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LAYERWISE THEORY FOR DISCRETELY STIFFENED LAMINATED
CYLINDRICAL SHELLS
by
Samuel Kinde Kassegne
J.N. Reddy, Chairman
Engineering Mechanics
(ABSTRACT)

The Layerwise Shell Theory is used to model discretely stiffened laminated composite
cylindrical shells for stress, vibration, pre-buckling and post-buckling analysis. The
layerwise theory reduces a three-dimensional problem to a two-dimensional problem by
expanding the three-dimensional displacement field as a function of a surface-wise two-
dimensional displacement field and a one-dimensional interpolation through the shell
thickness. Any required degree of accuracy can be obtained by an appropriate,
independent selection of the one-dimensional interpolation functions through the
thickness and the two-dimensional interpolation of the variables on the surface.

Using a layerwise format, discrete axial and circumferential stiffeners are modeled as
two-dimensional beam elements. Similar displacement fields are prescribed for both the
stiffener and shell elements. The contribution of the stiffeners to the membrane
stretching, bending and twisting stiffnesses of the laminated shell is accounted for by
forcing compatibility of strains and equilibrium of forces between the stiffeners and the
shell skin. The layerwise theory is also used to model initial imperfections of the
unstressed configuration. A finite element scheme of the layerwise model is developed
and applied here to investigate the effect of imperfections on the response of laminated
cylindrical shells.

Using a finite element model of the layerwise theory for shells and shell stiffener
elements, the accuracy and reliability of the elements is investigated through a wide
variety of examples. The examples include laminated stiffened and unstiffened plates
and shells and stand-alone beams under different types of external destabilizing loads.
Finally, the study identifies the particular types of problems where the layerwise elements
possess a clear advantage and superiority over the conventional equivalent single-layer
models.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Stiffened cylindrical shells are frequently used as structural components for aerospace and
underwater vehicles. Because of their inherent high stiffness and strength to weight ratio,
advanced fiber reinforced composites have been widely used in the construction of such
structures. The efficient use of these materials requires a good understanding of the
system response characteristics to external causes such as mechanical and environmental
loads. Good analytical models are required to assess the response of shell-type structures
both at the global and local levels. In the past five or six decades, a very significant amount
of research work has gone to the formulation of the kinematics and stability analysis of

shells made out of steel, aluminum and advanced composite materials.

Laminated shells have often been modeled as equivalent single-layer shells using the
classical shell theory. The Love-Kirchhoff classical shell theory [1] assumes that straight
lines normal to the undeformed middle surface remain straight, inextensible and normal to
the deformed middle surface. As a result, transverse normal and shear deformations are
neglected. It has long been recognized that classical two-dimensional shell theories yield
good results only when these structures are thin, the dynamic excitations are within the

low-frequency range, and the material anisotropy is not severe. The classical shell theory



could give errors in the order of 30% for deflections, stresses, and natural frequencies

when used for laminated anisotropic shells [2].

The quantitative assessment of the effects of stiffeners on the local and global behavior of
stiffened shells is crucial to the clear understanding of the response and reliability of such
structures. A significant amount of research in stiffened shells dealt with cases where the
stiffener spacing is small compared to the dimensions of the shell. In such shells, the
behavior of the closely spaced stiffeners is averaged out or "smeared"” over the shell
surface. However, most researchers ignored the eccentricity of the stiffeners. Such
models resulted in higher buckling loads [3]. The post-buckling behavior of stiffened
laminated composite cylindrical shells has not received much attention. Small-deflection
classical shell theories have given erroneous results compared to experimental results. The
major drawback in all the theories is the lack of shear deformation capabilities in the

buckling and post-buckling analysis of stiffened laminated composite shells.

