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(ABSTRACT)
In this paper we consider two separate approaches to the development of finite dimensional
control systems for approximating distributed parameter models. One method uses the
“standard finite element” approximations to construct the basic system matrices. The resulting
system can then be balanced by any of several balancing algorithms. The second method is
based on truncating infinite dimensional balanced realizations of the the input-output map.
Both approaches are applied to a control problem goverened by the heat equation. We present a

comparison of the resulting finite dimensional models.
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Chapter I

1.1 Introduction

The development of finite dimensional models for control of distributed parameter
systems often requires that some type of numerical approximation scheme be introduced at some
point of the modeling process. It is of great concern whether or not the matrices generated by
this approximation scheme preserve important properties of the infinite dimensional system (e.g.
stabilizability and controllability, [Ba-1], [Bu-1], {Bu-4], and [Bu-5]). Another important
consideration is whether control designs for an approximating system are converging to an
appropriate control design for the original distributed parameter system [Ba-1}. Even if the
scheme converges and important properties of the system are preserved, how well the properties
are preserved is important since we are using numerical approximations (for example the finite

dimensional system should not be “near” an unstabilizable system).

In this paper we consider two separate approaches to the development of finite
dimensional control systems for approximating distributed parameter models. One method uses
the “standard finite element” approximations to construct the basic system matrices. The
resulting system can then be balanced by any of several balancing algorithms. The second
method is based on truncating infinite dimensional balanced realizations of the the input-output
map. Both approaches are applied to a control problem governed by the heat equation. We

present a comparison of the resulting finite dimensional models.

In Chapter II we present a definition for the measure of stabilizability for finite
dimensional systems [E-1] as well as a definition for the measure of stabilizability for infinite
dimensional systems. It will be proven that if an approximation scheme satisfies the property
POES [Ba-1], then the finite dimensional matrices generated by this scheme have measures of

stabilizabiliy uniformly bounded away from zero. In Chapter III we present results on the



balancing of finite dimensional systems as well as results on infinite dimensional balanced
systems. We develop a characterization of a large class of finite dimensional systems. A
characterization of the balanced realization for special infinite dimensional systems is also
discussed. In Chapter IV numerical methods are developed for the various schemes. The finite
element method is developed for the heat equation. The truncated balanced realization matrices
are described for the finite dimensional approximations and a method for calculating them is
given for the heat equation. In chapter V the truncated balanced realization scheme will be
compared to the standard finite element scheme for the one dimensional heat equation. The
measures of controllability, observability, stabilizability, and detectability are computed for the

finite element, balanced finite element and truncated balanced realization scheme.

1.2 Notation

Throughout this paper we will use the following notation. If H is a Hilbert space, then
1 - 1and (-, -) will denote the norm and inner product on H. If T is a linear operator from the
space H to a space U, we denote the domain of T by D(T). We denote the spectrum of A by
o(A). For a Hilbert space Z, the set of all square integrable functions defined on [a,b] with
values in Z will be denoted by L,(a,b;Z). The triple (A,B,C) will represent a system with
dynamic operator A, control operator B, and observation operator C. The pair (A,B) represents
a system with control operator B. The measure of controllability of a pair (A,B) will be denoted
¢(A,B) and the measure of stabilizability will be denoted s(A,B). The triple (Ay;,Byf,Cpy) will
denote a M dimensional approximation of the system (A,B,C). If T:X—Y is a bounded linear
operator from a Hilbert space X to a Hilbert space Y, then |Tl, denotes the spectral norm

ITl, =sup ITxk,.
? Ixi=1 Y



Chapter II

2.1 Introduction

The convergence of numerical approximations to the solution of an infinite dimensional
control problem is highly dependent on the schemes which are used to approximate the control
problem. The approximating systems must preserve the appropriate control system properties,
and in some cases these properties must be preserved uniformly. For example, numerical
approximations of LQR-problems must preserve stabilizability and detectability uniformly under
approximation. Moreover, most approximation systems are constructed using numerical
schemes and, therefore, one is faced with several practical issues that need to be considered when
using these systems in control design. In this chapter we discuss some of these issues and

present practical methods which can be used to compute some of the aforementioned quantities.

2.2 Preservation of Stabilizability Under Bounded Perturbations

In this section a general theorem will be given which implies that stabilizability of a
system is preserved under small bounded perturbations. The framework in which the theorem is

presented applies to the finite dimensional case as well as many infinite dimensional cases.

We shall need the following result. A proof of this result can be found in [P-1] on page

76.

Lemma(2.2.1) Suppose A is the infinitesimal generator of a Cy-semigroup T(t) which satisfies
lT(t)lSMe'yt where v is a real number. If §A is any bounded linear operator on H, then A+

§A is the infinitesimal generator of a Cj,- semigroup S(t) on H satisfying



|S(t)|<Me(7+MI6AI)t.

Theorem(2.2.2) Assume that A, B, and D are linear operators, where U and H are Hilbert
spaces with A:H—H, B:U—H, and D:H—U is bounded. If A + BD generates an exponentially
stable C,-semigroup T(t), then there exists ¢ > 0 such that if §A:H—H and §B:U—H are
bounded linear operators satisfying |6Al + 16Bl < ¢, then (A + 6A) + (B + §B)D generates

an exponentially stable Cy-semigroup S(t).

Proof:

Since §A, 6B, and D are bounded operators, §A + éBD is bounded and

(2.2.1) |6A+6BD|< I6Al + 15BDI < 16A1+15BIIDI.

Since A +BD generates an exponentially stable Cy-semigroup T(t), (see [C-1]), there exists an

w>0 such that T(t) satisfies
(2.2.2) JT®)|<Me ",
Thus, from Lemma 2.2.1 it follows that the semigroup S(t) satisfies

2.2.3) 50| < 11w+ MI6A-+6BDD)



which implies

(2.2.4) [s®] < Mo "w+MIsAI+MISBIIDI):

Clearly, if I6Al and 16B| are small, the quantity (-w+MI6AI4+-MISBIID]) is negative and thus

S(t) is an exponentially stable Cy-semigroup.

Corollary(2.2.3) If the pair (A,B) is stabilizable, see [C-1], then it is stabilizable under small

bounded perturbations (6A, §B).

Proof:

By the definition of stabilizability, see [C-1], there exists a bounded linear operator D
such that the operator A+BD generates an exponentially stable Cy-semigroup on H. The result

follows from Theorem(2.2.2).

Corollary(2.2.3) indicates that it may be possible to define a “radius of stabilizability”

for a stabilizable pair (A,B). The following definition concerns bounded perturbations.

Definition(2.2.4) The radius of stabilizability r for a pair (A,B) is given by

(2.2.5) r =r(A,B)=inf{](6A,6B]],: (A + 6A, B+6B) is not stabilizable}.



Note that 0 < r, and if

(2.2.6) |(6A,6B]], < =,

then (A + 8A, B + 6B) is stabilizable.

We shall need the following result. A proof of this result can be found in [P-1] on page

11.

Theorem(2.2.5) If A generates a Cy-semigroup S(t), then A+el generates a Cy-semigroup T(t)
and S(t)=e b (t).

Theorem(2.2.6) If the radius of stabilizability for (A,B) is r, then for every real number q with r
< q there exists bounded linear operators §A and 6B with |{§A,6B]],= q such that (A + §A, B

+ éB) is not stabilizable.

Proof:

The definition of r implies that there exist bounded linear operators A and 6B such

that (A + 6A, B + éB) is not exponentially stabilizable by any feedback operator and

(2.2.7) r < 164,58}, < a.

Define the continuous function f(€) by



(2.2.8) fle) = |6 + €1, 6B},
Clearly, f(0) < q andcimoof(e) = o0o. Since f(€) is continuous, there exists ¢;>0 such that f(¢g)
=gq. If (A + 6A + €I, B + 6B) is stabilizable, then there exists a bounded operator K such
that the Cq-semigroup T(t) generated by (A + 8A + ¢l) + (B + SB)K is stable. Let S(t) be
the Cy-semigroup generated by (A + §A) +(B + 6B)K. By Theorem(2.2.5) it follows that

-€gt
(2.2.9) S(t) = e 7 T(t).
Since T(t) is stable, there exist M and w > 0 such that,

(2.2.10) IT(t)] < Me“t.

By equations (2.2.9) and (2.2.10) we have

(2:2.11) 5] = |e o t(t)|=e o] < Me o,
Therefore,
(2.2.12) Isct)] <me (et

which contradicts the assumption that (A + 8A, B + 6B) is unstabilizable.



2.3 Measures of Controllability and Stabilizability

In the paper [E-1] the measure of controllability c(A,B) for a finite dimensional system
(A,B) is defined by

(2.3.1) ¢(A,B) = min{|[6A,6B]|,: (A+6A,B+6B) is uncontrollable}.

