
�r�e�l�a�t�i�o�n�s� �w�h�i�c�h� �c�o�n�n�e�c�t� �t�h�e� �d�i�f�f�e�r�e�n�t� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �p�o�w�e�r�s� �o�f� �t�h�e� 
�v�a�r�i�a�b�l�e�s� �a�n�d� �t�r�e�a�t�s� �t�h�e�m� �a�s� �s�i�m�p�l�e� �i�n�d�e�p�e�n�d�e�n�t� �q�u�a�n�t�i�t�i�e�s�.�"� 

�W�i�t�h� �&� �h�o�m�o�g�e�n�e�o�u�s� �e�q�u�a�t�i�o�n�s� �i�n� �k� �u�n�k�n�o�w�n�s� �o�r� �&� �n�o�n�-�h�o�m�o�g�e�n�e�o�u�s� �e�q�u�a�t�i�o�n�s� �i�n� �k�-�1� 
�u�n�k�n�o�w�n�s�,� �i�t� �i�s� �a�l�w�a�y�s� �p�o�s�s�i�b�l�e� �t�o� �c�o�m�b�i�n�e� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �i�n�t�o� �a� �s�i�n�g�l�e� �e�q�u�a�t�i�o�n� �o�f� �t�h�e� 
�f�o�r�m� �A�=�0�,� �w�h�i�c�h� �i�s� �f�r�e�e� �o�f� �u�n�k�n�o�w�n� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �e�q�u�a�t�i�o�n� �A� �i�s� �k�n�o�w�n� �a�s� �t�h�e� 
�e�l�i�m�i�n�a�n�t� �o�f� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�,� �b�e�c�a�u�s�e� �i�t� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �e�l�i�m�i�n�a�t�i�o�n� �o�f� �t�h�e� 
�u�n�k�n�o�w�n� �v�a�r�i�a�b�l�e�s�.� 

�G�i�v�e�n� �t�h�e� �t�w�o� �s�i�m�u�l�t�a�n�e�o�u�s� �e�q�u�a�t�i�o�n�s�:� 

�a�x�"� �+�a� �x�y� �t�a�,� �x�y� �+�t�a�,�x� �y�y ��?� �+�a�x�y �!"�!� �+�a�y ��"� �=�0� �(�A�.�1�)� 

�b�x�"� �+�b� �x�y �� �B�r�a�e� �y�o�b�s� �x�y�"�?� �+�b�x�y�"�'�+�b�y�"� �=�0� �a� 
�n�~�3�,� �2� �e�r�e�d� �y�r�?� �M�u�l�t�i�p�l�y� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �m!" �� �d�e�g�r�e�e� �b�y� �x�t� �x�y�,� �x�3� �y�?�,�.� �,� �a�n�d� �y � ��,� �a�n�d� 

�t�h�e� �e�q�u�a�t�i�o�n� �o�f� �n �� �d�e�g�r�e�e� �b�y� �x ��'�,� �x �� �?�y�,� �x �� �°�y ��,�.�.�.� �o�n�)� �y�n� �a�n�d� �y�u�r�.�  ��T�h�e� 
�q�u�a�n�t�i�t�i�e�s� �x�"�)� �x�"� �F�y� �P�S�Y�?� �n�t�l�)� �y�a�n� �a�n�d� �y ��*�"�" �� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �a�s� 
�i�n�d�e�p�e�n�d�e�n�t� �u�n�k�n�o�w�n�s� �a�n�d� �c�a�n� �b�e� �l�i�n�e�a�r�l�y� �e�l�i�m�i�n�a�t�e�d� �f�r�o�m� �t�h�e� �r�e�s�u�l�t�i�n�g� �m�+�n� �e�q�u�a�t�i�o�n�s�.� 
�F�o�r� �t�h�e� �c�a�s�e� �o�f� �a� �q�u�a�d�r�a�t�i�c� �a�n�d� �a� �c�u�b�i�c� 

�a�,�x �� �t�+�a�x�y�t�a�y� �=�0� �(�A�.�3�)� 

�b�,�x�?� �+�b�,�x ��y�+�b�x�y�?� �+�b�,� �y�*�?� �=�0� �(�A�.�4�)� 

�t�h�e� �q�u�a�d�r�a�t�i�c� �i�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �x ��,� �x�y�,� �a�n�d� �y ��,� �a�n�d� �t�h�e� �c�u�b�i�c� �i�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �x� �a�n�d�y�.� �T�h�e� 
�r�e�s�u�l�t�i�n�g� �m�+�n� �e�q�u�a�t�i�o�n�s� �a�r�e� 

�a�,�x�*� �+�a�x�*�y�t�+�a�,�x ��y�* �� �=�0� �(�A�.�5�)� 

�a�,�x�°�y�+�a�x�°�y� �+�a�,�x�y�*� �=�0� �(�A�.�6�)� 

�a�x ��y �� �+�a�x�y�>� �+�a�y�*� �=�0� �(�A�.�7�)� 

�b�,�x�*� �+�b�,�x�?�y�+�b�x ��y�?� �+�8�,�x�y �� �=�0� �(�A�.�8�)� 

�b�x�°�y�+�b�,�x ��y�?� �+�h�x�y �� �+�b�,�y�*� �=�0� �(�A�.�9�)� 

�T�h�e� �e�l�i�m�i�n�a�n�t� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� 
�s�y�s�t�e�m�:� 
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�a�,� �a�a� �O� �O�f� �x�*� �0� 

