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Md Abdullah Al Maruf

While advancements in deep learning have been largely possible due to the availability of

large-scale labeled datasets, obtaining labeled datasets at the required granularity is chal-

lenging in many real-world applications especially in scientific domains, due to the costly

and labor-intensive nature of generating annotations. Hence, there is a need to develop new

paradigms for learning that do not rely on expert-labeled data and can work even with in-

direct supervision. Approaches for learning with indirect supervision include unsupervised

learning, self-supervised learning, weakly supervised learning, few-shot learning, and knowl-

edge distillation. This thesis addresses these opportunities in the context of multi-modal data

through three main contributions. First, this thesis proposes a novel Distance-aware Nega-

tive Sampling method for self-supervised Graph Representation Learning (GRL) that learns

node representations directly from the graph structure by maximizing separation between

distant nodes and maximizing cohesion among nearby nodes. Second, this thesis introduces

effective modifications to weakly supervised semantic segmentation (WS3) models, such as

stochastic aggregation to saliency maps that improve the learning of pseudo-ground truths

from class-level coarse-grained labels and address the limitations of class activation maps.

Finally, this thesis evaluates whether pre-trained Vision-Language Models (VLMs) contain

the necessary scientific knowledge to identify and reason about biological traits from scien-

tific images. The zero-shot performance of 12 large VLMs is evaluated on a novel VLM4Bio

dataset, along with the effects of prompting and reasoning hallucinations are explored.



Md Abdullah Al Maruf

While advancements in machine learning (ML) such as deep learning have been largely

possible due to the availability of large-scale labeled datasets, obtaining high-quality and

high-resolution labels is challenging in many real-world applications due to the costly and

labor-intensive nature of generating annotations. This thesis explores new ways for training

ML models without relying heavily on expert-labeled data using indirect supervision. First,

it introduces a novel way of using the structure of graphs for learning representations of

graph-based data. Second, it analyzes the effect of weak supervision using coarse labels

for image-based data. Third, it evaluates whether current ML models can recognize and

reason about scientific images on their own, aiming to make learning more efficient and less

dependent on exhaustive labeling.



iv



I am deeply indebted to a number of people who have guided and encouraged me throughout

my Ph.D. journey. First and foremost, I extend my deepest gratitude to my advisor, Pro-

fessor Anuj Karpatne, for his unwavering support, guidance, and mentorship. His genuine

care for my intellectual growth, coupled with his patience and encouragement, has shaped

my work and helped me continually broaden my perspective and strive for excellence. I am

fortunate to have him as a mentor; my doctoral experience would not have been as fulfilling

without his care and belief in my potential.

I would also like to express my heartfelt gratitude to my doctoral committee members -

Prof. T. M. Murali, Prof. Wei-Lun Chao, Prof. Lifu Huang, and Prof. Ismini Lourentzou

- for their valuable insights and constructive feedback, which were instrumental in refining

this dissertation and expanding my understanding of the field.

I am grateful to my colleagues in the KGML lab for creating a supportive, collaborative

environment. Our exchange of ideas and insights was a constant source of inspiration. In

particular, I am thankful to Dr. Arka Daw, Dr. Jie Bu, Dr. Mohannad Elhamod, Medha,

Mridul, Harish, Abhilash, Kazi, Amartya, Blessy, Sepideh, Aanish, Arya, Ioannis, Naveen,

and Snehal.

Beyond the lab, my friends in Blacksburg made this college town feel like home. I espe-

cially thank Dr. Jubayer Mahmod, Dr. Sazzadur Rahman, Dr. Shariful Islam, Dr. Murad

Hassan, Dr. Rubayet Shafin, Dr. AB Siddik, and Sefat, along with many others, for their

v



warmth and enjoyable experience.

Nothing that I have ever accomplished could have been possible without the unwavering

love and sacrifice of my parents. Their trust and confidence in me provided the foundation

I needed to remain focused, resilient, and motivated through every step of my Ph.D.

Finally, I am thankful to all my long-time friends, teachers, mentors, cousins, and child-

hood heroes - Hamid, Zishan, Dr. Arif, Dr. Sarwar, Dr. Imtiaz, Dr. Swakkhar, Dr. Farid,

Ifath, Siam, Hasan, Asif, Rashed, Harif, Topu, Zitu, Rahat, and Mukut - who shaped my

thinking, guided my growth, and celebrated my progress. I am who I am today because of

your influence and support.

vi



1.1 Challenges in Learning with Expert Labels . . . . . . . . . . . . . . . . . . . 3

1.2 Direct vs. Indirect Supervision . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Opportunities in Learning with Indirect Supervision for Multimodal Data . . 4

1.4 Thesis Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Preliminaries and Problem Objective . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.2 Cohesion and Separation . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3.3 GRL Objective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.4 Proposed Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.5 Evaluation Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

vii



2.6 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2 Fundamental Concepts and Definitions . . . . . . . . . . . . . . . . . . . . . 32

3.2.1 Class Activation Maps . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.2.2 Saliency Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.3 Comparing CAMs and Saliency Maps . . . . . . . . . . . . . . . . . . . . . . 34

3.3.1 A Visual Comparison Using Hyperplanes . . . . . . . . . . . . . . . . 34

3.3.2 Perspective from Contribution Windows . . . . . . . . . . . . . . . . 37

3.4 Experimental Setup & Evaluation Metrics . . . . . . . . . . . . . . . . . . . 39

3.4.1 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.4.2 Evaluation Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.5 Quantitative Comparison: CAM/Saliency . . . . . . . . . . . . . . . . . . . 41

3.5.1 Effect of Contribution Window . . . . . . . . . . . . . . . . . . . . . 41

3.5.2 Comparing NDR Recovery . . . . . . . . . . . . . . . . . . . . . . . . 41

3.5.3 Improving Saliencies with Simple Post-processing . . . . . . . . . . . 42

3.6 Stochastic Aggregation of Saliencies . . . . . . . . . . . . . . . . . . . . . . . 43

3.6.1 Smoothing Saliencies by Injecting Noise . . . . . . . . . . . . . . . . 44

3.7 Stochastic Aggregation Through Cropping . . . . . . . . . . . . . . . . . . . 45

viii



3.7.1 Disintegrating the Spatial Structure of Images using Random Cropping 45

3.7.2 Can we do better than random cropping? . . . . . . . . . . . . . . . 46

3.8 Related Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.9 Discussion and Future Directions . . . . . . . . . . . . . . . . . . . . . . . . 49

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2 Related Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3 VLM4Bio Tasks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.3.1 Species Classification . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.3.2 Trait Identification . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.3.3 Trait Grounding and Referring . . . . . . . . . . . . . . . . . . . . . 56

4.3.4 Trait Counting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.4 VLM4Bio Dataset . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.5.1 Analyzing the Role of Answer Choices in MC Questions on VLM Per-

formance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.5.2 Comparing Pre-trained VLMs with a Biologically Fine-tuned Model . 65

4.5.3 Analyzing Effects of Prompting on VLM Performance . . . . . . . . 65

4.5.4 Analyzing Tests for Reasoning Hallucination . . . . . . . . . . . . . . 67

4.6 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

ix



5.1 Summary of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.2 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

A.1 Proofs of Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

A.2 Implementation Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

A.3 Additional Analysis of Results . . . . . . . . . . . . . . . . . . . . . . . . . . 85

B.1 Comparison of CAMs and Saliency Maps Using Hyperplanes . . . . . . . . . 88

B.1.1 Theoretical Proofs of CAM and SM-Hyperplanes . . . . . . . . . . . 88

B.1.2 Visual Comparison for more representative images from VOC . . . . 91

B.2 Experimental Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

B.2.1 Dataset Description . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

B.2.2 Model Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

B.2.3 Background Resolve Techniques . . . . . . . . . . . . . . . . . . . . . 93

B.3 Stochastic Aggregation for Saliencies . . . . . . . . . . . . . . . . . . . . . . 95

B.3.1 SmoothGrad and BinaryMask . . . . . . . . . . . . . . . . . . . . . . 95

B.3.2 Analysis of The Sensitivity Towards Noise. . . . . . . . . . . . . . . . 97

B.4 Stochastic Aggregation Through Cropping . . . . . . . . . . . . . . . . . . . 98

x



B.4.1 Analysis of The Sensitivity For Random Cropping. . . . . . . . . . . 98

B.4.2 Different Variations of Cropping . . . . . . . . . . . . . . . . . . . . 98

C.1 Dataset Preprocessing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

C.2 Links to Access the Dataset and Its Metadata . . . . . . . . . . . . . . . . . 111

C.3 Dataset Availability and Maintanance . . . . . . . . . . . . . . . . . . . . . . 111

C.4 Data Licenses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

C.5 Data Distribution and Key Statistics . . . . . . . . . . . . . . . . . . . . . . 112

C.6 Traits Considered for the Task of Trait Identification . . . . . . . . . . . . . 113

C.7 Traits Considered for the Tasks of Trait Grounding and Referring . . . . . . 114

C.8 VLM Baselines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

C.9 Prompts to Evaluate VLM performance . . . . . . . . . . . . . . . . . . . . 115

C.10 Error Analyses for VLM Responses . . . . . . . . . . . . . . . . . . . . . . . 117

C.11 Comparing Pre-trained VLMs with a Biologically Fine-tuned Model . . . . . 118

C.12 Analyzing Effects of Image Resolution on VLM Performance . . . . . . . . . 120

C.13 Case Studies for Effects of Prompting on VLM Performance . . . . . . . . . 120

C.13.1 No Prompting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

C.13.2 Contextual Prompting . . . . . . . . . . . . . . . . . . . . . . . . . . 121

C.13.3 Dense Caption . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

xi



C.13.4 Chain-Of-Thought Prompting . . . . . . . . . . . . . . . . . . . . . . 121

C.14 Case Studies for Reasoning Hallucination Tests . . . . . . . . . . . . . . . . 122

C.14.1 False Confidence Test (FCT) . . . . . . . . . . . . . . . . . . . . . . 122

C.14.2 None of The Above (NOTA) Test . . . . . . . . . . . . . . . . . . . . 122

xii



1.1 General learning framework of deep learning models. . . . . . . . . . . . . . 2

1.2 Schematic Representation of the Key Contribution in Indirect Supervision for

Multimodal Data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1 Mapping a toy graph (2.1a) into three different 2D-embedding spaces: (2.1b),

(2.1c), and (2.1d). The position of each node denotes the 2D-embedding

vector and the dotted lines represent edges in G. . . . . . . . . . . . . . . . . 16

2.2 DNS-approx heuristic. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 DNS-scalable heuristic. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4 t-SNE plot for embeddings generated by DeepWalk with Distance-aware Neg-

ative Sampler model (DeepWalk-DNS), DeepWalk with Unigram Negative

Sampler model (DeepWalk-UNS), and Graph Auto Encoder model (GAE) on

CiteSeer dataset. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.5 Node classification performance (measured by F1-Macro score) plot with vary-

ing context window on CiteSeer, Cora, and PPI dataset. DeepWalk with

Distance-aware Negative Sampler (DeepWalk-DNS) and with Unigram Nega-

tive Sampler (DeepWalk-UNS) are the competing models. . . . . . . . . . . 26

xiii



2.6 Average Pairwise Similarity of all node-pairs in embedding space where sim-

ilarity = �(zT
i zj) for zi and zj node embeddings. Embeddings generated by

DNS based GRL model show minimum similarity for distant nodes with the

similarity decreasing with increasing distance d. . . . . . . . . . . . . . . . 27

3.1 A visual comparison of CAMs and saliency maps (SMs) for a representative

image from the VOC12 dataset. . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.2 A schematic of “contribution window” demonstrating how the gradients at

layer l � 1 is affected by the gradients from the contribution window of layer l. 39

3.3 Effect of Contribution Window on NDR-Recall and mIoU for MNIST Dataset. 42

4.1 Overview of our goals and contributions. We analyze the capabilities of 12

state-of-the-art (SOTA) vision-language models (VLMs) in answering scien-

tific questions using images from three groups of organisms: fishes, birds, and

butterflies, over five groups of biologically relevant tasks. We also explore the

effectiveness of these models for reasoning using various prompting techniques

and tests for reasoning hallucination. . . . . . . . . . . . . . . . . . . . . . . 52

