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(ABSTRACT) 

An iterative penalty finite element model is developed for the analysis of three— 

dimensional coupled incompressible fluid flow and heat transfer problems. The 

pressure is calculated by solving the momentum equation using known values of 

velocities, velocity gradients, and flow stresses from previous iteration. An itera- 

tive solution algorithm which employs the element—by—element data structure of 

the finite element equations is used to solve large systems of algebraic equations re- 

sulting from finite element models of real world problems. Three different iterative 

methods (ORTHOMIN, ORTHORES and GMRES) are implemented and tested to 

determine the efficieny of each algorithm terms of CPU time and storage require- 

ments. Jacobi/Diagoan! preconditioning is used to sacle the system of equations 

and improve the convergence of the iterative solvers. 

The developed iterative penalty finite element model is extended to analyse 

three—dimensional manufacturing processes such as casting, extrusion and forming 

of metals. For numerical simulation of extrusion and forming, flow formulation is 

used since these operations involve large deformations. The viscosity of the metal 

at elevated temperatures is calculated from the flow stress. The formulation uses



the enthalpy method to account for the transfer of latent heat during phase change. 

The fluid inside the mushy region (between liquid and solid regions) is assumed 

to obey D’Arcy’s law for flow through porous materials. The permeability of the 

material is determined as a function of liquid fraction. This forces the velocities 

in the solid region to zero. In the finite element model, the effects of convection 

during phase change of the material are included. 

A method for calculation of the movement of liquid metal-air interface during 

mold filling process is presented. The developed model predicts the location of the 

interface (defined by a psuedo-concentration value) by solving for its movement 

due to forced convection. Also during filling analysis, only the filled and interface 

elements are used for flow field calculations.
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NOMENCLATURE 

- Flow activation energy (also used for width of the duct). 

- Specific heat at constant volume. 

- Characteristic length. 

- Body force vector. 

- Element force vector. 

- Global (assembled) force vector. 

- Heat transfer coefficient (also distance between parallel plates). 

- Second invarient of rate—of-strain tensor. 

- Thermal conductivity. 

- Element coefficient matrix. 
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- Length of the duct. 

- Element mass matrix. 
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- Peclet number (ptiD C,/k). 

- Volumetric heat source. 

- Heat flux vector. 

- Time. 

- Traction vector. 

- Temperature. 

- Wall temperature (also used for reference temperature). 

- Inlet temperature of the fluid. 
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Ta - Ambient temperature. 

T; - Nodal temperature. 

u - Velocity vector. 

u, v, w_ - Velocity components in z, y, & z directions respectively 

Uj, U;, w;- Nodal velocities. 

a - Average velocity in z-direction. 
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Vj - Rate of deformation tensor. 
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E, 7, ¢ - Element natural coordinates. 

oO - Parameter in time approximation. 

p - Density of the fluid. 

03; - Total stress tensor. 

Ty - Viscous stress tensor. 

} - Viscous dissipation of the fluid. 

wy; - Interpolation function. 

wW - Acceleration parameter. 

Nn - Computational domain. 

N° - Typical element volume. 

7 - Initial viscosity. 
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 - shear viscosity. 

- Divergence operator. 
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Chapter 1 

INTRODUCTION 

1.1 Background 

Casting, extrusion and forming are commercially important processes for mass 

production of metal and plastic parts. Demand for high speed production rates, 

increased product quality, longevity of the equipment, and lower energy consump- 

tions have resulted in continuous development of efficient numerical methods for 

simulating these processes. 

Extrusion is a deformation process used to produce long, straight, semi-finished 

products such as bars, solid and hollow sections, tubes, wires and strips. By ap- 

plying large loads, the billet is squeezed from a closed container through a die to 

give proper shape to the product. Important factors affecting the extrusion pro- 

cess are the temperature of billet, shear rates, wall friction at die face and cylinder 

walls, shape of the extrudate, and applied loads. These determine the microstruc- 

ture and the hardness of the extrudate. In extrusion of theromoplastic polymers, 

the extruders should not only provide a pulsating-free, thermally and mechanically 

homogeneous melt flow but should also be responsible for the dimensions of the 

final product. Reasons being the viscoelastic properties of the fluid result in the 

die—swell effects which can lead to changes in profile geometry. 

Fabrication of almost all parts involves melting and solidification at some stage 

of manufacturing process. For example, in the case of extrusion of polymers, solid 

particles are melted in the mixer and the molten polymer (melt) is extruded. Sim- 

ilarly in the extrusion of metals, ingots/billets are produced by continuous casting 

of metal. This leads to another important manufacturing process known as casting. 

1
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Casting is defined as a process of forming a metal part by pouring molten metal 

into the mold and allowing it to solidify. The shape of the part is determined by 

the dimensions and geometry of mold cavity. Casting involves fluid flow and heat 

transfer. Metal flow during filling of mold and heat transfer during solidification 

are most important aspects of casting. 

Fluid flow inside the mold during filling is rapid and transient. The flow inside 

the mold cavity is complex with intersecting free surface when two or more liquid- 

air interfaces join and passes through intricate geometries at high speeds. The 

process is further complicated by heat transfer between the mold and fluid due to 

conduction, convection and radiation between the mold wall and the free surface. 

Solidification is a phase transformation process accompanied by release of latent 

heat (melting of metal is associated with absorption of latent heat). For a given 

set of intial and boundary counditions and material properties, the solidification 

pattern of the metal influences the grain size, porosity, void formation, strength 

and other material properties of the cast. 

During continuous casting processes for metals, the cast (billet or slab) is si- 

multaneously cooled by sprinklers and pulled by rollers. At this stage the metal is 

still hot and the material can further deform. Pulling of billet or slab by rollers is 

similar to that of sheet metal forming or calendering in polymer processing, where, 

strength of the sheet metal or polymer is improved by passing it through a series 

of pairs of counter-—rotating rollers. The distance between the rollers is decreased 

gradually. The pressure distribution at the roller and material interface is impor- 

tant in determining the bending moment and forces acting on the roller assembly. 

Also equally important is the heat transfer between the roller and the material. 

In order to manufacture a product of sound quality, complete understanding of 

the process is required. The knowledge of influences of different variables such as 

friction, material properties, etc., on the process is essential in designing the equip- 

ment and to predict and prevent the occurence of defects. Manufacturing processes
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explained above viz., casting, extrusion, and forming processes are complex and 

their mathematical modeling and numerical simulation are by no means simple. 

Experimental investigation of the effects of different parameters on the design and 

operation of the equipment and the quality of the product is very expensive even 

for simple parts. 

Information about material deformation and flow during the manufacturing pro- 

cess can be useful in improving the operation of existing equipment and assist with 

the design of new machines. Such information can be obtained by solving partial 

differential equations governing the flow and heat transfer of the material. These 

equations are coupled and nonlinear. Also the material and geometric nonlinearities 

and complex flow geometries make it impossible to obtain exact and/or analytical 

solutions. However, numerical methods such as the finite element method, the fi- 

nite difference method, and the finite volume method can be used to analyze these 

processes. Due to the inherent advantage of the finite element method over other 

methods in modeling complex geometries and imposing of gradient boundary con- 

ditions on non-straight boundaries the method has received considerable attention 

during recent years in solving a wide variety of problems. 

1.2 Solid Formulation vs. Flow Formulation 

In the analysis of materials processing, the equations of motion governing flow 

and heat transfer of material can be written in both Lagrangian and Eulerian 

reference frames. Depending on weather a Lagrangian or an Eulerian system is used, 

the analysis is said to be carried out using soltd formulation or flow formulation 

respectively. The advantages of each are discussed below. 

It is well known that the finite element method was originally developed for 

the solution of structural mechanics problems. Hence, it was natura] that the 

application of the finite element method to forming processes began as an extension 

of structural analysis techniques to the plastic deformation Thus, early applications
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of the finite element method to metal forming analysis were based on the plane 

stress-strain matrix developed from the Prandtl-Reuss equation [1]. This approach 

is called the solid formulation. 

In solid formulation, the boundary value problem is stated as follows: For 

a given state of the body, internal stress distribution and boundary conditions 

specified in terms of velocities and traction-rate, it is required to find the velocity 

and stress-rate (c) (or displacement and stress increment) distributions in the body. 

The main drawbacks in using this approach in the simulation of forming processes 

are: 

1. The formulation is given in terms of the rate form and assumes the infinitesi- 

mal theory of deformation. Large deformations and rotations associated with 

forming process preclude its use in such applications as extrusion, forming etc. 

2. Large deformations and rotations in turn produce a distorted grid which should 

be updated or remeshed frequently; otherwise, the deformed mesh may have 

singular elements. 

3. The nature of the elastic-plastic constitutive equations used in this approach 

requires short time steps when solving unsteady problems. This requirement is 

very demanding with respect to the computer time and storage requirements as 

we need a fine mesh, when the material deformation goes from elastic to plastic. 

These problems can be overcome by neglecting the elastic effects and treating 

all plastic deformations as a flow problem. In other words, by writing the equation 

in the Eulerain reference frame and solving for the velocities rather than displace- 

ments, the above mentioned numerical difficulties can be avoided. In this approach, 

called the flow formulation, the boundary value problem is stated as: at a certain 

stage of the process, given the shape of the body, the internal temperature distri- 

bution and material properties along with the prescribed velocity on the part of 

the boundary and specified traction on the rest, it is required to determine the 

velocity and stress distribution in the domain that satisfy the governing equations



and boundary conditions. 

When using the flow formulation, the finite element mesh remains fixed, and 

the unknowns of the formulation are are nodal velocities. The flow formulation 

also allows for large time steps when solving unsteady problems. Like any other 

approach, the flow formulation has its own drawbacks which will be discussed in 

Chapter 3. 

1.3 Present Research 

The objective of the present research is to develop a finite element model to an- 

alyze three~dimensional casting, extrusion and forming processes. Such a computa- 

tional tool could be used in the metal forming and polymer processing industries to 

help design optimized equipment. Most of the previous research has been dedicated 

towards solving two-dimensional and axisymmetric problems. However, a majority 

of the finished products made by casting and extrusion are of complex geometries, 

and can only be modeled by fully three-dimensional formulations. While there 

has been considerable work done in the numerical simulation of casting, extrusion 

and forming processes, most of the reported work is confined to solution of two- 

dimensional problems. Even in those few studies that deal with three—dimensional 

simulations, no attempts were made to include convection effects in the case of 

phase change problems. Similarly, the research work in mold filling simulation was 

confined largely to two-dimensional problems. Hence, there is a need for three- 

dimensional finite element simulation of different manufacturing processes. 

When solving complex three-dimensional flows numerically, the resulting num- 

ber of algebraic equations is very large and their solution by traditional direct 

solvers proves to be cost—ineffecitve even on the present day large-memory and 

high-speed computers. The direct solvers and their improved versions, such as the 

frontal solvers and skyline techniques, have not proved to be efficient for solution of 

large, industrial-size flow problems. With almost 80% of the CPU time required for
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the solution of algebraic equations in a typical numerical simulation, development 

and implementation of efficient (i.e., accurate and cost effective) solvers becomes 

an important task in the development of any computational tool. Lack of an effi- 

cient solution algorithm has been an obstacle in testing the applicability of existing 

methods for three-dimensional simulations and development of new methods. In 

this research an Element-By-—Element (EBE) iterative solution algorithm for incom- 

pressible flows is developed. As an alternative to direct solvers, different iterative 

solution techniques are investigated for efficiency. 

The review of previous work in the analysis of casting, extrusion and forming 

processes and solution algorithms discussed in the next chapter forms a background 

for this work. A review of different techniques used to solve the finite element equa- 

tions is presented there. Chapters 3 and 4 deal with the governing equations and 

the finite element formulation, respectively. Included in these chapters are the 

review of the field equations (i. e., conservation equations, corresponding bound- 

ary conditions, constitutive equations), iterative penalty finite element formulation, 

and numerical procedure used for solving the descretized equations. The solution 

algorithm and its implementation are given in Chapter 5. In Chapter 6, numerical] 

results of several test cases are discussed. Summary of the results and recommen- 

dations for future research are outlined in the last chapter.



Chapter 2 

LITERATURE REVIEW 

2.1 Preliminary Remarks 

The ever increasing demand for mass production of quality goods in materials 

processing industries has resulted in the application of numerical methods for the 

design and simulation of manufacturing processes. The main objectives of numeri- 

cal simulations are to predict the flow of material during the processes, determine if 

the manufacturing method produces a defect-free product and predict the stresses 

in the part and energy needed to carry out the operation. There is a vast amount of 

published literature on the development of numerical techniques and their applica- 

tion to material processing. However, only those directly related to the present work 

are reviewed here. Furthermore, as discussed in Chapter 1, the flow formulation is 

the best for the analytical description of materials processing operations involving 

large deformations. The majority of the literature cited uses flow formulation. 

2.2 Phase Change Analysis 

Solid—liquid phase change problems occur in several engineering practices such 

as, material processing, welding, and solar energy. In polymer processing, melting of 

polymers in the mixer is important to ensure their homogeneous mixing. Similarly, 

in a metal casting process, control over the phase change of the liquid metal is 

important in order to improve the quality of the casting. In solar engineering 

applications, phase change of salt is used to store energy in the form of latent 

heat of fusion. Due to its importance in many fields of engineering, the literature 

on the numerical solution of phase change problems is vast [2] - [24]. Most of the 

7
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reported works are based on the macroscopic modeling of the phase change process, 

and previous work reviewed here deals with macroscopoic modeling. Therefore, 

throughout this chapter and rest of the dissertation, unless otherwise stated, the 

term modeling implies macroscopic modeling. 

Based on the terms included in the governing equations used to solve for phase 

change problems, literature on numerical simulation can be classified into two 

groups, viz., those neglecting convection (heat flow model) and those including 

convection (heat and fluid flow model). Salcudean and Abdullah [2] discussed the 

advantages and disadvantages of these two models and variations of each model. 

Also a review of numerical simulation of phase change problems is given in [3]. 

The difference between these methods and a brief review of the works of previous 

researchers in solving phase change problems is given next in the following sections. 

2.2.1 Heat Flow Models 

In the heat flow model it is assumed that the solidification or the melting (phase 

change) process is primarily controlled by heat diffusion. Accordingly, when using 

this model one solves only the energy equation: 

pop = V(kVT) +Q (2.1) 

where, pCp is the heat capacity, k is the thermal conductivity, and Q represents 

internal heat generation. When using heat flow model two different equations are 

solved, one for the solid region and another for the liquid region. In solving Equation 

(2.1), apart form the initial conditions and the conditions imposed at the bound- 

ary of the domain, the following conditions must be satisfied at the solid—liquid 

interface: 

T,=T,=Ty for t>0 (2.2) 
aT aT asf ki(S—) + ke( 5) = ol (=) (2.3)
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where the subscripts s,and / refer to solid and liquid phases, respectively, Z is the 

latent heat, sf represents the solid—liquid front, and Ty is the freezing temperature. 

The difficulty in solving Equation (2.1) lies in accounting for the release (absorp- 

tion) of latent heat during solidification (melting) process. Based on the method 

in which latent heat transfer is modeled, the solution methods can be divided into 

two groups: methods which explicitly determine the unknown boundary of phase 

change (known as front-tracking method) and which do not require calculation of 

phase change boundary (fixed-grid methods). 

2.2.1.1 Front—Tracking Methods: 

In the front-tracking methods, the discrete phase change front is continuously 

tracked and the latent heat transfer is treated as a moving boundary condition (4]. 

This method either requires deforming grids [5, 6], or transformation of variables of 

coordinates [7 — 9]. These methods also require special algorithms near the solid- 

liquid interface. The time step and the grid size should be smail enough so that 

the interface coincides with the nodes. 

Even though the front-tracking methods were found to be accurate in solving 

phase change problems, their success was limited to solution of isothermal solidifi- 

cation/melting problems. The reason being that the method of latent heat transfer 

is not suitable for problems for which the phase change takes place over a temper- 

ature interval. This type of phase change is called non-isothermal phase change 

process, and it produces a mushy region sandwiched in between liquid and solid 

phases. Furthermore, the implementation of this method is cumbersome and is dif- 

ficult, as one has to solve complicated equations especially when three-dimensional 

geometries are involved. As this method requires updating of the mesh iteratively, 

it demands large amounts of computer time. 

2.2.1.2 Fixed—Grid Methods: 

An alternative to the front-tracking methods is a two-stage solution approach.
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First, solve for the temperature distribution, and the phase change front can be 

calculated from the known temperature field. In this type of formulation, a physi- 

cally acceptable solution can be obtained for the boundary value problem without 

imposing the behavior of the solution near any singularities, and the phase inter- 

face can be determined later from the solution. Main advantages of this method 

are that it can be easily extended to multidimensional problems without making 

major changes to existing codes, it does not require mesh updating based on the 

phase front location, and it eliminates the need to solve different equations for 

liquid and solid regions. Since the fixed-grid methods use this formulation, they 

have difficulties in solving problems with discontinuities, such as in the isothermal 

phase change problems. Hence, while solving such problems, this difficiency can be 

overcome by spreading the phase change over a small temperature range. Based on 

the modeling of latent heat transfer, the fixed-grid methods are called: apparent 

capacity method, fictitious flow method, and enthalpy method. 

Apparent capactty method: In this method, as the name indicates, the latent heat is 

included in the specific heat of the material. An apparent capacity is defined in the 

phase change temperature interval to include the entire change in total enthalpy, 

both sensible and latent heat. The variation of apparent capacity can be given in 

a functional form in the solidus—liquidus region. When solving isothermal phase 

change problems, latent heat transfer is assumed to take place over a small tem- 

perature interval. Early work on the apparent capacity method was reported by 

Hashemi and Silepcevich [10] using an implicit finite difference formulation. They 

also extended the method to solve problems with non-isothermal phase change. 

Comini et al. {11] used the apparent capacity method and the finite element 

method to solve non-linear heat conduction equations for phase change problems. 

Their formulation accounts for temperature dependent material properties and time 

dependent boundary conditions. Typical variation of enthalpy, for metals, as a 

function of temperature is shown in Figure 2.1. It can be seen from Figure 2.1 that
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in evaluating apparent capacity during solidification, the latent heat release will not 

be accounted for if the temperature of some node falls below the solidus temperature 

in one time step. Same logic can be extended for melting analysis. Morgan et al. 

[12] suggested a backward difference method to calculate the apparent capacity 

using total enthalpy and temperature from previous two time steps. However, this 

method required small time steps in order to obtain correct heat balance. 

Del Giudice et al. {13] and Lemmon [14, 15] used averaging techniques to 

overcome the difficiencies mentioned above. In these methods the expression for 

apparent heat capacity is written in terms of spatial derivatives of temperature 

and total enthalpy. This ensures that the effects of phase change are not omitted. 

Furthermore, in the finite element context these spatial derivatives include the 

influence of all surrounding nodes. As a result, the solutions are smooth. Thomas 

et al. [16, 17] tested these methods for solidification analysis of steel ingots, and 

they were found to give satisfactory results. 

Poirier and Salcudean [18] used a variation of the apparent heat capacity method. 

In this method the apparent capacity is integrated over the control volume and a 

linear variation of temperature is assumed between the nodes. Their investigation 

showed that this method, effective capacity method, performs better than the ap- 

parent capacity method. This method correctly accounts for the latent heat release 

and the solution is independent of the mushy region. 

Fictitious flow method: In this method the temperatures of all nodes in the mesh are 

monitored, and if the temperature of any node drops below liquidus temperature 

the material in the control volume (element) associated with the node is assumed 

to be experiencing phase change and the energy loss by the node is monitored. 

The energy loss associated with the node, as its temperature falls below liquidus 

temperature, is calculated for each time step. At the end of each time step the 

temperature of the node is set to freezing point temperature. Once the total energy 

loss in the control volume is greater than or equal to the latent heat content, the
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Figure 2-1: Typical variation of enthalpy with temperature for phase change of metals.



�1�3� 

�m�a�t�e�r�i�a�l� �i�s� �s�a�i�d� �t�o� �b�e� �s�o�l�i�d�i�f�i�e�d�.� �A�t� �t�h�i�s� �s�t�a�t�e�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �n�o�d�e� �i�s� 

�s�e�t� �e�q�u�a�l� �t�o� �s�o�l�i�d�u�s� �t�e�m�p�e�r�a�t�u�r�e� �i�f� �t�h�e� �e�n�e�r�g�y� �l�o�s�s� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �l�a�t�e�n�t� �h�e�a�t�.� �I�f� 

�t�h�e� �e�n�e�r�g�y� �l�o�s�s� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �l�a�t�e�n�t� �h�e�a�t�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �e�x�t�r�a�p�o�l�a�t�e�d� 

�t�o� �a� �v�a�l�u�e� �l�o�w�e�r� �t�h�a�n� �t�h�e� �s�o�l�i�d�u�s� �t�e�m�p�e�r�a�t�u�r�e�.� �F�r�o�m� �t�h�e�n� �o�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �i�s� 

�c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n�.� 

�T�h�e� �f�i�c�t�i�t�i�o�u�s� �f�l�o�w� �m�e�t�h�o�d� �w�a�s� �f�i�r�s�t� �d�e�s�c�r�i�b�e�d� �b�y� �D�u�s�i�n�b�e�r�r�e� �[�1�9�]�.� �R�o�l�p�h� �a�n�d� 

�B�a�t�h�e� �[�2�0�]� �e�x�t�e�n�d�e�d� �t�h�i�s� �m�e�t�h�o�d� �t�o� �h�e�a�t� �t�r�a�n�s�f�e�r� �a�n�a�l�y�s�i�s� �o�f� �p�h�a�s�e� �c�h�a�n�g�e� �p�r�o�b�-� 

�l�e�m�s� �w�i�t�h� �m�u�s�h�y� �(�b�e�t�w�e�e�n� �t�h�e� �l�i�q�u�i�d�u�s� �a�n�d� �s�o�l�i�d�u�s� �t�e�m�p�e�r�a�t�u�r�e� �f�o�r� �a�n� �a�l�l�o�y�)� �z�o�n�e�s�.� 

�R�o�o�s�e� �a�n�d� �S�t�o�r�r�e�r� �[�2�1�]� �a�l�s�o� �e�m�p�l�o�y�e�d� �t�h�i�s� �a�p�p�r�o�a�c�h� �t�o� �s�o�l�v�e� �g�r�o�u�n�d� �f�r�e�e�z�i�n�g� �p�r�o�b�-� 

�l�e�m�s�.� �S�a�l�c�u�d�e�a�n� �a�n�d� �M�a�s�h�a�i�e� �[�2�2�]� �a�p�p�l�i�e�d� �t�h�i�s� �m�e�t�h�o�d� �f�o�r� �s�o�l�u�t�i�o�n� �o�f� �p�h�a�s�e� �c�h�a�n�g�e� 

�p�r�o�b�l�e�m�s� �w�i�t�h� �m�u�s�h�y� �z�o�n�e�s� �u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d�.� �S�a�l�c�u�d�e�a�n� �a�n�d� 

�A�b�d�u�l�l�a�h� �[�2�3�]� �e�x�t�e�n�d�e�d� �t�h�e� �m�e�t�h�o�d� �t�o� �s�o�l�u�t�i�o�n� �o�f� �b�i�n�a�r�y� �a�l�l�o�y�s� �t�o� �s�i�m�u�l�a�t�e� �s�o�l�i�d�i�f�i�-� 

�c�a�t�i�o�n� �o�f� �c�a�s�t� �i�r�o�n� �i�n� �p�e�r�m�a�n�e�n�t� �(�e�g�.� �s�t�e�e�l�)� �m�o�l�d�s�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� 

�e�c�o�m�o�n�i�c�a�l� �b�u�t� �r�e�q�u�i�r�e�s� �e�l�a�b�o�r�a�t�e� �b�o�o�k� �k�e�e�p�i�n�g� �t�o� �k�e�e�p� �t�r�a�c�k� �o�f� �t�h�e� �s�o�l�i�d�i�f�i�e�d� �r�e�g�i�o�n�s� 

�a�n�d� �t�h�e� �a�m�o�u�n�t� �o�f� �e�n�e�r�g�y� �l�o�s�s� �a�t� �e�a�c�h� �n�o�d�e�.� �D�a�l�h�u�i�j�s�e�n� �a�n�d� �S�e�g�a�l� �[�2�4�]� �c�o�m�p�a�r�e�d� 

�t�e�m�p�e�r�a�t�u�r�e�s� �a�n�d� �p�h�a�s�e� �f�r�o�n�t�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� �f�i�c�t�i�t�i�o�u�s� �f�l�o�w� �m�e�t�h�o�d� �a�n�d� �t�h�o�s�e� 

�c�o�m�p�u�t�e�d� �b�y� �a�p�p�a�r�e�n�t� �c�a�p�a�c�i�t�y� �m�e�t�h�o�d�.� �T�h�e�i�r� �a�n�a�l�y�s�i�s� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� �t�e�m�p�e�r�-� 

�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �p�h�a�s�e� �f�r�o�n�t� �l�o�c�a�t�i�o�n�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �f�i�c�t�i�t�i�o�u�s� �f�l�o�w� �m�e�t�h�o�d� 

�w�e�r�e� �l�e�s�s� �a�c�c�u�r�a�t�e� �a�n�d� �t�h�e� �m�e�t�h�o�d� �t�o�o�k� �m�o�r�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �t�o� �c�o�n�v�e�r�g�e�.� 

�E�n�t�h�a�l�p�y� �m�e�t�h�o�d�:� �I�n� �t�h�i�s� �m�e�t�h�o�d�,� �t�h�e� �t�r�a�n�s�i�e�n�t� �p�a�r�t� �o�f� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �i�s� 

�w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �e�n�t�h�a�l�p�y�,� �i�n�s�t�e�a�d� �o�f� �t�e�m�p�e�r�a�t�u�r�e�,� �a�s� �g�i�v�e�n� �b�e�l�o�w�:� 

�O�H� �(�T�)� 
�a�t� 

� � �p� �=� �V�.�i�(�k�K�V�T�)� �(�2�.�4�)� 

�T�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �d�e�r�i�v�e�d� �f�o�r�m� �t�h�e� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� �e�q�u�a�t�i�o�n� �i�n� �t�h�e� �l�i�q�u�i�d� 

�a�n�d� �t�h�e� �s�o�l�i�d� �r�e�g�i�o�n�s� �a�n�d� �a� �c�o�n�s�e�r�v�a�t�i�o�n� �c�o�n�d�i�t�i�o�n� �a�t� �t�h�e� �p�h�a�s�e� �f�r�o�n�t� �(�s�e�e� �C�a�r�s�l�a�w� 

�a�n�d� �J�e�a�g�e�r� �[�2�5�]� �f�o�r� �d�e�t�a�i�l�s�)�.� �H�e�r�e�,� �t�h�e� �t�o�t�a�l� �e�n�t�h�a�l�p�y� �(�s�u�m� �o�f� �s�e�n�s�i�b�l�e� �a�n�d� �l�a�t�e�n�t� 

�e�n�t�h�a�l�p�i�e�s�)� �i�s� �d�e�f�i�n�e�d� �b�a�s�e�d� �o�n� �t�h�e� �l�a�t�e�n�t� �h�e�a�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�.� �A�t� 

�e�a�c�h� �t�i�m�e� �s�t�e�p�,� �e�n�t�h�a�l�p�y� �a�t� �e�a�c�h� �n�o�d�e� �i�s� �c�o�m�p�u�t�e�d� �a�s� �a� �p�r�i�m�a�r�y� �v�a�r�i�a�b�l�e� �a�n�d� �t�h�e
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�n�o�d�a�l� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �n�e�w� �e�n�t�h�a�l�p�y� �u�s�i�n�g� �p�r�e�v�i�o�u�s�l�y� �d�e�f�i�n�e�d� 

�e�n�t�h�a�l�p�y ��t�e�m�p�e�r�a�t�u�r�e� �r�e�l�a�t�i�o�n�.� 

�S�h�a�m�s�u�n�d�e�r� �a�n�d� �S�p�a�r�r�o�w� �[�2�6�]� �u�s�e�d� �t�h�i�s� �t�e�c�h�n�i�q�u�e� �a�l�o�n�g� �w�i�t�h� �t�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�-� 

�e�n�c�e� �m�e�t�h�o�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�o�l�a�r� �e�n�e�r�g�y� �s�t�o�r�a�g�e� �o�f� �p�h�a�s�e� �c�h�a�n�g�e� �m�a�t�e�r�i�a�l�s�.� �T�h�e� 

�e�n�t�h�a�l�p�y� �m�e�t�h�o�d� �w�a�s� �s�h�o�w�n� �t�o� �g�i�v�e� �r�e�a�s�o�n�a�b�l�y� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s� �f�o�r� �m�e�t�a�l�s� �s�o�l�i�d�i�-� 

�f�y�i�n�g� �o�v�e�r� �t�h�e� �m�u�s�h�y� �r�a�n�g�e� �[�1�6�]�.� �T�h�e� �m�a�i�n� �d�r�a�w�b�a�c�k� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �i�t� �i�s� 

�c�o�m�p�l�e�x� �a�n�d� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �m�o�r�e� �e�x�p�e�n�s�i�v�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�t� �p�e�r�f�o�r�m�s� �p�o�o�r�l�y� �f�o�r� 

�i�s�o�t�h�e�r�m�a�l� �p�h�a�s�e� �c�h�a�n�g�e� �p�r�o�b�l�e�m�s�.� 

�T�h�e�s�e� �d�i�f�f�i�c�i�e�n�c�i�e�s� �c�a�n� �b�e� �o�v�e�r�c�o�m�e� �b�y� �u�s�i�n�g� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h� �k�n�o�w�n� �a�s� 

�t�h�e� �s�o�u�r�c�e� �b�a�s�e�d� �m�e�t�h�o�d�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �e�n�t�h�a�l�p�y� �m�e�t�h�o�d� �i�n� �t�h�a�t� 

�t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �i�s� �w�r�i�t�t�e�n� �i�n� �t�h�e� �f�o�r�m� �o�f� �E�q�u�a�t�i�o�n� �(�2�.�4�)�.� �T�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� �w�a�s� 

�p�r�e�s�e�n�t�e�d� �b�y� �V�o�l�l�e�r� �[�2�7�]�.� �H�e�r�e� �t�h�e� �t�o�t�a�l� �e�n�t�h�a�l�p�y� �i�s� �w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �s�e�n�s�i�b�l�e� 

�p�a�r�t� �a�n�d� �t�h�e� �l�a�t�e�n�t� �h�e�a�t� �p�a�r�t� �H�(�T�)� �=� �C�p�T� �+� �A�H�.� �A�c�c�o�r�d�i�n�g�l�y�,� �E�q�u�a�t�i�o�n� �(�2�.�4�)� 

�b�e�c�o�m�e�s�;� 

�j�O�(�C�p�T� �+� �A�H�)� �_� 
�=� �V�A�K�V�T� �2�.�5� �=� �(�k�V�T�)� �(�2�.�5�)� 

�R�e�a�r�r�a�n�g�i�n�g� �E�q�u�a�t�i�o�n� �(�2�.�5�)�,� �w�e� �o�b�t�a�i�n�,� 

�O�T� 
�p�C�p� �=� �=� �V�.�(�k�K�V�T�)� �+� �S�y� �(�2�.�6�)� 

�I�n� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�,� �t�h�e� �l�a�t�e�n�t� �h�e�a�t� �i�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �S�y�,� �w�h�i�c�h� �c�a�n� 

�b�e� �e�v�a�l�u�a�t�e�d� �f�o�r�m� �a� �p�r�e�d�e�f�i�n�e�d� �f�u�n�c�t�i�o�n�a�l� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �l�a�t�e�n�t� �e�n�t�h�a�l�p�y� �a�n�d� 

�t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�i�s� �m�e�t�h�o�d� �w�a�s� �f�o�u�n�d� �t�o� 

�b�e� �c�o�m�p�a�r�a�b�l�e� �w�i�t�h� �t�h�e� �o�t�h�e�r� �m�e�t�h�o�d�s�,� �a�n�d� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�m�e�n�t�s� �w�e�r�e� �l�e�s�s� 

�c�o�m�p�a�r�e�d� �t�o� �o�t�h�e�r� �m�e�t�h�o�d�s�.� 

�2�.�2�.�2� �H�e�a�t� �a�n�d� �F�l�u�i�d� �F�l�o�w� �M�o�d�e�l�s� 

�A�l�m�o�s�t� �a�l�l� �r�e�f�e�r�e�n�c�e�s� �c�i�t�e�d� �a�b�o�v�e� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� �n�a�t�u�r�a�l� �c�o�n�v�e�c�t�i�o�n� 

�d�u�r�i�n�g� �p�h�a�s�e� �c�h�a�n�g�e� �i�s� �n�e�g�l�i�g�i�b�l�e� �a�n�d� �s�o�l�v�e� �o�n�l�y� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �t�o� �s�i�m�u�l�a�t�e



�1�5� 

�s�o�l�i�d�i�f�i�c�a�t�i�o�n�/�m�e�l�t�i�n�g� �p�r�o�c�e�s�s�e�s�.� �H�o�w�e�v�e�r�,� �c�o�n�v�e�c�t�i�o�n� �w�i�t�h�i�n� �t�h�e� �m�o�l�t�e�n� �m�e�t�a�l� �i�n�-� 

�f�l�u�e�n�c�e�s� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�t� �b�o�t�h� �m�a�c�r�o�s�c�o�p�i�c� �a�n�d� �m�i�c�r�o�s�c�o�p�i�c� �l�e�v�e�l�s�.� �I�n� �t�h�e� �c�a�s�e� �o�f� 

�f�o�r�c�e� �c�o�n�v�e�c�t�i�o�n� �p�r�o�b�l�e�m�s�,� �t�h�e� �m�o�l�t�e�n� �p�h�a�s�e� �f�l�o�w�s� �u�n�d�e�r� �a�n� �i�m�p�o�s�e�d� �p�r�e�s�s�u�r�e� �g�r�a�-� 

�d�i�e�n�t�.� �S�i�m�i�l�a�r�l�y� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �n�o�n�u�m�i�f�i�r�m� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �g�i�v�e�s� �r�i�s�e� 

�t�o� �b�o�u�y�a�n�c�y� �f�o�r�c�e�s� �a�n�d� �p�r�o�d�u�c�e�s� �f�l�u�i�d� �m�o�t�i�o�n� �a�n�d� �c�o�n�v�e�c�t�i�v�e� �t�r�a�n�s�p�o�r�t� �o�f� �e�n�e�r�g�y�.� 

�H�e�n�c�e�,� �i�t� �i�s� �n�o�t� �a�c�c�u�r�a�t�e� �t�o� �n�e�g�l�e�c�t� �t�h�e� �e�f�f�e�c�t� �o�f� �c�o�n�v�e�c�t�i�o�n� �a�n�d� �p�h�a�s�e� �c�h�a�n�g�e� �p�r�o�b�-� 

�l�e�m�s� �u�s�i�n�g� �c�o�n�d�u�c�t�i�o�n� �h�e�a�t� �t�r�a�n�s�f�e�r� �o�n�l�y�.� �A�t� �t�h�e� �m�a�c�r�o�s�c�o�p�i�c� �l�e�v�e�l�,� �c�o�n�v�e�c�t�i�o�n� 

�c�h�a�n�g�e�s� �t�h�e� �s�h�a�p�e� �o�f� �i�s�o�t�h�e�r�m�s� �a�n�d� �r�e�d�u�c�e�s� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s� �w�i�t�h�i�n� �t�h�e� 

�l�i�q�u�i�d� �r�e�g�i�o�n�.� �A�t� �m�i�c�r�o�s�c�o�p�i�c� �l�e�v�e�l�,� �t�h�e� �g�r�a�i�n� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �c�a�s�t� �c�a�n� �b�e� �c�o�n�-� 

�t�r�o�l�l�e�d� �b�y� �r�e�l�a�t�i�v�e� �m�o�t�i�o�n� �o�f� �t�h�e� �l�i�q�u�i�d� �(�2�8�)�.� �T�h�e� �e�f�f�e�c�t� �o�f� �c�o�n�v�e�c�t�i�o�n� �i�n� �p�h�a�s�e� 

�c�h�a�n�g�e� �p�r�o�b�l�e�m�s� �h�a�s� �r�e�c�e�i�v�e�d� �l�e�s�s� �a�t�t�e�n�t�i�o�n� �d�u�e� �t�o� �t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �t�r�e�a�t�m�e�n�t� �o�f� �v�a�r�i�o�u�s� �r�e�g�i�o�n�s� �i�n� �t�h�e� �d�o�m�a�i�n� �a�n�d� �u�n�s�t�e�a�d�y� �n�a�t�u�r�e� 

�o�f� �t�h�e� �p�r�o�c�e�s�s�.� 

�A�m�o�n�g� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s� �u�s�e�d� �t�o� �m�o�d�e�l� �c�o�n�v�e�c�t�i�o�n� �i�n� �p�h�a�s�e� �c�h�a�n�g�e� �a�n�a�l�y�s�i�s�,� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �t�h�r�e�e� �a�r�e� �m�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d�:� �i�)� �T�r�e�a�t� �t�h�e� �p�r�o�b�l�e�m� �a�s� �a� �h�e�a�t� �t�r�a�n�s�f�e�r� 

�p�r�o�b�l�e�m� �a�n�d� �u�s�e� �a� �m�o�d�i�f�i�e�d� �c�o�n�d�u�c�t�i�v�i�t�y� �i�n� �t�h�e� �l�i�q�u�i�d� �r�e�g�i�o�n� �(�2�9� �-� �3�1�]�.� �i�i�)� �D�e�r�i�v�e� 

�a� �s�u�i�t�a�b�l�e� �s�e�t� �o�f� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �f�o�r� �m�a�s�s� �a�n�d� �h�e�a�t� �t�r�a�n�s�f�e�r� �i�n� �l�i�q�u�i�d� �r�e�g�i�o�n� 

�a�n�d� �d�e�v�e�l�o�p� �a�s�s�o�c�i�a�t�e�d� �n�u�m�e�r�i�c�a�l� �a�n�a�l�o�g�u�e� �[�8�,� �3�2�,� �3�3�]�.� �T�h�i�s� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s� �t�h�e� 

�d�e�v�e�l�o�p�m�e�n�t� �o�f� �s�p�e�c�i�a�l�,� �t�a�i�l�o�r�-�m�a�d�e� �c�o�d�e� �f�o�r� �e�a�c�h� �p�r�o�b�l�e�m�:� �h�e�n�c�e�,� �m�a�k�e�s� �i�t� �a�n� 

�i�n�e�f�f�i�c�i�e�n�t� �m�e�t�h�o�d�.� �i�i�i�)� �T�h�e� �t�h�i�r�d� �a�p�p�r�o�a�c�h� �u�s�e�s� �t�h�e� �e�n�t�h�a�l�p�y� �m�e�t�h�o�d� �e�x�p�l�a�i�n�e�d� �i�n� 

�t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �e�a�s�y� �t�o� �i�m�p�l�e�m�e�n�t� �i�n� �e�x�i�s�t�i�n�g� �c�o�d�e�s� �a�n�d� 

�w�a�s� �f�o�u�n�d� �t�o� �b�e� �e�f�f�i�c�i�e�n�t� �c�o�m�p�a�r�e�d� �t�o� �o�t�h�e�r� �m�e�t�h�o�d�s�.� �A�n�o�t�h�e�r� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� 

�m�e�t�h�o�d� �i�s� �t�h�a�t� �i�t� �r�e�m�o�v�e�s� �t�h�e� �n�e�c�e�s�s�i�t�y� �t�o� �s�a�t�i�s�f�y� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �p�h�a�s�e� �c�h�a�n�g�e� 

�f�r�o�n�t�.� �W�h�e�n� �u�s�i�n�g� �t�h�e� �e�n�t�h�a�l�p�y� �m�e�t�h�o�d�s�,� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �f�o�r� 

�f�l�u�i�d� �f�l�o�w� �t�o� �i�n�c�l�u�d�e� �t�h�e� �e�f�f�e�c�t� �o�f� �c�o�n�v�e�c�t�i�o�n�.� 

�T�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �i�n� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �p�h�a�s�e� �c�h�a�n�g�e� �f�r�o�n�t� �a�n�d� �u�p�d�a�t�i�n�g� �o�f� �t�h�e� 

�m�e�s�h� �p�r�e�c�l�u�d�e� �t�h�e� �u�s�e� �o�f� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �m�e�s�h� �(�f�r�o�n�t�-�t�r�a�c�k�i�n�g�)� �a�p�p�r�o�a�c�h�e�s� �e�v�e�n� 

�w�h�e�n� �u�s�i�n�g� �h�e�a�t� �f�l�o�w� �m�o�d�e�l�s�.� �T�h�e� �a�n�a�l�y�s�i�s� �b�e�c�o�m�e�s� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �w�h�e�n� �i�t



�1�6� 

�i�s� �r�e�q�u�i�r�e�d� �t�o� �s�o�l�v�e� �b�o�t�h� �m�o�m�e�n�t�u�m� �a�n�d� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n�s�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� 

�w�h�e�n� �u�s�i�n�g� �t�h�e� �f�i�x�e�d�-�g�r�i�d� �a�p�p�r�o�a�c�h�,� �i�m�p�o�s�i�t�i�o�n� �o�f� �z�e�r�o�-�s�l�i�p� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �f�o�r� 

�t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �a�t� �t�h�e� �s�o�l�i�d� �l�i�q�u�i�d� �i�n�t�e�r�f�a�c�e� �b�e�c�o�m�e�s� �d�i�f�f�i�c�u�l�t�.� �R�e�a�s�o�n� �b�e�i�n�g� �t�h�a�t� 

�p�h�a�s�e� �f�r�o�n�t� �d�o�e�s� �n�o�t� �c�o�i�n�c�i�d�e� �w�i�t�h� �t�h�e� �n�o�d�e�s�.� �M�o�r�g�a�n� �[�3�4�]� �u�s�e�d� �a� �s�i�m�p�l�e� �m�e�t�h�o�d� 

�t�o� �o�v�e�r�c�o�m�e� �t�h�i�s� �b�y� �f�i�x�i�n�g� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �t�o� �z�e�r�o� �w�h�e�n�e�v�e�r� �t�h�e� �e�l�e�m�e�n�t� �e�n�e�r�g�y� �l�o�s�s� �i�s� 