�0� �a�,� �a� �a�,� �O�]� �x ��y� �0� 

�0� �a�,� �a� �a�,�|�)�x ��y�'� �|�=�|�0� �(�A�.�1�0�)� 

�b� �b� �b� �b�&� �O�F� �w�y� �0�)� 

�0�b� �b� �&� �B�T� �y�y� �0� 

�S�y�l�v�e�s�t�e�r�'�s� �D�i�a�l�y�t�i�c� �M�e�t�h�o�d� �4�7



�A�p�p�e�n�d�i�x� �B� 
�L�a�g�u�e�r�r�e�'�s� �M�e�t�h�o�d� 

�[�P�r�e�s�s�,� �T�e�u�k�o�l�s�k�y�,� �V�e�t�t�e�r�l�i�n�g�,� �a�n�d� �F�l�a�n�n�e�r�y�,� �1�9�9�2�]� 

�L�a�g�u�e�r�r�e�'�s� �M�e�t�h�o�d� �i�s� �a� �m�e�t�h�o�d� �o�f� �f�i�n�d�i�n�g� �b�o�t�h� �r�e�a�l� �a�n�d� �c�o�m�p�l�e�x� �r�o�o�t�s� �o�f� �a� �p�o�l�y�n�o�m�i�a�l� �o�f� 
�n�t�h� �d�e�g�r�e�e� �w�i�t�h� �c�o�m�p�l�e�x� �c�o�e�f�f�i�c�i�e�n�t�s�.� �F�o�r� �p�o�l�y�n�o�m�i�a�l�s� �w�i�t�h� �r�e�a�l� �r�o�o�t�s�,� �c�o�n�v�e�r�g�e�n�c�e� �i�s� 
�g�u�a�r�a�n�t�e�e�d�,� �b�u�t� �f�o�r� �c�o�m�p�l�e�x� �r�o�o�t�s� �l�i�t�t�l�e� �h�a�s� �b�e�e�n� �p�r�o�v�e�d�.� �N�o�n�c�o�n�v�e�r�g�e�n�c�e� �w�h�e�n� �d�e�a�l�i�n�g� 
�w�i�t�h� �c�o�m�p�l�e�x� �r�o�o�t�s� �i�s� �v�e�r�y� �u�n�u�s�u�a�l�.� �A� �s�i�m�p�l�e� �s�c�h�e�m�e� �i�s� �u�s�e�d� �t�o� �b�r�e�a�k� �a� �n�o�n�c�o�n�v�e�r�g�i�n�g� 
�c�y�c�l�e�,� �i�f� �t�h�i�s� �s�h�o�u�l�d� �o�c�c�u�r�.� �I�t� �i�s� �k�n�o�w�n� �t�h�a�t� �w�h�e�n� �t�h�e� �m�e�t�h�o�d� �c�o�n�v�e�r�g�e�s� �o�n� �a� �c�o�m�p�l�e�x� 
�z�e�r�o�,� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �t�h�i�r�d� �o�r�d�e�r�.� 

�T�o� �m�o�t�i�v�a�t�e� �(�a�l�t�h�o�u�g�h� �n�o�t� �r�i�g�o�r�o�u�s�l�y� �d�e�r�i�v�e�)� �t�h�e� �L�a�g�u�e�r�r�e� �f�o�r�m�u�l�a�s�,� �t�h�e� �f�o�l�l�o�w�i�n�g� 
�r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �a�n�d� �i�t�s� �r�o�o�t�s� �a�n�d� �d�e�r�i�v�a�t�i�v�e�s� �c�a�n� �b�e� �n�o�t�e�d�:� 

� � 

� � � � 

� � 
� � 

�P�(�x�)� �=� �(�x�  �� �x� �)�(�x� �~�x�)�-�-�(�x�-�x�,�)� �(�B�.�1�)� 
�I�n�|�P�,�(�x�)�}�|� �=� �I�n�|�x�  �� �x�,�|� �+� �I�n�|�x�  �� �x�,�|�+�-�-�-�+�I�n�|�x� �-� �x�,� �(�B�.�2�)� 

�d�|�n�|�P� �n�f�P�(�x�)�|�_� �_�1� �1� �B�o�g� �B�3�)� 
�a�x� �X�-�X�,� �X�-�x�X�,� �x�-�x�,� �P�,� 

�d �� �\�n�|�P�.� �P�p� �A�C� �o�n� �o�p�e� �|�B�]� �F�e�n� �B�A�)� 
�d�i� �(�e�-�n�)� �o�n� �e�o�n�)� �L�B�P�,� 

�T�h�e� �r�o�o�t� �s�o�u�g�h�t� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �l�o�c�a�t�e�d� �s�o�m�e� �d�i�s�t�a�n�c�e� �@� �f�r�o�m� �t�h�e� �c�u�r�r�e�n�t� �g�u�e�s�s� �,� �w�h�i�l�e� 
�a�l�l� �o�t�h�e�r� �r�o�o�t�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �l�o�c�a�t�e�d� �a�t� �a� �d�i�s�t�a�n�c�e� �b�.� 

�X�-�X�,�=�a� �x�-�x�,�=�b� �i�=�2�,�3�,�.�.�.�,�n� �(�B�.�5�)� 

�T�h�e�n� �e�q�u�a�t�i�o�n�s� �(�B�.�3�)� �a�n�d� �(�B�.�4�)� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�1� �n�-�l�i�c�g� �(�B�.�6�)� 
�a� �5�b� 