The proposed model for cylindrical shells with discrete stiffeners, typical of aircraft
fuselage structures and rocket cases, is intended to carry out a vibration, buckling, stress
and post-buckling analysis of such structures using Reddy's [4] layerwise theory. Discrete
axial and circumferential stiffeners are modeled as two-dimensional beam elements and
their contribution to the axial, bending and twisting stiffnesses of the laminated shell is
accounted for by forcing compatibility of strains and equivalence of energy between the
stiffeners and the shell skin at their common nodes. The layerwise theory of Reddy has
effectively been employed in developing a two-dimensional model for laminated plates,
which is capable of determining the in-plane and interlaminar stresses [5]. This theory
gives an accurate description of the three-dimensional displacement field. In this model,

the displacements are approximated linearly through each layer. This accounts for any



discontinuities in the derivatives of the displacements at the interfaces of the lamina. The
von Kédrman type geometric nonlinearities are also considered with an additional provision
for imperfection sensitivity analysis. Previous investigations lack a generalized treatment
with shear deformation capability valid for linear and nonlinear post-buckling analyses.
The present study is intended to fill in the gap that exists in the analysis of discretely
stiffened laminated cylindrical shells with initial geometric imperfections. The study also
focuses on the local behavior of stiffened shells and plates. This includes determining the
state of stress and strain near the skin-stiffener interface. Unlike the equivalent single-layer
two-dimensional shell theories, the layerwise theory of shells has the capacity to accurately
determine the through-the-thickness variation of stresses and strains at discontinuities such
as free-edges and stiffener attachment areas. The literature reviewed in the next section

forms a background for the present work.



1.2 LITERATURE REVIEW

In this section, a review of previous research work in the areas of theory of shells,

kinematics and modeling of stiffened shells and the stability of shells is given.

1.2.1 Shell Theories

The first publication in the theory of shells was by Love [1] in 1888. He assumed small
strains and small thickness to radius ratios, in addition to the assumptions that the normals
to the reference surface remain straight and normal during the deformation, and that the
transverse normal stress is negligibly small. Within the framework of a linear first-order
theory, modifications of Love's theory have been presented in order to remove some of the
inconsistencies. Budiansky and Sanders' [6] and Koiter's [7] works are some of the
examples. Donnell [8] presented a simple set of nonlinear equations for cylindrical shells.
Vlasov [9] extended Love's theory to shallow shells of general geometry in a form
commonly known as Donnel-Mushatari- Vlasov (DMYV) equations for quasi-shallow shells.
Novozhilov [10] presented nonlinear equations for shells of general shapes. One of the
earliest analyses of homogeneous orthotropic cylindrical shells was published by March et
al. [11] in 1945. Subsequently, several theoretical analyses limited to orthotropic shell
configurations were performed by Schnell and Bush [12], Thielmann et al. [13], and Hess
[14]. The general linear theoretical solutions to anisotropic cylinders were presented by
Cheng and Ho [15], Jones and Morgan [16], Jones [17] and Hennemann and Hirano [18].

Several papers compared the efficiency and accuracy of Fliigge's [19] linear shell theory,
which was employed by Cheng and Ho [15], and other shell theories such as the work of



Tasi et al. [20], Martin and Drew [21], whose theory was based on Donnell's equations,
and the work done by Chao [22] whose analysis was based on Timoshenko's buckling
equations. All the theories discussed above are based on the classical shell theory where the
Love-Kirchhoff assumptions are used. The Love-Kirchhoff assumptions amount to
treating shells as infinitely rigid in the transverse direction by neglecting transverse strains.
The theory underestimates deflections and stresses and overestimates natural frequencies
and buckling loads. Since the transverse shear moduli of advanced composite materials are
usually very low compared to the in-plane moduli, the transverse shearing strains must be
taken into account for an accurate representation of the response of laminated plates and
shells. Numerous plate and shell theories which account for transverse shear deformations

are documented in the literature.

