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I. INTRODUCTION 

A composite material consists of high strength, continuous or 

discontinuous filaments embedded in matrix material. Filament materials 

which have been used widely are glass, steel, boron and graphite; and 

matrix materials in use are aluminum, epoxies, epoxy phenolics. When a 

composite is subjected to external loads the matrix transfers stresses 

to the embedded high strength fibers. With such a configuration of 

filaments and matrix, a high strength-to-weight ratio is achieved. Com- 

mon applications of composites are for aircraft, space vehicle and deep 

sea structures. 

There are various kinds of constituent materials and many options 

in the fiber arrangements of a lamina, and in lamina orientations of a 

composite. Of the different combi ations for a composite, one may design 

a composite such that the laminas are oricnted in an optimum manner with 

respect to some prescribed design criteria. 

An individual lamina, or basic ply, of a multilayered composite 

is considered to be a homogeneous and orthotropic material. But the 

layered laminate, which is formed by bonding arbitrary oriented laminas 

in the form of laminated composite plates and shells, in a complex, non- 

homogeneous, anisotropic structure. 

Classical laminated plate theories (CPT) have been used to analyze 

composite structures and some boundary value problems have been formulated 

and solved. Owing to certain assumptions of CPT, such as the classical 

small deformation assumption, the results for deformation and stress



distributions have not been in good agreement with the exact elasticity 

solutions. Although some recent exact solutions are available, they are 

restricted to certain special types of boundary value problems. 

It is the purpose of this dissertation to present a truly three 

dimensional finite element analysis for laminated composites which re- 

moves the undesirable restrictions existing in the CPT and some refined 

theories. The basic restriction, which is one straight line normal ro- 

tation through the plate thickness, is removed by taking a linear varia- 

tion of displacements through the element thickness and using one or 

more elements for each layer of the laminate. Thus a complete three- 

dimensional analysis of the composite is developed which includes the 

thickness-stretching deformation as well as extension deformation, and 

transverse shear strains. Most of the problems solved by the CPT, re- 

fined theories and exact elasticity theory have been for rectangular 

plates with simply-supported edges. In this study generality is achieved 

by using a curved isoparametric element with cubic displacements expan- 

Sion in plane which enables the element to fit boundaries of arbitrary 

shape. 

Prior to presenting the two- and three-dimensional finite element 

analyses of laminated composites, an analytical method for composite with 

isotropic lamina is presented. A linear expansion for displacements is 

assumed in each lamina. By applying the Hellinger-Reissner variational 

principle, governing equations for bending and extensicn are derived. 

Because of the complexity of the governing equations and difficulty of 

achieving exact solutions, the equations for the three-dimensional prob- 

lem are specialized to the two-dimensional case of cylindrical bending.



Solutions are obtained in this case for sinusoidal and uniform loadings. 

A Fourier series solution is obtained for the latter. 

Two elements are developed for the finite element analysis of 

two-dimensional laminated composites. Because the plate bending is 

usually associated with cubic displacement functions, and the individual 

layers of laminated plates are relatively thin compared with the other 

dimensions of plate, a 16 degree of freedom (DOF) element is presented 

first. A cubic expansion of displacements in the plane direction and a 

linear variation of displacements through the thickness of the element 

are used. In order to evaluate the performance of the 16-DOF element, a 

24-DOF element is developed for which a cubic expansion of displacements 

in the thickness direction is employed. In the 16-DOF element, rectangu- 

lar cartesian coordinates are used and the element stiffness matrix is 

formulated directly and explicitly for a rectangular element. In the 

24H-DOF element, a local curvilinear coordinates are used to describe the 

nodal displacements of the element and its geometry, and a numerical in- 

tegration procedure is applied to formulate the element stiffness matrix. 

Results of the finite element analyses are compared with the solutions by 

an analytical method and, wherever possible, with an exact elasticity 

solution. 

A curved, isoparametric, 72-DOF element is developed for the 

three-dimensional finite element analysis of the laminated composites. 

The displacement expansion is the three-dimensional analog of the 16-DOF 

element, that is, a cubic expansion of the displacement in the element 

plane and a linear variation of displacement through the thickness of the



element are made. A numerical integration procedure is employed to formu- 

late the element stiffness matrix. Fesults are compared with the exact 

elasticity solution. 

It is believed that the refined, curved, isoparametric element 

to be presented herein offers an improvement over the simple, linear 

triangular and quadrilateral elements and that the finite element method 

facilitates the investigation of the arbitrary shaped layered composites. 

Furthermore the applicability of the solutions for the laminated compo- 

sites can be expanded to more general fields.



II. REVIEW OF LITERATURE 

The first report on composite plates laminated with thin ortho- 

tropic layers or plies was published by Smith [g]* in 1953. Reissner 

and Stavsky [10] were first to recognize the coupling phenomenon between 

in-plane stretching and transverse bending for nonsymmetrical laminated 

plates. This phenomenon does not occur in the theory of homogeneous 

plates and had been overlooked by Smith. The coupling effect was pre- 

sented by considering two orthotropic layers of equal thickness laminated 

in such a way that the axes of elastic symmetry are located at an angle 

of +8 with the plate axes in one layer and an angle of -@ in the other 

layer. Results obtained by considering coupling were quite different 

from those obtained without coupling. 

In 1962, a general small-deflecticn theory for the elastostatic 

extension and flexure of thin laminated anisotropic shells and plates 

was formulated by Dong, Pister and Taylor [11]. The multilayered com- 

posites were composed of arbitrary numbers of bonded layers, each of 

different thickness, orientation, and/or anisotropic elastic properties. 

The Kirchhoff-Love assumptions were retained and the governing equations 

were specialized for the cylindrical shells with orthotropic laminas of 

equal thickness in various lamina orientation by using the Donnell theory. 

Although transverse shear deformations were neglected in the theory, the 

equilibrium equations were used to derive the interlaminar shear stresses. 

Whitney and Leissa [12] solved a number of problems relating to 

  

“Numbers in brackets [] refer to references given in the 
Bibliography.



the bending, vibration, and stability of coupled laminates by including 

the influence of bending-extensional coupling in unsymmetrical laminates. 

Later, Ashton [13] solved the special class of simply-supported lami- 

nated plates by "reduced stiffness matrix" concept to uncouple the 

governing equations. His approximate solutions were acceptable in com- 

parison with the solutions in reference [12]. 

The previously described development for the laminated composites 

was clearly outlined and discussed in references [1] and [16] and was 

named the classical laminated plate theory (CPT). Later, some research- 

ers realized the limitations of CPT and developed refined theories such 

as shear deformation theory (SDT) [6] and exact elasticity solutions 

[2,4]. 

Stavsky [14] was the first to introduce the shear deformation 

into laminated plate theory. Ambartsumyan [14] developed a rather cum- 

bersome approach to define transverse shear stresses that satisfied the 

required continuity conditions at interfaces. Three boundary conditi s 

per edge were specified, but the analysis was restricted to symmetric 

laminates in which the orthotropic axes of each layer coincided with the 

plate axes. Whitney [3] extended Ambartsumyan's approach to solve cer- 

tain specific boundary valued problems for more general material proper- 

ties and geometries. The most general linear theory for laminates was 

developed by Yang, Norris and Stavsky [15], and solved the frequency 

equations for the propagation of harmonic waves in a two-layer isotropic 

plate of infinite extent. Whitney and Pagano [6] investigated the bend- 

ing theory of Yang, Norris and Stavsky [15]. Good agreement was ob- 

served in numerical results for plate bending as compared to CPT but poor



agreement was found in comparison with the results of Pagano [2]. 

Pagano presented exact solutions for composite laminates in 

cylindrical bending [2] and for rectangular bidirectional composites and 

sandwich plates with simply supported boundary conditions for the static 

bending [4]. Results for 2-ply and symmetric 3-ply laminates were com- 

pared with those of CPT to give insight into the assumptions required 

for the formulation of more general laminated plate theories. Recently, 

Pagano [5] extended the investigation to consider the influence of shear 

coupling for the angle-ply laminates. The general range of validity of 

CPT were offered. 

The finite element method (FEM) was developed originally as a 

concept of structural analysis based on matrix formulation using elec- 

tronic computers [18, 19]. Since 1956, there has been a concurrent and 

rapid development of electronic computers, matrix techniques, and FEM. 

The FEM can be used to deal with structural problems of complex and ir- 

regular geometric shapes, complex in loading-patterns and nonlinear non- 

homogeneous and anisotropic properties of materials. The FEM deals 

with the solutions of the element analysis and of the total system 

analysis. The element analysis involves: (1) the selection of a func- 

tion that uniquely describes the displacements within the elements in 

terms of the nodal point displacements {fu}, (2) the derivation of corre- 

sponding stresses, and (3) the derivation of consistent element joint 

loads {f} from the distributed boundary stresses. The element analysis 

yields a relationship between nodal point forces and nodal point dis- 

placements, {f} = Ek]{u}, where [k] is the element stiffness matrix. 

Selecting the most efficient type of element for various purposes is a



major task in FEM. Once the element analysis is completed, the system 

analysis may be formulated in such a way that it is completely unaffect- 

ed by the type of element used. 

The most recent FEM for laminated anisotropic plates was pub- 

lished by Pryor [22]. A rectangular 28-DOF element which includes ex- 

tension, bending, and transverse shear deformation states at the midplane 

was employed for the analysis of rectangular anisotropic laminate plates. 

The properties of the individual layers were integrated through the 

thickness of the plate. The results were in agreement quantitatively 

with the solutions of Whitney [3] but disagreed with the solutions of 

Pagano [2] because the normal to the midplane was severely distorted for 

sandwich plates with a large difference in material properties between 

layers. 

An increase of available parameters associated with an element 

usually leads to improved accuracy of solution for a given number of 

parameters representing the whole assembly. Thus it is possible to use 

fewer elements for the solution. Based with this concept, Ergatoudis, 

Irons, and Zienkiewicz [7] introduced curved, isoparametric, quadri- 

lateral elements and these were subsequently expanded to three- 

dimensional isoparametric elements by Zienkiewicz et al. [21]. Clough 

[20] compared the directly formed, refined hexahedron element with the 

one assembled by tetrahedron elements and concluded that the former was 

superior to the latter, with regard to their structural efficiency and 

to their general applicability. By using advanced isoparametric cubic 

elements, the number of unknown nodal displacements and therefore the



size of the coefficient matrix of the simultaneous equations for the 

structure becomes considerably smaller than in the standard procedure.



ITI. ANALYTICAL METHOD 
  

A. Development of the Governing Equations for a Lamina 
  

The governing equations for an individual lamina of the laminate 

are derived by applying the Hellinger-Reissner variational principle [9]. 

Each lamina is assumed to be a linear elastic, homogeneous, isotropic 

rectangular layer of constant thickness with normal and shear stresses 

applied at the top and bottom faces, and all deflections are assumed to 

be small. 

Assumptions and Definitions 
  

An element of a ply of the laminate is shown in Figure 1 oriented 

with respect to rectangular cartesian coordinates. The displacements are 

assumed to be expanded in the following form: 

"i u(x, y, Zz, t) = u(x, y, t) + a(x, y, tz 

vix, y, t) + B(x, y, t)z (3.1)* v(x, Ys 25 t) 

wx, y, 2, t) = wlx, y, t) + v(x, y, tz 

where u, v and w are displacements of the middle surface and a and 8 are 

rotations about the middle surface in the x and y directions and y is the 

normal strain in a direction orthogonal to the middle surface. The in- 

plane, bending moment, and twisting moment stress resultants are defined 

as 

h/2 
(Pus Pus Puy) = J (653 Sys Ti) dz 

9 - 

~h/2 

  

ote 

Equations are indicated by numbers in parenthesis. 

