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(Abstract) 

Solid propellant research has mainly been directed towards 

more accurate characterization of the propellant material nature 

and more reliable structural analysis of the grain. Internal star 

grain design is among the most popular grain shapes that are used in 

today's propulsion system. Due to its complex geometry, stress 

concentrations are inevitably present around the highly curved area. 

Furthermore, this geometric effect together with various loading 

conditions throughout the grain's service life actually causes 

numerous defects inside its body. However, little is known 

concerning the three-dimensional fracture mechanism of the surface 

cracks which are the most common defects detected in the real 

rocket motor grain. 

After a brief evaluation of the current status of solid 

propellant research, stress analysis of a star grain model under 

internal pressure was performed by both photoelastic experiments 

and finite element calculations. These results illustrated the stress 

concentration effect around the star finger tip in addition to the



global stress distribution across the whole section. Meanwhile, the 

deformation of the grain's outer surface was also obtained from the 

finite element results. 

A series of photoelastic experiments was conducted on 

cracked specimens with surface flaws emanating both on and off the 

axis of symmetry starting from the star finger tip. For the 

symmetric crack problem, cracks with different depths were 

intensively studied and the three-dimensional stress intensity 

factor (SIF) distribution was obtained for each test. These 

experimental data were further used to construct three analytical 

models, the "equivalent" radius model, the weight function model and 

the notch-root crack model, to expand the application range of the 

experimental data base so that a symmetric crack's SIF distribution 

with an arbitrary depth can be predicted. 

Moreover, surface cracks initiated off the axis of symmetry 

were also investigated by considering two off-axis angles. The 

crack shape and propagation path were achieved through a series of 

experiments and two methods were developed to effectively predict 

the possible crack growth path under sufficient pressure. The SIF 

distribution around the crack border was obtained for different off- 

axis angles and the factors that might influence the distributions 

were addressed based on the comparisons between the symmetric 

and asymmetric cracks, and the asymmetric cracks with different 

geometries.
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Chapter 1: Introduction 

1.7. Propellant Fundamentals 

The original use of propellants can be dated back to several 

hundred years ago when the Chinese first designed the so-called 

"fire-arrows" (1) in their warfare to increase the effective range of 

the arrows. However, later developments in propellants were 

impeded by several undesirable characteristics of the material 

nature, among which were low thrust, accompanying flash and smoke 

during firing and hygroscopicity (2). It was only after Vieille first 

proved the effectiveness of nitrocellulose which was mainly used in 

the early single-base propellants and Nobel further introduced 

nitrocellulose-nitroglycerin, or double-base propellants, did the 

research on propellants become practical. Modern propellant studies 

were initiated around World War Il, and after the Germans had 

launched their V-2 liquid propellant missile to London, the whole 

world started to be aware of the importance of propellants to the 

future. In fact, the present use of propellants has been broadened to 

not only the military applications, but also commercial operations,



such as satellite communications, outer-space explorations, etc. 

The most significant difference between propellants and 

regular fuels is that the burning of propellants does not require the 

presence of air because the chemical compounds inside the 

propellants, called oxidizers, serve as the source of oxygen and the 

propellant is considered as a system for converting the potential 

energy inside the ingredients into the kinetic energy of the whole 

rocket. Technically speaking, propellants can be classified in 

several different ways, among which the separation of solid 

propellants from liquid propellants is the most popular one. Liquid 

propellant has the advantage of providing .large and varying thrust 

through the controllable mixing process of the fuel and oxidizer. 

However, because of the necessity of precise control, a liquid 

propellant system usually requires a more complex mechanism to 

operate and a larger number of mechanical components compared 

with the solid propellant system (figure 1.1). Also, the liquid 

propellant system is not quite suitable for long-term storage 

because of the tedious assembling and disassembling processes. 

Solid propellant, on the other hand, is credited for its advantages of 

easy handling, endurance for long time storage, and relatively simple 

operating system. In the present research, attention will be focused 

on solid propellants. 

Nowadays, solid propellants can be generally categorized into 

three types: double-base, composite and composite double-base
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propellants. Double-base propellant is basically a homogeneous 

mixture of two explosives which most commonly are nitroglycerin in 

nitrocellulose. In this type of propellant, the major ingredients 

serve to be not only the fuel, but also the oxidizer and binder. 

Because of the hazardous nature of the material itself, extreme care 

has to be taken during the manufacturing process. Composite 

propellants, on the other hand, are heterogeneous mixtures of metal 

powder (usually aluminum) serving as the fuel, fine ground 

crystalline oxidizer (usually potassium perchlorate, KCIO,, 

ammonium perchlorate, NH,CIO,, and ammonium nitrate, NH,NOg3) and 

polymeric binder (such as_ polystyrene, urea-aldehydes and 

polybutadine). Since the first appearance of composite rockets 

around 1945, extensive research has been performed towards better 

characterizing and further developing various kinds of composite 

propellants which are playing a major role in current propellant 

applications. Composite double-base propellants come from a 

combination of the first two kinds of propellants with crystalline 

oxidizer and metal fuel embedded in the matrix of the double-base 

propellant material, which makes the manufacturing process more 

hazardous than that of “pure” composite propellants. 

After the solid propellant material is extruded, cast or molded 

into a shaped mass, the so-called solid propellant grain is formed. 

The grain is usually bonded to a stiff case and serves as not only the 

fuel but also part of the whole rocket structure. Thus, it is very 

important to insure the quality control so as to keep the integrity of



the grain during manufacturing, processing, transportation, storage 

and operational stages. Accordingly, to account for the functions 

and geometries of the grain, studies should emphasize not only the 

material characterization but also the structural analysis. 

1.2 Propellant Evaluation and Testing 

Facing various applications of different rockets and so many 

factors that can alter the propellants’ behavior, the research on 

propellant evaluation and testing has been and still will be a broad 

field to be explored. Generally speaking, propellant studies can be 

divided into two branches, chemistry and mechanics, although 

interactions between the two are inevitable. From a chemical point 

of view, changing the propellant composition can alter the reactions 

among the constituents and further influence the performance of the 

whole rocket. Oxidizers, fuels and binders are certainly the 

elements that can be manipulated for different applications, such as 

the uses of higher energy, low density and toxic propellants for 

upper-stage propulsion, while lower energy, denser and non-toxic 

propellants are used for early stage launching (3). Limitations in 

chemical reactions, hazards and difficulties in manufacturing and 

processing, mechanical integrity of the formed grain (e.g. aging and



failure endurance, etc.), desired burning rate or time, thrust, and the 

production and maintenance cost are all crucial factors in selecting 

a proper kind of propellant material. 

Once the propellant is produced, the next step is to test its 

physical and mechanical properties, among which are tensile, shear, 

and compressive strength and moduli, stress-strain relationship, 

hardness, creep compliance, stress relaxation modulus, temperature 

dependency, loading rate sensitivity, damage endurance and failure 

mechanism. From the material point of view, one of the major 

concerns is to examine the characteristics of the cured binder due to 

its critical role in influencing the mechanical behavior of the whole 

propellant. No matter whether it is double-base, or composite, or 

composite modified double-base propellant, the elastomers binder 

content, in each case, is large enough to cause the whole mixture to 

possess significant time-dependent properties. The determination 

of the propellant's stress-strain constitutive relationships is 

believed to be essential in material characterization, and three 

factors, temperature, strain rate and pressure, have been proved to 

have significant effects in altering the propellant's mechanical 

behavior. The reality of the propellants experiencing temperature 

change, Strain rate upsurge and pressure alternation from _ initial 

manufacturing until final firing has motivated a long-term effort 

(4-12) in quantifying the effects from the three factors. In these 

studies, different testing methods and conditions were applied to 

various kinds of propellants, which has provided a_ valuable



experimental data base for propellant grain design. Meanwhile, 

mechanical computations, such as the adoption of the finite element 

method, combined with both linear and nonlinear viscoelastic 

theories have pushed the analytical developments to a more 

comprehensive and practical level. 

Upon the completion of the first stage material 

characterizations and engineering analysis, which is really a direct 

application of the test data and developed theories, the next step is 

to examine the failure mechanism of the propellant material and 

develop certain quality control procedures. In this field, damage 

mechanics, fracture mechanics and statistical analysis (13-18) have 

been proposed to evaluate the factors influencing the failure of 

propellants, such as the time, the instantaneous state of stress, 

specimen geometry, damage history, and the composition of the 

propellant material. Certain crack propagation laws, service life 

prediction procedures, stress intensity factor (SIF) measurements 

and failure envelopes have also been presented based on the 

accomplished material characterizations. It is noted that, although 

the analysis has provided enormous test data, empirical 

formulations and theoretical assessment, further efforts ought to be 

made towards the following directions which can considerably 

extend the application of the failure analysis. These include: 

1) More accurate and general material characterization 

2) Further considerations on complex state of stresses



3) Evaluations of both material and geometry nonlinearities 

4) Material-independent failure envelope generation 

5) Expanded experimental data base, especially on the real- 

shaped grains under the conditions of various aging history, 

temperature loading and loading rates. 

It is worth mentioning that, in the development of analytical 

models for predicting solid propellants’ failure, Schapery's theory 

and its applications (19-24) have found encouraging success in 

correlating the theoretical predictions to the test data. The 

presented micro structural model based on linear and nonlinear 

viscoelasticity theories is believed to be one of the most promising 

and practical formulations so far, despite its restrictions on 

particle shape, crack locations and orientations. 

