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(ABSTRACT)

An inversion method is developed to estimate the IP- and S-wave velocities and density ratio
of two elastic, 1sotropic, and homogeneous media separated by a plane, horizontal boundary from
P-wave reflection amplitude-versus-offset (AVQ) data recorded at the surface. The method has for
its basis the inversion of the plane wave Zoeppritz equations by generalized linear inversion (GLI)
and bootstrapping. The Zoeppritz equations are converted into the time-offset domain by using
Snell’s law, common mid-point (CMP) geometry, and two-way travel (twt) time. The equations
in the time-offset domain have five independent variables that enable estimation of P- and S-wave
velocities and density ratio for the upper and lower layers. The linearity and uniqueness of the in-
version are investigated by residual function maps (RFMs). The RFMs show closed elliptical
contours around the true values of the seismic parameter pairs except in the case of S-wave velocity
pair for which the open contours imply a linear correlation. However, the R[FMs of S-wave ve-
locities with the other model parameters show well defined minima, indicating the uniqueness of
the inverse problem in the absence of noise. The estimation of seismic parameters is constrained
by physical considerations and the results are enhanced statistically by bootstrapping to obtain the
most likely solutions, i.e., the mode values of the distribution functions of solutions, and the con-
fidence limits of the most likely solutions.

The inversion method is tested using model AVO data with and without random noise. The
tests show that the model parameters are exactly recovered when offset-to-depth (O/D) ratio is
about 2 or larger, depending on the contrast among the seismic parameters of the media. The re-

sults for small O/D ratios ( < 1) diverge from the true values, especially for S-wave velocities, and



indicate the importance of the O/D ratio in the AVO data inversion. The parameters are not re-
covered correctly in the case of noisy model AVO data because of the degrading effect of noise in
the inversion. However, the model parameters fall into the confidence limits of the estimated pa-
rameters when tight constraints are imposed on the solutions, and the signal to noise (S/N) ratio
is high. The inversion method is sensitive to auxiliary parameters such as the root-mean-square
(rms) velocity and zero-offset twt time which are used in the adjustments of observed or calculated
reflection amplitudes to compensate for the effects of wave propagation. Because the plane wave
Zoeppritz equations define the variation in reflection amplitude with offset for a single boundary,
the method is limited to isolated reflections in the CMP gathers.

The AVO inversion is applied to field data from the Atlantic Coastal Plain in South Carolina
to show the feasibility of the method. The first example is from Charleston, S.C. where the esti-
mated seismic parameters from adjacent CMP gathers are in close agreement demonstrating the
stability of the AVO inversion. The second example is a data set that crosses the border fault of
the Dunbarton Triassic basin, S.C. For this data set common offset stacked CMP gathers are used
to increase the S/N ratio and minimize the surface coupling effects. The inversion results show that
the seismic parameters are greater north of the border fault indicating crystalline basement while
smaller parameters to the south represent the Triassic basin. P-wave velocities estimated for the
crystalline basement (6.4 km/s) and the Triassic basin (4.8 km/s) are in good agreement with the
computed refraction velocities and support the interpreted location of the Dunbarton Triassic bor-

der fault.



Acknowledgements

I am grateful for the guidance, encouragement, and support of my major adviser Dr. Cahit
Coruh. His advice was vital at any stage of my doctoral studies at Virginia Tech from the first
course to the completion of my dissertation.

I am thankful to Dr. John K. Costain for his advice, support, and critical reviews of my
studies during my stay at Virginia Tech. Dr. J. Arthur Snoke contributed to theoretical discussions
and made many valuable suggestions in improving my dissertation. Drs. Gilbert A. Bollinger and
Edwin S. Robinson gave critical reviews of my dissertation and taught me the theory of geophysics
in many fields as diverse as scismology, geodesy, magnetism, and gravity.