The shear deformation plate and shell theories can be classified into two groups as
displacement-based and stress-based theories. The first stress based shear deformation
shell theory is that of Reissner [23]. The theory assumes a linear distribution of the inplane
normal and shear stresses through the thickness of the plate. The transverse stresses are
obtained by integrating the equilibrium equations of the three-dimensional elasticity theory.
Gol'denveizer [24] generalized Reissner's theory by replacing the linear variation of
stresses through the thickness by a general function of the thickness coordinate. Kromm
[25] developed a shear deformation theory that is a special case of Gol'denveizer's theory.
Basset's [26] theory was perhaps the pioneering displacement-based shell shear
deformation theory. According to his formulation, the displacement components are
expanded in a series of powers of the thickness coordinate z. Following Basset's work,
Hildeband, Reissner and Thomas [27] presented a first-order shear deformation theory for

shells. The first order shear deformation theory was extended to anisotropic laminated



plates by Yang, Norris and Stavsky [28]. Higher order displacement-based shear
deformation theories, where the components of the displacements are expanded in power
series of the thickness coordinate and unknown generalized displacement functions, were
later formulated by Librescu and Khdeir [29], Reddy [30], Schmidt [31], Levinson [32],
and Murthy [33]. Librescu [34] developed a refined geometrically nonlinear theory for
anisotropic laminated shells, based on the expansion of the displacement field with respect
to the thickness coordinate. Vlasov [35] was the first investigator to develop a higher-order
displacement field that satisfies stress-free boundary conditions on the top and bottom
planes of a plate. Krishna Murthy [36] introduced a modification to the displacement field

by splitting the transverse deflection into bending and shear terms.

The above discussed theories all fall under the equivalent single layer two-dimensional
theories. These theories give accurate results for global responses such as maximum
deflections, fundamental vibration frequencies, and critical buckling loads and the finite
element models of these theories are computationally less expensive as compared to those
based on three-dimensional elasticity solutions. However, the single-layer theories are
usually inadequate in describing the stress field at the ply level. The major deficiency of the
single-layer theories in modeling composite laminated shells and plates is that the transverse
strain components are continuous across interfaces between disimilar materials; therefore,

the transverse stress components are discontinuous at the layer interfaces.

Recently, Reddy [4] developed a generalized laminate theory called Layerwise Laminate
Theory that provides a framework upon which any of the displacement-based, two-
dimensional laminate theories can be derived. Based on this work, a layerwise shell theory
that is capable of modeling three-dimensional kinematics in shells has been developed by

Reddy [37]. The Layerwise Shell Theory of Reddy (LWST) gives an accurate description



of the displacement field. The three-dimensional displacement field is expanded as a
function of a surface-wise two-dimensional displacement field and a one-dimensional
interpolation function through the thickness. The use of higher order polynomial
interpolation functions or more sub-divisions through the thickness improves the degree of
accuracy in expanding the three-dimensional displacement field. The resulting transverse
strains are discontinuous at the layer interfaces if a piece-wise continuous polynomial
interpolation of the displacements through the thickness is used. As a result, continuous

transverse stresses can be obtained at the ply interfaces.



1.2.2 Stiffened Shells

The first work in the area of stability of eccentrically stiffened shell was carried out by van
der Neut [3] in 1940. By including stiffener centroid eccentricity in his model, van der
Nuet showed that placing the centroid at the shell wall middle surface in the theoretical
analysis could result in large errors in the buckling load if the centroid of the stiffeners in
the actual structure was offset from the middle surface. However, his conclusion that the
buckling load under axial compression of an externally stiffened shell could be as high as
twice or three times that of an internally stiffened shell went essentially unnoticed. Wilson
[38] had arrived at similar conclusions for cylinders under external pressure. Baruch and
Singer [39] studied the instability of stiffened simply supported cylindrical shells under
hydrostatic pressure. They used the "average stiffness" approach. The influence of
discrete ring stiffeners was investigated by Hedgepeth and Hall [40], who ignored
prebuckling deformations, and by Block [41], who took the prebuckling deformation into
account. Jones [17] was probably among the earliest to investigate laminated composite
shells with stiffeners. He assumed the laminae to have orthotropic material properties with
the principal axes of orthotropy coincident with the shell coordinate direction. The
stiffeners were treated as one-dimensional isotropic beam elements and their property

averaged or "smeared” over the stiffener spacing.

