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Abstract

Current mathematical models, developed on straight asphalt binders, are inadequate

to characterize the frequency dependence of response of polymer-modified asphalt

binders.  In an earlier study at Virginia Tech, mathematical models were developed to

predict the storage and loss shear moduli of polymer-modified binders.  However the

model developed for the loss shear moduli is limited at high frequency (G” ≤ 107.5 Pa).

This thesis presents a statistical modeling of loss shear modulus of polymer (random

copolymers and thermoplastic block copolymers) modified binder.  Data from dynamic

mechanical analysis on modified binders, at temperatures between 5 and 75°C and

frequencies ranging from 0.06 to 0188.5 rad/s, were reduced to dynamic master curves of

moduli, and used to develop the model.  Twenty-one polymer-binder blends prepared and

tested earlier at Virginia Tech where included in the study.  Realistic characterization of

loss shear moduli values was obtained using the Gompertz statistical model.  The model

was validated by using mean square error of prediction (MSEP) in which a second set of

frequency data was input in the model to obtain the moduli values, which were compared

to the measured data of the second set.  Although this model was successfully tested for

shear loss modulus prediction of polymer-modified binders, caution should be exercised

when it is applied, as such a model should be able to predict the storage modulus for a

known phase angle.
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Chapter 1.   Introduction

1.1 Background

The ability of our nation’s infrastructure to provide necessities such as shelter,

transportation, water and waste disposal, is vital to our quality of life.  Highways play a

major role in our infrastructure system.  Over 94% of the surfaced roads in the United

States are covered with flexible pavement (FHWA, 1990), hot-mix asphalt(HMA).  Part of

the flexible pavement highways fail prematurely due to increases in traffic, axle load and

higher tire pressure.  The volume of truck traffic doubled from 1974 to 1989 (Nahas, et al.,

1989).  It is estimated that nearly 50% of all funds spent in the transportation area go

directly to construction, maintenance and rehabilitation of pavements (Lytton, 1991).

Hot-mix asphalt (HMA) is composed of both mineral aggregate and asphalt binder.

Although its performance is a function of both materials, the binder controls specific

failure modes, including fatigue cracking and low temperature cracking.  The performance

of the binder, which is a viscoelastic material, is highly influenced by temperature and rate

of loading (Lewandowski, 1994).

There are three main types of distress that flexible pavement surfaces undergo: (1)

high temperature permanent deformation; (2) load-associated fatigue cracking; and (3)

low temperature cracking.  The binder properties play a significant role in each type of

distress.  Types of permanent deformation include rutting, distortion, and shoving.  The

progressive movement of HMA materials under repeated loads causes rutting.  It usually

occurs along the wheel path in the traffic direction.  An asphalt binder that has a low

viscosity at intermediate to high temperatures is more likely to rut because of its inability

to respond elastically to the applied stresses.  Fatigue (or alligator) cracking is caused by

cyclic stress on a pavement over an extended period of time.  Stiff binder and/or low
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binder content also cause this type of distress.  Low temperature cracking occurs when

the binder becomes too brittle and it looses the ability to deform elastically.

The behavior of asphalt binder is complicated, because it is a viscoelastic material.

At intermediate to high temperatures, asphalt behaves like a viscous fluid, while at low

temperatures, it acts like a brittle elastic solid.  A new and more complex material is

formed when polymeric modifiers are added to asphalt binder.

In an effort to improve flexible pavement durability, different types of asphalt additives

have been investigated.  Modifications of asphalt binders using various types of polymeric

materials have been promoted as an attractive technique to improve binder properties

and the overall performance of flexible pavements (Lewandowski, 1994; Bonemazzi et

al., 1996; Fleckenstein et al., 1992).

One researcher suggests that there are at least 22 benefits attributed to the addition

of polymers to asphalt binder (Lewandowski, 1994).  It has been suggested that the use

of polymer additives in HMA reduces rutting and fatigue cracking, while maintaining an

acceptable binder viscosity at medium to high service temperatures (Bonemazzi et al.,

1996).  In addition to being less susceptible to low temperature cracking, polymer

modified asphalts are also more resistant to freeze thaw damage (Fleckenstein et al.,

1992).

There is no consensus among researchers on the effectiveness of polymer

modification on the performance of asphalt binder.  A number of investigators agree that

significant improvement in the resistance to permanent deformation is obtained when

polymer modified binders are used in flexible pavements (Fleckenstein et al., 1992;

Srivastave et al., 1992; Little, 1992; Collins et al., 1992; Ponniah et al., 1996; Maccarrone

et al., 1997).  Polymer modifiers have also been found to increase the fatigue life of

flexible pavements (Maccarrone et al., 1997).  However, there is discussion on the

effectiveness of polymer additives as it pertains to improved low temperature properties.

Some researchers find polymeric modification of asphalt binder beneficial (King et al.,
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1993; Stock et al.1992), while others state its effect to be negligible (Anderson et al.,

1992; Bonemazzi et al., 1996; Gahvari 1995; Freeman et al., 1997).

1.2 Problem Statement

Characterizing the viscoelastic behavior of asphalt binder requires obtaining the

response of the material over a wide range of temperatures and frequencies (i.e., loading

time).  Several researchers have produced models that mathematically describe the

temperature and the time dependency of straight asphalt binders (Jongepier and

Kuilman, 1969; Dobson, 1969; Dickinson and Witt, 1974; Christensen and Anderson,

1992; Stastna et al., 1996).  These models were not developed for predicting the

viscoelastic response of modified binders; consequently, they have been found to

produce considerable discrepancies with experimental data (Gahvari, 1995).  Few

researchers have proposed mathematical describing the response of polymer-modified

binder (Gahvari, 1995; Stastna et al., 1996, Marasteanu and Anderson, 1999).

The model presented by Gahvari is the most practical model proposed to date.

However, there are certain limitations inherent in each model.  The proposed model for

storage modulus is valid only for moduli below 108 Pa; above this value, the moduli tend

to be overestimated.   The proposed loss modulus model is symmetrical in shape with

respect to the peak point and therefore must be restricted to a specified range (Gahvari,

1995).

1.3 Objectives

The objective of this study was to develop a model to describe the frequency

dependence of the response of polymer modified binders, over the entire range of

temperatures and frequencies.  The developed model was compared to the data

collected from previous experiments at conducted Virginia Tech.
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1.4 Scope

Characterization of the linear viscoelastic response of the polymer-modified binder is

generally made possible by interpretation of dynamic master curves.  At Virginia Tech,

experimental research was conducted to characterize the complex moduli of polymer

modified asphalt binders using a Dynamic Shear Rheomoter.  Dynamic mechanical

analysis was conducted on 21 binder-polymer blends at frequencies between 0.06 to

188.5 rad/s and temperatures ranging from 5° to 75°C.  The mixes were prepared using

one viscosity graded binder and seven different polymer modifiers.  Each polymeric

additive was blended with asphalt binder at three different concentration levels.  The

modifiers were thermoplastic block copolymers and random copolymers, which are

commonly used in industry.  The polymers selected represented a wide range of chemical

structures and mechanical and physical properties.   The study also investigated the

effect of short term aging on rheological properties of the modified blends.

The linear viscoelastic range of response was established by performing stress

sweeps over the entire range of temperatures at the desired frequencies.  Isothermal

graphs of dynamic moduli data verses frequency were obtained as a result of frequency

sweeps.  Master curves were developed for the dynamic moduli over several decades of

reduced frequency by the application of time-temperature superposition.  These master

curves were used in order to characterize the response of the material.  Two

mathematical models were proposed to discuss the frequency dependence of the

response and presented in earlier studies (Gahvari, 1995; Gahvari and Al-Qadi, 1996).

Using the collected isothermal data, time superposition has been employed to

reconstruct the dynamic master curves of all 21 polymer-binder blends (using seven

polymers, each at three levels of concentration).  The shifted moduli data was used to

derive model constants by use of nonlinear regression analysis.

Statistical analysis was performed comparing experimental data against data

generated by the suggested model to determine its’ level of accuracy.  In addition, the
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model accuracy was compared to that of the previous model developed during the

original Virginia Tech Experiment.

This thesis contains Five chapters.  Chapter 2 is an overview of binder types,

rheological properties, polymeric modifiers, linear viscoelastic theory, time-temperature

superposition, and current research on the modeling of straight and modified binders.

Chapter 3 presents the research program including the materials and specimen

preparation, data collection and previous analyses. Chapter 4 describes the model

development, where a new statistical model is introduced to describe the frequency

dependency of the loss shear modulus and the evaluation and validation of the suggested

model.  Chapter 5 presents the summary, findings and conclusions, as well as

recommendations for future research.
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Chapter 2.   Literature Review

2.1 Introduction

Asphalt binder is one of the oldest engineering materials used by man.  The

waterproofing and adhesive qualities of asphalt make it suitable for use as roofing and

paving materials.  The first use of asphalt as a paving material occurred during the

1800’s.  Hot-mix asphalt (HMA) is a composite mixture consisting of a number of

interfaces and phases, and is used to construct flexible pavements.  Asphalt binder is a

viscoelastic material; therefore, at high temperatures it behaves like a viscous fluid and at

low temperature it behaves like an elastic solid.  Therefore, behavior of HMA is highly

dependent on the binder properties as temperature and rate of loading are varied.

Modifiers, such as polymers, are added to asphalt binder to enhance its properties.

The result of this modification increases the complexity of the material structure.  Since

the binder plays such an important role in the behavior of HMA, it is imperative to

understand the behavior of asphalt binder, its components and their interaction.  This

chapter provides an overview of the nature of asphalt binder, the tests used to

characterize it, types of polymers used in asphalt binder, asphalt-polymer interaction,

linear viscoelastic theory, and current research on straight and polymer-modified binder

characterization.

2.2 Asphalt Cement Types and Properties

The composition of asphalt binder is very diverse.  It is composed of nonpolar

saturated hydrocarbons and polar aromatic molecules (heteroatoms).  Small amounts of

heavy metals are also found in asphalt binder (Table 2-1)



7

Table 2-1.  Elemental Analyses of Representative Petroleum Binders (After
Roberts, et al., 1996).

Composition (%)

Element Mexican Arkansas-Louisiana Boscan California

Carbon 83.77 85.78 82.90 86.77

Hydrogen 9.91 10.19 10.45 10.93

Nitrogen 0.28 0.26 0.78 1.10

Sulfur 5.25 3.41 5.43 0.99

Oxygen 0.77 0.36 0.29 0.20

Vanadium (ppm) 180 7 1380 4

Nickel (ppm) 22 0.4 109 6

The chemical composition and binder morphology influence the rheological properties

of asphalt binder, which in turn affects the pavement performance.  The current asphalt

morphological model divides the many different asphalt molecules into two classes: polar

and non-polar.  The polar molecules associate through hydrogen bonding, forming a

weak network within the non-polar medium.  The weak network of hydrogen bonds

dissociate under increased heat or loading.  The non-polar molecules act as the matrix for

the polar network and predominately affect the low temperature stiffness (Mckay et al.,

1995).

Three integrated phases or fractions are used in order to characterize asphalt: (1)

asphaltenes; (2) resins; and (3) oils.  Asphaltenes, the primary component of asphalt, are

multi-ring, polar, aromatic compounds that give asphalt its structure.  They are

surrounded by moderately polar aromatic molecules and dispersed in the continuous non-



8

polar oily phase.  Resins are intermediate molecular weight materials that contain more

side chains than asphaltenes.  They are semi-solid fractions that act as peptizing agents,

which keep the asphaltene molecules from coagulation (Kerbs and Walker, 1971).  Oils

yield asphaltene and resin molecules upon oxidation.  They are soluble in most solvents

and have both paraffinic and naphthenic structures.

Figure 2-1.   Current morphological model for asphalt binder.

The physical properties of asphalt binder are a function of the relative proportion of the

integrated fractions: asphaltenes, resins and oils.  Newtonian behavior is generally

exhibited by binders containing a high degree of peptized asphaltenes, while binders with

low dispersed asphaltenes exhibit non-Newtonian flow.  Figure 2-1 depicts the current

morphological model used for asphalt binder.  Other morphological models exist but

Figure 2-1 is the most widely accepted.

2.3 Binder Tests and Evaluation

Traditionally, a variety of test methods have been used to characterize the

consistency, aging, and physical properties of asphalt binder.  The penetration and

viscosity tests are used to characterize temperature susceptibility.  Asphalt binder

specifications were developed around these physical tests.  These tests are empirical in

(a): High temperature                                  (b) Low

Asphalttene

Maltene
liquid
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nature, which place certain limitations on the results that they provide.  Pavement

performance experience is required before the test results yield meaningful information.

The relationships between the test results and the performance may not be accurate

because the tests do not take into account the mechanistic properties i.e. stresses and

strains.

In recent years, it became apparent that new test methods were needed, both for use

in specifications and in developing correlation between physical and chemical properties

for binder characterization.  Fundamental material properties expressed in engineering

units are needed in order to accurately develop relationships between the properties of

asphalt binder and HMA.  These fundamentally sound relationships are used to develop

models that relate binder properties to mixture properties and finally to pavement

performance.  The Strategic Highway Research Program (SHRP) proposed a new

system for binder specification.  These new binder specification tests are performance

based, expected to be better correlated to field results, and take into account both

rheological and mechanistic failure modes.  The following section summarizes the

conventional consistency tests for asphalt binder and Superpave Binder Specification

tests.

2.3.1 Consistency Tests

Consistency describes the degree of fluidity of asphalt binder at any given test

temperature.  Since asphalt binder is a viscoelastic material, its consistency varies with

temperature.  It is essential to measure the consistency of different binders at the same

temperature and loading rate if comparisons between binders are to be made.

