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(ABSTRACT) 

Several methods for evaluating the permittivity of soil 

samples using measurements in the time domain were studied. 

A number of algorithms for inverting the measured data to 

obtain epsilon were investigated and three different types of 

sampling devices were examined. 

The investigation examined the positive and negative 

aspects of three different types of sample holders to 

determine a method of obtaining dielectric information from 

in-situ time domain measurements. A scheme using a twin lead 

balun driven ground probe was proposed and analysed with 

regard to accuracy and sensitivity to measurement error.
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CHAPTER I 

INTRODUCTION 

Dielectric characterization reached its peak shortly 

after World War II with the classic works of Von Hipple and 

Westphall. Interest in this research fell off during the 

decades of the 60's and 70's but has experienced a resurgence 

in the 80's due to digital technology, the stealth progran, 

and advances in radar technology, to name a few influences. 

On the other hand, time domain metrology got its first 

real beginning during the testing of the first transatlantic 

cable in 1858 when it was found that telegraph pulses ran 

together and became indistinguishable from one another above 

a very small repetition rate. 

In this work, several time domain methods’ for 

characterizing dielectric permittivity have been 

investigated. Various types of sample holders and probes as 

well as the mathematical models describing them are 

presented. A balanced line twin lead probe which may be used 

for in-situ measurements of soil samples is characterized and 

measurements made with this probe of several types of soils 

are performed.



In this dissertation, the investigation results of three 

different types of soil measurement systems are provided. 

Experimental results as well as mathematical analysis and 

error investigation of these systems from a time domain 

metrology viewpoint are presented. Finally, conclusions and 

recommendations for future work will be presented. 

This chapter begins with a short history of time domain 

metrology, particularly as it applies to dielectric 

measurements. Some of the difficulties implicit in time 

domain schemes as opposed to frequency domain, as well as 

some of the advantages, are discussed. The chapter also 

describes the particular dielectric characterization problem 

with a review of various previous techniques. 

TIME DOMAIN GENERAL HISTORY 

The earliest true application of time domain metrology 

was probably at the time of the first transatlantic cable. 

It was noticed that telegraph pulses at even moderate rates 

would become hopelessly garbled and indistinguishable from 

one another at the receiving end. This early transmission 

line was quite dispersive and the pulses were losing so much 

of their high frequency content that they were overlapping 

one another. Effects of this nature eventually lead to



Heaviside's formulation of the telegrapher's equations and 

Heaviside's Operational Calculus. 

In order to make a step response characterization one 

must be able to produce transient waveforms whose transition 

duration is considerably shorter than the transient response 

of the system under investigation. Although the transition 

duration of those early pulses was of the order of 

milliseconds, the response time of the system under 

investigation was longer and so these conditions were met. 

For a long time following this period repeatable short 

transition duration pulses of the order of microseconds and 

therefore suitable for high frequency structures were 

difficult or impossible to produce. Therefore, time domain 

metrology was restricted to the study of large structures 

having slow response times such as cables or large networks 

either by studying reflected (time domain reflectometry) or 

transmitted pulses in those structures. 

Today, broadband sampling oscilloscopes provide the 

technology for observing transition durations of tens of 

picoseconds. In a sampling oscilloscope, the value displayed 

at any given sampling time is proportional to the signal 

being sampled integrated over the sampling aperture time. 

Long sampling apertures mean long integration period and loss 

of fine structure and time resolution of the oscilloscope.



Thus, today's sampling oscilloscopes have extended time 

domain metrology to 20 GHz. and up. 

Sampling oscilloscopes are equivalent time sampling 

systems. Equivalent time sampling requires a repeatable 

signal and a trigger signal which is precisely time locked to 

that signal (sometimes derived from the signal itself). A 

sample is first taken at the time of the trigger signal. 

During the next repetition a precise delay is inserted 

between the time of the trigger signal and the time the 

sample is taken. This delay is increased incrementally on 

each succeeding signal repetition until the whole waveform 

has been sampled at which time the process repeats itself. 

In this fashion, a modern equivalent time sampling 

oscilloscope allows a time base resolution of 0.25 

picoseconds although the sampling rate is 500 kilo samples 

per second or less. However, the aperture time is roughly 

two orders larger - about 10 ps. 

PRIOR WORK ON DIELECTRIC CHARACTERIZATION 

The majority of techniques used for dielectric 

characterization do not differentiate between data which was 

originally obtained using frequency domain methods such as a 

network analyzer, and data derived from time domain 

measurements. In general, the time domain derived data is 

4



Fourier transformed into the frequency domain before it is 

used. This is logical, since the parameter usually sought, 

complex permittivity, is a function of frequency. However, 

a few schemes either actually take place in the time domain 

or depend upon special characteristics of time domain 

metrology such as windowing or the ability to observe 

transients rather than steady state effects. 

Another common thread in time domain dielectric 

characterization, as well as dielectric characterization in 

general, is the use of coaxial lines as integral parts of the 

measurement system. Coaxial lines are often used as sample 

holders, where the sample is in the shape of an annular ring 

which forms the dielectric for some portion of the line, and 

where the line may be matched terminated (in its original 

characteristic impedance) or it may be terminated in an open 

or a short. Another possibility is the lumped capacitance 

configuration, where the sample provides the connection 

between the inner conductor and a short circuit termination 

on the outer conductor. Alternatively, the line may be open- 

ended and simply pressed against the sample. Each of these 

schemes as well as others using other geometries, will be 

discussed in the following paragraphs. 

The match terminated line was the earliest sample holder 

used in time domain work. Fellner-Feldegg [1] used it ina 

scheme which evaluated reflection information directly in the 

5



time domain to derive Debye parameters (high and low 

frequency permittivity and relaxation time). The author 

pointed out ina later work [2] that the earlier work was not 

accurate for dispersive dielectrics, and he corrected this 

work using several terms of a Taylor series expansion of the 

Laplace Transform of the sample time domain response. 

This approach, known as the total reflection method, has 

also been used by several authors who have used improved 

Taylor series expansions of either the time domain dielectric 

response [3,4,5], or a Taylor series expansion of the 

frequency domain response [4,6,7,8] to solve for the 

permittivity analytically. The original equation for S,, 

(1-e 277) p 
Si4 (wm) = 1-p2e2¥1 

1-,/€,(@ 
where p = R (1.1) 

may also be solved numerically [9,10], but the presence of 

multiple roots imposes some restrictions on this method. 

A paper by Nicholson [11] showed how to evaluate the S- 

parameters through time domain measurements and the Fourier 

transform and in a later work [12], Nicholson and Ross gave 

a scheme which used both reflection and transmission time 

domain measurements to produce a closed form solution for 

6



both the permittivity and the permeability. This method was 

later used by Fellner-Feldegg [13] to evaluate Debye 

parameters and by Weir [14] who used frequency domain 

measurements and phase information to remove an ambiguity in 

the original scheme. More recently, Baker-Jarvis has used 

the same frequency domain information with a numerical root 

finding scheme which removes instabilities in the analytical 

expression but is limited to non-magnetic materials [15]. 

Another geometry that is quite commonly used for 

dielectric characterization is the open circuited coaxial 

sample holder. This is a coaxial line which is open (and 

therefore unterminated) at one end to allow it to be filled 

with the sample of interest. The center conductor is 

typically recessed to allow any evanescent fields to 

dissipate within the sample. Investigators who have used 

this type of probe to advantage include Bussey [16], Scott 

and Smith [17], and Cahine and Bose [18]. 

If the outer conductor of the open circuited probe is 

degenerated to zero length, one is left with the open ended 

probe. This probe is very popular with investigators making 

biological measurements but must be calibrated very carefully 

to characterize the complex end fields of the abruptly 

terminated coaxial line. This geometry has been used quite 

extensively by several researchers 

[19,20,21,22,23,24,25,26,27,28,29,30,31,32]. 

7



The short circuit terminated coaxial sample holder has 

been used extensively by investigators working directly in 

the frequency domain. It is known as the Roberts-Von Hipple 

method, but it is not popular with researchers working in the 

time domain. An analysis by Cole using an admittance model 

for the short circuit terminated holder [8] indicates that 

the measured waveform is nearly independent of the sample 

permittivity at low frequencies. Time domain analysis places 

an emphasis on baseband information, so this effect may 

account for the unpopularity of this configuration 

[23,33,34,35,36,37]. 

If the coaxial center conductor is slightly shorter than 

the length of the outer conductor, the sample may be used to 

capacitively bridge the gap between the center conductor and 

a short circuit termination. This method is known as the 

lumped capacitance or sample terminated cell and has been 

used with some success in both the time domain and the 

frequency domain to study the properties of very small 

volumes of liquid samples such as_ liquid crystals 

[3,5,7,21,23,38,39,40,41,42]. 

It is also possible to use non-coaxial geometries for 

dielectric characterization, although such geometries are not 

often used in time domain work. Cavity resonators are often 

used in frequency domain studies to achieve very precise 

measurements at high frequencies. In these devices, the 

8
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�m�e�a�s�u�r�e�m�e�n�t� �r�e�q�u�i�r�e�s� �t�h�e� �u�s�e� �o�f� �a�n�a�l�y�t�i�c�a�l� �c�o�n�t�i�n�u�a�t�i�o�n� �a�n�d� 

�m�a�y� �b�e�c�o�m�e� �s�o�m�e�w�h�a�t� �i�n�v�o�l�v�e�d�.� 

�T�h�e� �d�i�p�o�l�e� �p�r�o�b�e�,� �t�y�p�i�c�a�l�l�y� �c�o�n�f�i�g�u�r�e�d� �a�s� �a� �t�w�o�-�p�r�o�n�g�e�d� 

�f�o�r�k�,� �h�a�s� �b�e�e�n� �u�s�e�d� �t�o� �s�t�u�d�y� �s�o�i�l�s� �a�n�d� �i�c�e�.� �I�t� �a�p�p�e�a�r�s� �t�o� 

�h�a�v�e� �b�e�e�n� �g�e�n�e�r�a�l�l�y� �u�s�e�d� �w�i�t�h� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�s� 

�[�4�5�,�4�6�,�4�7�]�,� �b�u�t� �h�a�s� �a�l�s�o� �s�e�e�n� �l�i�m�i�t�e�d� �u�s�e� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n� 

�[�4�8�]�.� �I�t� �m�a�y� �b�e� �d�r�i�v�e�n� �i�n� �e�i�t�h�e�r� �a� �b�a�l�a�n�c�e�d� �o�r� �u�n�b�a�l�a�n�c�e�d� 

�m�o�d�e�,� �a�n�d� �i�s� �s�o�m�e�t�i�m�e�s� �s�h�o�r�t� �c�i�r�c�u�i�t�e�d� �a�t� �o�n�e� �e�n�d� �a�s� �p�a�r�t� �o�f� 

�t�h�e� �p�r�o�c�e�d�u�r�e�.



�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �s�t�u�d�y� �i�s� �t�o� �a�n�a�l�y�z�e� �a�n�d� �i�m�p�l�e�m�e�n�t� �a� 

�d�i�e�l�e�c�t�r�i�c� �p�r�o�b�e� �w�h�i�c�h� �m�a�y� �b�e� �u�s�e�d� �f�o�r� �t�i�m�e� �d�o�m�a�i�n� �i�n�-�s�i�t�u� 

�s�t�u�d�i�e�s� �o�f� �s�o�i�l�s�.� �T�h�e� �n�e�e�d� �f�o�r� �t�h�i�s� �d�e�v�i�c�e� �g�r�e�w� �f�r�o�m� �a� �s�t�u�d�y� 

�f�u�n�d�e�d� �b�y� �t�h�e� �U�.�S�.� �A�r�m�y� �w�h�i�c�h� �a�t�t�e�m�p�t�e�d� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� 

�l�a�n�d�m�i�n�e� �d�e�t�e�c�t�o�r�s� �a�c�c�u�r�a�t�e�l�y� �a�n�d� �i�n� �a� �r�e�p�e�a�t�a�b�l�e� �m�a�n�n�e�r�.� �I�n� 

�t�h�e� �c�o�u�r�s�e� �o�f� �t�h�e� �a�r�m�y� �s�t�u�d�y�,� �i�t� �b�e�c�a�m�e� �c�l�e�a�r� �t�h�a�t� �n�o� 

�e�f�f�i�c�i�e�n�t� �m�e�t�h�o�d� �f�o�r� �m�a�k�i�n�g� �i�n�-�s�i�t�u� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �s�o�i�l� 

�d�i�e�l�e�c�t�r�i�c� �p�a�r�a�m�e�t�e�r�s� �e�x�i�s�t�e�d�.� 

�A� �n�u�m�b�e�r� �o�f� �l�a�b�o�r�a�t�o�r�y� �s�c�h�e�m�e�s� �f�o�r� �d�i�e�l�e�c�t�r�i�c� 

�m�e�a�s�u�r�e�m�e�n�t�s� �m�a�y� �b�e� �a�p�p�l�i�e�d� �t�o� �s�o�i�l� �s�a�m�p�l�e�s�,� �b�u�t� �t�h�e�s�e� 

�m�e�t�h�o�d�s� �r�e�q�u�i�r�e� �d�i�s�t�u�r�b�i�n�g� �t�h�e� �m�e�d�i�u�m� �a�n�d� �t�r�a�n�s�p�o�r�t�i�n�g� �t�h�e� 

�s�a�m�p�l�e�,� �w�i�t�h� �t�h�e� �s�u�b�s�e�q�u�e�n�t� �d�a�n�g�e�r� �o�f� �c�h�a�n�g�i�n�g� �i�t�s� �m�o�i�s�t�u�r�e� 

�c�o�n�t�e�n�t� �a�n�d� �t�h�e� �v�i�r�t�u�a�l� �c�e�r�t�a�i�n�t�y� �t�h�a�t� �t�h�e� �s�a�m�p�l�e� �m�e�a�s�u�r�e�d� 

�w�i�l�l� �n�o�t� �h�a�v�e� �t�h�e� �s�a�m�e� �p�a�c�k�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� �m�o�i�s�t�u�r�e� 

�g�r�a�d�i�e�n�t� �a�s� �t�h�e� �o�r�i�g�i�n�a�l� �e�n�v�i�r�o�n�m�e�n�t�.� �T�h�e� �c�h�o�i�c�e� �o�f� �t�i�m�e� 

�d�o�m�a�i�n� �o�v�e�r� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �m�e�t�h�o�d�s� �w�a�s� �d�i�c�t�a�t�e�d� �b�y� �t�h�e� 

�n�e�c�e�s�s�i�t�y� �t�h�a�t� �a�n�y� �i�n�-�s�i�t�u� �s�c�h�e�m�e� �b�e� �r�u�g�g�e�d� �a�n�d� �a�b�l�e� �t�o� 

�w�i�t�h�s�t�a�n�d� �a�t� �l�e�a�s�t� �m�o�d�e�r�a�t�e� �v�a�r�i�a�t�i�o�n� �i�n� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� 

�o�t�h�e�r� �e�n�v�i�r�o�n�m�e�n�t�a�l� �p�a�r�a�m�e�t�e�r�s�.� �P�r�e�c�i�s�e�l�y� �t�u�n�e�d� �o�s�c�i�l�l�a�t�o�r�s� 

�a�n�d� �s�y�s�t�e�m�s� �s�u�c�h� �a�s� �t�h�o�s�e� �f�o�u�n�d� �i�n� �a� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �n�e�t�w�o�r�k� 

�a�n�a�l�y�z�e�r� �t�e�n�d� �t�o� �l�o�s�e� �c�a�l�i�b�r�a�t�i�o�n� �r�a�p�i�d�l�y� �u�n�d�e�r� �t�h�e�s�e� 

�c�o�n�d�i�t�i�o�n�s�.� 

�1�0



�T�i�m�e� �d�o�m�a�i�n� �i�n�s�t�r�u�m�e�n�t�a�t�i�o�n� �i�s� �i�n�h�e�r�e�n�t�l�y� �s�i�m�p�l�e�r� �i�n� 

�d�e�s�i�g�n� �a�n�d� �i�s� �i�n�t�r�i�n�s�i�c�a�l�l�y�  ��c�a�l�i�b�r�a�t�i�o�n� �r�e�s�i�s�t�a�n�t�'� �t�o� 

�e�n�v�i�r�o�n�m�e�n�t�a�l� �c�o�n�s�t�r�a�i�n�t�s� �b�e�c�a�u�s�e� �o�f� �t�h�e� �u�s�e� �o�f� �d�i�g�i�t�a�l� 

�c�i�r�c�u�i�t�r�y� �a�n�d� �a� �m�u�c�h� �s�t�r�o�n�g�e�r� �d�e�p�e�n�d�a�n�c�e� �u�p�o�n� �d�i�g�i�t�a�l� �s�i�g�n�a�l� 

�p�r�o�c�e�s�s�i�n�g� �t�e�c�h�n�i�q�u�e�s� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �s�i�g�n�a�l� �b�e�i�n�g� �m�e�a�s�u�r�e�d�.� 

�T�h�e� �e�q�u�i�p�m�e�n�t� �u�s�e�d� �i�s� �a�l�s�o� �l�e�s�s� �e�x�p�e�n�s�i�v�e� �a�n�d� �i�s� �s�i�m�p�l�e�r� �i�n� 

�d�e�s�i�g�n�.� 

�A�r�g�u�a�b�l�y�,� �t�i�m�e� �d�o�m�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �t�h�i�s� �t�y�p�e� �d�o� �n�o�t� 

�a�s� �y�e�t� �p�r�o�d�u�c�e� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �s�o�m�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �m�e�t�h�o�d�s�.� 

�T�h�i�s� �i�s� �p�r�o�b�a�b�l�y� �d�u�e� �t�o� �t�h�e� �i�n�h�e�r�e�n�t�l�y� �w�i�d�e� �b�a�n�d�w�i�d�t�h� �o�f� �t�i�m�e� 

�d�o�m�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�s� �(�1�2�-�2�0� �G�H�z�)� �w�h�i�c�h� �a�l�l�o�w�s� �m�u�c�h� �m�o�r�e� �n�o�i�s�e� 

�i�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� �a�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �1�0� �t�o� �2�0� �k�H�z� �b�a�n�d�w�i�d�t�h� 

�u�s�e�d� �b�y� �m�o�d�e�r�n� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �n�e�t�w�o�r�k� �a�n�a�l�y�z�e�r�s�.� �T�h�i�s� �w�i�d�e� 

�b�a�n�d�w�i�d�t�h� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �t�i�m�e� �d�o�m�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�s� �i�s� �a�l�s�o� 

�w�h�a�t� �m�a�k�e�s� �m�e�a�s�u�r�e�m�e�n�t�s� �o�v�e�r� �a� �w�i�d�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �s�o� �r�a�p�i�d�,� 

�a�n�d�,� �i�n� �a�n�y� �c�a�s�e�,� �i�s� �i�n�h�e�r�e�n�t� �i�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �p�h�i�l�o�s�o�p�h�y� 

�i�t�s�e�l�f�.� �F�u�r�t�h�e�r�m�o�r�e�,� �f�o�r� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a� 

�b�u�l�k� �h�a�l�f�-�s�p�a�c�e� �m�e�a�s�u�r�e�m�e�n�t�,� �t�h�e� �a�c�c�u�r�a�c�y� �i�s� �m�u�c�h� �m�o�r�e� 

�s�t�r�o�n�g�l�y� �c�o�n�s�t�r�a�i�n�e�d� �b�y� �o�t�h�e�r� �f�a�c�t�o�r�s�,� �s�u�c�h� �a�s� �l�i�m�i�t�s� �o�n� �t�h�e� 

�h�o�m�o�g�e�n�e�i�t�y� �o�f� �t�h�e� �s�a�m�p�l�e� �m�e�d�i�u�m�.� 

�I�n� �t�h�i�s� �s�t�u�d�y�,� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �d�i�e�l�e�c�t�r�i�c� �m�e�a�s�u�r�e�m�e�n�t� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �e�x�a�m�i�n�e�d�.� �I�n�i�t�i�a�l� �i�n�v�e�s�t�i�g�a�t�i�o�n�s� 

�b�e�g�a�n� �w�i�t�h� �a� �m�a�t�c�h� �t�e�r�m�i�n�a�t�e�d� �c�o�a�x�i�a�l� �s�y�s�t�e�m� �i�n� �o�r�d�e�r� �t�o� 

�i�d�e�n�t�i�f�y� �p�r�o�b�l�e�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�i�m�e� �d�o�m�a�i�n�.� 

�T�h�e� �m�a�t�c�h� �t�e�r�m�i�n�a�t�e�d� �s�y�s�t�e�m� �i�s� �u�n�i�q�u�e� �a�m�o�n�g� �t�h�e� �s�y�s�t�e�m�s� 

�1�1



�d�i�s�c�u�s�s�e�d� �s�i�n�c�e� �i�t� �a�l�l�o�w�s� �b�o�t�h� �r�e�f�l�e�c�t�i�o�n� �a�n�d� �t�r�a�n�s�m�i�s�s�i�o�n� 

�m�e�a�s�u�r�e�m�e�n�t�s� �a�n�d� �t�h�i�s� �e�x�t�r�a� �i�n�f�o�r�m�a�t�i�o�n� �w�a�s� �f�e�l�t� �t�o� �b�e� �u�s�e�f�u�l� 

�i�n� �c�h�a�r�a�c�t�e�r�i�z�i�n�g� �t�h�e� �t�e�c�h�n�i�q�u�e�.� 

�T�h�e� �o�p�e�n� �e�n�d�e�d� �c�o�a�x�i�a�l� �h�o�l�d�e�r� �w�a�s� �i�n�v�e�s�t�i�g�a�t�e�d� �n�e�x�t�,� �i�n� 

�a�n� �a�t�t�e�m�p�t� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� �i�n�-�s�i�t�u� �p�r�o�b�e� �w�h�i�l�e� �m�a�i�n�t�a�i�n�i�n�g� 

�t�h�e� �c�o�a�x�i�a�l� �s�t�r�u�c�t�u�r�e� �a�n�d� �t�h�e� �f�i�e�l�d� �c�o�n�f�i�n�e�m�e�n�t� �i�t� �p�r�o�v�i�d�e�s�.� 

�T�h�i�s� �s�c�h�e�m�e� �w�a�s� �a�l�s�o� �u�s�e�f�u�l� �i�n� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �a�l�g�o�r�i�t�h�m�s� �n�e�e�d�e�d� �t�o� �e�x�t�r�a�c�t� �d�i�e�l�e�c�t�r�i�c� �i�n�f�o�r�m�a�t�i�o�n� 

�f�r�o�m� �a� �p�u�r�e� �r�e�f�l�e�c�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�.� 

�T�h�e� �i�n�-�s�i�t�u� �p�r�o�b�e� �w�a�s� �d�e�s�i�g�n�e�d� �a�s� �a� �t�w�i�n� �l�e�a�d� 

�t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� �d�r�i�v�e�n� �i�n� �a� �b�a�l�a�n�c�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n� �t�h�r�o�u�g�h� 

�t�h�e� �u�s�e� �o�f� �a� �b�a�l�u�n� �t�r�a�n�s�f�o�r�m�e�r� �w�h�i�c�h� �a�l�s�o� �m�a�t�c�h�e�d� �t�h�e� 

�i�m�p�e�d�a�n�c�e� �o�f� �t�h�e� �t�w�i�n� �l�e�a�d� �p�r�o�b�e� �t�o� �t�h�e� �5�0� �o�h�m� �i�m�p�e�d�a�n�c�e� �o�f� 

�t�h�e� �l�i�n�e�.� �T�h�e� �b�a�l�u�n� �p�r�o�v�i�d�e�d� �a� �m�a�j�o�r� �o�b�s�t�a�c�l�e� �t�o� �c�l�e�a�n� 

�m�e�a�s�u�r�e�m�e�n�t�s� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n�,� �b�u�t� �t�h�i�s� �t�y�p�e� �o�f� �p�r�o�b�e� �w�a�s� 

�t�h�e� �o�n�l�y� �o�n�e� �a�v�a�i�l�a�b�l�e� �t�o� �t�h�e� �a�u�t�h�o�r� �a�t� �t�h�e� �t�i�m�e� �o�f� �t�h�e� 

�s�t�u�d�y�.� 

�T�h�e� �n�e�x�t� �c�h�a�p�t�e�r� �w�i�l�l� �c�o�v�e�r� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �b�a�s�i�s� �f�o�r� 

�t�h�i�s� �t�y�p�e� �o�f� �t�i�m�e� �d�o�m�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�s�.� �I�t� �w�i�l�l� �a�l�s�o� �d�e�t�a�i�l� 

�s�o�m�e� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �i�n� �t�h�e� 

�i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e�s�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� 
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�C�H�A�P�T�E�R� �I�I� 

�M�A�T�H�E�M�A�T�I�C�A�L� �B�A�S�I�S� �A�N�D� �E�X�P�E�R�I�M�E�N�T�A�L� �C�O�N�S�I�D�E�R�A�T�I�O�N�S� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �b�a�s�i�s� �f�o�r� �t�h�e�s�e� 

�m�e�a�s�u�r�e�m�e�n�t�s� �i�s� �p�r�e�s�e�n�t�e�d� �a�s� �w�e�l�l� �a�s� �a� �d�i�s�c�u�s�s�i�o�n� �o�f� �s�o�m�e� �o�f� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�i�s� �t�y�p�e� �o�f� 

�m�e�a�s�u�r�e�m�e�n�t�.� �I�n�i�t�i�a�l�l�y� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �t�h�e�o�r�y� �o�f� 

�t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e�s� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d�,� �f�o�l�l�o�w�e�d� �b�y� �a� 

�d�i�s�c�u�s�s�i�o�n� �o�f� �s�c�a�t�t�e�r�i�n�g� �a�n�d� �i�m�p�e�d�a�n�c�e� �p�a�r�a�m�e�t�e�r�s�.� �T�h�i�s� �w�i�l�l� 

�l�e�a�d� �t�o� �a�n� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �s�o�m�e� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �t�o�o�l�s� �u�s�e�d� 

�t�o� �d�e�r�i�v�e� �p�e�r�m�i�t�t�i�v�i�t�y� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �t�h�e� �r�a�w� �t�i�m�e� �d�o�m�a�i�n� 

�d�a�t�a�.� �T�h�e� �l�a�t�t�e�r� �p�o�r�t�i�o�n� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �d�e�s�c�r�i�b�e�s� �h�o�w� �t�h�e� 

�s�a�m�p�l�e�s� �w�e�r�e� �p�r�e�p�a�r�e�d� �a�n�d� �w�h�a�t� �s�t�e�p�s� �w�e�r�e� �t�a�k�e�n� �t�o� �e�v�a�l�u�a�t�e� 

�a�n�d� �a�s�s�u�r�e� �r�e�p�e�a�t�a�b�i�l�i�t�y� �i�n� �t�h�e�s�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� 

�M�A�T�H�E�M�A�T�I�C�A�L� �B�A�S�I�S� 
�T�R�A�N�S�M�I�S�S�I�O�N� �L�I�N�E� �T�H�E�O�R�Y� 

�A�s� �a�l�l� �t�h�r�e�e� �m�e�a�s�u�r�e�m�e�n�t� �s�y�s�t�e�m�s� �t�o� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�i�s� 

�t�h�e�s�i�s� �w�i�l�l� �b�e� �m�o�d�e�l�e�d� �a�s� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e�s�,� �a� �b�r�i�e�f� �r�e�v�i�e�w� 

�o�f� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� �t�h�e�o�r�y� �w�i�l�l� �b�e� �g�i�v�e�n�.� 

�A� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� �m�a�y� �b�e� �m�o�d�e�l�e�d� �(�a�f�t�e�r� �H�e�a�v�i�s�i�d�e�)� �a�s� 

�a� �l�a�d�d�e�r� �n�e�t�w�o�r�k� �c�o�n�s�i�s�t�i�n�g� �o�f� �a�n� �i�n�f�i�n�i�t�e� �s�e�r�i�e�s� �o�f� 
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�i�d�e�n�t�i�c�a�l� �l�u�m�p�e�d�-�p�a�r�a�m�e�t�e�r� �e�l�e�m�e�n�t�s�.� �E�a�c�h� �o�f� �t�h�e�s�e� �e�l�e�m�e�n�t�s� 

�i�s� �c�o�m�p�o�s�e�d� �o�f� �a� �s�e�r�i�e�s� �i�n�d�u�c�t�a�n�c�e� �L�,� �a� �s�e�r�i�e�s� �r�e�s�i�s�t�a�n�c�e� �R�,� 

�a� �s�h�u�n�t� �c�a�p�a�c�i�t�a�n�c�e� �C�,� �a�n�d� �a� �s�h�u�n�t� �c�o�n�d�u�c�t�a�n�c�e� �G�.� �N�o�r�m�a�l�l�y� 

�t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �l�u�m�p�e�d� �p�a�r�a�m�e�t�e�r� �e�l�e�m�e�n�t�s� �a�r�e� �g�i�v�e�n� �o�n� �a� 

�p�e�r�-�u�n�i�t�-�l�e�n�g�t�h� �b�a�s�i�s�.� �E�v�a�l�u�a�t�i�n�g� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �c�h�a�n�g�e� �i�n� 

�v�o�l�t�a�g�e� �a�n�d� �c�u�r�r�e�n�t� �v�e�r�s�u�s� �d�i�s�t�a�n�c�e� �f�o�r� �o�n�e� �e�l�e�m�e�n�t� �g�i�v�e�s�:� 

�s�z� �R�*�i�(�Z�,� �t�)� �L�+ � ��>� �(�2�.�1�)� 

�O�1�(�z�,�t�)� �_�_� �_�n�,� �O�(�v�(�z�,�t�)� �|� 
�o�z�.� �G�*�v�(�z�,� �t�)� �C�*�¥ �� �(�2�.�2�)� 

�F�o�r� �s�t�e�a�d�y�-�s�t�a�t�e� �s�i�n�u�s�o�i�d�a�l� �e�x�c�i�t�a�t�i�o�n�,� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� 

�c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �p�h�a�s�o�r� �n�o�t�a�t�i�o�n� �a�s�:� 

�d�v�(�z�)� �_�_� �.�  ��=�,� �(�R�+�j�J�@�L�)� �*�I�(�z�)� �(�2�.�3�)� 

�a�I�(�z�)� �_�_� �.� �=� �*� �(�G�+�j�J�w�C�)� �*�V�(�z�)� �(�2�.�4�)� 

�E�a�c�h� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �m�a�y� �b�e� �d�i�f�f�e�r�e�n�t�i�a�t�e�d� �a�n�d� 

�s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �t�h�e� �o�t�h�e�r� �t�o� �y�i�e�l�d�:� 

�A�V�(�Z�)� �_� �(�R�i� �F�j�e�@�L�)� �(�G�+�j�C�)� �*�V�(�z�)� �=�0� �(�2�.�5�)� 
�d�z�?� 

�4�T�(�Z�)� �_� �(�R�s� �j�e�t�)� �(�G�+�j�@�C�)� �*�I�(�z�)� �=�0� �(�2�.�6�)� 
�d�z�?� 
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�T�h�e� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e�s�e� �s�e�c�o�n�d�-�o�r�d�e�r� �l�i�n�e�a�r� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �a�r�e�:� 

� � 

�V�(�z�)� �=�V�,�e�%�7�+�V�,�e�°�1�7� �(�2�.�7�)� 

�I�(�z�)� �=�I�,�e�%�7�+�I�,�e�*�7� �(�2�.�8�)� 

�w�h�e�r�e� 

�y�=�/�(�R�+�J�o�L�)� �(�G�+�F�o�C�)� �(�2�.�9�)� 

�i�s� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �l�i�n�e�.� �T�h�e� �t�w�o� 

�e�x�p�o�n�e�n�t�i�a�l� �f�u�n�c�t�i�o�n�s� �r�e�p�r�e�s�e�n�t� �t�r�a�v�e�l�i�n�g� �w�a�v�e�s� �p�r�o�p�a�g�a�t�i�n�g� 

�i�n� �o�p�p�o�s�i�t�e� �d�i�r�e�c�t�i�o�n�s�,� �e�x�p�(�-�y�z�)� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �w�a�v�e� 

�p�r�o�p�a�g�a�t�i�n�g� �i�n� �t�h�e� �p�o�s�i�t�i�v�e� �z� �d�i�r�e�c�t�i�o�n�,� �w�h�i�l�e� �e�x�p�(�+�y�z�)� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �i�n� �t�h�e� �n�e�g�a�t�i�v�e� �z� �d�i�r�e�c�t�i�o�n�.� 

�C�o�n�s�i�d�e�r� �t�h�e� �c�a�s�e� �f�o�r� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �o�n�l�y� �i�n� �t�h�e� 

�p�o�s�i�t�i�v�e� �d�i�r�e�c�t�i�o�n� �i�.�e�.�,� �V�,�=�I�,�=�-�0�.� �T�h�i�s� �r�e�p�r�e�s�e�n�t�s� �a� �l�i�n�e� 

�t�e�r�m�i�n�a�t�e�d� �i�n� �i�t ��s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�m�p�e�d�a�n�c�e�,� �2�p�)�.� �A�n� 

�e�x�p�r�e�s�s�i�o�n� �f�o�r� �Z�,� �m�a�y� �b�e� �d�e�r�i�v�e�d� �u�s�i�n�g� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s�.� 

�V�(�z�)� �=�V�,�e� 

�I�(�z�)� �-�-� �a�h�a�)� �}� �(�R�+�j�W�L�)� 

�=�y�V�(�z�)�/�(�R�+�j�o�L�)� �(�2�.�1�0�)� 
�=�/�(�R�+�J�W�L�)� �(�G�+�J�w�C�)� �-�V�(�z�)� �/�(�R�+�j�W�L�)� 

�_� �|� �G�t�j�J�o�c�,� �(� 

� � 

�V�(�z� 
�R�+�I�o�L� 
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�F�r�o�m� �t�h�i�s� �f�o�l�l�o�w�s� 

� � 

�Z� �=� �V�(�z�)� �R�+�j�O�L� �(�2�.�1�1�)� 
�0� �T�(�z�)�  ��\� �G�+�j�w�c� 

�U�n�d�e�r� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �T�E�M� �p�r�o�p�a�g�a�t�i�o�n� �a�n�d� �p�e�r�f�e�c�t� 

�c�o�n�d�u�c�t�o�r�s� �i�n� �t�h�e� �l�i�n�e� �(�R�=�0�)� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �b�e�c�o�m�e� 

�Y� �=� �+�J�W�/�L�C� �=� �+�j�w�/�p�e� �(�2�.�1�2�)� 

�t�e�.� �(�2� �(�2�.�1�3�)� 
�C�c�  ¬� 

�T�h�e� �e�q�u�i�v�a�l�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �l�u�m�p�e�d� �c�i�r�c�u�i�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �a�n�d� 

�t�h�e� �m�a�t�e�r�i�a�l� �p�a�r�a�m�e�t�e�r� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�c�c�u�r�s� �b�e�c�a�u�s�e� �t�h�e� 

�i�n�d�u�c�t�a�n�c�e� �p�e�r� �u�n�i�t� �l�e�n�g�t�h� �o�f� �t�h�e� �l�i�n�e� �(�L�)� �i�s� �d�i�r�e�c�t�l�y� 

�p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �p�e�r�m�e�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�e�d�i�u�m� �i�n� �w�h�i�c�h� �t�h�e� 

�t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� �c�o�n�d�u�c�t�o�r�s� �a�r�e� �e�m�b�e�d�d�e�d� �a�n�d� �t�h�e� �s�a�m�e� �h�o�l�d�s� 

�t�r�u�e� �f�o�r� �t�h�e� �c�a�p�a�c�i�t�a�n�c�e� �p�e�r� �u�n�i�t� �l�e�n�g�t�h� �(�C�)� �a�n�d� �t�h�e� �m�a�t�e�r�i�a�l� 

�p�e�r�m�i�t�t�i�v�i�t�y�.� 

�N�e�x�t� �t�h�e� �l�i�n�e� �i�m�p�e�d�a�n�c�e� �Z�(�z�)� �a�n�d� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� 

�p�(�Z�)� �w�i�l�l� �b�e� �d�e�f�i�n�e�d�.� �F�r�o�m� �e�q�u�a�t�i�o�n� �2�.�1�0� �I�(�z�)� �m�a�y� �b�e� �d�e�f�i�n�e�d� 

�a�s� 
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�1� �d�v�V�(�z�)� �I� �=�-�_�_�_ �� �Y�N� 
�(�2�)� �R�-�j�w�L� �d�z� 

�=�- ��_�Y�_�_� �(�-�V�,�e�7�1�7�+�V�,�e�*�%�7�)� 
�R�+�I�O�L� 

�.� �(�2�.�1�4�)� 
�=�,�|� �G�t�7�o�c� �(�V�,�e�7�'�2�-�V�,�e�*�Y�2�)� 

�R�+�j�o�L� �}� �2� 
�=� �(� �V�,�e�-�%�7�-�V�,�e� �*�Y�7�)� 

�Z�o� 

�N�o�w� �t�h�e� �i�m�p�e�d�a�n�c�e� �a�t� �a�n�y� �p�o�i�n�t� �o�n� �t�h�e� �l�i�n�e� �m�a�y� �b�e� �e�v�a�l�u�a�t�e�d� 

�V�i�z�)� �_� �(�V�,�e�-�7�7�4�+�V�,�e�*�7�7�)� 

�T�(�z�)� �°� �(�V�,�e�%�7�-�V�,�e�7�"�7�)� 
� � � � �Z�2�(�z�)�=� �(�2�.�1�5�)� 

�T�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �p�(�z�)� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �r�a�t�i�o� �o�f� 

�t�h�e� �r�e�f�l�e�c�t�e�d� �v�o�l�t�a�g�e� �t�o� �t�h�e� �i�n�c�i�d�e�n�t� �v�o�l�t�a�g�e�:� 

� � �o�(�z�)�=� �(�2�.�1�6�)� 

�A�l�g�e�b�r�a�i�c� �m�a�n�i�p�u�l�a�t�i�o�n� �y�i�e�l�d�s� 

�Z�(�z�)� �=� �2�,�5�"� �3� �(�2�.�1�7�)� 

�1�7



�p�(�z�)� �=� �(�2�.�1�8�)� 

�A� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�r�i�c� �t�w�o�-�p�o�r�t� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �e�x�i�s�t�.� �T�h�e�s�e� �m�a�y� �b�e� �b�a�s�e�d� �o�n� �p�o�w�e�r� 

�m�e�a�s�u�r�e�m�e�n�t�s� �(�S� �a�n�d� �T� �p�a�r�a�m�e�t�e�r�s�)� �o�r� �o�n� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� 

�v�o�l�t�a�g�e�s� �a�n�d� �c�u�r�r�e�n�t�s� �(�Z� �a�n�d� �Y� �p�a�r�a�m�e�t�e�r�s�)�.� �T�h�e� �s�c�a�t�t�e�r�i�n�g� 

�p�a�r�a�m�e�t�e�r� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �w�i�l�l� �b�e� �e�x�a�m�i�n�e�d� �f�i�r�s�t�,� �f�o�l�l�o�w�e�d� �b�y� 

�t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �p�a�r�a�m�e�t�e�r� �m�o�d�e�l�,� �w�h�i�c�h� �i�s �� �s�i�m�i�l�a�r�.� 

�I�m�p�e�d�a�n�c�e� �a�n�d� �a�d�m�i�t�t�a�n�c�e� �p�a�r�a�m�e�t�e�r�s� �w�i�l�l� �t�h�e�n� �b�e� �d�i�s�c�u�s�s�e�d�.� 

�T�h�e� �b�a�s�i�c� �S� �p�a�r�a�m�e�t�e�r� �m�o�d�e�l� �i�s� �g�i�v�e�n� �i�n� �f�i�g�u�r�e� �2�.�1� �w�h�e�r�e� 

�a�,� �a�n�d� �b�,� �a�r�e� �d�e�f�i�n�e�d� �a�s�:� 

� � 

�e�Y�2� �a�,� �=�V�,� �(�2�.�1�9�)� 
�¥�2�Z�o� 

�+�¥�Z� 

�b�,� �=� �V�,�=� �(�2�.�2�0�)� � � 
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� � 

�T�w�o� �P�o�r�t� 

�N�e�t�w�o�r�k� 

� � � � � � 

�F�i�g�u�r�e� �2�.�1�:� �T�h�e� �S�c�a�t�t�e�r�i�n�g� �P�a�r�a�m�e�t�e�r� �M�o�d�e�l� 

�1�9



�a�n�d� �a�,� �a�n�d� �b�,� �a�r�e� �s�i�m�i�l�a�r�l�y� �d�e�f�i�n�e�d�:� 

� � 

� � 

�e�-�Y�4� 
�a�,� �=� �V�,� �(�2�.�2�1�)� 

�v�2� 

�e�t�y�2� 
�b�,� �=� �V�,� �(�2�.�2�2�)� 

�N�o�t�e� �t�h�a�t� �z� �i�s� �m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e� �r�i�g�h�t� �h�a�n�d� �e�n�d� �o�f� �t�h�e� �l�i�n�e� 

�i�n� �t�h�e�s�e� �d�e�f�i�n�i�t�i�o�n�s�.� 

�T�h�e� �S� �p�a�r�a�m�e�t�e�r� �m�a�t�r�i�x� �e�q�u�a�t�i�o�n� �i�s� 

�b�,� 

�b�,� 

�S�i�4� �S�i�.� 

�S�o�4� �S�2�2� 

� � � � � � � � � � 

�4�1� �(�2�.�2�3�)� 
�a�2� 

�a�n�d� �t�h�e� �T� �p�a�r�a�m�e�t�e�r� �e�q�u�a�t�i�o�n� �i�s� 

�a�>� 

�b�,� 

�T�h�y� �T�y�,� 

�P�o�y� �P�2�2� 

�a�y� 

�b�,� 
�(�2�.�2�4�)� 

� � � � � � � � � � � � 

�I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �T� �p�a�r�a�m�e�t�e�r� �m�a�t�r�i�x� �f�o�r� �a� �n�e�t�w�o�r�k� �o�f� 

�s�e�r�i�e�s� �c�o�n�n�e�c�t�e�d� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e�s� �m�a�y� �b�e� �f�o�u�n�d� �b�y� 

�m�u�l�t�i�p�l�y�i�n�g� �t�o�g�e�t�h�e�r� �t�h�e� �T� �m�a�t�r�i�c�e�s� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�e�n�t� 