1.3. Design and Testing of Solid Propellant Grain 

Once solid propellant grain is shaped, it serves as not only the 

fuel to provide propulsive force for the rocket, but also a structural 

element inside the whole rocket system. Due to this unique dual- 

Purpose characteristic, solid propellant grain design should not be 

limited to the research of the propellant material itself, but its



interactions with other relevant structural components ought to be 

considered. Although the efforts of formulating a comprehensive 

and practical design package started over thirty years ago, it was 

not until recent rapid developments in computing techniques and 

equipment, especially the access to large commercial computing 

packages and high speed, high accuracy super-computers, has the 

design process become a quicker and more realistic step. Recent 

progress in this area has been well documented in a lecture series 

(25-27) organized by the Advisory Group for Aerospace Research and 

Development (AGARD) under NATO, and a typical propellant grain 

design procedure is illustrated in figure 1.2 (25). 

Like any other design, the selection of a specific solid 

propellant grain has to satisfy various requirements and _ fulfill 

different tasks. The demands of providing higher thrust, longer 

burning time, better aging endurance, easier manufacturing and 

lower-cost propellant grains have fundamentally set up the final 

goals of the present research. Generally speaking, the propellant 

design can be divided into two stages: preliminary design and 

secondary design. In each stage, one also has to take into account 

both the ballistic design and the structural design requirements. As 

to the preliminary design, evaluation of the requirements, selection 

of propellant material and determination of the grain configuration 

are nearly accomplished, while the detailed design optimizations, 

propellant characterization and tailoring, and analysis of the design 

are expected to be polished in the second stage. The ballistic design
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is more or less related to the propellant grain itself and usually 

involves the considerations of physical constraints on the motor, the 

total impulse requirement, the environmental limits, etc. (27). In 

this step, the limits imposed on storage temperature and operating 

parameters, such as ignition time, peak pressure, and specified total 

impulse, are significantly influenced by the propellant material and 

the grain geometry. In order to achieve a quick selection of the 

propellant grain based on some essential requirements, an enormous 

amount of work has been performed on testing different types of 

propellant materials and grain configurations, and categorized 

information (26,28) can provide excellent insight into’ the 

mechanical characteristics of the propellants and indispensable 

guidelines for engineering design. 

In structural design, the integrity of the propellant grain 

itself and its interactions with other components, such as the liner, 

the motor case, the ignitor and the nozzle, are important features to 

be considered. Various loading conditions including thermal loads, 

acceleration loads, vibration loads and ignition pressurization can 

be imposed on the propellant grain throughout its service life, and 

measurements on the loading endurance, deformation and even 

failure mode are critical for quality control of the propellant grain. 

Extensive research (29-36) has been conducted towards better 

understanding of the grain behavior by using experimental and 

numerical methods, and the analysis has provided valuable 

information on stress (and/or strain) distributions inside the grain, 

11



which serves as one of the critical design inputs by highlighting the 

stress (and/or strain) concentration areas. As the requirements for 

optimal and accurate assessment of a specified propellant grain 

were advanced, failure analysis (37,38) and detection inevitably 

came into play and the strain energy release rate was adopted in 

predicting critical conditions of the existing flaws inside the motor 

grain. Recently developed damage evaluation techniques (39, 40) 

undoubtedly provided crucial knowledge for safety margin 

determination and service life evaluation. 

One thing that needs to be pointed out is that the ballistic 

design and structural design of the propellant grain are not 

performed separately, and the designer should keep an overall point 

of view at all time. Usually, the ballistic requirements are studied 

initially and a certain design scheme is presented. Then the 

structural design is used to evaluate the integrity of the _ initial 

design and conduct necessary changes to improve the structural 

endurance of the whole motor without significantly changing the 

Original ballistic design. 

1.4 Motivations and Objectives of the Present 

Research 
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It has been mentioned that there is a variety of propellant 

grain geometries (figure 1.3) designed for progressive, regressive, 

dual level and neutral burning purposes. Among all these designs, 

the internal star-shape configuration has been proved to be one of 

the most popular choices, especially in neutral burning grain 

applications. One of the most important practical examples is the 

selection of star-shaped grain in the well-known Minuteman 

strategic missile propulsion system. However, as the specified 

ballistic requirements are fulfilled by the use of star-shaped grain, 

the complex geometry inevitably brings about the inherent weakness 

of stress concentrations around the finger tips of the internal star 

which could be multiples of those occurring in a simple thick-wall 

cylinder. Hence, accurate stress analysis is necessary to provide 

reliable guidelines for optimizing the grain design to meet different 

ballistic and structural requirements, such as generating maximum 

total impulse within a certain burning time, eliminating any 

susceptibility of the propellant grain to mechanical failure and so 

on. Earlier work (41-44) showed some encouraging efforts in 

optimizing star grain configuration based on loading conditions and 

the tradeoffs among volumetric loading, silver fraction (see page 

22) and neutrality. Seven independent variables used to define the 

geometry of a specific internal star grain were shown to play their 

own roles in altering the grain's ballistic and structural behavior. 

In the next chapter, stress analysis of an internal star grain 

model will be performed by using the finite element method (FEM). 
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The results will not only demonstrate the stress concentration 

effect due to the presence of the star, which can be used as one of 

the informative inputs in a conventional design process, but will be 

used further in the fracture analysis. 

As was pointed out above, earlier research on solid propellant 

grain has been focused on non-damage design, or at most two- 

dimensional fracture analysis. In reality, numerous cracks and 

defects, especially surface flaws, have been detected inside the 

grain as a result of manufacture, transportation, storage and 

operation processes. These imperfections enlarge the designed 

burning area, provide a progressive burning rate to destroy the 

neutrality of the grain, shorten the designed burning time, or even 

lead to the catastrophic failure of the whole structure. Hence, it 

becomes imperative to further push the propellant research into the 

field where the adoption of fracture mechanics concepts is an 

inevitable trend. 

However, due to the complex geometry of the internal star 

grain, little is known of the’ three-dimensional effects 

accompanying the surface flaws which are one of the major types of 

cracks inside the grain. Meanwhile, the non-uniform stress 

distribution field will further complicate the problem, especially 

for the cracks off the symmetric axis of the grain. The present 

research is motivated to fill this unknown void so as to reduce the 

uncertainty in structural integrity assessment and provide a cost 
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effective approach to rational analysis and design of the motor 

grain. 

Generally speaking, both the propellant material and the grain 

shape are crucial in determining a motor grain's final performance. 

Hence, in order to accurately assess the surface cracks’ behavior, 

comprehensive research should be directed towards these two 

directions, i.e. trying to characterize the failure mechanism of the 

grain with a complex geometry by considering the material's 

viscoelastic nature. Up to now, the failure analysis of viscoelastic 

propellant material is still in a stage where specimens with simple 

geometries are tested and the experiments. are usually designed to 

simulate the stress conditions in the real grain geometry, such as 

the biaxial and triaxial tensile tests. Fortunately, experiments have 

shown that when the propellant is under hydrostatic pressure, which 

is approximately the case when it is fired, the material tends to 

behave pseudo-elastically. This observation opens the door to 

separately consider the viscoelastic material behavior and the 

complex geometric effect of the grain. In the present research, 

geometric effects are to be emphasized and surface cracks at 

different locations will be considered. Stress intensity factors 

(SIF's) around the border of the cracks are to be extracted to reveal 

the three-dimensional effects, and the crack propagation path will 

also be determined. 

Based on the experimental data base, analytical and numerical 
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models will be developed to serve as a practical rationale for wider 

applications, and at the same time, the advantages and shortcomings 

of these models will be addressed. 
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Chapter 2: Stress Analysis of the Internal 

Star Grain 

2.1. Introduction to the Star-Shaped Grain 

The term star-shaped grain comes from the shape of the 

grain's internal perforation. Usually, the cross-section of the star- 

shaped grain is kept constant along the motor's longitudinal 

direction, while some slight evolvement may be present for 

manufacturing ease (figure 2.1). One of the most important features 

of the internal star grain is its neutrality, for the thrust generated 

by the burning of the grain is kept constant or very close to constant 

throughout its operation (figure 2.2), which is controlled by the 

designed constant burning area as the grain burns. 

There are seven independent geometric parameters that define 

the configuration of a star grain (figure 2.3), and the most common 

ones are: 

R: grain outer radius 

N: number of star points 
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�s�p�e�c�i�f�i�c�a�l�l�y�,� �i�t�s� �m�e�c�h�a�n�i�c�a�l� �r�e�s�p�o�n�s�e�,� �a�t� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e�,� �i�s� 

�v�i�s�c�o�e�l�a�s�t�i�c�,� �w�h�i�c�h� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �K�e�l�v�i�n� �s�p�r�i�n�g�-�d�a�s�h�p�o�t� 

�m�o�d�e�l�,� �w�h�i�l�e� �a�b�o�v�e� �i�t�s� �c�r�i�t�i�c�a�l� �t�e�m�p�e�r�a�t�u�r�e� �w�h�i�c�h� �i�s� �a�r�o�u�n�d� �2�5�0�°�F�,� 

�t�h�e� �m�a�t�e�r�i�a�l�'�s� �b�e�h�a�v�i�o�r� �c�h�a�n�g�e�s� �i�n�t�o� �t�h�e� �e�l�a�s�t�i�c� �r�e�g�i�m�e� �w�i�t�h� �i�t�s� 

�Y�o�u�n�g�'�s� �m�o�d�u�l�u�s� �a�n�d� �s�t�r�e�s�s� �f�r�i�n�g�e� �s�e�n�s�i�t�i�v�i�t�y� �b�e�i�n�g� �0�.�2�%� �a�n�d� �2�0� 
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�T�a�b�l�e� �2�.�1�:� �M�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �P�L�M�-�9� �p�r�o�v�i�d�e�d� �b�y� 