10
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Figure 1. Laminate, Lamina and an Element of the Lamina.
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Hellinger-Reissner Variational Principle 
  

The equations of motion and the stress~displacement relations of 

elasticity satisfying prescribed boundary conditions can be derived by 

employing the following variational equation: 

t 

éf t (W-k) dt = 0 | (3.4) 

to 

  

where 

We J + + + , + , + nit Ey Oye FOE t Ty TT olys Myztyz 

_ilr. 2 2 2 
Hox + Oy + om -2ula yy + O50 5 + CySy) +2(1ty) 

Ce sep 2)}} 4 Txy + TRY, + Tyz } Vv 

-Jo (plhutptvtp!)d (3.5) 
Sy Py ¥ Py Py? Sy 

. . 2 
K = g (ut +024) (3.6) 

and 

t = 1 + 1 + ? Py. ot Ty TL n 

Py = Thyl + ajm + Thon 

tr - ~f ! t Po Tot + Tm + on 

are the components of the stress vector on the boundary surface S, where 

the stresses are prescribed, and 1, m and n are direction cosines of the
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outer unit normal vector. The body forces are neglected in the deriva- 

tion. That part of the boundary surface S. where the displacements are 

prescribed does not enter into the equation since the variation of the 

known displacements vanishes there. The boundary conditions on either 

displacements or stress resultants arise from this principle also. For 

plate bending and extension, the surface integral term in the equation 

(3.5) becomes 

+ {J B h 1g * Us foo, ys - 3) 
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LE 
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where SuR is that part of the edge surface on which the stresses are 

prescribed; and Sar and Sip are those portions of the top and bottom 

surfaces, respectively, where the stresses are prescribed. Substituting 

the stress components from equation (3.3) and strains from equation (3.1) 

into equation (3.4) and employing standard techniques from the calculus 

of variationals, the following equation is obtained. 

  

uy OP oP ey . oP ey oP, s 
¢ g (l- 4 - a - 8, + ehul Su + [- 5 - 3 > Spt phvdov 

° x y x y 

qV 9V - 
x y —~— = 

+ ee, Pi [ 5 5 S. + ohw]é w 

x y



  

  

  

A
 

    

  

  

  

  

OM aM n+ 2 . 
x 323 too, YI - 

+ L ~ qo oa y +-V = = & + an a | 6a 
Ox oy a 2. LZ 

oM OM ho +t 3 T oA y 
X h oh aN iva. +E -— et - 2+ y - 250+ Fe) 63 + pee SK SE) 

Ox oy y 2 y 2 Ox dy Gh xy 

— Pp uP 
ou K vy v + vA - _ voh” ° 
[Pet et St ee OS + $ -— él 
ox Eh Eh 2E “2 12s (Sx yay? jor YI O,, 

— P uP 
ov y 4 v + uh - ~ veoh i 

+ aT OD = ft oo S te 5 - TT 6P 
dy Eh Eh 2b 12h ( XX y 59? 12a : 4 

30, 12 12vu 60g U + + vo 
+ [-- - = Mot = M —=— S — (S$ + - => pul 6 lox 7 no“, * Fs y ) Ben oe * tor Ox,x voy gp Pwd OM, 

3 12 12v ss, uD - + + + (8-1 y = oe —-- (S +S _) 
oy 3 ¥y 3 x oh Z LOE NX 3¥ 

Eh E Y 

ae 

“. —~  6V 5 
_ _v url Oit 30 a6 _ 12 MM NM no OW _ a 24 VW 

4 pt ay aa c es ao ] 614 + [ ' ry mt 4 or ry ed § ¥ 

SE y oy ou Gn? XY XY OX 50 LOG % 
1. 

+ 

—~ 6V 5 3 
aw V r ae a 3 9... oh -_ _ 

+ [2 + aT OT OF; < r — ay + ae _ Q HS + ra ~ Cs + S 

oy OA LOG ¥ 22, 70 Z 210 xX Yo¥ 

2,3 0... “ 3 i “ 
oh Zz i - . 1 oh” srt oh an ~ 

- -Wo=- >up (B wot Se LS S Tos © 7 pte UA FBT Ow + be Cig 82 * go age F Sy yy? 

2,9 we 2 - “ 3 
p a von oh 4 

- -—=-— (P +P sa yléy; ddd 60. * (Pt PD = tpn viby edd, 

t 
L - ' __ . t _ { oT 

+ J> Fo {fp - PL) 6a + Gi - BN )éole + CCP - P+) bu 
+ C x x x x xy XY 

oO 1 

! . . t _ 1 _ 

+ (4 - Su amc EoD - bP ) évo+ CM - 6 BAL 
RY ny eA KY KY A



16 

    

2 
_ t — _ xt _owlyan he - 1 

+ [(P, ey év + Cn My 6B ]m + Cv, V dw + 1D (Sy S or iz 

2 
+ [WV v') owt (ST S'-)éy]m  4C_dt yo ty? SWF ag Sy 7 Py PEF 1 

ty a _ _ 
+i° Ff  {[péu t+ M, sale +(P S6u+M 6alm+ (Pov +M dp] 

tT. Co XY xy xy xy 

— — he — n° 
+ [{P 6v +M 68jm + [V_6w + — S™ 6y]J2 + LV 6wt+—S 6yJm 

y y x 12 & y 12 y 

} de,dt 

j Le 3 2 o oh? 2,3 + 2 
+ {—f—poh* Ss, +82 (st 4 gt . 8 -~—=vp (MM +M S 2B 70 Z "910 22 4X Sry 105 W 5 o ¢ x yl 

“tt — tL Sw } d,.dy 
t 

Oo 

. 3 2.3 
~ 5 ¢ 4 p98 on? g- 4 OR gt Foy ph Se 2 

s ‘de °70 8? Sz * ai9 $ xx Soy los OUST 

e ° t 

(M +M )] éwh ~ did 
x Vy to a ¥ 

5, l cph? ph 215 uph* t+. {= [5— st+oi(ss +57 )-f2 yy - Sh’ (pl +P) 
S “2B “12 Z 60 ox VV 60 6 * y 

3 . h t 
- pr y]sy} 1 did 

12 to *Y 

3. . . 2.5 2 1 uy - h , 
~f t2 eh st 4 ph’ (gs +s7 )- oh yo - 2 (p +P) S 2E 12 “2 & X4X Yo¥ 60 6 x y



3 t 
h . 1 . Pe d 

12 yey) xty 

eo BL 3 
- Qe [TphCudu + vov + wow) + ph* 

- 12 
(60 + BSB + yoy)” 0 (3.8) 

The line integral involving Cc, is taken over boundary where the stresses 

are prescribed, and the one involving C., is taken over the remaining 

portion of the boundary where the displacements are prescribed. 

equation (3.8), the coefficients of each variations must vanish 

individually. 

Equations of Motion 
  

From the first five brackets of equation (3.8) arise five equations 

of motion 
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Stress Resultant-Displacement Relationships 

Setting the coefficients of the variation of the stress resultants 

in equation (3.8) yields 
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Basic Equations for the Bending of Rectangular Plates 
  

Solving equations (3.9) and (3.10), yields six equations for six
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�f�i�r�s�t� �f�i�v�e� �t�e�r�m�s� �p�a�r�t�i�a�l� �l�o�a�d�s�.� �S�o�l�u�t�i�o�n� �C� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� 

�e�l�e�m�e�n�t�a�r�y� �b�e�a�m� �t�h�e�o�r�y� �b�y� �u�s�i�n�g� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �s�e�c�t�i�o�n�.� �T�h�e� �s�t�r�e�s�s� 

�C�,� �i�s� �s�h�o�w�n� �f�o�r� �m�i�d� �s�p�a�n� �a�t� �t�h�e� �t�o�p� �f�a�c�e�,� �i�n�t�e�r�f�a�c�e� �a�n�d� �b�o�t�t�o�m� �f�a�c�e�.� 

�T�w�o� �v�a�l�u�e�s� �a�r�e� �s�h�o�w�n� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e�,� �s�i�n�c�e� �t�h�e� �e�l�a�s�t�i�c�i�t�y� �m�o�d�u�l�i� 

�a�r�e� �d�i�f�f�e�r�e�n�t�.� �S�o�l�u�t�i�o�n� �f�o�r� �O�L�.� �i�s� �g�o�o�d� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �e�l�e�m�e�n�t�a�r�y� 

�s�o�l�u�t�i�o�n� �e�v�e�n� �o�n�l�y� �t�h�r�e�e� �t�e�r�m�s� �a�r�e� �u�s�e�d�.� �T�h�e� �s�h�e�a�r� �s�t�r�e�s�s� �r�e�s�u�l�t�a�n�t� 

�f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �B� �i�s� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �s�o�l�u�t�i�o�n� �A� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� 

�s�o�l�u�t�i�o�n� �C�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �T�e� �i�s� �t�h�e� �s�a�m�e�.� �T�h�i�s� 

�i�n�d�i�c�a�t�e�s� �t�h�a�t� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a� �b�e�t�t�e�r� �s�o�l�u�t�i�o�n� �f�o�r� �T�L�»� �m�o�r�e� �t�e�r�m�s� 

�i�n� �t�h�e� �s�e�r�i�e�s� �b�e� �u�s�e�d�.� �T�h�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �d�i�s�p�l�a�c�e�m�e�n�t� �u� �a�n�d� �w� �a�r�e� 

�g�o�o�d� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �A�.� �T�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �f�o�r� �w� �i�s� �o�c�c�u�r�r�e�d� �a�t� �t�h�e� 

�i�n�t�e�r�f�a�c�e�.� �T�h�e� �n�o�r�m�a�l� �s�t�r�e�s�s� �o�.� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �B� �i�s� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� 

�s�o�l�u�t�i�o�n� �A� �a�t� �t�h�e� �m�i�d�s�p�a�n�,� �w�h�i�l�e� �i�t� �i�s� �z�e�r�o� �a�t� �t�h�e� �s�u�p�p�o�r�t�e�d� �e�d�g�e�s� �b�y� 

�t�h�e� �F�o�u�r�i�e�r� �a�n�a�l�y�s�i�s�.� 

�T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �s�t�r�e�s�s�e�s� �a�l�o�n�g� �t�h�e� �i�n�t�e�r�f�a�c�e� �f�o�r� �t�h�i�s� �p�r�o�b�l�e�m� 

�a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �I�I�I� �f�o�r� �s�o�l�u�t�i�o�n�s� �A� �a�n�d� �B�.� �T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �u� �a�n�d� 

�w� �a�r�e� �t�h�e� �s�a�m�e� �f�o�r� �s�o�l�u�t�i�o�n�s� �A� �a�n�d� �B� �a�l�o�n�g� �t�h�e� �x�-�d�i�r�e�c�t�i�o�n�.� �T�h�e� 

�s�t�r�e�s�s�e�s� �T�W�?� �o�O�,� �a�n�d� �V�y� �f�r�o�m� �t�h�e� �s�o�l�u�t�i�o�n� �B� �i�s� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �s�o�l�u�t�i�o�n� 

�A�.� �T�h�e� �s�t�r�e�s�s� �O�y� �M�y� �a�n�d� �P� �a�r�e� �g�o�o�d� �a�l�r�e�a�d�y� �f�r�o�m� �t�h�e� �s�o�l�u�t�i�o�n� �A�.� 

�T�h�u�s�,� �m�o�r�e� �t�e�r�m�s� �a�r�e� �n�e�e�d�e�d� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �s�h�e�a�r�i�n�g� �s�t�r�e�s�s� �a�n�d� 

�n�o�r�m�a�l� �s�t�r�e�s�s� �O�o�.� �b�y� �a� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �u�n�i�f�o�r�m� �l�o�a�d� 