�i�n�d�i�v�i�d�u�a�l� �n�e�t�w�o�r�k�s�.� 

�T�h�e� �i�m�p�e�d�a�n�c�e� �a�n�d� �a�d�m�i�t�t�a�n�c�e� �m�o�d�e�l�s� �f�o�r� �t�r�a�n�s�m�i�s�s�i�o�n� 

�l�i�n�e�s� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �f�i�g�u�r�e� �2�.�2�.� �N�o�t�e� �t�h�a�t� �t�h�e� �o�u�t�p�u�t� 

�2�0



� � 

�T�w�o� �P�o�r�t� 

�N�e�t�w�o�r�k� 

� � � � � � 
�F�i�g�u�r�e� �2�.�2�:� �T�h�e� �I�m�p�e�d�a�n�c�e� �a�n�d� �A�d�m�i�t�t�a�n�c�e� �M�o�d�e�l� 

�2�1



�c�u�r�r�e�n�t� �I�,� �i�s� �d�e�f�i�n�e�d� �p�o�s�i�t�i�v�e� �e�n�t�e�r�i�n�g� �t�h�e� �n�e�t�w�o�r�k�.� �T�h�e� 

�r�e�l�e�v�a�n�t� �m�a�t�r�i�x� �e�q�u�a�t�i�o�n�s� �a�r�e�:� 

� � � � � � � � � � � � 

�V�v�,� �_� �2�4�4� �2�1�2� �I�,� �(�2�.�2�5�)� 

�V�2� �2�2�1� �2�2�2� �I�,� 

�a�n�d� 

�I�,� �_� �Y�a�y� �Y�i�2� �V�v�,� �(�2�.�2�6�)� 

�I�,� �Y�o�4� �Y�2�2� �V�2� 

� � � � � � � � � � � � 

�T�h�e� �f�i�n�a�l� �c�o�n�c�e�p�t�u�a�l� �t�o�o�l� �w�h�i�c�h� �h�a�s� �p�r�o�v�e�d� �u�s�e�f�u�l� �i�n� 

�t�h�i�s� �w�o�r�k� �i�s� �t�h�e� �b�o�u�n�c�e� �d�i�a�g�r�a�m�.� �(�T�h�i�s� �i�s� �c�a�l�l�e�d� �t�h�e� 

�r�e�f�l�e�c�t�i�o�n�-�t�r�a�n�s�m�i�s�s�i�o�n� �d�i�a�g�r�a�m� �i�n� �[�4�9�]�)�.� �T�h�i�s� �d�e�v�i�c�e� �h�e�l�p�s� 

�t�o� �c�l�a�r�i�f�y� �t�h�e� �e�f�f�e�c�t�s� �c�a�u�s�e�d� �b�y� �t�h�e� �f�i�n�i�t�e� �p�r�o�p�a�g�a�t�i�o�n� 

�v�e�l�o�c�i�t�y� �o�f� �t�h�e� �w�a�v�e�f�r�o�n�t� �i�n� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� �a�n�d� �a�l�s�o� 

�p�r�o�d�u�c�e�s� �a� �m�a�t�h�e�m�a�t�i�c�a�l� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �r�e�f�l�e�c�t�e�d� �a�n�d� 

�t�r�a�n�s�m�i�t�t�e�d� �s�i�g�n�a�l�s� �i�n� �t�e�r�m�s� �o�f� �p� �a�n�d� �>�.� 

�T�h�e� �b�o�u�n�c�e� �d�i�a�g�r�a�m�,� �w�h�i�c�h� �g�r�a�p�h�i�c�a�l�l�y� �d�e�p�i�c�t�s� �t�h�e� �a�c�t�i�o�n� 

�o�f� �a� �w�a�v�e�f�r�o�n�t� �t�r�a�v�e�l�i�n�g� �t�h�r�o�u�g�h� �a�n�d� �r�e�f�l�e�c�t�i�n�g� �f�r�o�m� �r�e�g�i�o�n�s� 

�o�f� �d�i�f�f�e�r�e�n�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�m�p�e�d�a�n�c�e�s� �a�n�d� �p�r�o�p�a�g�a�t�i�o�n� 

�c�o�n�s�t�a�n�t�s�,� �i�s� �e�a�s�i�l�y� �c�o�n�s�t�r�u�c�t�e�d� �t�h�r�o�u�g�h� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� 

�t�h�r�e�e� �r�u�l�e�s�.� 

�1�.� �A� �w�a�v�e�f�r�o�n�t� �w�h�i�c�h� �e�n�c�o�u�n�t�e�r�s� �a� �r�e�g�i�o�n� �o�f� 

�d�i�f�f�e�r�e�n�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�m�p�e�d�a�n�c�e� �f�r�o�m� �t�h�a�t� �i�n� 

�2�2



�w�h�i�c�h� �i�t� �i�s� �t�r�a�v�e�l�i�n�g� �i�s� �s�p�l�i�t� �i�n�t�o� �t�w�o� 

�w�a�v�e�f�r�o�n�t�s�,� �o�n�e� �o�f� �w�h�i�c�h� �i�s� �r�e�f�l�e�c�t�e�d� �b�a�c�k� �t�o�w�a�r�d�s� 

�t�h�e� �s�o�u�r�c�e�.� 

�2�.� �T�h�e� �r�e�f�l�e�c�t�e�d� �p�o�r�t�i�o�n� �o�f� �t�h�e� �w�a�v�e�f�r�o�n�t� �i�s� 

�m�u�l�t�i�p�l�i�e�d� �b�y� �p� �a�n�d� �t�h�e� �t�r�a�n�s�m�i�t�t�e�d� �p�o�r�t�i�o�n� �o�f� �t�h�e� 

�w�a�v�e�f�r�o�n�t� �i�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �(�l�+�p�)�.� 

�3�.� �A� �w�a�v�e�f�r�o�n�t� �t�r�a�v�e�l�i�n�g� �t�h�r�o�u�g�h� �a� �r�e�g�i�o�n� �o�f� 

�l�e�n�g�t�h� �1� �w�i�t�h� �p�r�o�p�a�g�a�t�i�o�n� �c�o�n�s�t�a�n�t� �y� �i�s� �m�u�l�t�i�p�l�i�e�d� 

�b�y� �e�x�p�(�-�y�l�)�.� 

�T�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e�s�e� �r�u�l�e�s� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e�s� �2�.�3� �a�n�d� 

�2�.�4�.� �T�h�e� �c�a�s�e� �o�f� �a� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� �w�i�t�h� �a� �c�e�n�t�r�a�l� �s�e�c�t�i�o�n� 

�o�f� �u�n�k�n�o�w�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�m�p�e�d�a�n�c�e� �a�n�d� �p�r�o�p�a�g�a�t�i�o�n� �c�o�n�s�t�a�n�t� 

�i�s� �g�i�v�e�n� �i�n� �f�i�g�u�r�e� �2�.�3�,� �a�n�d� �t�h�a�t� �o�f� �a� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� 

�t�e�r�m�i�n�a�t�e�d� �i�n� �a� �p�e�r�f�e�c�t� �o�p�e�n� �c�i�r�c�u�i�t� �i�s� �g�i�v�e�n� �i�n� �f�i�g�u�r�e� �2�.�4�.� 

�F�r�o�m� �f�i�g�u�r�e� �2�.�3� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �t�o�t�a�l� �r�e�f�l�e�c�t�i�o�n� 

�(�S�,�,�)� �f�r�o�m� �a� �l�i�n�e� �w�i�t�h� �a�n� �u�n�k�n�o�w�n�,� �c�e�n�t�r�a�l�l�y� �l�o�c�a�t�e�d� 

�d�i�e�l�e�c�t�r�i�c� �s�e�c�t�i�o�n� �i�s�:� 

�S�1�,�=�p�+�(�1�-�p�?�)� �(�-�p�)� �e�-�7�%�7�+� �(�1�-�p�?�)� �(�-�p�)� �2�e�-�4�1�7�+� �(�1�-�p�?�)� �(�-�p�)� �F�e� �S�1�7� �+�.� 

�=�p�[�1�-� �(�1�-�p�?�)� �e�2�7�4� �(�p�2�e�-�2�7�7�)� �+� �(�p�2�e�-�2�7�4�)� �2�4�.�.�.�]� �]� 

�=�p� �,�-�_�(�i�-�p�?�)� �e�7�7�7� �(�2�-�2�7�)� 

�_� �(�1�-�2�7�!�)� �p� 
�1�-�p�?�e� �2�7�2� 

�2�3



�,� �=� 

�(�1�-�p�?�)� �(�-�p�)� �r�?�  ��~�<� 

�T�S� �(�1�=�p�%�)� �r� 

�p�a� �(�1�-�p�?�)� �(�-�p�)�?�r�3� 

�(�1�-�p�?�)� �(�=�p�)� �5�r�6�  ��~�<�_� 

�o�o� �(�1�-�p�?�)� �(�=�p�)�  ��+�?� 

�(�1�=�p�?�)� �( ��p�)�#�r�*� �_ � ��~�<� � � � � 
�F�i�g�u�r�e� �2�.�3�:� �B�o�u�n�c�e� �D�i�a�g�r�a�m� �f�o�r� �t�h�e� �T�e�r�m�i�n�a�t�e�d� 

�C�o�a�x�i�a�l� �C�e�l�l� 

�2�4



�1�  � ��_� 
�p� 

�(�1�-�p�?�)� 
�r�e� 

�_� 
�<�=� 

�(�1�-�p�*�)� �(�-�p�)� �r�*� �<�<� 

�(�1�-�p�?�)� �(�-�p�)�#�r�®�  ��_ ��<�~�<� � � � � 
�F�i�g�u�r�e� �2�.�4�:� �B�o�u�n�c�e� �D�i�a�g�r�a�m� �f�o�r� �t�h�e� �O�p�e�n� �C�i�r�c�u�i�t� 

�C�o�a�x�i�a�l� �C�e�l�l� 

�2�5



�S�i�m�i�l�a�r�l�y�,� �t�h�e� �t�o�t�a�l� �t�r�a�n�s�m�i�t�t�e�d� �s�i�g�n�a�l� �(�S�,�,�)� �i�s�:� 

�S�5�1�5� �(�1�-�p�?�)� �e�-�Y�4�4�4� �(�p�2�e�-�2�¥�1�)� �+� �(�p�2�e�-�2�7�1�)� �2�+�.�.�.� 

�_� �(�1�p�?�)� �e�o�?� �(�2�.�2�8�)� 
�1�-�p�2�e� �2�7�1� 

�N�o�t�e� �t�h�a�t� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �d�e�s�c�r�i�b�e� �t�h�e� �s�i�g�n�a�l�s� �s�e�e�n� �a�t� �t�h�e� 

�s�a�m�p�l�e� �p�l�a�n�e�s� �a�n�d� �a�l�s�o� �n�o�t�e� �t�h�a�t� �p� �h�e�r�e� �r�e�f�e�r�s� �t�o� �t�h�e� 

�r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �l�o�o�k�i�n�g� �i�n�t�o� �t�h�e� �s�a�m�p�l�e� �a�t� �t�h�e� �s�a�m�p�l�e� 

�p�l�a�n�e�.� 

�A�n�o�t�h�e�r� �t�y�p�e� �o�f� �s�a�m�p�l�e� �h�o�l�d�e�r� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �b�y� �f�i�g�u�r�e� 

�2�.�4�.� �I�n� �t�h�i�s� �s�i�t�u�a�t�i�o�n� �t�h�e� �s�a�m�p�l�e� �o�n�c�e� �a�g�a�i�n� �f�o�r�m�s� �t�h�e� 

�d�i�e�l�e�c�t�r�i�c� �f�o�r� �a� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e�,� �b�u�t� �h�e�r�e� �t�h�e� �l�i�n�e� �i�s� 

�t�e�r�m�i�n�a�t�e�d� �i�n� �a�n� �o�p�e�n� �c�i�r�c�u�i�t�.� �T�h�e� �b�o�u�n�c�e� �d�i�a�g�r�a�m� �s�h�o�w�s� �t�h�a�t� 

�S�,�,� �f�o�r� �t�h�i�s� �c�a�s�e� �i�s�:� 

�S�,�,�=�p�+�(�1�-�p�?�)� �e�-�@�v�4�[�1�+� �(�-�p�e�-�2�1�7�)� �+� �(�-�p�e� �2�7�4�)� �2�4�+�.�]� 

�_� �(�1�-�p�?�)� �e�2�4�1� 

�p�e� �1�+�p�e� �2�7� �(�2�.�2�9�)� 

� �1�+�p�e� �2� 

�O�n�c�e� �a�g�a�i�n� �p� �r�e�f�e�r�s� �t�o� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �s�e�e�n� �a�t� �t�h�e� 

�s�a�m�p�l�e� �p�l�a�n�e� �w�h�i�l�e� �l�o�o�k�i�n�g� �i�n�t�o� �t�h�e� �s�a�m�p�l�e� �f�r�o�m� �t�h�e� �s�a�m�p�l�i�n�g� 

�o�s�c�i�l�l�o�s�c�o�p�e�.� 
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�T�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s� �r�e�l�a�t�e� �t�o� �t�h�e� �c�l�o�s�e�d� �c�e�l�l� �c�o�a�x�i�a�l� 

�s�a�m�p�l�e� �h�o�l�d�e�r� �a�n�d� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �t�e�r�m�i�n�a�t�e�d� �c�o�a�x�i�a�l� �s�a�m�p�l�e� 

�h�o�l�d�e�r� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �t�h�i�r�d� �t�y�p�e� �o�f� �s�a�m�p�l�i�n�g� �s�e�n�s�o�r� �u�s�e�d� 

�i�n� �t�h�i�s� �r�e�s�e�a�r�c�h�,� �t�h�e� �b�a�l�u�n� �t�r�a�n�s�f�o�r�m�e�r� �d�r�i�v�e�n� �t�w�i�n� �l�e�a�d� 

�p�r�o�b�e�,� �r�e�q�u�i�r�e�d� �a� �d�i�f�f�e�r�e�n�t� �a�n�a�l�y�s�i�s� �t�o�o�l� �t�o� �f�a�c�i�l�i�t�a�t�e� �i�t�s� 

�u�s�e�.� 

�T�h�e� �b�a�l�u�n� �d�r�i�v�e�n� �t�w�i�n� �l�e�a�d� �p�r�o�b�e� �(�f�i�g�u�r�e� �2�.�5�)� �i�s� �s�e�e�n� �b�y� 

�t�h�e� �s�a�m�p�l�i�n�g� �s�c�o�p�e� �a�s� �a� �t�w�i�n� �l�e�a�d� �l�i�n�e� �w�h�o�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�a�r�e� �t�o� �b�e� �d�e�t�e�r�m�i�n�e�d�,� �p�r�e�c�e�d�e�d� �b�y� �a�n� �u�n�k�n�o�w�n� �t�w�o� �p�o�r�t� �n�e�t�w�o�r�k� 

�(�t�h�e� �b�a�l�u�n� �t�r�a�n�s�f�o�r�m�e�r� �a�n�d� �c�o�n�n�e�c�t�i�o�n� �c�i�r�c�u�i�t�r�y�)�.� �A�l�t�h�o�u�g�h� 

�t�h�i�s� �c�o�u�l�d� �b�e� �a�n�a�l�y�z�e�d� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �b�o�u�n�c�e� �d�i�a�g�r�a�m�,� 

�t�h�e� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �i�n�t�e�r�n�a�l� �r�e�f�l�e�c�t�i�o�n�s� �m�a�k�e�s� �t�h�i�s� �a� �v�e�r�y� 

�t�e�d�i�o�u�s� �p�r�o�c�e�s�s�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �a� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� 

�a�p�p�r�o�a�c�h� �w�a�s� �s�e�l�e�c�t�e�d� �t�o� �m�o�d�e�l� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �b�a�l�u�n� 

�t�r�a�n�s�f�o�r�m�e�r� �b�y� �u�t�i�l�i�z�i�n�g� �t�h�e� �s�i�g�n�a�l� �f�l�o�w� �g�r�a�p�h� �m�e�t�h�o�d�.� 

�A�n�a�l�y�s�i�s� �o�f� �t�h�e� �s�i�g�n�a�l� �f�l�o�w� �g�r�a�p�h� �(�f�i�g�u�r�e� �2�.�6�)� �i�n�d�i�c�a�t�e�s� 

�t�h�a�t� �t�h�e� �s�i�g�n�a�l� �s�e�e�n� �a�t� �t�h�e� �s�a�m�p�l�i�n�g� �o�s�c�i�l�l�o�s�c�o�p�e� �m�a�y� �b�e� 

�e�x�p�r�e�s�s�e�d� �a�s� 

� � �V�p� �=� �V�,�;� �{�1�+� �p�3� �(�1�+�P�,�)� �*�P�,�B� 
�(�1�-�p�,�p�,�)� �(�1�-�p�,�P�p�,�)� 

�B�=� �(�1�+�p�,�)� �(�t�,�7�,�-�P�1�P�2�)� �(�2�.�3�0�)� 

�P�o�t� �i�T�.� 
�=� �+� 

�P�p� �~� �P�e� �T�e�e�]� 

�2�7



� � 

� � 

� � 

� � 

� � 

�F�i�g�u�r�e� �2�.�5�:� �M�T�h�e� �B�a�l�u�n� �D�r�i�v�e�n� �T�w�i�n� �L�e�a�d� �G�r�o�u�n�d� �P�r�o�b�e� 
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�A�s�s� �>�_�>� 
�M�N� �V� �Y� �Y� 

�P�y� �R� �P� �P�o� �P�y� 

�A�N� 
�i�N� �V� �Y� 

�Z� �_ �� �_�7� �_�-�7� 
�o�s�;� !"�~� �.� !"� 

�2� 

�F�i�g�u�r�e� �2�.�6�:� �T�w�i�n� �L�e�a�d� �P�r�o�b�e� �S�i�g�n�a�l� �F�l�o�w� �G�r�a�p�h� 
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�w�h�e�r�e� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �s�a�m�p�l�e� �i�s� �p�,�,� �t�h�e� 

�r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �l�o�o�k�i�n�g� �i�n�t�o� �t�h�e� �s�a�m�p�l�i�n�g� �o�s�c�i�l�l�o�s�c�o�p�e� 

�i�s� �p�,� �,� �a�n�d� �t�h�e� �s�c�o�p�e�/�b�a�l�u�n� �n�e�t�w�o�r�k� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� 

�w�h�i�c�h� �i�s� �s�e�e�n� �b�y� �t�h�e� �s�a�m�p�l�e� �i�s� �p�,�.� 

�E�v�a�l�u�a�t�i�n�g� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �c�a�s�e�s� �w�h�e�r�e� 

�t�h�e� �s�a�m�p�l�e� �i�s� �a� �s�h�o�r�t� �c�i�r�c�u�i�t�,� �a� �k�n�o�w�n� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� 

�k�,� �a�n�d� �a�n� �o�p�e�n� �c�i�r�c�u�i�t�,� �l�e�a�d�s� �t�o� 

� � 

�P�y� �(�1�+�p�,�)� �-�B� 
�V�,� �=� �V� �1� �2�.�3�1� 

� � 

� � 

�p�,�(�1�+�p�,�)� �+�k�K�B� 
�V�p�.� �=� �V� �2�.�3�2� �R�y� �z� �(�2�+� �(�1�-�p�,�p�,�)� �(�1�-�x�p�,�)� �(� 

�p�,�(�1�+�p�,�)� �+�B� 
�V�.� �=�V�,�/�1� �2�.�3�3� 

�R�o�p�e�n� �a�l� �+� �(�1�-�p�5�P�,�)� �|� �(� �)� 

�w�h�i�c�h� �m�a�y� �b�e� �c�o�m�b�i�n�e�d� �t�o� �p�r�o�d�u�c�e� 

�V�a�-�V�r� � �_� �K�-�P�x� �_�1�+�P�»� �(�2�.�3�4�)� 
�K�k�+�1� �1�-�p�,�p�,� 

� � 

�-�V� 
�R�s�h�o�r�t� �R�y� 
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�V�z�,� �-�V�,� �4�1� �R�o�p�e�s�  ��R�e� �_� �K�-�1� �*�P�p� �(�2�.�3�5�)� 
�k�+�1� �1�-�p�,� 

� � 

�-�V�.� 
�R�s�h�o�r�t� �R�y� 

�T�h�e� �s�e�c�o�n�d� �e�x�p�r�e�s�s�i�o�n� �i�s� �u�s�e�d� �t�o� �f�i�n�d� �p�,� �w�h�i�c�h� �i�s� �t�h�e�n� 

�s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �t�h�e� �f�i�r�s�t� �e�x�p�r�e�s�s�i�o�n� �t�o� �s�o�l�v�e� �f�o�r� �p�,� �a�n�d� 

�s�u�b�s�e�q�u�e�n�t�l�y� �t�h�e� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �t�h�e� �s�a�m�p�l�e�.� 

�S�A�M�P�L�E� �P�R�E�P�A�R�A�T�I�O�N� 

�T�h�e� �s�a�n�d� �s�a�m�p�l�e�s� �w�e�r�e� �t�a�k�e�n� �f�r�o�m� �a� �b�a�g� �o�f� �s�t�a�n�d�a�r�d� 

�c�o�n�s�t�r�u�c�t�i�o�n�-�t�y�p�e� �s�a�n�d�.� �T�h�e� �s�a�n�d� �w�a�s� �c�l�e�a�n�e�d� �o�f� �a�n�y� �o�r�g�a�n�i�c� 

�m�a�t�e�r�i�a�l� �b�u�t� �w�a�s� �n�o�t� �c�h�a�n�g�e�d� �i�n� �a�n�y� �o�t�h�e�r� �w�a�y�.� �S�i�n�c�e� �t�h�e� 

�i�n�t�e�n�t� �o�f� �t�h�e� �r�e�s�e�a�r�c�h� �w�a�s� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �g�r�o�u�n�d� �p�r�o�b�e� 

�f�o�r� �e�v�e�n�t�u�a�l� �u�s�e� �a�s� �a�n� �i�n�-�s�i�t�u� �t�y�p�e� �o�f� �p�r�o�b�e�,� �i�t� �w�a�s� �f�e�l�t� 

�t�h�a�t� �t�h�e� �i�m�p�l�i�c�i�t� �i�n�h�o�m�o�g�e�n�e�i�t�i�e�s� �r�e�g�a�r�d�i�n�g� �p�a�r�t�i�c�l�e� �s�i�z�e�,� 

�e�t�c�.� �o�f� �t�h�e� �s�a�n�d� �s�h�o�u�l�d� �b�e� �l�e�f�t� �u�n�d�i�s�t�u�r�b�e�d�.� �T�h�e� �w�e�t� �s�a�m�p�l�e�s� 

�w�e�r�e� �p�r�e�p�a�r�e�d� �w�i�t�h� �o�r�d�i�n�a�r�y� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �t�a�p� �w�a�t�e�r� �a�n�d� 

�t�h�e� �s�a�l�t�w�a�t�e�r� �s�a�t�u�r�a�t�e�d� �s�a�m�p�l�e�s� �u�s�e�d� �a� �o�n�e� �N�o�r�m�a�l� �s�o�l�u�t�i�o�n� 

�(�5�8�.�5� �g�r�a�m�s� �N�a�C�l�/�1� �l�i�t�e�r� �H�,�O�)� �o�f� �t�a�b�l�e� �s�a�l�t� �i�n� �t�a�p� �w�a�t�e�r�.� 

�T�h�e� �a�m�b�i�e�n�t� �t�e�m�p�e�r�a�t�u�r�e� �w�a�s� �k�e�p�t� �w�i�t�h�i�n� �1� �d�e�g�r�e�e� �o�f� �2�2� 

�d�e�g�r�e�e�s� �C�.� �A�l�l� �w�e�t� �s�a�m�p�l�e�s� �w�e�r�e� �t�h�o�r�o�u�g�h�l�y� �s�a�t�u�r�a�t�e�d� �w�i�t�h� 

�s�o�l�u�t�i�o�n� �u�n�t�i�l� �t�h�e� �f�i�r�s�t� �t�r�a�c�e� �o�f� �f�r�e�e� �s�t�a�n�d�i�n�g� �s�o�l�u�t�i�o�n� 

�a�p�p�e�a�r�e�d� �o�n� �t�h�e� �t�o�p� �o�f� �t�h�e� �s�a�m�p�l�e�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �w�a�s� �u�s�e�d� 

�i�n� �a�n� �a�t�t�e�m�p�t� �t�o� �m�a�i�n�t�a�i�n� �t�h�e� �s�a�m�e� �d�e�g�r�e�e� �o�f� �w�a�t�e�r� �s�a�t�u�r�a�t�i�o�n� 
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�i�n� �a�l�l� �w�e�t� �s�a�m�p�l�e�s� �w�i�t�h�o�u�t� �r�e�g�a�r�d� �t�o� �c�h�a�n�g�e�s� �i�n� �d�r�y� �s�a�n�d� 

�d�e�n�s�i�t�y� �a�n�d� �p�a�c�k�i�n�g� �f�a�c�t�o�r� �d�u�e� �t�o�.� �p�a�r�t�i�c�l�e �� �s�i�z�e� 

�i�n�h�o�m�o�g�e�n�e�i�t�y�.� 

�P�a�c�k�i�n�g� �t�e�c�h�n�i�q�u�e� �v�a�r�i�e�d� �c�o�n�s�i�d�e�r�a�b�l�y� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� 

�s�a�m�p�l�e� �h�o�l�d�e�r� �a�n�d� �t�y�p�e� �o�f� �s�a�m�p�l�e�.� �T�h�e� �1�4� �m�m� �c�l�o�s�e�d� �c�e�l�l� 

�c�o�a�x�i�a�l� �s�a�m�p�l�e� �h�o�l�d�e�r� �r�e�q�u�i�r�e�d� �v�e�r�y� �s�m�a�l�l� �s�a�m�p�l�e�s�,� �b�u�t� �t�h�e� 

�p�a�r�t�i�c�u�l�a�t�e� �s�a�m�p�l�e�s� �a�l�o�n�e� �w�o�u�l�d� �n�o�t� �h�a�v�e� �b�e�e�n� �a�d�e�q�u�a�t�e� �t�o� 

�m�a�i�n�t�a�i�n� �t�h�e� �c�o�a�x�i�a�l� �a�l�i�g�n�m�e�n�t� �o�f� �t�h�e� �c�e�n�t�e�r� �c�o�n�d�u�c�t�o�r�.� �T�w�o� 

�t�e�f�l�o�n� �w�a�s�h�e�r�s� �w�e�r�e� �p�r�e�c�i�s�i�o�n� �m�a�c�h�i�n�e�d� �t�o� �a�c�t� �a�s� �e�n�d� �p�l�a�t�e�s� 

�f�o�r� �t�h�e� �s�a�m�p�l�e�.� �T�h�e� �f�i�r�s�t� �w�a�s�h�e�r� �w�a�s� �p�u�t� �i�n� �p�l�a�c�e� �s�l�i�g�h�t�l�y� 

�r�e�c�e�s�s�e�d� �f�r�o�m� �t�h�e� �e�n�d� �o�f� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �a�n�d� �a� �m�e�a�s�u�r�e�d� 

�v�o�l�u�m�e� �o�f� �s�a�m�p�l�e� �w�a�s� �p�l�a�c�e�d� �i�n�t�o� �t�h�e� �r�e�c�e�s�s�.� �I�f� �t�h�e� �s�a�m�p�l�e� 

�w�a�s� �a� �w�e�t� �s�a�m�p�l�e�,� �t�h�e� �s�o�l�u�t�i�o�n� �w�a�s� �n�o�w� �i�n�t�r�o�d�u�c�e�d� �u�s�i�n�g� �a� 

�h�y�p�o�d�e�r�m�i�c� �s�y�r�i�n�g�e�.� �T�h�e� �s�e�c�o�n�d� �t�e�f�l�o�n� �w�a�s�h�e�r� �w�a�s� �p�r�e�s�s�e�d� 

�i�n�t�o� �p�l�a�c�e� �a�n�d� �a� �G�R�-�9�0�0� �s�h�o�r�t� �w�a�s� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �e�n�d� �o�f� �t�h�e� 

�s�a�m�p�l�e� �h�o�l�d�e�r�.� �A� �h�o�l�l�o�w� �t�u�b�e� �w�a�s� �t�h�e�n� �i�n�t�r�o�d�u�c�e�d� �i�n�t�o� �t�h�e� 

�f�a�r� �s�i�d�e� �o�f� �t�h�e� �c�o�a�x�i�a�l� �l�i�n�e� �a�n�d� �w�a�s� �u�s�e�d� �t�o� �p�r�e�s�s� �t�h�e� �t�e�f�l�o�n� 

�w�a�s�h�e�r�/�s�a�m�p�l�e� �c�o�m�b�i�n�a�t�i�o�n� �t�i�g�h�t�l�y� �a�g�a�i�n�s�t� �t�h�e� �s�h�o�r�t�.� �T�h�e� 

�d�e�p�t�h� �f�r�o�m� �t�h�e� �f�a�r� �e�n�d� �o�f� �t�h�e� �c�o�a�x�i�a�l� �l�i�n�e� �t�o� �t�h�e� �f�a�c�e� �o�f� �t�h�e� 

�t�e�f�l�o�n� �w�a�s�h�e�r� �w�a�s� �t�h�e�n� �m�e�a�s�u�r�e�d� �a�n�d� �r�e�c�o�r�d�e�d�.� �T�h�e� �t�e�f�l�o�n� 

�w�a�s�h�e�r�s� �w�e�r�e� �e�a�c�h� �2� �m�m� �t�h�i�c�k� �a�n�d� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �c�o�a�x�i�a�l� 

�a�i�r� �l�i�n�e� �(�1�0� �c�m�)� �w�a�s� �k�n�o�w�n�,� �s�o� �t�h�i�s� �p�r�o�c�e�s�s� �g�a�v�e� �t�h�e� �s�a�m�p�l�e� 

�t�h�i�c�k�n�e�s�s�,� �t�y�p�i�c�a�l�l�y� �8� �m�m� �f�o�r� �t�h�e� �d�r�y� �s�a�m�p�l�e�s� �a�n�d� �4� �m�m� �f�o�r� 

�t�h�e� �w�e�t� �s�a�m�p�l�e�s�.� �T�h�e� �e�n�t�i�r�e� �s�e�t�u�p� �i�s� �d�i�a�g�r�a�m�m�e�d� �i�n� �f�i�g�u�r�e� 

�2�.�7�.� 
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�>� �< ��_ �� �1� �c�m�.� � � � � � � � � 
� � � � � � � � � � �1�0� �c�m�.� 

�F�i�g�u�r�e� �2�.�7�:� �T�e�r�m�i�n�a�t�e�d� �C�o�a�x�i�a�l� �S�a�m�p�l�e� �H�o�l�d�e�r� �S�e�t�u�p� 

�3�3



�T�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �s�h�i�e�l�d�e�d� �c�o�a�x�i�a�l� �s�a�m�p�l�e� �h�o�l�d�e�r� �r�e�q�u�i�r�e�d� 

�a� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d� �t�o� �a�s�s�u�r�e� �e�v�e�n� �p�a�c�k�i�n�g�.� �T�h�e� �1�4� �m�m� �h�o�l�d�e�r� 

�w�a�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �1�4� �c�m� �l�o�n�g� �w�i�t�h� �a� �r�e�c�e�s�s�e�d� �i�n�n�e�r� �c�o�n�d�u�c�t�o�r� 

�9�.�2� �c�m� �i�n� �l�e�n�g�t�h� �a�n�d� �a� �s�a�m�p�l�e� �v�o�l�u�m�e� �o�f� �1�9�.�5�5� �c�c�.� �T�h�e� 

�p�o�s�s�i�b�i�l�i�t�y� �o�f� �v�o�i�d�s� �i�n� �t�h�e� �s�a�m�p�l�e� �o�v�e�r� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� 

�s�a�m�p�l�e� �h�o�l�d�e�r� �d�i�c�t�a�t�e�d� �t�h�e� �u�s�e� �o�f� �a� �v�i�b�r�a�t�i�n�g� �t�a�b�l�e� �t�o� �h�e�l�p� 

�i�n�s�u�r�e� �e�v�e�n� �p�a�c�k�i�n�g� �o�f� �t�h�e� �s�a�m�p�l�e�.� �I�n� �a�d�d�i�t�i�o�n�,� �w�e�t� �s�a�m�p�l�e�s� 

�w�e�r�e� �f�i�l�l�e�d� �i�n� �s�t�a�g�e�s� �t�o� �a�s�s�u�r�e� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n� �w�a�s� �e�v�e�n�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �s�a�m�p�l�e�.� �T�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� 

�s�a�m�p�l�e� �w�e�r�e� �w�e�i�g�h�e�d� �b�e�f�o�r�e� �f�i�l�l�i�n�g� �t�o� �h�e�l�p� �a�s�s�u�r�e� 

�r�e�p�e�a�t�a�b�i�l�i�t�y�.� 

�T�h�e� �s�a�m�p�l�e�  ��c�e�l�l �� �f�o�r� �t�h�e� �t�w�i�n� �l�e�a�d� �b�a�l�u�n� �d�r�i�v�e�n� �g�r�o�u�n�d� 

�p�r�o�b�e� �w�a�s� �f�o�r�m�e�d� �b�y� �a� �c�y�l�i�n�d�r�i�c�a�l� �p�l�a�s�t�i�c� �b�u�c�k�e�t� �2�8� �c�m� �i�n� 

�d�i�a�m�e�t�e�r� �a�n�d� �3�3� �c�m� �d�e�e�p�.� �T�h�e� �p�l�a�s�t�i�c� �w�a�s� �u�s�e�d� �t�o� �r�e�d�u�c�e� �t�h�e� 

�p�o�s�s�i�b�i�l�i�t�y� �o�f� �s�p�u�r�i�o�u�s� �g�r�o�u�n�d� �p�l�a�n�e� �r�e�f�l�e�c�t�i�o�n�s� �w�h�i�c�h� �m�i�g�h�t� 

�h�a�v�e� �e�x�i�s�t�e�d� �i�n� �a� �m�e�t�a�l� �c�o�n�t�a�i�n�e�r�.� �E�x�p�e�r�i�m�e�n�t�s� �w�i�t�h� �t�h�e� 

�c�o�n�t�a�i�n�e�r�s� �r�e�s�t�i�n�g� �h�o�r�i�z�o�n�t�a�l�l�y� �r�a�t�h�e�r� �t�h�a�n� �v�e�r�t�i�c�a�l�l�y� �d�i�d� 

�n�o�t� �i�n�d�i�c�a�t�e� �a�n�y� �d�i�f�f�e�r�e�n�c�e� �i�n� �r�e�s�u�l�t�s� �w�i�t�h� �r�e�g�a�r�d� �t�o� 

�o�r�i�e�n�t�a�t�i�o�n�.� �I�t� �w�a�s� �f�e�a�r�e�d� �t�h�a�t� �p�e�r�c�o�l�a�t�i�o�n� �m�i�g�h�t� �h�a�v�e� 

�p�r�o�d�u�c�e�d� �a� �d�e�p�t�h� �g�r�a�d�i�e�n�t� �i�n� �t�h�e� �w�a�t�e�r� �s�a�t�u�r�a�t�i�o�n� �l�e�v�e�l�,� �b�u�t� 

�t�h�i�s� �p�h�e�n�o�m�e�n�a� �w�a�s� �n�o�t� �e�v�i�d�e�n�t� �s�o� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �t�a�k�e�n� 

�w�i�t�h� �t�h�e� �p�r�o�b�e� �i�n�s�e�r�t�e�d� �v�e�r�t�i�c�a�l�l�y� �d�o�w�n� �i�n�t�o� �t�h�e� �s�a�m�p�l�e�.� 

�A�l�t�h�o�u�g�h� �t�h�r�e�e� �p�r�o�b�e� �l�e�n�g�t�h�s� �w�e�r�e� �a�v�a�i�l�a�b�l�e� �(�1�5� �c�m�,� �3�0� �c�m�,� 

�a�n�d� �4�5� �c�m�)� �t�h�e� �l�o�n�g�e�s�t� �p�r�o�b�e� �e�x�c�e�e�d�e�d� �t�h�e� �c�e�l�l� �d�i�m�e�n�s�i�o�n�s� �a�n�d� 

�s�o� �w�a�s� �n�o�t� �u�s�e�d�.� 

�3�4



�A�l�l� �w�a�v�e�f�o�r�m�s� �w�e�r�e� �a�c�q�u�i�r�e�d� �w�i�t�h� �a�n� �H�P�-�5�4�1�2�0�T� �s�a�m�p�l�i�n�g� 

�o�s�c�i�l�l�o�s�c�o�p�e� �u�s�i�n�g� �a� �1�0�2�4� �p�o�i�n�t� �s�a�m�p�l�i�n�g� �w�i�n�d�o�w� �o�v�e�r� �a� �t�i�m�e� 

�r�e�g�i�m�e� �o�f� �5� �n�s�.� �W�a�v�e�f�o�r�m�s� �w�e�r�e� �a�c�q�u�i�r�e�d� �2�0�4�8� �t�i�m�e�s� �a�n�d� 

�a�v�e�r�a�g�e�d� �a�u�t�o�m�a�t�i�c�a�l�l�y� �b�y� �t�h�e� �s�a�m�p�l�i�n�g� �o�s�c�i�l�l�o�s�c�o�p�e� �t�o� �r�e�d�u�c�e� 

�n�o�i�s�e� �e�f�f�e�c�t�s� �t�o� �a�n� �a�b�s�o�l�u�t�e� �m�i�n�i�m�u�m�.� �T�h�e� �o�s�c�i�l�l�o�s�c�o�p�e� �w�a�s� 

�c�a�l�i�b�r�a�t�e�d� �a�n�d� �p�e�r�i�o�d�i�c�a�l�l�y� �r�e�c�h�e�c�k�e�d� �a�g�a�i�n�s�t� �a� �k�n�o�w�n� �s�t�a�b�l�e� 

�s�i�g�n�a�l� �s�o�u�r�c�e� �t�o� �a�s�s�u�r�e� �t�h�a�t� �l�o�n�g� �t�e�r�m� �d�r�i�f�t� �w�a�s� �n�o�t� �a� �f�a�c�t�o�r� 

�i�n� �t�h�e� �a�c�q�u�i�s�i�t�i�o�n�s�.� �A�l�l� �a�c�q�u�i�s�i�t�i�o�n�s� �w�e�r�e� �m�a�d�e� �u�s�i�n�g� 

�c�h�a�n�n�e�l� �1� �o�f� �t�h�e� �o�s�c�i�l�l�o�s�c�o�p�e� �a�n�d� �i�t ��s� �i�n�t�e�r�n�a�l� �2�0�0� �m�v�,� �3�5� �p�s� 

�s�t�e�p� �g�e�n�e�r�a�t�o�r�.� 

�T�h�e� �a�c�q�u�i�r�e�d� �w�a�v�e�f�o�r�m�s� �w�e�r�e� �s�t�e�p�l�i�k�e� �i�n� �n�a�t�u�r�e� �a�n�d� �w�o�u�l�d� 

�h�a�v�e� �p�r�o�d�u�c�e�d� �s�e�v�e�r�e� �a�l�i�a�s�i�n�g� �a�n�d� �l�e�a�k�a�g�e� �e�r�r�o�r�s� �i�f� �F�o�u�r�i�e�r� 

�t�r�a�n�s�f�o�r�m�e�d� �i�n� �t�h�e�i�r� �i�n�i�t�i�a�l� �f�o�r�m�s�,� �s�o� �t�h�e� �N�a�h�m�a�n�-�G�a�n�s� 

�t�e�c�h�n�i�q�u�e� �[�5�0�]� �o�f� �a�p�p�e�n�d�i�n�g� �a�n� �i�n�v�e�r�t�e�d�,� �t�i�m�e� �a�n�d� �l�e�v�e�l� 

�s�h�i�f�t�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �w�a�v�e�f�o�r�m� �t�o� �t�h�e� �e�n�d� �o�f� �t�h�a�t� 

�w�a�v�e�f�o�r�m� �(�i�n� �e�f�f�e�c�t� �t�u�r�n�i�n�g� �i�t� �o�f�f� �t�h�e� �s�a�m�e� �w�a�y� �i�t� �w�a�s� �t�u�r�n�e�d� 

�o�n�)� �w�a�s� �u�s�e�d� �t�o� �a�s�s�u�r�e� �t�h�a�t� �t�h�e� �f�i�r�s�t� �a�n�d� �l�a�s�t� �p�o�i�n�t� �i�n� �t�h�e� 

�w�a�v�e�f�o�r�m� �h�a�d� �t�h�e� �s�a�m�e� �v�a�l�u�e�.� �T�h�i�s� �d�o�u�b�l�e�s� �t�h�e� �t�i�m�e� �w�i�n�d�o�w�,� 

�h�a�l�v�i�n�g� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�p�a�c�i�n�g� �b�e�t�w�e�e�n� �s�a�m�p�l�e�s� �i�n� �t�h�e� �s�p�e�c�t�r�a�l� 

�d�o�m�a�i�n�,� �b�u�t� �t�h�e� �s�y�m�m�e�t�r�y� �o�f� �t�h�e� �n�e�w� �w�a�v�e�f�o�r�m� �c�a�u�s�e�s� �a�l�l� �e�v�e�n� 

�n�u�m�b�e�r�e�d� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �s�a�m�p�l�e�s� �t�o� �e�v�a�l�u�a�t�e� �t�o� �z�e�r�o� �s�o� �t�h�a�t� 

�i�n�f�o�r�m�a�t�i�o�n� �i�s� �c�o�n�s�e�r�v�e�d�.� �T�h�e� �n�e�t� �e�f�f�e�c�t� �o�f� �t�h�i�s� �a�c�t�i�o�n� �w�a�s� 

�t�o� �p�r�o�d�u�c�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �i�n�f�o�r�m�a�t�i�o�n� �a�t� �2�0�0� �M�H�z� �i�n�t�e�r�v�a�l�s� 

�s�t�a�r�t�i�n�g� �a�t� �1�0�0� �M�H�z�.� �A� �r�e�s�t�r�i�c�t�e�d� �b�a�n�d�w�i�d�t�h� �w�a�s� �u�s�e�d� �f�o�r� 

�3�5



�t�h�e�s�e� �m�e�a�s�u�r�e�m�e�n�t�s� �l�e�a�d�i�n�g� �t�o� �a�n� �u�p�p�e�r� �f�r�e�q�u�e�n�c�y� �b�o�u�n�d� �o�f� �5� 