�g�r�e�a�t�e�r� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �t�h�e� �l�a�t�e�n�t� �h�e�a�t�.� �A� �s�i�m�i�l�a�r� �a�p�p�r�o�a�c�h� �i�s� �u�s�e�d� �b�y� �A�h�m�a�d�i�a�n� 

�e�t� �a�l�.� �[�3�5�]� �t�o� �s�i�m�u�l�a�t�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �o�f� �p�o�l�y�m�e�r�s� �i�n� �c�u�r�v�e�d� �s�q�u�a�r�e� 

�d�u�c�t�s� �u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d�.� 

�G�a�r�t�l�i�n�g� �[�3�6�]� �e�m�p�l�o�y�e�d� �a� �s�l�i�g�h�t�l�y� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h� �i�n� �w�h�i�c�h� �t�h�e� �v�i�s�c�o�s�i�t�y� �w�a�s� 

�a�l�l�o�w�e�d� �t�o� �i�n�c�r�e�a�s�e� �p�r�o�g�r�e�s�s�i�v�e�l�y� �t�o� �a� �l�a�r�g�e� �v�a�l�u�e� �t�h�e�r�e�b�y� �s�i�m�u�l�a�t�i�n�g� �t�h�e� �l�i�q�u�i�d ��s�o�l�i�d� 

�p�h�a�s�e� �c�h�a�n�g�e�.� �D�u�r�i�n�g� �t�h�e� �a�n�a�l�y�s�i�s� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e�s� �a�t� �t�h�e� �n�o�d�e�s� �a�r�e� �c�o�m�p�a�r�e�d� 

�w�i�t�h� �t�h�e� �l�i�q�u�i�d�u�s� �a�n�d� �s�o�l�i�d�u�s� �t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� �i�f� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �a�b�o�v�e� �l�i�q�u�i�d�u�s� 

�v�a�l�u�e�,� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �f�l�u�i�d� �v�i�s�c�o�s�i�t�y� �i�s� �u�s�e�d�,� �a�n�d� �f�o�r� �t�e�m�p�e�r�a�t�u�r�e�s� �b�e�l�o�w� �s�o�l�i�d�u�s� 

�v�a�l�u�e�,� �a� �p�r�e�a�s�s�i�g�n�e�d� �l�a�r�g�e� �v�a�l�u�e� �i�s� �u�s�e�d�.� �I�n� �t�h�e� �p�h�a�s�e� �c�h�a�n�g�e� �t�e�m�p�e�r�a�t�u�r�e� �i�n�t�e�r�v�a�l�,� 

�t�h�e� �v�i�s�c�o�s�i�t�y� �i�s� �w�r�i�t�t�e�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �l�a�t�e�n�t� �h�e�a�t�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �s�i�m�i�l�a�r� �t�o� 

�t�h�e� �s�m�e�a�r�i�n�g� �(�s�p�r�e�a�d�i�n�g�)� �o�f� �t�h�e� �l�a�t�e�n�t� �h�e�a�t� �e�x�p�l�a�i�n�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �T�h�e� 

�a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �i�t� �i�s� �s�i�m�p�l�e� �a�n�d� �c�a�n� �b�e� �i�m�p�l�e�m�e�n�t�e�d� �r�e�a�d�i�l�y� �i�n� �a�n� 

�e�x�i�s�t�i�n�g� �c�o�d�e�.� 

�T�h�e� �m�e�t�h�o�d�s� �u�s�e�d� �b�y� �M�o�r�g�a�n� �[�3�4�]� �a�n�d� �G�a�r�t�l�i�n�g� �[�3�6�]� �r�e�q�u�i�r�e� �t�h�a�t� �t�h�e� �p�h�a�s�e� 

�c�h�a�n�g�e� �o�c�c�u�r� �o�v�e�r� �a� �t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �c�a�s�e� �o�f� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�n�d� 

�m�e�l�t�i�n�g� �o�f� �p�u�r�e� �m�e�t�a�l�s�,� �p�h�a�s�e� �c�h�a�n�g�e�s� �t�a�k�e� �p�l�a�c�e� �a�t� �a� �f�i�x�e�d� �t�e�m�p�e�r�a�t�u�r�e�.� �F�u�r�t�h�e�r�,� 

�l�a�c�k� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �v�i�s�c�o�s�i�t�y� �w�i�t�h� �t�e�m�p�e�r�a�t�u�r�e� �i�n� �t�h�e� �m�u�s�h�y� 

�z�o�n�e� �i�s� �a� �d�r�a�w�b�a�c�k� �o�f� �t�h�i�s� �m�e�t�h�o�d�.� �R�e�c�e�n�t�l�y�,� �V�o�l�l�e�r� �a�n�d� �P�r�a�k�a�s�h� �(�3�7�)�,� �B�e�n�n�o�n� �a�n�d� 

�I�n�c�r�o�p�e�r�a� �[�3�8�,� �3�9�]�,� �a�n�d� �B�e�c�k�e�r�m�a�n�n� �a�n�d� �V�i�s�k�a�n�t�a� �|�4�0�]� �h�a�v�e� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �d�e�v�e�l�-� 

�o�p�e�d� �a� �p�r�o�c�e�d�u�r�e� �i�n� �w�h�i�c�h� �a�p�p�r�o�p�r�i�a�t�e� �s�o�u�r�c�e� �t�e�r�m�s� �a�r�e� �d�e�f�i�n�e�d� �s�o� �a�s� �t�o� �d�e�c�r�e�a�s�e� 

�t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�n� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n� �p�r�o�g�r�e�s�s�i�v�e�l�y�.� �D�u�r�i�n�g� �t�h�e� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �o�f� 

�a�l�l�o�y�s� �t�h�e� �f�o�r�m�a�t�i�o�n� �o�f� �d�e�n�d�r�i�t�e�s� �t�a�k�e�s� �p�l�a�c�e�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e�s�e� �d�e�n�d�r�i�t�e�s� 

�c�a�u�s�e� �t�h�e� �m�u�s�h�y� �z�o�n�e� �b�e�h�a�v�e� �l�i�k�e� �a� �p�o�r�o�u�s� �m�e�d�i�u�m�.� �A�c�c�o�r�d�i�n�g� �t�o� �D ��A�r�c�y ��s� �l�a�w�,
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�t�h�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �l�i�q�u�i�d� �f�l�o�w�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �p�o�r�o�u�s� �m�e�d�i�a� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� 

�p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t�.� 

�I�n� �t�h�e� �m�e�t�h�o�d�s� �d�e�v�e�l�o�p�e�d� �b�y� �V�o�l�l�e�r� �a�n�d� �P�r�a�k�a�s�h� �[�3�7�]�,� �B�e�n�n�o�n� �a�n�d� �I�n�c�r�o�p�e�r�a� 

�[�3�8�]�,� �a�n�d� �B�e�c�k�e�r�m�a�n�n� �a�n�d� �V�i�s�k�a�n�t�a� �[�4�0�]� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �f�l�o�w� �i�n� �t�h�e� �m�u�s�h�y� 

�r�e�g�i�o�n� �o�b�e�y�s� �D ��A�r�c�y ��s� �l�a�w� �a�n�d� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s� �a�r�e� �m�o�d�i�f�i�e�d� �b�y� �a�d�d�i�n�g� 

�a�n� �e�x�t�r�a� �s�o�u�r�c�e� �t�e�r�m� �t�o� �e�n�f�o�r�c�e� �t�h�i�s� �b�e�h�a�v�i�o�r�.� �T�h�e� �p�o�r�o�s�i�t�y� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �s�e�t� 

�t�o� �a� �v�e�r�y� �l�a�r�g�e� �v�a�l�u�e� �a�t� �t�h�e� �s�t�a�r�t� �o�f� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�n�a�l�y�s�i�s�.� �T�h�e� �s�o�l�i�d� �f�r�a�c�t�i�o�n� �o�f� 

�e�a�c�h� �c�e�l�l� �i�s� �m�o�n�i�t�o�r�e�d� �a�n�d� �a�s� �t�h�e� �s�o�l�i�d� �f�r�a�c�t�i�o�n� �i�n�c�r�e�a�s�e�s�,� �t�h�e� �p�o�r�o�s�i�t�y� �d�e�c�r�e�a�s�e�s�,� 

�t�h�u�s� �e�n�f�o�r�c�i�n�g� �t�h�e� �f�l�o�w� �t�o� �o�b�e�y� �D ��A�r�c�y ��s� �l�a�w� �i�n� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n�.� �T�h�e� �m�e�t�h�o�d� 

�o�f� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �p�e�r�m�e�a�b�i�l�i�t�y� �i�s� �i�m�p�o�r�t�a�n�t� �i�n� �t�h�i�s� �m�e�t�h�o�d�.� �B�r�e�n�t� �e�t� �a�l�.� �[�4�1�]� �u�s�e�d� 

�t�h�e� �m�e�t�h�o�d� �g�i�v�e�n� �i�n� �[�3�7�]� �a�l�o�n�g� �w�i�t�h� �C�a�r�m�a�n� �K�o�s�e�n�y� �e�q�u�a�t�i�o�n� �f�o�r� �c�a�l�c�u�l�a�t�i�o�n� �o�f� 

�p�e�r�m�e�a�b�i�l�i�t�y� �t�o� �s�i�m�u�l�a�t�e� �m�e�l�t�i�n�g� �o�f� �p�u�r�e� �m�e�t�a�l�s�.� 

�R�e�c�e�n�t�l�y�,� �V�a�b�i�s�h�c�h�e�v�i�c�h� �a�n�d� �I�l�i�e�v� �[�4�2�]� �u�s�e�d� �t�h�e� �f�i�c�t�i�t�i�o�u�s� �f�l�o�w� �m�e�t�h�o�d� �t�o� �d�e�t�e�r�-� 

�m�i�n�e� �t�h�e� �e�f�f�e�c�t� �o�f� �c�o�n�v�e�c�t�i�o�n� �i�n� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �o�f� �m�e�t�a�l� �i�n� �a� �m�o�l�d�.� �T�h�e� �m�o�m�e�n�t�u�m� 

�e�q�u�a�t�i�o�n�s� �a�r�e� �w�r�i�t�t�e�n� �i�n� �t�h�e� �f�o�r�m� �o�f� �s�t�r�e�a�m� �f�u�n�c�t�i�o�n� �a�n�d� �v�o�r�t�i�c�i�t�y� �a�n�d� �t�h�e� �e�f�f�e�c�t� �o�f� 

�l�a�t�e�n�t� �h�e�a�t� �t�r�a�n�s�f�e�r� �i�s� �i�n�c�l�u�d�e�d� �b�y� �u�s�i�n�g� �a�p�p�a�r�e�n�t� �c�a�p�a�c�i�t�y�,� �a�n�d� �t�h�e� �n�o� �s�l�i�p� �b�o�u�n�d�-� 

�a�r�y� �c�o�n�d�i�t�i�o�n� �a�t� �t�h�e� �s�o�l�i�d ��l�i�q�u�i�d� �i�n�t�e�r�f�a�c�e� �i�s� �i�m�p�o�s�e�d� �b�y� �a�n� �a�d�d�i�t�i�o�n�a�l� �s�o�u�r�c�e� �t�e�r�m� 

�s�i�m�i�l�a�r� �t�o� �t�h�e� �o�n�e� �u�s�e�d� �b�y� �V�o�l�l�e�r� �a�n�d� �P�r�a�k�a�s�h� �|�3�7�|�.� �I�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�i�s� �m�e�t�h�o�d� 

�b�e�c�o�m�e�s� �d�i�f�f�i�c�u�l�t� �f�o�r� �c�o�m�p�l�i�c�a�t�e�d� �g�e�o�m�e�t�r�i�e�s�.� 

�A�p�p�r�o�p�r�i�a�t�e� �m�e�t�h�o�d� �f�o�r� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �p�e�r�m�e�a�b�i�l�i�t�y� �s�t�i�l�l� �r�e�m�a�i�n�s� �a�n� �u�n�r�e�-� 

�s�o�l�v�e�d� �t�o�p�i�c�.� �D�e�s�b�i�o�l�l�e�s� �e�t� �a�l�.� �[�4�3�]� �e�x�t�e�n�d�e�d� �e�n�t�h�a�l�p�y�-�p�o�r�o�s�i�t�y� �m�e�t�h�o�d� �t�o� �a�n�a�l�y�z�e� 

�s�o�l�i�d�i�f�i�c�a�t�i�o�n� �o�f� �a�l�u�m�i�n�u�m� �c�a�s�t�i�n�g�s� �u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�.� �T�h�e� �w�o�r�k� �i�n�-� 

�c�l�u�d�e�d� �h�e�a�t� �f�l�o�w� �a�n�a�l�y�s�i�s� �o�f� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�a�s�t�i�n�g�s� �a�n�d� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�u�i�d� 

�a�n�d� �h�e�a�t� �f�l�o�w� �a�n�a�l�y�s�i�s�.� �T�h�e�v�o�z� �e�t� �a�l�.�(�4�4�]� �u�s�e�d� �m�a�c�r�o�s�c�o�p�i�c� �a�n�d� �m�i�c�r�o�s�c�o�p�i�c� �m�o�d�e�l�s� 

�t�o� �r�e�l�a�t�e� �t�h�e� �s�o�l�i�d� �f�r�a�c�t�i�o�n� �t�o� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �i�n� �a� �k�i�n�e�m�a�t�i�c� �m�a�n�n�e�r� �b�y� �c�o�n�s�i�d�-� 

�e�r�i�n�g� �t�h�e� �m�e�c�h�a�n�i�s�m�s� �o�f� �n�u�c�l�e�a�t�i�o�n� �g�r�o�w�t�h�.� �T�h�e� �s�o�l�i�d� �f�r�a�c�t�i�o�n� �i�s� �i�n� �t�u�r�n� �u�s�e�d� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �p�r�e�m�e�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n� �f�o�r� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �c�a�l�c�u�l�a�t�i�o�n�.� �T�h�e� 

�g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �u�s�e�d� �f�o�r� �t�h�e� �e�n�t�h�a�l�p�y� �m�o�d�e�l� �a�n�d� �a� �c�o�m�p�l�e�t�e� �e�x�p�l�a�n�a�t�i�o�n� �o�f� �t�h�e
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�s�o�u�r�c�e� �t�e�r�m�s� �i�s� �g�i�v�e�n� �i�n� �t�h�e� �C�h�a�p�t�e�r� �3�.� 

�2�.�2�.�3� �M�o�l�d� �F�i�l�l�i�n�g� �A�n�a�l�y�s�i�s� 

�M�o�s�t� �o�f� �t�h�e� �w�o�r�k� �r�e�p�o�r�t�e�d� �i�n� �s�i�m�u�l�a�t�i�o�n� �o�f� �m�e�t�a�l� �c�a�s�t�i�n�g� �p�r�o�c�e�s�s�e�s� �s�t�a�r�t� �w�i�t�h� 

�t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �m�o�l�d� �i�s� �f�i�l�l�e�d� �w�i�t�h� �m�o�l�t�e�n� �m�e�t�a�l� �a�n�d� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� 

�o�f� �t�h�e� �m�e�l�t� �a�t� �t�h�e� �s�t�a�r�t� �o�f� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �i�s� �t�a�k�e�n� �t�o� �b�e� �u�n�i�f�o�r�m�.� �H�o�w�e�v�e�r�,� �i�n� 

�o�r�d�e�r� �t�o� �o�b�t�a�i�n� �r�e�a�l�i�s�t�i�c� �s�o�l�u�t�i�o�n�s�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�t� �t�h�e� �s�t�a�r�t� �o�f� �t�h�e� 

�c�a�l�c�u�l�a�t�i�o�n�s� �s�h�o�u�l�d� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �m�o�l�d� �f�i�l�l�i�n�g� �a�n�a�l�y�s�i�s�.� �A�p�a�r�t� �f�r�o�m� �p�r�o�v�i�d�i�n�g� 

�a�c�c�u�r�a�t�e� �t�e�m�p�e�r�a�t�u�r�e� �f�i�e�l�d�,� �o�t�h�e�r� �o�b�j�e�c�t�i�v�e�s� �o�f� �f�l�u�i�d� �f�l�o�w� �m�o�d�e�l�i�n�g� �d�u�r�i�n�g� �m�o�l�d� 

�f�i�l�l�i�n�g� �a�r�e�:� �i�)� �t�o� �i�n�s�u�r�e� �s�m�o�o�t�h� �f�l�o�w� �d�u�r�i�n�g� �e�n�t�r�y�,� �i�i�)� �m�i�n�i�m�i�z�e� �g�a�s�/�a�i�r� �e�n�t�r�a�p�m�e�n�t�,� 

�i�i�i�)� �d�i�s�t�r�i�b�u�t�e� �t�h�e� �m�e�t�a�l� �p�r�o�p�e�r�l�y� �t�o� �a�l�l� �r�e�g�i�o�n�s� �o�f� �t�h�e� �c�a�v�i�t�y�,� �i�v�)� �p�r�e�d�i�c�t� �a�n�d� �p�r�e�v�e�n�t� 

�m�o�l�d� �e�r�o�s�i�o�n�,� �a�n�d� �v�)� �o�p�t�i�m�i�z�e� �t�h�e� �f�i�l�l�i�n�g� �t�i�m�e� �t�o� �e�n�s�u�r�e� �t�h�a�t� �p�a�r�t� �o�f� �t�h�e� �c�a�s�t� �i�s� �n�o�t� 

�s�o�l�i�d�i�f�i�e�d� �b�e�f�o�r�e� �f�i�l�l�i�n�g� �i�s� �c�o�m�p�l�e�t�e�.� 

�L�i�q�u�i�d� �m�e�t�a�l� �f�l�o�w� �i�n� �t�h�e� �m�o�l�d� �i�s� �a� �c�o�m�p�l�i�c�a�t�e�d� �p�r�o�c�e�s�s�,� �i�n�v�o�l�v�i�n�g� �m�o�v�i�n�g� �l�i�q�u�i�d�-� 

�a�i�r� �i�n�t�e�r�f�a�c�e�,� �h�e�a�t� �t�r�a�n�s�f�e�r� �b�e�t�w�e�e�n� �l�i�q�u�i�d� �m�e�t�a�l�,� �a�i�r� �i�n� �t�h�e� �m�o�l�d� �a�n�d� �t�h�e� �m�o�l�d� �i�t�s�e�l�f�.� 

�T�h�e� �l�i�q�u�i�d� �m�e�t�a�l� �f�l�o�w� �d�u�r�i�n�g� �f�i�l�l�i�n�g� �i�s� �o�f�t�e�n� �t�u�r�b�u�l�e�n�t�.� �D�u�e� �t�o� �t�h�e�s�e� �c�o�m�p�l�e�x�i�t�i�e�s�,� 

�a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�s� �o�f� �m�o�l�d� �f�i�l�l�i�n�g� �p�r�o�c�e�s�s� �a�r�e� �n�o�t� �p�o�s�s�i�b�l�e�.� �N�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �o�f� 

�d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �m�o�v�i�n�g� �l�i�q�u�i�d� �f�r�o�n�t� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �p�s�e�u�d�o�- ��c�o�n�c�e�n�t�r�a�t�i�o�n� 

�m�e�t�h�o�d� �(�4�5� �-� �4�7�]� �a�n�d� �f�r�a�c�t�i�o�n�a�l� �v�o�l�u�m�e� �o�f� �f�l�u�i�d� �(�V�O�F�)� �m�e�t�h�o�d� �(�4�8�,� �4�9�]�.� 

�W�h�e�n� �u�s�i�n�g� �t�h�e� �p�s�e�u�d�o�-�c�o�n�c�e�n�t�r�a�t�i�o�n� �m�e�t�h�o�d�,� �t�h�e� �r�e�g�i�o�n� �w�h�i�c�h� �i�s� �e�m�p�t�y� �i�s� 

�f�i�l�l�e�d� �w�i�t�h� �a� �f�i�c�t�i�t�i�o�u�s� �m�a�t�e�r�i�a�l� �w�i�t�h� �v�e�r�y� �l�o�w� �v�i�s�c�o�s�i�t�y� �c�o�m�p�a�r�e�d� �t�o� �t�h�a�t� �o�f� �t�h�e� 

�a�c�t�u�a�l� �m�a�t�e�r�i�a�l� �s�u�c�h� �t�h�a�t� �i�t� �d�o�e�s� �n�o�t� �i�n�t�e�r�f�e�r�e� �w�i�t�h� �t�h�e� �f�l�o�w� �o�f� �t�h�e� �r�e�a�l� �m�a�t�e�r�i�a�l�.� 

�T�h�e� �i�n�t�e�r�f�a�c�e� �o�f� �t�h�e� �r�e�a�l� �a�n�d� �f�i�c�t�i�t�i�o�u�s� �m�a�t�e�r�i�a�l� �i�s� �d�e�f�i�n�e�d� �b�y� �p�s�e�u�d�o ��c�o�n�c�e�n�t�r�a�t�i�o�n� 

�(�u�s�u�a�l�l�y� �z�e�r�o�)�.� �T�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �i�s� �t�r�a�n�s�p�o�r�t�e�d� �o�n�l�y� �b�y� �c�o�n�v�e�c�t�i�o�n�.� �T�h�e� �i�n�t�e�r�f�a�c�e� 

�r�e�g�i�o�n� �i�s� �u�p�d�a�t�e�d� �a�f�t�e�r� �e�v�e�r�y� �s�o�l�u�t�i�o�n� �b�y� �u�p�d�a�t�i�n�g� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�.� �T�h�i�s� �m�e�t�h�o�d� 

�w�o�r�k�s� �w�e�l�l� �f�o�r� �l�o�w� �v�e�l�o�c�i�t�y� �f�l�o�w�s� �a�s� �t�h�o�s�e� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �t�h�e�r�m�o�p�l�a�s�t�i�c� �f�o�r�m�i�n�g� 

�p�r�o�c�e�s�s�e�s�.� 

�I�n� �f�r�a�c�t�i�o�n� �v�o�l�u�m�e� �o�f� �f�l�u�i�d� �m�e�t�h�o�d�,� �e�a�c�h� �c�e�l�l� �i�n� �t�h�e� �d�o�m�a�i�n� �c�o�n�t�a�i�n�s� �a� �n�u�m�b�e�r



�1�9� 

�o�f� �m�a�s�s�l�e�s�s� �m�a�r�k�e�r� �p�a�r�t�i�c�l�e�s� �w�h�i�c�h� �m�o�v�e� �a�t� �t�h�e� �l�o�c�a�l� �f�l�u�i�d� �v�e�l�o�c�i�t�y�.� �T�h�e� �m�o�t�i�o�n� �o�f� 

�t�h�e� �f�l�u�i�d� �c�a�n� �b�e� �t�r�a�c�k�e�d� �b�y� �t�h�e�s�e� �m�a�r�k�e�r� �p�a�r�t�i�c�l�e�s� �a�n�d� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �f�r�e�e� �s�u�r�f�a�c�e� 

�c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �o�n�c�e� �t�h�e� �f�l�u�i�d� �v�e�l�o�c�i�t�i�e�s� �a�r�e� �k�n�o�w�n�.� �S�a�l�c�u�d�e�a�n� �a�n�d� �G�u�t�h�r�i�e� �[�5�0�|� 

�u�s�e�d� �t�h�i�s� �m�e�t�h�o�d� �f�o�r� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �l�i�q�u�i�d� �f�l�o�w� �p�a�t�t�e�r�n�s� �d�u�r�i�n�g� �t�h�e� �f�i�l�l�i�n�g� �o�f� �a� 

�c�y�l�i�n�d�r�i�c�a�l� �v�e�s�s�e�l� �f�r�o�m� �t�h�e� �t�o�p� �f�r�e�e� �s�u�r�f�a�c�e�.� �H�w�a�n�g� �a�n�d� �S�t�o�e�h�r� �[�5�1�,� �5�2�]� �a�n�a�l�y�z�e�d� 

�f�i�l�l�i�n�g� �o�f� �r�e�c�t�a�n�g�u�l�a�r� �m�o�l�d� �c�a�v�i�t�i�e�s� �u�s�i�n�g� �t�h�i�s� �m�e�t�h�o�d�.� �T�h�e� �m�e�t�h�o�d� �w�a�s� �e�x�t�e�n�d�e�d� 

�b�y� �D�o�m�a�n�u�s� �e�t� �a�l�.� �(�5�3�]� �t�o� �s�i�m�u�l�a�t�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� �a�n�d� �h�e�a�t� �t�r�a�n�s�f�e�r� �d�u�r�i�n�g� 

�f�i�l�l�i�n�g� �p�r�o�c�e�s�s�e�s�.� �I�n� �t�h�e�i�r� �a�n�a�l�y�s�i�s� �[�5�3�]�,� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �u�s�i�n�g� �t�h�e� 

�f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d�.� �M�i�n�a�i�e� �e�t� �a�l�.� �[�5�4�]� �u�s�e�d� �t�h�e� �V�O�F� �a�p�p�r�o�a�c�h� �t�o� �p�e�r�f�o�r�m� �t�h�e� 

�f�i�l�l�i�n�g� �a�n�a�l�y�s�i�s�,� �a�n�d� �i�n� �o�r�d�e�r� �t�o� �p�r�e�d�i�c�t� �t�h�e� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �p�r�o�c�e�s�s� �m�o�r�e� �a�c�c�u�r�a�t�e�l�y� 

�t�h�e�y� �u�s�e�d� �t�h�e� �r�e�s�i�d�u�a�l� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �f�r�o�m� �t�h�e� �f�i�l�l�i�n�g� �a�n�a�l�y�s�i�s� �a�s� �t�h�e� �i�n�i�t�i�a�l� �v�e�l�o�c�i�t�y� 

�d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �t�h�e� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�n�a�l�y�s�i�s�.� 

�2�.�3� �E�x�t�r�u�s�i�o�n� �a�n�d� �F�o�r�m�i�n�g� �A�n�a�l�y�s�i�s� 

�E�a�r�l�y� �a�t�t�e�m�p�t�s� �t�o� �s�o�l�v�e� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �p�r�o�b�l�e�m�s� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �c�l�a�s�s�i�c�a�l� 

�s�l�i�p� �l�i�n�e� �t�h�e�o�r�y� �{�5�5�]�.� �E�v�e�n� �t�h�o�u�g�h� �t�h�e� �s�l�i�p� �l�i�n�e� �t�h�e�o�r�y� �w�a�s� �e�a�s�y� �t�o� �u�s�e�,� �i�t� �w�a�s� �a�p�-� 

�p�l�i�c�a�b�l�e� �t�o� �o�n�l�y� �s�i�m�p�l�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m�s�.� �T�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �o�f� �m�e�t�a�l�s� �d�u�r�i�n�g� �e�x�t�r�u�s�i�o�n� �a�n�d� �f�o�r�m�i�n�g� 

�u�s�i�n�g� �s�o�l�i�d� �f�o�r�m�u�l�a�t�i�o�n� �w�e�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �1�.� �D�u�r�i�n�g� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �o�f� 

�s�o�l�i�d�s�,� �t�h�e� �t�o�t�a�l� �s�t�r�a�i�n�s� �a�r�e� �s�o� �l�a�r�g�e� �t�h�a�t� �t�h�e� �s�o�l�i�d� �c�a�n� �b�e� �t�r�e�a�t�e�d� �a�s� �a� �n�o�n�-�N�e�w�t�o�n�i�a�n� 

�f�l�u�i�d�.� �T�h�e� �f�l�o�w� �f�o�r�m�u�l�a�t�i�o�n�,� �w�h�i�c�h� �u�s�e�s� �a�n� �E�u�l�e�r�i�a�n� �m�e�s�h�,� �i�s� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �t�h�e� 

�s�o�l�i�d� �f�o�r�m�u�l�a�t�i�o�n�,� �a�n�d� �i�t� �i�s� �e�a�s�y� �t�o� �i�m�p�l�e�m�e�n�t� �a�n�d� �i�s� �c�a�p�a�b�l�e� �o�f� �a�n�a�l�y�z�i�n�g� �a� �w�i�d�e� 

�r�a�n�g�e� �o�f� �f�o�r�m�i�n�g� �p�r�o�c�e�s�s�e�s�.� �G�o�o�n� �e�t� �a�l�.� �[�5�6�]� �w�e�r�e� �t�h�e� �f�i�r�s�t� �t�o� �d�e�v�e�l�o�p� �t�h�e� �f�l�o�w� �f�o�r�m�u�-� 

�l�a�t�i�o�n� �m�e�t�h�o�d� �t�o� �a�n�a�l�y�z�e� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �p�r�o�b�l�e�m�s�.� �Z�i�e�n�k�i�e�w�i�c�z� �a�n�d� �G�o�d�b�o�l�e� 

�[�5�7� �-� �6�0�]� �a�p�p�l�i�e�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �f�o�r� �t�h�e� �f�o�r�m�i�n�g� �a�n�a�l�y�s�i�s� �o�f� �v�i�s�c�o�p�l�a�s�t�i�c� 

�m�a�t�e�r�i�a�l�s� �u�s�i�n�g� �f�l�o�w� �f�o�r�m�u�l�a�t�i�o�n�s�.� �L�e�e� �a�n�d� �K�o�b�a�y�a�s�h�i� �[�6�1�]� �u�s�e�d� �f�l�o�w� �f�o�r�m�u�l�a�t�i�o�n� 

�f�o�r� �n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s� �o�f� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n�.� �A� �d�e�t�a�i�l�e�d� �a�n�a�l�y�s�i�s� �o�f� �b�o�t�h� �s�o�l�i�d� �a�n�d� 

�f�l�o�w� �f�o�r�m�u�l�a�t�i�o�n�s� �a�n�d� �t�h�e�i�r� �a�p�p�l�i�c�a�t�i�o�n�s� �t�o� �d�i�f�f�e�r�e�n�t� �f�o�r�m�i�n�g� �p�r�o�c�e�s�s�e�s� �i�n� �t�w�o ��a�n�d



�2�0� 

�t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�s� �i�s� �g�i�v�e�n� �i�n� �a� �r�e�c�e�n�t� �b�o�o�k� �b�y� �K�o�b�a�y�a�s�h�i�,� �O�h� �a�n�d� �A�l�t�a�n� �[�1�]�.� �M�e�t�h�-� 

�o�d�s� �t�o� �i�n�c�l�u�d�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �f�r�i�c�t�i�o�n�,� �f�r�e�e� �s�u�r�f�a�c�e�,� �s�t�r�a�i�n� �h�a�r�d�e�n�i�n�g�,� �a�n�d� �t�h�e�r�m�a�l� 

�c�o�u�p�l�i�n�g� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �e�f�f�e�c�t� �o�f� �h�e�a�t� �g�e�n�e�r�a�t�i�o�n� �a�r�e� �p�r�e�s�e�n�t�e�d� �b�y� �Z�i�e�n�k�i�e�w�i�c�z� �e�t� 

�a�l�.� �[�6�2�,� �6�3�)�.� 

�E�v�e�n� �t�h�o�u�g�h� �t�h�e� �f�l�o�w� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �a�n� �e�l�e�g�a�n�t� �a�n�d� �e�f�f�i�c�i�e�n�t� �a�p�p�r�o�a�c�h�,� �i�t�s� �a�p�p�l�i�-� 

�c�a�t�i�o�n� �t�o� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m�s� �h�a�s� �b�e�e�n� �l�i�m�i�t�e�d�.� �M�a�n�y� �o�f� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n�s� 

�h�a�v�e� �b�e�e�n� �t�o�w�a�r�d�s� �s�o�l�u�t�i�o�n� �o�f� �s�i�m�p�l�e� �p�r�o�b�l�e�m�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e�r�e� �i�s� �n�o� �w�o�r�k� �r�e�-� 

�p�o�r�t�e�d� �i�n� �t�h�e� �o�p�e�n� �l�i�t�e�r�a�t�u�r�e� �o�n� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �e�x�t�r�u�s�i�o�n� �o�f� �b�i�m�e�t�a�l� �r�o�d�s�.� 

�T�h�i�s� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �p�r�o�c�e�s�s� �i�n� �w�i�r�e� �d�r�a�w�i�n�g� �i�n�d�u�s�t�r�y�,� �t�h�r�o�u�g�h� �w�h�i�c�h� �p�r�o�c�e�s�s� �t�h�e� 

�c�o�r�e� �(�i�n�n�e�r� �w�i�r�e�)� �c�a�n� �b�e� �m�a�d�e� �c�o�r�r�o�s�i�o�n� �r�e�s�i�s�t�a�n�t�.� �T�h�e� �m�a�i�n� �g�o�a�l� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� 

�a�n�a�l�y�s�i�s� �o�f� �e�x�t�r�u�s�i�o�n� �o�f� �b�i�m�e�t�a�l� �r�o�d�s� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �p�r�o�p�e�r� �o�p�e�r�a�t�i�n�g� �c�o�n�d�i�t�i�o�n�s� �s�o� 

�t�h�a�t� �t�h�e� �f�i�n�a�l� �p�r�o�d�u�c�t� �i�s� �f�r�e�e� �o�f� �c�o�r�e� �a�n�d�/�o�r� �s�l�e�e�v�e� �f�r�a�c�t�u�r�e�.� 

�2�.�4� �S�o�l�u�t�i�o�n� �M�e�t�h�o�d�s� 

�T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �o�f� �c�o�m�p�l�e�x� �f�l�o�w� �p�r�o�b�l�e�m�s� �o�f� �p�r�a�c�t�i�c�a�l� �i�n�t�e�r�e�s�t� �l�e�a�d�s� 

�t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �a� �l�a�r�g�e� �s�y�s�t�e�m� �o�f� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s�.� �T�h�e�s�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� 

�c�a�n� �b�e� �s�o�l�v�e�d� �e�i�t�h�e�r� �b�y� �u�s�i�n�g� �d�i�r�e�c�t� �e�l�i�m�i�n�a�t�i�o�n� �m�e�t�h�o�d�s� �o�r� �b�y� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s�.� 

�S�o�l�u�t�i�o�n� �o�f� �e�q�u�a�t�i�o�n�s� �i�s� �t�h�e� �m�o�s�t� �t�i�m�e�-�c�o�n�s�u�m�i�n�g� �p�a�r�t� �o�f� �a� �n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s� �a�n�d� 

�a�c�c�o�u�n�t�s� �f�o�r� �a�b�o�u�t� �8�0�%� �o�f� �t�h�e� �C�P�U� �t�i�m�e� �a�n�d� �s�t�o�r�a�g�e�.� �D�i�r�e�c�t� �s�o�l�v�e�r�s� �a�r�e� �m�o�s�t� 

�c�o�m�m�o�n�l�y� �u�s�e�d� �t�o� �s�o�l�v�e� �s�y�s�t�e�m�s� �o�f� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s�.� �D�i�r�e�c�t� �s�o�l�v�e�r�s� �r�e�l�y� �o�n� 

�t�h�e� �e�l�i�m�i�n�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�,� �s�u�c�h� �a�s� �G�a�u�s�s�,� �a�n�d� �p�r�o�v�i�d�e� �t�h�e� �s�o�l�u�t�i�o�n� �a�f�t�e�r� �a� �f�i�x�e�d� 

�n�u�m�b�e�r� �o�f� �s�t�e�p�s� �a�n�d� �a�r�e� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �c�o�n�d�i�t�i�o�n�i�n�g� �o�f� �t�h�e� �m�a�t�r�i�x�.� �H�o�w�e�v�e�r�,� 

�t�h�e� �m�a�i�n� �d�i�f�f�i�c�i�e�n�c�i�e�s� �o�f� �t�h�e�s�e� �s�o�l�v�e�r�s� �b�e�c�o�m�e� �c�l�e�a�r� �w�h�e�n� �u�s�e�d� �t�o� �s�o�l�v�e� �l�a�r�g�e� �s�y�s�t�e�m� 

�o�f� �e�q�u�a�t�i�o�n�s� �a�s� �t�h�e�y� �r�e�q�u�i�r�e� �t�h�e� �m�a�t�r�i�x� �t�o� �b�e� �s�t�o�r�e�d� �i�n� �a�n� �o�r�d�e�r�e�d� �f�o�r�m�a�t�.� �T�h�i�s� 

�r�e�s�u�l�t�s� �i�n� �p�r�o�h�i�b�i�t�i�v�e�l�y� �e�x�c�e�s�s�i�v�e� �s�t�o�r�a�g�e� �a�n�d� �c�u�m�b�e�r�s�o�m�e� �b�o�o�k�-�k�e�e�p�i�n�g�.� �A�l�s�o� �t�h�e� 

�e�l�i�m�i�n�a�t�i�o�n� �m�e�t�h�o�d�s� �a�r�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �i�n�t�e�n�s�i�v�e� �h�e�n�c�e� �r�e�q�u�i�r�e� �e�n�o�r�m�o�u�s� �a�m�o�u�n�t�s� 

�o�f� �C�P�U� �t�i�m�e�s�.� �T�h�e� �l�i�m�i�t�a�t�i�o�n�s� �o�n� �C�P�U� �t�i�m�e� �a�n�d� �s�t�o�r�a�g�e� �r�e�q�u�i�r�e�m�e�n�t�s� �m�a�k�e� �t�h�e� 

�u�s�e� �o�f� �d�i�r�e�c�t� �s�o�l�v�e�r�s� �i�n�e�f�f�i�c�i�e�n�t� �a�n�d� �i�m�p�r�a�c�t�i�c�a�l� �e�v�e�n� �o�n� �t�h�e� �p�r�e�s�e�n�t� �d�a�y� �h�i�g�h� �s�p�e�e�d



�2�1� 

�a�n�d� �m�e�m�o�r�y� �s�u�p�e�r�c�o�m�p�u�t�e�r�s�.� 

�I�n� �r�e�c�e�n�t� �y�e�a�r�s�,� �t�h�e� �d�i�r�e�c�t� �s�o�l�v�e�r�s� �h�a�v�e� �b�e�e�n� �h�i�g�h�l�y� �r�e�f�i�n�e�d� �t�o� �o�v�e�r�c�o�m�e� �t�h�e�s�e� �d�i�f�-� 

�f�i�c�i�e�n�c�i�e�s� �(�e�g�.�,� �F�r�o�n�t�a�l� �s�o�l�v�e�r�s�,� �S�k�y�l�i�n�e� �s�o�l�v�e�r�s�.�,� �e�t�c�.�,� �s�e�e� �C�a�r�e�y� �[�6�4�]�)�.� �T�h�e�s�e� �i�m�p�r�o�v�e�-� 

�m�e�n�t�s� �e�n�a�b�l�e�d� �t�h�e� �u�s�e�r�s� �t�o� �s�o�l�v�e� �m�o�d�e�r�a�t�e�l�y� �l�a�r�g�e� �s�y�s�t�e�m�s� �o�f� �e�q�u�a�t�i�o�n�s� �e�f�f�i�c�i�e�n�t�l�y� 

�m�a�k�i�n�g� �u�s�e� �o�f� �l�i�m�i�t�e�d� �s�t�o�r�a�g�e� �a�n�d� �p�r�o�c�e�s�s� �t�i�m�e�.� �H�o�w�e�v�e�r�,� �t�h�e�y� �w�e�r�e� �f�o�u�n�d� �t�o� �b�e� 

�u�n�s�u�i�t�a�b�l�e� �f�o�r� �s�o�l�v�i�n�g� �l�a�r�g�e� �c�o�m�p�l�e�x� �p�r�o�b�l�e�m�s� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �e�n�g�i�n�e�e�r�i�n�g� �p�r�a�c�t�i�c�e� 

�b�e�c�a�u�s�e� �t�h�e�y� �d�e�m�a�n�d� �o�u�t�-�o�f�-�c�o�r�e� �s�t�o�r�a�g�e� �o�f� �f�e�w� �e�q�u�a�t�i�o�n�s� �a�n�d� �h�e�n�c�e� �r�e�q�u�i�r�e� �l�a�r�g�e� 

�d�a�t�a� �t�r�a�n�s�f�e�r�.� 

�T�h�e� �d�e�m�a�n�d� �f�o�r� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �c�o�m�p�l�e�x� �p�r�o�b�l�e�m�s� �a�n�d� �t�h�e� �c�o�s�t�  �� �i�n�e�f�-� 

�f�e�c�t�i�v�e�n�e�s�s� �o�f� �t�h�e� �d�i�r�e�c�t� �s�o�l�v�e�r�s� �r�e�v�i�v�e�d� �t�h�e� �i�n�t�e�r�e�s�t� �i�n� �t�h�e� �u�s�e� �a�n�d� �i�m�p�r�o�v�e�m�e�n�t� 

�o�f� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �s�y�s�t�e�m�s� �o�f� �e�q�u�a�t�i�o�n�s�.� �I�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s�,� 

�c�o�n�t�r�a�r�y� �t�o� �t�h�e� �d�i�r�e�c�t� �s�o�l�v�e�r�s�,� �a�r�e� �m�o�s�t� �e�f�f�i�c�i�e�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�t�o�r�a�g�e� �a�n�d� 

�C�P�U� �r�e�q�u�i�r�e�m�e�n�t�s�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �g�l�o�b�a�l� �m�a�t�r�i�x� �f�o�r�m�a�t�i�o�n� �c�a�n� 

�b�e� �a�v�o�i�d�e�d� �a�n�d� �t�h�e� �m�a�j�o�r� �o�p�e�r�a�t�i�o�n� �i�s� �m�a�t�r�i�x�-�v�e�c�t�o�r� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �a�s� �c�o�m�p�a�r�e�d� 

�t�o� �m�a�t�r�i�x� �i�n�v�e�r�s�i�o�n� �o�r� �e�l�i�m�i�n�a�t�i�o�n� �i�n� �d�i�r�e�c�t� �m�e�t�h�o�d�s�.� �A�n�o�t�h�e�r� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� 

�i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s� �i�s� �t�h�a�t� �t�h�e� �o�p�e�r�a�t�i�o�n�s� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �i�n� �p�a�r�a�l�l�e�l� �o�n� �a� �s�e�r�i�e�s� �o�f� 

�p�r�o�c�e�s�s�o�r�s�.� �S�u�c�h� �p�a�r�a�l�l�e�l� �e�f�f�i�c�i�e�n�c�y� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �a�c�h�i�e�v�e� �w�h�e�n� �u�s�i�n�g� �d�i�r�e�c�t� �s�o�l�v�e�r�s�.� 

�I�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s�,� �b�y� �d�e�f�i�n�i�t�i�o�n�,� �s�o�l�v�e� �e�q�u�a�t�i�o�n�s� �a�p�p�r�o�x�i�m�a�t�e�l�y�.� 

