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(ABSTRACT)

Free vibration, buckling and postbuckling analyses of laminated composite plates with multiple
delaminations are presented. A finite element method based on a layer-wise laminated composite
plate theory is developed to formulate the problem. Geometric nonlinearity in the sense of von
Karman and the imperfection in the plate in the form of initial global deflection and initial delam-
ination openings are included. A simple contact algorithm which precludes the physically inad-
missible overlapping between delaminated surfaces is proposed and incorporated in the analysis.
A sublaminate concept is adopted in the analysis to reduce the computational efforts, and found
to be efficient.

Numerical results are obtained for through-the-width, circular and rectangular delaminations
addressing the effects of the number of delaminations, their lengths and through-the-thickness and
axial locations on the critical buckling load and buckling mode shapes as well as free vibration fre-
quency and modes. Postbuckling responses are investigated with respect to different magnitudes
and directions of initial imperfections. The effects of material anisotropy and contact condition
between delaminated surfaces are also considered. It is found that the proposed approach is very

efficient and powerful for solving the above mentioned problems.
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Chapter I

INTRODUCTION

Fiber-reinforced composite materials have been increasingly used over the past few dec-
ades in a variety of structures that require high ratio of stiffness and strength to weight.
The ability to tailor the directionally dependent properties of laminated fiber-reinforced
composites by bonding together with various fiber orientations offers additional advan-
tages over the use of conventional engineering materials.

While composite materials enjoy these advantages, they ére also prone to a wide
range of defects and damage which may significantly reduce their structural integrity.
Among various types of damage modes that are likely to occur in laminated composites
during service, a matrix-dominated interlaminar cracking or delamination is the one that
is the most commonly observed and sometimes unavoidably incurred in practical situ-
ations. Delamination may develop as a result of manufacturing defects such as incom-
plete wetting and entrapped air pockets between layers, or as a result of certain in-service
factors, such as low velocity impact by foreign objects, for instance, dropped tools or
bird strikes. While such impact damage can cause a number of delaminations [1] , a

small surface indentation is the only external indication since the delaminations are

INTRODUCTION 1



cracks in the interior of the laminate. Thus, this type of damage is often called
barely visible impact damage (BVID) [2], which is not readily identified by visual in-
spection. Such delamination damage is known to cause a degradation of overall stiffness
and strength.

In particular, delamination damage can result in a substantial loss of compressive
load-carrying capacity of a laminate through local instability and stress concentration in
the vicinity of a delamination. Once an initially symmetric laminate contains delami-
nations, it behaves locally as a set of sublaminates which are generally unsymmetric, and
therefore, exhibit bending-extension coupling. These behaviors cause a stress redistrib-
ution and may cause the sets of sublaminates to buckle. Under increased load, the de-
lamination may propagate as a result of excessive crack tip stresses. Consequently, this
delamination buckling and growth lead to global structural compression failure at loads
well below the design level of an undamaged laminate.

Delaminations are also known to cause a change in vibration characteristics. The
delaminated sublaminate generally exhibits new vibration modes and frequencies that
depend on the size and location of the delamination. Thus, provided that the natural
frequencies and mode shapes are known for a composite contéining delaminations, the
presence of invisible delamination can be detected, and their size and location can be
estimated.

Understanding of delamination behavior is, therefore, a subject of vital importance
in view of the intended widespread use of laminated composite materials in many engi-
neering applications. In principle, a full three-dimensional analysis is necessary in order
to model general configurations of delaminations in composite laminates. While three-
dimensional finite element analysis gives accurate results with sufficiently refined meshes,
it is computationally very intensive requiring large amounts of computer storage and