A method for computing c¢(A,B) is presented in [E-2]. This method involves minimizing the

functional

x*A{ -%:]A*x .
(2.3.2) #(x) = —H—+BF,

over all xeC™ —{0}.

The functional ¢(x) depends on 2n real variables (where A is nxn), and is “constrained”
by the deletion of 0. In Section 2.4 a method will be presented which can be used to compute
this measure of controllability for finite dimensional systems which does not involve a
constrained minimization. A similar definition for the measure of stabilizability s(A,B) is given
in [E-1]. The measure of controllability c¢(A,B) and the measure (radius) of stabilizability
s(A,B) (r(A,B)) may be found by

2.3.3 A,B)=mi A-ALB],
(2.3.3) ¢(A,B) nino ]

min[



(2.3.4) r(A,B)=s(A,B)=_ min

. [A-ALB,
ACRR S o min ]

where ¢ . ~denotes the smallest singular value of the respective matrices (see [E-1]). Using
equations (2.3.3) and (2.3.4) to compute c¢(A,B) and s(A,B) can take a large amount of
computer time since a singular value decomposition would have to be computed for each new

lambda found in the minimization scheme. For the case where A is a real symmetric matrix

with negative eigenvalues, the measure of stabilizability is given by (see [Bu-3])

(2.3.5) s(A,B)=c . [A,B].

2.4 Methods for Computing the Measure of Controllability; Finite Dimensional

Systems

In this section we present a method which can be used to compute the measure of
controllability and the measure of stabilizability for the finite dimensional case. The method for
computing c¢(A,B) is based on an unconstrained minimization problem for a functional f(x,A)
which has continuous second derivatives near its minimum values. Thus, a quasi-Newton
method can be used to compute the minimum. The functional used to compute the measure of
stabilizability s(A,B) is the same as the functional f(x,A) which is used to compute the measure

of controllability. However, a constraint must be imposed on one of the variables.

Lemma(2.4.1) Let R be a Hermitian matrix with minimum eigenvalue eminzo. Suppose K >

€mnin: If X is the minimizer of fR(x) over all C" where
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(2.4.1) fp(x) = x*Rx+K(1-1x1)%,

then

rpx  TR(®)— K(1=Ix])?
(2.4.2) e . =X'RE _ r(X) (2 1%1)
min 'il l).(l

Proof:

First it will be shown that X actually exists. Since R is Hermitian and has nonnegative

eigenvalues, for any x,eC™ such that [Xo] > 1 we have

(2.4.3) 0 < ’;i‘:;;’ < x*Rx,.

If x, = -§—g| then

(2.4.4) fr(x,) = xgRxy + (1 — |xb|)2
(2.4.5) = xpRx,

(2.4.6) = ’;‘::;0 < x4Rx, < f(xo)-

Thus for every xo with |xo] > 1, there exists x, with %o} = 1 and
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(2.4.7) fp(xy) < fR(xo).

Therefore,

(2.4.8) inf fo(x) = inf g (x).
xeCl R xeCM Ix1<1 R

The compactness of the unit ball in C™ implies the existence of a minimizer %, with Ix| < 1.

Now we show X # 0. If y is a normalized eigenvector of R for the eigenvalue e i then

in?
(2.4.9) fr(y) = Y*Ry + K1 — Iy = %}%: e nin < K = fg(0).

Hence x=0 does not minimize fR. Let S = {xeC™ : Ix1=Ix1}. For x4¢S

(2.4.10) fg(xs) = xsRxs + K(1-| zI)*.

Since X minimizes fp (x), for each x5€S

(2.4.11) fp (%) < f (xs)-

Equations (2.4.10) and (2.4.11) imply that
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(2.4.12) %*Rx < x3Rxg, for all xgeS,

and Theorem 1 on page 142 of [F-1] implies

(2.4.13) e . = min

The previous lemma will be used to construct an algorithm for the calculation of the measures
of controllability c¢(A,B) and stabilizability s(A,B). Note that the functional fp(x) has

continuous derivatives except at x=0; hence fR is differentiable at x=x.
Let H(A) denote the matrix,
(2.4.14) H()) = [A — ALB].

Recall that (2.3.3) implies that c(A,B) = ’r\rzle (0 nin H(A]-

H()\)] and assume that K > c(A,B). If ¥ and X

Theorem(2.4.2) Let ¢(A,B) =,r\réi8 [ min

minimize
(2.4.15) F(x,2) = x*HOA)H(A)*x + K(1 — 1x1)?,

over C"xC, then

F(x,1) — K(1 — Iz])?

(2.4.16) ¢(A,B)? = B
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Proof:

Assume that ¢(A,B) = min[e_. H(A)] =
AeC

min o minH(}g) and assume (%,A) minimizes
F(x,A). Observe that [aminH(’\)]z is the minimum eigenvalue of R(A) = H(A)(H))* see [Go-1],

and hence [c(A,B))? is the minimum eigenvalue of R(},).

Lemma(2.4.1) implies that there exists x; # 0 such that

F(x0,20) — K(1 — Ixo})? _

(24.17) «(A,B)” = ol =[omin )T
Moreover, by the definition of A, it follows that

(2.4.18) [0 nin BOP < [o 5 B

By Lemma (2.4.1)

(2.4.19) o HOP < [0, B = EEA) _lflt(l(zl — Iz)*

Define S={x¢C : 1x1 = Izl}. Clearly,
(2.4.20) F(x,A) < min F(x,)).
x€eS

Thus,
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F(x,4) — K1 —IzD)? _ F(xdp) — K(1 — 12D’
HE = IxI? ’

(2.4.21)

which in view of (2.3.13) implies that

~% kY T\~
(2.4.22) ﬂ(ﬁz_fl_(ﬁf <m A
X% x€S X' X

in X*H(AO)H('\O)*X = [aminH()‘o)]z-

Thus we have

(2.4.23) < [c(A,B))%.

F(%,A) — K(1 —Ix)? _ x*H()H(X)x
1% - x*x

F(z,}) - K(1 =Izl)?

Therefore, [c(A,B)]? = and the proof is complete.

IxI?
Theorem(2.4.3) Let s(A,B) = min o_. H())] and assume that K > s(A,B). If ¥ and )
(2.4.3) (A,B) ,\eC,re(z\)ZO[ min )] (A,B)
minimize
(2.4.24) F(x,A) = x*H(A)H(A\)*x + k(1 — 1x1)?,

over CnxC+, then

F(x,X) — K(1 — Ixf)?
Ix1? '

(2.4.25) s(A,B)? =

Proof:
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The proof is completely analogous to the above proof.

2.5 Measure of Stabilizability for Infinite Dimensional Systems

In the last section a method was given which can be used to compute the measure of
stabilizability for finite dimensional systems. It is possible to compute the measure of
stabilizability for a certain class of infinite dimensional systems. A theorem will be given which

will allow the construction of an upper bound on the measure of stabilizability.

Theorem (2.5.1) Suppose A generates a C, semigroup on a Hilbert space H and B is a linear

operator form the Hilbert Space U to the Hilbert space H. If the pair (A,B) is stabilizable, then

v defined by

(2.5.1) v =inf _<(A-AD)x,(A-A)x)+<B*x,B*x>,
xeD(A)
Re A>0
Ixi1=1

is an upper bound on s(A,B).

Proof:

Let €>0 be given. Since 0 < 4? is an infimun, there exists x,eD(A), |Xo]=1, and and

Ao with Re(Ay) >0, such that

(2.5.2) 72< <(A-XAD)Xgy(A-AgD)x> 4+ <B*xg,B*xo> < Y2 +e.
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Let S, = span{xy}. Decompose H by H = §, & SaL.

6B:U—H are bounded linear operators defined by:
2.5.3 SA = (-A + A l
( ) (A + X )ISo ® OlSGL

9. §B*=-B*
(2.5.4) B lso @ Olsé_.

Note that §A and 8B satisfy
(2.5.5) l6A,6BJ3<v? +e.
If the perturbed system (A,B) is defined by

(2.5.6) A=A+6A, and B=B+6B,

Also suppose that §A:H—H and

then for any bounded linear operator K:H—U, A + BK forms a C, semigroup T(t). Fix

K:H—U. Since H is a Hilbert space, Corollary 10.6 on page 41 of [P—1] implies that

A*+K*B* generates the adjoint semigroup T*(t). By Theorem 10.4 on page 39 of [P-1],

IT(t)IS Me“? implies that l’i‘*(t)lg Me“t. Thus we only need to establish that A*+K*B*

does not generate an exponentially stable semigroup T*(t). By Theorem 8.1 on page 33 of [P-1]

(2.5.7) T*(t)xo= lim (I —§(A* + K*B*))"x,.
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However, note that x, €D(A*) and for all n>1,
(2.5.8) I — YA*+K*BY))x, = (I —& 23)x,.

