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by 
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(ABSTRACT) 

Honeycomb core sandwich structures are an integral part of many of today's 

aerospace structures. When subjected to high speed flight, thermal loading can induce 

significant stresses. The need for thermal properties to perform thermal stress analyses 

in these structures is the motivation behind this research. Thermal property estimation 

approach used here involves the minimization of a least squares function containing both 

measured and calculated values. In addition, an applied heat flux is necessary at one 

boundary for the simultaneous estimation of thermal properties. The specific objectives 

are to develop a thermal model to describe honeycomb core sandwich structures, 

optimize experimental designs for use in parameter estimation, develop a finite element 

based parameter estimation algorithm, and estimate the pertinent thermal properties of 

the structure. 

A combined conductive/radiative heat transfer model was used for the analysis 

of the structure. Due to the composition of the structure, it was determined that a one 

dimensional model would be sufficient. This model was used in both parameter 

estimation and experimental design. 

Experimental design involves finding input variables for an experiment such that 

the response of the system contains the highest possible amount of information on the 

parameters of interest which characterize the response. In this study, the design was 

performed by using a combination of two methods. The first involved maximizing the



temperature derivatives with respect to unknown thermal properties. The second 

involved a scaled confidence interval approach. The experimental parameters optimized 

were heating time and total experiment time. 

A finite element program was used to perform transient temperature calculations 

because of the flexibility it has to analyze complex structures. Parameters estimated in 

this study exhibited a great deal of correlation, or interaction. This showed the need for 

a constrained parameter estimation algorithm. A penalty function method was 

developed for this purpose. 

The last part of this study involved the actual estimation of thermal properties. 

An experimental apparatus was designed and built to record the transient temperature 

response of the test sample. A four sheet SPF/DB sandwich was used as the test sample. 

Thermal properties were estimated using four combinations of sensors and boundary 

conditions. 

It was found that in one case parameters could be simultaneously estimated 

despite the presence of correlation. These estimated parameters were shown to produce 

reasonably small errors when used in transient temperature calculations. It was also 

shown that large temperature gradients produce estimates with smaller confidence 

intervals. The importance of maintaining accurately known boundary conditions was 

also demonstrated.
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CHAPTER 1 

Introduction 

The high strength-to-weight ratio of honeycomb core structures makes them 

ideal for use in aircraft and aerospace vehicles. The properties of these structures 

must be known for design purposes. Convective heating in high speed flight can 

induce large temperature gradients which induce thermal stresses, as part of the 

mechanical load on the structures. Calculation of thermal stresses requires knowledge 

of temperature distributions within a material, which requires knowledge of the 

material's thermal properties. 

The motivation for this research is the need to predict thermal properties in 

honeycomb core sandwich structures so that the information can later be used in a 

thermal stress analysis. Since these structures are complex and unique, it was also 

necessary to find a way to model the heat transfer through them. A method of 

experimental design was also developed to assist in the thermal property estimation. 

A honeycomb core sandwich structure consists of two thin face sheets which are 

held apart by a core. The core has a matrix or grid design. Its purpose is to resist 

compressive forces and prevent the two face sheets from moving toward each other 

under load. This gives the structure a high moment of inertia to resist bending stress,



but with a relatively low weight. The face sheets and core can made of many materials, 

including graphite composites and metals. The type investigated in this study were 

constructed mainly of a titanium alloy. 

This work is a continuation of previous analyses performed by Moncman (1994) 

and Hanak (1995). Moneman developed experimental designs for the estimation of 

thermal properties of carbon composites subjected to one and two dimensional heat 

transfer. Hanak focused on experimental verification of these designs. This investigation 

is part of a much larger project, the goal of which is to develop methodologies for the 

estimation of thermal properties and interface conditions in large, complex aerospace 

structures. 

1.1 Goals and Objectives 

The purpose of this study was to develop a method for the estimation of thermal 

properties in honeycomb core sandwich structures. The material being examined was 

a four sheet, super-plastically formed /double bonded sandwich panel, composed of a Ti- 

6Al-4V alloy interior with aluminum-boron composite face sheets. In order to achieve 

the goals of this research, the specific objectives were to: 

1) develop a conductive/radiative finite element model which describes heat 

transfer through the thickness of the structure, 

2) find optimal or near-optimal experimental design parameters for the 

collection of temperature response data necessary for parameter estimation,



3) develop a parameter estimation algorithm which is capable of being used 

within the framework of a finite element code, 

and 

4) estimate the unknown thermal properties in the heat transfer model. 

The first objective deals with finding an appropriate heat transfer model for the 

structure. Since conduction and radiation heat transfer both exist within the structure, 

a combined model was developed. A finite element routine was used for temperature 

calculations due to complexities caused by nonlinear radiation terms. A one dimensional 

model was found to be sufficient to model the heat transfer within the structure. 

The goal of most experiments is to produce results which have the highest 

possible accuracy and lowest variability. Some experimental design is usually necessary 

to accomplish this. In the case of parameter estimation, a least squares comparison is 

made between calculated data and measured data from an actual experiment. Physical 

experiments should be run which maximize the sensitivity of measured temperature data 

to changes in unknown thermal properties, while yielding the smallest confidence 

intervals on these unknown properties. 

The experimental design was based on a standard approach dealing with 

sensitivity coefficients, which related changes in the unknown thermal properties to 

changes in temperature. A modification of this sensitivity coefficient approach was 

investigated which used the lengths of scaled confidence intervals. The experimental 

parameters which were varied include the heating time and experiment duration. An 

applied heat flux was necessary for one boundary. Two other conditions were examined 

at the other boundary.



A parameter estimation procedure was developed to estimate thermal properties 

in the sandwich structure. The Gauss linearization method was the first method that was 

tried. It uses a first order algorithm to minimize a least squares objective function 

containing both experimental and calculated temperatures. After it became apparent that 

the Gauss method would not converge, a penalty function method was developed. It 

minimized the same objective function as before. 

A series of experiments were run to collect data necessary for the parameter 

estimation. These experiments were performed for a range of initial temperatures and 

for two boundary conditions. Three thermal properties were estimated in this study; 

however, the methods used could be theoretically expanded to estimate any number of 

properties.



CHAPTER 2 

Literature Review 

Much work has been done in the area of parameter estimation and optimization. 

Many methods have been developed which are often specific to a certain field, with none 

being a standard. Thermal property estimation has been performed extensively on 

isotropic and composite materials. However, there are few cited cases of thermal 

property estimation dealing with sandwich structures. What little work that has been 

done in this area is mostly analytical in nature. This chapter gives a synopsis of 

parameter estimation and optimization techniques. It also describes sandwich structures 

and how parameter estimation and analysis has been performed on them. 

2.1 Design of Experiments 

The goal of any parameter estimation procedure is to produce estimates which 

have the greatest amount of accuracy. This can best be accomplished by careful 

experimental design. A carefully designed experiment is one in which there is minimum 

correlation between the estimated properties, as well as maximum sensitivity of the 

measured experimental variables to changes in the properties being estimated (Beck and



Arnold, 1977). The design process involves the determination of optimal experimental 

variables through the use of a design criteria. 

Many design criteria have been proposed. These criteria are often denoted by 

letters. Beck and Arnold (1977) list several design criteria based on the sensitivity of the 

estimated parameters to changes in the response variable. These are usually given in 

terms of the product of the sensitivity coefficients and their transpose, X'X. They include 

the following: maximization of the determinant of X7X (D-optimal), maximization of the 

minimum eigenvalue of X'X (C-optimal), and maximization of the trace of X'X (A- 

optimal). 

The D-optimal criterion has been widely used and studied. It was used by Beck 

(1969) to optimize experimental parameters for the simultaneous estimation of thermal 

conductivity and specific heat. Taktak, et al. (1991) used the procedure to optimize 

heating time, sensor location, and number of sensors for the estimation of volumetric heat 

capacity and thermal conductivity in carbon-fiber/epoxy-matrix composite materials. 

Bayard et al. (1988) used the D-optimal criterion to optimize sensor location for 

identification experiments in large space structures. Glucose tests in humans were the 

focus of work by Cobelli and Ruggeri (1991) who sought to obtain accurate results from 

a minimum number of experiments. Moncman (1994) used the procedure to derive 

experimental designs for thermal property estimation in anisotropic composites. Her 

work was continued and partially verified by Hanak (1995). 

There are variations of the D-optimal criteria which have been proposed. 

Prozonto and Walter (1989) defined the V-criterion, which is similar to the D-optimal but 

assumes that upper and lower bounds are known for noise associated with the 

measurements. Lohmann et al (1992) developed a related criterion of minimization of



the maximum scaled length of the confidence intervals. A similar approach is used in 

this study. 

2.2 Estimation Procedures 

Numerous techniques have been developed for parameter estimation and 

optimization. Parameter estimation may be treated as a special case of optimization. 

Generally, optimization involves the use of an objective function which seeks to minimize 

the cost, weight, or size of a structure or process. The objective function in parameter 

estimation is a least squares function which compares measured and calculated 

parameters in a known model. While parameter estimation has generally been 

performed with only a few methods, it could conceivably use any optimization technique. 

Optimization techniques can be divided into two classes as shown in Fig. 2.1. 

Unconstrained methods solve the optimization problem by finding the minimum of the 

objective function. This is accomplished by either a direct search or by using gradient 

information (descent methods). Unconstrained direct methods are zero order and may 

involve a random search. Descent methods are usually first or second order. Algorithms 

which permit the use of constraints may be direct or indirect. Direct constrained 

methods handle constraints explicitly, usually by a regularization technique which tests 

for feasibility at each iteration. Indirect methods effectively incorporate the constraints 

into the objective function and reduce the problem into one which is then solved by an 

unconstrained method. 

There are three main types of parameter estimators. These include ordinary least 

squares (OLS), maximum likelihood (ML), and maximum a posteriori (MAP). Ordinary



Spoyyy, 
U
O
l
e
U
I
N
s
Y
/
I
o
N
e
z
I
M
y
d
Y
O
 
IweUI[UON 

Jo 
s
o
j
d
w
e
x
q
 

['°z 
e
n
s
i
y
 

SUIWIWIBIZOIG 
XaAU0d 

s
u
o
r
p
u
n
y
 

Aq[eueg 

SO[QULIBA 
jo 

UOTJVUIOJsUBI, 
 
   

“JIC 
91QIsveg 

jo poop 
x
o
i
d
d
y
 

yutTesysu0Z 

pogjyeyy 
x
e
d
u
0
g
 

 
 

  
 
 

parpu] 
pert 

  

pougyeW 
8, [

o
o
d
 

I
O
 

S[QeseA 

p
o
y
v
e
 

8,u0yMoN 

p
o
u
y
e
y
 

ssner) 

queoseq] 
4sed9e1¢9 

 
   

poqyeW 
xe (duis 

p
o
y
,
 

8, y201Quesoy 

yoieweg 
w18}4eg 

p
o
g
y
y
 

eeLreatuys) 
qoreag 

w
o
p
u
e
y
 

 
   

 
 

JyUVOSIC] 

  
 
 

p
e
u
r
e
a
z
j
s
u
o
r
)
 

poureszysu0dul) 

UOTIVUITISH/UOTFeZIWMIyAdG 
1eeUITUON 

YoIweg 
p
e
s
i
q



least squares is the easiest method to implement. It assumes that no prior information 

is know about the parameters being estimated and that the variances of measurement 

errors are generally unknown. Maximum likelihood estimation makes use of known 

information concerning the measurement errors. Maximum a posteriori estimation is 

Bayesian in nature and is used when the estimated parameters may be considered 

random variables or when prior information is known. Note that any parameter 

estimation routine could utilize any of the these estimators, it depends only on the form 

of the objective function. Due to a lack of prior information, ordinary least squares 

estimators were used in this study. 

Two estimation procedures were used in this research. The first method which 

was used was the Gauss method. This is a first order unconstrained descent method 

which minimizes a least squares function containing differences between measured and 

calculated temperatures. It has the drawback of being inefficient for use in models which 

have correlated parameters or a nearly flat sum of squares function, as it may not 

converge. Box and Kanemasu (1972) proposed modifications to this method to change 

the step size of gradient information used in finding the estimates at each iteration in 

order to improve convergence. Bard (1974) later modified this method by making the 

requirement that the sum of squares function 5, be strictly decreasing. The Gauss 

method and its derivatives are described in detail by Beck and Arnold (1977). 

During the course of this study it was determined that constrained parameter 

estimation would be necessary. A penalty function method was used for this purpose. 

Penalty Function Methods provide constraints by assigning a numerical penalty to the 

objective function when a constraint is violated. The penalty is initially small and 

increases as the optimization progresses to prevent ill conditioning. More details on



Penalty Function Methods and the Gauss method are given in Chapter 3. 

The Gauss and Box-Kanemasu methods have been extensively used. Beck (1966) 

used the Gauss method to simultaneously estimate the thermal conductivity of nickel 

from transient temperature measurements. It was used successfully by Loh and Beck 

(1991) to estimate thermal conductivities in two directions, along with volumetric heat 

capacity. This study also included information from multiple sensors. Six thermal 

properties were estimated by Pfahl and Mitchell (1970) in a charring carbon-phenolic 

material. The Box-Kanemasu method was used by Moncman (1994), Hanak (1995), and 

by Moncman, Hanak, Copenhaver, and Scott (1995) for the estimation of thermal 

properties in carbon/epoxy composites. This technique has also been used in biomedical 

applications by Scott and Scott (1994), and in the freezing of basic food solutions by Saad 

and Scott (1994). 

No cases could be found where penalty function methods or other constrained 

techniques were used to solve parameter estimation problems. However, these methods 

have been used to solve finite element models and other forward problems. Ezawa and 

Okomoto (1995) used penalty functions in conjunction with the finite element and 

boundary element methods to study elastic contact stresses. A similar approach was 

used by Fuehne and Engblom (1992) to predict stress fields in thick composite laminates. 

Zeng and Gullberg (1993) performed maximum a posteriori estimation to reconstruct 

transmission images from computed tomography. They used known attenuation 

coefficients of human tissue (skin, bones, etc.) as prior information. Their objective 

function was formed using a likelihood function of this attenuation coefficient data and 

a penalty function. The penalty function made sure that as the image was being 

constructed, the attenuation coefficients converged to their known values. Penalty 
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functions were also used by Maubourguet-Pellerin and Pellerin (1987) to solve the 

Navier-Stokes equations for heat transfer and fluid flow through an interface. 

2.3 Property Estimation in Sandwich Structures 

References in the literature to thermal property estimation in honeycomb core 

sandwich structures are limited. Mechanical and thermal characteristics of these 

structures have been investigated on an analytical basis, with the majority of the analyses 

being mechanical. The incorporation of experimental data into estimation procedures has 

rarely been reported. 

Farghaly and Shebl (1992) performed an analytical study on a sandwich beam 

with an elastically restrained end against both translation and rotation. They estimated 

effective end rigidity and end mass parameters by solving the sixth order 

DiTaranto/Mead-Marcus equation for transverse flexural displacement. A vibration 

analysis on a partially covered double sandwich cantilever beam was done by Chen and 

Levy (1994). They used Euler beam theory to derive the equations of motion for the 

system. They estimated the resonant frequency of the beam as well as system loss factors 

for different geometrical and physical properties. 

One of the earliest works on the estimation of thermal properties in honeycomb 

core sandwich panels was done by Swann and Pittman (1961). They used a one 

dimensional finite difference heat transfer model which considered conductive and 

radiative effects. The model was steady-state in nature, and did not to treat the thermal 

capacitance of the structure. The core was analyzed on a unit cell basis, with each cell 

divided into ten elements. Constant temperature conditions were used at each boundary. 
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The heat flux conducted through the structure was then calculated using known 

conductive and radiative properties of the structure material. An effective thermal 

conductivity was determined by Fourier's Law. A similar analysis was performed for 

corrugated core panels. 

Other analyses of honeycomb-like structures exist. Radiation heat transfer in 

axisymmetric cylinders was modelled by Jamaluddin and Smith (1988). They examined 

radiation and the effects of scattering media in a coal-fired furnace. Asako (1990) has 

done extensive work on natural convection in air slots with a hexagonal honeycomb core. 

The honeycomb structure he analyzes has one face sheet fixed at a high temperature and 

the other at a low temperature. He solves for Nusselt numbers in the enclosure by using 

a power law control volume scheme developed by Patankar (1981). 

Some references to honeycomb structures have been made in relation to home 

construction. A comparison of honeycomb core and foam core carbon-fibre/epoxy 

sandwich panels was made by Akay and Hanna (1990). A thermal analysis of a 

honeycomb roof cover system for energy conversion in an air-conditioned building was 

done by Kaushika et al. (1992). They analyzed radiation in the structure for the passive 

collection of solar energy and space heating. 

12



CHAPTER 3 

Theoretical Considerations 

The purpose of this chapter is to discuss the heat transfer model, estimation 

procedure, and experimental design used to determine the thermal properties of 

honeycomb-core sandwich structures. Recall that both measured and calculated data are 

needed for parameter estimation. The analytical aspects will be treated here, while 

experimental methods are discussed in Chapter 4. 