running time. For that reason, in many cases, a one-dimensional beam-plate model for
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a through-the-width delamination, or a thin-film model, where the delaminated layer is
assumed to be so thin compared to the base laminate that the behavior of the layer does
not affect the deformation of the base plate, have been used by many researchers. These
analytical models, however, are inadequate for general configurations of delaminations,
such as anisotropy of composite, varying location of delamination, general two-
dimensional embedded delamination, or multiple delaminations. For these more general
problems, a two-dimensional /ayer-wise model, in which each layer of a composite is
separately modelled, is preferred because it offers accurate results with significantly re-
duced computational cost compared to a full three-dimensional model. Despite of effi-
ciency and accuracy of the layer-wise theory, it still has a shortcoming in that the
number of dependent variables is a function of the number of layers. This, in turn,
suggests a sublaminate approach in which each sublaminate created by delaminations is
modelled as an equivalent, single, homogeneous layer. In the sublaminate approach,
multiple delaminations can easily be modelled employing the Heaviside unit step func-
tion in displacement fields as in the layer-wise theory, and the number of dependent
variables depends only on the number of delaminations. As will be described in the next
chapter, no model exists for predicting buckling loads, hatural frequencies and
postbuckling response of anisotropic laminates with single or multiple general shaped
delaminations such as through-the-width, circular, rectangular or elliptical shapes.
Therefore, the main objective of this dissertation is to develop a displacement based,
layer-wise finite element model based on Reddy’s theory [3] and to extend it to the sub-
laminate finite element model capable of addressing general problems of delamination

in a laminated composite plate. More specifically, five major objectives are identified:

1. Determination of buckling loads and buckling mode shapes for laminated compos-

ites containing single and multiple delaminations with arbitrary configuration.
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2. Determination of natural frequencies and vibration mode shapes for laminated
composites containing delaminations.

3. Analysis of the postbuckling response of laminated composites containing multiple
delaminations with respect to initial imperfection of the composites.

4. Investigation of the effects of the contact between delaminated surfaces and
anisotropy on the vibration, buckling and postbuckling problems.

5. Comparison between layer-wise and sublaminate theories as well as with previously

available results.

With these introductory remarks, the following chapters constitute the dissertation.
A state-of-the-art survey on the various aspects of literature pertaining to the present
study is provided in Chapter I1I. The computational modelling of laminated composite
plate and the vibration, buckling and postbuckling of delaminated composites are re-
viewed separately. Chapter 111 addresses a theoretical formulation for vibration and
buckling problems of circular and rectangular plates with delaminations. Chapter IV
describes the issue of postbuckling behavior of delaminated composites. The theoretical
solution procedure is addressed by applying a contact condition. Verifications of the
present study are made in Chapter V for vibration, buckling and postbuckling problems
of through-the-width and embedded delaminations. Numerical results and discussions
are provided in Chapter VI for buckling and postbuckling analyses of through-the-width
delaminations. Chapter VII provides brief summary and concluding remarks with re-

commendation for future research.
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Chapter 11

LITERATURE REVIEW

In this chapter, a review of previous studies relevant to the present subject is given. For
convenience, the section is divided into two parts involving computational modelling of

laminated composite plates, and buckling, vibration and postbuckling of delaminated

composites.

LITERATURE REVIEW



2.1 Computational Modelling of Laminated Composite Plates

Modelling of laminated plates has been mostly done using classical lamination theory
(CLT), which is a straightforward extension of the Kirchhoff assumptions. This theory
is adequate for many engineering problems. However, CLT cannot account for the
transverse shear deformation that is significant for moderately thick composite plates.
Thus, for such plates, the inclusion of transverse shear effects is necessary.

Since the development of first-order shear deformable plate theory (FSDT) which
allows linear variation of in-plane displacements in the thickness direction (Yang, Norris
and Stavsky [4] and Whitney [5]), numerous refined plate theories have been proposed.
Among them, polynomial based higher order shear deformable plate theories (HSDT)
were developed by Whitney and Sun [6], Lo, Christensen and Wu [7], and Reddy (8].
Detailed reviews of this topic may be found in [9-12].

All the theories discussed above, including CLT, FSDT, and HSDT can be grouped
as equivalent single-layer two-dimensional theories [9]. In general, single-layer laminate
theories give satisfactory results for global behavior (e.g. deﬂeictions, stresses, buckling
loads, and natural frequencies); however, they are inadequate in modelling localized ef-
fects such as delaminations. For these localized effects, layer-wise modelling of laminated
composite plates seems to be necessary.