4.2 Illustrative examples of tasks with different question-types. . . . 54

4.3 Examples of correct and incorrect predictions of GPT-4V for trait identi-

fication, trait grounding, and trait-referring tasks related to the “eye”. For

visualization assistance, a red-colored bounding box is added around the “eye”

in the image. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.1 Schematic Representation of the Potential Future Research Directions in In-

direct Supervision for Multimodal Data. . . . . . . . . . . . . . . . . . . . . 71

xiv



A.1 F1-Macro score plot with varying context window on Synthetic Sparse, Syn-

thetic Moderate, and Synthetic Dense dataset. Competing models are DeepWalk-

UNS, DeepWalk-DNS, and its variants DeepWalk-DNS-min, DeepWalk-DNS-

max. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

A.2 Sensitivity towards outlier points on CiteSeer dataset. . . . . . . . . . . . . . 85

A.3 Node classification performance (F1-Macro score) comparison for various 
-

linear sampler based models with varying context window on Synthetic Sparse,

Synthetic Moderate, and Synthetic Dense dataset. . . . . . . . . . . . . . . . 87

B.1 A visual comparison of CAMs and saliency maps (SMs) for more representa-

tive images from the VOC12 dataset. . . . . . . . . . . . . . . . . . . . . . . 101

B.2 Visual comparison between CAM and Vanilla Saliency with different back-

ground resolves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

B.3 Visual comparison of SmoothGrad saliencies between “Model-org” and “Model-

pert-gaussian” fine-tuned model. Saliencies with basic background resolve are

shown in the figure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

B.4 Visual comparison of BinaryMask saliencies between “Model-org” and “Model-

pert-binary” fine-tuned model. Saliencies with basic background resolve are

shown in the figure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

B.5 Sensitivity plots of the performance towards Gaussian noise levels � (left);

towards binary probability p (right). . . . . . . . . . . . . . . . . . . . . . . 105

B.6 Sensitivity plots of the performance towards the number of samples n for (left)

SmoothGrad; (right) BinaryMask. . . . . . . . . . . . . . . . . . . . . . . . . 105

xv



B.7 Visual evaluation of the sensitivity towards the noise level � of the Gaussian

noise (SmoothGrad saliency with basic background resolve). . . . . . . . . . 105

B.8 Visual evaluation of the sensitivity towards the binary probability of the per-

turbation (BinaryMask saliency with basic background resolve). . . . . . . . 106

B.9 Sensitivity plots of the performance for random cropping (left) to the number

of crops; (right) to the scale of the crops. . . . . . . . . . . . . . . . . . . . . 106

B.10 Visual comparison between Random Cropping, Random Patching, Discrimi-

native Cropping, and Discriminative Patching saliencies. Saliencies with basic

background resolve are shown in the figure. . . . . . . . . . . . . . . . . . . 107

C.1 t-SNE plots to illustrate the effectiveness of random sampling with the major-

ity species in the Fish-10K dataset. Randomly sampled images are shown as

blue dots, while the remaining data points are represented by red dots. Sub-

captions display the scientific names of the corresponding species. To generate

the vector representation of the images, we leverage a VGG19 pretrained on

the ImageNet dataset. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

C.2 Dataset Distribution of Fish-10K, Bird-10K, and Butterfly-10K. . . . . . . 113

C.3 Trait list for Trait Identification task. . . . . . . . . . . . . . . . . . . . . . . 114

C.4 Prompts Templates used for Evaluation. There will be no for

Open set questions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

C.5 Analysis of errors for the pretrained VLM responses. . . . . . . . . . . . . . 117

xvi



�*�X�e �.�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �B�K���;�2 �`�2�b�Q�H�m�i�B�Q�M�b �7�Q�` �6�B�b�?�@�R�y�E ���M�/ �"�B�`�/�@�R�y�E ���`�2 �b�?�Q�r�M �B�M

�6�B�;�m�`�2�b �U���V ���M�/ �U�#�V�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 ���p�2�`���;�2 �b�+�Q�`�2 �Q�p�2�` �B�K���;�2 �`�2�b�Q�H�m�i�B�Q�M �7�Q�`

�i�?�2 �:�S�h�@�9�o�- �G�G���o���@�p�R�X�8�@�d�"�- ���M�/ �G�G���o���@�p�R�X�8�@�R�j�" �K�Q�/�2�H�b �Q�M �6�B�b�?�@�R�y�E ���M�/

�"�B�`�/�@�R�y�E ���`�2 �T�`�2�b�2�M�i�2�/ �B�M �6�B�;�m�`�2�b �U�+�V ���M�/ �U�/�V�X �q�2 �+�Q�M�/�m�+�i �i�?�2 �2�t�T�2�`�B�K�2�M�i

�B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �i�?�2 �a�T�2�+�B�2�b �*�H���b�b�B�7�B�+���i�B�Q�M �i���b�F �r�B�i�? �J�m�H�i�B�T�H�2�@�*�?�Q�B�+�2 �U�J�*�V

�[�m�2�b�i�B�Q�M�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�N

�*�X�d �L�Q �S�`�Q�K�T�i�B�M�;�X �:�S�h�@�9�Q �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�R�X�X �X �X �X �X �X �X �X �X�R�k�j

�*�X�3 �L�Q �S�`�Q�K�T�i�B�M�;�X �:�S�h�@�9�Q �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�R�X�X �X �X �X �X �X �X �X �X�R�k�j

�*�X�N �L�Q �S�`�Q�K�T�i�B�M�;�X �*�P�:�@�o�G�J �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�R�X�X �X �X �X �X �X �X �X�R�k�9

�*�X�R�y �L�Q �S�`�Q�K�T�i�B�M�;�X �*�P�:�@�o�G�J �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�R�X�X �X �X �X �X �X �X�R�k�9

�*�X�R�R �*�Q�M�i�2�t�i�m���H �S�`�Q�K�T�i�B�M�;�X �:�S�h�@�9�Q �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�k�X�X �X �X �X �X�R�k�8

�*�X�R�k �*�Q�M�i�2�t�i�m���H �S�`�Q�K�T�i�B�M�;�X �:�S�h�@�9�Q �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�k�X�X �X �X �X�R�k�8

�*�X�R�j �*�Q�M�i�2�t�i�m���H �S�`�Q�K�T�i�B�M�;�X �G�G���o���@�R�j�" �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�k�X�X �X �X�R�k�e

�*�X�R�9 �*�Q�M�i�2�t�i�m���H �S�`�Q�K�T�i�B�M�;�X �G�G���o���@�R�j�" �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�k�X�X �X�R�k�e

�*�X�R�8 �.�2�M�b�2 �*���T�i�B�Q�M�b �B�M �S�`�Q�K�T�i�b�X �:�S�h�@�9�Q �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�j�X�X �X�R�k�d

�*�X�R�e �.�2�M�b�2 �*���T�i�B�Q�M�b �B�M �S�`�Q�K�T�i�b�X �:�S�h�@�9�Q �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�j�X�X �R�k�3

�*�X�R�d �*�?���B�M�@�P�7�@�h�?�Q�m�;�?�i �S�`�Q�K�T�i�B�M�;�X �:�S�h�@�9�Q �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�9�X�X �R�k�N

�*�X�R�3 �*�?���B�M�@�P�7�@�h�?�Q�m�;�?�i �S�`�Q�K�T�i�B�M�;�X �:�S�h�@�9�Q �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�9�X�R�j�y

�*�X�R�N �*�?���B�M�@�P�7�@�h�?�Q�m�;�?�i �S�`�Q�K�T�i�B�M�;�X �G�G���o���@�R�j�" �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�j�X�9�X�R�j�y

�*�X�k�y �*�?���B�M�@�P�7�@�h�?�Q�m�;�?�i �S�`�Q�K�T�i�B�M�;�X �G�G���o���@�R�j�" �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M

�*�X�R�j�X�9�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�R

�t�p�B�B



�*�X�k�R �:�S�h�@�9�Q �+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�9�X�R�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�R

�*�X�k�k �G�G���o���@�R�j�" �B�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�9�X�R�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�k

�*�X�k�j �:�S�h�@�9�Q �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�9�X�R�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�k

�*�X�k�9 �G�G���o���@�R�j�" �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�9�X�R�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�j

�*�X�k�8 �:�S�h�@�9�Q �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�9�X�R�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�j

�*�X�k�e �G�G���o���@�R�j�" �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X �a�2�+�i�B�Q�M �*�X�R�9�X�R�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�9

�*�X�k�d �:�S�h�@�9�Q �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X ���+�i�m���H �b�T�2�+�B�2�b �M���K�2 �B�b �1�b�Q�t ���K�2�`�B�+���M�m�b�X �a�2�+�i�B�Q�M

�*�X�R�9�X�k�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�9

�*�X�k�3 �G�G���o���@�R�j�" �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X ���+�i�m���H �b�T�2�+�B�2�b �M���K�2 �B�b �1�b�Q�t ���K�2�`�B�+���M�m�b�X

�a�2�+�i�B�Q�M �*�X�R�9�X�k�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�8

�*�X�k�N �:�S�h�@�9�Q �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X ���+�i�m���H �b�T�2�+�B�2�b �M���K�2 �B�b �*�Q�`�p�m�b ���H�#�B�+�Q�H�H�B�b�X �a�2�+�i�B�Q�M

�*�X�R�9�X�k�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�8

�*�X�j�y �"�H�B�T�@�6�H���M�@�s�G �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X ���+�i�m���H �b�T�2�+�B�2�b �M���K�2 �B�b �*�Q�`�p�m�b ���H�#�B�+�Q�H�H�B�b�X

�a�2�+�i�B�Q�M �*�X�R�9�X�k�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�e

�*�X�j�R �:�S�h�@�9�Q �A�M�+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X ���+�i�m���H �b�T�2�+�B�2�b �M���K�2 �B�b�"���i�2�b�B�� �>�v�T�Q�+�?�H�Q� �̀��X

�a�2�+�i�B�Q�M �*�X�R�9�X�k�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�e

�*�X�j�k �"�H�B�T�@�6�H���M�@�s�G �*�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M�X ���+�i�m���H �b�T�2�+�B�2�b �M���K�2 �B�b�"���i�2�b�B�� �>�v�T�Q�+�?�H�Q� �̀��X

�a�2�+�i�B�Q�M �*�X�R�9�X�k�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�d

�t�p�B�B�B



�G�B�b�i �Q�7 �h���#�H�2�b

�k�X�R �a�m�K�K���`�v �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �/���i���b�2�i�b �r�2 �m�b�2�/ �7�Q�` �2�t�T�2�`�B�K�2�M�i�b �r�?�2�`�2 �r�2 �+�?�Q�Q�b�2

�i�?�2 �H���`�;�2�b�i �+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i�b �7�`�Q�K �j�N�y �+�Q�K�T�Q�M�2�M�i�b �7�Q�` �*�B�i�2�a�2�2�` ���M�/

�d�3 �+�Q�K�T�Q�M�2�M�i�b �7�Q�` �*�Q�`�� �U�S�m�#�J�2�/ ���M�/ �S�S�A ���`�2 �b�B�M�;�H�2 �+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i

�;�`���T�?�V�X �q�2 �`�2�T�`�2�b�2�M�i �i�?�2 �H���`�;�2�b�i �+�Q�K�T�Q�M�2�M�i ���bG = ( V; E) ���M�/ �i�?�2 �b�2�i �Q�7

�m�M�B�[�m�2 �+�H���b�b �H���#�2�H�b ���by�X �S�S�A �/���i���b�2�i �?���b �R�k�R �+�H���b�b�2�b �r�B�i�? �#�B�M���`�v �H���#�2�H�b�X �h�?�2

���p�2�`���;�2 �M�Q�/�2 �/�2�;�`�2�2 �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�vdeg�- ���M�/ �i�?�2 �K���t�B�K�m�K �M�Q�/�2 �T���B�` �/�B�b�@

�i���M�+�2 �B�b �/�2�M�Q�i�2�/ �#�vdMAX �X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�R