�P�h�o�t�o�l�a�s�t�i�c� �I�n�c�.� 

� � � � � � � � �E�l�a�s�t�i�c� �"�C�"�-�S�t�r�e�s�s� �O�p�t�i�c�a�l� �C�o�e�f�.� �o�f� 
� � � � � � � � � � � � � � �T�e�n�s�i�l�e� 

� � 

�T�e�m�p�e�r�a�t�u�r�e� �|� �M�o�d�u�l�u�s� �E� �C�o�n�s�t�a�n�t� �.� �|� �E�x�p�a�n�s�i�o�n� 
�C�o�n�d�i�t�i�o�n� �1�0�0�0� �p�s�i� �p�s�i�/�f�r�i�n�g�e�/�i�n� �o�a� �P�P�M�/�°�F� �V� 

�(�G�P�a�)� �(�k�P�a�/�f�r�i�n�g�e�/�m�)� �(�P�P�M�/�°�C�)� 

�R�o�o�m� 
�T�e�m�p�e�r�a�t�u�r�e� �|� �4�8�0� �(�3�.�3�)� �6�0� �(�1�0�.�5�)� �7�5�0�0� �(�5�0�)� �|� �3�9� �(�7�0�)� �|� �0�.�3�6� 

�(�7�2�°�F� �o�r� 
�2�2�°�C�)� 
� � 

�S�t�r�e�s�s�-� 
�F�r�e�e�z�i�n�g� 

�T�e�m�p�e�r�a�t�u�r�e� 
�2�3�0�-�2�5�0�°�F� 

�(�1�1�0�-�1�2�0�°�C�)� 

�6�.�0� �(�0�.�0�4�1�)� �2�.�7� �(�0�.�5�0�)� �>�1�5�0� �(�>�1�.�0�)�]� �9�0� �(�1�6�2�)� � � � � � � � � � � 
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�t�i�m�e�s� �o�f� �t�h�o�s�e� �a�t� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �h�a�v�e� 

�m�a�d�e� �t�h�e� �m�a�t�e�r�i�a�l� �b�e� �m�u�c�h� �m�o�r�e� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �l�o�a�d�i�n�g� �a�b�o�v�e� �t�h�e� 

�c�r�i�t�i�c�a�l� �t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� �i�f� �t�h�e� �l�o�a�d� �i�s� �k�e�p�t� �u�n�c�h�a�n�g�e�d� �d�u�r�i�n�g� �t�h�e� 

�c�o�o�l�i�n�g� �p�r�o�c�e�s�s� �b�a�c�k� �t�o� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e�,� �t�h�e� �e�l�a�s�t�i�c� �r�e�c�o�v�e�r�y� �d�u�e� 

�t�o� �t�h�e� �r�e�m�o�v�a�l� �o�f� �t�h�e� �l�o�a�d� �i�s� �n�e�g�l�i�g�i�b�l�e� �b�e�c�a�u�s�e� �o�f� �i�t�s� �r�e�l�a�t�i�v�e�l�y� 

�h�i�g�h�e�r� �s�t�i�f�f�n�e�s�s� �a�n�d� �l�o�w�e�r� �s�t�r�e�s�s� �f�r�i�n�g�e� �s�e�n�s�i�t�i�v�i�t�y� �a�t� �r�o�o�m� 

�t�e�m�p�e�r�a�t�u�r�e�.� �M�e�a�n�w�h�i�l�e�,� �t�h�e� �P�o�i�s�s�o�n�'�s� �r�a�t�i�o� �o�f� �t�h�i�s� �m�a�t�e�r�i�a�l� �i�s� 

�i�n�c�r�e�a�s�e�d� �t�o� �0�.�5� �a�b�o�v�e� �t�h�e� �c�r�i�t�i�c�a�l� �t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� �t�h�u�s� �t�h�e� 

�m�a�t�e�r�i�a�l� �s�h�o�w�s� �i�n�c�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �w�h�i�c�h� �i�s� �a�l�s�o� �t�h�e� �c�a�s�e� �f�o�r� �a� 

�t�y�p�i�c�a�l� �u�n�d�a�m�a�g�e�d� �s�o�l�i�d� �p�r�o�p�e�l�l�a�n�t� �m�a�t�e�r�i�a�l�.� 

�A�s� �f�a�r� �a�s� �t�h�e� �l�o�a�d�i�n�g� �i�s� �c�o�n�c�e�r�n�e�d�,� �i�n�t�e�r�n�a�l� �p�r�e�s�s�u�r�e�,� �w�h�i�c�h� �i�s� 

�o�n�e� �o�f� �t�h�e� �m�a�j�o�r� �t�y�p�e�s� �o�f� �f�o�r�c�e�s� �d�u�e� �t�o� �t�h�e� �b�u�r�n�i�n�g� �o�f� �t�h�e� �p�r�o�p�e�l�l�a�n�t�,� 

�w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �m�o�d�e�l� �c�y�l�i�n�d�e�r�.� �F�o�r� �t�h�i�s� �p�u�r�p�o�s�e�,� �t�w�o� �P�S�M�-�9� 

�p�l�a�t�e�s� �w�e�r�e� �b�o�n�d�e�d� �t�o� �b�o�t�h� �e�n�d�s� �o�f� �t�h�e� �c�y�l�i�n�d�e�r� �w�i�t�h� �a� �h�o�l�e� �d�r�i�l�l�e�d� 

�a�t� �o�n�e� �s�i�d�e� �t�h�r�o�u�g�h� �w�h�i�c�h� �t�h�e� �a�i�r� �p�r�e�s�s�u�r�e� �c�o�u�l�d� �b�e� �a�p�p�l�i�e�d� �(�f�i�g�u�r�e� 

�2�.�5�)�.� �T�h�e� �h�o�l�e� �w�a�s� �t�h�r�e�a�d�e�d� �a�n�d� �a� �c�o�p�p�e�r� �p�i�p�e� �c�o�n�n�e�c�t�e�d� �t�o� �t�h�e� �a�i�r� 

�c�o�n�t�r�o�l� �v�a�l�v�e� �w�a�s� �e�x�t�e�n�d�e�d� �i�n�t�o� �t�h�e� �c�y�l�i�n�d�e�r� �w�i�t�h� �T�e�f�l�o�n� �t�a�p�e� 

�w�r�a�p�p�e�d� �a�r�o�u�n�d� �i�t� �t�o� �a�v�o�i�d� �l�e�a�k�a�g�e�.� �M�e�a�n�w�h�i�l�e�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� 

�s�i�m�i�l�a�r�i�t�y� �o�f� �t�h�e� �m�a�j�o�r� �m�e�c�h�a�n�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �b�e�t�w�e�e�n� �P�S�M�-�9� �a�n�d� 

�P�L�M�-�9�,� �t�h�e� �m�i�s�m�a�t�c�h� �b�e�t�w�e�e�n� �t�h�e� �e�n�d� �c�a�p�s� �a�n�d� �t�h�e� �c�y�l�i�n�d�e�r� �d�u�e� �t�o� 

�t�h�e� �c�h�a�n�g�e� �o�f� �t�e�m�p�e�r�a�t�u�r�e� �w�a�s� �m�i�n�i�m�i�z�e�d�,� �a�n�d� �t�h�u�s� �p�o�s�s�i�b�l�e� �s�t�r�e�s�s� 

�c�o�n�c�e�n�t�r�a�t�i�o�n� �a�t� �t�h�e�s�e� �c�r�i�t�i�c�a�l� �b�o�n�d�i�n�g� �a�r�e�a�s� �w�a�s� �g�r�e�a�t�l�y� �r�e�d�u�c�e�d�.� 

�A�l�s�o�,� �a� �s�a�n�d�i�n�g� �p�r�o�c�e�s�s� �o�f� �t�h�e� �b�o�n�d�i�n�g� �s�u�r�f�a�c�e�s� �o�f� �t�h�e� �p�l�a�t�e�s� �a�n�d� 

�c�y�l�i�n�d�e�r� �w�a�s� �p�r�o�v�e�d� �t�o� �b�e� �v�e�r�y� �h�e�l�p�f�u�l� �t�o� �e�n�h�a�n�c�e� �t�h�e� �b�o�n�d�i�n�g� 

�C�a�p�a�b�i�l�i�t�y�,� �a�n�d� �i�t� �i�s� �s�t�r�o�n�g�l�y� �r�e�c�o�m�m�e�n�d�e�d� �i�n� �t�h�e� �t�e�s�t�s� �w�h�e�r�e� 
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�C�i�r�c�u�l�a�r� �h�o�l�e� �w�i�t�h� �t�h�r�e�a�d�s� 
�(�9�.�5�2�5�m�m� �i�n� �d�i�a�m�e�t�e�r�)� 

� � 

�P�L�M�-�9� �s�t�a�r�-�s�h�a�p�e�d� 
�c�u�t�o�u�t� �c�y�l�i�n�d�e�r� 

�N�N� � � 
�3�0�4�.�8�m�m� 

�P�S�M�-�9� �e�n�d� �c�a�p� 

!"� �a�s� � � � � � � 
�F�i�g�.�2�.�5�:� �P�r�e�p�a�r�e�d� �i�n�t�e�r�n�a�l� �s�t�a�r� �g�r�a�i�n� �m�o�d�e�l�.� 
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�r�e�l�a�t�i�v�e�l�y� �h�i�g�h� �p�r�e�s�s�u�r�e� �i�s� �n�e�e�d�e�d�.� �D�e�t�a�i�l�e�d� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �m�a�t�e�r�i�a�l� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� �s�p�e�c�i�m�e�n� �p�r�e�p�a�r�a�t�i�o�n� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �r�e�f�e�r�e�n�c�e� 