Thus we have

*
(2.5.9) T*(t)x, =nl-i->moo(l —%/\;)'nx(,: e/\otxo.

Thus we see that

*
(2.5.10) [T > creldalts

which implies that ’i‘(t) is not exponentially stable for this choice of K. However K was
arbitary, so (A,B) is unstabilizable and hence s?(A,B) < y%+e. Since ¢>0 is arbitary, s>(A,B)
< 72.

The following theorem can be found on page 293 of [K-1].

Theorem(2.5.2) Suppose that A is a self-adjoint operator on a Hilbert space H with compact
resolvent.  Also assume A has simple eigenvalues A;>MA,>---.  Futher assume that
li,moo'\h-l_'\h =o00. For any bounded perturbation A to the operator A, the operator A +6A is
closed with compact resolvent and the spectrum of A+6A consists of eigenvalues, which can be
indexed as {”ok’“h}’ where k=1,..,m<o0 and h=n+1,... with n>0, and Iph—/\h[ is

uniformly bounded.
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The following definitions are a summary of definitions given in [C-1].

Definition(2.5.3) Suppose A is an operator on a Hilbert space H and o(A) denotes the spectrum

of A. For a fixed 6> 0
(2.5.11) ou(A) = o(A)N{reC : re(A) > -6},
(2.5.12) as(A) = o(A)N{AeC : re(N) < -6}.

Definition(2.5.4) A Cj-semigroup T(t) with generator A is said to satisfy the spectrum
determined growth assumption if

log] Tt
(2.5.13) sup Re o(A) = lim ﬂt(—)l = w,.
t—o00

Definition(2.5.5) An operator A is said to satisfy the spectrum decomposition assumption if the
set oy(A) is bounded and is separated from the set o5(A) in such a way that a rectifiable,
simple, closed curve can be drawn so as to enclose an open set containing oy(a) in its interior

and og(A) in its exterior.

The following result may be found on page 178 in [K-1].

Lemma(2.5.6) Suppose A is a linear operator on a Hilbert space H satisfies the spectrum

decomposition assumption. Then the following three conditions hold:
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(2.5.14) H=Hu@Hs y

where Hy, is finite dimensional. If P denotes the projection onto Hy, then

(2.5.15) PD(A) C D(A),

(2.5.16) AHgCHs, AH,CHy, Ag=AP, A,=A(I-P),

and A is a bounded operator on Zy. Furthermore o(Ag)=03(A) and o(Ay)=0y(A).

The following theorem and its proof can be found in [C-1].

Theorem(2.5.7) The pair (A,B), where B is bounded, is exponentially stabilizable on a Hilbert
space H if the generator A satisfies the spectrum decomposition assumption, the semigroup Tg(t)
(generated by Ag) satisfies the spectrum determined growth assumption, and the projection onto
Zy is exponentially stabilizable by feedback control U=DyZy,, where Dy is a bounded operator

with domain in Zy.

Theorem(2.5.8) Suppose that A is a self-adjoint operator on a Hilbert space H with compact
resolvent and A generates an analytic semigroup. Further assume A has simple eigenvalues
A2A, 2> wherenli_’mooAn_l-—)\n=oo. If B is a bounded operator then, the measure of

stabilizability s(A,B) of the system (A,B) is given by
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(2.5.17) s(A,B) =7%=inf _((A-AD)x,(A-AD)x)+(B*x,B*x)
xeD(A)
Re A>0
Ixi=1

Proof:

Suppose to the contrary that (§A, 6B) is a bounded perturbation to (A,B) and makes
(A,B) unstabilizable wher® |[6A,6B]|§<72. Since A+6A generates an analytic semigroup [P-1],
it satisfies the spectrum determined growth assumption [C-1]. By Theorem (2.5.2), the
spectrum of A+8A consists of separated eigenvalues. Thus A+6A satifies the spectrum
decompositon assumption. In light of Theorem(2.5.7), the projection of the system
(A+8A,B+6B) onto the space Hy (see Equations (2.5.16) and (2.5.17)) is not stabilizable,
because stabilizability on this space would imply that the system was stabilizable on H. This
implies that (P(A+6A)P,P(B+6B)), which is defined on the finite dimensional space Hy, is not
stabilizable. Since Hy is finite dimensional, the finite dimensional measure of stabilizability
must be 0 for (P(A+8A)P,P(B+éB)). By equation (2.3.4) there must exist x, € Hy and )

with re(Ay) >0 such that

(2.5.18) (P(A+6A - AoI)PXo,P(A'*‘(SA “AoI)PXo)

+ {(P(B+6B))*xq,(P(B+6B))*x,)=0.
Since P is the projection onto Hy;, x,€Hy and (A+6A)H, C Hy, it follows that
(2.5.19) ((A+6A—XD)xo,(A+6A—AD)xo)+ (P(B+6B)*x0,P(B+6B)*x,)=0.

Therefore,
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(2.5.20) [(A-AdD)xo] < J(A+6A—2gDxq] + |6Ax,] = [6Ax,}
and
(2.5.21) [PB*x0] < |P(B + 6B)*xo| + |P(6B)*x,| = |P(6B)*x,}-

Thus, we have that
(2.5.22) (A = ADxo,(A =XD)xo)+ {B*x0,B*x0) <][6A,6B]3 <2,
which contradicts the definition of 4% in equation (2.5.8).

Corollary(2.5.9) Suppose that A is a self-adjoint operator on a Hilbert space H with compact
resolvent and A generates an analytic semigroup. Further assume A has simple eigenvalues
02/\,12/\“+1 wheren!i_’moo/\n_l—z\n=oo. If B is a bounded operator, then the measure of

stabilizability s(A,B) of the system (A,B) is given by

2.5.23 A,B)?= inf (Ax,Ax)+(B*x,B*x).
( ) s(A,B) e A)< )+ )
Ixi=1

Proof:

Since A is self-adjoint with a countable number of simple eigenvalues, by the spectral
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theorem [W-1] we have for yeD(A)
o0
(2'5‘24) Ay = Zo(yaxn)xn,
n=

where {x;} is the orthonormal basis consisting of the eigenvectors corresponding to the

eigenvalues {A;}. This implies for ye D(A)

(2.5.25) <(A-n)y,(A-Ar)y>=§0|An—A|’<y,xn>’-
n=

Since A is self-adjoint, the eigenvalues A are all real. Suppose a has a nonzero imaginary

part, and let 3= re(a), then

(2.5.26) [An—a| > |An =4I

This implies

(2.5.27) ((A-BD)x,(A-BD)x) < ((A-al)x,(A-al)x).
If v > 0 then, since A\ < 0,

(2.5.28) [An—=v| > [An — O]

Thus we have,
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(2.5.29) (Ax,Ax) < ((A-vD)x,(A-vD)x).
Therefore,
2.5.30 2= inf {(A-AI)x,(A-AI)x)+(B*x,B*
( ) v xEig(A)(( )x,(A-AI)x)+(B"x,B"x)
Re A>0
Ixi=1
2.5.31 = inf (Ax,Ax)+(B*x,B*x).
( ) xcllg(A)( x,Ax)+(B"x,B"x)
ixi=1

2.6 The Relationship to POES

The following is a summary of the material related to POES in [Ba-1]. We suppose
throughout this section that H and U are Hilbert spaces, that A:H—H is the infinitesimal
generator of a Cy-semigroup T(t) on H and that B:U—H is a bounded linear operator. We

consider a control system in H given by
(2.6.1) y(t) = Ay(t) + Bu(t), t>0
and an associated performance measure
00
(2.6.2) Iygu) = (J; {{Dy(t), y(t)) + (Qu(t),u(t))} dt,

where D:H—H Q:U—U are bounded linear self-adjoint operators that satisfy D>0, Q>0. Our

fundamental abstract linear optimal regulator problem can then be stated as
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(®) Minimize J (yo,u) over u € L?%(0,00;U) subject to y=y(-;u) satisfying Equation

(2.6.1).

Definition(2.6.1) A function u € L?(0,00;U) is an admissible control for the initial state yo€H

if J(yg,u) is finite.

Definition(2.6.2) A bounded linear operator II:H—H is called a solution of the algebraic

Riccati equation (A.R.E.) if I maps D(A) into D(A*) and satisfies on H the equation

(2.6.3) A*Il + A — IBQ™1B*M + D = 0.

By Corollary 10.6 on page 37 of [P-1] A* generates Cg-semigroup T(t)* which is adjoint to
T(t). Note that if I satisfies (2.6.3) on D(A), which is dense in H, then Equation (2.4.3) can be
taken as an equation on H since HBQ—IB*H — D is bounded so that A*I + IIA has a

bounded extension to all of H.