�G�H�Z�.� 

�T�h�e� �c�l�o�s�e�d� �c�e�l�l� �c�o�a�x�i�a�l� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �i�n�i�t�i�a�l�l�y� 

�t�a�k�e�n� �t�o� �a�s�s�u�r�e� �t�h�a�t� �u�s�e�f�u�l� �i�n�f�o�r�m�a�t�i�o�n� �c�o�u�l�d� �i�n�d�e�e�d� �b�e� 

�d�e�r�i�v�e�d� �f�o�r� �t�h�e�s�e� �p�a�r�t�i�c�u�l�a�t�e� �s�a�m�p�l�e�s�.� �I�t� �w�a�s� �f�e�l�t� �t�h�a�t� �t�h�e� 

�g�r�e�a�t�e�r� �c�o�n�s�t�r�a�i�n�t�s� �i�m�p�l�i�c�i�t� �i�n� �t�h�e� �m�a�t�c�h� �t�e�r�m�i�n�a�t�e�d� �c�l�o�s�e�d� 

�c�e�l�l� �c�o�a�x�i�a�l� �e�n�v�i�r�o�n�m�e�n�t� �w�o�u�l�d� �l�e�a�d� �t�o� �a� �m�o�r�e� �a�c�c�u�r�a�t�e� 

�a�s�s�e�s�s�m�e�n�t� �o�f� �t�h�e� �t�r�u�e� �e�l�e�c�t�r�i�c�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� 

�s�a�m�p�l�e�s�.� �T�h�e� �s�h�i�e�l�d�e�d� �o�p�e�n� �c�i�r�c�u�i�t� �s�a�m�p�l�e� �h�o�l�d�e�r� �w�a�s� �n�e�x�t� 

�u�s�e�d� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �w�h�a�t� �t�y�p�e�s� �o�f� �d�i�f�f�i�c�u�l�t�i�e�s� �w�o�u�l�d� �b�e� 

�e�x�p�e�r�i�e�n�c�e�d� �d�u�e� �t�o� �l�o�n�g�e�r� �s�a�m�p�l�e� �l�e�n�g�t�h�s� �a�n�d� �t�h�e� �i�n�h�e�r�e�n�t� 

�a�m�b�i�g�u�i�t�i�e�s� �o�f� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �t�e�r�m�i�n�a�t�i�o�n�.� �F�i�n�a�l�l�y� �t�h�e� 

�t�e�c�h�n�i�q�u�e�s� �d�e�v�e�l�o�p�e�d� �u�s�i�n�g� �t�h�e� �p�r�e�v�i�o�u�s� �t�w�o� �s�a�m�p�l�e� �h�o�l�d�e�r�s� 

�w�e�r�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �b�a�l�u�n� �d�r�i�v�e�n� �t�w�i�n� �l�e�a�d� �g�r�o�u�n�d� �p�r�o�b�e� �i�n� �a�n� 

�a�t�t�e�m�p�t� �t�o� �d�e�v�e�l�o�p� �a� �u�s�e�f�u�l� �a�n�d� �r�e�a�s�o�n�a�b�l�y� �a�c�c�u�r�a�t�e� �i�n�-�s�i�t�u� 

�p�r�o�b�e� �f�o�r� �p�e�r�m�i�t�t�i�v�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�.� 

�T�h�e� �n�e�x�t� �t�h�r�e�e� �c�h�a�p�t�e�r�s� �d�i�s�c�u�s�s� �t�h�e� �s�p�e�c�i�f�i�c�s� �o�f� �e�a�c�h� �o�f� 

�t�h�e�s�e� �m�e�a�s�u�r�e�m�e�n�t� �s�c�h�e�m�e�s�,� �d�e�t�a�i�l�i�n�g� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�e�t�h�o�d�s� 

�u�s�e�d� �t�o� �e�x�t�r�a�c�t� �p�e�r�m�i�t�t�i�v�i�t�y� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m �� �t�h�e� 

�m�e�a�s�u�r�e�m�e�n�t�s� �a�n�d� �g�i�v�i�n�g� �a�c�t�u�a�l� �r�e�s�u�l�t�s�.� 
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�C�H�A�P�T�E�R� �I�I�I� 

�T�H�E� �C�O�A�X�I�A�L� �S�A�M�P�L�E� �H�O�L�D�E�R� 

�T�h�i�s� �c�h�a�p�t�e�r� �d�i�s�c�u�s�s�e�s� �e�x�p�e�r�i�m�e�n�t�s� �c�o�n�d�u�c�t�e�d� �u�s�i�n�g� �a� 

�c�o�a�x�i�a�l� �s�a�m�p�l�e� �h�o�l�d�e�r� �w�i�t�h� �a� �k�n�o�w�n� �t�e�r�m�i�n�a�t�i�o�n�.� �T�h�e� �c�o�a�x�i�a�l� 

�g�e�o�m�e�t�r�y� �i�s� �a�t�t�r�a�c�t�i�v�e� �b�e�c�a�u�s�e� �o�f� �i�t�s� �w�e�l�l� �c�o�n�s�t�r�a�i�n�e�d� �f�i�e�l�d�s� 

�a�n�d� �t�h�u�s� �t�h�e�s�e� �e�x�p�e�r�i�m�e�n�t�s� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �p�r�o�v�i�d�e� �b�a�s�e�l�i�n�e� 

�v�a�l�u�e�s� �a�g�a�i�n�s�t� �w�h�i�c�h� �t�h�e� �l�a�t�e�r� �w�o�r�k� �o�n� �t�h�e� �u�n�t�e�r�m�i�n�a�t�e�d� 

�c�o�a�x�i�a�l� �s�a�m�p�l�e� �h�o�l�d�e�r� �a�n�d� �t�h�e� �t�w�i�n� �l�e�a�d� �g�r�o�u�n�d� �p�r�o�b�e� �w�i�l�l� �b�e� 

�c�o�m�p�a�r�e�d�.� 

�A� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�u�p� �w�i�l�l� �b�e� 

�p�r�e�s�e�n�t�e�d� �f�i�r�s�t�,� �s�h�o�w�i�n�g� �h�o�w� �a� �s�e�r�i�e�s� �o�f� �s�i�n�g�l�e� �p�o�r�t� �t�i�m�e� 

�d�o�m�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�y� �b�e� �u�s�e�d� �t�o� �d�e�r�i�v�e� �v�a�l�u�e�s� �f�o�r� �S�,�,� �a�n�d� 

�S�,�,� �u�n�d�e�r� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �r�e�c�i�p�r�o�c�i�t�y� �i�n� �t�h�e� �s�a�m�p�l�e�.� �T�h�i�s� 

�i�s� �f�o�l�l�o�w�e�d� �b�y� �a� �d�i�s�c�u�s�s�i�o�n� �o�f� �s�e�v�e�r�a�l� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� �m�a�y� �b�e� 

�u�s�e�d� �t�o� �i�n�v�e�r�t� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �p�a�r�a�m�e�t�e�r�s� �o�r� �m�e�a�s�u�r�e�d� 

�i�m�p�e�d�a�n�c�e� �i�n�f�o�r�m�a�t�i�o�n� �t�o� �r�e�s�o�l�v�e� �t�h�e� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �t�h�e� 

�s�a�m�p�l�e�.� �A�c�t�u�a�l� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�r�i�v�e�d� �v�a�l�u�e�s� �f�o�r� �s�e�v�e�r�a�l� 

�m�a�t�e�r�i�a�l�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �a�n�d� �t�h�e� �c�h�a�p�t�e�r� �c�o�n�c�l�u�d�e�s� �w�i�t�h� �a�n� 

�a�n�a�l�y�s�i�s� �o�f� �p�o�s�s�i�b�l�e� �e�r�r�o�r� �s�o�u�r�c�e�s�.� 
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�E�X�P�E�R�I�M�E�N�T�A�L� �S�E�T�U�P� 

�C�o�n�s�i�d�e�r� �a� �s�y�s�t�e�m� �s�u�c�h� �a�s� �t�h�a�t� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �3�.�1� �i�n� 

�w�h�i�c�h� �R�e�g�i�o�n� �1� �r�e�p�r�e�s�e�n�t�s� �a� �c�o�a�x�i�a�l� �l�i�n�e� �w�i�t�h� �a�n� �a�i�r� 

�d�i�e�l�e�c�t�r�i�c�,� �R�e�g�i�o�n� �2� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�a�m�e� �l�i�n�e� �f�i�l�l�e�d� �w�i�t�h� �a� 

�s�a�m�p�l�e� �o�f� �u�n�k�n�o�w�n� �p�e�r�m�i�t�t�i�v�i�t�y�,� �a�n�d� �R�e�g�i�o�n� �3� �i�s� �l�i�k�e� �R�e�g�i�o�n� 

�1�.� �T�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�m�p�e�d�a�n�c�e�s� �o�f� �R�e�g�i�o�n�s� �1� �a�n�d� �3� �w�i�l�l� �b�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �Z�,� �a�n�d� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�m�p�e�d�a�n�c�e� �o�f� �R�e�g�i�o�n� 

�2� �w�i�l�l� �b�e� �2�Z�)�*�(�u�p�/ ¬�p�)�'�?� �w�h�e�r�e� �w�u�,� �i�s� �t�h�e� �r�e�l�a�t�i�v�e� �c�o�m�p�l�e�x� 

�p�e�r�m�e�a�b�i�l�i�t�y� �o�f� �t�h�e� �s�a�m�p�l�e� �a�n�d� �¢�« ¬�,� �i�s� �t�h�e� �r�e�l�a�t�i�v�e� �c�o�m�p�l�e�x� 

�p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �t�h�e� �s�a�m�p�l�e�.� �T�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �a� 

�w�a�v�e� �i�n�c�i�d�e�n�t� �o�n� �t�h�e� �a�i�r�/�s�a�m�p�l�e� �b�o�u�n�d�a�r�y� �i�s� �g�i�v�e�n� �b�y� 

� � 

� � � � 

�H�e� �1� 
�Z�-�Z�,� �N�i�  ¬� 

�P�H�S� �o� �=� �1�2� �(�3�.�1�)� 
�+�Z�o� 

�B�e�i�s� 

�V� �&� � � 
�S�i�m�i�l�a�r�l�y�,� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �a� �w�a�v�e� �p�a�s�s�i�n�g� �o�u�t� 

�o�f� �t�h�e� �s�a�m�p�l�e� �i�n�t�o� �t�h�e� �a�i�r� �f�i�l�l�e�d� �p�o�r�t�i�o�n� �o�f� �t�h�e� �l�i�n�e� �i�s� 

�Z�-�Z� 
�Z�+�Z� 
� � �=� �-�9�p� �(�3�.�2�)� 

�T�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �t�h�r�o�u�g�h� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �g�i�v�e�n� �b�y� 
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� � 
�T�h�e� �C�o�a�x�i�a�l� �S�a�m�p�l�e� �H�o�l�d�e�r� �F�i�g�u�r�e� �3�.�1�:� 
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�T�=� �e�x�p�(�-�j�w� �1�/�p�e�)� �=� �o�x�p�{� �2�0�7� �/�H� �|� �(�3�.�3�)� 
�C�c� 

�U�s�i�n�g� �t�h�e�s�e� �e�x�p�r�e�s�s�i�o�n�s� �a� �_� �t�r�a�n�s�m�i�s�s�i�o�n�/�r�e�f�l�e�c�t�i�o�n� 

�d�i�a�g�r�a�m� �m�a�y� �b�e� �c�o�n�s�t�r�u�c�t�e�d� �a�s� �i�n� �f�i�g�u�r�e� �3�.�2�.� �T�h�i�s� �s�h�o�w�s� �t�h�a�t� 

�t�h�e� �t�o�t�a�l� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �w�h�i�c�h� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�S�i�:�(�w�)� �i�s� 

�S�,�,�(�@�)� �=� �E�t�)� �p�a�c�a� �(�3�.�4�)� 
�(�1�-�p�*�t�*�)� 

�T�h�e� �t�o�t�a�l� �t�r�a�n�s�m�i�s�s�i�o�n�,� �S�,�,�(�w�)�,� �b�e�c�o�m�e�s�!� 

�s�,�,�(�o�)� �=� �S�P�I�E� �p�a�c�a� �(�3�.�5�)� 
�(�1�-�p�?�t�*�)� 

�T�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n� �a�s�s�u�m�e�s� �t�h�a�t� �S�,�,�(�w�)� �a�n�d� �S�,�,�(�w�)� �a�r�e� 

�a�v�a�i�l�a�b�l�e� �o�v�e�r� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �i�n�t�e�r�e�s�t�.� �T�o� �e�v�a�l�u�a�t�e� 

�t�h�e�s�e� �f�r�o�m� �t�i�m�e� �d�o�m�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�s�,� �f�o�u�r� �w�a�v�e�f�o�r�m�s� �w�e�r�e� 

�a�c�q�u�i�r�e�d� �a�n�d� �m�a�s�s�a�g�e�d� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �f�a�s�t� �F�o�u�r�i�e�r� 

� � 

 ��S�o�m�e� �c�a�r�e� �m�u�s�t� �b�e� �t�a�k�e�n� �w�i�t�h� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� 
�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �p� �t� �p�r�o�d�u�c�t� �i�s� �l�e�s�s� �t�h�a�n� �u�n�i�t�y�.� �A�l�t�h�o�u�g�h� �1�T� 
�m�u�s�t� �h�a�v�e� �a� �m�a�g�n�i�t�u�d�e� �l�e�s�s� �t�h�a�n� �o�n�e� �f�o�r� �p�a�s�s�i�v�e� �m�a�t�e�r�i�a�l�s�,� 
�t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �p� �m�a�y� �e�x�c�e�e�d� �o�n�e� �i�f� �t�h�e� �s�u�b�s�t�a�n�c�e�s� �u�n�d�e�r� 
�t�e�s�t� �a�r�e� �l�o�s�s�y� �a�n�d� �i�f� �X�,�.�*�X�,� �<� �0� �w�h�e�r�e� �X�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� 
�r�e�a�c�t�a�n�c�e� �o�f� �t�h�e� �e�m�p�t�y� �l�i�n�e� �a�n�d� �X�,� �i�s� �t�h�e� �r�e�a�c�t�a�n�c�e� �o�f� �t�h�e� 
�s�a�m�p�l�e� �[�5�1�,�5�2�]�.� �T�h�e� �s�a�m�p�l�e�s� �e�x�a�m�i�n�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �a�r�e� 
�a�s�s�u�m�e�d� �t�o� �b�e� �n�o�n�-�m�a�g�n�e�t�i�c�,� �s�o� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �s�h�o�u�l�d� �n�o�t� 
�a�p�p�l�y�.� 
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�,� �=� 

�(�1�-�p�?�)� �(�=�p�)� �r�?�  ��_ � ��~�<� 

�,� �(�1�-�p�?�)� �r� 

�|� �(�1�-�p�?�)� �(�-�p�)�7�r�°� 

�(�1�-�9�?�)� �(�~�p�)�F�r�*�  � ��~�<� �|� 

�|� �(�1�=�p�*�)� �(�=�p�)�  ��r�?� 

�(�1�-�p�*�)� �(�-�p�)� �#�7�4�  � ��~�<� � � � � 
�F�i�g�u�r�e� �3�.�2�:� �B�o�u�n�c�e� �D�i�a�g�r�a�m� �f�o�r� �t�h�e� �T�e�r�m�i�n�a�t�e�d� 

�C�o�a�x�i�a�l� �C�e�l�l� 
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�t�r�a�n�s�f�o�r�m�.� �T�h�e� �d�e�t�a�i�l�s� �o�f� �t�h�i�s� �m�e�t�h�o�d� �a�n�d� �s�o�m�e� �r�e�s�u�l�t�s� �a�r�e� 

�g�i�v�e�n� �b�e�l�o�w�.� 

�T�h�e� �a�c�t�u�a�l� �e�x�p�e�r�i�m�e�n�t�a�l� �l�a�y�o�u�t� �i�s� �d�i�a�g�r�a�m�m�e�d� �i�n� �f�i�g�u�r�e� 

�3�.�3�.� �F�o�u�r� �w�a�v�e�f�o�r�m�s� �w�e�r�e� �a�c�q�u�i�r�e�d�.� �T�h�e� �f�i�r�s�t�,� �w�h�i�c�h� 

�r�e�p�r�e�s�e�n�t�s� �t�h�e� �S�,�,�(�w�)� �i�n�f�o�r�m�a�t�i�o�n�,� �w�a�s� �a�c�q�u�i�r�e�d� �a�t� �t�h�e� �s�a�m�p�l�e� 

�p�l�a�n�e� �c�l�o�s�e�s�t� �t�o� �t�h�e� �s�a�m�p�l�i�n�g� �h�e�a�d�.� �T�h�i�s� �r�e�p�r�e�s�e�n�t�s� �a� 

�v�o�l�t�a�g�e� �V�,�(�t�-�t�,�)� �w�h�e�r�e� �t�,� �i�s� �t�h�e� �t�i�m�e� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �s�t�e�p� 

�t�o� �t�r�a�v�e�r�s�e� �t�h�e� �r�o�u�n�d� �t�r�i�p� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �s�a�m�p�l�i�n�g� �h�e�a�d� 

�a�n�d� �t�h�e� �s�a�m�p�l�e�.� �T�h�e� �p�u�r�p�o�s�e� �f�o�r� �t�h�i�s� �d�e�l�a�y� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� 

�b�e�l�o�w�.� 

�T�h�e� �s�a�m�p�l�e� �i�s� �n�o�w� �r�e�m�o�v�e�d� �a�n�d� �r�e�p�l�a�c�e�d� �b�y� �a� �s�h�o�r�t� 

�c�i�r�c�u�i�t�.� �T�h�e� �w�a�v�e�f�o�r�m� �a�c�q�u�i�r�e�d� �V�,�(�t�-�t�,�)� �i�s� �a�n� �i�n�v�e�r�t�e�d� 

�v�e�r�s�i�o�n� �o�f� �t�h�e� �i�n�c�i�d�e�n�t� �s�t�e�p� �v�o�l�t�a�g�e�,� �i�n�c�l�u�d�i�n�g� �a�n�y� �e�f�f�e�c�t�s� 

�p�r�o�d�u�c�e�d� �b�y� �i�m�p�e�r�f�e�c�t�i�o�n�s� �i�n� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e�s� �u�s�e�d�.� 

�T�h�e� �i�n�v�e�r�s�i�o�n� �o�c�c�u�r�s� �b�e�c�a�u�s�e� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �a� 

�p�e�r�f�e�c�t� �s�h�o�r�t� �c�i�r�c�u�i�t� �i�s� �-�1�.� �F�r�o�m� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �F�o�u�r�i�e�r� 

�t�r�a�n�s�f�o�r�m�s� �o�f� �t�h�e�s�e� �t�w�o� �w�a�v�e�f�o�r�m�s� �o�n�e� �d�e�r�i�v�e�s� 

�A�V�,�(�t�-�t�y�)�)� �_ �� �A�V�,�(�t�-�t�,�)� �@�s�,�,�(�t�)�)� 
�A�V�,� �(�t�-�t�,�)�)� �A� �-�V�z�(�t�-�t�,�)� �)� 

� � �=� �-�S�,�,�(�w�)� �(�3�.�6�)� 

�w�h�e�r�e� �V�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �i�n�c�i�d�e�n�t� �s�t�e�p� �v�o�l�t�a�g�e� �w�a�v�e�f�o�r�m� �a�n�d� �®� 

�i�s� �t�h�e� �c�o�n�v�o�l�u�t�i�o�n� �o�p�e�r�a�t�o�r�.� 

�I�n� �o�r�d�e�r� �t�o� �e�v�a�l�u�a�t�e� �S�,�,�(�w�)� �t�h�e� �s�a�m�p�l�e� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�r�e�c�i�p�r�o�c�a�l� �i�.�e�.� �S�,�.�(�w�)� �=� �S�,�(�w�)�.� �A� �w�a�v�e�f�o�r�m� �i�s� �a�c�q�u�i�r�e�d� �a�t� �t�h�e� 
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� � 

�S�C�O�P�E� 

� � � � � � 

�P�R�E�C�I�S�I�O�N� �5�0� �O�H�M� �C�A�B�L�E� 

� � 

� � � � � � 

�S�H�O�R�T� 
�C�I�R�C�U�I�T� 

�6�0� �c�m�.� �S�A�M�P�L�E� �6�0� �c�m�.� 
�A�I�R�L�I�N�E� �H�O�L�D�E�R� �A�I�R�L�I�N�E� 

�F�i�g�u�r�e� �3�.�3�:� �E�x�p�e�r�i�m�e�n�t�a�l� �L�a�y�o�u�t� �f�o�r� 
�t�h�e� �C�o�a�x�i�a�l� �S�a�m�p�l�e� �H�o�l�d�e�r� 
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�p�r�o�x�i�m�a�l� �s�a�m�p�l�e� �p�l�a�n�e�,� �a�s� �i�n� �t�h�e� �f�i�r�s�t� �w�a�v�e�f�o�r�m� �a�c�q�u�i�r�e�d�,� �b�u�t� 

�a�t� �a� �l�a�t�e�r� �t�i�m�e� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �a� �c�o�m�p�l�e�t�e� �t�r�a�n�s�v�e�r�s�a�l� �o�f� 

�t�h�e� �i�n�c�i�d�e�n�t� �s�t�e�p� �t�h�r�o�u�g�h� �t�h�e� �s�a�m�p�l�e�,� �r�e�f�l�e�c�t�i�n�g� �o�f�f� �t�h�e� 

�s�h�o�r�t� �c�i�r�c�u�i�t� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� �s�y�s�t�e�m� �w�i�t�h� 

�t�h�e� �s�u�b�s�e�q�u�e�n�t� �i�n�v�e�r�s�i�o�n� �t�h�a�t� �i�s� �i�m�p�l�i�e�d�,� �a�n�d� �b�a�c�k� �t�h�r�o�u�g�h� 

�t�h�e� �s�a�m�p�l�e� �i�n� �t�h�e� �r�e�v�e�r�s�e� �d�i�r�e�c�t�i�o�n� �i�.�e�.� �t�o�w�a�r�d�s� �t�h�e� �s�a�m�p�l�i�n�g� 

�h�e�a�d�.� �T�h�i�s� �i�s� �V�,�(�t�-�t�,�-�2�t�,�-�t�,�)� �w�h�e�r�e� �t�)�,� �a�s� �b�e�f�o�r�e�,� �r�e�p�r�e�s�e�n�t�s� 

�t�h�e� �r�o�u�n�d� �t�r�i�p� �t�i�m�e� �b�e�t�w�e�e�n� �t�h�e� �s�a�m�p�l�i�n�g� �h�e�a�d� �a�n�d� �t�h�e� �s�a�m�p�l�e�,� 

�t�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �r�o�u�n�d� �t�r�i�p� �t�i�m�e� �b�e�t�w�e�e�n� �t�h�e� �f�a�r� �e�n�d� �o�f� �t�h�e� 

�s�a�m�p�l�e� �a�n�d� �t�h�e� �s�h�o�r�t� �c�i�r�c�u�i�t�,� �a�n�d� �t�,� �i�s� �t�h�e� �o�n�e� �w�a�y� �t�r�a�n�s�i�t� 

�t�i�m�e� �t�h�r�o�u�g�h� �t�h�e� �s�a�m�p�l�e�.� 

�T�h�e� �s�a�m�p�l�e� �i�s� �r�e�m�o�v�e�d� �a�n�d� �t�h�e� �f�o�u�r�t�h� �w�a�v�e�f�o�r�m� �i�s� 

�a�c�q�u�i�r�e�d� �o�v�e�r� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �t�i�m�e� �w�i�n�d�o�w� �a�s� �t�h�e� �t�h�i�r�d� 

�w�a�v�e�f�o�r�m� �g�i�v�i�n�g� �V�,� �(�t�-�t�,�-�2�t�,�-�t�,�)� �w�h�e�r�e� �t�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �o�n�e� 

�w�a�y� �t�r�a�n�s�i�t� �t�i�m�e� �f�o�r� �t�h�e� �s�i�g�n�a�l� �t�o� �t�r�a�v�e�r�s�e� �a� �d�i�s�t�a�n�c�e� �e�q�u�a�l� 

�t�o� �t�h�e� �s�a�m�p�l�e� �t�h�i�c�k�n�e�s�s� �i�n� �t�h�e� �e�m�p�t�y� �s�a�m�p�l�e� �h�o�l�d�e�r�.� �T�h�i�s� �i�s� 

�c�/�l�,� �w�h�e�r�e� �c� �i�s� �t�h�e� �s�p�e�e�d� �o�f� �l�i�g�h�t�,� �2�.�9�9�7�9� �x� �1�0�'�c�m�/�s�e�c� �a�n�d� �1� 

�i�s� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �s�a�m�p�l�e�.� 

�T�h�i�s� �w�a�v�e�f�o�r�m� �o�n�c�e� �a�g�a�i�n� �r�e�p�r�e�s�e�n�t�s� �a�n� �i�n�v�e�r�t�e�d� �v�e�r�s�i�o�n� 

�o�f� �t�h�e� �i�n�c�i�d�e�n�t� �s�t�e�p� �i�n�c�l�u�d�i�n�g� �a�n�y� �n�o�n� �s�a�m�p�l�e� �i�n�d�u�c�e�d� �e�f�f�e�c�t�s� 

�o�f� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �p�a�t�h� �t�r�a�v�e�r�s�e�d� �b�y� �t�h�e� �t�h�i�r�d� �w�a�v�e�f�o�r�n�.� 

�T�h�e� �r�a�t�i�o� �o�f� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�s� �o�f� �t�h�e�s�e� �t�w�o� �w�a�v�e�f�o�r�m�s� 

�g�i�v�e�s� 
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�A�V�,� �(�t�-�t�.�-�2�t�,�-�t�,�)�)� �A�-�V�;�(�t�-�t�,�-�t�,�)� �O�s�,�,� �(�t�)� �@�s�,�,�(�t�)�)� 
�A� �V�g�,� �(�t�-�t�o�-�E�g�-�t�,�)�)� �A� �-�V�,�(�t�-�t�,�-�t�,�)� �)� �e� �7�7�0�%� 

�=�S�,�,�(�W�)�  ��S�,� �(�w�)� �-�e�7�7�°�*�a� 

� � �(�3�.�7�)� 

�N�o�t�e� �t�h�a�t� �b�o�t�h� �w�a�v�e�f�o�r�m�s� �h�a�v�e� �e�n�c�o�u�n�t�e�r�e�d� �a�n� �i�n�v�e�r�s�i�o�n� �o�f� �t�h�e� 

�i�n�c�i�d�e�n�t� �s�t�e�p� �a�n�d� �t�h�a�t� �t�h�e�s�e� �t�w�o� �i�n�v�e�r�s�i�o�n�s� �c�a�n�c�e�l� �o�n�e� 

�a�n�o�t�h�e�r� �o�u�t� �i�n� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�s�.� 

�I�t� �i�s� �c�l�e�a�r� �t�h�a�t�,� �u�n�d�e�r� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �r�e�c�i�p�r�o�c�i�t�y� �o�f� 

�t�h�e� �s�a�m�p�l�e ��,� �t�h�i�s� �r�a�t�i�o� �r�e�p�r�e�s�e�n�t�s� �S ��,�,�(�w�)� �r�e�t�a�r�d�e�d� �i�n� �p�h�a�s�e� 

�b�y� �t�h�e� �e�f�f�e�c�t� �o�f� �t�w�o� �t�r�a�n�s�i�t�i�o�n�s� �t�h�r�o�u�g�h� �t�h�e� �s�a�m�p�l�e�.� 

�M�u�l�t�i�p�l�y�i�n�g� �t�h�e� �r�e�s�u�l�t�i�n�g� �v�a�l�u�e�s� �b�y� �e�x�p�(�-�j�2�w�t�,�)� �r�e�m�o�v�e�s� �t�h�i�s� 

�e�f�f�e�c�t�,� �y�i�e�l�d�i�n�g� �S�*�,�,�(�w�)�.� 

�T�h�e� �r�e�a�s�o�n�i�n�g� �b�e�h�i�n�d� �t�h�e� �c�h�o�i�c�e� �o�f� �a� �2�1�/�1� �r�a�t�i�o� �f�o�r� �t�h�e� 

�d�e�l�a�y� �l�i�n�e�s� �m�a�y� �n�o�w� �b�e� �m�a�d�e� �c�l�e�a�r�.� �I�f� �t�h�e� �t�r�a�n�s�i�t� �t�i�m�e� 

�t�h�r�o�u�g�h� �t�h�e� �s�a�m�p�l�e� �i�s� �s�m�a�l�l� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �d�e�l�a�y� �t�h�r�o�u�g�h� �t�h�e� 

�f�i�r�s�t� �d�e�l�a�y� �l�i�n�e�,� �t�h�e�n� �t�,�<�t�,�<�t�,� �a�n�d�,� �f�o�r� �t�h�e� �a�b�o�v�e� �r�a�t�i�o� �o�f� 

�l�e�n�g�t�h�s�,� �(�¢�,�=�2�¢�,�.� 

�T�h�i�s� �c�h�o�i�c�e� �a�l�l�o�w�s� �a� �t�i�m�e� �w�i�n�d�o�w� �o�f� �t�,� �f�o�r� �t�h�e� 

�m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �w�a�v�e�f�o�r�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �S�,�,�(�w�)� �a�n�d� �a�l�l�o�w�s� 

�t�h�e� �s�a�m�e� �t�i�m�e� �w�i�n�d�o�w� �f�o�r� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �w�a�v�e�f�o�r�m�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �S�,�,�(�w�)�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �i�f� �t�h�e� �s�a�m�p�l�i�n�g� �h�e�a�d� 

�i�s� �n�o�t� �p�r�o�p�e�r�l�y� �b�a�c�k�-�m�a�t�c�h�e�d�,� �t�h�e�n� �a� �s�i�g�n�a�l� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� 

� � 

�*�A�l�t�h�o�u�g�h� �r�e�c�i�p�r�o�c�i�t�y� �i�n� �t�h�e� �s�t�r�i�c�t� �s�e�n�s�e� �m�a�y� �n�o�t� �h�o�l�d� 
�f�o�r� �s�m�a�l�l� �s�a�m�p�l�e�s� �a�n�d� �c�o�a�r�s�e� �g�r�a�n�u�l�a�r�i�t�y�,� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �i�s� 
�i�n�t�e�n�d�e�d� �t�o� �p�r�o�v�i�d�e� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �b�u�l�k� 
�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �s�a�m�p�l�e� �m�a�t�e�r�i�a�l�,� �a�s� �o�p�p�o�s�e�d� �t�o� �t�h�e� 
�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �s�a�m�p�l�e�,� �s�o� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n� 
�i�s� �j�u�s�t�i�f�i�a�b�l�e�.� 
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�t�h�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �i�n�c�i�d�e�n�t� �s�t�e�p� �w�h�i�c�h� �h�a�s� �b�e�e�n� �r�e�f�l�e�c�t�e�d� �o�f�f� 

�o�f� �t�h�e� �f�r�o�n�t� �f�a�c�e� �o�f� �t�h�e� �s�a�m�p�l�e�,� �h�a�s� �t�h�e�n� �b�e�e�n� �r�e�f�l�e�c�t�e�d� �f�r�o�m� 

�t�h�e� �i�m�p�r�o�p�e�r�l�y� �b�a�c�k�-�m�a�t�c�h�e�d� �s�a�m�p�l�e�r�,� �a�n�d� �h�a�s� �t�h�e�n� �b�e�e�n� 

�r�e�f�l�e�c�t�e�d� �a�g�a�i�n� �f�r�o�m� �t�h�e� �s�a�m�p�l�e� �w�i�l�l� �a�p�p�e�a�r� �a�t� �t�h�e� �s�a�m�p�l�i�n�g� 

�h�e�a�d� �a�t� �t�=�t�,�+�¢�,�+�t�,�=�2�t�,� �a�l�l�o�w�i�n�g� �a�n� �u�n�c�o�r�r�u�p�t�e�d� �s�a�m�p�l�i�n�g� �w�i�n�d�o�w� 

�f�o�r� �t�h�e� �S�,�,�(�w�)� �r�e�l�a�t�e�d� �w�a�v�e�f�o�r�m�s� �f�r�o�m� �t�=�t�,�+�t�,� �t�o� �(�t�=�t�,�+�2�t�,�=�2�t�,�.� 

�T�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �i�s� �f�o�r�m�e�d� �f�r�o�m� �a� �1�0� �c�m�.� �l�e�n�g�t�h� �o�f� �1�4� 

�m�m�.� �b�e�a�d�l�e�s�s� �a�i�r�l�i�n�e� �w�h�i�c�h� �h�a�s� �G�R�-�9�0�0� �c�o�n�n�e�c�t�o�r�s� �o�n� �b�o�t�h� 

�e�n�d�s�.� �T�h�e� �p�a�r�t�i�c�u�l�a�t�e� �s�a�m�p�l�e�s� �a�r�e� �h�e�l�d� �i�n� �p�o�s�i�t�i�o�n� �b�y� �m�e�a�n�s� 

�o�f� �t�w�o� �t�h�i�n� �(�2� �m�m�.�)� �t�e�f�l�o�n� �w�a�s�h�e�r�s� �w�h�i�c�h� �s�e�a�l� �t�i�g�h�t�l�y� �a�g�a�i�n�s�t� 

�b�o�t�h� �t�h�e� �i�n�n�e�r� �a�n�d� �t�h�e� �o�u�t�e�r� �c�o�n�d�u�c�t�o�r� �s�u�r�f�a�c�e�s�.� �T�e�f�l�o�n� �w�a�s� 

�c�h�o�s�e�n� �f�o�r� �t�h�i�s� �p�u�r�p�o�s�e� �b�e�c�a�u�s�e� �i�t� �i�s� �e�a�s�i�l�y� �m�a�c�h�i�n�e�d�,� �i�t� 

�p�r�o�v�i�d�e�s� �a� �t�i�g�h�t� �f�i�t� �w�i�t�h�o�u�t� �m�a�r�r�i�n�g� �t�h�e� �i�n�n�e�r� �s�u�r�f�a�c�e�s� �o�f� 

�t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r�,� �a�n�d� �i�t� �i�s� �s�i�m�i�l�a�r� �i�n� �d�i�e�l�e�c�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� 

�t�o� �d�r�y� �s�a�n�d�.� 

�T�h�e� �s�a�m�p�l�i�n�g� �o�s�c�i�l�l�o�s�c�o�p�e� �u�s�e�d� �i�s� �a�n� �H�P�-�5�4�1�2�0�.� �T�h�i�s� 

�o�s�c�i�l�l�o�s�c�o�p�e� �c�o�n�t�a�i�n�s� �a�n� �i�n�t�e�r�n�a�l� �s�t�e�p� �g�e�n�e�r�a�t�o�r� �w�i�t�h� �a� 

�t�r�a�n�s�i�t�i�o�n� �t�i�m�e� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �3�5� �p�s�.� �w�h�i�c�h� �w�a�s� �u�s�e�d� �i�n� 

�t�h�e�s�e� �e�x�p�e�r�i�m�e�n�t�s� �t�o� �p�r�o�v�i�d�e� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �v�o�l�t�a�g�e�.� �T�h�e� �u�s�e� 

�o�f� �t�h�e� �i�n�t�e�r�n�a�l� �g�e�n�e�r�a�t�o�r� �p�r�o�v�i�d�e�s� �g�r�e�a�t�e�r� �s�t�a�b�i�l�i�t�y� �i�n� �t�h�e� 

�m�e�a�s�u�r�e�m�e�n�t� �(�a�g�a�i�n�s�t� �j�i�t�t�e�r�)� �t�h�a�n� �a�n� �e�x�t�e�r�n�a�l� �s�o�u�r�c�e� �w�o�u�l�d� 

�d�u�e� �t�o� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �o�s�c�i�l�l�o�s�c�o�p�e�s� �i�n�t�e�r�n�a�l� 

�t�r�i�g�g�e�r�i�n�g� �c�i�r�c�u�i�t�r�y�.� 

�I�n� �o�r�d�e�r� �t�o� �p�r�o�v�i�d�e� �t�h�e� �n�e�c�e�s�s�a�r�y� �t�i�m�e� �d�e�l�a�y� �b�o�t�h� �b�e�f�o�r�e� 

�a�n�d� �a�f�t�e�r� �t�h�e� �s�a�m�p�l�e�,� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �s�e�v�e�r�a�l� �t�y�p�e�s� �o�f� 
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�c�o�a�x�i�a�l� �l�i�n�e�s� �w�a�s� �u�s�e�d�.� �T�h�e� �d�i�r�e�c�t� �m�e�c�h�a�n�i�c�a�l� �c�o�n�n�e�c�t�i�o�n� �t�o� 

�t�h�e� �p�r�e�c�i�s�i�o�n� �3�.�5� �m�m� �c�o�n�n�e�c�t�o�r�s� �o�f� �t�h�e� �s�c�o�p�e� �w�a�s� �m�a�d�e� �t�h�r�o�u�g�h� 

�t�h�e� �u�s�e� �o�f� �a� �f�l�e�x�i�b�l�e� �5�0� �o�h�m� �c�a�b�l�e� �w�h�i�c�h� �w�a�s� �1� �m�e�t�e�r� �i�n� 

�l�e�n�g�t�h�.� �T�h�i�s� �w�a�s� �a�t�t�a�c�h�e�d� �t�h�r�o�u�g�h� �a�n� �a�d�a�p�t�e�r� �t�o� �a� �s�e�r�i�e�s� 

�n�e�t�w�o�r�k� �c�o�m�p�o�s�e�d� �o�f� �t�w�o� �7� �m�m� �a�i�r�l�i�n�e�s� �w�i�t�h� �a� �t�o�t�a�l� �l�e�n�g�t�h� �o�f� 

�6�0� �c�m�.� �T�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �w�a�s� �a�t�t�a�c�h�e�d� �t�o� �t�h�e�s�e� �a�n�d� �t�w�o� �3�0� �c�m� 

�l�o�n�g� �1�4� �m�m� �a�i�r�l�i�n�e�s� �w�e�r�e� �u�s�e�d� �t�o� �p�r�o�v�i�d�e� �t�h�e� �f�i�n�a�l� �d�e�l�a�y� 

�p�e�r�i�o�d�,� �t�h�u�s� �a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e� �d�e�s�i�r�e�d� �2� �t�o� �1� �l�e�n�g�t�h� �r�a�t�i�o�.� 

�T�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �t�e�f�l�o�n� �w�a�s�h�e�r�s� �p�r�o�d�u�c�e�s� �i�n�t�e�r�n�a�l� 

�r�e�f�l�e�c�t�i�o�n�s� �w�i�t�h�i�n� �t�h�e� �s�a�m�p�l�e� �w�h�i�c�h� �a�r�e� �n�o�t� �a�c�c�o�u�n�t�e�d� �f�o�r� �b�y� 

�e�q�u�a�t�i�o�n�s� �3�.�6� �a�n�d� �3�.�7�.� �T�h�e� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �t�e�f�l�o�n� �( ¬�,�p�=�2�.�0�3�)� 

�i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �d�r�y� �s�a�n�d�,� �b�u�t� �i�s� �q�u�i�t�e� �d�i�f�f�e�r�e�n�t� �f�r�o�m� 

�t�h�e� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �t�h�e� �w�e�t� �s�a�m�p�l�e�s�.� �T�h�i�s� �p�r�o�d�u�c�e�s� �a� �h�i�g�h� 

�d�i�e�l�e�c�t�r�i�c� �c�o�n�t�r�a�s�t� �w�i�t�h� �a� �l�a�r�g�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �w�h�i�c�h� 

�m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �m�o�d�e�l�.� �T�h�i�s� �e�f�f�e�c�t� �i�s� �r�e�m�o�v�e�d� 

�t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �t�r�a�n�s�m�i�s�s�i�o�n� �p�a�r�a�m�e�t�e�r�s� �(�s�o�m�e�t�i�m�e�s� �c�a�l�l�e�d� 

�c�h�a�i�n� �m�a�t�r�i�c�e�s�)�.� 

�T�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �p�a�r�a�m�e�t�e�r� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�e�f�l�o�n�-� 

�s�a�m�p�l�e�-�t�e�f�l�o�n� �p�o�r�t�i�o�n� �o�f� �t�h�e� �c�o�a�x�i�a�l� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� �i�s� 

�g�i�v�e�n� �b�y� 

�D�e� �r�e� �r�n� �n�e� �(�3� �;� �8�)� 

�2�l�e�e�r�i�o�n� �2�2� �t�e�r�i�o�n� �1�2�1� �s�a�m�p�l�e� �2�2� �s�a�m�p�l�e� �1�3�4� �p�e�t�t�o�n� �2�2� �t�e�f�l�o�n� 
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�S�i�n�c�e� �t�h�e� �t�e�f�l�o�n� �i�s� �n�o�n�m�a�g�n�e�t�i�c�,� �i�t ��s� �m�w�,� �i�s� �u�n�i�t�y�,� �a�n�d� �t�h�e� 

�r�e�l�a�t�i�v�e� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �t�e�f�l�o�n� �i�s� �k�n�o�w�n� �t�o� �b�e� �2�.�0�3� �o�v�e�r� �t�h�e� 

�b�a�n�d�w�i�d�t�h� �u�s�e�d� �f�o�r� �t�h�e�s�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� �T�h�e�s�e� �t�w�o� �v�a�l�u�e�s� �m�a�y� 

�b�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �e�q�u�a�t�i�o�n�s� �3�.�6� �a�n�d� �3�.�7� �t�o� �e�v�a�l�u�a�t�e� �S�,�,� �a�n�d� 

�S�,�,� �o�f� �t�h�e� �r�e�c�i�p�r�o�c�a�l�,� �t�e�f�l�o�n�-�f�i�l�l�e�d� �c�o�a�x�i�a�l� �l�i�n�e� �s�e�g�m�e�n�t�s� �a�t� 

�a�n�y� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �c�o�n�v�e�r�s�i�o�n� �b�e�t�w�e�e�n� �S� �p�a�r�a�m�e�t�e�r�s� �a�n�d� 