�k�X�k �h�?�2 �b�m�K�K���`�v �Q�7 �i�?�2 �K�Q�/�2�H �T�2�`�7�Q�`�K���M�+�2�b �B�M �i�2�`�K�b �Q�7 �/�Q�r�M�b�i�`�2���K �M�Q�/�2 �+�H���b�@

�b�B�7�B�+���i�B�Q�M �6�R�@�K���+�`�Q �b�+�Q�`�2�X �q�2 �?�B�;�?�H�B�;�?�i �i�?�2 �#�2�b�i �b�+�Q�`�2 �7�Q�` �2���+�? �/���i���b�2�i�X �6�Q�`

�*�Q�`���- �*�B�i�2�a�2�2�`�- �S�S�A�- ���M�/ �S�m�#�J�2�/�- �r�2 �+�?�Q�Q�b�2 �+�Q�M�i�2�t�i �r�B�M�/�Q�r �9 �i�Q �`�2�T�Q�`�i

�i�?�2 �`�2�b�m�H�i�b�X �"�Q�i�? �.�q�@�.�L�a�@���T�T�`�Q�t ���M�/ �.�q�@�.�L�a�@�b�+���H���#�H�2 �m�b�2 �R�y�W �M�Q�/�2�b ���b

�T�Q�T�m�H���` �M�Q�/�2�b�X �q�2 �`�m�M �2���+�? �K�Q�/�2�H �8 �i�B�K�2�b ���M�/ �`�2�T�Q�`�i �i�?�2 �T�2�`�7�Q�`�K���M�+�2�b �B�M

�i�2�`�K�b �Q�7 �K�2���M ���M�/ �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�8

�k�X�j �*�Q�K�T���`�B�b�Q�M �Q�7 �b�+���H���#�H�2 �?�2�m�`�B�b�i�B�+�b �Q�M �S�m�#�J�2�/ �/���i���b�2�i�X �q�2 �/�2�M�Q�i�2 �i�?�2 �K�Q�/�2�H

�b�B�x�2 ���b�b�B�x�2�- �i�`���B�M�B�M�; �i�B�K�2 �T�2�` �2�T�Q�+�? ���b�i�B�K�2�r�B�i�? �b�2�+�Q�M�/ ���b �m�M�B�i�- ���M�/ �6�R�@�J���+�`�Q

�b�+�Q�`�2 �Q�7 �i�?�2 �/�Q�r�M�b�i�`�2���K �M�Q�/�2 �+�H���b�b�B�7�B�+���i�B�Q�M �i���b�F ���b���+�+�X�X �X �X �X �X �X �X �X �X �X �X �X�k�3

�j�X�R �Z�m���M�i�B�i���i�B�p�2 �+�Q�K�T���`�B�b�Q�M �Q�7 �*���J ���M�/ �a���H�B�2�M�+�v �Q�M �o�P�* �/���i���b�2�i �B�M �i�2�`�K�b �Q�7

�K�A�Q�l�- �6�Q�`�2�;�`�Q�m�M�/ �S�`�2�+�B�b�B�Q�M�- ���M�/ �.�_�@�f�L�.�_�@�_�2�+���H�H�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�k

�t�B�t



�j�X�k �Z�m���M�i�B�i���i�B�p�2 �+�Q�K�T���`�B�b�Q�M �Q�7 �a�K�Q�Q�i�?�:�`���/ ���M�/ �"�B�M���`�v�J���b�F �B�M �i�2�`�K�b �Q�7 �K�A�Q�l�-

�6�:�@�S�`�2�+�B�b�B�Q�M�- �.�_�@�f �L�.�_�@�_�2�+���H�H �7�Q�` �/�B�7�7�2�`�2�M�i �7�B�M�2�@�i�m�M�2�/ �K�Q�/�2�H�b �Q�M �o�P�*

�/���i���b�2�i�X �h�?�2 �/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 ���;�;�`�2�;���i�2�/ �b���H�B�2�M�+�v �T�2�`�7�Q�`�K���M�+�2 ���M�/

�i�?�2 �p���M�B�H�H�� �b���H�B�2�M�+�v �T�2�`�7�Q�`�K���M�+�2 �B�b �b�?�Q�r�M �B�M �T���`�2�M�i�?�2�b�2�b�X �� �T�Q�b�B�i�B�p�2 �p���H�m�2 �/�2�@

�M�Q�i�2�b ���M �B�M�+�`�2���b�2 �B�M �T�2�`�7�Q�`�K���M�+�2�c �r�?�2�`�2���b �� �M�2�;���i�B�p�2 �p���H�m�2 �/�2�M�Q�i�2�b �� �/�2�+�`�2���b�2

�B�M �T�2�`�7�Q�`�K���M�+�2 �7�Q�` ���;�;�`�2�;���i�2�/ �b���H�B�2�M�+�B�2�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�j

�j�X�j �*�Q�K�T���`�B�b�Q�M �Q�7 �_���M�/�Q�K �*�`�Q�T�- �.�B�b�+�`�B�K�B�M���i�B�p�2 �*�`�Q�T�- �_���M�/�Q�K �S���i�+�?�- ���M�/ �.�B�b�@

�+�`�B�K�B�M���i�B�p�2 �S���i�+�? �B�M �i�2�`�K�b �Q�7 �K�A�Q�l�- �6�:�@�S�`�2�+�B�b�B�Q�M�- �.�_�@�f �L�.�_�@�_�2�+���H�H �Q�M

�o�P�*�R�k�X �h�?�2 �/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 ���;�;�`�2�;���i�2�/ ���M�/ �b���H�B�2�M�+�v �T�2�`�7�Q�`�K���M�+�2

�B�b �b�?�Q�r�M �B�M �T���`�2�M�i�?�2�b�B�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�e

�j�X�9 �Z�m���M�i�B�i���i�B�p�2 �+�Q�K�T���`�B�b�Q�M �Q�7 �*���J ���M�/ �a���H�B�2�M�+�v �Q�M �*�P�*�P �/���i���b�2�i �B�M �i�2�`�K�b �Q�7

�K�A�Q�l�- �6�Q�`�2�;�`�Q�m�M�/ �S�`�2�+�B�b�B�Q�M�- ���M�/ �.�_�@�f�L�.�_�@�_�2�+���H�H�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X�9�N

�9�X�R �E�2�v �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2�o�G�J�9�"�B�Q�/���i���b�2�i�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�3

�9�X�k �w�2�`�Q�@�b�?�Q�i ���+�+�m�`���+�v �+�Q�K�T���`�B�b�Q�M �Q�7 �o�G�J �#���b�2�H�B�M�2�b �U�B�M �W �`���M�;�B�M�; �7�`�Q�K �y �i�Q �R�y�y�V

�7�Q�` �i�?�2 �7�B�p�2 �b�+�B�2�M�i�B�7�B�+ �i���b�F�b�X �_�2�b�m�H�i�b ���`�2 �+�Q�H�Q�`�@�+�Q�/�2�/ ���b�"�2�b�i�- �a�2�+�Q�M�/ �#�2�b�i�-

�q�Q�`�b�i�- �a�2�+�Q�M�/ �r�Q�`�b�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�y

�9�X�j �w�2�`�Q�@�a�?�Q�i ���+�+�m�`���+�v �+�Q�K�T���`�B�b�Q�M �7�Q�`�2���b�v�- �K�2�/�B�m�K�- ���M�/ �?��� �̀/�/���i���b�2�i�b�X �_�2�b�m�H�i�b

���`�2 �+�Q�H�Q�`�@�+�Q�/�2�/ ���b�"�2�b�i�- �a�2�+�Q�M�/ �#�2�b�i�- �q�Q�`�b�i�- �a�2�+�Q�M�/ �r�Q�`�b�i�X �X �X �X �X �X �X �X�e�9

�9�X�9 �w�2�`�Q�@�b�?�Q�i ���+�+�m�`���+�v �+�Q�K�T���`�B�b�Q�M �7�Q�` �/�B�7�7�2�`�2�M�i �T�`�Q�K�T�i�B�M�; �i�2�+�?�M�B�[�m�2�b �Q�7 �b�2�p�2�M

�o�G�J�b �U�B�M �W �`���M�;�B�M�; �7�`�Q�K �y �i�Q �R�y�y�V�X �_�2�b�m�H�i�b ���`�2 �+�Q�H�Q�`�@�+�Q�/�2�/ ���b�"�2�b�i���M�/

�q�Q�`�b�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�e

�9�X�8 �S�2�`�7�Q�`�K���M�+�2 �Q�7 �b�2�p�2�M �o�G�J�b �Q�M �i�?�2 �L�P�h�� ���M�/ �6�*�h �`�2���b�Q�M�B�M�; �i�2�b�i�b�X �_�2�b�m�H�i�b

���`�2 �+�Q�H�Q�`�@�+�Q�/�2�/ ���b�"�2�b�i���M�/�q�Q�`�b�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�d

�t�t



�*�X�R �a�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �o�G�J�9�"�B�Q �/���i���b�2�i�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�k

�*�X�k �w�2�`�Q�@�b�?�Q�i ���+�+�m�`���+�v �+�Q�K�T���`�B�b�Q�M �Q�7 �o�G�J �#���b�2�H�B�M�2�b �U�B�M �W �`���M�;�B�M�; �7�`�Q�K �y �i�Q �R�y�y�V

�r�B�i�? �"�B�Q�*�G�A�S �7�Q�` �i�?�2 �b�T�2�+�B�2�b �+�H���b�b�B�7�B�+���i�B�Q�M �i���b�F�X �_�2�b�m�H�i�b ���`�2 �+�Q�H�Q�`�@�+�Q�/�2�/ ���b

�"�2�b�i�- ���M�/�q�Q�`�b�i�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�N

�t�t�B



�*�?���T�i�2�` �R

�A�M�i�`�Q�/�m�+�i�B�Q�M

�q�B�i�? �i�?�2 ���/�p���M�+�2�K�2�M�i�b �B�M �/�2�2�T �H�2���`�M�B�M�; �i�2�+�?�M�B�[�m�2�b�- ���`�i�B�7�B�+�B���H �A�M�i�2�H�H�B�;�2�M�+�2 �U���A�V �?���b �#�2�+�Q�K�2

�B�M�i�2�;�`���H �i�Q �M�m�K�2�`�Q�m�b ���b�T�2�+�i�b �Q�7 �/���B�H�v �H�B�7�2�- �`�2�p�Q�H�m�i�B�Q�M�B�x�B�M�; �B�M�/�m�b�i�`�B�2�b �7�`�Q�K �?�2���H�i�?�+���`�2�- �7�B�M���M�+�2�-

���M�/ �K�2�/�B�+���H �`�2�b�2���`�+�? �i�Q �+�`�2���i�B�p�2 �/�2�b�B�;�M�X �h�?�2 �T�`�Q�;�`�2�b�b �Q�#�b�2�`�p�2�/ �B�M ���A �+���M �#�2 ���i�i�`�B�#�m�i�2�/ �i�Q

�b�2�p�2�`���H �F�2�v �/�2�p�2�H�Q�T�K�2�M�i�b �Q�p�2�` �i�?�2 �T���b�i �/�2�+���/�2�X

�6�B�`�b�i�- �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �+�Q�K�T�H�2�t ���M�/ �H���`�;�2 �K�Q�/�2�H�B�M�; �7�`���K�2�r�Q�`�F�b�- �b�m�+�? ���b �h�`���M�b�7�Q�`�K�2�`�b

�(�R�k�d�)�- �*�Q�M�p�Q�H�m�i�B�Q�M���H �L�2�m�`���H �L�2�i�r�Q�`�F�b �U�*�L�L�V �(�e�R�)�- �:�`���T�? �*�Q�M�p�Q�H�m�i�B�Q�M���H �L�2�i�r�Q�`�F�b �U�:�*�L�V

�(�8�8�)�- �:�2�M�2�`���i�B�p�2 ���/�p�2�`�b���`�B���H �L�2�i�r�Q�`�F�b �U�:���L�V �(�j�e�)�- ���M�/ �.�B�7�7�m�b�B�Q�M �K�Q�/�2�H�b �(�9�j�)�- �?���b �`�2�p�Q�H�m�i�B�Q�M�@

�B�x�2�/ �i�?�2 �T�`�2�/�B�+�i�B�p�2 �+���T���#�B�H�B�i�B�2�b �Q�7 �/�2�2�T �H�2���`�M�B�M�; �K�Q�/�2�H�b ���+�`�Q�b�b �K�m�H�i�B�T�H�2 �K�Q�/���H�B�i�B�2�b�- �B�M�+�H�m�/�B�M�;

�i�2�t�i�- �B�K���;�2�b�- ���M�/ �;�`���T�?�b�X ���/�/�B�i�B�Q�M���H�H�v�- �i�?�2 �2�K�2�`�;�2�M�+�2 �Q�7 �H���`�;�2 �7�Q�m�M�/���i�B�Q�M���H �K�Q�/�2�H�b�- �b�m�+�?