Dr. Panickos Palcttas of Department of Statistics assisted me in the statistical concerns in this
work. Dr. Ruhi Saatgilar and Mildred Memitt helped me to get around the VAX computer and
DISCO seismic signal processing package. Bill Domoracki, Debbie Hopkins, and Susan Sharpless
Hubbard reviewed my manuscripts many times and made valuable suggestions in improving my
writing. R.W. Montgomery and J.L. Wonderley helped me survive through hardware problems
with computers.

I am thankful for all of my fellow graduate students at the 1070 for their support during hard
times and joy during good times. I especially would like to mention the names of Dr. Berkan
Fcevitoglu, Dr. David Taylor, Alan Hubbard, Cpt. Michael R. Mason, Michael Moses, Douglas
Eppler, and Dwight Holland.

Finally, I would like to acknowledge the support of Turkish tax payers in the form of a doc-
toral scholarship from the Ministry of Education of Turkey. ARCO Oil and Gas Company pro-
vided a generous financial support for fall and spring semesters 1989 and summer 1990. 1 am
thankful to American tax payers for their support in the form of an assistantship during fall semester

1988 and for half tuition waivers during the fall semesters 1988-89. I would also like to express

Acknowledgements v



thanks to the Department of Geological Sciences for awarding me the Aubrey E. Orange Award in

Geophysics during summers 1989-90 in the memory of Aubrey E. Orange.

Acknowledgements v



Table of Contents

Introduction . ... ... it e i e e |
Use of Amplitude-Versus-Offset Data . .. ... .. .. . . . ., 3
Literature Review ... ... .. . .. e e e e e e e 5
Energy Partitioning and Zoeppritz Equations . ......... ... ... ... .. ... .. .. ...... 5
Approximations to the Zoeppritz Equations . ... ...... ... ... ... ... .. ... ... ..... 8
General Characteristics of Reflection Amplitude-Offset Curves . .................... 17
Factors Affecting Observed Reflection Amplitudes ... ......... ... ... .. ... ..... 19
Theory of the AVO Data Analysis .. ....... . ... . ... . . . e 20
Applications of the AVO Data Analysis ... ... ........ ...t tiiiiiennnnnee.. 26
Inversion of Amplitude-Versus-Offset Data . . ........ . ... ... ... it 30
Zoeppntz Equations in the Time-Offset Domain .. ........ ... ... .. ............ 30
Conversion of the Zoeppritz Equations into the Time-Offset Domain . ............. 31
Amplitude Measurements of Reflected Wavelets .. ...... ... ... ... ...... . ...... 35
Generalized Linear Inversion of Amplitude-Versus-Offset Data .. .................. 37
Parameterization, Linearization and Uniqueness of the Inverse Problem ............ 39
Formulation of the Generalized Linear Inversion . ............ ... .. ... ...... 47
Derivatives of the Forward Operator and Construction of the Jacobian Matrix ....... 50
Physical Constraints on the Solutions ... ... .. ... ... .. ... .. . .. . ... . . ... Si
The Most Likely Solutions and Confidence limits by Bootstrapping . ................ 52
Extended Model . ... ... .. . e 54
Model Studies and Error Analysis .. ... ... ... . . . i e e 57

Table of Contents vi



Estimation of Zero-Offset Reflection Amplitude .. ........... .. ................ 57

