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ABSTRACT 

We develop a theory for the analysis of chemical reactions in “isolated” containers. The 

main tool for this analysis consists of Boltzmann maps, which are discrete time dynamical 

systems that describe the time evolution of the normalized concentrations of the chemicals 

in the reactions. Moreover, the use of these maps allows us to draw conclusions about 

the continuous dynamical systems that the law of mass action associates with the different 

reactions. 

The theorems we prove show that entropy is a strict Liapunov function and that no 

complex evolution is expected out of the discrete dynamical systems. In fact, we prove 

convergence to a fixed point for most of the possible cases, and we give solid arguments 

for the convergence of the remaining ones. The analysis of the continuous systems is more 

complicated, and fewer results have been proven. However, the conclusions we draw are 

similar to those relative to the Boltzmann maps. Therefore, we suggest that no chaos is to 

be found in systems that do not exchange energy nor matter with the outer environment, 

both for the discrete and for the continuous cases. Such a phenomenon is more likely to 

occur in “closed” or in “open” reactors.



Finally, we argue that the discrete dynamical systems have more physical content than 

the continuous ones, and that Boltzmann maps may be useful in the analysis of the non 

chaotic regions of many other kinds of finite dimensional maps.



ACKNOWLEDGEMENTS 

All the people that I have met at the Center for Transport Theory and Mathematical 

Physics of Virginia Tech have made my four years stay in Blacksburg very pleasant and 

academically stimulating. To explicitly mention all of them is not possible in a few lines, 

but I hope that they will accept my gratitude. Some of these persons, however, deserve 

special thanks for having helped and guided me throughout my Ph.D. endeavour. 

First and foremost I want to thank Prof. P.F. Zweifel and Prof. R.F. Streater: ex- 

cellent teachers, advisors and friends. Besides the uncountably many other reasons, I am 

particularly grateful to them for the relationship they allowed me to build with them and 

for having introduced me to the wondrous world of Mathematical Physics. 

Thanks are in order to Professors C. Beattie, R. Bowden, W. Greenberg, G. Hagedorn, 

K. Hannsgen, M. Klaus, J. Rossi and J. Slawny, who have contributed in many different 

ways to make my stay in Blacksburg both productive and enjoyable. 

I am indebted to Prof. V. Boffi, of the University of Rome, for having been a great 

teacher, for his continuous support, and for having adviced me to pursue a career in Math- 

ematical Physics. 

Last, but definitely not least, my deep gratitude goes to Mrs. G. Henneke, who is 

able to conquer the hearts of all those who deal with the Center for Transport Theory and 

Mathematical Physics. Her help during the whole time I have spent in Blacksburg has been 

much more than merely useful. 

iv



CONTENTS 

PART ONE 

CHAPTERI INTRODUCTION 
[1 
1.2 

1.3 
L.4 
1.5 

1.6 

L.7 

Are Chemical Reactions Chaotic ? 

A Possible Approach 

The Law of Mass Action 

Models of Real Chemical Reactions 

The Need for a Systematic Analysis 

A Stochastic Process for the reaction 2A = A+ 8B 

Plan of Part One 

CHAPTER IT STOCHASTIC PROCESSES, ENTROPY AND DYNAMICAL 

If. 
Il.2 

11.3 

{1.4 

11.5 

SYSTEMS 

Introduction 
Stochastic and Bistochastic Maps on IR” 

Fixed Points of Dynamical Systems 

Ordinary Differential Equations and the Euler’s Method 

Boltzmann Maps for Single Chemical Reactions 

CHAPTER II SINGLE REACTIONS IN STIRRED TANKS 

I{I.1 
I1.2 

IIL.3 

IIl.4 

IIL.5 
IIl.6 

U1.7 

{1.8 

I1.9 

Introduction 
The Non-Autocatalytic Reaction 

A Detailed Case 
11.3.1 A Generalization 
The Higher Non-Autocatalytic Reactions 

Diffusion and Transmutations 

Page 

b
o
 

a1
 
o
t
 
e
e
 

1 

14 

17 

18 
18 

26 

28 

31 

37 
38 

40 
44 
45 

48 
Stability of the Fixed Points and Entropy Increase: The Non-Autocatalytic 

Case 

The Autocatalytic Reaction 

Convergence to the Fixed Points of the Map: The Autocatalytic Case 

Completely Solved Examples 

CHAPTER IV CONVEX COMBINATIONS OF BOLTZMANN MAPS 

IV.1 
IV .2 

IV.3 
IV.4 

Introduction 
Dynamical Systems for Complex Reactions 

Convex Combinations 
Convergence for Convex Combinations 

v 

50 

53 

56 

63 

§8 
69 

70 
13



1V.5 Discrete Diffusion 

IV.6 Discrete Reaction and Diffusion 

CHAPTER V THE LIMIT TO THE CONTINUUM 

V.1l 9 Introduction 

V.2 Iterations of Maps 

V.3. Chaos from Chemical Reactions 
V.4_ Continuous Time Problem for Single Reactions 

V.5 Continuous Time Problem for Complex Reactions 

V.6 The Continuous Reaction-Diffusion Problem 

CHAPTER VI CONCLUDING REMARKS 

VI.1. Non-Balanced Reactions and Unequal Rates 

VIL2 The Choice of the Time-Step and of the Spatial Mesh 

VI3 An Overview 

PART TWO 

CHAPTER VI COLLIDED FLUX EXPANSION FOR THE TRANSPORT 
OF MUONIC DEUTERIUM IN FINITE MEDIA 

VIL.1 Introduction 

VIL.2 Statement of the Problem 

VIL.3 Application to Thin Media 

VII.4 Numerical Results 

FIGURES 

REFERENCES 

CURRICULUM VITAE 

vi 

79 
83 

88 
88 

91 
94 

99 

102 

106 

107 

110 

113 
115 
116 

122 

124 

171 

175



CHAPTER I: INTRODUCTION 

I.1 Are Chemical Reactions Chaotic ? 

About three decades ago a Russian Chemist. Boris Belousov, unexpectedly found that 

mixing certain amounts of sulphuric acid potassium bromate, cerium solphate and malonic 

acid, produced visible oscillations in the concentrations of bromide and cerium. In fact, 

rather sharp and periodic changes in the colour of the mixture indicated that the concen- 

trations of such chemicals were, in turn, changing periodically. It was not easy at all to 

convince other chemists that what had been observed was a genuine phenomenon and not 

just the result of an improperly run experiment. As a matter of fact, the first two papers in 

which Belousov described his discovery were rejected, and so he decided not to pursue that 

research any more, apart from publishing a short report in the proceedings of a conference 

on radiation medicine. Some years later, Anatol Zhabotinskii, another Russian chemist, 

performed a thorough analysis of Belousov’s experiments, and was able to convince the 

rest of the scientific community that something extremely interesting had heen discovered. 

Today reactions of that type are called “Clock” reactions and they have been the starting 

point for the study of those intriguing chemical reactions that, in the current literature, are 

listed as “Chaotic” reactions. 

The Belousov-Zhabotinskii reaction, though the most famous, historically is not the 

first recorded chemical clock. In 1921, William Bray, a chemist at the University of Berke- 

ley, had accidentally found that the iodate-hydrogen peroxide reaction presents an almost 

periodic behavior, as far as the color of the mixture and the bursts of oxygen bubbles pro- 

duced by the reaction are concerned. But almost no one took his experiment seriously. 

During the following half century, most of the specialized lterature aimed to prove that
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Bray’s experiment was influenced by the presence of perturbing causes like dust and bad 

experimental apparatuses. 

These two examples describe in part the skepticism that accompanied the discovery of 

complex dynamics in chemical reactions. Probably, this was due to the belief that those 

experiments were a violation of the second law of thermodynamics: sort of perpetual motion 

machines. This would have been, though, a wrong opinion, as it resulted from an application 

of equilibrium thermodynamics to phenomena very far from thermodynamical equilibrium. 

Today, it is widely accepted that the conclusions of classical thermodynamics apply to near 

equilibrium processes, and in fact no oscillations have been observed in such systems, but 

there is strong evidence that dramatically different laws describe the evolution of systems 

held far from thermodynamical equilibrium. 

In the past decade, the study of chemical oscillations and connected nonlinear dynami- 

cal systems has made remarkable progress. The original skepticism, that had affected both 

the experimental research and the theoretical analysis, has turned into a great positive effort 

aimed to fully understand this particular problem. Many questions have been answered. 

Important new results in chemical kinetics, insights into the interactions between the non- 

linearities inherent in the chemistry and diffusion and transport phenomena, and some new 

understanding of the complexity of two or more oscillators when they are linked together, 

constitute part of the relevant progress that has been made. 

The evidence that chaotic patterns appear in experiments of the Belousov-Zhabotinskii 

type now appears to be incontrovertible. Strange attractors have been found as well as pe- 

riod doublings, even to the point of experimentally modelling the one-dimensional dynamics 

of famous maps of the interval. 

Therefore, the study of complex chemical reactions has gained a position of primary 

importance among the uncountably many different fields that deal with nonlinear systems, 

both as an experimental science and as a forge of interesting theoretical models. Most
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of the features that are now observed in population dynamics, biology, transport theory, 

mechanics etc., are found in chemical reactions as well. On the other hand, it is easier to 

control the conditions of the experiment for a chemical reaction than in many other cases. 

Despite these successes, the study of the evolution of complex chemical reactions is still 

the subject of some dispute. In particular, questions arise as to whether present experiments 

are really perfectly controlled or not. It is not clear what role is played by spatial inhomo- 

geneities and thermal fluctuations, neither is it known what are the effects of unavoidable 

noise, dust, cosmic rays, gravity etc.. Stochastic effects on a macroscopic scale have just 

begun to be investigated. A very intriguing problem is posed by certain experiments that 

do not appear to be chaotic but yield different results each time, as if very strong insta- 

bilities produce dramatically different evolutions under the effect of extremely small and 

uncontrollable disturbances. 

One of the most important open questions —at least as far as chemistry is concerned— 

is probably the following. Does chaos arise solely from the chemistry, or is it the interplay 

of chemistry and transport processes which triggers it? 

Even if we take a purely theoretical standpoint, we find that the situation is similar. 

The laws that are supposed to govern such processes have been known for more than 

a century; nonetheless many questions still remain. In particular, it is a difficult task 

to study the behaviour of the solutions of those differential equations that are meant to 

describe the evolution of complex chemical reactions. In fact, such equations are highly 

nonlinear, and the geometries involved may be rather complicated. The advent of modern 

super-computers has shown that numerical simulations can match remarkably well certain 

features of experimental outcomes. On the other hand, there is no universal agreement on 

what value should be attributed to these calculations. 

If all these many questions could be answered for the relatively simple systems that are 

studied in chemistry, a big step forward would have been taken, and many more complicated
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problems, like those relevant to biological systems, could be tackled with much greater 

confidence. Further details about the points discussed in this section can be found in [1] - 

[8]. 

1.2 A Possible Approach 

Some authors [1] describe the debate about the problems outlined in section I.1 as 

very hot. In particular, the controversy is made even more disturbing by the fact that 

different groups, that run numerical simulations of the Belousov-Zhabotinskii reaction, get 

completely different results when they re-run each other’s programs. Therefore, an exact 

analysis of models is required, so that some order may be put in the present rather confused 

situation. 

The point of view of this thesis is that of constructing a theory which aims to provide 

the tools necessary to a rigorous analysis of the already existing models. Furthermore, new 

models will be generated using these same tools. In particular, the law of mass action will be 

shown to fit into a stochastic process, which will be used to describe the most general kind of 

chemical reaction. Such a project will be pursued through the study of models of increasing 

complexity which belong to a special class: the bistochastic maps [9]. The resulting physical 

model is one that obeys the principle of microscopic reversibility at all times. This, in turn, 

implies that the rate of the process that transforms certain chemicals into others is equal 

to the rate of the inverse process. As this disagrees with the experimental evidence —i.e. 

many reactions proceed faster in one direction than in the other— we will explain this fact 

and show that it doesn’t constitute a difficulty. Because of this, the name “law of mass 

action” will be used throughout this thesis, although it properly applies to the more general 

case of reactions with unequal backward and forward rates. The necessary generalizations 

beyond the theory here developed will be identified, and the restrictions under which this
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study helps to draw rigorous conclusions from the general theory of chemical reactions will 

be outlined. 

In the next section we discuss how the law of mass action —that rests on good exper- 

imental foundations— can be derived from basic physical principles. In section 1.6 we will 

see how the resulting dynamical system can be cast into the framework of a bistochastic 

process, for a special case. 

1.3. The Law of Mass Action 

In order to give a molecular description of chemical reactions, it is usually assumed 

that collisions among the molecules of the reacting substances are the basic causes for the 

reactions to take place. In this context, an elementary process is defined to be a molecular 

event that produces a well-defined change in the extensive variables that somehow describe 

the system, in particular in the total amount of each chemical [10]. This is very similar 

to the basic process that is hypothesized for the construction of the fundamental equation 

of kinetic theory: the Boltzmann equation. The difference is mainly that collisions in a 

rarefied and non-reacting gas are supposed to produce changes in momentum space, while 

collisions of reacting molecules produce changes in the concentrations of the substances 

involved. Moreover, in most applications of the Boltzmann equation, like neutron transport 

theory, the collision term is linear due to the fact that the neutrons do not collide with each 

other, given the extremely low ratio of the neutron density to the host particle density. On 

the contrary, the fact that chemical collisions are nonlinear in nature implies that nonlinear 

laws are required. 

Let us take a look at the way the rate equation for the concentrations of the chemicals 

in a given reaction is usually constructed. This will give some insight on our understanding 

of elementary processes. We will follow the approach given in |11].



6 

The rate at which molecules undergo chemical reactions cannot be taken to be the 

number of collisions that take place in unit time. If this were the case, reactions would 

be much faster than what is experimentally observed. This means that a fraction of the 

collisions in question do not trigger any chemical reaction. Therefore it is usually assumed 

that a reaction actually proceeds in three steps: 

a) the reactants collide at a certain relative kinetic energy 

b) part of that energy is used to form a “metastable” (intermediate) compound 

c) the intermediate compound decays into the final reaction products. 

Therefore, a given kinetic energy is required of the colliding molecules, so that the 

threshold for the formation of the metastable state is exceeded. For instance, let us consider 

the process A+ B — C'+ D, by which we mean the reaction that A and B undergo, when 

mixed together, that produces the chemicals C’ and D. Then, if we let « be the activation 

energy of the intermediate state, we must have jv?/2 > € where yu is the reduced mass of 

A and B and v is the relative speed. It follows that the rate at which reactions between A 

and B can take place is the product of the collision frequency, v, by the probability that 

their relative speed is big enough for the reaction to take place. This probability is usually 

calculated under the assumption that the velocities of the reacting molecules obey the 

Maxwell-Boltzmann distribution. The result is that such a probability is an exponentially 

falling function of the activation energy. Concerning the collision frequency, it is assumed 

that the molecules are rigid spheres and that their velocities obey the Maxwell-Boltzmann 

distribution. This leads to an expression for vy that is proportional to the product of the 

number, na, of particles A times the number, ng, of particles B per unit volume. i.e. 

  (1.1) 
(tszde)! (Ser 

Vo NAN BW > , 

7 jt 

where dy and dg are respectively the radii of molecules A and B, kg is the Boltzmann 

constant, and JT is the temperature of the mixture.
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Therefore, we can write the following rate equations for the number of particles of the 

different species that are present at the time ¢ in a “well stirred” (i.e. spatially homogeneus) 

medium: 

  ————— —-kN4aNp = TT = 7 = -7_F> (1.2) 

where N; represents the number of particles of species 7, and k is a parameter that encom- 

passes the microscopic dynamics of the reaction. In particular, & depends on the tempera- 

ture and on the activation energy. 

The reaction we have considered here is very special, as it involves four chemicals; 

it proceeds in one direction only (i.e. A and B are used to produce C’ and D, but not 

viceversa) and it is simply quadratic. As we will see, (I.1) and (1.2) can be generalized to 

include reactions of any order, where an arbitrarily large number of particles interact, and 

that proceed in both directions, i.e. the products of the reaction may also react back and 

produce the reactants. Equation (I.1) and its generalizations express the content of the law 

of mass action, for nonequilibrium processes. 

Although the derivation of the law of mass action outlined above relies on strong sim- 

plifying assumptions, it provides a reasonable picture of the microscopic phenomena that 

determine the law itself. More accurate models would certainly be welcome, especially if 

they include quantum mechanics [12], but it is not clear what good alternatives might be. 

Thus, as it appears that the law of mass action gives a good description of the evolution of 

chemical reactions, it is universally accepted, so far. 

I.4 Models of Real Chemical Reactions 

The discussion develped in the previous section helps to understand how a theoreti- 

cal description of a single chemical reaction can be given, starting from the knowledge of 

certain microscopic data. Nonetheless, most of the reactions that are under experimen-
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tal investigation are more complex. Usually —and especially in chaotic systems— different 

kinds of reactions take place at the same time in the reactor vessels. In order to model such 

real processes, it is not enough to know how to describe each single reaction, something 

must also be said about how to combine the different partial contributions. In the effort of 

providing suitable theoretical descriptions, researchers throughout the world have invented 

many different models, all based on the law of mass action, and on some commonly ac- 

cepted assumptions on how the contributions of the different single reactions should be put 

together. In this section we want to examine some of the models that have made the recent 

history of chemical kinetics. 

EXAMPLE 1: The simplest model for complex chemical reactions is probably the Schlogl 

model, {11],[13]. The reaction scheme is the following: 

ky 
A+ 2X=3X 

ke 
ke (1.3) 

X=B 
kes 

and the dynamical system associated with this set of reactions is 

dNx 
= NaN x? — kx? ~ kay + aN 

dN 
— = -kyN4aNx? + knNx? (1.4) 

dNpg 
dt = kgNy _ kaNp 

where k; and ky are respectively the rate constants for the processes that go from left to 

right and from right to left, in the first reaction; while kz and k4 have the same meaning, 

for the second reaction. 

The thermodynamical equilibrium is defined by 

ki NaN? = kyNx? 
(1.5) 

kgNy = kaNep. 

But we may prepare an experiment in which Ny and Nz are fixed at some value that does 

not respect eq.s (1.5), and let Ny vary. Under these circumstances, this model becomes
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very interesting, in fact it exhibits a phase transition and hysteresis behaviour, when N4 

and Ng are fixed at a value far from thermodynamic equilibrium. If this is done, the steady 

states of the system, characterized by the vanishing of the time derivative of Vy, change 

in a discontinuous way with the parameter b = k4Ng/k2; and this is the cause for phase 

transition and hysteresis to occur. A modified version of this model, that has two stationary 

points, has been discussed in [14]. 

EXAMPLE 2: The Gray-Scott model, [2],[3], draws a strong analogy between the very simple 

reaction A — B and the two autocatalytic ones A+ B — 2B and A+28 — 3B. Note that 

the term autocatalytic is commonly used in the specialized literature to mean a reaction in 

which some chemicals appear both as reactants and as products. 

In this model, which assumes that the chemical A is continuosly supplied at a given 

rate, these three elementary processes are supposed to make up the real reaction. In this 

way the opposite procedure to the usual is followed, as usually complex reactions are broken 

into simpler elementary processes. The competition between input of A from the flow and 

consumption of A by the chemical reaction gives a balance between A and B at the steady 

state. The supply of A is represented by a linear term while the production is represented 

by a cubic term, which presents a point of inflection. Therefore, the equation for the steady 

states, which is the intersection of these two functions, may contain up to three points. 

If the input flow is adjusted to one of the values that allow for three steady states, it is 

found that one of them is unstable while the other two are stable. This phenomenon is 

called bistability (i.e. there are two stable states between which the system can be flipped 

by suitable perturbations}. In a case like this, the initial conditions will determine the 

convergence to either one of the two stable steady states. This is also another model in 

which phase transitions and hysteresis occur. 

EXAMPLE 3: The Schlogl and the Gray-Scott models are interesting, but they do not al-
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low phenomena like periodic behaviour and bifurcations, which are the basic ingredients 

for chaos to be produced. One classical model, in which oscillations are observed, is the 

“Brussellator”, [15], that draws its name from the University of Brusselles where it was 

developed. This is one of the simplest models that describe clock reactions. The reaction 

scheme is the following: 

B+X-2Y 4D 

2X +¥ "23x 

X ASE, 

where it is assumed that the concentrations of A and B are fixed, and the first and the 

last reactions can be viewed as a flow of X. If we introduce the two parameters a = 

Na(hy7kg/kq?)1/? and b = Ngk»2/k4, we can see that the unique steady state for this reaction 

is given by X =a and Y = 6/a. A simple stability analysis shows that such a steady state 

is stable for 6 < a? +1 = 6, , it is unstable for 6 > 6,, and it admits periodic orbits for 

6 = 6, [16]. A generalization of this model, in which the concentrations of A and B are not 

required to be fixed, is discussed in [17]. 

EXAMPLE 4: The most famous of all models is the so called “Oregonator”, that was de- 

veloped by Field and Noyes at the University of Oregon, as a model of the Belousov- 

Zhabotinskii reaction |7],[18]. The following is the reaction scheme of the version called 

Reversible Oregonator. 
A+Y2H2X+W 

A+Y = 2W 

A+X=@2X 422 (I. =~
] 

—
 

2X = A+W 

B+Z= hy. 

Here the capital letters represent different chemicals, while A is a rather unusual stoichio-
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metric coefficient, as it may vary between 0.5 and 1.4; moreover, by varying h appropriately, 

it is claimed that different complex dynamic evolutions are observed. 

The features that this model is asked to reproduce are startling. Sustained temporal 

oscillations, waves through thin unstirred layers, bistability, intermittent bursts of regular 

oscillations followed by periods of quiescence, and quasi-periodic and chaotic oscillations are 

some of the most important experimental patterns for the description of which the orego- 

nator was invented. It is remarkable that numerical simulations based on this model have 

reproduced a good deal of these features, for both batch and flow reactors. Nontheless, 

even those authors who support the “overwhelming” reasons to believe in chaos as a gen- 

uine characteristic of the Belousov-Zhabotinskii reaction, do acknowledge the fact that the 

theoretical analysis has not furnished convincing answers yet. In [3], Epstein says: “While 

the eristence of chaos in the BZ system appears undeniable, its origin is still a matter of 

dispute. No calculation based on a reasonable mechanism for the reaction gives convincing 

evidence of chaos resulting from the dynamics of the homogeneous reaction.”. Therefore, 

new models in which space inhomogeneities play a major role are now under study, and 

they might replace the Oregonator in the future. 

EXAMPLE 5: Finally, let us take a look at a model which is not used to describe any chemical 

reaction, but which is intrinsically very close to those that we have presented in the previous 

examples: the Lotka- Volterra model [14]. Its reaction scheme is the following: 

X4Y¥ 32Y (1.8) 

Y — P. 

As this reaction is not dissipative, it is not a very good model for real chemical reactions; it 

is instead of great interest in population dynamics, as a model of predator-prey ecosystems. 

It is clear, anyway, that the same sort of analysis that 1s performed on chemical reactions 

may succesfully be applied here. This is a very simple example of the connections that can



12 

be found between chemistry and biology in the study of nonlinear evolution. 

1.5 The Need for a Systematic Analysis 

The models presented in the previous section and many others (either closely or not 

so much) related to the dynamics of chemical reactions have been the object of a lot of 

research work. To enumerate all the papers that have been published on the subject is 

practically impossible. Even to provide a list of all the different approaches that have been 

adopted is too hard a task. Our impression is that the experimental work is very difficult 

and still a lot needs to be done, but one thing seems now to be certain: it is possible to 

simulate complex dynamics and chaos in chemical reactions by running the experiments in 

the appropriate ways [6],[19]. 

From the point of view of theoretical analysis, our opinion is that the complexity of the 

mathematical models used to describe these systems has forced the researchers to accept 

some compromise. Some old studies have concentrated on extremely simplified models, as in 

(20], where a stochastic approach to the coupled reactions A; = Bj, for all the chemicals in 

the set {Ay,..., dn, B1,..., Bn}, had been used. Here the contribution was to show that the 

nonequilibrium thermodynamics of those chemical reactions and, in particular, the entropy 

production can be modelled within the framework of a stochastic process. Other important 

examples of this trend can be found in [21], [22] and many other places. 

A different approach has been made possible by the advent of the modern computers, 

see [7],[23],[24] for instance. Here the models that have been used are supposed to be more 

realistic, and very spectacular results have been obtained, but we have already seen how 

much disagreement there is on those calculations. The complexity of the problems is such 

that no sure conclusions can be drawn, despite the very hard analytical and numerical 

analysis being performed. The upshot is that it is not possible even to conclude whether
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the models under investigation are truly “realistic” or not, because there is no rigorous 

proof of many of the properties they are supposed to have, and that appear in numerical 

simulations. 

Other studies start with very hard mathematical problems, and proceed by proving step 

by step all the claims that have been announced. [25] is a good example of this approach, 

where an asymptotic analysis has been performed on the very general problem 

yon cAu—e'f(u), ren, (1.9) 

where 92 is a domain in IR” , u € IR™ , f is a function that vanishes on a given manifold, 

and the asymptotic analysis of u is performed in the limit of small «. The results are that u 

tends rapidly to the connected manifold M of the stable equilibrium points, being driven by 

the reaction f, and subsequently it evolves slowly inside M, being driven by the diffusion 

process. In the end, u converges to a harmonic map of 2 into Mf. Although these results are 

rigorous, some simplifying hypothesis were needed, like assuming that M has no boundary, 

or that f(u) can be expressed as the gradient of a smooth scalar potential that is spherically 

symmetric. We will see that usually these hypothesis are not satisfied by an f that stems 

from the law of mass action. Furthermore, no conclusions can be drawn about the positivity 

of the solutions, which is a fundamental question as far as the concentrations of chemicals 

in a reaction are considered. 

Among the recent studies on the famous models that we have presented in the previous 

section, it is worth quoting also [17],/26] and [27]. These three papers constitute indeed a 

thorough analysis of complex reactions, in which the concentrations of a number of sub- 

stances is kept fixed and therefore they can be eliminated from the rate equations. The 

same thing is shown to be possible when some of the elementery processes of the reaction 

are much faster than the others, and the two cases are shown to be equivalent, in the sense 

that the elimination of fast variables works for both. There are many examples in which
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the above approximations are reasonable, even if some restrictions must be imposed. 

This discussion, far from being a criticism of the enormous amount of work devoted at 

various levels to the study of complex reactions, attempts to show some of the problems 

encountered in the construction and rigorous analysis of realistic models. Clearly, a program 

capable of providing a systematic way of proceeding is highly desirable. 

1.6 A Stochastic Process for the Reaction 2A=—=A+B 

In [28] a general method is described for constructing nonlinear “Boltzmann maps”, 

which are discrete time stochastic processes that imitate the classical Boltzmann equation. 

The similarity lies at least in two points. Both the maps and the equation assume the 

Stosszahlansatz, which implies no correlations between the particles before a collision, and 

the maps look like discretized versions of the equation, within certain limits. In this thesis 

we show that, under some assumptions, Boltzmann maps can be given as models of the 

dynamical systems associated with chemical reactions. This will provide us with a powerful 

tool for the analysis of such dynamical systems, and for the construction of new ones. The 

details will be given in the next chapters; here we want to introduce some concepts and 

useful notation, with the aid of a special example. 

Let us consider the simple autocatalytic reaction| 2A = A+ B|, ina well stirred reactor. 

The law of mass action, in this case, is expressed by 

dp 
Gp o= TP? = pa) = -AD 
“yp (1.10) 

dt 

where p and q are respectively the concentrations of A and B, \ is the rate constant, and 

D = p* — pq is called the disequilibrium parameter. At the molecular level, we may think 

of this reaction as the process drawn in Figure J.1, where the forward and the backward 

processes are assumed to be equally probable, i.e. they proceed with equal rates.
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Let p and q be the concentrations at time t = 0, and p~ and g™* those at t = 1 (in some 

system of units). We can write a discrete version of (I.10) as 

p =p-pD 
(1.11) 

gq =a+ HD, 

where yp is a positive parameter appropriately chosen. As a matter of fact one can obtain 

(1.11) also from the following argument. 

Let 2 = {A, B} be a sample space and let Q be the simplex of probability measures on 

Q. If the concentrations are normalized so that p+q = 1, we have that P = (p,q) € OC R?, 

and we may interpret each component of P as the probability that a molecule A or a 

molecule B be fished out of the reactor at the time t = 0. Similarly, define 2, = 2 x N and 

let Q2 C IR* be the simplex of probability measures on Q2. Then, each component p;; of a 

Py € Q»y may be interpreted as the probability of pulling out a molecule z and a molecule 

) from the reactor at t = 0. The stosszahlansatz requires that Pp = P ® P. Due to the 

evolution of the chemical system, at the instant ¢ = 1 it may or may not be that P and P, 

can still be interpreted as at the time t = 0. In general, two other elements of P* € Q and 

P  € Q» will represent the probabilities just described. Therefore, a map tr: Q — Q and 

amap 7’: Q2 — Q2, can be defined by r(P) = P* and T(P,) = Py, and r and T can be 

interpreted as time evolutions on Q and Qy. 

Now, for every element (7,7) in Q2, consider the new sample space Qs) = (1,7)x Qe 

and the simplex gh) C IR* of the probability measures on Qe), Every pe) E Qh) can 

be viewed as a law that describes all the possible channels through which the particles 1 

and j may react producing two other particles of 2. In fact each component Pj 4; of py) 

lies in [0,1] and 3/1) Pijat = 1, and so it may represent the scattering probability for 

the collision of the molecules z: and j to produce the molecules & and / in the unit interval 

of time. Moreover, differently from the case of P and P>, that are supposed to vary with 

time, we assume that the scattering laws do not depend on time (e.g. hydrogen and oxygen
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together were as likely to produce water yesterday as they are today). Thus, we assume 

that there is a unique pe) E Qty) that can be interpreted as the scattering law for the 

process under study, and that doesn’t change with time. If such a law obeys the principle of 

microscopic reversibility, t.e. the scattering of 7 and j to produce & and / is equally probable 

as the scattering of k and / to produce zt and j . P,j,4; must equal P,,;; for every k and 

I. Moreover, if the collision of 1 and 7 is the same as the collision of j and z , P;; 4, must 

equal Pj; for every k and [. This hypothesis, that is not necessarily satisfied in classical 

probability, does not alter the physical content of the present theory, as shown in section 

II.5, and it is correct in quantum probability. Therefore, it will be adopted in the rest of 

this thesis, for the sake of simplicity. 