The first section deals with the heat transfer model, which includes both radiative 

and conductive heat transfer. The model consists of a honeycomb structure with 

specified boundary conditions. A finite element code, Engineering Analysis Language 

(EAL version 330.07, by Whetstone, 1983), was used to solve this model due to the fact 

that nonlinear radiation terms make an exact solution unavailable. The next section 

describes the two methods of minimization that were used to estimate unknown 

properties. A modified Box-Kanemasu method is presented as well as an exterior penalty 

function method. The third section discusses confidence regions and intervals for the 

estimated parameters. The final section describes the procedure that was used to design 

the experiments. 
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�3�.�1� �H�e�a�t� �T�r�a�n�s�f�e�r� �M�o�d�e�l� 

�A� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �o�f� �t�h�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �t�h�r�o�u�g�h� �t�h�e� �h�o�n�e�y�c�o�m�b� �c�o�r�e� �s�t�r�u�c�t�u�r�e� 

�w�a�s� �n�e�e�d�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�e�m�p�e�r�a�t�u�r�e� �h�i�s�t�o�r�i�e�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n�.� �I�n� 

�t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�,� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �m�o�d�e�l� �a�r�e� �c�h�a�n�g�e�d� �u�n�t�i�l� �c�a�l�c�u�l�a�t�e�d� 

�t�e�m�p�e�r�a�t�u�r�e�s� �m�o�s�t� �c�l�o�s�e�l�y� �m�a�t�c�h� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �i�n� �a� �l�e�a�s�t� �s�q�u�a�r�e�s� �s�e�n�s�e�.� �T�h�e� �m�o�s�t� 

�s�i�m�p�l�e� �m�o�d�e�l� �w�a�s� �c�h�o�s�e�n� �a�n�d� �t�h�e�n� �m�o�d�i�f�i�e�d� �u�n�t�i�l� �i�t� �w�a�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �h�e�a�t� 

�t�r�a�n�s�f�e�r� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�s� �e�x�p�l�a�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �4�.� �I�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �p�r�o�v�i�d�e� �a� �h�e�a�t� 

�f�l�u�x� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �i�n� �o�r�d�e�r� �t�o� �i�n�d�e�p�e�n�d�e�n�t�l�y� �e�s�t�i�m�a�t�e� �a�l�l� �t�h�e�r�m�a�l� �p�r�o�p�e�r�t�i�e�s�.� �T�h�i�s� 

�h�a�s� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�t�r�o�d�u�c�i�n�g� �F�o�u�r�i�e�r�'�s� �L�a�w� �i�n�t�o� �t�h�e� �m�o�d�e�l�:� 

�o�T� �(�3�.�1�)� �g�q�"� �=� �-�k �� 

�w�h�i�c�h� �p�r�o�v�i�d�e�s� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �k� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �s�p�e�c�i�f�i�c� �h�e�a�t�.� 

�F�i�g�u�r�e� �3�.�1� �s�h�o�w�s� �t�h�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �m�o�d�e�l� �a�n�d� �i�t�s� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e�r�e� �a�r�e� 

�t�w�o� �d�i�s�t�i�n�c�t� �p�a�r�t�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �f�a�c�e� �s�h�e�e�t� �a�n�d� �c�o�r�e�.� �T�h�e� �f�a�c�e� �s�h�e�e�t� �w�a�s� �m�o�d�e�l�l�e�d� 

�a�s� �a� �l�u�m�p�e�d� �c�a�p�a�c�i�t�a�n�c�e� �o�n�l�y�,� �w�i�t�h� �t�h�e� �v�o�l�u�m�e�t�r�i�c� �s�p�e�c�i�f�i�c� �h�e�a�t� �t�o� �b�e� �d�e�t�e�r�m�i�n�e�d�.� �T�h�i�s� 

�w�a�s� �p�o�s�s�i�b�l�e� �f�o�r� �t�w�o� �r�e�a�s�o�n�s�.� �F�i�r�s�t�,� �t�h�e� �f�a�c�e� �s�h�e�e�t� �t�h�i�c�k�n�e�s�s� �w�a�s� �n�e�g�l�i�g�i�b�l�e� �c�o�m�p�a�r�e�d� 

�w�i�t�h� �t�h�e� �h�e�i�g�h�t� �o�f� �t�h�e� �c�o�r�e�.� �S�e�c�o�n�d�,� �t�h�e� �a�l�u�m�i�n�u�m�/�b�o�r�o�n� �c�o�m�p�o�s�i�t�e� �t�h�a�t� �c�o�m�p�o�s�e�d� �p�a�r�t� 

�o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t� �h�a�d� �a� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� �w�h�i�c�h� �w�a�s� �a�n� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e� �h�i�g�h�e�r� 

�t�h�a�n� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�i�s� �p�e�r�m�i�t�t�e�d� �q�u�i�c�k� �d�i�f�f�u�s�i�o�n� �o�f� �h�e�a�t� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �f�a�c�e� 

�s�h�e�e�t�.� 

�T�h�e� �c�o�r�e� �w�a�s� �m�o�d�e�l�l�e�d� �a�s� �a� �f�l�a�t� �p�l�a�t�e� �w�i�t�h� �r�e�s�i�s�t�a�n�c�e� �a�n�d� �c�a�p�a�c�i�t�a�n�c�e� �a�n�d� �a�n� 

�a�r�e�a� �e�q�u�a�l� �t�o� �t�h�a�t� �o�f� �o�n�e� �c�e�l�l�.� �S�i�n�c�e� �t�h�e� �s�p�e�c�i�f�i�c� �h�e�a�t� �a�n�d� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� �o�f� �t�h�e� �c�o�r�e� 
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�m�a�t�e�r�i�a�l�,� �T�i�-�6�A�I�-�4�V�,� �i�s� �w�e�l�l� �k�n�o�w�n�,� �a�t�t�e�m�p�t�i�n�g� �t�o� �e�s�t�i�m�a�t�e� �t�h�e�s�e� �p�r�o�p�e�r�t�i�e�s� �w�o�u�l�d� �o�n�l�y� 

�s�e�r�v�e� �t�o� �u�n�n�e�c�e�s�s�a�r�i�l�y� �c�o�m�p�l�i�c�a�t�e� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �T�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �f�e�a�t�u�r�e� 

�o�f� �t�h�e� �c�o�r�e� �i�s� �t�h�e� �w�a�l�l� �t�h�i�c�k�n�e�s�s� �w�h�i�c�h� �v�a�r�i�e�s� �d�u�e� �t�o� �t�h�e� �f�a�b�r�i�c�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�,� �t�h�e�r�e�f�o�r�e�,� 

�t�h�i�s� �w�a�s� �e�s�t�i�m�a�t�e�d� �i�n�s�t�e�a�d� �o�f� �t�h�e� �s�p�e�c�i�f�i�c� �h�e�a�t� �a�n�d� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� �o�f� �t�h�e� �c�o�r�e� 

�m�a�t�e�r�i�a�l�.� �T�h�i�s� �v�a�r�i�a�n�c�e� �i�n�c�l�u�d�e�s� �a� �s�e�r�i�e�s� �o�f� �h�o�l�e�s� �a�n�d� �w�e�l�d�s�.� �T�h�e�s�e� �f�e�a�t�u�r�e�s� �w�e�r�e� �n�o�t� 

�f�o�u�n�d� �t�o� �b�e� �a� �s�i�g�n�i�f�i�c�a�n�t� �p�a�r�t� �o�f� �t�h�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �a�n�d� �w�e�r�e� �n�o�t� �m�o�d�e�l�l�e�d� �s�e�p�a�r�a�t�e�l�y�.� 

�O�n�l�y� �a�n� �a�v�e�r�a�g�e� �w�a�l�l� �t�h�i�c�k�n�e�s�s� �w�a�s� �e�s�t�i�m�a�t�e�d�.� 

�I�t� �w�a�s� �a�l�s�o� �d�e�s�i�r�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �r�a�d�i�a�t�i�v�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�t� �w�a�s� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� �t�h�e� �c�o�r�e� �r�e�p�r�e�s�e�n�t�e�d� �a� �d�i�f�f�u�s�e�,� �g�r�a�y� �b�o�d�y�.� �T�h�e�r�e�f�o�r�e�,� �o�n�l�y� 

�t�h�e� �t�o�t�a�l�,� �h�e�m�i�s�p�h�e�r�i�c�a�l� �e�m�i�s�s�i�v�i�t�y� �w�a�s� �e�s�t�i�m�a�t�e�d�.� �A� �p�r�o�b�l�e�m� �a�r�o�s�e� �i�n� �h�o�w� �t�o� �m�o�d�e�l� 

�r�a�d�i�a�t�i�o�n� �h�e�a�t� �t�r�a�n�s�f�e�r� �i�n� �a� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �e�n�c�l�o�s�u�r�e� �w�h�i�l�e� �t�h�e� �c�o�n�d�u�c�t�i�o�n� �i�s� �m�o�d�e�l�l�e�d� 

�a�s� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�d�e� �a�l�l�o�w�e�d� �f�o�r� �r�a�d�i�a�t�i�o�n� �v�i�e�w� �f�a�c�t�o�r�s� �t�o� �b�e� 

�s�p�e�c�i�f�i�e�d� �b�y� �t�h�e� �u�s�e�r�.� �R�a�d�i�a�t�i�o�n� �e�l�e�m�e�n�t�s� �i�n� �t�h�e� �c�o�r�e� �w�e�r�e� �c�h�o�s�e�n� �t�o� �b�e� �e�q�u�a�l� �a�r�e�a� �s�t�r�i�p�s� 

�w�h�i�c�h� �r�a�n� �h�o�r�i�z�o�n�t�a�l�l�y� �f�r�o�m� �t�h�e� �b�o�t�t�o�m� �f�a�c�e� �s�h�e�e�t� �t�o� �t�h�e� �t�o�p�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �3�.�2�a� 

�a�n�d� �3�.�2�b�.� �N�o�t�e� �t�h�a�t� �t�h�e�s�e� �e�l�e�m�e�n�t�s� �i�n�c�l�u�d�e� �e�q�u�a�l� �a�r�e�a� �p�o�r�t�i�o�n�s� �o�f� �e�a�c�h� �s�i�d�e�.� �T�h�e�y� �m�a�y� 

�b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �c�y�l�i�n�d�r�i�c�a�l� �b�a�n�d�s� �w�h�i�c�h� �h�a�v�e� �b�e�e�n� �d�e�f�o�r�m�e�d� �i�n�t�o� �a� �s�q�u�a�r�e� �s�h�a�p�e� �o�n� �t�h�e� 

�s�u�r�f�a�c�e� �o�f� �t�h�e� �c�o�r�e�.� �T�h�e� �h�e�i�g�h�t� �o�f� �e�a�c�h� �e�l�e�m�e�n�t� �c�o�r�r�e�s�p�o�n�d�e�d� �t�o� �a� �c�o�n�d�u�c�t�i�o�n� �e�l�e�m�e�n�t�.� 

�T�h�e� �p�a�r�t� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �w�h�i�c�h� �e�n�c�l�o�s�e�d� �t�h�e� �c�o�r�e� �w�e�r�e� �a�l�s�o� �t�r�e�a�t�e�d� �a�s� �r�a�d�i�a�t�i�o�n� 

�e�l�e�m�e�n�t�s�.� 

�I�n� �o�r�d�e�r� �t�o� �u�s�e� �r�a�d�i�a�t�i�o�n� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�g�r�a�m� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �u�s�e� �t�h�e� 

�v�i�e�w� �f�a�c�t�o�r� �m�e�t�h�o�d�.� �T�h�e� �v�i�e�w� �f�a�c�t�o�r� �F�,� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �f�r�a�c�t�i�o�n� �o�f� �r�a�d�i�a�n�t� �e�n�e�r�g�y� �l�e�a�v�i�n�g� 

�s�u�r�f�a�c�e� �1� �w�h�i�c�h� �a�r�r�i�v�e�s� �a�t� �s�u�r�f�a�c�e� �j�.� �S�e�v�e�r�a�l� �t�e�x�t�s� �l�i�s�t� �f�o�r�m�u�l�a�s� �f�o�r� �s�i�m�p�l�e� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� 

�v�i�e�w� �f�a�c�t�o�r�s�.� �T�h�e�s�e�,� �a�l�o�n�g� �w�i�t�h� �v�i�e�w� �f�a�c�t�o�r� �a�l�g�e�b�r�a�,� �c�o�u�l�d� �h�a�v�e� �b�e�e�n� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� 

�t�h�e� �v�i�e�w� �f�a�c�t�o�r�s�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �a� �t�i�m�e� �c�o�n�s�u�m�i�n�g� �p�r�o�c�e�s�s� �a�n�d� �a�l�s�o� �m�a�k�e�s� �c�h�a�n�g�i�n�g� �t�h�e� 
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�n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �i�m�p�r�a�c�t�i�c�a�l�.� 

�A� �c�o�d�e� �w�a�s� �w�r�i�t�t�e�n� �w�h�i�c�h� �u�s�e�s� �a� �M�o�n�t�e�-�C�a�r�l�o� �m�e�t�h�o�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �v�i�e�w� 

�f�a�c�t�o�r�s�.� �T�h�e� �u�n�i�t� �c�e�l�l� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �e�l�e�m�e�n�t�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �3�.�2�a�,�b�.� �T�e�n� �m�i�l�l�i�o�n� 

�r�a�y�s� �a�r�e� �e�m�i�t�t�e�d� �f�r�o�m� �e�a�c�h� �o�f� �t�h�e� �c�o�r�e� �e�l�e�m�e�n�t�s� �w�i�t�h� �a� �p�r�o�p�o�r�t�i�o�n�a�l�l�y� �l�a�r�g�e�r� �n�u�m�b�e�r� 

�e�m�i�t�t�e�d� �f�r�o�m� �t�h�e� �l�a�r�g�e�r� �a�r�e�a� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�.� �C�o�o�r�d�i�n�a�t�e� �a�x�e�s� �w�e�r�e� �a�l�i�g�n�e�d� �i�n� �t�h�e� �p�l�a�n�e� 

�o�f� �t�h�e� �b�o�t�t�o�m� �f�a�c�e� �s�h�e�e�t� �(�E�l�e�m�e�n�t� �1�)� �w�i�t�h� �o�n�e� �a�x�i�s� �n�o�r�m�a�l� �t�o� �t�h�e� �f�a�c�e� �s�h�e�e�t�.� �T�h�e� �o�t�h�e�r� 

�t�w�o� �a�x�e�s� �w�e�r�e� �p�l�a�c�e�d� �c�o�-�p�l�a�n�e�r� �w�i�t�h� �t�h�e� �f�a�c�e� �s�h�e�e�t� �a�n�d� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �s�i�d�e�s� �o�f� �t�h�e� 

�e�n�c�l�o�s�u�r�e�.� �A� �r�a�n�d�o�m� �l�o�c�a�t�i�o�n� �o�f� �e�m�i�s�s�i�o�n� �o�n� �t�h�e� �f�a�c�e� �s�h�e�e�t� �w�a�s� �c�h�o�s�e�n� �b�y� �g�e�n�e�r�a�t�i�n�g� 

�t�h�r�e�e� �r�a�n�d�o�m� �n�u�m�b�e�r�s�,� �o�n�e� �f�o�r� �e�a�c�h� �c�o�o�r�d�i�n�a�t�e�.� �F�o�r� �t�h�e� �v�e�r�t�i�c�a�l� �e�l�e�m�e�n�t�s�,� �t�w�o� �r�a�n�d�o�m� 

�n�u�m�b�e�r�s� �d�e�t�e�r�m�i�n�e�d� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �e�m�i�s�s�i�o�n�.� �O�n�e� �n�u�m�b�e�r� �d�e�t�e�r�m�i�n�e�d� �t�h�e� �h�e�i�g�h�t� �w�i�t�h�i�n� 

�t�h�e� �e�l�e�m�e�n�t�,� �a�n�d� �t�h�e� �o�t�h�e�r� �d�e�t�e�r�m�i�n�e�d� �t�h�e� �l�e�n�g�t�h� �f�r�o�m� �o�n�e� �c�o�r�n�e�r�.� �T�w�o� �m�o�r�e� �r�a�n�d�o�m� 

�n�u�m�b�e�r�s� �w�e�r�e� �g�e�n�e�r�a�t�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �a� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �a�n�d� �a�z�i�m�u�t�h�a�l� �a�n�g�l�e� �o�f� �e�m�i�s�s�i�o�n�.� 

�B�e�c�a�u�s�e� �o�f� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �c�o�r�e�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� 

�o�f� �e�a�c�h� �e�m�i�t�t�e�d� �r�a�y� �w�i�t�h� �e�a�c�h� �p�l�a�n�e� �o�f� �t�h�e� �c�o�r�e�.� �T�h�e� �a�c�t�u�a�l� �p�o�i�n�t� �o�f� �i�n�t�e�r�s�e�c�t�i�o�n� �w�a�s� �t�h�e� 

�o�n�e� �w�h�i�c�h� �w�a�s� �l�o�c�a�t�e�d� �w�i�t�h�i�n� �t�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �e�n�c�l�o�s�u�r�e�.� �T�h�e� �s�p�e�c�i�f�i�c� �e�l�e�m�e�n�t� 

�c�o�u�l�d� �t�h�e�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �i�t�s� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �b�o�t�t�o�m� �f�a�c�e� �s�h�e�e�t�.� �A� �c�o�u�n�t�e�r� �w�a�s� 

�i�n�c�r�e�m�e�n�t�e�d� �e�a�c�h� �t�i�m�e� �a�n� �e�l�e�m�e�n�t� �w�a�s� �h�i�t� �b�y� �a�n� �e�m�i�t�t�e�d� �r�a�y�.� �T�h�e� �f�r�a�c�t�i�o�n� �o�f� �r�a�y�s� 

�i�n�t�e�r�c�e�p�t�e�d� �b�y� �s�u�r�f�a�c�e� �j� �a�n�d� �e�m�i�t�t�e�d� �b�y� �s�u�r�f�a�c�e� �7� �i�s� �t�h�e� �v�i�e�w� �f�a�c�t�o�r� �F�,� �a�s� �p�r�e�v�i�o�u�s�l�y� 

�d�e�f�i�n�e�d�.� 

�V�i�e�w� �f�a�c�t�o�r�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �e�m�i�t�t�i�n�g� �r�a�y�s� �f�r�o�m� �t�h�e� �b�o�t�t�o�m� �f�a�c�e� �s�h�e�e�t� �e�l�e�m�e�n�t� 

�a�n�d� �h�a�l�f� �o�f� �t�h�e� �c�o�r�e� �e�l�e�m�e�n�t�s�.� �I�t� �w�a�s� �o�n�l�y� �n�e�c�e�s�s�a�r�y� �t�o� �e�m�i�t� �r�a�y�s� �f�r�o�m� �h�a�l�f� �o�f� �t�h�e� 

�e�l�e�m�e�n�t�s� �b�e�c�a�u�s�e� �t�h�e� �e�n�c�l�o�s�u�r�e� �i�s� �s�y�m�m�e�t�r�i�c� �f�r�o�m� �t�o�p� �t�o� �b�o�t�t�o�m�.� �T�h�e� �r�e�m�a�i�n�i�n�g� �v�i�e�w� 

�f�a�c�t�o�r�s� �w�e�r�e� �a�s�s�i�g�n�e�d� �t�h�e� �s�a�m�e� �v�a�l�u�e�s� �a�s� �t�h�e�i�r� �s�y�m�m�e�t�r�i�c� �c�o�u�n�t�e�r�p�o�i�n�t�s�.� �A� �l�i�s�t�i�n�g� �o�f� �t�h�e� 