�1� �n�-�l� �a�t� �R�e� �H� �(�B�.�7�)� 

�w�h�i�c�h� �y�i�e�l�d� �a� �s�o�l�u�t�i�o�n� �f�o�r� �a� 

�a� �r� �(�B�.�8�)� � � 

�G�t� �(�n�-�1�)�(�n�t� �-�G ��)� 

�w�h�e�r�e� �t�h�e� �s�i�g�n� �s�h�o�u�l�d� �b�e� �t�a�k�e�n� �t�o� �y�i�e�l�d� �t�h�e� �l�a�r�g�e�s�t� �m�a�g�n�i�t�u�d�e� �f�o�r� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r�.� �S�i�n�c�e� 
�t�h�e� �f�a�c�t�o�r� �i�n�s�i�d�e� �t�h�e� �s�q�u�a�r�e� �r�o�o�t� �c�a�n� �b�e� �n�e�g�a�t�i�v�e�,� �a� �c�a�n� �b�e� �c�o�m�p�l�e�x�.� 

�T�h�e� �m�e�t�h�o�d� �o�p�e�r�a�t�e�s� �i�t�e�r�a�t�i�v�e�l�y�.� �F�o�r� �a� �t�r�i�a�l� �v�a�l�u�e� �x�,� �a� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �e�q�u�a�t�i�o�n� �(�B�.�8�)�.� 
�T�h�e�n� �x�-�a� �b�e�c�o�m�e�s� �t�h�e� �n�e�x�t� �t�r�i�a�l� �v�a�l�u�e�.� �T�h�i�s� �c�o�n�t�i�n�u�e�s� �u�n�t�i�l� �a� �i�s� �s�u�f�f�i�c�i�e�n�t�l�y� �s�m�a�l�l�.� 
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�A�p�p�e�n�d�i�x� �C� 
�M�a�t�h�e�m�a�t�i�c�a� �F�i�l�e�s� 

�T�w�o� �M�a�t�h�e�m�a�t�i�c�a� �i�n�p�u�t� �f�i�l�e�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�i�s� �A�p�p�e�n�d�i�x�.� �T�h�e� �f�i�r�s�t� �f�i�l�e�,� �P�O�L�Y�1�6�.�M�,� �i�s� 
�u�s�e�d� �t�o� �s�y�m�b�o�l�i�c�a�l�l�y� �c�a�l�c�u�l�a�t�e� �t�h�e� �s�i�x�t�e�e�n�t�h� �d�e�g�r�e�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �p�o�l�y�n�o�m�i�a�l�.� �T�h�e� �f�i�l�e� 
�f�o�r�m�a�t� �f�o�l�l�o�w�s� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �i�n� �S�e�c�t�i�o�n� �3� �-� �f�r�o�m� �t�h�e� �c�l�o�s�u�r�e� �e�q�u�a�t�i�o�n�s�,� �(�3�.�2�5�)�,� �(�3�.�2�6�)�,� 
�a�n�d� �(�3�.�2�7�)�,� �t�o� �t�h�e� �f�i�n�a�l� �u�n�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l�,� �e�q�u�a�t�i�o�n� �(�3�.�6�1�)�.� �A�l�l� �M�a�t�h�e�m�a�t�i�c�a� �f�u�n�c�t�i�o�n�s� 
�u�s�e�d� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �t�h�e� �M�a�t�h�e�m�a�t�i�c�a� �m�a�n�u�a�l� �w�r�i�t�t�e�n� �b�y� �S�t�e�p�h�e�n� �W�o�l�f�r�a�m�.� �A� �d�e�v�i�a�t�i�o�n� 
�f�r�o�m� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �c�l�o�s�u�r�e� �e�q�u�a�t�i�o�n�s� �g�i�v�e�n� �i�n� �S�e�c�t�i�o�n� �3�.�3� �w�a�s� �n�e�c�e�s�s�a�r�y� �i�n� �o�r�d�e�r� 
�t�o� �k�e�e�p� �s�y�m�b�o�l�i�c� �r�e�s�u�l�t�s� �f�r�o�m� �g�e�t�t�i�n�g� �t�o�o� �l�a�r�g�e�.� �T�h�e� �t�h�r�e�e� �c�l�o�s�u�r�e� �e�q�u�a�t�i�o�n�s� �w�e�r�e� 
�r�e�w�r�i�t�t�e�n� �i�n� �m�a�t�r�i�x� �f�o�r�m� �a�s� 

�C�C�,� 

�C�5�5�6� 

�C�5� 

�S�s�C�¢� �2�4�,�,�4�>�,�5�,� 
�[�D�]� �S�5�5�5� �|� �=�|� �2 ¬�, ¬�;�C�,� �(�C�.�1�)� 

� � � � 
�p�r�i�o�r� �t�o� �t�h�e� �s�q�u�a�r�i�n�g� �a�n�d� �a�d�d�i�n�g� �o�f� �t�h�e� �f�i�r�s�t� �t�w�o� �c�l�o�s�u�r�e� �e�q�u�a�t�i�o�n�s�.� 

�T�h�e� �o�u�t�p�u�t� �f�o�r� �P�O�L�Y�1�6�.�M� �i�s� �g�i�v�e�n� �i�n� �f�i�l�e� �P�O�L�Y�1�6�.�O�U�T�.� �I�t� �i�s� �r�e�a�d�i�l�y� �a�p�p�a�r�e�n�t� �f�r�o�m� �t�h�e� 
�o�u�t�p�u�t� �t�h�a�t� �p�e�r�f�o�r�m�i�n�g� �t�h�e�s�e� �c�a�l�c�u�l�a�t�i�o�n�s� �b�y� �h�a�n�d� �w�o�u�l�d� �b�e� �a� �f�o�r�m�i�d�a�b�l�e� �t�a�s�k�.� �T�h�e� �o�u�t�p�u�t� 
�c�o�n�s�i�s�t�s� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l�s� �i�n� �e�q�u�a�t�i�o�n�s� �(�3�.�5�5�)� �a�n�d� �(�3�.�5�6�)� 
�a�n�d� �t�h�e� �f�i�n�a�l� �s�i�x�t�e�e�n�t�h� �d�e�g�r�e�e� �u�n�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l� �i�n� �t�h�e� �t�a�n�g�e�n�t� �o�f� �t�h�e� �h�a�l�f�-�a�n�g�l�e� �o�f� �6�,�,� 
�e�q�u�a�t�i�o�n� �(�3�.�6�1�)�.� 