�(�4�5�)�.� 

�2�.�3� �S�t�r�e�s�s� �A�n�a�l�y�s�i�s� �o�f� �t�h�e� �M�o�t�o�r� �G�r�a�i�n� 

�2�.�3�.�1� �E�x�p�e�r�i�m�e�n�t�a�l� �S�t�r�e�s�s� �A�n�a�l�y�s�i�s� 

�O�n�c�e� �t�h�e� �s�p�e�c�i�m�e�n� �w�a�s� �p�r�e�p�a�r�e�d�,� �i�t� �w�a�s� �l�e�f�t� �i�n� �a� �t�h�e�r�m�a�l� 

�c�o�n�t�r�o�l� �o�v�e�n� �a�n�d� �t�h�e� �s�t�r�e�s�s�-�f�r�e�e�z�i�n�g� �c�y�c�l�e� �w�a�s� �c�o�n�d�u�c�t�e�d� �w�i�t�h� �a� 

�4�7�.�4�k�P�a� �(�6�.�9�p�s�i�)� �i�n�t�e�r�n�a�l� �p�r�e�s�s�u�r�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �c�y�l�i�n�d�e�r�.� �T�h�e� 

�s�t�r�e�s�s�-�f�r�e�e�z�i�n�g� �c�y�c�l�e� �w�a�s� �a� �p�r�e�d�e�t�e�r�m�i�n�e�d� �h�e�a�t�i�n�g�-�s�o�a�k�i�n�g�-�c�o�o�l�i�n�g� 

�p�r�o�c�e�s�s� �w�h�e�r�e� �t�h�e� �m�a�t�e�r�i�a�l�'�s� �c�r�i�t�i�c�a�l� �t�e�m�p�e�r�a�t�u�r�e� �w�a�s� �r�e�a�c�h�e�d� 

�t�h�r�o�u�g�h� �h�e�a�t�i�n�g�,� �p�r�e�s�s�u�r�e� �w�a�s� �a�p�p�l�i�e�d� �a�f�t�e�r� �t�h�e� �s�p�e�c�i�m�e�n� �w�a�s� �f�u�l�l�y� 

�s�o�a�k�e�d� �a�n�d� �r�e�m�a�i�n�e�d� �u�n�c�h�a�n�g�e�d� �t�i�l�l� �i�t�s� �r�e�m�o�v�a�l� �a�t� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e�.� 

�T�h�e� �h�e�a�t�i�n�g� �a�n�d� �c�o�o�l�i�n�g� �p�r�o�c�e�s�s�e�s� �s�h�o�u�l�d� �b�e� �s�l�o�w� �e�n�o�u�g�h� �t�o� �a�v�o�i�d� 

�a�n�y� �p�o�s�s�i�b�l�e� �t�h�e�r�m�a�l�l�y�-�i�n�d�u�c�e�d� �s�t�r�e�s�s� �i�n�s�i�d�e� �t�h�e� �s�p�e�c�i�m�e�n� �w�h�i�c�h� 

�w�o�u�l�d� �c�a�u�s�e� �e�r�r�o�r� �i�f� �o�n�e� �o�n�l�y� �w�a�n�t�s� �t�o� �s�t�u�d�y� �t�h�e� �i�n�f�l�u�e�n�c�e� �f�r�o�m� �t�h�e� 

�m�e�c�h�a�n�i�c�a�l� �l�o�a�d�i�n�g�.� 

�U�p�o�n� �t�h�e� �c�o�m�p�l�e�t�i�o�n� �o�f� �a� �t�e�s�t�,� �a� �1�2�.�7�m�m� �(�0�.�5�"�)� �t�h�i�c�k� �r�i�n�g� 

�s�p�e�c�i�m�e�n� �w�a�s� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �m�i�d�-�s�e�c�t�i�o�n� �o�f� �t�h�e� �c�y�l�i�n�d�e�r� �a�n�d� �t�h�e� 
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�i�s�o�c�h�r�o�m�a�t�i�c� �f�r�i�n�g�e�s�,� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�e�d� �t�h�e� �i�n�-�p�l�a�n�e� �m�a�x�i�m�u�m� 

�s�h�e�a�r� �s�t�r�e�s�s� �c�o�n�t�o�u�r�s�,� �w�e�r�e� �r�e�v�e�a�l�e�d� �t�h�r�o�u�g�h� �a� �c�i�r�c�u�l�a�r� �p�o�l�a�r�i�s�c�o�p�e� 

�s�e�t�u�p� �w�i�t�h� �d�a�r�k� �b�a�c�k�g�r�o�u�n�d� �(�f�i�g�u�r�e� �2�.�6�)�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �i�s�o�c�h�r�o�m�a�t�i�c� �f�r�i�n�g�e�s� �a�r�e� �d�i�r�e�c�t�l�y� �r�e�l�a�t�e�d� �t�o� �t�h�e� 

�i�n�-�p�l�a�n�e� �m�a�x�i�m�u�m� �s�h�e�a�r� �s�t�r�e�s�s�,� �t�m�a�,�,� �i�t� �i�s� �v�e�r�y� �e�a�s�y� �t�o� �f�i�g�u�r�e� �o�u�t� 

�t�h�e� �s�t�r�e�s�s� �v�a�r�i�a�t�i�o�n� �a�l�o�n�g� �t�h�e� �i�n�n�e�r� �s�u�r�f�a�c�e� �o�f� �t�h�e� �c�y�l�i�n�d�e�r� �b�y� 

�n�o�t�i�c�i�n�g� �t�h�a�t� �o�n�e� �o�f� �t�h�e� �i�n�-�p�l�a�n�e� �p�r�i�n�c�i�p�a�l� �s�t�r�e�s�s�e�s� �i�s� �a�c�t�u�a�l�l�y� �t�h�e� 

�i�n�t�e�r�n�a�l� �p�r�e�s�s�u�r�e� �a�c�t�i�n�g� �n�o�r�m�a�l� �t�o� �t�h�e� �b�o�u�n�d�a�r�y�.� �F�i�r�s�t� �o�f� �a�l�l�,� �t�h�e� �i�n�-� 

�p�l�a�n�e� �m�a�x�i�m�u�m� �s�h�e�a�r� �s�t�r�e�s�s� �c�a�n� �b�e� �e�v�a�l�u�a�t�e�d� �f�r�o�m� �t�h�e� �s�t�r�e�s�s�-� 

�o�p�t�i�c�a�l� �l�a�w�:� 
�n�f� 

�T�m�a�x� �-� �5�4� �(�2�.�1�)� 

�w�h�e�r�e� �n�=�i�s�o�c�h�r�o�m�a�t�i�c� �f�r�i�n�g�e� �o�r�d�e�r� 

�f�=�m�a�t�e�r�i�a�l� �f�r�i�n�g�e� �v�a�l�u�e� 

�t�=�s�p�e�c�i�m�e�n� �t�h�i�c�k�n�e�s�s� 

�T�h�e� �m�a�t�e�r�i�a�l� �f�r�i�n�g�e� �v�a�l�u�e� �w�a�s� �p�r�e�d�e�t�e�r�m�i�n�e�d� �b�y� �t�w�o� �_� �f�o�u�r�-� 

�p�o�i�n�t� �b�e�n�d�i�n�g� �c�a�l�i�b�r�a�t�i�o�n� �t�e�s�t�s� �a�n�d� �t�h�e� �d�e�t�a�i�l�e�d� �p�r�o�c�e�d�u�r�e� �f�o�r� 

�c�o�n�d�u�c�t�i�n�g� �s�u�c�h� �t�e�s�t�s� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �r�e�f�e�r�e�n�c�e� �(�4�5�)�.� �T�h�u�s�,� �b�y� 

�c�o�u�n�t�i�n�g� �t�h�e� �f�r�i�n�g�e� �o�r�d�e�r� �a�t� �a� �c�e�r�t�a�i�n� �p�o�i�n�t�,� �t�h�e� �e�x�p�e�c�t�e�d� �i�n�-�p�l�a�n�e� 

�m�a�x�i�m�u�m� �s�h�e�a�r� �s�t�r�e�s�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d�.� �M�e�a�n�w�h�i�l�e�,� �f�o�r� �a� �p�l�a�n�e� 

�p�r�o�b�l�e�m�,� �t�h�e� �i�n�-�p�l�a�n�e� �m�a�x�i�m�u�m� �s�h�e�a�r� �s�t�r�e�s�s� �c�a�n� �b�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� 

�p�r�i�n�c�i�p�a�l� �s�t�r�e�s�s�e�s� �a�s�:� 

�T�m�a�x� �=� �5�1�0�1�-� �G�e� �(�2�.�2�)� 
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� � 
�F�i�g�.�2�.�6�:� �I�s�o�c�h�r�o�m�a�t�i�c� �f�r�i�n�g�e� �p�a�t�t�e�r�n� �i�n� �a� �t�r�a�n�s�v�e�r�s�e� �s�l�i�c�e� �o�f� 

�t�h�e� �p�r�o�p�e�l�l�a�n�t� �m�o�d�e�l� �s�u�b�j�e�c�t�e�d� �t�o� �i�n�t�e�r�n�a�l� �p�r�e�s�s�u�r�e�.� 
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�T�h�u�s�,� �b�y� �c�o�n�n�e�c�t�i�n�g� �e�q�u�a�t�i�o�n�s� �(�2�.�1�)� �a�n�d� �(�2�.�2�)�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e� 

�b�e�t�w�e�e�n� �t�h�e� �t�w�o� �p�r�i�n�c�i�p�a�l� �s�t�r�e�s�s�e�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d�.� �S�i�n�c�e� �t�h�e� 