�v�i�e�w� �f�a�c�t�o�r�s� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�1�.� �I�n� �t�h�i�s� �t�a�b�l�e� �t�h�e� �e�l�e�m�e�n�t� �f�r�o�m� �w�h�i�c�h� �e�n�e�r�g�y� �i�s� 
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�e�m�i�t�t�e�d� �i�s� �l�i�s�t�e�d� �i�n� �t�h�e� �v�e�r�t�i�c�a�l� �c�o�l�u�m�n� �o�n� �t�h�e� �r�i�g�h�t�,� �w�h�i�l�e� �t�h�e� �i�n�c�i�d�e�n�t� �e�l�e�m�e�n�t�s� �a�r�e� �l�i�s�t�e�d� 

�h�o�r�i�z�o�n�t�a�l�l�y�.� 

�T�h�e� �v�i�e�w� �f�a�c�t�o�r� �f�r�o�m� �o�n�e� �f�a�c�e� �s�h�e�e�t� �t�o� �a�n�o�t�h�e�r� �w�a�s� �m�o�s�t� �e�a�s�i�l�y� �c�a�l�c�u�l�a�t�e�d�.� �I�t� �w�a�s� 

�c�h�e�c�k�e�d� �a�g�a�i�n�s�t� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �(�I�n�c�r�o�p�e�r�a�,� �1�9�8�5�)�:� 

� � 

�2� �7�2� �1�/�2� �_� �_� �7� 

�F�,� �=� �(�n�O�)�.� �X�4�7�?�)�t�a�n�t�1�_�*�~� �_� 
�a�X�Y� �1�4�X�¥�7�+�Y�?� �(�1�+�Y�7�)�!�?� 

�+� �V�X� �t�a�n� �t�_�Y� �-� �X�t�a�n� �1�X� �-� �Y�t�a�n!"�Y�}� �(�3�.�2�)� 
�(�1�4�X�"�)�!�?� 

�H�e�r�e� �X� �a�n�d� �Y� �a�r�e� �t�h�e� �r�a�t�i�o�s� �o�f� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�m�e�n�s�i�o�n�s� �t�o� �t�h�e� �v�e�r�t�i�c�a�l� �d�i�m�e�n�s�i�o�n�.� �T�h�e� 

�e�x�a�c�t� �s�o�l�u�t�i�o�n� �g�a�v�e� �a� �v�a�l�u�e� �o�f� �0�.�3�1�3�4�.� �T�h�e� �M�o�n�t�e� �C�a�r�l�o� �s�o�l�u�t�i�o�n� �y�i�e�l�d�s� �0�.�3�1�3�8�,� �a� 

�d�i�f�f�e�r�e�n�c�e� �o�f� �o�n�l�y� �0�.�1�3�%� �f�r�o�m� �t�h�e� �e�x�a�c�t�.� �A�l�s�o� �n�o�t�e� �t�h�a�t� �e�a�c�h� �r�o�w� �i�n� �T�a�b�l�e� �3�.�1� �s�u�m�s� �t�o� 

�1�.�0�0�0� �a�t� �t�h�r�e�e� �o�r� �f�o�u�r� �s�i�g�n�i�f�i�c�a�n�t� �d�i�g�i�t�s�.� �T�h�i�s� �s�h�o�w�s� �t�h�a�t� �e�n�e�r�g�y� �i�s� �c�o�n�s�e�r�v�e�d� �i�n� �t�h�e� 

�e�n�c�l�o�s�u�r�e� �a�n�d� �t�h�a�t� �a�l�l� �r�a�y�s� �a�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r�.� �T�h�e�s�e� �f�a�c�t�s� �l�e�n�d� �c�r�e�d�i�b�i�l�i�t�y� �t�o� �t�h�e� 

�c�a�l�c�u�l�a�t�e�d� �v�i�e�w� �f�a�c�t�o�r�s�.� 

�A�l�t�h�o�u�g�h� �a�i�r� �i�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �c�o�r�e�,� �i�t� �d�o�e�s� �n�o�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �h�e�a�t� 

�t�r�a�n�s�f�e�r� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �S�c�o�t�t� �(�1�9�9�4�)� �p�e�r�f�o�r�m�e�d� �a�n� �a�n�a�l�y�t�i�c�a�l� �s�t�u�d�y� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�n�d� 

�f�o�u�n�d� �t�h�a�t� �t�h�e� �t�h�e�r�m�a�l� �r�e�s�i�s�t�a�n�c�e� �o�f� �h�e�a�t� �t�r�a�n�s�f�e�r� �m�o�d�e�s� �i�n�v�o�l�v�i�n�g� �a�i�r� �w�a�s� �o�n� �t�h�e� �o�r�d�e�r� 

�o�f� �t�e�n� �t�i�m�e�s� �t�h�a�t� �o�f� �t�h�e� �c�o�r�e� �r�e�s�i�s�t�a�n�c�e�.� �T�h�e�r�e�f�o�r�e�,� �b�o�t�h� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� �t�h�r�o�u�g�h� �t�h�e� �a�i�r� 

�a�n�d� �f�r�e�e� �c�o�n�v�e�c�t�i�o�n� �i�n� �t�h�e� �c�e�l�l� �e�n�c�l�o�s�u�r�e�s� �w�e�r�e� �n�e�g�l�e�c�t�e�d�.� 

�A�s� �p�r�e�v�i�o�u�s�l�y� �s�t�a�t�e�d�,� �E�A�L� �w�a�s� �u�s�e�d� �t�o� �n�u�m�e�r�i�c�a�l�l�y� �s�o�l�v�e� �f�o�r� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� 

�2�0



�d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �E�A�L� �s�o�l�v�e�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�a�t�r�i�x� 

�e�q�u�a�t�i�o�n� 

�[�C� �+� �B�A�t�K�]�T�,�,�,� �=� �[�C� �-� �(�1�-�B�)�A�t�K�]�T�,� �+� �F�A�t� �+� �F�p�d�t�?� �(�3�.�3�)� 

�I�n� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �C� �i�s� �t�h�e� �c�a�p�a�c�i�t�a�n�c�e� �m�a�t�r�i�x�,� �K� �i�s� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �l�o�a�d� �v�e�c�t�o�r�,� �T�,� �i�s� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �v�e�c�t�o�r� �a�t� �t�i�m�e� �¢�,� �a�n�d� �T�,�,�,� �i�s� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �v�e�c�t�o�r� �a�t� �t�i�m�e� �¢�,�,�,�.� �T�h�e� 

�w�e�i�g�h�t�i�n�g� �f�u�n�c�t�i�o�n�,� �8�,� �w�a�s� �s�e�t� �t�o� �0�.�5� �i�n� �o�r�d�e�r� �t�o� �i�m�p�l�e�m�e�n�t� �t�h�e� �C�r�a�n�k�-�N�i�c�o�l�s�o�n� �a�l�g�o�r�i�t�h�m�.� 

�T�h�e� �l�o�a�d� �v�e�c�t�o�r� �K�,� �c�o�n�t�a�i�n�s� �b�o�t�h� �c�o�n�d�u�c�t�i�v�e� �a�n�d� �r�a�d�i�a�t�i�v�e� �t�e�r�m�s�:� 

�K�=�K�,�+�4�K�T�°� �(�3�.�4�)� 

�T�h�e� �v�e�c�t�o�r� �F� �a�n�d� �i�t�s� �t�i�m�e� �d�e�r�i�v�a�t�i�v�e� �b�o�t�h� �c�o�n�t�a�i�n� �i�n�f�o�r�m�a�t�i�o�n� �s�p�e�c�i�f�y�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s�.� �A�l�l� �l�o�a�d� �v�e�c�t�o�r�s� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�s� �w�e�r�e� �c�o�m�p�u�t�e�d� �a�t� �t�i�m�e� �s�t�e�p�s� �c�o�r�r�e�s�p�o�n�d�-� 

�i�n�g� �t�o� �t�i�m�e�s� �a�t� �w�h�i�c�h� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �w�e�r�e� �t�a�k�e�n�.� 

�O�n�l�y� �t�e�n� �e�l�e�m�e�n�t�s� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s� �w�e�r�e� �u�s�e�d�.� �A�d�d�i�n�g� �a�d�d�i�t�i�o�n�a�l� �e�l�e�m�e�n�t�s� 

�d�i�d� �n�o�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �c�h�a�n�g�e� �t�h�e� �r�e�s�u�l�t�i�n�g� �t�e�m�p�e�r�a�t�u�r�e� �h�i�s�t�o�r�i�e�s�.� �T�h�e�r�e� �w�e�r�e� �t�w�o� 

�a�d�d�i�t�i�o�n�a�l� �e�l�e�m�e�n�t�s� �t�h�a�t� �w�e�r�e� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�.� �A�l�l� �t�w�e�l�v�e� �e�l�e�m�e�n�t�s� �h�a�d� 

�r�a�d�i�a�t�i�o�n� �e�x�c�h�a�n�g�e�.� 

�3�.�2� �M�i�n�i�m�i�z�a�t�i�o�n� �P�r�o�c�e�d�u�r�e� 

�T�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� �w�a�s� �s�o�l�v�e�d� �b�y� �m�i�n�i�m�i�z�i�n�g� �a�n� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n�.� �T�h�i�s� �f�u�n�c�t�i�o�n� �i�s� �a� �s�u�m� �o�f� �s�q�u�a�r�e�s� �f�u�n�c�t�i�o�n� �d�e�s�c�r�i�b�e�d� �b�y� 

�2�1



�S� �=� �[�¥�-�n�(�6�)�/�'�1�¥�-�n�8�)�]� �(�3�.�5�)� 

�w�h�e�r�e� �Y� �i�s� �a� �v�e�c�t�o�r� �o�f� �m�e�a�s�u�r�e�d� �t�e�m�p�e�r�a�t�u�r�e�s�,� �7� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �c�a�l�c�u�l�a�t�e�d� �t�e�m�p�e�r�a�t�u�r�e�s� 

�(�f�r�o�m� �E�A�L�)�.� �I�t� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �8�,� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �t�o� �b�e� �e�s�t�i�m�a�t�e�d�.� 

�A�n�o�t�h�e�r� �m�e�t�h�o�d� �t�h�a�t� �c�o�u�l�d� �h�a�v�e� �b�e�e�n� �u�s�e�d� �i�n�v�o�l�v�e�s� �c�o�n�s�t�r�a�i�n�i�n�g� �7� �t�o� �b�e� �w�i�t�h�i�n� 

�a� �c�e�r�t�a�i�n� �5� �o�f� �Y� �f�o�r� �a�l�l� �t�.� �T�h�i�s� �w�o�u�l�d� �e�l�i�m�i�n�a�t�e� �s�o�m�e� �p�r�o�b�l�e�m�s� �w�h�i�c�h� �c�o�u�l�d� �b�e� �a�s�s�o�c�i�a�t�e�d� 

�w�i�t�h� �a� �v�e�r�y� �n�o�n�-�l�i�n�e�a�r� �S�,� �h�o�w�e�v�e�r� �i�t� �w�o�u�l�d� �b�e� �m�u�c�h� �m�o�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �i�m�p�l�e�m�e�n�t�.� 

�T�w�o� �m�e�t�h�o�d�s� �o�f� �m�i�n�i�m�i�z�i�n�g� �S� �w�e�r�e� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�.� �T�h�i�s� �f�i�r�s�t� �w�a�s� �a� �m�o�d�i�f�i�e�d� 

�B�o�x�-�K�a�n�e�m�a�s�u� �m�e�t�h�o�d�.� �I�t� �h�a�s� �b�e�e�n� �a� �c�o�m�m�o�n� �m�e�t�h�o�d� �o�f� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �i�n� �h�e�a�t� 

�t�r�a�n�s�f�e�r�.� �T�h�i�s� �m�e�t�h�o�d� �h�o�w�e�v�e�r�,� �d�i�d� �n�o�t� �c�o�n�v�e�r�g�e� �a�n�d� �w�a�s� �a�b�a�n�d�o�n�e�d�.� �A� �m�o�r�e� �g�e�n�e�r�a�l� 

�o�p�t�i�m�i�z�a�t�i�o�n� �m�e�t�h�o�d� �w�a�s� �u�s�e�d� �w�h�i�c�h� �a�l�l�o�w�e�d� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �t�o� �b�e� �e�s�t�i�m�a�t�e�d� �w�h�i�l�e� 

�b�e�i�n�g� �c�o�n�s�t�r�a�i�n�e�d�.� 

�3�.�2�.�1� �M�o�d�i�f�i�e�d� �B�o�x�-�K�a�n�e�m�a�s�u� �M�e�t�h�o�d� 

�T�h�e� �B�o�x�-�K�a�n�e�m�a�s�u� �m�e�t�h�o�d� �i�s� �a� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �G�a�u�s�s� �l�i�n�e�a�r�i�z�a�t�i�o�n� �m�e�t�h�o�d�.� 

�T�h�e� �G�a�u�s�s� �m�e�t�h�o�d� �s�p�e�c�i�f�i�e�s� �a� �d�i�r�e�c�t�i�o�n� �a�n�d� �s�t�e�p� �s�i�z�e� �t�h�a�t� �t�h�e� �p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r� �s�h�o�u�l�d� 

�b�e� �c�h�a�n�g�e�d� �i�n� �o�r�d�e�r� �f�o�r� �S� �t�o� �b�e� �a� �m�i�n�i�m�u�m�.� �O�n�e� �c�o�n�d�i�t�i�o�n� �n�e�c�e�s�s�a�r�y� �a�t� �t�h�e� �m�i�n�i�m�u�m� 

�o�f� �S� �i�s� �t�h�a�t� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �S� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r� �i�s� �z�e�r�o�:� 

�V�2�5� �=� �2�[�-�V�,�n�"�(�B�)�[�¥�-�1�(�8�)�]� �=� �0� �(�3�.�6�)� 

�T�h�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �7� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �B� �i�s� �c�a�l�l�e�d� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x� �a�n�d� �i�s� �d�o�n�a�t�e�d� �b�y� 

�2�2



�X�(�B�)�.� �E�a�c�h� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�i�s� �m�a�t�r�i�x� �i�s� �a� �s�e�n�s�i�t�i�v�i�t�y� �c�o�e�f�f�i�c�i�e�n�t�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� 

�c�o�e�f�f�i�c�i�e�n�t�s� �r�e�l�a�t�e� �h�o�w� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� �(�t�e�m�p�e�r�a�t�u�r�e�)� �c�h�a�n�g�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s� �b�e�i�n�g� �e�s�t�i�m�a�t�e�d�.� �S�e�n�s�i�t�i�v�i�t�y� �c�o�e�f�f�i�c�i�e�n�t�s� �w�i�l�l� �l�a�t�e�r� �b�e� �u�s�e�d� �t�o� �g�i�v�e� �a� �g�r�a�p�h�i�c�a�l� 

�d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �e�f�f�e�c�t� �o�f� �e�a�c�h� �p�a�r�a�m�e�t�e�r� �o�n� �t�h�e� �m�o�d�e�l�.� 

�T�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �p�r�o�b�l�e�m� �s�t�u�d�i�e�d� �h�e�r�e� �i�s� �i�n�h�e�r�e�n�t�l�y� �n�o�n�l�i�n�e�a�r� �i�n� 

�t�e�r�m�s� �o�f� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�i�s� �l�e�a�d�s� �t�o� �d�i�f�f�i�c�u�l�t�y� �w�h�e�n� �s�o�l�v�i�n�g� �f�o�r� �B�.� �T�h�e�r�e�f�o�r�e�,� �t�w�o� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�s� �a�r�e� �u�s�e�d� �w�h�i�c�h� �p�e�r�m�i�t� �a�n� �e�a�s�i�e�r� �s�o�l�u�t�i�o�n�.� �T�h�e� �f�i�r�s�t� �i�n�v�o�l�v�e�s� �r�e�p�l�a�c�i�n�g� 

�X�(�B�)� �b�y� �X�(�b�)�,� �w�h�e�r�e� �b� �i�s� �a�n� �e�s�t�i�m�a�t�e� �o�f� �B�.� �T�h�e� �s�e�c�o�n�d� �u�s�e�s� �t�h�e� �f�i�r�s�t� �t�w�o� �t�e�r�m�s� �o�f� �t�h�e� 

�T�a�y�l�o�r� �s�e�r�i�e�s� �o�f� �T�(�B�)� �a�b�o�u�t� �b� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �T�(�B�)�.� �T�h�e� �s�i�m�p�l�i�f�i�c�a�t�i�o�n�s� �l�e�a�d� �t�o� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �s�o�l�u�t�i�o�n� �f�o�r� �b�:� 

�b�E�D� �=� �©� �4� �P�O�E�M� �y�_�T�H�)� �(�3�.�7�)� 

�w�h�e�r�e� 

�p�i�®� �=� �y�T�e�y�®� �(�3�.�8�)� 

�a�n�d� �k� �i�s� �t�h�e� �i�t�e�r�a�t�i�o�n� �i�n�d�e�x�.� �T�h�i�s� �i�s� �k�n�o�w�n� �a�s� �t�h�e� �G�a�u�s�s� �m�e�t�h�o�d�.� �N�o�t�e� �t�h�a�t� �i�t�e�r�a�t�i�o�n� �o�n� 

�k� �i�s� �r�e�q�u�i�r�e�d� �f�o�r� �n�o�n�l�i�n�e�a�r�-�i�n�-�p�a�r�a�m�e�t�e�r� �m�o�d�e�l�s�.� �T�h�i�s� �m�e�t�h�o�d� �m�a�y� �n�o�t� �c�o�n�v�e�r�g�e� �f�o�r� �s�o�m�e� 

�n�o�n�l�i�n�e�a�r� �m�o�d�e�l�s�.� �A� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �t�h�i�s� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �b�y� �B�o�x� �a�n�d� �K�a�n�e�m�a�s�u� 

�m�o�d�i�f�i�e�s� �t�h�e� �s�t�e�p� �s�i�z�e� �a�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �i�n� �o�r�d�e�r� �t�o� �i�m�p�r�o�v�e� �c�o�n�v�e�r�g�e�n�c�e�.� �A� �f�u�r�t�h�e�r� 

�m�o�d�i�f�i�c�a�t�i�o�n� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �f�u�n�c�t�i�o�n�,� �S�,� �c�o�n�t�i�n�u�o�u�s�l�y� �d�e�c�r�e�a�s�e�s�.� �T�h�e� 

�f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s� �a�r�e� �t�h�e� �r�e�s�u�l�t� �o�f� �t�h�e�s�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� �(�B�e�c�k� �a�n�d� �A�r�n�o�l�d�,� �1�9�7�7�)�:� 