Procedures for AVO Data Inversion .. ......... . ... . . . . . i 59
Inversion of Model AVO Data and Discussions . ............... ... 61
Inversion by the Approximate Zoeppritz Equations .. ....... ... ... ... .......... 72
Error Sources in the Estimated Parameters .. .......... ... .. ... ... ... .. ..... 74
Limitations of the Proposed Method ... ... ... ... . ... ... .. .. ... ... .. ..... 75
Applications with Real Seismic Data . ....... .. ... ... . . . . . . . . i ., 76
Derivation of RMS Velocity by Linearized Travel Time Inversion .................. 76
Amplitude Adjustments Applied to Field Data or Forward Modeling . ............... 78
Sphenical Divergence ... ... .. ... . e 78
Transmission at Interfaces . ......... . ... . . . ... 79
Anelastic Attenuation .. ... .. ... e 79
Source-Receiver Array Response . ... .. .. ... .. 80
Vertical Geophone Response . ....... ... . .. . . .. . . 84
Data from Charleston, South Carolina .. ....... . ... .. . . .. . . i, 84
Data Analysis and Processing Before Inversion .. .. ........ ... ... . ..., .. 85
Results and Discussions . ... ... ... ... 92
Data from the Dunbarton Triassic Basin, S.C. ... ... ... . . . . . . . .. 94
Data Preparation for Inversion . ...... ... .. .. . e 94
Results from AVO Inversion and Discussion .. ........ ... ... ... ... ... .... 101
General Discussion and Conclusions .. ....... ... . ... i 107
Bibliography . ... ... .. e e e e 110
Appendix A. Multilayer model . ...... .. ... . ... e 116

Table of Contents vii



Table of Contents

viii



List of Illustrations

Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure
IFigure
Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure
Figure

Figure

24.

25
26

. CMP and Ray Geometry . ........ ... 7
. All-Positive Amplitude-Offset Curves ... ... ... .. ... .. .. ... 13
All-Negative Amplitude-Offset Curves ... ....... .. ... .. .. ........ ... 14
. Positive-to-Negative Crossing Amplitude-Offset Curves . .................. 15
. Negative-to-Positive Crossing Amplitude-Offset Curves .. ................. 16
Amplitude Measurements of Reflected Wavelets . ............... ........ 38
Two-Layer Model for Investigation of Linearity and Uniqueness ............ 41
Residual Function Maps (RFMs) . ... ... ... . 42
Extended Model . ........... ... . .. . . 55
. Diagrams of AVO Data Inversion Procedures . ......................... 60
. Two-layer Model and CMP Ray Tracing . ..............uiuieuunnnn. 63
. CMP Gather for Two-layer Model . ..... ... ... ... .. .. . ... ........... 64
. Synthetic AVO Data and Inversion Output . ........... ... ... ........ 65
. CMP Gather with -20 db Random Noise ............ ... ... ... ........ 66
. Synthetic AVO Data and Inversion Qutput .. .......................... 67
Distribution Functions of Solutions .. ......... ... . ... . .. 68
. Parameter Sensitivity Curves .. .. ... 70
. Percentage Errors in Inverted Parameters .. ........................... 73
Seismic Section from South Carolina .. ............... ... ... ... .. ... 86
CMP Gather 142 from South Carolina Data . ......................... 87
. Amplitude Spectrum of Trace 3in CMP gather 142 ... .................. 88
Distribution Functions of Solutions . . .......... ... ... ... ... ........ 89
Observed and Calculated AVO Data ........... ... ... .. ............ 90
Distribution of Inversion Results in Space . ........................... 91
Location Map of Line-1 and Line-2EXP . ....... .. ....... ... ........ 96
Partial Stacked Section of Line-2EXP ... ... ... .. ... . ... .. ... 97

List of Hlustrations ix



Figure 27. Refraction Velocity Profile from Line-1 .. ... .. ... ... .. ...... .. ....... 98

Figure 28. Common Offsct Stacked CMP Gathers .. ...... ... ... ... .. ... ... ..., 100
Figure 29. Distribution Functions of Solutions ... ......... ... ... ... ... ........ 103
Figure 30. Distribution I'unctions of Solutions .. . ......... . ... ... ........ 104
Figure 31. Observed and Calculated AVO Data . ...... ... ... .. ... ... ........ 105
Figure 32. Observed and Calculated AVO Data .. ...... ... . ... ... .......... 106
Figure 33. Multilayer model ... .. ... . .. . . . 118
Figure 34. Linearized Back Projection ... ....... ... ... ... .. ... 121