�T�h�e� �s�e�c�o�n�d� �M�a�t�h�e�m�a�t�i�c�a� �i�n�p�u�t� �f�i�l�e�,� �I�N�V�E�R�S�E�M�.�M�,� �u�s�e�s� �r�e�s�u�l�t�s� �f�r�o�m� �P�O�L�Y�1�6�.�M� �t�o� 
�n�u�m�e�r�i�c�a�l�l�y� �c�a�l�c�u�l�a�t�e� �t�h�e� �s�i�x�t�e�e�n�t�h� �d�e�g�r�e�e� �u�n�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l� �a�n�d� �s�o�l�v�e�s� �f�o�r� �a�l�l� �s�e�t�s� �o�f� 
�s�o�l�u�t�i�o�n�s� �f�o�r� �a� �g�i�v�e�n� �h�a�n�d� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n�.� �T�h�e� �h�a�n�d� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n� 
�u�s�e�d� �a�s� �a�n� �e�x�a�m�p�l�e� �r�e�s�u�l�t�s� �i�n� �s�i�x�t�e�e�n� �r�e�a�l� �s�o�l�u�t�i�o�n�s�,� �w�h�i�c�h� �a�r�e� �g�i�v�e�n� �i�n� �t�h�e� �o�u�t�p�u�t� �f�i�l�e�,� 
�I�N�V�E�R�S�E�M�.�O�U�T�.� �A�l�s�o� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �o�u�t�p�u�t� �f�i�l�e� �a�r�e� �t�h�e� �n�u�m�e�r�i�c�a�l� �c�o�e�f�f�i�c�i�e�n�t�s� �t�o� �t�h�e� 
�s�i�x�t�e�e�n�t�h� �d�e�g�r�e�e� �u�n�i�v�a�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l�.� 

�P�O�L�Y�1�6� �.�M� 

�(�*� �I�n�p�u�t� �D�e�s�i�r�e�d� �H�a�n�d� �P�o�s�i�t�i�o�n� �a�n�d� �O�r�i�e�n�t�a�t�i�o�n� �V�e�c�t�o�r�s� �*�)� 

�C�l�e�a�r�[�r�x�,�r�y�,�r�2�,�7�r�1�1�,�r�1�2�,�r�1�3�,�r�2�1�,�r�2�2�,�r�2�3�,�r�3�1�,�2�3�2�,�2�r�3�3�]�;� 
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�(�*� �L�i�n�k� �L�e�n�g�t�h�s� �*�)� 
�C�l�e�a�r� �[�A�1�2�,�A�2�3�,�A�3�4�,�A�4�5�,�A�5�6�,�A�6�1�}�;� 
�A�3�4�=�0�;� 
�A�4�5�=�0�;� 

�(�*� �L�i�n�k� �T�w�i�s�t�s� �*�)� 

�a�l�2�=�P�i�/�2�;� 

�a�2�3�=�0�;� 

�a�3�4�=�P�i�/�2�;� 

�a�4�5�=�P�i�/�2�;� 

�a�5�6�=�P�i�/�2�;� 

�(�*� �L�i�n�k� �O�f�f�s�e�t�s� �*�)� 

�C�l�e�a�r�[�S�1�,�8�2�,�8�3�,�8�4�,�8�5�,�S�6�]�;� 

�§�1�=�0�;� 

�$�2�=�0�;� 

�$�3�=�0�;� 

�s�5�=�0�;� 

�8�6�=�0�;� 

�(�*� �R�o�t�a�t�i�o�n� �M�a�t�r�i�c�e�s� �a�n�d� �U�n�i�t� �V�e�c�t�o�r�s� �*�)� 

�M�H�=�{�{�r�l�l�1�,�r�1�2�,�r�1�3�}�,� �{�r�2�1�,�r�2�2�,�r�2�3�}�,� �{�r�3�1�,�2�3�2�,�r�3�3�}�}�:� 

�T�M�H�=�T�r�a�n�s�p�o�s�e� �[�M�H�]� �;� 

�M�1�2�=�{�{�1�,�0�,�0�}�,�{�0�,�C�o�s�[�{�a�l�2�]�}� �,�-�S�i�n�[�a�l�2�]�}�,�{�0�,�S�i�n�[�a�l�2�]� �,�C�o�s�[�{�a�l�2�]�}�}�;� 

�T�M�1�2�=�T�r�a�n�s�p�o�s�e� �[�M�1�2�]� �;� 

�M�2�3�=�{�{�1�,�0�,�0�}�,�{�0�,�C�o�s�[�{�a�2�3�]� �,�-�S�i�n�[�a�2�3�]�}�,�{�0�,�S�i�n�[�a�2�3�]� �,�C�o�s�[�a�2�3�]�}�}�;� 

�T�M�2�3�=�T�r�a�n�s�p�o�s�e� �[�M�2�3�]� �;� 

�M�3�4�=�{�{�1�,�0�,�0�}�,�{�0�,�C�o�s�[�a�3�4�]� �,�-�S�i�n�[�a�3�4�]�}�,�{�0�,�S�i�n�[�a�3�4�]� �,�C�o�s�[�a�3�4�]�}�}�;� 