�t�h�a�n� �t�h�e� �n�o�r�m�a�l� �s�t�r�e�s�s� �O�L�.� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t�s� �u� �a�n�d� �w�.� 

�I�n� �g�e�n�e�r�a�l�,� �f�o�r� �a� �N�-�p�l�y� �l�a�m�i�n�a�t�e�,� �t�h�e�r�e� �a�r�e� �(�N� �-� �1�)� �s�e�t�s� �o�f� 

�e�q�u�a�t�i�o�n�s� �(�3�.�1�4�)� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �c�o�n�t�i�n�u�i�t�y� �c�o�n�d�i�t�i�o�n�s� 

�a�t� �t�h�e� �(�N� �-� �1�)� �i�n�t�e�r�f�a�c�e�s�.� �T�h�e� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �i�n�t�e�r�f�a�c�e� �s�t�r�e�s�s�e�s
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�3�5� 

�a�r�e� �s�o�l�v�e�d� �o�n�c�e� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �e�a�c�h� �l�a�m�i�n�a� �a�n�d� �t�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� 

�l�a�m�i�n�a�t�e� �a�r�e� �k�n�o�w�n�.� �W�i�t�h� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �s�t�r�e�s�s� �e�q�u�a�t�i�o�n�s�,� �t�h�e� 

�s�t�r�e�s�s� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t� �f�o�r� �a�n�y� �p�o�i�n�t� �i�n� �a� �l�a�m�i�n�a�t�e� �a�r�e� �o�b�t�a�i�n�e�d�.� �T�h�e� 

�f�o�r�m�u�l�a�t�i�o�n� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n�s� �I�I�I�-�A� �a�n�d� �I�I�I�-�B� �c�a�n� �b�e� �e�x�p�a�n�d�e�d� �t�o� 

�s�o�l�v�e� �t�h�e� �g�e�n�e�r�a�l� �a�n�i�s�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e�.� �S�i�n�c�e� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �i�s� 

�l�e�n�g�t�h�y� �a�n�d� �r�e�s�t�r�i�c�t�e�d� �t�o� �t�h�e� �s�p�e�c�i�a�l� �e�a�s�e� �o�f� �b�o�u�n�d�a�r�y� �s�h�a�p�e� �o�f� 

�c�o�m�p�o�s�i�t�e�s�,� �t�h�e� �n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�,� �w�i�l�l� �b�e� 

�u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �l�i�n�e�a�r� �e�l�a�s�t�i�c�,� �n�o�n�h�o�m�o�g�e�n�e�o�u�s�,� �a�n�i�s�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e�d� 

�c�o�m�p�o�s�i�t�e�s� �w�i�t�h� �b�o�u�n�d�a�r�i�e�s� �o�f� �a�r�b�i�t�r�a�r�y� �s�h�a�p�e�.



�I�V�.� �F�I�N�I�T�E� �E�L�E�M�E�N�T�S� �I�N� �T�W�O� �D�I�M�E�N�S�I�O�N�S� 
� � 

�A�n� �a�n�a�l�y�s�i�s� �o�f� �a� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �b�y� �d�i�s�c�r�e�t�e� �e�l�e�m�e�n�t�s� �c�o�n�n�e�c�t�e�d� 

�a�t� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �n�o�d�a�l� �p�o�i�n�t�s� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �b�y� �u�s�i�n�g� �a� �d�i�r�e�c�t� 

�s�t�i�f�f�n�e�s�s� �o�r� �d�i�s�p�l�a�c�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n�.� �S�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� 

�e�q�u�a�t�i�o�n� �o�f� �t�h�e� �l�i�n�e�a�r� �t�h�e�o�r�y� �f�o�r� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e�s�,� �w�h�i�c�h� �w�a�s� �d�e�-� 

�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �I�I�I�,� �w�i�l�l� �b�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�i�s� �a�p�p�r�o�a�c�h�.� �I�n� �t�h�i�s� 

�c�h�a�p�t�e�r�,� �a� �1�6�-�D�O�F� �e�l�e�m�e�n�t� �a�n�d� �a� �2�4�-�D�O�F� �e�l�e�m�e�n�t� �w�i�l�l� �b�e� �d�e�v�e�l�o�p�e�d� �f�o�r� 

�t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s� �o�f� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e�s� �w�i�t�h� �v�a�r�i�o�u�s� 

�l�o�a�d�i�n�g� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�A�.� �1�6�-�D�O�F� �E�l�e�m�e�n�t� �F�o�r�m�u�l�a�t�i�o�n� 
� � 

�F�o�r� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �a�r�b�i�t�r�a�r�y� �l�a�m�i�n�a�t�e�d� �a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s�,� �a� 

�r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e� �e�l�e�m�e�n�t� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5� �w�i�t�h� �2�-�f�O�F� �a�t� �e�a�c�h� �n�o�d�a�l� 

�p�o�i�n�t� �w�i�l�l� �b�e� �u�s�e�d�.� �T�h�i�s� �e�l�e�m�e�n�t� �w�i�l�l� �p�e�r�f�o�r�m� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �w�i�t�h� �a� 

�c�u�b�i�c� �e�x�p�a�n�s�i�o�n� �i�n� �t�h�e� �x�-�d�i�r�e�c�t�i�o�n� �a�n�d� �w�i�t�h� �a� �l�i�n�e�a�r� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� 

�z�-�d�i�r�e�c�t�i�o�n�.� �T�h�e� �d�e�f�o�r�m�a�t�i�o�n� �p�a�t�t�e�r�n� �f�o�r� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �c�o�r�r�e�s�p�o�n�d�s� 

�t�o� �t�h�e� �l�i�n�e�a�r� �t�h�e�o�r�y� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �I�I�I�.� �T�h�e� �s�o�l�u�t�i�o�n� �a�c�c�u�r�a�c�y� 

�o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �d�e�p�e�n�d�s� �o�n� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �a�s�s�u�m�e�d� 

�f�u�n�c�t�i�o�n�s� �t�o� �a�c�c�u�r�a�t�e�l�y� �m�o�d�e�l� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �m�o�d�e�s� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e�.� 

�I�n� �s�e�l�e�c�t�i�n�g� �t�h�i�s� �e�l�e�m�e�n�t�,� �a� �c�u�b�i�c� �d�e�f�o�r�m�a�t�i�o�n� �p�a�t�t�e�r�n� �f�o�r� �t�h�e� �d�i�s�p�l�a�c�e�-�~� 

�m�e�n�t� �w� �i�s� �a�s�s�u�m�e�d� �a�n�d� �f�o�r� �m�o�s�t� �l�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n�s� �t�h�i�s� �w�i�l�l� �g�i�v�e� �t�h�e� 

�c�o�r�r�e�c�t� �s�o�l�u�t�i�o�n� �a�n�d� �t�h�e�r�e� �i�s� �n�o� �n�e�e�d� �t�o� �h�a�v�e� �m�a�n�y� �d�i�v�i�s�i�o�n�s� �i�n� �t�h�e� 

�x�-�d�i�r�e�c�t�i�o�n�.� 
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�w�h�e�r�e� �[�M�J�]� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �x� �a�n�d� �z�.� �T�h�e� �s�i�x�t�e�e�n� �c�o�n�s�t�a�n�t�s� �{�a�}� �a�r�e� 
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�r�e�s�u�l�t� �w�h�e�n� �t�h�e� �n�o�d�a�l� �c�o�o�r�d�i�n�a�t�e�s� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �n�o�d�a�l� �d�i�s�p�l�a�c�e�~� 

�m�e�n�t�s� �a�r�e� �i�n�s�e�r�t�e�d� �i�n�t�o� �e�q�u�a�t�i�o�n�s� �(�4�.�1�)�.� �E�x�p�r�e�s�s�i�n�g� �{�a�}� �i�n� �t�e�r�m�s� �o�f� �t�h�e� 

�n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �{�u�,�}� �w�h�i�c�h� �a�r�e� �n�o�w� �t�h�e� �u�n�k�n�o�w�n�s� �o�f� �t�h�e� �p�r�o�b�l�e�m�,� �i�f� 
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�s�t�a�n�t�s� �f�o�}�.� �I�f� �c�a�y�+� �d�o�e�s� �n�o�t� �e�x�i�s�t�,� �t�h�e�n� �d�i�f�f�e�r�e�n�t� �d�i�s�p�l�a�c�e�m�e�n�t
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�f�u�n�c�t�i�o�n�s� �m�u�s�t� �b�e� �c�h�o�s�e�n�.� �T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �f�o�r� �a�n�y� �p�o�i�n�t� �i�n� �t�h�e� �e�l�e�m�e�n�t� 

�a�r�e� �o�b�t�a�i�n�e�d� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �{�a�}� �i�n� �e�q�u�a�t�i�o�n� �(�4�.�4�)� �i�n�t�o� �e�q�u�a�t�i�o�n� �(�4�.�2�)�,� 
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�w�h�e�r�e� �[�N�]� �a�r�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �s�u�c�h� �t�h�a�t� �N�y� �=� �1� �a�t� �n�o�d�e� �i� �a�n�d� �i�s� �e�q�u�a�l� �t�o� 

�z�e�r�o� �a�t� �a�l�l� �o�t�h�e�r� �n�o�d�e�s�.� �I�t� �d�e�f�i�n�e�s� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �o�f� �a�n�y� �p�o�i�n�t� �i�n� �t�e�r�m�s� 

�o�f� �t�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� 
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�W�i�t�h� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s� �f�o�r�m�u�l�a�t�e�d�,� �t�h�e� �s�t�r�a�i�n�s� �a�r�e� �c�a�l�-� 

�c�u�l�a�t�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n�s� �(�4�.�5�)� �a�n�d� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �n�o�d�a�l� �d�i�s�-� 
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�[�k�]� �=� �J� �[�B�J� �(�D�I�C�B�l�a�v� �(�4�,�1�0�)� 

�T�h�i�s� �e�l�e�m�e�n�t� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �r�e�l�a�t�e�s� �t�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �f�u�,� �}� �d�i�-� 

�r�e�c�t�l�y� �t�o� �t�h�e� �n�o�d�a�l� �f�o�r�c�e�s� �{�£�3� �b�y� 

�{�f�,�}� �=� �[�k�]� �f�u�,� �}� �(�4�.�1�2�1�)� 

�A�s� �s�h�o�w�n�,� �t�h�e� �e�l�e�m�e�n�t� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �a� �s�e�r�i�e�s� �o�f� 

�s�y�s�t�e�m�a�t�i�c� �s�t�e�p�s� �i�n� �m�a�t�r�i�x� �a�l�g�e�b�r�a� �b�a�s�e�d� �o�n� �a�s�s�u�m�e�d� �d�i�s�p�l�a�c�e�m�e�n�t� 

�f�u�n�c�t�i�o�n�s� �a�n�d� �k�n�o�w�n� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� �T�h�e� �m�o�r�e� �r�e�a�l�i�s�t�i�c� �t�h�e� �d�i�s�-� 

�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�,� �t�h�e� �c�l�o�s�e�r� �t�h�e� �s�t�i�f�f�n�e�s�s� �w�i�l�l� �b�e� �t�o� �t�h�e� �t�r�u�e� �v�a�l�u�e�.� 

�C�o�n�s�i�s�t�e�n�t� �E�l�e�m�e�n�t� �J�o�i�n�t� �L�o�a�d�s� � � 

�T�h�e� �n�o�d�a�l� �f�o�r�c�e�s� �d�u�e� �t�o� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �f�o�r�c�e� �a�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �5� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� 

�S� �S�é�s�u�d�s� �=� �1�2� �,�p�o�u�d�s� �P�j�é�u�,� �+� �P�6�u�,� �+� �P�,�6�u�,�,� �+� �P�s� �u�w�,� �(�4�,�1�2�)