In layer-wise modelling, the transverse variation of the displacement fields is re-
presented by piecewise polynomial functions. Early efforts in layer-wise modelling of
laminated composites are due to Pryor and Barker [13], Srinivas [14], Mau [15] and Seide
[16]. Spilker [17] proposed hybrid stress plate bending element using layer-wise ap-
proach. Chaudhuri [18] developed a displacement based layer-wise, two dimensional tri-

angular element which has 2N + 3 degree of freedom at each node for an N-layered plate
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To improve the in-plane response of laminated plates, a layer-wise theory based on
Reissner’s mixed variational principle [19] was presented by Toledano and Murakami
[20]. The theory assumed piecewise continuous in-plane displacement variations to sat-
isfy continuity of interlaminar stresses. The transverse variation of the displacements is
constant through the thickness. Thus, the interlaminar shear strains are constant within
each layer. DiSciuva [21,22] proposed a model which allows a piecewise linear variation
of the in-plane displacements, and a constant for the transverse component through the
thickness of laminates. The number of independent variables was reduced from 2N + 3
to 5 by applying continuity conditions of the transverse shear stresses at each layer
interface for an N-layer laminate. Cho et al. [23] modeled laminated plates using a
higher-order theory for each layer. Although the results obtained in that work were very
accurate, the theory required 11N unknowns for an N-layer laminate and was thus inef-
ficient for multilayered plates.

Reddy [3] proposed a generalized model which allows layer-wise representation of
in-plane displacement using linear combinations of the thickness coordinate and unde-
termined functions of position within each layer. Reddy and Barbero [24] developed a
finite element model based on the model by Reddy [3] with linéar approximation of the
in-plane displacements through the thickness of each layer, and extended that model to
geometric nonlinear theory [25]. Epstein and Huttelmaier [26] developed a finite element
model including linear variation of transverse displacements. Barboni and Gaudenzi [27]
reduced a quasi-three-dimensional finite element to a one-dimensional layer-wise model
including the transverse normal strain to analyze free edge effects in laminates. Robbins
and Reddy [28] extended Reddy’s theory [3], including transverse normal strain. Lee and
Liu [29] proposed an analytical model using a Hermite cubic interpolation function in
the thickness direction in order to satisfy the continuity of interlaminar shear stresses.

The number of independent variables in that formulation is SN.
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Three-dimensional finite element models based on the layer-wise concept have also
been developed by many researchers including Owen and Li [30,31], and Wanthal and
Yang [32]. A detailed review of three-dimensional modelling of composite laminates can
be found in Griffin [33].

All the previously discussed layer-wise theories have successfully predicted not only
the global response but also local effects, such as free edge effects [27]. However, since
the number of unknowns depends on the number of layers, these theories are intractable
as the number of layers becomes even moderately large. Thus, there is still a need to
develop laminated plate theories which can model delaminations with a tractable number
of dependent variables.

In this point of view, the proposed sublaminate theory, which models sublaminates
created by delaminations as an equivalent single-layer and allows linear variation of in-
plane displacements through the thickness of each sublaminate, seems to be a compro-
mise between accuracy and computational costs for delamination problem in composite

laminates.
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2.2 Delamination Buckling, Vibration and Postbuckling

In general, delaminations can be grouped as through-the-width delaminations and em-
bedded delaminations. In the following, previous research on each type of delamination

is reviewed.

2.2.1 Through-the-Width Delaminations

2.2.1.1 Buckling and Postbuckling of Delaminated Composites

Chai, Babcock, and Knauss [34] may have been the first investigators to study buckling
and postbuckling of a plate containing a through-the-width delamination. They pre-
sented a one-dimensional analytical model to assess the compressive strength of a de-
laminated composite employing a Griffith-type fracture criterion. Simitses and his
collaborators [35-37] investigated delamination buckling and growth in simply-supported
and clamped composite plates using a one-dimensional beam-plate theory. The effects
of delamination position, length, and laminate thickness on the buckling loads and de-
lamination growth were studied. Bolotin et al. [38] investigated the bifurcation problem
for several equidistant delaminations of equal lengths. He has shown that the buckling
mode for that problem is antisymmetric.

