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I. INTRODUCTION

A composite material consists of high strength, continuous or
discontinuous filaments embedded in matrix material. Filament materials
which have been used widely are glass, steel, boron and graphite; and
matrix materials in use are aluminum, epoxies, epoxy phenolics. When a
composite is subjected to external loads the matrix transfers stresses
to the embedded high strength fibers. With such a configuration of
filaments and matrix, a high strength-to-weight ratio is achleved. Com-
mon applications of composites are for aircraft, space vehicle and deep
sea structures.

There are various kinds of constituent materials and many options
in the fiber arrangements of a lamina, and in lamina orientations of a
composite. Of the different combi  ations for a composite, one may design
a composite such that the lamiras are oriented in an optimum manner with
respect to some prescribed design criteria.

An individual lamina, or basic ply, of a multilayered composite
is considered to be a homogeneous and orthotropic material. But the
layered laminate, which is formed by bonding arbitrary oriented laminas
in the form of laminated composite plates and shells, in a complex, non-
homogeneous, anisotropic structure.

Classical laminated plate theories (CPT) have been used to analyze
composite structures and some boundary value problems have been formulated
and solved. Owing to certain assumptions of CPT, such as the classical

small deformation assumption, the results for deformation and stress



distributions have not been in good agreement with the exact elasticity
solutions. Although some recent exact solutions are available, they are
restricted to certain special types of boundary value procblems.

It is the purpose of this dissertation to present a truly three
dimensicnal finite element analysis for laminated composites which re-
moves the undesirable vestrictions existing in the CPT and some refined
theories. The basic restriction, which is one straight line normal ro-
tation through the plate thickness, is removed by taking a linear varia-
tion of displacements through the element thickness and using one or
more elements for each layer of the laminate. Thus a complete three-
dimensional analysis of the composite is developed which includes the
thickness-stretching deformation as well as extension deformation, and
transverse shear strains. Most of the problems solved by the CPT, re-
fined theories and exact elasticity theory have been for rectangular
plates with simply-supported edges. In this study generality is achieved
by using a curved isoparametric element with cubic displacements expan-
sion in plane which enables the element to fit boundaries of arbitrary
shape.

Prior to presenting the two- and three-dimensional finite element
analyses of laminated composites, an analytical method for composite with
isotropic lamina is presented. A linear expansion for displacements is
assumed in each lamina. By applying the Hellinger-Reissner variational
principle, governing equations for bending and extensicn are derived.
Because of the complexity of the governing equations and difficulty of
achieving exact solutions, the equations for the three-dimensional prob-

lem are specialized to the two-dimensional case of cylindrical bending.



Solutions are obtained in this case for sinuscidal and uniform loadings.
A Fourier series solution i1s obtained for the latter.

Two elements are developed for the finite element analysis of
two-dimensional laminated composites. Because the plate bending is
usually associated with cubic displacement functions, and the individual
layers of laminated plates are relatively thin compared with the other
dimensions of plate, a 16 degree of freedom (DOF) element is presented
first., A cubic expansion of displacements in the plane direction and a
linear variation of displacements through the thickness of the element
are used. In order to evaluate the performance of the 16-DOF element, a
24-DOF element is develcped for which a cubic expansion of displacements
in the thickness direction is employed. In the 16-DOF element, rectangu-
‘lar cartesian coordinates are used and the element stiffness matrix is
formulated directly and explicitly for a rectangular element. In the
2U-DOF element, a local curvilinear coordinates are used to describe the
nodal displacements of the element and its geometry, and a numerical in-
tegration procedure is applied to formulate the element stiffness matrix.
Results of the finite element analyses are compared with the sclutions by
an analytical method and, wherever possible, with an exact elasticity
solution.

A curved, isoparametric, 72-DOF element is developed for the
three-dimensional finite element analysis of the laminated composites.
The displacement expansion is the three-dimensional analog of the 16-DOTF
element, that is, a cubic expansion of the displacement in the element

plane and a linear variation of displacement through the thickness of the



element are made. A numerical integration procedure is employed to formu-
late the element stiffness matrix. Results are compared with the exact
elasticity solution.