Having interpreted P3 in this way, we are now bound to have 

Pi; =D Piskt Pkts (1.12) 
(x,l) 

for the component (2,)) of PJ is the sum of the contributions of all the reactions that 

produce it from different elements plus the contribution of no reaction. Therefore we realize 

that the map T is linear and can be expressed as a 4 x 4 bistochastic matrix, whose entry 

Tijet equals Pj; 34 for all 1,j,k,/. In our case, if we let Taga aa = 1 — 20; TaaaB = pb; 

Taa,BB =0;T,4p,aB = (1—-4)/2; Tap.pp = 0; TeB BB = | we get 

1 —2u HH 0 p" (1 — 2yc)p? + 2pepq PAA 

pratp=| & oat te 9) fo) _f weenie | _ | Pap 2 2 it 1-4 1-2 Q qP up? + (1 — )pq PBA 
0 0 60 1/ \¢@ | y? PBB 

(1.13) 

Then, if we let P* = (p*.q*)’ . p° = pag t+ Pap and a = pga t+ Ppp we get (1.11), 

considering that p+ q = 1. Note that this last step defines a map E : Q2 — Q, which is 

the conditional expectation onto the first factor. 

To sum up, a map T: Q — Q has been constructed, that transforms P according to 

Ps P@P + T(P@P) ~~ Pt =7(P), (1.14)
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which shows how (1.11) can be made into a nonlinear stochastic process. Here o is the so 

calied “sampling map”, that forms the tensor product of copies of the input probabilty, 

thus implementing the stosszahlansatz. The map defined by (1.14) is called a quadratic 

Boltzmann map. 

Note that we have implicitly assumed that the reaction 2A = A+ B exhausts all the 

physics of the problem of two particles of 2; i.e. (2,7) is allowed to produce (A, A), (A, B), 

(B,A) and (B, B) only, and not (A, A, B) for instance. If this were not the case, other 

reactions should have been introduced. In chapter 4 we will show how this can be done. 

I.7 Plan of Part One 

Besides the previous introduction, the study presented in Part One is organized as 

follows: 

Chapter II introduces the basic definitions and theorems that will be used in the fol- 

lowing chapters. Part of these are well known results, and can be found in standard books; 

another part is more recent, and it first appeared in [28]. Moreover, some of the material 

of section IT.5 is original. 

Chapter III studies the details of the stochastic processes introduced in Chapter II, for 

the case of single chemical reactions. 

Chapter IV is devoted to the study of complex reactions, through the convex combina- 

tions of maps relative to single reactions. 

Chapter V deals with the continuous dynamical systems that arise in the applications 

of the law of mass action. Furthermore, some hints are given on how to improve the theory 

of chemical kinetics. 

Chapter VI completes the arguments developed in the preceding chapters, with some 

comments and an overview.



C : STOC C OC ES, ENTROPY 

AND DYNAMICAL SYSTEMS 

II.1 Introduction 

In this chapter the complete definitions of the terms and the exact statements of the 

theorems that will be used in the rest of the thesis are introduced. In section II.2 the 

generalities of bistochastic maps and their relation to entropy will be discussed. Section 

II.3 will introduce some notions necessary to the proof of existence and stability of the fixed 

points of nonlinear dynamical systems, as well as to the proof of convergence to such fixed 

points. Section II.4 will be particularly devoted to continuous time dynamical systems. 

with a view on the numerical analysis results that allow one to connect the discrete to the 

continuous systems. All the material presented in these sections is well known; nonetheless, 

an effort will be made to adapt it to the purpose of this thesis. Finally, section II.5 will 

show how to construct bistochastic processes for the most general single chemical reactions, 

along the lines of section I.6, and a new result will be presented. 

II.2 Stochastic and Bistochastic Maps on R” 

In this section references [29],[30|] and (31] are broadly used, for what concerns the 

classical results. [9] and [28], instead, are the source of the more recent results and of those 

relative to the Boltzmann maps. Let us denote B = (IR”, ||.||1), with [lal], = |ai{+---+|a,| 

for every a = (a},...,dn) € R”. An element a of B is said to be positive if all its components 

are non-negative real numbers. To indicate that a is positive we write a > 0. If all 

components of a are positive, we say that a is strictly positive. The notion of positivity 

establishes a partial ordering on BG; in fact, it is possible to compare the two elements a and 

18
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b, by writing a > b if and only if a — b > 0. 

DEFINITION II].1. A linear map T : B — B ts said to be Stochastic if 

i. a > 0 implies Ta > 0, which is to say that T is positivity preserving. 

i. ||Tally = |lall, for all a > 0. 

T is called Bistochastic if it is stochastic and it satisfies the following condition: 

it. Te = e, where e = (1,...,1). 

Note that many authors call doubly stochastic the maps that here have been defined as 

bistochastic. Moreover, there are many alternative definitions, which can be proven to be 

equivalent to Definition II.1. Here are summarized some of these, in the form of a theorem, 

where the map and its associated matrix are identified. 

THEOREM II.1. (a) A nonnegative n x n matrix is bistochastic if and only if each of its 

column and row sums is 1. 

(b) A nonnegative n x n matrix, T, is bistochastic if and only if TJ, = J,T = Jn, where 

J, is the n X n matrix whose entries are 1/n. 

(c) A linear map T : B — B is bistochastic if and only if it is a convex linear combination 

of positivity preserving isometries. 

Let S” be the set of all stochastic maps on IR”, and D" the set of all the bistochastic 

maps. Then the following fundamental result holds: 

THEOREM II.2. (a) If T € S” then ||T|| = 1. 

(b) S" and D” are two compact and convex subsets of My, the set of n X n real matrices. 

(c) The product of two stochastic matrices is stochastic. The product of two bistochastic 

matrices is bistochastic. 

(d) (Birkhoff’s Theorem) T is extremal in D” if and only if T is a permutation. 

The reason for which bistochastic maps are preferred to the others here, is that they are 

positivity preserving —thus guaranteeing a theory from which negative concentrations are
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excluded— and because they are the unique linear operators on IR” that do not decrease the 

entropy in general. This last property is the consequence of a set of other classical results 

that are outlined below. The definition of the entropy S of a system of reacting chemicals 

that we adopt is: 
N 

S(P) =~ S > pilog pi, (II.1) 
t=1 

where it is assumed that there are N chemicals {A;,..., An}, p; is the concentration of the 

element A; in the reactor, and 5), p; = 1. 

DEFINITION II.2. For two elements a,b € B we say that a is More Chaotic than b, and 

we write a > b, if and only if there exists T € D” such that b = Ta. 

This new relation on 6 defines a partial pre-ordering only, because the implication 

a> b and b > a => a= b does not hold. The next important theorem, of which a short 

proof is given, follows 

THEOREM II.3. Given a linear map T on B such that Ta > a for every a € B, then T is 

bistochastic. 

Proor: For every a € B, let b = Ta> a. If a > 0, then b > 0. In fact, the definition of 

more chaotic implies the existence of a map T’ € D” such that b = T’a. Then ||Tal|, = 

([bjl1 = ‘lal: and Ta > 0. Thus, T € S”. Now, consider a = e then, as b = Te > e, 

there exists T’ € D” such that b = T’e which, in turn, equals e. Therefore, Te = e, i.e. T 

belongs to D”. " 

Consider now a function f : [0,co}) — IR such that f(0) = 0, and define S;(a) = 

yi, f(a;) for all a > 0, where a; is the i-th component of a. Moreover, let a real function 

f be called concave if —f is convex, i.e. let f be called concave if f((1—A)z+Ay) > 

(1 —A)f(z)+Af(y), for every A € (0,1). Then the following is true: 

TuHeorEM 11.4. Let IJ be an interval in IR, and assume that a,b € JI", where I” is the
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cartesian product of n copies of J. Then a > b if and only if S;(a) > Sy(b) for all concave 

functions f: I — RR. 

In particular, if f(z) = —zlogz for z € [0,1], then S; coincides with the definition of 

the entropy of a chemical system. Thus, this theorem states that the concepts of entropy 

non-decrease and of chaos enhancement —according to Definition II.2— are the same, for 

the time evolution of a chemical reaction. It follows that every linear theory in which 

entropy does not decrease —whatever the initial conditions are— and whose states are given 

by vectors in IR”, comes from bistochastic maps. Furthermore, if a linear theory increases 

the entropy at every time step, the relative maps belong to a proper subset of D”. 

In [28], Streater characterized a subset of the bistochastic maps that contains matrices 

whose application increases the entropy of a system, unless the system is at a fixed point 

of the map itself. The relevant results of that paper are summarized below. 

Let Q,, be the simplex of probability measures on N™ = {Aj,...,A,}™. Let o and E 

be the generalizations of the maps defined by (1.14) to N”, that is: o(P) = @7 P for every 

P€Q,and E: Q,, — Q the conditional expectation onto the first factor. Then we define 

a Boltzmann map of order m as follows. 

DEFINITION II.3. A Boltzmann map of order m is a map of the form r(P) = E(T(o(P))), 

1.e, 

P 2 @"P > T(@™P) > Pt =7(P), 

for every P € Q, where T € D”” is symmetric. 

It follows that 

THEOREM II.5. (a) A Boltzmann map of order m maps Q into itself. 

(b) The entropy S$ of a system of reacting chemicals does not decrease under the action 

of r; i.e. S(r(P)) > S(P) for every P € Q.
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�D�e�r�F�i�n�i�t�i�o�n� �I�I�.�4�.� �A� �r�e�a�l� �m�a�t�r�i�x� �i�s� �c�a�l�l�e�d� �n�o�n�n�e�g�a�t�i�v�e� �(�p�o�s�i�t�i�v�e�)� �i�f� �a�l�l� �i�t�s� �e�n�t�r�i�e�s� �a�r�e� �n�o�n�-� 

�n�e�g�a�t�i�v�e� �(�p�o�s�i�t�i�v�e�)� �n�u�m�b�e�r�s�.� �A�n� �n� �x� �n� �c�o�m�p�l�e�x� �m�a�t�r�i�x� �A� �i�s� �c�a�l�l�e�d� �i�r�r�e�d�u�c�i�b�l�e� �i�f� �t�h�e�r�e� 

�e�x�i�s�t�s� �n�o� �p�e�r�m�u�t�a�t�i�o�n� �m�a�t�r�i�x� �P� �s�u�c�h� �t�h�a�t� 

�7� �{�A�i�x� �A�r�p�?� �P�A�P� �=�(� �0� �g�t�)�,� 

�w�h�e�r�e� �A�,� �i�s� �a�n�r� �X�r� �s�u�b�m�a�t�r�i�x� �a�n�d� �A�z� �2� �i�s� �a�n�(�n ��r�)�x�(�n ��r�)� �s�u�b�m�a�t�r�i�x�,� �w�h�e�r�e�l� �<�r� �<�n�.� 

�A�n� �i�r�r�e�d�u�c�i�b�l�e� �n�o�n�n�e�g�a�t�i�v�e� �m�a�t�r�i�x� �i�s� �s�a�i�d� �t�o� �b�e� �p�r�i�m�i�t�i�v�e� �i�f� �i�t� �h�a�s� �o�n�e� �a�n�d� �o�n�l�y� �o�n�e� 

�e�i�g�e�n�v�a�l�u�e� �w�h�o�s�e� �m�o�d�u�l�u�s� �e�q�u�a�l�s� �i�t�s� �s�p�e�c�t�r�a�l� �r�a�d�i�u�s�.� 

�T�h�e�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�a�n� �b�e� �p�r�o�v�e�d�.� 

�T�H�E�O�R�E�M� �I�I�.�8�.� �(�P�e�r�r�o�n� �-� �F�r�o�b�e�n�i�u�s�)� �L�e�t� �A� �b�e� �a�n� �i�r�r�e�d�u�c�i�b�l�e� �n� �x�X� �n� �n�o�n�n�e�g�a�t�i�v�e� �m�a�t�r�i�x�.� 

�T�h�e�n� 

�i�.� �A� �h�a�s� �a� �p�o�s�i�t�i�v�e� �r�e�a�l� �e�i�g�e�n�v�a�l�u�e� �e�q�u�a�l� �t�o� �i�t�s� �s�p�e�c�t�r�a�l� �r�a�d�i�u�s� �p�(�A�)�.� 

�i�i�.� �T�o� �p�(�A�)� �t�h�e�r�e� �c�o�r�r�e�s�p�o�n�d�s� �a� �s�t�r�i�c�t�l�y� �p�o�s�i�t�i�v�e� �e�i�g�e�n�v�e�c�t�o�r�.� 

�i�t�i�.� �p�(�A�)� �i�n�c�r�e�a�s�e�s� �w�h�e�n� �a�n�y� �e�n�t�r�y� �o�f� �A� �i�n�c�r�e�a�s�e�s�.� 

�i�v�.� �p�(�A�)� �i�s� �a� �s�i�m�p�l�e� �e�i�g�e�n�v�a�l�u�e� �o�f� �A�.� 

�a�n�d� 

�T�H�E�O�R�E�M� �I�I�.�9�.� �L�e�t� �A� �b�e� �a� �n�o�n�n�e�g�a�t�i�v�e� �n� �x� �n� �m�a�t�r�i�x�.� �T�h�e�n� �A!"� �f�s� �p�o�s�i�t�i�v�e� �f�o�r� �s�o�m�e� �m�  ¬� �I�N� 

�i�f� �a�n�d� �o�n�l�y� �i�f� �A� �i�s� �p�r�i�m�i�t�i�v�e�.� 

�T�h�e�r�e�f�o�r�e�,� �i�f� �t�h�e�r�e� �e�x�i�s�t�s� �a� �n�a�t�u�r�a�l� �n�u�m�b�e�r� �r� �s�u�c�h� �t�h�a�t� �a�l�l� �t�h�e� �e�n�t�r�i�e�s� �o�f� �T�? �� �a�r�e� �p�o�s�i�t�i�v�e�,� 
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�L�i�a�p�u�n�o�v� �f�u�n�c�t�i�o�n� �f�o�r� �t�h�e� �d�i�s�c�r�e�t�e� �t�i�m�e� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m� �g�e�n�e�r�a�t�e�d� �b�y� �7�.� �F�i�n�a�l�l�y� �i�t� �i�s� 
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�C�l�e�a�r�l�y�,� �T� �a�c�t�s� �l�i�k�e� �t�h�e� �i�d�e�n�t�i�t�y� �o�n� �a� �p�a�r�t� �o�f� �t�h�e� �v�e�c�t�o�r� �t�h�a�t� �i�s� �g�i�v�e�n� �a�s� �i�n�p�u�t�.� �I�n� �f�a�c�t�,� �T� 

�i�s� �a�p�p�l�i�e�d� �t�o� �v�e�c�t�o�r�s� �o�f� �t�h�e� �f�o�r�m� �P� �@� �P� �o�n�l�y�,� �a�n�d� �s�o� �t�h�e� �p�a�r�t� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �c�o�m�p�o�n�e�n�t�s� 
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�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� �s�u�b�s�p�a�c�e� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �p�a�a�,�p�s�c� �a�n�d� �p�c�g� �i�s� 

�i�n�v�a�r�i�a�n�t�,� �b�u�t� �i�t� �i�s� �a�l�s�o�  ��m�i�x�e�d �� �b�y� �t�h�e� �a�c�t�i�o�n� �o�f� �T�.� �I�n� �f�a�c�t�,� �t�h�e� �s�u�b�m�a�t�r�i�x� �o�f� �T�?� �t�h�a�t� �i�s� 

�r�e�l�e�v�a�n�t� �t�o� �s�u�c�h� �a� �s�u�b�s�p�a�c�e� �i�s� �p�o�s�i�t�i�v�e�,� �a�n�d� �s�o� �i�t� �h�a�s� �a� �s�p�e�c�t�r�a�l� �g�a�p�.� �A�s� �a� �c�o�n�s�e�q�u�e�n�c�e�,� �t�h�e� 

�a�p�p�l�i�c�a�t�i�o�n� �o�f� �7� �i�n�c�r�e�a�s�e�s� �t�h�e� �e�n�t�r�o�p�y� �u�n�t�i�l� �t�h�e� �i�n�p�u�t� �v�e�c�t�o�r� �f�o�r� �T� �h�a�s� �p�a�g� �=� �p�B�c� �=� �P�C�B�,� 

�i�.�e�.� �p ��)� �=� �p�p�p�c�,� �w�h�i�c�h� �i�s� �e�x�a�c�t�l�y� �t�h�e� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �p�o�i�n�t�s� �o�f� �T�.
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�I�I�.�3�.� �F�i�x�e�d� �P�o�i�n�t�s� �o�f� �D�y�n�a�m�i�c�a�l� �S�y�s�t�e�m�s� 

�G�i�v�e�n� �a� �m�a�p�G�:� �D�  �� �D�,�D�C� �R � ��,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �c�o�n�s�t�r�u�c�t� �a� �d�i�s�c�r�e�t�e� �a�n�d� �a� 

�c�o�n�t�i�n�u�o�u�s� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m� �a�s� �f�o�l�l�o�w�s�:� 

�2�m�+�i� �=�2�m�+�h�G�(�t�m�)�,� �t�m�  ¬�D� �(�1�1�.�5�)� 

�d� �=� �~�G�(�e�)�,� �2 ¬�D� �(�1�1�.�6�)� 

�w�h�e�r�e� �A� �i�s� �a� �r�e�a�l� �c�o�n�s�t�a�n�t� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o�.� �T�h�e� �p�o�i�n�t�s� �z�  ¬� �D� �s�u�c�h� �t�h�a�t� �G�(�r�)� �=� �0� 

�a�r�e� �c�a�l�l�e�d� �F�i�x�e�d� �P�o�i�n�t�s� �(�o�r� �s�t�a�t�i�o�n�a�r�y� �p�o�i�n�t�s�,� �o�r� �e�q�u�i�l�i�b�r�i�a�,� �e�t�c�.�)� �o�f� �(�I�I�.�5�)� �a�n�d� �(�1�1�.�6�)�,� �f�o�r� 

�o�b�v�i�o�u�s� �r�e�a�s�o�n�s�.� �T�h�e� �q�u�e�s�t�i�o�n� �o�n� �w�h�e�t�h�e�r� �t�h�e�r�e� �a�r�e� �a�n�y� �s�u�c�h� �p�o�i�n�t�s� �i�s� �e�a�s�i�l�y� �a�n�s�w�e�r�e�d� �b�y� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t�,� �[�3�2�]�,� �f�o�r� �t�h�e� �c�l�a�s�s� �o�f� �m�a�p�s� �r�e�l�e�v�a�n�t� �t�o� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�s�.� 

�T�H�E�O�R�E�M� �1�J�.�1�0�.� �(�T�h�e� �B�r�o�u�w�e�r� �F�i�x�e�d� �P�o�i�n�t� �T�h�e�o�r�e�m�)� �L�e�t� �D� �b�e� �a� �b�o�u�n�d�e�d� �c�l�o�s�e�d� �c�o�n�v�e�x� 

�s�u�b�s�e�t� �o�f� �a� �f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �n�o�r�m�e�d� �v�e�c�t�o�r� �s�p�a�c�e�.� �I�f� �r�T� �i�s� �a� �c�o�n�t�i�n�u�o�u�s� �m�a�p�p�i�n�g� �o�f� �D� �i�n�t�o� 

�i�t�s�e�l�f�,� �r� �h�a�s� �a� �f�i�x�e�d� �p�o�i�n�t� �i�n� �D�.� 

�O�n�c�e� �a� �f�i�x�e�d� �p�o�i�n�t� �P�  ¬� �D� �f�o�r� �(�I�I�.�5�)� �a�n�d� �(�I�I�.�6�)� �h�a�s� �b�e�e�n� �f�o�u�n�d�,� �i�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �s�t�u�d�y� 

�i�t�s� �s�t�a�b�i�l�i�t�y�,� �i�.�e�.� �t�h�e� �k�i�n�d� �o�f� �e�v�o�l�u�t�i�o�n� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�f� �(�I�I�.�5�)� �o�r� �(�I�I�.�6�)� �u�n�d�e�r�g�o� �f�o�r� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n�s� �c�l�o�s�e� �t�o� �P�.� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�h�i�s� �f�o�r�m�a�l� �d�e�f�i�n�i�t�i�o�n� �o�f� �s�t�a�b�i�l�i�t�y� �i�s� �u�s�e�d� �[�3�3�]�:� 

�D�E�F�I�N�I�T�I�O�N� �I�I�.�5�.� �A� �f�i�x�e�d� �p�o�i�n�t� �P� �o�f� �a�m�a�p�r�:� �D�  �� �D� �(�o�r� �o�f� �a�n� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� 

�P�'� �=� �R�(�P�)� �,� �P�  ¬� �D�)� �i�s� �s�a�i�d� �t�o� �b�e� �S�t�a�b�l�e� �i�f� �f�o�r� �e�v�e�r�y� �n�e�i�g�h�b�o�u�r�h�o�o�d� �V� �o�f� �P� �i�n� �D� �t�h�e�r�e� 

�e�x�i�s�t�s� �a� �n�e�i�g�h�b�o�u�r�h�o�o�d� �V�,� �C� �V� �s�u�c�h� �t�h�a�t� �r�*�(�P�)�  ¬� �V� �f�o�r� �e�v�e�r�y� �P�  ¬� �V�4� �a�n�d� �f�o�r� �e�v�e�r�y� �k�  ¬� �I�N� 

�(�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �P�(�t�)� �l�i�e�s� �i�n� �V� �f�o�r� �e�v�e�r�y� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �P�(�0�)�  ¬� �V�,� �a�n�d� �f�o�r� �a�l�l�t� �>� �0�)�.� �I�f�,� �i�n� 

�a�d�d�i�t�i�o�n�,� �V�,�;� �c�a�n� �b�e� �c�h�o�s�e�n� �s�o� �t�h�a�t� �r�*�(�P�)�  �� �P� �a�s� �k� �>� �0� �(�o�r� �P�(�t�)� �>� �P� �a�s�t�  �� �0�0�)� �t�h�e�n� �P� 

�i�s� �s�a�i�d� �t�o� �b�e� �A�s�y�m�p�t�o�t�i�c�a�l�l�y� �S�t�a�b�l�e�.� �A� �f�i�x�e�d� �p�o�i�n�t� �i�s� �c�a�l�l�e�d� �U�n�s�t�a�b�l�e� �i�f� �i�t� �i�s� �n�o�t� �s�t�a�b�l�e�.� 

�U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e�r�e� �a�r�e� �a�t� �l�e�a�s�t� �a� �c�o�u�p�l�e� �o�f� �r�e�a�s�o�n�s� �f�o�r� �w�h�i�c�h� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�f�i�x�e�d� �p�o�i�n�t�s� �o�f� �t�h�e� �s�y�s�t�e�m�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e� �c�a�n�n�o�t� �b�e� �a�n�a�l�y�z�e�d� �b�y� �l�o�o�k�i�n�g� �a�t� �t�h�e� �s�p�e�c�t�r�u�m
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�o�f� �G ��,� �t�h�e� �F�r�é�c�h�e�t� �d�e�r�i�v�a�t�i�v�e� �o�f� �G�.� �I�n� �f�a�c�t�,� �e�v�e�n� �t�h�e� �v�e�r�y� �s�i�m�p�l�e� �e�x�a�m�p�l�e� 

�h�a�s� �a� �G�'� �w�i�t�h� �s�p�e�c�t�r�a�l� �r�a�d�i�u�s� �e�q�u�a�l� �t�o� �1�.� �M�o�r�e�o�v�e�r�,� �w�h�e�n� �t�h�e� �r�e�a�c�t�i�o�n� �i�n�v�o�l�v�e�s� �m�a�n�y� 

�c�h�e�m�i�c�a�l�s�,� �G �� �c�a�n� �b�e� �s�o� �l�a�r�g�e� �t�h�a�t� �i�t� �i�s� �p�r�a�c�t�i�c�a�l�l�y� �i�m�p�o�s�s�i�b�l�e� �t�o� �c�o�m�p�u�t�e� �i�t�s� �e�i�g�e�n�v�a�l�u�e�s�.� 

�N�o�n�e�t�h�e�l�e�s�s�,� �t�h�e�r�e� �a�r�e� �c�a�s�e�s� �i�n� �w�h�i�c�h� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �u�s�e� �L�i�a�p�u�n�o�v ��s� �s�t�a�b�i�l�i�t�y� �t�h�e�o�r�y�,� �f�o�r� 

�t�h�e� �c�o�n�t�i�n�u�o�u�s� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�,� �w�h�i�l�e� �f�o�r� �e�v�e�r�y� �s�i�n�g�l�e� �r�e�a�c�t�i�o�n� �t�h�e� �c�o�n�t�r�a�c�t�i�o�n� �m�a�p�p�i�n�g� 

�p�r�i�n�c�i�p�l�e� �a�n�d� �s�o�m�e� �e�l�e�m�e�n�t�a�r�y� �t�o�p�o�l�o�g�y� �c�o�m�p�l�e�t�e�l�y� �s�o�l�v�e� �t�h�e� �p�r�o�b�l�e�m�.� �P�u�t�t�i�n�g� �t�o�g�e�t�h�e�r� 

�t�h�e�s�e� �t�w�o� �a�p�p�r�o�a�c�h�e�s�,� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �c�a�s�e� �c�a�n� �b�e� �s�u�c�c�e�s�f�u�l�l�y� �t�a�c�k�l�e�d�.� �I�n� �C�h�a�p�t�e�r�s� �I�I�I�,� 

�I�V�,� �V� �a�n�d� �V�I� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�e�f�i�n�i�t�i�o�n�s� �a�n�d� �t�h�e�o�r�e�m�s� �w�i�l�l� �b�e� �w�i�d�e�l�y� �u�s�e�d� �(�3�2�}�.� 

�D�E�F�I�N�I�T�I�O�N� �I�1�.�6�.� �S�u�p�p�o�s�e� �t�h�a�t� �B� �a�n�d� �C� �a�r�e� �B�a�n�a�c�h� �s�p�a�c�e�s�.� �L�e�t� �D� �b�e� �a�n� �o�p�e�n� �s�u�b�s�e�t� �o�f� �B�,� 

�a�n�d� �l�e�t� �r� �:� �D�  ��+�C� �b�e�a� �m�a�p�.� �7� �I�t�s� �s�a�i�d� �t�o� �b�e� �F�r�é�c�h�e�t� �D�i�f�f�e�r�e�n�t�i�a�b�l�e� �a�t� �g�  ¬� �D� �i�f� �t�h�e�r�e� 

�e�x�i�s�t�s� �a� �l�i�n�e�a�r� �o�p�e�r�a�t�o�r� �r�t �� �:� �B�  ��>� �C� �s�u�c�h� �t�h�a�t� 

�l�i�m� �U�g� �+�A�)� �=� �7�9�)�  �� �7�A�)� �I� 
�W�a�l�l� �+�0� �I�|�A�I�|� 
� � �=� �0�.� 

�W�h�e�n� �r�'� �e�x�i�s�t�s� �i�t� �i�s� �c�a�l�l�e�d� �t�h�e� �F�r�é�c�h�e�t� �D�e�r�i�v�a�t�i�v�e� �o�f� �r� �a�t� �g�.� 

�D�e�F�I�N�I�T�I�O�N� �I�I�.�7�.� �T�h�e� �m�a�p� �T�f� �I�s� �c�a�l�l�e�d� �a� �C�o�n�t�r�a�c�t�i�o�n� �w�i�t�h� �L�i�p�s�c�h�i�t�z� �c�o�n�s�t�a�n�t� �q� �i�f� �|�|�7�(�f�)�  �� 

�T�(�g�)�\�|� �<� �a�l�|�f�  �� �g�|�|� �a�n�d� �q� �<� �1�,� �f�o�r� �e�v�e�r�y� �f� �a�n�d� �g� �i�n� �i�t�s� �d�o�m�a�i�n�.� 

�T�h�e�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �i�s� �t�r�u�e�:� 

�T�H�E�O�R�E�M� �I�I�.�1�1�.� �(�T�h�e� �C�o�n�t�r�a�c�t�i�o�n� �M�a�p�p�i�n�g� �P�r�i�c�i�p�l�e�)� �S�u�p�p�o�s�e� �t�h�a�t� �r� �m�a�p�s� �t�h�e� �c�l�o�s�e�d� �s�u�b�s�e�t� 

�D� �o�f� �a� �B�a�n�a�c�h� �s�p�a�c�e� �B� �i�n�t�o� �D� �a�n�d� �i�s� �a� �c�o�n�t�r�a�c�t�i�o�n� �w�i�t�h� �L�i�p�s�c�h�i�t�z� �c�o�n�s�t�a�n�t� �g�.� �T�h�e�n� �7� �h�a�s� 

�e�x�a�c�t�l�y� �o�n�e� �f�i�x�e�d� �p�o�i�n�t�,� �P� �s�a�y�,� �i�n� �D�.� �M�o�r�e�o�v�e�r�,� �f�o�r� �e�v�e�r�y� �P�e� �D�,� 

� � 

�I�I�7�*�(�P�)� �-� �P�l�l� �<� �=� �g�t�?�)�  ��P�\�|�,� �f�o�r�e�v�e�r�y� �k�e�l�N�.� 

�T�H�E�O�R�E�M� �I�1�.�1�2�.� �S�u�p�p�o�s�e� �t�h�a�t� �B� �a�n�d� �C� �a�r�e� �B�a�n�a�c�h� �s�p�a�c�e�s�.� �L�e�t� �D� �b�e� �a� �c�o�n�v�e�x� �s�u�b�s�e�t� �o�f� �B� 

�a�n�d� �a�s�s�u�m�e� �t�h�a�t� �r� �:� �D�  �� �C� �i�s� �F�r�é�c�h�e�t� �d�i�f�f�e�r�e�n�t�i�a�b�l�e� �a�t� �e�v�e�r�y� �p�o�i�n�t� �o�f� �D�.� �T�h�e�n� 