List of Illustrations X



List

Table
Table
Table
Table
Table
Table
Table

of Tables

Model Parameters for Reflection Coefficient Curves. . .................... 12
Model Parameters for RFMs. .. ... ... .. . 40
. O/D Ratio Test Results. ... ... .. .. .. . . i i 62
Inversion Results for Noisy Model Data ... ........................... 69
Inversion Results by Exact and Approximate Equations. .................. 72
Inversion Results for Crystalline Basement ... ........................ 102
Inversion Results for Triassic Basement ... .......................... 102

List of Tables xi



Introduction

The estimation of P- and S-wave seismic velocities and densities of earth layers from the data
sets recorded at the surface has long been one of the main research interests in reflection seismology.
Although structural interpretations of the subsurface from seismic data using sophisticated data
processing and interpretation techniques have been facilitated, considerable work remains to be
done toward obtaining quantitative information from the data that will lead lithological interpreta-
tions. Knowledge of lithology will open the ways to direct hydrocarbon exploration, groundwater
exploration, and understanding of the earth crust.

The estimation of P- and S-wave velocities and density ratio of elastic media separated by a
flat, horizontal boundary poses itself as a major research topic because the quantitative knowledge
of these elastic parameters will significantly contribute to direct energy exploration as well as
understanding of the earth crust. Therefore, the estimation of elastic parameters is one of the spe-
cific research topics in geophysics recently. This study is significant in that it contributes to the
interpretation of P-wave amplitude-versus-offset (AVO) data by developing the fundamentals of
an inversion theory to estimate the P- and S-wave seismic velocities and density ratio of elastic
media.

The reflection, transmission and mode conversion of the plane P-waves at a boundary as a
function of incidence angle have been extensively investigated in the geophysical literature. The
mathematical description of this energy partitioning at a boundary is summarized in the Zoeppritz
equations (e.g., Waters, 1987; Berkhout, 1987). Curves and values of the P-wave reflection coeffi-
cients obtained from the Zoeppritz equations were tabulated for different models by several authors,
e.g., Koefoed, 1955, 1962; and Tooley et al., 1965. In the case of small incidence angles and seismic
parameter contrasts, various approximations to the Zoeppritz equations have been developed by
Bortfeld (1961), Hilterman (1983), Shuey (1985), and Lortzer et al. (1988) to make interpretations

about the contribution of seismic parameters in the reflection process. Forward and inverse mod-
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eling methods were developed by several researchers, including Rosa (1976), Hilterman (1983),
Gelfand et al. (1986), Balogh et al. (1986), Macdonald et al. (1987), Lortzer et al. (1988), De Haas
and Berkhout (1988, 1989), and Kindelan et al. (1989).

In this study, an inversion method is developed to estimate the P- and S-wave velocities and
density ratio of two elastic media separated by a flat, horizontal boundary. The method has for its
basis the inversion of the Zoeppritz equations by the generalized linear inversion (GLI) scheme, and
operates on P-wave reflection AVO data. The Zoeppritz equations (Waters, 1987) were converted
into the time-offset domain by using Snell’s law, time-offset relation, and common mid-point
(CMP) geometry (CMP and common depth-point (CDP) geometries are equivalent in the case of
horizontal layering which is assumed here). This approach differs from standard AVO inversion
formulation in that here the P-wave velocity for the upper layer and depth to the boundary are not
assumed. The estimation of seismic parameters is controlled by physical constraints, and the results
are enhanced statistically by the bootstrapping method to obtain the most likely solutions, i.e., the
mode values of the distribution of solution functions, and the confidence limits of the most likely
solutions.

To justify the proposed method, the linearity and uniqueness of the inversion was investigated
by residual function maps (RFM) by changing two parameters at a time while the others are kept
constant. The inversion method presented was tested using model AVO data with and without
random noise. In a noise free model, the model parameters are exactly recovered when offset to
depth (O/D) ratio is about 2 or larger, depending on the contrast among the seismic parameters of
the media. The results for smaller O/D ratios (O/D=~1) diverge from the true values, especially for
S-wave velocities, and indicate the importance of the O/D ratio in the AVO data inversion. Tests
with noisy AVO data indicate that noise is the most disturbing factor influencing the inversion
method. In the case of noisy model AVO data, the parameters are not recovered correctly because
of degrading effect of noise; however, the true parameters fall into the confidence limits of the esti-
mated parameters if tight constraints are imposed on the solutions and signal to noise (S/N) ratio
is high. In addition to the O/D ratio and noise, the inversion method is also sensitive to the aux-