�T� �p�a�r�a�m�e�t�e�r�s� �i�s� �d�e�f�i�n�e�d� �a�s� 

� � 

� � � � 

� � 

� � � � 

�_� �B�4�1�5�3�2�2�7� �5�1�2�5�2�1� �S�a�r� 

�T�y�,� �T�y�,� �S�2�1� �S�a�1� �(�3�.�9�)� 

�T�o�,� �T�o�e� �_� �S�2�2� �1� 

�S�2�1� �S�3�1� 

�a�n�d� 

�T�y�p� �T�y�,� �T�2�2�-�T�i�2�T�o�i� 

�S�i�,� �S�1�2� �_� �P�3�2� �T� �3�2� �(�3�.�1�0�)� 

�S�o�,� �S�2�2� �1� �_� �T�y� 

�T�2�2� �2�2� 

�T�h�e� �c�o�m�p�l�e�t�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �d�e�e�m�b�e�d�d�i�n�g� �t�h�e� �t�e�f�l�o�n� �w�a�s�h�e�r� 

�e�f�f�e�c�t�s� �m�a�y� �n�o�w� �b�e� �d�e�s�c�r�i�b�e�d�.� 

�1�.� �T�h�e� �S�-�p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �t�e�f�l�o�n�-�s�a�m�p�l�e�-�t�e�f�l�o�n� 

�c�o�m�p�o�s�i�t�e� �a�r�e� �e�v�a�l�u�a�t�e�d� �u�s�i�n�g� �t�h�e� �_� �p�r�o�c�e�s�s� 

�d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �i�n�v�o�l�v�i�n�g� �t�h�e� �a�c�q�u�i�s�i�t�i�o�n� �o�f� �f�o�u�r� 

�w�a�v�e�f�o�r�m�s� �a�n�d� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �r�a�t�i�o�s� �o�f� �t�h�e� 

�F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�s� �o�f� �p�a�i�r�s� �o�f� �t�h�o�s�e� �w�a�v�e�f�o�r�m�s�.� 

�T�h�i�s� �y�i�e�l�d�s� �v�a�l�u�e�s� �f�o�r� �S�,�,�(�w�)� �a�n�d� �S�,�, ��(�w�)�.� 
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�2�.� �T�h�e� �S�,�,�°�(�w�)� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �c�o�n�v�e�r�t�e�d� �t�o� �S�,�,�(�w�)�.� 

�T�h�e� �c�h�o�i�c�e� �o�f� �t�h�e� �p�o�s�i�t�i�v�e� �v�s�.� �t�h�e� �n�e�g�a�t�i�v�e� �s�q�u�a�r�e� 

�r�o�o�t� �i�s� �a�m�b�i�g�u�o�u�s� �a�n�d� �w�a�s� �r�e�s�o�l�v�e�d� �b�y� �w�r�i�t�i�n�g� �a� 

�s�m�a�l�l� �s�i�m�u�l�a�t�i�o�n� �p�r�o�g�r�a�m� �u�s�i�n�g� �a�n� �a�s�s�u�m�e�d� �v�a�l�u�e� 

�f�o�r�  ¬�,� �t�o� �e�v�a�l�u�a�t�e� �S�,�,�(�w�)� �f�o�r� �l�o�w� �f�r�e�q�u�e�n�c�i�e�s�.� �T�h�e� 

�S�i�g�n�s� �o�f� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �o�f� �S�,�,�(�w�)� 

�f�r�o�m� �t�h�i�s� �p�r�o�g�r�a�m� �i�n�d�i�c�a�t�e�d� �t�h�e� �c�o�r�r�e�c�t� �c�h�o�i�c�e� �o�f� 

�r�o�o�t�s�,� �a�n�d� �f�o�r� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s� �t�h�e� �r�o�o�t� �w�a�s� 

�c�h�o�s�e�n� �w�h�i�c�h� �m�a�d�e� �S�,�,�(�w�)� �a� �c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n�.� 

�3�.� �U�s�i�n�g� �t�h�e� �k�n�o�w�n� �v�a�l�u�e�s� �f�o�r� �t�h�e� �S�-�p�a�r�a�m�e�t�e�r�s� �o�f� 

�t�h�e� �t�e�f�l�o�n� �f�i�l�l�e�d� �s�e�c�t�i�o�n�s� �o�f� �t�h�e� �l�i�n�e�,� �t�h�e� �t�e�f�l�o�n� 

�T� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d�.� �T�h�e� �T� �m�a�t�r�i�x� �f�o�r� �t�h�e� 

�m�e�a�s�u�r�e�d� �c�o�m�p�o�s�i�t�e� �s�a�m�p�l�e� �i�s� �e�v�a�l�u�a�t�e�d� �(�a�g�a�i�n� 

�a�s�s�u�m�i�n�g� �r�e�c�i�p�r�o�c�i�t�y� �a�n�d� �u�n�i�t�y� �u�,�)� �u�s�i�n�g� �e�q�u�a�t�i�o�n� 

�3�.�9� �a�n�d� �t�h�i�s� �m�a�t�r�i�x� �i�s� �p�r�e�-� �a�n�d� �p�o�s�t�-�m�u�l�t�i�p�l�i�e�d� �b�y� 

�t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �t�e�f�l�o�n� �T�-�m�a�t�r�i�x�.� �T�h�i�s� �y�i�e�l�d�s� 

�t�h�e� �T� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �p�a�r�t�i�c�u�l�a�t�e� �s�a�m�p�l�e� �w�i�t�h� 

�t�h�e� �t�e�f�l�o�n� �w�a�s�h�e�r� �e�f�f�e�c�t�s� �d�e�e�m�b�e�d�d�e�d�.� 

�4�.� �T�h�e� �T� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �t�h�e�n� �t�r�a�n�s�f�o�r�m�e�d� �t�o� �S� 

�p�a�r�a�m�e�t�e�r�s� �u�s�i�n�g� �e�q�u�a�t�i�o�n� �3�.�1�0�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �p�r�o�c�e�s�s� �s�e�e�m�s� �i�n�v�o�l�v�e�d� �o�n� �p�a�p�e�r�,� �i�t� �i�s� �i�n� �f�a�c�t� 

�q�u�i�t�e� �e�a�s�i�l�y� �a�c�c�o�m�p�l�i�s�h�e�d� �u�s�i�n�g� �t�h�e� �s�h�o�r�t� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� 

�g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�4�9



�M�A�T�H�E�M�A�T�I�C�A�L� �A�L�G�O�R�I�T�H�M�S� 

�G�i�v�e�n� �t�h�e� �m�e�a�s�u�r�e�d� �S� �p�a�r�a�m�e�t�e�r�s�,� �a� �n�u�m�b�e�r� �o�f� �t�e�c�h�n�i�q�u�e�s� 

�e�x�i�s�t� �t�o� �s�o�l�v�e� �f�o�r� �p�e�r�m�i�t�t�i�v�i�t�y� �i�n�f�o�r�m�a�t�i�o�n�,� �a�s�s�u�m�i�n�g� �a� �n�o�n�-� 

�m�a�g�n�e�t�i�c� �s�a�m�p�l�e�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �s�t�u�d�y� �t�h�r�e�e� �§�S� 

�p�a�r�a�m�e�t�e�r� �m�e�t�h�o�d�s� �a�n�d� �t�w�o� �m�e�t�h�o�d�s� �w�h�i�c�h� �d�e�p�e�n�d� �u�p�o�n� �i�m�p�e�d�a�n�c�e� 

�m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �c�h�o�s�e�n�.� �A�l�l� �f�i�v�e� �m�e�t�h�o�d�s� �r�e�q�u�i�r�e�d� 

�i�t�e�r�a�t�i�v�e� �s�o�l�u�t�i�o�n� �o�f� �a�n� �e�q�u�a�t�i�o�n� �w�h�i�c�h� �s�p�e�c�i�f�i�e�d� �t�h�e� 

�m�e�a�s�u�r�e�d� �q�u�a�n�t�i�t�y� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f�  ¬�,�.� 

�T�h�e� �f�i�r�s�t� �m�e�t�h�o�d� �i�n�v�o�l�v�e�d� �s�o�l�v�i�n�g� �t�h�e� �S�,�,� �e�q�u�a�t�i�o�n� 

�(�e�q�u�a�t�i�o�n� �3�.�4�)� �f�o�r� �é ¬�,�.� �T�h�i�s� �w�a�s� �a�n� �a�t�t�e�m�p�t� �t�o� �i�n�v�e�s�t�i�g�a�t�e� 

�t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �u�s�i�n�g� �s�t�r�i�c�t�l�y� �r�e�f�l�e�c�t�i�o�n� 

�d�e�r�i�v�e�d� �i�n�f�o�r�m�a�t�i�o�n�.� �E�x�p�e�r�i�e�n�c�e� �g�a�i�n�e�d� �f�r�o�m� �t�h�i�s� �w�o�r�k� �c�o�u�l�d� 

�l�o�g�i�c�a�l�l�y� �b�e� �e�x�p�e�c�t�e�d� �t�o� �b�e� �a�p�p�l�i�c�a�b�l�e� �t�o� �w�o�r�k� �o�n� �t�h�e� �o�t�h�e�r� 

�t�w�o� �s�a�m�p�l�e� �s�y�s�t�e�m�s�,� �b�o�t�h� �o�f� �w�h�i�c�h� �w�e�r�e� �o�n�e� �p�o�r�t�s� �a�n�d� �w�o�u�l�d� 

�a�l�l�o�w� �o�n�l�y� �r�e�f�l�e�c�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�s�.� 

�T�h�e� �s�e�c�o�n�d� �m�e�t�h�o�d� �r�e�q�u�i�r�e�d� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�o�l�u�t�i�o�n� �o�f� 

�e�q�u�a�t�i�o�n� �3�.�5�,� �g�i�v�e�n� �a� �m�e�a�s�u�r�e�d� �v�a�l�u�e� �f�o�r� �_� �S�,�,�.� �T�h�i�s� 

�t�r�a�n�s�m�i�s�s�i�o�n� �m�e�a�s�u�r�e�m�e�n�t� �w�a�s� �e�x�p�e�c�t�e�d� �t�o� �y�i�e�l�d� �b�e�t�t�e�r� �r�e�s�u�l�t�s� 

�t�h�a�n� �t�h�e� �p�r�e�v�i�o�u�s� �t�e�c�h�n�i�q�u�e� �s�i�n�c�e� �i�t� �s�e�e�m�e�d� �m�o�r�e� �d�e�p�e�n�d�e�n�t� 

�u�p�o�n� �t�h�e� �p�h�y�s�i�c�a�l� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �e�n�t�i�r�e� �s�a�m�p�l�e� �a�n�d� �l�e�s�s� 

�d�e�p�e�n�d�e�n�t� �u�p�o�n� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �c�o�n�t�r�a�s�t� �a�t� �a� �p�a�r�t�i�c�u�l�a�r� 

�m�e�a�s�u�r�e�m�e�n�t� �p�l�a�n�e�.� �B�o�t�h� �s�c�h�e�m�e�s� �f�a�l�l� �u�n�d�e�r� �t�h�e� �c�a�t�e�g�o�r�y� �o�f� 

�t�o�t�a�l� �r�e�f�l�e�c�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�s� �(�i�.�e�.� �b�o�t�h� �i�n�c�l�u�d�e� �t�h�e� �e�f�f�e�c�t�s� 

�o�f� �i�n�t�e�r�n�a�l� �r�e�f�l�e�c�t�i�o�n�s� �a�s� �w�e�l�l� �a�s� �f�r�o�n�t� �f�a�c�e� �e�f�f�e�c�t�s�)� �s�o� �t�h�e� 

�5�0



�d�e�r�i�v�e�d� �v�a�l�u�e�s� �w�e�r�e� �n�o�t� �e�x�p�e�c�t�e�d� �t�o� �b�e� �r�a�d�i�c�a�l�l�y� �d�i�f�f�e�r�e�n�t� 

�f�r�o�m� �o�n�e� �a�n�o�t�h�e�r�.� 

�T�h�e� �t�h�i�r�d� �m�e�a�s�u�r�e�m�e�n�t� �t�e�c�h�n�i�q�u�e� �w�a�s� �u�s�e�d� �w�i�t�h� �g�r�e�a�t� 

�s�u�c�c�e�s�s� �b�y� �B�a�k�e�r�-�J�a�r�v�i�s� �[�1�5�]� �w�h�o� �w�a�s�,� �h�o�w�e�v�e�r�,� �w�o�r�k�i�n�g� 

�s�t�r�i�c�t�l�y� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �w�i�t�h� �a�u�t�o�m�a�t�i�c� �n�e�t�w�o�r�k� 

�a�n�a�l�y�z�e�r� �m�e�a�s�u�r�e�m�e�n�t�s� �a�n�d� �w�a�s� �m�e�a�s�u�r�i�n�g� �s�o�l�i�d� �s�a�m�p�l�e�s�.� �T�h�i�s� 

�p�r�o�c�e�d�u�r�e� �i�s� �a� �n�a�t�u�r�a�l� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� �f�i�r�s�t� �t�w�o� �s�c�h�e�m�e�s� �a�s� 

�i�t� �u�t�i�l�i�z�e�s� �b�o�t�h� �S�,�,�;� �a�n�d� �S�,�,� �m�e�a�s�u�r�e�m�e�n�t�s� �i�n� �a�n� �a�t�t�e�m�p�t� �t�o� 

�i�t�e�r�a�t�i�v�e�l�y� �s�o�l�v�e� �f�o�r� �p�e�r�m�i�t�t�i�v�i�t�y� �v�a�l�u�e�s�.� �T�h�i�s� �m�e�t�h�o�d� �w�a�s� 

�e�x�p�e�c�t�e�d� �t�o� �p�r�o�d�u�c�e� �t�h�e� �b�e�s�t� �r�e�s�u�l�t�s� �s�i�n�c�e� �i�t� �u�s�e�d� �a�l�l� �o�f� �t�h�e� 

�a�v�a�i�l�a�b�l�e� �i�n�f�o�r�m�a�t�i�o�n�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �a�l�l� �t�h�r�e�e� �o�f� �t�h�e� �S�-� 

�p�a�r�a�m�e�t�e�r� �d�e�p�e�n�d�a�n�t� �s�c�h�e�m�e�s� �a�r�e� �s�h�o�w�n� �b�e�l�o�w�.� 

 ��7�r�e� �p� 

�7� �s�i�g� �-� �S�1�1� �p�e�a�s�u�r�e�d� �=� �0� �S�i�a� �e�q�u�a�t�i�o�n� �(�3�.�1�1�)� 

�{�1�-�p�I�t� �_� �g� �=�O� �s� �3�.�1�2� 
�1�-�p�?�t�?� �~�  ��2�.� �m�e�a�s�u�r�e�d�  �� �2�1� �e�q�u�a�t�i�o�n� �(�3�.� �)� 

�1�2 ��p�?� �,� �,� �|� �|� 

�1�-�p�*�t�*� �-� �9�2�1� �m�e�a�s�u�r�e�d� �.� �"�1�1� �m�e�a�s�u�r�e�d� �=� �0� �B�a�k�e�r�-�J�a�r�v�i�s� �e�q�u�a�t�i�o�n� 

�(�3�.�1�3�)� 

�w�h�e�r�e� 
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�Z�-�2�,� �_� �(�Z�o�/� �V�e�r�)� �-�2�Z� �_� �1�-�y�e�r� 
� � � � �p� �(�3�.�1�4�)� 

�Z�+�Z�o� �(�Z�o�/� �J�e�g�)� �+�Z�o� �1�+�/�e�,� 

�a�n�d� 

�~�5� �2�1� �¥�*�e� �(�3�.�1�5�)� 
�t�=�e� �M�p� �=�l� 

�T�h�e� �l�a�s�t� �t�w�o� �m�e�t�h�o�d�s� �u�s�e�d� �t�o� �d�e�r�i�v�e� �p�e�r�m�i�t�t�i�v�i�t�y� 

�i�n�f�o�r�m�a�t�i�o�n� �w�e�r�e� �q�u�i�t�e� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �f�i�r�s�t� �t�h�r�e�e� �a�s� �t�h�e�y� 

�d�i�d� �n�o�t� �d�e�p�e�n�d� �u�p�o�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �s�c�a�t�t�e�r�i�n�g� �p�a�r�a�m�e�t�e�r�s� 

�b�u�t� �r�a�t�h�e�r� �u�t�i�l�i�z�e�d� �i�m�p�e�d�a�n�c�e� �i�n�f�o�r�m�a�t�i�o�n�.� �O�n�e� �t�e�c�h�n�i�q�u�e�,� 

�d�e�v�i�s�e�d� �b�y� �C�o�l�e� �[�7�,�8�]�,� �w�a�s� �u�s�e�d� �i�n� �a�n� �a�t�t�e�m�p�t� �t�o� �(�i�n� �s�o�m�e� 

�s�e�n�s�e�)� �c�r�o�s�s� �c�h�e�c�k� �t�h�e� �o�t�h�e�r� �t�h�r�e�e� �s�c�h�e�m�e�s�.� �I�t� �r�e�q�u�i�r�e�d� �a� 

�c�o�m�p�l�e�t�e�l�y� �d�i�f�f�e�r�e�n�t� �a�l�g�o�r�i�t�h�m� �t�o� �r�e�m�o�v�e� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� 

�t�e�f�l�o�n� �w�a�s�h�e�r�s� �(�w�h�i�c�h� �w�i�l�l� �b�e� �e�x�p�l�a�i�n�e�d� �b�e�l�o�w�)� �b�u�t� �w�a�s� 

�a�t�t�r�a�c�t�i�v�e� �f�o�r� �t�w�o� �r�e�a�s�o�n�s�.� �F�i�r�s�t�,� �i�m�p�e�d�a�n�c�e� �m�e�a�s�u�r�e�m�e�n�t�s� 

�a�r�e� �q�u�i�t�e� �o�f�t�e�n� �u�s�e�d� �b�y� �i�n�v�e�s�t�i�g�a�t�o�r�s� �w�o�r�k�i�n�g� �i�n� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �w�i�t�h� �o�n�e�-�p�o�r�t� �m�e�a�s�u�r�e�m�e�n�t�s� �a�n�d�,� �i�n�d�e�e�d�,� �w�e�r�e� 

�u�s�e�d� �b�y� �B�u�s�s�e�y� �[�1�6�]� �u�s�i�n�g� �t�h�e� �s�a�m�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �u�p�o�n� �w�h�i�c�h� 

�t�h�e� �s�e�c�o�n�d� �s�e�r�i�e�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �b�a�s�e�d�.� �T�h�e� �f�a�c�t� �t�h�a�t� 

�C�o�l�e� �p�e�r�f�o�r�m�e�d� �h�i�s� �m�e�a�s�u�r�e�m�e�n�t�s� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n� �w�a�s� �a�l�s�o� 

�c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �a� �p�o�s�i�t�i�v�e� �f�e�a�t�u�r�e� �o�f� �t�h�i�s� �t�e�c�h�n�i�q�u�e�.� �A� 

�s�l�i�g�h�t� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �C�o�l�e ��s� �d�e�r�i�v�a�t�i�o�n� �i�s� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� 

�B�,� �a�n�d� �t�h�e� �s�t�e�p�s� �n�e�c�e�s�s�a�r�y� �t�o� �e�l�i�m�i�n�a�t�e� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� 

�5�2



�t�e�f�l�o�n� �w�a�s�h�e�r�s� �a�r�e� �g�i�v�e�n� �b�e�l�o�w�.� �T�h�e� �s�e�c�o�n�d� �o�f� �t�h�e�s�e� 

�t�e�c�h�n�i�q�u�e�s� �i�n�v�o�l�v�e�d� �a� �s�i�m�p�l�e� �i�m�p�e�d�a�n�c�e� �m�e�a�s�u�r�e�m�e�n�t�.� �T�h�i�s� �w�a�s� 

�u�s�e�d� �t�o� �v�e�r�i�f�y� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �C�o�l�e ��s� �m�e�t�h�o�d� �a�n�d� �t�o� �f�u�r�t�h�e�r� 

�i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �r�i�g�o�r�s� �o�f� �i�n�v�e�r�t�i�n�g� �t�h�e� �i�m�p�e�d�a�n�c�e� �f�o�r�m�u�l�a�t�i�o�n� 

�t�o� �f�i�n�d� �e�p�s�i�l�o�n�.� 

�B�o�t�h� �o�f� �t�h�e� �l�a�s�t� �t�w�o� �m�e�t�h�o�d�s� �r�e�q�u�i�r�e� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� 

�i�m�p�e�d�a�n�c�e� �t�e�r�m�i�n�a�t�i�n�g� �t�h�e� �s�a�m�p�l�e�,� �a�s� �w�e�l�l� �a�s� �m�e�a�s�u�r�e�m�e�n�t� �o�f� 

�t�h�e� �i�m�p�e�d�a�n�c�e� �a�t� �t�h�e� �p�r�o�x�i�m�a�l� �s�a�m�p�l�e� �p�l�a�n�e�.� �T�h�e� �i�m�p�e�d�a�n�c�e� �a�t� 

�t�h�e� �s�a�m�p�l�e� �t�e�r�m�i�n�a�t�i�o�n� �i�s� �n�o� �l�o�n�g�e�r� �e�q�u�a�l� �t�o� �t�h�e� �Z� �o�f� �t�h�e� 

�l�i�n�e�,� �b�u�t�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �t�e�f�l�o�n� �w�a�s�h�e�r�,� �i�s� 

�i�n�s�t�e�a�d� �t�h�e� �l�i�n�e� �i�m�p�e�d�a�n�c�e� �t�r�a�n�s�f�o�r�m�e�d� �b�y� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� 

�t�e�f�l�o�n� �f�i�l�l�e�d� �p�o�r�t�i�o�n� �o�f� �t�h�e� �l�i�n�e�.� �T�h�i�s� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� 

� � 

�Z�7�+�Z� �t�a�n�h� �(�y�l�)� �Z�,� �=� �Z�p� 
�Z�)�+�Z�,�t�a�n�h� �(�y�1�)� 

�w�h�e�r�e� 

�Z�,� �=� �i�n�p�u�t� �i�m�p�e�d�a�n�c�e� �(�3�.�1�6�)� 
�Z�,� �=� �t�e�r�m�i�n�a�t�i�n�g� �i�m�p�e�d�a�n�c�e� �(�h�e�r�e� �5�0�2�)� 

�Z�,� �=� �l�i�n�e� �i�m�p�e�d�a�n�c�e� �(�h�e�r�e� �a�)� 
�¥�2�.�0�3� 

�y� �=� �j�o�/�2�.�0�3� 
�C�c� 

�I�n� �a� �s�i�m�i�l�a�r� �f�a�s�h�i�o�n�,� �t�h�e� �p�r�e�v�i�o�u�s� �e�q�u�a�t�i�o�n� �m�a�y� �b�e� 

�s�o�l�v�e�d� �f�o�r� �Z�,� �t�o� �g�i�v�e� 

�Z�,�-�Z�,�t�a�n�h� �(�y�l�)� �Z� �=� 
�t�T�  ��9� �Z�,�-�Z�,�t�a�n�h� �(�y�1�)� 

�(�3�.�1�7�)� � � 
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�w�h�e�r�e� �Z�,� �i�n� �t�h�i�s� �c�a�s�e� �i�s� �t�h�e� �m�e�a�s�u�r�e�d� �i�m�p�e�d�a�n�c�e� �a�n�d� �Z�,�;� �i�s� �t�h�e� 

�e�f�f�e�c�t�i�v�e� �i�m�p�e�d�a�n�c�e� �a�t� �t�h�e� �p�r�o�x�i�m�a�l� �s�a�m�p�l�e� �p�l�a�n�e�.� �T�h�e� 

�m�e�a�s�u�r�e�d� �i�m�p�e�d�a�n�c�e� �i�s� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �a�c�q�u�i�r�e�d� �w�a�v�e�f�o�r�m�s� �b�y� 

�s�o�l�v�i�n�g� �e�q�u�a�t�i�o�n� �3�.�1�4� �f�o�r� �Z� 

� � �p� �=� �2�-�4�0� �=� �g�z� �A�t�p� �(�3�.�1�8�)� 
�Z�+�Z�,� �°�1�-�p� 

�w�h�e�r�e� �p� �i�s� �t�a�k�e�n� �a�s� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�s� �o�f� 

�t�h�e� �r�e�f�l�e�c�t�e�d� �a�n�d� �i�n�c�i�d�e�n�t� �w�a�v�e�f�o�r�m�s�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� 

�m�o�d�i�f�i�e�d� �C�o�l�e ��s� �m�e�t�h�o�d� �a�n�d� �t�h�e� �i�m�p�e�d�a�n�c�e� �m�e�t�h�o�d� �a�r�e� 

�t�a�n�h� �(�y�l�)� �(�Y�r�-�Y�u�e�r�)� �+� �Y�r� �*� �Y�u�r� �M�o�d�i�f�i�e�d� �C�o�l�e ��s� �E�q�u�a�t�i�o�n� 

�(�3�.�1�9�)� 

�Z� �_�_�_�4�0�_� �t�a�n�h� �(�y�l�)� 

� � 

�Z� �L� 

�Z�u�r� �=� �2� �2�.�0�3� �I�m�p�e�d�a�n�c�e� �E�q�u�a�t�i�o�n� 
�2�.�0�3� �Z�,�~�-�2�,� �t�a�n�h� �(�y�1�)� �(�3�.�2�0�)� 

�w�/�e� 
�Y�=� �J�j� �o�v�e� �a�n�d� �2�Z�,� �=� �5�0�Q� 

�w�h�e�r�e� �Z�y�,� �i�s� �d�e�r�i�v�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�3�.�1�7�)�,� �Y�y�,� �i�s� �t�h�e� 

�r�e�c�i�p�r�o�c�a�l� �o�f� �Z�,�,�,� �Z�,� �i�s� �d�e�r�i�v�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�3�.�1�6�)� �a�n�d� �Y�,� 

�i�s� �i�t ��s� �a�s�s�o�c�i�a�t�e�d� �a�d�m�i�t�t�a�n�c�e�.� 
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�E�X�P�E�R�I�M�E�N�T�A�L� �R�E�S�U�L�T�S� 

�T�h�e� �f�i�v�e� �a�l�g�o�r�i�t�h�m�s� �p�r�e�v�i�o�u�s�l�y� �m�e�n�t�i�o�n�e�d� �w�e�r�e� �a�p�p�l�i�e�d� �t�o� 

�e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �a�c�q�u�i�r�e�d� �f�r�o�m� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �m�a�t�e�r�i�a�l� 

�c�o�m�p�o�s�i�t�i�o�n�s�.� �T�h�e� �m�a�t�e�r�i�a�l�s� �s�e�l�e�c�t�e�d� �f�o�r� �e�x�a�m�i�n�a�t�i�o�n� �w�e�r�e� 

�c�h�o�s�e�n� �i�n� �a�n� �a�t�t�e�m�p�t� �t�o� �e�x�p�l�o�r�e� �t�h�e� �e�n�t�i�r�e� �r�a�n�g�e� �o�f� �p�o�s�s�i�b�l�e� 

�p�e�r�m�i�t�t�i�v�i�t�y�/�c�o�n�d�u�c�t�i�v�i�t�y� �c�o�m�b�i�n�a�t�i�o�n�s� �w�h�i�c�h� �m�i�g�h�t� �b�e� 

�e�n�c�o�u�n�t�e�r�e�d� �i�n� �a� �n�o�r�m�a�l� �f�i�e�l�d� �e�n�v�i�r�o�n�m�e�n�t�.� �I�n� �a�l�l� �t�h�r�e�e� 

�c�a�s�e�s� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �C�o�l�e� �e�q�u�a�t�i�o�n� �p�r�e�c�i�s�e�l�y� �m�a�t�c�h�e�d� 

�t�h�o�s�e� �f�r�o�m� �t�h�e� �i�m�p�e�d�a�n�c�e� �f�o�r�m�u�l�a�t�i�o�n�,� �s�o� �o�n�l�y� �t�h�e� �C�o�l�e� 

�r�e�s�u�l�t�s� �a�r�e� �g�r�a�p�h�e�d�.� �I�t� �s�h�o�u�l�d� �a�l�s�o� �b�e� �n�o�t�e�d� �t�h�a�t� �f�i�v�e� �s�e�t�s� 

�o�f� �a�c�q�u�i�s�i�t�i�o�n�s� �w�e�r�e� �t�a�k�e�n� �f�o�r� �e�a�c�h� �m�a�t�e�r�i�a�l�,� �a�n�d� �t�h�e� �g�r�a�p�h�e�d� 

�r�e�s�u�l�t�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e�s� �o�f� �t�h�o�s�e� �f�i�v�e� 

�e�x�p�e�r�i�m�e�n�t�s� �w�i�t�h� �e�r�r�o�r� �b�a�r�s� �i�n�d�i�c�a�t�i�n�g� �t�h�e� �m�a�x�i�m�u�m� �a�n�d� 

�m�i�n�i�m�u�m� �e�x�c�u�r�s�i�o�n�s� �f�r�o�m� �t�h�o�s�e� �a�v�e�r�a�g�e� �v�a�l�u�e�s�.� 

�T�h�e� �f�i�r�s�t� �m�a�t�e�r�i�a�l� �w�a�s� �o�r�d�i�n�a�r�y� �d�r�y� �s�a�n�d�.� �T�h�i�s� �s�a�n�d� �w�a�s� 

�n�o�t� �a� �l�a�b�o�r�a�t�o�r�y� �g�r�a�d�e� �p�r�o�d�u�c�t� �o�f� �c�o�n�s�t�a�n�t� �g�r�a�i�n� �s�i�z�e� �o�r� 

�s�h�a�p�e� �b�u�t� �w�a�s� �i�n�s�t�e�a�d� �s�a�n�d�b�o�x� �s�a�n�d� �p�u�r�c�h�a�s�e�d� �f�r�o�m� �a� �l�o�c�a�l� 

�c�o�n�s�t�r�u�c�t�i�o�n� �c�o�m�p�a�n�y�.� �N�o� �a�t�t�e�m�p�t� �w�a�s� �m�a�d�e� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� 

�h�o�m�o�g�e�n�e�i�t�y� �o�f� �t�h�e� �s�a�n�d� �b�e�y�o�n�d� �r�e�m�o�v�i�n�g� �a�n�y� �o�b�v�i�o�u�s� �o�r�g�a�n�i�c� 

�m�a�t�e�r�i�a�l� �(�l�e�a�v�e�s�,� �t�w�i�g�s�,� �e�t�c�.�)� �p�r�e�s�e�n�t� �i�n� �t�h�e� �s�a�m�p�l�e�.� �T�h�i�s� 

�m�a�t�e�r�i�a�l� �w�a�s� �l�o�w� �l�o�s�s� �a�n�d� �h�a�d� �a� �r�e�l�a�t�i�v�e�l�y� �l�o�w� �p�e�r�m�i�t�t�i�v�i�t�y� 

�w�i�t�h� �v�e�r�y� �l�i�t�t�l�e� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�c�e�.� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e�s� �3�.�4� �t�h�r�o�u�g�h� 

�3�.�7� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �p�u�r�e� �r�e�f�l�e�c�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�s� �u�s�i�n�g� �t�h�e� 
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�S�,�;�,� �e�q�u�a�t�i�o�n� �p�r�o�d�u�c�e� �v�e�r�y� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s� �t�o� �t�h�o�s�e� �d�e�r�i�v�e�d� 

�u�s�i�n�g� �i�m�p�e�d�a�n�c�e� �i�n�f�o�r�m�a�t�i�o�n�.� �T�h�i�s� �i�s� �n�o�t� �s�u�r�p�r�i�s�i�n�g� �s�i�n�c�e� 

�b�o�t�h� �r�e�s�u�l�t�s� �a�r�e� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �s�a�m�e� �p�a�i�r� �o�f� �a�c�q�u�i�r�e�d� 

�w�a�v�e�f�o�r�m�s�.� �T�h�e� �i�n�s�t�a�b�i�l�i�t�y� �a�t� �t�h�e� �l�o�w�e�r� �f�r�e�q�u�e�n�c�i�e�s� �i�s� 

�a�p�p�a�r�e�n�t�l�y� �n�o�t� �a�n� �a�r�t�i�f�a�c�t� �s�i�n�c�e� �i�t� �e�x�c�e�e�d�s� �t�h�e� �e�r�r�o�r� �b�a�r� 

�r�a�n�g�e� �c�o�n�s�i�d�e�r�a�b�l�y�,� �b�u�t� �m�a�y� �r�e�p�r�e�s�e�n�t� �s�o�m�e� �r�e�s�i�d�u�a�l� �e�f�f�e�c�t� �o�f� 

�t�h�e� �t�e�f�l�o�n� �w�a�s�h�e�r�s�.� �T�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �d�e�r�i�v�e�d� 

�v�a�l�u�e�s� �(�S�,�,�;� �e�q�u�a�t�i�o�n�)� �a�n�d� �t�h�o�s�e� �p�r�o�d�u�c�e�d� �b�y� �t�h�e� �B�a�k�e�r�-�J�a�r�v�i�s� 

�e�q�u�a�t�i�o�n� �(�3�.�1�3� �w�h�i�c�h� �c�o�m�b�i�n�e�s� �t�r�a�n�s�m�i�s�s�i�o�n� �a�n�d� �r�e�f�l�e�c�t�i�o�n� 

�i�n�f�o�r�m�a�t�i�o�n�)� �a�r�e� �l�o�w�e�r� �t�h�a�n� �t�h�e� �o�t�h�e�r� �r�e�s�u�l�t�s� �s�e�e�m�s� �u�n�u�s�u�a�l�,� 

�b�u�t� �a�l�l� �f�o�u�r� �s�e�t�s� �o�f� �t�h�e�s�e� �r�e�s�u�l�t�s� �d�o� �n�o�t� �d�i�f�f�e�r� �g�r�e�a�t�l�y� �f�r�o�m� 

�t�h�o�s�e� �r�e�p�o�r�t�e�d� �f�o�r� �d�r�y� �s�a�n�d� �b�y� �p�r�e�v�i�o�u�s� �i�n�v�e�s�t�i�g�a�t�o�r�s� �(�i�.�e�.� 

�2�.�7� �[�5�3�]�,� �2�.�5�5� �[�5�4�]�,� �2�.�5� �[�5�5�]�)�.� 

�T�h�e� �p�e�r�m�i�t�t�i�v�i�t�i�e�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �s�a�n�d� �s�a�t�u�r�a�t�e�d� �w�i�t�h� 

�w�a�t�e�r� �a�r�e� �g�r�a�p�h�e�d� �i�n� �f�i�g�u�r�e�s� �3�.�8� �t�h�r�o�u�g�h� �3�.�1�1�.� �I�n� �t�h�i�s� 

�f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �é ¬�, �� �f�o�r� �w�a�t�e�r� �i�s� �a�b�o�u�t� �7�6� �a�n�d� �t�h�a�t� �o�f� �1� 

�N�o�r�m�a�l� �s�a�l�i�n�e� �s�o�l�u�t�i�o�n� �i�s� �a�b�o�u�t� �6�1�,� �a�n�d� �t�h�e� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� 

�t�h�e� �c�o�m�p�o�s�i�t�e� �m�i�x�t�u�r�e�s� �i�s� �s�u�b�s�e�q�u�e�n�t�l�y� �m�u�c�h� �h�i�g�h�e�r� �t�h�a�n� �t�h�a�t� 

�o�f� �d�r�y� �s�a�n�d�.� �A� �n�u�m�b�e�r� �o�f� �i�n�t�e�r�e�s�t�i�n�g� �f�e�a�t�u�r�e�s� �a�r�e� �e�v�i�d�e�n�t� 

�u�p�o�n� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �t�h�e�s�e� �d�a�t�a�.� �F�i�r�s�t�,� �a� �s�u�b�t�l�e� �e�f�f�e�c�t� 

�a�p�p�e�a�r�s� �a�t� �t�h�e� �l�o�w�e�s�t� �f�r�e�q�u�e�n�c�y� �d�a�t�u�m�,� �w�h�e�r�e� �t�h�e� �c�a�l�c�u�l�a�t�e�d� 

�p�e�r�m�i�t�t�i�v�i�t�y� �i�s� �s�l�i�g�h�t�l�y� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �v�a�l�u�e� �a�t� �n�e�a�r�b�y� 

�f�r�e�q�u�e�n�c�i�e�s�.� �T�h�i�s� �i�s� �e�x�p�l�a�i�n�e�d� �b�y� �o�n�e� �i�n�v�e�s�t�i�g�a�t�o�r� �[�5�6�]� �a�s� 

�b�e�i�n�g�  ��a�t�t�r�i�b�u�t�e�d� �t�o� �v�a�r�i�o�u�s� �m�e�c�h�a�n�i�s�m�s� �a�t� �t�h�e� �p�a�r�t�i�c�l�e� 
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�T�h�e� �e�r�r�o�r� �b�o�u�n�d�s� �f�o�r� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �b�a�s�e�d� �m�e�a�s�u�r�e�m�e�n�t�s� 

�(�S�;�,� �a�n�d� �C�o�l�e�)� �a�n�d�,� �t�o� �s�o�m�e� �e�x�t�e�n�t�,� �t�h�e� �B�a�k�e�r�-�J�a�r�v�i�s� �c�o�m�b�i�n�e�d� 

�a�l�g�o�r�i�t�h�m�,� �b�e�c�o�m�e� �r�a�t�h�e�r� �l�a�r�g�e� �a�t� �a�p�p�r�o�x�i�m�a�t�e�l�y� �2�.�1� �G�H�z�.� �a�n�d� 

�r�e�m�a�i�n� �l�a�r�g�e� �t�h�e�r�e�a�f�t�e�r�.� �T�h�i�s� �m�a�y� �p�o�s�s�i�b�l�y� �b�e� �a�t�t�r�i�b�u�t�e�d� �t�o� 

�t�h�e� �o�n�s�e�t� �o�f� �T�E�,�,� �m�o�d�e� �p�r�o�p�a�g�a�t�i�o�n� �a�n�d� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� 

�f�u�r�t�h�e�r� �i�n� �t�h�e� �e�r�r�o�r� �a�n�a�l�y�s�i�s� �p�o�r�t�i�o�n� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�F�i�n�a�l�l�y�,� �a� �s�h�a�r�p� �d�r�o�p� �i�n� �t�h�e� �v�a�l�u�e� �o�f�  ¬�, �� �a�n�d� �a� 

�c�o�n�c�o�m�i�t�a�n�t� �r�i�s�e� �i�n�  ¬�, � ��i�s� �e�v�i�d�e�n�t� �a�t� �a�b�o�u�t� �3�.�5� �G�H�z�.� �T�h�i�s� �i�s� 

�m�i�d�w�a�y� �b�e�t�w�e�e�n� �3�.�0�1� �G�H�z�.�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �w�h�e�r�e� �t�h�e� �c�o�m�p�o�s�i�t�e� 

�s�a�m�p�l�e� �i�n�c�l�u�d�i�n�g� �t�h�e� �t�e�f�l�o�n� �w�a�s�h�e�r�s� �(�.�8�2�9� �c�m�.� �i�n� �l�e�n�g�t�h� �w�i�t�h� 

 ¬�p ��=�9�.�0�1�)� �r�e�p�r�e�s�e�n�t�s� �a� �q�u�a�r�t�e�r� �w�a�v�e�l�e�n�g�t�h�,� �a�n�d� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�w�h�e�r�e� �t�h�e� �s�a�n�d� �s�a�m�p�l�e� �a�l�o�n�e� �i�s� �e�q�u�a�l� �t�o� �A�/�4� �(�3�.�9� �G�H�z�)�.� 

�I�t� �i�s� �v�e�r�y� �d�i�f�f�i�c�u�l�t� �t�o� �l�o�c�a�t�e� �c�o�r�r�o�b�o�r�a�t�i�n�g� �d�a�t�a� �i�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e� �b�e�c�a�u�s�e� �t�h�e� �m�e�a�s�u�r�e�d� �p�e�r�m�i�t�t�i�v�i�t�i�e�s� �a�r�e� �a� �c�o�m�p�l�e�x� 

�f�u�n�c�t�i�o�n� �i�n�v�o�l�v�i�n�g� �s�o�i�l� �t�y�p�e�,� �p�a�r�t�i�c�l�e� �g�e�o�m�e�t�r�y� �a�n�d� �s�i�z�e�,� 

�p�a�c�k�i�n�g� �d�e�n�s�i�t�y�,� �m�o�i�s�t�u�r�e� �l�e�v�e�l�,� �a�n�d� �f�r�e�q�u�e�n�c�y� �o�f� 

�m�e�a�s�u�r�e�m�e�n�t�.� �T�h�e� �p�r�o�b�l�e�m� �i�s� �f�u�r�t�h�e�r� �c�o�m�p�l�i�c�a�t�e�d� �b�y� �t�h�e� �f�a�c�t� 

�t�h�a�t� �m�a�n�y� �o�f� �t�h�e�s�e� �s�t�u�d�i�e�s� �a�r�e� �d�o�n�e� �v�e�r�s�u�s� �s�o�i�l� �m�o�i�s�t�u�r�e� 

�l�e�v�e�l� �a�t� �j�u�s�t� �a� �f�e�w� �f�r�e�q�u�e�n�c�i�e�s�.� �H�o�w�e�v�e�r�,� �a�t� �l�e�a�s�t� �o�n�e� 

�i�n�v�e�s�t�i�g�a�t�o�r� �[�5�6�]� �p�r�e�s�e�n�t�s� �e�v�i�d�e�n�c�e� �t�h�a�t� �t�h�e� �m�e�a�s�u�r�e�d� 

�p�e�r�m�i�t�t�i�v�i�t�i�e�s� �a�r�e� �n�o�t� �s�t�r�o�n�g� �f�u�n�c�t�i�o�n�s� �o�f� �s�o�i�l� �t�y�p�e� �a�n�d�,� 

�w�i�t�h� �t�h�i�s� �i�n� �m�i�n�d�,� �s�e�l�e�c�t�e�d� �r�e�s�u�l�t�s� �f�r�o�m� �s�e�v�e�r�a�l� �s�t�u�d�i�e�s� �w�i�t�h� 

�d�i�f�f�e�r�e�n�t� �s�o�i�l� �t�y�p�e�s� �b�u�t� �s�i�m�i�l�a�r� �m�o�i�s�t�u�r�e� �l�e�v�e�l�s� �a�r�e� 

�p�r�e�s�e�n�t�e�d� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �i�n� �f�i�g�u�r�e� �3�.�1�2�.� 
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�T�h�e� �n�e�x�t� �s�e�r�i�e�s� �o�f� �g�r�a�p�h�s�,� �f�i�g�u�r�e�s� �3�.�1�3� �t�h�r�o�u�g�h� �3�.�1�6�,� 