�A�m�o�n�g� �t�h�e� �v�a�r�i�o�u�s� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s�,� �C�o�n�j�u�g�a�t�e� �G�r�a�d�i�e�n�t� �(�C�G�)� �m�e�t�h�o�d� �[�6�5�]� 

�i�s� �m�o�s�t� �w�i�d�e�l�y� �u�s�e�d� �b�e�c�a�u�s�e� �i�t� �i�s� �a� �f�i�n�i�t�e� �s�t�e�p� �m�e�t�h�o�d� �(�i�.�e�.�,� �a�p�a�r�t� �f�r�o�m� �r�o�u�n�d�-�o�f�f� 

�e�r�r�o�r�s�,� �s�o�l�u�t�i�o�n� �i�s� �a�c�h�i�e�v�e�d� �i�n� �a� �f�i�x�e�d� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s�)� �a�n�d� �i�t� �c�a�n� �b�e� �u�s�e�d� 

�t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �i�n�v�e�r�s�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �d�e�p�e�n�d�s� 

�o�n� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x�.� �T�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �i�s� �t�h�e� �r�a�t�i�o� �o�f� �l�a�r�g�e�s�t� �t�o� �s�m�a�l�l�e�s�t� �e�i�g�e�n�v�a�l�u�e�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� 

�t�h�e� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t� �m�e�t�h�o�d�,� �a�n�d� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s� �i�n� �g�e�n�e�r�a�l�,� �c�a�n� �b�e� �i�m�p�r�o�v�e�d� 

�b�y� �p�r�e�c�o�n�d�i�t�i�o�n�i�n�g� �a�n�d�/�o�r� �s�c�a�l�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �{�6�6�  �� �6�8�]�.� �J�e�n�n�i�n�g�s� �a�n�d� �M�a�l�i�k� �[�6�9�]� 

�c�o�m�p�a�r�e�d� �a� �s�c�a�l�e�d� �a�n�d� �p�r�e�c�o�n�d�i�t�i�o�n�e�d� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t� �m�e�t�h�o�d� �w�i�t�h� �t�h�e� �G�a�u�s�s�i�a�n� 

�e�l�i�m�i�n�a�t�i�o�n� �a�n�d� �s�u�c�c�e�s�s�i�v�e� �o�v�e�r ��r�e�l�a�x�a�t�i�o�n� �(�S�O�R�)� �m�e�t�h�o�d�s� �f�o�r� �s�o�l�u�t�i�o�n� �o�f� �s�y�s�t�e�m



�2�2� 

�o�f� �e�q�u�a�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�d� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �o�f� 

�s�t�r�u�c�t�u�r�a�l� �a�n�d� �h�e�a�t� �t�r�a�n�s�f�e�r� �p�r�o�b�l�e�m�s�.� �T�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �s�y�m�m�e�t�r�i�c� 

�a�n�d� �t�h�e�i�r� �a�n�a�l�y�s�i�s� �s�h�o�w�e�d� �t�h�a�t� �p�r�e�c�o�n�d�i�t�i�o�n�e�d� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t� �m�e�t�h�o�d� �g�i�v�e�s� 

�m�o�r�e� �e�f�f�i�c�i�e�n�t� �(�i�.� �e�.�,� �a�c�c�u�r�a�t�e� �a�n�d� �l�e�s�s� �e�x�p�e�n�s�i�v�e�)� �r�e�s�u�l�t�s�.� 

�I�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �h�a�v�e� �b�e�e�n� �s�u�c�c�e�s�s�f�u�l�l�y� �u�s�e�d� �i�n� �s�t�r�u�c�t�u�r�a�l� �m�e�c�h�a�n�i�c�s� �p�r�o�b�l�e�m�s�,� 

�w�h�e�r�e� �t�h�e� �g�l�o�b�a�l� �t�a�n�g�e�n�t� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �i�s� �o�f�t�e�n� �s�y�m�m�e�t�r�i�c�.� �T�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �h�a�v�-� 

�i�n�g� �a� �s�y�m�m�e�t�r�i�c� �m�a�t�r�i�x� �i�s� �t�h�a�t� �o�n�l�y� �h�a�l�f� �t�h�e� �m�a�t�r�i�x� �n�e�e�d� �t�o� �b�e� �s�t�o�r�e�d�.� �A�p�a�r�t� �f�r�o�m� 

�t�h�i�s� �t�h�e� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s� �a�r�e� �k�n�o�w�n� �t�o� �w�o�r�k� �w�e�l�l� �f�o�r� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e� �s�y�m�m�e�t�r�i�c� 

�m�a�t�r�i�c�e�s�.� �W�h�e�n� �s�o�l�v�i�n�g� �f�l�u�i�d� �m�e�c�h�a�n�i�c�s� �a�n�d� �r�a�d�i�a�t�i�v�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �p�r�o�b�l�e�m�s�,� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�c�e�s� �a�r�e� �n�o�t� �s�y�m�m�e�t�r�i�c� �d�u�e� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� �I�n� �t�h�e�s�e� �c�a�s�e�s� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �c�a�n� �b�e� �m�a�d�e� �s�y�m�m�e�t�r�i�c� �b�y� �s�y�m�m�e�t�r�i�c� �l�i�n�e�a�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �n�o�n�-� 

�l�i�n�e�a�r� �t�e�r�m�s�.� �W�h�e�n� �u�s�i�n�g� �t�h�i�s� �m�e�t�h�o�d� �f�o�r� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �c�o�n�v�e�c�t�i�v�e� 

�t�e�r�m�s� �a�r�e� �e�i�t�h�e�r� �n�e�g�l�e�c�t�e�d� �[�7�0�]� �o�r� �c�o�m�p�u�t�e�d� �f�r�o�m� �p�r�e�v�i�o�u�s� �i�t�e�r�a�t�i�o�n� �s�o�l�u�t�i�o�n� �a�n�d� 

�a�r�e� �a�d�d�e�d� �t�o� �t�h�e� �f�o�r�c�e� �v�e�c�t�o�r� �[�7�1�]�.� �T�h�i�s� �t�y�p�e� �o�f� �l�i�n�e�a�r�i�z�a�t�i�o�n� �w�o�r�k�s� �w�e�l�l� �f�o�r� �l�o�w� 

�R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �f�l�o�w�s� �b�u�t� �f�a�i�l�s� �t�o� �p�r�o�d�u�c�e� �c�o�n�v�e�r�g�e�d� �s�o�l�u�t�i�o�n�s� �e�v�e�n� �f�o�r� �m�o�d�e�r�-� 

�a�t�e�l�y� �h�i�g�h� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �f�l�o�w�s�.� �A�n�o�t�h�e�r� �a�p�p�r�o�a�c�h� �i�s� �t�o� �d�e�c�o�u�p�l�e� �t�h�e� �m�o�m�e�n�t�u�m� 

�e�q�u�a�t�i�o�n�s� �[�7�2�]� �a�n�d� �[�7�3�]�.� �T�h�i�s� �m�e�t�h�o�d� �e�n�a�b�l�e�s� �s�o�l�u�t�i�o�n� �o�f� �l�a�r�g�e� �p�r�o�b�l�e�m�s� �b�e�c�a�u�s�e� 

�t�h�e� �n�u�m�b�e�r� �o�f� �e�q�u�a�t�i�o�n�s� �s�o�l�v�e�d� �a�t� �a� �t�i�m�e� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �n�u�m�b�e�r� �o�f� �n�o�d�e�s� �i�n� �t�h�e� 

�m�e�s�h�.� �H�o�w�e�v�e�r�,� �t�h�e� �n�o�n�l�i�n�e�a�r� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �v�e�r�y� �s�l�o�w�.� �A�n�g�e�l�e�r�i�,� 

�S�o�n�n�a�d� �a�n�d� �B�a�t�h�e� �[�7�4�]� �u�s�e�d� �p�r�e�c�o�n�d�i�t�i�o�n�e�d� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s� �t�o� �s�o�l�v�e� �t�h�e� �s�y�s�t�e�m� 

�o�f� �e�q�u�a�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �d�e�s�c�r�i�t�i�z�a�t�i�o�n� �o�f� �s�o�l�i�d� �a�n�d� �f�l�u�i�d� �m�e�c�h�a�n�i�c�s� 

�p�r�o�b�l�e�m�s� �a�n�d� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e�r�e� �w�e�r�e� �s�i�g�n�i�f�i�c�a�n�t� �a�d�v�a�n�t�a�g�e�s� �i�n� �u�s�i�n�g� �i�t�e�r�a�t�i�v�e� 

�m�e�t�h�o�d�s� �o�v�e�r� �d�i�r�e�c�t� �s�o�l�v�e�r�s� �f�o�r� �3�-�D� �f�l�u�i�d� �f�l�o�w� �p�r�o�b�l�e�m�s�.� 

�T�h�e� �l�i�m�i�t�a�t�i�o�n�s� �o�n� �s�t�o�r�a�g�e� �c�a�n� �b�e� �o�v�e�r�c�o�m�e�,� �w�i�t�h�o�u�t� �e�i�t�h�e�r� �u�s�i�n�g� �s�y�m�m�e�t�r�i�c� 

�l�i�n�e�a�r�i�z�a�t�i�o�n� �o�r� �d�e�c�o�u�p�l�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s�,� �b�y� �n�o�t� �f�o�r�m�i�n�g� �t�h�e� �g�l�o�b�a�l� �c�o�e�f�f�i�c�i�e�n�t� �m�a�-� 

�t�r�i�x�.� �T�h�i�s� �i�d�e�a� �o�f� �u�s�i�n�g� �t�h�e� �e�l�e�m�e�n�t ��b�y�-�e�l�e�m�e�n�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� 

�m�a�t�r�i�x� �w�a�s� �f�i�r�s�t� �p�o�i�n�t�e�d� �o�u�t� �b�y� �F�o�x� �a�n�d� �S�t�a�n�t�o�n� �|�7�5�|� �a�n�d� �F�r�i�e�d� �[�7�6�  �� �7�8�]�.� �T�h�e� �t�e�r�m� 

�e�l�e�m�e�n�t ��b�y ��e�l�e�m�e�n�t� �r�e�f�e�r�s� �t�o� �a� �p�a�r�t�i�c�u�l�a�r� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �f�o�r� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�e�c�h�-
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�n�i�q�u�e�s� �w�h�e�r�e�i�n� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �s�t�o�r�e�d� �a�n�d� �m�a�i�n�t�a�i�n�e�d� �a�t� �t�h�e� �e�l�e�m�e�n�t� �l�e�v�e�l� �r�a�t�h�e�r� 

�t�h�a�n� �a�s�s�e�m�b�l�e�d� �i�n�t�o� �a� �g�l�o�b�a�l� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �[�7�9�]�.� �T�h�e� �a�d�v�a�n�t�a�g�e�s� �o�f� �t�h�e� �e�l�e�m�e�n�t�- �� 

�b�y�-�e�l�e�m�e�n�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �o�v�e�r� �a�s�s�e�m�b�l�i�n�g� �t�h�e� �g�l�o�b�a�l� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �a�r�e�:� �(�i�)� 

�i�.� �@�.�,� �z�e�r�o�s� �a�r�e� �n�o�t� �s�t�o�r�e�d� �s�o� �t�h�e� �t�o�t�a�l� �s�t�o�r�a�g�e� �a�n�d� �c�o�m�p�u�t�a�t�i�o�n�a�l� �c�o�s�t�s� �a�r�e� �l�o�w�,� 

�(�i�i�)� �t�h�e� �a�m�o�u�n�t� �o�f� �s�t�o�r�a�g�e� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �n�o�d�e� �n�u�m�b�e�r�i�n�g�,� �a�n�d� �m�e�s�h� �t�o�p�o�l�-� 

�o�g�y� �a�n�d� �d�e�p�e�n�d�s� �o�n� �t�h�e� �n�u�m�b�e�r� �a�n�d� �t�y�p�e� �o�f� �e�l�e�m�e�n�t�s� �i�n� �t�h�e� �m�e�s�h�,� �a�n�d� �(�i�i�i�)� �t�h�e� 

�e�l�e�m�e�n�t ��b�y�~�e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m�s� �c�a�n� �b�e� �v�e�c�t�o�r�i�z�e�d� �f�o�r� �e�f�f�i�c�i�e�n�t� �u�s�e� �o�n� �s�u�-� 

�p�e�r�c�o�m�p�u�t�e�r�s�.� �F�u�r�t�h�e�r�,� �t�h�e� �e�l�e�m�e�n�t ��b�y�- ��e�l�e�m�e�n�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �i�s� �n�a�t�u�r�a�l� �f�o�r� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s�.� 

�S�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �a�l�g�o�r�i�t�h�m�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �w�h�i�c�h� �u�s�e� �t�h�e� �e�l�e�m�e�n�t�-�b�y�-� 

�e�l�e�m�e�n�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �a�n�d� �e�a�c�h� �a�l�g�o�r�i�t�h�m� �i�n�c�l�u�d�e�s� �t�h�e� �p�h�r�a�s�e� �e�l�e�m�e�n�t�-�b�y�-�e�l�e�m�e�n�t� 

�i�n� �i�t�s� �n�a�m�e�.� �T�h�e�s�e� �e�l�e�m�e�n�t ��b�y ��e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �s�c�h�e�m�e�s� �a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �d�e�t�a�i�l� �i�n� 

�R�e�f�s�.� �[�7�9�|� �a�n�d� �[�8�0�]�.� �M�a�j�o�r� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �g�i�v�e�n� �b�e�l�o�w�.� 

�H�u�g�h�e�s�,� �L�e�v�i�t�,� �a�n�d� �W�i�n�g�e�t� �[�8�1�]� �w�e�r�e� �f�i�r�s�t� �t�o� �p�r�o�p�o�s�e� �e�l�e�m�e�n�t ��b�y ��e�l�e�m�e�n�t� �s�p�l�i�t�-� 

�t�i�n�g� �a�l�g�o�r�i�t�h�m� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �l�a�r�g�e� �t�r�a�n�s�i�e�n�t� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� �p�r�o�b�l�e�m�s�.� �I�n� �t�h�e� 

�s�a�m�e� �y�e�a�r�,� �O�r�t�i�z�,� �P�i�n�s�k�y� �a�n�d� �T�a�y�l�o�r� �[�8�2�]� �e�x�t�e�n�d�e�d� �t�h�e� �e�l�e�m�e�n�t�-�b�y ��e�l�e�m�e�n�t� �s�p�l�i�t�-� 

�t�i�n�g� �a�l�g�o�r�i�t�h�m� �o�f� �[�8�1�]� �t�o� �s�o�l�v�e� �d�y�n�a�m�i�c� �e�q�u�a�t�i�o�n�s�.� �E�v�e�n� �t�h�o�u�g�h� �t�h�e�s�e� �m�e�t�h�o�d�s� �a�r�e� 

�u�n�c�o�n�d�i�t�i�o�n�a�l�l�y� �s�t�a�b�l�e�,� �t�h�e�y� �l�a�c�k�e�d� �a�c�c�u�r�a�c�y�.� �I�n� �a� �l�a�t�e�r� �w�o�r�k�,� �H�u�g�h�e�s� �e�t�.� �a�l�.�,� �[�8�3� 

�~� �8�5�]� �r�e�f�i�n�e�d� �t�h�e� �e�l�e�m�e�n�t�-�b�y�-�e�l�e�m�e�n�t� �s�c�h�e�m�e� �a�s� �a�n� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r� �t�o� �a�c�h�i�e�v�e� �t�h�e� 

�a�c�c�u�r�a�c�y� �a�n�d� �s�t�a�b�i�l�i�t�y� �o�f� �s�t�a�n�d�a�r�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�l�g�o�r�i�t�h�m�s�.� �C�a�r�e�y� �a�n�d� �J�i�a�n�g� �[�8�6� �-� 

�8�9�]� �u�s�e�d� �e�l�e�m�e�n�t ��b�y ��e�l�e�m�e�n�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �t�o� �i�m�p�l�e�m�e�n�t� �a� �J�a�c�o�b�i� �C�o�n�j�u�g�a�t�e� �G�r�a�-� 

�d�i�e�n�t� �i�t�e�r�a�t�i�o�n� �m�e�t�h�o�d� �s�u�c�c�e�s�f�u�l�l�y�.� �T�h�e�s�e� �m�e�t�h�o�d�s� �a�l�o�n�g� �w�i�t�h� �t�h�o�s�e� �g�i�v�e�n� �i�n� �R�e�f�.� 

�[�7�5�  �� �7�8�]� �u�s�e� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �t�o� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �c�a�n� 

�b�e� �c�a�l�c�u�l�a�t�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �a�s� �d�e�n�s�e� �m�a�t�r�i�c�e�s�.� �I�n� �t�h�i�s� �m�e�t�h�o�d� �t�h�e� �m�a�t�r�i�x ��v�e�c�t�o�r� 

�m�u�l�t�i�p�l�i�c�a�t�i�o�n�s� �a�r�e� �c�a�r�r�i�e�d� �o�u�t� �a�t� �t�h�e� �e�l�e�m�e�n�t� �l�e�v�e�l� �a�n�d� �t�h�e� �a�s�s�e�m�b�l�y� �i�s� �c�a�r�r�i�e�d� �o�u�t� 

�o�n� �t�h�e� �r�e�s�u�l�t�a�n�t� �v�e�c�t�o�r�.� �T�h�i�s� �i�d�e�a� �p�r�o�v�e�s� �t�o� �b�e� �v�e�r�y� �a�t�t�r�a�c�t�i�v�e� �w�h�e�n� �s�o�l�v�i�n�g� �l�a�r�g�e� 

�p�r�o�b�l�e�m�s�,� �b�e�c�a�u�s�e� �t�h�e� �m�a�t�r�i�x ��v�e�c�t�o�r� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �c�a�n� �b�e� �d�o�n�e� �i�n� �p�a�r�a�l�l�e�l� �o�n� �s�e�r�i�e�s� 

�o�f� �p�r�o�c�e�s�s�o�r�s�.� �A�n�o�t�h�e�r� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e� �r�e�s�u�l�t�a�n�t� �s�a�v�i�n�g�s� �i�n
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�s�t�o�r�a�g�e�,� �c�o�m�p�a�r�e�d� �t�o� �d�i�r�e�c�t� �s�o�l�v�e�r�s�,� �a�l�l�o�w�s� �s�o�l�u�t�i�o�n� �o�f� �l�a�r�g�e� �p�r�o�b�l�e�m�s� �o�n� �s�m�a�l�l� �c�o�m�-� 

�p�u�t�e�r�s�.� �A�n�o�t�h�e�r� �e�l�e�m�e�n�t ��b�y ��e�l�e�m�e�n�t� �a�l�g�o�r�i�t�h�m� �w�a�s� �p�r�o�p�o�s�e�d� �b�y� �H�a�y�e�s� �a�n�d� �D�e�v�l�o�o� 

�[�9�0�]�.� �T�h�i�s� �t�e�c�h�n�i�q�u�e� �i�s� �c�a�l�l�e�d� �o�v�e�r�l�a�p�p�i�n�g� �b�l�o�c�k� �t�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�.� �H�e�r�e� �t�h�e� �b�l�o�c�k�s� 

�c�o�r�r�e�s�p�o�n�d� �t�o� �i�n�d�i�v�i�d�u�a�l� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �i�n� �t�h�e� �m�e�s�h�.� �T�h�e� �e�l�e�m�e�n�t�-�s�i�z�e� �b�l�o�c�k�s� �c�o�r�-� 

�r�e�s�p�o�n�d� �t�o� �a�s�s�e�m�b�l�e�d� �c�o�n�t�r�i�b�u�t�i�o�n�s� �t�o� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �a�n�d� �n�o�t� �t�h�e� �o�r�i�g�i�n�a�l� 

�u�n�a�s�s�e�m�b�l�e�d� �e�l�e�m�e�n�t� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �w�h�i�c�h� �m�a�y� �b�e� �s�i�n�g�u�l�a�r�.� �T�h�e�s�e� �b�l�o�c�k�s� �a�r�e� 

�i�n�v�e�r�t�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �s�o�l�u�t�i�o�n� �i�t�e�r�a�t�i�v�e�l�y�.� �I�n� �t�h�i�s� �m�e�t�h�o�d� �t�h�e� �g�l�o�b�a�l� �c�o�e�f�f�i�c�i�e�n�t� 

�m�a�t�r�i�x� �i�s� �n�o�t� �f�o�r�m�e�d� �a�n�d� �t�h�e� �o�v�e�r�l�a�p�p�i�n�g� �b�l�o�c�k�s� �c�a�n� �b�e� �u�s�e�d� �a�s� �t�h�e� �p�r�e�c�o�n�d�i�t�i�o�n�e�r�s� 

�f�o�r� �t�h�e� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t� �a�l�g�o�r�i�t�h�m� �[�9�0�]�.� 

�T�h�e� �e�l�e�m�e�n�t ��b�y�- ��e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m�s� �h�a�v�e� �b�e�e�n� �u�s�e�d� �s�u�c�c�e�s�s�f�u�l�l�y� �i�n� 

�s�o�l�v�i�n�g� �p�r�o�b�l�e�m�s� �i�n� �d�i�f�f�e�r�e�n�t� �a�r�e�a�s� �o�f� �e�n�g�i�n�e�e�r�i�n�g� �m�e�c�h�a�n�i�c�s�.� �H�u�g�h�e�s�,� �e�t�.� �a�l�.�,� 

�[�8�1�,� �8�3� �-� �8�5�]� �s�o�l�v�e�d� �p�r�o�b�l�e�m�s� �i�n� �s�t�r�u�c�t�u�r�a�l� �a�n�d� �s�o�l�i�d� �m�e�c�h�a�n�i�c�s�,� �a�n�d� �c�o�n�d�u�c�t�i�o�n� 

�h�e�a�t� �t�r�a�n�s�f�e�r� �p�r�o�b�l�e�m�s� �u�s�i�n�g� �e�l�e�m�e�n�t�-�b�y�-�e�l�e�m�e�n�t� �s�o�l�v�e�r�.� �O�t�h�e�r� �a�p�p�l�i�c�a�t�i�o�n�s� �i�n�-� 

�c�l�u�d�e� �o�f�f�-�s�h�o�r�e� �e�n�g�i�n�e�e�r�i�n�g� �[�9�1�]�,� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� �[�9�2�]�,� �a�n�d� �s�t�r�u�c�t�u�r�a�l� �m�e�c�h�a�n�i�c�s� �[�9�3� 

 �� �9�6�]�.� �C�a�r�e�y� �e�t�.� �a�l�.�,� �[�8�6�  �� �8�9�,� �9�7�|� �u�s�e�d� �e�l�e�m�e�n�t�-�b�y�-�e�l�e�m�e�n�t� �s�c�h�e�m�e� �w�i�t�h� �p�r�e�c�o�n�d�i�-� 

�t�i�o�n�e�d� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t� �m�e�t�h�o�d� �t�o� �s�o�l�v�e� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�u�i�d� �f�l�o�w� �p�r�o�b�l�e�m�s�.� �I�n� �[�9�7�]� 

�t�h�e� �m�a�t�r�i�x�-�v�e�c�t�o�r� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �d�e�v�e�l�o�p�e�d� �b�y� �H�a�y�e�s� �a�n�d� �D�e�v�l�o�o� �[�9�8�]� 

�i�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �r�e�s�i�d�u�a�l�,� �a�n�d� �i�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �m�a�t�r�i�x�-�v�e�c�t�o�r� �a�l�g�o�r�i�t�h�m� 

�w�i�t�h� �e�l�e�m�e�n�t ��b�y�- ��e�l�e�m�e�n�t� �s�c�h�e�m�e� �i�s� �a�t�t�r�a�c�t�i�v�e� �f�o�r� �b�o�t�h� �v�e�c�t�o�r� �a�n�d� �p�a�r�a�l�l�e�l� �p�r�o�c�e�s�s�-� 

�i�n�g�.� �R�e�c�e�n�t�l�y�,� �S�h�a�k�i�b�,� �H�u�g�h�e�s� �a�n�d� �J�o�h�a�n� �[�9�9�]� �d�e�v�e�l�o�p�e�d� �a� �m�u�l�t�i�-�e�l�e�m�e�n�t� �g�r�o�u�p� 

�d�o�m�a�i�n�- ��d�e�c�o�m�p�o�s�i�t�i�o�n� �a�l�g�o�r�i�t�h�m� �t�o� �s�o�l�v�e� �l�i�n�e�a�r� �n�o�n�-�s�y�m�m�e�t�r�i�c� �e�q�u�a�t�i�o�n� �o�b�t�a�i�n�e�d� 

�f�r�o�m� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �T�h�e�i�r� �i�t�e�r�a�t�i�v�e� �s�t�r�a�t�e�g�y� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �G�e�n�e�r�-� 

�a�l�i�z�e�d� �M�i�n�i�m�u�m� �R�E�S�i�d�u�a�l� �(�G�M�R�E�S�)� �m�e�t�h�o�d� �p�r�o�p�o�s�e�d� �b�y� �S�a�a�d� �a�n�d� �S�c�h�u�l�t�z� �[�1�0�0�]�.� 

�T�e�s�t� �c�a�s�e�s� �f�o�r� �h�i�g�h�-�s�p�e�e�d� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� �m�e�t�h�o�d� �w�a�s� �e�f�f�i�c�i�e�n�t� 

�o�v�e�r� �d�i�r�e�c�t� �m�e�t�h�o�d�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �c�o�m�p�u�t�e�r� �s�p�e�e�d� �a�n�d� �s�t�o�r�a�g�e�.� 

�T�e�z�d�u�y�a�r� �a�n�d� �L�i�o�u� �[�1�0�1� �-� �1�0�4�]� �s�o�l�v�e�d� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�u�i�d� �f�l�o�w� �p�r�o�b�l�e�m�s� �u�s�-� 

�i�n�g� �e�l�e�m�e�n�t ��b�y ��e�l�e�m�e�n�t� �s�o�l�v�e�r�s� �a�n�d� �t�h�e� �s�t�r�e�a�m� �f�u�n�c�t�i�o�n� �a�n�d� �v�o�r�t�i�c�i�t�y� �f�o�r�m�u�l�a�t�i�o�n�.� 

�T�h�e�y� �a�l�s�o� �p�r�o�p�o�s�e�d� �a� �g�r�o�u�p�e�d� �e�l�e�m�e�n�t ��b�y ��e�l�e�m�e�n�t� �s�c�h�e�m�e� �[�1�0�3�]� �w�h�i�c�h� �e�n�a�b�l�e�s� �p�a�r�-



�2�5� 

�a�l�l�e�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �I�n� �a� �m�o�r�e� �r�e�c�e�n�t� �r�e�p�o�r�t� �L�i�o�u� �a�n�d� �T�e�z�d�u�y�a�r� 

�[�1�0�5�]� �p�r�o�p�o�s�e�d� �a� �c�l�u�s�t�e�r�e�d� �e�l�e�m�e�n�t ��b�y ��e�l�e�m�e�n�t� �s�c�h�e�m�e� �a�n�d� �s�o�l�v�e�d� �P�o�i�s�s�o�n� �e�q�u�a�t�i�o�n�.� 

�2�.�5� �C�l�o�s�u�r�e� 

�A� �q�u�i�c�k� �p�e�r�s�u�a�l� �o�f� �a�l�l� �t�h�e� �i�n�v�e�s�t�i�g�a�t�i�o�n�s� �c�i�t�e�d� �a�b�o�v�e� �r�e�v�e�a�l�s� �t�h�a�t�,� �t�h�e�r�e� �i�s� �a� 

�n�e�e�d� �f�o�r� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �o�f� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �p�h�a�s�e� �c�h�a�n�g�e� �p�r�o�b�l�e�m�s� �w�i�t�h� 

�c�o�n�v�e�c�t�i�o�n� �a�n�d� �m�o�l�d� �f�i�l�l�i�n�g� �p�r�o�c�e�s�s�e�s�.� �T�h�e�r�e� �a�r�e� �n�o�t� �m�a�n�y� �s�t�u�d�i�e�s� �r�e�p�o�r�t�e�d� �i�n� 

�t�h�i�s� �a�r�e�a�.� �S�i�m�i�l�a�r�l�y�,� �t�h�e� �r�e�s�e�a�r�c�h� �w�o�r�k� �r�e�p�o�r�t�e�d� �f�o�r� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s� �o�f� 

�e�x�t�r�u�s�i�o�n� �a�n�d� �f�o�r�m�i�n�g� �p�r�o�c�e�s�s�e�s� �i�s� �l�i�m�i�t�e�d� �t�o� �s�i�m�p�l�e� �g�e�o�m�e�t�r�i�e�s� �a�n�d� �m�a�t�h�e�m�a�t�i�c�a�l� 

�m�o�d�e�l�s�,� �a�n�d� �t�h�e�r�e� �i�s� �a� �n�e�e�d� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �p�r�o�p�o�s�e�d� �t�h�e�o�r�i�e�s� �o�n� 

�u�s�i�n�g� �f�l�o�w� �f�o�r�m�u�l�a�t�i�o�n� �a�n�d� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l�i�n�g� �f�o�r� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �p�r�o�c�e�s�s�e�s�.� 

�T�h�i�s� �c�a�n� �b�e� �a�c�h�e�i�v�e�d� �b�y� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �o�f� �t�y�p�i�c�a�l� �f�o�r�m�i�n�g� �p�r�o�c�e�s�s�e�s� �w�h�i�c�h� 

�a�r�e� �f�u�l�l�y� �t�h�r�e�e ��d�i�m�e�n�s�i�o�n�a�l�.� 

�E�v�e�n� �t�h�o�u�g�h� �t�h�e� �e�l�e�m�e�n�t ��b�y�-�e�l�e�m�e�n�t� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �a�t�t�r�a�c�t�i�v�e� �a�n�d� �e�f�f�i�c�i�e�n�t�,� 

�t�h�e�y� �h�a�v�e� �n�o�t� �b�e�e�n� �i�m�p�l�e�m�e�n�t�e�d� �f�o�r� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �c�a�l�c�u�l�a�t�i�o�n�s� �u�s�i�n�g� �p�r�i�m�i�t�i�v�e� 

�v�a�r�i�a�b�l�e�s�,� �e�s�p�e�c�i�a�l�l�y� �t�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �f�o�r�m�u�l�a�t�i�o�n�.� �A� �p�o�s�s�i�b�l�e� �r�e�a�s�o�n� �f�o�r� �n�o�t� 

�u�s�i�n�g� �t�h�e� �e�l�e�m�e�n�t�- ��b�y�-�e�l�e�m�e�n�t� �t�e�c�h�n�i�q�u�e�s� �p�r�e�v�i�o�u�s�l�y� �c�o�u�l�d� �b�e� �t�h�e� �e�l�e�m�e�n�t� �c�o�e�f�f�i�c�i�e�n�t� 

�m�a�t�r�i�c�e�s� �g�e�n�e�r�a�t�e�d� �f�o�r� �f�l�u�i�d� �f�l�o�w� �p�r�o�b�l�e�m�s� �w�h�e�n� �u�s�i�n�g� �m�i�x�e�d� �(�p�r�e�s�s�u�r�e ��v�e�l�o�c�i�t�y�)� 

�f�o�r�m�u�l�a�t�i�o�n� �a�r�e� �n�o�n�-�s�y�m�m�e�t�r�i�c� �a�n�d� �i�n�d�e�f�i�n�i�t�e�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �z�e�r�o� 

�e�n�t�r�i�e�s� �i�n� �t�h�e� �d�i�a�g�o�n�a�l�.� �I�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s� �(�s�u�c�h� �a�s� �C�o�n�j�u�g�a�t�e� �G�r�a�d�i�e�n�t� �m�e�t�h�o�d�s�)� 

�a�r�e� �n�o�t� �s�u�i�t�a�b�l�e� �t�o� �s�o�l�v�e� �i�n�d�e�f�i�n�i�t�e� �m�a�t�r�i�c�e�s� �[�1�0�6�]�.� �I�n� �t�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �m�o�d�e�l�,� 

�t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �i�s� �t�r�e�a�t�e�d� �a�s� �a� �c�o�n�s�t�r�a�i�n�t� �o�n� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �a�n�d� �t�h�e� 

�s�t�r�e�n�g�t�h� �w�i�t�h� �w�h�i�c�h� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �i�s� �e�n�f�o�r�c�e�d� �d�e�p�e�n�d�s� �o�n� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �p�e�n�a�l�t�y� 

�p�a�r�a�m�e�t�e�r� �\� �[�1�0�7�]�.� �F�o�r� �l�a�r�g�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r�s� �1�0�°� �<� � �<� �1�0�! �� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �i�s� 

�e�n�f�o�r�c�e�d� �m�o�r�e� �a�c�c�u�r�a�t�e�l�y�.� �H�o�w�e�v�e�r�,� �b�y� �u�s�i�n�g� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �{�1�0�7� �-� 

�1�1�0�]�,� �p�r�e�s�s�u�r�e� �t�e�r�m�s� �i�n� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �e�x�c�l�u�d�e�d� �a�n�d� �t�h�e� �e�l�e�m�e�n�t� 

�m�a�t�r�i�c�e�s� �s�o� �f�o�r�m�e�d� �a�r�e� �n�o� �l�o�n�g�e�r� �s�i�n�g�u�l�a�r�.� �I�n� �t�h�i�s� �a�p�p�r�o�a�c�h� �o�n�l�y� �v�e�l�o�c�i�t�i�e�s� �a�r�e� 

�t�h�e� �p�r�i�m�a�r�y� �u�n�k�n�o�w�n�s� �a�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �c�a�n� �b�e� �r�e�c�o�v�e�r�e�d� �f�r�o�m� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d



�2�6� 

�i�n� �t�h�e� �p�o�s�t�-�c�o�m�p�u�t�a�t�i�o�n�s�.� �I�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �w�o�r�k� �w�e�l�l� �i�f� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �(�x�)� 

�o�f� �t�h�e� �m�a�t�r�i�x� �i�s� �c�l�o�s�e� �t�o� �u�n�i�t�y�.� �D�u�e� �t�o� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �l�a�r�g�e� �p�e�n�a�l�t�y� �t�e�r�m�s� �i�n� �t�h�e� 

�d�i�a�g�o�n�a�l�,� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �t�h�e� �m�a�t�r�i�c�e�s� �b�e�c�o�m�e�s� �l�a�r�g�e� �a�n�d� �t�h�i�s� �l�e�a�d�s� �t�o� �a� 

�s�l�o�w� �c�o�n�v�e�r�g�e�n�c�e�.� 

�I�n� �t�h�i�s� �s�t�u�d�y�,� �t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �o�f� �u�s�i�n�g� �l�a�r�g�e� �p�e�n�a�l�t�y� �p�a�r�m�e�t�e�r�s� �i�s� �o�v�e�r�c�o�m�e� �b�y� 

�u�s�i�n�g� �a�n� �i�t�e�r�a�t�i�v�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �m�e�t�h�o�d�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �e�l�e�m�e�n�t� �m�a�t�r�i�c�e�s� �a�r�e� 

�s�o�l�v�e�d� �b�y� �e�x�p�l�o�i�t�i�n�g� �t�h�e� �e�l�e�m�e�n�t�-�b�y ��e�l�e�m�e�n�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�m�e�t�h�o�d�.� �C�o�n�j�u�g�a�t�e� �G�r�a�d�i�e�n�t� �(�C�G�)� �m�e�t�h�o�d� �f�o�r� �n�o�n�-�s�y�m�m�e�t�r�i�c� �m�a�t�r�i�c�e�s� �a�n�d� �G�e�n�e�r�-� 

�a�l�i�z�e�d� �M�i�n�i�m�u�m� �R�E�S�i�d�u�a�l� �(�G�M�R�E�S�)� �m�e�t�h�o�d� �a�r�e� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �e�q�u�a�t�i�o�n�s�.� �T�h�e� 

�a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�s� �a�n�d� �t�h�e� �s�a�v�i�n�g�s� �i�n� �C�P�U� �t�i�m�e� �a�n�d� �s�t�o�r�a�g�e� �a�r�e� �d�e�t�e�r�m�i�n�e�d� 

�b�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n�s� �w�i�t�h� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �F�r�o�n�t�a�l� �s�o�l�v�e�r� �{�1�1�1�]�.� �F�i�n�a�l�l�y�,� 

�t�h�e� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m� �d�e�v�e�l�o�p�e�d� �h�e�r�e�i�n� �i�s� �u�s�e�d� �t�o� �a�n�a�l�y�z�e� �f�e�w� �m�o�d�e�l� �p�r�o�b�l�e�m�s� �i�n� 

�c�a�s�t�i�n�g�,� �e�x�t�r�u�s�i�o�n� �a�n�d� �f�o�r�m�i�n�g� �p�r�o�c�e�s�s�e�s�.



�C�h�a�p�t�e�r� �3� 

�G�O�V�E�R�N�I�N�G� �E�Q�U�A�T�I�O�N�S� 

�3�.�1� �E�q�u�a�t�i�o�n�s� �o�f� �M�o�t�i�o�n� 

�M�a�t�e�r�i�a�l� �f�l�o�w�s� �d�u�r�i�n�g� �m�a�n�u�f�a�c�t�u�r�i�n�g� �p�r�o�c�e�s�s�e�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �u�n�s�t�e�a�d�y�,� �n�o�n�-� 

�N�e�w�t�o�n�i�a�n�,� �n�o�n�i�s�o�t�h�e�r�m�a�l� �a�n�d� �t�h�r�e�e ��d�i�m�e�n�s�i�o�n�a�l�.� �I�t� �i�s� �v�e�r�y� �d�i�f�f�i�c�u�l�t� �a�n�d� �t�e�d�i�o�u�s� �t�o� 

�s�o�l�v�e� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �c�a�s�e�.� �W�i�t�h� �t�h�e� �a�d�v�e�n�t� �o�f� �m�o�d�e�r�n� 

�d�a�y� �c�o�m�p�u�t�e�r� �a�n�d� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �s�o�p�h�i�s�t�i�c�a�t�e�d� �n�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e�s�,� �s�o�l�u�t�i�o�n�s� �o�f� 

�s�u�c�h� �p�r�o�b�l�e�m�s� �a�r�e� �w�i�t�h�i�n� �r�e�a�c�h�.� �T�h�e� �l�a�w�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �f�l�o�w� �o�f� �n�o�n�-�N�e�w�t�o�n�i�a�n� 

�f�l�u�i�d�s� �a�r�e� �t�h�e� �b�a�s�i�c� �l�a�w�s� �o�f� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s�,� �l�i�n�e�a�r� �m�o�m�e�n�t�u�m� �a�n�d� �e�n�e�r�g�y�;� 

�h�o�w�e�v�e�r�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �a�r�e� �d�i�f�f�e�r�e�n�t� �f�o�r� �n�o�n�-�N�e�w�t�o�n�i�a�n� �f�l�u�i�d�s�.� �I�n� �m�o�s�t� 

�g�e�n�e�r�a�l� �f�o�r�m�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �r�e�l�a�t�e� �t�h�e� �s�t�r�e�s�s�e�s� �t�o� �t�h�e� �s�t�r�a�i�n� �r�a�t�e� �a�n�d� 

�t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �f�l�u�i�d�.� 

�T�h�e� �f�l�o�w� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �a�n�d� �l�a�m�i�n�a�r�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� 

�t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� �o�f� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �v�i�s�c�o�u�s� �m�a�t�e�r�i�a�l�!� �i�n� �a� �c�o�n�t�r�o�l� 

�v�o�l�u�m�e� �2� �a�r�e� �[�3�7�]�,� 

�V�.�u�=�0� �(�3�.�1�)� 

�D�u� 
 �� �-�V�.� �f�- ��s� �3�.�2� �>�:� �a�+�p� �(�3�.�2�)� 

�D�T� 

�I�n� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s�,� �u� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r�,� �p� �t�h�e� �d�e�n�s�i�t�y�,� �f� �t�h�e� �b�o�d�y� 

�f�o�r�c�e� �v�e�c�t�o�r� �p�e�r� �u�n�i�t� �m�a�s�s�,� �o� �t�h�e� �s�t�r�e�s�s� �t�e�n�s�o�r�.� �T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �f�l�u�i�d� �i�s� 
� � 

�1� �T�h�r�o�u�g�h�o�u�t� �t�h�i�s� �w�o�r�k� �t�h�e� �w�o�r�d� �m�a�t�e�r�i�a�l� �m�e�a�n�s� �f�l�u�i�d�.� 

�2�7



�2�8� 

�d�e�n�o�t�e�d� �b�y� �T�,� �C�p� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�p�e�c�i�f�i�c� �h�e�a�t� �o�f� �t�h�e� �f�l�u�i�d� �a�t� �c�o�n�s�t�a�n�t� �p�r�e�s�s�u�r�e�,� �Q� 

�t�h�e� �r�a�t�e� �o�f� �v�o�l�u�m�e�t�r�i�c� �h�e�a�t� �s�o�u�r�c�e� �a�n�d� �®� �t�h�e� �v�i�s�c�o�u�s� �d�i�s�s�i�p�a�t�i�o�n� �i�n� �t�h�e� �f�l�u�i�d�.� �S� �a�n�d� 

�S�7� �a�r�e� �a�d�d�i�t�i�o�n�a�l� �s�o�u�r�c�e� �t�e�r�m�s� �a�n�d� �w�i�l�l� �b�e� �e�x�p�l�a�i�n�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� 

�T�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �t�o�t�a�l� �s�t�r�e�s�s� �i�s� �g�i�v�e�n� �b�y�,� 

�0�7� �=�  ��P�6�,�;� �+� �T�i�5� �(�3�.�4�)� 

�w�h�e�r�e�,� �P� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�r�e�s�s�u�r�e�.� �T�h�e� �v�i�s�c�o�u�s� �s�t�r�e�s�s� �t�e�n�s�o�r� �1�;� �i�s� 

�g�i�v�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �r�a�t�e�-�o�f ��d�e�f�o�r�m�a�t�i�o�n� �t�e�n�s�o�r� �¥� �b�y�,� 

�T�i� �=� �2�0�9�1�;� �(�3�.�5�)� 

�r�a�t�e ��o�f ��d�e�f�o�r�m�a�t�i�o�n� �t�e�n�s�o�r�,� �a�n�d� �7� �t�h�e� �s�h�e�a�r� �v�i�s�c�o�s�i�t�y� �o�f� �t�h�e� �f�l�u�i�d�.� �E�q�u�a�t�i�o�n� �(�3�.�4�)� 

�r�e�d�u�c�e�s� �t�o� �t�h�e� �h�y�d�r�o�s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �w�h�e�n� �t�h�e�r�e� �a�r�e� �n�o� �v�e�l�o�c�i�t�y� �g�r�a�d�i�e�n�t�s�.� �T�h�e� �r�a�t�e �� 

�o�f ��d�e�f�o�r�m�a�t�i�o�n� �t�e�n�s�o�r� �i�s� �g�i�v�e�n� �b�y�,� 

�1� �4� �=� �5�|�(�V�-�u�)� �+� �(�V�.�u�)�"�]� �(�3�.�6�)� 

�I�n� �t�h�e� �c�a�s�e� �o�f� �G�e�n�e�r�a�l�i�z�e�d� �N�e�w�t�o�n�i�a�n� �f�l�u�i�d�s�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �v�i�s�c�o�s�i�t�y� �d�e�p�e�n�d�s� �o�n� 

�t�h�e� �r�a�t�e ��o�f�-�d�e�f�o�r�m�a�t�i�o�n� �t�e�n�s�o�r� �a�s� �g�i�v�e�n� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� �T�h�e� �h�e�a�t� �f�l�u�x� �v�e�c�t�o�r� 

�i�s� �g�i�v�e�n� �b�y� �t�h�e� �F�o�u�r�i�e�r� �l�a�w� �o�f� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n�:� 

�O�T� 
�q�i� �=�  ��k�5 �� �(�3�.�7�)� 

�t� 

�w�h�e�r�e�,� �k� �i�s� �t�h�e� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� �o�f� �t�h�e� �f�l�u�i�d�.� �T�h�e� �v�i�s�c�o�u�s� �d�i�s�s�i�p�a�t�i�o�n� �f�u�n�c�t�i�o�n� 

�®� �d�e�p�e�n�d�s� �o�n� �t�h�e� �v�e�l�o�c�i�t�y� �g�r�a�d�i�e�n�t�s� �a�n�d� �i�s� �g�i�v�e�n� �b�y�,� 

�®� �=� �2�4�5�%�;� �(�3�.�8�)� 

�T�h�e� �v�i�s�c�o�u�s� �d�i�s�s�i�p�a�t�i�o�n� �e�n�t�e�r�s� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �a�s� �a� �v�o�l�u�m�e� �s�o�u�r�c�e� �o�f� �t�h�e�r�m�a�l� 

�e�n�e�r�g�y�.� 

�3�.�2� �C�o�n�s�t�i�t�u�t�i�v�e� �E�q�u�a�t�i�o�n�s� 

�A�s� �m�e�n�t�i�o�n�e�d� �e�a�r�l�i�e�r�,� �t�h�e� �s�h�e�a�r� �v�i�s�c�o�s�i�t�y� �7� �d�e�p�e�n�d�s� �o�n� �t�h�e� �r�a�t�e ��o�f ��d�e�f�o�r�m�a�t�i�o�n� 

�t�e�n�s�o�r�.� �F�i�g�u�r�e� �3�.�1� �s�h�o�w�s� �a� �t�y�p�i�c�a�l� �l�o�g ��l�o�g� �p�l�o�t� �o�f� �v�i�s�c�o�s�i�t�y� �a�g�a�i�n�s�t� �s�t�r�a�i�n� �r�a�t�e� �o�f



�l�o
�g�

(�n
�)� 

� � 

�2�9� 

� � 

�l�o�g�(�I�2�)� 

�F�i�g�u�r�e� �3�-�1�:� �V�a�r�i�a�t�i�o�n� �o�f� �v�i�s�c�o�s�i�t�y� �w�i�t�h� �s�t�r�a�i�n� �r�a�t�e�.