�T�M�3�4�=�T�r�a�n�s�p�o�s�e� �[�M�3�4�]�;� 

�M�4�5�=�{�{�1�,�0�,�0�}�,�{�0�,�C�o�s�[�a�4�5�]� �,�-�S�i�n�[�{�a�4�5�}�}�,�{�0�,�S�i�n�[�a�4�5�]� �,�C�o�s�[�a�4�5�]�}�}�;� 

�T�M�4�5�=�T�r�a�n�s�p�o�s�e� �[�M�4�5�]� �;� 

�M�5�6�=�{�{�1�,�0�,�0�}�,�{�0�,�C�o�s�[�(�a�5�6�]� �,�-�S�i�n�[�(�a�5�6�]�}�,�{�0�,�S�i�n�[�a�5�6�]� �,�C�o�s�[�a�5�6�]�}�}�;� 

�T�M�5�6�=�T�r�a�n�s�p�o�s�e� �[�M�5�6�]� �;� 

�M�l�=�{�{�c�l�,�~�-�s�1�,�0�}�,�{�s�1�,�c�1�,�0�}�,�{�0�,�0�,�1�}�}�;� 

�T�M�1�=�T�r�a�n�s�p�o�s�e� �[�M�1�]� �;� 

�M�2�=�{�{�c�2�,�-�s�2�,�0�}�,�{�s�2�,�¢�c�2�,�0�}�,�{�0�,�0�,�1�}�}�;� 

�T�M�2�=�T�r�a�n�s�p�o�s�e� �[�M�2�]� �;� 

�M�3�=�{�{�¢�c�3�,�-�8�s�3�,�0�}�,�{�8�3�,�¢�3�,�0�}�,�{�0�,�0�,�1�}�}�:� 

�T�M�3�=�T�r�a�n�s�p�o�s�e� �[�M�3�]� �;� 

�M�4�=�{�{�c�4�,�-�s�4�,�0�}�,�{�8�4�,�c�4�,�0�}�,�{�0�,�0�,�1�}�}�;� 

�T�M�4�=�T�r�a�n�s�p�o�s�e� �[�M�4�]� �;� 

�M�5�=�{�{�c�5�,�-�s�5�,�0�}�,�{�s�5�,�¢�5�,�0�}�,�{�0�,�0�,�1�}�}�;� 

�T�M�5�=�T�r�a�n�s�p�o�s�e� �[�M�5�]� �;� 

�M�6�=�{�{�c�6�,�-�s�6�,�0�}�,�{�s�6�,�c�6�,�0�}�,�{�0�,�0�,�1�}�}�;� 

�T�M�6�=�T�r�a�n�s�p�o�s�e� �[�M�6�]� �;� 

�R�H�=�{�{�r�x�}�,�{�r�y�}�,�{�r�z�}�}�;� 
�T�R�H�=�T�r�a�n�s�p�o�s�e� �[�R�H�]� �;� 

�X�=�{�{�1�}�,�{�0�}�,�{�O�}�}�;� 

�T�X�=�T�r�a�n�s�p�o�s�e� �[�X�]� �;� 

�¥�=�{�{�0�O�}�,�{�1�}�,�{�0�}�}�;� 

�T�Y�=�T�r�a�n�s�p�o�s�e� �[�Y�]� �;� 
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�Z�=�{�{�0�}�,�{�0�}�,�{�1�}�}�;� 

�T�2�=�T�r�a�n�s�p�o�s�e�(�[�Z�]�;� 

�(�*� �F�i�r�s�t� �C�l�o�s�u�r�e� �E�q�u�a�t�i�o�n� �*�)� 

�L�H�S�F�1�=�-�2�*�A�1�2�*� �(�-�A�2�3�*� �(�T�Z�.�M�1�2�.�M�2�.�X�)�)�;� 

�R�H�S�F�1�=�-�2�*�A�1�2�*� �(�S�4�*� �(�T�Z�.�M�4�5�.�M�5�.�M�5�6�.�M�6�.�T�M�H�.� �Z�)� �+�A�5�6�*� �(�T�X�.�M�6�.�T�M�H�.�2�Z�)�+�\� 

�S�6�*�%� �(�T�Z�.�T�M�H�.� �Z�)� �-�r�z�)� �;� 

�R�H�S�F�1�=�E�x�p�a�n�d� �[�R�H�S�F�1�]� �;� 

�(�*� �S�e�c�o�n�d� �C�l�o�s�u�r�e� �E�q�u�a�t�i�o�n� �*�)� 

�L�H�S�F�2�=�2�*�A�1�2�*�A�2�3�*� �(�T�X�.�M�2�.�X�)� �;� 

�R�H�S�F�2�=�S�4�%�*� �2�+�A�5�6�*�2�+�r�x�*� �2�4�+�r�y�*� �2�+�r�z�*�2�+�2�*� �(�S�4�*�A�5�6�*� �(�T�Z� �.�M�4�5�.�M�5�.�X�)�+�\� 

�S�4�*�S�6�*� �(�T�Z�.�M�4�5�.�M�5�.�M�5�6�.�2�Z�)� �-�S�4�*� �(�T�R�H�.�M�H�.�T�M�6�.�T�M�5�6�.�T�M�5�.�T�M�4�5�.�2�Z�)�-�\� 