The following result is taken from [G-1].

Theorem(2.6.3) Let A, B, Q, D be as given above. Then there exists a nonnegative self-adjoint
solution TI of the algebraic Riccati equation (2.6.3) if and only if for each Yo€ H, there exists an
admissible control. The unique optimal control and corresponding trajectory for (R) are given

by
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(2.6.4) T(t) = —Q7 'B*Mo¥(t),

(2.6.5) 3(t) = SV,

where [Io, is the minimal nonnegative self-adjoint solution of A.R.E. equation (2.6.3) and S(t)
is the Cj-semigroup generated by A — BQ—IB*HOO. If |y(tiju)] — 0 as t— oo for any
admissible control (guaranteed for example by the condition D>0), then I, is the unique
nonnegative self-adjoint solution of the A.R.E. If D > 0, then we also have that S(t) is

uniformly exponentially stable.

The term minimal for a self-adjoint operator is in reference to the usual ordering of self-
adjoint nonnegative operators on a Hilbert space. Note that the minimal solution Iy of
Equation (2.4.3) can be obtained as the limit of a sequence of Riccati operators for associated
finite interval regulator problems (see [G-1]) in a manner analogous to the usual procedure for

finite dimensional state space regulator problems.

We next formulate a sequence of approximate regulator problems and present a
convergence result for the corresponding Riccati operators. Let HN, N = 1,2,---, be a sequence
of finite dimensional linear subspaces of H and PN:H—HN be the canonical orthogonal
projections. Assume that TN(t.) is a sequence of C-semigroups on HN with infinitesimal
generators AN.gN_.gN. Given operators BN.U—~HN and DN:HN—vHN, we consider the

family of regulator problems:

(2.6.6) (®N) Minimize IN(yN(0),u) over u € L2(0,00;U),
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where

(2.6.7) yN(t) = ANyN(t) + BNu(t), t>0

(2.6.8) yNo) = yON = PNyO,

and

(2.6.9) NN (o)) =°£° (0NN, yN©) + (Qu(t), u(®)} de.

We note that since BN:U— HN, the trajectories of (2.6.7) evolve in HN and
consequently (‘.RaN) is a linear regulator problem in the finite dimensional state space HN so that
finite dimensional control theory is applicable here. We shall need several assumptions in a

convergence statement regarding solutions of (‘:'R-,N) and ().

N ¢

(H1). For each yON € HN there exists and admissible control u
L%(0,00;U) for (‘.RaN) and any admissible control for (2.6.7), (2.6.8)

drives the state of (2.6.7) to zero asymptotically.

(H2). i) For each z € H, we have TN(t)PNz — T(t)z with the
convergence uniform in t on bounded subset of [0,00).

(ii) For each Z € H, we have TN(t)*PNz—>T(t)*z with the
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convergence uniform in t on bounded subsets of [0,00].
N N* *
(iii) For each veU, B"'v—Bv and for each z €H, B" z—B*z.

(iv) Foreachz € H, DNPNz D

Note that (H2)(i) implies in particular (take t=0) that PNz .z for each z€H and in this

sense we have that the subspaces N approximate H.

If assumption (H1) holds, then the optimal control g for (‘.R:N) is given in feedback

form by
*
(2.6.10) ﬁN(t) =-Q '8N HNyN(t),

where HN:HN—~HN is the unique nonnegative self-adjoint solution of the algebraic Riccati

equation on HN. Thus,

(2.6.11) AN+ 4 oNAN _ NgNg-1gN+iN . pN _

and YN is the corresponding solution of (2.6.6) with u=aN. Moreover,

(2.6.12) INaN) = @V, v).

A proof of the following theorem is given in [Ba-1).

Theorem(2.6.4) Suppose (H1), (H2) hold, Q > 0, D > 0 and DNZO and let IT denote the

unique nonnegative self-adjoint Riccati operators on HN for the problem (‘:'R:N). Further assume

that a unique nonnegative self-adjoint Riccati operator on H for the problem (%) exists. Let
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S(t) and SN(t) be the semigroups generated by A — BQ !B*II and AN — BNQ-IBN"‘HN on H
and HN, respectively, and suppose IS(t)zI—»O, t—oo, for all z € H. If there are positive

constants M,, M, and w independent of N and t such that

(2.6.13) ISN(t)IHNSMle"M‘ fort >0, N=12--
and
(2.6.14) In¥] <M.,
H
then
(2.6.15) INpNz — Iz for every z € H,
(2.6.16) SN(t)PNz — S(t)z for every z € H,

where the convergence is uniform in t on bounded subsets of (0,00), and

(2.6.17) IS(t)] <Me™t for t > 0.

The above theorem places conditions on the stabilizability of the approximating
semigroups in order to get convergence. The following condition is sufficent to ensure these
stability conditions are satisfied. The following is the definiton of POES (preservation of

expontential stabilizability) which is given in [Ba-1].
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Definition(2.6.5) (POES) The condition POES is defined as follows: Suppose that (A,B) is
stabilizable by the feedback operator K. Then there exists an integer N such that for all N >
Ny the pairs (AN,PNB) are uniformly exponentially stabilizable by the feedback operator K, i.e.,

there exist positive constants (independent of N) Mg and wg > 0 such that the C,-semigroups

generated by AN 4 pNBk satisfy ITgI(t)I < Mse-wst for all N > N; and t>0.

The following theorem shows that POES implies that the finite dimensional measure of

stabilizability for the approximating systems does not go to zero.

Theorem(2.6.6) Suppose that (AN,BN) is a matrix representation of an approximation scheme
as defined by (H1) and (H2). If POES is satisfied, then there exists & > 0 such that s(AN,BN)

> a, where s(AN,BN) is the measure of stabilizability of the finite dimensional system

(AN, BNy,

Proof:

Since POES is satisfied, there exists an bounded linear operator K:U—H integer N,
such that for all N > N, the pairs (AN,BN) are uniformly exponentially stabilizable by the
operator K. Let Mg and wg be as above and define q= max{1,IKI}. Let (6AN,6BN) be a

perturbation to (AN,BN) and a=T8wLM. If
qMs

(2.6.18) [aN,s8M), < a,

then
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(2.6.19) lsaN + s8Nkl, <[lsa™, +] 58Nkl |
(2.6.20) <q[lsaPl, +] 5881, ] < {Zq|[aN 58N, < e

1f TN(t) is the Cy-semigroup generated by AN +6AN + (BN + 6BN)K, then by Lemma(2.2.1),

ws

N l}us *+ Ms an, ! —
(2.6.21) N < Mee = Mg 2.
Thus s(AN,BN) > a and the proof is complete.

Note that this provides a means to check POES numerically provided that one can

compute s(AN,BN).



Chapter III

3.1 Introduction

In this chapter we present two methods for constructing balanced finite dimensional
approximating systems. The first method was introduced by Curtain and Glover [C-2] and may
be described as the process of truncating balanced infinite dimensional realizations. The second
approach is based on balancing finite dimensional approximations of the dynamic equations, e.g.
a finite element model. The second approach is fairly straight forward to implement, whereas

the first method can become rather complex to apply.

3.2 Infinite Dimensional Realizations

A balanced realization of a finite dimensional system is defined as a realization of the
system for which the controllability and the observability grammians are diagonal and equal [M-
1]. Balanced realizations for infinite dimensional systems are presented in [C-2]. We shall

review the basic definitions and results found in [C-2]. We limit our discussion to finitely many

inputs and outputs.

Consider the class of linear infinite dimensional systems defined by the following input-

output map:
t

(3.2.1) y(t) = [h(t—s)u(s)ds,
0

where the outputs yeL,(0,00;R™), the inputs ueL,(0,00;R™), and the impulse response function

h satisfies

31
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(3.2.2) heL, N Ly(0,00;R¥X™M) and 2 h(t) €L,(0,00,RKXM).

This induces the Hankel operator I': L,(0,00;R™) — L2(0,oo;Rk) defined by

(3.2.3) (Tu) (t) =ijh (t + s)u(s)ds.

Assumption(3.2.2) implies that I' is compact and Hilbert Schmidt on L,(0,00) and is a

continuous operator on each of the spaces Lp(0,00) 1< p < oo and on C'(0,00), which is the

space of continuously differentiable functions with the norm
oo .,

(3.2.4) Ifl; = floo + [ If(s)lds.
0

The operator I'*T is compact and positive on L,(0,00;R™) and has countably many positive

eigenvalues a’f > a’% . oiz >... , where the aiZO are the singular values of T'. If v and w;

v

are the corresponding normalized eigenvectors of I'*T and I'T*, respectively, then (Vi’wi) are

called the Schmidt pairs of I' and

(3.2.5) {

Since w; is an eigenvector of I'T* and I'T* is compact in the spaces L,(0,00), Lp(o,00); p >1

and C!(0,00), it follows that, see [C-2],



(3.2.6)

and

(3.2.7)
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wel,NL; N Cl(O,oo;Rk)

vieL; N Ly N C'(0,00;R™).