�3�0� 

�p�o�l�y�m�e�r�i�c� �f�l�u�i�d�s�.� �A�t� �l�o�w� �s�h�e�a�r� �r�a�t�e�s�,� �s�h�e�a�r� �s�t�r�e�s�s� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �s�h�e�a�r� �r�a�t�e� 

�a�n�d� �t�h�e� �v�i�s�c�o�s�i�t�y� �a�p�p�r�o�a�c�h�e�s� �a� �c�o�n�s�t�a�n�t� �v�a�l�u�e�,� �t�h�e� �z�e�r�o� �s�h�e�a�r� �r�a�t�e� �v�i�s�c�o�s�i�t�y�.� �A�t� 

�h�i�g�h�e�r� �s�h�e�a�r� �r�a�t�e�s�,� �t�h�e� �v�i�s�c�o�s�i�t�y� �d�e�c�r�e�a�s�e�s� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �s�h�e�a�r� �r�a�t�e�.� �F�o�r� �p�o�l�y�m�e�r�i�c� 

�l�i�q�u�i�d�s�,� �t�h�i�s� �i�s� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �p�r�o�p�e�r�t�y�.� �A�t� �h�i�g�h�e�r� �s�h�e�a�r� �r�a�t�e�s�,� �t�h�e� �v�i�s�c�o�s�i�t�y� 

�v�s�.� �s�h�e�a�r� �r�a�t�e� �c�u�r�v�e�,� �o�n� �l�o�g�-�l�o�g� �p�l�o�t�,� �e�x�h�i�b�i�t�s� �a� �p�r�o�n�o�u�n�c�e�d� �l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �k�n�o�w�n� 

�a�s� �p�o�w�e�r�  �� �l�a�w� �r�e�g�i�o�n�.� �T�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �v�i�s�c�o�s�i�t�y� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�e�m�p�e�r�i�c�a�l� �r�e�l�a�t�i�o�n�:� 
�n�~�1� 

�n� �=� �n�o�(�I�2�)� �7� �(�3�.�9�)� 

�N�o� �a�n�d� �n� �a�r�e� �k�n�o�w�n� �a�s� �t�h�e� �c�o�n�s�i�s�t�e�n�c�y� �f�a�c�t�o�r� �a�n�d� �p�o�w�e�r�-�l�a�w� �t�n�d�e�z�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�I�z� �i�s� �t�h�e� �s�e�c�o�n�d� �i�n�v�a�r�i�a�n�t� �o�f� �t�h�e� �r�a�t�e�-�o�f� �d�e�f�o�r�m�a�t�i�o�n� �t�e�n�s�o�r�:� �[�2� �=� �5� �(�V�i�j� �V�i�s�)� �.� �T�h�e� 

�p�o�w�e�r�-�l�a�w� �i�n�d�e�x� �s�i�g�n�i�f�i�e�s� �t�h�e� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �f�l�u�i�d� �f�r�o�m� �N�e�w�t�o�n�i�a�n� �n�a�t�u�r�e�.� �I�f� 

�n� �<�1�,� �t�h�e� �f�l�u�i�d� �i�s� �s�a�i�d� �t�o� �b�e� �s�h�e�a�r� �t�h�i�n�n�i�n�g� �o�r� �p�s�u�e�d�o�p�l�a�s�t�i�c�.� �I�f� �n� �>� �1� �,� �t�h�e� �f�l�u�i�d� �i�s� 

�s�a�i�d� �t�o� �b�e� �s�h�e�a�r� �t�h�i�c�k�e�n�i�n�g� �o�r� �d�i�l�a�t�a�n�t�.� �F�o�r� �n� �=� �1� �,� �e�q�u�a�t�i�o�n� �(�3�.�9�)� �r�e�d�u�c�e�s� �t�o� �s�h�e�a�r� 

�r�a�t�e� �i�n�d�e�p�e�n�d�e�n�t� �N�e�w�t�o�n�i�a�n� �b�e�h�a�v�i�o�r�.� �O�t�h�e�r� �r�e�a�l�t�i�o�n�s� �m�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d� �a�r�e� 

�C�a�r�r�e�a�u� �m�o�d�e�,� �C�r�o�s�s� �m�o�d�e�l�,� �p�o�l�y�n�o�l�i�a�l� �m�o�d�e�l�s� �(�s�e�e� �R�e�f�.� �[�1�1�2�]� �f�o�r� �d�e�t�a�i�l�s� �o�f� �t�h�e�s�e� 

�a�n�d� �o�t�h�e�r� �m�o�d�e�l�s�)�.� �I�n� �t�h�i�s� �a�n�a�l�y�s�i�s� �t�h�e� �p�o�w�e�r�-�l�a�w� �m�o�d�e�l� �i�s� �i�m�p�l�e�m�e�n�t�e�d� �b�e�c�a�u�s�e� 

�o�f� �i�t�s� �s�i�m�p�l�i�c�i�t�y� �a�n�d� �e�a�s�e� �o�f� �p�r�o�g�r�a�m�i�n�g�.� 

�V�i�s�c�o�s�i�t�y� �o�f� �p�o�l�y�m�e�r�i�c� �l�i�q�u�i�d�s� �t�e�n�d�s� �t�o� �d�e�c�r�e�a�s�e� �w�i�t�h� �t�e�m�p�e�r�a�t�u�r�e�.� �S�e�v�e�r�a�l� 

�e�m�p�e�r�i�c�a�l� �f�o�r�m�u�l�a�e� �e�x�i�s�t� �i�n� �l�i�t�e�r�a�t�u�r�e� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �v�i�s�c�o�s�i�t�y� �w�i�t�h� 

�t�e�m�p�e�r�a�t�u�r�e�,� �b�u�t� �n�o� �s�a�t�i�s�f�a�c�t�o�r�y� �o�n�e� �e�x�i�s�t�s�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�e�m�p�e�r�i�c�a�l� �r�e�l�a�t�i�o�n�s� �[�1�1�2�]� �a�r�e� �u�s�e�d�.� 

�n�o� �=� �f�e�t� �T�-�T�o�)� �(�3�.�1�0�)� 

�n� �=� �n�e� �(�T�-�T�o�)� �(�3�.�1�1�)� 

�w�h�e�r�e� �T�o� �i�s� �t�h�e� �r�e�f�e�r�e�n�c�e� �t�e�m�p�e�r�a�t�u�r�e�,� �7� �a�n�d� �n� �a�r�e� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �p�o�w�e�r�-�l�a�w� 

�p�a�r�a�m�e�t�e�r�s� �a�t� �t�e�m�p�e�r�a�t�u�r�e� �T�o�,� �a�n�d� �6� �a�n�d� �c� �a�r�e� �t�h�e� �r�e�c�i�p�r�o�c�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �t�e�m�p�e�r�-� 

�a�t�u�r�e� �d�i�f�f�e�r�e�n�c�e�s� �a�n�d� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �f�o�r� �e�a�c�h� �f�l�u�i�d� �f�r�o�m� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� �O�f�t�e�n� 

�c� �i�s� �f�o�u�n�d� �t�o� �b�e� �s�m�a�l�l�;� �h�e�n�c�e� �n� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a� �c�o�n�s�t�a�n�t�.� �E�q�u�a�t�i�o�n�s� �(�3�.�9�)� �a�n�d



�3�1� 

�(�3�.�1�0�)� �c�a�n� �b�e� �c�o�m�b�i�n�e�d� �t�o� �g�i�v�e�,� 

�n ��1� 

�n� �=� �h�e� �(�P�-�T�o�)� �(�p�F� �(�3�.�1�2�)� 

�F�o�r� �v�i�s�c�o�-�p�l�a�s�t�i�c� �m�a�t�e�r�i�a�l�s�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �e�x�p�r�e�s�s�e�d� �b�y� �[�6�3�]� 

�2�6� 
�O�i� �=� �3�B� �(�3�.�1�3�)� 

�w�h�e�r�e� �@� �i�s� �t�h�e� �f�l�o�w� �s�t�r�e�s�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�,� �w�h�i�c�h� �i�s� �i�n� �g�e�r�n�r�a�l� �a� �f�u�n�c�t�i�o�n� �o�f� �s�t�r�a�i�n� 

�a�n�d� �s�t�r�a�i�n�-�r�a�t�e� �f�o�r� �a� �g�i�v�e�n� �t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� 

�2� �1�/�2� 

�é�=� �F�o�r�e�s�)� �(�3�.�1�4�)� 

�i�s� �t�h�e� �e�f�f�e�c�t�i�v�e� �s�t�r�a�i�n�-�r�a�t�e�.� �F�r�o�m� �E�q�u�a�t�i�o�n�s� �(�3�.�5�)� �a�n�d� �(�3�.�1�3�)� �w�e� �o�b�t�a�i�n�,� 

�_� �2� �3�.�1�5� �n�=� �3�,� �(�3�.�1�5�)� 

�3�.�3� �S�o�u�r�c�e� �T�e�r�m�s� 

�P�h�y�s�i�c�a�l� �e�x�p�l�a�n�a�t�i�o�n� �o�f� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �i�n� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �c�o�m�e�s� �f�o�r� 

�t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s� �f�o�r� �m�u�l�t�i�p�h�a�s�e� �s�y�s�t�e�m�s� �f�r�o�m� �t�h�e� �c�o�n�t�i�n�-� 

�u�u�m� �p�r�i�n�c�i�p�l�e�s�.� �T�h�e� �s�o�u�r�c�e� �t�e�r�m� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �p�h�a�s�e� �i�n�t�e�r�a�c�t�i�o�n� �f�o�r�c�e� �[�3�8�]�.� �F�o�r� 

�a� �w�i�d�e� �r�a�n�g�e� �o�f� �s�o�l�i�d�-�l�i�q�u�i�d� �p�h�a�s�e� �c�h�a�n�g�e� �s�y�s�t�e�m�s�,� �t�h�e� �i�n�t�e�r�f�a�c�e� �r�e�g�i�o�n� �i�s� �c�h�a�r�a�c�-� 

�t�e�r�i�z�e�d� �b�y� �a� �f�i�n�e� �p�e�r�m�e�a�b�l�e� �s�o�l�i�d� �m�a�t�r�i�x�.� �F�o�r� �s�u�c�h� �s�y�s�t�e�m�s�,� �f�l�o�w� �i�n�s�i�d�e� �t�h�e� �m�u�s�h�y� 

�r�e�g�i�o�n� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �f�l�o�w� �t�h�r�o�u�g�h� �p�o�r�o�u�s� �m�e�d�i�a�.� �A�c�c�o�r�d�i�n�g� �t�o� �D ��A�r�c�y ��s� �l�a�w�,� 

�w�h�i�c�h� �g�o�v�e�r�n�s� �t�h�e� �f�l�o�w� �t�h�r�o�u�g�h� �p�o�r�o�u�s� �m�e�d�i�a�,� �t�h�e� �p�h�a�s�e� �i�n�t�e�r�a�c�t�i�o�n� �f�o�r�c�e�s� �a�r�e� �p�r�o�-� 

�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �l�i�q�u�i�d� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �p�o�r�o�u�s� �m�e�d�i�a�.� �A�c�c�o�r�d�i�n�g�l�y�,� 

�t�h�e� �z�-�c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �i�s�:� 

�u�b� 
�S�.� �=� �K�k�, �� �(�3�.�1�6�)� 

�w�h�e�r�e� �y�u� �d�e�n�o�t�e�s� �m�o�l�e�c�u�l�a�r� �v�i�s�c�o�s�i�t�y� �o�f� �t�h�e� �l�i�q�u�i�d�,� �K�,� �i�s� �t�h�e� �c�o�m�p�o�n�e�n�t� �o�f� �a�n�i�s�o�t�r�o�p�i�c� 

�p�e�r�m�e�a�b�i�l�i�t�y� �w�h�i�c�h� �i�n�f�l�u�e�n�c�e�s� �z�-�d�i�r�e�c�t�i�o�n� �m�o�m�e�n�t�u�m� �t�r�a�n�s�p�o�r�t�.� �u�,� �=� �u�  �� �u�,� �r�e�p�r�e�-� 

�s�e�n�t�s� �r�e�l�a�t�i�v�e� �p�h�a�s�e� �v�e�l�o�c�i�t�y�.� �F�o�r� �s�t�a�t�i�c� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m�s� �u�,� �=� �0�.� �I�n� �t�h�e� �c�a�s�e



�3�2� 

�o�f� �c�o�n�t�i�n�u�o�u�s� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m�s� �s�u�c�h� �a�s� �c�o�n�t�i�n�u�o�u�s� �c�a�s�t�i�n�g�,� �u�s� �i�s� �e�q�u�a�l� �t�o� �c�a�s�t� 

�s�p�e�e�d� �s�i�n�c�e� �t�h�e� �m�o�t�i�o�n� �i�s� �d�u�e� �t�o� �f�r�e�e� �b�o�d�y� �t�r�a�n�s�l�a�t�i�o�n�.� 

�T�h�e� �s�o�u�r�c�e� �t�e�r�m� �i�n� �t�h�e� �e�r�e�r�g�y� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �w�r�i�t�i�n�g� �t�h�e� �t�o�t�a�l� 

�e�n�t�h�a�l�p�y� �i�n� �t�e�r�m�s� �o�f� �s�e�n�s�i�b�l�e� �(�9�C�p�T�)� �a�n�d� �l�a�t�e�n�t� �e�n�t�h�a�l�p�i�e�s� �(�A�H�)�.� �T�h�i�s� �i�s� �g�i�v�e�n� 

�i�n� �E�q�u�a�t�i�o�n�s� �(�2�.�5�)� �a�n�d� �(�2�.�6�)� �f�o�r� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� �p�r�o�b�l�e�m�s�.� �W�h�e�n� �c�o�n�v�e�c�t�i�o�n� �i�s� 

�i�n�c�l�u�d�e�d� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �S�p� �b�e�c�o�m�e�s� �[�3�7�]�:� 

�a�o�A�H� �S�p� �=� �5� �+� �V�.�(�p�u�A�H�)� �(�3�.�1�7�)� � � 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �s�o�u�r�c�e� �t�e�r�m� �S� �i�n� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �i�s� �n�o�t� �o�n�l�y� �t�o� �e�n�f�o�r�c�e� 

�z�e�r�o�-�s�l�i�p� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �a�t� �t�h�e� �s�o�l�i�d ��l�i�q�u�i�d� �i�n�t�e�r�f�a�c�e� �b�u�t� �a�l�s�o� �m�a�k�e� �t�h�e� �f�l�o�w� 

�i�n� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n� �o�b�e�y� �t�h�e� �D ��A�r�c�y ��s� �l�a�w�.� �I�n� �o�r�d�e�r� �t�o� �s�a�t�i�s�f�y� �t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s�,� 

�t�h�e� �p�e�r�m�e�a�b�i�l�i�t�y� �t�e�r�m� �s�h�o�u�l�d� �b�e� �d�e�f�i�n�e�d� �s�u�c�h� �t�h�a�t� �t�h�e� �v�e�l�o�c�i�t�y� �i�n� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n� 

�g�r�a�d�u�a�l�l�y� �d�e�c�r�e�a�s�e�s� �a�n�d� �r�e�a�c�h�e�s� �c�l�o�s�e� �t�o� �z�e�r�o� �i�n� �t�h�e� �r�e�g�i�o�n� �w�h�e�r�e� �t�e�m�p�e�r�a�t�u�r�e� �h�a�s� 

�f�a�l�l�e�n� �b�e�l�o�w� �s�o�l�i�d�u�s� �v�a�l�u�e�.� �T�h�i�s� �i�s� �a�c�h�e�i�v�e�d� �b�y� �d�e�f�i�n�i�n�g� �t�h�e� �p�e�r�m�e�a�b�i�l�i�t�y� �i�n� �t�e�r�m�s� �o�f� 

�l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �f�;�.� �T�h�e� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �f�;� �d�e�p�e�n�d�s� �o�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �l�i�q�u�i�d� 

�a�n�d� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�.� �M�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �f�;� 

�a�n�d� �p�e�r�m�e�a�b�i�l�i�t�y� �K� �a�r�e� �g�i�v�e�n� �b�e�l�o�w�.� 

�3�.�4� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �L�i�q�u�i�d� �F�r�a�c�t�i�o�n� 

�L�i�q�u�i�d� �f�r�a�c�t�i�o�n� �f�;� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �v�o�l�u�m�e� �o�f� �i�n�t�e�r�d�e�n�d�r�i�t�i�c� �l�i�q�u�i�d� �a�t� �g�i�v�e�n� 

�t�e�m�p�e�r�a�t�u�r�e�.� �W�h�e�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �a�l�l�o�y� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �l�i�q�u�i�d�u�s� 

�t�e�m�p�e�r�a�t�u�r�e� �T�,�;�,� �t�h�e�n� �f�;� �=� �1� �F�o�r� �t�e�m�p�e�r�a�t�u�r�e�s� �l�e�s�s� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �s�o�l�i�d�o�u�s� 

�t�e�m�p�e�r�a�t�u�r�e� �(�T� �<� �T�,�)�,� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �i�s� �e�q�u�a�l� �t�o� �z�e�r�o� �(�f�;� �=� �0�)� �T�h�e� �f�u�n�c�t�i�o�n�a�l� 

�d�e�p�e�n�d�e�n�c�e� �o�f� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �f�;� �w�i�t�h� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �g�i�v�e�n� �m�a�n�y� �d�i�f�f�e�r�e�n�t� �w�a�y�s� �[�2�8�]�.� 

�H�o�w�e�v�e�r�,� �t�h�r�e�e� �m�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d� �e�q�u�a�t�i�o�n�s� �i�n� �r�e�s�e�a�r�c�h� �a�r�e� �(�i�)� �L�i�n�e�a�r� �r�u�l�e�,� �(�i�i�)� 

�L�e�v�e�r� �r�u�l�e�,� �a�n�d� �(�i�i�i�)� �S�c�h�e�i�l� �r�u�l�e�.� 

�3�.�4�.�1� �L�i�n�e�a�r� �R�u�l�e� 

�T�h�i�s� �i�s� �a� �v�e�r�y� �s�i�m�p�l�e� �r�e�l�a�t�i�o�n� �a�n�d� �d�e�p�e�n�d�s� �o�n�l�y� �o�f� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e



�3�3� 

�a�l�l�o�y�.� �H�e�r�e� �t�h�e� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �i�s� �a�s�s�u�m�e�d� �t�o� �v�a�r�y� �l�i�n�e�a�r�l�y� �f�r�o�m� �1� �t�o� �O� �a�s� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �m�e�t�a�l� �d�r�o�p�s� �f�r�o�m� �l�i�q�u�i�d�u�s� �t�e�m�p�e�r�a�t�u�r�e� �t�o� �s�o�l�i�d�u�s� �t�e�m�p�e�r�a�t�u�r�e�.� 

�F�o�r� �t�e�m�p�e�r�a�t�u�r�e�s� �g�r�e�a�t�e�r� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �l�i�q�u�i�d�o�u�s� �t�e�m�p�e�r�a�t�u�r�e�,� �t�h�e� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� 

�i�s� �e�q�u�a�l� �t�o� �1� �(�c�o�m�p�l�e�t�e� �l�i�q�u�i�d�)� �a�n�d� �f�o�r� �t�e�m�p�e�r�a�t�u�r�e�s� �l�e�s�s� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �s�o�l�i�d�u�s� 

�t�e�m�p�e�r�a�t�u�r�e�,� �t�h�e� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �i�s� �e�q�u�a�l� �t�o� �0� �(�c�o�m�p�l�e�t�e� �s�o�l�i�d�)� �a�n�d� �f�;� �v�a�r�i�e�s� �(�l�i�n�e�a�r�l�y�)� 

�a�c�c�o�r�d�i�n�g� �t�o� �e�q�u�a�t�i�o�n� �(�3�.�1�9�)� �f�o�r� �i�n�t�e�r�m�e�d�i�a�t�e� �t�e�m�p�e�r�a�t�u�r�e�s�.� 

�T�-�T�;� 
�f�i�=� �T�o�T�,� �(�3�.�1�9�)� 

�3�.�4�.�2� �L�e�v�e�r� �R�u�l�e� 

�H�e�r�e� �t�h�e� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �i�s� �a�s�s�u�m�e�d� �t�o� �d�e�p�e�n�d� �o�n� �t�e�m�p�e�r�t�u�r�e� �a�n�d� �p�a�r�t�i�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t� �(�k�p�)� �o�f� �t�h�e� �a�l�l�o�y�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �p�u�r�e� �m�e�t�a�l�s� �k�p� �=� 

�1� �T�-�T�,�;�,� 

�1 ��k�,�T�-�T�,� 
� � � � �f�i�=�i� �-� �(�3�.�2�0�)� 

�3�.�4�.�3� �S�c�h�e�i�l� �R�u�l�e� 

�T�h�i�s� �r�e�l�a�t�i�o�n� �i�s� �f�r�e�q�u�e�n�t�l�y� �u�s�e�d� �a�s� �i�t� �g�i�v�e�s� �a� �r�e�a�s�o�n�a�b�l�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� 

�r�e�a�l� �s�i�t�u�a�t�i�o�n� �d�u�r�i�n�g� �b�o�t�h� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�n�d� �d�e�n�d�r�i�t�i�c� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� 

�o�f� �s�m�a�l�l� �v�o�l�u�m�e� �e�l�e�m�e�n�t� �i�n� �a� �m�u�s�h�y� �r�e�g�i�o�n� �o�f� �a�n� �a�l�l�o�y�.� 

�1� 
�T ��T�,� �\� �=�n� 

�f�=� �o�e�  ��F� �(�3�.�2�1�)� 
�8� 

�3�.�5� �P�e�r�m�e�a�b�i�l�i�t�y� �C�a�l�c�u�l�a�t�i�o�n� 

�T�h�e�r�e� �i�s� �n�o� �s�t�a�n�d�a�r�d� �r�e�l�a�t�i�o�n�s�h�i�p� �w�h�i�c�h� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� 

�p�e�r�m�e�a�b�i�l�i�t�y� �i�n� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n�.� �S�t�i�l�l� �e�m�p�e�r�i�c�i�s�m� �p�l�a�y�s� �a�n� �i�m�p�o�r�t�a�n�t� �r�o�l�e�.� �M�o�s�t



�3�4� 

�c�o�m�o�m�l�y� �u�s�e�d� �e�m�p�e�r�i�c�a�l� �r�e�l�a�t�i�o�n�s� �u�s�e�d� �f�o�r� �c�a�l�c�u�l�a�t�i�o�n�s� �o�f� �p�e�r�m�e�a�b�i�l�i�t�y� �i�s� �K�o�z�e�n�e�y �� 

�C�a�r�m�a�n� �e�q�u�a�t�i�o�n� �[�1�1�3�]� �w�h�i�c�h� �d�e�p�e�n�d�s� �t�h�e� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n�,� 

�K� �=� �K�o� �i�m� �f�i� �5� �(�3�.�2�2�)� 

�w�h�e�r�e� �K�o� �i�s� �t�h�e� �p�e�r�m�e�a�b�i�l�i�t�y� �c�o�e�f�f�i�c�i�e�n�t�.� �A�n�o�t�h�e�r� �e�x�p�r�e�s�s�i�o�n� �w�h�i�c�h� �d�e�p�e�n�d�s� �o�n� �t�h�e� 

�s�o�l�i�d�i�f�i�c�a�t�i�o�n� �t�i�m�e� �t�;� �a�n�d� �d�e�n�d�t�i�t�e� �c�e�l�l� �d�i�a�m�e�t�e�r� �d� �i�s� �g�i�v�e�n� �b�y� �F�l�e�m�i�n�g�s� �[�1�1�4�]�.� 

�f�i�d� 
�~� �1�8�0�(�1�  �� �f�i�)�?� �w�e�)� 

�d�=� �a�t�, �� 

�w�h�e�r�e�,� �n� �i�s� �a� �c�o�n�s�t�a�n�t�,� �n� �~� �1�/�2� �f�o�r� �p�r�i�m�a�r�y� �s�p�a�c�i�n�g�,� �1�/�2� �<� �n� �<� �1�/�3� �f�o�r� �s�e�c�o�n�d�a�r�y� 

�s�p�a�c�i�n�g�,� �a�n�d� �a� �i�s� �a� �c�o�n�s�t�a�n�t�.� 

�3�.�6� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� 

�T�o� �c�o�m�p�l�e�t�e� �t�h�e� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s�,� �e�q�u�a�t�i�o�n�s� �(�3�.�1�-�3�.�3�)� �n�e�e�d� �t�o� �b�e� �c�o�m�b�i�n�e�d� �w�i�t�h� 

�a�n� �a�p�p�r�o�p�r�i�a�t�e� �s�e�t� �o�f� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �L�e�t� �0� �d�e�n�o�t�e� �t�h�e� �d�o�m�a�i�n� �c�o�n�t�a�i�n�i�n�g� 

�t�h�e� �f�l�u�i�d� �a�n�d� �[� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �t�h�e� �d�o�m�a�i�n� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2�.� 

�F�o�r� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �(�e�s�s�e�n�t�i�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�)� �o�r� 

�t�h�e� �t�o�t�a�l� �s�u�r�f�a�c�e� �t�r�a�c�t�i�o�n� �(�n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�)� �m�u�s�t� �b�e� �s�p�e�c�i�f�i�e�d� �a�l�o�n�g� 

�t�h�e� �b�o�u�n�d�a�r�y� �[�.�.� �F�o�r� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n�,� �t�h�e� �p�r�o�b�l�e�m� �r�e�q�u�i�r�e�s� �t�h�a�t� �e�i�t�h�e�r� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �o�r� �h�e�a�t� �f�l�u�x� �b�e� �s�p�e�c�i�f�i�e�d� �a�l�o�n�g� �t�h�e� �b�o�u�n�d�a�r�y�:� 

�u� �=� �u�(�s�)� �o�n� �r�y� 

�o�r� 

�t� �=� �o�(�s�)�.�n�(�s�)� �o�n� �r�y� 

�a�n�d� 

�T� �=� �g�(�s�)� �o�n� �C�r



�3�5� 

� � 

� � � � � � 

�o�u�t�w�a�r�d� �u�n�i�t� �v�e�c�t�o�r� �o�n� �t�h�e� �b�o�u�n�d�a�r�y� �r� �I�
>�

 

�i�t� 

�4
� �i�"� �r�y� �+� �r�o� �=� �P�r� �+� �a�e� 

�F�i�g�u�r�e� �3�-�2�:� �T�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �f�l�u�i�d� �d�o�m�a�i�n� �s�h�o�w�i�n�g� �p�o�r�t�i�o�n�s� �o�f� �b�o�u�n�d�a�r�y�.



�3�6� 

�o�r� 

�q�.�n� �=� �h�(�s�)� �o�n� �T�y� 

�w�h�e�r�e� �(�s�)� �d�e�n�o�t�e�s� �t�h�e� �p�o�s�i�t�i�o�n� �o�n� �[� �a�n�d� �n�(�s�)� �t�h�e� �o�u�t�w�a�r�d� �n�o�r�m�a�l� �v�e�c�t�o�r�.� �I�n� �t�h�e� 

�p�e�n�a�l�t�y� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�,� �t�h�e� �s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �p�r�e�s�s�u�r�e� �d�o�e�s� �n�o�t� �c�o�n�s�t�i�t�u�t�e� �a�n� 

�e�s�s�e�n�t�i�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�.� 

�3�.�7� �T�r�a�n�s�p�o�r�t� �E�q�u�a�t�i�o�n� 

�I�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�e�l�t� �f�r�o�n�t�,� �a�n� �e�x�t�r�a� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n� 

�g�o�v�e�r�n�i�n�g� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �f�l�u�i�d�/�a�i�r� �i�n�t�e�r�f�a�c�e� �h�a�s� �t�o� �b�e� �s�o�l�v�e�d�.� �T�h�e� �m�e�t�h�o�d� �u�s�e�d� 

�h�e�r�e� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �p�s�e�u�o ��c�o�n�c�e�n�t�r�a�t�i�o�n� �m�e�t�h�o�d� �[�4�5�]�.� �T�h�e� �f�i�l�l�e�d�,� �e�m�p�t�y� �r�e�g�i�o�n�s� 

�a�n�d� �t�h�e� �i�n�t�e�r�f�a�c�e� �l�o�c�a�t�i�o�n� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �i�n�t�o�d�u�c�i�n�g� �a� �v�a�r�i�a�b�l�e� �F� �(�p�s�e�u�d�o�-� 

�c�o�n�c�e�n�t�r�a�t�i�o�n�)�.� �A�n� �e�l�e�m�e�n�t� �i�s� �s�a�i�d� �t�o� �b�e� �f�u�l�l� �i�f� �t�h�e� �v�a�l�u�e� �o�f� �F� �i�s� �e�q�u�a�l� �t�o� �u�n�i�t�y� 

�a�t� �a�l�l� �n�o�d�e�s� �i�n� �t�h�e� �e�l�e�m�e�n�t�.� �S�i�m�i�l�a�r�l�y� �a�n� �e�l�e�m�e�n�t� �i�s� �s�a�i�d� �t�o� �b�e� �e�m�p�t�y� �i�f� �F� �i�s� �z�e�r�o� 

�a�t� �a�l�l� �n�o�d�e�s� �i�n� �t�h�e� �e�l�e�m�e�n�t�.� �A�n� �e�l�e�m�e�n�t� �i�s� �c�a�l�l�e�d� �a�n� �i�n�t�e�r�f�a�c�e� �e�l�e�m�e�n�t� �o�t�h�e�r�w�i�s�e�.� 

�A�c�c�o�r�d�i�n�g�l�y�,� 

�1�.� �F�u�l�l� �e�l�e�m�e�n�t�s� �a�r�e� �b�o�u�n�d�e�d� �o�n�l�y� �b�y� �o�t�h�e�r� �f�u�l�l� �a�n�d� �i�n�t�e�r�f�a�c�e� �e�l�e�m�e�n�t�s�.� 

�2�.� �E�m�p�t�y� �e�l�e�m�e�n�t�s� �a�r�e� �b�o�u�n�d�e�d� �o�n�l�y� �b�y� �o�t�h�e�r� �e�m�p�t�y� �a�n�d� �i�n�t�e�r�f�a�c�e� �e�l�e�m�e�n�t�s�.� 

�3�.� �I�n�t�e�r�f�a�c�e� �e�l�e�m�e�n�t�s� �a�r�e� �s�u�r�r�o�u�n�d�e�d� �b�y� �o�t�h�e�r� �i�n�t�e�r�f�a�c�e�,� �f�u�l�l� �e�l�e�m�e�n�t�s� �a�n�d� �a�t� �l�e�a�s�t� 

�o�n�e� �e�m�p�t�y� �e�l�e�m�e�n�t�.� 

�T�h�e� �e�q�u�a�t�i�o�n� �g�o�v�e�r�n�i�n�g� �t�h�e� �t�r�a�n�s�p�o�r�t� �p�s�e�u�d�o ��c�o�n�c�e�n�t�r�a�t�i�o�n� �F� �w�i�t�h� �t�h�e� �m�o�v�i�n�g� 

�f�l�u�i�d� �i�s� �g�i�v�e�n� �b�y�:� 
�O�F�  ��_� �.� �=� �3�.� �1� �+�u�.�V�F�=�0� �(�3�.�2�4�)� 

�T�h�e� �i�n�t�e�r�f�a�c�e� �l�o�c�a�t�i�o�n� �i�s� �u�p�d�a�t�e�d� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �F� �a�t� �e�v�e�r�y� �t�i�m�e� �s�t�e�p� �f�r�o�m� �t�h�e� 

�k�n�o�w�n� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� �T�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �a�r�e� �s�t�o�p�p�e�d� �o�n�c�e� �t�h�e� �c�o�m�p�l�e�t�e� �r�e�g�i�o�n� �i�s� �f�i�l�l�e�d�.� 

�S�i�n�c�e� �t�h�e� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n� �(�3�.�2�4�)� �f�o�r� �F� �i�s� �p�u�r�e�l�y� �c�o�n�v�e�c�t�i�v�e�,� �i�t� �h�a�s� �t�o� �b�e� �s�o�l�v�e�d� 

�u�s�i�n�g� �s�t�r�e�a�m�l�i�n�e� �d�i�f�f�u�s�i�o�n� �m�e�t�h�o�d� �{�1�1�5�]� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �a�n� �a�r�t�i�f�i�c�a�l� �d�i�f�f�u�s�i�o�n� �t�e�r�m� 

�i�n�t�o� �t�h�e� �e�q�u�a�t�i�o�n�.� �T�h�i�s� �i�s� �r�e�q�u�i�r�e�d� �t�o� �e�l�i�m�i�n�a�t�e� �o�s�c�i�l�l�a�t�i�o�n�s� �i�n� �t�h�e� �s�o�l�u�t�i�o�n�.� �D�e�t�a�i�l�s



�3�7� 

�o�f� �t�h�e� �s�t�r�e�a�m�l�i�n�e� �u�p�w�i�n�d�i�n�g� �t�e�c�h�n�i�q�u�e� �a�n�d� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n� 

�i�s� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �A�.� �A�f�t�e�r� �i�n�t�r�o�d�u�c�i�n�g� �a�t�r�i�f�i�c�i�a�l� �d�i�f�f�u�s�i�o�n� �t�e�r�m�s�,� �e�q�u�a�t�i�o�n� �(�2�.�2�4�)� 

�b�e�c�o�m�e�s�:� 
�O�F� �1� 
�O�r� �+�u�.�V�F�  �� �g�u�.� �V�-�(�A�h�s�.�u�.�V�F�)� �=�Q� �(�3�.�2�5�)� 

�w�h�e�r�e� �f�i� �i�s� �a�n� �a�r�t�i�f�i�c�i�a�l� �d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �a�n�d� �h�,� �i�s� �t�h�e� �e�l�e�m�e�n�t� �l�e�n�g�t�h� �i�n� �f�l�o�w� 

�d�i�r�e�c�t�i�o�n�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �i�s� �g�i�v�e�n� �i�n� �t�h�e� 

�n�e�x�t� �c�h�a�p�t�e�r�.