The finite element method has been used to solve the problem of shells with stiffeners by
formulating a beam element whose displacement pattern is compatible with that of the shell.
Kohnke et al. [42] proposed a 16 degree of freedom isotropic beam finite element, which
has displacements compatible with the cylindrical shell element from which the beam

element is reduced. However, its application is limited to isotropic cylindrical shells. A



laminated anisotropic curved stiffener element with 16 degrees of freedom was generated
from a laminated anisotropic rectangular shallow thin shell element with 48 degrees of
freedom by Venkatesh and Rao [43]. This compatible curved stiffener element and the
rectangular shell element [44] have been used by Venkatesh and Rao [45] to solve
problems of laminated anisotropic shells stiffened by laminated anisotropic stiffeners. Rao
and Venkatesh [46] later presented a 48 degree of freedom doubly curved quadrilateral shell
of revolution element where the stiffness of the stiffener elements again is superimposed
after a suitable transformation. In these methods, no additional degrees of freedom are

introduced.

Carr and Clough [47] and Schmit [48] used an alternative approach where axial stiffeners
(stringers) and radial stiffeners (rings) were approximated by the same element type as the
shell. The main disadvantage of their approach was that a substantial number of additional
nodes and nodal displacements are introduced as unknowns. Ferguson and Clark [49]
developed a variable thickness curved beam and shell stiffener element with transverse
shear deformation capabilities. Here, a family of two-dimensional and three-dimensional
beam elements are developed as double degenerates of a fully three-dimensional
isoparametric continuum element. There is a displacement compatibility with Ahmad's
thick shell element [50] transverse shear and variable thickness properties. Liao [51]
introduced a shear deformable degenerated curved element which has nonlinear and post-

buckling analysis capability.



1.2.3 Stability of Shells

Stability of shells has been a research topic for a very long time. However, early
researchers were only involved with the linear buckling theory. In most cases, the
determination of the buckling load is considered to be an adequate stability solution for a
structure. Buckling, however, does not always result in the collapse of the structure [52].
Therefore, determining the post-buckling displacement pattern of the structure is essential

to have a clear understanding of the dangers of instability.

The fundamental theory of buckling of orthotropic cylinders was developed by Fliigge
[19]. Bodner [53] worked out solutions to Fliigge's orthotropic theory. Batdorf [54]
reviewed the early test data available for buckling of cylinders. Ho and Cheng [55] studied
the stability of heterogeneous cylindrical shells under combined loading and arbitrary
boundary conditions. Their theory is based on small displacements and the Love-
Kirchhoff hypothesis. Donnell [8] was the first researcher to propose that imperfections in
the shape of the shell play a significant role in the buckling phenomenon. Von Kdrman and
Tsien [56] included nonlinear terms in the strain-displacement relations. Their approximate
solution to the nonlinear problem showed that, in addition to the pre-buckling membrane
state of stress, other equilibrium states exist for loads lower than the buckling load. Jones
[17] presented the exact solutions for buckling of cross-ply, simply supported circular
cylindrical shells for both symmetrical and unsymmetrical lamination schemes. Not much
work has been done in the study of the post-buckling behavior of stiffened and unstiffened
shells. Shell theories based on small displacements are not applicable to post-buckling
analysis of shells [52]. A finite displacement theory of shells must be used as the basis of

post-buckling analysis. Naghdi developed such a theory [57]. A review of the early
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’historical developments in the field of general instability of orthotropic cylinders is found in
[58]. Koiter [59] published a general theory of post-buckling behavior of structures. His
theory is based on the expansion of the potential energy about solutions of the equilibrium
equations at bifurcation points. Limit points are treated accurately only if they occur near
the bifurcation points. Koiter's theory has been applied by Hutchinson [60], Budiansky
and Hutchinson [61], and others [62] to measure imperfection sensitivity near bifurcation
points of perfect structures. Koiter's theory predicts that even for very small magnitudes of

imperfections, the buckling load can be substantially reduced.