The Hankel kernels can be expressed in terms of their singular values and Schmidt pairs. A

proof of the following Lemma can be found in [C-2].

Lemma(3.2.1) With the above notation the following relationships hold:

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)

00 ) 00
(Tu) (t) = gh(t + s)u(s)ds =_Elwi(t)ai£ v;(s)u(s)ds;
1=

o0 [0,2] o0
(P'3)(0) = TH(t + 9y(s) ds = T vi(0oy ] w{ o))

.

1=

h*(t+s)—§ v.(t)o.wi(s) a.e.insforallt > 0;
=L vilthow; €. 2 0;

1=

o0 0 o0
(T*y)(t+s) = gh*(t+s+r)y(r)dr =3 Vi(t')ai(J; wi(s + r)y(r)dr.

i=

For simplicity of exposition we shall assume henceforth that the singular values are distinct,

but the proofs can be extended to the case of multiple singular values in the usual way.

Definition(3.2.2) A realization for the impulse response function h on the state space H is the

triple (A,B,C), where C:H—»Rk, B:R™ —H and A is the infinitesimal generator of a C;-
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semigroup, T(t), on H such that h(t) = CT(t)B a.e. in t.

If BBR™—H and C:H—»Rk, are bounded operators and T(t) is exponentially stable,
then h satisfies the assumption (3.2.2) and the reachability and observability operators B and C

defined below are bounded:
00

(3.2.12) B:L,(0,00)—H, Bu=[ T(t)Bu(t)dt,
0

(3.2.13)  C:H—L,(0,00), [Cx](t)=CT(t)x.

With the above definitions, the Hankel operator I' is defined by

00
(3.2.14) I':L,(0,00)—L4(0,00), T'=CB = C[ T(t + s)Bu(s)ds.
0

Since B and C are bounded, the infinite dimensional controllability grammian P and

observability grammian Q can be defined by:

o0
(3.2.15) P=BB*= T(t)BB*T*(t)dt
0
(o.9)
(3.2.16) Q=C*C=] T*(t)C*CT(t)dt,
0
respectively.

The following definition for the balanced realization for I' may be found in [C-2].
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Definition(3.2.3) (T(t),B,C) is a balanced realization for the Hankel operator I' if it has
bounded reachability and observability operators defined by (3.2.12) and (3.2.13), (3.2.14) holds
and the controllability and the observability grammians are equal to the same positive diagonal

operator.
The following two results may be found in {C-2].

Theorem(3.2.4) If a T(t) is a stable Cy-semigroup, B and C are bounded control and

observation operators, then (T(t),B,C) defines a balanced realization for (T(t),B,C) on €2 where

T o0
(3.2.17) ’i‘ij(t) = \j:-g Jw;‘(s)wj(s+T)ds
0

(3.2.18) C=[ J71%1(0), [o3wo(0), .., [T7w;(0),.. ]
and

(3.2.19) 1'3=|: {71v1(0), [Fv4(0), ..., aivi(O),...:l.

Theorem(3.2.5) If (T(t),B,C) is the balanced realization defined by (3.2.17)-(3.2.19) and A is

the infinitesimal generator of T(t), then
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A aj% b * .
(3.2.20) Aij=H i])'wi (s)W;(s)ds,
(3.2.21) C:[ JT1%1(0), [T3wo(0), ..., aiwi(O),...],
and
(3.2.22) B:[ J7171(0), [T3v49(0), ..., aivi(O),...:].

3.3 Single-Input Single-Output Finite Dimensional Case; Symmetric A

In this section the finite dimensional case will be examined where there is only one
input and one output and the matrix A is symmetric. We are restricting ourselves to this case
since the infinite dimensional systems we consider below are generated by self-adjoint operators.
Consequently, most finite dimensional approximations of A are self-adjoint, and this greatly
simplifies the computational problems. In [M-1] an introduction is given to the balancing
transformation and some of the uses of it. For the special case of single-input single-output
systems, with symmetric A, a characterization of the balanced system can be obtained rather

easily.

Definition(3.3.1) If T is an invertible nxn matrix and (A,B,C) is a finite dimensional system,

where A is nxn, B is nxl1 and C is nxl, then the system (.7\,~,(.J) is called the system

transformed by T if
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(3.3.1) A=TIAT,
(3.3.2) B=T"'B,
and

(3.3.3) C=CT.

The following algorithm is given in [L-1] for the computation of the balanced realization
of a controllable, observable finite dimensional system (A,B,C) where A has eigenvalues with

negative real parts.

Let L; and Ly denote the Cholesky factors of the control and observation grammians P

and Q, i.e.

(3.3.4) P=L,L}
and

(3.3.5) Q=LoL3,

respectively. Let UAV™* be the singular value decomposition of LiLy, i.e.
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(3.3.6) UAV*=L:L,.

Then, the balanced realization (A,B,C) of the system (A,B,C) is given by

1 1
(3.3.7) A=A 2U*LAL, VA 2,
o1
(3.3.8) B=A 2U*L$B,
and
. 1
(3.3.9) C=CL;VA 2.

The following sequence of lemmas is needed to establish the properties of a finite
dimensional balanced realization of finite dimensional system with a single input and single

output where the matrix A is symmetric.

Lemma(3.3.2) If (A,B,C) is controllable and observable, A is a stable diagonal matrix and

B*=CI. where I is a diagonal matrix then Q=I.PI,.

Proof:

Let
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[0 o]
(3.3.10) P=I eASBB*eASds,
0

denote the controllability grammian. Multiply both sides of (3.3.10) by I on the left and I, on

the right to obtain

o0
(3.3.11)  IcPI = glcCASBB*eASICds.

As

Since A is a diagonal matrix, e™” is a diagonal matrix and hence commutes with I.. Thus, it

follows that
o0
(3.3.12) 1Pl = geAs[IcB][B*]IceAsds
0
=] eASC*CePSds = Q.
0

Lemma(3.3.3) If (A,B,C) is a controllable and observable system with A, a stable diagonal
matrix, and B*=CI. where I is a diagonal matrix, then for the balanced system (A,B,C), A is

a stable symmetric matrix and B*=C.

Proof:

In this proof we refer to the algorithm defined by (3.3.4)-(3.3.9), for the computation of

the balanced realization of the system (A,B,C). By Lemma(3.3.2) the Cholesky decompositions



40

in Equations (3.3.4) and (3.3.5) for the control and observation grammians P and Q are related

as follows:
(3.3.13) P=LL*
(3.3.14) Q=I.LL"I.

Let U*AU be the singular value decomposition of L*I.L, i.e.
(3.3.15) L*I.L = U*AU.
Hence by Equation (3.3.7), A becomes

- 2l -1

(3.3.16) A=A *U*L*I.ALUA *?

which is obviously symmetric, since I¢A is diagonal. By Equation (3.3.8) B becomes
. 21 -1

(3.3.17) B = A 2U*L*I.B = A 2U*L*C*.

By Equation (3.3.9) C becomes
- -1

(3.3.18) C=CLUA %

Clearly, B*=C.
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Lemma(3.3.4) If (A,B,C) is a controllable and observable system with A, a stable diagonal
matrix, B is nxl, and C is 1xn, then the system can be transformed into a system (A,B,C)

where B:CIC where I is a diagonal matrix with the diagonal elements being either 1 or -1.

Proof:

Since A is diagonal and the system is both controllable and observable the matrices B

and C cannot have any zero elements [Le-1). Let H be the diagonal matrix

b.

<.
1

(3.3.19) h.] =[

The system which is obtained by using H as the system transformation has

(3.3.20) [b,] =[ b; \”?—i_‘ }
b,
(3.3.21) &) = l:c i\J;l }

Clearly B* = ClI, for some diagonal matrix I, with the diagonal elements of I being either 1

or-1.

Theorem(3.3.5) If (A,B,C) is a controllable and observable system with A, a stable symmetric

matrix, B is nx1, and C is 1xn and (;\,1-3,(.3) is a balanced realization of (A,B,C), then As
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symmetric and B*=C.

Proof:

Since A is symmetric the system can be transformed by the orthogonal matrix U which
diagonalizes A producing a system (A’,B’,C’). By Lemma(3.3.4) there exits a system
transformation H which transforms the system (A’,B’,C’) into a system (A,B,C) where (A,B,C)
satisfies the hypothesis of Lemma(3.3.3). By Lemma(3.3.3) there exits a transformation R

which transforms (A,B,C) into a balanced system (A,B,C) where A is symmetric and B* = C.