�C�h�a�p�t�e�r� �4� 

�F�I�N�I�T�E� �E�L�E�M�E�N�T� �F�O�R�M�U�L�A�T�I�O�N� 

�4�.�1� �V�a�r�i�a�t�i�o�n�a�l� �F�o�r�m�u�l�a�t�i�o�n� 

�\� �O�f� �t�h�e� �v�a�r�i�o�u�s� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �d�e�v�e�l�o�p�e�d� �f�o�r� �s�o�l�v�i�n�g� �f�l�u�i�d� �m�e�c�h�a�n�i�c�s� �p�r�o�b�-� 

�l�e�m�s�,� �v�e�l�o�c�i�t�y ��p�r�e�s�s�u�r�e� �m�o�d�e�l� �a�n�d� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �m�o�d�e�l� �a�r�e� �m�o�s�t�l�y� �u�s�e�d� �i�n� �t�h�r�e�e �� 

�d�i�m�e�n�s�i�o�n�a�l� �f�l�u�i�d� �f�l�o�w� �p�r�o�b�l�e�m�s�.� �V�e�l�o�c�i�t�y ��p�r�e�s�s�u�r�e� �m�o�d�e�l�,� �a�l�s�o� �k�n�o�w�n� �a�s� �m�i�x�e�d� 

�m�o�d�e�l�,� �i�s� �t�h�e� �m�o�s�t� �n�a�t�u�r�a�l� �a�n�d� �d�i�r�e�c�t� �f�o�r�m�u�l�a�t�i�o�n�.� �I�n� �t�h�i�s� �m�o�d�e�l�,� �t�h�e� �e�q�u�a�t�i�o�n�s� 

�o�f� �m�o�t�i�o�n� �a�r�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �p�r�i�m�i�t�i�v�e� �v�a�r�i�a�b�l�e�s� �(�u�,� �v�,� �w�,� �p�)� �(�s�e�e� �T�a�y�l�o�r� 

�a�n�d� �H�o�o�d� �[�1�1�6�]� �a�n�d� �R�e�d�d�y� �[�1�1�7�]�.� �T�h�e� �m�a�i�n� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�o�d�e�l� �i�s� �t�h�a�t� �i�t� 

�i�s� �n�o�t� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e� �a�s� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �a�n�d� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �a�r�e� �u�n�c�o�u�p�l�e�d�.� 

�I�n� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �m�o�d�e�l� �t�h�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �a�l�s�o� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �p�r�i�m�i�t�i�v�e� 

�v�a�r�i�a�b�l�e�s� �b�u�t� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �i�s� �t�r�e�a�t�e�d� �a�s� �a� �c�o�n�s�t�r�a�i�n�t� �o�n� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d�.� 

�T�h�e� �c�o�n�s�t�r�a�i�n�t� �i�s� �i�n�t�r�o�d�u�c�e�d� �i�n�t�o� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �b�y� �m�e�a�n�s� �o�f� �p�e�n�a�l�t�y� 

�f�u�n�c�t�i�o�n� �m�e�t�h�o�d� �(�s�e�e� �Z�i�e�n�k�i�e�w�i�c�z� �[�1�1�8�]�,� �H�u�g�h�e�s� �e�t�.� �a�l� �[�1�1�9�]� �a�n�d� �R�e�d�d�y� �(�1�0�7� �-� �1�1�0�)�)�.� 

�T�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �m�e�t�h�o�d� �r�e�s�u�l�t�s� �i�n� �a� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�.� 

�4�.�2� �P�e�n�a�l�t�y� �F�u�n�c�t�i�o�n� �M�e�t�h�o�d� 

�T�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �m�e�t�h�o�d� �h�a�s� �i�t�s� �o�r�i�g�i�n� �i�n� �t�h�e� �m�e�t�h�o�d� �s�u�g�g�e�s�t�e�d� �b�y� �C�o�u�r�a�n�t� 

�[�1�2�0�]� �f�o�r� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �a� �q�u�a�d�r�a�t�i�c� �f�u�n�c�t�i�o�n�a�l� �s�u�b�j�e�c�t�e�d� �t�o� �a�n� �e�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�.� 

�M�a�t�h�e�m�a�t�i�c�a�l� �s�t�r�u�c�t�u�r�e� �a�n�d� �t�h�e� �h�i�s�t�o�r�y� �o�f� �t�h�e� �m�e�t�h�o�d� �i�s� �g�i�v�e�n� �b�y� �R�e�d�d�y� �[�1�0�7�]�.� �T�h�e� 

�p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �m�e�t�h�o�d� �t�r�a�n�s�f�o�r�m�s� �a� �g�i�v�e�n� �c�o�n�s�t�r�a�i�n�e�d� �v�a�r�i�a�t�i�o�n�a�l� �p�r�o�b�l�e�m� �i�n�t�o� 

�a�n� �(�a�c�t�u�a�l�l�y�,� �a� �s�e�q�u�e�n�c�e� �o�f�)� �u�n�c�o�n�s�t�r�a�i�n�e�d� �v�a�r�i�a�t�i�o�n�a�l� �p�r�o�b�l�e�m�(�s�)�,� �R�e�d�d�y� �|�1�0�9�)�.� 

�3�8



�3�9� 

�S�u�p�p�o�s�e� �w�e� �w�i�s�h� �t�o� �f�i�n�d� �a� �g�e�n�e�r�a�l�i�z�e�d� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �p�r�o�b�l�e�m�,� 

�6�I�,�(�u�,�v�j�w�)� �=�O� �i�n� �(�4�.�1�)� 

�s�u�b�j�e�c�t� �t�o� �t�h�e� �c�o�n�s�t�r�a�i�n�t�,� 

�V�u�=�0�O� �i�n� �2� �(�4�.�2�)� 

�T�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �m�e�t�h�o�d� �i�n�v�o�l�v�e�s� �s�e�e�k�i�n�g� �t�h�e� �m�i�n�i�m�u�m� �o�f� �a� �m�o�d�i�f�i�e�d� �f�u�n�c�t�i�o�n�a�l� 

�o�b�t�a�i�n�e�d� �b�y� �a�d�d�i�n�g� �a� �q�u�a�d�r�a�t�i�c� �t�e�r�m� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �(�4�.�2�)�.� �I�n� �o�t�h�e�r� 

�w�o�r�d�s�,� �w�e� �s�o�l�v�e� 

�S�I�p� �=� �6�1�,� �+� �6� �2�s� �f�e� �(�V�.�u�)�?� �a�v� �=�0� �(�4�.�3�)� 

�w�i�t�h� �n�o� �c�o�n�s�t�r�a�i�n�t�.� �H�e�r�e� �y�p� �i�s� �c�a�l�l�e�d� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �w�h�i�c�h� �i�s� �p�r�e�s�e�l�e�c�t�e�d� 

�(�p�o�s�i�t�i�v�e� �f�o�r� �e�x�t�r�e�m�u�m� �p�r�o�b�l�e�m�s�)� �f�u�n�c�t�i�o�n� �o�r� �a� �c�o�n�s�t�a�n�t� �w�h�o�s�e� �v�a�l�u�e�,� �g�e�n�e�r�a�l�l�y� 

�s�p�e�a�k�i�n�g�,� �h�a�s� �a�n� �e�f�f�e�c�t� �o�n� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�.� �T�h�e� �q�u�a�d�r�a�t�i�c� �f�u�n�c�t�i�o�n�a�l� 

�i�n� �t�h�e� �s�q�u�a�r�e� �b�r�a�c�k�e�t�s� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�a�l�.� �F�o�r� �s�u�f�f�i�c�i�e�n�t�l�y� �l�a�r�g�e� 

�v�a�l�u�e�s� �o�f� �+�p� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �p�r�o�b�l�e�m� �i�n� �(�4�.�3�)� �i�s� �a�l�m�o�s�t� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� 

�p�r�o�b�l�e�m� �i�n� �(�4�.�1�)� �a�n�d� �(�4�.�2�)� �(�s�e�e� �R�e�d�d�y�|�{�1�1�5�]�)�.� 

�H�e�r�e� �e�q�u�a�t�i�o�n�s� �(�3�.�2�)� �a�n�d� �(�3�.�3�)� �c�a�n� �b�e� �v�i�e�w�e�d� �a�s� �t�h�o�s�e� �r�e�l�a�t�i�n�g� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r� �(�u�)� 

�a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �T� �a�n�d� �e�q�u�a�t�i�o�n� �(�3�.�1�)� �a�s� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �c�o�n�d�i�t�i�o�n� �o�n� �t�h�e� �v�e�l�o�c�i�t�y� 

�f�i�e�l�d�.� �T�h�i�s� �e�n�a�b�l�e�s� �u�s� �t�o� �f�o�r�m�u�l�a�t�e� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �p�r�o�b�l�e�m� �a�n�d� �s�u�b�s�e�q�u�e�n�t�l�y� �s�o�l�v�e� 

�u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�.� �T�h�e� �u�s�e� �o�f� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �m�e�t�h�o�d� �a�m�o�u�n�t�s� �t�o� 

�r�e�p�l�a�c�i�n�g� �t�h�e� �p�r�e�s�s�u�r�e� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� 

�P� �=�  ��4� �(�V�.�u�)� �(�4�.�4�)� 

�T�h�e� �p�r�e�s�s�u�r�e� �v�a�r�i�a�b�l�e� �i�s� �t�h�u�s� �a�v�o�i�d�e�d� �a�s� �a� �p�r�i�m�a�r�y� �d�e�p�e�n�d�e�n�t� �u�n�k�n�o�w�n� �h�e�n�c�e� �o�v�e�r�-� 

�c�o�m�i�n�g� �t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �p�r�o�p�e�r� �i�m�p�o�s�i�t�i�o�n� �o�f� �p�r�e�s�s�u�r�e� �b�o�u�n�d�a�r�y� �c�o�n�-� 

�d�i�t�i�o�n�s�.� �T�h�e� �e�x�c�l�u�s�i�o�n� �o�f� �p�r�e�s�s�u�r�e� �a�s� �a� �p�r�i�m�a�r�y� �v�a�r�i�a�b�l�e� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �i�m�p�o�r�t�a�n�t



�4�0� 

�w�h�e�n� �s�o�l�v�i�n�g� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� �p�r�o�b�l�e�m�s� �d�u�e� �t�o� �t�h�e� �c�o�m�p�u�t�e�r� �s�t�o�r�a�g�e� �r�e�q�u�i�r�e�-� 

�m�e�n�t�s�.� �T�h�e� �p�r�e�s�s�u�r�e� �c�a�n� �b�e� �r�e�c�o�v�e�r�e�d� �f�r�o�m� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�n� �p�o�s�t�-�c�o�m�p�u�t�a�t�i�o�n�s�.� 

�A�s� �m�e�n�t�i�o�n�e�d� �i�n� �t�h�e� �C�h�a�p�t�e�r� �2�,� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s� �d�o� �n�o�t� �w�o�r�k� �w�e�l�l� �w�h�e�n� �t�h�e� 

�p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �i�s� �l�a�r�g�e�.� �L�a�r�g�e�r� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r�,� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� 

�(�«�)� �o�f� �t�h�e� �e�l�e�m�e�n�t� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�c�e�s� �a�n�d� �t�h�e� �g�l�o�b�a�l� �m�a�t�r�i�x� �b�e�c�o�m�e�s� �l�a�r�g�e�r� �a�n�d� 

�t�h�e� �e�n�e�r�g�y� �E� �o�f� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�,� �g�i�v�e�n� �b�y�,� 

�E�=� �5�A�T�K�A�  ��~�A�'�F� �(�4�.�5�)� 

�b�e�c�o�m�e�s� �m�o�r�e� �e�l�l�i�p�t�i�c� �[�7�8�]�.� �I�n� �e�q�u�a�t�i�o�n� �(�4�.�5�)�,� �A� �i�s� �t�h�e� �u�n�k�n�o�w�n� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r�,� 

�K� �i�s� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �a�n�d� �F� �i�s� �t�h�e� �u�n�b�a�l�a�n�c�e�d� �f�o�r�c�e� �v�e�c�t�o�r�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�o�f� �t�h�e� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s� �d�e�p�e�n�d�s� �o�n� �t�h�e� �e�l�l�i�p�t�i�c�i�t�y� �o�f� �t�h�e� �e�n�e�r�g�y� �o�f� �t�h�e� �s�y�s�t�e�m� �a�n�d� 

�b�e�y�o�n�d� �a� �c�e�r�t�a�i�n� �v�a�l�u�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �b�e�c�o�m�e�s� �s�o� �s�l�o�w� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d� 

�b�e�c�o�m�e�s� �i�n�e�f�f�i�c�i�e�n�t�.� �I�n� �t�h�i�s� �c�o�n�t�e�x�t�,� �w�e� �u�s�e� �a�n� �i�t�e�r�a�t�i�v�e� �p�e�n�a�l�t�y� �m�e�t�h�o�d� �p�r�o�p�o�s�e�d� 

�b�y� �G�u�n�z�b�u�r�g�e�r� �[�1�2�1�]�:� 

�p�"�*�)�  �� �p�®�  �� �4�,� �(�V�.�u�)� �(�4�.�6�)� 

�w�h�e�r�e� �n� �i�s� �t�h�e� �i�t�e�r�a�t�i�o�n� �n�u�m�b�e�r�.� �A�n� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e� �v�a�l�u�e� 

�o�f� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �n�e�e�d�e�d� �t�o� �e�n�f�o�r�c�e� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �c�o�n�s�t�r�a�i�n�t� �i�s� �e�q�u�a�l� �t�o� 

�t�h�e� �s�q�u�a�r�e� �r�o�o�t� �o�f� �t�h�e� �o�n�e� �n�e�e�d�e�d� �i�n� �t�h�e� �n�o�n�-�i�t�e�r�a�t�i�v�e� �p�e�n�a�l�t�y� �m�e�t�h�o�d� �[�1�2�1�]�.� �T�h�i�s� 

�i�n� �t�u�r�n�,� �r�e�s�u�l�t�s� �i�n� �a� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �w�i�t�h� �s�m�a�l�l�e�r� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �a�n�d� �h�e�n�c�e� 

�r�e�d�u�c�e�s� �e�l�l�i�p�t�i�c�i�t�y� �o�f� �t�h�e� �e�n�e�r�g�y� �o�f� �t�h�e� �s�y�s�t�e�m�.� 

�T�h�e� �w�e�a�k� �f�o�r�m� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �i�t�e�r�a�t�i�v�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �o�f� 

�e�q�u�a�t�i�o�n�s� �(�3�.�1�)� �a�n�d� �(�3�.�2�)� �f�o�r� �(�n� �+� �1�)�"� �i�t�e�r�a�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� �(�s�e�e� �R�e�d�d�y� �[�1�0�6�  �� �1�1�0�}�)�,� 

�o�=� �|� �?� �o�u�.� �B�p� �t� �O�u�.� �(�u�.�V�u�)�}�+�a�p�V�.� �(�S�u�)� �V�u� �+�7�:� �V�.� �(�6�u�)� �+� �s�.�6�u�\�d�e� 
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�-� �|� �o�u�.�(�f�-� �V�P�"�)� �d�v �� �[� �s�u�c� �d�s� �(�4�.�7�)� 

�w�h�e�r�e� �6�u� �d�e�n�o�t�e�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �i�n� �u�,� �a�n�d� �t� �t�h�e� �b�o�u�n�d�a�r�y� �s�t�r�e�s�s� �v�e�c�t�o�r�:� 

�t�=� �(�n�.�r�)�?�  ��n�.�V�.�u� �(�4�.�8�)� 

�S�i�m�i�l�a�r�l�y�,� �t�h�e� �w�e�a�k� �f�o�r�m� �o�f� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �i�s� �g�i�v�e�n� �b�y�,� 

�+�k�V� �(�6�7�)� �.�V�T�-�6�T� �Q�-� �s�r�o� �+� �o�r�s�y� �h�a�y� 
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�o�=�/� �{�o�c�e�]� �6�7�5� �1� �+� �6�T�(�u�.�V�T�)� 
�N� 

�_� �[�e�e�T� �T�o� �d�s� �(�4�.�9�)� 

�T�h�e� �t�e�r�m� �u�n�d�e�r� �s�u�r�f�a�c�e� �i�n�t�e�g�r�a�l� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �b�o�u�n�d�a�r�y� �h�e�a�t� �f�l�u�x� �a�n�d� �i�s� �g�i�v�e�n� �b�y�,� 

�O�T� 
�q�n� �j�=� �F�a�g� �=� �=� �=�h�(�T�-� �T�a�)� �o�n� �r� �(�4�.�1�0�)� 

�w�h�e�r�e� �A� �i�s� �t�h�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �c�o�e�f�f�i�c�i�e�n�t� �a�n�d� �T�,�4� �i�s� �t�h�e� �a�m�b�i�e�n�t� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e� 

�t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �i�s�o�t�r�o�p�i�c�.� �T�e�m�p�e�r�a�t�u�r�e� �d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e�r�-� 

�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� �c�a�n� �b�e� �e�a�s�i�l�y� �a�c�c�o�m�m�o�d�a�t�e�d�.� 

�4�.�3� �F�i�n�i�t�e�-�E�l�e�m�e�n�t� �M�o�d�e�l� 

�T�h�e� �s�p�a�t�i�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s� �i�s� �c�a�r�r�i�e�d� �o�u�t� �b�y� �d�i�v�i�d�i�n�g� 

�t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �M� �i�n�t�o� �a� �n�u�m�b�e�r� �o�f� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �[�1�0�8�]�.� �O�v�e�r� �a� �t�y�p�i�c�a�l� 

�e�l�e�m�e�n�t� �M�°�,� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�s� �a�r�e� �i�n�t�e�r�p�o�l�a�t�e�d� �a�s�,
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�M�i� 
�w�h�e�r�e�,� �u�;�,� �v�;�,� �w�;�,� �a�n�d� �T�J�;� �a�r�e� �t�h�e� �n�o�d�a�l� �v�e�l�u�e�s� �o�f� �v�e�l�o�c�i�t�i�e�s� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�s� �a�n�d� 

�w�;� �a�r�e� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s�.� 

�S�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n�s� �(�4�.�1�1�)� �i�n�t�o� �e�q�u�a�t�i�o�n�s� �(�4�.�7�)� �a�n�d� �(�4�.�9�)�,� �w�e� �o�b�t�a�i�n� 

�M ��A �� �+� �K ��A �� �=�F� �(�4�.�1�2�a�)� 

�w�h�e�r�e� 

�u� 

�V�v� 
�A�=� �(�4�.�1�2�6�)� 

�w� 

�T� 

�i�s� �t�h�e� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r�,� �F�*� �i�s� �t�h�e� �f�o�r�c�e� �v�e�c�t�o�r� �a�n�d� �K� �a�n�d� �M� �a�r�e� �t�h�e� �m�a�s�s� �a�n�d� 

�c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�c�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y� �(�s�e�e� �A�p�p�e�n�d�i�x� �B� �f�o�r� �d�e�t�a�i�l�s�)�.� 

�T�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� �y�;� �i�n� �e�q�u�a�t�i�o�n� �(�4�.�1�1�)� �d�e�p�e�n�d� �o�n� �t�h�e� �t�y�p�e� �o�f� �e�l�e�-� 

�m�e�n�t�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �w�e� �u�s�e�d� �e�i�g�h�t ��n�o�d�e�d� �t�r�i�l�i�n�e�a�r� �e�l�e�m�e�n�t� �t�o� �d�i�s�c�r�e�t�i�z�e� 

�t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n�.� �T�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �n�a�t�u�r�a�l� 

�c�o�o�r�d�i�n�a�t�e�s�,�  ¬�,� �7�,� �a�n�d� �¢� �o�f� �t�h�e� �m�a�s�t�e�r� �e�l�e�m�e�n�t� �(�s�e�e� �R�e�d�d�y� �{�1�0�8�]�)�,� �a�n�d� �t�h�e� �i�s�o�p�a�r�a�-� 

�m�e�t�r�i�c� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �u�s�e�d� �t�o� �t�r�a�n�s�f�o�r�m� �t�h�e� �a�c�t�u�a�l� �e�l�e�m�e�n�t�s� �t�o� �t�h�e� �m�a�s�t�e�r� �e�l�e�m�e�n�t� 

�t�o� �e�v�a�l�u�a�t�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �n�u�m�e�r�i�c�a�l�l�y�.



�4�3� 

�4�.�4� �P�r�e�s�s�u�r�e� �C�a�l�c�u�l�a�t�i�o�n� �S�c�h�e�m�e� 

�F�r�o�m� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �n�e�e�d�s� �t�o� �b�e� 

�c�o�m�p�u�t�e�d� �b�e�f�o�r�e� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �f�o�r� �(�n� �+� �1�)�'�*� �i�t�e�r�a�t�i�o�n�.� �P�r�e�s�s�u�r�e� �c�a�n� �b�e� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�4�.�6�)�.� �H�o�w�e�v�e�r�,� �t�h�e� �p�r�e�s�s�u�r�e� �s�o� �c�a�l�c�u�l�a�t�e�d� �i�s� �n�o�t� �a�c�c�u�r�a�t�e� 

�e�s�p�e�c�i�a�l�l�y� �w�h�e�n� �s�o�l�v�i�n�g� �f�o�r� �f�l�o�w�s� �o�f� �f�l�u�i�d�s� �w�i�t�h� �h�i�g�h� �v�i�s�c�o�s�i�t�i�e�s� �(�e�.� �g�.�,� �p�o�l�y�m�e�r�s�,� 

�e�x�t�r�u�s�i�o�n� �o�f� �m�e�t�a�l�s�,� �e�t�c�.�,�)�.� �A�n� �a�l�t�e�r�n�a�t�i�v�e� �a�n�d� �m�o�r�e� �a�c�c�u�r�a�t�e� �m�e�t�h�o�d� �o�f� �p�r�e�s�s�u�r�e� 

�c�a�l�c�u�l�a�t�i�o�n� �i�s� �f�i�r�s�t� �p�r�o�p�o�s�e�d� �b�y� �S�a�l�o�n�e�n� �a�n�d� �A�a�l�t�o� �[�1�2�2�]� �a�n�d� �l�a�t�e�r� �u�s�e�d� �f�o�r� �d�i�f�f�e�r�e�n�t� 

�p�r�o�b�l�e�m�s� �b�y� �S�h�i�o�j�i�m�a� �a�n�d� �S�h�i�m�a�z�a�k�i� �[�1�2�3�]�.� �T�h�i�s� �m�e�t�h�o�d� �u�s�e�s� �t�h�e� �s�t�r�e�s�s� �d�e�v�i�a�t�o�r� 

�f�o�r� �s�m�o�o�t�h�i�n�g� �p�r�e�s�s�u�r�e�.� �B�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �s�t�r�e�s�s� �d�e�v�i�a�t�o�r� �f�o�r� �t�h�e� �s�t�r�e�s�s�e�s� �i�n� �t�h�e� 

�m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s� �w�e� �o�b�t�a�i�n� �a� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �p�r�e�s�s�u�r�e�.� �T�h�i�s� 

�e�q�u�a�t�i�o�n� �i�s� �s�o�l�v�e�d� �u�s�i�n�g� �l�e�a�s�t�-�s�q�u�a�r�e�s� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�.� �T�o� �m�a�k�e� �t�h�e� �a�n�a�l�y�s�i�s� 

�m�o�r�e� �c�o�m�p�l�e�t�e�,� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� �i�s� �g�i�v�e�n� �b�e�l�o�w�.� 

�M�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�;� 

�R� �=� �M�x�i�+�M�y�j�+�M�z�k� �=�0� �(�4�.�1�3�)� 

�w�h�e�r�e� �M�x� �,� �M�y� �a�n�d� �M�z� �a�r�e� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s� �i�n� �x� �,�y� �a�n�d� �z� 

�d�i�r�e�c�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�:� 

�M� �O�u� �4� �C�u� �+� �y�o�u� �+� �O�u� �+� �O�P� �O� �(�t�o� �+� �+� �t�z�)� 
�=� �a� �5�.� �s�z� �T�W� �=� �-�>� �T�.� �T� �P�\�a�t� �a�x� �|� �O�y� �a�z�)� �O�x�.� �O�x� �7�7� �t�N� 

 �� �p�£�x� �+� �p�&�x�G�(�T� �-� �T�o�)�  ��S�z�u� �(�4�.�1�4�)� 

�O�v� �O�v� �O�v� �O�v� �o�P� �a� 
�M�y� �=�e� �a� �a�K� �A�T�S� �+� �B�y� �B�y� �t�e�u� �+� �t�w� �F�t� �t�y�e�)� 

 �� �p�y� �+� �p�e�y�B�8�(�T�  �� �T�o�)�  ��-�S�y�v� �(�4�.�1�5�)� 

�O�w� �O�w� �O�w� �=�|� �O�P� �a� 
�T�r�z� �+� �T�y�z� �+� �T�e�z�)� �M�z� �=� �0� �(�3�0� �+� �u�s�t� �4� �v�o� �+� �w�o�e� �+� �o�r� �7� �3�a�!



�4�4� 

 �� �p�&�z� �+� �p�g�z�G�(�T�  �� �T�o�o�)�  ��S�z�w� �(�4�.�1�6�)� 

�M�i�n�i�m�i�z�i�n�g� �t�h�e� �r�e�s�i�d�u�a�l� �R� �,� �w�e� �o�b�t�a�i�n�,� 

�1� �O� �2�  �� �a�p� �=�p� �(�R� �(�u�,�v�,� �w�,�7�4�3�,�P�)�)�d�Q� �=�0� �(�4�.�1�7�)� 

�0� �a�P�*�®�,� �2� �0�P�©�,� �2� �d�a�P�*�.� 

�S�u�b�s�t�i�t�u�t�i�n�g� �f�o�r� �P�©� �=� �5 ��,� �P�;�¢�;� �i�n�t�o� �R� �a�n�d� �e�q�u�a�t�i�o�n� �(�4�.�1�8�)�,� �w�e� �o�b�t�a�i�n�,� 

�0�9�;� �O�d�;� �O�o�;� �_� �I� �(�M�3� �+�M�y� �S�o� �+� �M�e�e� �|� �d�N� �=�0� �(�4�.�1�9�)� 

�w�h�e�r�e� �¢�,� �a�r�e� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� 

�c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n�s� �(�4�.�1�4�)� �~� �(�4�.�1�6�)� �i�n�t�o� �(�4�.�1�9�)�:� 

�K�'�P� �=�F �� �(�4�.�2�0�)� 

�w�h�e�r�e�,� 

� � 

�w�o� �0�6�,�9�0�;� � �9�¢�6�;�0�¢�;� �0�6�,�0�0�;� 
�K�i�,� �=� �f� �(�2� �a�x �� �O�y� �O�y� �*� �O�z� �o�z� �a�n� 

�F�=�f� �0�d�;� �G�u� �|� �O�u� �o�u� �d�u� �1� �o�y� �+� �t�a�y� �+� �T�e�z�)� 

�~�~� �J�o�l� �a�x�!� �P�l�a�t�  ��a�x� �a�y� �a�e� �O�x� �t�e� �1� �l�a�y� �T� �T�r�e� 
�0�d�;� �O�v� �+� �O�v� �+� �v�o�w� �+� �w�o�w� 

�d�y�|� �°�\�a�t� �a�x� �a�y� �a�z� 
�O� 

�+� �B�y� �(�T�z�u� �+� �T�o�y� �+� �T�y�e�)� �+� �p�g�y�  �� �p�8�y�B�(�T�  �� �T�o�)� 

�4� �9�%� �_� �O�w� �O�w� �O�W� �O�w� �+� �a�e� �+� �t�y�e� �+� �T�e�x�)� 

�a�2�)� �-�\�a�t� �a�x� �a�y� �a�z� �O�g� �7�2� �1� �[�y�e� �7� �T�a�e� 
�0�9�;� �0�9�;� �0�4�;� 

�+� �p�g�,�  �� �p�8�z�8�(�T�  �� �T�o�)� �-� �(�F�s�v�u� �+� �O�P� �g�y� �+� �s�w�)� �j�a�n� 

�+� �P�8�x�  �� �P�&�x�A�(�T�  �� �T�o�)� �+� 

� � 

�O�x� �O�y� �O�z



�4�5� 

�T�h�e� �f�o�r�c�e� �t�e�r�m� �i�n� �e�q�u�a�t�i�o�n� �(�4�.�2�0�)� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �d�u�e� �t�o� �b�o�d�y� 

�f�o�r�c�e�s�,� �i�n�e�r�t�i�a�l� �f�o�r�c�e�s�,� �a�n�d� �v�i�s�c�o�u�s� �f�o�r�c�e�s�.� �T�h�e� �b�o�d�y� �f�o�r�c�e� �t�e�r�m�s� �a�n�d� �i�n�e�r�t�i�a�l� �f�o�r�c�e� 

�t�e�r�m�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�t� �t�h�e� �n�o�d�e�s� �i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� �t�h�e�y� �w�e�r�e� �c�o�m�p�u�t�e�d� �f�o�r� 

�v�e�l�o�c�i�t�y� �c�a�l�c�u�l�a�t�i�o�n�s�.� �T�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �v�i�s�c�o�u�s� �t�e�r�m�s� �n�e�e�d� �s�o�m�e� �t�r�e�a�t�m�e�n�t�.� �W�h�e�n� 

�l�i�n�e�a�r� �e�l�e�m�e�n�t�s� �a�r�e� �u�s�e�d�,� �t�h�e� �v�i�s�c�o�u�s� �s�t�r�e�s�s�e�s� �a�r�e� �c�o�n�s�t�a�n�t� �w�i�t�h�i�n� �t�h�e� �e�l�e�m�e�n�t� �a�n�d� 

�t�h�e�i�r� �d�e�r�i�v�a�t�i�v�e�s� �v�a�n�i�s�h�.� �T�o� �o�v�e�r�c�o�m�e� �t�h�i�s� �d�i�f�f�i�c�u�l�t�y�,� �t�h�e� �s�t�r�e�s�s�e�s� �w�e�r�e� �c�o�m�p�u�t�e�d� 

�u�s�i�n�g� �s�t�a�n�d�a�r�d� �2�-�p�o�i�n�t� �G�a�u�s�s� �p�o�i�n�t�s� �f�o�r� �8�-�n�o�d�e�d� �t�r�i�l�i�n�e�a�r� �e�l�e�m�e�n�t�s�.� �T�h�e� �s�t�r�e�s�s�e�s� 

�a�t� �t�h�e� �g�a�u�s�s� �p�o�i�n�t�s� �a�r�e� �e�x�t�r�a�p�o�l�a�t�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �s�t�r�e�s�s�e�s� �a�t� 

�t�h�e� �n�o�d�e�s�.� �S�u�c�h� �c�o�n�t�r�i�b�u�t�i�o�n�s� �f�r�o�m� �a�l�l� �s�u�r�r�o�u�n�d�i�n�g� �e�l�e�m�e�n�t�s� �i�s� �a�v�e�r�a�g�e�d� �t�o� �d�e�t�e�r�-� 

�m�i�n�e� �t�h�e� �n�o�d�a�l� �s�t�r�e�s�s�e�s�.� �T�h�e� �m�a�i�n� �d�r�a�w�b�a�c�k� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�e� �s�t�r�e�s�s�e�s� �f�o�r� �t�h�e� 

�b�o�u�n�d�a�r�y� �n�o�d�e�s� �a�r�e� �n�o�t� �a�s� �a�c�c�u�r�a�t�e� �a�s� �t�h�o�s�e� �i�n�s�i�d�e� �t�h�e� �d�o�m�a�i�n� �a�n�d� �t�h�i�s� �b�e�h�a�v�i�o�r� �i�s� 

�a�l�s�o� �o�b�s�e�r�v�e�d� �f�o�r� �c�a�l�c�u�l�a�t�e�d� �p�r�e�s�s�u�r�e�s�.� �H�o�w�e�v�e�r�,� �i�m�p�r�o�v�e�m�e�n�t�s� �a�r�e� �p�o�s�s�i�b�l�e� �i�f� �t�h�e� 

�n�o�d�a�l� �s�t�r�e�s�s�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �e�x�t�r�a�p�o�l�a�t�i�o�n� �s�c�h�e�m�e�.� 

�4�.�5� �C�o�m�p�u�t�a�t�i�o�n�a�l� �A�s�p�e�c�t�s� 

�T�h�e� �p�e�n�a�l�t�y� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� �(�4�.�1�2�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�M�A� �+� �(�K�,� �+� �7�%�K�2�)� �A� �=�F� �(�4�.�2�1�)� 

�I�n� �c�o�m�p�u�t�i�n�g� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �m�a�t�r�i�x� �K�,� �t�h�e� �p�e�n�a�l�t�y� �t�e�r�m�s� �(�i�.�e�.�,� �t�e�r�m�s� �i�n�v�o�l�v�i�n�g� 

�Y�p� �)� �m�u�s�t� �b�e� �e�v�a�l�u�a�t�e�d� �u�s�i�n�g� �r�e�d�u�c�e�d� �i�n�t�e�g�r�a�t�i�o�n�.� �F�o�r� �e�x�a�m�p�l�e�,� �w�h�e�n� �u�s�i�n�g� �a� �8�-� 

�n�o�d�e�d� �l�i�n�e�a�r� �b�r�i�c�k� �e�l�e�m�e�n�t�,� �s�t�a�n�d�a�r�d� �2 ��p�o�i�n�t� �G�a�u�s�s� �r�u�l�e� �c�a�n� �b�e� �u�s�e�d� �t�o� �e�v�a�l�u�a�t�e� 

�t�h�e� �e�l�e�m�e�n�t�s� �o�f� �K�;� �,� �w�h�e�r�e�a�s� �1 ��p�o�i�n�t� �G�a�u�s�s� �r�u�l�e� �m�u�s�t� �b�e� �u�s�e�d� �t�o� �e�v�a�l�u�a�t�e� �K�2� �(�s�e�e� 

�R�e�d�d�y� �[�1�0�7�,� �1�0�8�]� �f�o�r� �m�o�r�e� �d�e�t�a�i�l�s�)�.� �F�o�r� �n�o�n�-�i�s�o�t�h�e�r�m�a�l�,� �n�o�n�-�N�e�w�t�o�n�i�a�n� �f�l�o�w�s� �t�h�e� 

�v�i�s�c�o�s�i�t�y� �m�a�y� �c�h�a�n�g�e� �b�y� �a�n� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �l�o�c�a�l� �s�h�e�a�r� �r�a�t�e� 

�a�n�d� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e� �s�t�r�e�n�g�t�h� �w�i�t�h� �w�h�i�c�h� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �i�s� �e�n�f�o�r�c�e�d� �d�e�p�e�n�d�s� �o�n� 

�t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r�,� �w�h�o�s�e� �c�h�o�i�c�e� �i�n� �t�u�r�n� �d�e�p�e�n�d�s� �o�n� �t�h�e� �m�a�g�n�i�t�u�d�e� 

�o�f� �v�i�s�c�o�s�i�t�y�.� �S�i�n�c�e� �t�h�e� �v�i�s�c�o�s�i�t�y� �7� �v�a�r�i�e�s� �w�i�t�h�i�n� �t�h�e� �d�o�m�a�i�n� �a�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �s�h�e�a�r



�4�6� 

�r�a�t�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �d�e�p�e�n�d�e�n�c�e�,� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �i�s� �c�h�o�s�e�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� 

�l�o�c�a�]� �v�i�s�c�o�s�i�t�y�:� 

�Y�p� �=� �1�p� �(�4�.�2�2�)� 

�a�n�d� 

�P�= ��-�7�,� �V�.�u� �(�4�.�2�3�)� 

�A� �v�a�l�u�e� �o�f� �1�0�°� �i�s� �u�s�e�d� �f�o�r� �Y�p� �i�n� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �f�o�r� �f�r�o�n�t�a�l� �s�o�l�v�e�r� �a�n�d� �a� �v�a�l�u�e� 

�o�f� �1�0�4� �i�s� �u�s�e�d� �f�o�r� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s�.� 

�T�o� �o�b�t�a�i�n� �a� �f�u�l�l�y� �d�i�s�c�r�e�t�e� �p�r�o�b�l�e�m�,� �t�h�e� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �(�4�.�2�1�)� �i�n� 

�t�i�m�e� �m�u�s�t� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �f�u�r�t�h�e�r�.� �W�e� �u�s�e� �t�h�e� �O�-�f�a�m�i�l�y� �o�f� �a�p�p�r�o�x�i�m�a�t�i�o�n� �[�1�0�7�,� 

�1�0�8�|� �w�i�t�h� �©� �=� �1�/�2� �(�i�.�e�.�,� �C�r�a�n�k� �-� �N�i�c�o�l�s�o�n� �m�e�t�h�o�d�)�;� 

�K�A� �=�F� �(�4�.�2�4�)� 

�O�n�c�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�c�e�s� �f�o�r� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �e�l�e�m�e�n�t�s� �a�r�e� �c�o�m�p�u�t�e�d� �i�n� �t�h�e� 

�f�l�o�w� �d�o�m�a�i�n�,� �t�h�e�y� �a�r�e� �a�s�s�e�m�b�l�e�d�,� �f�o�r� �d�i�r�e�c�t� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�s�,� �i�n�t�o� �a� �g�l�o�b�a�l� �m�a�t�r�i�x� 

�a�n�d� �a�r�e� �s�o�l�v�e�d� �f�o�r� �t�h�e� �f�l�o�w� �v�a�r�i�a�b�l�e�s� �f�o�r� �g�i�v�e�n� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �p�r�e�s�e�n�c�e� �o�f� 

�t�h�e� �c�o�n�v�e�c�t�i�v�e� �t�e�r�m�s� �i�n� �t�h�e� �m�o�m�e�n�t�u�m� �a�n�d� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n�s� �m�a�k�e�s� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� 

�m�a�t�r�i�x� �u�n�s�y�m�m�e�t�r�i�c� �a�n�d� �n�o�n�l�i�n�e�a�r� �(�i�.�e�.� �d�e�p�e�n�d� �o�n� �t�h�e� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s� �a�n�d� 

�t�e�m�p�e�r�a�t�u�r�e� �w�h�i�c�h� �a�r�e� �n�o�t� �k�n�o�w�n� �a�-�p�r�t�o�r�1�)�.� �H�e�n�c�e� �a�n� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� �h�a�s� �t�o� 

�b�e� �a�d�o�p�t�e�d�,� �e�v�e�n� �f�o�r� �d�i�r�e�c�t� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�s�,� �f�o�r� �s�o�l�v�i�n�g� �t�h�e�s�e� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s�.� 

�I�n� �t�h�i�s� �a�n�a�l�y�s�i�s�,� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�y� �i�s� �t�r�e�a�t�e�d� �u�s�i�n�g� �s�u�c�c�e�s�s�i�v�e� �s�u�b�s�t�i�t�u�t�i�o�n�.� �A�t� �t�h�e� 

�b�e�g�i�n�n�i�n�g� �o�f� �t�h�e� �f�i�r�s�t� �i�t�e�r�a�t�i�o�n�,� �t�h�e� �f�l�o�w� �f�i�e�l�d� �i�s� �s�e�t� �t�o� �z�e�r�o� �a�n�d� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� 

�m�a�t�r�i�c�e�s� �a�r�e� �c�o�m�p�u�t�e�d� �a�n�d� �a�s�s�e�m�b�l�e�d�.� �T�h�e� �g�l�o�b�a�l� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �f�o�r� �t�h�e� �f�i�e�l�d� 

�v�a�r�i�a�b�l�e�s�.� �I�n� �t�h�e� �s�e�c�o�n�d� �i�t�e�r�a�t�i�o�n�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�c�e�s� �a�r�e� �e�v�a�l�u�a�t�e�d� �u�s�i�n�g� �t�h�e� 

�v�e�l�o�c�i�t�y� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �o�b�t�a�i�n�e�d� �i�n� �t�h�e� �f�i�r�s�t� �i�t�e�r�a�t�i�o�n� �a�n�d� �t�h�e� �a�s�s�e�m�b�l�e�d� �e�q�u�a�t�i�o�n�s� 

�a�r�e� �s�o�l�v�e�d� �a�g�a�i�n� �f�o�r� �n�e�w� �n�o�d�a�l� �v�a�l�u�e�s�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �i�s� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �t�h�e� �f�l�o�w� 

�f�i�e�l�d� �o�b�t�a�i�n�e�d� �a�t� �t�h�e� �e�n�d� �o�f� �t�w�o� �c�o�n�s�e�c�u�t�i�v�e� �i�t�e�r�a�t�i�o�n�s� �d�i�f�f�e�r� �b�y� �a� �s�m�a�l�l� �p�r�e�a�s�s�i�g�n�e�d� 

�n�u�m�b�e�r�.



�4�7� 

�T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �c�r�i�t�e�r�i�o�n� �u�s�e�d� �i�s� �g�i�v�e�n� �b�y�,� 

� � 

�2� 

�r�e� �a�n�t�l�  �� �A�p� 

� � � � 

� � �5� �<�  ¬� �(�4�.�2�5�)� 

�r�e�t� �a�p�t� 

� � 

� � 

�w�h�e�r�e� �A�n� �d�e�n�o�t�e�s� �t�h�e� �f�l�o�w� �v�a�r�i�a�b�l�e� �a�t� �n�o�d�e� �1�:� �a�n�d� �i�t�e�r�a�t�i�o�n� �n�,� �N� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� 

�u�n�k�n�o�w�n�s�,� �a�n�d�  ¬� �i�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �t�o�l�e�r�a�n�c�e� �(�s�a�y� �0�.�0�1�)�.� 

�T�o� �a�c�c�e�l�e�r�a�t�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e�,� �a� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �l�a�s�t� �a�n�d� �c�u�r�r�e�n�t� �s�o�l�u�t�i�o�n�s� 

�i�s� �u�s�e�d�:� 

�A� �=�w�A�"�+�(�1 ��w�)� �A�"�!� �(�4�.�2�6�)� 

�w�h�e�r�e� �w� �i�s� �a�n� �a�c�c�e�l�e�r�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�,� �0�.�0� �<� �w� �<� �1�.�0�.� �A� �v�a�l�u�e� �o�f� �w� �=� �2�/�3� �p�r�o�v�e�d� �t�o� 

�g�i�v�e� �f�a�s�t�e�r� �c�o�n�v�e�r�g�e�n�c�e�.� 

�4�.�6� �S�o�l�u�t�i�o�n� �o�f� �T�r�a�n�s�p�o�r�t� �E�q�u�a�t�i�o�n� 

�R�e�c�e�n�t�l�y� �D�h�a�t�t� �e�t� �a�l�.� �[�1�2�4�]� �u�s�e�d� �p�s�e�u�d�o�-�c�o�n�c�e�n�t�r�a�t�i�o�n� �m�e�t�h�o�d� �s�i�m�i�l�a�r� �t�o� �t�h�e� 

�o�n�e� �p�r�o�p�o�s�e�d� �b�y� �T�h�o�m�p�s�o�n� �e�t� �a�l�.� �[�4�5�]� �t�o� �s�i�m�u�l�a�t�e� �m�e�t�a�l� �f�l�o�w� �i�n� �m�o�l�d�s� �u�s�i�n�g� �t�h�e� 

�f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�.� �T�h�e� �e�m�p�t�y� �r�e�g�i�o�n� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �f�i�l�l�e�d� �w�i�t�h� �a� �f�i�c�t�i�t�i�o�u�s� 

�m�a�t�e�r�i�a�l� �(�a�i�r�)� �a�n�d� �t�h�e� �m�o�v�e�m�e�n�t� �o�f� �t�h�e� �i�n�t�e�r�f�a�c�e� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �a�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� 

�b�y� �s�o�l�v�i�n�g� �t�h�e� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n� �(�3�.�2�4�)�.� �T�h�e� �d�r�a�w�b�a�c�k� �o�f� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �o�n�e� 

�n�e�e�d�s� �t�o� �s�o�l�v�e� �t�h�e� �c�o�m�p�l�e�t�e� �d�o�m�a�i�n� �a�t� �e�v�e�r�y� �t�i�m�e� �s�t�e�p�.� �I�n� �t�h�i�s� �s�t�u�d�y� �a�n� �a�l�t�e�r�n�a�t�e� 

�a�p�p�r�o�a�c�h� �i�s� �p�r�e�s�e�n�t�e�d�.� 

�D�u�r�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n� �f�o�r� �p�s�e�u�d�o ��c�o�n�c�e�n�t�r�a�t�i�o�n� �F� �c�a�l�-� 

�c�u�l�a�t�i�o�n� �(�E�q�u�a�t�i�o�n� �3�.�2�5�)�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�h�y�s�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �c�o�n�s�t�r�a�i�n�t�s� �m�u�s�t� �b�e� 

�o�b�s�e�r�v�e�d�.� 

�1�.� �A�n� �e�l�e�m�e�n�t� �c�a�n� �n�o�t� �b�e� �l�e�s�s� �t�h�a�n� �e�m�p�t�y� �o�r� �m�o�r�e� �t�h�a�n� �f�u�l�l�.� �O�<� �F� �<�1�.