�r�e�p�r�e�s�e�n�t�s� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �s�a�n�d� �s�a�t�u�r�a�t�e�d� �w�i�t�h� �a� �1� �N�o�r�m�a�l� 

�s�o�l�u�t�i�o�n� �(�5�6�.�5� �g�r�a�m�s� �N�a�C�l� �p�e�r� �1� �l�i�t�e�r� �o�f� �w�a�t�e�r�)� �o�f� �s�a�l�t�w�a�t�e�r�.� 

�T�h�e� �r�e�f�l�e�c�t�i�o�n� �b�a�s�e�d� �m�e�t�h�o�d�s� �(�S�,�,� �a�n�d� �C�o�l�e ��s� �e�q�u�a�t�i�o�n�)� �h�e�r�e� 

�p�r�o�d�u�c�e� �a� �m�u�c�h� �s�m�o�o�t�h�e�r� �r�e�s�u�l�t �� �t�h�a�n� �t�h�o�s�e� �b�a�s�e�d� �o�n� 

�t�r�a�n�s�m�i�s�s�i�o�n� �i�n�f�o�r�m�a�t�i�o�n�,� �a�n�d� �t�h�i�s� �i�s� �p�r�o�b�a�b�l�y� �d�u�e� �t�o� �t�h�e� 

�l�a�r�g�e� �i�o�n�i�c� �c�o�n�d�u�c�t�i�o�n� �a�n�d� �t�h�e� �s�t�r�o�n�g� �a�t�t�e�n�u�a�t�i�o�n� �i�t� �c�r�e�a�t�e�s� 

�i�.�e�.� �v�e�r�y� �l�i�t�t�l�e� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �s�i�g�n�a�l� �i�s� �p�r�e�s�e�n�t� �a�f�t�e�r� 

�p�a�s�s�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �s�a�m�p�l�e� �o�n�c�e�.� �T�h�e� �l�o�w� �f�r�e�q�u�e�n�c�y� �j�u�m�p� �i�n� 

�p�e�r�m�i�t�t�i�v�i�t�y� �i�s� �c�l�e�a�r�l�y� �e�v�i�d�e�n�t� �i�n� �t�h�e�s�e� �f�i�g�u�r�e�s�,� �b�u�t� �t�h�e� 

�s�u�d�d�e�n� �d�r�o�p� �a�t� �3�.�5� �G�H�z�.� �i�s� �n�o�t� �n�e�a�r�l�y� �s�o� �p�r�o�m�i�n�e�n�t�,� �a�g�a�i�n� 

�s�u�g�g�e�s�t�i�n�g� �t�h�a�t� �a�t�t�e�n�u�a�t�i�o�n� �e�f�f�e�c�t�s� �a�r�e� �r�e�d�u�c�i�n�g� �t�h�e� 

�d�e�s�t�r�u�c�t�i�v�e� �i�n�t�e�r�f�e�r�e�n�c�e� �w�h�i�c�h� �n�o�r�m�a�l�l�y� �o�c�c�u�r�s� �i�n� �q�u�a�r�t�e�r� 

�w�a�v�e� �r�e�s�o�n�a�n�c�e�.� 

�T�h�e� �e�r�r�o�r� �b�o�u�n�d�s� �o�n� �t�h�e�s�e� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �c�o�n�s�i�d�e�r�a�b�l�y� 

�s�m�a�l�l�e�r� �t�h�a�n� �t�h�o�s�e� �o�f� �t�h�e� �s�a�n�d� �a�n�d� �w�a�t�e�r� �g�r�o�u�p�,� �s�u�g�g�e�s�t�i�n�g� 

�t�h�a�t� �t�h�e� �h�i�g�h� �d�e�g�r�e�e� �o�f� �a�t�t�e�n�u�a�t�i�o�n� �s�w�a�m�p�s� �a�n�y� �e�f�f�e�c�t�s� �d�u�e� �t�o� 

�p�h�y�s�i�c�a�l� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �s�a�m�p�l�e�s� �u�s�e�d� �f�o�r� �s�u�c�c�e�s�s�i�v�e� 

�a�c�q�u�i�s�i�t�i�o�n�s�.� �T�h�i�s� �a�l�s�o� �m�a�y� �i�n�d�i�c�a�t�e� �a� �l�a�r�g�e� �r�e�d�u�c�t�i�o�n� �i�n� 

�T�E�;�,� �m�o�d�e� �p�r�o�p�a�g�a�t�i�o�n�.� �T�h�e� �e�, � �� �c�u�r�v�e�s� �s�h�o�w� �t�h�e� �c�o�r�r�e�c�t� �1�/�f� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �s�h�a�p�e� �w�h�i�c�h� �i�s� �c�a�u�s�e�d� �b�y� �c�o�n�d�u�c�t�i�v�i�t�y� �b�e�i�n�g� 

�t�h�e� �d�o�m�i�n�a�n�t� �f�a�c�t�o�r� �i�n� �t�h�i�s� �q�u�a�n�t�i�t�y�.� 
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�E�R�R�O�R� �A�N�A�L�Y�S�I�S� 

�A�n�y� �a�n�a�l�y�s�i�s� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �e�r�r�o�r� �m�u�s�t� �n�e�c�e�s�s�a�r�i�l�y� 

�a�d�d�r�e�s�s� �t�w�o� �i�s�s�u�e�s� �-� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� 

�m�e�a�s�u�r�e�m�e�n�t� �a�n�d� �t�h�e� �r�e�p�e�a�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�u�p� 

�f�r�o�m� �o�n�e� �m�e�a�s�u�r�e�m�e�n�t� �t�o� �t�h�e� �n�e�x�t�.� �S�o�m�e� �i�n�d�i�c�a�t�i�o�n� �o�f� 

�r�e�p�e�a�t�a�b�i�l�i�t�y� �i�s� �s�h�o�w�n� �i�n� �t�h�e� �e ¬�, �� �g�r�a�p�h�s� �o�f� �f�i�g�u�r�e�s� �3�.�4� 

�t�h�r�o�u�g�h� �3�.�1�6� �w�h�e�r�e� �t�h�e� �g�r�a�p�h�e�d� �d�a�t�a� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �m�e�a�n� 

�v�a�l�u�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �f�i�v�e� �e�x�p�e�r�i�m�e�n�t�a�l� �o�b�s�e�r�v�a�t�i�o�n�s� �u�s�i�n�g� 

�e�a�c�h� �t�e�c�h�n�i�q�u�e� �a�n�d� �t�h�e� �e�r�r�o�r� �b�a�r�s� �i�n�d�i�c�a�t�e� �t�h�e� �m�a�x�i�m�u�m� 

�e�x�c�u�r�s�i�o�n�s� �f�r�o�m� �t�h�o�s�e� �m�e�a�n� �v�a�l�u�e�s� �w�i�t�h�i�n� �e�a�c�h� �g�r�o�u�p� �o�f� �f�i�v�e� 

�m�e�a�s�u�r�e�m�e�n�t�s�.� �I�t� �i�s� �n�o�t� �s�u�r�p�r�i�s�i�n�g� �t�o� �n�o�t�e� �t�h�a�t� �m�a�x�i�m�u�m� 

�v�a�r�i�a�b�i�l�i�t�y� �o�c�c�u�r�s� �i�n� �t�h�e� �s�a�n�d� �a�n�d� �w�a�t�e�r� �s�a�m�p�l�e�s� �w�h�e�r�e� 

�a�t�t�e�n�u�a�t�i�o�n� �i�s� �r�e�l�a�t�i�v�e�l�y� �l�o�w� �b�u�t� �e�p�s�i�l�o�n� �i�s� �r�e�l�a�t�i�v�e�l�y� 

�l�a�r�g�e�.� �T�h�i�s� �p�o�i�n�t� �w�i�l�l� �b�e� �r�e�t�u�r�n�e�d� �t�o� �l�a�t�e�r�,� �b�u�t� �t�h�e� �f�i�r�s�t� 

�p�o�r�t�i�o�n� �o�f� �t�h�i�s� �s�e�c�t�i�o�n� �w�i�l�l� �d�i�s�c�u�s�s� �q�u�a�n�t�i�t�a�t�i�v�e� �e�s�t�i�m�a�t�e�s� 

�o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �a�c�c�u�r�a�c�y� �a�n�d� �p�a�r�a�m�e�t�e�r� �s�e�n�s�i�t�i�v�i�t�y�.� 

�T�h�e� �f�u�n�d�a�m�e�n�t�a�l� �p�a�r�a�m�e�t�e�r�s� �o�b�s�e�r�v�e�d� �b�y� �t�h�e� �s�a�m�p�l�i�n�g� 

�o�s�c�i�l�l�o�s�c�o�p�e� �a�r�e� �a�m�p�l�i�t�u�d�e� �a�n�d� �t�i�m�e�,� �a�n�d� �e�r�r�o�r� �b�o�u�n�d�s� �f�o�r� 

�t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �g�i�v�e�n� �b�y� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r�.� �T�h�e� 

�w�a�v�e�f�o�r�m�s� �o�b�s�e�r�v�e�d� �m�a�y� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �a� �t�i�m�e� �d�o�m�a�i�n� �v�e�r�s�i�o�n� 

�o�f� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �n�e�t�w�o�r�k� �u�n�d�e�r� �t�e�s�t� 

�i�n�s�o�f�a�r� �a�s� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �w�a�v�e�f�o�r�m� �i�s� �k�n�o�w�n�.� �I�n� �t�h�i�s� �s�t�u�d�y� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�u�p� �i�s� �v�a�r�i�e�d� �b�e�t�w�e�e�n� �a�c�q�u�i�s�i�t�i�o�n�s� �a�n�d� �t�h�e� 

�F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �i�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �w�a�v�e�f�o�r�m�s� �o�b�t�a�i�n�e�d� �t�o� 
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�e�v�a�l�u�a�t�e� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �s�c�a�t�t�e�r�i�n�g� �p�a�r�a�m�e�t�e�r�s� �S�,�,� �a�n�d� �S�)�,� 

�a�n�d� �t�h�e� �n�e�t�w�o�r�k� �i�m�p�e�d�a�n�c�e� �4�2�Z�.� �I�t� �i�s� �v�e�r�y� �d�i�f�f�i�c�u�l�t� �t�o� 

�t�r�a�n�s�l�a�t�e� �t�h�e� �s�t�a�t�e�d� �e�r�r�o�r� �b�o�u�n�d�s� �f�o�r� �t�h�e� �s�a�m�p�l�i�n�g� 

�o�s�c�i�l�l�o�s�c�o�p�e� �t�h�r�o�u�g�h� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�i�n�t�o� �e�r�r�o�r� �b�o�u�n�d�s� �o�n� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �p�a�r�a�m�e�t�e�r�s� �a�n�d� �n�e�t�w�o�r�k� 

�i�m�p�e�d�a�n�c�e�.� �T�h�e� �o�n�l�y� �r�e�c�o�u�r�s�e� �i�s� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �a�c�c�u�r�a�c�i�e�s� 

�o�f� �t�h�e�s�e� �q�u�a�n�t�i�t�i�e�s� �a�n�d� �u�s�e� �t�h�e� �e�s�t�i�m�a�t�e�d� �a�c�c�u�r�a�c�i�e�s� �t�o� 

�c�o�m�p�u�t�e� �e�r�r�o�r� �b�o�u�n�d�s� �f�o�r� �t�h�e� �e�v�a�l�u�a�t�e�d� �p�e�r�m�i�t�t�i�v�i�t�i�e�s�.� 

�T�h�e� �s�t�e�p� �g�e�n�e�r�a�t�o�r� �o�f� �t�h�e� �H�P�-�5�4�1�2�0�T� �o�s�c�i�l�l�o�s�c�o�p�e� �h�a�s� �a� 

�s�p�e�c�i�f�i�e�d� �t�r�a�n�s�i�t�i�o�n� �d�u�r�a�t�i�o�n� �o�f� �3�5� �p�s�.� �A�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� 

�t�i�m�e� �d�o�m�a�i�n� �e�q�u�a�t�i�o�n� �B�W�=�0�.�3�5�/�t�,� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �3� �d�B� �p�o�i�n�t� 

�f�o�r� �t�h�i�s� �g�e�n�e�r�a�t�o�r� �l�i�e�s� �a�t� �1�0� �G�H�z� �w�h�i�c�h� �s�h�o�w�s� �t�h�a�t� �t�h�e� 

�e�x�c�i�t�a�t�i�o�n� �w�a�v�e�f�o�r�m� �i�s� �n�o�t� �a� �l�i�m�i�t�i�n�g� �f�a�c�t�o�r� �i�n� �t�h�i�s� 

�i�n�v�e�s�t�i�g�a�t�i�o�n�.� �S�i�m�i�l�a�r�l�y�,� �t�h�e� �a�c�q�u�i�s�i�t�i�o�n� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� 

�s�a�m�p�l�i�n�g� �o�s�c�i�l�l�o�s�c�o�p�e� �i�s� �s�p�e�c�i�f�i�e�d� �a�s� �1�4� �b�i�t�s� �o�f� �d�y�n�a�m�i�c� 

�r�a�n�g�e� �w�h�e�n� �t�h�e� �w�a�v�e�f�o�r�m� �i�s� �a�v�e�r�a�g�e�d� �2�0�4�8� �t�i�m�e�s� �a�s� �w�a�s� �d�o�n�e� 

�h�e�r�e�.� �T�h�i�s� �t�r�a�n�s�l�a�t�e�s� �t�o� �a�m�p�l�i�t�u�d�e� �e�r�r�o�r�s� �l�e�s�s� �t�h�a�n� �o�r� �e�q�u�a�l� 

�t�o� �o�n�e�-�h�a�l�f� �t�h�e� �l�e�a�s�t� �s�i�g�n�i�f�i�c�a�n�t� �b�i�t�,� �o�r� �o�n�e� �p�a�r�t� �i�n� �3�2�,�7�6�8�.� 

�T�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �s�p�r�e�a�d�s� �a�n�y� �l�o�c�a�l�i�z�e�d� �e�r�r�o�r� �i�n� �t�h�e� �t�i�m�e� 

�d�o�m�a�i�n� �a�c�r�o�s�s� �t�h�e� �f�u�l�l� �c�a�l�c�u�l�a�t�e�d� �s�p�e�c�t�r�u�m� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�d�o�m�a�i�n�,� �s�o� �a� �m�a�x�i�m�u�m� �e�r�r�o�r� �i�n� �e�a�c�h� �o�f� �t�h�e� �s�a�m�p�l�e�d� �p�o�i�n�t�s� �o�f� 

�t�h�e� �1�0�2�4� �p�o�i�n�t� �w�a�v�e�f�o�r�m� �w�o�u�l�d� �p�r�o�d�u�c�e� �a�n� �e�r�r�o�r� �o�f� �1�0�2�4�/�3�2�7�6�8� 

�o�r� �j�u�s�t� �o�v�e�r� �3� �p�e�r�c�e�n�t�.� �A�n� �e�r�r�o�r� �o�f� �t�h�i�s� �m�a�g�n�i�t�u�d�e� �i�s� �v�e�r�y� 

�u�n�l�i�k�e�l�y� �a�s� �t�h�i�s� �a�s�s�u�m�e�s� �t�h�a�t� �e�a�c�h� �a�c�q�u�i�r�e�d� �p�o�i�n�t� �i�s� �i�n� �e�r�r�o�r� 

�a�n�d� �t�h�a�t� �t�h�e�s�e� �e�r�r�o�r�s� �a�l�l� �a�c�t� �u�n�i�d�i�r�e�c�t�i�o�n�a�l�l�y� �t�h�r�o�u�g�h� �t�h�e� 
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�F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �s�o�,� �f�o�r� �t�h�i�s� �a�n�a�l�y�s�i�s�,� �a� �m�o�r�e� �c�o�n�s�e�r�v�a�t�i�v�e� 

�f�i�g�u�r�e� �o�f� �1� �p�e�r�c�e�n�t� �w�i�l�l� �b�e� �u�s�e�d�.� �N�o�t�e� �t�h�a�t� �t�h�e� �s�c�a�t�t�e�r�i�n�g� 

�p�a�r�a�m�e�t�e�r�s� �a�n�d� �t�h�e� �i�m�p�e�d�a�n�c�e� �a�r�e� �c�o�m�p�u�t�e�d� �a�s� �t�h�e� �r�a�t�i�o� �o�f� �t�w�o� 

�F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�s� �e�a�c�h� �o�f� �w�h�i�c�h�,� �f�r�o�m� �t�h�e� �a�b�o�v�e� �r�o�u�g�h� 

�e�s�t�i�m�a�t�i�o�n�,� �m�a�y� �b�e� �1� �p�e�r�c�e�n�t� �i�n� �e�r�r�o�r�.� �T�h�i�s� �g�i�v�e�s� �a� �w�o�r�s�t� 

�c�a�s�e� �e�r�r�o�r� �e�s�t�i�m�a�t�e� �o�f� �(�1�.�0�1�/�0�.�9�9�)�-�1�.�0� �o�r� �v�e�r�y� �c�l�o�s�e� �t�o� �2� 

�p�e�r�c�e�n�t�,� �s�o� �t�h�i�s� �f�i�g�u�r�e� �w�i�l�l� �b�e� �u�s�e�d� �i�n� �t�h�e� �s�u�b�s�e�q�u�e�n�t� 

�c�a�l�c�u�l�a�t�i�o�n�s�.� �F�i�n�a�l�l�y�,� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �v�a�l�u�e�s� �a�r�e� �a�l�s�o� �a� 

�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �s�a�m�p�l�e� �l�e�n�g�t�h�,� �a�n�d� �t�h�i�s� �w�i�l�l� �b�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �c�o�r�r�e�c�t� �t�o� �w�i�t�h�i�n� �1� �p�e�r�c�e�n�t�.� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �a�t� �t�h�i�s� �p�o�i�n�t� �t�h�a�t� �e�a�r�l�i�e�r� �t�i�m�e� 

�d�o�m�a�i�n� �i�n�v�e�s�t�i�g�a�t�o�r�s� �w�e�r�e� �h�a�m�p�e�r�e�d� �b�y� �s�i�g�n�i�f�i�c�a�n�t� �p�r�o�b�l�e�m�s� 

�w�i�t�h� �s�h�o�r�t� �t�e�r�m� �t�i�m�e� �b�a�s�e� �v�a�r�i�a�t�i�o�n�s� �( ��j�i�t�t�e�r ��)� �a�n�d� �l�o�n�g� �t�e�r�m� 

�v�a�r�i�a�t�i�o�n�s� �o�f� �t�h�e� �s�a�m�e� �t�y�p�e� �( ��d�r�i�f�t ��)�.� �T�h�e� �H�P�-�5�4�1�2�0�T� 

�t�i�m�e�b�a�s�e� �g�e�n�e�r�a�t�o�r� �i�s� �e�x�c�e�p�t�i�o�n�a�l�l�y� �s�t�a�b�l�e� �a�n�d� �t�h�e�s�e� �e�f�f�e�c�t�s� 

�w�e�r�e� �f�o�u�n�d� �t�o� �b�e� �n�e�g�l�i�g�i�b�l�e� �a�n�d� �w�i�l�l� �n�o�t� �b�e� �d�i�s�c�u�s�s�e�d� 

�f�u�r�t�h�e�r�.� 

�A� �d�i�f�f�e�r�e�n�t�i�a�l� �u�n�c�e�r�t�a�i�n�t�y� �a�n�a�l�y�s�i�s� �w�i�l�l� �b�e� �u�s�e�d� �t�o� 

�r�e�d�u�c�e� �t�h�e� �a�s�s�u�m�e�d� �m�e�a�s�u�r�e�m�e�n�t� �i�n�a�c�c�u�r�a�c�i�e�s� �t�o� �e�r�r�o�r� �b�o�u�n�d�s� 

�o�n� �e�p�s�i�l�o�n�.� �A�n� �e�x�a�m�p�l�e� �f�o�r� �t�h�e� �S�,�,� �e�q�u�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �i�t ��s� 

�e�n�t�i�r�e�t�y� �-� �t�h�e� �o�t�h�e�r� �c�a�s�e�s� �a�r�e� �s�i�m�i�l�a�r�.� 

�T�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �S�,�,� �e�q�u�a�t�i�o�n� �i�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �a� �f�u�n�c�t�i�o�n� �o�f� �t�w�o� �i�n�d�e�p�e�n�d�e�n�t� �p�a�r�a�m�e�t�e�r�s� �-� �t�h�e� 

�e�r�r�o�r�s� �i�n� �S�,�,� �a�n�d� �1�.� �A� �f�i�r�s�t� �o�r�d�e�r� �T�a�y�l�o�r �� �s�e�r�i�e�s� 
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�a�p�p�r�o�x�i�m�a�t�i�o�n�,� �a�s�s�u�m�i�n�g� �s�m�a�l�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�r�r�o�r�s� �a�n�d� �a� �w�e�l�l� 

�b�e�h�a�v�e�d� �f�u�n�c�t�i�o�n� �f�o�r�  ¬� �g�i�v�e�s� 

� � 
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�A�e�,� �=� �(�2� �A�s�,�,�|� �+� �(�S�e� �A�l� 

�T�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�r�r�o�r�s� �h�a�v�e� �b�e�e�n� �e�s�t�i�m�a�t�e�d� �i�n� �t�h�e� �a�b�o�v�e� 

�p�a�r�a�g�r�a�p�h�s�,� �a�n�d� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �m�a�y� �b�e� �e�v�a�l�u�a�t�e�d� �t�h�r�o�u�g�h� �t�h�e� 

�u�s�e� �o�f� �t�h�e� �t�o�t�a�l� �d�i�f�f�e�r�e�n�t�i�a�l�,� �l�e�a�d�i�n�g� �t�o� 

� � 

� � 

� � 
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�d�e�,� �0�5�,�,� �d�S� �R� �1�1� �1�1� �a�r� �(�3�.�2�2�)� 
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�r�e�f�l�e�c�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �a�l�s�o� �s�e�r�v�e� �a�s� �b�a�s�i�s� 

�i�n�f�o�r�m�a�t�i�o�n� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �t�o� �l�a�t�e�r� �m�e�a�s�u�r�e�m�e�n�t�s�,� �a�n�d� �i�n� �t�h�i�s� 

�r�e�g�a�r�d� �i�t� �i�s� �a�n�t�i�c�i�p�a�t�e�d� �t�h�a�t� �t�h�e� �B�a�k�e�r�-�J�a�r�v�i�s� �a�n�d� �i�m�p�e�d�a�n�c�e� 

�b�a�s�e�d� �d�a�t�a� �w�i�l�l� �b�e� �m�o�s�t� �u�s�e�f�u�l�.� 
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�C�H�A�P�T�E�R� �I�V� 

�T�H�E� �O�P�E�N� �C�I�R�C�U�I�T�E�D� �C�O�A�X�I�A�L� �S�A�M�P�L�E� �H�O�L�D�E�R� 

�T�h�i�s� �c�h�a�p�t�e�r� �c�o�n�c�e�r�n�s� �i�n�v�e�s�t�i�g�a�t�i�o�n�s� �i�n�t�o� �t�h�e� �b�e�h�a�v�i�o�r� 

�o�f� �t�h�e� �s�h�i�e�l�d�e�d� �o�p�e�n� �c�i�r�c�u�i�t� �t�e�r�m�i�n�a�t�e�d� �c�o�a�x�i�a�l� �s�a�m�p�l�e� 

�h�o�l�d�e�r�.� �U�n�l�i�k�e� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �a�l�l� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�d�e� 

�w�i�t�h� �t�h�i�s� �s�a�m�p�l�e� �h�o�l�d�e�r� �a�r�e� �r�e�f�l�e�c�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�s�,� �a�n�d� �t�h�e� 

�s�a�m�p�l�e� �h�o�l�d�e�r� �i�s� �n�o�t� �t�e�r�m�i�n�a�t�e�d� �i�n� �a� �m�a�t�c�h�e�d� �l�o�a�d�.� �T�h�e� 

�p�a�r�t�i�c�u�l�a�r� �s�a�m�p�l�e� �h�o�l�d�e�r� �u�s�e�d� �a�l�s�o� �d�i�f�f�e�r�s� �f�r�o�m� �t�h�e� �e�a�r�l�i�e�r� 

�s�y�s�t�e�m� �i�n� �l�e�n�g�t�h�.� �E�a�r�l�i�e�r� �s�a�m�p�l�e�s� �w�e�r�e� �a�b�o�u�t� �0�.�5� �c�m� �i�n� 

�l�e�n�g�t�h�,� �a�n�d� �t�h�o�s�e� �u�s�e�d� �i�n� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �c�o�a�x�i�a�l� �h�o�l�d�e�r� �a�r�e� 

�m�u�c�h� �l�o�n�g�e�r� �-� �c�l�o�s�e� �t�o� �1�0� �c�m�.� �T�h�i�s� �w�a�s� �i�n� �k�e�e�p�i�n�g� �w�i�t�h� �t�h�e� 

�p�r�o�g�r�e�s�s�i�o�n� �o�f� �t�h�e�s�e� �i�n�v�e�s�t�i�g�a�t�i�o�n�s� �t�o�w�a�r�d� �t�h�e� �t�w�i�n� �l�e�a�d� 

�g�r�o�u�n�d� �p�r�o�b�e�,� �w�h�i�c�h� �i�s� �3�0� �c�m� �i�n� �l�e�n�g�t�h�,� �b�u�t� �t�h�e� �l�o�n�g�e�r� 

�p�r�o�p�a�g�a�t�i�o�n� �d�i�s�t�a�n�c�e� �l�e�d� �t�o� �s�o�m�e� �i�n�t�e�r�e�s�t�i�n�g� �d�i�f�f�i�c�u�l�t�i�e�s� 

�w�h�i�c�h� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �e�r�r�o�r� �a�n�a�l�y�s�i�s�.� 

�A�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�u�p� �w�i�l�l� 

�b�e� �d�e�s�c�r�i�b�e�d� �f�i�r�s�t�,� �f�o�l�l�o�w�e�d� �b�y� �a� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� 

�m�a�t�h�e�m�a�t�i�c�a�l� �a�l�g�o�r�i�t�h�m�s� �u�s�e�d� �t�o� �d�e�r�i�v�e� �t�h�e� �p�e�r�m�i�t�t�i�v�i�t�y� 

�i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a�.� �E�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�n�d� 

�a�n� �e�r�r�o�r� �a�n�a�l�y�s�i�s� �a�p�p�l�i�e�d� �t�o� �t�h�o�s�e� �r�e�s�u�l�t�s� �c�o�n�c�l�u�d�e� �t�h�e� 

�c�h�a�p�t�e�r�.� 
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�E�X�P�E�R�I�M�E�N�T�A�L� �S�E�T�U�P� 

�T�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �u�s�e�d� �w�a�s� �o�n�e� �o�f� �a� �g�r�o�u�p� �f�a�b�r�i�c�a�t�e�d� �b�y� 

�B�u�s�s�e�y� �f�o�r� �h�i�s� �m�e�a�s�u�r�e�m�e�n�t�s� �[�3�8�]�.� �I�t� �i�s� �c�o�m�p�r�i�s�e�d� �o�f� �a� 

�l�e�n�g�t�h� �o�f� �1�4� �m�m� �c�o�a�x�i�a�l� �l�i�n�e� �w�h�i�c�h� �i�s� �1�5�.�3�4� �c�m� �l�o�n�g� �f�r�o�m� �t�h�e� 

�p�r�o�x�i�m�a�l� �c�o�n�n�e�c�t�o�r� �p�l�a�n�e� �t�o� �t�h�e� �e�n�d� �o�f� �t�h�e� �o�u�t�e�r� �c�o�n�d�u�c�t�o�r�.� 

�T�h�e� �b�a�s�e� �o�f� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �i�s� �a� �G�R�-�9�0�0� �c�o�n�n�e�c�t�o�r� �w�h�i�c�h� �i�s� 

�c�o�n�s�t�r�u�c�t�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�.� �T�h�e� �c�e�n�t�e�r� �c�o�n�d�u�c�t�o�r� 

�p�r�o�c�e�e�d�s� �f�r�o�m� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �c�o�n�n�e�c�t�o�r� �t�h�r�o�u�g�h� �a�n� �7�.�2� �m�m� �a�i�r� 

�S�p�a�c�e� �a�n�d� �i�n�t�o� �a� �t�e�f�l�o�n� �b�e�a�d� �w�h�i�c�h� �i�s� �7�.�4� �m�m� �i�n� �t�h�i�c�k�n�e�s�s�.� 

�W�i�t�h�i�n� �t�h�e� �b�e�a�d� �t�h�e� �c�e�n�t�e�r� �c�o�n�d�u�c�t�o�r� �i�s� �u�n�d�e�r�c�u�t� �s�o� �a�s� �t�o� 

�m�a�i�n�t�a�i�n� �a� �5�0� �o�h�m� �i�m�p�e�d�a�n�c�e� �w�i�t�h�i�n� �t�h�e� �t�e�f�l�o�n� �d�i�e�l�e�c�t�r�i�c� �i�.�e�.� 

�t�h�e� �b�e�a�d� �i�s� �c�o�m�p�e�n�s�a�t�e�d�.� �T�h�e� �c�e�n�t�e�r� �c�o�n�d�u�c�t�o�r� �e�x�t�e�n�d�s� �f�r�o�m� 

�t�h�e� �b�e�a�d� �f�o�r� �a� �l�e�n�g�t�h� �o�f� �9�.�1�5� �c�m� �a�n�d� �t�h�e� �e�n�d� �o�f� �t�h�e� �c�e�n�t�e�r� 

�c�o�n�d�u�c�t�o�r� �i�s� �h�e�m�i�s�p�h�e�r�i�c�a�l�.� �T�h�e� �o�u�t�e�r� �c�o�n�d�u�c�t�o�r� �e�x�t�e�n�d�s� �p�a�s�t� 

�t�h�e� �e�n�d� �o�f� �t�h�e� �i�n�n�e�r� �c�o�n�d�u�c�t�o�r� �f�o�r� �a� �d�i�s�t�a�n�c�e� �o�f� �4�.�8�3� �c�m� 

�w�h�e�r�e� �i�t� �i�s� �c�u�t� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �c�e�n�t�e�r� �c�o�n�d�u�c�t�o�r�.� �T�h�e� 

�e�n�t�i�r�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �i�s� �s�i�l�v�e�r� �p�l�a�t�e�d� �t�o� �r�e�d�u�c�e� �c�o�n�d�u�c�t�o�r� 

�r�e�s�i�s�t�i�v�i�t�y�.� �A� �d�i�a�g�r�a�m� �o�f� �t�h�i�s� �d�e�v�i�c�e� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� 

�4�.�1�.� 

�T�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �w�a�s� �c�o�n�n�e�c�t�e�d� �t�o� �t�h�e� �s�a�m�p�l�i�n�g� 

�o�s�c�i�l�l�o�s�c�o�p�e� �t�h�r�o�u�g�h� �a� �c�o�a�x�i�a�l� �n�e�t�w�o�r�k� �c�o�n�s�i�s�t�i�n�g� �o�f� �a�n� �S�M�A� 

�t�o� �G�R�-�9�0�0� �a�d�a�p�t�e�r�,� �t�h�r�e�e� �3�0� �c�m� �c�o�a�x�i�a�l� �a�i�r� �l�i�n�e�s�,� �a� �G�R�-�9�0�0� 

�e�l�b�o�w� �a�d�a�p�t�e�r�,� �a�n�d� �t�w�o� �m�o�r�e� �3�0� �c�m� �c�o�a�x�i�a�l� �a�i�r� �l�i�n�e�s� �(�f�i�g�u�r�e� 
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�«�a � ��_�~�=�s�a�m�p�i�e� �l�e�v�e�l� 

�o�p�e�n� �c�i�r�c�u�i�t� 
�<�<� 

�L�,� �s�e�c�t�i�o�n� �3� 

� � � � 

�I�<
� 

�s�e�c�t�i�o�n� �2� �t� �L�,� 
� � 

�L�,�.� �s�e�c�t�i�o�n� �1� 

� � � � � � 

�F�i�g�u�r�e� �4�.�1�:� �T�h�e� �O�p�e�n� �C�i�r�c�u�i�t�e�d� �C�o�a�x�i�a�l� �S�a�m�p�l�e� �H�o�l�d�e�r� 
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�4�.�2�)�.� �T�h�e� �S�M�A� �t�o� �G�R�-�9�0�0� �a�d�a�p�t�e�r� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �m�a�t�e� �t�h�e� 

�c�o�a�x�i�a�l� �a�i�r� �l�i�n�e�s� �t�o� �t�h�e� �S�M�A� �c�o�n�n�e�c�t�o�r�s� �o�n� �t�h�e� �o�s�c�i�l�l�o�s�c�o�p�e�,� 

�a�n�d� �t�h�e� �e�l�b�o�w� �w�a�s� �u�s�e�d� �t�o� �a�l�l�o�w� �a� �v�e�r�t�i�c�a�l� �o�r�i�e�n�t�a�t�i�o�n� �f�o�r� 

�t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r�.� �T�h�e� �c�o�a�x�i�a�l� �a�i�r� �l�i�n�e�s� �s�e�r�v�e� �t�w�o� �p�u�r�p�o�s�e�s� 

�-� �t�h�e�y� �p�r�o�v�i�d�e� �a� �c�l�e�a�n� �5�0� �o�h�m� �r�e�f�e�r�e�n�c�e� �f�o�r� �t�h�e� �a�c�q�u�i�r�e�d� 

�w�a�v�e�f�o�r�m� �a�n�d� �t�h�e�y� �g�u�a�r�d� �a�g�a�i�n�s�t� �p�o�s�s�i�b�l�e� �c�o�r�r�u�p�t�i�o�n� �o�f� �t�h�e� 

�a�c�q�u�i�r�e�d� �w�a�v�e�f�o�r�m� �i�f� �t�h�e� �s�c�o�p�e� �i�s� �n�o�t� �w�e�l�l� �b�a�c�k� �m�a�t�c�h�e�d�.� 

�T�h�a�t� �i�s�,� �a� �s�i�g�n�a�l� �r�e�f�l�e�c�t�e�d� �f�r�o�m� �t�h�e� �s�a�m�p�l�e� �c�o�u�l�d� �b�e� �r�e�-� 

�r�e�f�l�e�c�t�e�d� �b�y� �a� �p�o�o�r�l�y� �m�a�t�c�h�e�d� �s�a�m�p�l�i�n�g� �h�e�a�d� �a�n�d� �t�h�e�n� �b�e� 

�r�e�f�l�e�c�t�e�d� �f�r�o�m� �t�h�e� �s�a�m�p�l�e� �o�n�c�e� �a�g�a�i�n� �t�o� �p�r�o�d�u�c�e� �a� �c�o�r�r�u�p�t�e�d� 

�w�a�v�e�f�o�r�m�.� �T�h�i�s� �i�s� �v�e�r�y� �u�n�l�i�k�e�l�y� �i�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �H�P�-�5�4�1�2�0� 

�o�s�c�i�l�l�o�s�c�o�p�e� �w�h�i�c�h� �s�e�e�m�s� �t�o� �b�e� �v�e�r�y� �c�l�o�s�e� �t�o� �5�0� �o�h�m�s� �i�n� �i�n�p�u�t� 

�i�m�p�e�d�a�n�c�e�,� �b�u�t� �i�n� �a�n�y� �c�a�s�e� �s�u�c�h� �a� �s�i�g�n�a�l� �w�o�u�l�d� �h�a�v�e� �t�o� 

�t�r�a�v�e�r�s�e� �a� �p�a�t�h� �3� �m� �l�o�n�g�e�r� �t�h�a�n� �t�h�e� �d�e�s�i�r�e�d� �w�a�v�e�f�o�r�m� �a�n�d� �s�o� 

�w�o�u�l�d� �a�r�r�i�v�e� �a�t� �t�h�e� �s�a�m�p�l�i�n�g� �h�e�a�d� �a� �m�i�n�i�m�u�m� �o�f� �1�0� �n�s� �l�a�t�e�r� 

�t�h�a�n� �i�t�,� �w�e�l�l� �o�u�t�s�i�d�e� �o�f� �t�h�e� �5� �n�s� �s�a�m�p�l�i�n�g� �w�i�n�d�o�w�.� 

�T�h�e� �i�n�t�e�r�n�a�l� �s�t�e�p� �g�e�n�e�r�a�t�o�r� �o�f� �t�h�e� �o�s�c�i�l�l�o�s�c�o�p�e� �w�a�s� �o�n�c�e� 

�a�g�a�i�n� �u�s�e�d� �a�s� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �w�a�v�e�f�o�r�m� �i�n� �a�n� �a�t�t�e�m�p�t� �t�o� �r�e�d�u�c�e� 

�t�h�e� �c�o�r�r�u�p�t�i�n�g� �e�f�f�e�c�t�s� �o�f� �j�i�t�t�e�r� �b�y� �t�a�k�i�n�g� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� 

�o�s�c�i�l�l�o�s�c�o�p�e ��s� �e�x�c�e�l�l�e�n�t� �i�n�t�e�r�n�a�l� �t�r�i�g�g�e�r� �c�i�r�c�u�i�t�r�y�.� �F�o�r� 

�e�a�c�h� �s�a�m�p�l�e� �t�h�r�e�e� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �m�a�d�e�.� �F�i�r�s�t�,� �t�h�e� �s�a�m�p�l�e� 

�h�o�l�d�e�r� �w�a�s� �m�e�a�s�u�r�e�d� �e�m�p�t�y�.� �T�h�i�s� �p�r�o�v�i�d�e�d� �a� �w�a�v�e�f�o�r�m� �w�h�i�c�h� 

�c�o�u�l�d� �b�e� �u�s�e�d� �a�s� �a� �c�a�l�i�b�r�a�t�i�o�n� �s�t�a�n�d�a�r�d� �i�n� �l�a�t�e�r� �c�a�l�c�u�l�a�t�i�o�n�s� 

�s�i�n�c�e� �t�h�e� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �a�i�r� �i�s� �k�n�o�w�n�.� �T�h�e� �s�e�c�o�n�d� �a�c�q�u�i�r�e�d� 

�w�a�v�e�f�o�r�m� �w�a�s� �t�a�k�e�n� �w�i�t�h� �a� �p�r�e�c�i�s�e�l�y� �m�a�c�h�i�n�e�d� �b�r�a�s�s� �s�h�o�r�t�i�n�g� 
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�b�a�r� �i�n�s�e�r�t�e�d� �i�n�t�o� �t�h�e� �s�a�m�p�l�i�n�g� �h�o�l�d�e�r�.� �T�h�i�s� �b�a�r� �w�a�s� �t�u�r�n�e�d� 

�o�n� �a� �l�a�t�h�e� �t�o� �p�r�o�d�u�c�e� �a� �t�i�g�h�t� �f�i�t� �i�n� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r�,� �a�n�d� 

�a� �c�o�a�x�i�a�l� �h�o�l�e� �w�a�s� �d�r�i�l�l�e�d� �i�n� �t�h�e� �c�e�n�t�e�r� �t�o� �f�i�t� �t�h�e� �i�n�n�e�r� 

�c�o�n�d�u�c�t�o�r�.� �T�h�e� �i�n�t�e�n�t�i�o�n� �w�a�s� �t�o� �p�r�o�d�u�c�e� �a�n� �i�n�v�e�r�t�e�d� �r�e�p�l�i�c�a� 

�o�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �w�a�v�e�f�o�r�m� �s�e�e�n� �b�y� �t�h�e� �s�a�m�p�l�e�.� �T�h�i�s� �w�a�v�e�f�o�r�m� 

�d�i�f�f�e�r�e�d� �f�r�o�m� �t�h�e� �o�s�c�i�l�l�o�s�c�o�p�e ��s� �s�t�e�p� �g�e�n�e�r�a�t�o�r� �o�u�t�p�u�t� 

�b�e�c�a�u�s�e� �o�f� �t�h�e� �e�f�f�e�c�t�s� �o�f� �p�a�s�s�a�g�e� �t�h�r�o�u�g�h� �t�h�e� �G�R�-�9�0�0� 

�c�o�n�n�e�c�t�o�r� �a�n�d� �t�h�e� �t�e�f�l�o�n� �b�e�a�d�.� �T�h�e� �t�h�i�r�d� �w�a�v�e�f�o�r�m� �w�a�s� 

�a�c�q�u�i�r�e�d� �w�i�t�h� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �f�i�l�l�e�d� �w�i�t�h� �t�h�e� �s�a�m�p�l�e�.� �T�h�e� 

�h�o�l�d�e�r� �w�a�s� �a�l�w�a�y�s� �c�o�m�p�l�e�t�e�l�y� �f�i�l�l�e�d� �(�i�.�e�.� �t�h�e� �s�a�m�p�l�e� �e�x�t�e�n�d�e�d� 

�w�e�l�l� �p�a�s�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �c�e�n�t�e�r� �c�o�n�d�u�c�t�o�r�)� �s�o� �t�h�a�t� �a�n�y� 

�f�r�i�n�g�i�n�g� �f�i�e�l�d�s� �w�o�u�l�d� �s�t�a�y� �w�i�t�h�i�n� �t�h�e� �s�a�m�p�l�e�.� �D�u�r�i�n�g� �t�h�e� 

�c�o�u�r�s�e� �o�f� �t�h�e�s�e� �a�c�q�u�i�s�i�t�i�o�n�s� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �w�a�s� �a�l�s�o� 

�r�e�p�l�a�c�e�d� �w�i�t�h� �a� �p�r�e�c�i�s�i�o�n� �G�R�-�9�0�0� �s�h�o�r�t� �c�i�r�c�u�i�t� �o�n� �s�e�v�e�r�a�l� 

�o�c�c�a�s�i�o�n�s�,� �a�n�d� �t�h�e�s�e� �w�a�v�e�f�o�r�m�s� �w�e�r�e� �a�l�s�o� �a�c�q�u�i�r�e�d�.� 

�E�a�c�h� �a�c�q�u�i�r�e�d� �w�a�v�e�f�o�r�m� �w�a�s� �t�a�k�e�n� �w�i�t�h� �a� �r�e�s�o�l�u�t�i�o�n� �o�f� 