 Penetration Test

The penetration test is an empirical measure of the consistency of an asphalt binder

and is measured in accordance with ASTM D 5 (Annual Book of ASTM Standards, 1996).

The test is performed by measuring how far a stainless steel needle penetrates a

specimen of asphalt binder when loaded with 100 g for 5 s at a temperature of 25°C
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(77°F) (Annual Book of ASTM Standards, 1996).  The farther the needle penetrates the

“softer” the binder.  For binders used in the United States, the typical penetration number

range is 60-100, which represents a penetration range of 15- 25 mm (0.6 – 1 in).

 Viscosity Tests

Absolute viscosity is measured in accordance with ASTM D 2171 (Annual Book of

ASTM Standards, 1996) using a U-shaped capillary tube viscometer.  An asphalt binder

sample is heated to temperature of 60°C and is poured into the viscometer.  Under the

action of a vacuum the binder rises (flows) and passes through timing marks.  The

measured time of flow between two successive timing marks on the capillary tube is

multiplied by the calibration factor (provided by the manufacturer) of the viscometer.  The

result of this test yields the viscosity of the binder in units of poise.  Paving grade asphalts

are classified into six groups based on the viscosity grading system: AC-2.5, AC-5, AC-

10, AC-20, AC-30 and AC-40.  The digital number represents the viscosity of the binder in

100 poise.

The kinematic viscosity is performed at 135°C.  It is measured in accordance with

ASTM D 2170 (Annual Book of ASTM Standards, 1996) using a cross-armed viscometer.

Here the binder flows under the force of gravity rather than vacuum application.  The

procedure is similar to the absolute viscosity test and results are usually defined in units

of centistokes.

These tests do not provide information about binder properties over the entire range of

typical in-place pavement temperatures.  The standard test temperatures of 60°C and

135°C may provide information about the higher temperature viscous behavior.  However,

the binder behavior at low temperatures cannot be realistically determined from data

obtained from the viscosity tests.
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2.3.2 SuperPaveTM Tests

 Rotational Viscometer

This test method is used in order to determine the viscosity of asphalt binder at high

temperatures, usually above 100°C.  This information is needed to determine the

pumping and mixing temperatures.  This test method is performed in accordance to

AASHTO TP 48.  The rotational viscosity is determined by measuring the torque required

to maintain a constant rotational speed (20 RPM) of a special spindle in an asphalt binder

sample at a constant temperature.  The SuperPaveTM binder specifications limit the

viscosity to 3 Pa⋅s at 135°C.

 Dynamic Shear Rheometer (DSR)

The Dynamic Shear Rheometer (DSR) is used to measure rheological properties,

such as the linear viscoelastic moduli of binders at intermediate to upper service

temperatures.   The DSR is used for specification purposes to measure the complex

modulus and the phase angle of asphalt binders at a frequency of 10 rad/s, where the

complex modulus is approximately 10 Mpa or greater.  The DSR can be used to

determine the time (frequency) dependency of the modulus.  In order to construct

thermorheologically simple linear viscoelastic master curves, time-temperature

superposition can be applied to data obtained from the DSR.

Figure 2-2 illustrates the testing setup for the DSR.  In general, the asphalt binder

sample is placed between two plates; the bottom plate being fixed, while the upper plate

oscillates.  The centerline of the plate, point A, moves to point B as the plate oscillates.

The centerline then passes through point A and moves to point C, after which the

centerline returns to point A.  This test is performed on both aged and unaged binder

specimen.
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Figure 2-2.  Testing setup for DSR.

 Bending Beam Rheometer (BBR)

The Bending Beam Rheometer (BBR) test the properties of asphalt binders at low

service temperatures (below 5°C) to determine its’ susceptibility to thermal cracking.  The

testing procedure is given by AASHTO TP1.  The BBR measures stiffness using a

transient creep load, applied in bending mode, to load a beam specimen constructed with

asphalt binder held at a constant low temperature.

 Rolling Thin Film Oven (RTFO)

The Rolling Thin Film Oven (RTFO) test simulates the short term aging of asphalt

binder, which usually takes place in the mixing plant and during hauling and construction

of HMA.  This test is performed in accordance to ASTM D2872 (Annual Book of ASTM

Standards, 1996).  A certain amount of asphalt is poured into a bottle and placed on a

rotating rack inside an oven maintaining a temperature of 163°C.  The rack rotates while

a hot air jet with a specified discharge is blown into the sample.   This test takes

approximately 75 to 85 minutes.

Applied Stress or
Strain

Oscillating
Plate

Asphalt

Fixed Plate
A

C
B

Position of Oscillating
Plate

A A

A

C

B

1 Cycle
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 Pressure Aging Vessel (PAV)

The Pressure Aging Vessel (PAV) test exposes the binder to high pressure and

temperatures to simulate the effects of long term aging.  The pressure vessel is designed

to operate under a pressure of 2070 kPa and temperature conditions ranging from 90° –

110°C.  The sample rack is placed in a preheated unpressurized PAV.  When the vessel

temperature is within 2°C of the desired temperature, the pressure is applied and the

timing for the aging process begins.  After 20 hours, the pressure is gradually removed.

This test is performed on binder that has been aged using the RTFO method.

2.4 Polymers

Polymers are large molecules constructed from a number of smaller structural units

called monomers.  These monomers are covalently bonded in any conceivable pattern.

Monomers have two or more bonding sites, through which they can be linked to another

monomers to form a polymer chain.  Homopolymers (or simply polymers) occur when

only one species of monomer is used to construct a macromolecule.  If the

macromolecule consists of two types of monomer units, it is referred to as a copolymer.

Polymers can be grouped into three major categories: plastics, fibres and elastomers.

There is no defining line that separates polymer groups.  One method of defining a

member of these categories is to observe the load-deformation behavior.  Fibres and rigid

plastics are resistant to deformation and are characterized by a high modulus and low

percentage elongation.  Elastomers exhibit behavior similar to that of a rubber band, i.e.,

increasing tensile strength with increased elongation and the ability to recover to the initial

state after removal of the load (King and King, 1986).

As it pertains to asphalt binders, the major elastomeric modifiers include styrene-

butadiene-styrene (SBS), styrene-isoprene-styrene (SIS), styrene-ethylene/butadiene-

styrene (SEBS), and styrene-butadiene rubber.  The plastomeric modifiers are ethylene-

vinyl-acetate (EVA), polyvinylchloride (PVC), and polyethylene/polypropylene.  As
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compared to plastomeric modifiers, elastomeric modifiers are more commonly used in the

modification of asphalt binder.

The thermoplastic elastomeric modifiers used in this study mainly consisted of random

copolymers and block copolymers.  The following section discusses their mechanical

properties and molecular structure.

2.4.1 Random Copolymers

Random copolymers are synthesized by statistical placement of monomer units along

a polymer chain backbone (Nosky and McGrath, 1977).  They are homogeneous systems

that exhibit characteristics between the two extremes of the reacting monomers.  Unlike

block copolymers, random copolymers do not form polymer networks and have a single-

phase morphology.  Styrene-butadiene rubber (SBR) is an example of a random

copolymer.

2.4.2 Thermoplastic Block Copolymers

Thermoplastic block copolymers are formed through the process of reacting

monomers together.  The three general structures for block copolymers are tri-block

linear, radial (or branched) systems and linear diblock structures.  Tri-block linear

structures are denoted as A-B-A, where A is a thermoplastic end-block, such as

polystyrene and B is a rubbery mid-block, such as polybutadiene or polyisoprene.

Styrene-butadiene-styrene (SBS) and styrene-isoprene-styrene (SIS) are examples of tri-

block copolymers.  Styrene-ethylene/butadiene-styrene and styrene-ethylene/propylene-

styrene are formed by hydrogenation of the rubbery mid-block, therefore creating another

version of these copolymers.  This structure represents a two-phase system in which the

rubbery mid-block forms a continuous phase of three-dimensional elastomeric network

containing the dispersed end-block phase (Holden et al., 1969).  Radial (or branched)

systems are of the (A-B)n type.  Examples of this system include (SB)n and (SI)n.  Diblock

linear structures are depicted by A-B; examples include SB, SEP, and SEB.
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Block copolymers can be synthesized in three ways: (1) ionic initiators, where an

active site is kept alive on the end of the initial block, which is then capable of initiating

chain growth of the second monomer on the end of the first chain; (2) coupling of different

blocks with functional terminal units, either directly or through a reaction involving a small

intermediate molecule; and (3) bifunctional radial initiators, where a second potential

active site is incorporated at the one end of the first chain grown, which can initiate at a

later stage a new chain from the macro-radial produced (Cowie, 1991).

Inherent thermodynamic incompatibilities exist in thermoplastic copolymers between

the end block and the rubbery mid-block.  End-blocks, such as polystyrene, act as

physical cross-links connected by rubbery springs forming a three dimensional rubbery

system at temperatures below Tg, the glass transition temperature.  At temperatures

above Tg, the cross-linked network becomes less rigid and softens in the presence of

shear.  It is at this stage that polymers can be incorporated into asphalt.  This process is

reversed upon cooling therefore the rigid domains and the network reform and imparts

elasticity and tensile strength to the polymer-asphalt blend.

2.5 Polymerized Asphalt

For a polymer to be effective in HMA, it should blend with the binder and improve its

resistance to vehicular and environmental loading.  There is a complex relationship

between the chemical composition and morphology of an asphalt binder and its physical

and rheological properties.  Critical to the process of polymer modification of asphalt

binder is the compatibility of the system.  In modifying asphalt binder with polymeric

materials, a change in its chemical composition and structure occurs, which in turn affects

its properties.  The polymer modification or blending process of asphalt binder may result

in one of three type mixtures: (1) heterogeneous; (2) totally homogenous; and (3) micro-

heterogeneous.  A heterogeneous mixture is one in which phase separation occurs,

meaning that the binder and polymer are incompatible.  In a totally homogeneous mixture

the polymer is completely soluble in the oils of the binder, which inhibits any

intermolecular interactions.  This creates a stable binder, while only slightly improving the
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binder properties.  A micro-heterogeneous mixture is made up of two distinct finely

interlocked phases.  In this system, the polymer swells, absorbing some of the

nonasphatlene fraction of the binder forming a network composed of both a polymer and

binder phase (Brule, 1997).

In binders containing SBS and SEBS, a polymeric network is formed which leads to

the enhanced performance of the binder, especially at elevated temperatures.  The

modulus has been found to be temperature independent at higher temperatures;

consequently the material exhibits more elastic behavior at higher temperatures (Bouldin

and Collins, 1992).

Block copolymers have been shown to form a continuous network within asphalt

binder at polymer concentrations as low as five percent by weight.  Polymer modification

reduces the effects of oxidative aging.  This may be caused by molecules in the binder,

that are chemically active and bound to oxidize, to undergo micro-structural interactions

with the modifier and prevent the molecules from picking up an oxygen molecule

(Srivastave, et al., 1992).

2.6 Linear Viscoelastic Theory

The response of viscoelastic materials is intermediate between the behavior of an

elastic solid and a viscous fluid.  In an elastic material, the strain response to an arbitrary

stress is not time dependent.  When loaded in creep, this material deforms immediately to

a constant strain.  When the load is removed, the material instantaneously returns to its

initial shape.  Under the application of a load, viscous materials deform at a constant rate,

continuing until the load is removed.  Unlike elastic materials, there is no recovery of

deformation, i.e. it does not return to its initial state.

The behavior of viscoelastic materials is time dependent and includes both elastic and

viscous components.  When loaded, viscoelastic materials do undergo some immediate

deformation, which corresponds to the elastic component of response.  This deformation
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is followed by a gradual time dependent deformation that can be divided into two

components, delayed elastic and viscous.  When the load is removed, the delayed elastic

deformation is recovered.  This recovery does not occur instantaneously as seen in a

purely elastic response.  As stated earlier, there is no recovery of this deformation.

2.6.1 Dynamic Response

Dynamic mechanical analysis is one of the best tools used to characterize viscoelastic

material.  These tests are performed in either stress or strain controlled modes.  In the

stress controlled mode, a sinusoidal stress is applied to the sample and the resulting

strain is monitored as a function of frequency.   In the strain controlled mode, a sinusoidal

strain is applied and the stress is monitored with respect to time.

Considering the strain controlled mode, the applied strain is defined as the real part of

a complex strain,

ε* = $ε eiωt = $ε (cos ωt + i sin ωt) (2.1)

ε(t) = $ε cos ωt (2.2)

where,

ε* = complex strain,

ε(t) = applied strain,

$ε  = applied strain amplitude,

t = time, s, and

ω = frequency, rad/s

The stress output can also be considered as the real part of a complex stress:
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σ* = $σ ei(ωt +δ) = $σ [cos(ωt + δ) + i sin(ωt + δ)] (2.3)

σ(t) = $σ  cos(ωt + δ) (2.4)

where,

σ* = complex stress,

σ(t) = stress output, Pa,

σ̂ = stress output amplitude, Pa,

δ = phase angle, rad.

In an elastic material, the applied strain and resulting stress are always in phase,

therefore, δ = 0 rad.  In a viscous material, the strain lags behind stress by π/2 rad  (δ =

π/2 rad).  For a viscoelastic material the phase angle, δ, is always between 0 and π/2.