It is believed that the refined, curved, isoparametric element
to be presented herein offers an improvement over the simple, linear
triangular and quadrilateral elements and that the finite element method
facilitates the investigation of the arbitrary shaped layered composites.
Furthermore the applicability of the solutions for the laminated compo-

sites can be expanded to more general fields.



IT. REVIEW OF LITERATURE

The first report on composite plates laminated with thin ortho-
tropic layers or plies was published by Smith [8]% in 1953. Reissner
and Stavsky [10] were first to recognize the coupling phenomenocn between
in-plane stretching and transverse bending for nonsymmetrical laminated
plates. This phenomenon does not occur in the thecry of homogeneous
plates and had been overlocked by Smith. The coupling effect was pre-
sented by considering two orthotropic layers of equal thickness laminated
in such a way that the axes of elastic symmetry are located at an angle
of +06 with the plate axes in one layer and an angle of -6 in the other
layer. Results obtained by considering coupling were quite different
from those obtained without coupling.

In 1962, a general small-deflection theory for the elastostatic
extension and flexure of thin laminated anisotropic shells and plates
was formulated by Dong, Pister and Taylor [11]. The multilayered com-
posites were composed of arbitrary numbers of bonded layers, each of
different thickness, orientation, and/or anisotropic elastic properties.
The Kirchhoff-Love assumptions were retalined and the governing equations
were specilalized for the cylindrical shells with orthotropic laminas of
equal thickness in various laming orientation by using the Donnell theory.
Although transverse sheer deformations were neglected in the theory, the
equilibrium equations were used to derive the interlaminar shear stresses.

Whitney and Leissa [12] solved a number of problems relating to

“Numbers in brackets [] refer to references given in the
Bibliography.



the bending, vibration, and stability of coupled laminates by including
the influence of bending-extensional coupling in unsymmetrical laminates.
Later, Ashton [13] solved the special class of simply-supported lami-
nated plates by 'reduced stiffness matrix" concept to uncouple the
governing equations. His approximate solutions were acceptable in com-
parison with the solutions in reference [12].

The previously described development for the laminated composites
was clearly outlined and discussed in references [1] and [16] and was
named the classical laminated plate theory (CPT). Later, some research-
ers realized the limitations of CPT and developed refined theories such
as shear deformation theory (SDT) [6] and exact elasticity solutions
[2,u].

Stavsky [14] was the first to introduce the shear deformation
into laminated plate theory. Armbartsumyan [14] developed a rather cum-
bersome approach to define transverse shear stresses that satisfied the
required continuity conditions at interfaces. Three boundary conditi 1s
per edge were specified, but the analysis was vestricted to symmetric
laminates in which the orthotropic axes of each layer coincided with the
plate axes. Whitney [3] extended Ambartsumyan's approach to solve cer-
tain specific boundary valued problems for more general material proper-
ties and geometries. The most general linear theory for laminates was
developed by Yang, Norris and Stavsky [15], and solved the frequency
equations for the propagation of harmonic waves in a two-layer isotropic
plate of infinite extent. Whitney and Pagano [6] investigated the bend-
ing theory of Yang, Norris and Stavsky [15]. Good agreement was ob-

served in numerical results for plate bending as compared to CPT but poor



agreement was found in comparison with the results of Pagano [2].

Pagano presented exact solutions for composite laminates in
cylindrical bending [2] and for rectangular bidirectional composites and
sandwich plates with simply supported boundary conditions for the static
bending [4#]. Results for 2-ply and symmetric 3-ply laminates were com-
pared with those of CPT to give insight into the assumptions required
for the formulation of more general laminated plate theories. Recently,
Pagano [5] extended the investigation to consider the influence of shear
coupling for the angle-ply laminates. The general range of validity of
CPT were offered.