�4�8� 

�2�.� �T�h�e� �f�l�o�w� �o�f� �f�l�u�i�d� �a�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �i�s� �g�o�v�e�r�n�e�d� �b�y� �t�h�e� �C�o�u�r�a�n�t� �t�i�m�e� �s�t�e�p� �l�i�m�-� 

�i�t�a�t�i�o�n� �6�t� �<� �|� �$�F� �|�m�i�n� �.� �T�h�e�r�e�f�o�r�e� �f�l�u�i�d� �c�a�n�n�o�t� �b�e� �t�r�a�n�s�p�o�r�t�e�d� �t�h�r�o�u�g�h� �o�r�e� �t�h�a�n� 

�o�n�e� �e�l�e�m�e�n�t� �d�u�r�i�n�g� �a� �t�i�m�e� �s�t�e�p�.� 

�3�.� �A� �f�u�l�l� �e�l�e�m�e�n�t� �s�t�a�y�s� �f�u�l�l� �o�n�l�y� �i�f� �t�h�e� �s�u�r�r�o�u�n�d�i�n�g� �e�l�e�m�e�n�t�s� �a�r�e� �f�u�l�l� �d�u�r�i�n�g� �a� �g�i�v�e�n� 

�t�i�m�e� �s�t�e�p�.� �S�i�n�c�e� �a� �f�u�l�l� �e�l�e�m�e�n�t� �i�s� �n�e�x�t� �t�o� �o�n�l�y� �o�t�h�e�r� �f�u�l�l� �e�l�e�m�e�n�t�s� �a�n�d� �i�n�t�e�r�f�a�c�e� 

�e�l�e�m�e�n�t�s�,� �t�h�e� �o�n�l�y� �w�a�y� �F� �c�a�n� �c�h�a�n�g�e� �i�s� �i�f� �a� �v�o�i�d� �i�s� �c�o�n�v�e�c�t�e�d� �i�n� �f�r�o�m� �a�n� �a�d�j�a�c�e�n�t� 

�i�n�t�e�r�f�a�c�e� �e�l�e�m�e�n�t� �w�h�i�c�h� �h�a�s� �j�u�s�t� �b�e�c�o�m�e� �e�m�p�t�y�.� 

�4�.� �A�n� �e�m�p�t�y� �e�l�e�m�e�n�t� �r�e�m�a�i�n�s� �e�m�p�t�y� �i�f� �i�t� �i�s� �s�u�r�r�o�u�n�d�e�d� �b�y� �o�t�h�e�r� �e�m�p�t�y� �e�l�e�m�e�n�t�s� 

�d�u�r�i�n�g� �a� �g�i�v�e�n� �t�i�m�e� �s�t�e�p�.� �S�i�n�c�e� �a�n� �e�m�p�t�y� �e�l�e�m�e�n�t� �i�s� �a�d�j�a�c�e�n�t� �t�o� �o�t�h�e�r� �e�m�p�t�y� 

�a�n�d� �i�n�t�e�r�f�a�c�e� �e�l�e�m�e�n�t�s�,� �t�h�e� �o�n�l�y� �w�a�y� �F� �c�a�n� �c�h�a�n�g�e� �i�s� �i�f� �f�l�u�i�d� �i�s� �c�o�n�v�e�c�t�e�d� �i�n� 

�f�r�o�m� �a�n� �a�d�j�a�c�e�n�t� �i�n�t�e�r�f�a�c�e� �e�l�e�m�e�n�t� �w�h�i�c�h� �h�a�s� �j�u�s�t� �f�i�l�l�e�d�.� 

�5�.� �A�n� �i�n�t�e�r�f�a�c�e� �e�l�e�m�e�n�t� �c�a�n� �e�i�t�h�e�r� �b�e� �f�i�l�l�i�n�g� �o�r� �e�m�p�t�y�i�n�g� �d�u�r�i�n�g� �a� �g�i�v�e�n� �t�i�m�e� �s�t�e�p�.� 

�H�o�w�e�v�e�r�,� �i�f� �a�n� �i�n�t�e�r�f�a�c�e� �e�l�e�m�e�n�t� �b�e�c�o�m�e�s� �f�u�l�l� �d�u�r�i�n�g� �a� �t�i�m�e� �s�t�e�p�,� �a�n�y� �f�l�u�i�d� 

�e�x�c�e�s�s� �w�i�l�l� �c�o�n�v�e�c�t� �t�o� �a�d�j�a�c�e�n�t� �e�m�p�t�y� �e�l�e�m�e�n�t�s�.� �C�o�n�v�e�r�s�e�l�y�,� �i�f� �a�n� �i�n�t�e�r�f�a�c�e� 

�e�l�e�m�e�n�t� �e�m�p�t�i�e�s�,� �a�n�y� �a�d�d�i�t�i�o�n�a�l� �v�o�i�d� �w�i�l�l� �c�o�n�v�e�c�t� �t�o� �a�d�j�a�c�e�n�t� �f�u�l�l� �e�l�e�m�e�n�t�s�.� 

�T�h�e�s�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �o�r�i�g�i�n�a�l�l�y� �u�s�e�d� �b�y� �D�o�m�a�n�u�s� �e�t� �a�l�.� �[�5�3�]�.� 

�H�o�w�e�v�e�r�,� �t�h�e�y� �d�e�f�i�n�e�d� �t�h�e�s�e� �c�o�n�s�t�r�a�i�n�t�s� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �V�O�F� �f�o�r� �a� �c�e�l�l�.� �I�n� �t�h�i�s� 

�w�o�r�k�,� �t�h�e� �p�s�e�u�d�o�-�c�o�n�c�e�n�t�r�a�t�i�o�n� �i�s� �d�e�f�i�n�e�d� �a�t� �t�h�e� �f�r�e�e� �s�u�r�f�a�c�e� �i�n�t�e�r�f�a�c�e� �n�o�d�e�s� �a�n�d� 

�t�h�e�s�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �u�s�e�d� �i�n� �d�e�t�e�r�m�i�n�g� �t�h�e� �i�n�t�e�r�f�a�c�e� �n�o�d�e�s�.� �W�h�e�n�e�v�e�r� �t�h�e� �i�n�t�e�r�f�a�c�e� 

�l�i�e�s� �i�n� �b�e�t�w�e�e�n� �t�w�o� �n�o�d�e�s� �o�f� �a�n� �e�l�e�m�e�n�t�,� �t�h�e� �e�l�e�m�e�n�t� �i�s� �c�o�n�s�i�d�e�r�e�d� �a�s� �a�n� �i�n�t�e�r�f�a�c�e� 

�n�o�d�e� �a�n�d� �t�h�e� �i�n�t�e�r�f�a�c�e� �i�s� �m�o�v�e�d� �t�o� �t�h�e� �e�m�p�t�y� �n�o�d�e�.� �T�h�u�s�,� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� 

�i�n�t�e�r�f�a�c�e� �s�u�r�f�a�c�e� �d�e�p�e�n�d�s� �o�n� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �e�l�e�m�e�n�t�s�.� �I�n� �t�h�i�s� �s�t�u�d�y�,� �b�a�s�e�d� �o�n� 

�t�h�e� �a�b�o�v�e� �m�e�n�t�i�o�n�e�d� �c�o�n�s�t�r�a�i�n�t�s�,� �o�n�l�y� �t�h�e� �f�i�l�l�e�d� �a�n�d� �i�n�t�e�r�f�a�c�e� �e�l�e�m�e�n�t�s� �a�r�e� �u�s�e�d� 

�d�u�r�i�n�g� �t�h�e� �a�n�a�l�y�s�i�s�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �s�t�i�f�f�n�e�s�s� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �n�o�t� �c�o�m�p�u�t�e�d� �f�o�r� �t�h�e� 

�e�m�p�t�y� �r�e�g�i�o�n�s�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �c�o�n�s�i�d�e�r�a�b�l�e� �s�a�v�i�n�g�s� �w�h�e�n� �s�o�l�v�i�n�g� �t�h�r�e�e ��d�i�m�e�n�s�i�o�n�a�l� 

�p�r�o�b�l�e�m�s�.� �T�h�e� �v�a�l�u�e� �o�f� �a�r�t�i�f�i�c�i�a�l� �v�i�s�c�o�s�i�t�y� �c�o�e�f�f�i�c�i�e�n�t� �&� �w�a�s� �t�a�k�e�n� �t�o� �b�e� �e�q�u�a�l� �t�o� �1�.



�C�h�a�p�t�e�r� �5� 

�E�Q�U�A�T�I�O�N� �S�O�L�V�E�R�S� 

�5�.�1� �P�r�e�l�i�m�i�n�a�r�y� �R�e�m�a�r�k�s� 

�I�n� �C�h�a�p�t�e�r� �2�,� �d�i�f�f�e�r�e�n�t� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �c�o�m�m�o�n�l�y� �u�s�e�d� �f�o�r� �s�o�l�u�t�i�o�n� �o�f� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �r�e�v�i�e�w�e�d� �a�n�d� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �b�y� �u�s�i�n�g� �e�l�e�m�e�n�t ��b�y�-�e�l�e�m�e�n�t� 

�d�a�t�a� �s�t�r�u�c�t�u�r�e� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �c�a�n� �b�e� �m�a�d�e� �m�o�r�e� �e�f�f�i�c�i�e�n�t�.� �T�h�e� �e�l�e�m�e�n�t ��b�y�-� 

�e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m�s� �w�e�r�e� �s�u�c�c�e�s�f�u�l�l�y� �u�s�e� �t�o� �s�o�l�v�e� �a� �v�a�r�i�e�t�y� �o�f� �p�r�o�b�l�e�m�s� �i�n� 

�e�n�g�i�n�e�e�r�i�n�g� �p�r�a�c�t�i�c�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �e�l�e�m�e�n�t�- ��b�y�-�e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m�s� �w�e�r�e� 

�n�o�t� �u�s�e�d� �t�o� �s�o�l�v�e� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�u�i�d� �f�l�o�w� �p�r�o�b�l�e�m�s� �i�n� �p�r�i�m�i�t�i�v�e� �v�a�r�i�a�b�l�e�s�,� �e�s�p�e�c�i�a�l�l�y� 

�u�s�i�n�g� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �f�o�r�m�u�l�a�t�i�o�n�.� �A� �p�o�s�s�i�b�l�e� �e�x�p�l�a�n�a�t�i�o�n� �f�o�r� �t�h�i�s� �i�s� �t�h�e� �i�t�e�r�a�t�i�v�e� 

�s�o�l�v�e�r�s� �d�o� �n�o�t� �w�o�r�k� �w�e�l�l� �i�f� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�c�e�s� �i�s� �l�a�r�g�e� 

�a�n�d� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �p�e�n�a�l�t�y� �t�e�r�m�s� �s�p�o�i�l�s� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r�.� �T�o� �o�v�e�r�c�o�m�e� �t�h�i�s� �a�n� 

�i�t�e�r�a�t�i�v�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �g�i�v�e�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�.� �T�h�i�s� �e�n�a�b�l�e�s� 

�u�s� �t�o� �u�s�e� �a� �s�m�a�l�l�e�r� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �a�n�d� �h�e�n�c�e� �i�m�p�r�o�v�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� 

�i�t�e�r�a�t�i�v�e� �s�o�l�u�t�i�o�n� �s�c�h�e�m�e�.� 

�T�h�e� �l�i�n�e�a�r�i�z�e�d� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �(�4�.�2�4�)� �a�r�e� �s�o�l�v�e�d� �u�s�i�n�g� �b�o�t�h� �d�i�r�e�c�t� �a�n�d� �t�h�r�e�e� �i�t�-� 

�e�r�a�t�i�v�e� �s�o�l�v�e�r�s�.� �F�o�r� �d�i�r�e�c�t� �m�e�t�h�o�d� �w�e� �u�s�e�d� �f�r�o�n�t�a�l� �s�o�l�u�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �T�h�e� �f�r�o�n�t�a�l�-� 

�s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m� �i�s� �u�s�e�d� �b�e�c�a�u�s�e� �i�t� �i�s� �f�a�s�t�e�r� �t�h�a�n� �m�o�s�t� �d�i�r�e�c�t� �s�o�l�v�e�r�s� �a�n�d� �r�e�q�u�i�r�e�s� 

�l�e�s�s� �c�o�r�e� �s�p�a�c�e� �a�s� �l�o�n�g� �a�s� �a�c�t�i�v�e� �v�a�r�i�a�b�l�e�s� �c�a�n� �b�e� �k�e�p�t� �i�n� �c�o�r�e� �[�1�2�5�]� �.� �A�n� �a�d�d�i�t�i�o�n�a�l� 

�a�d�v�a�n�t�a�g�e� �i�s� �t�h�a�t� �n�o� �s�t�r�i�n�g�e�n�t� �n�o�d�e� �n�u�m�b�e�r�i�n�g� �s�c�h�e�m�e� �i�s� �n�e�e�d�e�d�,� �t�h�o�u�g�h� �a�n� �e�l�e�-� 

�m�e�n�t� �n�u�m�b�e�r�i�n�g� �h�e�l�p�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �f�r�o�n�t� �w�i�d�t�h�.� �T�h�e� �t�h�r�e�e� �i�t�e�r�a�t�i�v�e� �s�o�l�u�t�i�o�n� 

�s�c�h�e�m�e�s� �u�s�e�d� �a�r�e� �(�i�)� �B�i�o�r�t�h�o�g�o�n�a�l� �C�o�n�j�u�g�a�t�e� �G�r�a�d�i�e�n�t� �m�e�t�h�o�d� �[�6�7�]�,� �(�i�i�)� �L�a�n�c�z�o�s� 

�O�R�T�H�O�R�E�S� �[�6�7�]�,� �a�n�d� �(�i�i�i�)� �G�M�R�E�S� �[�1�0�0�]�.� 

�4�9



�5�0� 

�5�.�2� �I�t�e�r�a�t�i�v�e� �S�o�l�v�e�r�s�:� 

�T�h�e� �i�t�r�a�t�i�v�e� �m�e�t�h�o�d�s� �i�m�p�l�e�m�e�n�t�e�d� �a�n�d� �t�e�s�t�e�d� �a�r�e� �a�l�l� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t�-�l�i�k�e� 

�m�e�t�h�o�d�s�.� �T�h�e� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t� �m�e�t�h�o�d� �f�o�r� �s�o�l�v�i�n�g� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �c�a�n� 

�b�e� �i�n�t�e�r�p�r�e�t�e�d� �a�s� �t�h�e� �s�e�a�r�c�h� �f�o�r� �t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �e�n�e�r�g�y� �E� �o�f� �t�h�e� �s�y�s�t�e�m�.� �T�h�e� 

�e�n�e�r�g�y� �o�f� �t�h�e� �s�y�s�t�e�m� �i�s� �a� �m�i�n�i�m�u�m� �w�h�e�n� �t�h�e� �r�e�s�i�d�u�a�l� �v�e�c�t�o�r� �r� �=� �F�  ��K�A� �v�a�n�i�s�h�e�s�.� 

�A�l�g�o�r�i�t�h�m�s� �f�o�r� �O�R�H�T�O�M�I�N�,� �O�R�T�H�O�R�E�S� �a�n�d� �G�M�R�E�S� �s�o�l�v�e�r�s� �a�r�e� �g�i�v�e�n� �b�e�l�o�w�.� 

�5�.�2�.�1� �O�R�T�H�O�M�I�N� �A�l�g�o�r�i�t�h�m� 

�T�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �t�h�e� �b�i�-�o�r�t�h�o�g�i�n�a�l� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t� �m�e�t�h�o�d� �(�a�l�s�o� �k�n�o�w�n� �a�s� 

�t�w�o�-�t�e�r�m� �f�o�r�m� �o�f� �t�h�e� �s�t�e�e�p�e�s�t� �d�e�c�e�n�t� �m�e�t�h�o�d�,� �L�a�n�c�z�o�s�/�O�R�T�H�O�M�I�N�)� �f�o�r� �u�n�s�y�m�-� 

�m�e�t�r�i�c� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �r�e�a�d�s� �[�6�7�]� �a�s� �f�o�l�l�o�w�s�.� 

�F�o�r� �e�a�c�h� �n�o�n�l�i�n�e�a�r� �i�t�e�r�a�t�i�o�n� �n�,� �f�o�r�m� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �(�4�.�2�4�)�.� �G�i�v�e�n� 

�i�n�i�t�i�a�l� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r� �{�A�°�}� �(�a�r�b�i�t�r�a�r�y�)�,� �c�o�m�p�u�t�e�:� 

�r�o�=�F� �- �� �K�A�°� 

�P�®� �=�r�?� 

�7�°� �_ �� �P�?� �_ �� �r�°�?� 

�A�m�r� �=� �A!"�+�,�P!"� 
�(�r!"�F!"�)� 

�(�K�P!"�,�F!"�)� 
�P!"� �=�r!"�+�a�,�P!"�!� 

�A�m� �=� 

�(�r!"�,� �F!"�)� 
�(�r�m ��1� �¢�m�-�1�)� 

�r�t�!� �_ �� �r!"� �_� �A�m�K�P �!"� 

�I�I� �A�m� 

�p�r�t� �=� �F!"� �_� �A�m�K�?�T�P!"�!� 

�w�h�e�r�e� �m� �i�s� �t�h�e� �O�R�T�H�O�M�I�N� �i�t�e�r�a�t�i�o�n� �n�u�m�b�e�r� �a�n�d� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �n�o�n�l�i�n�e�a�r



�5�1� 

�i�t�e�r�a�t�i�o�n� �n�u�m�b�e�r� �n� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�.� �r� �i�s� �t�h�e� �r�e�s�i�d�u�a�l� �v�e�c�t�o�r�,� �a�n�d� 

�P� �i�s� �t�h�e� �p�r�o�j�e�c�t�i�o�n� �v�e�c�t�o�r�.� 

�5�.�2�.�2� �O�R�T�H�O�R�E�S� �A�l�g�o�r�i�t�h�m� 

�T�h�e� �s�t�e�p�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �L�a�n�c�z�o�s� �O�R�T�H�O�R�E�S� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m� �a�r�e� �[�6�7�]�:� 

�F�o�r� �e�a�c�h� �n�o�n�l�i�n�e�a�r� �i�t�e�r�a�t�i�o�n� �n�,� �f�o�r�m� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �(�4�.�2�4�)�.� �K�n�o�w�n� 

�i�n�i�t�i�a�l� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r� �A�°� �(�a�r�b�i�t�r�a�r�y�)�,� �f�o�r� �c�o�m�p�u�t�e�:� 

�A�t�t�  �� �p�m�t�t�(�a!"� �+� �a�m�+�l�p�m�)� �+� �(�1� �4� �e!"�"�)� �a�m�!� 

�r�°�=�F�  ��-� �K�A�?� 

�y�m�t�i�  �� �(�r!"�,�r!"�)� 

�(�K�r!"�,�F!"�)� 

�1� �;�i�f�m�=�0� 
�m�+�1� �_� �m� �r�t� �t�h�t� �-�1� 

�~�~� �=� �E�  �� �z�|� �;�i�f�m�>�1� 

�p�r�t�l�  �� �g�m�t�!� �(�r!"� �_� �A�m�t�1�K�r!"�)� �+� �(�1� �+� �p�m�t�h�)� �p�m�o�l� 

�e�m�t�)� �_� �g�m�t� �(�e!"� �_� �a�m�+�l� �K�m�)� �+� �(�1� �+� �p�m�t�i�)�e�m�-�t� 

�w�h�e�r�e� �m� �i�s� �t�h�e� �O�R�T�H�O�M�I�N� �i�t�e�r�a�t�i�o�n� �n�u�m�b�e�r� �a�n�d� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�i�t�e�r�a�t�i�o�n� �n�u�m�b�e�r� �n� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�.� �T�h�e� �s�o�l�u�t�i�o�n� �i�s� �s�a�i�d� �t�o� 

�c�o�n�v�e�r�g�e� �i�f� �r�a�t�i�o� �r�e�s�i�d�u�a�l�s� �a�t� �t�w�o� �c�o�n�s�e�c�u�t�i�v�e� �i�n�n�e�r� �i�t�e�r�a�t�i�o�n�s� �(�r�*�/�r�*�~�!� �)� �i�s� �l�e�s�s� �t�h�a�n� 

�t�h�e� �s�p�e�c�i�f�i�e�d� �t�o�l�e�r�e�n�c�e� �(�s�a�y� �1�0�7�°�)�.� �S�a�m�e� �c�r�i�t�e�r�i�o�n� �i�s� �u�s�e�d� �f�o�r� �b�o�t�h� �O�R�T�H�O�M�I�N� �a�n�d� 

�O�R�T�H�O�R�E�S� �a�l�g�o�r�i�t�h�m�s�.� 

�5�.�2�.�3� �G�M�R�E�S� �A�l�g�o�r�i�t�h�m� 

�T�h�e� �t�h�i�r�d� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�,� �w�h�o�s�e� �p�e�r�f�o�r�m�a�n�c�e� �w�a�s� �i�n�v�e�s�t�i�g�a�t�e�d�,� �u�s�e�s� �G�M�R�E�S� 

�s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m�.� �F�o�r� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�o�r�m� �A�°�+�z�,� �w�h�e�r�e� �A�®� �i�s� �t�h�e� 

�i�n�i�t�i�a�l� �g�u�e�s�s� �a�n�d� �z� �i�s� �a� �m�e�m�b�e�r� �o�f� �t�h�e� �K�r�y�l�o�v� �s�p�a�c�e� �K� �o�f� �d�i�m�e�n�s�i�o�n� �k�,� �t�h�e� �G�M�R�E�S� �a�l�-� 

�g�o�r�i�t�h�m� �d�e�t�e�r�m�i�n�e�s� �z� �s�u�c�h� �t�h�a�t� �|�|� �F ��K�(�A�°�+�z�)� �|�|� �i�s� �m�i�n�i�m�i�z�e�d�.� �|�|� �.� �|�|� �d�e�n�o�t�e�s� �t�h�e� �L�-� 

�2� �n�o�r�m�.� �T�h�e� �K�r�y�l�o�v� �s�p�a�c�e� �i�s� �g�i�v�e�n� �b�y� �K� �=� �s�p�a�n�{� �A�°�,� �K�A�®�,� �K�?�A�°�,� �K�F�!� �A�o�}�,



�5�2� 

�T�h�e�r�e�f�o�r�e�,� �w�h�e�n� �s�o�l�v�i�n�g� �l�a�r�g�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�,� �a�s� �t�h�e� �v�a�l�u�e� �o�f� �k� �i�n�c�r�e�a�s�e�s�,� �t�h�e� 

�a�m�o�u�n�t� �o�f� �s�t�o�r�a�g�e� �r�e�q�u�i�r�e�d� �a�l�s�o� �i�n�c�r�e�a�s�e�s�.� �T�h�i�s� �d�r�a�w�b�a�c�k� �c�a�n� �b�e� �o�v�e�r�c�o�m�e� �b�y� 

�e�m�p�l�o�y�i�n�g� �t�h�e� �G�M�R�E�S� �a�l�g�o�r�i�t�h�m� �i�t�e�r�a�t�i�v�e�l�y� �b�y� �u�s�i�n�g� �a� �s�m�a�l�l�e�r� �v�a�l�u�e� �f�o�r� �k� �a�n�d� 

�r�e�s�t�a�r�t�i�n�g� �t�h�e� �a�l�g�o�r�i�t�h�m� �a�f�t�e�r� �e�v�e�r�y� �k� �s�t�e�p�s�.� �T�h�e� �r�e�s�t�a�r�t� �v�e�r�s�i�o�n� �o�f� �t�h�e� �G�M�R�E�S� 

�a�l�g�o�r�i�t�h�m� �i�s� �a�s� �f�o�l�l�o�w�s� �[�1�0�0�]�.� �F�o�r� �e�a�c�h� �n�o�n�l�i�n�e�a�r� �i�t�e�r�a�t�i�o�n� �o�b�t�a�i�n� �a� �s�e�t� �o�f� �l�i�n�e�a�r�i�z�e�d� 

�a�l�g�e�b�r�a�i�c� �e�q�a�u�t�i�o�n�s�.� 

�1�.� �S�t�a�r�t�:� �C�h�o�o�s�e� �A�°� �a�n�d� �c�o�m�p�u�t�e� �r�°�?� �=� �F�  �� �K�A�®� �a�n�d� �v�!� �=� �A�®�/�|�|� �A�®� �|�.� 

�2�.� �I�t�e�r�a�t�e�:� �F�o�r� �7� �=� �1�,�2�.�.�.�,�&� �d�o�:� 

�h�y�;� �=� �(�K�u�;�,�v�,�;�)�,� �1� �=� �1�,�2�,�.�.�.�,�9�,� 

�0�5�4�1� �=� �K�u�;� �-� �a�n� �h�y� �5�%�,� 

�h�y�s�i�y� �=�|� �8�j�4�1� �[�|� �a�n�d� 
�V�j�4�1� �=� �O�j�4�1�/�A�y�4�i�y�,� 

�3�.� �F�o�r�m� �t�h�e� �a�p�p�r�o�z�t�m�a�t�e� �s�o�l�u�t�i�o�n�:� 

�A�*� �=� �A�°� �+� �V�y�,� �w�h�e�r�e� �y� �m�i�n�i�m�i�z�e�s� �|�|� �e�  �� �H�y� �|�|�,�y�  ¬� �R�*�.� 

�4�.� �R�e�s�t�a�r�t�:� 

�C�o�m�p�u�t�e� �r�*� �=� �F� �~� �K�A�*�:� �c�h�e�c�k� �c�o�n�v�e�r�g�e�n�c�e�;� �i�f� �s�a�t�i�s�f�i�e�d� �s�t�o�p�,� 

�o�t�h�e�r�w�i�s�e� �c�o�m�p�u�t�e� �A�°� �:�=� �A�*�,�v�,� �:�=� �A�*�/�|�|� �A�F� �|�|�,� �a�n�d� �g�o� �t�o� �s�t�e�p� �2�.� 

�w�h�e�r�e� �V� �i�s� �a� �N� �x� �k� �m�a�t�r�i�x� �w�h�o�s�e� �c�o�l�u�m�n�s� �a�r�e� �L�-�2� �o�r�t�h�o�n�o�r�m�a�l� �b�a�s�i�s� �v�e�c�t�o�r�s� 

�{�v�1�,�V�2�,�.�.�-�,�v�e�}�,� �e� �=� �{�|�|� �A�°� �|�,�0�,�.�.�.�,�0�}� �a�n�d� �H� �i�s� �t�h�e� �u�p�p�e�r� �&� �x� �k� �H�e�s�s�e�n�b�e�r�g� 

�m�a�t�r�i�x� �w�h�o�s�e� �e�n�t�r�i�e�s� �a�r�e� �t�h�e� �s�c�a�l�a�r�s� �h�,� �;�.� �W�h�e�n� �u�s�i�n�g� �t�h�e� �r�e�s�t�a�r�t� �v�e�r�s�i�o�n� �o�f� �G�M�R�E�S� 

�a�l�g�o�r�i�t�h�m�,� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n� �m� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �f�r�o�m� �t�h�e� �n�u�m�b�e�r� �o�f� 

�r�e�s�t�a�r�t�s� �a�n�d� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �k�.� 

�5�.�3� �P�r�e�c�o�n�d�i�t�i�o�n�i�n�g� 

�T�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �p�e�n�a�l�t�y� �t�e�r�m�s� �i�n� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�s� �s�p�o�i�l�s� �t�h�e� �c�o�n�-� 

�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�c�e�s�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �s�l�o�w� �c�o�n�v�e�r�g�e�n�c�e� �w�h�e�n



�5�3� 

�u�s�i�n�g� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �a�b�o�v�e� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �c�a�n� 

�b�e� �i�m�p�r�o�v�e�d� �b�y� �p�r�e�c�o�n�d�i�t�i�o�n�i�n�g� �t�h�e� �s�y�s�t�e�m�.� �I�n� �t�h�i�s� �s�t�u�d�y�,� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� 

�i�s� �t�r�a�n�s�f�o�r�m�e�d� �u�s�i�n�g� �d�i�a�g�o�n�a�l� �s�c�a�l�i�n�g� �m�a�t�r�i�x� �(�J�a�c�o�b�i�/�D�i�a�g�o�n�a�l� �P�r�e�c�o�n�d�i�t�i�o�n�i�n�g�)�.� 

�A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �(�4�.�2�4�)� �b�e�c�o�m�e�s�,� 

�K�A�=�F� 

�w�h�e�r�e� 

�K�=�W�w�?�k�w�l�?� 

�A�=�w�W�' ��a� 

�F� �=� �W�F� 

�w�h�e�r�e�,� �W�,�,�;� �=� �K�z�!� �i�s� �a� �d�i�a�g�o�n�a�l� �m�a�t�r�i�x�.� �D�u�r�i�n�g� �t�h�e� �m�a�t�r�i�x� �v�e�c�t�o�r� �m�u�l�t�i�p�l�i�c�a�t�i�o�n�,� 

�t�h�e� �e�l�e�m�e�n�t�-�b�y�-�e�l�e�m�e�n�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �i�s� �e�x�p�l�o�i�t�e�d� �a�n�d� �t�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�o�n�s� �a�r�e� 

�c�a�r�r�i�e�d� �o�u�t� �a�t� �t�h�e� �e�l�e�m�e�n�t� �l�e�v�e�l� �a�n�d� �t�h�e� �r�e�s�i�d�u�a�l�s� �a�r�e� �t�h�e�n� �a�s�s�e�m�b�l�e�d� �t�o� �f�o�r�m� �t�h�e� 

�g�l�o�b�a�l� �v�e�c�t�o�r�.� 

�I�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d� �a�n�d� �t�h�e� �i�t�e�r�a�t�i�v�e� 

�s�o�l�v�e�r�s� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a�b�o�v�e� �e�x�p�l�a�i�n�d� �s�o�l�v�e�r� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �d�i�r�e�c�t� 

�(�f�r�o�n�t�a�l�)� �s�o�l�v�e�r� �r�e�s�u�l�t�s�.� �A�l�l� �c�o�m�p�u�t�a�t�i�o�n�s� �w�e�r�e� �c�a�r�r�i�e�d� �o�u�t� �o�n� �a�n� �I�B�M� �3�0�9�0�/�2�0�0� 

�c�o�m�p�u�t�e�r� �u�s�i�n�g� �v�e�c�t�o�r�i�z�a�t�i�o�n� �a�n�d� �o�p�t�i�m�i�z�a�t�i�o�n� �(�l�e�v�e�l� �3�)� �o�p�t�i�o�n�s� �d�u�r�i�n�g� �c�o�m�p�i�l�a�t�i�o�n�.� 

�T�h�e� �f�i�n�d�i�n�g�s� �f�r�o�m� �t�h�i�s� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t� �a�r�e� �g�i�v�e�n� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�.� 

�5�.�4� �L�i�d� �D�r�i�v�e�n� �C�a�v�i�t�y� �F�l�o�w� 

�H�e�r�e� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �i�s�o�t�h�e�r�m�a�l� �N�e�w�t�o�n�i�a�n� �f�l�u�i�d� �f�l�o�w� �i�n� �a� �t�h�r�e�e ��d�i�m�e�n�s�i�o�n�a�l�,� 

�l�i�d�-�d�r�i�v�e�n� �c�a�v�i�t�y� �i�s� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �v�o�l�u�m�e� �o�f� �t�h�e� �c�a�v�i�t�y� �i�s� �t�a�k�e�n� �t�o� �b�e� �o�n�e� �c�u�b�i�c� 

�c�m�,� �a�n�d� �d�u�e� �t�o� �s�y�m�m�e�t�r�y� �o�n�l�y� �o�n�e�-�h�a�l�f� �o�f� �t�h�e� �d�o�m�a�i�n� �i�s� �a�n�a�l�y�z�e�d�.� �T�h�e� �g�e�o�m�e�t�r�y� 

�o�f� �t�h�e� �d�o�m�a�i�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�.�1�.� �T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �u�s�e�d� �a�r�e�:



�5�4� 

�(�0�,�1�,�0� �)� 

� � 

�(�0�,�1�,�0�.�5�)� 

�5� 
�é� 
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�a�t� �z�r�=�O�0�O�&�l�1�l� �;�u�=�v�=�w�=�0� 

�a�t� �y�=�0� �;�u ��=�v�=�w�=�0� 

�a�t� �y�=�l�1� �;�u�=�1� 

�'� �0� �O�u� �a�d�v� �0� 
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�O�z� �O�z� 

�a�t� �z�=�0�.�5� �;�u�=�v�=�w�=�0� 

�T�o� �s�o�l�v�e� �t�h�i�s� �p�r�o�b�l�e�m�,� �f�o�u�r� �n�o�n�u�n�i�f�o�r�m� �m�e�s�h�e�s� �c�o�n�s�i�s�t�i�n�g� �o�f� �1�0� �x� �1�0� �x� �5�,�1�2� �x� 

�1�2� �x� �6�,�1�4� �x� �1�4� �x� �7�,� �a�n�d� �1�6� �x� �1�6� �x� �8� �t�r�i�l�i�n�e�a�r� �e�l�e�m�e�n�t�s� �w�e�r�e� �u�s�e�d�.� �T�h�e� �p�r�e�s�s�u�r�e� 

�a�t� �(�0�.�5�,� �0�.�0�,� �0�.�5�)� �i�s� �t�a�k�e�n� �t�o� �b�e� �e�q�u�a�l� �t�o� �z�e�r�o� �a�n�d� �i�s� �u�s�e�d� �a�s� �a�n� �e�s�s�e�n�t�i�a�l� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n� �f�o�r� �p�r�e�s�s�u�r�e� �c�a�l�c�u�l�a�t�i�o�n�.� �T�h�e� �f�l�o�w� �w�a�s� �a�n�a�l�y�z�e�d� �f�o�r� �R�e� �=� �1�0�.�0� �a�n�d� �1�0�0�.�0�.� 

�F�o�r� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �c�r�i�t�e�r�i�o�n� �f�o�r� �v�e�l�o�c�i�t�y� �a�n�d� �p�r�e�s�s�u�r�e� �c�a�l�c�u�l�a�t�i�o�n�s� 

�w�e�r�e� �t�a�k�e�n� �t�o� �b�e� �¢�,�,�;� �=� �1�.�0� �x� �1�0�7�°� �a�n�d� �E�p�r� �=� �1�.�0� �x� �1�0�-�3� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�i�g�u�r�e� �5�.�2� 

�s�h�o�w�s� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �d�e�s�c�r�i�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �d�o�m�a�i�n� �f�o�r� �t�h�e� �t�h�i�r�d� �m�e�s�h�.� 

�W�h�e�n� �u�s�i�n�g� �t�h�e� �r�e�s�t�a�r�t� �v�e�r�s�i�o�n� �o�f� �G�M�R�E�S� �a�l�g�o�r�i�t�h�m�,� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s� 

�w�e�r�e� �c�a�r�r�i�e�d� �o�u�t� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �o�p�t�i�m�u�m� �v�a�l�u�e� �o�f� �k� �f�o�r� �t�h�e� �K�r�y�l�o�v� �s�p�a�c�e� �K� �.� 

�F�o�r� �k� �l�e�s�s� �t�h�a�n� �2�5�,� �t�h�e� �s�o�l�u�t�i�o�n� �d�i�d� �n�o�t� �c�o�n�v�e�r�g�e� �i�n� �1�5�0�0� �i�t�e�r�a�t�i�o�n�s� �f�o�r� �t�h�e� �s�m�a�l�l�e�s�t� 

�m�e�s�h�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �f�o�r� �l�a�r�g�e�r� �v�a�l�u�e�s�,� �t�h�e� �s�o�l�u�t�i�o�n� �c�o�n�v�e�r�g�e�d� �i�n� �l�e�s�s� �i�t�e�r�a�t�i�o�n�s� 

�b�u�t� �r�e�q�u�i�r�e�d� �l�a�r�g�e�r� �m�e�m�o�r�y�.� �T�h�r�o�u�g�h�o�u�t� �t�h�e� �a�n�a�l�y�s�i�s� �w�e� �u�s�e�d� �k� �=� �2�5�.� 

�F�i�g�u�r�e� �5�.�3� �s�h�o�w�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �f�o�r� �t�h�e� �f�i�r�s�t� �m�e�s�h� �f�o�r� �t�h�e� �f�i�r�s�t� 

�n�o�n�l�i�n�e�a�r� �i�t�e�r�a�t�i�o�n� �s�o�l�u�t�i�o�n� �f�o�r� �R�e� �=� �1�0�.� �I�t� �i�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �r�a�t�e� �o�f� 

�G�M�R�E�S� �s�o�l�v�e�r� �s�h�o�w�s� �n�o� �o�s�c�i�l�l�a�t�o�r�y� �b�e�h�a�v�i�o�r� �b�u�t� �i�s� �s�l�o�w� �c�o�m�p�a�r�e�d� �t�o� �O�R�T�H�O�M�I�N� 

�a�n�d� �O�R�T�H�O�R�E�S� �s�o�l�v�e�r�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �t�o� �a�r�r�i�v�e� �a�t� �a� �c�o�n�-� 

�v�e�r�g�e�d� �s�o�l�u�t�i�o�n� �f�o�r� �R�e� �=� �1�0� �f�o�r� �e�a�c�h� �s�o�l�v�e�r� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �5�.�1�.� �T�h�e� �n�u�m�b�e�r� �i�n� 

�t�h�e� �p�a�r�e�n�t�h�e�s�i�s� �d�e�n�o�t�e� �t�h�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �t�o� �s�o�l�v�e� �t�h�e� �s�y�s�t�e�m� �o�f� 

�e�q�u�a�t�i�o�n�s� �f�o�r� �e�a�c�h� �n�o�n�l�i�n�e�a�r� �i�t�e�r�a�t�i�o�n�.� �T�h�e� �n�u�m�b�e�r�s� �i�n� �p�a�r�e�n�t�h�e�s�i�s� �i�n� �t�h�e� �s�e�c�o�n�d� 

�r�o�w� �f�o�r� �e�a�c�h� �m�e�s�h� �r�e�p�r�e�s�e�n�t� �t�h�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �f�o�r� �p�r�e�s�s�u�r�e� �c�a�l�c�u�l�a�t�i�o�n�s�.� 

�F�r�o�m� �T�a�b�l�e� �5�.�1� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �b�y� �t�h�e� �G�M�R�E�S� 

�a�l�g�o�r�i�t�h�m� �a�r�e� �n�e�a�r�l�y� �3�.�5� �t�i�m�e�s� �m�o�r�e� �t�h�a�n� �t�h�o�s�e� �r�e�q�u�r�e�d� �b�y� �O�R�T�H�O�M�I�N� �o�r� �O�R�-



�5�6� 

� � 
�F�i�g�u�r�e� �5�-�2�:� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�s�h� �(�M�e�s�h� �3�)� �u�s�e�d� �f�o�r� �l�i�d� �d�r�i�v�e�n� �c�a�v�i�t�y� �p�r�o�b�l�e�m



�5�7� 

� � 

� � 

� � � � � � � � 

� � � � � � 

�1�0�°� �=� �t�r�u� �i�t� �t�y�p�p�y� �L�y�p�y�p� �y�p� �t�y� �p�y� �t� �y�p� �y�y� �t�y� �p�y� �J� �g�y� �t�a� �a� �E� 

�|�  ��  �� �~�O�R�T�H�O�R�E�S� �r� 
�3� �a� 

�4� �-� �-�-�-�-� �O�R�T�H�O�M�I�N� �E� 
�4� �L� 

�1�0�°� �=� �G�M�R�E�S� �-� 
�=� �1� �E� 
�"�  ��7� 

 �� 

�=� �-�~�a� �a� 

�©� �d�e� �F� 
�O�e� �4� �U�A� �L� 

�-�2� �j�t� �\� �L� �l�o�n� �a�S� �:� 
�F�N�I�N� �F� 
�2� �L� 

�z� �y�y� �E� 

�|� 
�J� �|� �E� 

�.� �{� 
�1�0� �4� �T� �T� �T�F�T� �T� �7� �T�t� �T� �T� �T�T�T� �T� �T� �Y�T� �T� �T� �T� �T� �T� �T�T�T� �T� �T�T�T� �T� �T�T� 

�0� �2�0�0� �4�0�0� �6�0�0� �8�0�0� �1�0�0�0� �1�2�0�0� �1�4�0�0� �1�6�0�0� 

�I�t�e�r�a�t�i�o�n�s� 

�F�i�g�u�r�e� �5�-�8�:� �C�o�n�v�e�r�g�e�n�c�e� �o�f� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �f�o�r� �l�i�d� �d�r�i�v�e�n� �c�a�v�i�t�y� �p�r�o�b�l�e�m� �(�M�e�s�h� �1�,� �R�e� �=� �1�0�)



�T�a�b�l�e� �5�.�1�.� �N�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �m�e�s�h�e�s� �a�n�d� �s�o�l�v�e�r�s� 

�5�8� 

� � 

� � 

� � 

� � 

� � � � 
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�T�H�O�R�E�S� �s�o�l�v�e�r�s� �f�o�r� �s�a�m�e� �e�r�r�o�r� �t�o�l�e�r�a�n�c�e�s�.� �T�h�i�s� �r�e�f�l�e�c�t�s� �i�n� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d� 

�t�o� �o�b�t�a�i�n� �a� �c�o�n�v�e�r�g�e�d� �s�o�l�u�t�i�o�n�.� 

�F�i�g�u�r�e� �5�.�4� �s�h�o�w�s� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�m�e�n�t�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� 

�e�l�e�m�e�n�t�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �s�o�l�v�e�r�s�.� �F�r�o�m� �F�i�g�.� �5�.�4� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �f�r�o�n�t�a�l� �s�o�l�v�e�r� �r�e�q�u�i�r�e�s� 

�m�o�r�e� �C�P�U� �t�i�m�e�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �i�t� �i�s� �a� �d�i�r�e�c�t� �s�o�l�v�e�r� �a�n�d� �p�e�r�f�o�r�m�s� 

�e�l�i�m�i�n�a�t�i�o�n� �o�p�e�r�a�t�i�o�n� �w�h�i�c�h� �i�s� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �i�n�t�e�n�s�i�v�e�.� �A�l�s�o� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� 

�i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �d�e�p�e�n�d�s� �t�o� �s�o�m�e� �e�x�t�e�n�t� �o�n� �t�h�e� �i�n�i�t�i�a�l� �g�u�e�s�s�.� �O�n�c�e� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�r� 

�l�i�n�e�a�r� �p�r�o�b�l�e�m� �(�S�t�o�k�e�s�)� �i�s� �o�b�t�a�i�n�e�d�,� �i�t� �i�s� �u�s�e�d� �a�s� �t�h�e� �i�n�i�t�i�a�l� �g�u�e�s�s� �f�o�r� �t�h�e� �s�e�c�o�n�d� 

�i�t�e�r�a�t�i�o�n� �a�n�d� �t�h�e�r�e�o�n�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �f�a�s�t�e�r� �c�o�n�v�e�r�g�e�n�c�e� �f�r�o�m� �s�e�c�o�n�d� �i�t�e�r�a�t�i�o�n� 

�o�n�w�a�r�d�s� �f�o�r� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s�,� �a�s� �s�h�o�w�n� �i�n� �t�h�e� �T�a�b�l�e� �5�.�1�,� �b�e�c�a�u�s�e� �t�h�e� �i�n�i�t�i�a�l� �g�u�e�s�s� �i�s� 

�c�l�o�s�e�r� �t�o� �t�h�e� �a�c�t�u�a�l� �s�o�l�u�t�i�o�n�.� �H�e�n�c�e� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d� �f�r�o�m� �s�e�c�o�n�d� �n�o�n�l�i�n�e�a�r� 

�i�t�e�r�a�t�i�o�n� �o�n�w�a�r�d�s� �d�e�c�r�e�a�s�e�s� �f�o�r� �e�a�c�h� �i�t�e�r�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �i�s� �n�o�t� �t�r�u�e� �f�o�r� �t�h�e� 

�d�i�r�e�c�t� �s�o�l�v�e�r�s� �b�e�c�a�u�s�e� �t�h�e�y� �r�e�q�u�i�r�e� �s�a�m�e� �a�m�o�u�n�t� �o�f� �C�P�U� �t�i�m�e� �f�o�r� �e�a�c�h� �i�t�e�r�a�t�i�o�n�.� 