���b �G���`�;�2 �G���M�;�m���;�2 �J�Q�/�2�H�b �U�G�G�J�b�V ���M�/ �o�B�b�B�Q�M�@�G���M�;�m���;�2 �J�Q�/�2�H�b �U�o�G�J�b�V �H�B�F�2 �:�S�h�@�9�o�f�9�Q

�(�N�3�-�R�y�y�)�- �*�H���m�/�2 �(�N�)�- �G�G���J�� �(�k�d�)�- �:�2�K�B�M�B �(�R�k�9�)�- �2�i�+�X�- �T�`�Q�p�B�/�2�b �p�2�`�b���i�B�H�2 �+���T���#�B�H�B�i�B�2�b �r�B�i�? �M�m�@

�K�2�`�Q�m�b �/�Q�r�M�b�i�`�2���K ���T�T�H�B�+���i�B�Q�M�b ���+�`�Q�b�b �p���`�B�Q�m�b �/�Q�K���B�M�b�X �a�2�+�Q�M�/�- �i�?�2 �`���T�B�/ ���/�p���M�+�2�K�2�M�i �B�M

�b�i�Q�`���;�2 ���M�/ �+�Q�K�T�m�i�B�M�; �i�2�+�?�M�Q�H�Q�;�B�2�b�- �b�m�+�? ���b �:�S�l�b ���M�/ �h�S�l�b�- �?���b �2�M�?���M�+�2�/ �i�?�2 �+���T���#�B�H�B�i�B�2�b

�Q�7 �/�2�2�T �H�2���`�M�B�M�; �K�2�i�?�Q�/�b �B�M �i�2�`�K�b �Q�7 �i�B�K�2 ���M�/ �b�T���+�2 �+�Q�K�T�H�2�t�B�i�v�X

�J�Q�b�i �B�K�T�Q�`�i���M�i�H�v�- �H���`�;�2 �p�Q�H�m�K�2�b �Q�7 �/���i�� �7�`�Q�K �p���`�B�Q�m�b �K�Q�/���H�B�i�B�2�b�- �B�M�+�H�m�/�B�M�; �i�2�t�i�- �B�K���;�2�b�- ���M�/

�b�T�2�2�+�?�- �?���p�2 �#�2�+�Q�K�2 ���p���B�H���#�H�2 �7�`�Q�K �K�m�H�i�B�T�H�2 �b�Q�m�`�+�2�b �b�m�+�? ���b �B�M�i�2�`�M�2�i �+�`���r�H�B�M�;�- �+�`�Q�r�/�@�b�Q�m�`�+�2�/

�B�K���;�2�b �7�`�Q�K �b�Q�+�B���H �K�2�/�B���- �+���K�2�`�� �i�`���T�b�- �/�`�Q�M�2�b�- ���M�/ �K�m�b�2�m�K�b�X �6�Q�` �B�M�b�i���M�+�2�- �i�?�2 �*�Q�K�K�Q�M

�*�`���r�H �/���i���b�2�i �(�k�e�-�R�y�e�) �+�Q�K�T�`�B�b�2�b �j�3�e �h�B�" �Q�7 �i�2�t�i �+�Q�H�H�2�+�i�2�/ �#�v �+�`���r�H�B�M�; �k�X�d �#�B�H�H�B�Q�M �r�2�# �T���;�2�b�-

���M�/ �i�?�B�b �/���i���b�2�i �?���b �#�2�2�M �B�M�b�i�`�m�K�2�M�i���H �B�M �T�`�2�@�i�`���B�M�B�M�; �H���`�;�2 �7�Q�m�M�/���i�B�Q�M �K�Q�/�2�H�b �b�m�+�? ���b �h�8

�R



�k �+�Ñ�ž�ÿ���¶�� �S�Y �B�é�����ñ�²���«���Ô�ñ�é

�(�R�y�e�) ���M�/ �G�G���J�� �(�R�k�8�)�X

�*�Q�M�p�2�M�i�B�Q�M���H �/�2�2�T �H�2���`�M�B�M�; �K�Q�/�2�H�b �H�2���`�M �i�?�`�Q�m�;�? �� �b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �7�`���K�2�r�Q�`�F�- �m�i�B�H�B�x�B�M�;

�H���#�2�H�2�/ �i�`���B�M�B�M�; �/���i���b�2�i�b �i�?���i ���`�2 �b�T�2�+�B�7�B�+���H�H�v �+�m�`���i�2�/ �7�Q�` �i���`�;�2�i�2�/ �i���b�F�b �r�B�i�?�B�M �p���`�B�Q�m�b �/�Q�@

�K���B�M�b�X �q�?�2�M �T�`�Q�p�B�/�2�/ �r�B�i�? �B�M�T�m�i �/���i���- �i�?�2�b�2 �K�Q�/�2�H�b �Q�T�i�B�K�B�x�2 �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b �#�v �U�B�V

�+���H�+�m�H���i�B�M�; �i�?�2 �H�Q�b�b �#�2�i�r�2�2�M �i�?�2�B�` �T�`�2�/�B�+�i�B�Q�M�b ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i���`�;�2�i �H���#�2�H�b ���M�/ �i�?�2�M

�U�B�B�V �#���+�F�T�`�Q�T���;���i�B�M�; �i�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �H�Q�b�b �i�Q �m�T�/���i�2 �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b ���+�+�Q�`�/�B�M�;�H�v�X

�6�B�;�m�`�2�R�X�R�B�H�H�m�b�i�`���i�2�b �i�?�2 �;�2�M�2�`���H �b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �7�`���K�2�r�Q�`�F �Q�7 �/�2�2�T �H�2���`�M�B�M�; �K�Q�/�2�H�b�X �A�M

�i�?�B�b �7�`���K�2�r�Q�`�F�-x(i ) �`�2�T�`�2�b�2�M�i�b �i�?�2 �K�Q�/�2�H�ö�b �B�M�T�m�i�-ŷ(i ) �b�B�;�M�B�7�B�2�b �i�?�2 �K�Q�/�2�H�ö�b �T�`�2�/�B�+�i�B�Q�M�- ���M�/
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�B�M�+�H�m�/�2 �i�?�2 �/�Q�i �T�`�Q�/�m�+�i�xTi �xj ���M�/ �B�i�b �K�Q�M�Q�i�Q�M�B�+ �i�`���M�b�7�Q�`�K���i�B�Q�M�b� (�xTi �xj ) ���M�/ �H�Q�;(� (�xTi �xj )) �-

�r�?�2�`�2� �/�2�M�Q�i�2�b �i�?�2 �b�B�;�K�Q�B�/ �7�m�M�+�i�B�Q�M�V�- ���M�/ �U�B�B�V �.�A�a�a�A�JZ (i; j ) := �/�B�b�b�B�K�B�H���`�B�i�v �b�+�Q�`�2 �#�2�i�r�2�2�M

�2�K�#�2�/�/�B�M�;�b�xi ���M�/�xj �U�b�Q�K�2 �2�t���K�T�H�2�b �B�M�+�H�m�/�2� �xij �- � (� �xTi �xj ) ���M�/ �H�Q�;(� (� �xTi �xj )) �V�X �L�Q�i�2

�i�?���i �i�?�2�`�2 ���`�2 �K�m�H�i�B�T�H�2 �+�?�Q�B�+�2�b �Q�7 �b�B�K�B�H���`�B�i�v ���M�/ �/�B�b�b�B�K�B�H���`�B�i�v �7�m�M�+�i�B�Q�M�b �i�Q �B�M�b�i���M�i�B���i�2 �i�?�2�b�2

�i�r�Q �;�2�M�2�`�B�+ �K�2���b�m�`�2�b �B�M ���M�v �T�`�Q�#�H�2�K�X ���H�b�Q�- �K���t�B�K�B�x�B�M�; �i�?�2 �b�B�K�B�H���`�B�i�v �b�+�Q�`�2 �Q�7 �� �M�Q�/�2�@�T���B�`

�B�b �m�b�m���H�H�v �2�[�m�B�p���H�2�M�i �i�Q �K�B�M�B�K�B�x�B�M�; �B�i�b �/�B�b�b�B�K�B�H���`�B�i�v �b�+�Q�`�2 �7�Q�` �+�Q�K�K�Q�M �7�m�M�+�i�B�Q�M �+�?�Q�B�+�2�b�X

�A�/�2���H�H�v�- �r�2 �r���M�i �i�Q �H�2���`�M ���M �2�K�#�2�/�/�B�M�; �b�T���+�2Z �b�m�+�? �i�?���i �a�A�JZ (i; j ) �B�b �H���`�;�2 �7�Q�` �M�2���`�#�v

�M�Q�/�2�@�T���B�`�b �U�B�X�2�X�- �r�?�2�Md(i; j ) �B�b �b�K���H�H�V ���M�/ �.�A�a�a�A�JZ (i; j ) �B�b �H���`�;�2 �7�Q�` �/�B�b�i���M�i �M�Q�/�2�@�T���B�`�b �U�B�X�2�X�-



�R�9 �+�Ñ�ž�ÿ���¶�� �l�Y �/�Ô�����ž�é�«�¶�A���'�ž���¶ �;���ž�ÿ�Ñ �`�¶�ÿ���¶���¶�é���ž���Ô�ñ�é �H�¶�ž���é�Ô�é�Ì

�r�?�2�Md(i; j ) �B�b �H���`�;�2�V�X �h�?�B�b �Q�#�D�2�+�i�B�p�2�- �r�?�B�+�? �B�b ���i �i�?�2 �#���b�B�b �Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M���H �?�v�T�Q�i�?�2�b�B�b

�B�M �H�B�M�;�m�B�b�i�B�+�b �(�9�k�)�- �+���M �#�2 �2�t�T�`�2�b�b�2�/ �m�b�B�M�; �i�?�2 �M�Q�i�B�Q�M�b �Q�7�+�Q�?�2�b�B�Q�M���M�/�b�2�T��� �̀��i�B�Q�M�B�M �:�_�G�-

�7�Q�`�K���H�H�v �/�2�7�B�M�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�X

�k�X�j�X�k �*�Q�?�2�b�B�Q�M ���M�/ �a�2�T���`���i�B�Q�M

�*�Q�?�2�b�B�Q�M�,�h�?�2 �+�Q�?�2�b�B�Q�M �Q�7 ���M �2�K�#�2�/�/�B�M�; �b�T���+�2Z �`�2�T�`�2�b�2�M�i�b �i�?�2 ���;�;�`�2�;���i�2 �b�B�K�B�H���`�B�i�v �b�+�Q�`�2

�#�2�i�r�2�2�M �2�K�#�2�/�/�B�M�;�b ���i �M�2���`�#�v �M�Q�/�2�@�T���B�`�b �B�M �i�?�2 �;�`���T�?�X �6�Q�`�K���H�H�v�- �r�2 �/�2�7�B�M�2 �+�Q�?�2�b�B�Q�M �m�b�B�M�;

�i�?�2 �7�Q�H�H�Q�r�B�M�; �r�2�B�;�?�i�2�/ �b�m�K �Q�p�2�` �b�B�K�B�H���`�B�i�v �b�+�Q�`�2�b�,

�*�P�>�1�a�A�P�L(�; Z ) =
dmaxX

d=1

� d

X

(i;j )2S d

�a�A�J(i; j );