�a�p�p�l�i�e�d� �p�r�e�s�s�u�r�e� �w�a�s� �i�d�e�n�t�i�f�i�e�d� �a�s� �o�n�e� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�r�e�s�s�e�s� 

�a�l�o�n�g� �t�h�e� �i�n�n�e�r� �b�o�u�n�d�a�r�y�,� �t�h�e� �n�e�x�t� �s�t�e�p� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �o�t�h�e�r� 

�p�r�i�n�c�i�p�a�l� �s�t�r�e�s�s� �b�e�c�a�m�e� �a� �f�a�i�r�l�y� �s�i�m�p�l�e� �p�r�o�c�e�s�s�.� 

�F�o�l�l�o�w�i�n�g� �t�h�e� �a�b�o�v�e� �r�e�a�s�o�n�i�n�g�,� �o�n�e� �c�o�u�l�d� �o�b�t�a�i�n� �t�h�e� �v�a�r�i�a�t�i�o�n�s� 

�o�f� �6�,�,� �O�o�,� �a�n�d� �t�m�a�y� �a�l�o�n�g� �t�h�e� �i�n�n�e�r� �s�u�r�f�a�c�e� �o�f� �t�h�e� �c�y�l�i�n�d�e�r� �s�t�a�r�t�i�n�g� 

�f�r�o�m� �t�h�e� �s�t�a�r� �f�i�n�g�e�r� �t�i�p� �(�f�i�g�u�r�e� �2�.�7�)�.� �I�f� �o�n�e� �s�e�t�s� �u�p� �a� �l�o�c�a�l� 

�c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �m�o�v�i�n�g� �a�l�o�n�g� �t�h�e� �i�n�n�e�r� �s�u�r�f�a�c�e� �(�f�i�g�u�r�e� �2�.�8�)�,� �t�h�e� 

�p�r�i�n�c�i�p�a�l� �s�t�r�e�s�s� �i�n� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �d�i�r�e�c�t�i�o�n� �(�x�,� �d�i�r�e�c�t�i�o�n�)� �i�s� 

�i�n�f�l�u�e�n�t�i�a�l� �i�n� �c�a�u�s�i�n�g� �p�o�s�s�i�b�l�e� �c�r�a�c�k�s� �b�e�c�a�u�s�e� �i�t� �t�e�n�d�s� �t�o� �o�p�e�n� �u�p� �t�h�e� 

�s�u�r�f�a�c�e� �m�i�c�r�o�-�d�e�f�e�c�t�s� �t�h�a�t� �w�e�r�e� �c�r�e�a�t�e�d� �i�n� �t�h�e� �e�a�r�l�i�e�r� �s�t�a�g�e�s�,� �s�u�c�h� 

�a�s� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�,� �t�r�a�n�s�p�o�r�t�a�t�i�o�n� �a�n�d� �s�t�o�r�a�g�e� �p�r�o�c�e�s�s�e�s�.� �I�t� �i�s� 

�i�n�t�e�r�e�s�t�i�n�g� �t�o� �s�e�e�,� �f�r�o�m� �f�i�g�u�r�e� �2�.�7�,� �h�o�w� �t�h�i�s� �t�a�n�g�e�n�t�i�a�l� �s�t�r�e�s�s� �v�a�r�i�e�s� 

�f�r�o�m� �t�h�e� �m�a�x�i�m�u�m� �t�e�n�s�i�l�e� �s�t�r�e�s�s� �a�t� �t�h�e� �s�t�a�r� �f�i�n�g�e�r� �t�i�p� �d�o�w�n� �t�o� �a� 

�c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�s�s� �a�S� �O�n�e� �m�o�v�e�s� �a�w�a�y� �f�r�o�m� �t�h�e� �g�r�o�o�v�e�.� �_� �T�h�i�s� 

�a�l�t�e�r�n�a�t�i�o�n� �h�a�s� �a� �l�a�r�g�e� �g�r�a�d�i�e�n�t� �i�n� �t�h�e� �c�u�r�v�e�d� �s�e�c�t�i�o�n�,� �w�h�i�c�h� 

�s�u�g�g�e�s�t�s� �a� �v�e�r�y� �l�o�c�a�l� �s�t�r�e�s�s� �c�o�n�c�e�n�t�r�a�t�i�o�n� �d�u�e� �t�o� �t�h�e� �t�o�p� �p�a�r�t� �o�f� �t�h�e� 

�s�t�a�r� �f�i�n�g�e�r�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �a� �n�e�a�r�l�y� �b�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�s�s� 

�s�t�a�t�e� �w�a�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �s�t�r�a�i�g�h�t� �l�i�n�e� �s�e�c�t�i�o�n� �(�A�-�A�'� �i�n� �f�i�g�u�r�e� �2�.�8�)�,� 

�i�n�d�i�c�a�t�i�n�g� �a� �l�e�s�s� �d�a�n�g�e�r�o�u�s� �s�i�t�u�a�t�i�o�n� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �c�u�r�v�e�d� 

�s�e�c�t�i�o�n�.� �T�h�e�s�e� �o�b�s�e�r�v�a�t�i�o�n�s�,� �i�n� �p�r�a�c�t�i�c�e�,� �n�o�t� �o�n�l�y� �i�l�l�u�s�t�r�a�t�e�d� �t�h�e� 

�s�t�r�e�s�s� �c�o�n�c�e�n�t�r�a�t�i�o�n� �e�f�f�e�c�t�,� �b�u�t� �p�r�o�v�i�d�e�d� �i�n�f�o�r�m�a�t�i�v�e� �i�n�s�i�g�h�t� �i�n�t�o� 

�p�r�o�p�e�l�l�a�n�t� �m�a�t�e�r�i�a�l� �t�e�s�t�i�n�g�.� �F�i�r�s�t� �o�f� �a�l�l�,� �b�e�c�a�u�s�e� �t�h�e� �p�r�o�p�e�l�l�a�n�t� 

�g�r�a�i�n� �e�x�p�e�r�i�e�n�c�e�s� �d�i�f�f�e�r�e�n�t� �s�t�r�e�s�s� �s�t�a�t�e�s� �a�t� �d�i�f�f�e�r�e�n�t� �l�o�c�a�t�i�o�n�s�,� �i�t� 
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�0� �6� �1�2� �1�8� �2�4� �3�0� 

�D�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �s�t�a�r� �f�i�n�g�e�r� �t�i�p� �a�l�o�n�g� �t�h�e� �i�n�n�e�r� �p�e�r�i�p�h�e�r�y�,� �x�(�m�m�)� 

�F�i�g�.�2�.�7�:� �0�4�,� �O�2� �a�n�d� �t�r�a�x� �v�a�r�i�a�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �i�n�n�e�r� �p�e�r�i�p�h�e�r�y� 

�o�f� �t�h�e� �s�t�a�r� �g�r�a�i�n� �m�o�d�e�l� �u�n�d�e�r� �a� �4�7�.�4�k�P�a� �(�6�.�9�p�s�i�)� 

�p�r�e�s�s�u�r�e�.� 
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�O�u�t�e�r� �B�o�u�n�d�a�r�y� �A�x�i�s� �o�f� �S�y�m�m�e�t�r�y� 

� � � � �I�n�n�e�r� �B�o�u�n�d�a�r�y� 

�F�i�g�.�2�.�8�:� �L�o�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �a�l�o�n�g� �t�h�e� �i�n�n�e�r� �b�o�u�n�d�a�r�y� �o�f� 

�t�h�e� �g�r�a�i�n� �m�o�d�e�l�.� 
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�i�s� �o�b�v�i�o�u�s�l�y� �w�o�r�t�h� �t�e�s�t�i�n�g� �w�h�e�t�h�e�r� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� 

�p�r�o�p�e�l�l�a�n�t� �m�a�t�e�r�i�a�l� �i�s� �t�h�e� �s�a�m�e� �f�o�r� �t�e�n�s�i�l�e� �a�n�d� �c�o�m�p�r�e�s�s�i�v�e� 

�s�t�r�e�s�s�e�s�,� �w�h�i�c�h� �i�s� �d�e�f�i�n�i�t�e�l�y� �b�e�n�e�f�i�c�i�a�l� �f�o�r� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �w�h�o�l�e� 

�g�r�a�i�n�'�s� �b�e�h�a�v�i�o�r� �u�p�o�n� �l�o�a�d�i�n�g�.� �I�n� �r�e�a�l�i�t�y�,� �e�x�p�e�r�i�m�e�n�t�s� �(�1�3�)� �s�h�o�w�e�d� 

�d�i�s�s�i�m�i�l�a�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �w�h�e�n� �t�h�e� �p�r�o�p�e�l�l�a�n�t� �w�a�s� �l�o�a�d�e�d� �u�n�d�e�r� 

�d�i�f�f�e�r�e�n�t� �s�t�r�e�s�s� �c�o�n�d�i�t�i�o�n�s�,� �i�n�c�l�u�d�i�n�g� �t�e�n�s�i�o�n� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n� 

�s�t�r�e�s�s� �s�t�a�t�e�s�.� �S�e�c�o�n�d�l�y�,� �s�i�n�c�e� �a� �l�a�r�g�e� �s�e�c�t�i�o�n� �o�f� �t�h�e� �i�n�n�e�r� �s�u�r�f�a�c�e� 

�o�f� �t�h�e� �g�r�a�i�n� �w�a�s� �u�n�d�e�r� �a� �n�e�a�r�l�y� �b�i�a�x�i�a�l� �(�o�r� �e�v�e�n� �t�r�i�a�x�i�a�l� �i�f� �t�h�e� �t�h�i�r�d� 