iliary parameters, such as root-mean-square (rms) velocity and two-way travel (twt) time, when the
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amplitude adjustments are applied on the AVO data to match the data and forward model response.
This inversion method is limited to isolated reflection events on the CMP gathers because the
Zoeppritz equations define the variation in reflection amplitude with offset for a single boundary.
Furthermore, only the ratio of densities can be estimated because the densities appear only through

their ratio in the Zoeppritz equations.

Use of Amplitude-Versus-Offset Data

The field of application of AVO analysis has been expanding in the last decade to include the
estimation of lithology, groundwater exploration by detecting and mapping the porosity variations,
estimation of the elastic moduli of rocks, direct hydrocarbon exploration, reservoir delineation,
monitoring hydrocarbon production, and estimation of the physical properties of deep crust.

Ostrander (1984) showed the feasibility of direct detection of gas saturated sands in sand/shale
series using monotonically increasing AVO responses due to the significant contrast between the
Poisson’s ratios of gas sand (0.1) and shale (0.4). Rutherford and Williams (1989) classified the
gas-sands on the basis of their acoustic impedances and AVO responses for a shale/gas sand model,

and gave examples of field data for each class. Forward AVO modeling was extensively applied

by Chacko (1989) to distinguish between the tight and porous facies in Lembak field, Indonesia,
and by Mazzotti (1990) to investigate the bright spots caused by water and gas saturated sediments
in the Po valley of Italy. An excellent example of AVO analysis is given by Vandenberghe et al.
(1986) in ground water exploration. They were able to map the karst intensity of water-bearing
Dinantian limestones in northern Belgium using the effect of changing Poisson’s ratio in the energy
partition process and its empirical and theoretical relations to porosity. Bulk, shear, and Young’s
moduli were calculated by Pigott et al. (1989) using the estimated seismic parameters from the AVO
analysis to show the potential use of these elastic modules in discriminating the lithology and fluid
content in reservoirs. Silva and Ahmed (1989) applied the AVO analysis to monitor the change in

the seismic parameters of a reservoir formation due to the movement of pore-fluid and/or fluid-fluid
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contacts during the production of gas and oil after the injection of steam to increase production.
Louie (1990) examined the linear trends in gross AVO data from a crustal data set in California.
The mid-crustal and Moho reflections were analyzed, and the change in the reflection amplitude
with offset was quantified for crustal models. Louie suggested that the unusually high amplitude
reflections from the mid-crust and Moho may be caused by changes in Poisson’s ratio in contrast
to the layered transition zones.

The inversion method developed in this study was applied to the field data from the Atlantic
Coastal Plain in South Carolina to show its feasibility. The values of the estimated seismic pa-
rameters from CMP gathers of a data set near Charleston, S.C. are in good agreement with each
other within the average percentile confidence limits of + 6%, + 22%, + 14%, + 5%, and + 27%
for «, By, a,, B,, and Ap, respectively, showing the feasibility of the developed inversion
method. The AVO inversion was also applied to a data set to verify a Triassic border fault inter-
preted from reflection seismic data. The common offset stacked CMP gathers were used in the
inversfon to increase the S/N ratio and minimize the surface coupling effects. The inversion results
show that the interpreted fault is the border fault because of the change in estimated seismic pa-
rameters. The estimated P-wave velocities for the basement to the northwest and southeast blocks
of the fault (about 6.4 km/s and 4.8 km/s, respectively) are in good agreement with the refraction

velocities obtained from the first arrivals.
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Literature Review

In this chapter, the fundamentals of the energy partitioning process by the Zoeppritz
equations and their approximations are reviewed. General characteristics of reflection amplitude-
versus-offset (AVO) curves and factors affecting the amplitudes are summarized. Development of
inversion methods for the estimation of seismic parameters from AVO data and examples of the

application of AVO analyses are discussed.