�r�?�2�`�2� d � � d+1 ; � d � 0 8d:

�P�#�b�2�`�p�2 �i�?���i �b�B�M�+�2 �i�?�2 �r�2�B�;�?�i�b� d �K�Q�M�Q�i�Q�M�B�+���H�H�v �/�2�+�`�2���b�2 �r�B�i�?d�- �i�?�B�b �r�2�B�;�?�i�2�/ �b�m�K �T���v�b

�;�`�2���i�2�` �2�K�T�?���b�B�b �i�Q �i�?�2 �b�B�K�B�H���`�B�i�v ���i �M�2���`�#�v �M�Q�/�2�@�T���B�`�b �U�B�X�2�X�-Sd �r�B�i�? �b�K���H�Hd�V�X �h�?�B�b �B�b ��

�;�2�M�2�`�B�+ �/�2�7�B�M�B�i�B�Q�M �Q�7 �+�Q�?�2�b�B�Q�M �i�?���i �+���M �#�2 �B�M�b�i���M�i�B���i�2�/ �m�b�B�M�; �/�B�7�7�2�`�2�M�i �+�?�Q�B�+�2�b �Q�7 �i�?�2 �r�2�B�;�?�i�b

� �X �6�Q�` �2�t���K�T�H�2�- �B�7 �r�2 �b�T�2�+�B�7�v� 1 = 1 ���M�/� d = 0 8 d > 1�- �i�?�2�M �+�Q�?�2�b�B�Q�M �r�B�H�H �#�2 �2�[�m���H �i�Q

�i�?�2 ���;�;�`�2�;���i�2 �b�B�K�B�H���`�B�i�v �Q�p�2�` ���H�H �i�?�2 �2�/�;�2�b �B�MG�X ���b �r�2 �r�B�H�H �b�2�2 �H���i�2�`�- �� �+�Q�K�K�Q�M ���T�T�`�Q���+�?

�7�Q�` �b�T�2�+�B�7�v�B�M�;� d �B�M �K�Q�b�i �:�_�G ���H�;�Q�`�B�i�?�K�b �B�b �T�2�`�7�Q�`�K�B�M�; �`���M�/�Q�K �r���H�F�b ���M�/ �+�Q�K�T�m�i�B�M�; �i�?�2

�T�`�Q�#���#�B�H�B�i�v �Q�7 �b���K�T�H�B�M�; �� �M�Q�/�2�@�T���B�` ���i �� �/�B�b�i���M�+�2d �B�M �i�?�2 �`���M�/�Q�K �r���H�F�X

�a�2�T���`���i�B�Q�M�,�h�?�2 �b�2�T���`���i�B�Q�M �Q�7 ���M �2�K�#�2�/�/�B�M�; �b�T���+�2Z �+���T�i�m�`�2�b �i�?�2 ���;�;�`�2�;���i�2 �/�B�b�b�B�K�B�H���`�B�i�v

�#�2�i�r�2�2�M �2�K�#�2�/�/�B�M�;�b ���i �/�B�b�i���M�i �M�Q�/�2�@�T���B�`�b�X �a�B�K�B�H���` �i�Q �+�Q�?�2�b�B�Q�M�- �r�2 �+���M �7�Q�`�K���H�H�v �/�2�7�B�M�2

�b�2�T���`���i�B�Q�M �m�b�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �r�2�B�;�?�i�2�/ �b�m�K�,



�l�Y�k�Y �T���¶�ã�Ô�è�Ô�é�ž���Ô�¶�� �ž�é�² �T���ñ�ª�ã�¶�è �Q�ª�ß�¶�«���Ô�&�¶ �R�8

�a�1�S���_���h�A�P�L(�; Z ) =
dmaxX

d=1

� d

X

(i;j )2S d

�.�A�a�a�A�J(i; j );

�r�?�2�`�2� d � � d+1 � d � 0 8d:

�A�M �i�?�B�b �;�2�M�2�`�B�+ �/�2�7�B�M�B�i�B�Q�M�- �b�B�M�+�2� d �K�Q�M�Q�i�Q�M�B�+���H�H�v �B�M�+�`�2���b�2�b �r�B�i�?d�- �i�?�2 �/�B�b�b�B�K�B�H���`�B�i�v ���i �/�B�b�i���M�i

�M�Q�/�2�@�T���B�`�b �?���p�2 �� �;�`�2���i�2�` �+�Q�M�i�`�B�#�m�i�B�Q�M �B�M �i�?�2 �b�2�T���`���i�B�Q�M�X ���;���B�M�- �i�?�2�`�2 �+���M �#�2 �K�m�H�i�B�T�H�2 �r���v�b

�i�Q �B�M�b�i���M�i�B���i�2� d�X �6�Q�` �2�t���K�T�H�2�- �r�2 �+���M �b�2�i� dmax = 1 ���M�/� d = 0 8 d < dmax �b�m�+�? �i�?���i �i�?�2

�b�2�T���`���i�B�Q�M �B�b �2�[�m���H �i�Q �i�?�2 �/�B�b�b�B�K�B�H���`�B�i�v ���i �i�?�2 �7���`�i�?�2�b�i �M�Q�/�2�@�T���B�`�b �B�MG�X

�a�B�M�+�2 �/�B�b�b�B�K�B�H���`�B�i�v �b�+�Q�`�2 �B�b �B�M�p�2�`�b�2�H�v �`�2�H���i�2�/ �i�Q �b�B�K�B�H���`�B�i�v�- �B�i �K���v �b�2�2�K �i�?���i �K���t�B�K�B�x�B�M�; �+�Q�@

�?�2�b�B�Q�M ���m�i�Q�K���i�B�+���H�H�v �K���t�B�K�B�x�2�b �b�2�T���`���i�B�Q�M�X �>�Q�r�2�p�2�`�- �i�?�B�b �B�b �M�Q�i �i�`�m�2 �b�B�M�+�2 �i�?�2 �r�2�B�;�?�i�2�/

�b�m�K�b �B�M�p�Q�H�p�2�/ �B�M �+�Q�?�2�b�B�Q�M ���M�/ �b�2�T���`���i�B�Q�M �7�Q�+�m�b �Q�M �/�B�7�7�2�`�2�M�i �b�m�#�b�2�i�b �Q�7 �M�Q�/�2�@�T���B�`�b �B�MS�, �r�?�B�H�2

�+�Q�?�2�b�B�Q�M �7�Q�+�m�b�2�b �Q�MSd �7�Q�` �b�K���H�Hd�- �b�2�T���`���i�B�Q�M �7�Q�+�m�b�2�b �Q�M �M�Q�/�2�@�T���B�`�b �B�MSd �7�Q�` �H���`�;�2d�X �q�2

�T�`�2�b�2�M�i �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�2�Q�`�2�K �i�Q �T�`�Q�p�2 �i�?�B�b �T�Q�B�M�i�X

�h�?�2�Q�`�2�K �k�X�R�X�:�B�p�2�M �i�r�Q �2�K�#�2�/�/�B�M�; �b�T���+�2�b�-Z 1 ���M�/Z 2�- �A�i �/�Q�2�b �M�Q�i �B�K�T�H�v �B�7

�*�P�>�1�a�A�P�L(�; Z 1) = �*�P�>�1�a�A�P�L(�; Z 2) �i�?�2�M �a�1�S���_���h�A�P�L(�; Z 1) = �a�1�S���_���h�A�P�L(�; Z 2)�-

�7�Q�` ���H�H �+�?�Q�B�+�2�b �Q�7� ���M�/� �X

�S� �̀Q�Q�7�X�q�2 �m�b�2 �� �+�Q�m�M�i�2�`�@�2�t���K�T�H�2 �i�Q �b�?�Q�r �i�?���i �i�?�2�`�2 �+���M �2�t�B�b�i �K�m�H�i�B�T�H�2 �2�K�#�2�/�/�B�M�; �b�T���+�2�b

�b�m�+�? �i�?���i �i�?�2�B�` �+�Q�?�2�b�B�Q�M �p���H�m�2�b ���`�2 �2�[�m���H �#�m�i �i�?�2�B�` �b�2�T���`���i�B�Q�M �p���H�m�2�b ���`�2 �/�B�7�7�2�`�2�M�i�X �6�B�;�m�`�2

�k�X�R���b�?�Q�r�b �� �i�Q�v �;�`���T�? �r�B�i�? �9 �M�Q�/�2�b �i�?���i �B�b �`�2�T�`�2�b�2�M�i�2�/ �B�M �i�?�`�2�2 �/�B�7�7�2�`�2�M�i �i�r�Q�@�/�B�K�2�M�b�B�Q�M���H

�2�K�#�2�/�/�B�M�; �b�T���+�2�b �B�M �6�B�;�m�`�2�b�k�X�R�#�-�k�X�R�+�- ���M�/�k�X�R�/�X �A�7 �r�2 �b�T�2�+�B�7�v �+�Q�?�2�b�B�Q�M �i�Q �#�2 �i�?�2 ���;�;�`�2�;���i�2

�b�B�K�B�H���`�B�i�v �Q�p�2�` �2�/�;�2�b �U�b�?�Q�r�M ���b �/�Q�i�i�2�/ �H�B�M�2�b�V�- �r�2 �+���M �b�2�2 �i�?���i ���H�H �i�?�`�2�2 �2�K�#�2�/�/�B�M�; �b�T���+�2�b

�?���p�2 �i�?�2 �b���K�2 �+�Q�?�2�b�B�Q�M�X �>�Q�r�2�p�2�`�- �B�7 �r�2 �/�2�7�B�M�2 �b�2�T���`���i�B�Q�M �i�Q �#�2 �i�?�2 ���;�;�`�2�;���i�2 �/�B�b�b�B�K�B�H���`�B�i�v

���i �7���`�i�?�2�b�i �M�Q�/�2�b �U���i �/�B�b�i���M�+�2 �j�V�- �r�2 �+���M �b�2�2 �i�?���i �i�?�2 �b�2�T���`���i�B�Q�M �`���M�;�2�b �7�`�Q�K �H���`�;�2 �U�6�B�;�m�`�2



�R�e �+�Ñ�ž�ÿ���¶�� �l�Y �/�Ô�����ž�é�«�¶�A���'�ž���¶ �;���ž�ÿ�Ñ �`�¶�ÿ���¶���¶�é���ž���Ô�ñ�é �H�¶�ž���é�Ô�é�Ì

�U���V �:�`���T�?G �U�#�V �G���`�;�2 �a�2�T���`���i�B�Q�M�U�+�V �J�Q�/�2�`���i�2 �a�2�T���`���i�B�Q�M�U�/�V �a�K���H�H �a�2�T���`���i�B�Q�M

�6�B�;�m�`�2 �k�X�R�, �J���T�T�B�M�; �� �i�Q�v �;�`���T�? �U�k�X�R���V �B�M�i�Q �i�?�`�2�2 �/�B�7�7�2�`�2�M�i �k�.�@�2�K�#�2�/�/�B�M�; �b�T���+�2�b�, �U�k�X�R�#�V�-
�U�k�X�R�+�V�- ���M�/ �U�k�X�R�/�V�X �h�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �2���+�? �M�Q�/�2 �/�2�M�Q�i�2�b �i�?�2 �k�.�@�2�K�#�2�/�/�B�M�; �p�2�+�i�Q�` ���M�/ �i�?�2
�/�Q�i�i�2�/ �H�B�M�2�b �`�2�T�`�2�b�2�M�i �2�/�;�2�b �B�MG�X

�k�X�R�#�V �i�Q �b�K���H�H �U�6�B�;�m�`�2�k�X�R�/�V�X

�k�X�j�X�j �:�_�G �P�#�D�2�+�i�B�p�2

���b �� �`�2�b�m�H�i �Q�7 �h�?�2�Q�`�2�K�k�X�R�- �� �:�_�G ���H�;�Q�`�B�i�?�K �i�?���i �Q�M�H�v �K���t�B�K�B�x�2�b �+�Q�?�2�b�B�Q�M �B�b �M�Q�i �;�m���`���M�i�2�2�/