�1�0�2�4� �p�o�i�n�t�s� �o�v�e�r� �a� �t�i�m�e� �w�i�n�d�o�w� �o�f� �5� �n�s�,� �a�n�d� �e�a�c�h� �w�a�s� �a�v�e�r�a�g�e�d� 

�2�0�4�8� �t�i�m�e�s� �u�s�i�n�g� �t�h�e� �i�n�t�e�r�n�a�l� �r�o�u�t�i�n�e�s� �o�f� �t�h�e� �o�s�c�i�l�l�o�s�c�o�p�e�.� 

�T�h�i�s� �p�r�o�c�e�d�u�r�e� �i�s� �e�x�a�c�t�l�y� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�a�t� �u�s�e�d� �f�o�r� �t�h�e� 

�e�a�r�l�i�e�r� �c�o�a�x�i�a�l� �s�a�m�p�l�e� �h�o�l�d�e�r� �m�e�a�s�u�r�e�m�e�n�t�s�.� 

�I�n� �t�h�e� �s�a�m�e� �f�a�s�h�i�o�n� �a�s� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �S�,� �o�f� �t�h�e� 

�s�a�m�p�l�e� �h�o�l�d�e�r�/�s�a�m�p�l�e� �c�o�m�b�i�n�a�t�i�o�n� �m�a�y� �b�e� �e�v�a�l�u�a�t�e�d� �a�s� �m�i�n�u�s� 

�t�h�e� �q�u�o�t�i�e�n�t� �o�f� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� �w�a�v�e�f�o�r�m� 

�a�c�q�u�i�r�e�d� �u�s�i�n�g� �t�h�e� �s�a�m�p�l�e� �f�i�l�l�e�d� �l�i�n�e� �d�i�v�i�d�e�d� �b�y� �t�h�e� �F�o�u�r�i�e�r� 
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�t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� �w�a�v�e�f�o�r�m� �a�c�q�u�i�r�e�d� �u�s�i�n�g� �t�h�e� �l�i�n�e� �w�i�t�h� �t�h�e� 

�s�h�o�r�t�i�n�g� �b�a�r� �i�n�s�e�r�t�e�d�.� �T�h�i�s� �y�i�e�l�d�s� 

�A� �V�,�(�t�-�t�,�-�2�t�,�-�2�t�,�)�)� �§� �A�V�,�(�t�-�t�,�-�2�t�,�-�2�t�,�)�®�&� �s�,�(�t�)�)� 
�A�V�5�(�t�- ¬�,�-�2 ¬�,�-�2�t�,�)�)� �A� �-�V�,�(�t�-�t�,�-�2�t�,�-�2�¢�;�,�)� �)� 
� � � � �=� �S�,�(�w�)� 

�(�4�.�1�)� 

�w�h�e�r�e� �t�,� �i�s� �o�n�c�e� �a�g�a�i�n� �t�h�e� �t�i�m�e� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �s�t�e�p� 

�e�x�c�i�t�a�t�i�o�n� �t�o� �t�r�a�v�e�r�s�e� �t�h�e� �r�o�u�n�d� �t�r�i�p� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�s�a�m�p�l�i�n�g� �h�e�a�d� �a�n�d� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r�,� �t�,� �i�s� �t�h�e� �t�i�m�e� �r�e�q�u�i�r�e�d� 

�t�o� �t�r�a�v�e�r�s�e� �t�h�e� �o�n�e�-�w�a�y� �d�i�s�t�a�n�c�e� �t�h�r�o�u�g�h� �t�h�e� �a�i�r� �d�i�e�l�e�c�t�r�i�c� 

�p�o�r�t�i�o�n� �o�f� �t�h�e� �G�R�-�9�0�0� �c�o�n�n�e�c�t�o�r�,� �a�n�d� �t�,� �i�s� �t�h�e� �o�n�e�-�w�a�y� 

�t�r�a�n�s�i�t� �t�i�m�e� �t�h�r�o�u�g�h� �t�h�e� �t�e�f�l�o�n� �b�e�a�d�.� �T�h�e� �e�f�f�e�c�t� �o�f� �t�h�i�s� 

�a�c�t�i�o�n� �i�s� �t�o� �d�e�c�o�n�v�o�l�v�e� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �w�a�v�e�f�o�r�m� �f�r�o�m� �t�h�e� 

�r�e�f�l�e�c�t�e�d� �w�a�v�e�f�o�r�m� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �N�o�t�e� �t�h�a�t� �t�h�e� 

�p�l�a�n�e� �o�f� �t�h�e� �s�h�o�r�t� �c�i�r�c�u�i�t� �p�r�o�v�i�d�e�d� �b�y� �t�h�e� �s�h�o�r�t�i�n�g� �b�a�r� �i�s� �a�t� 

�t�h�e� �s�a�m�e� �p�o�i�n�t� �a�l�o�n�g� �t�h�e� �c�o�a�x�i�a�l� �l�i�n�e� �a�s� �t�h�e� �p�r�o�x�i�m�a�l� �p�l�a�n�e� 

�o�f� �t�h�e� �s�a�m�p�l�e� �s�o� �n�o� �p�h�a�s�e� �a�d�j�u�s�t�m�e�n�t� �i�s� �n�e�e�d�e�d�.� 

�T�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �w�a�v�e�f�o�r�m� �m�a�y� �b�e� 

�d�e�r�i�v�e�d� �i�n� �t�w�o� �o�t�h�e�r� �w�a�y�s� �f�r�o�m� �t�h�e� �a�c�q�u�i�r�e�d� �i�n�f�o�r�m�a�t�i�o�n�.� 

�U�n�d�e�r� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �a�i�r� �d�i�e�l�e�c�t�r�i�c� �a�n�d� �t�e�f�l�o�n� 

�f�i�l�l�e�d� �p�o�r�t�i�o�n�s� �o�f� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �c�o�n�t�r�i�b�u�t�e� �o�n�l�y� �p�h�a�s�e� 

�d�e�l�a�y� �e�f�f�e�c�t�s� �a�n�d� �u�s�i�n�g� �t�h�e� �t�i�m�e� �d�e�l�a�y� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� 

�F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�,� �a� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �w�a�v�e�f�o�r�m� �a�c�q�u�i�r�e�d� 

�u�s�i�n�g� �t�h�e� �p�r�e�c�i�s�i�o�n� �s�h�o�r�t� �c�i�r�c�u�i�t� �(�v�,�s�(�t�)�)�)� �w�i�t�h� �t�h�e� �w�a�v�e�f�o�r�m� 

�a�c�q�u�i�r�e�d� �u�s�i�n�g� �t�h�e� �s�h�o�r�t�i�n�g� �b�a�r� �y�i�e�l�d�s� 
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�-�(� �2�2� �V�f�R�a�i�r� �*� �2�+�b�V�/ ¬�r� �)� 
�A� �V�,�(�t�-�t�,�-�2�t�,�-�2�t�,�)� �)� �=� �¢� �(� �e� �)� �G�r� �a�i�r� �2� �t�e�f�l�o�n� �*�A�\�V�,�(�t�-�t�,�)� �)� 

�(�4�.�2�)� 

�w�h�e�r�e� �1�,� �a�n�d� �1�,� �a�r�e� �t�h�e� �l�e�n�g�t�h�s� �o�f� �t�h�e� �a�i�r� �d�i�e�l�e�c�t�r�i�c� �p�o�r�t�i�o�n� 

�o�f� �t�h�e� �l�i�n�e� �a�n�d� �t�h�e� �t�e�f�l�o�n� �b�e�a�d� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�n� �t�h�e� �s�a�m�e� 

�f�a�s�h�i�o�n�,� �t�h�e� �w�a�v�e�f�o�r�m� �a�c�q�u�i�r�e�d� �f�r�o�m� �t�h�e� �a�i�r� �f�i�l�l�e�d� �s�a�m�p�l�e� 

�h�o�l�d�e�r� �r�e�p�r�e�s�e�n�t�s� �a� �p�h�a�s�e� �d�e�l�a�y�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� 

�w�a�v�e�f�o�r�m� �p�r�e�s�e�n�t� �a�t� �t�h�e� �p�r�o�x�i�m�a�l� �p�l�a�n�e� �o�f� �t�h�e� �s�a�m�p�l�e� �s�o� �t�h�a�t� 

�+�(� �4�2�)� �(�2�1� �f�e�r�n�)� 
�A� �V�,�(�t�-�t�,�-�2�t�,�-�2�t�,�)�)� �=�e� �(�7�1�)� �@�2�V�S�r�a�i�e� �-�A�V�,�(�t�-�t�)�-�2�t�,�-�2�t�,�-�2�t�,�.�)� �)� 

�(�4�.�3�)� 

�w�h�e�r�e� �1� �a�n�d� �t�,�,� �r�e�p�r�e�s�e�n�t� �t�h�e� �l�e�n�g�t�h� �a�n�d� �o�n�e� �w�a�y� �t�r�a�n�s�i�t� �t�i�m�e� 

�o�f� �t�h�e� �c�e�n�t�e�r� �c�o�n�d�u�c�t�o�r�.� 

�T�h�e� �e�l�e�c�t�r�i�c�a�l� �l�e�n�g�t�h� �o�f� �t�h�e� �c�e�n�t�e�r� �c�o�n�d�u�c�t�o�r� �i�s� �s�u�b�j�e�c�t� 

�t�o� �s�o�m�e� �a�m�b�i�g�u�i�t�y� �d�u�e� �t�o� �t�h�e� �f�r�i�n�g�i�n�g� �f�i�e�l�d�s� �p�r�e�s�e�n�t� �a�t� �t�h�e� 

�a�b�r�u�p�t� �o�p�e�n� �c�i�r�c�u�i�t� �t�e�r�m�i�n�a�t�i�o�n�.� �T�h�e� �p�r�o�b�l�e�m� �w�a�s� �d�i�s�c�u�s�s�e�d� 

�i�n� �a� �p�a�p�e�r� �b�y� �S�o�m�l�o� �[�5�7�]� �w�h�o� �d�e�t�e�r�m�i�n�e�d� �t�h�a�t� �t�h�i�s� �e�f�f�e�c�t� 

�c�o�u�l�d� �b�e� �m�o�d�e�l�e�d� �a�s� �a� �c�a�p�a�c�i�t�i�v�e� �t�e�r�m�i�n�a�t�i�o�n� �w�h�i�c�h� �c�o�u�l�d� �i�n� 

�t�u�r�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a�n� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� �p�h�y�s�i�c�a�l� �l�i�n�e�.� 

�B�u�s�s�e�y� �g�i�v�e�s� �a�n� �e�q�u�a�t�i�o�n� �w�h�i�c�h� �q�u�a�n�t�i�f�i�e�s� �t�h�e� �a�m�o�u�n�t� �o�f� 

�e�x�t�e�n�s�i�o�n� �n�e�e�d�e�d� �f�o�r� �d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �p�e�r�m�i�t�t�i�v�i�t�i�e�s� 

�[�3�8�]� 

�1�0�0



�d�'� �=� �(�b�-�a�)� �(�0�.�6�0�3�4�+�0�.�9�4�6�4�x�7�4�+�1�8�.�1�8�x�%�°�°�1�2�7�)� � �x�<�0�.�3� 

�£� �b� �y�e�h� �(�4�.�4�)� 
�C�c� 

�w�h�e�r�e� �x�=� 

�a�n�d� �a� �=� �i�n�n�e�r� �c�o�n�d�u�c�t�o�r� �r�a�d�i�u�s� 
�b� �=� �o�u�t�e�r� �c�o�n�d�u�c�t�o�r� �i�n�s�i�d�e� �r�a�d�i�u�s� 

�b�u�t� �d�o�e�s� �n�o�t� �c�a�r�r�y� �h�i�s� �r�e�s�u�l�t�s� �p�a�s�t� �x�=�0�.�3�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� 

�a� �f�r�e�q�u�e�n�c�y� �o�f� �a�b�o�u�t� �1�.�2� �G�H�z� �f�o�r� �t�h�e� �w�e�t� �s�a�m�p�l�e�s� �( ¬�, ��=�2�5�)�.� 

�S�i�n�c�e� �t�h�i�s� �i�n�v�e�s�t�i�g�a�t�i�o�n� �c�o�v�e�r�s� �f�r�e�q�u�e�n�c�i�e�s� �w�e�l�l� �p�a�s�t� �t�h�i�s� 

�p�o�i�n�t�,� �a�n�o�t�h�e�r� �e�q�u�a�t�i�o�n� �w�a�s� �d�e�r�i�v�e�d� �t�o� �f�i�t� �S�o�m�l�o ��s� �d�a�t�a� �f�o�r� 

�t�h�e� �r�e�g�i�o�n� �0�.�3� �<� �x� �<� �0�.�3�8�2�7�4�.� 

�d �� �=� �(�b�-�a�)� �(�2�.�1�8�7�6�E�-�9�e�4�9�-�§�7�5�9�*� �+� �9�.�5�9�4�2�e�°�-�8�3�9�9�X�)� �0�.�3�<� �x� �<�0�.�3�8�2�7� 

�(�4�.�5�)� 

�T�h�i�s� �u�p�p�e�r� �b�o�u�n�d� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �o�n�s�e�t� �o�f� �T�E�,�,� �p�r�o�p�a�g�a�t�i�o�n�,� 

�a�n�d� �S�o�m�l�o� �p�o�i�n�t�s� �o�u�t� �t�h�a�t� �a� �v�i�r�t�u�a�l� �s�h�o�r�t� �c�i�r�c�u�i�t� �i�s� �p�r�o�d�u�c�e�d� 

�a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �i�n�n�e�r� �c�o�n�d�u�c�t�o�r� �f�o�r� �f�r�e�q�u�e�n�c�i�e�s� �a�b�o�v�e� �t�h�i�s� 

�v�a�l�u�e�,� �l�e�a�d�i�n�g� �t�o� �a� �l�i�n�e� �e�x�t�e�n�s�i�o�n� �o�f� �\�/�4�.� 

�T�h�e� �c�a�l�i�b�r�a�t�e�d� �s�h�o�r�t� �c�i�r�c�u�i�t� �d�o�e�s� �n�o�t� �s�u�f�f�e�r� �f�r�o�m� �t�h�i�s� 

�a�m�b�i�g�u�i�t�y� �h�o�w�e�v�e�r�,� �a�n�d� �w�a�s� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �t�h�e� �s�h�o�r�t�i�n�g� �b�a�r� 

�t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�f�e�r�e�n�c�e� �e�x�c�i�t�a�t�i�o�n� �w�a�v�e�f�o�r�m� �f�o�r� �t�h�e� �w�e�t� 

�s�a�m�p�l�e�s�.� �T�h�e� �s�h�o�r�t�i�n�g� �b�a�r� �i�n� �t�h�o�s�e� �c�a�s�e�s� �w�a�s� �f�o�u�n�d� �t�o� 

�p�r�o�d�u�c�e� �a� �m�u�c�h� �l�a�r�g�e�r� �e�x�p�e�r�i�m�e�n�t�a�l� �s�p�r�e�a�d� �b�e�t�w�e�e�n� �s�u�c�c�e�s�s�i�v�e� 

�s�e�r�i�e�s� �o�f� �a�c�q�u�i�s�i�t�i�o�n�s� �a�n�d� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �s�l�i�g�h�t� 

�e�c�c�e�n�t�r�i�c�i�t�i�e�s� �a�r�e� �p�r�e�s�e�n�t� �i�n� �e�i�t�h�e�r� �t�h�e� �i�n�n�e�r� �o�r� �o�u�t�e�r� 

�s�u�r�f�a�c�e�s� �o�f� �t�h�e� �b�a�r�.� �T�h�e�s�e� �a�p�p�a�r�e�n�t�l�y� �p�r�o�d�u�c�e� �p�h�a�s�e� �e�r�r�o�r�s� 
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�i�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �w�h�i�c�h� �a�r�e� �m�a�g�n�i�f�i�e�d� �d�u�e� �t�o� �t�h�e� �r�e�l�a�t�i�v�e�l�y� 

�l�a�r�g�e� �v�a�l�u�e�s� �o�f� �p�e�r�m�i�t�t�i�v�i�t�y� �i�n� �t�h�e� �m�e�a�s�u�r�e�d� �s�a�m�p�l�e�s�.� �N�o� 

�s�u�c�h� �d�i�f�f�i�c�u�l�t�y� �w�a�s� �n�o�t�i�c�e�a�b�l�e� �i�n� �t�h�e� �d�r�y� �s�a�n�d� �a�c�q�u�i�s�i�t�i�o�n�s� 

�a�n�d� �f�o�r� �t�h�e�s�e� �t�h�e� �s�h�o�r�t�i�n�g� �b�a�r� �p�r�o�d�u�c�e�d� �a�c�c�e�p�t�a�b�l�e� �r�e�s�u�l�t�s�.� 

�M�A�T�H�E�M�A�T�I�C�A�L� �A�L�G�O�R�I�T�H�M�S� 

�T�h�r�e�e� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �w�e�r�e� �u�s�e�d� �t�o� �d�e�r�i�v�e� �p�e�r�m�i�t�t�i�v�i�t�y� 

�i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �c�o�a�x�i�a�l� �s�a�m�p�l�e� �h�o�l�d�e�r� �d�a�t�a�.� 

�T�w�o� �o�f� �t�h�e�s�e� �r�e�l�i�e�d� �u�p�o�n� �S� �p�a�r�a�m�e�t�e�r� �i�n�f�o�r�m�a�t�i�o�n� �a�n�d� �t�h�e� 

�t�h�i�r�d� �w�a�s� �b�a�s�e�d� �u�p�o�n� �i�m�p�e�d�a�n�c�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� 

�T�h�e� �f�i�r�s�t� �e�q�u�a�t�i�o�n� �u�s�e�d� �w�a�s� �d�e�r�i�v�e�d� �u�s�i�n�g� �t�h�e� �b�o�u�n�c�e� 

�d�i�a�g�r�a�m� �f�o�r� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �h�o�l�d�e�r� �(�f�i�g�u�r�e� �4�.�3�)�.� �T�h�i�s� �g�i�v�e�s� 

�a�n� �e�q�u�a�t�i�o�n� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�o�t�a�l� �r�e�f�l�e�c�t�i�o�n� �f�r�o�m� �t�h�e� 

�s�a�m�p�l�e�.� 

�S�,�(�w�)� �=� �p�+�(�1�-�p�?�)� �t�#�+�(�1�-�p�?�)� �(�-�p�)� �t�*�+�(�1�-�p�?�)� �(�-�p�)� �2�4�%� �+�.�.�.� 
�=� �p�+�(�1�-�p�?�)�t�?� �[�1�+�(�-�p�t�?�)� �+�(�-�p�t�?�)�2�+�(�-�p�r�?�)�2�.�.�]� �(�4�-�6�)� 

�L�+�p�t�?� 

�O�n�c�e� �a�g�a�i�n�,� �t�h�e� �1� �u�s�e�d� �i�n� �c�a�l�c�u�l�a�t�i�n�g� �1�(�w�)� �i�n�c�o�r�p�o�r�a�t�e�d� �t�h�e� 

�S�o�m�l�o�/�B�u�s�s�e�y� �l�e�n�g�t�h� �e�x�t�e�n�s�i�o�n� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �c�a�p�a�c�i�t�i�v�e� 

�f�r�i�n�g�i�n�g� �f�i�e�l�d�.� 

�T�h�e� �s�e�c�o�n�d� �e�q�u�a�t�i�o�n� �u�s�e�d� �c�o�m�e�s� �f�r�o�m� �a�n� �u�n�p�u�b�l�i�s�h�e�d� �p�a�p�e�r� 

�[�A�p�p�e�n�d�i�x� �C�]� �w�h�i�c�h� �i�n�v�e�s�t�i�g�a�t�e�s� �t�h�e� �e�r�r�o�r� �s�e�n�s�i�t�i�v�i�t�i�e�s� �o�f� 

�t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �c�o�a�x�i�a�l� �h�o�l�d�e�r� �f�o�r� �b�o�t�h� �t�h�e� �c�o�m�p�e�n�s�a�t�e�d� �a�n�d� 
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�1� �|� 

�T�e� 

�(�1�-�p�2�)� �r�2� �_�<� 

�(�1�-�p�*�)� �(�-�p�)� �r�*�  � ��<� �|� 

�(�1�-�9�2�)� �(�=�p�)�?�r�6�  � ��S�A� � � � � 
�F�i�g�u�r�e� �4�.�3�:� �B�o�u�n�c�e� �D�i�a�g�r�a�m� �f�o�r� �t�h�e� �O�p�e�n� �C�i�r�c�u�i�t�e�d� 

�C�o�a�x�i�a�l� �C�e�l�l� 
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�u�n�c�o�m�p�e�n�s�a�t�e�d� �c�a�s�e�s� �w�h�e�r�e� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �b�e�i�n�g� �m�a�d�e� �u�s�i�n�g� 

�t�h�e� �H�P�-�8�5�1�0� �A�N�A�.� �F�o�r� �t�h�e� �c�o�m�p�e�n�s�a�t�e�d� �b�e�a�d� �c�a�s�e� �t�h�e� �e�q�u�a�t�i�o�n� 

�d�e�r�i�v�e�d� �i�s� 

 ��+�_�-�t�a�n�h� �(�y�1�)� 

�S�,�(�w�)� �=� �u�e�:� � � �1�  ��+�t�a�n�h� �(�y�l�)� �(�4�.�7�)� 
�V�E�r� 

�.�  ¬� 
�w�h�e�r�e� �Y�=� �j�o�i�e�,� 

�T�h�e� �l�a�s�t� �m�e�t�h�o�d� �u�s�e�d� �w�a�s� �d�e�r�i�v�e�d� �b�y� �C�o�l�e� �i�n� �t�h�e� �s�a�m�e� 

�p�a�p�e�r� �[�{�7�,�8�]� �w�h�i�c�h� �f�u�r�n�i�s�h�e�d� �o�n�e� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�s� �u�s�e�d� �i�n� �t�h�e� 

�p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�.� �T�h�i�s� �a�l�g�o�r�i�t�h�m� �r�e�l�i�e�s� �o�n� �a�d�m�i�t�t�a�n�c�e� 

�m�e�a�s�u�r�e�m�e�n�t�s� �t�o� �d�e�r�i�v�e� �p�e�r�m�i�t�t�i�v�i�t�y� �i�n�f�o�r�m�a�t�i�o�n� �a�n�d� �w�a�s� 

�a�t�t�r�a�c�t�i�v�e� �b�e�c�a�u�s�e� �t�h�e� �o�r�i�g�i�n�a�l� �w�o�r�k� �w�a�s� �d�o�n�e� �i�n� �t�h�e� �t�i�m�e� 

�d�o�m�a�i�n� �a�n�d� �a�l�s�o� �b�e�c�a�u�s�e� �t�h�e� �e�r�r�o�r� �a�n�a�l�y�s�i�s� �f�r�o�m� �t�h�e� �l�a�s�t� 

�c�h�a�p�t�e�r� �s�e�e�m�e�d� �t�o� �i�n�d�i�c�a�t�e� �t�h�e� �i�m�p�e�d�a�n�c�e� �d�e�r�i�v�e�d� �v�a�l�u�e�s� �s�h�o�w� 

�m�u�c�h� �l�o�w�e�r� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �e�x�p�e�r�i�m�e�n�t�a�l� �e�r�r�o�r�s�.� �T�h�e� �e�q�u�a�t�i�o�n� 

�u�s�e�d� �i�s� 

� � �E ¬�,� �=� 
�*� �(�F�R�)� �(�4�.�8�)� �j�o� �1� �V�+�R� 

�C�c� 

�w�h�e�r�e� �V� �a�n�d� �R� �r�e�p�r�e�s�e�n�t� �t�h�e� �i�n�c�i�d�e�n�t� �a�n�d� �r�e�f�l�e�c�t�e�d� �w�a�v�e�f�r�o�n�t�s� 

�o�f� �t�h�e� �s�a�m�p�l�e�.� 
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�A�l�l� �t�h�r�e�e� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �u�s�e�d� �w�i�t�h� �s�o�m�e� 

�t�r�e�p�i�d�a�t�i�o�n� �i�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �w�e�t� �s�a�n�d� �s�a�m�p�l�e�s� �a�s� �a�l�l� �t�h�r�e�e� 

�m�o�d�e�l� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �s�t�e�a�d�y�-�s�t�a�t�e� �c�a�s�e� �o�f� �t�o�t�a�l� 

�r�e�f�l�e�c�t�i�o�n�.� �A�t� �3�0� �c�m�/�n�s� �a� �w�a�v�e�f�r�o�n�t� �c�o�u�l�d� �n�o�r�m�a�l�l�y� �m�a�k�e� �o�v�e�r� 

�7� �r�o�u�n�d� �t�r�i�p�s� �t�h�r�o�u�g�h� �t�h�e� �a�i�r� �f�i�l�l�e�d� �s�a�m�p�l�e� �h�o�l�d�e�r� �w�i�t�h�i�n� �t�h�e� 

�5� �n�s� �a�c�q�u�i�s�i�t�i�o�n� �w�i�n�d�o�w�.� �T�h�i�s� �n�u�m�b�e�r� �i�s �� �i�n�v�e�r�s�e�l�y� 

�p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �s�q�u�a�r�e� �r�o�o�t� �o�f� �t�h�e� �r�e�a�l� �p�a�r�t� �o�f�  ¬�,� �a�n�d� 

�f�a�l�l�s� �t�o� �j�u�s�t� �o�v�e�r� �4� �i�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �f�i�l�l�e�d� 

�w�i�t�h� �d�r�y� �s�a�n�d�.� �T�h�i�s� �s�t�i�l�l� �a�p�p�e�a�r�s� �t�o� �b�e� �a�d�e�q�u�a�t�e� �t�o� �r�e�c�o�v�e�r� 

�m�o�s�t� �o�f� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �i�n�f�o�r�m�a�t�i�o�n� �a�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� 

�f�i�g�u�r�e� �4�.�4�.� �I�n� �t�h�i�s� �f�i�g�u�r�e� �t�h�e� �r�e�f�l�e�c�t�e�d� �w�a�v�e�f�o�r�m� �f�r�o�m� �t�h�e� 

�d�r�y� �s�a�n�d� �i�s� �p�l�o�t�t�e�d� �a�l�o�n�g� �w�i�t�h� �t�h�e� �r�e�f�l�e�c�t�e�d� �w�a�v�e�f�o�r�m� �f�r�o�m� 

�t�h�e� �a�i�r� �f�i�l�l�e�d� �s�a�m�p�l�e� �h�o�l�d�e�r�.� �N�o�t�e� �t�h�a�t� �t�h�e� �d�r�y� �s�a�n�d� 

�w�a�v�e�f�o�r�m� �s�h�o�w�s� �v�e�r�y� �l�i�t�t�l�e� �v�a�r�i�a�t�i�o�n� �d�u�e� �t�o� �i�t�s� �l�a�s�t� 

�r�e�f�l�e�c�t�i�o�n� �a�n�d� �t�h�a�t� �i�t� �c�l�o�s�e�l�y� �a�p�p�r�o�a�c�h�e�s� �t�h�e� �s�a�m�e� �f�i�n�a�l� 

�v�a�l�u�e� �a�s� �t�h�e� �a�i�r� �w�a�v�e�f�o�r�n�.� 

�T�h�e� �s�i�t�u�a�t�i�o�n� �i�s� �n�o�t�i�c�e�a�b�l�y� �d�i�f�f�e�r�e�n�t� �i�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� 

�s�a�n�d� �a�n�d� �w�a�t�e�r� �s�a�m�p�l�e� �p�l�o�t�t�e�d� �i�n� �f�i�g�u�r�e� �4�.�5�.� �O�n�l�y� �t�w�o� 

�r�e�f�l�e�c�t�i�o�n�s� �h�a�v�e� �o�c�c�u�r�r�e�d�,� �t�h�e� �f�i�r�s�t� �f�r�o�m� �t�h�e� �p�r�o�x�i�m�a�l� �f�a�c�e� 

�o�f� �t�h�e� �s�a�m�p�l�e� �a�n�d� �t�h�e� �s�e�c�o�n�d� �f�r�o�m� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �a�t� �t�h�e� �e�n�d� 

�o�f� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r�.� �T�h�e� �r�e�f�l�e�c�t�e�d� �w�a�v�e�f�o�r�m� �d�o�e�s� �n�o�t� 

�a�p�p�r�o�a�c�h� �t�h�e� �a�i�r� �f�i�l�l�e�d� �s�a�m�p�l�e� �h�o�l�d�e�r� �f�i�n�a�l� �v�a�l�u�e� �a�n�d� �d�o�e�s� 

�n�o�t� �e�v�e�n� �r�e�a�c�h� �t�h�e� �s�a�m�e� �a�m�p�l�i�t�u�d�e� �i�t� �w�a�s� �i�n�j�e�c�t�e�d� �a�t�.� �T�h�e� 

�i�n�i�t�i�a�l� �d�r�o�p� �i�n� �r�e�f�l�e�c�t�i�o�n� �a�m�p�l�i�t�u�d�e� �i�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �a� 

�h�i�g�h� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �i�n� �t�h�e� �l�i�n�e�,� �a�n�d� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� 
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�w�a�v�e�f�r�o�n�t� �r�e�t�u�r�n�e�d� �f�r�o�m� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �i�s� �a�t� �l�e�s�s� �t�h�a�n� �i�t�s� 

�i�n�i�t�i�a�l� �a�m�p�l�i�t�u�d�e� �s�h�o�w�s� �t�h�a�t� �a� �s�i�g�n�i�f�i�c�a�n�t� �l�o�s�s� �i�s� �o�c�c�u�r�r�i�n�g� 

�i�n� �t�h�e� �m�e�d�i�u�m�.� �T�h�i�s� �i�s� �e�v�e�n� �m�o�r�e� �e�v�i�d�e�n�t� �i�n� �f�i�g�u�r�e� �4�.�6�,� 

�w�h�e�r�e� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�a�n�d� �a�n�d� �s�a�l�t�w�a�t�e�r� 

�s�a�m�p�l�e� �i�s� �p�l�o�t�t�e�d�.� �H�e�r�e�,� �t�h�e� �p�r�o�x�i�m�a�l� �f�a�c�e� �r�e�f�l�e�c�t�i�o�n� �d�r�o�p�s� 

�a�l�m�o�s�t� �t�o� �z�e�r�o� �i�m�m�e�d�i�a�t�e�l�y� �(�a� �n�e�a�r� �s�h�o�r�t� �c�i�r�c�u�i�t� �i�n�d�i�c�a�t�i�o�n�)� 

�a�n�d� �n�o� �e�f�f�e�c�t� �f�r�o�m� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �r�e�f�l�e�c�t�i�o�n� �i�s� �v�i�s�i�b�l�e� �i�n� 

�t�h�e� �w�a�v�e�f�o�r�n�.� 

�I�n� �o�r�d�e�r� �t�o� �t�e�s�t� �t�h�e� �c�o�n�j�e�c�t�u�r�e� �t�h�a�t� �t�h�e� �r�e�f�l�e�c�t�i�o�n� 

�i�n�f�o�r�m�a�t�i�o�n� �a�c�q�u�i�r�e�d� �d�i�d� �n�o�t� �i�n�c�l�u�d�e� �t�h�e� �t�o�t�a�l� �r�e�s�p�o�n�s�e�,� �t�h�e� 

�f�i�r�s�t� �t�w�o� �t�e�r�m�s� �o�f� �e�q�u�a�t�i�o�n� �4�.�6� �(�r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �f�i�r�s�t� 

�p�r�o�x�i�m�a�l� �f�a�c�e� �r�e�f�l�e�c�t�i�o�n� �a�n�d� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �r�e�f�l�e�c�t�i�o�n�)� 

�w�e�r�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �d�a�t�a� �a�n�d� �s�o�l�v�e�d�.� �T�h�e� �r�e�s�u�l�t�s� �w�e�r�e� �w�i�t�h�i�n� 

�2�%� �f�o�r� �t�h�e� �s�a�n�d� �a�n�d� �w�a�t�e�r� �c�a�s�e� �a�n�d� �w�i�t�h�i�n� �m�a�c�h�i�n�e� �e�r�r�o�r� 

�b�o�u�n�d�s� �f�o�r� �t�h�e� �s�a�n�d� �a�n�d� �s�a�l�t�w�a�t�e�r� �c�a�s�e� �l�e�a�d�i�n�g� �t�o� �t�h�e� 

�o�b�s�e�r�v�a�t�i�o�n� �t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� �l�o�s�s�e�s� �c�o�m�b�i�n�e�d� �w�i�t�h� �t�h�e� 

�r�e�l�a�t�i�v�e�l�y� �l�o�n�g� �s�a�m�p�l�e�s� �a�l�l�o�w�s� �t�h�e�s�e� �m�e�a�s�u�r�e�m�e�n�t�s� �t�o� �b�e� 

�a�d�e�q�u�a�t�e�l�y� �m�o�d�e�l�e�d� �a�s� �t�o�t�a�l� �r�e�f�l�e�c�t�i�o�n�s�.� 

�E�X�P�E�R�I�M�E�N�T�A�L� �R�E�S�U�L�T�S� 

�T�h�e� �s�a�m�e� �t�h�r�e�e� �m�a�t�e�r�i�a�l� �c�o�m�p�o�s�i�t�i�o�n�s� �w�e�r�e� �s�t�u�d�i�e�d� �i�n� 

�t�h�i�s� �s�e�r�i�e�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s� �a�s� �i�n� �t�h�e� �l�a�s�t� �c�h�a�p�t�e�r�.� �T�h�e�s�e� 

�w�e�r�e� �d�r�y� �s�a�n�d�,� �s�a�n�d� �s�a�t�u�r�a�t�e�d� �w�i�t�h� �w�a�t�e�r�,� �a�n�d� �s�a�n�d� �s�a�t�u�r�a�t�e�d� 

�w�i�t�h� �a� �s�o�l�u�t�i�o�n� �o�f� �1�N�.� �s�a�l�t�w�a�t�e�r�.� �T�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�a�m�p�l�e� 

�1�0�8



� � 

� � 

� � � � 
� � � 
� � � � � � � � 

�a� �e�e� 

�0�.�4�6� �a�n� 

�n� �0�.�3� �2� 

�+� �r� 
�©� �r� 

�>� �0�.�2�5� �:� 

�O�.�1�F� �;� 

�0�.�9� �b�w� �U�E�S� �S�e� 

�0� �1� �2� �3� �4� �5� 
�T�i�m�e� �i�n�o�n�s�.� 

�F�i�g�u�r�e� �4�.�6�:� �T�i�m�e� �D�o�m�a�i�n� �R�e�s�p�o�n�s�e� �o�f� �A�i�r� �a�n�d� �S�a�l�t�w�a�t�e�r� �S�a�n�d� 

�1�0�9



�h�o�l�d�e�r� �i�n�c�r�e�a�s�e�d� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �v�o�i�d�s� �i�n� �t�h�e� �s�a�m�p�l�e�,� �s�o� 

�a� �v�i�b�r�a�t�i�n�g� �t�a�b�l�e� �w�a�s� �u�s�e�d� �t�o� �h�e�l�p� �a�s�s�u�r�e� �e�v�e�n� �d�i�s�t�r�i�b�u�t�i�o�n� 

�d�u�r�i�n�g� �t�h�e� �f�i�l�l�i�n�g� �p�r�o�c�e�s�s� �a�n�d� �t�h�e� �w�e�t� �s�a�m�p�l�e�s� �w�e�r�e� 

�i�n�t�r�o�d�u�c�e�d� �i�n� �s�m�a�l�l� �q�u�a�n�t�i�t�i�e�s� �a�n�d� �s�l�i�g�h�t�l�y� �p�a�c�k�e�d� �d�u�r�i�n�g� 

�i�n�t�r�o�d�u�c�t�i�o�n�.� �A�d�d�i�t�i�o�n�a�l� �a�m�o�u�n�t�s� �o�f� �l�i�q�u�i�d� �w�e�r�e� �a�l�s�o� �a�d�d�e�d� 

�t�o� �t�h�e� �w�e�t� �s�a�m�p�l�e�s� �a�s� �n�e�c�e�s�s�a�r�y� �d�u�r�i�n�g� �p�a�c�k�i�n�g� �t�o� �m�a�i�n�t�a�i�n� 

�t�h�e� �s�a�n�d� �i�n� �a� �t�h�o�r�o�u�g�h�l�y� �s�a�t�u�r�a�t�e�d� �s�t�a�t�e�.� �O�n�c�e� �a�g�a�i�n�,� �f�i�v�e� 

�s�e�t�s� �o�f� �a�c�q�u�i�s�i�t�i�o�n�s� �w�e�r�e� �t�a�k�e�n� �f�o�r� �e�a�c�h� �m�a�t�e�r�i�a�l� �a�n�d� �t�h�e� 

�g�r�a�p�h�s� �i�n�d�i�c�a�t�e� �t�h�e� �a�v�e�r�a�g�e� �p�e�r�m�i�t�t�i�v�i�t�i�e�s� �a�n�d� �t�h�e� �m�a�x�i�m�u�m� 

�a�n�d� �m�i�n�i�m�u�m� �e�x�c�u�r�s�i�o�n�s� �f�r�o�m� �t�h�o�s�e� �v�a�l�u�e�s�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �d�r�y� �s�a�n�d� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� 

�i�n� �f�i�g�u�r�e�s� �4�.�7� �t�h�r�o�u�g�h� �4�.�9�.� �T�h�e� �e ¬ �� �r�e�s�u�l�t�s� �a�r�e� �v�e�r�y� �n�e�a�r�l�y� 

�t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �m�e�a�s�u�r�e�d� �u�s�i�n�g� �t�h�e� �m�a�t�c�h� �t�e�r�m�i�n�a�t�e�d� �c�o�a�x�i�a�l� 

�s�a�m�p�l�e� �h�o�l�d�e�r� �a�n�d� �t�h�e� �S�,�,� �a�n�d� �m�o�d�i�f�i�e�d� �C�o�l�e� �a�l�g�o�r�i�t�h�m�s�,� �b�u�t� 

�t�w�o� �d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �i�m�m�e�d�i�a�t�e�l�y� �a�p�p�a�r�e�n�t�.� �T�h�e� �l�o�w� �f�r�e�q�u�e�n�c�y� 

�i�n�s�t�a�b�i�l�i�t�y� �i�s� �g�o�n�e�,� �w�h�i�c�h� �a�d�d�s� �c�r�e�d�e�n�c�e� �t�o� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� 

�t�h�a�t� �i�t� �w�a�s� �c�a�u�s�e�d� �b�y� �a� �r�e�s�i�d�u�a�l� �e�f�f�e�c�t� �o�f� �t�h�e� �t�e�f�l�o�n� 

�w�a�s�h�e�r�s�,� �a�n�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�p�r�e�a�d� �i�s� �s�o�m�e�w�h�a�t� �s�m�a�l�l�e�r� 

�b�e�t�w�e�e�n� �d�i�f�f�e�r�e�n�t� �a�c�q�u�i�s�i�t�i�o�n�s�.� �T�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �c�o�a�x�i�a�l� 

�s�a�m�p�l�e� �h�o�l�d�e�r� �a�l�s�o� �s�e�e�m�s� �t�o� �i�n�d�i�c�a�t�e� �a� �s�l�i�g�h�t�l�y� �h�i�g�h�e�r� �v�a�l�u�e� 
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�t�h�e� �e�f�f�e�c�t� �i�s� �d�u�e� �t�o� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �f�a�c�t�o�r�s� �i�n�c�l�u�d�i�n�g� 

�l�o�s�s�e�s� �i�n� �t�h�e� �s�a�m�p�l�e� �a�n�d� �l�i�m�i�t�a�t�i�o�n�s� �o�f� �i�n�s�t�r�u�m�e�n�t� 

�s�e�n�s�i�t�i�v�i�t�y�,� �a�s� �w�e�l�l� �a�s� �p�o�s�s�i�b�l�e� �r�e�s�o�n�a�n�c�e� �e�f�f�e�c�t�s�.� 

�P�e�r�m�i�t�t�i�v�i�t�i�e�s� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �s�a�n�d� �a�n�d� �s�a�l�t�w�a�t�e�r� 

�m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �g�r�a�p�h�e�d� �i�n� �f�i�g�u�r�e�s� �4�.�1�4� �t�h�r�o�u�g�h� �4�.�1�6�.� �A�n� 

�o�s�c�i�l�l�a�t�i�o�n� �o�f� �s�i�m�i�l�a�r� �a�m�p�l�i�t�u�d�e� �a�n�d� �f�r�e�q�u�e�n�c�y� �t�o� �t�h�a�t� �o�f� �t�h�e� 

�s�a�n�d� �a�n�d� �w�a�t�e�r� �m�e�a�s�u�r�e�m�e�n�t�s� �i�s� �a�g�a�i�n� �p�r�e�s�e�n�t� �i�n� �é ¬�, �� �b�u�t� �t�h�i�s� 

�t�i�m�e� �i�t� �e�x�t�e�n�d�s� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �m�e�a�s�u�r�e�m�e�n�t� �b�a�n�d�w�i�d�t�h�.� �T�h�e� 

�p�e�r�m�i�t�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �l�o�w�e�s�t� �f�r�e�q�u�e�n�c�y� �i�s� 

�i�n�o�r�d�i�n�a�t�e�l�y� �h�i�g�h� �a�n�d� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �i�n� �e�r�r�o�r�.� �F�i�n�a�l�l�y�,� 

�t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �1�/�f� �s�h�a�p�e� �w�h�i�c�h� �i�n�d�i�c�a�t�e�s� �i�o�n�i�c� �c�o�n�d�u�c�t�i�o�n� 

�i�s� �c�l�e�a�r�l�y� �p�r�e�s�e�n�t� �i�n� �t�h�e� �e ¬�, � �� �c�u�r�v�e�s�.� 

�T�h�e� �w�e�t� �s�a�m�p�l�e� �c�u�r�v�e�s� �i�n� �t�h�i�s� �s�e�r�i�e�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s� 

�i�n�d�i�c�a�t�e� �a� �s�l�i�g�h�t�l�y� �h�i�g�h�e�r� �v�a�l�u�e� �o�f� �p�e�r�m�i�t�t�i�v�i�t�y� �t�h�a�n� �t�h�o�s�e� 

�o�f� �t�h�e� �m�a�t�c�h� �t�e�r�m�i�n�a�t�e�d� �c�o�a�x�i�a�l� �s�a�m�p�l�e� �h�o�l�d�e�r� �e�x�p�e�r�i�m�e�n�t�s�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �c�h�o�i�c�e� �o�f� �1�0�0�%� �m�o�i�s�t�u�r�e� �s�a�t�u�r�a�t�i�o�n� �w�a�s� �m�a�d�e� �t�o� 