�d�i�r�e�c�t�i�o�n� �i�s� �c�o�n�s�i�d�e�r�e�d�)� �s�t�r�e�s�s� �s�t�a�t�e�,� �t�h�e� �b�i�a�x�i�a�l� �o�r� �t�r�i�a�x�i�a�l� 

�s�p�e�c�i�m�e�n�s� �w�i�t�h� �s�i�m�p�l�e�r� �g�e�o�m�e�t�r�i�e�s� �a�r�e� �e�x�p�e�c�t�e�d� �t�o� �p�r�o�v�i�d�e� �v�a�l�u�a�b�l�e� 

�d�a�t�a� �b�e�c�a�u�s�e� �o�f� �t�h�e� �s�i�m�i�l�a�r� �s�t�r�e�s�s� �s�t�a�t�e� �i�n� �t�h�e� �r�e�a�l� �g�r�a�i�n�.� �T�h�r�o�u�g�h� 

�t�h�e� �y�e�a�r�s�,� �v�a�r�i�o�u�s� �k�i�n�d�s� �o�f� �s�p�e�c�i�m�e�n�s� �w�e�r�e� �d�e�v�e�l�o�p�e�d� �b�a�s�e�d� �o�n� 

�s�i�m�i�l�a�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �o�f� �a�n�a�l�y�z�i�n�g� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n�s�i�d�e� 

�t�h�e� �g�r�a�i�n�,� �a�n�d� �m�o�r�e� �d�e�t�a�i�l�e�d� �i�n�f�o�r�m�a�t�i�o�n� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �r�e�f�e�r�e�n�c�e� �4�.� 

�T�h�e�o�r�e�t�i�c�a�l�l�y� �s�p�e�a�k�i�n�g� �,� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�r�e�s�s�e�s� �a�t� �e�v�e�r�y� �p�o�i�n�t� 

�c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �i�s�o�c�h�r�o�m�a�t�i�c�s� �p�a�t�t�e�r�n� �b�y� �c�e�r�t�a�i�n� 

�S�e�p�a�r�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�,� �s�u�c�h� �a�s� �t�h�e� �s�h�e�a�r� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d� �a�n�d� 

�F�i�l�o�n�'�s� �m�e�t�h�o�d� �(�4�6�)�.� �I�n� �r�e�a�l�i�t�y�,� �i�t� �c�o�u�l�d� �b�e� �t�e�d�i�o�u�s� �a�n�d� �n�o�t� �a�c�c�u�r�a�t�e� 

�e�n�o�u�g�h� �d�u�e� �t�o� �t�h�e� �d�i�f�f�i�c�u�l�t�y� �i�n� �p�r�e�c�i�s�e�l�y� �l�o�c�a�t�i�n�g� �t�h�e� �b�r�o�a�d� �i�s�o�c�l�i�n�i�c� 

�b�a�n�d�s� �a�n�d� �m�e�a�s�u�r�i�n�g� �t�h�e�i�r� �i�n�t�e�r�s�e�c�t�i�o�n� �a�n�g�l�e�s� �w�i�t�h� �a�_� �c�e�r�t�a�i�n� 

�d�i�r�e�c�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �t�h�i�s� �s�t�e�p� �i�s� �o�m�i�t�t�e�d� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�a�n�a�l�y�s�i�s�,� �b�u�t� �w�i�l�l� �b�e� �s�u�p�p�l�e�m�e�n�t�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�n�a�l�y�s�i�s�.� �A�t� �t�h�e� �s�a�m�e� �t�i�m�e�,� �t�h�e� �p�r�e�v�i�o�u�s�l�y� �o�b�t�a�i�n�e�d� �e�x�p�e�r�i�m�e�n�t�a�l� 

�r�e�s�u�l�t�s� �a�r�e� �t�o� �b�e� �u�s�e�d� �t�o� �c�h�e�c�k� �t�h�e� �c�o�r�r�e�c�t�n�e�s�s� �a�n�d� �a�c�c�u�r�a�c�y� �o�f� �t�h�e�i�r� 

�n�u�m�e�r�i�c�a�l� �c�o�u�n�t�e�r�p�a�r�t�s�.� 
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�2�.�3�.�2� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �S�t�r�e�s�s� �A�n�a�l�y�s�i�s� 

�S�i�n�c�e� �t�h�e� �f�i�r�s�t� �f�o�r�m�a�l� �p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�m�e�t�h�o�d� �(�F�E�M�)� �m�o�r�e� �t�h�a�n� �t�h�i�r�t�y� �y�e�a�r�s� �a�g�o�,� �t�h�i�s� �n�u�m�e�r�i�c�a�l� �a�p�p�r�o�a�c�h� 

�h�a�s� �b�e�e�n� �w�i�d�e�l�y� �a�p�p�l�i�e�d� �t�o� �v�a�r�i�o�u�s� �p�r�a�c�t�i�c�a�l� �p�r�o�b�l�e�m�s�,� �w�h�i�c�h� �a�r�e� �n�o�t� 

�o�n�l�y� �i�n� �t�h�e� �f�i�e�l�d�s� �o�f� �a�e�r�o�s�p�a�c�e� �a�n�d� �m�e�c�h�a�n�i�c�a�l� �e�n�g�i�n�e�e�r�i�n�g�,� �b�u�t� �t�h�e� 

�s�t�u�d�i�e�s� �o�f� �b�i�o�l�o�g�y�,� �g�e�o�l�o�g�y�,� �a�t�m�o�s�p�h�e�r�i�c� �p�h�y�s�i�c�s� �a�n�d� �m�a�n�y� �m�o�r�e�.� �T�h�e� 

�f�o�u�n�d�a�t�i�o�n�s� �o�f� �F�E�M� �l�i�e� �i�n� �t�h�e� �e�m�p�l�o�y�m�e�n�t� �o�f� �v�a�r�i�o�u�s� �s�i�m�p�l�e� 

�"�e�l�e�m�e�n�t�s�"� �t�o� �s�i�m�u�l�a�t�e� �a� �c�o�m�p�l�e�x� �d�o�m�a�i�n� �s�o� �a�s� �t�o� �e�a�s�i�e�r� �f�o�r�m�u�l�a�t�e� 

�t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �v�a�r�i�a�t�i�o�n�a�l� �f�o�r�m�s� �o�f� �s�o�l�u�t�i�o�n� �i�n� �t�h�e�s�e� �s�u�b�d�i�v�i�s�i�o�n�s�.� 

�B�e�c�a�u�s�e� �o�f� �i�t�s� �h�i�g�h� �f�l�e�x�i�b�i�l�i�t�y� �a�n�d� �v�a�s�t� �a�p�p�l�i�c�a�b�i�l�i�t�y�,� �a�n� �e�n�o�r�m�o�u�s� 

�a�m�o�u�n�t� �o�f� �w�o�r�k� �h�a�s� �b�e�e�n� �p�e�r�f�o�r�m�e�d� �t�o�w�a�r�d�s� �b�e�t�t�e�r� �u�s�a�g�e� �o�f� �F�E�M� �i�n� 

�e�i�t�h�e�r� �n�e�w� �s�u�b�j�e�c�t�s� �o�r� �c�o�m�p�l�e�x� �p�r�o�b�l�e�m�s� �o�f� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �f�i�e�l�d�s�.� 

�S�t�r�e�s�s� �a�n�a�l�y�s�i�s� �i�s� �o�n�e� �o�f� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �t�a�s�k�s� �i�n� �m�e�c�h�a�n�i�c�a�l� 

�t�e�s�t�i�n�g� �a�n�d� �e�v�a�l�u�a�t�i�o�n�.� �D�i�f�f�e�r�e�n�t� �s�t�r�e�s�s� �s�t�a�t�e�s� �a�n�d� �a�m�p�l�i�t�u�d�e�s� �o�f� 

�t�h�e� �s�t�r�e�s�s�e�s� �a�r�e� �e�x�p�e�c�t�e�d� �t�o� �b�e� �a�c�h�i�e�v�e�d� �t�h�r�o�u�g�h� �t�h�i�s� �p�r�o�c�e�s�s�,� �w�h�i�c�h� 

�n�o�t� �o�n�l�y� �s�e�r�v�e�s� �a�s� �g�u�i�d�e�l�i�n�e�s� �f�o�r� �s�a�f�e�t�y� �c�o�n�t�r�o�l� �b�u�t� �p�r�o�v�i�d�e�s� 

�v�a�l�u�a�b�l�e� �i�n�f�o�r�m�a�t�i�o�n� �f�o�r� �m�a�t�e�r�i�a�l� �t�e�s�t�i�n�g�.� �A�s� �f�a�r� �a�s� �t�h�e� �p�r�o�p�e�l�l�a�n�t� 

�g�r�a�i�n� �i�s� �c�o�n�c�e�r�n�e�d�,� �n�u�m�e�r�i�c�a�l� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �t�h�a�t� �w�i�l�l� �b�e� �p�e�r�f�o�r�m�e�d� 

�l�a�t�e�r� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �i�s� �d�e�s�i�r�e�d� �t�o� �c�h�e�c�k� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�p�e�r�i�m�e�n�t�a�l� 

�r�e�s�u�l�t�s� �a�n�d� �f�u�r�t�h�e�r� �p�r�o�v�i�d�e� �m�o�r�e� �d�e�t�a�i�l�s� �i�n� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� 

�d�e�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �g�r�a�i�n�.� 

�F�i�r�s�t� �o�f� �a�l�l�,� �b�e�c�a�u�s�e� �t�h�e� �s�p�e�c�i�m�e�n� �i�s� �l�o�n�g� �e�n�o�u�g�h� �i�n� �i�t�s� 
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�l�o�n�g�i�t�u�d�i�n�a�l� �d�i�r�e�c�t�i�o�n�,� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �a� �p�l�a�n�e� �s�t�r�a�i�n� �c�o�n�d�i�t�i�o�n� �i�s� 