�I�r�(�F�)�  �� �r�(�g�)�l� �<� �M�F�  �� �a�l�l� �s�u�p� �[�[�7�"�(�A�)� �I�I�,� �h�e�D
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�i�.�e�.� �T� �h�a�s� �a� �L�i�p�s�c�h�i�t�z� �c�o�n�s�t�a�n�t� �q� �=� �s�u�p�;�e�p� �|�|�T�'�(�h�)�|�|�.� 

�F�i�n�a�l�l�y�,� �l�e�t� �D� �C� �I�R �� �b�e� �a�n� �o�p�e�n� �s�e�t�,� �a�n�d� �G� �:� �D� �>� �I�R �� �b�e� �a� �m�a�p�.� �T�h�e�n� �[�3�3�]� 

�T�H�E�O�R�E�M� �I�I�.�1�3�.� �(�F�i�r�s�t� �L�i�a�p�u�n�o�v ��s� �S�t�a�b�i�l�i�t�y� �T�h�e�o�r�e�m�)� �L�e�t� �P�  ¬� �D� �b�e� �a� �f�i�x�e�d� �p�o�i�n�t� �f�o�r� �(�I�I�.�6�)�.� 

�L�e�t� �V� �:� �U�  ��>� �B�R� �b�e� �a� �c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n� �d�e�f�i�n�e�d� �o�n� �a� �n�e�i�g�h�b�o�u�r�h�o�o�d� �U� �C� �D� �o�f� �P�,� 

�d�i�f�f�e�r�e�n�t�i�a�b�l�e� �o�n� �U� �\� �P�,� �s�u�c�h� �t�h�a�t� 

�(�a�)� �V�(�P�)� �=�0� �a�n�d� �V�(�P�)� �>� �0� �i�f� �P� � �P�;� 

�(�b�)� �<�0� �i�n�v� �\� �P�.� 

�T�h�e�n� �P� �i�s� �s�t�a�b�l�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�f� �a�l�s�o� 

�d�V� �.� �a�e� �P� �(�c�)� �a�t� �<�O�i�n�U�\�P�,� 

�t�h�e�n� �P� �i�s� �a�s�y�m�p�t�o�t�i�c�a�l�l�y� �s�t�a�b�l�e�.� 

�I�I�.�4� �O�r�d�i�n�a�r�y� �D�i�f�f�e�r�e�n�t�i�a�l� �E�q�u�a�t�i�o�n�s� �a�n�d� �E�u�l�e�r ��s� �M�e�t�h�o�d� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �t�h�e� �b�a�s�i�c� �t�h�e�o�r�e�m�s� �a�b�o�u�t� �e�x�i�s�t�e�n�c�e� �a�n�d� �u�n�i�q�u�e�n�e�s�s� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�f� 

�a�n� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �(�O�.�D�.�E�.�)�,� �n�e�e�d�e�d� �f�o�r� �t�h�e� �s�t�u�d�y� �o�f� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�s�,� �a�r�e� 

�g�i�v�e�n� �f�o�l�l�o�w�i�n�g� �t�h�e� �a�p�p�r�o�a�c�h� �o�f� �[�3�3�]� �,�[�/�3�4�]� �a�n�d�[�3�5�]�.� �M�o�r�e�o�v�e�r�,� �E�u�l�e�r ��s� �m�e�t�h�o�d� �f�o�r� �t�h�e� �n�u�m�e�r�i�c�a�l� 

�s�o�l�u�t�i�o�n� �o�f� �s�u�c�h� �O�.�D�.�E�. ��s� �i�s� �p�r�e�s�e�n�t�e�d� �f�r�o�m� �t�h�e� �v�i�e�w�p�o�i�n�t� �o�f� �[�3�6�]�.� 

�L�e�t� �U� �b�e� �a� �s�u�b�s�e�t� �o�f� �a� �n�o�r�m�e�d� �v�e�c�t�o�r� �s�p�a�c�e� �E�F�,� �a�n�d� �f� �:� �U�  �� �E� �a� �s�m�o�o�t�h� �f�u�n�c�t�i�o�n�.� �T�h�e�n� 

�2� �=� �f�(�z�)�,� �z�E�U�,� �z�(�t�p�y�)�=�2�9� �(�1�1�.�7�)� 

�i�s� �c�a�l�l�e�d� �a�n� �O�.�D�.�E�.� �w�i�t�h� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �z�o�.� �A� �s�o�l�u�t�i�o�n� �o�f� �(�I�I�.�7�)� �i�s� �a� �d�i�f�f�e�r�e�n�t�i�a�b�l�e� �m�a�p� 

�y�:�I�l ��U� �,�t�y ¬� �l�I� �=�(�a�,�6�)� �C�R�,� �s�u�c�h� �t�h�a�t� �f�o�r� �e�v�e�r�y� �s�  ¬� �I� 

�(�F�)� �=� �f�(�p�(�s�)�)� �a�n�d� �y�l�t�o�)� �=� �a�o�.� 

�f� �i�s� �c�a�l�l�e�d� �a� �v�e�c�t�o�r� �f�i�e�l�d�,� �a�n�d� �U� �i�s� �c�a�l�l�e�d� �t�h�e� �p�h�a�s�e� �s�p�a�c�e� �o�f� �(�I�I�.�7�)�.� �T�h�e�s�e� �t�w�o� �f�u�n�d�a�m�e�n�t�a�l� 

�r�e�s�u�l�t�s� �f�o�l�l�o�w�.



�2�9� 

�T�H�E�O�R�E�M� �I�I�.�1�4�.� �L�e�t� �U� �b�e� �a�n� �o�p�e�n� �s�u�b�s�e�t� �o�f� �a� �n�o�r�m�e�d� �v�e�c�t�o�r� �s�p�a�c�e� �E�.� �L�e�t� �f� �:� �W�  �� �E� �b�e� 

�a� �c�o�n�t�i�n�u�o�u�s�l�y� �d�i�f�f�e�r�e�n�t�i�a�b�l�e� �m�a�p�,� �a�n�d� �z�o�  ¬� �W�.� �T�h�e�n� �t�h�e�r�e� �i�s� �s�o�m�e� �c� �>� �0� �a�n�d� �a� �u�n�i�q�u�e� 

�s�o�l�u�t�i�o�n� �¢� �:� �( ��c�,�c�)�  ��>� �W� �o�f� �(�I�L�7�)�.� 

�T�H�E�O�R�E�M� �I�I�.�1�5�.� �L�e�t� �y�,� �:� �J�;�  �� �U� �a�n�d� �2� �:� �I�z�  �� �U� �b�e� �t�w�o� �s�o�l�u�t�i�o�n�s� �o�f� �(�I�I�.�7�)�,� �s�u�c�h� �t�h�a�t� 

�y�i�l�t�o�)� �=� �t�o� �=� �$�2�{�t�o�)�.� �T�h�e�n� �t�h�e�r�e� �e�x�i�s�t�s� �a�n� �i�n�t�e�r�v�a�l� �I�;� �C� �I�R� �s�u�c�h� �t�h�a�t� �t�p�  ¬� �I�3� �a�n�d� 

�y�i�(�t�)� �=� �y�e�(�t�)� �f�o�r� �e�v�e�r�y� �t�  ¬� �I�s�.� 

�C�l�e�a�r�l�y�,� �b�y� �t�h�e� �t�w�o� �p�r�e�v�i�o�u�s� �t�h�e�o�r�e�m�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �f�i�n�d� �a� �m�a�x�i�m�a�l� �i�n�t�e�r�v�a�l� �(�a�,� �3�)� 

�(�p�o�s�s�i�b�l�y� �a� �=�  ��o�c�o� �o�r� �§� �=� �o�o� �o�r� �b�o�t�h�)� �o�n� �w�h�i�c�h� �a� �s�o�l�u�t�i�o�n� �o�f� �(�I�I�.�7�)� �i�s� �d�e�f�i�n�e�d�.� �T�h�e�n� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �c�a�n� �b�e� �p�r�o�v�e�n�.� 

�T�H�E�O�R�E�M� �1�1�.�1�6�.� �L�e�t� �U� �C� �E� �b�e� �o�p�e�n�,� �a�n�d� �l�e�t� �f� �:� �U�  �� �E� �b�e� �a� �c�o�n�t�i�n�u�o�u�s�l�y� �d�i�f�f�e�r�e�n�t�i�a�b�l�e� 

�m�a�p�.� �L�e�t� �y�(�t�)� �b�e� �a� �s�o�l�u�t�i�o�n� �o�f� �(�I�I�.�7�)� �o�n� �a� �m�a�x�i�m�a�l� �o�p�e�n� �i�n�t�e�r�v�a�l� �J� �=� �(�a�,�{�)� �w�i�t�h� �B� �<� �o�o�.� 

�T�h�e�n� �g�i�v�e�n� �a�n�y� �c�o�m�p�a�c�t� �s�e�t� �K� �C� �U�,� �t�h�e�r�e� �i�s� �s�o�m�e�t�  ¬� �(�a�,� �8�)� �w�i�t�h� �y�(�t�)� �¢� �K�.� 

�T�h�e�r�e�f�o�r�e�,� �i�f� �a� �s�o�l�u�t�i�o�n� �»� �o�f� �(�I�I�.�7�)� �c�a�n�n�o�t� �b�e� �e�x�t�e�n�d�e�d� �b�e�y�o�n�d� �a� �c�e�r�t�a�i�n� �f�i�n�i�t�e� �t�i�m�e� �/�,� �i�t� 

�m�e�a�n�s� �t�h�a�t� �y�(�t�)� �t�e�n�d�s� �t�o� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �U� �o�r� �|�|�y�(�t�)�|�|�  �� �o�o� �o�r� �b�o�t�h�.� �I�t� �f�o�l�l�o�w�s� �t�h�a�t� �(�I�I�.�7�)� 

�s�u�r�e�l�y� �h�a�s� �a� �s�o�l�u�t�i�o�n� �f�o�r� �a�l�l� �t�i�m�e�s� �i�f� �t�h�e� �c�o�m�p�l�e�m�e�n�t� �o�f� �U� �i�s� �a�  ��r�e�p�e�l�l�e�r �� �f�o�r� �t�h�e� �f�l�o�w� �b�a�s�e�d� 

�a�t� �t�h�e� �i�n�t�e�r�i�o�r� �p�o�i�n�t�s� �o�f� �U�.� �T�h�a�t� �i�s� �t�o� �s�a�y�,� �f�o�r� �y� �t�o� �b�e� �d�e�f�i�n�e�d� �f�o�r� �a�l�l� �t� �>� �t�o� �i�t� �i�s� �s�u�f�f�i�c�i�e�n�t� 

�t�h�a�t� �t�h�e� �v�e�c�t�o�r� �f�i�e�l�d� �d�o�e�s� �n�o�t� �a�l�l�o�w� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �r�e�a�c�h� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �a� �c�o�m�p�a�c�t� �s�u�b�s�e�t� 

�o�f� �U�.� 

�O�n�c�e� �i�t� �i�s� �k�n�o�w�n� �t�h�a�t� �(�I�I�.�7�)� �h�a�s� �a� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n� �p�y� �d�e�f�i�n�e�d� �f�o�r� �t�  ¬� �(�a�,�/�)�,� �t�h�e� �n�e�e�d� 

�a�r�i�s�e�s� �f�o�r� �c�o�n�s�t�r�u�c�t�i�n�g� �s�u�c�h� �a� �s�o�l�u�t�i�o�n�,� �a�n�d� �m�o�s�t� �o�f� �t�h�e� �t�i�m�e�s� �n�o�t�h�i�n�g� �b�e�t�t�e�r� �t�h�a�n� �a� �n�u�m�e�r�i�c�a�l� 

�i�n�t�e�g�r�a�t�i�o�n� �c�a�n� �b�e� �d�o�n�e�.� �I�n� �s�u�c�h� �a� �c�a�s�e� �i�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �k�n�o�w� �h�o�w� �c�l�o�s�e� �t�h�e� �c�o�m�p�u�t�e�r� 

�o�u�t�p�u�t�s� �a�r�e� �t�o� �t�h�e� �r�e�a�l� �s�o�l�u�t�i�o�n�.� �A�m�o�n�g� �t�h�e� �m�a�n�y� �i�n�t�e�g�r�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�,� �t�h�e� �E�u�l�e�r ��s� 

�m�e�t�h�o�d� �i�s� �h�e�l�p�f�u�l� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e� �l�a�w� �o�f� �m�a�s�s� �a�c�t�i�o�n�.



�3�0� 

�T�h�i�s� �m�e�t�h�o�d� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �t�h�a�t� 

�p�(�t� �+� �k�h�)�  �� �g�(�t�)� �:� �~� �f�(�¢�(�t�)�)� �(�1�1�.�8�)� 

�f�o�r� �s�m�a�l�l� �h�,� �w�i�t�h� �t�,�t� �+�h�  ¬� �(�a�,� �@�)�,� �a�n�d� �s�u�f�f�i�c�i�e�n�t�l�y� �s�m�o�o�t�h� �f�.� �T�h�e�n� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �a�p�p�r�o�x�i�-� 

�m�a�t�e�l�y� �c�o�m�p�u�t�e� �t�h�e� �v�a�l�u�e�s� �o�f� �y� �a�t� �g�i�v�e�n� �t�i�m�e�s� �t�;� �=� �1�:�h� �,�i� �=� �0�,�1�,�2�,�.�.�.� �u�s�i�n�g� �t�h�e� �r�e�c�u�r�s�i�o�n� 

�f�o�r�m�u�l�a� 

�g�i�s�i�(�h�)� �=� �p�i�(�h�)� �+� �h�f�(�y�i�t�{�h�)�)�,� �v�o�l�h�)� �=� �z�o�.� �(�1�1�.�9�)� 

�A�s�s�u�m�e� �t�h�a�t� �z�,� �i�s� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �z �� �=� �f�(�z�)� �w�i�t�h� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �z�(�t�)� �=� �y� �f�o�r� �e�v�e�r�y� �y�  ¬� �U�.� 

�D�e�f�i�n�e� �)� 
�z�j�(�t�+�h�) ��-�y� �.� 

�F�(�t�,�y�,�h�)�=�4� �R�O� �i�f�h� �4�0� 

�f�l�y�)�,� �i�f�h� �=� �0�.� 

�T�h�e�n� �t�h�e� �t�h�e�o�r�e�m� �g�i�v�e�n� �b�e�l�o�w� �a�p�p�l�i�e�s�.� 

�T�H�E�O�R�E�M� �I�I�1�.�1�7�.� �C�o�n�s�i�d�e�r� �(�I�I�.�7�)�,� �h�a�v�i�n�g� �t�h�e� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n� �g� �:� �(�a�,�8�)� �>� �U�.� �L�e�t� �a�,�b�E� �R� 

�b�e� �s�u�c�h� �t�h�a�t� �t�p�  ¬� �J� �=� �[�a�,� �|� �C� �(�a�,� �@�)�.� �L�e�t� �f� �b�e� �L�i�p�s�c�h�i�t�z� �c�o�n�t�i�n�u�o�u�s� �o�n� �U� �w�i�t�h� �c�o�n�s�t�a�n�t� �M�,� 

�a�n�d� �l�e�t� �t�h�e�r�e� �e�x�i�s�t� �h�o�,� �N�  ¬� �R�t� �s�u�c�h� �t�h�a�t� �|�|�F�(�t�,� �p�(�t�)�,� �k�h�)�  �� �f�(�y�(�t�)�)�|�|� �<� �N�I�A�l�?� �f�o�r� �s�o�m�e� �p� �>� �0�,� 

�f�o�r� �e�v�e�r�y� �t� �i�n� �J� �a�n�d� �f�o�r� �|�h�|� �<� �h�g�.� �T�h�e�n� 

�\�l�e�(�t� �h� �)�I�|� �<� �|�h�y�a�l�|�P�N� �e�T� �M�i�t�e�l�  �� �1� 
�?� �n� �_ �� �n� �M� 

�f�o�r� �e�v�e�r�y� �t�  ¬� �[�a�,�6�|� �a�n�d� �h�,�,� �=� �(�t�  �� �t�o�)�/�n�,� �n�  ¬� �I�N�,� �w�i�t�h� �|�h�,�|� �<� �A�p�.� 

�H�e�r�e� �e�(�t�,�)� �i�s� �c�a�l�l�e�d� �t�h�e� �g�l�o�b�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �e�r�r�o�r� �a�n�d� �i�s� �d�e�f�i�n�e�d� �a�s� �e�(�t�;�,�h�)� �=� �y�;�(�h�)�  �� 

�p�(�t�o� �+� �t�h�)�,� �w�h�e�r�e� �y�(�t�)� �i�s� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�I�I�.�7�)� �a�n�d� �y�,�(�h�)� �i�s� �c�o�m�p�u�t�e�d� �a�s� �i�n� �(�I�I�.�9�)�.� �T�h�e� 

�m�e�t�h�o�d� �i�s� �c�a�l�l�e�d� �c�o�n�v�e�r�g�e�n�t� �i�f� �l�i�m�,� �e�(�t�,� �h�n�)� �=� �0� �f�o�r� �a�l�l� �t�  ¬� �J�.� �W�h�e�n� �t�h�i�s� �i�s� �t�h�e� �c�a�s�e�,� �w�e� 

�s�a�y� �t�h�a�t� �t�h�e� �m�a�p� �d�e�f�i�n�e�d� �b�y� �(�I�I�.�9�)� �c�o�n�v�e�r�g�e�s� �i�n� �n�o�r�m� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�I�I�.�7�)� �i�n� �J�,� �m�e�a�n�i�n�g� 

�t�h�a�t� �t�h�e� �s�e�q�u�e�n�c�e� �o�f� �s�i�m�p�l�e� �f�u�n�c�t�i�o�n�s� �{�y�,�,�}� �t�h�a�t� �t�a�k�e� �t�h�e� �v�a�l�u�e�s� �{�y�;�(�h�,�)�}�;� �o�n� �t�h�e� �i�n�t�e�r�v�a�l�s� 

�{�(�t�;�,� �t�i�4�1�]�}�;� �c�o�n�v�e�r�g�e� �i�n� �n�o�r�m� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�I�I�.�7�)� �i�n� �J� �a�s� �n�  �� �o�v�.



�3�1� 

�I�I�.�5� �B�o�l�t�z�m�a�n�n� �M�a�p�s� �f�o�r� �S�i�n�g�l�e� �C�h�e�m�i�c�a�l� �R�e�a�c�t�i�o�n�s� 

�C�o�n�s�i�d�e�r� �t�h�e� �g�e�n�e�r�a�l� �s�i�n�g�l�e� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n� 

�n�j�A�,�+�.�.�+�¢�n�n�A�n� �=� �m�B�,� �+�.�.�.�+�m�y�B�m�,� �(�1�1�.�1�0�)� 

�w�h�i�c�h� �i�s� �c�a�l�l�e�d� �a�u�t�o�c�a�t�a�l�y�t�i�c� �i�f� �s�o�m�e� �o�f� �t�h�e� �A ��s� �e�q�u�a�l� �s�o�m�e� �o�f� �t�h�e� �B ��s�,� �a�n�d� �i�t� �i�s� �c�a�l�l�e�d� 

�n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �o�t�h�e�r�w�i�s�e�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�s�,� �e�v�e�r�y� �c�h�e�m�i�c�a�l� �t�h�a�t� 

�a�p�p�e�a�r�s� �o�n� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �r�e�a�c�t�i�o�n� �i�s� �c�a�l�l�e�d� �a�u�t�o�c�a�t�a�l�y�t�i�c�.� �T�h�e� �l�a�w� �o�f� �m�a�s�s� �a�c�t�i�o�n� 

�a�s�s�o�c�i�a�t�e�s� �t�o� �(�I�I�.�1�0�)� �a� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m� �o�f� �t�h�e� �f�o�r�m� 

�d�p�;� 
�d�t� 

�=�  ��A�(�p�t�-�-� �P�M�  �� �P�r�a� �P�N�i�m�)� �=�  ��~�T�i�A�D�,� �t�=�1�,�.�.�.�N�+�M ��-�N�,�,� � �(�I�D�1�1�)� 

�w�h�e�r�e� �N�,� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t�s�,� �\� �i�s� �t�h�e� �r�a�t�e� �c�o�n�s�t�a�n�t� �a�n�d� �r�;� �i�s� �t�h�e� 

�d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �c�h�e�m�i�c�a�l� �¢� �t�h�a�t� �a�p�p�e�a�r�s� �o�n� �t�h�e� �l�e�f�t� 

�h�a�n�d� �s�i�d�e� �o�f� �t�h�e� �r�e�a�c�t�i�o�n� �m�i�n�u�s� �t�h�e� �s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �s�a�m�e� �c�h�e�m�i�c�a�l� �t�h�a�t� 

�a�p�p�e�a�r�s� �o�n� �t�h�e� �r�i�g�h�t�.� �D� �i�s� �c�a�l�l�e�d� �t�h�e� �D�i�s�e�q�u�i�l�i�b�r�i�u�m� �P�a�r�a�m�e�t�e�r�.� �T�h�e�n�,� �i�f� �(�I�I�.�1�0�)� �i�s� �n�o�n� 

�-� �a�u�t�o�c�a�t�a�l�y�t�i�c�,� �a�l�l� �t�h�e� �r ��s� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �A ��s� �a�r�e� �p�o�s�i�t�i�v�e�,� �w�h�i�l�e� �a�l�l� �t�h�o�s�e� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� 

�B ��s� �a�r�e� �n�e�g�a�t�i�v�e�,� �a�n�d� �e�q�u�a�l� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s�.� �F�r�o�m� �n�o�w� �i�t� �w�i�l�l� �b�e� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �c�h�e�m�i�c�a�l�s� �a�r�e� �o�r�d�e�r�e�d� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �r�;� �=� �m�a�x�{�r�j�,�.�.�.�.�"�w�i�m�_�n�,�}�-�.� 

�F�o�l�l�o�w�i�n�g� �a�n� �a�r�g�u�m�e�n�t� �p�a�r�a�l�l�e�l� �t�o� �t�h�a�t� �o�f� �s�e�c�t�i�o�n� �I�.�6�,� �a� �d�i�s�c�r�e�t�e� �v�e�r�s�i�o�n� �o�f� �(�I�J�.�1�1�)� �c�a�n� 

�b�e� �c�o�n�s�t�r�u�c�t�e�d� �u�s�i�n�g� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�p�s�,� �i�f� �(�I�I�.�1�0�)� �i�s� �b�a�l�a�n�c�e�d�,� �i�v�e�.� �i�f� �D�/�;�n�;� �=� �2�)� �,�m�j� �=�n�.� 

�I�n� �f�a�c�t�,� �l�e�t� 

�D�P�;� �=� �P�i�  �� �r�d�,� �t�=� �l�,� �.�-�~�N�+�M�  ��-� �N�u�,� �(�1�1�.�1�2�)� 

�b�e� �t�h�e� �d�i�s�c�r�e�t�e� �v�e�r�s�i�o�n�,� �w�h�i�c�h� �l�o�o�k�s� �l�i�k�e� �t�h�e� �E�u�l�e�r ��s� �s�c�h�e�m�e� �i�f� �w�e� �t�a�k�e� �y�p� �=� �A�A�t�.� �L�e�t� 

�Q� �=� �{�A�j�,� �B�;�j�}�;�,�;� �b�e� �t�h�e� �s�a�m�p�l�e� �s�p�a�c�e�,� �w�h�i�c�h� �c�o�n�t�a�i�n�s� �N� �+� �M�  �� �N�,� �e�l�e�m�e�n�t�s�.� �L�e�t� �Q� �b�e� �t�h�e� 

�s�i�m�p�l�e�x� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e�s� �o�n� �2� �a�n�d� �l�e�t� �P� �=� �(�p�y�,�.�.�.�,�p�N�i�m�- ��N�n�,�)�  ¬� �Q� �r�e�p�r�e�s�e�n�t� �t�h�e� 

�s�e�t� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �o�f� �t�h�e� �c�h�e�m�i�c�a�l�s� �i�n� �t�h�e� �r�e�a�c�t�o�r�,� �a�t� �t�i�m�e� �t�.� �D�e�f�i�n�e� �t�h�e� 

�s�a�m�p�l�i�n�g� �m�a�p� �a�:� �Q�  �� �Q�,� �a�s� �o�(�P�)� �=� �@�T�P�,� �w�h�e�r�e� �Q�,�,� �i�s� �t�h�e� �s�e�t� �o�f� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�n� �0�"�,



�3�2� 

�t�h�e� �c�a�r�t�e�s�i�a�n� �p�r�o�d�u�c�t� �o�f� �n� �c�o�p�i�e�s� �o�f� �t�h�e� �s�a�m�p�l�e� �s�p�a�c�e�.� �T�h�e�n� �e�a�c�h� �c�o�m�p�o�n�e�n�t� �o�f� �o�(�P�)� �h�a�s� 

�t�h�e� �f�o�r�m� �o�f� �a� �p�r�o�d�u�c�t� �o�f� �n� �c�o�m�p�o�n�e�n�t�s� �o�f� �P�,� �p�;�,� �-�-�-�p�;�,� �s�a�y�,� �a�n�d� �i�t� �c�a�n� �b�e� �i�n�t�e�r�p�r�e�t�e�d� �a�s� �t�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �f�i�s�h�i�n�g� �o�u�t� �t�h�e� �m�o�l�e�c�u�l�e�s� �C�;�,�,�.�.�.�,�C�;�,�  ¬� �0� �f�r�o�m� �t�h�e� �r�e�a�c�t�o�r�,� �a�t� �t�i�m�e� �t�.� �T�h�i�s� 

�a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �p�a�r�t�i�c�l�e�s� �a�r�e� �u�n�c�o�r�r�e�l�a�t�e�d� �b�e�f�o�r�e� �t�h�e�y� �c�o�l�l�i�d�e� �w�i�t�h� �e�a�c�h� �o�t�h�e�r�,� �t�h�a�t� �i�s� �t�o� 

�s�a�y� �o� �i�m�p�l�e�m�e�n�t�s� �t�h�e� �S�t�o�s�s�z�a�h�l�a�n�s�a�t�z�.� �M�o�r�e�o�v�e�r�,� �c�o�l�l�i�s�i�o�n�s� �o�f� �n� �p�a�r�t�i�c�l�e�s� �o�n�l�y� �a�r�e� �c�o�n�s�i�d�e�r�e�d� 

�h�e�r�e�,� �a�s� �t�h�e�y� �a�r�e� �t�h�e� �o�n�l�y� �o�n�e�s� �d�e�s�c�r�i�b�e�d� �b�y� �(�I�I�.�1�0�)�.� �L�e�t� �u�s� �c�o�n�s�t�r�u�c�t�,� �n�o�w�,� �a� �b�i�s�t�o�c�h�a�s�t�i�c� 

�m�a�p� �T�'�:� �Q�,�  �� �Q�,� �t�h�a�t� �d�e�s�c�r�i�b�e�s� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �p�r�o�c�e�s�s� �o�f� �n� �e�l�e�m�e�n�t�s� �o�f� �2� �t�o� �p�r�o�d�u�c�e� �o�t�h�e�r� 

�n� �e�l�e�m�e�n�t�s� �o�f� �9�.� �T�o� �e�v�e�r�y� �n�-�t�u�p�l�e� �i�n� �2�"�,� �w�;� �=� �(�C�j�,�,�.�.�.�,�C�j�,�,�)� �s�a�y�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �a�s�s�o�c�i�a�t�e� 

�a� �s�e�t� �o�f� �n�o�n�n�e�g�a�t�i�v�e� �n�u�m�b�e�r�s� �t�h�a�t� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �p�r�o�b�a�b�i�l�i�t�i�e�s� �f�o�r� �t�h�e� �c�o�l�l�i�s�i�o�n� �o�f� 

�t�h�e� �e�l�e�m�e�n�t�s� �o�f� �w�;� �t�o� �p�r�o�d�u�c�e� �e�v�e�r�y� �n�-�t�u�p�l�e� �w�;� �o�f� �9�"�.� �C�l�e�a�r�l�y�,� �t�h�e�r�e� �a�r�e� �(�N� �+� �M�  �� �N�,�) �� 

�s�u�c�h� �n�u�m�b�e�r�s�,� �i�.�e�.� �t�h�e� �n�u�m�b�e�r� �o�f� �s�a�m�p�l�e�s� �w�i�t�h� �r�e�p�l�a�c�e�m�e�n�t� �o�f� �s�i�z�e� �n� �f�r�o�m� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� 

�(�N� �+� �M�  �� �N�,�)� �e�l�e�m�e�n�t�s� �[�3�7�]�.� �C�a�l�l� �P�.�,�,�.�.�,� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �p�r�o�b�a�b�i�l�i�t�y� �f�o�r� �t�h�e� �p�r�o�c�e�s�s� �w�;�  �� �w�;�.� 

�T�h�e�n� �P�.�,�4�,� �>� �O� �a�n�d� �>�)� �;�j� �P�w�:�w�;� �=� �1�,� �b�e�c�a�u�s�e� �t�h�e� �c�o�l�l�i�s�i�o�n� �o�f� �n� �p�a�r�t�i�c�l�e�s� �o�f� �2� �a�l�w�a�y�s� �p�r�o�d�u�c�e�s� 

�o�n�e� �e�l�e�m�e�n�t� �o�f� �2�"�.� �F�u�r�t�h�e�r�m�o�r�e�,� �f�o�l�l�o�w�i�n�g� �t�h�e� �a�r�g�u�m�e�n�t� �g�i�v�e�n� �i�n� �s�e�c�t�i�o�n� �1�.�6�,� �w�e� �a�s�s�u�m�e� 

�f�o�r� �s�i�m�p�l�i�c�i�t�y� �t�h�a�t� �P�,�,�.�.�,� �e�q�u�a�l�s� �P�u�i�u�!�»� �f�o�r� �e�v�e�r�y� �p�e�r�m�u�t�a�t�i�o�n� �W�w� �o�f� �w�;�.� �T�h�a�t� �i�s� �t�o� �s�a�y�,� �w�e� 

�c�o�n�s�i�d�e�r� �e�q�u�i�v�a�l�e�n�t� �f�o�r� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �p�r�o�c�e�s�s� �n�-�t�u�p�l�e�s� �t�h�a�t� �c�o�n�t�a�i�n� �t�h�e� �s�a�m�e� �e�l�e�m�e�n�t�s�,� �e�v�e�n� 

�i�f� �t�h�e�y� �a�r�e� �d�i�f�f�e�r�e�n�t�l�y� �o�r�d�e�r�e�d�.� 

�N�o�w�,� �a�s�s�u�m�e� �t�h�a�t� �z� �i�s� �t�h�e� �c�u�m�u�l�a�t�i�v�e� �s�c�a�t�t�e�r�i�n�g� �p�r�o�b�a�b�i�l�i�t�y� �f�o�r� �t�h�e� �p�r�o�c�e�s�s� 

�w�y� �=� �(�A�j�,� �o�e�e�y� �A�i�,� �.�.�,� �A�N�,� �v�e�e�y� �A�n�)�  �� �(�B�y�,� �s�o�n�y� �B�y�,� �e�a�e�y� �B�u�,� �s�e�r�y� �B�m�)� �=� �W�w�,� �a�n�d� 

�W�y�  �� !"�;�(�w�2�)�,� 

�f�o�r� �a�l�l� �t�h�e� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �7�;�(�w�2�)� �o�f� �w�2�,� �w�h�e�r�e� �w�,� �c�o�n�t�a�i�n�s� �n�;� �e�l�e�m�e�n�t�s� �A�;� �f�o�r� �e�v�e�r�y� �i�,� �a�n�d� 

�w�2� �c�o�n�t�a�i�n�s� �m�;� �e�l�e�m�e�n�t�s� �B�;� �f�o�r� �e�v�e�r�y� �7�.� �T�h�e�n� 

�n�m�!�-�-�-�n�y�!� 
�P�o�r� �w�r� �=� �P�a�y� �w�i�)� �=� �(�L�  �� �2�)�- � � ��,� 

�m�y�!� �<�-�-�m�g�y�l� �(�I�I�.�1�3�)� 
�P�a�y� �w�r� �=� �P�u�y� �j�a�(�w�a�)� �=�z� �y� 

�n�!