�4�2� 

�w�h�e�r�e� �p� �i�s� �t�h�e� �l�o�a�d� �i�n�t�e�n�s�i�t�y�;� �P�o�»� �P�o�s� �P�,� �a�n�d� �P�y� �a�r�e� �e�q�u�i�v�a�l�e�n�t� �j�o�i�n�t� 

�l�e�a�d�s�;� �a�n�d� �U�y�»� �U�s� �U�s� �a�n�d� �u�y�,� �a�r�e� �j�o�i�n�t� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� �W�i�t�h� �F�i�g�u�r�e� �5�,� �i�t� 

�c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� 

 �� �1�1�,�x� �x�2�.� �9�,�x�,�3�,�  �� �x�,� �4�5�x�,� �2� 
�p�=� �f�i� �-� �s�p�)� �+� �S�F�)� �-� �a�y�?� �]� �P�y� �+� �[�o�(�F�)� �-� �>�)� 

�+� �F�e�y� �5� �+� �F�S�G�)� �+� �1�B�,� �+� �H�E� �-� �3�°� �(�4�.�1�3�)� 

�w�h�e�r�e� �P�y� �P�o�s� �P�y� �a�n�d� �P�y� �a�r�e� �l�o�a�d� �i�n�t�e�n�s�i�t�y� �a�t� �n�o�d�e� �1�,� �2�,� �3� �a�n�d� �4�,� �r�e�-� 

�s�p�e�c�t�i�v�e�l�y�.� �S�i�m�i�l�a�r�l�y�,� �u� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �u� �U�n�»� �U�g� �a�n�d� �u� �1�?� 

�w�i�t�h� �t�h�e� �s�a�m�e� �f�o�r�m�.� �S�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n� �(�4�.�1�3�)� �i�n�t�o� �t�h�e� �l�e�f�t� �s�i�d�e� �o�f� 

�u�u� 

�e�q�u�a�t�i�o�n� �(�4�.�1�2�)� �a�n�d� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �c�o�n�s�i�s�t�e�n�t� �j�o�i�n�t� �l�o�a�d�s� �c�o�e�f�f�i�c�i�e�n�t�s� 

�b�e�c�o�m�e� 

 �� �Q� �_�  ��T�  �� �i�m� 

�[�P�|� �1�2�8� �g�e� �3�6� �1�9� �P�y� 

�P�,� �2� �9�9� �=� �6�4�8� �~�8�1� �-�3�6� �P�y� �_� 
�=� �T�6�5�0�5� �|� �=� �£�P�]�{�p�}� �(�4�.�1�4�)� 

�P� �~�3�6� �-�8�1� �6�4�8� �9�9� �D� �3� �3� 

�P� �1�9�-�3�6� �9�9� �1�2�8� �D� �a� �i� �|� �L�P� � � � � � � � � � � � � 
�F�o�r� �a� �u�n�i�f�o�r�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �l�o�a�d�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �s�h�o�w�n� �i�n� �t�h�e� �t�o�p� 

�o�f� �F�i�g�u�r�e� �5�(�b�)�.� 

�T�r�a�c�e� �o�f� �t�h�e� �F�l�e�m�e�n�t� �S�t�i�f�f�n�e�s�s� �M�a�t�r�i�x� 
� � 

�T�h�e� �t�r�a�c�e� �o�f� �t�h�e� �c�l�e�m�e�n�t� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �w�h�i�c�h� �i�s� �t�h�e� �s�u�m� �o�f� 

�t�h�e� �d�i�a�g�o�n�a�l� �t�e�r�m�s� �i�n� �t�h�e� �m�a�t�r�i�x�,� �p�r�o�v�i�d�e�s� �a� �c�o�n�v�e�n�i�e�n�t� �m�e�a�s�u�r�e� �o�f� �t�h�e



�N�g� 

�q�u�a�l�i�t�y� �o�f� �t�h�e� �e�l�e�m�e�n�t� �[�2�0�]�.� �T�h�e� �b�e�s�t� �e�l�e�m�e�n�t� �o�f� �a� �g�r�o�u�p� �o�f� �e�l�e�m�e�n�t�s� 

�h�a�v�i�n�g� �t�h�e� �s�a�m�e� �g�e�o�m�e�t�r�y� �a�n�d� �d�e�s�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�s�,� �i�n� �g�e�n�e�r�a�l�,� �t�h�e� �o�n�e� 

�w�i�t�h� �t�h�e� �l�o�w�e�s�t� �t�r�a�c�e�.� �T�h�e� �t�r�a�c�e� �o�f� �e�a�c�h� �1�6�-�D�O�F� �r�e�c�t�a�n�g�u�l�a�r� �e�l�e�m�e�n�t� 

�w�i�t�h� �v�a�r�i�o�u�s� �a�s�p�e�c�t� �r�a�t�i�o�s� �o�f� �A� �a�n�d� �C� �b�u�t� �w�i�t�h� �c�o�n�s�t�a�n�t� �a�r�e�a�,� �e�q�u�a�l� �t�o� 

�A�C�,� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�.� �E�v�i�d�e�n�t�l�y�,� �t�h�e� �b�e�s�t� �o�n�e� �h�a�s� �a�n� �a�s�p�e�c�t� �r�a�t�i�o� 

�l�o�c�a�t�e�d� �b�e�t�w�e�e�n� �3� �a�n�d� �4�,� �b�u�t� �a�n� �e�l�e�m�e�n�t� �w�i�t�h� �a�s�p�e�c�t� �r�a�t�i�o�s� �f�r�o�m� �1� �t�o� �1�0� 

�w�i�l�l� �p�e�r�f�o�r�m� �v�e�r�y� �w�e�l�l�.� �T�h�i�s� �p�r�o�v�i�d�e�s� �a� �g�u�i�d�e� �f�o�r� �s�e�l�e�c�t�i�n�g� �a�n� �i�d�e�a�l�i�-� 

�z�a�t�i�o�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �b�y� �r�e�c�o�m�m�e�n�d�i�n�g� �t�h�a�t� �r�e�l�a�t�i�v�e�l�y� �t�h�i�n� �e�l�e�m�e�n�t�s� 

�s�h�o�u�l�d� �b�e� �u�s�e�d�.� 

�A�s�s�e�m�b�l�y� �a�n�d� �A�n�a�l�y�s�i�s� 
� � 

�B�e�g�i�n�n�i�n�g� �w�i�t�h� �t�h�e� �i�d�e�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�n�d� �t�h�e� �a�s�s�u�m�e�d� 

�d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s�,� �f�o�l�l�o�w�e�d� �b�y� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �e�l�e�m�e�n�t� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�x� �a�n�d� �j�o�i�n�t� �l�o�a�d�s�,� �t�h�e� �l�a�s�t� �s�t�e�p� �i�n�v�o�l�v�e�d� �i�n� �e�v�e�r�y� �f�i�n�i�t�e�-�e�l�e�m�e�n�t� 

�a�n�a�l�y�s�i�s� �i�s� �t�h�e� �s�u�m�m�a�t�i�o�n� �o�f� �e�q�u�a�t�i�o�n� �(�4�.�1�1�)� �o�v�e�r� �a�l�l� �t�h�e� �e�l�e�m�e�n�t�s� �i�n� 

�t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�i�s� �r�e�s�u�l�t� �c�a�n� �b�e� �w�r�i�t�t�c�n� �a�s� �f�o�l�l�o�w�s� 

�{�F�}� �=� �[�k�]� �{�u�}� �(�4�.�1�5�)� 

�w�h�e�r�e� �{�F�}� �i�s� �t�h�e� �l�o�a�d� �v�e�c�t�o�r� �d�u�e� �t�o� �t�h�e� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s� �i�n�c�l�u�d�i�n�g� �c�o�n�-� 

�c�e�n�t�r�a�t�e�d� �a�n�d� �d�i�s�t�r�i�b�u�t�e�d� �l�o�a�d�s�;� �[�k�]� �i�s� �t�h�e� �s�t�r�u�c�t�u�r�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� 

�a�n�d� �{�u�}� �i�s� �t�h�e� �u�n�k�n�o�w�n� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �v�e�c�t�o�r�.� �T�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�-� 

�m�e�n�t�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� �s�y�s�t�e�m� �o�f� �s�i�m�u�l�t�a�n�e�o�u�s� �e�q�u�a�t�i�o�n�s� 

�(�4�,�1�5�)�.� 

�W�i�t�h� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �k�n�o�w�n�,� �t�h�e� �s�t�r�e�s�s�e�s� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� 

�e�q�u�a�t�i�o�n�s� �(�4�.�7�)� �a�n�d� �(�4�.�6�)�,� �w�h�i�c�h� �g�i�v�e



�H�u� 

�{�o�}� �=� �[�D�I�L�B�I�{�u�,�}� �(�4�.�1�6�)� 

�T�h�e� �s�t�r�e�s�s�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�t� �f�o�u�r� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �m�i�d�-�l�i�n�e� �o�f� �t�h�e� 

�e�l�e�m�e�n�t� �r�a�t�h�e�r� �t�h�a�n� �a�l�o�n�g� �t�h�e� �e�x�t�e�r�n�a�l� �f�a�c�e�s� �b�e�c�a�u�s�e� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� 

�g�i�v�e�s� �a� �l�i�n�e�a�r� �s�t�r�e�s�s� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �z�-�d�i�r�e�c�t�i�o�n� �a�n�d� �a�n� �a�v�e�r�a�g�e� �s�t�r�e�s�s� 

�v�a�l�u�e� �i�s� �a�p�p�r�o�p�r�i�a�t�e�.� 

�B�.� �2�4�~�D�O�F� �E�l�e�m�e�n�t� �F�o�r�m�u�l�a�t�i�o�n� 
� � 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �a�n� �i�m�p�r�o�v�e�d� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �e�l�e�m�e�n�t� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�x� �w�i�l�l� �b�e� �d�e�v�e�l�o�p�e�d� �b�y� �a� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �a�n�d� �t�h�e� 

�s�o�l�u�t�i�o�n�s� �w�i�l�l� �b�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �1�6�-�D�O�F� �e�l�e�m�e�n�t� �d�e�-� 

�s�e�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �I�I�I�-�A�.� �I�n� �m�o�s�t� �c�a�s�e�s�,� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �e�a�c�h� �l�a�m�i�n�a� 

�i�n� �t�h�e� �c�o�m�p�o�s�i�t�e� �i�s� �t�h�i�n� �a�n�d� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �l�i�n�e�a�r� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�i�c�k�-� 

�n�e�s�s� �d�i�r�e�c�t�i�o�n� �s�u�c�h� �a�s� �i�n� �t�h�e� �1�6�-�D�O�F� �e�l�e�m�e�n�t� �m�a�y� �y�i�e�l�d� �g�o�o�d� �r�e�s�u�l�t�s�.� 

�I�n� �o�r�d�e�r� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �1�6�-�D�O�F� �e�l�e�m�e�n�t� �(�l�i�n�e�a�r� 

�t�r�a�n�s�v�e�r�s�e� �d�i�s�p�l�a�c�e�m�e�n�t�)�,� �a� �2�4�-�D�O�F� �e�l�e�m�e�n�t� �(�c�u�b�i�c� �t�r�a�n�s�v�e�r�s�e� �d�i�s�p�l�a�c�e�-� 

�m�e�n�t�)� �i�s� �i�n�t�r�o�d�u�c�e�d�.� �A� �c�u�r�v�e�d�,� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�b�i�c� �e�l�e�m�e�n�t� �[�7�]� �w�i�t�h� 

�2�4�-�D�O�F� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.� �W�i�t�h� �c�u�b�i�c� �d�i�s�p�l�a�c�e�m�e�n�t� �e�x�p�a�n�s�i�o�n�s� �i�n� �b�o�t�h� 
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�T�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �A�/�C� �o�f� �e�a�c�h� �e�l�e�m�e�n�t� �i�s� �3�.�7�5� �f�o�r� �t�h�e� �2�4�-�D�O�F� �e�l�e�m�e�n�t� �a�n�d� 