�p�e�d� �=� �p�H� �a�k� �K�D�A� �b� �®� �(�3�.�9�)� 

�w�h�e�r�e



�A�b�®� �=� �P�®�X�T�H�Y� �-� �9�)� �(�3�.�1�0�)� 

�a�n�d� 

�p�p� �F�l�)� �-� �G� �e�{�5� �_� �s�&� �+� �2�G� �a�y�}� �(�3�.�1�1�)� 

�w�h�e�r�e� 

�k�K�)� �-� �T�r�y� �T�w�O�y� �&� �(�)� �G�Y� �=� �[�A�b� �(�X�T�X�)� �[�A�b� �®�]� �(�3�.�1�2�)� 

�a�n�d� �h� �i�s� �a� �q�u�a�d�r�a�t�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �S�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �a� �i�s� �u�s�e�d� �t�o� �e�n�s�u�r�e� �t�h�a�t� �S� 

�c�o�n�t�i�n�u�a�l�l�y� �d�e�c�r�e�a�s�e�s�.� 

�T�h�e� �B�o�x�-�K�a�n�e�m�a�s�u� �m�e�t�h�o�d� �d�o�e�s� �n�o�t� �w�o�r�k� �w�e�l�l� �w�h�e�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �p�a�r�a�m�e�t�e�r�s� 

�a�r�e� �c�o�r�r�e�l�a�t�e�d�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�l�m�o�s�t� �l�i�n�e�a�r�l�y� �d�e�p�e�n�d�e�n�t� 

�a�n�d� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �f�u�n�c�t�i�o�n� �h�a�s� �n�o� �u�n�i�q�u�e� �o�r� �w�e�l�l� �d�e�f�i�n�e�d� �m�i�n�i�m�u�m�.� �T�h�e� 

�a�p�p�r�o�x�i�m�a�t�e� �c�o�r�r�e�l�a�t�i�o�n� �m�a�t�r�i�x�,� �r�,� �i�s� �d�e�f�i�n�e�d� �b�y� �B�e�c�k� �a�n�d� �A�r�n�o�l�d� �(�1�9�7�7�)� �t�o� �b�e� 

�r�,� �=� �P�P�P�) �� �(�3�.�1�3�)� 

�T�h�i�s� �m�a�t�r�i�x� �i�s� �s�y�m�m�e�t�r�i�c� �w�i�t�h� �t�h�e� �d�i�a�g�o�n�a�l� �t�e�r�m�s� �b�e�i�n�g� �u�n�i�t�y� �a�n�d� �t�h�e� �o�f�f�-�d�i�a�g�o�n�a�l� �t�e�r�m�s� 

�b�e�i�n�g� �b�e�t�w�e�e�n� �-�1� �a�n�d� �1�.� �V�a�l�u�e�s� �o�f� �t�h�e�s�e� �t�e�r�m�s� �n�e�a�r� �1�.�0� �o�r� �-�1�.�0� �i�n�d�i�c�a�t�e� �l�i�n�e�a�r� �d�e�p�e�n�-� 

�d�e�n�c�e�.� �B�e�c�k� �s�t�a�t�e�s� �t�h�a�t� �d�i�f�f�i�c�u�l�t�y� �i�n� �e�s�t�i�m�a�t�i�n�g� �p�r�o�p�e�r�t�i�e�s� �m�a�y� �o�c�c�u�r� �w�h�e�n� �t�h�e� �t�e�r�m�s� 

�e�x�c�e�e�d� �0�.�9� �(�-�0�.�9�)�.� 

�I�n� �t�h�i�s� �s�t�u�d�y� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �w�a�l�l� �t�h�i�c�k�n�e�s�s� �a�n�d� 
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�e�m�i�s�s�i�v�i�t�y� �w�e�r�e� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �0�.�9�9�9�.� �T�h�e� �B�o�x�-�K�a�n�e�m�a�s�u� �m�e�t�h�o�d�,� �o�r� �a�n�y� �m�e�t�h�o�d� �f�r�o�m� 

�w�h�i�c�h� �i�t� �w�a�s� �d�e�r�i�v�e�d�,� �f�a�i�l�e�d� �t�o� �c�o�n�v�e�r�g�e� �f�o�r� �a�l�l� �t�e�s�t� �c�a�s�e�s�.� �U�s�u�a�l�l�y� �o�n�e� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� 

�p�r�o�p�e�r�t�i�e�s� �w�o�u�l�d� �b�e�c�o�m�e� �n�e�g�a�t�i�v�e�,� �c�a�u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�d�e� �t�o� �t�e�r�m�i�n�a�t�e� 

�e�x�e�c�u�t�i�o�n�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �u�s�i�n�g� �t�h�e� �B�o�x�-�K�a�n�e�m�a�s�u� �a�l�g�o�r�i�t�h�m� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �a� �m�e�t�h�o�d� �i�s� 

�n�e�e�d�e�d� �w�h�i�c�h� �a�l�l�o�w�s� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �t�o� �b�e� �c�o�n�s�t�r�a�i�n�e�d� �i�n� �s�o�m�e� �s�e�n�s�e�.� �W�h�i�l�e� �u�s�i�n�g� �a� 

�d�i�f�f�e�r�e�n�t� �m�o�d�e�l� �f�o�r� �7� �m�i�g�h�t� �a�l�l�e�v�i�a�t�e� �p�a�r�t� �o�f� �t�h�e� �p�r�o�b�l�e�m�,� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �e�s�t�i�m�a�t�e�d� �i�n� �t�h�i�s� 

�s�t�u�d�y� �r�e�p�r�e�s�e�n�t� �m�o�d�e�s� �o�f� �h�e�a�t� �t�r�a�n�s�f�e�r� �w�h�i�c�h� �a�r�e� �k�n�o�w�n� �t�o� �o�c�c�u�r�.� �T�h�e� �n�e�e�d� �t�o� �c�o�n�s�t�r�a�i�n� 

�p�a�r�a�m�e�t�e�r�s� �r�e�q�u�i�r�e�s� �t�h�e� �u�s�e� �o�f� �m�o�r�e� �g�e�n�e�r�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �w�h�i�c�h� �w�i�l�l� �b�e� 

�d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� 

�3�.�2�.�2� �C�o�n�s�t�r�a�i�n�e�d� �P�a�r�a�m�e�t�e�r� �E�s�t�i�m�a�t�i�o�n� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �B�o�x�-�K�a�n�e�m�a�s�u� �a�l�g�o�r�i�t�h�m� �w�a�s� �t�o� �r�e�d�u�c�e� �a� �s�u�m� �o�f� �s�q�u�a�r�e�s� 

�f�u�n�c�t�i�o�n� �t�o� �a� �m�i�n�i�m�u�m�.� �T�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �f�u�n�c�t�i�o�n�,� �S�,� �c�o�u�l�d� �b�e� �t�r�e�a�t�e�d� �a�s� �a�n� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n�.� �T�h�i�s� �f�u�n�c�t�i�o�n� �c�o�u�l�d� �b�e� �m�i�n�i�m�i�z�e�d� �b�y� �a� �g�e�n�e�r�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� �r�o�u�t�i�n�e�.� �M�o�s�t� 

�o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �a�l�l�o�w� �f�o�r� �c�o�n�s�t�r�a�i�n�t�s� �a�n�d� �n�o�n�l�i�n�e�a�r� �p�a�r�a�m�e�t�e�r�s�.� �E�x�a�m�p�l�e�s� �o�f� 

�s�u�c�h� �m�e�t�h�o�d�s� �a�r�e� �s�e�q�u�e�n�t�i�a�l� �l�i�n�e�a�r� �p�r�o�g�r�a�m�m�i�n�g�,� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �m�e�t�h�o�d�s�,� �a�n�d� 

�L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r� �m�e�t�h�o�d�s�.� 

�T�h�e� �E�x�t�e�r�i�o�r� �P�e�n�a�l�t�y� �F�u�n�c�t�i�o�n� �s�t�r�a�t�e�g�y� �w�a�s� �u�s�e�d� �f�o�r� �t�h�i�s� �s�t�u�d�y� �b�e�c�a�u�s�e� �i�t� �i�s� 

�r�e�l�a�t�i�v�e�l�y� �s�i�m�p�l�e� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �i�n�t�o� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s�.� �I�t� �t�r�e�a�t�s� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �a�s� �a�n� �u�n�c�o�n�s�t�r�a�i�n�e�d� �f�u�n�c�t�i�o�n� �b�u�t� �p�r�o�v�i�d�e�s� �a� �p�e�n�a�l�t�y� �t�o� �l�i�m�i�t� �c�o�n�s�t�r�a�i�n�t� 

�v�i�o�l�a�t�i�o�n�s�.� �T�h�e� �i�m�p�o�s�e�d� �p�e�n�a�l�t�y� �i�s� �i�n�i�t�i�a�l�l�y� �s�m�a�l�l� �b�u�t� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �i�n� 

�o�r�d�e�r� �t�o� �p�r�e�v�e�n�t� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g�.� �T�h�i�s� �p�r�o�c�e�s�s� �r�e�q�u�i�r�e�s� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �s�e�v�e�r�a�l� 

�2�5



�u�n�c�o�n�s�t�r�a�i�n�e�d� �p�r�o�b�l�e�m�s� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �t�h�e� �o�p�t�i�m�u�m� �c�o�n�s�t�r�a�i�n�e�d� �s�o�l�u�t�i�o�n�.� 

�I�n� �o�r�d�e�r� �t�o� �i�n�c�l�u�d�e� �t�h�e� �p�e�n�a�l�t�y� �i�n� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �a� �p�s�e�u�d�o�-�o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �i�s� �c�r�e�a�t�e�d�.� �I�t� �i�s� �o�f� �t�h�e� �f�o�r�m� 

�B�(�x�7�,�)� �=� �F�(�x�)� �+� �7�,�P�(�x�)� �(�3�.�1�4�)� 

�w�h�e�r�e� �7� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �v�e�c�t�o�r� �o�f� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s�,� �F�(�y�)� �i�s� �t�h�e� �o�r�i�g�i�n�a�l� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n�,� �P�(�y�)� �i�s� �t�h�e� �i�m�p�o�s�e�d� �p�e�n�a�l�t�y�,� �a�n�d� �r�,� �i�s� �a� �v�a�r�i�a�b�l�e� �w�h�i�c�h� �s�c�a�l�e�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� 

�t�h�e� �p�e�n�a�l�t�y�.� �T�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �i�s� �o�f� �t�h�e� �f�o�r�m� 

�m� 

�P�(�x�)� �=� �¥� �[�m�a�x�[�0�,�g�(�0�]�7� �(�3�.�1�5�)� 
�J�e�l� 

�w�h�e�r�e� �9�7�)� �r�e�p�r�e�s�e�n�t�s� �i�n�e�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�s�.� �E�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�s� �c�o�u�l�d� �a�l�s�o� �b�e� �i�n�c�l�u�d�e�d� 

�b�u�t� �n�o�n�e� �w�e�r�e� �n�e�e�d�e�d�.� �N�o�t�e� �t�h�a�t� �i�f� �n�o� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �v�i�o�l�a�t�e�d� �t�h�e�r�e� �i�s� �n�o� �p�e�n�a�l�t�y�.� 

�W�h�e�n� �a� �p�e�n�a�l�t�y� �d�o�e�s� �o�c�c�u�r�,� �t�h�e� �v�i�o�l�a�t�i�o�n� �i�s� �s�q�u�a�r�e�d� �t�o� �p�r�o�v�i�d�e� �a� �z�e�r�o� �s�l�o�p�e� �f�o�r� �t�h�e� 

�p�e�n�a�l�t�y� �a�t� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �b�o�u�n�d�a�r�y�.� �T�h�i�s� �g�i�v�e�s� �t�h�e� �p�s�e�u�d�o�-�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a� 

�c�o�n�t�i�n�u�o�u�s� �s�l�o�p�e�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�3�.� �T�h�e� �c�o�n�s�t�a�n�t� �y� �i�s� �u�s�e�d� �t�o� �v�a�r�y� 

�r�,� �a�f�t�e�r� �e�a�c�h� �i�t�e�r�a�t�i�o�n�.� �C�o�n�v�e�r�g�e�n�c�e� �i�s� �a�c�h�i�e�v�e�d� �w�h�e�n� �F�(�y�)� �d�o�e�s� �n�o�t� �c�h�a�n�g�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� 

�f�r�o�m� �o�n�e� �i�t�e�r�a�t�i�o�n� �t�o� �t�h�e� �n�e�x�t� �a�n�d� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �a�l�s�o� �s�a�t�i�s�f�i�e�d� �w�i�t�h�i�n� �a� �g�i�v�e�n� 

�t�o�l�e�r�a�n�c�e�.� 

�A� �s�t�r�a�t�e�g�y� �h�a�s� �b�e�e�n� �o�u�t�l�i�n�e�d� �w�h�i�c�h� �a�l�l�o�w�s� �t�h�e� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �c�o�n�s�t�r�a�i�n�t�s� �i�n�t�o� 

�t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �T�h�e� �n�e�x�t� �s�t�e�p� �i�s� �t�o� �f�i�n�d� �t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �n�e�w� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �®�(�y�,�1�,�)�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� 

�V�O�(�z�,�r�,�)� �=� �0� �(�3�.�1�6�)� 
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�4� 
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�F�i�g�u�r�e� �3�.�3� �E�x�t�e�r�i�o�r� �P�e�n�a�l�t�y� �F�u�n�c�t�i�o�n� �A�l�g�o�r�i�t�h�m� 
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�o�r� �t�h�e� �g�r�a�d�i�e�n�t� �o�f� �®� �i�s� �z�e�r�o�.� �T�h�e� �a�r�e� �s�e�v�e�r�a�l� �w�a�y�s� �o�f� �d�o�i�n�g� �t�h�i�s�,� �b�u�t� �f�i�r�s�t� �o�r�d�e�r� �m�e�t�h�o�d�s� 

�a�r�e� �p�r�o�b�a�b�l�y� �t�h�e� �m�o�s�t� �e�f�f�i�c�i�e�n�t�.� �F�i�g�u�r�e� �3�.�4� �s�h�o�w�s� �t�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �u�n�c�o�n�s�t�r�a�i�n�e�d� 

�m�i�n�i�m�i�z�a�t�i�o�n�.� 

�O�n�e� �c�l�a�s�s� �o�f� �f�i�r�s�t� �o�r�d�e�r� �m�e�t�h�o�d�s� �a�r�e� �c�a�l�l�e�d� �v�a�r�i�a�b�l�e� �m�e�t�r�i�c� �m�e�t�h�o�d�s�.� �T�h�e�s�e� 

�m�e�t�h�o�d�s� �c�a�r�r�y� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �i�n� �a�n� �n�-�d�i�m�e�n�s�i�o�n�a�l� �(�n� �p�a�r�a�m�e�t�e�r�s�)� �a�r�r�a�y� �t�o� �u�p�d�a�t�e� �t�h�e� 

�s�e�a�r�c�h� �d�i�r�e�c�t�i�o�n� �a�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n�.� �A� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�e�a�r�c�h� �i�s� �t�h�e�n� �p�e�r�f�o�r�m�e�d� �i�n� �e�a�c�h� 

�d�i�r�e�c�t�i�o�n� �t�o� �f�i�n�d� �t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �T�h�e� �s�e�a�r�c�h� �d�i�r�e�c�t�i�o�n�,� �S�,� �a�t� �e�a�c�h� 

�i�t�e�r�a�t�i�o�n� �k� �i�s� 

�(�)�  �� �_� �(�k�)� �S�®� �=� �-�H�V�O�(�x�®�,�r�)� �(�3�.�1�7�)� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �r�e�s�u�l�t�s� �f�r�o�m� �t�a�k�i�n�g� �t�h�e� �s�e�c�o�n�d�-�o�r�d�e�r� �T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�b�o�u�t� �7 ��,� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �y�,� �a�n�d� �t�h�e�n� �s�e�t�t�i�n�g� �t�h�e� �r�e�s�u�l�t� 

�e�q�u�a�l� �t�o� �z�e�r�o�.� �T�h�e� �m�a�t�r�i�x�,� �H�,� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �H�e�s�s�i�a�n� �m�a�t�r�i�x�.� �T�h�e� 

�H�e�s�s�i�a�n� �m�a�t�r�i�x� �c�o�n�t�a�i�n�s� �t�h�e� �s�e�c�o�n�d� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �T�h�i�s� �g�i�v�e�s� �t�h�e�s�e� �m�e�t�h�o�d�s� �s�o�m�e� �s�e�c�o�n�d� �o�r�d�e�r� �o�r� �q�u�a�s�i�-� 

�N�e�w�t�o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �I�n�i�t�i�a�l�l�y� �H� �i�s� �c�h�o�s�e�n� �t�o� �b�e� �t�h�e� �i�d�e�n�t�i�t�y� �m�a�t�r�i�x�.� �T�h�e�r�e�f�o�r�e� �t�h�e� 

�i�n�i�t�i�a�l� �s�e�a�r�c�h� �d�i�r�e�c�t�i�o�n� �i�s� �t�h�a�t� �o�f� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t�.� �N�o�t�e� �t�h�a�t� �H� �i�s� �d�e�r�i�v�e�d� �f�r�o�m� �f�i�r�s�t�-�o�r�d�e�r� 

�i�n�f�o�r�m�a�t�i�o�n� �a�n�d� �t�h�a�t� �i�s� �w�h�y� �t�h�i�s� �i�s�n�'�t� �a� �t�r�u�e� �s�e�c�o�n�d�-�o�r�d�e�r� �m�e�t�h�o�d�.� �D�i�r�e�c�t� �c�a�l�c�u�l�a�t�i�o�n� �a�n�d� 

�i�n�v�e�r�s�i�o�n� �o�f� �t�h�e� �a�c�t�u�a�l� �H�e�s�s�i�a�n� �m�a�t�r�i�x� �w�o�u�l�d� �b�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �e�x�p�e�n�s�i�v�e�.� �A�t� �e�a�c�h� 

�i�t�e�r�a�t�i�o�n� �H� �i�s� �u�p�d�a�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�H�e�)� �=� �H�®� �4� �p�®� �(�3�.�1�8�)� 
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�|� �1� 
�i� �|� 

�I� 

�U�p�d�a�t�e� �H� �D�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� 
�\� �'� �S�e�a�r�c�h� �D�i�r�e�c�t�i�o�n� �-� 