�t�r�y� �t�o� �p�r�e�v�e�n�t� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �l�e�v�e�l� �o�f� �m�o�i�s�t�u�r�e� �b�e�t�w�e�e�n� 

�t�h�e� �v�a�r�i�o�u�s� �d�i�f�f�e�r�e�n�t� �s�a�m�p�l�e� �s�a�m�p�l�e�s�,� �i�t� �i�s� �l�i�k�e�l�y� �t�h�a�t� �s�o�m�e� 

�m�o�i�s�t�u�r�e� �w�a�s� �l�o�s�t� �i�n� �t�h�e� �m�a�t�c�h� �t�e�r�m�i�n�a�t�e�d� �s�a�m�p�l�e� �h�o�l�d�e�r� 

�e�x�p�e�r�i�m�e�n�t�s� �d�u�e� �t�o� �t�h�e� �p�r�e�s�s�u�r�e� �n�e�e�d�e�d� �t�o� �f�o�r� �t�h�e� �t�e�f�l�o�n� 

�w�a�s�h�e�r�/�s�a�m�p�l�e� �c�o�m�b�i�n�a�t�i�o�n� �i�n�t�o� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �i�n� �t�h�o�s�e� 

�m�e�a�s�u�r�e�m�e�n�t�s�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �w�a�t�e�r� �r�e�p�e�l�l�a�n�t� �p�r�o�p�e�r�t�i�e�s� �o�f� 

�t�h�e� �t�e�f�l�o�n� �i�t�s�e�l�f�.� �T�h�i�s� �c�o�u�l�d� �e�a�s�i�l�y� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �s�m�a�l�l� 

�@�a�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e�s�.� 
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�E�R�R�O�R� �A�N�A�L�Y�S�I�S� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �l�a�s�t� �c�h�a�p�t�e�r� �s�e�e�m�e�d� �t�o� �i�n�d�i�c�a�t�e� �t�h�a�t� 

�r�e�p�e�a�t�a�b�i�l�i�t�y� �m�i�g�h�t� �b�e� �a� �m�a�j�o�r� �e�r�r�o�r� �f�a�c�t�o�r� �i�n� �t�h�i�s� �s�e�r�i�e�s� �o�f� 

�m�e�a�s�u�r�e�m�e�n�t�s�,� �b�u�t� �t�h�i�s� �w�a�s� �n�o�t� �t�h�e� �c�a�s�e�.� �T�h�e� �e�r�r�o�r� �b�o�u�n�d�s� �i�n� 

�f�i�g�u�r�e�s� �4�.�6� �t�h�r�o�u�g�h� �4�.�1�6� �s�h�o�w� �t�h�a�t� �v�a�r�i�a�t�i�o�n� �b�e�t�w�e�e�n� 

�m�e�a�s�u�r�e�m�e�n�t� �r�u�n�s� �w�a�s� �v�e�r�y� �s�m�a�l�l� �a�n�d�,� �i�n� �f�a�c�t�,� �a�l�l� �t�h�r�e�e� 

�s�o�l�u�t�i�o�n� �t�e�c�h�n�i�g�u�e�s� �g�a�v�e� �s�u�b�s�t�a�n�t�i�a�l�l�y� �t�h�e� �s�a�m�e� �a�n�s�w�e�r�s� �f�o�r� 

�a�n�y� �g�i�v�e�n� �m�e�a�s�u�r�e�m�e�n�t�.� �T�h�i�s� �l�a�c�k� �o�f� �v�a�r�i�a�t�i�o�n� �i�s� �p�r�o�b�a�b�l�y� 

�d�u�e� �t�o� �t�h�e� �f�i�x�e�d� �l�e�n�g�t�h�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�i�s� �s�a�m�p�l�e� �h�o�l�d�e�r�,� 

�a�s� �w�e�l�l� �a�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �t�e�f�l�o�n� �b�e�a�d� �i�s� �f�i�x�e�d� �i�n� �p�l�a�c�e� 

�a�n�d� �c�o�m�p�e�n�s�a�t�e�d� �s�o� �t�h�a�t� �i�t� �c�o�n�t�r�i�b�u�t�e�s� �o�n�l�y� �p�h�a�s�e� �e�f�f�e�c�t�s�.� 

�T�h�e� �m�u�c�h� �l�a�r�g�e�r� �q�u�a�n�t�i�t�i�e�s� �o�f� �s�a�m�p�l�e�s� �u�s�e�d� �p�r�o�b�a�b�l�y� �a�l�s�o� 

�h�e�l�p�s� �r�e�d�u�c�e� �m�e�a�s�u�r�e�m�e�n�t� �v�a�r�i�a�t�i�o�n�s�.� 

�T�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r� �c�o�n�t�r�i�b�u�t�e�d� �t�o� �s�o�m�e� 

�p�o�t�e�n�t�i�a�l� �d�i�f�f�i�c�u�l�t�i�e�s� �i�n� �t�h�e� �u�s�e� �o�f� �a�n� �i�t�e�r�a�t�i�v�e� �r�o�o�t� �f�i�n�d�e�r� 

�t�o� �s�o�l�v�e� �t�h�e� �n�e�c�e�s�s�a�r�y� �e�q�u�a�t�i�o�n�s�.� �A�l�l� �o�f� �t�h�e� �m�e�t�h�o�d�s� �u�s�e�d� 

�i�n�c�o�r�p�o�r�a�t�e� �m�u�l�t�i�v�a�l�u�e�d� �f�u�n�c�t�i�o�n�s� �o�f� �¢ ¬�.� �T�h�e�s�e� �f�u�n�c�t�i�o�n�s� 

�l�j�e� 
�(�@� �1�y�e�,�)� �c�h�a�n�g�e�s� �r�e�p�e�a�t� �w�h�e�n� �t�h�e� �r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �q�u�a�n�t�i�t�y� 

�b�y� �7�.� �F�o�r� �s�m�a�l�l� �v�a�l�u�e�s� �o�f�  ¬�,�p� �o�r� �1� �o�r� �s�m�a�l�l� �b�a�n�d�w�i�d�t�h� 

�m�e�a�s�u�r�e�m�e�n�t�s� �t�h�i�s� �d�o�e�s� �n�o�t� �c�a�u�s�e� �a� �p�r�o�b�l�e�m�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� 

�c�a�s�e� �o�f� �t�h�e� �w�e�t� �s�a�m�p�l�e� �m�e�a�s�u�r�e�m�e�n�t�s� �s�t�u�d�i�e�d� �h�e�r�e�,� �w�h�e�r�e� �1� �i�s� 

�c�l�o�s�e� �t�o� �1�0�,� �t�h�i�s� �r�e�p�e�t�i�t�i�o�n� �c�a�u�s�e�s� �r�o�o�t�s� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� 

�t�o� �o�c�c�u�r� �a�t� �a�b�o�u�t� �6� �u�n�i�t� �i�n�t�e�r�v�a�l�s� �a�t� �2�.�5� �G�H�z� �a�n�d� �c�l�o�s�e�r� �t�h�a�n� 

�4� �u�n�i�t� �i�n�t�e�r�v�a�l�s� �a�t� �4�.�1� �G�H�z�.� �T�h�i�s� �s�i�t�u�a�t�i�o�n� �i�s� �i�l�l�u�s�t�r�a�t�e�d� 
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�i�n� �f�i�g�u�r�e�s� �4�.�1�7� �a�n�d� �4�.�1�8� �w�h�i�c�h� �s�h�o�w� �t�h�e� �z�e�r�o� �l�e�v�e�l� �c�o�n�t�o�u�r�s� 

�o�f� �t�h�e� �r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �S�,�(�w�)� �e�q�u�a�t�i�o�n� �o�v�e�r�l�a�i�d� �w�i�t�h� �t�h�e� �z�e�r�o� 

�l�e�v�e�l� �c�o�n�t�o�u�r�s� �o�f� �t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �o�f� �t�h�e� �s�a�m�e� �e�q�u�a�t�i�o�n� �f�o�r� 

�2�.�5� �G�H�z� �a�n�d� �4�.�1� �G�H�z� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �c�l�o�s�e� �p�r�o�x�i�m�i�t�y� �o�f� 

�p�o�s�s�i�b�l�e� �r�o�o�t�s� �a�t� �t�h�e� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s� �c�a�u�s�e�s� �t�h�e� �r�o�o�t� 

�f�i�n�d�e�r� �(�M�u�l�l�e�r ��s� �M�e�t�h�o�d�)� �t�o� �b�e� �v�e�r�y� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �i�n�i�t�i�a�l� 

�g�u�e�s�s� �g�i�v�e�n�.� 

�A�t� �f�i�r�s�t�,� �a�n� �i�n�i�t�i�a�l� �g�u�e�s�s� �f�o�r�  ¬�,� �o�f� �2�5� �-� �j�*�1� �w�a�s� �t�r�i�e�d� 

�a�t� �a�l�l� �f�r�e�q�u�e�n�c�i�e�s�,� �b�u�t� �t�h�i�s� �p�r�o�d�u�c�e�d� �v�a�l�u�e�s� �o�f�  ¬�, �� �o�n� �t�h�e� 

�o�r�d�e�r� �o�f� �4�0� �f�o�r� �t�h�e� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s�.� �S�e�t�t�i�n�g� �t�h�e� �i�n�i�t�i�a�l� 

�g�u�e�s�s� �a�t� �a�n�y� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �a�t� �t�h�e� �p�r�e�v�i�o�u�s� 

�f�r�e�q�u�e�n�c�y�,� �w�i�t�h� �a� �l�o�w� �f�r�e�q�u�e�n�c�y� �g�u�e�s�s� �o�f� �2�5� �-� �j�*�1� �p�r�o�d�u�c�e�d� 

�t�h�e� �s�a�m�e� �r�e�s�u�l�t�s�.� �F�i�n�a�l�l�y�,� �a� �c�o�n�t�o�u�r� �d�i�a�g�r�a�m� �s�i�m�i�l�a�r� �t�o� 

�t�h�o�s�e� �o�f� �f�i�g�u�r�e�s� �4�.�1�7� �a�n�d� �4�.�1�8� �w�a�s� �p�r�o�d�u�c�e�d� �a�t� �e�a�c�h� �f�r�e�q�u�e�n�c�y� 

�o�f� �i�n�t�e�r�e�s�t�,� �a�n�d� �t�h�e� �i�n�i�t�i�a�l� �g�u�e�s�s� �f�o�r� �t�h�a�t� �f�r�e�q�u�e�n�c�y� �w�a�s� �s�e�t� 

�t�o� �t�h�e� �c�o�n�t�o�u�r� �i�n�t�e�r�s�e�c�t�i�o�n� �w�h�i�c�h� �w�a�s� �c�l�o�s�e�s�t� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� 

�s�o�l�u�t�i�o�n�,� �w�i�t�h� �a� �v�i�e�w� �t�o�w�a�r�d�s� �p�r�o�d�u�c�i�n�g� �a� �s�o�l�u�t�i�o�n� �w�h�o�s�e� �r�e�a�l� 

�p�a�r�t� �w�a�s� �d�e�c�r�e�a�s�i�n�g� �w�i�t�h� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �r�a�t�i�o�n�a�l�e� �f�o�r� �t�h�i�s� 

�l�a�s�t� �c�o�n�s�t�r�a�i�n�t� �i�n�v�o�l�v�e�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �m�a�j�o�r� �p�o�r�t�i�o�n� �o�f� 

�t�h�e� �d�i�e�l�e�c�t�r�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �w�e�t� �s�a�m�p�l�e�s� �o�c�c�u�r�s� �d�u�e� �t�o� �t�h�e� 

�w�a�t�e�r� �w�h�i�c�h� �h�a�s� �a�n�  ¬�,�(�w�)� �w�h�i�c�h� �m�o�n�o�t�o�n�i�c�a�l�l�y� �d�e�c�r�e�a�s�e�s� �w�i�t�h� 

�f�r�e�q�u�e�n�c�y� �b�e�l�o�w� �t�h�e� �r�e�l�a�x�a�t�i�o�n� �f�r�e�q�u�e�n�c�y� �(�a�b�o�u�t� �2�0� �G�H�z�)�.� 

�T�h�i�s� �s�c�h�e�m�e� �m�a�y� �b�e� �t�e�r�m�e�d� �t�h�e�  ��G�u�i�d�e�d� �R�o�o�t� �M�e�t�h�o�d �� �a�n�d� �w�a�s� 

�d�e�s�c�r�i�b�e�d� �t�o� �p�o�i�n�t� �o�u�t� �t�h�a�t� �t�h�e� �o�s�c�i�l�l�a�t�i�o�n� �w�a�s� �n�o�t� �a�n� 

�a�r�t�i�f�a�c�t� �o�f� �t�h�e� �r�o�o�t� �f�i�n�d�i�n�g� �a�l�g�o�r�i�t�h�n�.� 
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�3�5� �3�8� �2�s� �2�8� �1�S� 

�Z�e�r�o� �L�e�v�e�l� �C�o�n�t�o�u�r�s� �f�o�r� �S�,� �E�q�u�a�t�i�o�n� 
�a�t� �4�.�1� �G�H�z�.� 
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�A�n�o�t�h�e�r� �p�r�o�b�l�e�m� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� 

�l�e�n�g�t�h� �o�f� �t�h�e� �s�a�m�p�l�e�s� �a�n�d� �t�h�e� �r�e�l�a�t�i�v�e�l�y� �h�i�g�h� �v�a�l�u�e�s� �o�f�  ¬�, �� 

�b�e�i�n�g� �m�e�a�s�u�r�e�d� �i�s� �t�h�e� �l�o�s�s� �o�f� �s�e�n�s�i�t�i�v�i�t�y� �a�t� �f�r�e�q�u�e�n�c�i�e�s� 

�w�h�e�r�e� �t�h�e� �s�a�m�p�l�e� �l�e�n�g�t�h� �r�e�p�r�e�s�e�n�t�s� �o�n� �o�d�d� �m�u�l�t�i�p�l�e� �o�f� �\�/�4� �i�n� 

�t�h�e� �s�a�m�p�l�e�.� �A�t� �t�h�e�s�e� �f�r�e�q�u�e�n�c�i�e�s� �t�h�e� �r�e�f�l�e�c�t�e�d� �w�a�v�e�f�o�r�m�s� �a�r�e� 

�1�8�0�°� �o�u�t� �o�f� �p�h�a�s�e� �w�i�t�h� �t�h�e� �i�n�c�i�d�e�n�t� �s�i�g�n�a�l� �a�n�d� �a� �m�i�n�i�m�a� �o�f� 

�S�:�(�w�)� �r�e�s�u�l�t�s�.� �F�o�r� �t�h�e� �w�e�t� �s�a�m�p�l�e�s� �w�i�t�h�  ¬�, �� �a�b�o�u�t� �2�5� �a�n�d� �a� 

�s�a�m�p�l�e� �h�o�l�d�e�r� �l�e�n�g�t�h� �o�f� �9�.�1�5� �c�m� �+� �S�o�m�l�o� �e�x�t�e�n�s�i�o�n� �o�f� �a�b�o�u�t� �5� 

�m�m�,� �t�h�e�s�e� �b�a�n�d�s� �o�f� �h�e�i�g�h�t�e�n�e�d� �u�n�c�e�r�t�a�i�n�t�y� �o�c�c�u�r� �i�n�i�t�i�a�l�l�y� �a�t� 

�1�5�5� �M�h�z� �a�n�d� �a�t� �3�1�0� �M�H�z� �i�n�t�e�r�v�a�l�s� �t�h�e�r�e�a�f�t�e�r�.� �T�h�e� �a�t�t�e�n�u�a�t�i�o�n� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e�s�e� �s�a�m�p�l�e�s� �s�h�o�u�l�d� �r�e�d�u�c�e� �t�h�i�s� �e�f�f�e�c�t�,� �b�u�t� 

�d�a�t�a� �p�o�i�n�t�s� �n�e�a�r� �t�h�e�s�e� �f�r�e�q�u�e�n�c�i�e�s� �(�1�.�7� �G�H�z� �a�n�d� �4�.�5� �G�H�z� �a�r�e� 

�b�o�t�h� �w�i�t�h�i�n� �5� �M�H�z� �o�f� �o�n�e� �o�f� �t�h�e�s�e� �h�a�r�m�o�n�i�c�s�)� �m�a�y� �b�e� �m�o�r�e� 

�p�r�o�n�e� �t�o� �e�r�r�o�r�.� 

�A� �d�i�f�f�e�r�e�n�t�i�a�l� �e�r�r�o�r� �a�n�a�l�y�s�i�s� �w�a�s� �p�e�r�f�o�r�m�e�d�,� �s�i�m�i�l�a�r� �t�o� 

�t�h�e� �o�n�e� �u�s�e�d� �w�i�t�h� �t�h�e� �m�a�t�c�h� �t�e�r�m�i�n�a�t�e�d� �c�o�a�x�i�a�l� �s�a�m�p�l�e� �h�o�l�d�e�r� 

�d�a�t�a�.� �T�h�e� �r�e�l�e�v�a�n�t� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �c�o�a�x�i�a�l� 

�s�a�m�p�l�e� �h�o�l�d�e�r� �a�r�e�:� 

� � � � 

� � 

�O�S�,� �2�°�5�8�,� �(�=�)� �i�t�p� �\�,�y� �t�p�)� �_� �(�5�\ ��2�-�}�-� 
�O�G�;� �1� �+� �p�t�?� �2�1�\� �e�,�+�/�e�y� �E�x� �2�N�\� �e�n�+�/ ¬�,� �E�p� 

�(�4�.�9�)� 

�O�S�,� �_� �2�y� �(�p�S�,� �-� �1�)� �(�4�.�1�0�)� � � 
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� � 

�-�1� 
�O�p� �-� �(�z�e�)� �(�4�.�1�1�)� 

� � 

� � 

�a�s�,� 
�O�p�,�  ��d�l� 
�a� �=� �a�S�,� �(�4�.�1�2�)� 

�O�E� 

�f�o�r� �t�h�e� �S�,� �b�o�u�n�c�e� �d�i�a�g�r�a�m� �d�e�r�i�v�e�d� �e�q�u�a�t�i�o�n�,� 

� � � � 

� � 

� � � � 

�O�f�&�e� �2�+� �2�/�e�,� �t�a�n�h�(�y�l�)� �|� �&�r� �V�e�r� 
�(�4�.�1�3�)� 

�O�B�J� �_�_�_�¥�_�s�e�c�h�?�(�y�1�)� �1�+� �B�d� 
�o�l�  ��L�_� �+� �t�a�n�h�(�y�1�)� �p�e�e� �(�4�-�1�4�)� 

�V�e�r� 

�O�¢�e� �_� �(� �a�B�r�\�*� �(�4�.�1�5�)� �d�S�,� �|� �d�e�,� 
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�O�B�I� 

� � 

� � 

�e�p� �_� �_�_� �O�l� 
�o�l� �O�B�J� 

�O ¬�p� 
�w�h�e�r�e� 

�i�.� �-� �t�a�n�h� �(�y�1�)� 

�p�y� �=� �V�e� 
�+� �+� �t�a�n�h�(�y�J�)� 
�v�e�r� 

�f�o�r� �t�h�e� �B�a�k�e�r�-�J�a�r�v�i�s� �e�q�u�a�t�i�o�n�,� �a�n�d� 

�d�C�o�l�e� �-�-�(�3� �y�l� �!� 
�O�e�,� �2�  �� �s�i�n�h�(�2�y�J�)� 

� � 

� � 

�d�C�o�l�e� �_�_�_� �2� �¥� �&� 
�o�l� �s�i�n�h� �(�2�y�1�)� 

�_�_� �v�e�r� 
�o�C�o�l�e� �_�_�_� �t�a�n�h�(�y�l�)� 

�O�Y� �d�C�o�l�e� 

�d�e�,� 

�o�C�o�l�e� 

�S�p� �_� �O�l� 
�o�l� �d�C�c�o�l�e� 

�O�E�;� 

�w�h�e�r�e� 

�C�o�l�e� �=� �(�7�5�)� �y�&� �c�o�t�h�(�y�1�)� 
�V�+�R�}�]�|� �V�¥� �*�®� 

�f�o�r� �t�h�e� �C�o�l�e� �e�q�u�a�t�i�o�n�.� 

�1�2�9� 

�(�4�.�1�6�)� 

�(�4�.�1�7�)� 

�(�4�.�1�8�)� 

�(�4�.�1�9�)� 

�(�4�.�2�0�)



�T�h�e� �r�e�s�u�l�t�s� �o�f� �a�p�p�l�y�i�n�g� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �t�o� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�r�i�v�e�d� �p�e�r�m�i�t�t�i�v�i�t�y� �d�a�t�a� �a�r�e� �s�h�o�w�n� �b�y� �t�h�e� 

�e�r�r�o�r� �b�a�r�s� �i�n� �f�i�g�u�r�e�s� �4�.�1�9� �t�h�r�o�u�g�h� �4�.�2�7� �w�h�e�r�e�,� �a�s� �i�n� �t�h�e� 

�p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �a�d�m�i�t�t�a�n�c�e�s� �a�n�d� �s�c�a�t�t�e�r�i�n�g� �p�a�r�a�m�e�t�e�r�s� �a�r�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �a�c�c�u�r�a�t�e� �t�o� �2�%� �a�n�d� �l�e�n�g�t�h�s� �t�o� �1�%�.� 

�T�h�e�s�e� �g�r�a�p�h�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �a�l�g�o�r�i�t�h�m�i�c� �i�n�a�c�c�u�r�a�c�i�e�s� 

�s�h�o�u�l�d� �b�e� �v�e�r�y� �s�m�a�l�l� �f�o�r� �t�h�e�s�e� �d�a�t�a� �u�n�d�e�r� �t�h�e� �a�s�s�u�m�e�d� �e�r�r�o�r� 

�p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �i�n�s�t�r�u�m�e�n�t�a�t�i�o�n�.� �A� �s�l�i�g�h�t�l�y� �g�r�e�a�t�e�r� �e�r�r�o�r� 

�b�o�u�n�d� �i�s� �s�e�e�n� �f�o�r� �t�h�e� �l�o�w�e�s�t� �f�r�e�q�u�e�n�c�y� �v�a�l�u�e�s� �o�f� �é ¬�, �� �t�h�a�n� �f�o�r� 

�h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s�,� �a�n�d� �f�a�i�r�l�y� �l�a�r�g�e� �i�n�a�c�c�u�r�a�c�i�e�s� �c�o�u�l�d� �e�x�i�s�t� 

�i�n� �t�h�e� �s�m�a�l�l� �v�a�l�u�e�s� �w�h�i�c�h� �c�h�a�r�a�c�t�e�r�i�z�e� �e�, � �� �f�o�r� �t�h�e� �d�r�y� �s�a�n�d�.� 
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�S�o�r�e�s� �f�e�t�t�a� �3� �l�r�r�u�e� �T�e�f�i�o�n� �(�4�.�2�2�)� 

�1� �T�r�u�e� �S�2� �2� �T�e�f�l�o�n� 

�w�h�e�r�e� �t�h�e� �S� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �t�e�f�l�o�n� �f�i�l�l�e�d� �s�e�c�t�i�o�n� �o�f� �l�i�n�e� 

�w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �e�q�u�a�t�i�o�n�s� �3�.�1�1� �a�n�d� �3�.�1�2� �b�u�t� �t�h�e� 

�i�n�t�r�i�n�s�i�c� �i�m�p�e�d�a�n�c�e� �o�f� �t�h�a�t� �p�o�r�t�i�o�n� �o�f� �l�i�n�e� �w�a�s� �p�e�r�t�u�r�b�e�d� 

�f�r�o�m� �5�0� �o�h�m�s� �t�o� �r�e�p�r�e�s�e�n�t� �i�n�c�o�r�r�e�c�t� �c�o�m�p�e�n�s�a�t�i�o�n�.� �T�h�e� �f�i�n�a�l� 

�r�e�s�u�l�t�s� �w�e�r�e� �f�o�u�n�d� �t�o� �b�e� �v�e�r�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �c�o�m�p�e�n�s�a�t�i�o�n� 

�e�r�r�o�r�s� �s�o� �t�h�i�s� �i�d�e�a� �w�a�s� �d�i�s�c�a�r�d�e�d�.� 

�A� �n�u�m�b�e�r� �o�f� �c�a�l�c�u�l�a�t�i�o�n�s� �w�e�r�e� �m�a�d�e� �[�A�p�p�e�n�d�i�x� �D�]� �t�o� 

�e�x�a�m�i�n�e� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �s�o�m�e� �s�o�r�t� �o�f� �h�i�g�h� �o�r�d�e�r� �m�o�d�e� 

�r�e�s�o�n�a�n�c�e� �o�r� �p�o�s�s�i�b�l�y� �s�o�m�e� �s�o�r�t� �o�f� �h�e�t�r�o�d�y�n�i�n�g� �e�f�f�e�c�t� �b�e�t�w�e�e�n� 

�t�w�o� �s�u�c�h� �r�e�s�o�n�a�n�c�e�s�,� �b�u�t� �n�o�n�e� �o�f� �t�h�e�s�e� �i�n�d�i�c�a�t�e�d� �a�n�y� 

�l�i�k�e�l�i�h�o�o�d� �o�f� �l�o�w� �f�r�e�q�u�e�n�c�y� �o�s�c�i�l�l�a�t�i�o�n�.� 

�B�e�c�a�u�s�e� �o�f� �t�h�e� �o�s�c�i�l�l�a�t�o�r�y� �n�a�t�u�r�e� �o�f� �t�h�i�s� �e�r�r�o�r�,� �i�t� �i�s� 

�b�e�l�i�e�v�e�d� �t�o� �b�e� �r�e�l�a�t�e�d� �t�o� �p�h�a�s�e� �m�e�a�s�u�r�e�m�e�n�t� �d�i�f�f�i�c�u�l�t�i�e�s� 

�c�a�u�s�e�d� �b�y� �t�h�e� �v�e�r�y� �s�m�a�l�l� �p�o�w�e�r� �c�o�n�t�e�n�t� �o�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� 

�s�i�g�n�a�l� 

�1�4�0



�2�0�0� �m�i�l�l�i�v�o�l�t�s�?� �=� �8�0�0� �m�i�c�r�o�w�a�t�t�s� �(�4�.�2�3�)� 
�5�0� �o�h�m�s� �8� �+� 

� � 

�c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �l�o�s�s� �i�n�h�e�r�e�n�t� �i�n� �t�h�e� �w�e�t� �s�a�m�p�l�e�s� �o�v�e�r� �t�h�e� 

�l�e�n�g�t�h� �o�f� �t�h�e� �s�a�m�p�l�e� �h�o�l�d�e�r�.� �A� �s�i�m�u�l�a�t�i�o�n� �w�a�s� �r�u�n� �i�n� �w�h�i�c�h� 

�a� �p�o�s�t�u�l�a�t�e�d� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �2�5� �+� �j�2� �w�a�s� �u�s�e�d� �i�n� �e�q�u�a�t�i�o�n� �4�.�6� 

�t�o� �p�r�o�d�u�c�e� �s�y�n�t�h�e�t�i�c� �S�,� �v�a�l�u�e�s�.� �T�o� �t�h�e�s�e� �w�e�r�e� �a�d�d�e�d� �a� 

�s�i�n�u�s�o�i�d�a�l� �p�e�r�t�u�r�b�a�t�i�o�n� �w�i�t�h� �a� �s�t�r�e�n�g�t�h� �e�q�u�a�l� �t�o� �1�0�%� �o�f� �t�h�e� 

�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �v�a�l�u�e�s�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �n�u�m�b�e�r�s� �w�e�r�e� 

�f�e�d� �t�o� �t�h�e� �s�a�m�e� �r�o�o�t� �f�i�n�d�i�n�g� �a�l�g�o�r�i�t�h�m� �w�h�i�c�h� �w�a�s� �u�s�e�d� �i�n� �t�h�e� 

�o�r�i�g�i�n�a�l� �e�x�p�e�r�i�m�e�n�t�s�,� �a�n�d� �t�h�e� �n�u�m�e�r�i�c�a�l� �r�o�o�t� �f�i�n�d�e�r� �w�a�s� �g�i�v�e�n� 

�a� �s�t�a�r�t�i�n�g� �g�u�e�s�s� �o�f� �2�5� �+� �3�2�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �p�e�r�m�i�t�t�i�v�i�t�y� 

�s�o�l�u�t�i�o�n�s� �o�s�c�i�l�l�a�t�e�d� �a�b�o�u�t� �t�h�e� �c�o�r�r�e�c�t� �v�a�l�u�e� �b�y� �a�b�o�u�t� �4�%� �a�n�d� 

�t�h�e� �o�s�c�i�l�l�a�t�i�o�n� �w�a�s� �a�t� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �f�r�e�q�u�e�n�c�y� �a�n�d� �p�h�a�s�e� 

�a�s� �t�h�a�t� �o�f� �t�h�e� �p�e�r�t�u�r�b�a�t�i�o�n�.� �T�h�i�s� �s�e�e�m�s� �t�o� �i�m�p�l�y� �t�h�a�t� �s�o�m�e� 

�s�o�r�t� �o�f� �o�s�c�i�l�l�a�t�o�r�y� �s�i�g�n�a�l� �i�s� �c�o�r�r�u�p�t�i�n�g� �t�h�e� �a�c�q�u�i�s�i�t�i�o�n� �o�f� 

�t�h�e� �w�a�v�e�f�o�r�m�s� �u�s�e�d� �t�o� �d�e�r�i�v�e� �t�h�e� �S� �p�a�r�a�m�e�t�e�r�s�,� �b�u�t� �t�h�i�s� 

�S�i�g�n�a�l� �m�u�s�t� �n�o�t� �b�e� �c�o�m�m�o�n� �t�o� �b�o�t�h� �t�h�e� �s�a�m�p�l�e� �a�n�d� �t�h�e� 

�r�e�f�e�r�e�n�c�e� �r�e�f�l�e�c�t�i�o�n� �w�a�v�e�f�o�r�m�s� �a�n�d� �t�h�e�r�e�f�o�r�e� �i�s� �p�r�o�b�a�b�l�y� 

�g�e�n�e�r�a�t�e�d� �i�n�s�i�d�e� �t�h�e� �s�a�m�p�l�i�n�g� �s�c�o�p�e� �i�n� �s�o�m�e� �f�a�s�h�i�o�n� �w�h�e�n� �t�h�e� 

�h�i�g�h� �p�e�r�m�i�t�t�i�v�i�t�y�/� �h�i�g�h� �l�o�s�s� �a�c�q�u�i�s�i�t�i�o�n�s� �a�r�e� �b�e�i�n�g� �m�a�d�e�.� �I�n� 

�a�n�y� �c�a�s�e�,� �t�h�e� �p�e�r�m�i�t�t�i�v�i�t�y� �v�a�l�u�e� �a�b�o�u�t� �w�h�i�c�h� �t�h�e� �o�s�c�i�l�l�a�t�i�o�n� 

�o�c�c�u�r�s� �a�p�p�e�a�r�s� �t�o� �b�e� �c�o�r�r�e�c�t� �b�y� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �r�e�s�u�l�t�s� 

�d�e�r�i�v�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�.� 
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�T�h�e� �n�e�x�t� �c�h�a�p�t�e�r� �d�i�s�c�u�s�s�e�s� �w�o�r�k� �d�o�n�e� �w�i�t�h� �t�h�e� �t�w�i�n� �l�e�a�d� 

�b�a�l�u�n� �d�r�i�v�e�n� �g�r�o�u�n�d� �p�r�o�b�e�.� �L�e�n�g�t�h� �p�r�o�b�l�e�m�s� �m�a�y� �b�e�c�o�m�e� �e�v�e�n� 

�m�o�r�e� �i�n�t�r�a�c�t�a�b�l�e� �w�i�t�h� �t�h�i�s� �d�e�v�i�c�e� �a�s� �i�t� �i�s� �3�0� �c�m� �i�n� �l�e�n�g�t�h�,� 

�b�u�t� �t�h�e� �a�b�i�l�i�t�y� �t�o� �m�e�a�s�u�r�e� �u�s�i�n�g� �t�w�o� �d�i�f�f�e�r�e�n�t� �l�e�n�g�t�h� �l�i�n�e�s� 

�(�1�5� �c�m� �p�r�o�b�e�s� �a�r�e� �a�v�a�i�l�a�b�l�e�)� �m�a�y� �p�a�r�t�i�a�l�l�y� �a�l�l�e�v�i�a�t�e� �t�h�i�s� 

�p�r�o�b�l�e�n�.� 
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�C�H�A�P�T�E�R� �V� 

�T�H�E� �B�A�L�U�N�-�D�R�I�V�E�N� �T�W�I�N� �L�E�A�D� �G�R�O�U�N�D� �P�R�O�B�E� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �e�x�p�e�r�i�m�e�n�t�s� �c�o�n�d�u�c�t�e�d� �u�s�i�n�g� �t�h�e� �b�a�l�u�n�-� 

�G�@�r�i�v�e�n� �t�w�i�n� �l�e�a�d� �g�r�o�u�n�d� �p�r�o�b�e� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d�.� �T�h�i�s� �d�e�v�i�c�e� 

�s�h�a�r�e�s� �s�e�v�e�r�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�i�t�h� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t�e�d� 

�c�o�a�x�i�a�l� �s�a�m�p�l�e� �h�o�l�d�e�r� �e�x�a�m�i�n�e�d� �i�n� �t�h�e� �l�a�s�t� �c�h�a�p�t�e�r� �i�n� �t�h�a�t� �i�t� 

�i�s� �a� �o�n�e� �p�o�r�t� �d�e�v�i�c�e� �(�r�e�f�l�e�c�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�s� �o�n�l�y�)� �a�n�d� �i�t� �i�s� 

�p�h�y�s�i�c�a�l�l�y� �l�o�n�g� �(�1�5� �a�n�d� �3�0� �c�m� �p�r�o�b�e�s�)�,� �w�i�t�h� �a�l�l� �o�f� �t�h�e� 

�d�i�f�f�i�c�u�l�t�i�e�s� �t�h�a�t� �i�m�p�l�i�e�s�.� �I�t� �a�l�s�o� �s�h�a�r�e�s� �a� �t�r�a�i�t� �w�i�t�h� �t�h�e� 

�c�o�a�x�i�a�l� �s�a�m�p�l�e� �h�o�l�d�e�r� �s�y�s�t�e�m� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �I�I�I� �i�n� �t�h�a�t� 

�a�n� �u�n�c�h�a�r�a�c�t�e�r�i�z�e�d� �n�e�t�w�o�r�k� �p�r�e�c�e�d�e�s� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� 

�s�t�r�u�c�t�u�r�e� �a�n�d� �m�u�s�t� �b�e� �d�e�a�l�t� �w�i�t�h� �i�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� 

�T�h�e� �n�e�x�t� �s�e�c�t�i�o�n� �d�e�s�c�r�i�b�e�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�u�p�.� �T�h�i�s� 

�i�s� �f�o�l�l�o�w�e�d� �b�y� �a� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �m�a�t�h�e�m�a�t�i�c�a�l� �a�l�g�o�r�i�t�h�m�s�,� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�,� �a�n�d� �a�n� �e�r�r�o�r� �a�n�a�l�y�s�i�s� �o�f� �t�h�o�s�e� �r�e�s�u�l�t�s�.� 

�E�X�P�E�R�I�M�E�N�T�A�L� �S�E�T�U�P� 

�T�h�e� �b�a�l�u�n�-�d�r�i�v�e�n� �t�w�i�n� �l�e�a�d� �g�r�o�u�n�d� �p�r�o�b�e� �i�s� �a� �d�e�v�i�c�e� 

�m�a�n�u�f�a�c�t�u�r�e�d� �b�y� �t�h�e� �S�o�i�l�m�o�i�s�t�u�r�e� �E�q�u�i�p�m�e�n�t� �C�o�r�p�.� �t�o� 

�f�a�c�i�l�i�t�a�t�e� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �g�r�o�u�n�d� �w�a�t�e�r� �c�o�n�t�e�n�t�.� �T�h�e� 

�p�r�o�b�e� �h�e�a�d� �c�o�m�e�s� �w�i�t�h� �t�h�r�e�e� �i�n�t�e�r�c�h�a�n�g�e�a�b�l�e� �p�a�i�r�s� �o�f� 

�s�t�a�i�n�l�e�s�s� �s�t�e�e�l� �p�r�o�b�e�s� �o�f� �l�e�n�g�t�h�s� �1�5� �c�m�.�,� �3�0� �c�m�.�,� �a�n�d� �4�5� �c�m�.� 
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�a�n�d� �i�s� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �s�a�m�p�l�i�n�g� �o�s�c�i�l�l�o�s�c�o�p�e� �w�i�t�h� �a� �2� �m�.� 

�s�h�i�e�l�d�e�d� �c�a�b�l�e� �w�h�i�c�h� �h�a�s� �a� �B�N�C� �c�o�n�n�e�c�t�o�r� �o�n� �t�h�e� �s�c�o�p�e� �e�n�d� �a�n�d� 

�a�n� �S�M�A� �c�o�n�n�e�c�t�o�r� �o�n� �t�h�e� �h�e�a�d� �e�n�d�.� �T�h�e� �p�r�o�b�e�s� �t�h�e�m�s�e�l�v�e�s� �a�r�e� 

�8� �m�m�.� �i�n� �d�i�a�m�e�t�e�r� �a�n�d� �a�c�t�u�a�l�l�y� �1�.�5� �c�m�.� �l�o�n�g�e�r� �t�h�a�n� �t�h�e� 

�l�e�n�g�t�h�s� �g�i�v�e�n� �a�b�o�v�e�.� �T�h�e� �e�x�c�e�s�s� �l�e�n�g�t�h� �f�i�t�s� �i�n�s�i�d�e� �t�h�e� �h�e�a�d� 

�a�n�d� �i�s� �a�t�t�a�c�h�e�d� �t�h�e�r�e� �t�h�r�o�u�g�h� �a� �c�l�a�m�p�i�n�g� �a�r�r�a�n�g�e�m�e�n�t� �w�h�i�c�h� �i�s� 

�f�a�c�i�l�i�t�a�t�e�d� �b�y� �a� �g�r�o�o�v�e� �o�r� �d�e�t�e�n�t� �m�i�l�l�e�d� �i�n�t�o� �t�h�e� �h�e�a�d� �s�i�d�e� 

�o�f� �t�h�e� �p�r�o�b�e�.� �T�h�e� �t�w�i�n� �p�r�o�b�e�s� �a�r�e� �5�2� �m�m�.� �a�p�a�r�t� �w�h�e�n� �c�l�a�m�p�e�d� 

�i�n�t�o� �t�h�e� �h�e�a�d� �a�n�d� �t�h�e� �e�n�d� �o�f� �t�h�e� �p�r�o�b�e� �w�h�i�c�h� �e�n�t�e�r�s� �t�h�e� 

�g�r�o�u�n�d� �i�s� �h�e�m�i�s�p�h�e�r�i�c�a�l�.� 

�T�h�e� �g�r�o�u�n�d� �p�r�o�b�e� �h�e�a�d�,� �w�h�i�c�h� �i�s� �a� �p�a�s�s�i�v�e� �d�e�v�i�c�e�,� 

�c�o�n�t�a�i�n�s� �a� �b�a�l�u�n� �t�r�a�n�s�f�o�r�m�e�r� �a�n�d� �i�t�s� �a�s�s�o�c�i�a�t�e�d� �c�o�m�p�o�n�e�n�t�s�.� 

�T�h�i�s� �t�r�a�n�s�f�o�r�m�e�r�,� �A�N�Z�A�C� �t�y�p�e� �T�P�-�1�0�3�,� �i�s� �a�n� �R�F� �_� �p�u�l�s�e� 

�t�r�a�n�s�f�o�r�m�e�r� �w�h�i�c�h� �i�s� �d�e�s�i�g�n�e�d� �t�o� �m�a�t�c�h� �a� �5�0� �o�h�m� �u�n�b�a�l�a�n�c�e�d� 

�n�e�t�w�o�r�k� �t�o� �a� �2�0�0� �o�h�m� �b�a�l�a�n�c�e�d� �n�e�t�w�o�r�k�.� �I�t� �i�s� �s�p�e�c�i�f�i�e�d� �t�o� �b�e� 

�f�l�a�t� �w�i�t�h�i�n� �1� �d�@�B� �f�r�o�m� �5�0�0� �k�H�z�.� �t�o� �1�G�H�z�.� �A� �p�i�c�t�u�r�e� �o�f� �t�h�e� 

�e�n�t�i�r�e� �g�r�o�u�n�d� �p�r�o�b�e� �i�s� �g�i�v�e�n� �i�n� �f�i�g�u�r�e� �5�.�1�.� 

�E�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �r�e�p�l�a�c�i�n�g� �t�h�e� �2� �m�.� �l�e�n�g�t�h� �o�f� 

�s�h�i�e�l�d�e�d� �c�a�b�l�e� �w�i�t�h� �a� �1�m�.� �p�i�e�c�e� �o�f� �G�o�r�e� �p�r�e�c�i�s�i�o�n� �5�0� �o�h�m� 

�f�l�e�x�i�b�l�e� �c�o�a�x�i�a�l� �c�a�b�l�e� �t�o� �a�s�c�e�r�t�a�i�n� �i�f� �t�h�e� �s�h�i�e�l�d�e�d� �c�a�b�l�e� 

�p�r�o�d�u�c�e�d� �a�n�y� �n�o�t�i�c�e�a�b�l�e� �d�e�g�r�a�d�a�t�i�o�n� �o�f� �t�h�e� �s�i�g�n�a�l� �r�e�a�c�h�i�n�g� 

�t�h�e� �g�r�o�u�n�d� �p�r�o�b�e�.� �A�s� �n�o�n�e� �w�a�s� �f�o�u�n�d�,� �t�h�e� �2� �m�.� �s�h�i�e�l�d�e�d� �c�a�b�l�e� 

�w�a�s� �u�s�e�d� �i�n� �a�l�l� �a�c�q�u�i�s�i�t�i�o�n�s� �t�o� �m�o�r�e� �f�u�l�l�y� �s�i�m�u�l�a�t�e� �a�c�t�u�a�l� 