The dynamic complex modulus can be defined as the ratio of complex stress to complex

strain: 

E* (iω) = σ*/ε* = 
$

$

σ
ε

δei (2.5)

The dynamic complex modulus can be resolved into two components:

E* (iω)=  E’ (ω)+ iE”(ω) (2.6)

where,

E’ (ω) = dynamic storage modulus, Pa,

E”(ω)= dynamic loss modulus, Pa.
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The “in phase” and “out of phase” components of the complex modulus are represented

by E’ (ω) and E”(ω), respectively.  Furthermore, the absolute value of the complex

modulus can be computed as

E* (iω)= [ ] [ ]′ + ′′ =E E( ) ( )
$

$
ω ω

σ
ε

2 2
(2.7)

Through simple mathematical manipulation the following relationships exist:

E’ = E*cos δ (2.8)

E” = E*sin δ (2.9)

tan δ = E’’/E’ (2.10)

where tan δ is called the loss tangent and is a measure of relative energy dissipation.

In shear mode, dynamic mechanical analysis yield moduli values represented by G*,

G’ and G’’, which correspond to complex, storage and loss dynamic shear moduli.  Figure

2-3 shows the schematic of a typical dynamic mechanical analysis along with the related

equations.

Figure 2-3 shows, that at high frequencies (short loading times) the storage modulus

is the major contributing component to the complex modulus.  At low frequencies

(corresponding to high temperatures), the complex modulus is approximately equal to the

loss modulus ( |G*| ≅ G’’).  Here it is observed that the slope of the complex modulus curve

approaches unity and viscous behavior is exhibited by the binder.
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γ γ ω( ) $ c o st t=
$γ

$τ
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=
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γC O M P L E X   M O D U L U S  :

Figure 2-3.  Schematics of a typical dynamic mechanical analysis in shear mode.

Dynamic mechanical analysis provides insight into the behavior of viscoelastic

materials.  The elastic and viscous components of response reflect the material’s

behavioral variations.  These variations are due to changes in the material’s

microstructure, temperature or frequency.  Dynamic moduli master curves are

constructed in order to view the response of the material over a broad range of

frequencies or temperatures.  The construction of these curves is contingent upon the

applicability of the principle of time-temperature superposition.  The next section

describes time-temperature superposition, as it pertains to the construction of master

curves.

2.7 Time-Temperature Superposition

The modulus of a viscoelastic material is both time (frequency) and temperature

dependent.  In viscoelastic experiments, moduli can be measured as a function of

temperature with constant time (frequency).  The complete modulus-temperature

behavior extends over several decades of frequency.  It is not practical to perform
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dynamic mechanical test over wide ranges of frequency.  Through time-temperature

superposition the frequency scale can be extended to encompass the entire modulus-

temperature behavior for a viscoelastic measurement performed over a limited frequency

range.

Leaderman (1943) observed that the viscoelastic response curves, for a wide variety

of amorphous polymers obtained at different temperatures, were identical in shape and

differed only in their location along the frequency (time) axis.  Tobolosky and Eyring

(1943) made similar observations leading to the introduction of the time-temperature

superposition principle (Andrews et al., 1948; Tobolosky, 1956).  According to this

principle, viscoelastic data at any temperature can be translated to another temperature

by a simple multiplicative transformation of the time scale or an additive factor to the log

time-scale.

Time-temperature superposition is applicable to thermorheologically simple materials

(Schwarzl and Staverman, 1952).  Thermorheologically simple materials are a special

class of viscoelastic materials whose temperature dependence of mechanical properties

is particularly responsive to analytical description (Haddad, 1995).  These materials,

which include a number of non-crystalline homopolymers and homogeneous copolymers,

generally make up the simplest and most realistic viscoelastic constitutive equation for

which response under constant temperature is used to predict the response under

transient temperatures.  Although asphalt binder is complex in nature, it has been found

to exhibit the behavior of a thermorheologically simple material (Brodnyan et al., 1960;

Wada and Hirose, 1960; Dickenson and Witt, 1974).

In a thermorheologically simple material, a change in temperature results in a change

in the rate of molecular motion.  The sequence of molecular events is unchanged.  The

rate of molecular motion, as well as the sequence of molecular processes, is affected by

changes in temperature for a thermorheologically complex material.  For

thermorheologically simple materials the relaxation times are assumed to be equally
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effected by changes in temperature (Schwarzl and Stavemen, 1952).  This assumption is

the underlying principle behind time-temperature superposition.

In thermorheologically complex materials the mechanical response curves cannot be

superimposed to form a master curve by a simple transition along the frequency axis.

The shift factor for this class of material is a function of both temperature and frequency

(Fesko and Tschoegl, 1971).   Superposition may be applied to these types of materials

but only by a point by point basis.

Mathematically time-temperature superposition principle may be expressed as follows

(Aklonis and MacKnight, 1983):

F(T1, ω) = F(T2, ω/aT) (2.11)

where,

F(T1, ω) =  value of a viscoelastic function at temperature T1 and frequency ω,

F(T2, ω/aT)  =  value of viscoelastic function at temperature T2 and frequency ω/aT,

aT  =  horizontal shift factor (which is a function of T1 and T2.

In order to apply time-temperature superposition, dynamic mechanical tests must be

performed at several temperatures over a limited frequency range.  The entire range of

data, for a viscoelastic function (compliance, modulus, or loss tangent) is then plotted

against frequency.  A reference temperature is selected and the remaining curves are

shifted along the frequency axis, partially overlapping, forming a continuous smooth

master curve.  The master curve extends over a wide range of frequencies.  The amount

to shift for each isothermal set of data is a measure of the temperature dependency of

response.  Figure 2-4 presents a graphical illustration of time-temperature superposition.

Three conditions must exist for time-temperature superposition to be applicable

(Ferry, 1980).   The response curves should have the same shape; shift factors for all
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viscoelastic functions should be unique; and the variations of shift factors with

temperature should follow a rational pattern.

2.8 Models Developed  For Frequency Dependence of Asphalt Binder

The use of asphalt-polymer blends has been documented as early as 1902, when a

French rubberized asphalt company laid rubberized asphalt roads (Thompson, 1979).  In

the 1930’s, a number of rubberized asphalt test roads were constructed by both the

British and French (Lewandowski, 1994).

In recent years, there has been an increased interest in the use of polymer modifiers

in flexible pavements.  During the past three decades there have been a number of

studies investigating the cost effectiveness, application, behavior and the performance of

polymer-modified asphalt binders.  Several studies have addressed the performance of

polymer modified binders and mixes under field conditions (Al Dhalaan, et al., 1992;

Collins et al., 1992; Fleckenstein et al., 1992; Little, 1992; Maccarrone et al., 1997; Oliver

et al., 1997; Ponniah et al., 1996; Seerfass et al., 1992; Stock and Arand 1992; Tayebali

et al., 1992; Thomas et al., 1996; Zhou et al.; 1994).  Research has also been done in the

area of polymer-asphalt compatibility, microstructure, and polymer-asphalt interaction

(Collins et al., 1991; King and King, 1986; Shuler et al., 1987).  Other studies have

concentrated on the effect of aging on the temperature susceptibility and rheological

behavior of modified binders (Anderson et al., 1992; Bonemazzi et al., 1996; Collins and

Bouldin, 1992; Gahvari, 1995; Gahvari and Al-Qadi, 1996; Huang et al., 1996; Oliver et

al., 1997; Srivastava et al., 1992).

Many of the aforementioned studies used dynamic mechanical analysis in the

characterization of polymer-modified binders.  Characterizing the viscoelastic behavior of

asphalt binder requires obtaining the response of the material over a wide range of

temperatures and frequencies (loading time).
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Figure 2-4.  Graphical presentation of time-temperature superposition (data from Virginia Tech 1994 experiment,
with reference temperature 25°C).
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Several researchers have produced models that mathematically describe the temperature

and the time dependency of straight asphalt binders (Jongepier and Kuilman, 1969;

Dobson, 1969; Dickinson and Witt, 1974; Christensen and Anderson, 1992).  These

models are not adequate in predicting the linear viscoelastic response of polymer

modified binders.  Until recently, no effort had been made to reduce the dynamic

mechanical data on a wide variety of modified binders into the framework of mathematical

models.

Anderson et al. (1992) studied rheological properties of asphalt emulsions modified

with SBS, SBR, and neoprene.  Master curves were constructed from dynamic

mechanical tests performed at temperatures ranging from –35 to 60 ° C.  Anderson

concluded that the addition of polymer extends the relaxation process to longer times.  In

order to form smooth continuous curves of viscoelastic functions, both horizontal and

vertical shift factors were used.  The significance of the vertical shift factors is not certain.

Moreover, no quantitative measure of shift in the relaxation spectra was established.  The

Williams Landel Ferry (WLF) equation (Williams et al., 1955) and the Arrhenius function

was used in order to describe the temperature dependency above and below the Tg,

respectively.

Stock and Arrand (1993) investigated the rheological properties of six different

polymer modified binders.  Plastomeric and elastomeric modifiers were used in their

study.    Dynamic mechanical tests were performed on the modified binders over a limited

range of frequencies (0.1 to 10 Hz) and temperatures (40 to –10 ° C).  The model

proposed by Dobson (1969) was used to describe the frequency dependency of the

response.

As stated earlier, there has been very little effort to reduce the dynamic mechanical

data on a wide range of modified binders into the framework of mathematical models.

Two researchers have produced models that can, with some degree of accuracy, predict

the dynamic response of polymer modified binders (Gahvari, 1995, Stastna et al., 1996,

Marasteanu Anderson, 1999).
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Gahvari and Al-Qadi (1996) conducted dynamic mechanical analysis on 21 asphalt-

polymer blends at frequencies between 0.06 to 188.5 rad/s temperatures ranging from 5°

to 75° C.  The mixes were prepared using one viscosity graded asphalt binder and seven

different polymer modifiers.  Each polymeric additive was blended with asphalt binder at

three different concentration levels.  The modifiers were thermoplastic block copolymers

and random copolymers.  The effect of short term aging on rheological properties of the

modified blends was also investigated.  Master curves were developed for the dynamic

moduli over several decades of reduced frequency.  Two mathematical models, for G’

and G” respectively, were proposed to discuss the frequency dependence of the

response.  The WLF equation was found to adequately describe the temperature

dependency of all modified binders used in that study.

Stastna et al. (1996) performed dynamic mechanical analysis on five asphalt-polymer

blends.  The five modified binders were divided into two groups.  Group 1 used a SBS

modifying agent and Group 2 contains binder that was modified with PE and EVA.

A fractional model of complex modulus, based on the general principles for a linear

response function, is used to depict the frequency dependency of the response.  The

model considers the polar form of G*, G* = |G*| exp (iδ).  The values |G*| are slightly

underestimated in the region of the Tg.

Marasteneanu and Anderson (1999) proposed a modified version of the model

developed by Christensen and Anderson.  Testing was performed on 38 plain and

modified binders.  As compared to the original Christensen and Anderson model, the

degree of precision was found to be greater.

A brief description of previous models used to describe the dynamic response of both

modified and unmodified binders is presented in the remaining part this section.
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2.8.1 Jongepier and Kuilman’s Model

Jongepier and Kuilman (1969) derived models for various rheological functions based

on the assumption that the relaxation spectra is approximately log normal in shape.  This

model is expressed mathematically using a relatively complex set of mathematical

equations.  The relaxation spectrum is given by:

H
Gg m( ) exp

ln /
τ

β π
τ τ
β= −









2

(2.12)

where,

β  = width of the distribution function,

τ    = relaxation time, s,

τm  = time constant, s, defined by 
η β

0 4

2

G
e

g

−
,

η0  = Newtonian viscosity, Pa⋅s,

Gg  = Glassy modulus, Pa.

The glassy modulus, Gg , is defined as the limiting value of storage modulus at

extremely high frequencies and is expressed by:

G H dg =
−∞

+∞

∫ ( ) ln .τ τ  (2.13)

In order to mathematically describe the loss and storage modulus, the following

transformations were applied:

u = lnωτ , and x r=
2

2β
ωln  (2.14)
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where,

ωr  is a dimensionless reduced frequency defined by

ω
ωη

r
gG

= 0 (2.15)

The mathematical expressions for storage and loss moduli are given as:
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Jongepier and Kuilman (1969) developed a set of master curves for complex modulus

and phase angle for a wide variety of asphalt binders by integrating the above equations

2.16 and 2.17 for a range of β values.  The authors concluded that the variations in the

relaxation spectra resulted from changes in the width parameter β.  Comparisons were

made between experimental data and data generated by the model.  It was discovered

that the accuracy of the model for binders with small β was greater than that of binders

with large β values.  It was reported that the response of binders with larger β values is

less frequency dependent.

The WLF equation (Williams et al., 1955) was used in order to describe the

temperature dependency of the response:
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where,

a T   = shift factor,

TR   = reference temperature, °K or °C,

C1 and C2 = experimental constants.

Jongepier and Kuilman stated that in order for the interpretation of constants C1 and

C2 to be meaningful, TR should be selected to have a physical significance.  However,

through dylatometric glass transition temperature (Tg) measurements, they realized that

use of Tg as the reference temperature does not result in a universal set of constants in

the WLF equation.  The authors concluded that the glass transition temperature is not an

appropriate parameter to describe the temperature dependence of asphalt cement.

Defining TR as an equi-viscous temperature (a temperature at which asphalts have a

certain viscosity), resulted in varying sets of C1 and C2 constants for different asphalt

types.

Although this model is theoretically sound, it is not suitable for practical use, because

of the mathematical complexity of the equations developed for frequency dependence.

2.8.2 Dobson’s Model

Dobson (1969) developed a model for frequency dependence of asphalt binders

based on describing the complex modulus and loss tangent master curves as a function

of frequency.  The proposed model by Dobson relating complex modulus and reduced

frequency is given by:
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b = a parameter describing the width of relaxation spectrum.