�3�3� 

�b�e�c�a�u�s�e� �t�h�e�r�e� �a�r�e� �n�!�/�(�n�,�!�-�-�-�n�y�!�)� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �w�,�,� �a�n�d� �n�!�/�(�m�j�,�!�-�-�-�m�a�z�!�)� �p�e�r�m�u�t�a�t�i�o�n�s� 

�o�f� �w�2�.� �M�o�r�e�o�v�e�r� 

�P�w�;� �=�9�,� �f�o�r�e�v�e�r�y� �w�;�  ¬� �2 �� �\� �[�{�r�p�(�w�r�)�}�e� �U� �{�m�1�(�w�e�)�}�r�]� �=� �A�,� �(�1�1�.�1�4�)� 

�b�e�c�a�u�s�e� �w�,� �c�a�n� �p�r�o�d�u�c�e� �e�i�t�h�e�r� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �i�t�s�e�l�f�  ��b�y� �n�o�t� �r�e�a�c�t�i�n�g �� �o�r� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� 

�w�  ��b�y� �r�e�a�c�t�i�n�g �� �a�n�d� �n�o�t�h�i�n�g� �e�l�s�e�.� �S�i�m�i�l�a�r�l�y�,� �f�o�r� �w�z� �w�e� �g�e�t� 

�P�o�r� �w�s� �=� �P�o�y� �x�(�w�s�)� �=� �P�u�a�,� �w�e�  �� �(�1�1�.�1�5�)� 

�b�e�c�a�u�s�e� �w�e� �a�s�s�u�m�e� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �m�i�c�r�o�s�c�o�p�i�c� �r�e�v�e�r�s�i�b�i�l�i�t�y�,� 

� � 

� � 

�I�.�.�.� �{� �P�e�e�.� �{� �P�o�s�u�y� �=� �P�o�,� �n�e�n�)� �=� �(�1� �m�a�!� �m�a�)� �m�y�l�e�s� �e�m�y�t� �(�1�1�.�1�6�)� 
�"�1� �n�y�!�-�-�-�n�y�!� �n�!� 

�a�n�d� 

�P�.�,�0�,� �=� �9�,� �f�o�r� �e�v�e�r�y� �w�;�  ¬� �A�.� �(�1�1�.�1�7�)� 

 ��F�i�n�a�l�l�y�,� �f�o�r� �1� �4� �1�,�2� 

�P�o�w�;� �=� �0�,� �f�o�r�e�v�e�r�y� �w�;� �¢� �{�r�y�(�w�i�)�}�e� �(�1�1�.�1�8�)� 

�a�n�d� 

�P� �=� �}� �(�1�1�.�1�9�)� 
�w�i�r�m�(�w�i�)� �~� �4� �o�f� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �w�;�  �� 

�b�e�c�a�u�s�e� �o�n�l�y� �w�;� �a�n�d� �w�y� �c�a�n� �r�e�a�c�t� �a�c�c�o�r�d�i�n�g� �t�o� �(�I�I�.�1�0�)�.� 

�T�h�e�s�e� �p�r�e�s�c�r�i�p�t�i�o�n�s� �a�r�e� �e�n�o�u�g�h� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c� �(�N� �+� �M� �~ �� �N�,�) ��x�(�N� �+� 

�M�  �� �N�,�) �� �m�a�t�r�i�x� �T�,� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �z�,� �b�y� �t�a�k�i�n�g� �T�;�;� �=� �P�.�,�,�1�;�,� �a�8� �d�o�n�e� �i�n� �s�e�c�t�i�o�n� �1�.�6�.� 

�I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �T� �t�u�r�n�s� �o�u�t� �t�o� �b�e� �s�y�m�m�e�t�r�i�c� �a�n�d� �w�i�t�h� �r�o�w�s� �a�n�d� �c�o�l�u�m�n�s� �s�u�m� �e�q�u�a�l� �t�o� �1�,� 

�b�y� �c�o�n�s�t�r�u�c�t�i�o�n�.� �N�o�w�,� �i�t� �o�n�l�y� �r�e�m�a�i�n�s� �t�o� �c�o�m�p�u�t�e� �z�.� �T�h�i�s� �c�a�n� �b�e� �d�o�n�e� �b�y� �a�p�p�l�y�i�n�g� �T� �t�o� 

�o�(�P�)�,� �w�h�i�c�h� �p�r�o�d�u�c�e�s� �a� �n�e�w� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e� �P�*� �o�n� �0 ��,� �a�n�d� �t�h�e�n� �t�a�k�i�n�g� �t�h�e� �c�o�n�d�i�t�i�o�n�a�l� 

�e�x�p�e�c�t�a�t�i�o�n� �o�n�t�o� �t�h�e� �f�i�r�s�t� �f�a�c�t�o�r� �E�(�P�*�)�,� �w�h�i�c�h� �p�r�o�d�u�c�e�s� �a� �n�e�w� �p�r�o�b�a�b�i�l�i�t�y�,� �P�*� �s�a�y�,� �o�n� �2�.� �n� 

�T�h�e�n� �z� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �b�y� �r�e�q�u�i�r�i�n�g� �t�h�a�t� �t�h�e� �f�i�r�s�t� �c�o�m�p�o�n�e�n�t� �o�f� �P�*�,� �p�j�,� �s�a�t�i�s�f�i�e�s� 

�P�=�  �� �1�D�,



�3�4� 

�w�h�i�c�h� �i�s� �t�h�e� �d�e�s�i�r�e�d� �f�o�r�m� �f�o�r� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �l�a�w� �o�f� �m�a�s�s� �a�c�t�i�o�n� �(�I�I�.�1�2�)�.� �T�h�i�s� �i�s� 

�d�o�n�e� �o�b�s�e�r�v�i�n�g� �t�h�a�t� �p�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�n�-�1� 
�N�+�M�-�N�,� 

�p�=�m�-�l�=�p�m�{� �d�p�;� 
�j�=�l� 

�t�h�u�s� �m�a�k�i�n�g� �p�,� �i�n�t�o� �a� �p�o�l�y�n�o�m�i�a�l� �o�f� �d�e�g�r�e�e� �n�,� �w�h�i�c�h� �i�s� �n�e�e�d�e�d� �f�o�r� �t�h�e� �f�a�c�t� �t�h�a�t� �p�j� �i�s� �a� 

�p�o�l�y�n�o�m�i�a�l� �o�f� �d�e�g�r�e�e� �n�.� �T�h�e�n� �t�h�e� �r�e�m�a�i�n�i�n�g� �c�o�n�d�i�t�i�o�n�s� �i�m�p�o�s�e�d� �b�y� �t�h�e� �r�e�s�t� �o�f� �(�I�I�.�1�2�)� 

�t�u�r�n� �o�u�t� �t�o� �b�e� �a�u�t�o�m�a�t�i�c�a�l�l�y� �s�a�t�i�s�f�i�e�d�.� �I�n� �f�a�c�t�,� �t�h�e� �l�a�w� �o�f� �m�a�s�s� �a�c�t�i�o�n� �(�b�o�t�h� �d�i�s�c�r�e�t�e� �a�n�d� 

�c�o�n�t�i�n�u�o�u�s� �v�e�r�s�i�o�n�)� �h�a�s� �N� �+� �M�  �� �N�,�  �� �1� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n�,� �a�n�d� �s�o� �i�t� �i�s� �e�n�o�u�g�h� �t�o� �f�o�l�l�o�w� 

�t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �p�,� �(�s�e�e� �n�e�x�t� �c�h�a�p�t�e�r�)�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e�s�e� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n� �c�a�n� �b�e� 

�u�s�e�d� �t�o� �s�u�b�d�i�v�i�d�e� �T� �i�n�t�o� �s�m�a�l�l�e�r� �b�i�s�t�o�c�h�a�s�t�i�c� �b�l�o�c�k�s�,� �t�h�a�t� �d�o� �n�o�t� �c�h�a�n�g�e� �t�h�e� �n�o�r�m� �o�f� �t�h�e� 

�s�e�m�i�p�r�o�b�a�b�i�l�i�t�i�e�s� �o�n� �w�h�i�c�h� �t�h�e�y� �a�c�t�,� �t�h�u�s� �a�l�l�o�w�i�n�g� �7� �t�o� �h�a�v�e� �t�h�e� �s�a�m�e� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n� 

�a�s� �i�n� �t�h�e� �l�a�w� �o�f� �m�a�s�s� �a�c�t�i�o�n�.� �F�o�r� �t�h�e� �s�a�k�e� �o�f� �c�l�a�r�i�t�y�,� �w�e� �w�i�l�l� �c�o�n�s�i�d�e�r� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �a�n�d� 

�t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�s� �a�s� �s�e�p�a�r�a�t�e�.� �I�n� �f�a�c�t�,� �w�h�e�n� �F�E� �i�s� �a�p�p�l�i�e�d� �t�o� �P�*� �i�t� �h�a�p�p�e�n�s� �t�h�a�t� 

�e�l�e�m�e�n�t�s� �f�r�o�m� �b�o�t�h� �{�x�(�w�,�)�}� �a�n�d� �{�x�(�w�2�)�}� �c�o�n�t�r�i�b�u�t�e� �t�o� �p�j�,� �i�f� �A�,� �=� �B�y� �f�o�r� �i�n�s�t�a�n�c�e�.� �O�n� 

�t�h�e� �c�o�n�t�r�a�r�y�,� �i�f� �n�o� �B�;� �e�q�u�a�l�s� �A�;� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �t�o� �p�j� �c�o�m�e�s� �f�r�o�m� �{�x�(�w�,�)�}� �o�n�l�y�.� �T�h�e�n� �t�h�e� 

�e�q�u�a�t�i�o�n� �f�o�r� �z�,� �i�n� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�,� �i�s� �t�h�e� �f�o�l�l�o�w�i�n�g� 

� � 

� � 

� � 

�(�n� �~�~� �1�)�!� �n�y� �n� �1� �m� 

�P�i�e� �(�n�y�  �� �1�)�!�n�g�!�-�-�-�n�y�!� �(�1 ��2�)�p�p�-�-�-� �p�y� �+� �2�P�N�4�1� �P�N�M� 

�4� �°�°� �P�i�n�.� 
�&� �P�i�e� �(�1�1�.�2�0�)� 

�(�1�,�t�2�,�.�.�,�t�n� �O�E� �{�m�n� �(�w�r� �)�}� 

�(�n� �-� �1�)�!� �:� �.� 

�~� �P�L�T� �®� �a�y�  �� �D�i�n�g�!� �-� �n�y�!� �a� �U�P�N�"� �~� �P�i�a� �P�i�t�a�s� 

�b�e�c�a�u�s�e� �(�n�  �� �1�)�!�/�(�(�n�y�  �� �1�)�!�n�2�!�-�-�-�n�y�!�)� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �w�;� �w�h�e�n� �t�h�e� �f�i�r�s�t� 

�e�l�e�m�e�n�t� �i�s� �f�i�x�e�d� �t�o� �b�e� �A�;�.� �T�h�e�r�e�f�o�r�e�,� �w�e� �g�e�t� 

�n�y�  �� �1�)�!�n�g�!�-�-�-�n�y�!� �I�n�g�!�-�-�-�n�y�!� 
�z�=� �(!"� �J�i�n�g�!� �n�y�p�=� �a�N� �(�1�1�.�2�1�)� �(�n �� �1�)�!� �(�n ��-�1�p�p



�3�5� 

�S�i�m�i�l�a�r�l�y�,� �f�o�r� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e� �(�A�;� �=� �B�y�)� �w�e� �h�a�v�e� 

�(�n ��1�)�!� 
�(�n�y�  �� �1�)�!�n�g�!�-�-�-�n�y�!� 

�c�d� � � �l�a�  �� �2�)�p�y� �s�+� �p�y �� �+� �e�p� �y�y�. �� �P�i�a� �+� �S�o� �p�i�p�i�z�s�+� �D�i�,� 
�T�a�y�e� 

� � 

� � 

�(�1�,�i�2�,�.�.�.�,�t�.� �E�A� 

�(�n� �-� �1�)�!� �m�y�!�-�+�-�m�y�!� �a�,� �n�n� 
�z� �s�e�e� 

�t� �m�y�!�-�-�-�m�y�_�y�!�(�m�a�g�  ��1�)�E�L� �n�y�!�-�-�-�n�y�!� �P�i� �P�N� 

�m�,�!�-�-�-�m�m�!�\� �o�n�,� �m� 

�+� �(�1�2�S� �S�A�E�)� �w�h�a� �n�a� 
�(�n� �~�~� �1�)�!� !"�M� �n�y� �n�N� �m�y�,� �m�u� 

�~�P�L�-� �G�T� �i�n�g�!� �n�y�t� �L�m� �(�P�i�t� �P�R� �=� �P�i�a� �P�R�i�t�a�e�)� 
�(�1�1�.�2�2�)� 

�a�n�d� �w�e� �g�e�t� 

�_� �n�y�!�n�g�!�-�-�-�n�y�!� 

�~� �(�m�1� 
�a�s� �f�o�r� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�.� 

�I�t� �i�s� �n�o�w� �c�l�e�a�r� �w�h�y� �t�a�k�i�n�g� �P�y�,� �=� �P�.�,�,� �d�o�e�s� �n�o�t� �a�l�t�e�r� �t�h�e� �p�h�y�s�i�c�a�l� �c�o�n�t�e�n�t� �o�f� �t�h�e� 

�t�h�e�o�r�y�,� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �a�s�s�u�m�p�t�i�o�n�.� �I�n� �f�a�c�t�,� �i�n� �t�h�i�s� �l�a�s�t� �c�a�s�e� �w�e� �w�o�u�l�d� 

�h�a�v�e� �a�n� �e�q�u�a�t�i�o�n� �f�o�r� �a�n� �h�i�g�h�e�r� �n�u�m�b�e�r� �o�f� �u�n�k�n�o�w�n�s�,� �r�a�t�h�e�r� �t�h�a�n� �(�I�I�.�2�1�)�,� �f�o�r� �z�.� �T�h�i�s� �s�h�o�w�s� 

�t�h�a�t� �a�n� �i�n�f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �s�t�o�c�h�a�s�t�i�c� �p�r�o�c�e�s�s�e�s� �f�i�t� �t�h�e� �d�i�s�c�r�e�t�e� �l�a�w� �o�f� �m�a�s�s� �a�c�t�i�o�n�,� �a�n�d� �o�u�r� 

�c�h�o�i�c�e� �i�s� �j�u�s�t� �t�h�e� �s�i�m�p�l�e�s�t� �o�n�e�.� 

�N�o�t�e� �t�h�a�t� �T� �i�s� �b�i�s�t�o�c�h�a�s�t�i�c� �f�o�r� �x�  ¬� �[�0�,� �m�i�n�{�1�;�(�n�!�-�-�-�n�y�w�!�)�/�(�m�,�!�-�-�-�m�a�z�!�)�}�]�.� �T�h�e�r�e�f�o�r�e�,� 

�t�h�e� �m�e�t�h�o�d� �d�e�s�c�r�i�b�e�d� �h�e�r�e� �y�i�e�l�d�s� �a� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x� �i�f� �4�:�  ¬� �R�g� �=� �[�0�,� �L�p�]� �w�h�e�r�e� 

 ��1�)�!� �l�.�.�e�n�y�!�  �� �1�)�!�  ��1�)�!� �L�y� �=� �a�m�i�n� �{�1�5� �O�S� �m�i�n� �(�r� �y�e� �(�m�=�)� �\�.� �(�1�1�.�2�3�)� 
�n�z�!�-�-�-�n�y�!� �m�,�!�-�-�-�m�y�!� �n�y�!�-�-�-�n�y�!� �m�y�z�!�-�-�-�m�a�z�!� 

� � 

�W�e� �c�a�l�l� �R�g� �t�h�e� �B�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �R�a�n�g�e� �o�f� �t�h�e� �r�e�a�c�t�i�o�n� �(�I�I�.�1�0�)�.� �T�h�e�n� �w�e� �h�a�v�e� �R�g� �=� �[�0�,�1�/�n�]� 

�f�o�r� �n�A� �=� �m�B�,� �+� �-�:�-�+�m�y�B�y� �|�;� �w�h�i�l�e� �R�g� �=� �[�0�,�1�]� �f�o�r� �A�+� �B�=�C�+�4�+� �D�j�]�;� �a�n�d� �s�o� �o�n�.� 

�F�i�n�a�l�l�y�,� �o�b�s�e�r�v�e� �t�h�a�t� �e�v�e�r�y� �T� �c�o�n�s�t�r�u�c�t�e�d� �i�n� �t�h�e� �w�a�y� �p�r�e�s�e�n�t�e�d� �h�e�r�e� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� 

� � 

�a�s� �a� �d�i�r�e�c�t� �s�u�m� �T� �=� �T�'�O� �A�,� �@�-�-�-�@� �M�,�,�,� �w�i�t�h� �A�f�;� �=� �(�1�/�t�;�)�-� �4�.� �,� �7� �=� �1�,�.�.�.�,�m�,� �w�h�e�r�e� �J�i�,� �i�s� 

�A�l�s�o�,� �T �� �i�s� �a� �t�;�x�t�;� �m�a�t�r�i�x� �w�h�o�s�e� �e�n�t�r�i�e�s� �a�r�e� �a�l�l� �e�q�u�a�l� �t�o� �1�,� �a�n�d� �7 �� �=� �[� �P�r�u� �(�w�s�)�,�m�i�(�w�s�)�]� �j�o�i�.�"� 

�a� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x� �w�h�e�n�e�v�e�r� �4�:�  ¬� �R�g�,� �a�n�d� �i�t� �i�s� �p�o�s�i�t�i�v�e� �i�f� �x�  ¬� �(�0�,�2�3�)�.� �T�h�e�n�,� �b�e�c�a�u�s�e� �o�f� 

�T�h�e�o�r�e�m� �J�J�.�8� �a�n�d� �T�h�e�o�r�e�m� �I�I�.�9�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t� �h�o�l�d�s�.
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�L�E�M�M�A� �I�I�.�2�.� �G�i�v�e�n� �a� �b�a�l�a�n�c�e�d� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�,� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x� �T� �h�a�s� 

�a� �b�i�s�t�o�c�h�a�s�t�i�c� �b�l�o�c�k� �T�'� �w�i�t�h� �a� �s�p�e�c�t�r�a�l� �g�a�p� �A� �>� �0� �w�h�e�n�e�v�e�r� �y� �i�s� �s�t�r�i�c�t�l�y� �c�o�n�t�a�i�n�e�d� �i�n� �t�h�e� 

�b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e�.



� � 

�I�I�I�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�i�s� �c�h�a�p�t�e�r� �i�s� �d�e�v�o�t�e�d� �t�o� �t�h�e� �s�t�u�d�y� �o�f� �s�i�n�g�l�e� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�s� �t�h�a�t� �t�a�k�e� �p�l�a�c�e� �i�n� �s�o� 

�c�a�l�l�e�d�  ��s�t�i�r�r�e�d �� �c�o�n�t�a�i�n�e�r�s�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �a�t� �e�v�e�r�y� �t�i�m�e� �t�h�e� �r�e�a�c�t�i�n�g� �c�h�e�m�i�c�a�l�s� �a�r�e� �h�o�m�o�-� 

�g�e�n�e�o�u�s�l�y� �d�i�s�t�r�i�b�u�t�e�d� �i�n� �t�h�e� �v�o�l�u�m�e� �a�v�a�i�l�a�b�l�e� �t�o� �t�h�e�m�,� �t�h�u�s� �g�i�v�i�n�g� �r�i�s�e� �t�o� �s�p�a�c�e� �i�n�d�e�p�e�n�d�e�n�t� 

�d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s�.� �B�o�t�h� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �a�n�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�,� �f�o�r� 

�t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �b�a�l�a�n�c�e�d� �r�e�a�c�t�i�o�n�s� �t�h�a�t� �s�a�t�i�s�f�y� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �m�i�c�r�o�s�c�o�p�i�c� �r�e�v�e�r�s�i�b�i�l�i�t�y�.� 

�F�o�r� �t�e�c�h�n�i�c�a�l� �r�e�a�s�o�n�s�,� �t�h�e� �t�w�o� �k�i�n�d�s� �o�f� �r�e�a�c�t�i�o�n�s� �m�u�s�t� �b�e� �s�t�u�d�i�e�d� �s�e�p�a�r�a�t�e�l�y�,� �a�l�t�h�o�u�g�h� �a� �f�e�w� 

�r�e�s�u�l�t�s� �c�a�n� �b�e� �d�r�a�w�n� �j�o�i�n�t�l�y�.� 

�H�e�r�e� �t�h�e� �d�i�s�c�r�e�t�e� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s� �o�n�l�y� �a�r�e� �c�o�n�s�i�d�e�r�e�d�,� �a�s� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �p�r�o�b�-� 

�l�e�m�s� �w�i�l�l� �b�e� �a�d�d�r�e�s�s�e�d� �i�n� �c�h�a�p�t�e�r� �V�.� �S�e�c�t�i�o�n� �J�I�I�.�2� �p�r�o�v�i�d�e�s� �t�h�e� �s�e�t�t�i�n�g� �f�o�r� �t�h�e� �d�e�s�c�r�i�p�t�i�o�n� 

�o�f� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�s�,� �w�h�i�c�h� �i�t� �w�i�l�l� �b�e� �d�e�a�l�t� �w�i�t�h� �t�h�r�o�u�g�h� �s�e�c�t�i�o�n� �I�I�I�.�6�.� �I�n� �s�e�c�t�i�o�n� 

�I�I�I�.�3� �w�e� �s�t�u�d�y� �t�h�e� �d�e�t�a�i�l�e�d� �c�a�s�e� �n�A� �=� �m�B� �+� �I�C�,� �s�o�m�e� �o�f� �t�h�e� �r�e�s�u�l�t�s� �o�f� �w�h�i�c�h� �a�r�e� �u�s�e�f�u�l� 

�i�n� �I�I�I�.�3�.�1�,� �w�h�i�c�h�  ��g�e�n�e�r�a�l�i�z�e�s �� �t�h�i�s� �t�o� �n�A� �=� �m�,�B�,� �+� �.�.�.�+� �m�y� �B�y�.� �I�n� �s�e�c�t�i�o�n� �I�I�I�.�4� �a�n�d� 

�I�I�I�.�5� �w�e� �t�r�e�a�t� �t�h�e� �r�e�m�a�i�n�i�n�g� �c�a�s�e�s�.� �F�o�r� �t�e�c�h�n�i�c�a�l� �r�e�a�s�o�n�s�,� �t�h�e� �c�a�s�e�s� �i�n� �s�e�c�t�i�o�n�s� �I�I�I�.�3� �a�n�d� 

�I�I�I�.�5� �c�a�n�n�o�t� �b�e� �t�r�e�a�t�e�d� �a�s� �s�p�e�c�i�a�l� �c�a�s�e�s� �o�f� �t�h�o�s�e� �i�n� �s�e�c�t�i�o�n� �I�I�I�.�4�.� �S�e�c�t�i�o�n� �I�I�I�.�6� �d�e�a�l�s� �w�i�t�h� 

�q�u�e�s�t�i�o�n�s� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s�,� �t�h�e� �e�n�t�r�o�p�y� �o�f� �t�h�e� �s�y�s�t�e�m�s� �a�n�d� �s�o�m�e� 

�p�r�o�b�l�e�m�s� �o�n� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �i�t�e�r�a�t�i�o�n�s�.� �S�e�c�t�i�o�n� �I�I�I�.�7� �p�r�o�v�i�d�e�s� �t�h�e� �s�e�t�t�i�n�g� �f�o�r� �t�h�e� 

�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�s�,� �w�h�i�c�h� �w�i�l�l� �b�e� �t�h�e� �s�u�b�j�e�c�t� �o�f� �t�h�e� �r�e�s�t� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� �S�e�c�t�i�o�n� �I�J�I�.�8� �a�d�-� 

�d�r�e�s�s�e�s� �t�h�e� �q�u�e�s�t�i�o�n�s� �a�b�o�u�t� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �i�t�e�r�a�t�i�o�n�s�,� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �a�n�d� 

�i�n�c�r�e�a�s�e� �o�f� �t�h�e� �e�n�t�r�o�p�y�,� �f�o�r� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�.� �S�e�c�t�i�o�n� �I�I�.�9� �c�o�n�c�l�u�d�e�s� �t�h�i�s� �c�h�a�p�t�e�r� �w�i�t�h� 

�s�o�m�e�  ��c�o�m�p�l�e�t�e�l�y� �s�o�l�v�e�d �� �e�x�a�m�p�l�e�s�.