�|� �B�F�G�S� �M�e�t�h�o�d� 
�|� 

�!� �C�a�l�c�u�l�a�t�e� �S�e�a�r�c�h� �D�i�r�e�c�t�i�o�n� 
�!� 

�!� 
�P�o�e� �L�L� �L�L� �L�J� �L�L� �L�L� �L�L�L� �J� 

�P�T�T� �e�e�e� �B�e� 
�|� �.� 

�|� �P�e�r�f�o�r�m� �1�-�D� �S�e�a�r�c�h�e�s� �P�o�l�y�n�o�m�i�a�l� 
�1� �t�o� �F�i�n�d� �N�e�w� �M�i�n�i�m�a� �|� �I�n�t�e�r�p�o�l�a�t�i�o�n� 
�!� �|� 
�|� �|� 

�F�i�g�u�r�e� �3�.�4� �U�n�c�o�n�s�t�r�a�i�n�e�d� �M�i�n�i�m�i�z�a�t�i�o�n� �A�l�g�o�r�i�t�h�m� 
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�a�n�d� �D� �i�s� �a�n� �u�p�d�a�t�e� �m�a�t�r�i�x� �o�f� �t�h�e� �f�o�r�m� �(�V�a�n�d�e�r�p�l�a�a�t�s�,� �1�9�8�4�)�:� 

�°� �"�a�e� �7� �S�T�H� �y�y�)�?� �[�H�y�p� �p�H� �e�y�)� �(�3�.�1�9�)� 
�T� �o� 

�T�h�e� �v�e�c�t�o�r�s� �p� �a�n�d� �y� �a�r�e� �d�e�f�i�n�e�d� �a�s� 

�p�=�?� �-� �x�e� �(�3�.�2�0�)� 

�y� �=� �V�(�x�,�s�,�)� �-� �V�O�X�"� �,�7�,�)� �(�3�.�2�1�)� 

�a�n�d� �o� �a�n�d� �t� �a�r�e� �d�e�f�i�n�e�d� �a�s� 

�o�=�p�y� �(�3�.�2�2�)� 

�7� �=� �y� �H�y� �(�3�.�2�3�)� 

�.� �T�h�e� �v�a�r�i�a�b�l�e�,� �8�,� �c�a�n� �b�e� �a�n�y� �n�u�m�b�e�r� �b�e�t�w�e�e�n� �0� �a�n�d� �1�.� �F�o�r� �t�h�i�s� �s�t�u�d�y� �i�t� �w�a�s� �s�e�t� �e�q�u�a�l� �t�o� 

�1�.� �T�h�i�s� �i�s� �c�o�m�m�o�n�l�y� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �B�r�o�y�d�e�n�-�F�l�e�t�c�h�e�r�-�G�o�l�d�f�a�r�b�-�S�h�a�n�n�o� �(�B�F�G�S�)� 

�m�e�t�h�o�d�.� �T�h�e� �v�e�c�t�o�r�s� �p� �a�n�d� �y� �a�r�e� �u�s�e�d� �t�o� �b�u�i�l�d� �u�p� �s�e�c�o�n�d� �o�r�d�e�r� �d�e�r�i�v�a�t�i�v�e� �i�n�f�o�r�m�a�t�i�o�n� 

�w�h�i�c�h� �c�h�a�n�g�e�s� �f�r�o�m� �i�t�e�r�a�t�i�o�n� �t�o� �i�t�e�r�a�t�i�o�n� �a�s� �X� �m�o�v�e�s� �i�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �T�h�e� �v�a�r�i�a�b�l�e�,� 

�8�,� �h�a�s� �t�h�e� �e�f�f�e�c�t� �o�f� �d�e�s�c�r�i�b�i�n�g� �h�o�w� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �u�p�d�a�t�e�d�.� �M�o�r�e� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �g�i�v�e�n� 

�i�n� �V�a�n�d�e�r�p�l�a�a�t�s�,� �1�9�8�4�.� 

�T�h�e� �f�i�n�a�l� �s�t�e�p� �i�n� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �i�s� �t�o� �p�e�r�f�o�r�m� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�e�a�r�c�h� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �T�h�i�s� �h�a�s� �t�h�e� �e�f�f�e�c�t� �o�f� �c�u�t�t�i�n�g� �a� �p�l�a�n�e� 

�t�h�r�o�u�g�h� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �a�l�o�n�g� �t�h�e� �s�e�a�r�c�h� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �n�o�w� �o�n�l�y� 

�3�0



�a� �f�u�n�c�t�i�o�n� �o�f� �o�n�e� �v�a�r�i�a�b�l�e� �w�h�i�c�h� �r�e�l�a�t�e�s� �t�o� �t�h�e� �p�o�s�i�t�i�o�n� �i�n� �d�e�s�i�g�n� �s�p�a�c�e� �a�l�o�n�g� �t�h�e� �s�e�a�r�c�h� 

�d�i�r�e�c�t�i�o�n�.� �T�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�e�a�r�c�h� �i�s� �u�s�e�d� �h�e�r�e� �t�o� �f�i�n�d� �t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �i�n� �t�h�i�s� �p�l�a�n�e�.� �P�o�l�y�n�o�m�i�a�l� �i�n�t�e�r�p�o�l�a�t�i�o�n� �w�a�s� �u�s�e�d� �a�s� �t�h�e� �m�e�a�n�s� �o�f� �m�i�n�i�m�i�z�a�t�i�o�n�.� 

�T�h�e� �a�b�o�v�e� �o�p�t�i�m�i�z�a�t�i�o�n� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �p�a�r�t� �o�f� �t�h�e� �E�n�g�i�n�e�e�r�i�n�g� �A�n�a�l�y�s�i�s� �L�a�n�g�u�a�g�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �c�o�d�e�.� �T�h�e� �u�s�e� �o�f� �E�A�L� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �C�h�a�p�t�e�r� �5�.� 

�3�.�3� �C�o�n�f�i�d�e�n�c�e� �R�e�g�i�o�n�s� �a�n�d� �I�n�t�e�r�v�a�l�s� 

�C�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n�s� �a�n�d� �i�n�t�e�r�v�a�l�s� �a�r�e� �u�s�e�f�u�l� �i�n� �d�e�s�c�r�i�b�i�n�g� �h�o�w� �a�c�c�u�r�a�t�e�l�y� �t�h�e� 

�e�s�t�i�m�a�t�e�d� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �k�n�o�w�n�.� �C�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �r�e�f�e�r� �t�o� �h�o�w� �w�e�l�l� �a� �s�p�e�c�i�f�i�c� 

�p�a�r�a�m�e�t�e�r� �m�a�y� �b�e� �k�n�o�w�n� �w�i�t�h�o�u�t� �r�e�g�a�r�d� �t�o� �t�h�e� �o�t�h�e�r� �p�a�r�a�m�e�t�e�r�s�.� �C�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n�s� 

�s�h�o�w� �h�o�w� �t�h�e� �u�n�c�e�r�t�a�i�n�t�i�e�s� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �i�n�t�e�r�a�c�t�.� �T�h�e� �r�e�s�u�l�t� �i�s� �g�r�a�p�h�i�c�a�l�l�y�,� �a� 

�h�y�p�e�r�e�l�l�i�p�s�o�i�d� �i�n� �n�-�s�p�a�c�e�.� 

�C�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �f�o�r� �e�a�c�h� �p�a�r�a�m�e�t�e�r� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�"�t�-�a�n�N�-�P�)� �(�3�.�2�4�)� !"�®
� �I�t� �i�s
�)� 

�~�
 �+�

 

� � 

�S� 

�w�h�e�r�e� �S� �i�s� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s�,� �N� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s�,� �a�n�d� �p� �i�s� �t�h�e� �n�u�m�b�e�r� 

�o�f� �p�a�r�a�m�e�t�e�r�s�.� �T�h�i�s� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �u�s�e�s� �t�h�e� �S�t�u�d�e�n�t�'�s� �-� �t� �d�i�s�t�r�i�b�u�t�i�o�n�,� �a�l�t�h�o�u�g�h� �t�h�e� 

�s�i�z�e� �o�f� �N� �f�o�r� �t�h�e�s�e� �e�x�p�e�r�i�m�e�n�t�s� �w�o�u�l�d� �a�l�l�o�w� �f�o�r� �t�h�e� �u�s�e� �o�f� �t�h�e� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e�r�e� 

�s�e�v�e�r�a�l� �a�s�s�u�m�p�t�i�o�n�s� �w�h�i�c�h� �p�e�r�t�a�i�n� �t�o� �u�s�i�n�g� �t�h�i�s� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�:� �a�d�d�i�t�i�v�e� �e�r�r�o�r�s� �w�i�t�h� 

�z�e�r�o� �m�e�a�n�,� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �e�r�r�o�r�s�,� �n�o�n�s�t�o�c�h�a�s�t�i�c� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �n�o� �p�r�i�o�r� 
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�i�n�f�o�r�m�a�t�i�o�n� �r�e�g�a�r�d�i�n�g� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� 

�A� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n� �i�s� �a�s� �f�o�l�l�o�w�s� �(�B�e�c�k� �a�n�d� �A�r�n�o�l�d�,� �1�9�7�7�)� 

�(�b�-�B�)�"�(�P�)�"�(�6�-�B�)� �=� �p�s�*�F�,�_�,�(�p�-�n�-�p�)� �(�3�.�2�5�)� 

�T�h�i�s� �i�s� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �a� �h�y�p�e�r�e�l�l�i�p�s�o�i�d� �c�e�n�t�e�r�e�d� �a�t� �t�h�e� �o�r�i�g�i�n� �w�i�t�h� �c�o�o�r�d�i�n�a�t�e� �a�x�e�s� �5�;� �-� 

�8�;� �r�e�p�r�e�s�e�n�t�i�n�g� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �e�a�c�h� �p�a�r�a�m�e�t�e�r�,� �i�.� �T�h�e� �s�t�a�t�i�s�t�i�c� �F�,�,�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �F� �-� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� 

�3�.�4� �D�e�s�i�g�n� �o�f� �E�x�p�e�r�i�m�e�n�t�s� 

�M�a�n�y� �c�r�i�t�e�r�i�a� �h�a�v�e� �b�e�e�n� �p�r�o�p�o�s�e�d� �f�o�r� �t�h�e� �d�e�s�i�g�n� �o�f� �e�x�p�e�r�i�m�e�n�t�s�.� �T�h�e�y� �g�e�n�e�r�a�l�l�y� 

�i�n�c�l�u�d�e� �s�o�m�e� �f�o�r�m� �o�f� �t�h�e� �X�'�X� �m�a�t�r�i�x�,� �w�h�e�r�e� �X� �i�s� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x�.� �T�h�e�s�e� �i�n�c�l�u�d�e� 

�m�a�x�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �X!"�X� �(�D�-�o�p�t�i�m�a�l�)�,� �m�a�x�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �m�i�n�i�m�u�m� 

�e�i�g�e�n�v�a�l�u�e� �o�f� �X ��X� �(�C�-�o�p�t�i�m�a�l�)�,� �a�n�d� �m�a�x�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �t�r�a�c�e� �o�f� �X�'�X� �(�A�-�o�p�t�i�m�a�l�)�.� �T�h�e� 

�f�i�r�s�t� �c�r�i�t�e�r�i�a� �i�s� �t�h�e� �m�o�s�t� �c�o�m�m�o�n� �o�n�e�.� �I�t� �w�i�l�l� �m�i�n�i�m�i�z�e� �t�h�e� �h�y�p�e�r�v�o�l�u�m�e� �o�f� �t�h�e� 

�c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n�,� �b�u�t� �m�a�y� �d�o� �s�o� �a�t� �t�h�e� �e�x�p�e�n�s�e� �o�f� �c�r�e�a�t�i�n�g� �a� �l�a�r�g�e� �e�r�r�o�r� �i�n� �o�n�e� �o�f� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s�.� �M�a�x�i�m�i�z�i�n�g� �t�h�e� �m�i�n�i�m�u�m� �e�i�g�e�n�v�a�l�u�e� �a�p�p�e�a�r�s� �t�o� �b�e� �a� �b�e�t�t�e�r� �i�d�e�a� �b�u�t� �d�o�e�s� 

�s�t�i�l�l� �n�o�t� �a�d�d�r�e�s�s� �t�h�e� �i�n�h�e�r�e�n�t� �r�e�l�a�t�i�o�n�s�h�i�p� �t�h�a�t� �e�x�i�s�t�s� �b�e�t�w�e�e�n� �a�l�l� �p�a�r�a�m�e�t�e�r�s�.� 

�I�n� �t�h�e� �e�n�d�,� �i�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�o� �m�a�k�e� �a�l�l� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �a�n�d� �r�e�g�i�o�n�s� �a�s� �s�m�a�l�l� 

�a�s� �p�o�s�s�i�b�l�e�.� �A� �c�r�i�t�e�r�i�a� �i�s� �d�e�f�i�n�e�d� �w�h�i�c�h� �s�e�e�k�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �l�a�r�g�e�s�t� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�.� 

�T�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �a�s� �p�r�e�v�i�o�u�s�l�y� �d�e�f�i�n�e�d� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �m�a�x�i�m�u�m� �l�e�n�g�t�h� �o�f� �t�h�e� 

�c�o�o�r�d�i�n�a�t�e� �a�x�e�s� �o�f� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n� �h�y�p�e�r�e�l�l�i�p�s�o�i�d�.� �T�h�i�s� �c�a�n� �b�e� �s�h�o�w�n� �b�y� �u�s�i�n�g� 

�L�a�g�r�a�n�g�e� �M�u�l�t�i�p�l�i�e�r�s�.� 

�T�h�e� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n� �w�a�s� �d�e�f�i�n�e�d� �b�y� �E�q�.� �3�.�2�5�.� �F�i�r�s�t� �r�e�p�l�a�c�e� �(�b� �-� �B�)� �i�n� �E�q�.� �3�.�2�5� �b�y� 

�3�2



�x� �f�o�r� �s�i�m�p�l�i�c�i�t�y�.� �A�l�s�o� �r�e�p�l�a�c�e� �t�h�e� �r�i�g�h�t�-�h�a�n�d� �s�i�d�e� �b�y� �r ��.� �T�h�e� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� 

�a�s� 

�x� �T�P� �l�y� �=� �p�?� �(�3�.�2�6�)� 

�I�t� �i�s� �d�e�s�i�r�e�d� �t�o� �f�i�n�d� �t�h�e� �m�a�x�i�m�u�m� �o�f� �s�o�m�e� �c�o�m�p�o�n�e�n�t�,� �x�,�,� �o�n� �E�q�.� �3�.�2�6�.� �T�h�e� �L�a�g�r�a�n�g�i�a�n� 

�i�s� 

�L� �=�x�,� �+� �A�(�e!"�P� �x� �-� �r ��)� �(�3�.�2�7�)� 

�T�o� �m�a�x�i�m�i�z�e�,� �s�e�t� �t�h�e� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �x� �e�q�u�a�l� �t�o� �z�e�r�o� 

�T� �(�s�)� �-�0� �(�3�.�2�8�)� 
�a�r� 

�T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �b�e�c�o�m�e�s� 

�1� 
�0� 

�O� �=� �/�0�|� �+� �2�A�P� �t�x� �(�3�.�2�9�)� 

�0� 

�M�u�l�t�i�p�l�y�i�n�g� �b�y� �x ��,� 

�O� �=�x�,� �+� �2�A�x ��P� �"�x� �(�3�.�3�0�)� 

�S�o�l�v�i�n�g� �t�h�i�s� �e�q�u�a�t�i�o�n� �f�o�r� �g�i�v�e�s� 

�3�3



�S�u�b�s�t�i�t�u�t�i�n�g� �b�a�c�k� �i�n�t�o� �E�q�.� �3�.�2�8� 

�S�o�l�v�i�n�g� �f�o�r� �x�,�x� 

�1� 
�0� 

�x�x� �=� �r�°�P�|�0� 

�0� 

�I�n� �m�a�t�r�i�x� �f�o�r�m� �t�h�i�s� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�X�t� �P�a�y� 

�X�%�o�)� �_� �p�a�.� �2�2� 

�r�n� �P�a�n� 

�E�q�u�a�t�i�n�g� �t�h�e� �t�e�r�m�s� �i�n� �t�h�e� �f�i�r�s�t� �r�o�w� 

�x�,� �=� �r�'�P�y�,� 

�(�3�.�3�1�)� 

�(�3�.�3�2�)� 

�(�3�.�3�3�)� 

�(�3�.�3�4�)� 

�(�3�.�3�5�)� 

�r �� �c�o�n�t�a�i�n�s� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s�,� �t� �s�t�a�t�i�s�t�i�c�,� �a�n�d� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�s� �s�h�o�w�n� 

�i�n� �(�3�.�2�6�)�.