�1�5� �f�o�r� �t�h�e� �1�6�-�D�O�F� �e�l�e�m�e�n�t�.� �T�h�e�s�e� �a�r�e� �w�i�t�h�i�n� �t�h�e� �i�d�e�a�l� �r�a�n�g�e� �o�f� �t�h�e� 

�t�r�a�c�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �5� �a�n�d� �6�.� �T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �z�e�r�o� 

�h�o�r�i�z�o�n�t�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �s�p�a�n� �a�n�d� �z�e�r�o� �v�e�r�t�i�c�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �a�t� �t�h�e� �s�u�p�p�o�r�t� �e�n�d�.� �S�i�n�c�e� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �d�i�s�p�l�a�c�e�m�e�n�t�s� 

�a�r�e� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�,� �o�n�l�y� �t�h�e� �c�o�m�-� 

�p�a�r�i�s�o�n� �o�f� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �s�h�o�w�n�.� �N�o�t�e� �t�h�a�t� �t�h�e� �s�t�r�e�s�s�e�s� �c�a�l�-� 

�c�u�l�a�t�e�d� �a�t� �t�h�e� �m�i�d�p�o�i�n�t� �o�f� �t�h�e� �t�h�i�c�k�n�e�s�s� �f�o�r� �e�a�c�h� �e�l�e�m�e�n�t� �i�n� �1�6�-�D�O�F�,� 

�w�h�e�r�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �v�a�r�y� �l�i�n�e�a�r�l�y� �i�n� �t�h�e� �t�h�i�c�k�n�e�s�s� �d�i�r�e�c�t�i�o�n�,� �a�r�e� 

�f�i�t�t�e�d� �c�l�o�s�e�l�y� �o�n� �t�h�e� �c�u�r�v�e�s� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�.� �B�u�t� �i�n� �t�h�e� 

�2�4�-�D�O�F� �e�l�e�m�e�n�t�,� �s�t�r�e�s�s�e�s� �a�r�e� �e�v�a�l�u�a�t�e�d� �a�t� �t�h�e� �n�o�d�a�l� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� 

�e�d�g�e�s�,� �a�,� �a�n�d� �T�L�,� �a�r�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� 

�a�n�d� �o�.� �i�s� �n�o�t�.� �o�,� �c�a�n� �b�e� �i�m�p�r�o�v�e�d� �b�y� �u�s�i�n�g� �a� �f�i�n�e�r� �3� �x� �8� �m�e�s�h�.� 

�T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �t�h�e� �t�h�r�e�e� �c�a�s�e�s� �a�r�e� �a�l�s�o� �s�h�o�w�n� �i�n� �t�h�e� 

�F�i�g�u�r�e�s�.� �S�i�n�c�e� �n�o� �i�n�i�t�i�a�l� �s�t�r�a�i�n�s� �o�r� �i�n�i�t�i�a�l� �s�t�r�e�s�s�e�s� �e�x�i�s�t� �i�n� �t�h�i�s� 

�e�x�a�m�p�l�e�,� �b�y� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �e�n�e�r�z�y� �c�o�n�s�e�r�v�a�t�i�o�n�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �w�i�l�l� 

�b�e� �e�q�u�a�l� �t�o� �t�h�e� �w�o�r�k� �d�o�n�e� �b�y� �t�h�e� �e�x�t�e�r�n�a�l� �l�o�a�d�s� �w�h�i�c�h� �i�n�c�r�e�a�s�e� �u�n�i�f�o�r�m�l�y� 
�q� 

�f�r�o�m� �z�e�r�o�.� �T�h�u�s� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�e�t�h�o�d�,� �U� �=� �=�:� 

�F�o�r� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �[�F�E�M�]�,� �U� �=� �f�u�l� �E�k� �H�u�l�/�2�,� �a�s� �s�h�o�w�n� �b�y� 

�Z�i�e�n�k�i�e�w�i�c�z� �[�1�9�]�.� �T�h�e� �l�a�r�g�e�r� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y�,� �t�h�e� �b�e�t�t�e�r� �t�h�e� �a�p�p�r�e�x�i�-� 

�m�a�t�e� �s�c�l�u�t�i�o�n�.� �G�e�n�e�r�a�l�l�y� �u�s�e� �o�f� �a� �f�i�n�e�r� �m�e�s�h� �w�i�l�l� �i�n�c�r�e�a�s�e� �t�h�e� �s�t�r�a�i�n� 

�e�n�e�r�g�y�.� �F�r�o�m� �a�3� �x� �4� �m�e�s�h� �f�o�r� �t�h�e� �2�4�-�D�O�F� �e�l�e�m�e�n�t� �a�n�d� �a� �1�2� �x� �4� �m�e�s�h� �f�o�r� 

�t�h�e� �1�6�-�D�O�P� �e�l�e�m�e�n�t�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �o�n�e� �2�4�-�D�O�F� �e�l�e�m�e�n�t� �i�s� �b�e�t�t�e�r� �t�h�a�n� 

�f�o�u�r� �1�6�-�D�O�F� �e�l�e�m�e�n�t�s� �f�o�r� �t�h�e� �L�a�m�i�n�a�t�e� �w�i�t�h� �i�s�o�t�r�o�p�i�c� �l�a�y�e�r�s�.� �R�e�s�u�l�t�s



�5�6� 

�f�r�o�m� �t�h�e� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �f�o�r� �t�h�e� �u�n�i�f�o�r�m� �l�o�a�d� �a�r�e� �a�l�s�o� �c�o�m�p�a�r�e�d� �i�n� 

�F�i�g�u�r�e� �9�.� �I�t� �s�h�o�w�s� �t�h�a�t� �o� �i�s� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �F�E�M� �s�o�l�u�t�i�o�n�,� 

�a�n�d� �o�.� �a�n�d� �T�L�,� �a�r�e� �a�p�p�r�o�a�c�h�i�n�g� �t�h�e� �F�E�M� �s�o�l�u�t�i�o�n� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �v�a�l�u�e�s� 

�o�f� �n�.� �I�n� �g�e�n�e�r�a�l�,� �s�o�l�u�t�i�o�n�s� �b�y� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �a�r�e� �s�a�t�i�s�f�a�c�t�o�r�y� �w�i�t�h� 

�n�=� �9� �(�5� �t�e�r�m�s�;� �f�o�r� �t�h�i�s� �u�n�b�a�l�a�n�c�e�d�,� �u�n�s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e�s�.� 

�T�w�o�-�P�l�y� �L�a�m�i�n�a�t�e� �[�2�]� 
� � 

�I�n� �o�r�d�e�r� �t�o� �c�o�m�p�a�r�e� �t�h�e� �F�E�M� �r�e�s�u�l�t�s� �t�o� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�x�a�c�t� 

�e�l�a�s�t�i�c�i�t�y� �s�o�l�u�t�i�o�n�s�,� �a� �b�i�d�i�r�e�c�t�i�o�n�a�l� �(�c�o�u�p�l�e�d�)� �l�a�m�i�n�a�t�e� �w�i�t�h� �t�h�e� �f�i�b�e�r�s� 

�o�r�i�e�n�t�e�d� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �s�u�p�p�o�r�t� �e�n�d�s� �i�n� �t�h�e� �b�o�t�t�o�m� �l�a�y�e�r� �a�n�d� 

�p�a�r�a�l�l�e�l� �t�o� �t�h�e� �s�u�p�p�o�r�t�s� �i�n� �t�h�e� �t�o�p� �l�a�y�e�r� �s�u�b�j�e�c�t�e�d� �t�o� �c�y�l�i�n�d�r�i�c�a�l� �b�e�n�d�-� 

�i�n�g� �i�s� �s�t�u�d�i�e�d�.� �T�h�e� �i�d�e�a�l�i�z�a�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�0�,� �w�h�e�r�e� �t�h�e� 

�l�a�y�e�r�s� �a�r�e� �s�h�o�w�n� �a�s� �b�e�i�n�g� �o�f� �e�q�u�a�l� �t�h�i�c�k�n�e�s�s�.� �R�e�s�u�l�t�s� �f�o�r� �s�t�r�e�s�s�e�s� �a�r�e� 

�p�l�o�t�t�e�d� �i�n� �t�h�e� �s�a�m�e� �f�i�g�u�r�e�.� �T�h�e� �e�l�a�s�t�i�c� �c�o�n�s�t�a�n�t�s� �f�o�r� �t�h�i�s� �c�o�m�p�o�s�i�t�e� 

�m�a�t�e�r�i�a�l�,� �g�r�a�p�h�i�t�e�/�e�p�o�x�y�,� �a�r�e� �[�2�]� 

�6� �°� �5� �.� �E�e� �=� �2�5� �x� �1�0� �p�s�i�,� �E�e� �=� �1�0�°� �p�s�i� 

�G� �=� �.�5� �x�X� �1�0�°� �1�,� �G� �=� �,�2� �1�0�°� �1� 

�_� �_� �_� �_� �T�T� �V�i�g� �=� �U�p�p� �=� �+�2�5�9� �V�a�z� �=� �2�0�1� �(� �=� �=� �V�i�n�?� 
�L� 

�w�h�e�r�e� �L� �s�i�g�n�i�f�i�e�s� �t�h�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n�,� �T� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n�,� �a�n�d� 

�V�i�e�w� �i�s� �t�h�e� �F�o�i�s�s�o�n� �r�a�t�i�o� �m�e�a�s�u�r�i�n�g� �s�t�r�a�i�n� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n� 

�u�n�d�e�r� �u�n�i�a�x�i�a�l� �n�o�r�m�a�l� �s�t�r�e�s�s� �i�n� �t�h�e� �L� �d�i�r�e�c�t�i�o�n�.� 

�A�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�0�,� �t�h�e� �u�n�i�f�o�r�m� �m�e�s�h� �o�f� �2� �x� �4� �f�o�r� �t�h�e� �2�H�-�D�O�F� 

�e�l�e�m�e�n�t� �i�s� �u�s�e�d� �a�l�o�n�g� �w�i�t�h� �t�h�e� �1�2� �x� �4� �m�e�s�h� �f�o�r� �t�h�e� �1�6�-�D�O�F� �e�l�e�m�e�n�t�.� �T�h�e� 

�a�s�p�e�c�t� �r�a�t�i�o� �o�f� �A�/�C� �i�s� �1� �f�o�r� �t�h�e� �2� �x� �4� �w�e�s�h� �a�n�d� �6� �f�o�r� �t�h�e� �1�2� �x� �4� �m�e�s�h�.
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�5�8� 

�T�h�e�y� �a�r�e� �w�i�t�h�i�n� �t�h�e� �i�d�e�a�l� �r�a�n�g�e� �o�f� �t�h�e� �t�r�a�c�e�.� �W�h�i�l�e� �s�o�m�e� �d�i�f�f�i�c�u�l�t�i�e�s� 

�o�c�c�u�r�r�e�d� �i�n� �t�h�e� �s�t�u�d�y� �b�y� �P�r�y�o�r� �[�2�2�]�,� �r�e�s�u�l�t�s� �o�f� �b�o�t�h� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�n�a�l�y�s�e�s� �a�r�e� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�o�s�e� �o�f� �t�h�e� �e�l�a�s�t�i�c�i�t�y� �s�o�l�u�t�i�o�n� 

�f�o�r� �b�o�t�h� �s�t�r�e�s�s�e�s� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� �T�h�i�s� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n� 