The finite element method (FEM) was developed originally as a
concept of structural analysis based on matrix formulation using elec-
tronic computers [18, 19]. Since 1956, there has been a concurrent and
rapid development of electronic computers, matrix techniques, and FEM,
The FEM can be used to deal with structural problems of complex and ir-
regular geometric shapes, complex in loading-patterns and nonlinear non-
homogeneous and anisotropic properties of materials. The FEM deals
with the solutions of the element analysis and of the total system
analysis. The element analysis involves: (1) the selection of a func-
tion that uniquely describes the displacements within the elements in
terms of the nodal point displacements {u}, (2) the derivation of corre-
sponding stresses, and (3) the derivation of consistent element joint
loads {f} from the distributed boundary stresses. The element analysis
yields a relationship between nodal point forces and nedal point dis-
placements, {f} = [k]{ul}, where [k] is the element stiffness matrix.

Selecting the most efficient type of element for various purposes is a



major task in FEM. Once the element analysis 1s completed, the system
analysis may be formulated in such a way that it is completely unaffect-
ed by the type of element used.

The most recent FEM for laminated anisotropic plates was pub-
lished by Pryor [22]. A rectangular 28-DOF element which includes ex-
tension, bending, and transverse shear deformation states at the midplane
was employed for the analysis of rectangular anisotropic laminate plates.
The properties of the individual layers were integrated through the
thickness of the plate. The results were in agreement quantitatively
with the solutions of Whitney [3] but disagreed with the solutions of
Pagano [2] because the normal to the midplane was severely distorted for
sandwich plates with a large difference in material properties between
layers.

An increase of available parameters associated with an element
usually leads to improved accuracy of scolution for a given nurmber of
parameters representing the whole assembly. Thus it is possible to use
fewer elemenis for the solution. Based with this éoncept, Ergatoudis,
Irons, and Zienkiewicz [7] introduced curved, isoparametric, quadri-
lateral elements and these were subsequently expanded to three-
dimensional isoparametric elements by Zienkiewicz et al. [21]. Clough
[20] compared the directly formed, refined hexahedron element with the
one assembled by tetrshedron elements and concluded that the former was
superior to the latter, with regard to their structural efficiency and
to their general applicability. By using advanced iscoparametric cubic

elements, the number of unknown nodal displacements and thercfore the



size of the coefficient matrix of the simultaneous equations for the

structure becomes considerably smaller than in the standard procedure.



ITT. ANALYTICAL METHOD

A. Development of the Governing Equations for a Lamina

The governing equations for an individual lamina of the laminate
are derived by applying the Hellinger-Reissner variational principle [3].
Each lamina is assumed to be a linear elastic, homogeneous, isotropic
rectangular layer of constant thickness with normal and shear stresses
applied at the top and bottom faces, and all deflections are assumed to

be small.

Assumptions and Definitions

An element of a ply of the laminate is shown in Figure 1 oriented
with respect to rectangular cartesian coordinates. The displacements are

assumed to be expanded in the fellewing form:

H

wx, v, z, t) = ulx, y, t) + alx, y, t)z

vix, vy, t) + B(x, vy, t)z (3.1)*

V(X, Y, Z, t)

wix, v, 2, t) = wix, y, t) + v(x, y, t)z
where U, v and w are displacements of the middle surface and o and B are
rotations about the middle surface in the = and y directions and y is the
normal strain in a direction orthogonal to the middle surface. The in-
plane, bending moment, and twisting moment stress resultants are defined
as

h/2

(Pys Py Pyy) = 1 (0g, 0y, T,) dz
Yo
yr T xy

3.