�3�8� 

�I�I�I�.�2�.� �T�h�e� �N�o�n�-�A�u�t�o�c�a�t�a�l�y�t�i�c� �R�e�a�c�t�i�o�n� 

�I�n� �s�e�c�t�i�o�n� �I�I�.�5� �a� �g�e�n�e�r�a�l� �m�e�t�h�o�d� �i�s� �d�e�s�c�r�i�b�e�d� �f�o�r� �c�o�n�s�t�r�u�c�t�i�n�g�  ��s�t�o�c�h�a�s�t�i�c� �m�o�d�e�l�s �� �o�f� 

�b�a�l�a�n�c�e�d� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�s�,� �i�.�e�.� �r�e�a�c�t�c�t�o�n�s� �o�f� �t�h�e� �f�o�r�m� 

�n�A�,� �+�.�.�.�+�¢�n�n�A�n� �=� �m�,�8�,�4�+�.�.�.�4�m�y�B�n�,� �(�I�I�T�.�1�)� 

�w�h�e�r�e� �n�j� �+�.�.�.� �+� �n�w� �=� �m�+�.�.�.� �+� �m�y�.� �T�h�e� �p�r�o�c�e�s�s� �i�s� �r�e�g�a�r�d�e�d� �a�s�  ��s�t�i�r�r�e�d ��,� �t�h�a�t� �i�s�,� �t�h�e� 

�s�t�a�t�e� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �p�4�,�,�.�.�.�P�A�y�,� �(�B�,�)�-�-�-�9�B�y�-� �I�f� �w�e� �n�o�r�m�a�l�i�z�e� �t�h�e� �s�u�m� 

�o�f� �t�h�e�s�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �t�o� �h�e� �)�>�;� �p�;� �+� �>�>� �;�4�j� �=� �1�,� �w�e� �c�a�n� �c�o�n�s�t�r�u�c�t� �a� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y� �i�n� 

�w�h�i�c�h� �Q� �=� �{�A�j�,�.�.�.�,�A�n�,� �B�1�,�.�.�.�,� �B�u�r�}� �i�s� �t�h�e� �s�a�m�p�l�e� �s�p�a�c�e�,� �P� �=� �(�p�j�,�.�.�.�,�q�a�z�)� �i�s� �a� �p�r�o�b�a�b�i�l�i�t�y� 

�m�e�a�s�u�r�e� �o�n� �9�,� �a�n�d� �Q� �=� �{�P�}� �C� �R�X� �i�s� �t�h�e� �s�i�m�p�l�e�x� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e�s� �o�n� �2�,� �w�h�e�r�e� 

�K�k� �=�N�+�M�.� �T�h�e�n�,� �i�n� �t�h�e� �s�t�o�c�h�a�s�t�i�c� �m�o�d�e�l�,� �p�a�,� �=� �p�;� �a�n�d� �q�p�,� �=� �q�e� �a�r�e� �r�e�g�a�r�d�e�d� �a�s� �t�h�e� 

�(�r�e�l�a�t�i�v�e�)� �p�r�o�b�a�b�i�l�i�t�i�e�s� �t�h�a�t� �a� �p�a�r�t�i�c�l�e�,� �r�a�n�d�o�m�l�y� �f�i�s�h�e�d� �o�u�t�,� �w�i�l�l� �b�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �o�f� �t�y�p�e� 

�A�)�,�.�.�.�,� �B�a�u�.� 

�F�o�r� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�,� �i�.�e�.� �f�o�r� �t�h�e� �c�a�s�e� �w�h�e�n� �n�o� �A� �i�s� �e�q�u�a�l� �t�o� �a�n�y� �B�,� �t�h�e� �l�a�w� 

�o�f� �m�a�s�s� �a�c�t�i�o�n� �g�i�v�e�s� �t�h�e� �r�a�t�e� �e�q�u�a�t�i�o�n�s� 

�d�p�;� �m� �m� �n� �.� �+� �=� �n�j�A�(�q�y�.�.�-�a�5�9�"�  �� �p�t ��.�.�.�p�N ��)�,� �j�3�=�1�,�.�.�.�N� 
�a� �(�I�I�I�.�2�)� 

�k� �m�y� !"�a� �T�h�y� �n� 
 ��d�t�.� �=�  ��m�p�A�(�G�;� �G�a�g� �_� �P�y� �D�y�)�,� �k� �=�>� �1�,� �.� �A�M� 

�w�h�e�r�e� �\� �>� �0� �i�s� �t�h�e� �r�a�t�e� �c�o�n�s�t�a�n�t�.� �T�h�e�s�e� �g�e�n�e�r�a�l�i�z�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �[�2�1�]�,�{�2�2�]�.� �S�u�c�h� �a�n� �O�.�D�.�E�.� 

�d�e�s�c�r�i�b�e�s� �t�h�e� �t�i�m�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s�,� �w�h�i�c�h� �l�e�a�d�s� �t�o� �a� �m�o�t�i�o�n� �w�i�t�h�i�n� �Q�.� �T�h�e� 

�f�a�c�t� �t�h�a�t� �(�I�I�I�.�2�)� �g�i�v�e�s� �r�i�s�e� �t�o� �a� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y� �i�s� �e�a�s�i�l�y� �s�e�e�n� �b�y� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �t�h�a�t� �t�h�e� 

�b�o�u�n�d�a�r�i�e�s� �o�f� �Q� �r�e�p�e�l� �t�h�e� �p�o�i�n�t�s� �a�p�p�r�o�a�c�h�i�n�g� �f�r�o�m� �i�n�s�i�d�e�,� �a�n�d� �s�o� �i�t� �i�s� �a� �c�o�n�s�e�q�u�e�n�c�e� �o�f� 

�T�h�e�o�r�e�m� �I�T�.�1�6�.� 

�B�e�c�a�u�s�e� �o�f� �t�h�e� �f�a�c�t� �t�h�a�t� �(�I�I�I�.�1�)� �i�s� �b�a�l�a�n�c�e�d�,� �w�e� �c�a�n� �e�x�p�r�e�s�s� �t�h�e� �d�i�s�c�r�e�t�e� �f�o�r�m� 

�P�i� �=� �p�y� �t� �n�y�e�l�g�y�?� �d�y�e ��  �� �P�T� �P�N�Y�)�,� �G�H� �L�N� 
�(�1�1�1�.�3�)� 

�G�k� �=� �I�k�  �� �M�e�g� �.�.�.�9�4�e�  �� �P�E� �P�A�Y�)�,� �k�=� �1�,�-�.�M



�3�9� 

�a�s� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� �7� �o�n� �a� �p�r�o�b�a�b�i�l�i�t�y� �s�p�a�c�e� �(�2�8�]�,� �a�n�d� �t�h�i�s� �g�u�a�r�a�n�t�e�e�s� �t�h�a�t� �(�p�*�,�q�*�)� �i�s� �a� 

�p�r�o�b�a�b�i�l�i�t�y� �(�p�;�,�q�;� �l�i�e� �i�n� �(�0�,�1�]� �a�n�d� �5�°� �p�j� �+� �3�0�g�;� �=� �1�)� �a�n�d� �t�h�a�t� �e�n�t�r�o�p�y� �i�s� �a� �n�o�n�-�d�e�c�r�e�a�s�i�n�g� 

�f�u�n�c�t�i�o�n� �a�l�o�n�g� �t�h�e� �m�a�p�,� �f�o�r� �a� �r�a�n�g�e� �o�f� �:� �>� �0�.� �T�h�e� �f�a�c�t� �t�h�a�t� �(�I�I�I�.�3�)� �l�o�o�k�s� �l�i�k�e� �a� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� 

�o�f� �(�I�I�I�.�2�)� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �c�h�a�p�t�e�r� �V�.� 

�T�h�e�  ��s�t�o�c�h�a�s�t�i�c� �m�o�d�e�l�s �� �r�e�q�u�i�r�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �t�o� �b�e� �b�a�l�a�n�c�e�d�.� �T�h�u�s� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� 

�o�f� �p�a�r�t�i�c�l�e�s� �i�s� �c�o�n�s�e�r�v�e�d�.� �C�l�a�s�s�i�c�a�l� �p�r�o�b�a�b�i�l�i�t�y� �c�a�n�n�o�t� �d�e�s�c�r�i�b�e� �m�o�d�e�l�s� �i�n� �w�h�i�c�h� �t�h�e� �n�u�m�b�e�r� 

�o�f� �p�a�r�t�i�c�l�e�s� �c�h�a�n�g�e�s�;� �a� �s�e�c�o�n�d� �q�u�a�n�t�i�z�e�d� �t�h�e�o�r�y� �w�o�u�l�d� �b�e� �n�e�e�d�e�d� �i�f� �t�h�e� �p�a�r�t�i�c�l�e�s� �a�p�p�e�a�r� 

�a�n�d� �d�i�s�a�p�p�e�a�r� �[�3�8�]�.� �(�T�h�e�r�e� �i�s� �n�o� �d�i�f�f�i�c�u�l�t�y� �i�n� �c�l�a�s�s�i�c�a�l�l�y� �d�e�s�c�r�i�b�i�n�g� �p�a�r�t�i�c�l�e�s� �t�h�a�t� �c�h�a�n�g�e� 

�i�d�e�n�t�i�t�y� �)�.� 

�I�t� �i�s� �f�o�r� �t�h�i�s� �c�l�a�s�s� �o�f� �m�o�d�e�l�s� �t�h�a�t� �w�e� �h�e�r�e� �p�r�o�v�e� �t�h�e� �e�x�i�s�t�e�n�c�e� �a�n�d� �u�n�i�q�u�e�n�e�s�s� �o�f� �t�h�e� �f�i�x�e�d� 

�p�o�i�n�t�s� �a�n�d� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �t�h�e�m�.� �E�q�u�a�t�i�o�n�s� �(�I�J�I�.�2�)� �a�n�d� �(�I�I�I�.�3�)� �i�n�v�o�l�v�e� �N� �+� �M� �u�n�k�n�o�w�n�s� 

�P�i�,�-�-�-�,�9�m�M�,� �a�n�d� �N� �+� �M�  ��1� �r�e�l�a�t�i�o�n�s� �g�i�v�e�n� �b�y� �>�>� �p�;� �+� �3�5�>� �g�;� �=� �1� �a�n�d� �t�h�e� �c�o�n�s�e�r�v�e�d� �q�u�a�n�t�i�t�i�e�s� 

�o�f� �t�h�e� �e�q�u�a�t�i�o�n�s�,� �o�f� �w�h�i�c�h� �t�h�e�r�e� �a�r�e� �N� �+� �M�  �� �2� �f�u�r�t�h�e�r� �i�n�d�e�p�e�n�d�e�n�t� �o�n�e�s�.� �W�e� �c�a�n� �w�r�i�t�e� 

�t�h�e�s�e� �r�e�l�a�t�i�o�n�s� �a�s� �n�j�p�;�  �� �n�i�p�;� �=� �K�;� �f�o�r�i� �=� �2�,�.�.�.�,�N�,� �a�n�d� �m�j�p�,� �+� �n�i�g�;� �=� �L�;� �f�o�r� �j� �=� �1�,�.�.�.�,�M�,� 

�a�n�d� �w�e� �c�a�l�l� �t�h�e�m� �t�h�e� �H�y�p�e�r�p�l�a�n�e�s� �o�f� �t�h�e� �M�o�t�i�o�n�.� �T�h�e�i�r� �i�n�t�e�r�s�e�c�t�i�o�n� �i�s� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� �i�n� 

�I�R�*� �t�h�a�t� �c�u�t�s� �t�h�r�o�u�g�h� �Q�,� �a�n�d� �w�e� �c�a�l�l� �L�i�n�e� �o�f� �t�h�e� �M�o�t�i�o�n� �t�h�e� �p�o�r�t�i�o�n� �o�f� �t�h�i�s� �l�i�n�e� �t�h�a�t� �l�i�e�s� 

�i�n� �Q�.� �T�h�i�s� �l�i�n�e� �s�e�g�m�e�n�t�,� �d�e�n�o�t�e�d� �b�y� �I� �i�n� �t�h�i�s� �t�h�e�s�i�s�,� �i�s� �u�n�i�q�u�e�l�y� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n�s�,� �P�(�0�)�  ¬� �Q�,� �a�n�d� �i�t�s� �n�a�m�e� �c�o�m�e�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n�s� �t�o� �(�I�I�I�.�2�)� �a�n�d� �t�h�e� 

�i�t�i�n�e�r�a�r�y� �d�e�s�c�r�i�b�e�d� �b�y� �(�I�I�I�.�3�)� �b�o�t�h� �l�i�e� �i�n� �i�t�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �P�  ¬� �I� �i�m�p�l�i�e�s� �p�,�;�  ¬� �[�B�,�C�]� �w�h�e�r�e� 

�B� �>� �m�a�x�[�0�;� �K�2�/�n�o�;�.�.�.�;� �K�n�y�/�n�n�]� �a�n�d� �C� �<� �m�i�n�{�1�;� �L�2�,�/�m�;�.�.�.�:�L�u�/�m�a�z�]�.� �T�h�u�s� �t�h�e� �d�y�n�a�m�i�c�s� 

�r�e�d�u�c�e�s� �t�o� �a� �n�o�n�-�l�i�n�e�a�r� �m�a�p�,� �[�B�,�C�]� �+�+� �[�B�,�C�]� �f�o�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �s�i�n�g�l�e� �v�a�r�i�a�b�l�e�.� �O�n�c�e� �P�(�0�)� 

�h�a�s� �b�e�e�n� �c�h�o�s�e�n�,� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �v�a�r�y� �i�n� �s�u�c�h� �a� �w�a�y� �t�o� �o�b�e�y� 

�a�p�i� �M�i� �g�e�m� �(�1�1�1�.�4�)� 
�d�p�,� �n�y �� �d�p�;� �n�y �� 

�w�h�e�r�e� �a�l�l� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �a�r�e� �w�r�i�t�t�e�n� �a�s� �f�u�n�c�t�i�o�n�s� �o�f� �p�,�,� �w�h�i�c�h� �w�e� �u�s�e� �a�s� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� 

�v�a�r�i�a�b�l�e� �p�a�r�a�m�e�t�r�i�z�i�n�g� �I ��.� �B�e�c�a�u�s�e� �o�f� �t�h�i�s�,� �w�e� �w�i�l�l� �o�f�t�e�n� �w�r�i�t�e� �r�(�p�,�)� �i�n�s�t�e�a�d� �o�f� �7�(�{�P�)�,� �t�o
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�s�t�r�e�s�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �c�e�r�t�a�i�n� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �l�i�e� �i�n� �a� �s�t�r�a�i�g�h�t� �l�i�n�e�.� 

�I�I�I�.�3� �A� �D�e�t�a�i�l�e�d� �C�a�s�e� 

�W�e� �c�o�n�s�i�d�e�r� �a�l�l� �t�h�e� �r�e�a�c�t�i�o�n�s� �o�f� �t�h�e� �f�o�r�m� 

�n�A�z�a�m�B�+�4�+�1�C� �(�T�1�T�.�5�)� 

�w�i�t�h� �1�,�m�,�n�  ¬� �I�N� �a�n�d� �n� �=� �[�+�m�,� �s�o� �t�h�e� �s�y�s�t�e�m� �i�s� �b�a�l�a�n�c�e�d�.� �T�h�e� �m�e�t�h�o�d� �h�a�s� �t�h�r�e�e� �s�t�a�g�e�s�.� �W�e� 

�f�i�r�s�t� �i�d�e�n�t�i�f�y� �a�n� �i�n�v�a�r�i�a�n�t� �c�o�m�p�a�c�t� �s�e�t� �u�n�d�e�r� �t�h�e� �m�a�p�.� �T�h�e�n� �w�e� �s�h�o�w� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�e�d� �m�a�p� 

�d�r�i�v�e�s� �a�n�y� �i�n�i�t�i�a�l� �s�t�a�t�e� �i�n�t�o� �t�h�i�s� �s�e�t�.� �F�i�n�a�l�l�y� �w�e� �s�h�o�w� �t�h�a�t� �t�h�e� �m�a�p� �i�s� �a� �p�r�o�p�e�r� �c�o�n�t�r�a�c�t�i�o�n� 

�o�n� �t�h�i�s� �s�e�t�,� �a�n�d� �s�o� �c�o�n�v�e�r�g�e�s� �t�o� �a� �u�n�i�q�u�e� �f�i�x�e�d� �p�o�i�n�t� �f�r�o�m� �a�n�y� �i�n�i�t�i�a�l� �s�t�a�t�e� �b�y� �T�h�e�o�r�e�m� �I�I�.�1�1�.� 

�T�h�e� �s�a�m�p�l�e� �s�p�a�c�e� �w�e� �h�a�v�e� �i�s� �2� �=� �{�A�,� �B�,�C�}�;� �t�h�e�n� �t�h�e� �s�e�t� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e�s� �o�n� 

�i�t�,� �Q� �=� �{�P�}�,� �i�s� �m�a�d�e� �o�f� �t�r�i�p�l�e�s� �P� �=� �(�p�a�,�p�p�,�p�c�)�  ¬� �I�R�®� �s�u�c�h� �t�h�a�t� �0� �<� �p�a�,� �p�p�,� �p�c� �<� �1�,� �a�n�d� 

�e�a� �p�;� �=� �1�.� �T�h�e� �d�i�s�c�r�e�t�e� �m�a�p�,� �r� �:� �O�Q�  �� �Q�,� �t�h�a�t� �t�a�k�e�s� �P�,� �a�t� �t�h�e� �i�n�s�t�a�n�t� �t�,� �t�o� �P�*�,� �a�t� �t�h�e� 

�i�n�s�t�a�n�t� �t� �+� �1�,� �i�s� �d�e�f�i�n�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �t�h�a�t� �e�x�p�r�e�s�s� �t�h�e� �d�i�s�c�r�e�t�e� �f�o�r�m� �o�f� 

�t�h�e� �l�a�w� �o�f� �m�a�s�s� �a�c�t�i�o�n�:� 

�P�a� �=� �P�a �� �"�4�(�P�4�  �� �P�B�P�c�)� �=� �P�A� �M�D� �s�a�y� 

�P�p� �=� �p�p� �+� �m�u�D� �(�I�I�1�.�6�)� 

�P�o� �=� �p�e� �+� �u�D� 
�w�h�e�r�e� �j�t� �>� �0�.� �D� �i�s� �c�a�l�l�e�d� �t�h�e� �d�i�s�e�q�u�i�l�i�b�r�i�u�m� �p�a�r�a�m�e�t�e�r�.� 

�W�e� �s�e�e� �t�h�a�t� �t�h�e� �t�w�o� �q�u�a�n�t�i�t�i�e�s� �t�h�a�t� �a�r�e� �c�o�n�s�e�r�v�e�d� �b�y� �t�h�e� �m�a�p� �7� �a�r�e� �p�a�+�p�g�+�p�c� �=� �1� �a�n�d� 

�t�h�e� �q�u�a�n�t�i�t�y� �K� �=� �m�p�a�g�+�n�p�g�.� �T�h�e�n� �p�,� �p�3�5�,� �p�o� �>� �0� �f�o�l�l�o�w�s� �f�r�o�m� �T�h�e�o�r�e�m� �I�I�.�5�,� �p�r�o�v�i�d�e�d� �t�h�a�t� 

�t�h�e� �s�y�s�t�e�m� �c�o�m�e�s� �f�r�o�m� �a� �b�i�s�t�o�c�h�a�s�t�i�c� �p�r�o�c�e�s�s�.� �T�h�e� �c�o�n�d�i�t�i�o�n� �f�o�r� �t�h�i�s� �i�s� �w�p� �<� �1�/�n�,� �a�s� �f�o�u�n�d� 

�b�y� �a�p�p�l�y�i�n�g� �e�q�u�a�t�i�o�n� �(�I�I�.�2�3�)�.� �T�h�e�n�,� �t�h�e� �n�o�n�-�n�e�g�a�t�i�v�i�t�y� �o�f� �p�g� �a�n�d� �p�c� �i�m�p�l�i�e�s� �p�a� �<� �K�/�m� 

�a�n�d� �p�a� �<� �(�n �� �K�)�/�I�,� �a�n�d� �e�l�i�m�i�n�a�t�i�n�g� �p�p�,� �p�c� �w�e� �g�e�t� �a� �m�a�p� �p�y� �=� �p�a�  �� �n�u�t�D�(�p�,�)� �f�r�o�m� �[�0�,�C�]� 

�t�o� �i�t�s�e�l�f�,� �w�h�e�r�e� �C� �=� �m�i�n�{�1�;� �A� �/�m�;�(�n�  �� �K�)�/�l�}�,� �w�h�i�c�h� �w�e� �a�l�s�o� �d�e�n�o�t�e� �b�y� �r�.� �O�u�r� �f�i�r�s�t� �l�e�m�m�a� 

�i�d�e�n�t�i�f�i�e�s� �[�0�,� �1�/�2�]� �a�s� �a�n� �i�n�v�a�r�i�a�n�t� �s�u�b�s�e�t�,� �f�o�r� �t�h�e� �c�a�s�e�s� �i�n� �w�h�i�c�h� �C� �>� �1�/�2�.
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�L�E�M�M�A� �I�I�I�.�1�.� �I�f� �C� �>� �1�/�2�,� �a�n�d� �w� �<� �1�/�n�,� �t�h�e� �i�n�t�e�r�v�a�l� �(�0�,�1�/�2�]� �i�s� �i�n�v�a�r�i�a�n�t� �u�n�d�e�r� �1�;� 

�o�t�h�e�r�w�i�s�e� �i�t� �i�s� �[�0�,�C�]� �t�h�a�t� �i�s� �i�n�v�a�r�i�a�n�t�.� 

�P�r�o�o�r�:� �I�f� �C� �<� �1�/�2�,� �t�h�e� �p�r�e�s�e�r�v�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �u�n�d�e�r� �7� �t�r�i�v�i�a�l�l�y� �m�a�k�e�s� �[�0�,�C�]� 

�i�n�v�a�r�i�a�n�t�.� �T�h�e�r�e�f�o�r�e�,� �l�e�t� �u�s� �t�a�k�e� �C� �>� �1�/�2� �a�n�d� �z� �=� �p�g�  ¬� �[�0�,�1�/�2�]�.� �I�f� �D� �>� �0� �t�h�e�n� �z�*� �=� 

�z ��p�n�D�(�z�)� �<� �x�z�,� �s�o� �x�*�  ¬� �[�0�,�1�/�2�]�.� �S�o� �w�e� �m�a�y� �a�s�s�u�m�e� �D�(�z�)� �<� �0�.� �T�h�e�n� �z�*� �<� �¢�  �� �D�(�z�)� �=� 

�z�r�  �� �2 �� �+� �p�a�p�.� �L�e�t� �y� �=� �1 ��z�.� �T�h�e� �m�a�x�i�m�u�m� �o�f� �P�B� �v�b�:� �s�u�b�j�e�c�t� �t�o� �p�p� �+� �p�o� �=� �¥�,� �o�c�c�u�r�s� 

�w�h�e�r�e� �i�t�s� �l�o�g�a�r�i�t�h�m� �i�s� �a� �m�a�x�i�m�u�m�.� �B�u�t� �m� �l�o�g� �y� �+� �!� �l�o�g� �(�7�  �� �y�)� �h�a�s� �i�t�s� �m�a�x�i�m�u�m� �a�t� �y� �s�u�c�h� 

� � 

�m� �i� �m� �i� �,� 
�t�h�a�t�  �� �=� �L�e�.� �y�=� �Y�¥�7�-�,�y�Y�-�y�=�y�-�.� �S�o� �p�u�t�t�i�n�g� �p�p� �=� �y�,� �p�c� �=� �y�  �� �y� �w�e� �g�e�t� �f�o�r� 

�y� �(�7�-�9�)� �n� �n� 
�D�<�9�0� 

�z�a� �s�e�a�t� �(�=�)�"� �(�4�)� �(�1 ��2�)�"� �=� �f�(�z�)� �s�a�y�.� �(�I�I�I�.�7�)� 

�F�o�r� �n� �=� �2�,�1� �=�1�=�m� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �i�s� �z�  �� �z�*� �+� �(�1�  �� �z�)�?�/�4� �w�h�i�c�h� �t�a�k�e�s� �i�t�s� �m�a�x�i�m�u�m� 
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�i�f� �m�y� �+�m�2�+�-�-�-�+� �m�y� �=�n�.� �T�h�i�s� �c�a�n� �b�e� �s�h�o�w�n� �e�a�s�i�l�y� �i�n� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �w�a�y�s�;� �e�.�g�.� �b�y� 

�i�n�d�u�c�t�i�o�n�;� �o�n�e� �n�e�e�d�s� �t�o� �c�h�e�c�k� �t�h�a�t� �t�h�e� �s�t�a�t�e�m�e�n�t� �i�s� �t�r�u�e� �f�o�r� �M� �=� �1�,� �a�n�d� �t�h�e�n� �t�h�e� �g�e�n�e�r�a�l� 

�r�e�s�u�l�t� �f�o�r� �4� �=� �N� �+�1� �i�s� �i�m�p�l�i�e�d� �b�y� �t�h�e� �c�a�s�e� �f�o�r� �A�f� �=� �N� �a�s� �a� �c�o�n�s�e�q�u�e�n�c�e� �o�f� �t�h�e� �f�a�c�t� �t�h�a�t� 

�(�K�4�1�)�¥� �4�1�2�7� �<�(�K�4�2�)�¥�t�*�,� �V�e� �>� �1�.� �(�1�1�1�.�2�5�)� 

�W�i�t�h� �t�h�i�s� �r�e�s�u�l�t� �i�n� �h�a�n�d�,� �w�e� �c�a�n� �p�r�o�v�e� �t�h�a�t� 

�.� �a�n�,� �m�y� �t�m�y�?� �m�y�e� �n� 
�P�a� �<�P�p�a�-�P�a�t �� �=� �M�_�(�1�  �� �p�a�)� 

�n�  ��2�)�"�-�?� 
�<� �p�a� �-� �p�y� �+� �o�y� �-� �p�a�) �� �(�1�1�1�.�2�6�)� 

�T�h� �1� �r�m� 

�<� �P�a�~� �p�a�t�  ��5�(�1�  �� �p�a�)
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�L�e�t� �C� �=� �m�i�n�{�1�;� �K�,�/�m�;�.�.�.�;� �K�y�/�m�m�]�|� �a�n�d� �r�e�p�e�a�t� �n�o�w�,� �m�u�t�a�t�i�s� �m�u�t�a�n�d�i�s�,� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t� 

�d�e�v�e�l�o�p�e�d� �f�o�r� �t�h�e� �p�r�o�o�f� �o�f� �L�e�m�m�a� �I�I�I�.�1�,� �t�o� �g�e�t� �t�h�e� �s�a�m�e� �r�e�s�u�l�t�:� 

�L�E�M�M�A� �I�I�I�.�1�.�1�.� �I�f� �C� �>� �1�/�2�,� �a�n�d� �s�e� �<� �1�/�n�,� �t�h�e� �i�n�t�e�r�v�a�l� �[�0�,�1�/�2�]� �i�s� �i�n�v�a�r�i�a�n�t� �u�n�d�e�r� �7�;� 

�o�t�h�e�r�w�i�s�e� �i�t� �i�s� �(�0�,� �C�|� �t�h�a�t� �i�s� �i�n�v�a�r�i�a�n�t�.� 

�T�h�e� �r�e�a�s�o�n�i�n�g� �u�s�e�d� �t�o� �p�r�o�v�e� �L�e�m�m�a� �I�I�I�.�2� �w�i�l�l� �l�e�a�d� �h�e�r�e� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�g�n�-�1� 

�L�e�m�m�a� �I�I�I�.�2�.�1�.� �I�f�C� �>� �1�/�2� �a�n�d� �p�g�  ¬� �[�1�/�2�,�C�]�,� �t�h�e�n� �r�*�p�,�  ¬� �[�0�,�1�/�2�]� �f�o�r�a�l�l� �k�>� �n�F� �D�1�) �� 
�p�(�n�?�  �� 

�F�i�n�a�l�l�y�,� �w�e� �c�a�n� �r�e�p�e�a�t� �t�h�e� �p�r�o�o�f� �o�f� �L�e�m�m�a� �I�I�L�.�3�,� �s�p�l�i�t�t�i�n�g� �i�t� �i�n� �t�w�o� �p�a�r�t�s�:� �n� �=� �3� �a�n�d� 

�n� �>� �4�,� �t�o� �g�e�t� �a� �v�e�r�y� �s�i�m�i�l�a�r� �r�e�s�u�l�t� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �c�a�s�e� 

�L�e�m�m�a� �I�I�1�.�3�.�1�.� �I�f� �K�;� �#�4� �0� �f�o�r� �j� �=� �1�,�.�.�.�,�M�,� �a�n�d� �u�x� �<� �1�/�n�,� �t�h�e�n� �r� �i�s� �a� �c�o�n�t�r�a�c�t�i�o�n� �o�n� �(�0�,� �a�l�,� 

�w�h�e�r�e� �a� �=� �m�i�n�(�C�,�1�/�2�)� �.� 

�I�I�I�.�4� �T�h�e� �H�i�g�h�e�r� �N�o�n�-�A�u�t�o�c�a�t�a�l�y�t�i�c� �R�e�a�c�t�i�o�n�s� 

�W�e� �c�o�n�s�i�d�e�r� �t�h�e� �r�e�a�c�t�i�o�n� 

�n�A�,� �+�.�.�.�¢�+�¢�n�n�A�n� �=� �m�,�B�,�+�.�.�.�4�+� �m�y�B�m�,� �M�,�N� �>� �2�,� �(�1�1�.�2�7�)� 

�w�h�e�r�e� �t�h�e� �c�h�e�m�i�c�a�l� �t�y�p�e�s� �A�;�,�.�.�.�,� �B�a�g� �a�r�e� �a�l�l� �d�i�f�f�e�r�e�n�t�.� �L�e�t� �n�,� �b�e� �(�o�n�e� �o�f�)� �t�h�e� �l�a�r�g�e�s�t� 

�c�o�e�f�f�i�c�i�e�n�t�s� �n�}�,�.�.�.�,� �m�a�g�.� �W�e� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �r�e�a�c�t�i�o�n� �i�s� �b�a�l�a�n�c�e�d� �a�n�d� �l�e�t� �n� �=� �n�j� �+�-�-�-�+�n�y� �=� 

�m�,�+�-�-�-�+� �m�y�.� �W�e� �h�a�v�e� �t�h�e� �c�o�n�s�e�r�v�e�d� �q�u�a�n�t�i�t�i�e�s�,� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �p�,�,�.�.�.�,� �p�n� 

�o�f� �A�j�,�.�.�.�,�A�n� �a�n�d� �q�,�.�.�.�,�q�u� �o�f� �B�y�,�.�.�.�,� �B�a�y�:� 

�N�y�P�i�  �� �N�p�,� �=� �K�j�,� �1�=�2�,�.�.�.�,�N� 

�(�1�I�1�T�.�2�8�)� 
�2�1�9�g�;� �+�m�j�p�i� �=� �L�;�,� �g�3�=�1�,�.�.�.�,�M� 

�T�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �c�o�n�s�t�a�n�t�s� �o�f� �t�h�e� �m�o�t�i�o�n� �L�2�,�.�.�.�,� �A�y� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�-� 

�d�i�t�i�o�n�s�,� �a�n�d� �i�t� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e�m� �t�h�a�t� �p�j�)� �>� �B� �>� �m�a�x�(�[�0�;� �~ �� �K�2�/�n�2�;�.�.�.�;�-�A�K�n�/�n�y�n�]� �a�n�d� 

�p�i� �<� �C� �<� �m�i�n�{�1�;� �£�1�/�m�j�,�;�.�.�.�;�L�4�/�m�y�]�}�.� �T�h�e� �r�e�l�a�t�i�o�n�s� �(�I�I�I�.�2�8�)� �e�n�s�u�r�e� �a�l�s�o� �t�h�a�t� �p�o�,�.�.�.�,�¢�u
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�a�r�e� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n�s� �o�f� �p�,�,� �a�n�d� �t�h�e� �m�o�t�i�o�n� �t�h�e�n� �b�e�c�o�m�e�s� �a� �m�a�p�p�i�n�g� �o�f� �[�B�,� �C�]� �t�o� �i�t�s�e�l�f�:� 

�W�h�y� �(�p�i�)� �=� �P�y� �=� �P�r�  �� �m�i�g� �(�p�y�:� �p�R�Y�  �� �a�y�"� �+�+� �a�n�e�)� �=� �p�i�  �� �F�(�p�r�)�-� �(�I�I�I�.�2�9�)� 

�d�F� 
�W�e� �s�h�o�w� �t�h�a�t�,� �a�w�a�y� �f�r�o�m� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�n� �t�h�e� �b�o�u�n�d�a�r�y�,� �s�u�p�,�  � �� �<� �2�,� �p�r�o�v�i�d�e�d� �t�h�a�t� �y�u� 

�d�p�i� 

�i�s� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �l�i�m�i�t� �D�g� �a�s� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�I�J�.�2�3�)�.� �T�h�e� �r�e�a�c�t�i�o�n� �d�o�e�s� 

�n�o�t� �p�r�o�c�e�e�d� �i�f� �o�n�e� �o�f� �t�h�e� �p�;� �i�s� �z�e�r�o� �a�n�d� �o�n�e� �o�f� �t�h�e� �q�;� �i�s� �z�e�r�o�.� �O�t�h�e�r�w�i�s�e� �i�t� �d�o�e�s�.� �S�o� �a� �s�u�f�f�i�c�i�e�n�t� 

�c�o�n�d�i�t�i�o�n� �f�o�r� �a� �f�i�x�e�d� �p�o�i�n�t� �i�s�:� �L�;� �v�a�n�i�s�h�e�s� �f�o�r� �o�n�e� �v�a�l�u�e� �o�f� �j�  ¬� �{�1�,�.�.�.�,� �M�d�}�.� �T�h�i�s� �d�e�a�l�s� �w�i�t�h� 