�R�e�c�a�l�l� �t�h�a�t� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �c�o�n�t�a�i�n�s� �t�h�e� �d�i�a�g�o�n�a�l� �t�e�r�m�s� �o�f� �t�h�e� �X�'�X� �m�a�t�r�i�x�.� 

�T�h�e� �d�i�a�g�o�n�a�l� �t�e�r�m�s� �a�r�e� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m� 

�P� �e�n� �P�y� �=� �4� �(�3�.�3�6�)� 

�w�h�e�r�e� �e�,� �a�n�d� �4�,� �a�r�e� �t�h�e� �e�i�g�e�n�v�e�c�t�o�r�s� �a�n�d� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �X�'�X�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� 

�e�i�g�e�n�v�e�c�t�o�r�s� �a�n�d� �e�i�g�e�n�v�a�l�u�e�s� �g�e�o�m�e�t�r�i�c�a�l�l�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �p�r�i�n�c�i�p�l�e� �l�e�n�g�t�h�s� �a�n�d� �d�i�r�e�c�t�i�o�n�s� 

�o�f� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n�.� �I�f� �S� �i�n� �E�q�.� �(�3�.�2�4�)� �i�s� �r�e�p�l�a�c�e�d� �b�y� �a� �c�o�n�s�t�a�n�t� �(�p�o�s�s�i�b�l�y� �m�e�a�s�u�r�e�-� 

�m�e�n�t� �e�r�r�o�r�)� �t�h�e�n� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �c�o�u�l�d� �b�e� �u�s�e�d� �a�s� �a� �d�e�s�i�g�n� �c�r�i�t�e�r�i�a�.� �T�h�i�s� �c�r�i�t�e�r�i�a� 

�w�i�l�l� �b�e� �c�a�l�l�e�d� �t�h�e� �s�c�a�l�e�d� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �a�p�p�r�o�a�c�h�.� 
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�C�H�A�P�T�E�R� �4� 

�E�x�p�e�r�i�m�e�n�t�a�l� �P�r�o�c�e�d�u�r�e�s� 

�P�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �c�l�o�s�e�l�y� �r�e�s�e�m�b�l�e�s� �i�n�v�e�r�s�e� �p�r�o�b�l�e�m�s� �i�n� �t�h�e� �s�e�n�s�e� �t�h�a�t� �b�o�t�h� 

�m�e�a�s�u�r�e�d� �a�n�d� �c�a�l�c�u�l�a�t�e�d� �d�a�t�a� �a�r�e� �n�e�e�d�e�d�.� �M�e�a�s�u�r�e�d� �t�e�m�p�e�r�a�t�u�r�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �t�o� 

�n�u�m�e�r�i�c�a�l�l�y� �s�i�m�u�l�a�t�e�d� �d�a�t�a� �i�n� �a� �l�e�a�s�t� �s�q�u�a�r�e�s� �s�e�n�s�e�.� �T�h�e�r�e� �a�r�e� �t�w�o� �r�e�q�u�i�r�e�m�e�n�t�s� �f�o�r� �t�h�e� 

�s�i�m�u�l�t�a�n�e�o�u�s� �e�s�t�i�m�a�t�i�o�n� �o�f� �b�o�t�h� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� �a�n�d� �s�p�e�c�i�f�i�c� �h�e�a�t�.� �T�h�e� �t�e�m�p�e�r�a�t�u�r�e� 

�r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�a�m�p�l�e� �m�u�s�t� �b�e� �t�r�a�n�s�i�e�n�t�,� �a�n�d� �t�h�e� �h�e�a�t� �f�l�u�x� �a�t� �o�n�e� �o�r� �m�o�r�e� �b�o�u�n�d�a�r�i�e�s� 

�m�u�s�t� �b�e� �s�p�e�c�i�f�i�e�d�.� �T�h�e�s�e� �c�o�n�d�i�t�i�o�n�s�,� �a�l�o�n�g� �w�i�t�h� �o�p�t�i�m�a�l� �e�x�p�e�r�i�m�e�n�t�a�l� �d�e�s�i�g�n�,� �w�e�r�e� 

�i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� �A�l�l� �e�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� 

�p�e�r�f�o�r�m�e�d� �a�t� �t�h�e� �N�A�S�A�-�L�a�n�g�l�e�y� �R�e�s�e�a�r�c�h� �C�e�n�t�e�r�.� 

�T�h�e� �f�i�r�s�t� �s�e�c�t�i�o�n� �d�e�s�c�r�i�b�e�s� �t�h�e� �p�h�y�s�i�c�a�l� �a�s�p�e�c�t�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�.� �T�h�i�s� �i�n�c�l�u�d�e�s� 

�t�h�e� �a�c�t�u�a�l� �s�a�m�p�l�e�s� �t�h�a�t� �w�e�r�e� �t�e�s�t�e�d�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �e�q�u�i�p�m�e�n�t� �a�n�d� 

�i�n�s�t�r�u�m�e�n�t�a�t�i�o�n� �n�e�e�d�e�d� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�.� �T�h�e� �s�e�c�o�n�d� �s�e�c�t�i�o�n� �d�e�a�l�s� �w�i�t�h� �t�h�e�r�m�a�l� 

�v�i�s�u�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �s�a�m�p�l�e�.� �T�h�i�s� �s�e�c�t�i�o�n� �p�r�o�v�i�d�e�s� �a� �v�e�r�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� 

�t�h�a�t� �w�a�s� �c�h�o�s�e�n�.� �T�h�e� �n�e�x�t� �s�e�c�t�i�o�n� �p�r�e�s�e�n�t�s� �a� �l�i�s�t� �o�f� �e�x�p�e�r�i�m�e�n�t�s�.� �T�h�e� �l�a�s�t� �s�e�c�t�i�o�n� �f�o�c�u�s�e�s� 

�o�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �a�n�d� �h�o�w� �i�t� �w�a�s� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�g�r�a�m�.� 
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�4�.�1� �E�x�p�e�r�i�m�e�n�t�a�l� �A�p�p�a�r�a�t�u�s� 

�E�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �r�e�q�u�i�r�e�d� �w�h�i�c�h� �p�r�o�v�i�d�e�d� �a� �c�o�n�s�t�a�n�t� �h�e�a�t� �f�l�u�x� �a�t� �o�n�e� �b�o�u�n�d�a�r�y� 

�w�h�i�l�e� �m�a�i�n�t�a�i�n�i�n�g� �k�n�o�w�n� �c�o�n�d�i�t�i�o�n�s� �a�t� �a�l�l� �o�t�h�e�r�s�.� �T�e�m�p�e�r�a�t�u�r�e� �h�i�s�t�o�r�i�e�s� �w�e�r�e� �r�e�c�o�r�d�e�d� 

�a�t� �b�o�t�h� �s�u�r�f�a�c�e�s�.� �T�h�e� �s�e�n�s�o�r�s� �a�n�d� �e�q�u�i�p�m�e�n�t� �n�e�c�e�s�s�a�r�y� �t�o� �p�e�r�f�o�r�m� �t�h�e�s�e� �o�p�e�r�a�t�i�o�n�s� �a�r�e� 

�d�e�t�a�i�l�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�u�b�-�s�e�c�t�i�o�n�s�.� �A� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �t�e�s�t� �s�a�m�p�l�e�s�,� �t�h�e�i�r� 

�d�i�m�e�n�s�i�o�n�s� �a�n�d� �c�o�n�s�t�r�u�c�t�i�o�n�,� �a�r�e� �a�l�s�o� �g�i�v�e�n�.� �T�h�e� �s�e�c�o�n�d� �s�u�b�-�s�e�c�t�i�o�n� �d�e�s�c�r�i�b�e�s� �t�h�e� �t�e�s�t� 

�a�p�p�a�r�a�t�u�s�.� �T�h�i�s� �i�n�c�l�u�d�e�s� �t�h�e� �t�e�s�t� �f�i�x�t�u�r�e�,� �g�e�n�e�r�a�t�i�o�n� �o�f� �h�e�a�t� �f�l�u�x�,� �a�n�d� �t�h�e� �o�t�h�e�r� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s�.� �I�n�f�o�r�m�a�t�i�o�n� �i�s� �g�i�v�e�n� �o�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �s�e�n�s�o�r�s� �t�h�a�t� �w�e�r�e� �u�s�e�d� �a�n�d� �t�h�e� 

�i�n�s�t�r�u�m�e�n�t�a�t�i�o�n� �n�e�e�d�e�d� �t�o� �r�u�n� �t�h�e�m�.� �T�h�e� �f�i�n�a�l� �s�u�b�-�s�e�c�t�i�o�n� �g�i�v�e�s� �a�n� �o�v�e�r�v�i�e�w� �o�f� �t�h�e� 

�r�e�m�a�i�n�i�n�g� �p�a�r�t�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�,� �s�u�c�h� �a�s� �t�h�e� �o�v�e�n� �u�s�e�d� �t�o� �p�r�o�v�i�d�e� �t�h�e� �i�n�i�t�i�a�l� 

�t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�.� 

�4�.�1�.�1� �T�e�s�t� �S�a�m�p�l�e�s� 

�T�h�e� �s�a�m�p�l�e�s� �b�e�i�n�g� �a�n�a�l�y�z�e�d� �a�r�e� �S�P�F�/�D�B� �(�S�u�p�e�r� �P�l�a�s�t�i�c� �F�o�r�m�e�d�,� �D�o�u�b�l�e� �B�o�n�d�e�d�)� 

�4� �s�h�e�e�t� �h�o�n�e�y�c�o�m�b� �c�o�r�e� �s�a�n�d�w�i�c�h� �m�a�d�e� �b�y� �M�c�D�o�n�n�e�l�l� �D�o�u�g�l�a�s�.� �T�h�e� �c�o�r�e� �m�a�t�e�r�i�a�l� �i�s� �T�i�-� 

�6�A�L�-�4�V�.� �T�h�e� �f�a�c�e� �s�h�e�e�t�s� �a�r�e� �m�a�d�e� �o�f� �a�n� �a�l�u�m�i�n�u�m� �-� �b�o�r�o�n� �f�i�b�e�r� �c�o�m�p�o�s�i�t�e�.� �F�i�g�u�r�e� �4�.�1� 

�s�h�o�w�s� �t�h�e� �m�a�n�u�f�a�c�t�u�r�i�n�g� �p�r�o�c�e�s�s�.� 

�T�h�e� �p�r�o�c�e�s�s� �b�e�g�i�n�s� �b�y� �s�p�o�t�-�w�e�l�d�i�n�g� �a� �g�r�i�d� �p�a�t�t�e�r�n� �o�n� �t�w�o� �s�h�e�e�t�s� �w�h�i�c�h� �w�i�l�l� 

�c�o�m�p�r�i�s�e� �t�h�e� �c�o�r�e�.� �A� �g�a�s� �p�r�e�s�s�u�r�e� �t�u�b�e� �i�s� �a�t�t�a�c�h�e�d� �t�o� �o�n�e� �c�o�r�n�e�r�.� �T�h�e� �c�o�r�e� �u�n�d�e�r�g�o�e�s� 

�p�l�a�s�t�i�c� �e�x�p�a�n�s�i�o�n� �u�n�d�e�r� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� �u�n�t�i�l� �i�t� �r�e�a�c�h�e�s� �t�h�e� �f�a�c�e� �s�h�e�e�t� �a�n�d� �l�i�m�i�t�i�n�g� 

�f�i�x�t�u�r�e�.� �O�n�e� �r�e�s�u�l�t� �o�f� �t�h�i�s� �p�r�o�c�e�s�s� �i�s� �t�h�a�t� �t�h�e� �c�o�r�e� �i�s� �l�e�f�t� �w�i�t�h� �a� �n�o�n�-�u�n�i�f�o�r�m� �w�a�l�l� 

�t�h�i�c�k�n�e�s�s�,� �a�s� �w�e�l�l� �a�s� �a� �s�e�r�i�e�s� �o�f� �h�o�l�e�s� �a�n�d� �s�p�o�t�-�w�e�l�d�s� �a�t� �t�h�e� �c�e�n�t�e�r�l�i�n�e�.� 
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�H�o�n�e�y�c�o�m�b� �C�o�r�e� �P�h�a�s�e�s� �o�f� �M�a�n�u�f�a�c�t�u�r�i�n�g� 

�p�e�e�s� �R�o�l�l� �S�p�o�t� �W�e�l�d� �P�a�t�t�e�r�n� � � � � 
� � � � � �G�a�s� �P�r�e�s�s�u�r�e� �T�u�b�e� 

� � 

� � 

� � 

� � 

� � 

� � 

�N�o�.� �4�  ��/� �N�e�e� �N�o�.� �3� 

�E�n�v�e�l�o�p�e� �(�S�e�c�t�i�o�n�e�d�)� �W�i�t�h� �F�a�c�e� �S�h�e�e�t�s� �F�o�r�m�i�n�g� �C�o�m�p�l�e�t�e� �S�a�n�d�w�i�c�h� 

�F�i�g�u�r�e� �4�.�1� �H�o�n�e�y�c�o�m�b� �C�o�r�e� �S�P�F�/�D�B� �P�h�a�s�e�s� �o�f� �D�e�v�e�l�o�p�m�e�n�t� 
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�N�o�m�i�n�a�l� �v�a�l�u�e�s� �f�o�r� �t�h�e� �c�o�r�e� �w�e�b� �t�h�i�c�k�n�e�s�s�,� �f�a�c�e� �s�h�e�e�t� �t�h�i�c�k�n�e�s�s�,� �a�n�d� �u�n�i�t� �c�e�l�l� 

�d�i�m�e�n�s�i�o�n�s� �w�e�r�e� �m�e�a�s�u�r�e�d�.� �A� �d�i�a�g�r�a�m� �o�f� �t�h�e� �c�o�r�e�,� �f�a�c�e� �s�h�e�e�t�s�,� �a�n�d� �t�h�e�i�r� �m�e�a�s�u�r�e�m�e�n�t�s� 

�i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�2�.� 

�4�.�1�.�2� �E�x�p�e�r�i�m�e�n�t� �C�o�n�f�i�g�u�r�a�t�i�o�n�s� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�e�s�c�r�i�b�e�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�a�r�a�t�u�s� �a�n�d� �h�o�w� �i�t� �w�a�s� �b�u�i�l�t�.� �T�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�a�r�a�t�u�s� �w�a�s� �s�y�m�m�e�t�r�i�c� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �h�e�a�t�e�r�.� �A� �s�a�m�p�l�e� �w�a�s� �p�l�a�c�e�d� 

�o�n� �e�i�t�h�e�r� �s�i�d�e� �o�f� �t�h�e� �h�e�a�t�e�r�.� �A�n� �R�T�D� �w�a�s� �p�l�a�c�e�d� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �t�o� �m�e�a�s�u�r�e� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e� �h�e�a�t�e�d� �s�u�r�f�a�c�e�.� �E�i�t�h�e�r� �i�n�s�u�l�a�t�i�o�n� �o�r� �a� �l�a�r�g�e� �a�l�u�m�i�n�u�m� �b�l�o�c�k� �w�a�s� 

�p�l�a�c�e�d� �o�n� �t�h�e� �o�t�h�e�r� �s�i�d�e� �o�f� �t�h�e� �s�a�m�p�l�e�.� �A�n� �R�T�D� �w�a�s� �i�n�s�e�r�t�e�d� �h�e�r�e� �a�s� �w�e�l�l�,� �t�o� �m�e�a�s�u�r�e� 

�t�h�e� �b�o�u�n�d�a�r�y� �t�e�m�p�e�r�a�t�u�r�e�.� 

�O�n�e� �s�e�n�s�o�r� �w�a�s� �r�e�q�u�i�r�e�d� �a�t� �e�a�c�h� �s�u�r�f�a�c�e�.� �T�h�e� �h�e�a�t�e�d� �s�u�r�f�a�c�e� �t�e�m�p�e�r�a�t�u�r�e� �h�i�s�t�o�r�y� 

�w�a�s� �t�o� �b�e� �t�h�e� �m�a�i�n� �s�o�u�r�c�e� �o�f� �d�a�t�a� �i�n� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �I�t� �w�a�s� �a�l�s�o� �n�e�c�e�s�s�a�r�y� �t�o� 

�r�e�c�o�r�d� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e� �o�t�h�e�r� �s�u�r�f�a�c�e�.� �F�o�r� �t�h�e� �c�o�n�s�t�a�n�t� �t�e�m�p�e�r�a�t�u�r�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�,� 

�t�h�e� �a�l�u�m�i�n�u�m� �b�l�o�c�k�s� �d�i�d� �n�o�t� �a�c�t� �a�s� �p�e�r�f�e�c�t� �h�e�a�t� �s�i�n�k�s�.� �T�h�e�r�e� �w�a�s� �a� �s�m�a�l�l� �t�e�m�p�e�r�a�t�u�r�e� 

�r�i�s�e� �w�h�i�c�h� �w�a�s� �r�e�c�o�r�d�e�d� �w�i�t�h� �a�n� �R�T�D� �a�n�d� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�g�r�a�m� �a�s� 

�a� �v�a�r�i�a�b�l�e� �t�e�m�p�e�r�a�t�u�r�e� �b�o�u�n�d�a�r�y�.� �T�h�e� �b�o�u�n�d�a�r�y� �t�e�m�p�e�r�a�t�u�r�e� �w�a�s� �r�e�c�o�r�d�e�d� �f�o�r� �t�h�e� 

�i�n�s�u�l�a�t�e�d� �c�a�s�e� �b�e�c�a�u�s�e� �t�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �c�o�u�l�d� �b�e� �d�i�r�e�c�t�l�y� �u�s�e�d� �i�n� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�g�r�a�m�.� 

�T�h�e� �a�p�p�a�r�a�t�u�s� �w�a�s� �b�u�i�l�t� �s�t�a�r�t�i�n�g� �w�i�t�h� �t�h�e� �h�e�a�t�e�r� �w�h�i�c�h� �h�a�d� �t�h�e� �s�a�m�e� �l�e�n�g�t�h� �a�n�d� 

�w�i�d�t�h� �a�s� �t�h�e� �s�a�m�p�l�e�s�.� �A� �t�h�i�n� �l�a�y�e�r� �o�f� �T�h�e�r�m�a�l� �J�o�i�n�t� �C�o�m�p�o�u�n�d� �(�E�G�&�G� �W�a�k�e�f�i�e�l�d� 

�E�n�g�i�n�e�e�r�i�n�g� �C�o�.�)� �w�a�s� �p�l�a�c�e�d� �b�e�t�w�e�e�n� �t�h�e� �h�e�a�t�e�r� �a�n�d� �R�T�D�,� �a�s� �w�e�l�l� �a�s� �b�e�t�w�e�e�n� �t�h�e� �R�T�D� 

�a�n�d� �s�a�m�p�l�e�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �w�a�s� �t�o� �r�e�d�u�c�e� �c�o�n�t�a�c�t� �r�e�s�i�s�t�a�n�c�e�.� �A�n�o�t�h�e�r� �l�a�y�e�r� �o�f� 

�g�r�e�a�s�e� �w�a�s� �p�l�a�c�e�d� �b�e�t�w�e�e�n� �t�h�e� �s�a�m�p�l�e� �a�n�d� �t�h�e� �n�e�x�t� �R�T�D�.� �F�o�r� �t�h�e� �c�o�n�s�t�a�n�t� �t�e�m�p�e�r�a�t�u�r�e� 
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�b�o�u�n�d�a�r�y� �a�n�o�t�h�e�r� �l�a�y�e�r� �o�f� �t�h�e�r�m�a�l� �g�r�e�a�s�e� �w�a�s� �p�l�a�c�e�d� �b�e�t�w�e�e�n� �t�h�e� �s�e�c�o�n�d� �R�T�D� �a�n�d� �t�h�e� 

�a�l�u�m�i�n�u�m� �b�l�o�c�k�.� �N�o� �t�h�e�r�m�a�l� �g�r�e�a�s�e� �w�a�s� �u�s�e�d� �f�o�r� �t�h�e� �i�n�s�u�l�a�t�e�d� �b�o�u�n�d�a�r�y� �s�i�n�c�e� �c�o�n�t�a�c�t� 

�r�e�s�i�s�t�a�n�c�e� �w�o�u�l�d� �b�e� �d�e�s�i�r�a�b�l�e� �h�e�r�e�.� �S�c�h�e�m�a�t�i�c�s� �o�f� �t�h�e� �t�w�o� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e�s� �4�.�3�a� �a�n�d� �4�.�3�b�.� 