�H�e�n�c�e� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�m�e�n�t�s� �f�o�r� �d�i�r�e�c�t� �s�o�l�v�e�r�s� �a�r�e� �e�n�o�r�m�o�u�s�.� �F�i�g�u�r�e� �5�.�4� 

�a�l�s�o� �s�h�o�w�s� �t�h�a�t� �t�h�e� �O�R�T�H�O�M�I�N� �a�n�d� �O�R�T�H�O�R�E�S� �r�e�q�u�i�r�e� �l�e�s�s� �C�P�U� �t�i�m�e�s�.� �T�h�e� 

�C�P�U� �t�i�m�e�s� �f�o�r� �O�R�T�H�O�M�I�N� �w�e�r�e� �s�l�i�g�h�t�l�y� �l�e�s�s� �t�h�a�n� �t�h�o�s�e� �o�f� �O�R�T�H�O�R�E�S�.� �T�h�i�s� �i�s� 

�d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �G�M�R�E�S� �a�l�g�o�r�i�t�h�m� �n�e�e�d�e�d� �m�o�r�e� �i�t�e�r�a�t�i�o�n�s� �c�o�m�p�a�r�e�d� �t�o� 

�t�h�e� �O�R�T�H�O�M�I�N� �a�n�d� �t�h�e� �O�R�T�H�O�R�E�S� �a�l�g�o�r�i�t�h�m�s�.� �S�i�m�i�l�a�r� �t�r�e�n�d� �w�a�s� �o�b�s�e�r�v�e�d� �b�y� 

�[�1�2�6�]� �f�o�r� �s�o�l�u�t�i�o�n� �o�f� �c�o�n�v�e�c�t�i�o�n�/�d�i�f�f�u�s�i�o�n� �p�r�o�b�l�e�m�s�.� 

�T�h�e� �s�t�o�r�a�g�e� �r�e�q�u�i�r�e�m�e�n�t�s� �i�n� �m�i�l�l�i�o�n�s� �o�f� �w�o�r�d�s� �f�o�r� �a�l�l� �f�o�u�r� �s�o�l�v�e�r�s� �f�o�r� �t�h�e� �f�o�u�r� 

�m�e�s�h�e�s� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �5�.�2�.� �F�r�o�m� �t�h�i�s� �t�a�b�l�e� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �s�t�o�r�a�g�e� �r�e�q�u�i�r�e�-� 

�m�e�n�t�s� �f�o�r� �O�R�T�H�O�M�I�N� �a�n�d� �O�R�T�H�O�R�E�S� �a�r�e� �l�e�s�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�o�s�e� �f�o�r� �G�M�R�E�S� 

�a�n�d� �f�r�o�n�t�a�l� �s�o�l�v�e�r�.� �T�h�e� �f�r�o�n�t�a�l� �s�o�l�v�e�r� �r�e�q�u�i�r�e�s� �a� �v�e�r�y� �l�a�r�g�e� �m�e�m�o�r�y� �b�e�c�a�u�s�e� �t�h�e� 

�e�q�u�a�t�i�o�n�s� �a�r�e� �s�t�o�r�e�d� �b�e�f�o�r�e� �b�a�c�k�s�u�b�s�t�i�t�u�t�i�o�n�.� �T�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �d�e�p�e�n�d�s� 

�o�n� �t�h�e� �f�r�o�n�t� �w�i�d�t�h�.� �T�h�e� �f�r�o�n�t� �w�i�d�t�h� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �m�e�s�h� �i�s� �g�i�v�e�n� �i�n� �p�a�r�a�n�t�h�e�s�i�s� �i�n� 

�T�a�b�l�e� �5�.�2�.� 

�T�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� 

�b�y� �e�a�c�h� �s�o�l�v�e�r�.� �H�e�r�e� �t�h�e� �c�o�m�p�a�r�i�s�o�n�s� �a�r�e� �m�a�d�e� �w�i�t�h� �t�h�e� �f�r�o�n�t�a�l� �s�o�l�v�e�r� �s�o�l�u�t�i�o�n�s�.
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�T�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �t�h�e� �f�r�o�n�t�a�l� �s�o�l�v�e�r� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� 

�s�o�l�u�t�i�o�n� �a�n�d� �o�t�h�e�r� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s�,� �a�n�d� �a�r�e� �r�e�p�o�r�t�e�d� �i�n� �R�e�f�.� �[�1�1�0�]�.� �F�i�g�u�r�e�s� 

�5�.�5� �a�n�d� �5�.�6� �s�h�o�w� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �c�e�n�t�e�r�l�i�n�e� �x ��v�e�l�o�c�i�t�y� �f�o�r� �R�e� �=� �1�0� �a�n�d� �1�0�0� 

�r�e�s�p�e�c�t�i�v�e�l�y� �f�o�r� �d�i�f�f�e�r�e�n�t� �s�o�l�v�e�r�s�.� �T�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �f�r�o�n�t�a�l�,� �O�R�T�H�O�M�I�N� 

�a�n�d� �O�R�T�H�O�R�E�S� �s�o�l�v�e�r�s� �w�e�r�e� �i�d�e�n�t�i�c�a�l�.� �T�h�e� �v�e�l�o�c�i�t�y� �p�r�o�f�i�l�e�s� �f�o�r� �G�M�R�E�S� �s�o�l�v�e�r� 

�w�e�r�e� �s�l�i�g�h�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �f�r�o�n�t�a�l� �s�o�l�v�e�r� �r�e�s�u�l�t�s�.� �T�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r�s� �f�o�r� �R�e� �=� 

�1�0� �a�n�d� �1�0�0� �a�t� �z� �=� �0�.�5� �p�l�a�n�e� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� �5�.�7� �a�n�d� �5�.�8� �r�e�s�p�e�c�t�i�v�e�l�y� �f�o�r� �M�e�s�h� �3�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �R�e� �=� �1�0�0� �w�e�r�e� �o�b�t�a�i�n�e�d� �i�n�c�r�e�m�e�n�t�a�l�l�y� �b�y� �u�s�i�n�g� �t�h�e� �f�l�o�w� �f�i�e�l�d� 

�f�r�o�m� �R�e� �=� �1�0� �s�o�l�u�t�i�o�n� �a�s� �i�n�i�t�i�a�l� �s�o�l�u�t�i�o�n� �a�n�d� �M�e�s�h� �3�.� �T�h�e� �C�P�U� �t�i�m�e�s� �a�r�e� �g�i�v�e�n� �i�n� 

�T�a�b�l�e� �5�.�3�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �C�P�U� �t�i�m�e�s� �f�o�r� �R�e� �=� �1�0�0� �a�n�d� �R�e� �=� �1�0� �s�o�l�u�t�i�o�n�s� 

�g�i�v�e�s� �t�h�e� �t�i�m�e� �u�s�e�d� �f�o�r� �R�e� �=� �1�0�0� �s�o�l�u�t�i�o�n� �c�a�l�c�u�l�a�t�i�o�n�s�.� �F�r�o�m� �t�h�e� �r�e�s�u�l�t�s� �s�h�o�w�n� 

�i�n� �T�a�b�l�e� �5�.�3�.� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �c�o�n�v�e�r�g�e� �m�u�c�h� �f�a�s�t�e�r� �a�n�d� �n�e�e�d� 

�l�e�s�s� �C�P�U� �t�i�m�e� �b�e�c�a�u�s�e� �o�f� �a� �g�o�o�d� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �i�n�i�t�i�a�l� �g�u�e�s�s� �b�e�f�o�r�e� �s�t�a�r�t�i�n�g� �n�e�x�t� 

�R�e�y�n�o�l�d�s� �n�u�m�b�e�r� �f�l�o�w� �f�i�e�l�d� �c�a�l�c�u�a�l�t�i�o�n�s�.� 

�F�r�o�m� �t�h�i�s� �a�n�a�l�y�s�i�s� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �b�o�t�h� �O�R�T�H�O�M�I�N� �a�n�d� �O�R�T�H�O�R�E�S� �s�o�l�v�e�r�s� 

�u�s�i�n�g� �e�l�e�m�e�n�t ��b�y�-�e�l�e�m�e�n�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �a�r�e� �s�u�p�e�r�i�o�r� �t�h�a�n� �G�M�R�E�S� �a�n�d� �f�r�o�n�t�a�l� 

�s�o�l�v�e�r�s�.� 

�5�.�5� �F�l�o�w� �i�n� �a� �S�q�u�a�r�e� �C�o�n�t�r�a�c�t�i�o�n� 

�A�s� �a� �s�e�c�o�n�d� �t�e�s�t�,� �f�l�o�w� �o�f� �i�s�o�t�h�e�r�m�a�l� �N�e�w�t�o�n�i�a�n� �f�l�u�i�d� �t�h�r�o�u�g�h� �a� �7�:�1� �s�q�u�a�r�e� �c�o�n�-� 

�t�r�a�c�t�i�o�n� �i�s� �a�n�a�l�y�z�e�d�.� �T�h�e� �g�e�o�m�e�t�r�y� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� 

�5�.�9�.� �F�l�u�i�d� �i�s� �a�s�s�u�m�e�d� �t�o� �e�n�t�e�r� �w�i�t�h� �a�n� �u�n�i�f�o�r�m� �v�e�l�o�c�i�t�y� �o�f� �1� �c�m�/�s�.� �a�n�d� �z�e�r�o� �s�l�i�p� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �i�s� �i�m�p�o�s�e�d� �a�t� �t�h�e� �w�a�l�l�s�.� �D�u�e� �t�o� �t�h�e� �s�y�m�m�e�t�r�y�,� �o�n�l�y� �a� �f�o�u�r�t�h� �o�f� 

�t�h�e� �d�o�a�m�i�n� �i�s� �a�n�a�l�y�z�e�d�.� �A�l�o�n�g� �t�h�e� �s�y�m�m�e�t�r�y� �f�a�c�e�s� �z�e�r�o� �n�o�r�m�a�l� �v�e�l�o�c�i�t�y� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n� �i�s� �i�m�p�o�s�e�d�.� �A�t� �t�h�e� �e�x�i�t�,� �z�e�r�o� �n�o�r�m�a�l� �s�t�r�e�s�s� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �i�s� �s�p�e�c�-� 

�i�f�i�e�d�.� �T�h�i�s� �a�m�o�u�n�t�s� �t�o� �s�p�e�c�i�f�y�i�n�g� �z�e�r�o� �p�r�e�s�s�u�r�e� �a�t� �t�h�e� �e�x�i�t�.� �T�w�o� �d�i�f�f�e�r�e�n�t� �m�e�s�h�e�s� 

�a�r�e� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �p�r�o�b�l�e�m� �a�n�d� �t�h�e� �C�P�U� �t�i�m�e�s� �i�n� �s�e�c�o�n�d�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� 

�5�.�4�.
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�T�a�b�l�e� �5�.�4�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �C�P�U� �t�i�m�e�s� �f�o�r� �v�a�r�i�o�u�s� �s�o�l�v�e�r�s�.� 
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�g�o�:� 
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�6�0�  �� �-�- ��}� �-� �E�B�E�-� �G�M�R�E�S� �E� 
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�E� �4� �F�r�o�n�t�a�l� �S�o�l�v�e�r� �L� 
�B� �5�0� �4� �:� 

�w�i�  �� �j�m� 

�e�e�e �� �4� �=� 
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�F�i�g�u�r�e� �5�-�1�8�:� �C�e�n�t�e�r�l�i�e� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �7�:�1� �s�q�u�a�r�e� �c�o�n�t�r�a�c�t�i�o�n� �f�l�o�w� �p�r�o�b�l�e�m



�7�4� 

�T�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r�s� �a�n�d� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�s�.� �5�.�1�0� �a�n�d� �5�.�1�1� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �f�o�r� �t�h�e� �s�m�a�l�l�e�r� �m�e�s�h� �a�n�d� �a�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �E�B�E�-� 

�O�R�T�H�O�M�I�N� �s�o�l�v�e�r�.� �T�h�e� �c�e�n�t�e�r�l�i�n�e� �a�x�i�a�l� �v�e�l�o�c�i�t�y� �a�n�d� �p�r�e�s�s�u�r�e� �f�o�r� �d�i�f�f�e�r�e�n�t� �s�o�l�v�e�r�s� 

�a�r�e� �p�l�o�t�t�e�d� �i�n� �F�i�g�s�.� �5�.�1�2� �a�n�d� �5�.�1�3� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�s� �e�x�p�e�c�t�e�d�,� �t�h�e� �a�x�i�a�l� �v�e�l�o�c�i�t�y� 

�i�n�c�r�e�a�s�e�s� �a�s� �t�h�e� �f�l�o�w� �a�p�p�r�o�a�c�h�e�s� �t�h�e� �c�o�n�t�r�a�c�t�i�o�n� �a�n�d� �r�e�a�c�h�e�s� �m�a�x�i�m�u�m� �s�o�o�n� �a�f�t�e�r� 

�i�t� �l�e�a�v�e�s� �t�h�e� �c�o�n�t�r�a�c�t�i�o�n�.� �T�h�e� �o�s�c�i�l�l�a�t�i�o�n�s� �i�n� �t�h�e� �v�e�l�o�c�i�t�y� �i�n� �t�h�e� �r�e�g�i�o�n� �c�l�o�s�e� �t�o� �t�h�e� 

�i�n�l�e�t� �a�r�e� �a�t�t�r�i�b�u�t�e�d� �t�o� �n�u�m�e�r�i�c�a�l� �i�n�s�t�a�b�i�l�i�t�i�e�s� �d�u�e� �t�o� �t�h�e� �u�s�e� �o�f� �a� �c�o�a�r�s�e� �m�e�s�h�.� �T�h�e�s�e� 

�o�s�c�i�l�a�t�i�o�n�s� �w�e�r�e� �n�o�t� �s�o� �s�e�v�e�r�e� �f�o�r� �t�h�e� �f�i�n�e� �m�e�s�h�.� �T�h�e� �p�r�e�s�s�u�r�e� �r�e�m�a�i�n�s� �u�n�i�f�o�r�m� �i�n� 

�t�h�e� �i�n�l�e�t� �r�e�g�i�o�n� �a�n�d� �d�r�o�p�s� �a�s� �t�h�e� �f�l�u�i�d� �r�e�a�c�h�e�s� �t�h�e� �c�o�n�t�r�a�c�t�i�o�n�.� �O�n�c�e� �t�h�e� �f�l�u�i�d� �e�x�i�t�s� 

�t�h�e� �c�o�n�t�r�a�c�t�i�o�n�,� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �c�u�r�v�e� �c�h�a�n�g�e�s� �a�n�d� �d�r�o�p�s� �f�u�r�t�h�e�r�.� 

�5�.�6� �T�h�e�r�m�a�l� �C�a�v�i�t�y� �P�r�o�b�l�e�m� 

�F�r�o�m� �t�h�e� �a�b�o�v�e� �t�w�o� �t�e�s�t� �c�a�s�e�s� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �o�f� �t�h�e� �f�o�u�r� �d�i�f�f�e�r�e�n�t� �s�o�l�v�e�r�s� �t�e�s�t�e�d�,� 

�O�R�T�H�O�M�I�N� �a�n�d� �O�R�T�H�O�R�E�S� �r�e�q�u�i�r�e�d� �l�e�s�s� �s�t�o�r�a�g�e� �a�n�d� �C�P�U� �t�i�m�e� �c�o�m�p�a�r�e�d� �t�o� 

�f�r�o�n�t�a�l� �s�o�l�v�e�r� �a�n�d� �G�M�R�E�S� �s�o�l�v�e�r�.� �A�l�s�o� �t�h�e� �s�o�l�u�t�i�o�n�s� �w�e�r�e� �f�o�u�n�d� �t�o� �b�e� �a�c�c�u�r�a�t�e�.� 

�F�u�r�t�h�e�r�m�o�r�e�,� �O�R�T�H�O�M�I�N� �r�e�q�u�i�r�e�s� �l�e�a�s�t� �s�t�o�r�a�g�e� �a�n�d� �l�e�s�s� �C�P�U� �t�i�m�e�.� �A�s� �a� �l�a�s�t� 

�p�r�o�b�l�e�m�,� �w�e� �a�n�a�l�y�z�e� �t�h�e� �f�l�o�w� �i�n�s�i�d�e� �a� �t�h�e�r�m�a�l� �c�a�v�i�t�y� �u�s�i�n�g� �t�h�e� �O�R�T�H�O�M�I�N� �s�o�l�v�e�r�.� 

�T�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �d�o�m�a�i�n� �a�n�d� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�.� �5�.�1�4�.� 

�H�e�r�e� �t�h�e� �t�o�p� �a�n�d� �b�o�t�t�o�m� �w�a�l�l�s� �a�r�e� �i�n�s�u�l�a�t�e�d� �s�o� �a�l�s�o� �i�s� �t�h�e� �w�a�l�l� �a�t� �z� �=� �0�.�0�.� �T�h�e� �v�e�r�-� 

�t�i�c�a�l� �w�a�l�l�s� �a�t� �x� �=� �0�.�0� �a�n�d� �1�.�0� �a�r�e� �h�e�l�d� �a�t� �t�e�m�p�e�r�a�t�u�r�e�s� �-�1�.�0� �a�n�d� �1�.�0� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�t� 

�t�h�e� �s�y�m�m�e�t�r�y� �p�l�a�n�e�,� �a�d�i�a�b�a�t�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �i�m�p�o�s�e�d�.� �N�o� �s�l�i�p� �b�o�u�n�d�-� 

�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �i�m�p�o�s�e�d� �a�t� �a�l�l� �w�a�l�l�s� �a�n�d� �z�e�r�o� �n�o�r�m�a�l� �v�e�l�o�c�i�t�y� �i�s� �a�p�p�l�i�e�d� �a�t� �t�h�e� 

�s�y�m�m�e�t�r�y� �p�l�a�n�e�.� �H�e�r�e� �t�h�e� �f�l�o�w� �o�c�c�u�r�s� �d�u�e� �t�o� �t�h�e� �n�a�t�u�r�a�l� �c�o�n�v�e�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�h�o�t� �a�n�d� �c�o�l�d� �w�a�l�l�s�.� 

�T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r�s� �a�n�d� �f�o�r� �R�a�y�l�e�i�g�h� �n�u�m�b�e�r�s� �2�0�0� �a�n�d� �1�0�0�0� �a�r�e� �g�i�v�e�n� �i�n� 

�F�i�g�u�r�e�s� �5�.�1�5� �a�n�d� �5�.�1�6� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r�s� �a�t� �t�h�e� �p�l�a�n�e� �o�f� �s�y�m�m�e�t�r�y� 

�a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e�s� �5�.�1�7� �a�n�d�,� �5�.�1�8� �r�e�s�p�e�c�t�i�v�e�l�y� �f�o�r� �b�o�t�h� �R�a�y�l�e�i�g�h� �n�u�m�b�e�r�s�.� �C�o�u�-� 

�p�l�e�d� �m�o�m�e�n�t�u�m� �a�n�d� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �s�o�l�v�e�d� �u�s�i�n�g� �E�B�E�-�O�R�T�H�O�M�I�N� �w�i�t�h
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�8�0� 

�d�i�a�g�o�n�a�l� �p�r�e�c�o�n�d�i�t�i�o�n�i�n�g�.� �T�h�e� �C�P�U� �t�i�m�e� �f�o�r� �t�h�i�s� �p�r�o�b�l�e�m� �w�a�s� �5�5�9� �s�.� �a�n�d� �8�3�2� �s�.� 

�r�e�s�p�e�c�t�i�v�e�l�y� �f�o�r� �R�a�y�l�e�i�g�h� �n�u�m�b�e�r�s� �2�0�0� �a�n�d� �1� �0�0�0� �F�r�o�m� �F�i�g�.� �5�.�1�6� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� 

�d�u�e� �t�o� �t�h�e� �c�o�n�v�e�c�t�i�o�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �f�l�u�i�d� �i�n�c�r�e�a�s�e�s� �i�n�s�i�d�e� �t�h�e� �r�e�g�i�o�n�.� 

�5�.�7� �C�l�o�s�u�r�e� 

�A�n� �e�l�e�m�e�n�t ��b�y�- ��e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m� �b�a�s�e�d� �o�n� �t�h�e� �i�t�e�r�a�t�i�v�e� �p�e�n�a�l�t�y� �f�i�-� 

�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �o�f� �c�o�u�p�l�e�d� �f�l�u�i�d� �f�l�o�w� �a�n�d� �h�e�a�t� �t�r�a�n�s�f�e�r� �p�r�o�b�l�e�m�s� �i�s� �p�r�e�s�e�n�t�e�d�.� 

�P�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �u�s�i�n�g� �t�h�e� �e�l�e�m�e�n�t ��b�y�- ��e�l�e�m�e�n�t� �d�a�t�a� 

�s�t�r�u�c�t�u�r�e� �a�r�e� �e�v�a�l�u�a�t�e�d� �a�l�o�n�g� �w�i�t�h� �d�i�r�e�c�t� �s�o�l�v�e�r�.� 

�T�h�e� �v�a�l�u�e� �o�f� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �w�a�s� �f�o�u�n�d� �t�o� �h�a�v�e� �a�n� �e�f�f�e�c�t� �o�n� �c�o�n�v�e�r�g�e�n�c�e� 

�o�f� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�o�l�v�e�r�s� �a�n�d� �t�h�e� �u�s�e� �o�f� �i�t�e�r�a�t�i�v�e� �p�e�n�a�l�t�y� �m�e�t�h�o�d� �r�e�s�u�l�t�e�d� �i�n� �f�a�s�t� 

�c�o�n�v�e�r�g�e�n�c�e�.� �G�M�R�E�S� �m�e�t�h�o�d� �c�o�n�v�e�r�g�e�d� �v�e�r�y� �s�l�o�w�l�y� �f�o�r� �s�m�a�l�l�e�r� �K�r�y�l�o�v� �s�p�a�c�e�s�.� 

�T�h�e� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s� �r�e�q�u�i�r�e�d� �l�e�s�s� �s�t�o�r�a�g�e� �a�n�d� �t�o�o�k� �l�e�s�s� �C�P�U� �t�i�m�e� �t�o� �c�o�n�v�e�r�g�e�.� 

�T�h�e� �G�M�R�E�S� �s�o�l�u�t�i�o�n� �w�a�s� �l�e�s�s� �a�c�c�u�r�a�t�e� �e�v�e�n� �f�o�r� �l�a�r�g�e� �K�r�y�l�o�v� �s�p�a�c�e� �k� �=� �2�5�.� �B�o�t�h� 

�O�R�T�H�O�M�I�N� �a�n�d� �O�R�T�H�O�R�E�S� �w�e�r�e� �f�o�u�n�d� �t�o� �b�e� �t�h�e� �e�f�f�i�c�i�e�n�t� �s�o�l�v�e�r�s�.� �T�h�e� �c�o�n�v�e�r�-� 

�g�e�n�c�e� �r�a�t�e� �o�f� �t�h�e� �i�t�e�r�a�t�i�v�e� �m�e�t�h�o�d�s� �c�a�n� �b�e� �f�u�r�t�h�e�r� �i�m�p�r�o�v�e�d� �b�y� �u�s�i�n�g� �m�u�l�t�i�-�l�e�v�e�l� 

�p�r�e�c�o�n�d�i�t�i�o�n�i�n�g�.



�C�h�a�p�t�e�r� �6� 

�R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N� 

�6�.�1� �P�r�e�l�i�m�i�n�a�r�y� �R�e�m�a�r�k�s� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �f�e�w� �p�r�o�b�l�e�m�s� �i�n�v�o�l�v�i�n�g� �c�a�s�t�i�n�g�,� �e�x�t�r�u�s�i�o�n� �a�n�d� �f�o�r�m�i�n�g� �p�r�o�c�e�s�s�e�s� 

�a�r�e� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �s�i�t�u�a�t�i�o�n�s� �p�r�e�s�e�n�t�e�d� �i�n� �m�a�n�y� �t�e�s�t� �c�a�s�e�s� �a�r�e� �c�o�m�m�o�n�l�y� �e�n�c�o�u�n�-� 

�t�e�r�e�d� �i�n� �e�n�g�i�n�e�e�r�i�n�g� �p�r�a�c�t�i�c�e� �a�n�d� �a�r�e� �o�f� �g�r�e�a�t�e�r� �i�n�t�e�r�e�s�t� �i�n� �m�a�n�u�f�a�c�t�u�r�i�n�g� �i�n�d�u�s�t�r�i�e�s�.� 

�T�h�e� �t�e�s�t� �c�a�s�e�s� �a�r�e� �a�n�a�l�y�z�e�d� �u�s�i�n�g� �t�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �d�e�v�e�l�o�p�e�d� �b�a�s�e�d� �o�n� �t�h�e� 

�f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �g�i�v�e�n� �i�n� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s�.� �I�n� �C�h�a�p�t�e�r� �5�,� �t�h�e� �a�c�c�u�r�a�c�y� 

�a�n�d� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m� �w�a�s� �e�s�t�a�b�l�i�s�h�e�d�.� �A�l�s�o� �i�n� �C�h�a�p�t�e�r� 

�5�,� �i�n� �s�e�l�e�c�t�i�n�g� �t�h�e� �t�e�s�t� �c�a�s�e�s�,� �e�x�i�s�t�e�n�c�e� �o�f� �p�r�e�v�i�o�u�s� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �w�a�s� �t�h�e� �m�a�i�n� 

�c�i�r�t�e�r�i�a�.� �I�n� �o�r�d�e�r� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �v�a�r�i�o�u�s� �c�a�p�a�b�i�l�i�t�i�e�s� �o�f� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�,� �d�i�f�f�e�r�e�n�t� 

�p�r�o�b�l�e�m�s� �r�e�l�a�t�e�d� �t�o� �s�i�m�u�l�a�t�i�o�n� �o�f� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�a�s�t�i�n�g�,� �e�x�t�r�u�s�i�o�n� �a�n�d� �f�o�r�m�i�n�g� 

�p�r�o�c�e�s�s�e�s� �a�r�e� �s�o�l�v�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�6�.�2� �S�o�l�i�d�i�f�i�c�a�t�i�o�n� �A�n�a�l�y�s�i�s� 

�6�.�2�.�1� �S�t�e�f�a�n� �P�r�o�b�l�e�m� 

�I�n� �o�r�d�e�r� �t�o� �v�e�r�i�f�y� �t�h�e� �m�e�t�h�o�d� �o�f� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �p�h�a�s�e� �c�h�a�n�g�e� �f�r�o�n�t� �a�n�d� �t�h�e� �t�e�c�h�-� 

�n�i�q�u�e� �u�s�e�d� �t�o� �i�n�c�l�u�d�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �l�a�t�e�n�t� �h�e�a�t� �r�e�l�e�a�s�e�,� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �S�t�e�f�a�n� 

�p�r�o�b�l�e�m� �w�a�s� �c�o�n�s�i�d�e�r�e�d�.� �H�e�r�e� �a� �u�n�i�f�o�r�m� �i�n�f�i�n�i�t�e� �s�l�a�b� �o�f� �l�i�q�u�i�d� �i�s� �c�o�n�s�i�d�e�r�e�d� �i�n�i�t�i�a�l�l�y� 

�a�t� �z�e�r�o� �t�e�m�p�e�r�a�t�u�r�e�.� �A�t� �t�i�m�e� �t� �=� �0�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�n�e� �f�a�c�e� �i�s� �l�o�w�e�r�e�d� �t�o� �a� �t�e�m�-� 

�p�e�r�a�t�u�r�e� �b�e�l�o�w� �t�h�e� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e� �c�a�u�s�i�n�g� �t�h�e� �s�o�l�i�d� �f�r�o�n�t� �t�o� �p�r�o�p�a�g�a�t�e� 

�i�n�t�o� �t�h�e� �m�a�t�e�r�i�a�l�.� �T�h�e� �g�e�o�m�e�t�r�y� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �p�r�o�b�l�e�m� �a�r�e� �g�i�v�e�n� 

�F�i�g�u�r�e� �6�.�1�.� �I�t� �i�s� �r�e�q�u�i�r�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �p�h�a�s�e� �c�h�a�n�g�e� �f�r�o�n�t� �a�t� 

�8�1



�8�2� 

�d�i�f�f�e�r�e�n�t� �t�i�m�e�s�.� �D�u�e� �t�o� �t�h�e� �s�i�m�p�l�i�c�i�t�y� �o�f� �t�h�e� �p�r�o�b�l�e�m�,� �t�h�i�s� �p�r�o�b�l�e�m� �w�a�s� �c�o�n�s�i�d�e�r�e�d� 

�e�a�r�l�i�e�r� �b�y�,� �M�o�r�g�a�n� �[�1�2�]�,� �G�a�r�t�l�i�n�g� �[�3�6�]�,� �C�o�m�i�n�i� �e�t� �a�l� �[�1�1�]�.� �A�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� 

�t�h�e�s�e� �p�r�o�b�l�e�m� �i�s� �g�i�v�e�n� �b�y� �C�a�r�s�l�a�w� �a�n�d� �J�e�a�g�e�r� �[�2�5�]�.� 

�I�n� �t�h�e� �a�n�a�l�y�s�i�s�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �i�n� �y�-� �a�n�d� �z�-� �d�i�r�e�c�t�i�o�n�s� �a�r�e� 

�n�e�g�l�i�g�i�b�l�e� �a�n�d� �s�o�l�i�d� �f�r�o�n�t� �m�o�v�e�s� �o�n�l�y� �i�n� �x�-� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �p�r�o�b�l�e�m� �i�s� �m�o�d�e�l�e�d� �b�y� 

�d�i�s�c�r�e�t�i�z�i�n�g� �t�h�e� �d�o�a�m�i�n� �i�n�t�o� �6�4� �t�r�i�-�l�i�n�e�a�r� �e�l�e�m�e�n�t�s� �(�2�6�0�)� �n�o�d�e�s� �i�n� �x�-�d�i�r�e�c�t�i�o�n�.� �T�h�e� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �u�s�e�d� �a�r�e�:� 
�k� �=� �1�.�0�8� 

�C�y� �=� �1�.�0� 

�L� �=� �7�0�.�2�6� 

�p�=�1�l� 

�T�,� �=�  ��2�.�1�5� 

�T�;� �=�  ��0�.�1�5� 

�A�s� �m�e�n�t�i�o�n�e�d� �i�n� �C�h�a�p�t�e�r� �2�,� �w�h�e�n� �u�s�i�n�g� �e�f�f�e�c�t�i�v�e� �h�e�a�t� �c�a�p�a�c�i�t�a�n�c�e� �m�e�t�h�o�d� �t�o� �a�n�a�l�y�z�e� 

�p�h�a�s�e� �c�h�a�n�g�e� �p�r�o�b�l�e�m�s�,� �t�h�e� �t�i�m�e� �s�t�e�p� �c�h�o�s�e�n� �s�h�o�u�l�d� �b�e� �s�u�c�h� �t�h�a�t� �e�a�c�h� �n�o�d�e� �s�e�e�s� �t�h�e� 

�e�f�f�e�c�t�s� �o�f� �l�a�t�e�n�t� �h�e�a�t� �t�r�a�n�s�f�e�r�.� �A� �t�i�m�e� �s�t�e�p� �o�f� �A�t� �=� �0�.�0�1� �s�.� �i�s� �u�s�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�.� 

�W�h�e�n� �s�m�a�l�l�e�r� �t�i�m�e� �s�t�e�p�s� �a�r�e� �u�s�e�d�,� �t�h�e� �p�h�a�s�e� �f�r�o�n�t� �f�a�l�l�s� �b�e�t�w�e�e�n� �t�h�e� �n�o�d�e�s�.� �O�n� �t�h�e� 

�o�t�h�e�r� �h�a�n�d�,� �f�o�r� �l�a�r�g�e�r� �t�i�m�e� �s�t�e�p�s�,� �s�o�m�e� �n�o�d�e�s� �w�i�l�l� �n�o�t� �s�e�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �l�a�t�e�n�t� �h�e�a�t� 

�r�e�l�e�a�s�e�.� �T�o� �a�v�o�i�d� �t�h�e�s�e� �d�i�f�f�i�c�u�l�t�i�e�s� �a�n� �e�n�t�h�a�l�p�y� �f�o�r�m�u�l�a�t�i�o�n� �(�s�e�e� �V�o�l�l�e�r� �[�3�7�|�)� �i�s� �u�s�e�d�.� 

�T�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �p�h�a�s�e� �b�o�u�n�d�a�r�y� �i�s� �g�i�v�e�n� �b�y�:� 

�t�=� �2�B�V�a�t� �(�6�.�1�)� 

�w�h�e�r�e� �a� �i�s� �t�h�e� �d�i�f�f�u�s�i�v�i�t�y� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�,� �a�n�d� �@� �i�s� �g�i�v�e�n� �b�y�,� 

�B�.�e�x�p�(�B�"�)�.�e�r�f� �8� �=� �(�T�;�  �� �T�e�n�s�)�C�p�/�L�V�*� 

�I�n� �F�i�g�u�r�e� �6�.�2� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �p�h�a�s�e� �b�o�u�n�d�a�r�y� �i�s� �p�l�o�t�t�e�d� �v�e�r�s�u�s� �t�i�m�e�.� �T�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �a�n�d� �a�r�e� �s�h�o�w�n� 

�t�o� �b�e� �q�u�i�t�e� �a�c�c�u�r�a�t�e�.
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�T�=�-�4�5� 
�T�(�0�)� �=�0� �0�.�1� 

� � 

�\� �a�t� �4�.�0� �>� �;� � � � � 

�F�i�g�u�r�e� �6�-�1�:� �S�c�h�e�m�a�t�i�c� �d�i�a�g�r�a�m� �f�o�r� �S�t�e�f�a�n� �p�r�o�b�l�e�m�.
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�~� �A� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �A�n�a�l�y�s�i�s� 

�J�  � �� �A�n�a�l�y�t�i�c�a�l� 

�1� 
�4� 

�3� 
�2� 

�:� �:� �=� �L� 

�T� �T� �T� �T� �T� �T� �m�T� �T�T� �T� �T�T�F� �T� �7�  ��{� 

�0� �0�.�4� �0�.�8� �1�.�2� �1�.�6� �2� 

�T�i�m�e� �(�s�e�c�.�)� 

�F�i�g�u�r�e� �6�-�2�:� �M�o�t�i�o�n� �o�f� �p�h�a�s�e� �c�h�a�n�g�e� �b�o�u�n�d�a�r�y� �w�i�t�h� �t�i�m�e



�8�5� 

�6�.�2�.�2� �P�h�a�s�e� �C�h�a�n�g�e� �i�n� �a� �C�a�v�i�t�y� 

�I�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d� �i�n� �s�i�m�u�l�a�t�i�n�g� �t�h�e� 

�e�f�f�e�c�t�s� �o�f� �c�o�n�v�e�c�t�i�o�n� �d�u�r�i�n�g� �p�h�a�s�e� �c�h�a�n�g�e�,� �t�h�e� �p�r�o�b�l�e�m� �o�f� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �i�n� �a� �s�q�u�a�r�e� 

�c�a�v�i�t�y� �d�u�e� �t�o� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �b�o�u�y�a�n�c�y� �f�o�r�c�e�s�,� �w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �t�h�e� �f�l�u�i�d� �m�o�t�i�o�n� �a�n�d� 

�c�o�n�v�e�c�t�i�v�e� �t�r�a�n�s�p�o�r�t� �o�f� �e�n�e�r�g�y�,� �i�s� �a�n�a�l�y�z�e�d�.� �I�n� �s�o�l�v�i�n�g� �s�u�c�h� �p�r�o�b�l�e�m�s�,� �t�h�e� �d�i�f�f�i�c�u�l�t�y� 

�a�r�i�s�e� �i�n� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �p�h�a�s�e� �c�h�a�n�g�e� �a�n�d� �s�a�t�i�s�f�y�i�n�g� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �p�h�a�s�e� 

�i�n�t�e�r�f�a�c�e�.� �I�n� �C�h�a�p�t�e�r� �2�,� �i�t� �w�a�s� �e�x�p�a�l�a�i�n�e�d� �t�h�a�t� �t�h�e�s�e� �d�r�a�w�b�a�c�k�s� �c�a�n� �b�e� �o�v�e�r�c�o�m�e� 

�b�y� �u�s�i�n�g� �e�n�t�h�a�l�p�y�  �� �p�o�r�o�s�i�t�y� �f�o�r�m�u�l�a�t�i�o�n�.� �W�h�e�n� �u�s�i�n�g� �t�h�e� �e�n�t�h�a�l�p�y�- ��p�o�r�o�s�i�t�y� �f�o�r�-� 

�m�u�l�a�t�i�o�n�,� �t�h�e� �c�o�n�d�i�t�i�o�n� �t�h�a�t� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �i�n� �s�o�l�i�d� �r�e�g�i�o�n� �a�r�e� �z�e�r�o� �i�s� �e�n�f�o�r�c�e�d� �b�y� 

�m�o�d�e�l�i�n�g� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n� �a�s� �a� �p�o�r�o�u�s� �m�a�t�e�r�i�a�l�.� �P�o�r�o�s�i�t�y� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �d�e�c�r�e�a�s�e�s� 

�w�i�t�h� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e�,� �t�h�e�r�e�b�y� �e�n�f�o�r�c�i�n�g� �t�h�e� �D ��A�r�c�y ��s� �l�a�w�.� �T�h�i�s� �i�s� �a�c�h�i�e�v�e�d� �b�y� �t�h�e� 

�p�r�e�s�e�n�c�e� �o�f� �a�d�d�i�t�i�o�n�a�l� �s�o�u�r�c�e� �t�e�r�m�s� �i�n� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �(�s�e�e� �C�h�a�p�t�e�r� �3� �f�o�r� 

�d�e�t�a�i�l�s�)�.� 

�H�e�r�e� �a� �s�o�l�i�d�i�i�f�c�a�t�i�o�n� �o�f� �a� �f�l�u�i�d� �i�n� �s�q�u�a�r�e� �c�a�v�i�t�y� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �c�o�n�v�e�c�t�i�o�n� 

�e�f�f�e�c�t�s� �i�s� �a�n�a�l�y�z�e�d�.� �T�h�e� �f�l�u�i�d� �i�s� �i�n�i�t�i�a�l�l�y� �a�t� �t�e�m�p�e�r�a�t�u�r�e� �T� �=� �0�.�5�.� �A�t� �t�i�m�e� �t� �=� �0�,� 

�t�h�e� �l�e�f�t� �f�a�c�e� �o�f� �t�h�e� �c�a�v�i�t�y� �i�s� �l�o�w�e�r�e�d� �t�o� �a� �t�e�m�p�e�r�a�t�u�r�e� �(�T� �=� �-�0�.�5�)� �b�e�l�o�w� �t�h�e� �p�h�a�s�e� 

�c�h�a�n�g�e� �t�e�m�p�e�r�a�t�u�r�e� �(�T� �=� �0�)�.� �T�h�e� �g�e�o�m�e�t�r�y� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �i�n� 

�F�i�g�u�r�e� �6�.�3�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �u�s�e�d� �a�r�e�:� 

�p�=� �1�.�0� �k� �=� �0�.�0�0�1� 

�C�y� �=� �1�.�0� �w�=� �1�.�0� 

�@�=�1�.�0�x� �1�0�7�?� �L�=�5�.�0� 

�T�,� �=� �-�0�.�1� �T�;� �=� �+�0�.�1� 

�K�,� �=� �2�0�0�.�0� �f�m�"� �=� �0�.�0�1� 

�g�,� �=� �1�0�0�0�.�0� �A�t�=� �1�0�s�.� 

�T�h�e� �R�a�y�l�e�i�g�h� �n�u�m�b�e�r� �o�f� �t�h�e� �f�l�o�w� �i�s� �e�q�u�a�l� �t�o� �1�0�*�.� �T�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �B�o�u�s�s�i�n�e�s�q� 

�t�e�r�m�s� �i�n� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �a�n�d� �t�h�e� �c�o�n�v�e�c�t�i�v�e� �t�e�r�m�s� �i�n� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n



�u�=�v�=�w�=�0� 

�T�e� �=� �-�0�.�5� 

�8�6� 

�o�T� 

� � 

� � � � � � 

�O�n� �=� �u�=�v�=�w�=�0� 

�u�=�v�=�w�=�(�)� 

�T�;� �=�0�.�5� �T�y� �=� �0�.�5� 

�a�r� �=�(�0� �u�=�v�=�w�=�0� 

�F�i�g�u�r�e� �6�-�3�:� �G�e�o�m�e�t�r�y� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �p�h�a�s�e� �c�h�a�n�g�e� �i�n� �a� �c�a�v�i�t�y



�8�7� 

�i�n�d�u�c�e� �n�a�t�u�r�a�l� �c�o�n�v�e�c�t�i�o�n�.� �I�t� �i�s� �r�e�q�u�i�r�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �e�f�f�e�c�t� �o�f� �c�o�n�v�e�c�t�i�o�n� �o�n� 

�s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�n�d� �a�l�s�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �p�o�r�o�s�i�t�y� �m�e�t�h�o�d� �f�o�r� �m�o�d�e�l�i�n�g� 

�t�h�e� �f�l�o�w� �i�n� �m�u�s�h�y� �a�n�d� �s�o�l�i�d� �r�e�g�i�o�n�s�.� 

�T�h�e� �p�e�r�m�e�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n� �i�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �K�o�z�e�n�y ��C�a�r�m�a�n� �e�q�u�a�-� 

�t�i�o�n� �(�3�.�2�2�)�.� �F�r�o�m� �e�q�u�a�t�i�o�n� �(�3�.�2�2�)� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t�,� �i�n� �t�h�e� �s�o�l�i�d�u�s� �r�e�g�i�o�n�,� �t�h�e� �l�i�q�u�i�d� 

�f�r�a�c�t�i�o�n� �i�s� �e�q�u�a�l� �t�o� �z�e�r�o�.� �T�h�i�s� �c�a�u�s�e�s� �n�u�m�e�r�i�c�a�l� �d�i�f�f�i�c�u�l�t�i�e�s� �a�s� �t�h�e� �p�e�r�m�e�a�b�i�l�i�t�y� �t�e�r�m� 

�a�p�p�e�a�r�s� �i�n� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �o�f� �t�h�e� �D ��A�r�c�y ��s� �t�e�r�m�s�.� �T�h�i�s� �s�i�n�g�u�l�a�r�i�t�y� �i�s� �a�v�o�i�d�e�d� �b�y� 