�e�x�p�e�c�t�e�d� �t�o� �b�e� �a� �r�e�a�s�o�n�a�b�l�e� �c�h�o�i�c�e� �i�f� �o�n�e� �w�a�n�t�s� �t�o� �n�e�g�l�e�c�t� �t�h�e� �e�n�d� 

�e�f�f�e�c�t�.� �S�e�c�o�n�d�l�y�,� �d�u�e� �t�o� �t�h�e� �s�y�m�m�e�t�r�y� �o�f� �t�h�e� �g�r�a�i�n� �c�r�o�s�s�-�s�e�c�t�i�o�n�,� 

�o�n�l�y� �o�n�e�-�t�w�e�l�f�t�h� �o�f� �t�h�e� �w�h�o�l�e� �g�e�o�m�e�t�r�y� �n�e�e�d�s� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� 

�(�f�i�g�u�r�e� �2�.�9�)�.� 

�I�n� �t�h�e� �F�E�M� �a�n�a�l�y�s�i�s�,� �p�r�e�p�r�o�c�e�s�s�i�n�g�,� �p�r�o�c�e�s�s�i�n�g� �a�n�d� 

�p�o�s�t�p�r�o�c�e�s�s�i�n�g� �a�r�e� �t�h�e� �c�o�m�m�o�n� �t�h�r�e�e� �s�t�a�g�e�s� �t�h�a�t� �o�n�e� �h�a�s� �t�o� �g�o� 

�t�h�r�o�u�g�h�.� �I�n� �t�h�e� �p�r�e�p�r�o�c�e�s�s�i�n�g� �s�t�a�g�e�,� �g�e�o�m�e�t�r�y� �i�n�p�u�t�,� �m�e�s�h� 

�g�e�n�e�r�a�t�i�o�n�,� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �a�p�p�l�i�c�a�t�i�o�n� �a�n�d� �m�a�t�e�r�i�a�l� �c�o�e�f�f�i�c�i�e�n�t�s� 

�i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�r�e� �t�o� �b�e� �f�u�r�n�i�s�h�e�d�.� �I�n� �t�h�e� �p�r�o�c�e�s�s�i�n�g� �s�t�a�g�e�,� �w�h�e�r�e� 

�t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�n�c�e�p�t�s� �a�r�e� �r�e�a�l�l�y� �a�p�p�l�i�e�d�,� �g�e�n�e�r�a�t�i�o�n� �o�f� �e�l�e�m�e�n�t� 

�m�a�t�r�i�c�e�s� �u�s�i�n�g� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n�,� �a�s�s�e�m�b�l�y� �o�f� �t�h�e� �e�l�e�m�e�n�t� 

�e�q�u�a�t�i�o�n�s�,� �i�m�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �p�r�e�d�e�t�e�r�m�i�n�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �a�n�d� 

�s�o�l�u�t�i�o�n� �o�f� �t�h�e� �g�l�o�b�a�l� �e�q�u�a�t�i�o�n�s� �f�o�r� �p�r�i�m�a�r�y� �v�a�r�i�a�b�l�e�s� �a�t� �t�h�e� �n�o�d�a�l� 

�p�o�i�n�t�s� �a�r�e� �p�e�r�f�o�r�m�e�d�.� �F�i�n�a�l�l�y�,� �i�n� �t�h�e� �p�o�s�t�p�r�o�c�e�s�s�i�n�g� �s�t�a�g�e�,� �t�h�e� 

�d�e�s�i�r�e�d� �r�e�s�u�l�t�s� �a�r�e� �d�i�s�p�l�a�y�e�d� �i�n� �a� �f�o�r�m�a�t�t�e�d� �f�o�r�m� �w�i�t�h� �c�e�r�t�a�i�n� 

�s�e�c�o�n�d�a�r�y� �v�a�r�i�a�b�l�e�s� �e�v�a�l�u�a�t�e�d� �f�r�o�m� �t�h�e� �o�b�t�a�i�n�e�d� �s�o�l�u�t�i�o�n�s�.� �I�n� �t�h�e� 

�p�r�e�s�e�n�t� �s�t�u�d�i�e�s�,� �t�h�e� �c�o�m�m�e�r�c�i�a�l� �F�E�M� �p�a�c�k�a�g�e� �P�A�T�R�A�N� �w�a�s� �u�s�e�d� �a�s� 

�t�h�e� �p�r�e�p�r�o�c�e�s�s�o�r� �a�n�d� �p�o�s�t�p�r�o�c�e�s�s�o�r�,� �w�h�i�l�e� �A�B�A�C�U�S� �w�a�s� �c�h�o�s�e�n� �t�o� �b�e� 

�t�h�e� �p�r�o�c�e�s�s�o�r�.� 

�F�o�r� �t�h�e� �g�e�o�m�e�t�r�y� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �2�.�9�,� �t�h�e� �u�n�i�f�o�r�m�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �p�r�e�s�s�u�r�e� �o�f� �4�7�.�4�k�P�a� �(�6�.�9�p�s�i�)� �w�a�s� �a�p�p�l�i�e�d� �n�o�r�m�a�l� �t�o� �t�h�e� 

�i�n�n�e�r� �p�e�r�i�p�h�e�r�y�,� �w�h�i�l�e� �t�h�e� �o�u�t�e�r� �b�o�u�n�d�a�r�y� �w�a�s� �f�r�e�e� �o�f� �a�n�y� �l�o�a�d�.� 

�A�l�t�h�o�u�g�h� �t�h�e�y� �w�e�r�e� �a�l�l�o�w�e�d� �t�o� �m�o�v�e� �i�n� �t�h�e� �l�o�c�a�l� �t�a�n�g�e�n�t�i�a�l� 
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� � �r�T�P� �P�T�T� �T�T� 
�p�r�e�s�s�u�r�e�=�4�7�.�4�K�P�a� �(�6�.�9�p�s�i�)� �a �� 

�T�H�I� �O�O� 

�X� 

�F�i�g�.�2�.�9�:� �B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �u�s�e�d� �i�n� �F�E�M� �m�o�d�e�l�.� 
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�d�i�r�e�c�t�i�o�n�s�,� �t�h�e� �t�w�o� �s�t�r�a�i�g�h�t� �f�l�a�n�k�s� �o�f� �t�h�e� �w�h�o�l�e� �s�e�c�t�i�o�n� �w�e�r�e� 

�p�r�e�v�e�n�t�e�d� �f�r�o�m� �m�o�v�i�n�g� �i�n� �t�h�e�i�r� �l�o�c�a�l� �n�o�r�m�a�l� �d�i�r�e�c�t�i�o�n�s� �d�u�e� �t�o� �t�h�e� 

�c�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �s�y�m�m�e�t�r�y�.� �M�e�a�n�w�h�i�l�e�,� �t�h�e� �w�h�o�l�e� �s�e�c�t�i�o�n� �w�a�s� 

�d�i�v�i�d�e�d� �i�n�t�o� �s�i�x� �s�u�b�s�i�d�i�a�r�y� �a�r�e�a�s� �w�i�t�h� �t�h�r�e�e� �o�f� �t�h�e�m� �c�l�o�s�e�l�y� 

�f�o�l�l�o�w�i�n�g� �t�h�e� �c�u�r�v�e�d� �c�o�n�t�o�u�r� �o�f� �t�h�e� �i�n�n�e�r� �b�o�u�n�d�a�r�y�,� �w�h�i�c�h� �a�s�s�u�r�e�d� 

�g�o�o�d� �e�l�e�m�e�n�t� �b�e�h�a�v�i�o�r�,� �a�n�d� �t�h�u�s� �a�c�c�u�r�a�t�e� �o�u�t�p�u�t�,� �d�e�s�p�i�t�e� �t�h�e� 

�c�o�m�p�l�e�x� �g�e�o�m�e�t�r�y�.� �R�e�c�t�a�n�g�u�l�a�r� �e�l�e�m�e�n�t�s� �w�e�r�e� �u�s�e�d� �f�o�r� �e�v�e�r�y� �s�u�b�-� 

�d�i�v�i�s�i�o�n� �b�e�c�a�u�s�e� �o�f� �t�h�e�i�r� �b�e�t�t�e�r� �p�e�r�f�o�r�m�a�n�c�e� �i�n� �p�r�o�v�i�d�i�n�g� �m�u�c�h� 

�s�m�o�o�t�h�e�r� �a�n�d� �r�e�a�l�i�s�t�i�c� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� 

�t�r�i�a�n�g�u�l�a�r� �e�l�e�m�e�n�t�s� �w�h�i�c�h� �w�e�r�e� �t�a�k�e�n� �a�s� �t�h�e� �f�i�r�s�t� �a�t�t�e�m�p�t�.� 

�F�u�r�t�h�e�r�m�o�r�e�,� �i�n� �e�a�c�h� �s�u�b�d�i�v�i�s�i�o�n�,� �a� �p�r�o�p�e�r� �e�l�e�m�e�n�t� �n�u�m�b�e�r� �w�a�s� 

�c�h�o�s�e�n� �t�o� �m�a�i�n�t�a�i�n� �a� �g�o�o�d� �l�e�n�g�t�h�-�t�o�-�w�i�d�t�h� �r�a�t�i�o� �o�f� �t�h�e� �r�e�c�t�a�n�g�u�l�a�r� 