The other parameters were previously defined.  Although b is defined as the width

parameter for relaxation spectrum, no further explanation has been made on it and it is

not clear what type of distribution function it refers to.  The author states that b can be

looked upon as a shear susceptibility parameter and is related to the penetration index.

Dobson also used the WLF equation to describe the temperature dependency of the

response of asphalt binders.  He found that for T – TR  > -20, the WLF, with universal

constants, can be used to fit the shift factor data.  This agreed with the previous findings

by Brodnyan (1960).  At lower temperatures, it was found that the WLF equation

overestimates the shift factors.  Therefore, Dobson’s version of the WLF equation

consists of two pairs of constants for temperatures below and above the reference

temperature:
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Dobson did not specify a certain reference temperature, but like Jongepier and Kuilman

stated that TR should be an equi-viscous temperature for asphalts.

2.8.3 Dickenson and Witt’s Model

Dickinson and Witt (1974) developed analytical expressions for the complex modulus

and phase angle in terms of frequency.  These expressions were derived from dynamic

mechanical data from 14 different asphalt binders.  The master curves for complex

modulus and phase angle were treated mathematically as hyperbolas.  The equation

presented for complex modulus is given by:

[ ])2()(loglog
2

1
log 2 βωω +−= rrrG , (2.24)

Gr r and ω  have been previously defined.  This equation represents one arm of a

hyperbola whose asymptotes, log Gr = log ωr and log Gr = 0.  The values of the

asymptotes indicate the viscous and elastic extremes of response, respectively.  The

parameter β corresponds to shear susceptibility and is equal to the distance between the

origin of hyperbola and the master curve on the logGr  scale.

The mathematical expression for phase angle is:
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where, δ’ is a very small angle (less than 3°), which is assigned to the glassy modulus.

Based on these two equations, Dickinson and Witt computed the values of storage

and loss moduli and developed the relaxation spectra.  They observed that the spectra

were not symmetrical with respect to the maximum value; concluding that the spectra

were not consistent with  Jongepier and Kuilman’s assumption of log normal distribution

for relaxation times.

Dickinson and Witt used the Dobson’s version of WLF equation to describe the

temperature dependency of their experimental data.  Based on the two sets of constants

proposed by Dobson, they evaluated the reference temperature for the range of studied

asphalts.

2.8.4 Christensen and Anderson’s Model

Christensen and Anderson (1992) developed several master curves of complex

modulus and loss tangent for eight SHRP core asphalts.  The frequency dependence of

the response was describe by a mathematical model based on a modified logistic

distribution function for the resulting relaxation spectra.  Complex modulus and phase

angle in terms of frequency were described by the following:
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where,

ωc = crossover frequency, rad/s,

R = rheological index defined by log
( )*

G
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ω ω
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. (2.28)

The remaining parameters are as previously defined.  In this model, parameters ωc and R

have considerable physical significance.  The rheological index, R, is a shape parameter

for the master curve and represents the width of relaxation spectrum.  Asphalts

characterized by larger R values exhibit wider relaxation spectrum.  The crossover

frequency, ωc, represents the frequency at which δ = 45°.  Several empirical observations

have confirmed that the crossover frequency usually coincides with the intersection of

glassy and viscous asymptotes of the complex modulus master curve.  Therefore, it can

be regarded as a location parameter on the master curve.

Through comparison between the experimental data and data generated by the

model, Christensen and Anderson observed some discrepancies for moduli below

approximately 105 Pa.   Moduli values below this range represent higher temperatures or

loading times.  Therefore, use of the Christensen and Anderson model is strictly suitable

for characterizing the response of asphalt binders from low to intermediate temperatures.

To describe the temperature dependency of shift factors, both the WLF and the

Arrhenius function were used.  At temperatures lower than a certain limit (designated by a

defining temperature), an Arrhenius function, defined by the following equation, was used

to characterize the temperature dependency of asphalt:
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where,

Ha  = activation energy for flow below Td , J/mol,

R = ideal gas constant, 8.304 J/mol.°K,

Td  = defining temperature, °K or °C.

At temperatures above Td , the WLF equation yielded reasonable values for shift factors.

A strong correlation between Td and Tg was suggested, however, no explicit relationship

between the two was ever established.

2.8.5 Gahvari’s Model

Gahvari performed dynamic mechanical analysis on 21 asphalt-polymer blends.  A

dynamic shear rheometer was used to test original asphalt-polymer blends as well as

their RTFO residue.  Models for storage and loss modulus were developed in order to

discuss the frequency dependence of response.  The model for storage modulus is given

by:

]1[log’log )(log lp
g eGG +−−= ω (2.30)

where,

G’(ω)  = storage modulus,

Gg  = glassy modulus,

p= proportionality factor,

l = location parameter for the master curve = log 1/ωG’=1.
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Gahvari observed that the variation of the storage modulus between the two

asymptotic extremes followed an exponential pattern, which can be described by

Mitcherlich’s law of diminishing returns (1909).   This law states that the rate of increase

in value of certain functions is proportional to the difference between the maximum

asymptotic and actual values of the function.  The model proposed by Gahvari, for

storage modulus, adequately characterized the frequency dependence of the material for

moduli below 108 Pa.  Above this limiting value, this model tends to overestimate the

modulus.

The model proposed for characterizing the frequency dependence of loss modulus is

a hyperbolic equation given by:

22
max )log(log)"(log)("log ddGwG d +−−+= ωω (2.31)

where,

G”(ω) = loss modulus Pa,

ω  = reduced frequency, rad/s,

G”max  = peak value of the loss modulus, Pa,

d    = half length of the transverse axis, Pa, and

ωd  = location parameter for the master curve, rad/s = ωG”= G”max

This equation represents one arm of a rectangular hyperbola centered at (logωd,

logG”max+d) on the logω - logG’’ coordinate system.  At low frequencies, the hyperbola

approaches an asymptote whose equation is given by:

logG’’(ω)=(logω - logωd) + (logG’’max + d) (2.32)
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This equation represents the viscous asymptote of response, and is given by a line with a

slope of unity on the same coordinate system.  It was observed that the value of ωd varied

with polymer type.  Higher ωd values were observed for binders modified with block

copolymers as compared to those modified with SBR.  It was also found that ωd increased

with increasing polymer content.  However, with constant polymer content, aging

treatment caused the value of ωd to shift backward.

The parameter d, defined as a shape factor, is similar to the constant β in Dickinson

and Witt’s Model.  With equal polymer concentration levels, the asphalt-polymer blends

containing block copolymers exhibited considerably higher d values than those modified

with random copolymers.  Short term aging of the binder resulted in a significant increase

in the value of d.

G’’max, the peak value of loss modulus, was found to be a characteristic of the base

asphalt.    This parameter was not appreciably influenced by the addition of polymer or

aging treatment.  The value of G’’max was measured to be approximately 107.5 Pa.

The model for frequency dependence of the loss modulus fit the experimental data

over the entire range of reduced frequencies.  However, there was no experimental data

available to demonstrate the behavior of the model above ωd.  The proposed model is

hyperbolic and is symmetric to the line logω = logωd.  The shape of the loss modulus

master curve is not symmetrical in shape with respect to the peak point; therefore, the

use of this model is restricted to the specified range of moduli values less than or equal to

107.5 Pa.

The temperature dependency of the shift factors was found to follow the WLF

equation with universal constants.
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2.8.6 Stastna’s Model

Stastna, et al. (1996) proposed a simple model of the complex modulus and phase

angle based on a generalization of the Maxwell model.  Dynamic mechanical analysis

was performed on five modified and some 19 different unmodified asphalt binders.   The

proposed equation for complex modulus is given by:
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where,

m < n, µk > 0, λk > 0, η0 > 0;

µk and λk represent relaxation times; and

η0 represents the zero-shear viscosity.

Equations (2.33) and (2.34) were able to model the response of polymer modified

asphalts with a limited number of parameters (between 10 to 15).  Each parameter is

binder specific and must be determined through regression analysis and experimental

data.  When applied to a typical experimental data set, the model lacks statistical vitality,

because the number of unknown parameters approaches the degrees of freedom in the

data (Marasteanu and Anderson, 1999).
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2.8.7 Marasteanu and Anderson Model

Marasteanu and Anderson (1999) modified the model developed by Christensen and

Anderson (1992) in order to accomadate modified binders.  The researchers applied the

Havriliak and Negami model to the |G*|, resulting in the following equation:

w
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where,

v  = log2/R, and

ωc  = describes the slope of the phase angle curve.

This model was applied to 38 plain and modified binders, and the degree of precision of

the improved equation was found to be greater than the original model.

All of the aforementioned models were developed based on experimental dynamic

mechanical data from straight asphalt binders, with the exception of those presented by

Gahvari and Al-Qadi (1996), Stastna et al. (1996), and Marasteanu and Anderson (1999).

The frequency dependence models are successful in describing the overall shape of the

master curves but they are either mathematically complex or have some aforementioned

limitations in the range of application.
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Chapter 3.   Research Program

The experimental plan, conducted in earlier research at Virginia Tech, consisted of

the measurement of the complex moduli of 21 asphalt-polymer blends at frequencies

between 0.06 to 188.5 rad/s and temperatures ranging from 5 to 75°C.  The mixes

were prepared using a conventional AC-20 paving grade asphalt binder and seven

different elastomeric polymer modifiers.  Each polymeric additive was blended with

asphalt binder at three different concentration levels.  The modifiers used were

thermoplastic block copolymers and random copolymers, which are commonly used

in industry and represent a wide range of chemical structures, and mechanical and

physical properties.   The study also investigated the effect of short-term aging on the

rheological properties of the polymer-modified asphalt blends.

3.1 Materials and Specimen Preparation

All tested samples were prepared at the Structures and Materials Laboratory at

Virginia Tech (Gahvari, 1995).  The base asphalt was a grade AC-20 asphalt that was

supplied by Amocco Oil Company.  Table 3-1 shows the conventional test results for the

asphalt used.  Seven different elastomeric polymers were used in this study: two styrene-

butadiene-rubber (SBR) random copolymers, two styrene-butadiene-styrene (SBS) block

copolymers, two styrene-butadiene/butylene-styrene (SEBS) linear block copolymers,

and one (SB)n branched copolymer.  Typical properties for these copolymers are

presented in Tables 3-2 and 3-3.  The tables also indicate the designation adopted to

identify the copolymers during experimentation.

The two SEBS linear block copolymers were supplied by the manufacturer in the form

of a fine uniform powder, which is suitable for mixing with asphalt due to the high surface

area of particles.
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Table 3-1. AC-20 Properties.

Specimen Condition Unaged (RTFO)

Specific Gravity 1.037 (N/A)

Penetration at 25°C  (0.01 mm) 66 40

Absolute Viscosity at 60°C
(poise)

2054 4232

Kinematic Viscosity at 135°C
(cSt)

4437 (N/A)

Table 3-2.  Typical properties of the random modifiers.

Designation P C

Physical Form Emulsion Emulsion

Solid Content 68 68

Specific Gravity .95 .95

pH 10 10

Brookfield Viscosity, cps 1300 1300

Styrene Butadiene Ratio 24/76 24/76
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Table 3-3.  Typical properties of the thermoplastic block copolymer modifiers at
23oC.

 Designation S D G X N

Structure Linear
SBS

Linear SBS Linear
SEBS

Linear SEBS Radial
(SB)n

Physical Form Porous
Pellet

Porous Pellet Powder Powder Porous
Pellet

Plasticizer Oil
Content
 (%w)

0 29 0 0 0

Specific Gravity .94 .93 .91 .92 .94

Brookfield
Viscosity at 25°C

(cps)
4000 1000 1350 5370 20000

Tensile Strength,
Pa

(ASTM D 412)
31700 19000 31050 24150 27600

300% Modulus, Pa
(ASTM D 412) 2760 1720 4830 6210 5520

Elongation , %
(ASTM D 412) 880 1300 500 700 820

Styrene/Butadiene
Ratio 31/69 31/69 29/71 31/69 30/70

The linear block copolymers (SBS) and the branched copolymer (SB)n were reduced

using a laboratory granulator, because the particle size was too large to assure proper

mixing.  The grounded polymers were passed through a 1.19mm sieve to obtain a fine

and uniform mix.
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Blending was performed using a Lightnin Labmaster laboratory mixer.  All polymers

were blended with the asphalt binder at three different concentration levels.  For the

random copolymer designated as C, the concentration levels were 2, 3, and 4% by weight

of asphalt.  All other polymers were blended at 3, 4, and 5%.  Depending on the polymer

type, the mixing temperature ranged from 163° to 177°C.  With the mixer operating at a

low speed, the binder was heated to the desired temperature.  Once this temperature was

reached, the polymer was added slowly in order to avoid agglomeration of the polymeric

particles.  The main mixing cycle started at an increased speed after the addition of

polymer, and continued for a one to 10 hr period, depending on the polymer type and

content.  The beaker was then transferred to an oven maintained at 163°C and allowed to

stay for approximately one hr.  If no obvious signs of phase separation between polymer

and binder were observed, the blend was poured in several small containers.  These

containers were sealed, marked for identification, and stored at room temperature for

further testing.

Immediately after blend preparation, samples of each modified asphalt were aged in

accordance with the rolling thin film oven test (RTFOT) procedure, ASTM D 2872 (Annual

Book of Standards, 1991).  The aged samples were then transferred to smaller

containers, marked for identification, sealed, and stored at room temperature.