�o�f� �t�h�e� �1�6�-�D�O�F� �e�l�e�m�e�n�t� �i�s� �a�s� �g�o�o�d� �a�s� �t�h�e� �2�4�-�D�O�F� �e�l�e�m�e�n�t� �e�v�e�n� �f�o�r� �a� �t�h�i�c�k� 

�l�a�m�i�n�a�t�e�,� �s� �=� �4�H�.� 

�3�-�P�l�y� �L�a�m�i�n�a�t�e� �[�2�]� 
� � 

�T�h�i�s� �e�x�a�m�p�l�e� �w�a�s� �a�l�s�o� �s�o�l�v�e�d� �e�x�a�c�t�l�y� �b�y� �P�a�g�a�n�o� �[�2�]�.� �A� �s�y�m�m�e�t�r�i�c� 

�3�-�p�l�y� �l�a�m�i�n�a�t�e� �w�i�t�h� �l�a�y�e�r�s� �o�f� �e�q�u�a�l� �t�h�i�c�k�n�e�s�s�,� �t�h�e� �L� �d�i�r�e�c�t�i�o�n� �c�o�i�n�c�i�d�i�n�g� 

�w�i�t�h� �x� �i�n� �t�h�e� �o�u�t�e�r� �l�a�y�e�r�s�,� �w�h�i�l�e� �T� �i�s� �p�a�r�a�l�l�e�l� �t�o� �x� �i�n� �t�h�e� �c�e�n�t�r�a�l� �l�a�y�e�r�,� 

�i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�1�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �i�n� �t�h�e� 

�p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e�.� �T�h�e� �p�l�a�t�e� �i�s� �i�n� �c�y�l�i�n�d�r�i�c�a�l� �b�e�n�d�i�n�g� �u�n�d�e�r� �s�i�n�u�s�o�i�d�a�l� 

 ��l�o�a�d� �a�n�d� �S�$� �=� �4�.� �A�n� �e�q�u�i�d�i�s�t�a�n�t� �m�e�s�h�,� �3� �x� �4� �f�o�r� �t�h�e� �2�4�-�D�O�F� �e�l�e�m�e�n�t� �a�n�d� 

�1�8� �x� �4� �f�o�r� �t�h�e� �1�6�~�D�O�F� �e�l�e�m�e�n�t�,� �i�s� �u�s�e�d�.� �S�i�n�c�e� �P�r�y�o�r� �a�s�s�u�m�e�d� �t�h�a�t� �n�o�r�m�a�l�s� 

�r�e�m�a�i�n�e�d� �s�t�r�a�i�g�h�t� �a�f�t�e�r� �d�e�f�o�r�m�a�t�i�o�n�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �u� �a�n�d� �s�t�r�e�s�s�e�s� 

�w�e�r�e� �n�o�t� �a�c�c�u�r�a�t�e� �b�e�c�a�u�s�e� �t�h�e� �n�o�r�m�a�l�s� �a�r�e� �s�e�v�e�r�a�l�y� �d�i�s�t�o�r�t�e�d� �[�2�2�]�.� �R�e�-� 

�s�u�l�t�s� �o�f� �b�o�t�h� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�e�s� �f�o�r� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �s�t�r�e�s�s� �s�o�l�u�-� 

�t�i�o�n�s� �a�r�e� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�a�c�t� �e�l�a�s�t�i�c�i�t�y� �s�o�l�u�t�i�o�n�s� �a�n�d� 

�c�o�m�p�a�r�e�d� �i�n� �F�i�g�u�r�e� �1�1�.� �I�t� �i�s� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �1�6�-�D�O�F� 

�e�l�e�m�e�n�t� �f�o�r� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �o�f� �l�a�m�i�n�a�t�e�d� �c�o�m�-� 

�p�o�s�i�t�e�s� �i�s� �v�e�r�y� �g�o�o�d� �e�v�e�n� �t�h�o�u�g�h� �m�o�r�e� �e�l�e�m�e�n�t�s� �a�r�e� �n�e�e�d�e�d� �t�o� �a�c�h�i�e�v�e� �t�h�e� 

�s�a�m�e� �r�e�s�u�l�t�s� �w�i�t�h� �a� �2�4�-�D�O�F� �e�l�e�m�e�n�t�.� �S�i�n�c�e� �t�h�e� �l�a�y�e�r�s� �i�n� �a� �l�a�m�i�n�a�t�e� �a�r�e� 

�t�h�i�n� �a�n�d� �t�h�e� �l�i�n�e�a�r� �v�a�r�i�a�t�i�o�n� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t�s� �f�o�r� �t�h�e� �1�6�-�D�O�F� �e�l�e�m�e�n�t� �i�s� 

�£� �f� �a�n� �e�x�c�e�l�l�e�n�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �l�a�y�e�r� �t�h�i�c�k�n�e�s�s�,� �a�s� 

�s�h�o�w�n� �b�y� �t�h�e� �a�b�o�v�e� �e�x�a�m�p�l�e�s�,� �t�h�e� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�o�g� �o�f� �t�h�e� �1�6�-�D�O�F
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�V�.� �F�I�N�I�T�E� �E�L�D�M�E�N�T�S� �I�N� �T�H�R�E�E� �D�I�M�E�N�S�I�O�N�S� � � � � 

�R�e�c�o�g�n�i�z�i�n�g� �t�h�e� �w�e�l�l�-�k�n�o�w�n� �f�a�c�t� �t�h�a�t� �f�o�r� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� �t�h�e� 

�n�o�r�m�a�l�s� �t�o� �t�h�e� �m�i�d�p�l�a�n�e� �r�e�m�a�i�n� �p�r�a�c�t�i�c�a�l�l�y� �s�t�r�a�i�g�h�t� �a�f�t�e�r� �d�e�f�o�r�m�a�t�i�o�n� 

�a�n�d� �i�n� �g�e�n�e�r�a�l� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �e�a�c�h� �l�a�y�e�r� �f�o�r� �a� �l�a�m�i�n�a�t�e� �i�s� �t�h�i�n� �c�o�m�-� 

�p�a�r�e�d� �t�o� �t�h�e� �o�t�h�e�r� �d�i�m�e�n�s�i�o�n�s�,� �t�h�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�o�g� �o�f� �t�h�e� �1�6�-� 

�D�O�F� �e�l�e�m�e�n�t� �f�o�r� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �e�l�e�m�e�n�t�s�,� �a� �7�2�-�D�O�F� �e�l�e�m�e�n�t�,� �i�s� �d�e�v�e�l�o�p�e�d� 

�f�o�r� �t�h�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s� �o�f� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e�s�.� �A�n� �e�l�e�m�e�n�t� 

�s�i�m�i�l�a�r� �t�o� �t�h�i�s� �o�n�e� �h�a�d� �b�e�e�n� �d�e�s�c�r�i�b�e�d� �b�y� �A�h�m�a�d�,� �e�t� �a�l�.� �[�2�6�]� �a�n�d� �w�a�s� �a�p�-� 

�p�l�i�e�d� �t�o� �i�s�o�t�r�o�p�i�c� �s�h�e�l�l�s� �a�n�d� �p�l�a�t�e�s� �b�y� �c�o�n�d�e�n�s�i�n�g� �a�l�l� �o�f� �t�h�e� �d�e�g�r�e�e�s� �o�f� 

�f�r�e�e�d�o�m� �t�o� �t�h�e� �m�i�d�d�l�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �e�l�e�m�e�n�t�.� �I�n� �s�o� �d�o�i�n�g�,� �t�h�e� �s�t�r�a�i�n� 

�i�n� �t�h�e� �Z�-�d�i�r�e�c�t�i�o�n� �w�a�s� �l�o�s�t� �a�n�d� �a�s�s�u�m�e�d� �t�o� �b�e� �n�e�g�l�i�g�i�b�l�e�.� �I�n� �t�h�i�s� �i�n�-� 

�v�e�s�t�i�g�a�t�i�o�n�,� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�r�e� �r�e�t�a�i�n�e�d� �a�t� �t�h�e� �c�o�r�n�e�r�s� �o�f� �t�h�e� 

�e�l�e�m�e�n�t� �s�o� �t�h�a�t� �t�h�e� �s�t�r�a�i�n� �i�n� �t�h�e� �Z�-�d�i�r�e�c�t�i�o�n� �r�e�m�a�i�n�s�.� �A�l�s�o� �w�i�t�h� �t�h�i�s� 

�e�l�e�m�e�n�t�,� �t�h�e� �i�n�t�e�r�c�o�n�n�e�c�t�i�o�n�s� �b�e�t�w�e�e�n� �l�a�y�e�r�s� �o�f� �t�h�e� �l�a�m�i�n�a�t�e� �c�a�n� �b�e� �m�a�d�e� 

�a�t� �t�h�e�i�r� �i�n�t�e�r�f�a�c�e�s� �a�n�d� �a� �b�e�t�t�e�r� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �i�m�p�o�r�t�a�n�t� �t�r�a�n�s�v�e�r�s�e� 

�s�h�e�a�r� �s�t�r�e�s�s�e�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e�.� 

�S�h�a�p�e� �F�u�n�c�t�i�o�n�s� �f�o�r� �7�2�-�D�O�F� �E�l�e�m�e�n�t� 
� � 

�A� �c�u�r�v�e�d� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�b�i�c� �e�l�e�m�e�n�t� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�2�.� �T�h�e� 

�e�x�t�e�r�n�a�l� �f�a�c�e�s� �o�f� �t�h�e� �e�l�e�m�e�n�t� �a�r�e� �c�u�r�v�e�d�,� �w�h�i�l�e� �t�h�e� �s�e�c�t�i�o�n�s� �a�c�r�o�s�s� �t�h�e� 

�t�h�i�c�k�n�e�s�s� �a�r�e� �g�e�n�e�r�a�t�e�d� �b�y� �s�t�r�a�i�g�h�t� �l�i�n�e�s�.� �L�e�t�  �� �a�n�d� �n� �b�e� �t�w�o� �c�u�r�v�i�l�i�n�e�a�r� 

�c�o�o�r�d�i�n�a�t�e�s� �i�n� �t�h�e� �m�i�d�s�u�r�f�a�c�e� �o�f� �t�h�e� �e�l�e�m�e�n�t� �a�n�d� �¢�t� �a� �J�i�n�e�a�r� �c�o�o�r�d�i�n�a�t�e� 

�i�n� �t�h�e� �t�h�i�c�k�n�e�s�s� �d�i�r�e�c�t�i�o�n�.� �§�& ¬�,�n� �a�n�d� �t� �v�a�r�y� �b�e�t�w�e�e�n� �-�1� �a�n�d� �1� �o�n� �t�h�e� 

�r�e�s�p�e�c�t�i�v�e� �f�a�c�e�s� �o�f� �t�h�e� �e�l�e�m�e�n�t�.� �T�h�u�s� �t�h�e� �s�e�n�e�r�a�l� �f�o�r�m� �o�f� �t�h�e� �r�e�l�a�t�i�o�n�-� 

�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �C�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s� �a�n�d� �t�h�e� �l�o�c�a�l� �c�u�r�v�i�l�i�n�e�a�r� 
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�w�h�e�r�e� �N�y� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �&�,� �n� �a�n�d� �c�t� �a�n�d� �n�a�m�e�d� �i�s�o�p�a�r�a�m�e�t�r�i�c� �s�h�a�p�e� 
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�[�D�]� �i�n� �e�q�u�a�t�i�o�n� �(�5�.�1�3�)� �a�n�d� �[�J�]� �i�n� �e�q�u�a�t�i�o�n� �(�5�.�5�)�,� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� 

�b�e�c�o�m�e�s� 

�c�k�}� �=� �S�e�n�d� �e�p�i�e�e�t�a�v� �=� �$�2� �5�2� �1�2� �c�e�t� �e�p�a�r�s�a�f�a�l� �a�g�a�n�a�e� 
�V�v� �-�~�1� �-�1� �-�1� 