Energy Partitioning and Zoeppritz Equations

A seismic wave field generated at the surface propagates downward, and reflects and transmits
at interfaces. The reflected part then propagates upward and is recorded at the surface. In this chain
of physical processes, reflection and transmission depend on the incidence angle of the seismic wave
upon the interfaces as well as the P- and S-wave velocitics and densities of the layers. The math-
ematical description of the reflection and transmission of seismic waves in the case of plane P-wave
incidence was first given by Knott (1899). Knott’s work was followed by the four equations given
by Zoeppritz (1919) and later by Muskat and Meres (1940) to relate the wave amplitudes to the
seismic parameters. Ergin (1952) developed the energy partitioning equations for a fluid-solid
boundary, for example sea floor, for plane P-wave incidence. Costain et al. (1963) calculated the
energy ratios from Knott’s energy equation and amplitude ratios and phase angles from the
Zoeppritz equations for plane SV waves and applied the resulting equations to multilayer modeling
of the earth crust. An algorithm was presented by Young and Braile (1976) to calculate the
Zoeppritz’s equations for given model parameters. The Zoeppritz equations in matrix notation are

given by Waters (1987) and Berkhout (1987). Brekhovskikh (1960) formulated the spherical wave
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reflection and transmission process for a fluid-fluid interface in the case of spherical P-wave inci-
dence upon a reflector. His work was extended to a solid-solid interface by Krail and Brysk (1983).

To review the Zoeppritz equations, an elastic medium separated by a plane boundary is
considered with constant seismic parameters on each side. In Figure 1 on page 7, «,, B,, p, rep-
resent the P- and S-wave velocities and density of the upper medium, respectively, and a,, £, p,
represent the same parameters for the lower medium. Furthermore, 8, 0,, 6, ¢,, and ¢, rep-
resent the angles between the normal to the boundary and the rays of incident P-, reflected P-,

transmitted P-, reflected S- and transmitted S-waves, respectively. The angles are related by Snell’s

law

sin 6, sin 0, sin 6, sin ¢, sin ¢, {
oy - 3] - oy - ﬁ] - ﬁz ( )

Using the continuity of displacements and stresses at the boundary for a plane P-wave incidence
with unit amplitude, the Zoeppritz equations are obtained as a system of equations in matrix form

(modified from Waters, 1987):

r 7 I~ T
sin 0; cos ¢, sin 6, cos ¢, R, —sin 6;

— cos 6; sin ¢, —cos 0, —sin ¢, R —cos f;

o ﬂzu B @
sin 20; —L cos 2¢, P Gin 20, — -‘)2—221 cos 2¢, || T, sin 20;

A P12 p1hi

B . P paba .

cos 2¢p, — -#sm 24, — p,zaf cos 2¢, — p?a,z sin 2¢, J T, — cos 2¢,

In this matrix equation, the coeflicient matrix includes various combinations of seismic parameters
and trigonometric functions of the angles related to the reflected and transmitted ray paths of dif-
ferent modes. The column matrix on the left side includes the amplitude coefficients for the re-
flected (R,) and transmitted (T,) P-waves, and for the reflected (R;) and transmitted (T,) S-waves.
Closed form solutions are given, for example, by Aki and Richards (1980, p.150) and by Berkhout

(1987, p.218).
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Figure 1. CMP and Ray Geometry: Four elastic waves, reflected and transmitted P- and S-waves,
result from the energy partitioning process. CMP geometry is basic to the development of
the trigonometric relations in conversion of Zoeppritz equations and their approximation
into the time-offset domain. Half the source-receiver offset and zero-offset twt time are used
as independent variables in the converted equations in the third chapter.
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The amplitude of reflected P-waves has been given the most of attention in reflection
seismology over the years because P-wave recording is the dominant method in the field work.
Given the seismic parameters, the P-wave reflection amplitude, R,, can be calculated as a function
of incidence angle using equation (1). If a, > a,, there exist an angle of incidence, critical angle
6., for which a total reflection occurs, and the critical angle is defined by Snell’s law as
sin @, = a,/a, . The reflection amplitude is a real number for 8, < 6, and a complex number for
0,> 0, . The critical angle does not exist If a, < «,. Because of the limited range of source-receiver
offsets in data acquisition, only the reflection amplitudes for 8, < 8, are considered for AVQ analy-

sis.