A four-character code was used to designate each polymer-asphalt combination.  The

first character, A, refers to the type of asphalt, Amoco AC-20.  The second character

describes the aging condition of the binder, U for unaged and R for RTFO residue.  The

polymer type and concentration percentage is given by the third and fourth characters,

respectively.  For example, a blend of unaged asphalt with 5% polymer N (radial SBn) is

designated as ARN5.

3.2 Data Collection and Analysis

The binders were tested using a Bohlin stress-controlled dynamic shear rheometer

(DSR) with parallel plate configuration.  Measurement temperatures ranged from 5° to



43

75°C with increments of 10°C.  The 8-mm plate was used for performing tests at

temperatures of 5° to 35°C, and the 25-mm plate was used for tests at 35° to 75°C.

Specimens were completely immersed in a temperature-controlled water bath with forced

circulation in order to maintain the specified constant temperature during testing.  The 25-

mm-diameter binder specimens were prefabricated using a silicon rubber mold, and the

8-mm-diameter specimens were poured directly between the two plates and trimmed to

the desired geometry.

The linear viscoelastic range was determined for each binder-polymer blend in both

aged and unaged conditions by performing stress sweeps over the entire range of

temperatures and specified frequencies.  Limiting strains were determined from the stress

sweeps and then reduced to a uniform range for all binders, which were later used as

target strains in performing frequency sweeps.  The target strains for 5, 15, 25, 35, and

45°C were 0.8, 1, 2, 3, and 6.5%, respectively.  For temperatures above 55 °C, the target

strain was was found to be 9%.  These strains are well within the linear range of response

as established by the stress sweeps, and are below the values stated by AASHTO TP5

(AASHTO Provisional Standards, 1994) for straight binders.  Frequency sweeps were

then performed on all samples over the entire range of temperatures.  Thirty-four

frequencies ranging from 0.063 to 188.5 rad/s were used.  Two replicate specimens were

tested for each binder.

3.3 Comparison of Recent and Previous Data Analysis

The experimental data for dynamic moduli functions were obtained from the original

frequency sweeps.  The principle of time-temperature superposition was found to be

applicable.  For each polymer asphalt combination, isothermal graphs of complex,

storage, and loss moduli data were plotted against frequency on a log-log scale.

Generally it is accepted to use either the loss or storage modulus in determining the

amount of translation along the frequency axis in the construction of master curves.

Figures 3-1 and 3-2 show the isothermal plots for storage and loss moduli for the sample
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designated as ARG3.  The storage modulus measurements tend to yield erroneous

readings at high temperatures (very low frequencies on the translated frequency axis).

This is expected, because at very high temperatures, the complex shear modulus is

almost entirely composed of the loss modulus.  The shapes of these curves are skewed

and are not suitable for use in developing a smooth master curve over the entire range of

frequencies.  For this research, master curves for the dynamic moduli were prepared

using the time-temperature superposition principle based on the loss modulus

measurements. Two sets of dynamic moduli master curves were constructed for each

polymer-asphalt blend using the replicate specimen data.  Figures 3-3 and 3-4 show the

dynamic loss and storage moduli, as well as the loss tangent master curve for ARG3.

The isothermal curve corresponding to 25°C was used as the reference temperature

for construction of the master curves.  All other segments were translated along the

frequency axis to obtain a smooth unique curve.  The translation was accomplished using

a spreadsheet and visual inspection of corresponding graphs to find the best possible fit.

The same shift factors derived from the loss moduli apply to the remaining viscoelastic

functions.

Dynamic loss modulus master curves, shift factor, and isothermal graphs are

presented in Appendix A.
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Figure 3-1.  Dynamic storage modulus versus frequency at eight test temperatures for ARG3.
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Figure 3-2.  Dynamic loss modulus versus frequency at eight test temperatures for ARG3.
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Figure 3-3.  Dynamic storage modulus and loss modulus master curves for ARG3 (reference temperature 25°C).
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Figure 3-4.  Loss tangent master curve for ARG3 (reference temperature 25°C).
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Chapter 4.   Model Development for Frequency Dependency of Loss

Moduli

4.1 Background

During the primary analysis of the experimental data, several Master Curves were

constructed for the purpose of developing a model to predict the frequency response of

the loss modulus.  It is previously noted that the models described in Chapter 2 for

predicting the frequency response of straight asphalt binders are not applicable to

polymer-modified binders (Gahvari, 1995).  In most cases, considerable discrepancies

were observed between the experimental results and data generated by the mathematical

models for straight binders.

Gahvari (1995) attempted to fit the complex modulus data to a number of sigmodal

functions.  The Weibull distribution function, logistic equation, Gompertz growth model,

and Mitcherlich’s equation were among the different models used for this purpose.  None

of these models were successful in predicting the response of the complex modulus.

Similar results were encountered when applying the aforementioned models to the

dynamic loss moduli data.  Figure 4-1 compares the experimental data for loss moduli

with data generated from the logistic model.  The logistic model provides a relatively good

fit for loss moduli values above 105 Pa.  Below this value, a moderately good fit is

obtained until 102 Pa is reached, at which point the model overestimates the experimental

data.  However, the Gompertz growth model was successfully used to characterize the

loss moduli data over the entire range of reduced frequencies.
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Figure 4-1.  Comparison between measured dynamic loss modulus for ARC4 and results obtained from the logistic

model.
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4.2 Gompertz Model

The Gompertz distribution function is a sigmoidal or “S-shaped” growth curve that is

widely used in biology, agriculture, and economics (Ratkowski, 1983).  It is ideal for

applications where growth is not symmetrical about the point of inflection.  Gompertz

introduced the basis for this model in 1825, and Wright (1926) used it as a growth rate

model.  Medawar (1940) derived it as a growth model for the heart of a chicken.  The

growth rate is given by:

)log(log II
G[
GI

−= αγ (γ>0, α>0) (4.1)

where,

f  =  The function in question,

      γ =  Proportionality factor, and

α =  Maximum value of the function.

The relative growth rate declines with log (size).  From the above equation, the following

expression is derived:

))](exp(exp[)( kxxf −−−= γα (4.2)

Another form of equation 4.2 is given by:

)]exp(exp[)( xxf γβα −−= (4.3)

where,

β = γk  (from equation 4.2)
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Using the log scale version of equation 4.3 to model the frequency response of the

loss modulus for modified binders, did not yield adequate results.  However, it was able to

predict the response successfully when using an extension of equation 4.3.  The model

proposed to fit the loss modulus is given by:

)]logexp(exp[)("log ωγβαδω −−+=G (4.4)

where

δ = maximum asymptotic value of logG”(ω),

β =  reparameterization variable (from Equation 4.3),

γ  =  proportionality factor, and

δ+α = minimum asymptotic value for log G”(ω).

A graphical representation of the model constants is shown in Figure 4-2.  A brief

derivation of the model’s behavior follows.

Log(y)

Max δ

Min

Log (ω)

αδ +

e
αδ +

]exp[)("log )log( ωγβαδω −−+= eG

Figure 4-2.  A graphical representation of proposed model for loss modulus.
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The maximum value of equation 4.4 occurs as log (ω) → ∞, the entire expression of (β-

γlogω) → ∞ and equation 4.4 is transformed into the following expression:

]expexp[)("log max ∞−+= αδωG (4.5)

Solving equation 4.5 yields,

δω =)("log maxG (4.6)

Similarly, the expression for the minimum asymptotic value is derived when log (ω) → -∞

αδω +=)("log minG (4.7)

The following expression given for the inflection point is derived when γlogω = β:

f = δ + α/e (4.8)

When analyzing the data presented in chapter 3, values for model parameters were

obtained by using the nonlinear regression procedure of the SAS software.  A sample

SAS input and out file can be found in appendixes B and C respectively.  A high

coefficient of determination (R2) value for model parameters was obtained in all cases.

The value of model parameters and their corresponding statistical data are presented in

Table 4-1.  Although a high R2 value is an indication of how well a model is able to fit the

original data, it does not give any indication of how well the model will perform in

predicting the values of an independent data set.  This issue is investigated in Section

4.3, using the replicate data as an independent data set.

The parameter β was higher for binders modified with block copolymers as compared to

binders modified with random copolymers.  For all samples, β increased with aging

treatment.  All polymer-modified blends, with the exception of those modified with polymer

D and G, showed decreases in the value of β with increases in polymer content.  β

behaves as a  location parameter on the y- axis, as seen in Figure 4-3.
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Table 4-1.  Estimated parameters for the current proposed loss modulus model based on Least Squares Analysis
(Gompertz Growth Model).

Binder α s(α) β S(β) δ s(δ) γ s(γ) r2 MSE DF n*

Auc2 -14.625 0.208 0.522 0.005 7.915 0.019 -0.177 0.002 0.999973 0.00064 254 256
Auc3 -14.095 0.357 0.509 0.009 7.906 0.035 -0.180 0.004 0.999911 0.00214 255 256
Auc4 -14.214 0.254 0.508 0.007 7.922 0.025 -0.178 0.003 0.999961 0.00935 255 256
Arc2 -16.202 0.353 0.664 0.007 7.904 0.022 -0.157 0.003 0.999963 0.00095 254 256
Arc3 -15.347 0.223 0.640 0.005 7.854 0.015 -0.168 0.002 0.999981 0.00048 254 256
Arc4 -15.010 0.303 0.634 0.007 7.794 0.020 -0.166 0.003 0.999966 0.00088 254 256

Aup3 -14.380 0.199 0.544 0.005 7.896 0.018 -0.179 0.002 0.999975 0.00062 254 270
Aup4 -14.362 0.177 0.578 0.004 7.816 0.014 -0.181 0.002 0.999985 0.00048 254 264
Aup5 -14.390 0.201 0.587 0.005 7.767 0.016 -0.178 0.002 0.999977 0.00056 254 270
Arp3 -14.956 0.199 0.673 0.005 7.779 0.018 -0.170 0.002 0.999980 0.00054 255 270
Arp4 -14.890 0.283 0.651 0.007 7.807 0.019 -0.168 0.003 0.999967 0.00087 255 270
Arp5 -14.925 0.201 0.672 0.005 7.756 0.016 -0.169 0.002 0.999982 0.00048 255 270

Aud3 -16.978 0.488 0.604 0.010 8.075 0.035 -0.150 0.004 0.999944 0.00137 254 270
Aud4 -19.002 0.673 0.644 0.012 8.151 0.042 -0.136 0.004 0.999950 0.00124 254 270
Aud5 -25.439 1.797 0.770 0.023 8.354 0.068 -0.108 0.005 0.999928 0.00182 254 270
Ard3 -18.708 0.590 0.743 0.010 7.956 0.027 -0.139 0.003 0.999959 0.00109 254 270
Ard4 -18.801 0.640 0.739 0.011 7.963 0.030 -0.136 0.003 0.999959 0.0011 255 270
Ard5 -20.054 0.905 0.754 0.015 8.015 0.039 -0.126 0.004 0.999950 0.00135 255 270

Aug3 -18.061 0.544 0.692 0.010 7.998 0.028 -0.148 0.003 0.999944 0.00146 255 270
Aug4 -21.315 1.139 0.787 0.017 8.021 0.042 -0.125 0.005 0.999924 0.00206 255 270
Aug5 -20.531 3.670 0.783 0.040 8.055 0.088 -0.121 0.007 0.999861 0.004 255 270
Arg3 -16.840 0.561 0.765 0.011 7.769 0.024 -0.153 0.004 0.999933 0.00189 269 270
Arg4 -19.172 0.777 0.829 0.013 7.849 0.026 -0.137 0.004 0.999945 0.00161 269 270
Arg5 -37.964 5.073 1.062 0.038 8.093 0.056 -0.085 0.006 0.999915 0.00255 269 269
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 Table 4-1.  Estimated parameters for the current proposed loss modulus model based on Least Squares Analysis
(Continued).

Binder α s(α) β s(β) δ s(δ) γ s(γ) r2 MSE DF n*
Aun3 -18.113 0.750 0.653 0.014 8.120 0.046 -0.137 0.004 0.999930 0.00178 255 270
Aun4 -12.954 0.299 0.556 0.008 7.841 0.026 -0.169 0.003 0.999955 0.00121 255 270
Aun5 -11.229 0.240 0.544 0.008 7.699 0.023 -0.182 0.004 0.999953 0.00129 255 270

Arn3 -17.881 0.875 0.751 0.016 7.928 0.041 -0.137 0.005 0.999909 0.00252 255 270
Arn4 -17.839 0.970 0.770 0.017 7.881 0.041 -0.133 0.005 0.999914 0.00244 255 270
Arn5 -13.416 0.401 0.688 0.010 7.748 0.024 -0.158 0.004 0.999951 0.00144 255 270

Aus3 -16.437 0.483 0.650 0.011 7.913 0.029 -0.152 0.004 0.999942 0.00153 269 270
Aus4 -17.707 0.670 0.682 0.013 8.014 0.036 -0.140 0.004 0.999935 0.00174 269 270
Aus5 -14.987 0.523 0.637 0.013 7.822 0.034 -0.152 0.004 0.999925 0.00203 269 270

Ars3 -17.086 0.574 0.765 0.011 7.813 0.025 -0.147 0.004 0.999946 0.00155 269 270
Ars4 -17.368 0.678 0.755 0.013 7.863 0.029 -0.139 0.004 0.999940 0.00171 269 270
Ars5 -14.943 0.644 0.705 0.015 7.796 0.034 -0.148 0.005 0.999909 0.00263 269 270

Aux3 -13.180 0.225 0.555 0.006 7.891 0.019 -0.175 0.003 0.999965 0.00093 268 270
Aux4 -13.822 0.361 0.617 0.009 7.851 0.026 -0.166 0.004 0.999941 0.00163 269 270
Aux5 -12.323 0.295 0.578 0.009 7.796 0.024 -0.177 0.004 0.999935 0.00181 269 270

Arx3 -17.813 0.722 0.778 0.013 7.874 0.030 -0.142 0.004 0.999930 0.00203 269 270
Arx4 -19.810 1.393 0.822 0.022 7.979 0.044 -0.126 0.006 0.999883 0.00346 269 270
Arx5 -18.856 1.220 0.815 0.020 7.942 0.044 -0.130 0.006 0.999879 0.0036 269 270
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Figure 4-3.  Effect of β on the location of Gompertz distribution model for ARC3.
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The maximum value of δ for random copolymers and for block copolymers was

approximately 8 and 8.4, respectively (i.e. G”max = 108 and 108.4).  For all asphalt polymer

blends, δ decreased with aging treatment.  The value of δ for SBR modified binders was

lower, as compared to binders that were modified with block copolymers.   With the

exception of polymer D and G, δ decreases with increasing polymer content.  Similarly, a

slight increase in α and γ with increasing polymer content was noted, with the exception

of D and G.  Generally, the effects of aging treatment decreased α and increased γ.  