Shell stability analysis is a highly nonlinear problem where the finite element method
possesses a special advantage. Numerous researchers have investigated the stability
problem of shells using the finite element method [63]. Sharifi and Popov [64], Walker
[65], and Noor and Peters [66] have used the finite element procedure to analyze arch and
shell instability problems. Near the limit point and the post-buckling region, special
numerical techniques must be adopted to trace the path of the load-deflection curve. This is
due to the fact that the stiffness matrix is singular at the limit point and not positive definite
in the post-buckling region. A number of algorithms have been proposed to overcome this
numerical difficulty. Bergan et al. [67,68] proposed a simple method of suppressing
equilibrium iteration. Popov et al. [64] suggested the use of an "artificial spring” for the
post-buckling analysis of arches. Argyris [69] and Batoz and Dhatt [70] used the
displacement control method to navigate through the post-buckling path, whereas Riks and
Wempner [71] used the "constant-arc-length method”. Ramm [72] and Crisfield [73] gave
good reviews of the algorithms commonly used for shell stability analysis. The modified

Riks-Wempner method is the most convenient algorithm for finite element applications.
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1.3 Present Study

The present study focuses on developing laminated composite cylindrical shell and shell
stiffener elements based on the Layerwise Theory of Reddy. The elements are used to
model unstiffened and stiffened laminated plates and shells for global and local analyses.
The accuracy and reliability of the elements are investigated by solving a wide variety of
laminated stiffened and unstiffened plates and shells and stand-alone beams under different
types of external destabilizing loads. The study identifies the particular types of problems
where the layerwise elements possess a clear advantage and superiority over the
conventional equivalent single-layer methods. The stability of shells that exhibit bifurcation
and snap-through is investigated and reported. The influence of stiffeners on the global
responses, like critical load and load-deflection curve, and local effects, such as through-

the-thickness distribution of stresses and strains, is studied.

Following this introduction, the layerwise theory for cylindrical shells and stiffener
elements is developed in Chapters 2 and 3 respectively. Both discrete and "smeared"
models are developed for the stiffener elements. In Chapter 4, the theory is extended to
cylinders containing initial imperfections. The effect of imperfections on the stability of
cylindrical shells is discussed. Chapter S focuses on the solution techniques used for the
models developed. A comprehensive overview of the application of the finite element
method in the present study for solving natural vibration, linearized buckling, linear stress
and post-buckling problems is given. Chapter 6 features an extensive verification and
demonstration of the analysis of a wide variety of plate, shell and shell type structures. A

global analysis and local analysis for discontinuities in plates and cylindrical panels with
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stiffeners is included to demonstrate the power of the layerwise theory in capturing local
effects. A discussion of the convergence characteristics of the elements and the effects of
the order of integration is also included, wherever appropriate. The effect of stiffeners on
the global and local response of plates and shells, their stability and state of stress and
strain in particular, is investigated in the same chapter. The conclusions from this study
and identification of areas which require further investigation are included in Chapter 7. In
Appendix A, the algorithm for deriving the tangent stiffness matrix from the direct stiffness
matrix is given. The nonlinear tangent element stiffness matrices for cylindrical shell and
stiffener elements are given in Appendices B and C respectively. The components of the
element stiffness matrix for a stiffener element using the "average stiffness” or "smearing"
approach are given in Appendix D. Appendix E gives the additional nonlinear terms for the

stiffness matrices of a cylindrical shell with imperfections.
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CHAPTER 2

LAYERWISE SHELL THEORY FOR CYLINDRICAL SHELLS

2.1 Introduction

In this chapter, the formulation of a general two-dimensional model for cylindrical shells
based on Reddy's layerwise laminate theory will be reviewed. The layerwise theory of
Reddy reduces a three-dimensional problem into a two-dimensional one by expanding the
displacement field through the thickness. Any desired degree of displacement variation
through the thickness is easily obtained by using higher order interpolation polynomials or
by subscribing more subdivisions through the thickness. The resulting transverse strains
are discontinuous at the boundaries of the subdivisions if the variation of the displacements
through the thickness is defined by piece-wise continuous polynomials. This allows the
possibility of introducing continuous transverse stresses at the interface of two dissimilar

lamina.

Unlike the equivalent single-layer theories such as the shear deformation and classical shell
theories, the layerwise theory explicitly prescribes the displacement field, strain field and
stress at each interface through the thickness. The expansion of the w-component of the
displacement field through the thickness relaxes the condition of the inextensibility of
normals imposed on the conventional single-layer theories. As a result, the layerwise

model developed is essentially a three-dimensional model in a two-dimensional format.
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