�A�5�6�*� �(�T�R�H�.�M�H�.�T�M�6� �.�X�)� �)� �-�A�1�2�*�2�-�A�2�3�%�2�;� 

�R�H�S�F�2�=�E�x�p�a�n�d� �[�R�H�S�F�2�]� �;� 

�(�*� �T�h�i�r�d� �C�l�o�s�u�r�e� �E�q�u�a�t�i�o�n� �*�)� 

�F�3�=�A�5�6�*�D�e�t�[�{�X�,�M�6�.�T�M�H�.�Z�,�T�M�5�6�.�T�M�5�.�T�M�4�5�.�Z�}�)�]�+� 

�8�6�*�D�e�t�[�{�Z�,�M�6�.�T�M�H�.�Z�,�T�M�5�6�.�T�M�5�.�T�M�4�5�.�2�}�)�]�-� 

�D�e�t� �[�{�R�H�,�Z�2�,�M�H�.�T�M�6�.�T�M�5�6�.�T�M�5�.�T�M�4�5�.�2�}�]�;� 

�F�3�=�E�x�p�a�n�d� �[�F�3�]� �;� 

�(�*� �B�u�i�l�d� �M�a�t�r�i�x� �D� �*�)� 

�D�1�1�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�1� �,�c�5�*�c�6�]� �;� 

�D�2�1�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�2� �,�c�5�*�c�6�]� �;� 

�D�3�1�=�C�o�e�f�f�i�c�i�e�n�t� �[�F�3� �,�c�5�*�c�6�]�;� 

�D�1�2�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�1� �,�c�5�*�s�6�]�j�;� 

�D�2�2�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�2� �,�c�5�*�s�6�]�;� 

�D�3�2�=�C�o�e�f�f�i�c�i�e�n�t�[�(�F�3�,�c�5�*�s�6�]� �;� 

�s�5�=�0� �;� �c�6�=�0� �;� �s�6�=�0�;� 

�D�1�3�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�1� �,�c�5�]�;� 

�D�2�3�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�2� �,�c�5�]�;� 

�D�3�3�=�C�o�e�f�f�i�c�i�e�n�t�[�F�3�,�c�5�]�;� 

�C�l�e�a�r�[�s�5�,�c�6�,�s�6�]�;� 

�D�1�4�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�1� �,�s�5�*�c�6�]� �;� 

�D�2�4�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�2�,�s�5�*�c�6�]�;� 

�D�3�4�=�C�o�e�f�f�i�c�i�e�n�t�[�F�3�,�s�5�*�c�6�]� �;� 

�D�1�5�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�1� �,�s�5�*�s�6�]�;� 

�D�2�5�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�2�,�s�5�*�s�6�]�;� 

�D�3�5�=�C�o�e�f�f�i�c�i�e�n�t� �[�F�3�,�3�s�5�*�s�6�]� �;� 

�c�5�=�0� �;�c�6�=�0� �;� �s�6�=�0� �;� 

�D�1�6�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�1� �,�s�5�]�;� 

�D�2�6�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�2�,�s�5�]�;� 

�D�3�6�=�C�o�e�f�f�i�c�i�e�n�t�[�F�3�,�s�5�]�;� 

�C�l�e�a�r�[�c�5�,�c�6�,�s�6�]�;� 

�c�5�=�0� �;� �s�5�=�0� �;� �s�6�=�0�;� 

�M�a�t�h�e�m�a�t�i�c�a� �F�i�l�e�s� �5�1



�D�1�7�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�1� �,�c�6�]�;� 

�D�2�7�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�2�,�c�6�]� �;� 

�D�3�7�=�C�o�e�f�f�i�c�i�e�n�t� �[�F�3�,�c�6�]�;� 

�C�l�e�a�r�[�c�5�,�s�5�,�s�6�]�;� 

�s�5�=�0� �;�c�5�=�0� �;� �c�6�=�0�;� 

�D�1�6�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�1�,�s�6�]�;� 

�D�2�8�=�C�o�e�f�f�i�c�i�e�n�t� �[�R�H�S�F�2�,�s�6�]�;� 

�D�3�6�=�C�o�e�f�f�i�c�i�e�n�t� �[�F�3�,�s�6�]�;� 

�C�l�e�a�r�[�s�5�,�c�5�,�c�6�]�;� 

�c�5�=�0� �;� �s�5�=�0� �;� �c�6�=�0� �;� �s�6�=�0� �;� 

�D�1�9�=�R�H�S�F�1� �;� 

�D�2�9�=�R�H�S�F�2� �;� 

�D�3�9�=�F�3�;� 

�C�l�e�a�r�[�c�5�,�s�5�,�c�6�,�s�6�]�;� 

�(�*� �S�a�v�e� �a�n�d� �C�l�e�a�r� �V�a�r�i�a�b�l�e�s� �*�)� 

�'�D�e�l� �P�O�L�Y�1�6�.�O�U�T�;� 

�S�a�v�e�[�"� �P�O�L�Y�1�6�.�O�U�T�"�,� 

�D�1�1� �,�D�1�2�,�D�1�3�,�D�1�4�,�D�1�5�,�D�1�6�,�D�1�7�,�D�1�8�,�D�1�9�,� 

�D�2�1� �,�D�2�2� �,�D�2�3�,�D�2�4�,�D�2�5�,�D�2�6� �,�D�2�7� �,�D�2�8�,�D�2�9�,� 

�D�3�1�,�D�3�2� �,�D�3�3� �,�D�3�4�,�D�3�5� �,�D�3�6� �,�D�3�7� �,�D�3�8� �,�D�3�9�]� �;� 

�C�l�e�a�r� �[�D�i�l� �,�D�1�2�,�D�1�3�,�D�1�4�,�D�1�5�,�D�1�6� �,�D�1�7�,�D�1�8�,�D�1�9�,� 

�D�2�1� �,�D�2�2�,�D�2�3�,�D�2�4� �,�D�2�5�,�D�2�6� �,�D�2�7�,�D�2�8�,�D�2�9�,� 

�D�3�1� �,�D�3�2� �,�D�3�3� �,�D�3�4�,�D�3�5� �,�D�3�6� �,�D�3�7� �,�D�3�8� �,�D�3�9�]� �;� 

�(�*� �S�q�u�a�r�e� �a�n�d� �A�d�d� �F�i�r�s�t� �T�w�o� �C�l�o�s�u�r�e� �E�q�u�a�t�i�o�n�s� �a�n�d� �N�a�m�e� �F�2� �*�)� 