The four-parameter Gompertz model fits the experimental data throughout the entire

range of reduced frequency.  Figure 4-4 shows both the experimental data and results

obtained from the Gompertz model for sample AUD3.   In some cases, the proposed

model slightly overestimates the value of the loss modulus at high frequencies, i.e. low

temperatures.  Comparison between experimental data and the Gompertz models for all

polymer-modified blends is presented in Appendix D.  The next section compares and

evaluates both the Gompertz distribution function and the hyperbolic model proposed by

Gahvari (1995) for characterization of the response of the dynamic loss modulus.   Table

4-2 presents the values of model parameters for the hyperbolic model.  These values

were obtained by using the aforementioned nonlinear regression procedure of the SAS

software.

4.3 Model Validation and Comparison

4.3.1 Validation

In the estimation of the model constants, only the first replica of data was used.  The

second set of data was used for model validation through mean squared error of

prediction (MSEP).   Model validation requires assessing how effective the model would

be against future observations.  Results from regression analysis alone cannot describe

how well the model will agree with future data sets.  Mean squared error of prediction

incorporates both bias and variance and is a measure of the predictive capability of the

model (Rawlings, 1988).



58

 Table 4-2.  Estimated parameters for the hyperbolic model proposed by Gahvari
(1995) for loss modulus based on Least Squares Analysis.

Binder D s(d)

(Pa)

log ωd s(log ωd)

(Pa)

LogG"max s(logG"max) r2 MSE DF n*

Auc2 3.012 0.029 4.332 0.026 7.428 0.009 0.999957 0.00101 254 256

Auc3 3.163 0.044 4.371 0.039 7.437 0.014 0.999913 0.00207 255 256

Auc4 3.268 0.028 4.439 0.025 7.439 0.009 0.999968 0.00076 255 256

Arc2 3.984 0.045 4.338 0.036 7.457 0.012 0.999929 0.00182 254 256

Arc3 3.561 0.037 4.175 0.030 7.441 0.010 0.999941 0.00153 254 256

Arc4 4.093 0.040 4.401 0.031 7.402 0.010 0.999948 0.00135 254 256

Aup3 3.102 0.026 4.242 0.023 7.441 0.008 0.999966 0.00082 254 270

Aup4 3.085 0.036 4.115 0.030 7.414 0.011 0.999932 0.00162 254 264

Aup5 3.389 0.038 4.230 0.032 7.375 0.011 0.999934 0.00162 254 270

Arp3 3.820 0.041 4.115 0.031 7.432 0.010 0.999931 0.00182 255 270

Arp4 4.010 0.040 4.267 0.031 7.434 0.010 0.999944 0.00147 255 270

Arp5 3.970 0.039 4.175 0.029 7.406 0.009 0.999945 0.00147 255 270

Aud3 3.800 0.042 4.592 0.036 7.484 0.013 0.999941 0.00146 254 270

Aud4 3.975 0.047 4.650 0.040 7.444 0.014 0.999939 0.00149 254 270

Aud5 4.763 0.072 4.885 0.059 7.468 0.020 0.999904 0.00253 254 270

Ard3 4.353 0.051 4.340 0.039 7.440 0.012 0.999923 0.00206 254 270

Ard4 4.642 0.052 4.472 0.039 7.431 0.012 0.999936 0.00173 255 270

Ard5 5.286 0.057 4.746 0.043 7.429 0.013 0.999943 0.00153 255 270

Aug3 3.685 0.050 4.324 0.039 7.505 0.013 0.999888 0.00293 255 270

Aug4 4.846 0.063 4.561 0.046 7.445 0.014 0.999902 0.00269 255 270

Aug5 5.926 0.088 4.891 0.061 7.505 0.018 0.999882 0.00337 255 270

Arg3 4.500 0.050 4.238 0.035 7.497 0.011 0.999906 0.00266 269 270

Arg4 4.953 0.060 4.233 0.040 7.452 0.012 0.999903 0.00283 269 270

Arg5 7.046 0.107 4.790 0.065 7.461 0.017 0.999857 0.00427 269 269
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Table 4-2.  Estimated parameters for the hyperbolic model proposed by Gahvari
(1995) for loss modulus based on Least Squares Analysis (Continued).

Binder d S(d)

(Pa)

log ωd s(log ωd)

(Pa)

logG"max s(logG” max) r2 MSE DF n*

Aun3 4.655 0.050 4.810 0.041 7.496 0.014 0.999947 0.00135 255 270
Aun4 5.869 0.050 5.199 0.031 7.536 0.012 0.999970 0.00081 255 270
Aun5 6.940 0.082 5.391 0.057 7.532 0.017 0.999946 0.00149 255 270
Arn3 5.353 0.064 4.573 0.045 7.456 0.013 0.999922 0.00215 255 270
Arn4 6.004 0.071 4.691 0.048 7.433 0.014 0.999929 0.00202 255 270
Arn5 6.887 0.054 4.910 0.035 7.473 0.010 0.999970 0.00086 255 270

Aus3 4.309 0.041 4.602 0.032 7.462 0.010 0.999945 0.00143 269 270
Aus4 4.842 0.049 4.756 0.038 7.493 0.012 0.999944 0.00149 269 270
Aus5 6.018 0.057 5.083 0.041 7.453 0.012 0.999954 0.00125 269 270
Ars3 4.904 0.049 4.333 0.034 7.436 0.010 0.999935 0.00153 269 270
Ars4 5.775 0.054 4.634 0.037 7.455 0.011 0.999943 0.00162 269 270
Ars5 6.417 0.066 4.884 0.043 7.458 0.012 0.999942 0.00168 269 270

Aux3 4.905 0.029 4.875 0.022 7.576 0.007 0.999982 0.00491 268 270
Aux4 5.287 0.041 4.796 0.030 7.522 0.009 0.999968 0.00089 269 270
Aux5 5.843 0.051 4.982 0.036 7.547 0.011 0.999960 0.00113 269 270
Arx3 5.004 0.055 4.360 0.038 7.469 0.011 0.999923 0.00221 269 270
Arx4 5.873 0.078 4.584 0.052 7.511 0.015 0.999894 0.00314 269 270
Arx5 5.931 0.075 4.540 0.049 7.506 0.014 0.999901 0.00291 269 270
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Figure 4-4.  Comparison between measured dynamic loss modulus for AUD3 and results obtained from the
Gompertz Growth model.
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Mean squared error of prediction can be defined as the average squared difference

between independent observations and the model-generated data sets.  The equation for

MSEP can be given by:

n
MSEP i∑=

2δ
(4.9)

where,

δI = difference between independent observations and predicted values for the ith

validation case; and

n = number of observations in the independent data set.

To validate the models, values of model parameters presented in Equations (2.31)

and (4.4) were determined using the first data set.  The second data set was considered

to be the independent or validation data set.  The model parameters from the first data set

were used to predict loss moduli values with the frequency (x-axis) input being that of the

independent data set.  The predicted loss moduli values were compared with the

experiment data obtained from the replicate set.

The computed MSEP are included in Table 4-3.  The resulted small values for MSEP

indicate that both models are probably valid for other data sets, within the specified

moduli and frequency range.

4.3.2 Model Comparison

The Gompertz distribution model and the Hyperbolic model are both able to fit and

predict the frequency response of the of loss moduli for all modified binders used in this

study.  This is evident by the resulted small values of MSEP (Table 4-3) and MSE.  The

R2 values are close to one for all parameters (as presented in Tables 4-1 and 4-2).  The

MSE values indicate no preference to either model in its capability of fitting the original

data from which its constants were derived.  The Gompertz distribution model generally
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yields lower MSEP values, indicating that it is more suitable for predicting the values of

future data sets.

Figure 4-5 presents the experimental data for AUD3 and the results obtained from the

hyperbolic model.  Although the model fits the data well, its application is restricted to

moduli values below 107.5.  As stated in Section 2.8.5, since the model is hyperbolic, it is

symmetric about the line logω = logωd.  However, the shape of the loss modulus master

curve is not symmetrical in shape with respect to the peak point.  Figure 4-6 shows the

behavior of both, the hyperbolic and the Gompertz distribution model, when the frequency

axis is extended (i.e., extremely cold and hot conditions).  The experimental data window,

shown in Figure 4-6, is small compared to the overall behavior of both the hyperbolic and

the Gompetz distribution model.  It is noted that the Gompertz distribution model extends

to an asymptotic value equal to the parameter δ.  The lower asymptote occurs at

extremely low frequencies.  At high frequencies, the Gompertz distribution model is able

to more accurately represent the behavior of polymer-modified binders.

4.4 Model Limitations

It is clearly recognized that the loss modulus does not adequately describe the

frequency dependence of modified asphalt binders.  As noted in section 2.6, the complex

modulus, G* consists of two parts: the storage modulus, G’, and the loss modulus, G”.

Simple mathematical manipulation can be used to show that both G’ and G” are functions

of G* and δ, the phase angle.  It is also clear that any combination of G” or G’ and δ can

be used to describe the complex modulus.  Therefore, any model developed to predict G”

should be able to accurately predict G’ for a given δ.  The two values G’ and G” are

interdependent and thus any model development should be applied to both parameters.

Due to several factors including time constraints, further analysis could not be

accomplished at this time for the completion of this thesis.
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Table 4-3.  Evaluation of Mean Squared Error Prediction for both current and

previous proposed models for loss modulus.

MSEP MSEP
Binder Gompertz Hyperbolic n* Binder Gompertz Hyperbolic n*

Auc2 0.000645 0.002733 256 Arg3 0.001895 0.003316 270

Auc3 0.002137 0.002310 256 Arg4 0.001610 0.003593 270

Auc4 0.009350 0.000953 256 Arg5 0.002548 0.014697 269

Arc2 0.000950 0.004955 256 Aun3 0.001784 0.002131 270

Arc3 0.000485 0.001124 256 Aun4 0.001206 0.001483 270

Arc4 0.000881 0.001348 256 Aun5 0.001291 0.002255 270

Aup3 0.000618 0.000985 270 Arn3 0.002522 0.007312 270

Aup4 0.000485 0.001276 264 Arn4 0.002444 0.002781 270

Aup5 0.000560 0.001977 270 Arn5 0.001441 0.001372 270

Arp3 0.000543 0.005398 270 Aus3 0.001533 0.002313 270

Arp4 0.000872 0.004986 270 Aus4 0.001740 0.002532 270

Arp5 0.000476 0.002951 270 Aus5 0.002029 0.003133 270

Aud3 0.001373 0.002922 270 Ars3 0.001550 0.001703 270

Aud4 0.001240 0.002590 270 Ars4 0.001714 0.005651 270

Aud5 0.001817 0.005592 270 Ars5 0.002628 0.002530 270

Ard3 0.001092 0.002217 270 Aux3 0.000928 0.000746 270

Ard4 0.001096 0.002411 270 Aux4 0.001633 0.001599 270

Ard5 0.001352 0.003973 270 Aux5 0.001814 0.001204 270

Aug3 0.001465 0.004018 270 Arx3 0.002027 0.004217 270

Aug4 0.002061 0.002708 270 Arx4 0.003460 0.002962 270

Aug5 0.003998 0.003389 270 Arx5 0.003599 0.004062 270
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Figure 4-5. Comparison between measured dynamic loss modulus for AUD3 and results obtained from the

hyperbolic model.

1.00E-01

1.00E+02

1.00E+05

1.00E+08

1.00E-06 1.00E-03 1.00E+00 1.00E+03 1.00E+06

Reduced Frequency (rad/s)

L
o

ss
 M

o
d

u
lu

s 
(P

a)

Loss Modulus

Hyperbolic



65

Figure 4-6.  Hyperbolic and Gompertz distribution models with an extended frequency range.
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Chapter 5.   Summary, Findings, Conclusions, and

Recommendations

5.1 Summary

The goal of this study was to develop a model that could accurately predict the linear

viscoelastic response of polymer-modified binders.  Data from dynamic mechanical

analysis on modified binders at temperatures between 5 and 75°C and frequencies

ranging from 0.06 to 0188.5 rad/s, were reduced to dynamic master curves of moduli.