�c�o�n�d�i�t�i�o�n�s� �o�f� �f�i�e�l�d� �u�s�e�.� 
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�F�i�g�u�r�e� �5�.�1�:� �T�h�e� �B�a�l�u�n� �D�r�i�v�e�n� �T�w�i�n� �L�e�a�d� �G�r�o�u�n�d� �P�r�o�b�e� 
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�T�h�e� �2�0�0� �m�v�.� �s�t�e�p� �f�r�o�m� �t�h�e� �i�n�t�e�r�n�a�l� �g�e�n�e�r�a�t�o�r� �o�f� �t�h�e� 

�s�a�m�p�l�i�n�g� �s�c�o�p�e� �w�a�s� �u�s�e�d� �a�s� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �w�a�v�e�f�o�r�m�,� �a�n�d� �f�o�u�r� 

�a�c�q�u�i�s�i�t�i�o�n�s� �w�e�r�e� �m�a�d�e� �f�o�r� �e�a�c�h� �s�a�m�p�l�e� �m�e�a�s�u�r�e�m�e�n�t�.� �T�h�e� 

�s�a�m�p�l�e�s�,� �w�h�i�c�h� �w�e�r�e� �c�o�n�t�a�i�n�e�d� �i�n� �a� �p�l�a�s�t�i�c� �s�a�m�p�l�e� �c�e�l�l� �2�8� �c�n�.� 

�i�n� �d�i�a�m�e�t�e�r� �a�n�d� �3�3� �c�m�.� �d�e�e�p�,� �w�e�r�e� �m�e�a�s�u�r�e�d� �w�i�t�h� �t�h�e� �1�5� �c�n�.� 

�p�r�o�b�e� �a�n�d� �a�g�a�i�n� �w�i�t�h� �t�h�e� �3�0� �c�m�.� �p�r�o�b�e�.� �A� �r�e�f�e�r�e�n�c�e� �w�a�v�e�f�o�r�m� 

�w�a�s� �o�b�t�a�i�n�e�d� �b�y� �m�e�a�s�u�r�i�n�g� �t�h�e� �g�r�o�u�n�d� �p�r�o�b�e� �h�e�a�d� �w�i�t�h� �a� �b�r�a�s�s� 

�s�h�o�r�t�i�n�g� �b�a�r� �(�7� �c�m�.� �x� �2�.�5� �c�m�.� �x� �5� �m�m�.�)� �c�l�a�m�p�e�d� �i�n�t�o� �i�t�.� �A� 

�p�a�i�r� �o�f� �b�r�a�s�s� �p�r�o�b�e�s� �o�n�e� �m�e�t�e�r� �i�n� �w�o�r�k�i�n�g� �l�e�n�g�t�h� �w�h�i�c�h� �w�e�r�e� 

�t�h�r�e�a�d�e�d� �o�n� �t�h�e� �e�n�d� �t�o� �a�l�l�o�w� �t�h�e�m� �t�o� �b�e� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �b�r�a�s�s� 

�s�h�o�r�t�i�n�g� �b�a�r� �w�e�r�e� �a�l�s�o� �m�e�a�s�u�r�e�d� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �w�a�v�e�f�o�r�m� �w�i�t�h� 

�a� �k�n�o�w�n� �t�e�r�m�i�n�a�t�i�o�n�.� �O�n�e� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �h�e�a�d� �w�i�t�h� �n�o� 

�p�r�o�b�e�s� �a�t�t�a�c�h�e�d� �(�a�n�  ��o�p�e�n �� �t�e�r�m�i�n�a�t�i�o�n�)� �w�a�s� �a�l�s�o� �m�a�d�e� �d�u�r�i�n�g� 

�t�h�e� �c�o�u�r�s�e� �o�f� �t�h�i�s� �i�n�v�e�s�t�i�g�a�t�i�o�n�.� 

�I�n� �o�r�d�e�r� �t�o� �a�s�c�e�r�t�a�i�n� �t�h�e� �i�m�p�e�d�a�n�c�e� �s�e�e�n� �b�y� �t�h�e� �p�r�o�b�e� 

�l�o�o�k�i�n�g� �b�a�c�k� �t�o�w�a�r�d�s� �t�h�e� �s�c�o�p�e�,� �a� �n�o�n�-�i�n�d�u�c�t�i�v�e� �r�e�s�i�s�t�o�r� �w�a�s� 

�a�t�t�a�c�h�e�d� �t�o� �t�h�e� �g�r�o�u�n�d� �p�r�o�b�e� �h�e�a�d� �w�i�t�h� �c�o�p�p�e�r� �t�a�p�e� �a�n�d� �v�a�r�i�e�d� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �u�n�t�i�l� �n�o� �r�e�f�l�e�c�t�i�o�n� �w�a�s� �m�e�a�s�u�r�e�d�.� �T�h�i�s� 

�i�n�d�i�c�a�t�e�d� �a� �p�r�o�b�e� �h�e�a�d� �i�m�p�e�d�a�n�c�e� �s�e�e�n� �b�y� �t�h�e� �p�r�o�b�e� �o�f� �2�1�6� 

�o�h�m�s�.� �T�h�i�s� �d�i�f�f�e�r�s� �s�l�i�g�h�t�l�y� �f�r�o�m� �t�h�e� �2�0�0� �o�h�m�s� �p�r�e�d�i�c�t�e�d� �b�y� 

�t�h�e� �b�a�l�u�n� �t�r�a�n�s�f�o�r�m�e�r� �s�p�e�c�i�f�i�c�a�t�i�o�n�s�,� �a�n�d� �t�h�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e� 

�i�s� �t�h�e� �o�n�e� �u�s�e�d� �i�n� �a�l�l� �c�a�l�c�u�l�a�t�i�o�n�s�.� 

�T�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� �f�o�r�m�e�d� �b�y� �t�h�e� �t�w�i�n� �p�r�o�b�e�s� �h�a�d� �a� 

�c�a�l�c�u�l�a�t�e�d� �i�m�p�e�d�a�n�c�e� �o�f� �3�0�7� �o�h�m�s� �u�s�i�n�g� 
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�=� �1�2�0� �c�o�s�h�-�2� �(�5�)� �=� �1�2�0� �c�o�s�h�-�?� �3� �=� �3�0�7� �Q� �(�5�-�2�)� �Z�o� �q�d� 
�a�i�r� 

�b�u�t� �w�a�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �a�b�o�v�e� �p�r�o�c�e�d�u�r�e� �a�t� �3�3�5� �o�h�m�s�.� �O�n�c�e� 

�a�g�a�i�n�,� �t�h�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e� �w�a�s� �u�s�e�d� �i�n� �a�l�l� �s�u�b�s�e�q�u�e�n�t� 

�c�a�l�c�u�l�a�t�i�o�n�s�.� 

�A�l�l� �w�a�v�e�f�o�r�m�s� �w�e�r�e� �a�c�q�u�i�r�e�d� �o�v�e�r� �a� �t�i�m�e� �w�i�n�d�o�w� �o�f� �5� �n�s�.� 

�w�i�t�h� �1�0�2�4� �s�a�m�p�l�e�s� �a�n�d� �a�l�l� �w�a�v�e�f�o�r�m�s� �w�e�r�e� �e�n�s�e�m�b�l�e� �a�v�e�r�a�g�e�d� 

�2�0�4�8� �t�i�m�e�s� �b�y� �i�n�t�e�r�n�a�l� �r�o�u�t�i�n�e�s� �i�n� �t�h�e� �o�s�c�i�l�l�o�s�c�o�p�e�.� 

�M�A�T�H�E�M�A�T�I�C�A�L� �A�L�G�O�R�I�T�H�M�S� 

�T�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�a�n�i�p�u�l�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�u�n�d� �p�r�o�b�e� 

�m�e�a�s�u�r�e�m�e�n�t�s� �p�r�e�s�e�n�t�e�d� �t�w�o� �d�i�f�f�e�r�e�n�t� �t�a�s�k�s�.� �T�h�e� �f�i�r�s�t� 

�p�r�o�b�l�e�m� �t�o� �b�e� �s�o�l�v�e�d� �i�n�v�o�l�v�e�d� �d�e�e�m�b�e�d�d�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� 

�b�a�l�u�n� �t�r�a�n�s�f�o�r�m�e�r� �t�o� �p�r�o�d�u�c�e� �u�s�e�a�b�l�e� �S�,� �i�n�f�o�r�m�a�t�i�o�n�.� �T�h�e� 

�i�n�v�e�r�s�i�o�n� �o�f� �t�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �i�n�t�o� �p�e�r�m�i�t�t�i�v�i�t�y� �v�a�l�u�e�s� �w�a�s� 

�t�h�e� �s�e�c�o�n�d� �t�a�s�k�.� �T�h�e� �d�e�e�m�b�e�d�d�i�n�g� �p�r�o�b�l�e�m� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� 

�f�i�r�s�t�.� 

�T�h�e� �t�i�m�e� �d�o�m�a�i�n� �w�a�v�e�f�o�r�m�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �5�.�2� �c�l�e�a�r�l�y� 

�i�n�d�i�c�a�t�e� �t�h�e� �s�t�r�o�n�g� �e�f�f�e�c�t� �t�h�e� �b�a�l�u�n� �t�r�a�n�s�f�o�r�m�e�r� �h�a�s� �o�n� �t�h�e� 

�g�r�o�u�n�d� �p�r�o�b�e� �m�e�a�s�u�r�e�m�e�n�t�.� �T�h�e� �u�p�p�e�r� �w�a�v�e�f�o�r�m� �s�h�o�w�s� �t�h�e� 

�g�r�o�u�n�d� �p�r�o�b�e� �r�e�t�u�r�n� �w�i�t�h� �n�o� �p�r�o�b�e�s� �a�t�t�a�c�h�e�d�,� �a�n�d� �t�h�e� �l�o�w�e�r� 

�w�a�v�e�f�o�r�m� �i�s� �t�h�e� �s�i�g�n�a�l� �s�e�e�n� �w�i�t�h� �t�h�e� �1�5� �c�m�.� �p�r�o�b�e�s� �i�m�m�e�r�s�e�d� 

�i�n� �d�r�y� �s�a�n�d�.� �T�h�e� �i�n�d�u�c�t�i�v�e�  ��b�u�m�p �� �o�f� �t�h�e� �b�a�l�u�n� �t�r�a�n�s�f�o�r�m�e�r� 
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�F�i�g�u�r�e� �5�.�2�:� �T�i�m�e� �D�o�m�a�i�n� �R�e�s�p�o�n�s�e� �o�f� �O�p�e�n� �a�n�d� �D�r�y� �S�a�n�d� 
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�i�s� �c�l�e�a�r�l�y� �v�i�s�i�b�l�e� �i�n� �t�h�e� �i�n�i�t�i�a�l� �p�o�r�t�i�o�n� �o�f� �t�h�e� �w�a�v�e�f�o�r�m�s�,� 

�a�n�d� �a� �d�o�w�n�w�a�r�d� �s�l�o�p�i�n�g� �p�o�r�t�i�o�n� �o�f� �t�h�e� �w�a�v�e�f�o�r�m� �o�c�c�u�r�s� 

�s�u�b�s�e�q�u�e�n�t� �i�n� �t�i�m�e� �t�o� �t�h�e� �i�n�d�u�c�t�i�v�e� �e�f�f�e�c�t�.� �T�h�i�s� �p�o�r�t�i�o�n� �m�a�y� 

�r�e�p�r�e�s�e�n�t� �a� �t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e� �s�t�r�u�c�t�u�r�e� �i�n�s�i�d�e� �t�h�e� �h�e�a�d� �w�h�i�c�h� 

�h�a�s� �a� �d�e�c�r�e�a�s�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�m�p�e�d�a�n�c�e� �w�i�t�h� �l�e�n�g�t�h�.� �T�h�i�s� 

�c�o�u�l�d� �b�e� �a�c�c�o�m�p�l�i�s�h�e�d� �w�i�t�h� �s�t�r�i�p�l�i�n�e�s� �w�h�o�s�e� �s�e�p�a�r�a�t�i�o�n� �i�s� 

�g�r�a�d�u�a�l�l�y� �i�n�c�r�e�a�s�i�n�g�,� �a� �d�i�s�t�i�n�c�t� �p�o�s�s�i�b�i�l�i�t�y� �s�i�n�c�e� �t�h�e� �b�a�l�u�n� 

�t�r�a�n�s�f�o�r�m�e�r� �l�e�a�d�s� �a�r�e� �s�p�a�c�e�d� �a�t� �5�.�1� �m�m�.� �a�p�a�r�t� �b�u�t� �t�h�e� �p�r�o�b�e�s� 

�t�o� �w�h�i�c�h� �t�h�e�y� �c�o�n�n�e�c�t� �a�r�e� �5�2� �m�m�.� �a�p�a�r�t�.� �I�n� �a�n�y� �c�a�s�e�,� �t�h�e�s�e� 

�e�f�f�e�c�t�s� �m�u�s�t� �b�e� �r�e�m�o�v�e�d� �o�r� �r�e�d�u�c�e�d� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a� 

�u�s�e�a�b�l�e� �S�,� �w�a�v�e�f�o�r�m�.� �T�w�o� �d�i�f�f�e�r�e�n�t� �s�c�h�e�m�e�s� �w�e�r�e� �u�s�e�d� �t�o� 

�a�c�c�o�m�p�l�i�s�h� �t�h�i�s� �t�a�s�k�.� 

�T�h�e� �f�i�r�s�t� �d�e�e�m�b�e�d�d�i�n�g� �m�e�t�h�o�d� �i�s� �a�l�s�o� �o�n�e� �o�f� �t�h�e� �s�i�m�p�l�e�s�t� 

�a�n�d� �w�a�s� �u�s�e�d� �i�n� �s�o�m�e� �o�f� �t�h�e� �e�a�r�l�i�e�s�t� �t�i�m�e� �d�o�m�a�i�n� �d�i�e�l�e�c�t�r�i�c� 

�c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �w�o�r�k� �t�o� �r�e�m�o�v�e� �e�r�r�o�r�s� �d�u�e� �t�o� �i�m�p�e�r�f�e�c�t� 

�t�r�a�n�s�m�i�s�s�i�o�n� �l�i�n�e�s� �a�n�d� �c�o�n�n�e�c�t�o�r�s� �i�n� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �p�a�t�h�.� 

�T�h�i�s� �i�s� �t�h�e� �m�e�t�h�o�d� �u�s�e�d� �b�y� �N�i�c�h�o�l�s�o�n� �a�n�d� �R�o�s�s� �[�1�2�]� �i�n� �w�h�i�c�h� 

�t�h�e� �r�e�f�e�r�e�n�c�e� �w�a�v�e�f�o�r�m� �i�s� �s�i�m�p�l�y� �m�e�a�s�u�r�e�d� �a�f�t�e�r� �t�h�e� �e�f�f�e�c�t�s� 

�h�a�v�e� �o�c�c�u�r�r�e�d� �a�n�d� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �d�e�c�o�n�v�o�l�u�t�i�o�n� �w�h�i�c�h� 

�o�c�c�u�r�s� �i�n� �t�h�e� �d�i�v�i�s�i�o�n� �o�f� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� 

�d�e�s�i�r�e�d� �w�a�v�e�f�o�r�m� �b�y� �t�h�a�t� �o�f� �t�h�e� �r�e�f�e�r�e�n�c�e� �w�a�v�e�f�o�r�m� �i�s� �a�s�s�u�m�e�d� 

�t�o� �r�e�m�o�v�e� �t�h�e�s�e� �e�f�f�e�c�t�s�.� �T�h�e� �l�a�c�k� �o�f� �p�r�e�c�i�s�i�o�n� �t�e�r�m�i�n�a�t�i�o�n�s� 

�f�o�r� �t�h�e� �g�r�o�u�n�d� �p�r�o�b�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �m�a�d�e� �t�h�i�s� �s�c�h�e�m�e�,� �a�s� �w�e�l�l� 

�a�s� �t�h�e� �n�e�x�t� �d�e�e�m�b�e�d�d�i�n�g� �s�c�h�e�m�e�,� �d�i�f�f�i�c�u�l�t� �t�o� �i�m�p�l�e�m�e�n�t�,� �b�u�t� 

�t�h�e� �s�h�o�r�t�i�n�g� �b�a�r� �w�a�s� �u�s�e�d� �t�o� �p�r�o�v�i�d�e� �a�t� �l�e�a�s�t� �a�n� �a�p�p�r�o�x�i�m�a�t�e� 
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�s�h�o�r�t� �c�i�r�c�u�i�t� �t�e�r�m�i�n�a�t�i�o�n�,� �a�n�d� �t�h�e� �w�a�v�e�f�o�r�m� �m�e�a�s�u�r�e�d� �w�i�t�h� �n�o� 

�p�r�o�b�e�s� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �h�e�a�d� �w�a�s� �a�s�s�u�m�e�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �a�n� 

�o�p�e�n� �c�i�r�c�u�i�t� �t�e�r�m�i�n�a�t�i�o�n� �(�a�l�b�e�i�t� �o�n�e� �w�i�t�h� �p�o�s�s�i�b�l�e� �r�a�d�i�a�t�i�o�n� 

�l�o�s�s�e�s�)�.� �T�h�i�s� �w�o�r�k�e�d� �s�u�r�p�r�i�s�i�n�g�l�y� �w�e�l�l�,� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �o�f� 

�u�s�i�n�g� �t�h�i�s� �d�e�e�m�b�e�d�d�i�n�g� �m�e�t�h�o�d� �w�i�t�h� �t�h�e�s�e� �t�w�o� �d�i�f�f�e�r�e�n�t� 

�t�e�r�m�i�n�a�t�i�o�n�s� �i�s� �p�l�o�t�t�e�d� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �p�o�r�t�i�o�n� 

�o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�T�h�e� �o�t�h�e�r� �s�c�h�e�m�e� �w�h�i�c�h� �w�a�s� �u�s�e�d� �t�o� �s�o�m�e� �b�e�n�e�f�i�t� �m�a�y� �b�e� 

�d�e�r�i�v�e�d� �f�r�o�m� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �g�r�o�u�n�d� �p�r�o�b�e� �s�i�g�n�a�l� �f�l�o�w� 

�g�r�a�p�h�,� �f�i�g�u�r�e� �5�.�3�.� �T�h�i�s� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �s�i�g�n�a�l� �s�e�e�n� �a�t� 

�t�h�e� �s�a�m�p�l�i�n�g� �o�s�c�i�l�l�o�s�c�o�p�e� �i�s� 

� � �V�p� �=� �V�z� �[�2�+� �P�i� �(�1�+�P�,�)� �+�P�1�B� �(�1�-�p�,�p�,�)� �(�1�-�p�,�p�,�)� 
�B�=� �(�1�+�p�,�)� �(�t�,�t�,�-�P�,�P�2�)� �(�5�.�2�)� 

�P�.�T�,�T�,� �=� �+�9� �+� �6� 

�P�p� �*� �P�a� �(�T�e� �5�|� 

�w�h�e�r�e� �p�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �s�a�m�p�l�e�,� 

�p�,� �i�s� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �l�o�o�k�i�n�g� �t�o�w�a�r�d�s� �t�h�e� 

�o�s�c�i�l�l�o�s�c�o�p�e� �f�r�o�m� �t�h�e� �s�c�o�p�e� �s�i�d�e� �o�f� �t�h�e� �s�a�m�p�l�i�n�g� �h�e�a�d�,� �a�n�d� �p�,� 

�i�s� �t�h�e� �c�o�m�p�o�s�i�t�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �s�e�e�n� �b�y� �t�h�e� �g�r�o�u�n�d� 

�p�r�o�b�e�s� �l�o�o�k�i�n�g� �b�a�c�k� �t�o�w�a�r�d�s� �t�h�e� �g�r�o�u�n�d� �p�r�o�b�e� �h�e�a�d� �a�n�d� 

�o�s�c�i�l�l�o�s�c�o�p�e�.� 

�T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �m�a�y� �b�e� �e�v�a�l�u�a�t�e�d� �f�o�r�  ��s�a�m�p�l�e�s �� 

�c�o�n�s�i�s�t�i�n�g� �o�f� �a� �s�h�o�r�t� �c�i�r�c�u�i�t� �(�p�,�=�-�1�)�,� 
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� � � � � � � � 
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�t�+� �>� �>�_�>� �>� 
�A� �V� �I�N� �V� 

�p�,� �V�p� �D� �p�,� �p�,� 

�I�N� �\�V� �y�n� �V�Y� 
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�F�i�g�u�r�e� �5�.�3�:� �G�r�o�u�n�d� �P�r�o�b�e� �S�i�g�n�a�l� �F�l�o�w� �G�r�a�p�h� 
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� � 

�R�e�p�o�r�t� 

�p�,� �(�1�+�p�,�)� �-�B� 
�=�V�-�|�/�1� �(�5�.�3�)� �|� �"�(�=�p� �5�P�,�)� �a�T�)� 

�a� �k�n�o�w�n� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �k�,� 

� � 

� � 

�p�,�(�1�+�p�,�)� �+�k�B� 
�V�p�,� �=� �V�;�,�[�1� �(�5�.�4�)� 

�R�e� �-�(� �.� �(�1�-�p�,�p�,�)� �(�1�-�k�p�,�)� 

�a�n�d� �a�n� �o�p�e�n� �c�i�r�c�u�i�t� �(�p�,�=�1�)�.� 

�p�,�(�1�+�p�,�)� �+�B� 
�V�,� �=� �V�,�/�1� �(�5�.�5�)� 

�R�o�p�a�n� �|� �*� �(�1�-�p�,�p�,�)� �(�1�-�p�,�)� 

�I�f� �t�h�e� �s�h�o�r�t� �c�i�r�c�u�i�t� �t�e�r�m�i�n�a�t�i�o�n� �i�s� �u�s�e�d� �t�o� �p�r�o�d�u�c�e� �t�h�e� �m�a�i�n� 

�r�e�f�e�r�e�n�c�e� �w�a�v�e�f�o�r�m�,� �t�h�e�n� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �l�e�a�d�s� 

� � 

� � � � 

�t�o� 

�V�p�-�V�p�,� �=� �k�-�p�,� �1�L�+�p�,� �(�5�.�6�)� 

�V�r�a�n�o�r�e �� �V�R�p� �k�+�l� �1�-�9�,�P�,� 

�V�a�o�p�e�n ��  ��R�y� �=� �k�-�1� �1�+�P�,� �(�5� �7�)� 
�V�e�,� �k�K�+�1� �1�-�p�,� 

�R�g�h�o�r�t� 

�w�h�e�r�e� �t�h�e� �s�e�c�o�n�d� �e�x�p�r�e�s�s�i�o�n� �i�s� �s�o�l�v�e�d� �f�o�r� �p�,� �w�h�i�c�h� �i�s� �t�h�e�n� 

�u�s�e�d� �i�n� �t�h�e� �f�i�r�s�t� �e�x�p�r�e�s�s�i�o�n� �t�o� �e�v�a�l�u�a�t�e� �p�,� �w�h�i�c�h� �i�s� 
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�e�q�u�i�v�a�l�e�n�t� �t�o� �S�,�.� �A�n�o�t�h�e�r� �p�a�i�r� �o�f� �e�x�p�r�e�s�s�i�o�n�s� �r�e�s�u�l�t�s� �f�r�o�m� 

�u�s�i�n�g� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� �d�e�r�i�v�e�d� �w�a�v�e�f�o�r�m� �a�s� �t�h�e� �m�a�i�n� �r�e�f�e�r�e�n�c�e� 

� � 

�w�a�v�e�f�o�r�m�.� 

�V�r�-�V�r�,� �=� �p�,�-�k� �1�-�p�,� �(�5�.�8�)� 

�V�a�o�p�a�n �� �V�R�y� �1�-�k� �1�-�p�,�p�,� 

�V�e�n�e�r�e� �R�y� �_� �K�+�1� �1�-�P�p� �(�5�.�9�)� � � 

�R�o�p�e�n� 

�T�h�e�s�e� �e�x�p�r�e�s�s�i�o�n�s� �a�r�e� �t�r�e�a�t�e�d� �i�n� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �e�q�u�a�t�i�o�n�s� 

�5�.�6� �a�n�d� �5�.�7� �t�o� �s�o�l�v�e� �f�o�r� �§�&�,�.� 

�T�h�e� �i�n�v�e�r�s�i�o�n� �o�f� �t�h�e� �S�,� �i�n�f�o�r�m�a�t�i�o�n� �i�n�t�o� �p�e�r�m�i�t�t�i�v�i�t�y� �i�s� 

�t�h�e� �n�e�x�t� �p�r�o�b�l�e�m� �w�h�i�c�h� �m�u�s�t� �b�e� �s�o�l�v�e�d�.� �T�h�i�s� �i�s� �a�g�g�r�a�v�a�t�e�d� �b�y� 

�t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �g�r�o�u�n�d� �p�r�o�b�e�s� �i�n� �c�o�m�b�i�n�a�t�i�o�n� �w�i�t�h� �t�h�e� 

�f�i�n�i�t�e� �t�i�m�e� �w�i�n�d�o�w� �a�v�a�i�l�a�b�l�e� �f�o�r� �m�e�a�s�u�r�e�m�e�n�t�.� �I�n�s�p�e�c�t�i�o�n� �o�f� 

�f�i�g�u�r�e� �5�.�2� �s�h�o�w�s� �t�h�a�t�,� �e�v�e�n� �f�o�r� �d�r�y� �s�a�n�d� �( ¬�,� �=� �3�)� �a�n�d� �t�h�e� �1�5� 

�c�m�.� �p�r�o�b�e� �l�e�a�d�s�,� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l� �h�a�s� �o�n�l�y� �e�n�o�u�g�h� �t�i�m�e� 

�f�o�r� �t�w�o� �c�o�m�p�l�e�t�e� �t�r�a�n�s�i�t�s� �o�f� �t�h�e� �p�r�o�b�e� �l�e�n�g�t�h� �b�e�f�o�r�e� �t�h�e� �e�n�d� 

�o�f� �t�h�e� �t�i�m�e� �w�i�n�d�o�w�.� �T�h�e� �s�i�t�u�a�t�i�o�n� �i�s� �e�v�e�n� �w�o�r�s�e� �i�n� �t�h�e� �c�a�s�e� 

�o�f� �t�h�e� �w�e�t� �s�a�m�p�l�e�s� �( ¬�,� �=� �2�5�)� �w�h�e�r�e� �t�h�e� �s�i�g�n�a�l� �o�n�l�y� �h�a�s� �t�i�m�e� 

�f�o�r� �o�n�e� �r�o�u�n�d� �t�r�i�p� �t�o� �t�h�e� �e�n�d� �o�f� �t�h�e� �p�r�o�b�e� �a�n�d� �b�a�c�k�.� 

�T�h�i�s� �l�e�a�d�s� �t�o� �t�h�e� �c�o�n�j�e�c�t�u�r�e� �t�h�a�t� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�d�e� 

�w�i�t�h� �t�h�e� �g�r�o�u�n�d� �p�r�o�b�e� �d�o� �n�o�t� �p�r�e�s�e�n�t� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� 

�t�o�t�a�l� �r�e�f�l�e�c�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�s� �f�r�o�m� �w�h�i�c�h� �m�a�y� �b�e� �i�n�f�e�r�r�e�d� �t�h�a�t� 
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�s�t�e�a�d�y� �s�t�a�t�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �n�o�t� �a�d�e�q�u�a�t�e�l�y� 

�m�o�d�e�l� �t�h�e� �s�y�s�t�e�m� �u�n�d�e�r� �t�e�s�t�.� �T�h�i�s� �i�n�d�e�e�d� �t�u�r�n�s� �o�u�t� �t�o� �b�e� 

�t�r�u�e�,� �a�s� �a�l�l� �a�t�t�e�m�p�t�s� �t�o� �a�p�p�l�y� �t�h�e� �B�a�k�e�r�-�J�a�r�v�i�s� �a�n�d� �C�o�l�e� 

�e�q�u�a�t�i�o�n�s� �(�e�q�u�a�t�i�o�n�s� �4�.�7� �a�n�d� �4�.�8�)� �m�e�t� �w�i�t�h� �f�a�i�l�u�r�e�.� 

�U�t�i�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �e�n�t�i�r�e� �b�o�u�n�c�e� �d�i�a�g�r�a�m� �d�e�r�i�v�e�d� �e�q�u�a�t�i�o�n� 

�(�4�.�6�)� �w�e�r�e� �s�i�m�i�l�a�r�l�y� �u�n�s�u�c�c�e�s�s�f�u�l�,� �b�u�t� �u�s�e� �o�f� �o�n�l�y� �t�h�e� �f�i�r�s�t� 

�t�w�o� �t�e�r�m�s� �o�f� �t�h�a�t� �e�q�u�a�t�i�o�n�,� 

�S�,�(�w�)� �=� �p�+�(�1�-�p�?�)� �t�?�+�.�.� �(�5�.�1�0�)� 

�w�o�r�k�e�d� �a�d�e�q�u�a�t�e�l�y� �w�i�t�h� �t�h�e� �1�5� �c�m�.� �p�r�o�b�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� 
�-�j� �(�2�°�1�5�)� �@� �y�t� 

�O�b�s�e�r�v�a�t�i�o�n� �o�f� �t�h�e� �f�a�c�t� �t�h�a�t� �1�,�2� �=�e� �¢� �=� �T�q� 

�i�n�i�t�i�a�l�l�y� �l�e�a�d� �t�o� �t�h�e� �h�o�p�e� �t�h�a�t� �s�o�m�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �t�w�o� 

�m�e�a�s�u�r�e�m�e�n�t�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �l�e�n�g�t�h� �p�r�o�b�e�s� �s�u�c�h� �a�s� 

�p�?�-�(�S�,�,�+�1�)� �p�?�+�(�2� �S�,�5�-�1�)� �p�+� �(�S�y�-�S�y�5�2�)� �=� �0� �(�5�.�1�1�)� 

�o�r� 

�S�3�o�-�(�S�y�s�-�P�)� �T�y�s�*�-�p� �=� �0� �(�5�-�1�2�)� 

�c�o�u�l�d� �b�e� �u�s�e�d�,� �b�u�t� �t�h�e�s�e� �d�i�d� �n�o�t� �p�r�o�d�u�c�e� �u�s�e�f�u�l� �r�e�s�u�l�t�s�,� 

�p�r�o�b�a�b�l�y� �b�e�c�a�u�s�e� �t�h�e�y� �a�r�e� �p�r�e�d�i�c�a�t�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� 

�t�h�e� �s�i�g�n�a�l� �e�n�t�i�r�e�l�y� �t�r�a�v�e�r�s�e�s� �t�h�e� �p�r�o�b�e� �l�e�n�g�t�h� �i�n� �b�o�t�h� 

�d�i�r�e�c�t�i�o�n�s� �a�t� �l�e�a�s�t� �o�n�c�e�,� �a�n�d� �t�h�i�s� �d�o�e�s� �n�o�t� �h�o�l�d� �t�r�u�e� �f�o�r� �t�h�e� 

�w�e�t� �s�a�m�p�l�e�s� �a�n�d� �t�h�e� �3�0� �c�m�.� �p�r�o�b�e�.� �I�n� �a�n�y� �c�a�s�e�,� �o�n�l�y� �e�q�u�a�t�i�o�n� 
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�5�.�1�0� �w�a�s� �u�s�e�d� �t�o� �d�e�r�i�v�e� �p�e�r�m�i�t�t�i�v�i�t�y� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �g�r�o�u�n�d� 

�p�r�o�b�e� �m�e�a�s�u�r�e�m�e�n�t�s�,� �a�n�d� �t�h�e�s�e� �r�e�s�u�l�t�s� �w�e�r�e� �d�e�r�i�v�e�d� �e�n�t�i�r�e�l�y� 

�f�r�o�m� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�d�e� �w�i�t�h� �t�h�e� �1�5� �c�m�.� �g�r�o�u�n�d� �p�r�o�b�e�s�.� 

�E�X�P�E�R�I�M�E�N�T�A�L� �R�E�S�U�L�T�S� 

�O�n�c�e� �a�g�a�i�n�,� �t�h�e� �t�h�r�e�e� �m�a�t�e�r�i�a�l�s� �m�e�a�s�u�r�e�d� �w�e�r�e� �d�r�y� �s�a�n�d�,� 

�s�a�n�d� �s�a�t�u�r�a�t�e�d� �w�i�t�h� �w�a�t�e�r�,� �a�n�d� �s�a�n�d� �s�a�t�u�r�a�t�e�d� �w�i�t�h� �1� �N�.� 

�s�a�l�t�w�a�t�e�r�.� �T�h�e� �s�a�m�p�l�e�  ��c�e�l�l�s �� �(�p�l�a�s�t�i�c� �b�u�c�k�e�t�s�)� �w�e�r�e� �f�i�l�l�e�d� 

�w�i�t�h� �t�h�e� �s�a�m�p�l�e�s� �o�n�l�y� �o�n�c�e�,� �s�o� �t�h�a�t� �t�h�e� �s�a�m�e� �s�a�m�p�l�e�s� �a�r�e� �u�s�e�d� 

�f�o�r� �a�l�l� �f�i�v�e� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �a� �g�i�v�e�n� �m�a�t�e�r�i�a�l�.� �T�h�e� �c�e�l�l�s� 

�w�e�r�e� �c�o�v�e�r�e�d� �w�i�t�h� �a� �p�l�a�s�t�i�c� �s�h�e�e�t� �b�e�t�w�e�e�n� �m�e�a�s�u�r�e�m�e�n�t�s� �t�o� 

�r�e�d�u�c�e� �w�a�t�e�r� �l�o�s�s� �t�o� �a� �m�i�n�i�m�u�m�,� �b�u�t� �n�o� �l�i�q�u�i�d� �w�a�s� �a�d�d�e�d� �t�o� 

�t�h�e� �c�e�l�l�s� �d�u�r�i�n�g� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �p�e�r�i�o�d� �(�a�b�o�u�t� �t�w�o� �w�e�e�k�s�)�.� 

�T�h�e� �a�p�p�e�a�r�a�n�c�e� �o�f� �s�m�a�l�l� �a�m�o�u�n�t�s� �o�f� �s�t�a�n�d�i�n�g� �l�i�q�u�i�d� �o�n� �t�h�e� �t�o�p� 

�s�u�r�f�a�c�e� �o�f� �t�h�e� �w�e�t� �s�a�m�p�l�e�s� �s�e�e�m�e�d� �t�o� �i�n�d�i�c�a�t�e� �t�h�a�t� �n�o� 

�S�i�g�n�i�f�i�c�a�n�t� �m�o�i�s�t�u�r�e� �l�o�s�s� �w�a�s� �o�c�c�u�r�r�i�n�g�.� 

�T�h�e� �g�r�o�u�n�d� �p�r�o�b�e� �w�a�s� �r�e�m�o�v�e�d� �a�n�d� �r�e�i�n�s�e�r�t�e�d� �f�o�r� �e�a�c�h� 

�m�e�a�s�u�r�e�m�e�n�t�,� �a�n�d� �o�n� �i�n�s�e�r�t�i�o�n� �t�h�e� �p�r�o�b�e� �w�a�s� �p�u�s�h�e�d� �i�n� �u�n�t�i�l� 

�t�h�e� �g�r�o�u�n�d� �p�r�o�b�e� �h�e�a�d� �r�e�s�t�e�d� �o�n� �t�h�e� �s�a�m�p�l�e�.� �T�h�i�s� �w�a�s� �t�o� 

�e�n�s�u�r�e� �c�o�n�t�a�c�t� �a�l�o�n�g� �t�h�e� �e�n�t�i�r�e� �l�e�n�g�t�h� �o�f� �t�h�e� �p�r�o�b�e�.� �A�s� �i�n� 

�t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s�,� �f�i�v�e� �s�e�t�s� �o�f� �a�c�q�u�i�s�i�t�i�o�n�s� �w�e�r�e� �t�a�k�e�n� 

�f�o�r� �e�a�c�h� �m�a�t�e�r�i�a�l� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �p�l�o�t�t�e�d� �b�e�l�o�w� �i�n�d�i�c�a�t�e� 

�a�v�e�r�a�g�e� �v�a�l�u�e�s� �f�o�r� �p�e�r�m�i�t�t�i�v�i�t�y� �a�m�o�n�g� �t�h�o�s�e� �f�i�v�e� �m�e�a�s�u�r�e�m�e�n�t�s� 

�a�n�d� �t�h�e� �m�a�x�i�m�u�m� �a�n�d� �m�i�n�i�m�u�m� �e�x�c�u�r�s�i�o�n�s� �f�r�o�m� �t�h�o�s�e� �v�a�l�u�e�s�.� 
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�T�h�e� �g�r�a�p�h�s� �p�l�o�t�t�e�d� �i�n� �f�i�g�u�r�e�s� �5�.�4� �t�h�r�o�u�g�h� �5�.�7� �s�h�o�w� �t�h�e� 

�r�e�s�u�l�t�s� �o�f� �t�h�e� �d�r�y� �s�a�n�d� �m�e�a�s�u�r�e�m�e�n�t�s�.� �N�o�t�e� �t�h�a�t� �s�a�m�p�l�e� �t�o� 

�s�a�m�p�l�e� �v�a�r�i�a�t�i�o�n� �w�a�s� �q�u�i�t�e� �w�i�d�e� �i�n� �t�h�e� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s� �f�o�r� 

�t�h�e�  ¬�, �� �v�a�l�u�e�s� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �s�i�g�n�a�l� �f�l�o�w� �g�r�a�p�h� �d�e�e�m�b�e�d�d�e�d� 

�r�e�s�u�l�t�s� �b�u�t� �i�s� �n�o�t� �s�o� �p�r�e�v�a�l�e�n�t� �i�n� �t�h�o�s�e� �r�e�s�u�l�t�s� �d�e�r�i�v�e�d� 

�u�s�i�n�g� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �d�i�v�i�s�i�o�n�.� �T�h�i�s� �i�s� �p�r�o�b�a�b�l�y� �d�u�e� �t�o� 

�v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �b�a�l�u�n� �b�a�c�k� �m�a�t�c�h�i�n�g� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� 

�p�y�,� �W�h�i�c�h� �i�s� �c�a�l�c�u�l�a�t�e�d� �s�e�p�a�r�a�t�e�l�y� �f�o�r� �e�a�c�h� �s�a�m�p�l�e�,� �a�n�d� �m�a�y� 

�i�n�d�i�c�a�t�e� �t�h�a�t� �a� �m�o�r�e� �d�e�t�a�i�l�e�d� �m�o�d�e�l� �f�o�r� �t�h�e� �b�a�l�u�n� �n�e�t�w�o�r�k� �i�s� 

�n�e�e�d�e�d� �f�o�r� �s�a�m�p�l�e�s� �w�i�t�h� �l�o�w� �p�e�r�m�i�t�t�i�v�i�t�i�e�s�.� 

�T�h�e� �6�0�0� �M�H�z�.� �o�s�c�i�l�l�a�t�i�o�n� �s�e�e�n� �i�n� �t�h�e� �w�e�t� �s�a�m�p�l�e�s� �i�n� �t�h�e� 

�l�a�s�t� �c�h�a�p�t�e�r� �i�s� �p�r�e�s�e�n�t� �h�e�r�e� �i�n� �t�h�e� �d�r�y� �s�a�m�p�l�e�s�.� �T�h�i�s� �l�e�n�d�s� 

�m�o�r�e� �c�r�e�d�e�n�c�e� �t�o� �t�h�e� �i�d�e�a� �t�h�a�t� �t�h�e� �o�s�c�i�l�l�a�t�i�o�n� �i�s� �a� �p�r�o�d�u�c�t� 

�o�f� �t�h�e� �t�i�m�e� �d�o�m�a�i�n� �s�a�m�p�l�i�n�g� �s�y�s�t�e�m� �a�n�d� �n�o�t� �o�f� �t�h�e� �s�a�m�p�l�e� 

�h�o�l�d�e�r� �b�e�i�n�g� �u�s�e�d�.� �A�l�s�o�,� �s�o�m�e� �o�f� �t�h�e�  ¬�, � �� �v�a�l�u�e�s� �a�r�e� 

�n�e�g�a�t�i�v�e�,� �w�h�i�c�h� �i�m�p�l�i�e�s� �t�h�a�t� �e�n�e�r�g�y� �w�a�s� �l�o�s�t� �i�n� �t�h�e� �r�e�f�e�r�e�n�c�e� 

�w�a�v�e�f�o�r�m� �a�t� �s�o�m�e� �f�r�e�q�u�e�n�c�i�e�s�,� �p�r�o�b�a�b�l�y� �d�u�e� �t�o� �t�h�e� 

�u�n�c�a�l�i�b�r�a�t�e�d� �n�a�t�u�r�e� �o�f� �t�h�e� �t�e�r�m�i�n�a�t�i�o�n�s� �u�s�e�d�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �w�e�t� �s�a�n�d� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� 

�i�n� �f�i�g�u�r�e�s� �5�.�8� �t�h�r�o�u�g�h� �5�.�1�1�.� �V�a�r�i�a�t�i�o�n� �b�e�t�w�e�e�n� �s�a�m�p�l�e�s� �i�s� 

�m�u�c�h� �l�e�s�s� �n�o�t�i�c�e�a�b�l�e� �h�e�r�e�,� �b�u�t� �a�l�l� �g�r�a�p�h�s� �s�h�o�w� �t�h�e� �s�a�m�e� �l�o�w� 

�v�a�l�u�e�s� �f�o�r�  ¬�, �� �t�h�a�t� �w�e�r�e� �e�x�p�e�r�i�e�n�c�e�d� �i�n� �t�h�e� �o�p�e�n� �c�i�r�c�u�i�t� 

�s�a�m�p�l�e� �h�o�l�d�e�r� �m�e�a�s�u�r�e�m�e�n�t�s�.� �T�h�i�s� �e�f�f�e�c�t� �i�s� �u�n�e�x�p�l�a�i�n�e�d�,� �b�u�t� 

�a�p�p�a�r�e�n�t�l�y� �r�e�a�l� �s�i�n�c�e� �i�t� �o�c�c�u�r�s� �c�o�n�s�i�s�t�e�n�t�l�y� �t�h�r�o�u�g�h�o�u�t� �t�h�e� 

�m�e�a�s�u�r�e�m�e�n�t�s�.� �A� �d�i�s�t�u�r�b�a�n�c�e� �i�s� �s�e�e�n� �i�n� �t�h�e�s�e� �g�r�a�p�h�s� �a�n�d� �t�h�e� 
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