�L�y�l� �s�l� �a�r�a�m�a� �-� �=� �t�T� �T�T� �T�y� �O�E�.� �0�,� �B�d�a�b�a�n�a�z� �(�5�.�1�5�)� 

�D�u�e� �t�o� �p�o�l�y�n�o�m�i�n�a�l�s� �i�n� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �o�f� �G�,� �a� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� 

�p�r�o�c�e�d�u�r�e� �i�s� �p�e�r�f�o�r�m�e�d� �t�o� �e�v�a�l�u�a�t�e� �[�k�]�.� �T�h�e� �3�2� �G�a�u�s�s�i�a�n� �p�o�i�n�t�s� �(�a�.�,� 

�D�a�s� �C�)� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �H�.� �f�o�r� �t�h�e� �4�x�4�?� 
�.� 

�1� 

�G�a�u�s�s� �R�u�l�e� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6� �f�o�r� �t�h�e� �C�a�,� �»� �D�s�)� �a�n�d� �t�e� �=� �.�5�7�7�3�5�,� 

�H� �=� �1�.�0� �i�n� �G�-�d�i�r�e�c�t�i�o�n�.� �E�q�u�a�t�i�o�n� �(�5�.�1�5�)� �b�e�c�o�m�e�s� 

�4�H� �o�y� �2� 
�J�=�.�2�,� �0�,� �2� �1� �G�l�a�.�,� �b�.� �5�.�1�6� �T�k�]� �=�.�%�,� �5�2�1� �e�g� �H�H�H�,� �G�t� �i�?� �P�a�s� �G�D� �(�5�.�1�6�)



�T�r�a�c�e� �o�f� �t�h�e� �S�t�i�f�f�n�e�s�s� �V�a�t�r�i�z� � � 

�e�
o� 

�T�h�e� �t�r�a�c�e� �o�f� �t�h�e� �7�2�-�D�O�F� �e�l�e�m�e�n�t� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �i�s� �s�h�o�w�n� �n
� �n� 

�F�i�g�u�r�e� �1�2� �f�o�r� �v�a�r�i�o�u�s� �a�s�p�e�c�t� �r�a�t�i�o� �A�/�C� �i�n� �e�a�c�h� �a�s�p�e�c�t� �r�a�t�i�o� �o�f� �A�/�B� �w�i�t�h� 

�c�o�n�s�t�a�n�t� �e�l�e�m�e�n�t� �v�o�l�u�m�e�.� �T�h�i�s� �c�o�m�p�a�r�i�s�o�n� �i�s� �f�o�r� �r�i�g�h�t� �p�r�i�s�m�s�.� �T�h�e� 

�l�o�w�e�s�t� �t�r�a�c�e� �i�s� �f�o�r� �a�n� �e�l�e�m�e�n�t� �w�h�o�s�e� �p�r�o�j�e�c�t�i�o�n� �i�n� �t�h�e� �x�-�y� �p�l�a�n�e� �i�s� �a� 

�s�q�u�a�r�e�,� �A�=�B�,� �a�n�d� �A�=�3�C�.� �T�h�i�s� �i�s� �e�x�p�c�e�c�t�e�d� �f�r�o�m� �t�h�e� �r�e�s�u�l�t�s� �o�f� �1�6�-�D�O�F� �a�n�d� 

�2�4�-�D�O�F� �e�l�e�m�e�n�t�s�.� �I�n� �t�h�e� �1�6�-�D�O�F� �e�l�e�m�e�n�t�,� �t�h�e� �l�o�w�e�s�t� �v�a�l�u�e� �o�f� �t�h�e� �t�r�a�c�e� 

�i�s� �f�o�r� �t�h�e� �e�l�e�m�e�n�t� �w�i�t�h� �A�/�C� �o�f� �3� �a�n�d� �i�n� �t�h�e� �2�4�H�-�D�O�F� �e�l�e�m�e�n�t� �A�/�B� �=� �I�l�.� 

�T�h�e�s�e� �v�o�l�u�m�e�s� �w�i�l�l� �s�e�r�v�e� �a�s� �a� �g�u�i�d�e� �f�o�r� �t�h�e� �i�d�e�a�l�i�z�a�t�i�o�n� �o�f� �a� �c�o�n�t�i�n�u�u�m� 

�a�n�d� �f�o�r� �k�e�e�p�i�n�g� �t�h�e� �p�r�o�p�o�r�t�i�o�n�s� �o�f� �t�h�e� �e�l�e�m�e�n�t� �w�i�t�h�i�n� �a�n� �i�d�e�a�l� �r�a�n�g�e� 

�w�h�e�n�e�v�e�r� �p�o�s�s�i�b�l�e�.� 

�C�o�n�s�i�s�t�e�n�t� �E�l�e�m�e�n�t� �J�o�i�n�t� �L�o�a�d�s� 
� � 

�T�h�e� �e�q�u�a�t�i�o�n� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �c�o�n�s�i�s�t�e�n�t� �e�l�e�m�e�n�t� �J�o�i�n�t� �l�o�a�d�s� �d�u�e� 

�t�o� �d�i�s�t�r�i�b�u�t�e�d� �c�u�r�f�a�c�e� �l�e�a�d�s� �i�s�,� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�4�.�1�2�)�,� 

�S�u� �d�n�d�y� �=� �P�.� �6�u�.� �+� �P�.� �d�u�.� �+�.�.�.� �¢� �P�.� �d�u�,� �5�.�1�7� �A�P�e�e� �G�a�c�y� �1� �2� �L�c�d� �(� 

�w�h�e�r�e� �u� �=� �N�e�u�s� �s� �D� �=� �N�.�D�y�>� �x� �=� �N�e�R�s� �y�=� �N�a�v�e� �a�n�d� �P�e� �a�r�e� �c�o�n�s�i�s�t�e�n�t� �j�c�i�n�t� 

�h� �l�o�a�d�s�.� �U�s�i�n�g� �t�h�e� �l�s�o�p�a�r�a�m�e�t�r�i�c� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �N�e� �a�n�d� �p�e�r�f�o�r�m�i�n�g� �t�h�e� 

�c�o�o�r�d�i�n�a�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �f�o�r� �d�x�d�y�,� �e�q�u�a�t�i�o�n� �(�5�.�1�7�)� �b�e�c�o�m�e�s� 

�{�s�u�}�?� �{�P�p�}� �=� �(�o�u�l� �7� �T�o�k�a�r �� �B�y�]� �d�é�d�n� 
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�o�r� �{�P�p�}� �{�p�t� �l�a�]� �a�f�a�n� �(�5�.�1�8�)



�7�0� 

�w�h�e�r�e� �|� �J�]� �i�s� �t�h�e� �d�e�t�e�r�m�i�n�a�t�e� �o�f� �t�h�e� �J�a�c�o�b�i�a�n� �M�a�t�r�i�x� �[�J�]� �w�h�i�c�h� �i�s� �e�q�u�a�l� 

� � 

�t�o� 

�o�N�,� �O�N�g� �x� �V�i� 

�[�s�j� �=�|� �2�8� �a�g� �.� �|� �=� �f�e�l�e�x�y�]� 

�a�N�,� �.� �.� �.� �8�N�g� 
�a�n� �a�n� �*�9� �V�g� 

�f�o�r� �t�h�e� �c�u�b�i�c�-�l�i�n�e�a�r� �s�u�r�f�a�c�e� �a�n�d� �e�q�u�a�l� �t�o� �e�q�u�a�t�i�o�n� �(�4�.�2�5�)� �f�o�r� �t�h�e� 

�c�u�b�i�c�-�c�u�b�i�c� �s�u�r�f�a�c�e�.� �T�h�e� �N�;� �a�n�d� �t�h�e�i�r� �d�e�r�i�v�a�t�i�v�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �&� 

�a�n�d� �n�,� �w�h�i�c�h� �a�r�e� �l�i�k�e� �t�h�o�s�e� �o�f� �t�h�e� �1�6�-�D�O�F� �e�l�e�m�e�n�t� �i�n� �S�e�c�t�i�o�n� �I�V�-�A�,� �a�r�e� 

�s�h�o�w�n� �i�n� �A�p�p�e�n�d�i�x� �B�.� 

�I�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �p�a�r�a�l�l�e�l�o�g�r�a�m� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�3�,� �e�q�u�a�t�i�o�n� 

�(�5�.�1�8�)� �b�e�c�o�m�e�s�,� �f�o�r� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �l�o�a�d� �i�n� �t�h�e� �c�u�b�i�c�-�l�i�n�e�a�r� �p�l�a�n�e�,� 

� � 

� � � � � � � � � � � � 

�P�P�,� �|� �|� �2�5�6� �1�9�8� �~�7�2� �3�8� �1�2�8� �0�9� �-�3�6� �8�6�1�9� �|� �3�,� �|� 

�P�,� �1�2�9�6� �-�1�6�2� �-�7�2� �9�9� �6�4�8� �-�8�1� �-�3�6� �P�y� 

�P�.� �1�2�9�6� �1�9�8� �-�3�6� �-�8�1�l� �6�4�8� �4�9� �P�a� 

�P�y� �2�5�6� �1�9� �-�3�6� �9�9� �1�2�8� �P�y� 

�P�.� �_� �8� �2�5�6� �1�9�8� �-�7�2� �3�8� �P�e� 

�P�e� �1�2�9�6� �-�1�6�2� �-�7�2� �P�e� 

�P�y� �s�y�n�i�n�o�t�r�y�,� �=� �2� �1�2�9�6� �1�9�8� �P�y� 

�f�s� �1�0�0�8�0� �2�5�6� �P�o� 

�J� �L� �+�k� �4� 

�(�5�.�1�9�)� 

�F�o�r� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �l�o�a�d� �i�n� �t�h�e� �c�u�b�i�c�-�c�u�b�i�c� �p�l�a�n�e� �e�q�u�a�t�i�o�n� �(�5�.�1�8�)� �i�s� 

�e�x�p�a�n�d�e�d� �a�s� �T�a�b�l�e� �I�V�.� �S�i�m�p�l�i�f�i�e�d� �f�u�r�t�h�e�r�,� �t�h�e� �c�o�n�s�i�s�t�e�n�t� �j�o�i�n�t� �l�o�a�d�s� 

�f�o�r� �t�h�e� �u�n�i�f�o�r�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �l�o�a�d� �c�a�s�e� �a�r�c� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�3�.
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�A�f�t�e�r� �t�h�e� �c�l�e�m�e�n�t� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�:� �a�n�d� �j�o�i�n�t� �l�e�a�d�s� �a�r�e� �e�s�t�a�b�-� 

�l�i�s�h�e�d�,� �t�h�e� �u�n�k�n�o�w�n� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �s�o�l�v�e�d� �b�y� �t�h�e� �s�t�a�n�d�a�r�d� �p�r�o�-� 

�e�c�d�u�r�e�.� �O�n�c�e� �t�h�e� �e�l�e�m�e�n�t� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �k�n�o�w�n�,� �t�h�e� �s�t�r�e�s�s�e�s� 

�a�t� �a�n�y� �p�o�i�n�t� �w�i�t�h�i�n� �t�h�e� �e�l�e�m�e�r�t� �a�r�e� �c�l�a�c�u�l�a�t�e�d� �b�y� �e�q�u�a�t�i�o�n� �(�4�.�1�6�)�.� 

� � 

�T�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �f�o�r� �t�h�e� �2�4�-�D�O�F� �e�l�e�m�e�n�t�s� �i�n� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�-� 

�a�l� �p�r�o�b�l�e�m� �i�s� �m�o�d�i�f�i�e�d� �a�n�d� �e�x�p�a�n�d�e�d� �t�o� �i�n�c�l�u�d�e� �t�h�e� �7�2�-�D�O�F� �e�l�e�m�e�n�t�s� �i�n� 