Two sets of dynamic moduli master curves were constructed, one for the development of

a model, the other for model validation.  A statistical model was developed to predict the

linear viscoelastic response of the loss modulus of polymer-modified binders over the

entire frequency range.  The developed model is a four parameter Gompertz distribution

model.  Model parameters were derived using the non-linear regression function of the

SAS software program.  The developed model was statistically compared to a hyperbolic

model proposed by Gahvari (1995).  Mean Squared Error of prediction was used to

measure how effective both the developed model and the hyperbolic model were in

predicting future data sets.  The limitations and appropriate situations for use associated

with the developed model were also assessed.

5.2 Findings

Simple time-temperature superposition was found to be applicable to polymer-

modified asphalts.  This is in agreement with the previous research performed at Virginia

Tech (Gahvari and Al-Qadi, 1996).  On a log-log scale, for the frequency range used in

this study, the loss modulus was found to exhibit the behavior of a sigmoidal growth

curve.  It was confirmed that the hyperbolic model proposed by Gahvari (1995) to predict

loss shear moduli values was limited to G” ≤ 107.5 Pa.  A four-parameter Gompertz
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Distribution model is able to predict the dynamic loss modulus with a slightly higher

degree of accuracy as compared to the hyperbolic model.  However, both models are

statistically developed and could not predict G’ for a known δ.

5.3 Conclusions 

Mathematical models for frequency dependence of unmodified binders are generally

not applicable to the characterization of polymer-modified binders.  The hyperbolic model

proposed by Gahvari in 1995 was found to fit an experimental data, generated at Virginia

Tech in 1994, over the entire range of the reduced frequencies up to G” ≤ 107.5 Pa.

However, it is hyperbolic and symmetric to the line logω = logωd.  Therefore, a new model

was developed to predict the frequency dependence of response of polymer-modified

binders at intermediate to high service temperatures.  The model is based on Gompertz

distribution.  The model was found to have a high prediction capability over the entire

range of reduced frequencies.  However, it is noted that the model is statistically

developed and thus G’ may not be accurately determined if δ is known.

5.4 Recommendations

Based on the findings and conclusions of the present study, the following guidelines

for further research is recommended:

• Development of a model for G’ and G” that is able to accurately predict G* and is a

function of δ.

• Investigation into the effects of long term aging of polymer-modified binders as it

pertains to the previously mentioned models developed at Virginia Tech.

• Applicability of the developed models in the prediction of dynamic moduli response of

binders modified with polymers or other additives dissimilar to those used in this study.
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Appendix A. Dynamic Moduli isothermal, master curve (with reference

temperature of 25°C), and shift factor, aT
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Figure A-1.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT , for AUC2.



78

Figure A-2. Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT , for AUC2.
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Figure A-3. Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for for AUC3.



80

1.0E-06 1.0E-03 1.0E+00 1.0E+03

Reduced Frequency (rad/s)

1.0E+00

1.0E+03

1.0E+06

1.0E+09

1.0E-02 1.0E+00 1.0E+02

L
o

ss
 M

o
d

u
lu

s 
(P

a)

5°C
15°C
25°C
35°C
45°C
55°C
65°C
75°C

1.0E-05

1.0E-01

1.0E+03

5 25 45 65
Temperature (°C)

lo
g

 a
T

Figure A-4. Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT , for AUC3.



81

Reduced Frequency (rad/s)

1.0E-06 1.0E-03 1.0E+00 1.0E+03

1.0E-05

1.0E-01

1.0E+03

5 25 45 65
Temperature (°C)

lo
g

 a
T

1.0E-02

1.0E+01

1.0E+04

1.0E+07

1.0E-02 1.0E+00 1.0E+02

S
to

ra
g

e 
M

o
d

u
lu

s 
(P

a)

5°C
15°C
25°C
35°C
45°C
55°C
65°C
75°C

Figure A-5. Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUC4.
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Figure A-6. Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT , for AUC4.
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Figure A-7.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARC2.
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Figure A-8.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARC2.
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Figure A-9.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARC3.
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Figure A-10.  Dynamic loss modulus isothermal, master curve master curve (with reference temperature of 25°C),
and shift factor, aT, for ARC3.
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Figure A-11.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT,ARC4.
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Figure A-12.  Dynamic loss modulus isothermal, master curve master curve (with reference temperature of 25°C),
and shift factor, aT, for ARC4.
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Figure A-13. Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUG3.
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Figure A-14. Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT ,  for AUG3.
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Figure A-15. Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT,  for AUG4.
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Figure A-16. Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift factor, aT ,  for

AUG4.
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Figure A-17. Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUG5.
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Figure A-18. Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift factor, aT , for

AUG5.
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Figure A-19.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARG3.
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Figure A-20.  Dynamic loss modulus isothermal, master master curve (with reference temperature of 25°C), and
shift factor, aT, for ARG3.
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Figure A-21.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARG4.
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Figure A-22.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARG4.
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Figure A-23.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARG5.
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Figure A-24.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARG5.
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Figure A-25.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUN3.
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Figure A-26.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUN3.



103

Reduced Frequency (rad/s)

1.0E-06 1.0E-03 1.0E+00 1.0E+03

1.0E-05

1.0E-01

1.0E+03

5 25 45 65
Temperature (°C)

lo
g

 a
T

1.0E-01

1.0E+02

1.0E+05

1.0E+08

1.0E-02 1.0E+00 1.0E+02

S
to

ra
g

e 
M

o
d

u
lu

s 
(P

a)

5°C
15°C
25°C
35°C
45°C
55°C
65°C
75°C

Figure A-27.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for AUN4.
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Figure A-28.  Dynamic loss modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for AUN4.
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Figure A-29.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUN5.
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Figure A-30.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUN5.
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Figure A-31.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT,  for ARN3.
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Figure A-32.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARN3.
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Figure A-33.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARN4.
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Figure A-34.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARN4.
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Figure A-35.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for ARN5.
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Figure A-36.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARN5.
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Figure A-37.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUP3.
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Figure A-38.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUP3.
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Figure A-39.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUP4.
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Figure A-40.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUP4.
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Figure A-41.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for AUP5.
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Figure A-42.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUP5.
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Figure A-43.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARP3.
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Figure A-44.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARP3.
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Figure A-45.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARP4.
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Figure A-46.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARP4.
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Figure A-47.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for ARP5.
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Figure A-48.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARP5.
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Figure A-49.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUX3.
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Figure A-50.  Dynamic loss modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for AUX3.
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Figure A-51.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUX4.
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Figure A-52.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUX4.
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Figure A-53.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUX5.
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Figure A-54.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUX5.
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Figure A-55.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARX3.
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Figure A-56.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARX3.
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Figure A-57.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARX4.
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Figure A-58.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARX4.
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Figure A-59.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for ARX5.
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Figure A-60.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARX5.
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Figure A-61.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUD3.
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Figure A-62.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUD3.
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Figure A-63.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUD4.
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Figure A-64.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUD4.
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Figure A-65.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUD5.
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Figure A-66.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUD5.
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Figure A-67.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARD3.
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Figure A-68.  Dynamic loss modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for ARD3.
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Figure A-69.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for ARD4.
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Figure A-70.  Dynamic loss modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for ARD4.
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Figure A-71.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for ARD5.
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Figure A-72.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARD5.
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Figure A-73.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for AUS3.
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Figure A-74.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUS3.
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Figure A-75.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUS4.
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Figure A-76.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for AUS4.
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Figure A-77.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for AUS5.
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Figure A-78.  Dynamic loss modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for AUS5.
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Figure A-79.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for ARS3.
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Figure A-80.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARS3.
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Figure A-81.  Dynamic storage modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARS4.
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Figure A-82.  Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARS4.
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Figure A-83.  Dynamic storage modulus isothermal master curve (with reference temperature of 25°C), and shift
factor, aT, for ARS5.
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Figure A-84 Dynamic loss modulus isothermal, master curve (with reference temperature of 25°C), and shift
factor, aT, for ARS5.



161

Appendix B. SAS Input file

DATA;
INPUT X Y;
CARDS;
2.81E+01      2.43E+06
4.21E+01      3.07E+06
5.61E+01      3.63E+06
8.42E+01      4.52E+06
1.12E+02      5.45E+06
1.40E+02      5.92E+06
1.68E+02      6.58E+06
1.96E+02      6.96E+06
2.25E+02      7.65E+06
2.53E+02      8.18E+06
2.81E+02      8.64E+06
4.21E+02      1.04E+07
5.61E+02      1.15E+07
8.42E+02      1.34E+07
1.12E+03      1.48E+07
1.40E+03      1.70E+07
1.68E+03      1.69E+07
1.96E+03      1.78E+07
2.25E+03      1.97E+07
2.53E+03      1.81E+07
2.81E+03      1.90E+07
4.21E+03      2.24E+07
5.61E+03      2.26E+07
8.42E+03      2.43E+07
1.12E+04      2.82E+07
1.40E+04      2.75E+07
1.68E+04      2.90E+07
1.96E+04      2.92E+07
2.25E+04      2.98E+07
2.53E+04      2.93E+07
2.81E+04      3.14E+07
4.21E+04      3.27E+07
1.12E+00      2.66E+05
1.68E+00      3.62E+05
2.23E+00      4.53E+05
3.35E+00      6.11E+05
4.47E+00      7.47E+05
5.59E+00      8.80E+05
6.70E+00      1.00E+06
7.82E+00      1.11E+06
8.94E+00      1.20E+06
1.01E+01      1.31E+06
1.12E+01      1.39E+06
1.68E+01      1.79E+06
2.23E+01      2.16E+06
3.35E+01      2.82E+06
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4.47E+01     3.32E+06
5.59E+01     3.80E+06
6.70E+01     4.31E+06
7.82E+01     4.56E+06
8.94E+01     4.87E+06
1.01E+02     5.24E+06
1.12E+02     5.54E+06
1.68E+02     6.86E+06
2.23E+02     7.90E+06
3.35E+02     9.64E+06
4.47E+02     1.08E+07
5.59E+02     1.19E+07
6.70E+02     1.29E+07
7.82E+02     1.37E+07
8.94E+02     1.44E+07
1.01E+03     1.50E+07
1.12E+03     1.55E+07
1.68E+03     1.80E+07
6.28E-02      3.30E+04
9.42E-02      4.48E+04
1.26E-01      5.55E+04
1.88E-01      7.46E+04
2.51E-01      9.44E+04
3.14E-01      1.11E+05
3.77E-01      1.28E+05
4.40E-01      1.43E+05
5.03E-01      1.57E+05
5.65E-01      1.72E+05
6.28E-01      1.87E+05
9.42E-01      2.54E+05
1.26E+00     3.16E+05
1.88E+00     4.25E+05
2.51E+00     5.22E+05
3.14E+00     6.14E+05
3.77E+00     7.04E+05
4.40E+00     7.74E+05
5.03E+00     8.50E+05
5.65E+00     9.26E+05
6.28E+00     9.93E+05
9.42E+00     1.31E+06
1.26E+01     1.58E+06
1.88E+01     2.06E+06
2.51E+01     2.47E+06
3.14E+01     2.86E+06
3.77E+01     3.18E+06
4.40E+01     3.48E+06
5.03E+01     3.79E+06
5.65E+01     4.07E+06
6.28E+01     4.32E+06
9.42E+01     5.49E+06
5.21E-03      5.12E+03
7.82E-03      7.17E+03
1.04E-02      9.09E+03
1.56E-02      1.24E+04
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2.08E-02      1.55E+04
2.61E-02      1.83E+04
3.13E-02      2.10E+04
3.65E-02      2.34E+04
4.17E-02      2.59E+04
4.69E-02      2.82E+04
5.21E-02      3.05E+04
7.82E-02      4.07E+04
1.04E-01      5.03E+04
1.56E-01      6.79E+04
2.08E-01      8.51E+04
2.61E-01      1.00E+05
3.13E-01      1.16E+05
3.65E-01      1.30E+05
4.17E-01      1.43E+05
4.69E-01      1.57E+05
5.21E-01      1.70E+05
7.82E-01      2.31E+05
1.04E+00     2.86E+05
1.56E+00     3.86E+05
2.08E+00     4.79E+05
2.61E+00     5.65E+05
3.13E+00     6.48E+05
3.65E+00     7.20E+05
4.17E+00     7.98E+05
4.69E+00     8.73E+05
5.21E+00     9.33E+05
7.82E+00     1.24E+06
6.28E-04      7.60E+02
9.42E-04      1.10E+03
1.26E-03      1.43E+03
1.88E-03      2.07E+03
2.51E-03      2.67E+03
3.14E-03      3.24E+03
3.77E-03      3.78E+03
4.40E-03      4.28E+03
5.03E-03      4.79E+03
5.65E-03      5.31E+03
6.28E-03      5.74E+03
9.42E-03      7.99E+03
1.26E-02      1.01E+04
1.88E-02      1.37E+04
2.51E-02      1.71E+04
3.14E-02      2.01E+04
3.77E-02      2.29E+04
4.40E-02      2.55E+04
5.03E-02      2.83E+04
5.65E-02      3.11E+04
6.28E-02      3.33E+04
9.42E-02      4.49E+04
1.26E-01      5.60E+04
1.88E-01      7.57E+04
2.51E-01      9.44E+04
3.14E-01      1.12E+05
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3.77E-01      1.29E+05
4.40E-01      1.45E+05
5.03E-01      1.61E+05
5.65E-01      1.76E+05
6.28E-01      1.89E+05
9.42E-01      2.55E+05
9.96E-05      1.30E+02
1.49E-04      1.93E+02
1.99E-04      2.54E+02
2.99E-04      3.74E+02
3.98E-04      4.90E+02
4.98E-04      6.05E+02
5.97E-04      7.20E+02
6.97E-04      8.30E+02
7.97E-04      9.37E+02
8.96E-04      1.05E+03
9.96E-04      1.15E+03
1.49E-03      1.68E+03
1.99E-03      2.18E+03
2.99E-03      3.10E+03
3.98E-03      4.00E+03
4.98E-03      4.83E+03
5.97E-03      5.62E+03
6.97E-03      6.40E+03
7.97E-03      7.14E+03
8.96E-03      7.88E+03
9.96E-03      8.55E+03
1.49E-02      1.17E+04
1.99E-02      1.46E+04
2.99E-02      1.98E+04
3.98E-02      2.46E+04
4.98E-02      2.90E+04
5.97E-02      3.31E+04
6.97E-02      3.71E+04
7.97E-02      4.10E+04
8.96E-02      4.52E+04
9.96E-02      4.86E+04
1.49E-01      6.56E+04
1.99E-05      3.12E+01
2.98E-05      4.56E+01
3.97E-05      6.01E+01
5.96E-05      8.89E+01
7.95E-05      1.17E+02
9.93E-05      1.45E+02
1.19E-04      1.75E+02
1.39E-04      2.03E+02
1.59E-04      2.28E+02
1.79E-04      2.56E+02
1.99E-04      2.81E+02
2.98E-04      4.15E+02
3.97E-04      5.43E+02
5.96E-04      8.01E+02
7.95E-04      1.05E+03
9.93E-04      1.28E+03
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1.19E-03      1.52E+03
1.39E-03      1.74E+03
1.59E-03      1.98E+03
1.79E-03      2.19E+03
1.99E-03      2.40E+03
2.98E-03      3.45E+03
3.97E-03      4.45E+03
5.96E-03      6.23E+03
7.95E-03      7.92E+03
9.93E-03      9.48E+03
1.19E-02      1.10E+04
1.39E-02      1.24E+04
1.59E-02      1.38E+04
1.79E-02      1.52E+04
1.99E-02      1.63E+04
2.98E-02      2.21E+04
5.60E-06      8.92E+00
8.40E-06      1.30E+01
1.12E-05      1.70E+01
1.68E-05      2.56E+01
2.24E-05      3.36E+01
2.80E-05      4.23E+01
3.36E-05      4.99E+01
3.92E-05      5.80E+01
4.48E-05      6.56E+01
5.04E-05      7.50E+01
5.60E-05      8.19E+01
8.40E-05      1.21E+02
1.12E-04      1.59E+02
1.68E-04      2.35E+02
2.24E-04      3.10E+02
2.80E-04      3.84E+02
3.36E-04      4.55E+02
3.92E-04      5.26E+02
4.48E-04      5.95E+02
5.04E-04      6.66E+02
5.60E-04      7.38E+02
8.40E-04      1.09E+03
1.12E-03      1.42E+03
1.68E-03      2.05E+03
2.24E-03      2.65E+03
2.80E-03      3.22E+03
3.36E-03      3.75E+03
3.92E-03      4.28E+03
4.48E-03      4.83E+03
5.04E-03      5.40E+03
5.60E-03      5.85E+03
8.40E-03      8.25E+03
;
PROC NLIN METHOD=DUD;
PARMS A=-16 B=.6 C=-.15 D=8;
X1=LOG10(X);
Y1=LOG10(Y);
MODEL Y1=D+A*EXP(-EXP(B-C*X1));
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Appendix C. SAS Output File