�e�l�e�m�e�n�t� �s�o� �a�s� �t�o� �p�r�e�c�l�u�d�e� �v�e�r�y� �s�m�a�l�l� �a�c�u�t�e� �a�n�g�l�e�s� �(�f�i�g�u�r�e� �2�.�1�0�)�.� 

�M�o�r�e� �s�p�e�c�i�f�i�c�a�l�l�y�,� �r�e�g�i�o�n�s� �1�-�6� �w�e�r�e� �d�i�v�i�d�e�d� �i�n�t�o�:� 

�R�e�g�i�o�n� �1�:� �3�x�5�=�1�5� �e�l�e�m�e�n�t�s� 

�R�e�g�i�o�n� �2�:� �3�x�1�5�=�4�5� �e�l�e�m�e�n�t�s� 

�R�e�g�i�o�n� �3�:� �3�x�2�0�=�6�0� �e�l�e�m�e�n�t�s� 

�R�e�g�i�o�n� �4�:� �1�5�x�5�=�7�5� �e�l�e�m�e�n�t�s� 

�R�e�g�i�o�n� �5�:� �1�5�x�1�5�=�2�2�5� �e�l�e�m�e�n�t�s� 

�R�e�g�i�o�n� �6�:� �1�5�x�2�0�=�3�0�0� �e�l�e�m�e�n�t�s� 

�T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �a�n�d� �m�e�s�h� �i�n�f�o�r�m�a�t�i�o�n� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �w�e�r�e� �c�o�m�p�i�l�e�d� �i�n�t�o� �a�n� �i�n�p�u�t� �f�i�l�e� �t�o� �A�B�A�C�U�S� 
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�F�i�g�.�2�.�1�0�:� �F�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �f�o�r� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� 

�u�n�c�r�a�c�k�e�d� �g�r�a�i�n� �m�o�d�e�l� �s�u�b�j�e�c�t�e�d� �t�o� �i�n�t�e�r�n�a�l� �p�r�e�s�s�u�r�e�.� 
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�p�r�o�c�e�s�s�o�r� �f�r�o�m� �w�h�i�c�h� �t�h�e� �o�u�t�p�u�t� �f�i�l�e� �w�a�s� �g�e�n�e�r�a�t�e�d� �a�n�d� �t�h�e�n� 

�t�r�a�n�s�l�a�t�e�d� �b�y� �P�A�T�R�A�N� �p�o�s�t�p�r�o�c�e�s�s�o�r�.� �T�h�e� �o�u�t�p�u�t� �f�i�l�e� �i�n�c�l�u�d�e�d� �t�h�e� �x�,� 

�y� �s�t�r�e�s�s� �c�o�m�p�o�n�e�n�t�s� �a�t� �e�a�c�h� �n�o�d�a�l� �p�o�i�n�t� �d�u�e� �t�o� �t�h�e� �i�n�t�e�r�n�a�l� �p�r�e�s�s�u�r�e� 

�l�o�a�d�i�n�g�,� �f�r�o�m� �w�h�i�c�h� �c�o�n�t�o�u�r� �m�a�p�s� �o�f� �t�h�e� �s�t�r�e�s�s� �c�o�m�p�o�n�e�n�t�s� �c�o�u�l�d� �b�e� 

�o�b�t�a�i�n�e�d� �(�f�i�g�u�r�e� �2�.�1�1�-�2�.�1�3�)�.� 

�F�i�r�s�t� �o�f� �a�l�l�,� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�r�e�s�s� �i�n� �t�h�e� 

�t�a�n�g�e�n�t�i�a�l� �d�i�r�e�c�t�i�o�n� �a�l�o�n�g� �t�h�e� �i�n�n�e�r� �b�o�u�n�d�a�r�y� �c�a�n� �b�e� �p�l�o�t�t�e�d� �a�g�a�i�n�s�t� 

�t�h�e� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �s�t�a�r� �f�i�n�g�e�r� �t�i�p� �(�f�i�g�u�r�e� �2�.�1�4�)� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�,� �f�r�o�m� �w�h�i�c�h� �t�h�e� �h�i�g�h� �s�t�r�e�s�s� �o�c�c�u�r�r�i�n�g� �a�t� �t�h�e� �t�i�p� 

�c�l�e�a�r�l�y� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �c�u�r�v�a�t�u�r�e� �e�f�f�e�c�t� �w�i�t�h� �t�h�e� �s�t�r�e�s�s� 

�c�o�n�c�e�n�t�r�a�t�i�o�n� �f�a�c�t�o�r� �(�S�C�F�=�o�,�/�p�)� �b�e�i�n�g� �a�r�o�u�n�d� �8�.�2�.� �A�l�t�h�o�u�g�h� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t� �o�f� �t�h�e� �S�C�F� �a�t� �t�h�e� �f�i�n�g�e�r� �t�i�p� �w�a�s� �o�b�t�a�i�n�e�d� �b�y� �a�n� 

�e�x�t�r�a�p�o�l�a�t�i�o�n� �p�r�o�c�e�s�s�,� �i�t� �s�h�o�w�s� �a� �g�o�o�d� �c�o�r�r�e�l�a�t�i�o�n� �w�i�t�h� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s�,� �w�h�i�c�h�,� �i�n� �a�n�o�t�h�e�r� �w�a�y�,� �c�o�n�f�i�r�m�s� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� 

�t�h�e� �n�u�m�e�r�i�c�a�l� �c�a�l�c�u�l�a�t�i�o�n�.� �M�e�a�n�w�h�i�l�e�,� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �o�f� �t�h�e� 

�t�a�n�g�e�n�t�i�a�l� �s�t�r�e�s�s� �f�r�o�m� �t�e�n�s�i�o�n� �t�o� �c�o�m�p�r�e�s�s�i�o�n� �w�i�t�h� �a� �l�a�r�g�e� �g�r�a�d�i�e�n�t� 

�i�n� �t�h�e� �c�u�r�v�e�d� �s�e�c�t�i�o�n� �o�f� �t�h�e� �i�n�n�e�r� �b�o�u�n�d�a�r�y� �i�s� �a�g�a�i�n� �r�e�v�e�a�l�e�d� �i�n� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�.� �A�l�s�o�,� �a�s� �w�a�s� �e�x�p�e�c�t�e�d�,� �t�h�e� �l�o�w� �s�h�e�a�r� �s�t�r�e�s�s� 

�c�o�n�t�o�u�r�s� �i�m�p�l�y� �a� �n�e�a�r�l�y� �b�i�a�x�i�a�l� �s�t�r�e�s�s� �s�t�a�t�e� �a�t� �t�h�e� �b�o�t�t�o�m� �o�f� �t�h�e� 

�f�i�l�l�e�t� �o�f� �t�h�e� �s�t�a�r�.� 

�O�n�e� �b�i�g� �a�d�v�a�n�t�a�g�e� �o�f� �a�p�p�l�y�i�n�g� �n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s� �i�s� �t�h�a�t� �o�n�c�e� 

�t�h�e� �p�r�o�b�l�e�m� �i�s� �w�e�l�l� �f�o�r�m�u�l�a�t�e�d� �(�b�a�s�e�d� �o�n� �p�r�o�p�e�r� �p�h�y�s�i�c�a�l� 

�c�o�n�s�i�d�e�r�a�t�i�o�n�s� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �s�u�p�p�o�r�t�)�,� �a�n� �e�n�o�r�m�o�u�s� �a�m�o�u�n�t� �o�f� 

�d�e�t�a�i�l�e�d� �i�n�f�o�r�m�a�t�i�o�n� �c�a�n� �b�e� �a�v�a�i�l�a�b�l�e� �a�l�l� �a�t� �o�n�e� �t�i�m�e�.� �A�S� �w�a�s� 
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�@� �9� �E�R� �4� �a�)� 

�D�I�S�P� �l�s� �Q�U� �O�e� �a�e� 
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�R�E�A� �t�  ��a� �a�f� �a�l� �s� �t� 

�F�i�g�.�2�.�1�1�:� �o�,� �c�o�n�t�o�u�r� �m�a�p� �o�f� �t�h�e� �p�r�e�s�s�u�r�i�z�e�d� �u�n�c�r�a�c�k�e�d� �g�r�a�i�n� 

�m�o�d�e�l� �b�y� �F�E�M� �a�n�a�l�y�s�i�s�.� 
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�e�e� 
�P�V�R� �U�S�I�R� �C�o�e�d� 
�i�0�0�5�;� �s�e� �e�e�e�)� �a�s� 

�e�e�e�c�i�0�)� �4�B� �(�C�o�c� �c�r�a�c�l�s� �0�c� �w�m� �O�e� �f�e� �o�a�)� �t�e�e�r�s� �e�a�e� 
�O�R�S�)� �a�8�)� �(�C�o� �R�S�H�:� �c�l� �(�0�)�0�)� �3�0�M�)� �0� �c�r� �S�o�b� �e�e� 
�T�O�E�?� �-�°�1�.�R�E�N�D�E�R�.� �2�.�D�I�S�P�L�A�Y� �T�R�I�A�N�G�U�L�A�T�I�O�N� �3�.�N�E�W�.� �S�C�R�E�E�N� �.�4�.�E�N�D�:� �,� 

�B�U�S� �U�e�i� �t�a�t� �1� �a�o�e� �a�n�e� �e�e�e� 
�f�a�y� � � 

�F�i�g�.�2�.�1�2�:� �G�6�,� �c�o�n�t�o�u�r� �m�a�p� �o�f� �t�h�e� �p�r�e�s�s�u�r�i�z�e�d� �u�n�c�r�a�c�k�e�d� �g�r�a�i�n� 

�m�o�d�e�l� �b�y� �F�E�M� �a�n�a�l�y�s�i�s�.� 
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