Chapter IV

4.1 Introduction

In this chapter two methods will be discussed which can be used to construct finite
dimensional approximations to infinite dimesional systems. The first method addressed is the
finite element method which is a standard method for approximations of partial differential
equations. The second method discussed is the truncated balanced realization method proposed
by Curtain and Glover [C-2]. In the final section of this chapter the truncated balanced
realization method will be applied to the one dimensional heat equation and compared to the

finite element method.

4.2 The Finite Element Method

We shall consider the one dimensional heat equation:

(4.2.1) ¥y =¥xx +b(x)u(t), xe[0,1], t>0,
with ouput

1
(4.2.2) r(t)= [e(x)y(x,t)dt,

0

and boundary conditions

43
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(4.2.3) y(0,t)=y(1,t)=0, t>0.

Here b(x) and ¢(x) belong to L,(0,1). For each i=1,2,...,N let x; be defined by

—_i
(4.2.4) TN and

let hiN (x) denote the hat function

(N+1)(x—x;) X 1Sx<x
(4.2.5) hf‘(n:{ (N+D(x=-x, 1) XSx<x4
0 elsewhere.
If y(x,t) is approximated by
N N N/ v N
(4.2.6) y (x,t)=_zlzi (t)hy" (x),
1=

then the standard Galerkin procedure ([R-1],[Bu-2]) leads to the finite element approximation
(4.2.7) ENzN(t) = FRzN(t) + GRu(t)
(4.2.8) ¥ () = cRaN ().

Moreover,
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(41 0 ]
1 4 1 0
N _ NNy — 1 S
0 1 4 1
1 4
(21 0 ]
1 -2 1 0
(4.2.10) FE = —[B) M) = (N + 1) L :
0 1 2 1
1 -2
(4.2.11) GY = col[(b,h}), (b,h}),....(b,uN)],
and
(4.2.12) N = [(e,a]), (¢,h}),....(cnR)).
Let

E _ pNyi.1pN N _ ipNi.1t~N
(4.2.13) AN = [EE] FE, BE = [EE] GE
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and we define the N dimensional finite element model EE = (AN,BN,CE) by
(4.2.14) iN(t) = ARzN(b) + BRu (1),
(4.2.15) yN(t) = cRaN(v).

4.3 The Curtain-Glover Technique of Approximation

In section (4.3) we review the construction of the truncated balanced realization for a
large class of infinite dimensional systems. In [C-2] the authors define a scheme for the
approximation of the infinite dimensional by simply taking truncations of the infinite
dimensional matrices. Referring to Section (3.2) we find that the approximating systems of

order M is defined by

7. °°
(4.3.1) Ay =lal= &-; Jwi*(s)wj(s)ds ij=1,2,..,.M,
0
o0
(4.3.2) = J? Jv?(s)i’-(s)ds ij=12,...M
N
(4.3.3) By =[b;)=[{1v1(0)s-, Jopr v (O

(4.3.4) CM=[ci]=[\,T’_1w1(0)""’JU—MwM(0)]’
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The following result can be found in [C-2].

Theorem(4.3.1)  The system defined in Equations (3.2.1)-(3.2.3) is balanced. The

controllability and observability grammians are diagonal and both equal to EM where

(4.3.5) Iy =diagonal(c,,...,op)-

From this theorem it is seen that the diagonal values of £,, are the same as the first M
diagonal values of the grammians for the infinite dimensional the balanced realization. This
fact will be used later in Section 4.5 when discussing the controllability and stabilizability

properties of the approximating systems.

4.4 Stability Properties of the Finite Element Method

In Section (2.5) we saw that a system and the approximation scheme possessing the
property POES guaranteed that the Riccati operators for the approximating systems converged
to the Riccati operator for the orgional system. The proof of the following theorem can be

found in [Ba-1).

Theorem(4.4.1) The finite element scheme for the heat equation defined in Equations (4.2.1)-

(4.2.3) satisfies the POES property.

Therefore, we see that the finite element method is a convergent method in the sense
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that solutions to the approximating L-Q-R problems (i.e. the gain operators) converge to the
solution of the infinite dimensional L-Q-R problem. In general, it is not known if the the finite
element scheme preserves controllability. However, for special cases it can be shown that the

finite element scheme preserves controllability (see [Bu-3]).

4.5 Relationship of the Truncated Balanced Realization Method to Stabilizability

In the last section it was noted that the finite element scheme preserved stabilizability
uniformly under approximation. An open question was whether the finite element method
preserved controllability. The situation for the balanced realization method of approximation is
almost the opposite. For this method it is known that the approximating systems are
controllable if the original system was approximately controllable. However, it is not known
whether the approximating systems possesses the POES property. The following result may be

found in [C-2].

Theorem(4.5.1) If the original system is approximately controllable (c.f. [C-1]), then the finite
dimensional approximating systems obtained by truncating the balanced realization method are

controllable.

Although it is not know in general if the truncated balanced realization method satisfies
POES, it is true that the system which results for the truncated balanced realization method is

stabilizable if the original system is approximately controllable.
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Corollary(4.5.2) If the original system is approximately controllable, then the system which

results from the truncated balanced realization scheme is stabilizable.

Proof:

By the above theorem, the system which results from the truncated balanced realization

is controllable. In finite dimensions controllability implies stabilizability [Le-1].

4.6 Truncated Balanced Realization for the Heat Equation

Consider the heat equation on the interval (0,1)

(4.6.1) ¥y = ¥xx + b(x)u(t) z(0)=2(1)=0
with observation

1
(4.6.2) r(t)=[e(x)y(x,t)dx.

0

We will use the orthonormal basis {sin(nwx)} for L,(0,1) to convert this into a system defined
on €2, since the balanced realization of the system is defined on €2. Also, it will make the
construction of truncated balanced systems easier to follow. Clearly, we could simply think of

the problem on L,(0,1) with the Fourier coefficents in €% where

(4.6.3) yn(t)=}y(x,t)sin(n7rx)dx.
0
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1
(4.6.4) by = [b(x)sin(n7x)dx,
0

(4.6.5) cn =}c(x)sin(n7rx)dx.
0

If y(t) = {yn(t)}, then Equations (4.6.1) - (4.6.2) become

(a2 0 0 o [v] ]| b ]
4.6.6 ; 0 0 ' ‘
( b ) Y(t‘) - 0 -n27r2 0 )’n(t) + bn u(t‘)
0o 0 0 :
and
yi(t)
@en  com=[ @ o - [no}

From the results in [C-1] we see that the above matrix operator forms a Cy—semigroup T(t) on

€2 which has the following representation
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-, -~ -
™t o . 0 Y1
o . 0 0
4.6. T(t)y=
(46.8) Sl I
0 - 0
L AL _

Thus, we have I' defined by (3.2.14) is given by

T = -n’x?(t+s)
(4.6.9) Tu(t) = J bpepe u(s)ds.
0 n=1

For the rest of this section assume that the coefficients by,cy satisfy
(4.6.10) ann > 0.

This assumption is not neccessary for the constuction of the truncated balanced realization
matrices. However, it reduces the problem to finding a singular value decomposition of a large
matrix to that of finding the eigenvalues of a large positive symmetric matrix. This hypothesis

applies to the problem which we consider below.

Theorem(4.6.1) If bpcy>0 for n=1,2,..., then I' is a nonnegative self—adjoint compact

operator on L,(0,00;RY).
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Proof:

The kernel is symmetric so self-adjointness follows from material on page 23 [H-1].
Since {bp} and {cp} are in €2, we can switch the order of integration and summation. When
we do this and take the inner product on L,(0,00) we get

o. 54 oo -n27r2(t.+s)

(4.6.11) <u,I‘u>L2(0’°o)=n§lbncn£ (j)‘ e u(s)u(t)dsdt > 0.

Thus, T is nonnegative. The compactness of I' follows from Theorem(3.2.4) Section 3.2. (It is

also easy to see that we can write I' as the limit of finite rank operators in the uniform operator

topology.)

In order to compute the realization given in Section 3.2 we need to compute the eigenvalues
and eigenvectors of the operator I'T*. Therefore, we could use numerical methods to
approximate the eigenvalues and eigenvectors of I'T*. Since I' defined on L2(0,oo,Rl) is self-
adjoint when hypothesis (4.6.10) is satisfied, the eigenvectors of I'T'* are the same as the
eigenvectors of I'. Also, the eigenvalues of I'T* are simply the square of the eigenvalues of T.
Therefore, it is necessary only to compute the eigenvalues and eigenvectors of I'. Since I is

compact we will use the following theorem dealing with compact operators.