�R�H�S�F�1�=�D�1�1�*�c�5�*�c�6�+�D�1�2�*�¢�c�5�*� �3�6�+�D�1�3�*�¢�5�+�D�1�4�*� �$�5�*�c�6�+�D�1�5�*� �s�5�*� �s�é� 

�D�1�6�*�3�5�+�D�1�7�*�c�6�+�D�1�8�*� �s�6�+�D�1�9� �;� 

�R�H�S�P�2�=�D�2�1�*�¢�c�5�*�c�6�+�D�2�2�*�c�5�*�$�6�+�D�2�3�*�c�5�+�D�2�4�*� �s�5�*�c�6�+�D�2�5�*�s�5�*� �8�6� 

�D�2�6�*� �s�5�+�D�2�7�*�c�6�+�D�2�8�*� �s�6�+�D�2�9� �;� 

�F�2�=�R�H�S�F�1�%�2�+�R�H�S�F�2�*� �2�-� �(�2�*�A�1�2�*�A�2�3�)�%�2�;� 

�F�3�=�D�3�1�*�c�5�*�c�6�+�D�3�2�*�c�5�*� �3�6�4�+�D�3�3�*�¢�c�5�+�D�3�4�*�3�5�*�c�6�+�D�3�5�*�s�5�*�s�8�6� 

�D�3�6�*� �$�5�+�D�3�7�*�c�6�+�D�3�8�*� �8�6�+�D�3�9� �;� 

�(�*� �S�u�b�s�t�i�t�u�t�e� �T�a�n�-�H�a�l�f�-�A�n�g�l�e� �R�e�l�a�t�i�o�n�s� �*�)� 

�F�2�=�F�2�/�.�{�c�5�-�>�(�(�1�-�x�5�%�2�)� �/� �(�1�+�x�5�%�2�)�)� �,�c�6�-�>�(� �(�1�-�x�6�%�2�)� �/�(�1�4�+�x�6�%�2�)�)� �,�\� 

�s�5�-�>�(�(�2�*�x�5�)� �/� �(�1�+�x�5�%�2�)�)� �,�s�6�-�>�(� �(�2�*�x�6�)� �/� �(�1�+�x�6�%�2�)� �)� �}�;� 

�F�2�=�E�x�p�a�n�d� �[�T�o�g�e�t�h�e�r� �[�F�2�]� �*� �(�(�1�+�x�5�*�2�)� �*� �(�1�4�+�x�6�%�2�)� �)�°�2�]�J�;� 

�F�P�3�=�F�3�/�.�{�¢�5�-�>�(�(�1�-�x�5�*�2�)� �/�(�1�+�x�5�*�2�)�)� �,�c�6�-�>�(�(�1�-�x�6�%�2�)� �/� �(�1�4�+�x�6�%�2�)�)� �,�\� 

�s�5�-�>�(�(�2�*�x�5�)� �/� �(�1�+�x�5�%�2�)�)� �,�s�6�-�>�(� �(�2�*�x�6�)� �/� �(�1�+�x�6�%�*�2�)� �)� �}�;� 

�F�3�=�E�x�p�a�n�d� �[�T�o�g�e�t�h�e�r� �[�F�3�]� �*� �(�(�1�+�x�5�%�°�2�)� �*� �(�1�+�x�6�%�2�)�)�]�;� 

�(�*� �C�o�l�l�e�c�t� �C�o�e�f�f�i�c�i�e�n�t�s� �o�f� �x�5� �*�)� 

�(�*� �L� �C�o�r�r�e�s�p�o�n�d�s� �t�o� �E�q�u�a�t�i�o�n� �3� �a�n�d� �M� �E�q�u�a�t�i�o�n� �2� �*�)� 

�(�*� �L� �a�n�d� �M� �a�r�e� �U�s�e�d� �I�n�s�t�e�a�d� �o�f� �A� �a�n�d� �B� �B�e�c�a�u�s�e� �A� �*�)� 