“Equations are indicated by numbers in parenthesis

10
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Figure 1. Laminate, Lamina and an Element of the Lamina.
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th/2

(MX, My, Mxy) = h/2 (ox, cy, Txy)zdz (3.2)
_ Ih/2
(Vo Vy) T -h/2 (sz’ Tyz) dz

Using the generalized Hooke's law and the equilibrium equations of
elasticity without the body force terms, the stress components may be

derived in the following form:

1 12
g ag = fradenl
(o y? rxy) =P Pos ny) + 3 z(M_, Mo Mxy)
st
- X -z h .+ 27,2 3
i L (Vx T2 Sx)[l - ( h) ] 2h (3.3)
gt
=Yg 2 SRty - (222 3
Tyz >+ Sy ot (Vy 5 Sy)[l ( h) 7
S; - _h BS: 88; — 2z.2. =z
[9) = m— — [ —— - r'._ - — —
” 5+ [SZ t 3 ( - + A ) - phwl[3 - ( h) 15
X 2y
+ + - -
. 9S 98 aS 39S
-— 1 X v x v . _2__Z.2h
tlow - =+ =) Iz + (5= + —= - oh)[1-()"}5
X y X y
where
St =T |t B, St =T | ot and St = ol 4 cB;
X xz = xz® Ty vz z z z
T, h B - o s
Ty = TXZ(X, Vs 5o t), L sz(x, Vs =5 t), etc.; o is the

mass density per unit volume.
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Hellinger-Reissner Variational Principle

The equations of motion and the stress-displacement relaticns of
elasticity satisfying prescribed boundary conditions can be derived by
employing the following varistional equation:

t

st l'(w - k)dt=o0 , (3.4)

o

where
W= Iﬁ{cxex ¥ 0yey Fogt Txyyxy T ey +Tyzsz
__2_3EL[GX2 + gyz + 022 “20(oy0y * 0y, t oyo,) T2(14)
(tyg” * Tyz? * ty52)1} dv
- Isl (p; u + p§ v + p&)dsl (3.5)
k=g (024924 %) (3.6)
and
p; = c;l + TX;m + TX; n
p§ = T%yl + U&m + T&Zn

| I 1 1 t
=t! 1+t m+ oln
Pz Xz yz z

are the components of the stress vector on the boundary surface S, where

the stresses are prescribed, and 1, m and n are direction cosines of the



1y

outer unit normal vector. The body forces are neglected in the deriva-
tion. That part of the boundary surface 82 where the displacements are
prescribed does not enter into the equation since the variation of the
known displacements vanishes there. The boundary conditions on either
displacements or stress resultants arise from this principle also. For

plate bending and extension, the surface integral term in the equation

(3.5) becomes

~J ' ' '
g (pxu + pyv + pzw)dS

+ {J B h
1E 1E S1pl0L (s ¥s = 5)

2

B h B h
+ szu(xs Ys ~ '5) + Tyzu(xs Y, - —2')]

—ISlTLOEW(x, Vs %) + szu(x, Vs %J + TyZv(x, v, %J]} dxdy

where SlE is that part of the edge surface on which the stresses are
prescribed; and SlT and SlB are those portions of the top and bottom
surfaces, respectively, where the stresses are prescribed. Substituting
the stress components from equation (3.3) and strains from equation (3.1)
into equation (3.4) and employing standard techniques from the calculus

of variationals, the following equation is obtained.

St o2, 9P . Py By o I
¢ s {[- == - 5= - S, + Phul 8u + [~ —~ - 5= - Sy+ phvlsv
o) X y x y

v Vv -
X v —_ =
+ — ——— e — L, .
L 5 2 SZ + phwl§ w

X y



-+

-+

-+

[au Px N Upy + vt vh (n— g ) voh 1 s
— = - e —. S oo + - I
ox Eh Eh 2E "z 1252 X ,X V.V 125 bd

-9 2 12v 1 - + +
(B 12y 1oy s 8 gy 2ot e st )
oy Ehd % P 3 X 5ER z 10E ¥, X VY
+
- 0OV )

— 0 ] 1 7 z 5
Uomr e o+ (9% 2B 22 oy sy a[eow S _E o Ky gy
5t ) y oy d L3y y o 5Gh 106 p