�u�s�i�n�g� �a� �c�u�t�-�o�f�f� �v�a�l�u�e� �f�o�r� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �s�u�c�h� �t�h�a�t� �w�h�e�n� �t�h�e� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �g�o�e�s� �b�e�l�o�w� 

�t�h�e� �p�r�e�d�e�f�i�n�e�d� �c�u�t�-�o�f�f� �v�a�l�u�e�,� �t�h�e� �c�u�t�-�o�f�f� �v�a�l�u�e� �i�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �p�e�r�m�e�a�b�i�l�i�t�y�.� 

�T�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �f�l�o�w� �i�n� �m�u�s�h�y� �r�e�g�i�o�n� �i�s� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �c�u�t�-�o�f�f� �v�a�l�u�e�.� �T�h�i�s� �i�n� �t�u�r�n� 

�d�e�t�e�r�m�i�n�e�s� �t�h�e� �f�l�o�w� �i�n� �t�h�e� �l�i�q�u�i�d� �r�e�g�i�o�n�.� �T�h�e� �v�a�l�u�e� �o�f� �t�h�e� �p�e�r�m�e�a�b�i�l�i�t�y� �c�o�e�f�f�i�c�i�e�n�t� 

�(�K�,�)� �s�h�o�u�l�d� �b�e� �s�m�a�l�l� �e�n�o�u�g�h� �t�o� �a�l�l�o�w� �t�h�e� �f�l�o�w� �o�f� �l�i�q�u�i�d� �i�n� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n� �f�o�r� 

�l�o�w� �l�o�c�a�l� �s�o�l�i�d� �f�r�a�c�t�i�o�n�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �f�o�r� �l�a�r�g�e�r� �v�a�l�u�e�s� �o�f� �l�o�c�a�l� �s�o�l�i�d� �f�r�a�c�t�i�o�n�,� 

�t�h�e� �l�i�m�i�t�i�n�g� �v�a�l�u�e� �o�f� �p�e�r�m�e�a�b�i�l�i�t�y� �(�K�)� �s�h�o�u�l�d� �b�e� �l�a�r�g�e� �e�n�o�u�g�h� �t�o� �s�u�p�p�r�e�s�s� �t�h�e� �f�l�u�i�d� 

�v�e�l�o�c�i�t�i�e�s� �i�n� �t�h�e� �s�o�l�i�d� �[�3�7�]�.� �T�h�e� �f�l�o�w� �d�o�a�m�i�n� �i�s� �d�i�s�c�r�e�t�i�z�e�d� �i�n�t�o� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� 

�o�f� �4�0�0� �e�l�e�m�e�n�t�s� �a�n�d� �8�8�2� �n�o�d�e�s�.� �H�e�a�t� �t�r�a�n�s�f�e�r� �i�n� �z�-�d�i�r�e�c�t�i�o�n� �i�s� �n�e�g�l�e�c�t�e�d�.� 

�T�h�e� �l�i�q�u�i�d�u�s� �a�n�d� �s�o�l�i�d�u�s� �t�e�m�p�e�r�a�t�u�r�e�s� �a�r�e� �0�.�1� �a�n�d� �-�0�.�1� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�i�s� �d�e�f�i�n�e�s� 

�t�h�e� �m�u�s�h�y� �r�e�g�i�o�n�.� �T�h�e� �c�u�t�-�o�f�f� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �f�o�r� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �l�i�m�i�t�i�n�g� �v�a�l�u�e� �o�f� 

�p�e�r�m�e�a�b�i�l�i�t�y� �i�s� �t�a�k�e�n� �t�o� �b�e� �e�q�u�a�l� �t�o� �0�.�0�1� �a�n�d� �a� �v�a�l�u�e� �o�f� �2�0�0� �i�s� �u�s�e�d� �f�o�r� �p�e�r�m�e�a�b�i�l�i�t�y� 

�c�o�e�f�f�i�c�i�e�n�t�.� �T�h�e� �l�i�q�u�i�d� �f�r�a�c�t�i�o�n� �i�s� �a�s�s�u�m�e�d� �t�o� �v�a�r�y� �l�i�n�e�a�r�l�y� �i�n� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n�.� �A� 

�c�o�n�s�t�a�n�t� �t�i�m�e� �s�t�e�p� �o�f� �1�0� �s�e�c�o�n�d�s� �i�s� �u�s�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�.� �F�i�g�u�r�e�s� �6�.�4� �a�n�d� �6�.�5� �s�h�o�w� 

�t�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r�s� �a�t� �t�i�m�e� �t� �=� �1�0�0� �a�n�d� �2�0�0� �s�e�c�o�n�d�s� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�i�g�u�r�e�s� �6�.�6� �a�n�d� 

�6�.�7� �s�h�o�w� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r�s� �t�i�m�e� �t� �=� �1�0�0� �a�n�d� �2�0�0� �s�e�c�o�n�d�s� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� 

�s�o�l�i�d�u�s� �l�i�n�e� �s�h�o�w�s� �a� �s�m�a�l�l� �d�e�f�o�r�m�a�t�i�o�n� �d�u�e� �t�o� �c�o�n�v�e�c�t�i�o�n�.� �T�h�e� �l�i�q�u�i�d�u�s� �l�i�n�e� �s�h�o�w�s� 

�a� �p�r�o�n�o�u�n�c�e�d� �b�u�l�g�e� �a�l�o�n�g� �t�h�e� �l�o�w�e�r� �w�a�l�l�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �e�f�f�e�c�t� �o�f� �c�o�n�v�e�c�t�i�o�n� �i�n� 

�t�h�e� �m�u�s�h�y� �r�e�g�i�o�n�.� �T�h�e� �c�o�n�v�e�c�t�i�o�n� �r�e�s�u�l�t�s� �i�n� �i�n�c�r�e�a�s�e� �o�f� �t�h�e� �h�e�a�t� �l�o�s�s� �i�n� �t�h�e� �l�o�w�e�r� 

�r�e�g�i�o�n� �a�n�d� �h�e�n�c�e� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n� �i�s� �l�a�r�g�e�r�.� �S�i�m�i�l�a�r�l�y�,� �t�h�e� �f�l�u�i�d� �r�e�t�u�r�n�i�n�g� �f�r�o�m� �t�h�e� 

�h�o�t� �s�u�r�f�a�c�e� �p�r�o�d�u�c�e�s� �a� �r�e�v�e�r�s�e� �e�f�f�e�c�t� �a�n�d� �d�e�c�r�e�a�s�e�s� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n� �i�n� �t�h�e� �u�p�p�e�r
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�F�i�g�u�r�e� �6�-�5�:� �V�e�l�o�c�i�t�y� �v�e�c�t�o�r�s� �d�u�r�i�n�g� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�t� �t�i�m�e� �t� �=� �2�0�0� �s�.
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�A�=� �0�.�4�5�8� 

�B�=� �0�.�3�7�5� 

�C�=� �0�.�2�9�2� 

�D�=� �0�.�2�0�8� 

�E�=� �0�.�1�2�5� 

�F�=� �0�.�0�4�2� 

�G�=�  ��0�.�0�4�2� 

�H�=� �-�0�.�1�2�5� 

�[�=�  ��0�.�2�0�8� 

�J�=� �~ ��0�.�2�9�2� 

�K� �=� �- ��0�.�3�7�5� 

�L�=�  ��0�.�4�5�8� � � � � � � � � � � � � � � � � � � � � 

�F�i�g�u�r�e� �6�-�6�:� �T�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r�s� �d�u�r�i�n�g� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�t� �t�i�m�e� �t� �=� �1�0�0� �s�.
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� � 
� � 

�A�=� �0�.�4�5�8� 

�B�=� �0�.�3�7�5� 

�C�=� �0�.�2�9�2� 

�D�=� �0�.�2�0�8� 

�E�=� �0�.�1�2�5� 

�F�=� �0�.�0�4�2� 

�G�=� �-�0�.�0�4�2� 

�H�=� �-�0�.�1�2�5� 

�T�=�  ��0�.�2�0�8� 

�J�=� �- ��0�.�2�9�2� 

�K�=�  ��-�0�.�3�7�5� 

�L�=� �-�0�.�4�5�8� � � � � � � � � � � � � � � � � � � � � � � � � � � 

�F�i�g�u�r�e� �6�-�7�:� �T�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r�s� �d�u�r�i�n�g� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�t� �t�i�m�e� �¢� �=� �2�0�0� �s�.



�9�2� 

�r�e�g�i�o�n�.� �T�h�i�s� �i�s� �c�o�n�f�i�r�m�e�d� �b�y� �t�h�e� �a�n�a�l�y�s�i�s�.� �W�h�e�n� �a� �s�m�a�l�l�e�r� �c�u�t�-�o�f�f� �v�a�l�u�e� �i�s� �u�s�e�d�,� �d�u�e� 

�t�o� �a� �v�e�r�y� �s�m�a�l�l� �m�u�s�h�y� �z�o�n�e�,� �t�h�e� �t�r�a�n�s�p�o�r�t� �o�f� �f�l�u�i�d� �i�n� �t�h�e� �m�u�s�h�y� �r�e�g�i�o�n� �i�s� �n�e�g�l�i�g�i�b�l�e�.� 

�S�m�a�l�l�e�r� �l�i�m�i�t�i�n�g� �v�a�l�u�e� �f�o�r� �p�e�r�m�e�a�b�i�l�i�t�y� �r�e�s�u�l�t�e�d� �i�n� �n�u�m�e�r�i�c�a�l� �d�i�f�f�i�c�u�l�t�i�e�s� �a�n�d� �p�o�s�e�d� 

�c�o�n�v�e�r�g�e�n�c�e� �p�r�o�b�l�e�m�s�.� 

�6�.�2�.�3� �S�o�l�i�d�i�f�i�c�a�t�i�o�n� �o�f� �a� �T�-�s�e�c�t�i�o�n� 

�I�n� �o�r�d�e�r� �t�o� �i�n�c�l�u�d�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �e�f�f�e�c�t�s�,� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �o�f� �a�l�u�m�i�n�u�m� �a�l�l�o�y� 

�i�n� �a� �T�-�m�o�l�d� �i�s� �a�n�a�l�y�z�e�d�.� �D�u�e� �t�o� �s�y�m�m�e�t�r�y� �a�b�o�u�t� �x�-� �a�n�d� �y�-� �a�x�e�s�,� �o�n�l�y� �a� �q�u�a�r�t�e�r� �o�f� 

�t�h�e� �d�o�m�a�i�n� �i�s� �a�n�a�l�y�z�e�d�.� �F�i�g�u�r�e� �6�.�8� �s�h�o�w�s� �t�h�e� �T�-�s�e�c�t�i�o�n� �g�e�o�m�e�t�r�y� �w�i�t�h� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s�.� �I�n� �t�h�i�s� �a�n�a�l�y�s�i�s� �t�h�e� �m�o�l�d� �i�s� �n�o�t� �m�o�d�e�l�e�d�.� �T�h�e� �m�o�l�d ��m�e�t�a�l� �i�n�t�e�r�f�a�c�e� �i�f� 

�h�e�l�d� �a�t� �a� �c�o�n�s�t�a�n�t� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �3�0�0� �K�.� �T�h�e� �t�o�p� �s�u�r�f�a�c�e� �i�s� �e�x�p�o�s�e�d� �t�o� �a�t�m�o�s�p�h�e�r�e� 

�a�n�d� �s�u�r�f�a�c�e� �c�o�n�v�e�c�t�i�o�n� �h�e�a�t� �t�r�a�n�s�f�e�r� �o�c�c�u�r�s�.� �T�h�e� �i�n�t�i�a�l� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �m�o�l�t�e�n� 

�m�e�t�a�l� �i�s� �e�q�u�a�l� �t�o� �9�3�0� �K�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �o�t�h�e�r� �p�a�r�a�m�e�t�e�r�s� �u�s�e�d� �a�r�e�:� 

�p� �=� �2�7�0�0� �k�g� �m�~�?� 

�k�=�1�6�8�W� �m�!� �k�K�"�!� 

�C�p� �=� �1�0�6�6� �J� �K�g�"�!� �K!"�!� 

�0�.�2�3� �k�g� �m�~�!� �5�-�1� 

�B�=�1�.�0�x� �1�0�7�?� �k�K�"�!� 

�L� �=� �3�.�9�5� �x� �1�0�°� �J� �K�g�'�~� 

�T�,� �=� �8�5�0� �K� 

�T�,� �=� �9�3�0� �K� 

�K�,� �=� �1�0�0�.�0�m�~�?� 

�f�f�"� �=� �0�.�0�0�1� 

�8�,� �=�  ��9�.�8�1� �m� �s�?� 

�A�t�=�l�1�s�.� 

�k�h�.� �=�8�.�5�W� �m�?� �k�K�"�!
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�9�4� 

�T�h�e� �v�i�s�c�o�s�i�t�y� �o�f� �l�i�q�u�i�d� �a�l�u�m�i�n�u�m� �i�s� �t�a�k�e�n� �t�o� �b�e� �1�0�0� �t�i�m�e�s� �t�h�e� �a�c�t�u�a�l� �v�a�l�u�e�.� �T�h�i�s� 

�i�s� �d�o�n�e� �t�o� �s�t�a�b�i�l�i�z�e� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �u�s�e�d� �i�s� �g�i�v�e�n� �i�n� 

�F�i�g�u�r�e� �6�.�9�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �c�o�n�s�i�s�t�s� �o�f� �9�1�0� �t�r�i�l�i�n�e�a�r� �e�l�e�m�e�n�t�s� �a�n�d� �1�3�2�3� 

�n�o�d�e�s�.� �F�i�g�u�r�e� �6�.�1�0� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �n�o�d�e�s� �5�8� �a�n�d� �3�9�6� �w�i�t�h� 

�t�i�m�e�.� �T�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r�s� �a�t� �t� �=� �1�,� �2�,� �5� �a�n�d� �1�0� �s�e�c�o�n�d�s� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e�s� 

�6�.�1�1�  �� �6�.�1�4� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r�s� �s�h�o�w� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �l�o�c�a�t�i�o�n� 

�o�f� �s�o�l�i�d� �f�r�o�n�t�.� �F�i�g�u�r�e� �6�.�1�3� �s�h�o�w�s� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �c�o�m�p�l�e�t�e�l�y� �s�o�l�i�d�i�f�i�e�d�.� �A�s� 

�e�x�p�e�c�t�e�d�,� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �h�o�t� �s�p�o�t� �(�r�e�g�i�o�n� �t�o� �s�o�l�i�d�i�f�y� �a�t� �t�h�e� �e�n�d�)� �i�s� �a�t� �t�h�e� �p�l�a�n�e�s� 

�o�f� �s�y�m�m�e�t�r�y� �a�n�d� �i�s� �a�t� �t�h�e� �t�o�p� �s�u�r�f�a�c�e�.� �T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�t� �t�h�e� �e�n�d� �o�f� 

�s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�n�a�l�y�s�i�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �t�h�e�r�m�a�l� �s�t�r�e�s�s�e�s� �w�h�i�c�h� �c�a�n� �b�e� 

�u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �w�a�r�p�a�g�e� �o�f� �t�h�e� �p�a�r�t�.� �A�l�s�o� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �c�a�n� �b�e� �u�s�e�d� 

�t�o� �i�d�e�n�t�i�f�y� �i�f� �t�h�e� �h�o�t� �s�p�o�t� �e�v�e�n�t�u�a�l�l�y� �r�e�s�u�l�t�s� �i�n� �i�n�t�e�r�n�a�l� �v�o�i�d� �f�o�r�m�a�t�i�o�n�.� �F�i�g�u�r�e�s� �6�.�1�5� 

�a�n�d� �6�.�1�6� �s�h�o�w� �t�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r�s� �a�t� �t� �=� �1� �a�n�d� �2� �s�e�c�o�n�d�s� �r�e�s�p�e�c�t�i�v�e�l�y�.� �D�u�e� �t�o� �t�h�e� 

�c�o�a�r�s�e�n�e�s�s� �o�f� �t�h�e� �m�e�s�h� �u�s�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�,� �t�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r�s� �a�r�e� �u�n�r�e�a�l�i�s�i�t�i�c�.� 

�T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �l�a�r�g�e�s�t� �v�e�c�t�o�r� �w�a�s� �o�f� �t�h�e� �o�r�d�e�r� �1�.�0� �x� �1�0�-�°�m�/�s�.� �T�h�i�s� �s�h�o�w�s� 

�t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� �c�o�n�v�e�c�t�i�o�n� �i�s� �n�e�g�l�i�g�i�b�l�e� �a�n�d� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �d�o�e�s� �n�o�t� �s�h�o�w� �a�n�y� 

�s�i�g�n�i�f�i�c�a�n�t� �p�h�y�s�i�c�a�l� �b�e�h�a�v�i�o�r�.� �A�n�o�t�h�e�r� �p�o�s�s�i�b�l�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� �t�y�p�e� �o�f� �v�e�l�o�c�i�t�y� �f�i�e�l�d� 

�i�s� �l�a�r�g�e� �c�h�a�n�g�e�s� �i�n� �p�e�r�m�e�a�b�i�l�i�t�y� �a�n�d� �t�h�e� �i�n�a�b�i�l�i�t�y� �o�f� �t�h�e� �c�o�a�r�s�e� �m�e�s�h� �t�o� �r�e�s�o�l�v�e� 

�a�p�p�r�o�x�i�m�a�t�e� �t�h�e�s�e� �a�c�c�u�r�a�t�e�l�y�.� �H�o�w�e�v�e�r�,� �b�y� �u�s�i�n�g� �a� �f�i�n�e�r� �m�e�s�h�,� �a� �r�e�a�l�i�s�t�i�c� �v�e�l�o�c�i�t�y� 

�f�i�e�l�d� �c�a�n� �b�e� �a�c�h�i�e�v�e�d�.� �T�h�i�s� �i�s� �s�h�o�w�n� �i�n� �p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e�.� 

�6�.�2�.�4� �C�o�n�t�i�n�u�o�u�s� �C�a�s�t�i�n�g� �A�n�a�l�y�s�i�s� 

�C�o�n�t�i�n�u�o�u�s� �c�a�s�t�i�n�g� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �p�r�o�c�e�s�s� �i�n� �m�a�n�u�f�a�c�t�u�r�i�n�g� �o�f� �i�n�g�o�t�s�.� �S�u�-� 

�p�e�r�h�e�a�t�e�d� �l�i�q�u�i�d� �m�e�t�a�l� �i�s� �p�o�u�r�e�d� �i�n�t�o� �t�h�e� �m�o�l�d� �c�o�n�t�a�i�n�e�r� �t�o� �w�h�i�c�h� �a�n� �o�p�e�n� �e�n�d�e�d� 

�m�o�l�d� �i�s� �a�t�t�a�c�h�e�d�.� �T�h�e� �m�o�l�d� �i�s� �c�o�l�l�e�d� �b�y� �b�y� �w�a�t�e�r� �s�o� �t�h�a�t� �t�h�e� �l�i�q�u�i�d� �m�e�t�a�l� �c�o�o�l�s� 

�a�n�d� �a� �t�h�i�n� �s�o�l�i�d� �s�h�e�l�l� �i�s� �f�o�r�m�e�d�.� �T�h�e� �m�e�t�a�l� �c�o�m�i�n�g� �o�u�t� �o�f� �t�h�e� �m�o�l�d� �i�s� �c�o�o�l�e�d� �b�y� 

�s�p�r�a�y�i�n�g� �o�f� �w�a�t�e�r� �t�o� �c�o�m�p�l�e�t�e� �s�o�l�i�d�i�f�i�c�a�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �s�o�l�i�d�i�f�i�e�d� �i�n�g�o�t� �i�s� �p�u�l�l�e�d� 

�b�y� �r�o�l�l�e�r�s� �a�t� �s�t�e�a�d�y� �c�a�s�t�i�n�g� �s�p�e�e�d�.� �A� �s�c�h�e�m�a�t�i�c� �d�i�a�g�r�a�m� �o�f� �c�o�n�t�i�n�u�o�u�s� �c�a�s�t�i�n�g� �p�r�o�-� 

�c�e�s�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�1�7� �T�h�e� �c�a�s�t�i�n�g� �p�r�o�c�e�s�s� �d�e�p�e�n�d�s� �o�n� �d�i�f�f�e�r�e�n�t� �p�a�r�a�m�e�t�e�r�s
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�s�u�c�h� �a�s� �t�h�e� �m�o�l�d� �l�e�n�g�t�h�,� �h�e�a�t� �t�r�a�n�s�f�e�r� �b�e�t�w�e�e�n� �t�h�e� �m�o�l�d� �a�n�d� �m�e�t�a�l�,� �e�x�t�e�n�t� �o�f� �s�p�r�a�y� 

�c�o�o�l�i�n�g�,� �c�a�s�t�i�n�g� �s�p�e�e�d�,� �s�h�a�p�e� �o�f� �t�h�e� �m�o�l�d� �a�n�d� �r�a�d�i�a�t�i�o�n� �h�e�a�t� �t�r�a�n�s�f�e�r� �b�e�t�w�e�e�n� �t�h�e� 

�c�a�s�t� �a�n�d� �a�t�m�o�s�p�h�e�r�e�.� �P�r�e�v�i�o�u�s� �w�o�r�k� �[�1�2�7�  �� �1�3�0�]� �i�n� �c�o�n�t�i�n�u�o�u�s� �c�a�s�t�i�n�g� �o�f� �m�e�t�a�l�s� �w�a�s� 

�m�a�i�n�l�y� �c�o�n�f�i�n�e�d� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �f�i�e�l�d�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �e�f�f�e�c�t� �o�f� �c�o�n�v�e�c�t�i�o�n� �i�n� �t�h�e� �l�i�q�u�i�d�u�s� �r�e�g�i�o�n� �p�l�a�y�s� �a�n� �i�m�p�o�r�t�a�n�t� �r�o�l�e� �i�n� 

�s�o�l�i�d�i�f�i�c�a�t�i�o�n� �p�r�o�c�e�s�s�e�s�.� �H�e�r�e� �t�h�e� �e�f�f�e�c�t� �o�f� �c�a�s�t�i�n�g� �s�p�e�e�d� �o�n� �c�o�n�t�i�n�u�o�u�s� �c�a�s�t�i�n�g� �o�f� 

�a�l�u�m�i�n�u�m� �a�l�l�o�y� �i�s� �s�t�u�d�i�e�d�.� 

�A� �1�0�c�m� �x� �1�0�c�m� �s�q�u�a�r�e� �i�n�g�o�t� �i�s� �c�a�s�t� �i�n� �a� �m�o�l�d� �o�f� �l�e�n�g�t�h� �5� �c�m�.� �T�h�e� �e�f�f�e�c�t� �o�f� 

�c�a�s�t� �s�p�e�e�d� �o�n� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �a�r�e� �a�n�a�l�y�z�e�d� �o�v�e�r� �a� �l�e�n�g�t�h� 

�o�f� �3�0� �c�m� �a�f�t�e�r� �t�h�e� �c�a�s�t� �l�e�a�v�e�s� �t�h�e� �m�o�l�d�.� �D�u�e� �t�o� �b�i�-�a�x�i�a�l� �s�y�m�m�e�t�r�y� �o�n�l�y� �a� �q�u�a�r�t�e�r� 

�o�f� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� �i�s� �a�n�a�l�y�z�e�d�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �u�s�e�d� �i�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� 

�6�.�1�8�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�n�s�i�s�t�s� �o�f� �1�1�1�6� �t�r�i�l�i�n�e�a�r� �e�l�e�m�e�n�t�s� �a�n�d� �1�5�6�8� �n�o�d�e�s�.� �T�h�e� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �o�t�h�e�r� �v�a�r�i�a�b�l�e�s� �a�r�e� �g�i�v�e�n� �b�e�l�o�w�.� 

�p� �=� �2�7�0�0� �k�g� �m�~�?� 

�k� �=�1�6�8�W� �m�!� �k�K�"� 

�C�y� �=� �1�0�6�6� �J� �K�g�"�!� �K�7�!� 

�u� �=� �0�.�2�3� �k�g� �m�7�!� �5�-�1� 

�8� �=�1�.�0�x� �1�0�7�°� �K�7�!� 

�L� �=� �3�.�9�5� �x� �1�0�°� �J� �K�g�!�~� 

�T�,� �=� �8�5�0� �K� 

�T�,�;� �=� �9�3�0� �K� 

�K�,� �=� �1�0�0�.�0�m�~�?� 

�f�f�"� �=� �0�.�0�0�1� 

�g�y� �=�  ��9�.�8�1� �m� �s�?� 

�h�y� �=� �1�.�4�6�5� �x� �1�0�°� �W� �m�7�?� �K�7�!� 

�T�h�e� �a�i�m� �o�f� �t�h�i�s� �t�e�s�t� �i�s� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �c�a�p�a�b�i�l�i�t�i�e�s� �o�f� �t�h�e� �p�r�o�g�r�a�m� �t�o� �s�i�m�u�l�a�t�e� 

�s�t�e�a�d�y� �s�t�a�t�e� �p�h�a�s�e� �c�h�a�n�g�e� �a�n�a�l�y�s�i�s� �p�r�o�b�l�e�m�s�.� �A�f�t�e�r� �f�e�w� �i�n�t�i�t�a�l� �s�e�c�o�n�d�s� �o�f� �c�a�s�t�i�n�g
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�p�r�o�c�e�s�s�e�s�,� �w�h�e�r�e� �t�h�e� �o�p�e�r�a�t�i�o�n� �i�s� �u�n�s�t�e�a�d�y�,� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �c�a�s�t�i�n�g� �p�r�o�c�e�s�s� �c�a�n� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �a� �s�t�e�a�d�y� �s�t�a�t�e� �p�r�o�c�e�s�s�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �u�s�e�d� �i�n� �t�h�i�s� �a�n�a�l�y�s�i�s� �a�r�e� �s�a�m�e� 

�a�s� �t�h�o�s�e� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �3�.� �T�h�e� �m�a�i�n� �d�i�f�f�e�r�e�n�c�e� �i�s� �t�h�a�t� �t�h�e� �t�r�a�n�s�i�e�n�t� �t�e�r�m�s� �a�r�e� 

�n�e�g�l�e�c�t�e�d� �a�n�d� �i�n� �t�h�e� �m�u�s�h�y� �a�n�d� �s�o�l�i�d� �r�e�g�i�o�n�s� �t�h�e� �r�e�l�a�t�i�v�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �c�a�s�t� �i�s� �e�q�u�a�l� 

�t�o� �t�h�e� �c�a�s�t� �s�p�e�e�d�.� �T�h�r�e�e� �d�i�f�f�e�r�e�n�t� �c�a�s�t� �s�p�e�e�d�s� �(�5� �m�m�/�s�,� �1� �m�m�/�s� �a�n�d� �0�.�1� �m�m�/�s�)� �a�r�e� 

�u�s�e�d�.� �T�h�e� �v�i�s�c�o�s�i�t�y� �o�f� �t�h�e� �m�o�l�t�e�n� �m�e�t�a�l� �i�s� �t�a�k�e�n� �t�o� �b�e� �1�0�0� �t�i�m�e�s� �t�h�e� �a�c�t�u�a�l� �v�a�l�u�e�.� 

�F�i�g�u�r�e� �6�.�1�9� �s�h�o�w�s� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�t� �t�h�e� �c�e�n�t�e�r�l�i�n�e� �a�n�d� �t�h�e� �o�u�t�s�i�d�e� 

�c�o�r�n�e�r� �o�f� �t�h�e� �i�n�g�o�t� �f�o�r� �t�h�e�s�e� �s�p�e�e�d�s�.� �F�o�r�m� �t�h�i�s� �f�i�g�u�r�e�,� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t�,� �f�o�r� �t�h�e� �g�i�v�e�n� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �h�i�g�h�e�s�t� �s�p�e�e�d� �t�h�e� �m�e�t�a�l� �d�o�e�s� �n�o�t� �s�o�l�i�d�i�f�y� 

�e�v�e�n� �w�i�t�h�i�n� �t�h�e� �c�o�n�s�i�d�e�r�e�d� �d�o�m�a�i�n�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �c�a�s�t�i�n�g� �w�i�t�h� �c�a�s�t� �s�p�e�e�d� �o�f� �1� 

�m�m�/�s�,� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �n�o�t� �s�o�l�i�d�i�f�e�d� �a�t� �t�h�e� �e�x�i�t� �o�f� �t�h�e� �m�o�l�d�.� �H�o�w�e�v�e�r�,� �i�t� �s�o�l�i�d�i�f�i�e�s� 

�d�o�w�n�s�t�r�e�a�m� �a�t� �a�p�p�r�o�x�i�m�a�t�l�y� �1�5� �c�m�.� �T�h�e�s�e� �t�w�o� �s�o�l�u�t�i�o�n�s� �a�r�e� �n�o�t� �a�c�c�e�p�t�a�b�l�e� �i�n� 

�r�e�a�l� �c�a�s�t�i�n�g� �p�r�o�c�e�s�s� �a�s� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�m�i�n�g� �o�u�t� �o�f� �t�h�e� �m�o�l�d� �s�h�o�u�l�d� �f�o�r�m� �a� �s�h�e�l�l� 

�i�n�o�r�d�e�r� �t�o� �m�a�i�n�t�a�i�n� �i�t�s� �s�h�a�p�e�.� �A�t� �t�h�e� �l�o�w�e�s�t� �s�p�e�e�d� �a�n�a�l�y�z�e�d� �(�0�.�1� �m�m�/�s�.�)�,� �m�a�t�e�r�i�a�l� 

�s�o�l�i�d�i�f�i�e�s� �w�i�t�h�i�n� �t�h�e� �m�o�l�d� �a�n�d� �f�o�r�m�s� �a� �s�h�e�l�l�.� �T�h�i�s� �i�s� �a�n� �a�c�c�e�p�t�a�b�l�e� �s�o�l�u�t�i�o�n�.� �V�e�l�o�c�i�t�y� 

�v�e�c�t�o�r�s� �f�o�r� �t�h�e� �i�n�t�e�r�m�e�d�i�a�t�e� �s�p�e�e�d� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �6�.�2�0� �F�r�o�m� �t�h�i�s� �f�i�g�u�r�e�,� �i�t� �c�a�n� 

�b�e� �n�o�t�i�c�e�d� �t�h�a�t� �i�n� �t�h�e� �c�o�r�e� �r�e�g�i�o�n� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �a�r�e� �l�a�r�g�e�.� �T�e�m�p�e�r�a�t�u�r�e� �c�o�n�t�o�u�r�s� 

�f�o�r� �t�h�e� �s�a�m�e� �s�p�e�e�d� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �6�.�2�1�.� 

�6�.�3� �M�o�l�d� �F�i�l�l�i�n�g� �A�n�a�l�y�s�i�s� 

�M�o�l�d� �f�i�l�l�i�n�g� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �p�a�r�t� �o�f� �c�a�s�t�i�n�g� �p�r�o�c�e�s�s�.� �C�o�r�r�e�c�t� �s�i�m�u�l�a�t�i�o�n� �o�f� �m�e�t�a�l� 

�f�l�o�w� �i�n� �t�h�e� �m�o�l�d�s� �i�s� �e�s�s�e�n�t�i�a�l� �i�n� �n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s� �o�f� �s�o�l�i�d�i�f�c�a�t�i�o�n� �p�r�o�c�e�s�s�.� �I�n� �t�h�i�s� 

�s�e�c�t�i�o�n�,� �t�h�e� �m�e�t�a�l�-�a�i�r� �i�n�t�e�r�f�a�c�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �m�e�t�h�o�d� �e�x�p�l�a�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �3� �i�s� 

�u�s�e�d� �t�o� �s�o�l�v�e� �t�w�o� �s�i�m�p�l�e� �p�r�o�b�l�e�m�s�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �a�n�a�l�y�s�i�s� �i�s� �t�o� �v�e�r�i�f�y� �t�h�e� 

�c�a�p�a�b�i�l�i�t�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m� �t�o� �h�a�n�d�l�e� �t�h�i�s� �c�l�a�s�s� �o�f� �p�r�o�b�l�e�m�s�.� �T�h�e� �d�i�f�f�i�c�u�l�t�y� 

�i�n� �t�h�e�s�e� �p�r�o�b�l�e�m�s� �i�s� �t�h�a�t� �a�t� �a� �g�i�v�e�n� �t�i�m�e� �o�n�l�y� �p�a�r�t� �(�f�i�l�l�e�d� �a�n�d� �i�n�t�e�r�f�a�c�e� �r�e�g�i�o�n�s�)� 

�d�o�m�a�i�n� �i�s� �u�s�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�.� �I�n� �t�h�e� �f�i�r�s�t� �t�e�s�t� �f�l�o�w� �b�e�t�w�e�e�n� �p�a�r�a�l�l�e� �p�l�a�t�e�s� �i�s� 

�a�n�a�l�y�z�e�d� �a�n�d� �t�h�e� �s�e�c�o�n�d� �t�e�s�t� �c�a�s�e� �i�s� �s�l�i�g�h�t�l�y� �c�o�m�p�l�i�c�a�t�e�d� �i�n� �t�h�a�t� �t�h�r�e�e ��d�i�m�e�n�s�i�o�n�a�l
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�1�1�0� 

�e�f�f�e�c�t�s� �d�o�m�i�n�a�t�e�.� 

�6�.�3�.�1� �V�e�r�t�i�c�a�l� �C�a�v�i�t�y� �F�i�l�l�i�n�g� 

�I�n� �t�h�i�s� �t�e�s�t� �c�a�s�e� �f�l�o�w� �o�f� �m�o�l�t�e�n� �m�a�t�e�r�i�a�]� �i�n� �a� �c�a�v�i�t�y� �f�o�r�m�e�d� �b�e�t�w�e�e�n� �t�w�o� �v�e�r�t�i�c�a�l� 

�p�l�a�t�e�s� �i�s� �a�n�a�l�y�z�e�d�.� �T�h�e� �f�l�o�w� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �d�u�e� �t�o� �t�h�e� �g�r�a�v�i�t�a�t�i�o�n�a�l� �f�o�r�c�e�.� �T�h�e� 

�d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�o�m�a�i�n� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �6�.�2�2�.� �A� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�m�e�s�h� �o�f� �2�0�0� �e�l�e�m�e�n�t�s� �a�n�d� �4�6�2� �n�o�d�e�s� �i�s� �u�s�e�d� �t�o� �d�e�s�c�r�i�t�i�z�e� �t�h�e� �d�o�a�m�i�n�.� �T�h�e� �p�r�o�p�e�r�t�i�e�s� 

�o�f� �t�h�e� �f�l�u�i�d� �u�s�e�d� �a�r�e�:� �p� �=� �1�6�/�c�m�*�;� �u� �=� �0�.�5�g�/�m�s�.� �T�h�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �i�n�c�o�m�i�n�g� �f�l�u�i�d� 

�i�s� �t�a�k�e�n� �t�o� �b�e� �0�.�0�1� �c�m�/�s�.� �T�h�e� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m� �r�e�q�u�i�r�e�s� �p�a�r�t� �o�f� �t�h�e� �r�e�g�i�o�n� �b�e� �f�i�l�l�e�d� 

�a�t� �t�h�e� �s�t�a�r�t� �o�f� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�.� �T�h�e� �i�n�i�t�i�a�l�l�y� �f�i�l�l�e�d� �r�e�g�i�o�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�2�2�.� 

�T�h�e� �v�e�l�o�c�i�t�y� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �s�i�d�e� �w�a�l�l�s� �i�s� �s�u�c�h� �t�h�a�t� �t�h�e� �n�o�r�m�a�l� �v�e�l�o�c�i�t�i�e�s� 

�a�r�e� �z�e�r�o� �a�n�d� �t�h�e�r�e� �i�s� �f�u�l�l� �s�l�i�p� �a�t� �t�h�e� �w�a�l�l� �i�n� �t�h�e� �f�l�o�w� �d�i�r�e�c�t�i�o�n�.� �H�o�w�e�v�e�r�,� �i�n� �r�e�a�l�i�t�y� 

�f�r�i�c�t�i�o�n� �a�t� �t�h�e� �w�a�l�l� �i�s� �i�m�p�o�r�t�a�n�t� �a�n�d� �i�t� �s�h�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�.� �A�t� 

�t�h�e� �f�r�e�e� �s�u�r�f�a�c�e� �t�h�e� �n�o�r�m�a�l� �s�t�r�e�s�s�e�s� �a�r�e� �n�e�g�l�i�g�i�b�l�e�.� �W�h�i�l�e� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �p�r�e�s�s�u�r�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�4�.�2�0�)�,� �i�t� �i�s� �r�e�q�u�i�r�e�d� �t�o� �s�p�e�c�i�f�y� �p�r�e�s�s�u�r�e� �a�s� �a�n� �e�s�s�e�n�t�i�a�l� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �o�v�e�r� �t�h�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �b�o�u�n�d�a�r�y�.� �H�e�r�e� �t�h�e� �p�r�e�s�s�u�r�e� �i�s� �s�e�t� �e�q�u�a�l� 

�t�o� �z�e�r�o� �a�t� �t�h�e� �m�e�t�a�l ��a�i�r� �i�n�t�e�r�f�a�c�e�.� 

�F�i�g�u�r�e�s� �6�.�2�3�  ��-� �6�.�2�5� �s�h�o�w� �t�h�e� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� �a�t� �t�i�m�e�s� �t� �=� �6�6�.�6�7� �s�.�,� �2�1�6�.�6�5� 

�s�.�,� �a�n�d� �3�3�0�.�0�3� �s�.� �T�h�e� �m�o�l�d� �w�a�s� �c�o�m�p�l�e�t�l�y� �f�i�l�l�e�d� �a�f�t�e�r� �3�3�0�.�0�3� �s�e�c�o�n�d�s�.� �T�h�e� �t�i�m�e� 

�r�e�q�u�i�r�e�d� �t�o� �f�i�l�l� �i�s� �l�a�r�g�e�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �s�l�o�w�e�r� �r�a�t�e� �o�f� �f�i�l�l�i�n�g� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �s�m�a�l�l� 

�v�a�l�u�e� �f�o�r� �i�n�l�e�t� �v�e�l�o�c�i�t�y�.� �T�h�e� �f�r�o�n�t� �p�o�s�i�t�i�o�n� �f�o�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�i�m�e� �s�t�e�p�s� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e�s� �6�.�2�6�  �� �6�.�2�8� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�r�o�m� �F�i�g�u�r�e�s� �6�.�2�3�  ��-� �6�.�2�6� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� 

�r�a�n�g�e� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �i�s� �d�i�f�f�e�r�e�n�t� �f�o�r� �d�i�f�f�e�r�e�n�t� �t�i�m�e� �s�t�e�p�s�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �p�r�e�s�s�u�r�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �(�z�e�r�o� �p�r�e�s�s�u�r�e� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e�)� �u�s�e�d�.� �T�h�e� �p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� 
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�p�r�e�s�s�u�r�e�,� �i�n�s�t�e�a�d� �o�f� �v�e�l�o�c�i�t�y�,� �i�s� �s�p�e�c�i�f�i�e�d� �a�t� �t�h�e� �i�n�l�e�t� �t�h�e� �s�o�l�u�t�i�o�n� �o�b�t�a�i�n�e�d� �w�i�l�l� �b�e� 

�d�i�f�f�e�r�e�n�t�.
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�s�i�m�i�l�a�r� �t�o� �t�h�e� �s�i�t�u�a�t�i�o�n�s� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �c�a�s�t�i�n�g� �i�n�d�u�s�t�r�i�e�s�.� �L�i�q�u�i�d� �m�e�t�a�l� �e�n�t�e�r�i�n�g� 

�a� �s�q�u�a�r�e� �c�a�v�i�t�y� �t�h�r�o�u�g�h� �t�h�e� �r�u�n�n�e�r� �i�s� �a�n�a�l�y�z�e�d�.� �T�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �d�o�m�a�i�n� �i�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�2�9�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �u�s�e�d� �t�o� �d�e�s�c�r�i�t�i�z�e� �t�h�e� �d�o�m�a�i�n� �i�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�3�0�.� �D�u�e� �t�o� �s�y�m�m�e�t�r�y� �a�b�o�u�t� �y �� �a�x�i�s�,� �o�n�l�y� �o�n�e� �h�a�l�f� �o�f� �t�h�e� �d�o�m�a�i�n� 

�i�s� �a�n�a�l�y�z�e�d�.� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �w�a�l�l� �a�r�e� �t�h�e� �v�e�l�o�c�i�t�y� �n�o�r�m�a�l� �v�e�l�o�c�i�t�y� �i�s� 

�z�e�r�o� �a�n�d� �f�u�l�l� �s�l�i�p� �i�s� �a�l�l�o�w�e�d� �i�n� �t�a�n�g�e�n�t�i�a�l� �d�i�r�e�c�t�i�o�n�s�.� �A�t� �(�y� �=� �y�m�a�z�)�,� �t�h�e� �s�u�f�r�a�c�e� �i�s� 
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�T�h�e� �v�e�l�o�c�i�t�y� �o�f� �l�i�q�u�i�d� �e�n�t�e�r�i�n�g� �t�h�e� �r�u�n�n�e�r� �i�s� �t�a�k�e�n� �t�o� �b�e� �e�q�u�a�l� �t�o� �0�.�1� �c�m�/�s�.� �T�h�e� 

�p�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� �a�t� �t�i�m�e�s� �t� �=� �1�1�.�5�4� �s�.�,� �2�1�.�1�9� �s�.�,� �a�n�d� �3�1�.�6�7� �s�.�,� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e�s� 
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�I�n� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�s�,� �i�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�o�l�u�t�i�o�n� �a�l�g�o�r�i�t�h�m� �i�s� �s�u�i�t�-� 

�a�b�l�e� �t�o� �a�n�a�l�y�z�e� �d�i�f�f�e�r�e�n�t� �s�o�l�i�d�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m�s�.� �I�n� �C�h�a�p�t�e�r� �5� �i�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� 
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�s�o�l�v�e�d� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �w�e�r�e� �f�o�r� �t�h�a�t� �o�f� �f�i�c�t�i�t�i�o�u�s� �m�a�t�e�r�i�a�l�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n� 
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�u�s�i�n�g� �f�l�o�w� �f�o�r�m�u�l�a�t�i�o�n�.� �T�h�e� �m�a�i�n� �d�i�f�f�i�c�u�l�t�y� �i�n� �s�o�l�v�i�n�g� �s�u�c�h� �p�r�o�b�l�e�m�s� �l�i�e�s� �i�n� �t�h�e� �f�a�c�t� 
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