�(�*� �I�s� �U�s�e�d� �a�s� �a� �L�i�n�k� �P�a�r�a�m�e�t�e�r� �*�)� 

�L�=�C�o�e�f�f�i�c�i�e�n�t�L�i�s�t�[�F�3�,�x�5�]�;� 

�M�a�t�h�e�m�a�t�i�c�a� �F�i�l�e�s� �5�2



�L�2�=�L�[�[�3�]�]�;� 

�L�1�i�=�L�[�[�2�]�]�;� 

�L�O�=�L�[�[�1�]�]�;� 

�M�=�C�o�e�f�f�i�c�i�e�n�t�L�i�s�t�[�F�2�,�x�5�]�;� 

�M�4�=�M�[�[�5�]�]�;� 

�M�3�=�M�[�[�4�]�]�;� 

�M�2�=�M�[�[�3�]�]�-� 

�M�I�=�M�[�[�2�]�]�;� 

�M�O�=�M�[�[�1�]�]�;� 

�(�*� �C�o�l�l�e�c�t� �C�o�e�f�f�i�c�i�e�n�t�s� �o�f� �x�6� �*�)� 

�(�*� �L�2�=�L�2�2�*�x�6�°�%�2� �+� �L�2�1�*�x�6� �+� �L�2�0� �*�)� 

�L�=�C�o�e�f�f�i�c�i�e�n�t�L�i�s�t� �[�L�2� �,�x�6�]�;� 

�L�2�2�=�L�{�[�3�]�]�;� 

�L�2�1�=�L�(�[�2�]�]�;� 

�L�2�0�=�L�[�[�1�]�]�;� 

�L�=�C�o�e�f�f�i�c�i�e�n�t�L�i�s�t� �[�L�l� �,�x�6�]� �;� 

�L�1�2�=�L�[�[�3�]�]�;� 

�L�1�1�=�L�(�[�2�]�]�;� 

�L�1�0�=�L�{�{�1�]�]�;� 

�L�=�C�o�e�f�f�i�c�i�e�n�t�L�i�s�t�[�L�O�,�x�6�]�;� 

�L�O�2�=�L�[�[�3�]�]�;� 

�L�O�1�=�L�[�[�2�]�]�;� 

�L�O�O�=�L�[�[�1�]�]�;� 

�M�=�C�o�e�f�f�i�c�i�e�n�t�L�i�s�t� �[�M�4� �,�x�6�]� �;� 

�M�4�4�=�M�(�[�5�]�]�:� 

�M�4�3�=�M�[�[�4�]�]�;� 

�M�4�2�=�M�[�[�3�]�]�;�:� 

�M�4�1�=�M�[�[�2�]�]�;� 

�M�4�0�=�M�[�[�1�]� �1�]�;� 

�M�=�C�o�e�f�f�i�c�i�e�n�t�L�i�s�t� �[�M�3� �,�x�6�]�;� 

�M�3�4�=�M�[�[�5�]�]�;� 

�M�3�3�=�M�[�[�4�]�]�;� 

�M�3�2�=�M�[�[�3�]� �]�;�:� 

�M�3�1�=�M�[�[�2�]�]�;� 

�M�3�0�=�M�[�[�1�]�]�;� 

�M�=�C�o�e�f�f�i�c�i�e�n�t�L�i�s�t� �[�M�2� �,�x�6�]�;� 

�M�2�4�=�M�[�(�[�5�]�]�;� 

�M�2�3�=�M�[�[�4�1�]�;� 

�M�2�2�=�M�[�[�3�]�]�;� 

�M�2�1�=�M�[�[�2�]�]�;� 

�M�2�0�=�M�[�[�1�]� �1�7� 

�M�=�C�o�e�f�f�i�c�i�e�n�t�L�i�s�t� �[�M�1� �,�x�6�]�;� 

�M�1�4�=�M�[�[�5�]�]�;� 
�M�1�3�=�M�[�[�4�1�]�]�;� 

�M�a�t�h�e�m�a�t�i�c�a� �F�i�l�e�s



�M�1�2�=�M�[�[�3�]�]�;� 

�M�1�1�=�M�[�[�2�]�]�;� 
�M�1�O�=�M�[�[�1�]�]�;� 

�M�=�C�o�e�f�f�i�c�i�e�n�t�L�i�s�t� �[�M�O� �,�x�6�]�;� 

�M�O�4�=�M�[�[�5�]�]�;� 

�M�O�3�=�M�[�[�4�]�]�;� 

�M�O�2�=�M�[�[�3�]�]�;�:� 

�M�O�1�=�M�(�[�2�1�]�]�;� 

�M�O�O�=�M�[�[�1�]�]�;� 

�(�*� �S�a�v�e� �a�n�d� �C�l�e�a�r� �V�a�r�i�a�b�l�e�s� �*�)� 

�S�a�v�e� �[�"�P�O�L�Y�1�6�.�O�U�T�"�,� 

�L�2�2� �,�L�2�1�,�L�2�0�,�L�1�2�,�L�1�1�,�L�1�0�,�L�0�2�,�L�0�1�,�L�0�0�,� 

�M�4�4� �,�,�M�4�3�,�M�4�2�,�M�4�1�,�M�4�0� �,�M�3�4� �,�M�3�3�,�M�3�2�,�M�3�1�,�M�3�0�,� 

�M�2�4� �,�M�2�3� �,�M�2�2�,�M�2�1�,�M�2�0� �,�M�1�4�,�M�1�3�,�M�1�2�,�M�1�1�,�M�1�0�,� 

�M�0�4� �,�M�O�3�,�M�O�2� �,�M�O�1�,�M�O�O�]� �;� 

�C�l�e�a�r� �[�L�2�2�,�L�2�1�,�L�2�0�,�L�1�2�,�L�1�1�,�L�1�0�,�L�0�2�,�L�0�1�,�L�0�0�,� 
�M�4�4� �,�M�4�3�,�M�4�2�,�M�4�1�,�M�4�0�,�M�3�4�,�M�3�3�,�M�3�2�,�M�3�1�,�M�3�0�,� 
�M�2�4� �,�M�2�3�,�M�2�2�,�M�2�1�,�M�2�0�,�M�1�4�,�M�1�3�,�M�1�2�,�M�1�1�,�M�1�0�,� 
�M�O�4� �,�M�O�3�,�M�O�2�,�M�O�1�,�M�O�0�0�,�L�2�,�L�1�,�L�0�,�M�4�,�M�3�,�M�2�,�M�1�,�M�O�]�;� 

�(�*� �C�r�e�a�t�e� �1�6�t�h� �D�e�g�r�e�e� �P�o�l�y�n�o�m�i�a�l� �F�r�o�m� �L� �a�n�d� �M� �*�)� 

�M�=�{�{�L�2�,�L�1�,�L�0�,�0�,�0�,�0�}�,� 

�{�0�,�L�2�,�L�1�,�L�0�,�0�,�0�}�,� 

�{�0�,�0�,�L�2�,�L�1�,�L�0�,�0�}�,� 

�{�0�,�0�,�0�,�L�2�,�L�1�,�L�0�}�,� 
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