Approximations to the Zoeppritz Equations

Although the so-called full Zoeppritz equations do not introduce any computational difficulty
on computers, it is difficult to make general conclusions about the role of individual or various
combinations of individual parameters in the reflection process. In some special angles of incidence,

such as normal and critical incidence, the behavior of reflection is easy to describe. For normal

incidence, the reflection amplitude depends on the P-wave velocity and density of the upper and
lower media and is independent of S-wave velocity. The reflection amplitude has a maximum at
the critical incidence. Besides these special angles, there exist angles of incidence at which the re-
flection amplitude changes polarity. Levin (1986) and Keys (1989) gave combinations of the pa-
rameters which can cause a change in the polarity, and discussed the geological implications. These
cases may be used to draw general conclusions to help in interpretation. To make general conclu-
sions about the role of the seismic parameters in the reflection process, and in estimation of the
parameters or their combinations from the observed reflection amplitudes, approximations to the
full Zoeppritz equations were developed in the time-offset domain. All of these approximations

apply only to pre-critical angles of incidence.
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Aki and Richards’ approximation: Aki and Richards (1980, p.153-154) defined the ratios
éaja, 6B/, and OJp/p, and substituted them into the exact equations to obtain an approxi-

mation to the reflection coefficient. It is given as

2 2
6 2 4 5
RO 2(1-4 ﬂ— sin0 | =2 4 sec0 ba ﬁ2 sin’e 20 3)
o 2 a B

where

ba=ay—ay, Of=Py—fy, Op=py—p,

%(“2‘*“1) ﬁ=%(52+/"1)

This approximation closely follows equation (9) in Bortfeld (1961). However, it includes the second
order terms

L (py=p1)’ L (p—a)® 1 BB

Propatpr T M gt T B B+ By

which are not introduced in equation (9) in Bortfeld (1961). Moreover, the incidence angle in
Bortfeld (1961) is 8 = 8, , and in Aki and Richards (1980) and Shuey (1985)is § = % (8;+ 6,) which
results in the first order difference % (8, —8,) . When the contrast between the P-wave velocities
is small and for small angles of incidence, i.e., in the case of assumptions in developing these
equations, this should be a small difference. This approximation gives some insight into the sepa-
rate contributions to the reflection coefficient by differential changes in the corresponding parame-
ters of the lower and upper media.

Shuey’s approximation: Shuey’s approximation is a modified form of equation (3) (Shuey,

1985). In equation (3), mean and differential S-wave velocities are replaced by mean and differential
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Poisson’s ratios by using the Poisson’s relation. Furthermore, the normal incidence was factored

out to arrive at the following equation

RO)= Ry + (AORO + ﬁ) sin20 + % % (tan8 — sin6) 4
— 0

where o, 60, Ryand A, are

da ba s
Ay = & 2| 1+ ¢ — <0
° ba  Sp ba  Op | 1-o
o P a p

This approximation differs from Aki and Richards’ approximation in grouping the terms. In Aki
and Richards’ approximation the relative contributions of differential changes in the corresponding
parameters are observed, while in Shuey’s approximation the contribution of different range of in-
cidence angles are observed. First, second and third terms correspond to normal, intermediate and
wide angle incident contributions to the reflection process.