�A�l�u�m�i�n�u�m� �b�l�o�c�k�s� �f�o�r� �t�h�e� �c�o�n�s�t�a�n�t� �t�e�m�p�e�r�a�t�u�r�e� �b�o�u�n�d�a�r�y� �m�e�a�s�u�r�e�d� �9�.�5�3� �c�m�.� �x� 

�1�2�.�7� �c�m�.� �x� �7�.�6�2� �c�m�.� �A�l�u�m�i�n�u�m� �w�a�s� �c�h�o�s�e�n� �b�e�c�a�u�s�e� �o�f� �i�t�s� �h�i�g�h� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y�.� 

�C�o�p�p�e�r� �w�o�u�l�d� �h�a�v�e� �b�e�e�n� �a� �b�e�t�t�e�r� �c�h�o�i�c�e�,� �b�u�t� �i�t� �w�a�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �f�i�n�d� �t�w�o� �p�i�e�c�e�s� �l�a�r�g�e� 

�e�n�o�u�g�h�.� �T�h�e� �i�n�s�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �i�n�s�u�l�a�t�e�d� �b�o�u�n�d�a�r�y� �w�a�s� �9�.�5�3� �c�m�.� �x� �1�2�.�7� �c�m� �x� �5�.�0�8� �c�m�.� 

�t�h�i�c�k� �(�3�6�0� �S�t�a�n�d�a�r�d� �C�e�r�a�m�i�c� �B�o�a�r�d� �b�y� �C�o�t�r�o�n�i�c�s� �C�o�r�p�o�r�a�t�i�o�n�)� �w�i�t�h� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� 

�o�f� �0�.�4�5� �B�T�U� �i�n� �/� �h�r�°�F� �f�t �� �a�n�d� �s�p�e�c�i�f�i�c� �h�e�a�t� �o�f� �0�.�2�5� �B�T�U� �/�I�b� �F�.� �T�h�e� �e�d�g�e�s� �o�f� �t�h�e� �i�n�s�u�l�a�t�i�o�n� 

�w�e�r�e� �w�r�a�p�p�e�d� �w�i�t�h� �a�l�u�m�i�n�u�m� �t�a�p�e� �t�o� �k�e�e�p� �t�h�e� �b�o�a�r�d� �f�r�o�m� �c�o�m�i�n�g� �a�p�a�r�t�.� �C�a�r�e� �w�a�s� 

�t�a�k�e�n� �t�o� �a�s�s�u�r�e� �t�h�a�t� �n�o� �t�a�p�e� �t�o�u�c�h�e�d� �t�h�e� �s�a�m�p�l�e�s�.� �T�h�i�s� �s�a�m�e� �i�n�s�u�l�a�t�i�o�n� �w�a�s� �p�l�a�c�e�d� 

�a�r�o�u�n�d� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �s�a�m�p�l�e� �t�o� �p�r�e�v�e�n�t� �h�e�a�t� �l�o�s�s� �a�t� �t�h�e� �e�d�g�e�s� �w�h�i�c�h� �w�o�u�l�d� �h�a�v�e� 

�c�a�u�s�e�d� �i�n�-�p�l�a�n�e� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t�s�.� �T�h�e� �i�n�s�u�l�a�t�i�o�n� �w�a�s� �h�e�l�d� �a�g�a�i�n�s�t� �t�h�e� �a�p�p�a�r�a�t�u�s� �w�i�t�h� 

�w�i�r�e� �t�o� �i�n�s�u�r�e� �g�o�o�d� �c�o�n�t�a�c�t�.� 

�4�.�1�.�3� �E�x�p�e�r�i�m�e�n�t�a�l� �S�e�t�u�p� 

�T�h�e� �e�l�e�c�t�r�i�c�a�l� �r�e�s�i�s�t�a�n�c�e� �h�e�a�t�e�r� �u�s�e�d� �i�n� �t�h�i�s� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �m�a�d�e� �b�y� �M�i�n�c�o� 

�P�r�o�d�u�c�t�s�,� �I�n�c�.� �I�t� �c�o�n�s�i�s�t�e�d� �o�f� �a�n� �e�l�e�c�t�r�i�c�a�l� �r�e�s�i�s�t�a�n�c�e� �e�l�e�m�e�n�t� �e�n�c�a�s�e�d� �i�n� �K�a�p�t�o�n�.� �T�h�e� 

�h�e�a�t�e�r� �w�a�s� �r�a�t�e�d� �a�t� �1�0� �o�h�m�s�.� �T�h�i�s� �s�m�a�l�l� �v�a�l�u�e� �w�a�s� �c�h�o�s�e�n� �s�o� �t�h�e� �h�e�a�t� �f�l�u�x� �p�r�o�d�u�c�e�d� �b�y� 

�t�h�e� �h�e�a�t�e�r� �c�o�u�l�d� �b�e� �m�o�r�e� �e�a�s�i�l�y� �r�e�g�u�l�a�t�e�d� �i�f� �i�t� �b�e�c�a�m�e� �n�e�c�e�s�s�a�r�y� �t�o� �d�o� �s�o�.� �T�h�e� �e�l�e�c�t�r�i�c�a�l� 

�e�l�e�m�e�n�t� �w�a�s� �n�o�t� �u�n�i�f�o�r�m� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �a�r�e�a�.� �I�t� �w�a�s� �a� �l�o�n�g� �w�i�r�e�-�l�i�k�e� �e�l�e�m�e�n�t� �w�h�i�c�h� �h�a�d� 

�b�e�e�n� �s�c�u�l�p�t�e�d� �t�o� �f�i�t� �w�i�t�h�i�n� �a� �c�e�r�t�a�i�n� �a�r�e�a�.� �H�o�w�e�v�e�r�,� �i�t� �a�p�p�r�o�x�i�m�a�t�e�d� �a� �u�n�i�f�o�r�m� �h�e�a�t� �f�l�u�x�,� 
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�d�u�e� �t�o� �t�h�e� �l�o�w� �t�h�e�r�m�a�l� �r�e�s�i�s�t�a�n�c�e� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �o�f� �t�h�e� �s�a�m�p�l�e�s�.� �T�h�e� �l�e�a�d� �w�i�r�e�s� �w�e�r�e� 

�e�x�t�e�r�n�a�l�l�y� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �h�e�a�t�e�r� �t�o� �p�r�e�v�e�n�t� �a�d�d�e�d� �c�o�n�t�a�c�t� �r�e�s�i�s�t�a�n�c�e� �a�t� �t�h�e� �h�e�a�t�e�r� �s�u�r�f�a�c�e�.� 

�T�h�e� �v�o�l�t�a�g�e� �a�n�d� �c�u�r�r�e�n�t� �d�r�a�w�n� �b�y� �t�h�e� �h�e�a�t�e�r� �w�a�s� �c�o�n�t�i�n�u�o�u�s�l�y� �m�e�a�s�u�r�e�d�.� �T�h�i�s� �w�a�s� �d�o�n�e� 

�t�o� �o�b�t�a�i�n� �a�n� �a�c�c�u�r�a�t�e� �r�e�a�d�i�n�g� �o�f� �p�o�w�e�r� �c�o�n�s�u�m�p�t�i�o�n� �w�h�i�c�h� �m�i�g�h�t� �c�h�a�n�g�e� �o�v�e�r� �t�i�m�e� �d�u�e� 

�t�o� �v�a�r�i�a�t�i�o�n�s� �i�n� �i�n�p�u�t� �v�o�l�t�a�g�e� �a�n�d� �r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e� �a�s� �a� �r�e�s�u�l�t� �o�f� �h�e�a�t�i�n�g�.� �T�h�e� �h�e�a�t�e�r� 

�w�a�s� �p�o�w�e�r�e�d� �b�y� �a� �H�e�w�l�e�t�t� �-� �P�a�c�k�a�r�d� �D�C� �p�o�w�e�r� �s�u�p�p�l�y� �c�a�p�a�b�l�e� �o�f� �p�r�o�d�u�c�i�n�g� �o�v�e�r� �6� 

�w�a�t�t�s�.� �T�h�i�s� �w�a�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �m�a�k�e� �t�h�e� �h�e�a�t�e�r� �p�u�t� �o�u�t� �a�b�o�u�t� �3�5�0� �W�/�m ��.� �T�h�i�s� �a�p�p�a�r�a�t�u�s� 

�a�n�d� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �e�q�u�i�p�m�e�n�t� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�4�.� 

�T�h�e� �o�v�e�n� �u�s�e�d� �i�n� �t�h�i�s� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �a� �7�5�0�0� �w�a�t�t� �S�e�r�i�e�s� �3�7�1�0�A� �m�a�d�e� �b�y� �A�p�p�l�i�e�d� 

�T�e�s�t� �S�y�s�t�e�m�s�,� �I�n�c�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �o�v�e�n� �w�a�s� �t�o� �p�r�o�v�i�d�e� �a�n� �e�n�v�i�r�o�n�m�e�n�t� �w�h�e�r�e� �h�i�g�h� 

�t�e�m�p�e�r�a�t�u�r�e� �e�x�p�e�r�i�m�e�n�t�s� �c�o�u�l�d� �b�e� �c�o�n�d�u�c�t�e�d�.� �T�h�e� �o�v�e�n� �w�a�s� �c�a�p�a�b�l�e� �o�f� �r�e�a�c�h�i�n�g� 

�t�e�m�p�e�r�a�t�u�r�e�s� �w�e�l�l� �o�v�e�r� �8�1�1� �K� �(�1�0�0�0� �F�)�.� �T�h�e� �m�a�x�i�m�u�m� �t�e�m�p�e�r�a�t�u�r�e� �t�h�a�t� �w�a�s� �a�t�t�a�i�n�e�d� �i�n� 

�a�n�y� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �4�9�5� �K� �(�4�3�0� �F�)�.� �N�o� �h�i�g�h�e�r� �t�e�m�p�e�r�a�t�u�r�e� �w�a�s� �u�s�e�d� �f�o�r� �f�e�a�r� �o�f� 

�d�e�s�t�r�o�y�i�n�g� �t�h�e� �K�a�p�t�o�n� �c�o�a�t�i�n�g� �o�f� �t�h�e� �h�e�a�t�e�r� �a�n�d� �R�T�D�'�s�.� 

�T�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m� �u�s�e�d� �i�n� �t�h�i�s� �e�x�p�e�r�i�m�e�n�t� �c�o�n�s�i�s�t�e�d� �o�f� �t�w�o� �p�a�r�t�s�.� �T�h�e� 

�s�o�f�t�w�a�r�e� �u�s�e�d� �w�a�s� �A�u�t�o�n�e�t� �4�.�2� �b�y� �I�m�a�g�i�n�a�t�i�o�n� �S�y�s�t�e�m�s�,� �I�n�c�.� �T�h�e� �h�a�r�d�w�a�r�e� �c�o�n�s�i�s�t�e�d� �o�f� 

�a� �N�E�F�F� �4�7�0� �D�a�t�a� �A�c�q�u�i�s�i�t�i�o�n� �U�n�i�t� �w�i�t�h� �a� �N�E�F�F� �4�7�0�0�5�0�/�9�0�0�2�3�1�3�0� �1�6� �-� �C�h�a�n�n�e�l� 

�D�i�f�f�e�r�e�n�t�i�a�l� �M�U�X� �c�a�r�d� �m�a�d�e� �b�y� �N�E�F�F� �I�n�s�t�r�u�m�e�n�t� �C�o�r�p� �a�n�d� �a�n� �A�L�R� �p�e�r�s�o�n�a�l� �c�o�m�p�u�t�e�r�.� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �h�a�r�d�w�a�r�e� �w�a�s� �t�o� �b�r�i�n�g� �v�o�l�t�a�g�e� �s�i�g�n�a�l�s� �i�n�t�o� �t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� 

�p�r�o�g�r�a�m�.� �T�h�e�r�e� �w�e�r�e� �s�i�x� �s�i�g�n�a�l�s� �b�e�i�n�g� �r�e�c�o�r�d�e�d�:� �f�o�u�r� �R�T�D� �m�e�a�s�u�r�e�m�e�n�t�s�,� �v�o�l�t�a�g�e� �t�o� �t�h�e� 

�h�e�a�t�e�r�,� �a�n�d� �c�u�r�r�e�n�t� �d�r�a�w�n� �b�y� �t�h�e� �h�e�a�t�e�r�.� �T�h�e� �R�T�D� �v�o�l�t�a�g�e�s� �w�e�r�e� �r�e�a�d� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� 

�b�r�i�d�g�e� �c�i�r�c�u�i�t� �b�y� �t�h�e� �N�E�F�F� �u�n�i�t�.� �T�h�e� �d�y�n�a�m�i�c� �r�a�n�g�e� �o�f� �t�h�e� �s�y�s�t�e�m� �w�a�s� �a�l�w�a�y�s� �s�e�t� �t�o� 

�p�r�o�v�i�d�e� �t�h�e� �h�i�g�h�e�s�t� �p�o�s�s�i�b�l�e� �r�e�s�o�l�u�t�i�o�n�.� �H�e�a�t�e�r� �v�o�l�t�a�g�e� �w�a�s� �r�e�a�d� �f�r�o�m� �a� �K�e�i�t�h�l�e�y� �d�i�g�i�t�a�l� 

�m�u�l�t�i�m�e�t�e�r�.� �C�u�r�r�e�n�t� �w�a�s� �r�e�a�d� �f�r�o�m� �a� �s�i�m�i�l�a�r� �m�u�l�t�i�m�e�t�e�r� �w�i�t�h� �t�h�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e� 
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�p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �c�u�r�r�e�n�t� �(�1� �v�o�l�t� �=� �1� �a�m�p�)�.� 

�T�h�e� �A�u�t�o�n�e�t� �s�o�f�t�w�a�r�e� �a�l�l�o�w�e�d� �f�o�r� �s�o�m�e� �i�n�i�t�i�a�l� �d�a�t�a� �p�r�o�c�e�s�s�i�n�g�.� �W�h�e�n� �s�c�a�n�n�i�n�g� 

�w�a�s� �s�t�a�r�t�e�d�,� �t�h�e� �s�i�x� �v�o�l�t�a�g�e�s� �p�l�u�s� �t�h�e� �t�i�m�e� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �w�e�r�e� �r�e�c�o�r�d�e�d�.� �H�e�a�t�e�r� 

�c�u�r�r�e�n�t� �a�n�d� �v�o�l�t�a�g�e� �w�e�r�e� �c�o�n�v�e�r�t�e�d� �i�n�t�o� �h�e�a�t� �f�l�u�x� �b�y�:� 

�q �� �=� �E�I�/�2�A� �(�4�.�1�)� 

�w�h�e�r�e� �q�"� �i�s� �t�h�e� �h�e�a�t� �f�l�u�x�,� �E� �i�s� �t�h�e� �v�o�l�t�a�g�e�,� �I� �i�s� �t�h�e� �c�u�r�r�e�n�t�,� �a�n�d� �A� �i�s� �t�h�e� �s�u�r�f�a�c�e� �a�r�e�a� �o�f� 

�o�n�e� �s�i�d�e� �o�f� �t�h�e� �h�e�a�t�e�r�.� �T�h�e� �R�T�D� �v�o�l�t�a�g�e�s� �w�e�r�e� �a�l�s�o� �c�o�n�v�e�r�t�e�d� �i�n�t�o� �t�e�m�p�e�r�a�t�u�r�e� �b�y� �E�q�.� 

�(�4�.�4�)�.� 

�4�.�1�.�3�.�1� �T�e�m�p�e�r�a�t�u�r�e� �S�e�n�s�o�r�s� 

�A�s� �p�r�e�v�i�o�u�s�l�y� �s�t�a�t�e�d�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �m�e�a�s�u�r�e� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �b�o�t�h� �s�u�r�f�a�c�e�s� 

�o�f� �t�h�e� �h�o�n�e�y�c�o�m�b� �s�a�m�p�l�e� �a�s� �i�t� �w�a�s� �b�e�i�n�g� �h�e�a�t�e�d�.� �T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �d�e�v�i�c�e�s� �w�h�i�c�h� �c�a�n� 

�b�e� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e�r�m�o�c�o�u�p�l�e�s� �a�r�e� �p�r�o�b�a�b�l�y� �t�h�e� �m�o�s�t� �p�o�p�u�l�a�r�.� �T�h�e�y� 

�w�e�r�e� �n�o�t� �c�h�o�s�e�n� �f�o�r� �t�h�i�s� �s�t�u�d�y� �f�o�r� �s�e�v�e�r�a�l� �r�e�a�s�o�n�s�.� �F�i�r�s�t�,� �t�h�e�r�e� �w�o�u�l�d� �b�e� �g�r�o�u�n�d�i�n�g� 

�p�r�o�b�l�e�m�s� �d�u�e� �t�o� �t�h�e� �m�e�t�a�l�l�i�c� �n�a�t�u�r�e� �o�f� �t�h�e� �h�o�n�e�y�c�o�m�b� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �o�u�t�p�u�t� �f�r�o�m� 

�t�h�e�r�m�o�c�o�u�p�l�e�s� �i�s� �a�l�s�o� �n�o�i�s�y�.� �T�h�e�r�m�o�c�o�u�p�l�e�s� �m�e�a�s�u�r�e� �t�e�m�p�e�r�a�t�u�r�e�s� �a�t� �a� �p�o�i�n�t�.� �S�i�n�c�e� �a� 

�o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l� �i�s� �b�e�i�n�g� �u�s�e�d�,� �p�o�i�n�t� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �n�o�t� �n�e�c�e�s�s�a�r�y�.� �I�f� �a� 

�M�u�l�t�i�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l� �w�e�r�e� �u�s�e�d� �t�h�e�n� �p�o�i�n�t� �m�e�a�s�u�r�e�m�e�n�t�s� �w�o�u�l�d� �b�e� �n�e�c�e�s�s�a�r�y�.� 

�H�o�w�e�v�e�r� �i�t� �w�o�u�l�d� �b�e� �n�e�a�r�l�y� �i�m�p�o�s�s�i�b�l�e� �t�o� �a�c�c�u�r�a�t�e�l�y� �l�o�c�a�t�e� �t�h�e�r�m�o�c�o�u�p�l�e�s� �o�r� �a�n�y�t�h�i�n�g� 

�e�l�s�e� �o�n� �t�h�e� �f�a�c�e� �s�h�e�e�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �c�o�r�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�n� �a�d�d�i�t�i�o�n�,� 