�i�Q �K���t�B�K�B�x�2 �b�2�T���`���i�B�Q�M ���M�/ �i�?�m�b �+���M �H�2���/ �i�Q �B�M�7�2�`�B�Q�` �2�K�#�2�/�/�B�M�;�b �b�m�+�? ���b �i�?�2 �Q�M�2 �b�?�Q�r�M �B�M

�6�B�;�m�`�2�k�X�R�/�7�Q�` �i�?�2 �i�Q�v �;�`���T�?�X �h�?�B�b �B�b �Q�M�2 �Q�7 �i�?�2 �K���D�Q�` �/�`���r�#���+�F�b �Q�7 �b�F�B�T�@�;�`���K �#���b�2�/ �:�_�G

���H�;�Q�`�B�i�?�K�b �i�?���i �Q�M�H�v ���i�i�2�K�T�i �i�Q �K���t�B�K�B�x�2 �i�?�2 �b�B�K�B�H���`�B�i�v ���i �M�2���`�#�v �M�Q�/�2�b �U�r�?�2�`�2 �M�2�B�;�?�#�Q�`�@

�?�Q�Q�/ �B�b �/�2�7�B�M�2�/ �m�b�B�M�; �`���M�/�Q�K �r���H�F�b�V�X �q�2 �T�Q�b�B�i �i�?�B�b ���b �� �M���i�m�`���H �+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �i�?�2 �Q�`�B�;�B�M �Q�7

�i�?�2�b�2 ���H�;�Q�`�B�i�?�K�b �B�M �M���i�m�`���H �H���M�;�m���;�2 �T�`�Q�+�2�b�b�B�M�; �U�L�G�S�V ���T�T�H�B�+���i�B�Q�M�b�- �r�?�2�`�2 �i�?�2 �/�2�7�B�M�B�i�B�Q�M �Q�7

�/�B�b�i���M�+�2�b �#�2�i�r�2�2�M �r�Q�`�/�b �U���M�/ �?�2�M�+�2 �i�?�2 �b�2�T���`���i�B�Q�M�V �B�b �M�Q�i ���b �b�i�`���B�;�?�i�@�7�Q�`�r���`�/ ���b �B�M �;�`���T�?�b�X

�q�2 �i�?�m�b �T�`�2�b�2�M�i �� �;�2�M�2�`���H�B�x�2�/ �Q�#�D�2�+�i�B�p�2 �Q�7 �:�_�G �m�b�B�M�; �#�Q�i�? �+�Q�?�2�b�B�Q�M ���M�/ �b�2�T���`���i�B�Q�M�X �q�2

�+���M �b�?�Q�r �i�?���i �2�t�B�b�i�B�M�; �:�_�G ���H�;�Q�`�B�i�?�K�b �U�2�X�;�X�- �m�M�B�;�`���K �M�2�;���i�B�p�2 �b���K�T�H�B�M�; �#���b�2�/ ���T�T�`�Q���+�?�2�b�V

�Q�T�i�B�K�B�x�2 �b�T�2�+�B���H �+���b�2�b �Q�7 �i�?�B�b �:�_�G �Q�#�D�2�+�i�B�p�2�X



�l�Y�:�Y �T���ñ�ÿ�ñ���¶�² �K�¶���Ñ�ñ�² �R�d

�:�2�M�2�`���H�B�x�2�/ �:�_�G �P�#�D�2�+�i�B�p�2�,�:�B�p�2�M �� �;�`���T�?G�- �i�?�2 �;�Q���H �Q�7 �� �:�_�G ���H�;�Q�`�B�i�?�K �B�b �i�Q

�Q�T�i�B�K�B�x�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �;�2�M�2�`���H�B�x�2�/ �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �r�B�i�? �`�2�b�T�2�+�i �i�QZ �,

E(Z ) = �*�P�>�1�a�A�P�L(�; Z ) + �a�1�S���_���h�A�P�L(�; Z )

=
dmaxX

d=1

X

(i;j )2S d

[� d �a�A�J(i; j ) + � d �.�A�a�a�A�J(i; j )]

�b�m�+�? �i�?���i�-
� 1

� 1
� 1;

� dmax

� dmax

� 1; ���M�/
� dmax

� 1
� 1

�L�Q�i�2 �i�?���i �r�2 �/�Q �M�Q�i �m�b�2 �� �i�`���/�2�@�Q�7�7 �T���`���K�2�i�2�` �#�2�i�r�2�2�M �+�Q�?�2�b�B�Q�M ���M�/ �b�2�T���`���i�B�Q�M �b�B�M�+�2 ���M�v

�b�m�+�? �T���`���K�2�i�2�` �+���M �#�2 ���#�b�Q�`�#�2�/ �B�M� �Q��̀ ���b �� �+�Q�M�b�i���M�i �K�m�H�i�B�T�H�B�2�`�X �.�B�7�7�2�`�2�M�i �:�_�G ���H�;�Q�`�B�i�?�K�b

�Q�T�i�B�K�B�x�2 �i�?�B�b �;�2�M�2�`���H�B�x�2�/ �Q�#�D�2�+�i�B�p�2 �m�b�B�M�; �/�B�7�7�2�`�2�M�i �+�?�Q�B�+�2�b �Q�7 �b�B�K�B�H���`�B�i�v ���M�/ �/�B�b�b�B�K�B�H���`�B�i�v �7�m�M�+�@

�i�B�Q�M�b�- ���M�/ �b�2�i�i�B�M�;�b �Q�7� ���M�/� �r�2�B�;�?�i�b �b���i�B�b�7�v�B�M�; �i�?�2 �:�_�G �+�Q�M�/�B�i�B�Q�M�b �B�M �i�?�2 ���#�Q�p�2 �2�[�m���i�B�Q�M�X

�6�`�Q�K �i�?�2 �T�2�`�b�T�2�+�i�B�p�2 �Q�7 �b�2�T���`���i�B�Q�M�- �r�2 �r�Q�m�H�/ �T�`�2�7�2�` �� �:�_�G ���H�;�Q�`�B�i�?�K �i�?���i �2�K�T�H�Q�v�b �� �H���`�;�2

�p���H�m�2 �Q�7� dmax / � 1�- �b�m�+�? �i�?���i �i�?�2 �/�B�b�b�B�K�B�H���`�B�i�v ���i �7���`�i�?�2�b�i �M�Q�/�2�@�T���B�`�b �B�b �b�m�#�b�i���M�i�B���H�H�v �H���`�;�2�`

�i�?���M �i�?���i �Q�7 �i�?�2 �M�2���`�2�b�i �M�Q�/�2�@�T���B�`�b�X �q�2 �+���H�H �i�?�B�b �7�`���+�i�B�Q�M� dmax / � 1 ���b �i�?�2�a�2�T���`���i�B�Q�M �S�Q�r�2�`

�Q�7 �� �:�_�G ���H�;�Q�`�B�i�?�K�X

�k�X�9 �S�`�Q�T�Q�b�2�/ �J�2�i�?�Q�/

�L�2�;���i�B�p�2 �b���K�T�H�B�M�;�,�"�2�7�Q�`�2 �r�2 �T�`�2�b�2�M�i �Q�m�` �T�`�Q�T�Q�b�2�/ �:�_�G ���H�;�Q�`�B�i�?�K �#���b�2�/ �Q�M �i�?�2 �B�/�2���b

�Q�7 �+�Q�?�2�b�B�Q�M ���M�/ �b�2�T���`���i�B�Q�M�- �r�2 �7�Q�`�K���H�H�v �/�B�b�+�m�b�b �i�?�2 �;�2�M�2�`�B�+ �7���K�B�H�v �Q�7 �M�2�;���i�B�p�2 �b���K�T�H�B�M�;

���H�;�Q�`�B�i�?�K�b �Q�7 �r�?�B�+�? �Q�m�` ���H�;�Q�`�B�i�?�K �B�b �� �b�T�2�+�B���H �+���b�2�X �h�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �Q�7 �M�2�;���i�B�p�2

�b���K�T�H�B�M�; �B�b �;�B�p�2�M �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�,



�R�3 �+�Ñ�ž�ÿ���¶�� �l�Y �/�Ô�����ž�é�«�¶�A���'�ž���¶ �;���ž�ÿ�Ñ �`�¶�ÿ���¶���¶�é���ž���Ô�ñ�é �H�¶�ž���é�Ô�é�Ì

�K���t
Z

X

i 2V

X

j 2N (i )

[�H�Q�;� (�xTi �xj )| {z }
�S�Q�b�B�i�B�p�2 �G�Q�b�b

+

K
X

k2V

Pneg(kji ) �H�Q�;(� (� �xTi �xk))
| {z }

�L�2�;���i�B�p�2 �G�Q�b�b

];

�r�?�2�`�2 �M�Q�/�2�@�T���B�`(i; j ) �#�2�H�Q�M�;�b �i�Q �i�?�2 �T�Q�b�B�i�B�p�2 �+�Q�`�T�m�bDpos �r�?�B�H�2(i; k ) �#�2�H�Q�M�;�b �i�Q �i�?�2 �M�2�;���i�B�p�2

�+�Q�`�T�m�bDneg�X �q�2 �;�2�M�2�`���H�H�v �m�b�2 �`���M�/�Q�K�@�r���H�F �b�i�`���i�2�;�v �i�Q �+�Q�M�b�i�`�m�+�iDpos�- �r�?�2�`�2���bDneg �B�b

�+�Q�M�b�i�`�m�+�i�2�/ �#�v �b���K�T�H�B�M�;K �M�2�;���i�B�p�2 �T���B�`�b(i; k ) �7�Q�` �2���+�? �T�Q�b�B�i�B�p�2 �b���K�T�H�2(i; j ) �r�B�i�? �T�`�Q�#���#�B�H�B�i�v

Pneg(kji ) �(�j�N�-�3�9�)�X �� �+�Q�K�K�Q�M �+�?�Q�B�+�2 �Q�7Pneg(kji ) �B�b �i�?�2 �m�M�B�;�`���K �/�B�b�i�`�B�#�m�i�B�Q�M �i�?���i �b���K�T�H�2�bk

�r�B�i�? �2�[�m���H �T�`�Q�#���#�B�H�B�i�v �7�`�Q�K ���H�Hn �M�Q�/�2�b�- �`�2�7�2�`�`�2�/ ���b �i�?�2 �l�M�B�;�`���K �L�2�;���i�B�p�2 �a���K�T�H�B�M�; �U�l�L�a�V

���H�;�Q�`�B�i�?�K�X

�h�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �Q�7 �l�L�a �+���M �#�2 �b�?�Q�r�M �i�Q �#�2 �� �b�T�2�+�B���H �+���b�2 �Q�7 �i�?�2 �;�2�M�2�`���H�B�x�2�/ �:�_�G

�Q�#�D�2�+�i�B�p�2 �r�?�2�`�2 �i�?�2 �b�B�K�B�H���`�B�i�v ���i �M�2���`�#�v �M�Q�/�2�b �U�B�X�2�X�- �+�Q�?�2�b�B�Q�M�V �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �T�Q�b�B�i�B�p�2

�H�Q�b�b �r�?�B�H�2 �i�?�2 �/�B�b�b�B�K�B�H���`�B�i�v ���i �/�B�b�i���M�i �M�Q�/�2�b �U�B�X�2�X�- �b�2�T���`���i�B�Q�M�V �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �M�2�;���i�B�p�2

�H�Q�b�b�X �>�Q�r�2�p�2�`�- �� �K���D�Q�` �H�B�K�B�i���i�B�Q�M �r�B�i�? �l�L�a �B�b �i�?���i �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �b���K�T�H�B�M�; �� �M�2�;���i�B�p�2

�M�Q�/�2�@�T���B�` �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �M�Q�/�2�b�X ���b �� �`�2�b�m�H�i�- �l�L�a �T���v�b �2�[�m���H

�B�K�T�Q�`�i���M�+�2 �i�Q �i�?�2 �/�B�b�b�B�K�B�H���`�B�i�v �Q�7 �M�Q�/�2 �T���B�`�b �r�B�i�? �p���`�v�B�M�; �/�B�b�i���M�+�2�b �B�M �i�?�2 �+���H�+�m�H���i�B�Q�M �Q�7