Theorem(4.6.2) Suppose Tp:H—H and T:H—H are compact self-adjoint operators on a Hilbert
space H and Ty, converges to T in the uniform operator topology. If A is an eigenvalue of T,

then there exists an eigenvector x for A and a subsequence Ty of Ty with eigenvalues Ay and

corresponding eigenvectors Xnp such that
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(4.6.12) Ang — A

and

(4.6.13) [Xny — x| —0.
Proof:

By Theorem 4.10 on page 291 of [K-1] there is a sequence A which is composed of
eigenvalues of Tp such that Ap—A. By Theorem 5.10 on page 236 of [Ch-1] we have the

existence of the subsequence of eigenvectors and eigenvalues.

The proof of the following theorem follows from the previous theorem and induction on

the algebraic order of the eigenvalue.

Theorem(4.6.3) Suppose T,:H—H and T:H—H are compact self-adjoint operators on a Hilbert
space H. If T converges to T in the uniform operator topology and A#0 is an eigenvalue of T
with multiplicity k, 1<k <oo, then there is a subsequence Tnl, of the sequence of operatorsTp,
with k eigenvalues /\nl.lgigk and corresponding eigenvectors Xn, » ’\nli not necessarily distinct,

i i
which converge to k eigenvectors of T which span the eigenspace for the eigenvalue A.

Theorem(4.6.4) If the operator T is self-adjoint, then Ti,j(t') = Tj i(t) for the balanced system.
’

Proof:

By Lemma 3.1 of {C-2]
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(4.6.14) J' (s)w (s+t)ds = o, f (s+t)wj(s)ds .

Thus,

g, © . e
(4.6.15) \l;% J wi(s)wj(t+s)ds = a—:; J wj(s)wi(t+s)ds .
0 0

Theorem(4.6.5) If T is self-adjoint, then Ai.j=Aj ; for the balanced system.

Proof:

By Equation 3.12 of [C-2] the result follows directly from the above theorem.
Corollary(4.6.6) If I':L,(0,00,R)—L,(0,00,R) is selfadjoint the value of A is given by

(4.6.16)

s R Y
W e, (O)w;(0),

where wy_is the k-th eigenvector of I' with corresponding eigenvalue 4" and
1)

j
(4.6.17) 5=\t

Proof:

By equation (3.2.6) wi(s),wj(s)eCI(O,oo;Rk); therefore integration by parts makes sense.
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By equation (3.2.20)

5T . % 5 T
(4.6.18) =7 [ (s)»'vj<s)ds=—J;;w;(0)wj(0)— 2 [#ewes
0 0
O'j Uj o o0
(4.6.19) = - J;iw;‘(O)wj(O) — ‘TiJ;; ij'(s)v'vi(s)ds
0
T 73
(4.6.20) = - J;iwi (0)wj(0) - U_iAjvi'

The result follows from the fact Ai,j = Aj T

Using the above results it is possible to calculate the value of the balanced realization
by simply computing the eigenvalues and the value of the corresponding eigenvectors when t=0.
However, this requires computation of the eigenvalues and eigenvectors for (3.5.11). However,
the above theory can be used to get approximations of the eigenvalues and eigenvectors of
(3.5.11) by computing the eigenvalues and eigenvectors of I'y; where

)
(4.6.21) ryu(t) = J S ppege™ ™ (F9)

0 n=1

u(s)ds.

This is equivalent to solving an integral equation with degenerate kernel. Thus, we can use the

techniques outlined on page 37 of [H-1] to solve this problem. We need the following notation:

(4.6.22) gn(t)=Jbpcpe™
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o0 202 .2
(4.6.23) R.N=[riJ]N=[(gi(t),gj(t))JN{ J ,bibjcicje TUHIN G sen.
0

The eigenvalues of [y are the eigenvalues of the matrix RN, (see [H-1] page 38), and the

eigenvectors wlrj (t) of 'y are:

N 2_2
(4.6.24) w{f(t):ElvEn,lbncne'n ™t

n=
where

N

Vk,1

WN
(4.6.25) v = | k2

N
-Vk’N..

is the k-th eigenvector of the matrix RN,

The construction of the matrices in Section 3.2 required normalized eigenvectors. From (3.5.31)

the norm of w11:I (t) is given by:
N N 00
N2 _ N_N
(4.6.26) O =% % ik [ &;(t).g;(6)de.
=1j= 0
Using Equation (4.6.33) the right hand side of Equation (3.5.32) can be represented as

*
(4.6.27) v RNVN =oN.
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Therefore, if we assume the Vi’:I ’s are already normalized, the normalized wll:I (t) denoted v'vll:J (t)

is given by:

N 2 2
(4.6.28) aNt)=—ls 3 VN [breqe™ ™t
UN n=1 n
:J k

Thus, M dimensional approximations of the matrices defined in Section 4.3 for the balanced

system can be characterized as follows:

N N
(4.6.29) Ay = R (& VR aen)(E VY {Baca) | 1<id<M,
o; +oj n=1 " n=1 <’
and
N
(4.6.30) B =[Ch*= [avi’"’lb"c":l’ 1<i<M.

Since I' is a compact self-adjoint operator and the I‘N operators are self-adjoint and
converge to I', Theorem(4.6.3) implies that we should be able to get approximations of any
finite number of eigenvalues and corresponding eigenvectors of I' by simply taking N large
enough and finding eigenvalues and eigenvectors of I'y. Since the the values of the the
truncated balanced matrices depend on these values, we have that the truncation of the balanced
realization of the system defined on €2 can be approximated to any degree of accuracy by simply
finding the eigenvalues and eigenvectors of a symmetric matrix (equation (4.6.33)) and then

applying equations (4.6.38) and (4.6.39).



Chapter V

5.1 Introduction

In this chapter numerical results will be presented for the items discussed in the
preceding chapters. The numerical schemes were implemented on a VAX 8800 and a Cray-II.
In Section 5.2 there is a discussion on the finite dimensional balancing of the finite element
matrices. Section 5.3 will deal with the implementation of the algorithm detailed in Section 4.6
for construction of the matrices for the truncated balanced realization scheme. Included in
Section 5.3 is a listing of the various checks which were made against theory to ensure the
computer program was working properly and that the matrices which were generated were, in
fact, very close to the actual matrices. Also, there is a discussion on the speed of convergence of
the numerical approximations to the truncated balanced realization for the M=10 case. In
Section 5.4 a comparison of the measures of controllability, observability, stabilizability, and

detectability the matrices mentioned above will be made.

5.2 Finite Element

The FORTRAN code used to generate the M dimensional approximations by the finite
element method was implemented on the VAX 8800. The FORTRAN code used to balance the
resulting systems was also implemented on the VAX 8800. The results we compared against the
results in [Bu-2]. Also, for some of the smaller matrices the balancing algorithm was compared
to the balancing algorithm in Matlab. Also, the matrices generated by the balancing routine
satisfy the theoretical properties of Section 3.3. The resulting system for the M = 5 finite

element approximation of the system

58
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(5.2.1) Zy = zxx + xu(t), 0<x< 1,
1

(5.2.2) c(t) = j'xzz(x,t.)dx,
0

(5.2.3) z(0,t) = z(1,t) = 0.

is given in TABLE 1 and the balanced finite element system is given in TABLE 2.



-1.31
93.05
Ay = -24.92
6.646

-1.662

60

TABLE 1

Finite Element Method

93.05

-156.2

99.69

-26.58

6.646

-24.92

99.69

-157.8

99.69

-24.92

0.1679

0.3282

0.5192

0.5949

1.101

6.646

-26.58

99.69

-156.2

93.05

-1.662

6.646

-24.92

93.05

-131.3

C5 =|: 0.1944 0.6944 1.528 2.694 4.194 :]
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TABLE 2

Balanced Finite Element

-12.78 -11.22 -4.424 -1.185 0.216
-11.22 -62.57 -44.76 -12.64 2.31
Ag= -4.424 -44.76 -150.9 -76.80 14.68
-1.185 -12.64 -76.80 -214.4 76.27

0.216 2.31 14.68 76.27 -292.1

-2.420

-1.108

-0.4201

-0.1123

0.02046

Cy =l: -2.420 -1.108  -0.4201 -0.1123  0.02046 :]
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5.3 Truncated Balanced Realization Method