�t�h�e� �h�i�g�h� �c�o�n�d�u�c�t�i�v�i�t�y� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t� �w�o�u�l�d� �d�e�s�t�r�o�y� �a�n�y� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t�s� �w�h�i�c�h� �m�i�g�h�t� 
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�r�e�s�u�l�t� �f�r�o�m� �t�h�e� �c�o�r�e�.� �T�h�e�s�e� �a�r�e� �p�e�r�h�a�p�s� �t�h�e� �m�o�s�t� �c�o�m�p�e�l�l�i�n�g� �r�e�a�s�o�n�s� �t�o� �u�s�e� �a� �o�n�e� 

�d�i�m�e�n�s�i�o�n�a�l� �h�e�a�t� �t�r�a�n�s�f�e�r� �m�o�d�e�l�.� 

�T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �s�e�n�s�o�r� �t�h�a�t� �w�a�s� �c�h�o�s�e�n� �w�a�s� �t�h�e� �R�T�D�.� �T�h�e� �R�T�D�,� �o�r� �R�e�s�i�s�t�a�n�c�e� 

�T�e�m�p�e�r�a�t�u�r�e� �D�e�t�e�c�t�o�r�,� �i�s� �a� �r�e�s�i�s�t�a�n�c�e� �t�h�e�r�m�o�m�e�t�e�r� �w�h�i�c�h� �r�e�s�p�o�n�d�s� �p�o�s�i�t�i�v�e�l�y� �t�o� 

�t�e�m�p�e�r�a�t�u�r�e�.� �F�o�u�r� �R�T�D�s� �w�e�r�e� �u�s�e�d� �a�s� �p�r�e�v�i�o�u�s�l�y� �s�t�a�t�e�d�.� �T�h�e�y� �c�o�n�t�a�i�n� �p�l�a�t�i�n�u�m� 

�e�l�e�m�e�n�t�s� �w�h�i�c�h� �h�a�v�e� �n�o�m�i�n�a�l� �r�e�s�i�s�t�a�n�c�e� �o�f� �2�0�0�0� �Q� �a�t� �7�0� �F�.� �T�h�e�y� �w�e�r�e� �m�a�d�e� �b�y� �M�i�n�c�o� 

�P�r�o�d�u�c�t�s�,� �I�n�c�.� �T�h�e�y� �a�r�e� �t�h�e� �s�a�m�e� �s�i�z�e� �a�s� �t�h�e� �f�a�c�e� �s�h�e�e�t� �o�f� �t�h�e� �s�a�m�p�l�e�s�.� �T�w�o�-�w�i�r�e� �l�e�a�d�s� 

�w�e�r�e� �u�s�e�d� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �l�e�a�d� �w�i�r�e� �l�e�n�g�t�h� �w�a�s� �r�e�l�a�t�i�v�e�l�y� �s�h�o�r�t�.� 

�T�h�e� �r�e�s�i�s�t�a�n�c�e� �o�f� �e�a�c�h� �R�T�D� �w�a�s� �c�a�l�i�b�r�a�t�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a�b�s�o�l�u�t�e� �t�e�m�p�e�r�a�t�u�r�e�.� 

�T�h�i�s� �w�a�s� �d�o�n�e� �b�y� �p�l�a�c�i�n�g� �e�a�c�h� �R�T�D� �i�n� �o�i�l� �i�n� �a�n� �o�v�e�n� �a�n�d� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �r�e�c�o�r�d�e�d� �a�t� �5�0�°�F� 

�i�n�c�r�e�m�e�n�t�s� �o�v�e�r� �t�h�e� �r�a�n�g�e� �o�f� �o�p�e�r�a�t�i�o�n�.� �T�h�e� �c�a�l�i�b�r�a�t�i�o�n� �w�a�s� �p�e�r�f�o�r�m�e�d� �b�y� �W�y�l�e� 

�L�a�b�o�r�a�t�o�r�i�e�s�,� �I�n�c�.� �I�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �k�n�o�w� �r�e�s�i�s�t�a�n�c�e� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �a�b�s�o�l�u�t�e� 

�t�e�m�p�e�r�a�t�u�r�e� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �r�a�d�i�a�t�i�o�n� �w�a�s� �b�e�i�n�g� �m�o�d�e�l�l�e�d�.� 

�A� �t�h�i�r�d� �o�r�d�e�r� �p�o�l�y�n�o�m�i�a�l� �w�a�s� �u�s�e�d� �t�o� �r�e�g�r�e�s�s� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �d�a�t�a� �a�s� �a� �f�u�n�c�t�i�o�n� 

�o�f� �r�e�s�i�s�t�a�n�c�e�:� 

�T� �=� �f�(�R�)� �=�a�+�b�*�R� �+� �c�*�R �� �+� �d�*�R�?� �(�4�.�2�)� 

�T�h�i�s� �t�y�p�e� �o�f� �c�u�r�v�e� �p�r�o�d�u�c�e�d� �a� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �0�.�9�9�9�.� �A� �t�y�p�i�c�a�l� �c�u�r�v�e� �i�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�5�.� �I�t� �i�s� �n�e�a�r�l�y� �l�i�n�e�a�r�.� 

�I�n�s�t�r�u�m�e�n�t�a�t�i�o�n� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �o�f� �t�h�e� �R�T�D� �a�t� �a�n�y� 

�t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e� �s�e�t�u�p� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�6�.� �T�h�e� �c�o�n�s�t�a�n�t�-�c�u�r�r�e�n�t� �b�r�i�d�g�e� �w�a�s� �c�h�o�s�e�n� 

�a�s� �t�h�e� �i�n�s�t�r�u�m�e�n�t�a�t�i�o�n� �c�i�r�c�u�i�t�.� �T�h�e� �c�o�n�s�t�a�n�t�-�c�u�r�r�e�n�t� �b�r�i�d�g�e� �w�a�s� �c�h�o�s�e�n� �o�v�e�r� �t�h�e� 

�c�o�n�s�t�a�n�t�-�v�o�l�t�a�g�e� �b�r�i�d�g�e� �b�e�c�a�u�s�e� �i�t�s� �o�u�t�p�u�t� �i�s� �m�o�r�e� �l�i�n�e�a�r�.� �T�h�e� �t�h�r�e�e� �i�n�a�c�t�i�v�e� �a�r�m�s� �o�f� �e�a�c�h� 

�b�r�i�d�g�e� �w�e�r�e� �c�o�m�p�l�e�t�e�d� �w�i�t�h� �2�0�0�0� �Q� �+� �0�.�0�0�5�%� �r�e�s�i�s�t�o�r�s�.� �I�t� �c�o�u�l�d� �t�h�e�n� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� 

�4�7



�d�A�I�N�D� 
�U�O�H�B�I�Q�N�e�D� 

�G
�L�Y� �S�y� �F�N�s�I�y� 

�(�7�5�)� �D
�O

�U
�L�I�S�I�S�I�Y� 

�O
�O

�r�h� �O�O�C�h�H� �O�O
�O

� �O�O
�8�E� �O�0�9�E� 

�O
�O

�F�E� 
�O

�O
�C�E� �O�O

�D�E� �O�O
�8�T� �O�0�0�9�C� �O�O

�K�C� �O�O
�C�T� �0�0�0�7� 

�F
�I
�T

� 
�I
�T

�T
� �T

�I�T
� �O�B�C� 

�0�0 ¬� 

�O�¢�E� 

�
 
�
 

�O�r�e� 

�O�9�¢� 

�O�8�¢� 

�O
�O

�V� 

�O
�c�r� 

�O
�r�b� 

�0�9�P� 

�O
�8�P� 

�
 
�
 

�O�O�S� 

� � 
� � 

�l� 
�l� 

�i� 
�l� 

�L
� 

�;� 
�l�L� 

�l� 
�L� 

�l� 
�j�l� 

�1� 
�|� 

�l�L� 
�|� 

�l� 
�l� 

�|� 
�1� 

�l� 
�L� 

�O
�7

�Z
�S

� 
�
 
�
 

�4�8� 

�Y� �s�i�m�j�e�s�o�d�u�s� �|�,



�W
�N

�I�T
� 

�o�8�p�u�g� 
�G

�L�U
� �9�p� �N

�3
�4

� 

�o�S�p�l�i�q� �Y�y�7� �9�Y�)� �J�o� �o�8�e�7�[�0�a� 
�n�d�j�y�n�o� 

�o�s�p�u�g� 
�=� 

�'�q� 

�y�u
�o

�,� �=�!� 

�U� �0�0�0�2� �=� �U� 

�
 
�
 

�
 
�
 

� � 
�
 
�
 

�
 
�
 

�
 
�
 

� � 
�
 
�
 

� � 
�
 
�
 

�
 
�
 

�
 
�
 

� � 
� � 

� � 
�
 
�
 

�
 
�
 

�
 
�
 

�4�9



�t�h�e� �b�r�i�d�g�e�s� �w�e�r�e� �a�l�l� �b�a�l�a�n�c�e�d� �a�t� �2�9�5� �K� �(�7�0� �F�)�,� �e�l�i�m�i�n�a�t�i�n�g� �t�h�e� �n�e�e�d� �f�o�r� �a� �b�a�l�a�n�c�i�n�g� 

�p�o�t�e�n�t�i�o�m�e�t�e�r� �a�n�d� �a�l�l�o�w�i�n�g� �f�o�r� �t�h�e� �d�i�r�e�c�t� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �a�b�s�o�l�u�t�e� �t�e�m�p�e�r�a�t�u�r�e� �f�r�o�m� �a� 

�r�e�s�i�s�t�a�n�c�e� �c�h�a�n�g�e�.� �T�h�e� �f�o�u�r� �b�r�i�d�g�e�s� �w�e�r�e� �p�l�a�c�e�d� �i�n� �s�e�r�i�e�s� �a�n�d� �p�o�w�e�r�e�d� �b�y� �a� �1�.�0� �m�A� 

�c�u�r�r�e�n�t� �s�o�u�r�c�e�.� �T�h�e� �r�e�s�i�s�t�a�n�c�e� �o�f� �t�h�e� �b�r�i�d�g�e� �i�s� �t�h�e�n�:� 

�3�R�E�,� �+� �I�R�?� 
�R�.�.�.� �=�  ��_�2� �4�.�3� 

�k�i�p� �I�R� �-� �E�,� �*�)� 

�S�i�n�c�e� �R� �=� �2�0�0�0� �Q� �a�n�d� �]�=� �1�.�0� �m�A� 

�6�0�0�0�E�,�,� �+� �4�0�0�0� 
�=�  ��_�2� �(�4�.�4�)� 

�R�T�D� �2� �_� �E�,� 

�w�h�e�r�e� �E�,� �i�s� �v�o�l�t�a�g�e� �o�u�t�p�u�t� �a�c�r�o�s�s� �t�h�e� �t�w�o� �a�r�m�s� �f�o�r� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �b�r�i�d�g�e�.� 

�N�o�t�e� �t�h�a�t� �t�h�e� �c�u�r�r�e�n�t� �u�s�e�d� �b�y� �t�h�e� �b�r�i�d�g�e� �c�i�r�c�u�i�t� �w�i�l�l� �c�a�u�s�e� �s�o�m�e� �h�e�a�t�i�n�g� �i�n� �t�h�e� 

�R�T�D�s�,� �w�h�i�c�h� �c�o�u�l�d� �b�e� �a� �s�o�u�r�c�e� �o�f� �e�r�r�o�r�.� �T�h�e� �p�o�w�e�r� �d�i�s�s�i�p�a�t�e�d� �b�y� �e�a�c�h� �R�T�D� �i�s� �e�q�u�a�l� �t�o� 

�t�h�e� �p�r�o�d�u�c�t� �o�f� �i�t�s� �r�e�s�i�s�t�a�n�c�e� �a�n�d� �t�h�e� �s�q�u�a�r�e� �o�f� �t�h�e� �c�u�r�r�e�n�t� �i�n� �t�h�e� �c�i�r�c�u�i�t�:� 

�P�=�D�R� �(�4�.�5�)� 

�S�i�n�c�e� �t�h�e� �c�u�r�r�e�n�t� �i�s� �0�.�0�0�1� �A� �a�n�d� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �i�s� �2�0�0�0� �9�,� �t�h�e� �p�o�w�e�r� �d�i�s�s�i�p�a�t�e�d� �b�y� �e�a�c�h� 

�R�T�D� �i�s� �0�.�0�0�2� �W�.� �T�h�i�s� �h�e�a�t�i�n�g� �i�s� �a�s�s�u�m�e�d� �t�o� �a�c�t� �u�n�i�f�o�r�m�l�y� �o�v�e�r� �t�h�e� �s�u�r�f�a�c�e� �o�f� �e�a�c�h� �R�T�D�.� 

�W�i�t�h� �a�n� �a�r�e�a� �o�f� �0�.�0�0�9�6�7�7� �m�?�,� �e�a�c�h� �R�T�D� �w�i�l�l� �s�e�e� �t�h�e� �e�f�f�e�c�t� �o�f� �o�n�l�y� �0�.�2�0�7� �W�/�m�?� �d�u�e� �t�o� 

�i�n�t�e�r�n�a�l� �h�e�a�t�i�n�g�.� �S�i�n�c�e� �3�5�0� �W�/�m �� �i�s� �a�p�p�l�i�e�d� �f�o�r� �e�a�c�h� �t�e�s�t�,� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�t�e�r�n�a�l� �h�e�a�t�i�n�g� 

�i�s� �n�e�g�l�i�g�i�b�l�e�.� 

�5�0



�4�.�2� �T�h�e�r�m�a�l� �I�m�a�g�e� �A�n�a�l�y�s�i�s� 

�H�o�n�e�y�c�o�m�b�-�c�o�r�e� �s�a�n�d�w�i�c�h� �s�t�r�u�c�t�u�r�e�s� �a�r�e� �i�n�h�e�r�e�n�t�l�y� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l�.� �F�r�o�m� �a� 

�t�h�e�r�m�a�l� �s�t�a�n�d�p�o�i�n�t� �t�h�e�y� �m�a�y� �b�e� �i�f� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �o�n� �e�a�c�h� �s�u�r�f�a�c�e� �i�s� �k�e�p�t� 

�u�n�i�f�o�r�m�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e�r�m�a�l� �i�m�a�g�e�r�y� �w�a�s� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�r�e� �t�h�e� �m�a�j�o�r� �t�h�e�r�m�a�l� 

�g�r�a�d�i�e�n�t�s� �e�x�i�s�t� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�f� �t�h�e� �i�n�-�p�l�a�n�e� �g�r�a�d�i�e�n�t�s� �a�r�e� �s�m�a�l�l� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� 

�g�r�a�d�i�e�n�t� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s�,� �t�h�e�n� �t�h�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �c�a�n� �b�e� �m�o�d�e�l�l�e�d� �a�s� �o�n�e� �d�i�m�e�n�-� 

�s�i�o�n�a�l�.� 

�T�h�e� �s�a�m�p�l�e�s� �w�e�r�e� �p�r�e�p�a�r�e�d� �i�n� �a� �m�a�n�n�e�r� �s�i�m�i�l�a�r� �t�o� �t�h�e� �w�a�y� �i�n� �w�h�i�c�h� �l�a�t�e�r� 

�e�x�p�e�r�i�m�e�n�t�s� �w�o�u�l�d� �b�e� �r�u�n� �(�s�e�e� �S�e�c�t�i�o�n� �4�.�3�)�.� �T�h�e� �o�n�l�y� �e�x�c�e�p�t�i�o�n� �w�a�s� �t�h�a�t� �o�n�e� �s�i�d�e� �o�f� �e�a�c�h� 

�s�a�m�p�l�e�s� �w�a�s� �l�e�f�t� �e�x�p�o�s�e�d�.� �T�h�e� �e�x�p�o�s�e�d� �s�i�d�e� �w�a�s� �p�a�i�n�t�e�d� �b�l�a�c�k� �i�n� �o�r�d�e�r� �t�o� �h�a�v�e� �t�h�e� 

�h�i�g�h�e�s�t� �p�o�s�s�i�b�l�e� �e�m�i�s�s�i�v�i�t�y�.� �T�h�e� �s�a�m�p�l�e� �w�a�s� �t�h�e�n� �h�e�a�t�e�d� �t�o� �s�t�e�a�d�y�-�s�t�a�t�e� �a�n�d� �v�i�e�w�e�d� �w�i�t�h� 

�a�n� �A�g�e�m�a� �T�h�e�r�m�o�v�i�s�i�o�n� �8�8�0� �t�h�e�r�m�a�l� �c�a�m�e�r�a�.� �T�h�e� �c�a�m�e�r�a� �g�a�v�e� �a�n� �i�n�f�r�a�r�e�d� �i�m�a�g�e� �o�f� �t�h�e� 

�s�a�m�p�l�e�.� 

�F�i�g�u�r�e� �4�.�7� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t�i�n�g� �i�m�a�g�e�.� �T�h�e� �c�a�m�e�r�a� �w�a�s� �a�i�m�e�d� �a�t� �a�n� �a�n�g�l�e� �w�h�i�c�h� 

�p�e�r�m�i�t�t�e�d� �a� �v�i�e�w� �o�f� �b�o�t�h� �a� �f�a�c�e� �s�h�e�e�t� �a�n�d� �t�h�e� �c�o�r�e�.� �T�h�e� �b�o�t�t�o�m� �t�h�i�r�d� �o�f� �t�h�e� �f�i�g�u�r�e� �s�h�o�w�s� 

�t�h�e� �f�a�c�e� �s�h�e�e�t�.� �A� �c�a�m�e�r�a�'�s� �v�i�e�w� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�8�.� �T�h�e�r�e� �i�s� �a� �s�m�a�l�l� 

�t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t� �f�r�o�m� �t�h�e� �e�d�g�e�s� �t�o� �t�h�e� �c�e�n�t�e�r�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �i�n� 

�m�a�g�n�i�t�u�d�e�.� �T�h�i�s� �c�o�n�f�i�r�m�s� �t�h�e� �f�a�c�t� �t�h�e� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y� �o�f� �t�h�e� �a�l�u�m�i�n�u�m�/�b�o�r�o�n� 

�m�a�t�r�i�x� �f�a�c�e� �s�h�e�e�t� �i�s� �s�u�f�f�i�c�i�e�n�t�l�y� �h�i�g�h� �e�n�o�u�g�h� �t�o� �e�l�i�m�i�n�a�t�e� �a�n�y� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t�s� �i�n� �t�h�e� 

�f�a�c�e� �s�h�e�e�t�.� �|� 
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