�b�2�T���`���i�B�Q�M�- �i�?�m�b �H�2���/�B�M�; �i�Q �T�Q�Q�` �b�2�T���`���i�B�Q�M �T�Q�r�2�`�X �h�?�2�Q�`�2�K�k�X�k�T�`�Q�p�B�/�2�b �� �7�Q�`�K���H ���M���H�v�b�B�b

�Q�7 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2 �Q�7 �l�L�a �i�Q �i�?�2 �;�2�M�2�`���H�B�x�2�/ �:�_�G �Q�#�D�2�+�i�B�p�2 ���M�/ �b�?�Q�r�b �i�?���i �B�i�b �b�2�T���`���i�B�Q�M

�T�Q�r�2�` �B�b �2�[�m���H �i�Q �R�X

�h�?�2�Q�`�2�K �k�X�k�X�l�M�B�;� �̀��K �L�2�;���i�B�p�2 �a���K�T�H�B�M�; �U�l�L�a�V ���H�;�Q�`�B�i�?�K �Q�T�i�B�K�B�x�2�b �i�?�2 �;�2�M�2� �̀��H�B�x�2�/ �:�_�G

�Q�#�D�2�+�i�B�p�2 �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�T�2�+�B�7�B�+���i�B�Q�M�b�, �a�A�J(i; j ) = log(� (�xTi �xj )) �- �.�A�a�a�A�J(i; j ) =

log(� (� �xTi �xj )) �- � d = � d(C; �� )�- �r�?�2� �̀2� d(C; �� ) �B�b �i�?�2 �T� �̀Q�#���#�B�H�B�i�v �Q�7 �b���K�T�H�B�M�; �� �M�Q�/�2�@�T���B�`

���i �/�B�b�i���M�+�2d �m�b�B�M�; ��C�@�H�2�M�;�i�? � �̀��M�/�Q�K �r���H�F �Q�M �i�?�2 �;� �̀��T�? �r�B�i�? ���/�D���+�2�M�+�v �K���i�`�B�t�� �- ���M�/



�l�Y�:�Y �T���ñ�ÿ�ñ���¶�² �K�¶���Ñ�ñ�² �R�N

� d = KC / n: ���b �� � �̀2�b�m�H�i�- �i�?�2 �a�2�T��� �̀��i�B�Q�M �S�Q�r�2�` �Q�7 �l�L�a ���H�;�Q�`�B�i�?�K �B�b �2�[�m���H �i�Q �R�X

�S� �̀Q�Q�7�X�S�`�Q�p�B�/�2�/ �B�M ���T�T�2�M�/�B�t�� �X

�.�B�b�i���M�+�2�@���r���`�2 �L�2�;���i�B�p�2 �a���K�T�H�2�`�,�q�2 �T�`�Q�T�Q�b�2 �� �.�B�b�i���M�+�2�@���r���`�2 �L�2�;���i�B�p�2 �a���K�T�H�2�`

�U�.�L�a�V �r�?�B�+�? �b�2�H�2�+�i�b �� �M�2�;���i�B�p�2 �b���K�T�H�2k �7�Q�` �M�Q�/�2i �m�b�B�M�; �i�?�2 �b���K�T�H�B�M�; �T�`�Q�#���#�B�H�B�i�vPneg(kji )�-

�r�?�2�`�2Pneg(kji ) �B�b �H�B�M�2���`�H�v �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �T���B�`�@�r�B�b�2 �/�B�b�i���M�+�2d(k; i )�X �6�Q�`�K���H�H�v�-

Pneg(kji ) / d(k; i )

Pneg(kji ) =
d(k; i )

D(i; �� )
;

�r�?�2�`�2D(i; �� ) �B�b �i�?�2 �b�m�K �Q�7 �/�B�b�i���M�+�2 �Q�7 ���H�H �M�Q�/�2�@�T���B�`�b �i�?���i �+�Q�M�i���B�M �M�Q�/�2i �- D(i; �� ) =
P

s2V d(s; i)�X �G�2�iD(�� ) �#�2 �2�[�m���H �i�QEi (D(i; �� )) �X �L�Q�i�2 �i�?���iD(�� ) �/�2�T�2�M�/�b �Q�M �i�?�2 ���p�2�`�@

���;�2 �/�2�;�`�2�2 �Q�7 �i�?�2 �;�`���T�?�X �6�Q�` �� �7�m�H�H�v �+�Q�M�M�2�+�i�2�/ �;�`���T�?�-D(�� ) = n � 1�X �P�M �i�?�2 �Q�i�?�2�` �2�t�i�`�2�K�2�-

�r�?�2�M �i�?�2 �;�`���T�? �B�b �� �+�?���B�M �Q�7n �M�Q�/�2�b�- �i�?�2�MD(�� ) = n(n� 1)
2 �X �:�2�M�2�`���H�H�v�- �b�B�M�+�2 �K�Q�b�i �`�2���H �r�Q�`�H�/

�;�`���T�?�b ���`�2 �b�T���`�b�2�-D(�� ) � n � 1�X �"�v �+�Q�M�b�i�`�m�+�i�B�Q�M�- �Q�m�` �T�`�Q�T�Q�b�2�/ �.�L�a ���T�T�`�Q���+�? �?���b ��

�b�2�T���`���i�B�Q�M �T�Q�r�2�` �Q�7dmax ���b �b�i���i�2�/ �B�M �h�?�2�Q�`�2�K�k�X�j�X

�h�?�2�Q�`�2�K �k�X�j�X�.�B�b�i���M�+�2�@���r��� �̀2 �L�2�;���i�B�p�2 �a���K�T�H�B�M�; �U�.�L�a�V ���H�;�Q�`�B�i�?�K �Q�T�i�B�K�B�x�2�b �i�?�2 �;�2�M�2� �̀��H�@

�B�x�2�/ �:�_�G �Q�#�D�2�+�i�B�p�2 �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�T�2�+�B�7�B�+���i�B�Q�M�b�, �a�A�J(i; j ) = log(� (�xTi �xj )) �- �.�A�a�a�A�J(i; j ) =

log(� (� �xTi �xj )) �- � d = � d(C; �� )�- �r�?�2� �̀2� d(C; �� ) �B�b �i�?�2 �T� �̀Q�#���#�B�H�B�i�v �Q�7 �b���K�T�H�B�M�; �� �M�Q�/�2�@�T���B�`

���i �/�B�b�i���M�+�2d �m�b�B�M�; ��C�@�H�2�M�;�i�? � �̀��M�/�Q�K �r���H�F �Q�M �i�?�2 �;� �̀��T�? �r�B�i�? ���/�D���+�2�M�+�v �K���i�`�B�t�� �- ���M�/

� d = KCd/ D(�� ): ���b �� � �̀2�b�m�H�i�- �i�?�2 �a�2�T��� �̀��i�B�Q�M �S�Q�r�2�` �Q�7 �.�L�a ���H�;�Q�`�B�i�?�K �B�b �2�[�m���H �i�Qdmax �X

�S� �̀Q�Q�7�X�S�`�Q�p�B�/�2�/ �B�M ���T�T�2�M�/�B�t�� �X

�*�Q�`�Q�H�H���`�v �k�X�9�X�6�Q�` �l�L�a�-( � d
� d

)UNS = � d (C;�� )n
KC ���M�/ �7�Q�` �.�L�a�-( � d

� d
)DNS = � d (C;�� )D (�� )

KCd �X �>�2�M�+�2�-

( � d
� d

)UNS < ( � d
� d

)DNS �r�?�2�Mn < D(�� )
d �X



�k�y �+�Ñ�ž�ÿ���¶�� �l�Y �/�Ô�����ž�é�«�¶�A���'�ž���¶ �;���ž�ÿ�Ñ �`�¶�ÿ���¶���¶�é���ž���Ô�ñ�é �H�¶�ž���é�Ô�é�Ì

�h�?�2 ���#�Q�p�2 �+�Q�`�Q�H�H���`�v �?�2�H�T�b �m�b �m�M�/�2�`�b�i���M�/ �m�b�2�7�m�H �Q�T�2�`���i�B�M�; �T�Q�B�M�i�b �Q�7 �.�L�a�X �a�B�M�+�2D(�� ) � n

�7�Q�` �K�Q�b�i �;�`���T�?�b�- �i�?�2(� / � ) �`���i�B�Q �B�b �;�2�M�2�`���H�H�v ���H�r���v�b �H���`�;�2�` �7�Q�` �.�L�a �i�?���M �l�L�a�X �q�2 �?���p�2 ���H�b�Q

�2�K�T�B�`�B�+���H�H�v �Q�#�b�2�`�p�2�/ �i�?���i �i�?�2(� / � ) �`���i�B�Q �B�M�+�`�2���b�2�b �r�B�i�?C �7�Q�` ���H�H �;�`���T�?�b �+�Q�M�b�B�/�2�`�2�/ �B�M �i�?�B�b

�r�Q�`�F�X ���b �� �`�2�b�m�H�i�- �.�L�a �Q�T�2�`���i�2�b �#�2�i�i�2�` ���i �H�Q�r�2�` �p���H�m�2�b �Q�7C �b�B�M�+�2(� / � ) �`���i�B�Q�b �`�2�K���B�M �b�K���H�H

�7�Q�` �K�Q�/�2�`���i�2 �p���H�m�2�b �Q�7d�X ���/�/�B�i�B�Q�M���H�H�v�- �r�2 �?���p�2 �2�K�T�B�`�B�+���H�H�v �Q�#�b�2�`�p�2�/ �i�?���i �.�L�a �r�Q�`�F�b �#�2�i�i�2�`

�7�Q�` �b�T���`�b�2 �;�`���T�?�b �b�B�M�+�2 �i�?�2�`�2 �B�b �� �H���`�;�2�` �b�T�`�2���/ �B�M �i�?�2 �M�2�i�r�Q�`�F �/�B�b�i���M�+�2�b ���+�`�Q�b�b ���H�H �M�Q�/�2�@�T���B�`�b�-

�K���F�B�M�; �B�i �T�Q�b�b�B�#�H�2 �7�Q�` �.�L�a �i�Q �K���t�B�K�B�x�2 �b�2�T���`���i�B�Q�M �B�M �i�?�2 �2�K�#�2�/�/�B�M�; �b�T���+�2 �7�Q�` �/�B�b�i���M�i �M�Q�/�2�b�X

�h�?�2 �2�K�#�2�/�/�B�M�; �b�T���+�2 �H�2���`�M�2�/ �#�v �.�L�a �B�M�/�2�2�/ �T�`�2�b�2�`�p�2�b �i�?�2 �;�`���T�?�@�#���b�2�/ �b�B�K�B�H���`�B�i�v �b�i�`�m�+�i�m�`�2

���K�Q�M�; �M�Q�/�2�b�X �6�Q�`�K���H�H�v�- �h�?�2�Q�`�2�K�k�X�8�b�?�Q�r�b �i�?���i �i�?�2 �T���B�`�r�B�b�2 �b�B�K�B�H���`�B�i�v �B�M �2�K�#�2�/�/�B�M�; �b�T���+�2

�B�b �� �7�m�M�+�i�B�Q�M �Q�7 �M�Q�/�2�@�T���B�` �/�B�b�i���M�+�2 ���M�/ �7�Q�` �M�2�;���i�B�p�2 �M�Q�/�2�@�T���B�`�b�- �i�?�2 �b�B�K�B�H���`�B�i�v �B�b �B�M�p�2�`�b�2�H�v

�T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �/�B�b�i���M�+�2�X

�h�?�2�Q�`�2�K �k�X�8�X�G�2�i �i�?�2 ���p�2� �̀��;�2 �T���B�`�r�B�b�2 �b�B�K�B�H���`�B�i�v �7�Q�` ���M�v �i�r�Q �M�Q�/�2�b ���i �/�B�b�i���M�+�2 �/ �#�2 �;�B�p�2�M �#�v

� d �4 1
jSd j �a�A�J(i; j ) = 1

jSd j

P
(i;j )2S d

� (zT
i zj )�X �q�2 �+���M �i�?�2�M �b�?�Q�r �i�?���i �.�L�a �;�2�M�2� �̀��i�2�b �2�K�#�2�/�/�B�M�;�b