�t�h�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �l�a�r�g�e� �i�n�c�r�e�a�s�e� �i�n� �b�a�n�d�-� 

�w�i�d�t�h� �b�r�o�u�g�h�t� �a�b�o�u�t� �b�y� �t�h�e� �u�s�e� �o�f� �t�h�i�s� �<�i�v�a�n�c�e�d� �e�l�e�m�e�n�t� �i�n� �t�h�e� �t�h�r�e�e� 

�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m� �a�n�d� �d�u�e� �t�o� �t�h�e� �m�a�x�i�m�u�m� �s�t�o�r�a�g�e� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �c�o�m�-� 

�p�u�t�e�r�,� �o�n�e� �d�i�v�i�s�i�o�n� �i�n� �x�-�y� �p�l�a�n�e� �i�s� �u�s�e�d� �t�o� �e�n�a�l�y�z�e� �a� �t�h�r�e�e�-�p�l�y� �l�a�m�i�n�a�t�e�d� 

�p�l�a�t�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�4�.� �I�n� �o�r�d�e�r� �t�o� �o�b�s�e�r�v�e� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�i�s� 

�e�l�e�m�e�n�t� �a�n�d� �k�e�e�p� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o�s� �w�i�t�h�i�n� �t�h�e� �b�e�s�t� �r�a�n�g�e� �o�f� �t�h�e� �t�r�a�c�e� �f�o�r� 

�t�h�e� �e�l�e�m�e�n�t� �a�n�d� �a�l�s�o� �t�o� �b�e� �a�b�l�e� �t�o� �c�o�m�p�a�r�e� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�s� �i�n� �P�a�z�a�n�o� �[�4�]�,� 

�o�n�e� �e�l�e�m�e�n�t� �f�o�r� �e�a�c�h� �l�a�y�e�r� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �f�i�n�i�t�e�-�e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s�.� �T�h�e� 

�p�l�a�t�e� �i�s� �a� �s�y�n�m�e�t�r�i�c� �s�q�u�e�r�e� �l�a�m�i�n�a�t�e� �w�i�t�h� �e�q�u�a�l� �t�h�i�c�k�n�e�s�s� �l�a�y�e�r�s� �l�o�a�d�e�d� 

�4� �o�n�g�i�t�u�d�i�n�a�l� �d�i�-� �[
�+
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�n� �t�h�e� �j
�e

� 

�b�y� �a� �s�i�n�u�s�o�i�d�a�l� �l�o�a�d�,� �t�h�e� �L� �d�i�r�e�c�t�i�o�n� �w�h�i�c�h� �i�s� 

�r�e�c�t�i�o�n� �o�f� �t�h�e� �f�i�b�e�r�s�,� �c�o�i�n�c�i�d�e�s� �w�i�t�h� �x� �i�n� �t�h�e� �o�u�t�e�r� �l�a�y�e�r�s�,� �w�h�i�l�e� �T� �t�h�e� 

�t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n� �i�s� �p�a�r�a�l�l�e�l� �t�o� �x� �i�n� �t�h�e� �c�e�n�t�r�a�l� �l�a�y�e�r�.� �S�i�n�c�e� �i�t� �i�s� 

�s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �t�h�e� �x� �a�n�d� �y� �a�x�e�s�,� �o�n�l�y� �o�n�e� �q�u�a�r�t�e�r� �o�f� �t�h�e� �p�l�a�t�e� �n�e�e�d�s� �t�o� 

�b�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �i�d�e�a�l�i�z�a�t�i�o�n� �f�o�r� �a� �q�u�e�r�t�e�r� �o�f� �t�h�e� �p�l�a�t�e� �a�n�d� �t�h�e� 
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�o�y
� 

�A�t� �x� �=�+� �i� �%�,� �a
� 

�*� 
�3

�4
� 

�x�
 �N�t�
 

�o�
m�

 

�q�n
� 

�G
� �A�t� �y� �=�#�S� 

�2



�7�h� 

� � � � 

� � 

�9�6�"� 

�
 
�
 

�
 
�
 

� � 
�?� � � 

�
 
�
 

� � 
�3� 

�"� �f�t� 
�t�h� �/�:� 

�e� 

�t�i�s� 

�
 
�
 

� � � � 
�
 
�
 

�W�o�o� 
�3� 

�]� 

� � 
� � � 
�
 

� � � � � � 
� � � � 

� � � � 
�a� 

�B�a� �s�e�u� �b�o



�7�5� 

�S�i�n�c�e� �t�h�e� �p�l�a�t�e� �i�s� �u�n�d�e�r� �s�y�m�m�e�t�r�i�c� �l�o�o�t�i�n�g�,� �t�h�e� �h�o�r�i�z�o�n�t�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� 

�u� �a�t� �t�h�e� �p�l�a�n�e� �o�f� �x� �=� �0� �a�n�d� �v� �a�t� �t�h�e� �p�l�a�n�e� �o�f� �y� �=� �0� �a�r�e� �c�q�u�a�l� �t�o� �z�e�r�o�.� 

�T�h�e� �l�o�w� �s�p�a�n�-�t�o�-�d�e�p�t�h� �r�a�t�i�o�,� �s� �e�q�u�a�l� �t�o� �4�,� �i�s� �s�t�u�d�i�e�d� �i�n� �o�r�d�e�r� �t�o� �c�o�m�-� 

�p�a�r�e� �w�i�t�h� �t�h�e� �a�v�a�i�l�a�b�l�e� �s�o�l�u�t�i�o�n�s�.� 

�R�e�s�u�l�t�s� �o�f� �n�o�r�m�a�l�i�z�e�d� �s�t�r�e�s�s�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �e�x�a�c�t� �e�l�a�s�-� 

�t�i�c�i�t�y� �s�o�l�u�t�i�o�n� �a�n�d� �t�h�e� �c�l�a�s�s�i�c�a�l� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �t�h�e�o�r�y� �(�C�P�T�)� �s�o�l�u�t�i�o�n� 

�f�o�r� �m�a�x�i�m�u�m� �v�a�l�u�e�s� �a�n�d� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �V�.� �W�h�e�n� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e�s� �o�f� 

�n�e�c�t�i�v�e� �c�o�l�u�m�n�s� �t� �t�x�z� �d�o� �n�o�t� �o�c�c�u�r� �a�t� �Z� �=� �0�,� �t�w�o� �v�a�l�u�e�s� �a�r�e� �s�h�o�w�n� �i�n� �t�h�e� �r�e�s� 

�T�h�e� �u�p�p�e�r� �v�a�l�u�e� �g�i�v�e�s� �t�h�e� �o�n�e� �a�t� �%� �=� �0�,� �w�h�i�l�e� �t�h�e� �l�o�w�e�r� �n�u�m�b�e�r� �r�e�p�r�e�s�e�n�t�s� 

�t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �w�i�t�h� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �%� �b�e�i�n�g� �g�i�v�e�n� �i�n� �p�a�r�e�n�t�h�e�s�e�s�.� 

�N�o�t�e� �t�h�a�t� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e�s� �f�o�r� �d�y� �o�c�c�u�r� �i�n� �t�h�e� �c�e�n�t�r�a�l� �l�a�y�e�r�.� �T�h�e� 

�n�o�r�m�a�l�i�z�e�d� �s�t�r�e�s�s� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�5�.� 

�E�v�e�n� �w�i�t�h� �o�n�e� �e�l�e�m�e�n�t� �f�o�r� �e�a�c�h� �l�a�y�e�r�,� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �F�E�M� �a�n�a ��v�s�i�s� �i�s� 

�i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�a�c�t� �e�l�a�s�t�i�c�i�t�y� �s�o�l�u�t�i�o�n�s� �a�n�d� �s�h�o�w�s� �a�n� �i�m�-� 

�p�r�o�v�e�m�e�n�t� �o�v�e�r� �t�h�e� �C�P�T� �s�o�l�u�t�i�o�n�s�.� �O�n�e� �e�x�c�e�p�t�i�o�n� �i�s� �t�h�e� �t�r�a�n�s�v�e�r�c�e� �s�h�e�a�r� 

�s�t�r�e�s�s� �t�x�z� �w�h�i�c�h� �g�i�v�e�s� �a� �m�o�v�i�m�u�m� �v�e�l�u�e� �i�n� �t�h�e� �c�e�n�t�r�a�l� �l�a�y�e�r� �r�a�t�i�.�.�p� �t�h�a�n� 

�i�n� �t�h�e� �o�u�t�e�r� �l�a�y�e�r�s�.� �T�h�i�s� �d�i�s�t�r�i�b�u�t�i�o�n� �c�a�n� �b�e� �i�m�p�r�o�v�e�d� �b�y� �p�l�a�c�i�n�g� �a�d�d�i�-� 

�c�k�n�e�s�s� �d�i�r�e�c�t�i�o�n� �a�s� �w�a�s� �d�o�n�e� �i�n� �t�h�e� �t�w�o�-� �f�e
�e�

 

�e�R
�)� �t�i�o�n�a�l� �e�l�e�r�e�n�t�s� �i�n� �t�h�e� �t�h� 

�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s�.� �T�h�e� �s�i�g�n�i�f�i�c�a�n�t� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �h�i�g�h�e�r� �o�r�d�e�r� 

�e�l�e�m�e�n�t�s�,� �l�i�k�e� �t�h�e� �7�2�-�D�O�F� �e�l�e�m�a�n�t�,� �o�v�e�r� �t�h�e� �l�o�w�e�r� �e�l�e�m�e�r�t�s� �i�s� �t�h�a�t� �w�i�t�h� 

�f�e�w�e�r� �e�l�e�m�e�n�t�s� �a� �m�o�r�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �c�a�n� �b�e� �o�b�t�a�i�n�e�c�.
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�V�I�.� �C�O�N�C�T�U�S�I�O�N�S� 

�A� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�r�e�b�l�e�m� �o�f� �a� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �w�i�t�h� �i�s�o�t�r�o�p�i�c� 

�l�a�y�e�r�s� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �b�y� �a�n� �a�n�a�l�y�t�i�c�a�l� �m�e�t�h�o�d� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� 

�o�f� �a� �l�i�n�e�a�r� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�o�n�t� �f�u�n�c�t�i�o�n�s� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s� 

�o�f� �e�a�c�h� �l�a�y�e�r�.� �T�h�u�s�,� �a� �c�o�m�p�l�e�t�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �w�a�s� �d�e�v�e�l�o�p�e�d� 

�w�h�i�c�h� �i�n�c�l�u�d�e�s� �t�h�e� �t�h�i�c�k�n�e�s�s�-�s�t�r�e�t�c�h�i�n�g� �d�e�f�o�r�m�a�t�i�o�n� �a�s� �w�e�l�l� �a�s� �e�x�t�e�n�s�i�o�n�,� 

�b�e�n�d�i�n�g� �a�n�d� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r�.� �T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �s�p�e�c�i�a�l�i�z�e�d� 

�f�o�r� �t�h�e� �s�t�a�t�i�c� �c�y�l�i�n�d�r�i�c�a�l� �b�e�n�d�i�n�g� �o�f� �a� �p�l�a�t�e� �w�i�t�h� �t�w�o� �i�s�o�t�r�o�p�i�c� �l�a�y�e�r�s� 

�o�f� �d�i�s�s�i�m�i�l�a�r� �m�a�t�e�r�i�a�l�.� �T�h�e� �c�o�n�t�i�n�u�i�t�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e�s� �w�e�r�e� 

�s�a�t�i�s�f�i�e�d� �f�o�r� �b�o�t�h� �s�t�r�e�s�s� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t�.� �R�e�s�u�l�t�s� �o�f� �s�t�r�e�s�s�e�s� �a�n�d� 
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