�p�,� �a�s� �t�h�e� �s�p�e�c�i�a�l� �v�a�r�i�a�b�l�e�.� �T�h�e�r�e� �a�r�e� �o�t�h�e�r� �c�o�n�s�t�a�n�t�s� �o�f� �t�h�e� �m�o�t�i�o�n� �(�l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� 

�o�u�r� �K�;� �,� �D�j�)� �t�h�a�t� �c�o�r�r�e�s�p�o�n�d� �t�o� �o�t�h�e�r� �c�h�o�i�c�e�s�,� �n�a�m�e�l�y� �a�l�l� �t�h�o�s�e� �o�f� �t�h�e� �f�o�r�m� �c�;�;� �=� �n�i�9�;�+�m�j�p�i�,� 

�a�n�d� �i�f� �o�n�e� �o�f� �t�h�e�m� �v�a�n�i�s�h�e�s� �t�h�e� �r�e�a�c�t�i�o�n� �d�o�e�s� �n�o�t� �p�r�o�c�e�e�d�.� �L�e�t� �N�y� �=� �m�i�n�(�N�,�M�)�.� �T�h�e�n� �w�e� 

�c�a�n� �p�r�o�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�L�E�M�M�A� �I�I�I�.�4�.� �(�a�)� �I�f� �c�j�;� �#� �0� �V�i�,�j� �t�h�e�n� �r� �i�s� �a� �c�o�n�t�r�a�c�t�i�o�n� �o�n� �t�h�e� �i�n�t�e�r�v�a�l� �[�B�,�C�]�,� �p�r�o�v�i�d�e�d� 

�t�h�a�t� �N�,�M� �>� �3� �a�n�d� �p� �<� �2�(�n ��1�)�%�*�-�?�/�n�.� �(�b�)� �I�f� �M�=�2�,� �N� �>� �3�,� �a�n�d� �c�j�;� �#�0� �V�i�,�j� �t�h�e�n� �r� �i�s� 

�a� �c�o�n�t�r�a�c�t�i�o�n� �o�n� �t�h�e� �i�n�t�e�r�v�a�l� �[�B�,�C�]�,� �i�f� �f�e� �<� �1�/� �m�a�x�;�(�m�;�)�.� �(�c�)� �E�N� �=�2� �a�n�d�c�;�;� �#�0� �V�i�,�j�,�T� 

�i�s� �a� �c�o�n�t�r�a�c�t�i�o�n� �o�n� �[�B�,�C�]� �w�h�e�n�v�e�r� �j�t� �<� �1�/�n�,�.� 

�P�r�o�o�r�:� �S�u�p�p�o�s�e� �t�h�a�t� �a�l�l� �t�h�e� �c�;�;�,� �f�o�r�t� �=�1�,�.�.�.�,�.�N�,� �j� �=�1�,�.�.�.�,�M� �a�r�e� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o�.� 

�T�h�e�n� �t�h�e� �r�e�a�c�t�i�o�n� �p�r�o�c�e�e�d�s�,� �a�n�d� �t�h�e� �c�o�n�s�t�a�n�t�s� �o�f� �t�h�e� �m�o�t�i�o�n� �r�e�m�a�i�n� �t�h�e� �s�a�m�e�,� �s�o� �t�h�e� 

�m�o�t�i�o�n� �l�i�e�s� �o�n� �a� �c�o�m�p�a�c�t� �s�e�t� �T� �=� �{�.�K�;� �=� �c�o�n�s�t�.�,� �L�;� �=� �c�o�n�s�t�.�}�M� �Q�,� �w�h�e�r�e� �Q� �i�s� �t�h�e� �s�i�m�p�l�e�x� 

�{�o� �<� �p�i�g�;� �<� �L�s�p�i�t� �S�F� �q�j�=� �1�}�.� �T�h�i�s� �m�o�t�i�o�n� �r�e�m�a�i�n�s� �b�o�u�n�d�e�d� �a�w�a�y� �f�r�o�m� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� 

�w�e� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e�,� �a�n�d� �c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n�s� �a�c�h�i�e�v�e� �t�h�e�i�r� �m�a�x�i�m�a� �o�n� �r�l�.� �N�o�w� 

�o� �=�p� �S�o�e� �M�e�.� �p�e�c�m�l�,� �y�+� �3� �m�i�o�q�y� �s�e�a�g�m�i�n�?�,� �G�y�"� �|� �>� �0� �(�I�I�I�.�3�0�)� 

�H�e�n�c�e� �i�n�f�,�,� �F �� �>� �0�,� �a�n�d� �i�t� �i�s� �b�o�u�n�d�e�d� �a�w�a�y� �f�r�o�m� �z�e�r�o�.� �W�e� �n�o�w� �s�h�o�w� �S�U�D�,� �F�'� �<� �2�,� �f�o�r� �p�i�n� 

�t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �r�a�n�g�e�.� 

�I�f�n� �=� �2�,� �F �� �=� �w�p� �+� �p�r�o�+�u�t�+� �a�2�)� �=� �w�e� �<� �1�,� �a�n�d� �w�e� �a�r�e� �d�o�n�e�.� �(�N�o�t�e� �t�h�a�t� �t�h�e� 

�b�i�s�t�o�c�h�a�s�i�c�i�t�y� �r�a�n�g�e� �i�s� �[�0�,�1�]� �i�n� �t�h�i�s� �c�a�s�e�)�.� �S�o� �w�e� �m�a�y� �c�o�n�s�i�d�e�r� �n� �>� �3�.� �B�y� �e�q�.� �(�I�I�I�.�2�3�)� �w�e
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�k�n�o�w� �t�h�a�t� �t�h�e� �m�a�x�i�m�u�m� �o�f� �p�?�'� �-�-�-� �p�r�i�7�!�.�-�-� �p�h�}� �i�s� �a�c�h�i�e�v�e�d� �a�t� 

�n�4�1� �n�; ��1� �n�N� 

�n�e�o� �n ��-�y�l�7�P�N� �=� �n ��-�1�l� 
� � � � � � �P�i� �=� �7� �(�1�1�1�.�3�1�)� 

�w�h�e�r�e� �)�)�;�p�i�=�7�,� �2�0�;� �9�;� �=� �(�1�-�7�)� �a�r�e� �f�i�x�e�d�.� �H�e�n�c�e� 

�n�y� �-�-� �|� �n�i�-�1� 
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�t�h�e� �l�i�m�i�t�i�n�g� �c�a�s�e�,� �t�h�e� �o�c�c�u�r�r�e�n�c�e� �o�f� �t�h�i�s� �b�i�f�u�r�c�a�t�i�o�n� �d�o�e�s� �n�o�t� �g�i�v�e� �r�i�s�e� �t�o� �c�h�a�o�t�i�c� �e�v�o�l�u�t�i�o�n�.� 

�T�h�e� �L�e�m�m�a� �i�s� �p�r�o�v�e�d�.� �5� 

�W�e� �c�a�n� �f�i�n�a�l�l�y� �d�i�s�c�u�s�s� �i�n� �d�e�e�p�e�r� �d�e�t�a�i�l� �t�h�e� �c�a�s�e� �u�p� �=� �1�/�n�.� �H�e�r�e� �t�h�e� �r�e�s�u�l�t� �i�s�:� 

�L�E�M�M�A� �I�I�I�.�6�.� �I�f� �n�2�>�3� �a�n�d� �=�1�/�n�,� �t�h�e�n� �l�i�m�p�,�.�o�T�*�(�p�a�)�=� �p�a� �V�p�a ¬� �(�0�,�1�)�.� �I�f�n�=�1� 

�o�r�n� �=� �2� �a�n�d� �p� �=�1�/�n�,� �t�h�e�n� �r� �i�s� �a� �p�e�r�m�u�t�a�t�i�o�n�.� 

�P�r�o�o�r�:� �I�f� �n�=� �1� �o�r� �n� �=� �2� �a�n�d� �«� �=� �1�/�n�,� �w�e� �h�a�v�e� 

�P�a�=�P�a�+�1 ��2�p�a�=�1 ��-�p�a�=�p�p� �(�1�1�1�.�4�6�)� 

�t�h�e�r�e�f�o�r�e� �t�h�e� �m�a�p� �7� �i�s� �a� �p�e�r�m�u�t�a�t�i�o�n�.� 

�I�f� �n� �>� �3� �a�n�d� �0� �<� �p�g� �<� �1�/�2�,� �t�h�e�n� �r�(�p�a�)� �>� �p�a� �a�n�d� �a�g�a�i�n� �w�e� �h�a�v�e� �t�w�o� �p�o�s�s�i�b�l�e� �c�a�s�e�s�:� 

�t�)�t�(�p�a�)� �<� �1�/�2� �a�n�d� �i�t�)�r�(�p�a�)� �>� �1�/�2�.� �2�)� �y�i�e�l�d�s� �|�r�(�p�a�)�  �� �1�/�2�|� �<� �|�p�a�  �� �1�/�2�|�.� �F�o�r� �t�h�e� �c�a�s�e� �(�i�t�)�,� 

�a�n�d� �n� �=� �3�,� �w�e� �h�a�v�e�:� 

�(�p�a�)� �=� �p�a� �+� �3� �(�1�  �� �3�p�a� �+� �3�p�4�  �� �2�p�4�)� �(�1�1�1�.�4�7�)� 

�t�h�e�r�e�f�o�r�e� �r�(�p�a�)�  �� �1�/�2� �<� �1�/�2�  �� �p�a� �f�o�r� �p�g�  ¬� �(�0�,�1�/�2�)�.� �H�e�n�c�e�,� �r�e�c�a�l�l�i�n�g� �e�q�.� �(�I�I�J�.�4�3�)�,� �w�e� �c�a�n� 

�c�o�n�c�l�u�d�e� �t�h�a�t� 

� � � � � � 

�1� �1� 
�T�(�p�a�)� �-� �9�|� �<� �|�P�A�T� �5�;� �(�I�I�I�.�4�8�)� 

�f�o�r� �e�v�e�r�y� �m�a�p� �7� �r�e�l�a�t�i�n�g� �t�o� �u�y� �=� �1�/�n� �f�o�r� �n� �>� �3�.� �T�h�i�s� �p�r�o�v�e�s� �t�h�e� �L�e�m�m�a�.� �=� 

�I�l�I�.�6� �S�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �F�i�x�e�d� �P�o�i�n�t�s� �a�n�d� �E�n�t�r�o�p�y� �I�n�c�r�e�a�s�e�:� 

�T�h�e� �N�o�n�-�A�u�t�o�c�a�t�a�l�y�i�t�c� �C�a�s�e� 

�A�s� �w�e� �h�a�v�e� �s�e�e�n�,� �g�i�v�e�n� �a�n�y� �b�a�l�a�n�c�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�,� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �m�a�p� �T� �w�i�l�l� �d�r�i�v�e� �t�h�e� �s�y�s�t�e�m� �t�o� �a� �w�e�l�l� �d�e�t�e�r�m�i�n�e�d� �f�i�x�e�d� �p�o�i�n�t�,� �f�o�r� �c�e�r�t�a�i�n



�5�1� 

�v�a�l�u�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �y�z�.� �S�u�c�h� �a� �f�i�x�e�d� �p�o�i�n�t� �s�a�t�i�s�f�i�e�s� 

�D�(�P�)� �=� �p�p� �-�-�-� �p�y ��  �� �a�7� �+� �a�a�y� �=� �9�,� �(�1�1�1�.�4�9�)� 

�w�h�i�c�h� �d�e�s�c�r�i�b�e�s� �a� �s�m�o�o�t�h� �(�N� �+� �M�  �� �1�)�-�d�i�m�e�n�s�i�o�n�a�l� �m�a�n�i�f�o�l�d� �i�n� �R�N�+!"�,� �a�n�d� �i�t� �s�a�t�i�s�f�i�e�s� 

�t�h�e� �(�N� �+� �M�  �� �1�)� �e�q�u�a�t�i�o�n�s� �(�I�I�I�.�2�8�)�.� �N�o�t�e� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �(�I�I�I�.�2�8�)� �+� �(�I�I�I�.�4�9�)� �h�a�s� �a� �u�n�i�q�u�e� 

�s�o�l�u�t�i�o�n� �i�n� �t�h�e� �l�i�n�e� �o�f� �t�h�e� �m�o�t�i�o�n� �T�.� �I�n� �f�a�c�t� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �o�n�e� �f�i�x�e�d� �p�o�i�n�t� �i�s� �e�n�s�u�r�e�d� �b�y� 

�T�h�e�o�r�e�m� �I�J�.�1�0�,� �a�n�d� �e�q�s�.� �(�I�T�I�.�4�)� �s�a�y� �t�h�a�t� �t�h�e� �p ��s� �i�n�c�r�e�a�s�e� �w�i�t�h� �p�;� �w�h�i�l�e� �t�h�e� �g ��s� �d�e�c�r�e�a�s�e� �w�i�t�h� 

�i�t�.� �I�t� �f�o�l�l�o�w�s� �t�h�a�t� �t�h�e�r�e� �c�a�n�n�o�t� �b�e� �m�o�r�e� �t�h�a�n� �o�n�e� �s�o�l�u�t�i�o�n� �t�o� �(�I�I�I�.�4�9�)� �a�l�o�n�g� �I ��,� �a�s� �t�h�e� �p ��s� �a�n�d� 

�t�h�e� �q ��s� �a�r�e� �a�l�l� �n�o�n�n�e�g�a�t�i�v�e� �i�n� �i�t�.� �A�s� �o�n�e� �o�f� �t�h�e� �c�o�n�s�t�a�n�t�s� �o�f� �t�h�e� �m�o�t�i�o�n� �i�s� �n�o�t� �i�n�d�e�p�e�n�d�e�n�t� 

�o�f� �t�h�e� �o�t�h�e�r�s�,� �b�e�c�a�u�s�e� �S�p�;� �+� �5�°� �q�j�;� �=� �1� �i�s� �f�i�x�e�d�,� �w�e� �g�e�t� �t�h�a�t� �t�h�e� �s�e�t� �o�f� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �r� 

�i�s� �a�n� �(�N� �+� �M�  �� �2�)�-�p�a�r�a�m�e�t�e�r� �f�a�m�i�l�y�.� �O�n�e� �e�l�e�m�e�n�t� �i�s� �s�i�n�g�l�e�d� �o�u�t� �o�f� �t�h�i�s� �s�e�t� �w�h�e�n�e�v�e�r� �o�n�e� 

�s�e�t� �o�f� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n� �(�h�y�p�e�r�p�l�a�n�e�s� �o�f� �t�h�e� �m�o�t�i�o�n�)� �i�s� �g�i�v�e�n�.� �C�l�e�a�r�l�y�,� �a�l�l� �t�h�e� �p�o�i�n�t�s� �i�n� �a� 

�g�i�v�e�n� �[� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �s�a�m�e� �s�e�t� �o�f� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n�,� �a�n�d� �s�o� �t�h�e� �q�u�e�s�t�i�o�n�s� �a�b�o�u�t� �t�h�e� 

�c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �b�a�s�e�d� �a�t� �d�i�f�f�e�r�e�n�t� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�a�t� �l�i�n�e� �a�l�w�a�y�s� �c�o�n�c�e�r�n� �t�h�e� 

�s�a�m�e� �f�i�x�e�d� �p�o�i�n�t�.� 

�C�o�n�c�e�r�n�i�n�g� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �a� �g�i�v�e�n� �r�,� �w�e� �o�b�s�e�r�v�e� �t�h�a�t� �t�h�e� �c�a�s�e� �o�f� 

�t�r�a�n�s�m�u�t�a�t�i�o�n�s� �s�h�o�w�s� �o�n�e� �f�i�x�e�d� �p�o�i�n�t� �o�n�l�y� �w�h�i�c�h� �i�s� �t�r�i�v�i�a�l�l�y� �s�t�a�b�l�e�,� �a�n�d� �i�t� �i�s� �a�n� �a�t�t�r�a�c�t�o�r� �f�o�r� 

�e�v�e�r�y� �p�o�i�n�t� �i�n� �[�0�,�1�]� �i�f� �«�7� �<�1�/�n�.� �F�o�r� �a�l�l� �t�h�e� �o�t�h�e�r� �r�e�a�c�t�i�o�n�s�,� �w�e� �u�s�e� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �z�e�r�o�s� �o�f� 

�a� �r�e�a�l� �p�o�l�y�n�o�m�i�a�l� �a�r�e� �c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �i�t�s�e�l�f�,� �a�n�d� 

�t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n� �i�m�p�l�y� 

�;� �,� �1� �n�a� �1� �t�y� 

�P�r�e� �D�y�  �� �a�p�t� �d�i�g� �=�P� �t�d� �+� �n�a�p�r�)�|� �v�t� �(�o�m� �+� �o�w�n�)� 
�1� �,� �(�1�1�1�.�5�0�)� 

�1� �m�t� �1� �m�M� 
�-� �|�  �� �M�1�P�y� �)� �o�o� �a�c�a�  �� �M�M�P�\�1� �)� 

�T�y� �n�y� 

�w�h�i�c�h� �i�s� �a� �p�o�l�y�n�o�m�i�a�l� �w�h�o�s�e� �c�o�e�f�f�i�c�i�e�n�t�s� �d�e�p�e�n�d� �c�o�n�t�i�n�u�o�u�s�l�y� �o�n� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� 

�M�o�r�e�o�v�e�r�,� �t�h�e� �l�i�n�e�s� �o�f� �t�h�e� �m�o�t�i�o�n� �o�f� �a�l�l� �p�o�s�s�i�b�l�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �a�l�l� �p�a�r�a�l�l�e�l�.� �T�h�e�n� �t�h�e� 

�s�t�a�b�i�l�i�t�y� �o�f� �a�l�l� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �r� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�i�s�,� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �a�l�l� �t�h�e� �n�o�n�-�t�r�i�v�i�a�l



�5�2� 

�f�i�x�e�d� �p�o�i�n�t�s� �a�t�t�r�a�c�t� �e�v�e�r�y� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �i�n� �t�h�e�i�r� �l�i�n�e� �o�f� �t�h�e� �m�o�t�i�o�n�,� �a�n�d� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� 

�t�h�e� �l�i�n�e� �o�f� �t�h�e� �m�o�t�i�o�n� �o�f� �a� �t�r�i�v�i�a�l� �f�i�x�e�d� �p�o�i�n�t�,� �P�,� �i�n�t�e�r�s�e�c�t�s� �t�h�e� �s�i�m�p�l�e�x� �Q� �i�n� �P� �o�n�l�y�.� �H�e�r�e�,� 

�b�y� �t�r�i�v�i�a�l� �f�i�x�e�d� �p�o�i�n�t�s� �w�e� �m�e�a�n� �t�h�o�s�e� �t�h�a�t� �c�o�r�r�e�s�p�o�n�d� �t�o� �o�n�e� �p�;� �a�n�d� �o�n�e� �q�;� �e�q�u�a�l� �t�o� �z�e�r�o�.� �I�n� 

�o�r�d�e�r� �t�o� �a�v�o�i�d� �r�e�p�e�t�i�t�i�o�n�,� �f�u�r�t�h�e�r� �d�e�t�a�i�l�s� �a�b�o�u�t� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �w�i�l�l� �b�e� �g�i�v�e�n� 

�i�n� �s�e�c�t�i�o�n� �J�I�I�.�8�,� �w�h�e�r�e� �t�h�e� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �c�a�s�e� �o�f� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�s� �i�s� �t�r�e�a�t�e�d�.� 

�N�o�w�,� �w�e� �n�o�t�e� �t�h�a�t� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�,� �p�,�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �g�i�v�e�n� �c�h�o�i�c�e� �o�f� �t�h�e� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n�s� �m�a�x�i�m�i�z�e�s� �t�h�e� �e�n�t�r�o�p�y�,� �S�(�p�,�)�,� �a�l�o�n�g� �t�h�e� �l�i�n�e� �o�f� �t�h�e� �m�o�t�i�o�n�,� �a�s� �t�h�e� �m�a�p� �i�s� �e�n�t�r�o�p�y� 

�n�o�n�-�d�e�c�r�e�a�s�i�n�g� �a�n�d� �e�v�e�r�y� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �a�l�o�n�g� �s�u�c�h� �a� �l�i�n�e� �c�o�n�v�e�r�g�e�s� �t�o� �p� �,�,� �u�n�d�e�r� �i�t�s� 

�i�t�e�r�a�t�i�o�n�s�,� �f�o�r� �c�e�r�t�a�i�n� �v�a�l�u�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �y�w�.� �F�u�r�t�h�e�r�m�o�r�e�,� �w�e� �h�a�v�e� 

�S�(�p�1�)� �=�  �� �>� �p�i�(�p�1�)� �l�o�g� �p�i�(�p�1�)�  �� �S�>� �9�;�(�p�1�)� �l�o�g� �g�;�(�~�1�)�,� �(�1�1�1�.�5�1�)� 

�w�h�i�c�h� �d�o�e�s� �n�o�t� �d�e�p�e�n�d� �o�n� �p�,� �a�n�d� 

�d� 
�a�s� �=�0� �i�f�a�n�d�o�n�l�y� �i�f� �p�,� �=� �p�y�.� �(�I�I�I�.�5�2�)� 
�d�p�,� 

�W�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �S�(�p�;�)� �<� �S�(�p�,�)� �u�n�l�e�s�s� �p�;� �=� �p�;�,� �b�u�t� �m�o�r�e� �c�a�n� �b�e� �p�r�o�v�e�n�.� 

�R�e�c�a�l�l� �f�r�o�m� �s�e�c�t�i�o�n� �I�1�.�5� �t�h�a�t� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x� �T� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �r�e�a�c�t�i�o�n� 

�(�I�I�I�.�1�)� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �T� �=� �T ��@� �M�,� �®�-�-�-�®� �M�:�,� �w�h�e�r�e� �T �� �i�s� �a� �b�i�s�t�o�c�h�a�s�t�i�c� �b�l�o�c�k�,� �w�h�i�c�h� 

�h�a�s� �a� �s�p�e�c�t�r�a�l� �g�a�p� �A� �>� �0� �i�f� �w�  ¬� �(�0�,�2�8�)� �(�L�e�m�m�a� �I�I�.�1�)�.� �T�h�e� �r�e�m�a�i�n�i�n�g� �M�; ��s� �a�r�e� �s�q�u�a�r�e� 

�m�a�t�r�i�c�e�s� �o�f� �t�h�e� �f�o�r�m� 
�1� �1� �1� 

�1�/�1� �i� �1� �M�=�-�|�.� �|� �;� �(�1�1�1�.�5�3�)� 
�1� �1� �1� 

�a�n�d� �t�h�e�r�e�f�o�r�e� �t�h�e�y� �a�c�t� �l�i�k�e� �t�h�e� �i�d�e�n�t�i�t�y� �o�n� �t�h�o�s�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �i�n�p�u�t� �v�e�c�t�o�r�s� �t�h�a�t� �c�o�n�c�e�r�n� 

�t�h�e�i�r� �i�n�v�a�r�i�a�n�t� �s�u�b�s�p�a�c�e�s�.� �I�n� �f�a�c�t�,� �e�a�c�h� �M�;� �c�o�n�t�a�i�n�s� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �J�T� �t�h�a�t� �d�e�a�l� �w�i�t�h� �a� 

�p�r�o�c�e�s�s� �o�f� �t�h�e� �f�o�r�m� �(�A�;�,�,�.�.�.�,� �A�i�)�  �� �(�A�i�,�,�.�.�.�,� �A�i�,�,�)� �a�n�d� �i�t�s� �p�e�r�m�u�t�a�t�i�o�n�s�,� �w�h�e�r�e� �(�A�j�,�,�.�.�.�,� �A�i�,�)�  ¬� 

�A� �a�n�d� �A� �h�a�s� �b�e�e�n� �d�e�f�i�n�e�d� �b�y� �e�q�.� �(�I�I�.�1�4�)�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� 

�i�n�p�u�t� �v�e�c�t�o�r�,� �@�}�P�,� �o�n� �w�h�i�c�h� �M�;� �a�c�t�s� �a�r�e� �a�l�l� �e�q�u�a�l� �t�o� �p�;�,�-�-�-�p�;�,�,� �t�h�e�y� �r�e�m�a�i�n� �u�n�c�h�a�n�g�e�d



�5�3� 

�u�n�d�e�r� �i�t�s� �a�p�p�l�i�c�a�t�i�o�n�.� �T�h�u�s�,� �w�e� �f�i�n�d� �t�h�a�t� �T� �i�s� �m�i�x�i�n�g� �o�n� �a� �c�e�r�t�a�i�n� �s�u�b�s�p�a�c�e�,� �M� �s�a�y�,� �d�u�e� �t�o� 

�t�h�e� �s�p�e�c�t�r�a�l� �g�a�p� �o�f� �T ��,� �a�n�d� �i�t� �a�c�t�s� �l�i�k�e� �t�h�e� �i�d�e�n�t�i�t�y� �o�n� �t�h�e� �v�e�c�t�o�r�s� �o�f� �M�+� �t�h�a�t� �i�t� �r�e�c�e�i�v�e�s� �a�s� �a�n� 

�i�n�p�u�t�.� �T�h�e�r�e�f�o�r�e�,� �b�y� �T�h�e�o�r�e�m� �I�I�.�6� �a�n�d� �T�h�e�o�r�e�m� �I�I�.�7� �w�e� �c�a�n� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� 

�e�v�e�r�y� �P�  ¬� �Q� �u�n�d�e�r� �f�r� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�x�e�d� �p�o�i�n�t�,� �w�h�e�n�e�v�e�r� �4� �l�i�e�s� �i�n� �(�0�,� �D�g�)�.� 

�T�o� �s�u�m� �u�p�,� �w�e� �h�a�v�e� �p�r�o�v�e�n� �t�h�i�s� �r�e�s�u�l�t�:� 

�T�H�E�O�R�E�M� �I�I�I�.�1�.� �C�o�n�s�i�d�e�r� �a� �b�a�l�a�n�c�e�d�,� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c�,� �r�e�a�c�t�i�o�n� �t�T� �t�h�a�t� �c�o�m�e�s� �f�r�o�m� �a� �b�i�s�-� 

�t�o�c�h�a�s�t�i�c� �p�r�o�c�e�s�s�.� �I�f� �t�h�e� �c�o�u�p�l�i�n�g� �c�o�n�s�t�a�n�t� �y�p� �b�e�l�o�n�g�s� �t�o� �(�0�,�2�3�)�,� �w�h�e�r�e� �L�g� �i�s� �t�h�e� �u�p�p�e�r� 

�l�i�m�i�t� �o�f� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e�,� �t�h�e�n�:� 

�(�a�)� �A�l�l� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �r� �a�r�e� �s�t�a�b�l�e� �a�n�d� �c�o�n�s�t�i�t�u�t�e� �a�n� �(�N� �+� �M�  �� �2�)�-�p�a�r�a�m�e�t�e�r� �f�a�m�i�l�y�.� 

�(�b�)� �E�v�e�r�y� �c�h�o�i�c�e� �o�f� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �a� �f�i�x�e�d� �p�o�i�n�t� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�x�e�d� �p�o�i�n�t�.� 

�(�c�)� �T�h�e� �e�n�t�r�o�p�y� �S� �i�s� �a� �s�t�r�i�c�t� �L�i�a�p�u�n�o�v� �f�u�n�c�t�i�o�n� �f�o�r� �T�.� 

�I�f� �»� �=� �L�p� �a�n�d� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �P�(�0�)� �u�n�d�e�r� �r� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�x�e�d� �p�o�i�n�t�,� 

�t�h�e�n� �t�h�e� �e�n�t�r�o�p�y� �i�s� �n�o�n� �d�e�c�r�e�a�s�i�n�g� �a�n�d� �t�h�e�r�e� �i�s� �a�k�  ¬� �I�N� �s�u�c�h� �t�h�a�t� �S�(�r�*�(�P�(�0�)�)�)� �>� �S�(�P�(�0�)�)�,� 

�u�n�l�e�s�s� �P�(�0�)� �i�s� �a� �f�i�x�e�d� �p�o�i�n�t�.� 

�I�t� �i�s� �w�o�r�t�h� �n�o�t�i�n�g� �t�h�a�t� �t�h�e�r�e� �i�s� �a�t� �l�e�a�s�t� �o�n�e� �e�x�a�m�p�l�e� �i�n� �w�h�i�c�h� �p�z� �=� �L�g� �i�m�p�l�i�e�s� �t�h�a�t� �n�o� 

�c�o�n�v�e�r�g�e�n�c�e� �c�a�n� �t�a�k�e� �p�l�a�c�e�,� �n�a�m�e�l�y� �t�h�e� �c�a�s�e� �o�f� �p�e�r�m�u�t�a�t�i�o�n� �m�a�p�s� �s�t�u�d�i�e�d� �i�n� �s�e�c�t�i�o�n� �I�I�I�.�5�.� 

�I�l�I�.�7� �T�h�e� �A�u�t�o�c�a�t�a�l�y�t�i�c� �R�e�a�c�t�i�o�n� 

�I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s� �t�h�e� �p�r�o�b�l�e�m� �o�f� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�s� �w�i�l�l� �b�e� �s�t�u�d�i�e�d�.� �I�n� �o�r�d�e�r� 

�t�o� �s�e�t� �a�n� �u�n�a�m�b�i�g�u�o�u�s� �n�o�t�a�t�i�o�n� �w�e� �w�i�l�l� �r�e�f�e�r� �t�o� �b�a�l�a�n�c�e�d� �r�e�a�c�t�i�o�n�s� �o�f� �t�h�e� �f�o�r�m� 

�m� �A�r� �t�.�.�.�¢�n�w�A�n� �+� �6�,�0�;� �4�+� �.�.�.�4�+� �6�.�0�,� �4�4�D�,� �4� �.�.�4� �1�3�D�,� �(�I�1�T�.�5�4�)� 

�=� �m�B�,� �+�.�.�0�4� �m�u� �B�u�y� �+� �k�i�C�,� �+�.�.�4� �k�o�C�e� �+�0�,�;�D�,�+�.�.�.�4�+� �a�g� �D�g� 

�w�i�t�h� �t�h�e� �c�o�n�v�e�n�t�i�o�n�s� �N�,�M�,�a�,�8� �>�0�,�N�+�a�+�6�8�>�1�,�M�+�a�+� �>� �1� �a�n�d� �@�;� �>� �k�;� �,� 