�b�m�+�? �i�?���i� d �B�b �� �7�m�M�+�i�B�Q�M �Q�7d ���M�/ �7�Q�`d > C �-� d �B�b �B�M�p�2�`�b�2�H�v �T� �̀Q�T�Q�`�i�B�Q�M���H �i�Qd�X

�S� �̀Q�Q�7�X�S�`�Q�p�B�/�2�/ �B�M ���T�T�2�M�/�B�t�� �X

�q�?�B�H�2 �M�2�;���i�B�p�2 �b���K�T�H�B�M�; �r�B�i�? �H�B�M�2���`�H�v �T�`�Q�T�Q�`�i�B�Q�M���H �/�B�b�i���M�+�2�b �B�b �� �b�B�K�T�H�2 �?�2�m�`�B�b�i�B�+�- �r�2 �+���M

�?���p�2 �� �K�Q�`�2 �;�2�M�2�`���H �7�Q�`�K �Q�7 �.�L�a �#�v ���/�/�B�M�; �b�m�T�2�`�@�H�B�M�2���`�B�i�v �Q�` �b�m�#�@�H�B�M�2���`�B�i�v �B�M �i�?�2 �M�2�;���i�B�p�2

�b���K�T�H�B�M�; �T�`�Q�#���#�B�H�B�i�v �r�?�B�+�? �B�b�-Pn (r ju) / (d(r; u)) 
 : �>�2�`�2
 �B�b �� �?�v�T�2�`�@�T���`���K�2�i�2�` ���M�/ �r�2 �+���M

�p���`�v
 �#���b�2�/ �Q�M �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �/���i���b�2�i�X

�*�Q�K�T�H�2�t�B�i�v ���M���H�v�b�B�b�,�.�L�a �`�2�[�m�B�`�2�b �T���B�`�r�B�b�2 �b�?�Q�`�i�2�b�i �/�B�b�i���M�+�2 �+�Q�K�T�m�i���i�B�Q�M �7�Q�` ���H�H �M�Q�/�2

�T���B�`�b ���b �� �T�`�2�T�`�Q�+�2�b�b�B�M�; �b�i�2�T�X �h�?�2 �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v �i�Q �+�Q�K�T�m�i�2 ���H�H�@�T���B�` �b�?�Q�`�i�2�b�i �T���i�? �H�2�M�;�i�?�b

�B�b�( nm+ n2logn) �(�k�8�-�j�k�) ���M�/ �i�?�2 �b�T���+�2 �+�Q�K�T�H�2�t�B�i�v �B�bO(n2) �i�Q �b�i�Q�`�2 �i�?�2 �M�Q�`�K���H�B�x�2�/ �T�`�Q�#���#�B�H�@

�B�i�B�2�b �7�Q�` ���H�H �M�Q�/�2 �T���B�`�b�X �q�?�B�H�2 �i�?�2�`�2 ���`�2 �2�7�7�B�+�B�2�M�i �i�2�+�?�M�B�[�m�2�b �i�Q �T�`�2�+�Q�K�T�m�i�2 �b�?�Q�`�i�2�b�i �/�B�b�i���M�+�2�b



�l�Y�:�Y �T���ñ�ÿ�ñ���¶�² �K�¶���Ñ�ñ�² �k�R

�h���#�H�2 �k�X�R�, �a�m�K�K���`�v �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �/���i���b�2�i�b �r�2 �m�b�2�/ �7�Q�` �2�t�T�2�`�B�K�2�M�i�b �r�?�2�`�2 �r�2 �+�?�Q�Q�b�2
�i�?�2 �H���`�;�2�b�i �+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i�b �7�`�Q�K �j�N�y �+�Q�K�T�Q�M�2�M�i�b �7�Q�` �*�B�i�2�a�2�2�` ���M�/ �d�3 �+�Q�K�T�Q�M�2�M�i�b �7�Q�`
�*�Q�`�� �U�S�m�#�J�2�/ ���M�/ �S�S�A ���`�2 �b�B�M�;�H�2 �+�Q�M�M�2�+�i�2�/ �+�Q�K�T�Q�M�2�M�i �;�`���T�?�V�X �q�2 �`�2�T�`�2�b�2�M�i �i�?�2 �H���`�;�2�b�i
�+�Q�K�T�Q�M�2�M�i ���bG = ( V; E) ���M�/ �i�?�2 �b�2�i �Q�7 �m�M�B�[�m�2 �+�H���b�b �H���#�2�H�b ���by�X �S�S�A �/���i���b�2�i �?���b �R�k�R �+�H���b�b�2�b
�r�B�i�? �#�B�M���`�v �H���#�2�H�b�X �h�?�2 ���p�2�`���;�2 �M�Q�/�2 �/�2�;�`�2�2 �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�vdeg�- ���M�/ �i�?�2 �K���t�B�K�m�K �M�Q�/�2
�T���B�` �/�B�b�i���M�+�2 �B�b �/�2�M�Q�i�2�/ �#�vdMAX �X

�a�i���i �*�B�i�2�a�2�2�` �*�Q�`�� �S�m�#�J�2�/ �S�S�A �a�v�M�X �a�T���`�b�2 �a�v�M�X �J�Q�/�2�`���i�2 �a�v�M�X �.�2�M�b�2

jVj 2; 120 2; 485 19; 717 2; 339 2; 000 2; 000 2; 000
jEj 7; 358 10; 138 88; 648 65; 430 4; 982 12; 062 30; 472
jyj 6 7 3 121 7 5 4

dMAX 28 19 18 7 106 82 4
deg 3:47 4:08 4:5 27:97 2:49 6:03 15:24

�i�?���i �+���M �#�2 �+�Q�m�T�H�2�/ �r�B�i�? �Q�m�` ���T�T�`�Q���+�? �(�k�y�-�j�j�-�8�k�)�- �Q�m�` �#���b�B�+ �.�L�a�@�#���b�2�/ �K�Q�/�2�H �r�Q�m�H�/ �b�i�B�H�H

�`�2�[�m�B�`�2O(n2) �b�T���+�2 �i�Q �b�i�Q�`�2 �i�?�2 �M�Q�`�K���H�B�x�2�/ �T�`�Q�#���#�B�H�B�i�B�2�b�- �r�?�B�+�? �B�b �M�Q�i �b�+���H���#�H�2�X

�a�+���H���#�H�2 �.�L�a ���T�T�`�Q���+�?�,�q�2 �/�2�p�2�H�Q�T ���M ���T�T�`�Q���+�? �i�?���i �`�2�/�m�+�2�b �i�?�2 �b�T���+�2 �+�Q�K�T�H�2�t�B�i�v

�Q�7 �Q�m�` �.�L�a �K�Q�/�2�H �r�B�i�?�Q�m�i �B�M�+�`�2���b�B�M�; �i�?�2 �i�`���B�M�B�M�; �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v�X �A�M �i�?�B�b ���T�T�`�Q���+�?�- �r�2

�+�Q�K�T�`�2�b�b �i�?�2 �T���B�`�r�B�b�2 �/�B�b�i���M�+�2 �K���i�`�B�t �/�m�`�B�M�; �T�`�2�T�`�Q�+�2�b�b�B�M�; ���M�/ �/�2�+�Q�K�T�`�2�b�b �B�i �#���+�F �/�m�`�B�M�;

�i�`���B�M�B�M�;�X �q�2 �m�b�2 �b�Q�K�2 �H���M�/�K���`�F �M�Q�/�2�b �i�Q �b�i�Q�`�2 �i�?�2 �b�?�Q�`�i�2�b�i �/�B�b�i���M�+�2�b �Q�7 �M�Q�/�2�@�i�Q�@�H���M�/�K���`�F

���M�/ �H���M�/�K���`�F�@�i�Q�@�H���M�/�K���`�F ���i �i�?�2 �T�`�2�T�`�Q�+�2�b�b�B�M�; �b�i�2�T�c �b�m�#�b�2�[�m�2�M�i�H�v�- �r�2 �/�2�+�Q�K�T�`�2�b�b �i�?�2 �B�M�@

�7�Q�`�K���i�B�Q�M �i�Q �`�2�+�Q�M�b�i�`�m�+�i �i�?�2 �M�Q�/�2 �T���B�`�r�B�b�2 �b�?�Q�`�i�2�b�i �/�B�b�i���M�+�2 �K���i�`�B�t �7�Q�` �K�B�M�B�#���i�+�? �M�Q�/�2�b ���i

�i�?�2 �i�`���B�M�B�M�; �T�?���b�2�X

�a�B�K�B�H���` �i�Q �i�?�2 �+�Q�`�2�@�M�2�i ���T�T�`�Q���+�?�- �r�2 �b�2�H�2�+�i �i�?�2 �H���M�/�K���`�F �M�Q�/�2�b ���b �T�Q�T�m�H���` �M�Q�/�2�b �i�?���i �?���p�2

�?�B�;�?�2�` �/�2�;�`�2�2�b �i�?���M �� �/�2�;�`�2�2�@�i�?�`�2�b�?�Q�H�/�X �q�2 �?�v�T�Q�i�?�2�b�B�x�2 �Q�m�` �?�2�m�`�B�b�i�B�+ �#���b�2�/ �Q�M �i�?�2 �B�M�i�m�B�i�B�Q�M

�i�?���i �i�?�2 �?�B�;�?�2�` �/�2�;�`�2�2 �M�Q�/�2�b ���`�2 �K�Q�`�2 �H�B�F�2�H�v �Q�M �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �Q�7 ���M�v �i�r�Q �M�Q�/�2�b�X �*�Q�M�@

�b�2�[�m�2�M�i�H�v�- �r�2 �b�i�Q�`�2 �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �/�B�b�i���M�+�2�b �Q�7 ���H�H �M�Q�/�2�b �i�Q �i�?�2�B�` �+�H�Q�b�2�b�i �T�Q�T�m�H���` �M�Q�/�2�b

�B�M �� �M�Q�/�2�@�i�Q�@�T�Q�T�m�H���` �U�L�k�S�V �p�2�+�i�Q�` ���M�/ �i�?�2 �b�?�Q�`�i�2�b�i �/�B�b�i���M�+�2�b �#�2�i�r�2�2�M �T�Q�T�m�H���` �M�Q�/�2�b �B�M ��

�T�Q�T�m�H���`�@�i�Q�@�T�Q�T�m�H���` �U�S�k�S�V �K���i�`�B�t�X ���i �i�?�2 �i�`���B�M�B�M�; �T�?���b�2�- �r�2 �`�2�+�Q�M�b�i�`�m�+�i �i�?�2 �/�B�b�i���M�+�2 �T�`�Q�7�B�H�2

�Q�7 �2�p�2�`�v �K�B�M�B�#���i�+�? �M�Q�/�2 �U�b�Q�m�`�+�2�V �#�v ���/�/�B�M�; �i�?�2 �L�k�S �/�B�b�i���M�+�2 �i�Q �B�i�b �T�Q�T�m�H���` �M�Q�/�2�- �i�?�2 �S�k�S



�k�k �+�Ñ�ž�ÿ���¶�� �l�Y �/�Ô�����ž�é�«�¶�A���'�ž���¶ �;���ž�ÿ�Ñ �`�¶�ÿ���¶���¶�é���ž���Ô�ñ�é �H�¶�ž���é�Ô�é�Ì

�6�B�;�m�`�2 �k�X�k�, �.�L�a�@���T�T�`�Q�t �?�2�m�`�B�b�i�B�+�X

�6�B�;�m�`�2 �k�X�j�, �.�L�a�@�b�+���H���#�H�2 �?�2�m�`�B�b�i�B�+�X

�/�B�b�i���M�+�2�b ���+�`�Q�b�b �T�Q�T�m�H���` �M�Q�/�2�b�- ���M�/ �i�?�2 �L�k�S �/�B�b�i���M�+�2 �7�`�Q�K �T�Q�T�m�H���` �M�Q�/�2�b �i�Q �i���`�;�2�i �M�Q�/�2�b
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