Bortfeld’s approximation: This approximation has for its basis the small changes in seismic
parameters from one medium to another across an interface. Bortfeld began with an approximation
equation (equation (9) in Bortfeld, 1961) which is to the first order of equation (3) above. As-
suming a finite thickness transition layer in which the seismic parameters change continuously with
depth, the response of this layer to an incidence plane P-wave is calculated in terms of zero, first,
second etc., orders of internal differential multiples. In this method, the odd order of internal dif-
ferential multiples corresponds to reflected P-waves and the even order of internal differential mul-
tiples corresponds to the transmitted portion of the incident P-wave. Letting the thickness of the
transition layer go to zero, assuming the relative change in density be proportional to relative

change in P-wave velocity, and taking the integral of all of the internal differential multiples, the
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following approximation (equation (18) in Bortfeld, 1961) was developed for the P-wave reflection

coefficient

P2

. In{ =%

cos 0; sin’6, ( P )
a2P2 i ) i (/f? ﬁ%) 2

aypy cos 0, a% 1n<“—2) -ln( o8 )
oy a1ﬁ2

Notice that the first term in this equation contributes to reflection for both solid and fluid media.

m@g%w{ 5)

However, the second term contributes to reflection only for solid media because the S-wave velocity
is zero for fluids.
Hilterman’s approximation: This approach is a modification of the Bortfeld’s approximation

and uses the same assumptions. The Hilterman approximation (Hilterman, 1983) is given by

2

0;
+ (sina—]) (B, +ﬁz)[3(51 —B)+

0ayp, cOs 0; — o p; coOs O,

20201 — B1p2) ] ©

R@O) =
©) 1t ey

ayp, €0s 0; + a;p; cos 0,
The interpretation of this equation is similar to the Bortfeld’s approximation.

Trigonometric polynomial approximations: These are the simplest approximations to the
Zoeppritz equations. Their development was motivated by linear inversion of the AVO curves for
seismic interpretation. Assuming small contrast in the seismic parameters and small to moderate
angles of incidence, the reflection AVO curves can be approximated by trigonometric polynomials
with linear coefficients. The linear coefficients in the polynomials correspond to various combina-
tions of the seismic parameters (Shuey, 1985; Balogh et al., 1986; Lortzer et al., 1988; Hilterman,

1989). The two-term trigonometric polynomial approximation is given by Lin (1989),

R(6,) = a+ b sin’6, O
where a and b are
*2P2 — X1P|
=R0)=——"——
a=R(O) aypy + aypg
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The three-term trigonometric polynomial approximation is given by Lortzer et al. (1988),

R(8) = a+ b sin’0; + ¢ tan’0, (8)

where a, b, and ¢ are

where a, B, p, 6 , 6f, and Sp are as defined for Aki and Richards’ approximation.

Examples of amplitude-offset curves are shown in Figure 2 on page 13, Figure 3 on page
14, Figure 4 on page 15, and Figure 5 on page 16. These curves were generated by using the
Zoeppritz equations and their approximations for the model parameters shown in Table 1. The
depth of the boundary and far-offset were chosen as 2000 and 5000 m, respectively. Note from

Figure 1 on page 7 that offset x and incident angle 0, are related by x = dtan 0,. Therefore, the
maximum angle of incidence is about 51.34° for the maximum offset 5000 m which is less than the

critical angle of 53.13° for the first and 57.36° for the third model in Table 1.

Table 1. Model Parameters for Reflection Cocfficient Curves.

Type oy B P o, B, P2
Figure 2 4000 2000 2465 5000 2500 2607

Figure 3 | 4000 2000 2465 3000 1500 2294
Figure 4 | 4000 1750 2465 4750 3000 2573
Figure 5 [ 4000 2250 2465 3250 1250 2341
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Figure 2. All-Positive Amplitudc-Offset Curves: Amplitude-offset curves calculated by using the
Zoeppritz equations and approximations to them. Model parameters are shown in the first
line of Table 1. Note that reflection amplitudes are all positive for every offset. In the lower
diagram, the change in the amplitude of a 25 Hz Ricker wavelet is seen for curve (1).

Literature Review






































































































































































































































































