Aun3 DATA TO FIT PROPOSED MODEL FOR LOSS MODULUS EQUATION (Gompertz)            31
11:31 Wednesday, July 15, 1998

            Non-Linear Least Squares DUD Initialization     Dependent Variable Y1
        DUD        A              B              C              D        Sum of Squares
          -5     -16.000000       0.600000      -0.150000       8.000000       1.273081
          -4     -17.600000       0.600000      -0.150000       8.000000      46.775128
          -3     -16.000000       0.660000      -0.150000       8.000000      14.603843
          -2     -16.000000       0.600000      -0.165000       8.000000      13.228944
          -1     -16.000000       0.600000      -0.150000       8.800000     142.414997

       Non-Linear Least Squares Iterative Phase     Dependent Variable Y1   Method: DUD
        Iter       A              B              C              D        Sum of Squares
           0     -16.000000       0.600000      -0.150000       8.000000       1.273081
           1     -17.633006       0.647809      -0.138716       8.101375       0.749556
           2     -18.070492       0.652899      -0.136759       8.120654       0.466220
           3     -18.118961       0.652976      -0.136809       8.123178       0.449691
           4     -18.115538       0.652881      -0.136818       8.123160       0.449688
           5     -18.115436       0.652881      -0.136818       8.123146       0.449688
           6     -18.109765       0.653352      -0.136905       8.120295       0.449658
           7     -18.108090       0.653319      -0.136915       8.120219       0.449658
           8     -18.112729       0.653401      -0.136888       8.120461       0.449658
           9     -18.112886       0.653403      -0.136887       8.120470       0.449658

 NOTE: Convergence criterion met.
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              Non-Linear Least Squares Summary Statistics     Dependent Variable Y1

                Source                DF Sum of Squares     Mean Square

                Regression             4   6443.6527709    1610.9131927
                Residual             252      0.4496577       0.0017844
                Uncorrected Total    256   6444.1024286

                (Corrected Total)    255    732.0593630

                Parameter     Estimate    Asymptotic             Asymptotic 95 %
                                          Std. Error         Confidence Interval
                                                             Lower         Upper
                A         -18.11288634 0.74956580667 -19.589117037 -16.636655647
                B           0.65340336 0.01390870165   0.626010900   0.680795823
                C          -0.13688688 0.00442487463  -0.145601438  -0.128172319
                D           8.12047014 0.04616835056   8.029543989   8.211396298

                                 Asymptotic Correlation Matrix

          Corr                 A                 B                 C                 D
          ƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒ
          A                    1       -0.94704092      -0.993903737      -0.895211244
          B          -0.94704092                 1      0.9095608914       0.706256159
          C         -0.993903737      0.9095608914                 1      0.9316998254
          D         -0.895211244       0.706256159      0.9316998254                 1

Aun3 DATA TO FIT PROPOSED MODEL FOR LOSS MODULUS EQUATION (Hyperbolic)             32
11:31 Wednesday, July 15, 1998
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            Non-Linear Least Squares DUD Initialization     Dependent Variable Y1
               DUD        D              LOGOMD         LOGMAX   Sum of Squares
                 -4       4.000000       4.000000       7.500000      32.825295
                 -3       4.400000       4.000000       7.500000      62.828457
                 -2       4.000000       4.400000       7.500000       1.890498
                 -1       4.000000       4.000000       8.250000     310.075860

       Non-Linear Least Squares Iterative Phase     Dependent Variable Y1       Method:
DUD
               Iter       D              LOGOMD         LOGMAX   Sum of Squares
                  0       4.000000       4.400000       7.500000       1.890498
                  1       4.528923       4.683059       7.461858       0.401490
                  2       4.592632       4.744405       7.476652       0.355744
                  3       4.655709       4.809046       7.494882       0.341555
                  4       4.654097       4.808087       7.494699       0.341551
                  5       4.654197       4.808392       7.494872       0.341548
                  6       4.655123       4.809781       7.495626       0.341541
                  7       4.654991       4.809688       7.495615       0.341541
                  8       4.654985       4.809683       7.495614       0.341541
NOTE: Convergence criterion met.

              Non-Linear Least Squares Summary Statistics     Dependent Variable Y1

                Source                DF Sum of Squares     Mean Square

                Regression             3   6443.7608878    2147.9202959
                Residual             253      0.3415408       0.0013500
                Uncorrected Total    256   6444.1024286

                (Corrected Total)    255    732.0593630
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                Parameter     Estimate    Asymptotic             Asymptotic 95 %
                                          Std. Error         Confidence Interval
                                                             Lower         Upper
                D          4.654984996 0.05032393513  4.5558765229  4.7540934685
                LOGOMD     4.809683388 0.04103372793  4.7288711439  4.8904956313
                LOGMAX     7.495614302 0.01378174674  7.4684723888  7.5227562149

                                 Asymptotic Correlation Matrix

                  Corr                   D            LOGOMD            LOGMAX
                  ƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒ
                  D                      1      0.9578747001      0.7795996731
                  LOGOMD      0.9578747001                 1      0.9201349432
                  LOGMAX      0.7795996731      0.9201349432                 1
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Appendix D. Comparison between measured dynamic loss modului

and  results from the Gompertz
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Figure D-1. Comparison between measured dynamic loss modulus for AUC2 and results from the Gompertz
model.

1.00E-01

1.00E+02

1.00E+05

1.00E+08

1.00E-06 1.00E-03 1.00E+00 1.00E+03 1.00E+06

Reduced Frequency (rad/s)

L
o

ss
 M

o
d

u
lu

s 
(P

a)

G"

Gompertz



172

Figure D-2. Comparison between measured dynamic loss modulus for AUC3 and results from the Gompertz
model.
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Figure D-3. Comparison between measured dynamic loss modulus for AUC4 and results from the Gompertz
model.
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Figure D-4.  Comparison between measured dynamic loss modulus for ARC2 and results from the Gompertz
model.
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Figure D-5.  Comparison between measured dynamic loss modulus for ARC3 and results from the Gompertz
model.
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Figure D-6.  Comparison between measured dynamic loss modulus for ARC4 and results from the Gompertz
model.
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Figure D-7. Comparison between measured dynamic loss modulus  for AUG3 and results from the Gompertz
model.
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   Figure D-8. Comparison between measured dynamic loss modulus  for AUG4 and results from the Gompertz
model.
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  Figure D-9. Comparison between measured dynamic loss modulus for AUG5 and results from the Gompertz
model.
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Figure D-10.  Comparison between measured dynamic loss modulus for ARG3 and results from the Gompertz
model.
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Figure D-11.  Comparison between measured dynamic loss modulus for ARG4 and results from the Gompertz
model.
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Figure D-12.  Comparison between measured dynamic loss modulus for ARG5 and results from the Gompertz
model.
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Figure D-13.  Comparison between measured dynamic loss modulus for AUN3 and results from the Gompertz
model.
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Figure D-14.  Comparison between measured dynamic loss modulus for AUN4 and results from the Gompertz
model.
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Figure D-15.  Comparison between measured dynamic loss modulus for AUN5 and results from the Gompertz
model.
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Figure D-16.  Comparison between measured dynamic loss modulus for ARN3 and results from the Gompertz
model.
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Figure D-17.  Comparison between measured dynamic loss modulus for ARN4 and results from the Gompertz
model.
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Figure D-18.  Comparison between measured dynamic loss modulus for ARN5 and results from the Gompertz
model.
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Figure D-19.  Comparison between measured dynamic loss modulus for AUP3 and results from the Gompertz
model.
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Figure D-20.  Comparison between measured dynamic loss modulus for AUP4 and results from the Gompertz
model.
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Figure D-21.  Comparison between measured dynamic loss modulus for AUP5 and results from the Gompertz
model.
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Figure D-22.  Comparison between measured dynamic loss modulus for ARP3 and results from the Gompertz
model.
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Figure D-23.  Comparison between measured dynamic loss modulus for ARP4 and results from the Gompertz
model.
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Figure D-24.  Comparison between measured dynamic loss modulus for ARP5 and results from the Gompertz
model.
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Figure D-25.  Comparison between measured dynamic loss modulus for AUX3 and results from the Gompertz
model.
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Figure D-26.  Comparison between measured dynamic loss modulus for AUX4 and results from the Gompertz
model.
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Figure D-27.  Comparison between measured dynamic loss modulus for AUX5 and results from the Gompertz
model.
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Figure D-28.  Comparison between measured dynamic loss modulus for ARX3 and results from the Gompertz
model.
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Figure D-29.  Comparison between measured dynamic loss modulus for ARX4 and results from the Gompertz
model.
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Figure D-30.  Comparison between measured dynamic loss modulus for ARX5 and results from the Gompertz
model.
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Figure D-31.  Comparison between measured dynamic loss modulus for AUD3 and results from the Gompertz
model.
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Figure D-32.  Comparison between measured dynamic loss modulus for AUD4 and results from the Gompertz
model.

1.00E-01

1.00E+02

1.00E+05

1.00E+08

1.00E-06 1.00E-03 1.00E+00 1.00E+03 1.00E+06

Reduced Frequency (rad/s)

L
o

ss
 M

o
d

u
lu

s 
(P

a)

G"

Gompertz



203

Figure D-33.  Comparison between measured dynamic loss modulus for AUD5 and results from the Gompertz
model.
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Figure D-34.  Comparison between measured dynamic loss modulus for ARD3 and results from the Gompertz
model.
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Figure D-35.  Comparison between measured dynamic loss modulus for ARD4 and results from the Gompertz
model.
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Figure D-36.  Comparison between measured dynamic loss modulus for ARD5 and results from the Gompertz
model.
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Figure D-37.  Comparison between measured dynamic loss modulus for AUS3 and results from the Gompertz
model.
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Figure D-38.  Comparison between measured dynamic loss modulus for AUS4 and results from the Gompertz
model.
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Figure D-39.  Comparison between measured dynamic loss modulus for AUS5 and results from the Gompertz
model.
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Figure D-40.  Comparison between measured dynamic loss modulus for ARS3 and results from the Gompertz
model.
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Figure D-41.  Comparison between measured dynamic loss modulus for ARS4 and results from the Gompertz
model.
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Figure D-42.  Comparison between measured dynamic loss modulus for ARS5 and results from the Gompertz
model.
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