�o�;� �>� �1�;� �f�o�r� �e�v�e�r�y� �1� �a�n�d� �7�.� �W�e� �t�h�e�n� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �i�s� �h�o�m�o�g�e�n�e�o�u�s� �i�n� �s�p�a�c�e�,� �s�o� �t�h�a�t



�5�4� 

�t�h�e� �s�t�a�t�e� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �p�a�,� �=� �p�i� �,� �P�c�;� �=� �T�i� �,� �P�B�;� �=� �4�;� �a�n�d� �p�p�,� �=� �3�;�.� 

�S�i�m�i�l�a�r�l�y� �t�o� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�,� �i�f� �w�e� �n�o�r�m�a�l�i�z�e� �t�h�e� �s�u�m� �o�f� �t�h�e�s�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� 

�t�o� �b�e� �S�o�p�;� �+� �S�o�r�i� �+� �D�O� �g�i� �+� �D�O� �8�;� �=� �1�,� �w�e� �c�a�n� �c�o�n�s�t�r�u�c�t� �a� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y� �i�n� �w�h�i�c�h� 

�=� �{�A�j�,�.�.�.�,�A�n�,� �B�i�,�.�.�.�,�B�u�,�C�1�,�.�.�.�,�C�a�,� �D�1�,�.�.�.�,�D�g�}� �i�s� �t�h�e� �s�a�m�p�l�e� �s�p�a�c�e�,� �P� �=� �(�p�j�,�.�.�.�,�8�g�)� �i�s� �a� 

�p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e� �o�n� �M� �a�n�d� �Q� �=� �{�P�}� �C� �R�F�#� �i�s� �t�h�e� �s�i�m�p�l�e�x� �o�f� �a�l�l� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e�s� �o�n� 

�Q�,�w�h�e�r�e�k�K� �=�N�+�a�+�M�+�Q�@�.� 

�C�l�a�s�s�i�c�a�l�l�y�,� �o�n�e� �c�a�n� �s�e�t� �u�p� �a� �s�y�s�t�e�m� �o�f� �O�.�D�.�E ��s� �f�o�r� �(�I�I�I�.�5�4�)�,� �t�h�a�t� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �l�a�w� �o�f� 

�m�a�s�s� �a�c�t�i�o�n� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �c�a�s�e�,� �a�n�d� �t�h�a�t� �t�a�k�e�s� �t�h�e� �f�o�r�m� 

�d�p�;� �J� �m� �m�a�k� �k�y� �o�o� �o�F� �n�n� �9� �6�.� �!� �l� �-� �a�>� �m�M�(�Q�r� �y�g� �h�y� �a� �8�8�8�°�  �� �P�Y� �P�A�T� �P�a� �8�5�°�8�3�)�,� �J� �=� �1�,� 

�d�r�;�  �� �p�y�:� �m�y� �m�n� �k�i� �k�e�y� �F�r� �o�r� �n�y� �n�n� �9�1� �0�.� �o�t�s� �b�p� �j�;�=�1� 
 ��d�t� �=� �v�;�n�(�q�;� �o�*� �a�n�g� �r�y� �o�.� �P�e� �3�5� �o�-� �"�$�9� �_� �P�y� �-� �P�N� �r�y� �e�e� �"�P�a� �3�;� �o�e� �"�$�4� �)�,� �J� �=� �g�e� 

�d�q�;� �J� �k� �k�.�,� �g� �6� �6�.� �i� �I� �.� �7�8� �_ ��  ��m�j�n�(�q!"� �w�s� �O�u�t� �v�e�e�p� �s�f� �.�.�  ��3�3�°� �_� �P�e�.� �p�a�r�t�:� �v�e�e�p� �3�;� �o�e�  ��$�3� �)�,� �7�=�1�,�.�.�M� 

�d�s�;� �i� �m� �m�a�r�k� �k�o� �o�A� �n� �n�n� �.�@� �6�,� �l� �-� 
�a�7� �A�G�M� �I�M� �T�T� �P�a� �8�1�)� �8�g� �P�E� �P�N�M� �P�S�  ��8�3� �)�,� �j�=� �1�,�.�.�.�8� 

�(�1�1�1�.�5�5�)� 

�w�h�e�r�e� �7� �>� �0� �i�s� �t�h�e� �r�a�t�e� �c�o�n�s�t�a�n�t� �a�n�d� �v�;� �=� �6�;�  �� �k�j� �,� �A�;� �=� �0�;�  �� �1�;�.� �T�h�i�s� �s�y�s�t�e�m� �o�f� �d�i�f�f�e�r�e�n�t�i�a�l� 

�e�q�u�a�t�i�o�n�s� �d�e�s�c�r�i�b�e�s� �t�h�e� �t�i�m�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s�,� �w�h�i�c�h� �l�e�a�d�s� �t�o� �a� �m�o�t�i�o�n� �w�i�t�h�i�n� 

�Q�.� �M�o�r�e�o�v�e�r�,� �(�I�I�I�.�5�5�)� �g�i�v�e�s� �r�i�s�e� �t�o� �a� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y� �b�e�c�a�u�s�e� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �o�f� �Q� �r�e�p�e�l� 

�t�h�e� �p�o�i�n�t�s� �a�p�p�r�o�a�c�h�i�n�g� �f�r�o�m� �i�n�s�i�d�e�.� 

�A�l�t�e�r�n�a�t�i�v�e�l�y�,� �o�n�e� �c�a�n� �c�o�n�s�t�r�u�c�t� �a� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m� �w�i�t�h� �d�i�s�c�r�e�t�e� �t�i�m�e� �g�i�v�e�n� �b�y� �a� 

�B�o�l�t�z�m�a�n�n� �m�a�p�,� �T� �:� �Q� �>� �Q�,� �o�f� �o�r�d�e�r�n� �=� �D�o�.�n�j�+�>�,�6�:�+� �D�h� �=� �o�F� �m�;�+� �I�F� �k�j� �+� �F� �o�j�,� 

�w�h�i�c�h� �y�i�e�l�d�s� �P�*� �=� �r�(�P�)� �w�i�t�h� 

�m�a� �,�,�k�y� �n�w� �8�,� �6�,� �o�b�i� �l�a� �P�i� �=� �P�i�t� �n�j�e�l�a�y� �a�a�y� �h�a� �8�5� �0�8�a�"�  �� �p�t�t�.� �D�N� �r�y� �t�g �� �s�y� �8�g�)�,� �J�=�l�,�.�N� 

�4� �p�e�r�f� �g�i� �o�c�c� �g�i�t�M� �p�h�y�.�.�.� �p�h�n� �9�2� �o�n� �m�o�n�y� �8�:� �.� �a� �r�e�r� �t�y�e� �d�a�g� �P�y� �a� �8�1� �8�g� �>� �P�L� �P�N� �T�L� �a� �S�p� �8�3�)�,� �J� �=� �1�,�o� 

 �� �m�a�k�i� �k�e�y� �o�O� �T�R� �_� �T�U�N� �6�,� �6�.� �l�y� �I�p� 
�G�3� �=� �9�5�  �� �M�e� �g�y� �T�y� �h�a �� �8�7�  ��1�3�8� �P�Y� �P�N�T� �h�e� �8�4� �8�3�)�,� �J�=�1�,�.�.�M� 

�m�a�k�i� �h�y� �o�O� 
 �� �°� �.� !"�m� �e�e� �©� �s�e� �@� �T�A� �3�5� �=� �8�)�  �� �A�j�M�(�g�y� �a�n�g�"� �7�}� �P�a� �3�4� �~� 

�n� �n�y� �6� �8�.� �o�t� �l�p� �,� �8�3�  �� �P�y� �P�N�T� �g�S� �7�°�8�3�)�,� �J� �=� �1�,�8�,� 

�a�n�d� �l�e�a�d�s� �t�o� �a� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y� �b�e�c�a�u�s�e� �o�f� �T�h�e�o�r�e�m� �I�I�.�5�.� �N�o�t�e� �t�h�a�t� �f�r�o�m� �(�I�I�I�.�5�5�)� �a�n�d



�5�5� 

�(�1�1�1�.�5�6�)� �i�t� �t�u�r�n�s� �o�u�t� �t�h�a�t� �t�h�e� �c�a�s�e�s� �w�i�t�h� �0�;� �=� �k�;� �a�n�d� �o�;� �=� �l�;�,� �f�o�r� �s�o�m�e� �7� �a�n�d� �j�,� �c�a�n� �b�e� 

�t�r�e�a�t�e�d�,� �b�e�c�a�u�s�e� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �d�o� �n�o�t� �c�h�a�n�g�e� �w�i�t�h� �t�i�m�e� �f�o�r� �b�o�t�h� �(�I�I�I�.�5�5�)� 

�a�n�d� �(�I�I�I�.�5�6�)�,� �s�o� �o�n�e� �c�a�n� �p�u�t� �t�h�e�m� �a�s�i�d�e� �a�n�d� �n�o�r�m�a�l�i�z�e� �t�o� �1� �t�h�e� �s�u�m� �o�f� �t�h�e� �r�e�m�a�i�n�i�n�g� 

�c�o�n�c�e�n�t�r�a�t�i�o�n�s�.� �T�h�e�n� �t�h�e� �n�e�w� �s�y�s�t�e�m� �w�i�l�l� �h�a�v�e� �a� �n�e�w� �r�a�t�e� �c�o�n�s�t�a�n�t� �g�i�v�e�n� �b�y� �t�h�e� �p�r�o�d�u�c�t� 

�o�f� �e�i�t�h�e�r� �7� �o�r� �y�u� �t�i�m�e�s� �t�h�e� �i�n�i�t�i�a�l� �v�a�l�u�e�s� �o�f� �t�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� �t�h�o�s�e� �c�h�e�m�i�c�a�l�s� �t�h�a�t� �w�e�r�e� 

�r�e�m�o�v�e�d�,� �r�a�i�s�e�d� �t�o� �t�h�e�i�r� �s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�e� �w�i�l�l� �n�o�t� �r�e�q�u�i�r�e� �n�}� �=� �m�a�x�i�m�u�m� �o�f� �t�h�e� �s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s�,� 

�a�s� �w�e� �d�i�d� �i�n� �t�h�e� �s�t�u�d�y� �o�f� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�i�t�c� �r�e�a�c�t�i�o�n�s�.� �T�h�e� �t�e�r�m� 

�i� �D�R� �a�p�i�e� �o�r�d�e�a�l� �c�a�l�f� �=� �g�M� �s�c�g�t�a�e�r�h� �c�o�r�k�s� �o�s�t� �(�T�I�L�S�T�)� 
�t�h�a�t� �a�p�p�e�a�r�s� �o�n� �(�I�I�I�.�5�5�)� �a�n�d� �(�I�I�I�.�5�6�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �D�(�P�)�-� �r�e� �o�e� �p�h�e� �s�i�  ��3�8� �w�h�e�r�e� 

�D�(�P�)� �=� �D�i� �.�-� �p�y� �r�y� �o�e� �T�e�  �� �q�i�:� �o�s� �g�a�y� �3�}� �o�s� �$�3�"� �(�1�I�T�.�5�8�)� 

�i�s� �c�a�l�l�e�d� �t�h�e� �d�i�s�e�q�u�i�l�i�b�r�i�u�m� �p�a�r�a�m�e�t�e�r� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�,� 

�w�h�i�c�h� �i�s� 

�m�A�i�+�-�-�-�t�n�w�A�n� �t�C� �t�-�+�-�+�¥�a�C�g� �=� �m�1� �B�y� �+�-�-�-�+�m�y�B�u�t�+�%�1�D�1�+�-�-�-�+�A�g�D�a�z�.� �(�I�I�L�5�9�)� 

�O�n�e� �s�h�o�u�l�d� �n�o�t�e� �n�o�w� �t�h�a�t� �a� �g�i�v�e�n� �r�e�a�c�t�i�o�n� �a�n�d� �i�t�s� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� 

�h�a�v�e� �t�h�e� �s�a�m�e� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n� �(� �h�y�p�e�r�p�l�a�n�e�s� �o�f� �t�h�e� �m�o�t�i�o�n� �)�,� �w�h�i�c�h� �a�r�e� 

�n�i�p�i�-!"�m�p�,�=� �K�;�,� �t�=�2�,�.�.�N� 

�V�i�p�i�  �� �m�7�;� �=� �L�j�,� �t�=� �1�,�.�.�.�a� 

�(�I�I�I�.�6�0�)� 
�M�m�p�r�t�n�g� �=� �M�M�;� �t�=�1�,�.�.�.�M� 

�A�i�p�,� �+� �n�1�8�;� �=� �N�;� �i�=�1�,�.�.�.�8� 

�a�n�d� �f�r�o�m� �w�h�i�c�h� �a�l�l� �t�h�e� �o�t�h�e�r� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n� �c�a�n� �b�e� �r�e�c�o�v�e�r�e�d�.� �T�h�e�s�e� �a�r�e� �N� �+� �a�+� 

�M� �+� �8�- ��1�=� �K�  ��1� �i�n�d�e�p�e�n�d�e�n�t� �h�y�p�e�r�p�l�a�n�e�s� �w�h�o�s�e� �i�n�t�e�r�s�e�c�t�i�o�n� �i�s� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� �i�n� �R�*�.� 

�A�s� �f�o�r� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�,� �w�e� �c�a�l�l� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�i�s� �l�i�n�e� �w�i�t�h� �Q� �t�h�e�  ��l�i�n�e� �o�f



�5�6� 

�t�h�e� �m�o�t�i�o�n �� �[�,� �a�n�d�,� �a�s� �b�e�f�o�r�e�,� �s�u�c�h� �a� �l�i�n�e� �s�e�g�m�e�n�t� �i�s� �u�n�i�q�u�e�l�y� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n�s�,� �P�(�0�)�  ¬� �Q�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �P�  ¬� �T� �i�m�p�l�i�e�s� �p�,�  ¬� �[�B�,�C�]�,� �w�h�e�r�e� �t�h�i�s� �t�i�m�e� �B� �>� 

�m�a�x�;� �;�(�0�;� �K�j�/�n�j�;� �£�;�/�v�j�]� �a�n�d� �C� �<� �m�i�n�;� �j�[�1�;� �M�;�/�m�;�;�.�N�;�/�A�j�]�.� �T�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �v�a�r�y� �i�n� �s�u�c�h� 

�a� �w�a�y� �t�o� �o�b�e�y� 

�d�p�;� �i� �d�r�;� �F� �d�q�;� �i� �d�s�;� �r�i� �C�P�i� �R�T� �L�K� �L�H�L� �(�I�I�1�.�6�1�)� 
�d�z� �n�n�, �� �d�x� �n�y� �d�z� �n�4� �d�z� �n�y� 

�w�h�e�n� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �P�(�0�)� �h�a�v�e� �b�e�e�n� �f�i�x�e�d�,� �i�f� �p�;� �i�s� �t�a�k�e�n� �t�o� �b�e� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� 

�p�a�r�a�m�e�t�r�i�z�i�n�g� �[ ��.� �S�i�m�i�l�a�r�l�y� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �c�a�s�e�,� �w�e� �w�i�l�l� �o�f�t�e�n� �w�r�i�t�e� �r�(�p�,�)� �a�n�d� �D�(�p�)� �i�n�s�t�e�a�d� 

�o�f� �r�(�P�)� �a�n�d� �D�(�P�)�,� �t�o� �s�t�r�e�s�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �m�o�t�i�o�n� �b�a�s�e�d� �a�t� �P�(�0�)� �l�i�e�s� �i�n� �a� �s�t�r�a�i�g�h�t� �l�i�n�e�.� 

�W�e� �a�l�s�o� �n�o�t�e� �t�h�a�t� �a� �r�e�a�c�t�i�o�n� �a�n�d� �i�t�s� �a�s�s�o�c�i�a�t�e�d� �o�n�e� �s�h�a�r�e� �a� �c�o�m�m�o�n� �f�i�x�e�d� �p�o�i�n�t� �a�l�o�n�g� �I�,� �t�h�e� 

�u�n�i�q�u�e� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�.� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�,� �w�i�l�l� �a�l�w�a�y�s� �d�e�n�o�t�e� 

�t�h�e� �f�i�r�s�t� �c�o�m�p�o�n�e�n�t� �o�f� �s�u�c�h� �a� �f�i�x�e�d� �p�o�i�n�t� �P�e� �Q�.� 

�I�I�I�.�8� �C�o�n�v�e�r�g�e�n�c�e� �t�o� �t�h�e� �F�i�x�e�d� �P�o�i�n�t�s� �o�f� �t�h�e� �M�a�p�:� 

�T�h�e� �A�u�t�o�c�a�t�a�l�y�t�i�c� �C�a�s�e� 

�T�h�e� �e�n�t�r�o�p�y�,� �S�,� �o�f� �a�n� �a�u�t�o�c�a�t�a�l�y�t�i�c� �s�y�s�t�e�m� �i�n� �t�h�e� �s�t�a�t�e� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� 

�P� �=� �(�p�y�,�.�.�.�,� �8�g�)�,� �i�s� �g�i�v�e�n� �b�y� 

�S�(�P�)�=�-� �S�p�i� �l�o�g� �p�;�  �� �S�°� �q�i� �l�o�g� �q�;�  �� �S�>� �r�;� �l�o�g�r�;�  �� �>� �3�;� �l�o�g�s�;� �,� �(�1�1�1�.�6�2�)� 

�w�h�i�c�h� �g�e�n�e�r�a�l�i�z�e�s� �(�I�I�I�.�5�1�)�.� �I�f� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �i�s� �g�o�v�e�r�n�e�d� �b�y� �(�I�I�I�.�5�6�)� �a�n�d� �b�y� �a� 

�s�e�t� �o�f� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�,� �P�(�0�)�,� �t�h�e�n� �i�t�s� �e�n�t�r�o�p�y� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�,� �a�n�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�a�n� 

�b�e� �p�r�o�v�e�d�:� 

�T�H�E�O�R�E�M� �I�I�I�.�2�.� �C�o�n�s�i�d�e�r� �a� �b�a�l�a�n�c�e�d� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� �d�e�s�c�r�i�b�e�d� �b�y� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� 

�t� �o�f� �s�o�m�e� �f�i�n�i�t�e� �o�r�d�e�r�,� �a�n�d� �l�e�t� �4�%�  ¬� �(�0�,�2�5�)�.� �T�h�e�n� �t�h�e� �e�n�t�r�o�p�y� �o�f� �t�h�e� �s�y�s�t�e�m�,� �S�,� �i�s� �a� �s�t�r�i�c�t� 

�L�i�a�p�u�n�o�v� �f�u�n�c�t�i�o�n� �f�o�r� �t�r�.� �M�o�r�e�o�v�e�r�,� �i�f� �4�4� �=� �L�g� �a�n�d� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �c�e�r�t�a�i�n� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s
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�P�(�0�)�,� �u�n�d�e�r� �7�,� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �P� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�,� 

�t�h�e�r�e� �e�x�i�s�t�s� �k�  ¬� �I�N� �s�u�c�h� �t�h�a�t� �S�(�r�*�(�P�(�0�)�)�)� �>� �S�(�P�(�0�)�)�,� �u�n�l�e�s�s� �P�(�0�)� �i�s� �P�.� 

�P�r�o�o�r�:� �T�h�i�s� �f�a�c�t� �i�s� �t�r�i�v�i�a�l�l�y� �t�r�u�e� �f�o�r� �t�h�e� �c�a�s�e� �P�(�0�)� �i�s� �a� �f�i�x�e�d� �p�o�i�n�t�.� �I�n� �t�h�e� �c�a�s�e� �t�h�a�t� �i�t� �i�s� 

�n�o�t�,� �w�e� �n�e�e�d� �t�o� �o�b�s�e�r�v�e� �t�h�a�t� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �o�f� �t�h�e� �e�n�t�r�o�p�y� �o�f� �o�u�r� �s�y�s�t�e�m� �c�o�i�n�c�i�d�e�s� �w�i�t�h� �t�h�a�t� 

�o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�.� �I�n� �f�a�c�t�,� �t�h�e� �s�a�m�p�l�e� �a�n�d� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �s�p�a�c�e� 

�a�r�e� �t�h�e� �s�a�m�e�,� �a�n�d� �t�h�e� �c�o�n�s�e�r�v�e�d� �q�u�a�n�t�i�t�i�e�s� �a�r�e� �a�l�s�o� �t�h�e� �s�a�m�e�.� �T�h�e�n� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t� 

�d�e�v�e�l�o�p�e�d� �i�n� �s�e�c�t�i�o�n� �I�I�I�.�6� �f�o�r� �t�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� �I�I�.�1� �a�p�p�l�i�e�s� �h�e�r�e� �a�n�d� �y�i�e�l�d�s� �t�h�e� �r�e�s�u�l�t�.�s� 

�I�t� �i�s� �i�m�p�o�r�t�a�n�t� �n�o�w� �t�o� �g�i�v�e� �a� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �c�a�s�e�s� �f�o�r� �w�h�i�c�h� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �P� 

�c�a�n� �b�e� �p�r�o�v�e�n�.� �T�h�e� �r�e�s�u�l�t� �i�s� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�T�H�E�O�R�E�M� �I�I�I�.�3�.� �C�o�n�s�i�d�e�r� �a�n� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� �d�e�s�c�r�i�b�e�d� �b�y� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� �7� �o�f� 

�o�r�d�e�r� �n�.� �T�h�e� �s�e�t� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �r� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �(�N� �+� �a�+� �M� �+� �8�  �� �2�)�-�p�a�r�a�m�e�t�e�r� 

�f�a�m�i�l�y� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�,� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �s�e�t� 

�o�f� �h�y�p�e�r�p�l�a�n�e�s� �r�,� �=� �0�,�.�.�.�,�8�3� �=� �0�.� �T�a�k�e� �e�v�e�r�y� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �P�(�0�)�  ¬� �Q�,� �w�h�o�s�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� 

�e�n�t�r�i�e�s� �a�r�e� �a�l�l� �p�o�s�i�t�i�v�e� �a�n�d� �l�e�t� �T� �b�e� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �l�i�n�e� �o�f� �t�h�e� �m�o�t�i�o�n�,� �w�i�t�h� �P�;� �a�n�d� �P�,� �a�s� 

�i�t�s� �e�n�d�-�p�o�i�n�t�s�.� �A�s�u�m�e� �j�:�  ¬� �(�0�,� �L�g�)� �a�n�d� �c�a�l�l� �P� �t�h�e� �u�n�i�q�u�e� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-� 

�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�.� �T�h�e�n� �w�e� �h�a�v�e� 

�(�a�)� �7�7�(�P�(�0�)�)� �c�o�n�v�e�r�g�e�s� �t�o� �P� �a�s� �j� �>� �o�o�,� �i�f� �S�(�P�,�)� �=� �S�(�P�2�)�.� 

�(�b�)� �r�3�(�P�(�0�)�)� �c�o�n�v�e�r�g�e�s� �t�o� �P� �a�s� �j�  �� �c�o�,� �i�f� �P�;�  ¬� �©� �=� �{�P�;�,� �P�2�}� �d�o�e�s� �n�o�t� �h�a�v�e� �a�n�y� �v�a�n�i�s�h�i�n�g� 

�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�o�m�p�o�n�e�n�t�,� �a�n�d� �P�(�0�)� �l�i�e�s� �i�n� �t�h�e� �s�u�b�s�e�g�m�e�n�t� �o�f� �T� �t�h�a�t� �c�o�n�n�e�c�t�s� �P� �t�o� 

�P�, ¬� �O� �w�i�t�h�i� �F�k�.� 

�(�c�)� �7�?�(�P�(�0�)�)� �c�o�n�v�e�r�g�e�s� �t�o� �P� �a�s� �j�  �� �0�0�,� �i�f� �<� �m�i�n�(�L�g�,� �L�'�y�)�,� �w�h�e�r�e� �L�'�,� �i�s� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� 

�l�i�m�i�t� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�.� 

�(�d�)� �T�h�e�r�e� �e�x�i�s�t�s� �t�i�o� �>� �0� �s�u�c�h� �t�h�a�t� �a� �>� �0� �f�o�r� �u� �<� �p�o�,� �a�n�d� �s�u�c�h� �t�h�a�t� �r ��(�P�(�0�)�)� �c�o�n�v�e�r�g�e�s� 
�P�i� 

�m�o�n�o�t�o�n�i�c�a�l�l�y� �t�o� �P� �a�s� �j�  �� �o�o�,� �f�o�r� �e�v�e�r�y� �p�u�  ¬� �(�0�,� �p�o�l�.� 

�P�r�o�o�r�:� �L�e�t� �u�s� �c�o�u�n�t� �h�o�w� �m�a�n�y� �f�i�x�e�d� �p�o�i�n�t�s� �a�r�e� �t�o� �b�e� �f�o�u�n�d� �i�n� �t�h�e� �l�i�n�e� �o�f� �t�h�e� �m�o�t�i�o�n�,� �I�,
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�t�h�a�t� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �c�h�o�i�c�e� �o�f� �o�n�e� �s�e�t� �o�f� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�,� �P�(�0�)�.� �T�o� �d�o� �t�h�i�s� �l�e�t� �u�s� 

�w�r�i�t�e� 

�r�(�p�1�)� �=� �p�i� �-� �m�p�D�(�p�i�)� �r�f� �o�r�k� �s�y� �s�h�,� �(�1�1�1�.�6�3�)� 

�t�h�e�n� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �o�n�l�y� �p�o�s�s�i�b�l�e� �f�i�x�e�d� �p�o�i�n�t�s� �a�r�e� �t�h�o�s�e� �d�u�e� �t�o� �t�h�e� �v�a�n�i�s�h�i�n�g� �o�f� �t�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �a�t� �l�e�a�s�t� �o�n�e� �o�f� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t�s� �a�n�d� �t�h�e� �u�n�i�q�u�e� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� 

�a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�,� �f�o�r� �w�h�i�c�h� �D�(�p�,�)� �=� �0�.� �(�T�h�e�r�e�f�o�r�e� �t�h�e� �s�e�t� �o�f� �f�i�x�e�d� 

�p�o�i�n�t�s� �o�f� �r� �i�s� �t�h�a�t� �c�l�a�i�m�e�d� �i�n� �t�h�e� �t�h�e�o�r�e�m�)�.� �T�h�e�n� �t�h�e�r�e� �i�s� �a�t� �l�e�a�s�t� �o�n�e� �f�i�x�e�d� �p�o�i�n�t� �i�n� �I ��,� �t�h�e� 

�o�n�e� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�,� �a�n�d� �a�t� �m�o�s�t� �a�n�o�t�h�e�r� �f�i�x�e�d� �p�o�i�n�t� �a�t� �e�a�c�h� 

�e�n�d� �o�f� �t�h�e� �l�i�n�e� �s�e�g�m�e�n�t� �[ ��.� �S�o� �t�h�r�e�e� �f�i�x�e�d� �p�o�i�n�t�s� �a�l�o�n�g� �[� �i�s� �t�h�e� �m�o�s�t� �t�h�a�t� �w�e� �c�a�n� �e�x�p�e�c�t�.� �I�n� 

�f�a�c�t�,� �a�s�s�u�m�e� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �p�,�  ¬� �[� �s�u�c�h� �t�h�a�t� �r�;�(�p�1�)� �o�r� �s�;�(�p�1�)� �i�s� �e�q�u�a�l� �t�o� �z�e�r�o� �f�o�r� �s�o�m�e� �i� 

�o�r�t� �j�.� �T�h�e�n� �s�u�c�h� �a� �p�;� �m�u�s�t� �b�e� �o�n�e� �o�f� �t�h�e� �e�n�d� �p�o�i�n�t�s� �o�f� �[�;� �o�t�h�e�r�w�i�s�e� �t�h�e� �c�o�n�s�e�r�v�e�d� �q�u�a�n�t�i�t�i�e�s� 

�V�;�p�,�  �� �1�2�1�7�;� �=� �L�;� �,� �A�j�p�i� �+�1�8�;� �=� �N�;� �(�I�I�I�.�6�4�)� 

�w�o�u�l�d� �i�m�p�l�y� �t�h�a�t� �n�e�g�a�t�i�v�e� �v�a�l�u�e�s� �f�o�r� �r�;� �o�r� �s�;� �a�r�e� �a�l�l�o�w�e�d�.� �A�s� �o�u�r� �t�h�e�o�r�y� �i�s� �a� �p�r�o�b�a�b�i�l�i�t�y� 

�t�h�e�o�r�y�,� �t�h�i�s� �i�s� �i�m�p�o�s�s�i�b�l�e�.� �T�h�e�r�e�f�o�r�e� �w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�o�s�s�i�b�l�e� �c�a�s�e�s�:� �i�)� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� 

�o�f� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� �i�s� �o�n�e� �e�n�d�-�p�o�i�n�t� �o�f� �T�P�;� �i�n� �w�h�i�c�h� �c�a�s�e� �t�h�e�r�e� �c�a�n� �b�e� �o�n�l�y� 

�o�n�e� �o�t�h�e�r� �f�i�x�e�d� �p�o�i�n�t�,� �a�t� �t�h�e� �o�t�h�e�r� �e�n�d� �o�f� �[�,� �d�u�e� �t�o� �t�h�e� �v�a�n�i�s�h�i�n�g� �o�f� �s�o�m�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� 

�e�l�e�m�e�n�t�.� �i�i�)� �T�h�e� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� �l�i�e�s� �i�n� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� �t�h�e� �l�i�n�e� 

�s�e�g�m�e�n�t� �I�T�;� �t�h�e�n� �t�h�e� �p�o�s�s�i�b�l�e� �v�a�n�i�s�h�i�n�g� �o�f� �s�o�m�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t� �w�i�l�l� �a�l�l�o�w� �t�w�o� �o�t�h�e�r� 

�f�i�x�e�d� �p�o�i�n�t�s� �a�t� �e�a�c�h� �e�n�d� �o�f� �T�.� 

�C�o�n�s�i�d�e�r� �p�a�r�t� �(�d�)� �n�o�w�,� �a�n�d� �w�r�i�t�e� �(�I�I�I�.�6�3�)� �e�x�p�l�i�c�i�t�l�y�:� 