The FORTRAN code used to generate the M dimensional approximations of the
balanced realization was implemented on the Cray-2. The subroutine RS from the Eispack
library of FORTRAN subroutines was called to find the eigenvalues and eigenvectors of a real
symmetric matrix. In order to ensure the matrices generated by this code were close to the
actual matrices, the following checks were implemented: (1) The generated Aj matrices were
checked for symmetry which was mandated by Corollary(4.6.6); (2) The BM and CM matrices
were checked to see if BRI = Cjq as mandated by equation (4.6.36); (3) The eigenvalues of the
AM matrix were computed to see how they compared with the infinite dimensional eigenvalues;
(4) The Ay Bypr and Cyq matrices were run through a finite dimensional balancing algorithm
to see if this caused many changes (i.e. to see if the system was in fact balanced); (5) The
singular values of the controllability and observability grammians of the system obtained by
balancing Ayy, By, and CM were compared against the singular values used to construct the
system (equation (4.3.5) requires that they be the same). In TABLE 3 the matrices Agl’ BY ,
and CII& are given for the case M=5 and N = 1500 for the control problem defined by
equations (5.2.1)-(5.2.3). The time required by the Eispack subroutine RS, see [S-1], to find the
eigenvalues and eigenvectors for rN (equation (4.6.33)) was 280 seconds on the Cray-2. To
get convergence for the M = 10 system the size of RN that had to be used was 1500x1500.
However, it may have been possible to decrease the time if another method had been used to
find the eigenvalues and eigenvectors of I'. The method used in Section 4.6 was chosen because

it had only the one possibility for the introduction of numerical error.
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In TABLE 4 the singular values of the grammians for a 10x10 truncated balanced
realizations (AIIVO'BIIVO‘CII\IO) which were generated using RN N=100,...,1000 are given. The
singular values of the gramians for M=5 are given in TABLE 5. The infinity norm of the
difference between the truncated balanced realizations (AIIUI’BF’CE\V/I) generated using RN for
N=100,...,1000 and RN for N=1500, with M=10, are given in TABLE 6. The M=5 results are
given in TABLE 7. Note that A? converges to A5 monotonically and this is not true for the

larger system Allvo.
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TABLE 3

Truncated Balanced Realization Method

F -12.10 -11.08 -6.743 4.474 3.171 |
-11.08 -75.49 -81.57 58.09 41.59
A5 = -6.743 -81.57 -289.7 335.1 296.3
4.474 58.09 335.1 -879.4 -1046

3.171 41.59 264.3 -1046 -2307

-0.3235
-0.1535
By = -0.9044
0.05984

0.04240

Cy =I: -0.3235  -0.1535  -0.9044  0.05984 0.04240:'
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TABLE 4
Singular Values, aiN, of Grammians for the System
(A0B10.C1p)

N=100 N =500 N=1000 N=1500 o
4.325x1073 4.324x1073 4.325x107% 4.325x1073 4.325x1073
1.561x107* 3.884x10°° 3.778x107° 1.561x107* 1.561x10™*
1.142x10°° 9.258x1078 9.004x10°8 1.412x107° 1.412x107°
2.036x107° 2.977x1078 2.908x10°8 2.036x107° 2.036x10°°
3.895x10°7 1.269x10°8 1.244x10°8 3.896x10°7 3.896x1077
9.022x10°8 4.026x10°° 3.956x10°° 9.039x10°8 9.039x10°8
2.388x10°8 1.810x10°° 1.780x107° 2.415x10°8 2.415x10°®
6.683x107° 8.914x1071° 8.837x1071° 7.191x107° 7.191x107°
2.032x10°° 3.404x1071° 3.365x1071° 2.336x10°° 2.336x10°°
5.970x1071° 5.311x10™1! 5.257x107! 8.148x1071°  8.148x1071°



N=100

4.325x1073
1.561x107*
1.142x10°°
2.036x10°°

3.895x10°7
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TABLE 5

Singular Values, af‘ , of Grammians for the system

N=500
4.324x10°3
2.971x107°
2.693x1078
5.720x10°7

2.075x10°7

N gN ~N

N=1000

4.325x1073
2.971x107°
2.693x10°°
5.720x10°7

2.075x10°7

N=1500
4.325x1073
1.561x10™*
1.412x107°
2.036x107°

3.896x1077

g.

1
4.325x1073
1.561x1074
1.412x10°%
2.036x10°°

3.896x10™7
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TABLE 6

Infinity Norm Difference 10x10

I I L S
100 29901 0.12 0.12

200 37956 0.12 0.12

300 18136 0.12 0.12

400 9216 0.12 0.12

500 5089 0.12 0.12

600 116985 0.024 0.024

700 117487 0.024 0.024

800 117780 0.025 0.025
900 795 5.3x107° 5.3x10°°

1000 525 3.5x107° 3.5x10°°
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TABLE 7

Infinity Norm Difference 5x5

N |A5N—Aé5°0|oo |85N—B§,500|oo |C5N—C§5°°|oo
100 37 0.12 0.12

200 4.9 0.12 0.12

300 1.47 0.12 0.12

400 0.62 0.12 0.12

500 0.31 0.12 0.12

600 0.174 1.6x10°° 1.6x10°6
700 0.11 1.2x10°° 1.2x10°°
800 0.067 6.1x1077 6.1x10°7
900 0.044 4.0x10°7 4.0x1077

1000 0.029 2.6x10°7 2.6x10°7
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5.4 A Comparison of the System Measures

The method used to compute the measures of controllability and observability was
outlined in Section 2.3. The FORTRAN programs which were used to compute these measures
were run on the VAX 8800. The results of these programs for the finite element method were
checked against the results in [Bu-2]. The results for the problem given in equations (5.2.1)-
(5.2.3) are given in TABLE 8. It is interesting to note how well the finite element method
compares to the truncated balanced realization method. In fact, the measure of controllability
for the finite element method is almost an order of magnitude higher than the measure of
controllability for the truncated balanced realization method. In addition, the balanced finite
element model is an order of magnitude more “robust” than the truncated balanced realization

model.

The measures of stabilizability and detectability were computed using the algorithm
outlined in Section 4.2. The results presented here are consistent with the results given in [Bu-
2]). The results are given in TABLE 9 are for the problem defined by equations (5.2.1)-(5.2.3).
Note that y2=n2 is the measure of stabilizability (and dectability) for the infinite dimensional

problem and the truncated balanced realization reflects this property.
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F.E

0.2221

0.1155

0.06698

0.04187

0.02773

0.01922

0.01383

0.01026

0.007811

TABLE 8

Measures of Controllability and Observability

Controllability Observability

B.F.E. T.B.R. F.E. B.F.E. T.B.R.
0.6659 0.04223 1.1993 0.6659 0.04223
0.2828 0.02112 0.6923 0.2828 0.02212
0.1595 0.01166 0.3798 0.1595 0.01166
0.09302 0.006921 0.2066 0.09302 0.006921
0.06094 0.006859 0.1339 0.06094 0.006859
0.04091 0.004459 0.08706 0.04091 0.004459
0.02932 0.002998 0.06218 0.02932 0.002998
0.02137 0.003159 0.04453 0.02137 0.003159
0.01625 0.001466 0.03383 0.01625 0.001466
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TABLE 9

Measures of Stabilizability and Detectability

Stabilizability Detectability
F.E B.F.E. T.B.R. F.E. B.F.E. T.B.R.
10.83 10.90 10.22 11.09 10.90 10.22
10.43 10.52 9.949 10.82 10.52 9.949
10.25 10.37 9.893 10.77 10.37 9.893
10.16 10.31 9.879 10.80 10.31 9.879
10.11 10.28 9.875 10.87 10.28 9.875
10.08 10.28 9.874 10.95 10.28 9.874
10.06 10.29 9.874 11.04 10.29 9.874
10.05 10.31 9.874 11.14 10.31 9.874

10.05 10.33 9.874 11.24 10.33 9.874
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5.5 Conclusions

The truncated balanced realization method was applied to control a system governed by
the heat equation and compared to the finite element and balanced finite element methods. The
truncated balanced realization method requires considerable effort be devoted to analytical
preparation and large amounts of computational times simply to construct the system matrices
(c.f. Section 5.3). Conversely, the finite element method requires little analytical preparation
and takes almost no computer time to construct the systemm matrices. The balanced finite
element method uses a moderate amount of computational resources in applying the balancing
alogrithm outlined in [L-1]. If we compare the measures of controllability and observability
given in TABLE 7, we see that the balanced finite element model is more robust under
perturbation than the finite element model, and the finite element model is more robust under
perturbation than truncated balanced realization model. The measures of stabilizability and
detectability listed in TABLE 8 are about the same for each of the models. The magnitude of
the matrix entries for the truncated balanced realization model (TABLE 3) varies more than the
magnitude of the corresponding entries for either the finite element model (TABLE 1) or the
balanced finite element model (TABLE 2). Thus, the truncated balanced realization gives
approximations which are numerically “stiffer” than the approximations from the finite element
model or the balanced finite element model. Therefore, we conclude that either the finite
element method or the balanced finite element method provides a more robust finite dimensional

model for controlling the heat equation.

This study raises many unanswered questions concerning the appropriate approach to
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modeling control systems described by partial differential equations. In particular, it is not
known if the truncated balanced realization is always less robust than the finite element scheme

or if this is only true for the problem (or class of problems) considered here.
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