Gh -
+
~— bV S 3.
oW v v - 1 3 2. ph + ot
Bt i - = ] &V 4 - [ o kTS + g + &
Le oy 5Ch _’LUG] N 25 Y0P g 210 ( X, ‘y’a}')
2.3 I
ph = z iy . ~— . L oh ot ph o e
T W o= = vup (M o+ H 6w + o Lo + + S
1G5 5 Y ( P4 ‘y)] 25 LJ.Q 7z 60 (ux,x y,y)
2.5 2 3
p_h vph 5 ph )
e - == (P_+ 7P - =— vy} a_d d
60 ¥ 6 ¢ P y) 12 16y xyot
t
l ! — . 1 S t —
=0 (- P ) &u+ G - )salt + [(P_ - P ) éu
N ° % ® pN b4 ®y wy
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2
- ' > - \' 1 - 7' _ }:]—- - '
+ [(Py Py) Sv + (My My) SRIm + [(vX \X)sw t 3 (sy - S X)6y]z
\ n?
J— 1]
+ V.-V Sw + =~ (ST - 8§ 7)6 dc _dt
[( v y) Wt o ( v v )8y Im N
g - _ _
+ 151 {[P6u + M_ 60l + [P 8u + M Salm+ [P_&v + M 6810
o G Xy Xy Xy Xy
- - 1n? — 1’
+ [PS6v+ M 6Blm+ [V.&w+ =— S &yJt + [V 8w + — S 8yIm
v y X 12 X y 12y
} dc,dt
I 1,03 .2 .~ ohnd 213 = 9
+ {—=[—=on° s_ +£2_ (st , ot - kA - = Moo+ M )]
S 2E 70 2 "6 Cwx T S,y s M Mty
) t
=T1
sw H ad
t
(o]
. 3 2 3 cens
A -y Foy o kb o2
s "2E "70 7 "z T 210 ( X% Sy,y) w0s T
. ) t
(M + M )] 8wt —d.d
X y to Xy
P [-——ph3 st + phu(q_ + 87 ) - p’h® ¥ - vph? (P, + P )
S 2FE 12 Z g KX N 60 6 ® y
3 .t
- Ei-ﬂéy} laa
12 to 7
3 . X ) 2.5 2
1 oo h :
o LN U ) S - - SN N UL
S 2E 192 Z 60 XX NS 60 6 X y



3 t
h™ 1
-0 s dd
12 vl Y}to Xy

- .

- - 3
. [ph(udu + v8v + wéw) + ph”
S . 12

(&80 + RSB + Qéy)]tl

0 (3.8)

The line integral involving Cl is taken over boundary where the stresses

are prescribed, and the ocne involving C2 is taken over the remaining

portion of the boundary where the displacements are prescribed.

equation (3.8), the coefficients of each variations must vanish

individually.

Equations of Motion

From the first five brackets of equation (3.8) arise five equations

of motion

5P, 9P N
X 45T = phu
9x ay
aP 3P
— XY A - =
5% + 5y + Sy ph v
v MY
X2+ L4535 = ohw

M
BMX N ] xy - Vx N §-8+
ox 9y 2 X
oM oM
y . v b.
3% 3y - Vy + 5

(3.9)
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Stress Resultant-Displacement Relationships

Setting the coefficients of the variation of the stress resultants

in equation (3.8) yields

5w Ty T UPy v + vh - - v 2
- Tn T 2E S, 1o Gyxt Sy,y) o PBY

— P - P

ov _ 'y X v Lt vh - ) 2"
5y~ En 5E 5, " 1oE ek TS,y TTmer Y

du v _ xy

oy T ax _ Gh

J0 _ 12 6v - v + + v —
ox - mnd My VM) - epm S, - goE g x TS, ) Tsp ov
8 _ 12 B o= U ot + v -
oy - mnd Uy T W) — s S, maon S P S, ) Tapew (8.10)
Qg_+ 3R _ 12

+
9x 5Gh 'x 10G
+
— s
ow _ 6 y
B+ 5y s 'y T TG
1 h v 12
=.=s" 4+ D (s - v o
YT IE Tor Sex T8,y T Px TR - qom ey

Basic Equations for the Bending of Rectangular Plates

Solving equations (3.9) and (3.10), yields six equations for six











































































































































































































































































































































