Sheinman, Bass and Ishai [39] extended the work of Simitses et al. [35] to include the
effect of bending-extension coupling on the stability of a delaminated composite using

a finite difference model. The effect of bending-extension coupling on postbuckling re-
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sponse was investigated by Yin [40] for both mid-plane delamination and thin-film de-
lamination. Sheinman and Souffer [41] investigated the effects of bending-extension
coupling and initial imperfection on the postbuckling behavior of a composite beam with
various delamination geometries. It was found that the coupling effect significantly re-
duces the buckling load and increases the postbuckling deformations, and the global
postbuckling deformation was shown to be very sensitive to the initial imperfections.
However, the postbuckling analysis for some initial imperfection in that work exhibits
physically inadmissible deformed shape due to neglecting contact condition between de-
laminated sublaminates.

Moshaiov and Marshall [42] predicted buckling loads for a random short fiber
composite using a Rayleigh-Ritz method. Somers et al. [43] developed an analytical
model to investigate the buckling and postbuckling behavior of a sandwich beam with
a delamination. Tracy and Pardoen [44] studied higher order buckling loads and mode
shapes of a composite containing a midplane delamination. The effect of axial location
of delamination on the buckling load was also studied. The delamination opening was
suppressed to zero in order to prevent overlapping of delaminated surfaces in that work.

Most of the above mentioned literature employed classical beam theory which does
not account for shear deformations for each portion of sublaminates. In general, how-
ever, especially for a short delamination, the sublaminates created by delamination may
become moderately thick, and shear deformation is not negligible any more.

Effects of transverse shear deformation were studied by Kardomateas and
Schmueser [45] using a perturbation expansion method and Kardomateas [46] by im-
proving the model used in [34] on delamination buckling and growth in composite lam-
inates. They found that these shear effects precipitate the possibility of crack growth
because of the extra energy from the transverse forces. More recently, Chen [47] pro-

posed a shear deformation theory using variational energy principle and extended his
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work to unsymmetric laminates [48] having a thin-film delamination. He found that the
magnitude of the transverse shear effect depends on the delamination location and size.

Modelling the interply matrix as an elastic foundation, Vizzini and Lagace [49] in-
vestigated buckling behavior of a delaminated composite beam. Anastasiad and Simitses
[50] improved the model by Simitses [35] to include springs between sublaminates to
simulate the matrix layer. A strong spring distribution was shown to be a stabilizing
effect for delamination buckling. Kardomateas [51] also studied the effect of an elastic
foundation on the buckling and postbuckling response. It was reported that the delami-
nation growth may occur sooner for a large foundation modulus.

Shear buckling and postbuckling behavior of a composite laminate with a delami-
nation were investigated by Suemasu [52] by employing a no-penetration condition of
delaminated surface. The shear behavior of delaminated composites was found to be a
combination of both local and global buckling modes. It was also reported that the
postbuckling deformation is sensitive to initial imperfections of the composite. Madenzi
[53] solved the mixed boundary value problem to obtain an analytical solution of de-
lamination buckling and growth. He showed that delamination growth may occur prior
to buckling by means of crack propagation at the points of stress concentrations.
However, the analytic model in that study was shown to be unsuitable for thin delami-
nated layer.

Most of the works cited above employed either thin-film models {34,40,45,48,49,51]
or analytical models with four divided regions [34-37,39,41-44,46-48,50,52] created by
delamination in a composite laminate (Figure 1). In those analytical beam-plate models,
boundary and continuity conditions were applied for all edges and interfaces of the re-
gions, respectively, to formulate the problem.

It also appears that the boundary conditions were assumed to be either simply-

supported or clamped in the beam-plate model. Moreover, it is extremely difficult to
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