�r�e�y� �9�,� �r�e� �g�l� �2� �m� �k�y�  �� �1� �r�(�p�i�)� �=� �p�i ��m� �p�e�p�e� �p�y�r�?� �o�p� �®� �s�i� �s�e� �t�r�y� �e�g�y �� �g�y� �r�y� �o�p�e� �3�5� �8�5�"�,� �(�1�1�1�.�6�5�)
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�T�h�e�n�,� �u�s�i�n�g� �e�q�.�s� �(�I�I�I�.�6�0�)� �a�n�d� �(�I�I�I�.�6�1�)� �w�e� �o�b�t�a�i�n� 

�N� 
�d�r� �S�-� �2� �i�}� �6� �8� �s�i� �-�u�(� �n�i� �p�y� �+�+�:� �p�r� �p�A� �r�y�t� �r�y� 

�t�=�]� 

�a� 

�n� �n�n� �,�6� �6�;�-�1� �6�.� �)� �o�f� �l�p� �+� �S�o� �O�y�s�p�h� �+� �p�a�t� �r�y�t� �o�r�s� �c�o�t�e� �a�b�o� 

�t�=�1� �M� �(�1�1�1�.�6�6�)� 
�1� �m�;�-�1� �1� �=� �(�S�o�m�e�r� �e�g �� �6� �T�M� �8�°� �+�8�"� 

�j�=�1� 

�P� �1� �1� �I �� �k�y� �+� �S�o� �o�5�A�;�a�"� �g�h�e�y� �s�f�t� �+� �s�e� �o�g� �\�e� �p�k� �>� 

�j�=�l� 

�N� �a� �M� �B�i�,� 

�>�1�l ��-�4�p� �S�i�n�k� �t� �S�o� �O�u�;� �+� �S�o�m�?� �+� �S�o� �9�5�d�;� �=�1�-�p�@�,� �(�U�1�.�6�7�)� 
�w�=�1� �t�=�1� �j�=�l� �j�=�l� 

�a�n�d� �w�e� �h�a�v�e� �a� �>� �1�-� �p�t� �>� �0� �i�f� �w�p� �<� �p�o� �=� �1�/�9�,� �w�h�i�c�h� �i�s� �a� �p�o�s�i�t�i�v�e� �n�u�m�b�e�r�.� 

�L�e�t� �u�s� �s�e�e� �n�o�w� �w�h�a�t� �h�a�p�p�e�n�s� �w�h�e�n� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �P�(�0�)� �d�o� �n�o�t� �i�n�v�o�l�v�e� �v�a�n�i�s�h�i�n�g� 

�p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� �a�n�y� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t�,� �a�n�d� �l�e�t� �u�s� �c�a�l�l� �p�,� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� �c�o�r�r�e�-� 

�s�p�o�n�d�i�n�g� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�.� �I�n� �t�h�e� �c�a�s�e� �t�h�a�t� �p�,�(�0�)� �=� �j�i�,� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �t�r�i�v�i�a�l�:� 

�7�4�(�p�,�(�0�)�)� �i�s� �p�;� �f�o�r� �a�l�l� �j ��s�.� �I�f� �p�,�(�0�)� �4� �p�y�,� �t�h�e�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �h�a�p�p�e�n�s� 

�T�(�p�i�(�0�)�)� �>� �p�i�(�0�)� �i�f� �p�i�(�0�)�<� �p�r� �o�r� �r�(�p�i�(�0�)�)�<� �p�i�(�O�)� �i�f� �p�y�(�0�)� �>� �f�r�i�.� �(�1�1�1�.�6�8�)� 

�I�n� �f�a�c�t� �w�e� �h�a�v�e� 

�x� �:� �=� �p�r�t� �-� �p�R�N� �p�t�t� �o�o�p�s� �<� �g�i�t� �+� �g�y�!� �s�t� �+�+� �8�5�"� �i�f� �p�,� �<�p�x�,� �a�n�d� 

�(�I�I�I�.�6�9�)� 
�m�n� �V�i� �m�a�e� �A� �A�a� �p�p� �p�a� �r�y�t� �r�t�e� �>� �g�i�.� �g�r�e�g�h�.�.�.� �5�"� �i�f� �p�y� �>� �p�y� 

�b�e�c�a�u�s�e� �t�h�e� �c�o�n�s�e�r�v�e�d� �q�u�a�n�t�i�t�i�e�s� �i�m�p�l�y� �t�h�a�t� �a�l�l� �t�h�e� �p�,�; ��s� �a�n�d� �a�l�l� �t�h�e� �r�; ��s� �i�n�c�r�e�a�s�e� �w�i�t�h� �p�y�,� 

�w�h�i�l�e� �t�h�e� �o�p�p�o�s�i�t�e� �h�a�p�p�e�n�s� �t�o� �a�l�l� �t�h�e� �q�; ��s� �a�n�d� �a�l�l� �t�h�e� �s�; ��s� �a�n�d�,� �o�f� �c�o�u�r�s�e�,� �t�h�e� �t�w�o� �t�e�r�m�s� 

�a�r�e� �e�q�u�a�l� �w�h�e�n� �p�,� �=� �p�;� �o�n�l�y�.� �T�h�e�r�e�f�o�r�e� �D�(�p�,�(�0�)�)� �i�s� �e�i�t�h�e�r� �p�o�s�i�t�i�v�e� �o�r� �n�e�g�a�t�i�v�e�.� �M�o�r�e�o�v�e�r�,� 

�t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t�s� �i�s� �a� �p�o�s�i�t�i�v�e� �q�u�a�n�t�i�t�y� �i�n� �t�h�e� 

�i�n�t�e�r�i�o�r� �o�f� �t�h�e� �s�e�g�m�e�n�t� �I ��,� �a�s� �s�e�e�n� �b�e�f�o�r�e�.



�6�0� 

�d�r� �>� �0� �o�v�e�r� �a�l�l� �i�t�s� �d�o�m�a�i�n�.� �W�e� �g�e�t� 
�d�p�,� 

�N�o�w�,� �a�s�s�u�m�e� �t�h�a�t� �y�p�  ¬� �(�0�,� �p�1�9�]� �s�o� �t�h�a�t� 

�T�(�p�i�(�0�)�)� �<� �T�i�n�)� �=�~�.� �i�f� �p�(�0�)�<� �p�i�,� �o�F� 
�(�1�1�1�.�7�0�)� 

�T�(�p�i�(�0�)�)� �>� �(�p�i�)� �=�r� �i�f� �p�i�(�O�)� �>� �p�r�i�.� 

�C�o�m�b�i�n�i�n�g� �(�I�I�I�.�6�8�)� �w�i�t�h� �(�I�I�I�.�7�0�)�,� �w�e� �h�a�v�e� �t�h�a�t� �r�/�(�p�,�(�0�)�)� �c�o�n�v�e�r�g�e�s� �t�o� �p�,� �a�s� �j� �b�e�c�o�m�e�s� �l�a�r�g�e�,� 

�i�n� �a� �m�o�n�o�t�o�n�i�c� �w�a�y�,� �w�h�e�t�h�e�r� �j�,� �i�s� �a�n� �e�n�d� �p�o�i�n�t� �o�f� �I� �o�r� �n�o�t�.� �F�o�r� �s�u�p�p�o�s�e� �7 ��(�p�i�(�0�)�)�  �� �p�.� 

�T�h�e�n�,� �a�s� �7� �i�s� �c�o�n�t�i�n�u�o�u�s�,� �T�7�/�(�p�,�(�0�)�)�  �� �r�(�p�)�.� �B�u�t� �7�2�+�1�(�p�,�(�0�)�)�  �� �p�,� �s�o� �p� �i�s� �a� �f�i�x�e�d� �p�o�i�n�t� �o�f� 

�7� �a�n�d� �e�q�s�.� �(�I�I�I�.�6�8�)� �i�m�p�l�y� �p� �=� �p�,�.� �T�h�i�s� �p�r�o�v�e�s� �p�a�r�t� �(�d�)�.� 

�F�o�r� �w�h�a�t� �c�o�n�c�e�r�n�s� �p�a�r�t�s� �(�a�)� �a�n�d� �(�b�)�,� �c�o�n�s�i�d�e�r� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �b�i�s�-� 

�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x� �T� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a�n� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �t�h�a�t� 

�p�e�r�t�a�i�n� �t�o� �a� �m�a�t�r�i�x� �o�f� �a� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�.� �N�o�w�,� �l�e�t� �S�(�P�,�)� �=� �$�(�P�,�)�.� �T�h�e� �f�a�c�t� 

�t�h�a�t� �t�h�e� �m�a�p� �i�n�c�r�e�a�s�e�s� �t�h�e� �e�n�t�r�o�p�y�,� �u�n�l�e�s�s� �t�h�e� �i�n�p�u�t� �p�r�o�b�a�b�i�l�i�t�y� �i�s� �a� �f�i�x�e�d� �p�o�i�n�t� �i�m�p�l�i�e�s� 

�t�h�a�t� �n�o� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �P�(�0�)� �w�h�o�s�e� �a�u�t�o�c�a�t�a�l�y�i�t�e� �e�n�t�r�i�e�s� �a�r�e� �a�l�l� �p�o�s�i�t�i�v�e� �c�a�n� �b�e� �d�r�i�v�e�n� �t�o� 

�a� �l�i�m�i�t� �p�o�i�n�t� �t�h�a�t� �h�a�s� �s�o�m�e� �v�a�n�i�s�h�i�n�g� �a�u�t�o�c�a�t�a�l�y�t�i�c� �c�o�m�p�o�n�e�n�t�.� �I�n� �f�a�c�t�,� �e�q�u�a�t�i�o�n�s� �(�I�I�I�.�6�2�)� 

�a�n�d� �(�1�.�5�2�)� �s�t�a�t�e� �t�h�a�t� �t�h�e� �e�n�t�r�o�p�y� �o�f� �t�h�e� �e�n�d� �p�o�i�n�t�s� �o�f� �T�,� �w�h�i�c�h� �a�r�e� �t�h�e� �o�n�l�y� �o�n�e�s� �a�t� �w�h�i�c�h� 

�s�o�m�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �c�o�m�p�o�n�e�n�t� �m�a�y� �v�a�n�i�s�h�,� �i�s� �l�e�s�s� �t�h�a�n� �t�h�a�t� �o�f� �a�n�y� �o�t�h�e�r� �p�o�i�n�t� �i�n� �I�T�.� �I�f� 

�i�n�s�t�e�a�d� �S�(�P�,�)� �4� �S�(�P�2�)�,� �b�u�t� �P�,� �d�o�e�s�n ��t� �h�a�v�e� �a�n�y� �v�a�n�i�s�h�i�n�g� �a�u�t�o�c�a�t�a�l�y�i�t�c� �c�o�m�p�o�n�e�n�t�,� �t�h�e�n� 

�i�t� �c�a�n�n�o�t� �b�e� �a� �f�i�x�e�d� �p�o�i�n�t� �u�n�l�e�s�s� �i�t� �i�s� �P�.� �T�h�e�r�e�f�o�r�e�,� �e�v�e�r�y� �P� �c�o�n�t�a�i�n�e�d� �i�n� �t�h�e� �p�a�r�t� �o�f� �I� �t�h�a�t� 

�l�i�e�s� �b�e�t�w�e�e�n� �P�,� �a�n�d� �P� �w�i�l�l� �c�o�n�v�e�r�g�e� �t�o� �P� �u�n�d�e�r� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �r�  ��i�f� �i�t� �c�o�n�v�e�r�g�e�s� �a�t� �a�l�l �� 

�b�e�c�a�u�s�e� �5�(�P�)� �>� �S�(�P�2�)�,� �a�n�d� �s�o� �t�h�e� �l�i�m�i�t� �c�a�n�n�o�t� �b�e� �P�2�.� �S�i�m�i�l�a�r�l�y� �f�o�r� �t�h�e� �c�a�s�e� �i�n� �w�h�i�c�h� �i�t� �i�s� �P�,� 

�t�h�a�t� �h�a�s� �n�o� �v�a�n�i�s�h�i�n�g� �a�u�t�o�c�a�t�a�l�y�t�i�c� �c�o�m�p�o�n�e�n�t�s�.� �A�p�p�l�y� �n�o�w� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t� �d�e�v�e�l�o�p�e�d� 

�i�n� �s�e�c�t�i�o�n� �I�I�I�.�6�,� �f�o�r� �t�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� �I�I�I�.�1�(�b�)�.� �S�i�n�c�e� �w�e� �f�i�n�d� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �c�o�n�v�e�r�g�e� 

�t�o� �s�o�m�e� �f�i�x�e�d� �p�o�i�n�t�,� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�i�s� �i�n� �d�e�e�d� �i�s� �P�.� 

�F�o�r� �w�h�a�t� �c�o�n�c�e�r�n�s� �p�a�r�t� �(�c�}�,� �c�a�l�l� �7�)� �t�h�e� �m�a�p� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�,� 

�a�n�d� �o�b�s�e�r�v�e� �t�h�a�t� 
�T�(�p�i�)� �>� �T�o�(�p�i�)� �i�f� �p�i� �<�p�,� �a�n�d� 

�(�1�1�1�.�7�1�)� 

�T�(�p�i�)� �<� �T�o�(�p�i�)� �i�f� �p�i� �>� �p�r�.



�6�1� 

�I�n� �f�a�c�t�,� �a�s� �w�e� �a�s�s�u�m�e� �t�h�a�t� �P�(�0�)� �h�a�s� �n�o� �v�a�n�i�s�h�i�n�g� �a�u�t�o�c�a�t�a�l�y�t�i�c� �c�o�m�p�o�n�e�n�t�s�,� �w�e� �h�a�v�e� 

�|�D�(�p�i�)�|� �r�i�t� �-�+�-�8�f� �<� �|�D�(�p�r�)�]�,� �(�1�1�1�.�7�2�)� 

�u�n�l�e�s�s� �r�,� �i�s� �t�h�e� �o�n�l�y� �a�u�t�o�c�a�t�a�l�y�t�i�c� �c�o�m�p�o�n�e�n�t� �a�n�d� �r�;� �=� �1�.� �T�h�e�n�,� �i�f� �t�h�i�s� �i�s� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �P�,� 

�w�e� �a�r�e� �d�o�n�e�.� �O�t�h�e�r�w�i�s�e�,� �t�h�e� �o�n�l�y� �c�a�s�e� �i�n� �w�h�i�c�h� �t�h�i�s� �w�o�u�l�d� �n�o�t� �b�e� �t�h�a�t� �f�i�x�e�d� �p�o�i�n�t� �i�s� �w�h�e�n� 

�t�h�e� �r�e�a�c�t�i�o�n� �h�a�s� �t�h�e� �f�o�r�m� �@�,�C�,�;� �=� �k�,�C�,� �+� �m�B�,� �+� �+�-�-�+� �m�y� �+� �B�y�,� �f�o�r� �w�h�i�c�h� �D�g� �=� �1�/�6�;� 

�h�o�l�d�s�.� �T�h�e�n�,� �t�a�k�e� �r�,� �a�s� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�.� �W�e� �g�e�t� 

�r�(�r�y�)� �=� �L ��m�p�(�1�-�0�)�=�1�-� �v�y� �2�1�-�3� �>�0� 
�1� �(�I�I�I�.�7�3�)� 

�A�t� �t�h�i�s� �p�o�i�n�t� �(�I�I�I�.�7�2�)� �a�p�p�l�i�e�s� �t�o� �t�h�e� �p�r�e�s�e�n�t� �c�a�s�e�,� �a�n�d� �t�h�u�s� �e�q�.� �(�I�I�I�.�7�1�)� �i�s� �v�a�l�i�d� �i�n� �g�e�n�e�r�a�l�,� 

�a�s� �i�t� �c�a�n� �b�e� �s�e�e�n� �b�y� �c�o�m�p�a�r�i�n�g� �e�q�.� �(�I�I�I�.�6�3�)� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�q�u�a�t�i�o�n� �f�o�r� �7�9�,� �i�.�e�.�:� 

�T�o�(�p�i�)� �=� �p�r�  �� �m�1�p�p�D�(�p�i�)�.� �N�o�w�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �f�a�c�t� �t�h�a�t� �r�o�(�p�i�)� �c�a�n� �a�t� �m�o�s�t� �e�q�u�a�l� �P�,� �o�r� �P�o�,� 

�w�e� �h�a�v�e� �t�h�a�t� �r�(�p�;�)� �s�u�r�e�l�y� �i�s� �n�o�t� �o�n�e� �o�f� �t�h�o�s�e� �p�o�i�n�t�s� �o�f� �[�.� �M�o�r�e�o�v�e�r�,� �r�(�p�,�)� �c�a�n�n�o�t� �a�p�p�r�o�a�c�h� 

�m�o�r�e� �a�n�d� �m�o�r�e� �c�l�o�s�e�l�y� �P�;� �o�r� �P�2�,� �b�e�c�a�u�s�e� �o�f� �e�q�s�.� �(�I�I�I�.�6�8�)�.� �T�h�e�n�,� �s�i�n�c�e� �»�  ¬� �(�0�,� �L�g�)� �b�y� 

�h�y�p�o�t�h�e�s�i�s�,� �w�e� �h�a�v�e� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �c�o�n�v�e�r�g�e�,� �a�n�d� �t�h�e�r�e� �i�s� �n�o� �o�t�h�e�r� �c�h�o�i�c�e� �t�h�a�n� �P� �f�o�r� 

�t�h�e� �l�i�m�i�t�.� �s� 

�W�e� �c�o�n�c�l�u�d�e� �t�h�i�s� �s�e�c�t�i�o�n� �b�y� �p�r�o�v�i�n�g� �a� �r�e�s�u�l�t� �o�n� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �t�h�e� 

�m�a�p�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�.� �N�o�t�e� �t�h�a�t� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t� �c�a�n� �h�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� 

�I�I�I�.�1� �(�a�)�,� �w�h�i�c�h� �w�a�s� �n�o�t� �d�e�v�e�l�o�p�e�d� �i�n� �d�e�t�a�i�l� �t�h�e�r�e� �t�o� �a�v�o�i�d� �r�e�p�e�t�i�t�i�o�n�.� 

�T�H�E�O�R�E�M� �I�I�I�.�4�.� �C�o�n�s�i�d�e�r� �a�n� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� �d�e�s�c�r�i�b�e�d� �b�y� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� �r�T� �o�f� 

�o�r�d�e�r� �n�,� �a�n�d� �l�e�t� �»�  ¬� �(�0�,�L�g�)�.� �L�e�t� �T� �b�e� �t�h�e� �l�i�n�e� �o�f� �t�h�e� �m�o�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �g�i�v�e�n� 

�i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �P�(�Q�)�  ¬� �Q�.� �T�h�e�n� �a� �f�i�x�e�d� �p�o�i�n�t� �i�n� �T� �i�s� �s�t�a�b�l�e� �u�n�d�e�r� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n�s� �o�f� 

�t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �i�f� �a�n�d� �o�n�l�y� �i�f� �i�t� �t�s� �a� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� 

�r�e�a�c�t�i�o�n�;� �o�t�h�e�r�w�i�s�e� �i�t� �i�s� �u�n�s�t�a�b�l�e�.� 

�P�r�o�o�r�:� �F�i�r�s�t� �o�f� �a�l�l�,� �o�b�s�e�r�v�e� �t�h�a�t� �i�t� �i�s� �a�l�w�a�y�s� �p�o�s�s�i�b�l�e� �t�o� �c�h�o�o�s�e� �a� �s�e�g�m�e�n�t� �V� �i�n� �[� �t�h�a�t� 

�a �� 

�c�o�n�t�a�i�n�s� �P�,� �a�n�d� �s�o� �s�m�a�l�l� �t�h�a�t� �t�h�e� �e�n�t�r�o�p�y� �o�f� �t�h�e� �p�o�i�n�t�s� �i�n� �i�t� �i�s� �h�i�g�h�e�r� �t�h�a�n� �t�h�a�t� �o�f� �P�,



�6�2� 

�a�n�d� �P�2�.� �T�h�e�n� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �t�h�e� �s�p�e�c�t�r�a�l� �g�a�p� �i�n� �7 ��,� �a�n�d� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �e�n�t�r�o�p�y� �d�o�e�s� 

�n�o�t� �d�e�c�r�e�a�s�e�,� �f�o�r�c�e� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �t�o� �c�o�n�v�e�r�g�e� �t�o� �P�.� �C�o�n�s�i�d�e�r� �n�o�w� �P�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� 

�r�=� �g�i�v�e�n� �b�y� �(�9�)�,� �c�a�n� �b�e� �p�u�t� �i�n� �t�h�e� �f�o�r�m� 

�d�r� �k�y� �I�n�\�'� �'� �e�y� �L�y� �d�p�,� �=� �1 ��n�y�p�D�(�p�,�)� �@� �s�f�)�  �� �n�y� �e�D�"�(�p�;�)� �(�r�i� �s�f�)� �(�I�I�I�.�7�4�)� 

�w�h�e�r�e� �D� �i�s� �t�h�e� �d�i�s�e�q�u�i�l�i�b�r�i�u�m� �p�a�r�a�m�e�t�e�r� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�.� �I�t� �i�s� 

�c�l�e�a�r� �t�h�e�n�,� �t�h�a�t� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�l�o�n�g� �I� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �p�,�,� �w�h�i�c�h� �y�i�e�l�d�s� �D� �=� �0�,� �i�s� �t�h�e� �s�a�m�e� �a�s� 

�f�o�r� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�,� �u�n�l�e�s�s� �s�u�c�h� �a� �f�i�x�e�d� �p�o�i�n�t� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �v�a�n�i�s�h�i�n�g� �o�f� �s�o�m�e� 

�a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t�.� �I�n� �f�a�c�t�,� �i�f� �t�h�i�s� �i�s� �n�o�t� �t�h�e� �c�a�s�e�,� �w�e� �g�e�t� �t�h�a�t� �-� �i�s� �p�o�s�i�t�i�v�e�,� �v�a�n�i�s�h�i�n�g� 

�o�r� �n�e�g�a�t�i�v�e� �w�h�e�n�e�v�e�r� �t�h�a�t� �h�a�p�p�e�n�s� �f�o�r� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�i�t�c� 

�m�a�p�.� �I�f�,� �i�n�s�t�e�a�d�,� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �o�f� �s�o�m�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t� �i�s� �z�e�r�o�,� �w�e� �g�e�t� �a� �=� �1�.� 

�I�n� �t�h�i�s� �c�a�s�e�,� �T� �=� �{�p�,�}�.� �I�n� �f�a�c�t�,� �a�s�s�u�m�e� �t�h�a�t� �r�;�(�p�,�)� �=� �0� �f�o�r� �s�o�m�e� �i�,� �t�h�e�n� �t�h�e� �m�o�t�i�o�n� �i�s� 

�c�o�n�f�i�n�e�d� �t�o� �p�;� �>� �p�i�;� �o�t�h�e�r�w�i�s�e� �r�;�(�p�;�)� �w�o�u�l�d� �b�e�c�o�m�e� �n�e�g�a�t�i�v�e�.� �M�o�r�e�o�v�e�r�,� �r�;�(�p�,�)� �=� �0� �=� �D�(�p�;�)� 

�i�m�p�l�i�e�s� �q�;�(�~�1�)� �=� �0� �o�r� �s�;�(�p�1�)� �=� �0� �f�o�r� �s�o�m�e� �j�,� �a�n�d� �t�h�e�n� �w�e� �m�u�s�t� �h�a�v�e� �p�;� �<� �p�,�.� �T�h�e� �s�a�m�e� 

�r�e�s�u�l�t� �i�s� �o�b�t�a�i�n�e�d� �i�f� �o�n�e� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �v�a�n�i�s�h�i�n�g� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t� �i�s� �3�;�.� 

�N�o�w�,� �a�s�s�u�m�e� �t�h�a�t� �D�(�P�)� �=� �0�,� �f�o�r� �a� �P� �e�i�t�h�e�r� �o�f� �t�h�e� �k�i�n�d� �j�u�s�t� �d�i�s�c�u�s�s�e�d� �o�r� �n�o�t�,� �a�n�d� 

�t�a�k�e� �a�n� �o�p�e�n� �b�a�l�l� �B�(�P�,�  ¬�)� �o�f� �r�a�d�i�u�s�  ¬� �>� �0� �c�e�n�t�e�r�e�d� �a�t� �P�.� �D�e�n�o�t�e� �I�'�p� �t�h�e� �l�i�n�e� �o�f� �t�h�e� �m�o�t�i�o�n� 

�t�h�a�t� �c�o�n�t�a�i�n�s� �P�  ¬� �Q�,� �a�n�d� �c�o�n�s�i�d�e�r� �t�h�e� �f�a�c�t� �t�h�a�t� �a�l�l� �t�h�e� �l�i�n�e�s� �o�f� �t�h�e� �m�o�t�i�o�n� �a�r�e� �p�a�r�a�l�l�e�l� 

�t�o� �e�a�c�h� �o�t�h�e�r� �a�n�d� �t�h�a�t� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �t�h�e� �p�o�i�n�t�s� �P� �s�u�c�h� �t�h�a�t� �D�(�P�)� �=� �0� �i�s� �a� �c�o�n�t�i�n�u�o�u�s� 

�h�y�p�e�r�s�u�r�f�a�c�e� �i�n� �I�R�*�.� �T�h�e�n� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �f�i�n�d� �6� �>� �0� �s�o� �s�m�a�l�l� �t�h�a�t� 

�(� �U� �P�e�)� �C� �B�(�P�,�e�)�,� �f�o�r� �E�s� �=� �B�(�P�,�d�)�n�Q�,� �(�I�I�I�.�7�5�)� 
�P�E�E�s� �é� 

�w�h�e�r�e� �P�p� �i�s� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� �a�l�o�n�g� �T�p�.� �T�h�e�n� 

�f�o�r� �e�v�e�r�y� �P�  ¬� �E�s� �w�e� �h�a�v�e� �t�w�o� �p�o�s�s�i�b�l�e� �c�a�s�e�s�:� 

�i�)� �P�  ¬� �E�g� �i�s� �a� �f�i�x�e�d� �p�o�i�n�t�,� �i�n� �w�h�i�c�h� �c�a�s�e� �r�/�(�P�)� �=� �P�  ¬� �B�(�P�, ¬�)� �f�o�r� �a�l�l� �j ��s�.� 

�i�i�)� �P�  ¬� �E�g� �i�s� �n�o�t� �a� �f�i�x�e�d� �p�o�i�n�t�,� �i�n� �w�h�i�c�h� �c�a�s�e� �r�/�(�P�)� �>� �P�p�,� �w�i�t�h� �P�p�  ¬� �B�(�P�, ¬�)�,� �a�n�d� �t�h�e�n� 

�7�3�(�P�)�  ¬� �B�(�P�,�«�)� �f�o�r� �a�l�l� �j ��s�.
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�N�o�t�e� �t�h�a�t� �(�i�i�)� �d�e�p�e�n�d�s� �a�l�s�o� �o�n� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �e�n�t�r�o�p�y� �i�s� �a� �s�t�r�i�c�t� �L�i�a�p�u�n�o�v� �f�u�n�c�t�i�o�n� �f�o�r� �r�.� 

�W�e� �c�o�n�c�l�u�d�e� �t�h�a�t�,� �f�o�r� �e�v�e�r�y� �o�p�e�n� �b�a�l�l� �B� �a�r�o�u�n�d� �P� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �f�i�n�d� �a�n� �o�p�e�n� �n�e�i�g�h�b�o�r�h�o�o�d� 

�E� �o�f� �P� �s�u�c�h� �t�h�a�t� �r�/�(�P�)�  ¬� �B� �f�o�r� �a�l�l� �j ��s� �i�f� �P ¬� �E�:� �i�e�.� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �P� �i�s� �s�t�a�b�l�e�.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n�s� �o�f� �t�h�o�s�e� �f�i�x�e�d� �p�o�i�n�t�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� 

�v�a�n�i�s�h�i�n�g� �o�f� �s�o�m�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t�,� �n�o�t� �c�o�i�n�c�i�d�i�n�g� �w�i�t�h� �a� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �f�i�x�e�d� �p�o�i�n�t� 

�P�,� �l�e�a�d� �t�h�e� �s�y�s�t�e�m� �f�a�r� �a�w�a�y� �f�r�o�m� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �i�t�s�e�l�f�;� �t�h�e�r�e�f�o�r�e� �s�u�c�h� �f�i�x�e�d� �p�o�i�n�t�s� �a�r�e� �t�o� 

�b�e� �c�o�n�s�i�d�e�r�e�d� �u�n�s�t�a�b�l�e�.� �T�o� �s�e�e� �t�h�i�s�,� �l�e�t� �u�s� �t�a�k�e� �a�s� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� 

�o�f� �t�h�e� �s�a�m�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t�.� �T�h�e�r�e� �i�s� �n�o� �l�o�s�s� �o�f� �g�e�n�e�r�a�l�i�t�y� �t�o� �a�s�s�u�m�e� �t�h�a�t� �s�u�c�h� �a�n� 

�e�l�e�m�e�n�t� �i�s� �C�,�,� �a�n�d� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �r�;� �=� �0�,� �a�l�l� �t�h�e� �o�t�h�e�r�s� �g�r�e�a�t�e�r� �t�h�a�n� �z�e�r�o�.� 

�T�h�e�n� �a� �s�m�a�l�l� �n�e�i�g�h�b�o�r�h�o�o�d� �i�n� �Q� �o�f� �P� �c�o�n�t�a�i�n�s� �p�o�i�n�t�s� �P� �w�i�t�h� �p�o�s�i�t�i�v�e� �c�o�m�p�o�n�e�n�t�s�,� �s�u�c�h� 

�t�h�a�t� �r�;� �~� �0� �a�n�d� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �t�e�r�m�s� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �p ��s� �a�n�d� �t�h�e� �r ��s� �i�n� �D�(�P�)� �a�r�e� �s�m�a�l�l�e�r� 

�t�h�a�n� �t�h�o�s�e� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �q ��s� �a�n�d� �t�h�e� �s ��s�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �p�o�i�n�t� �m�o�v�e�s� �a�w�a�y� �f�r�o�m� �r�,�;� �=� �0�,� 

�a�s� �T�(�r�)� �=� �r�y�  �� �m�M�p�D�-� �r�e� �8�8� �>� �r�,�,� �h�e�a�d�i�n�g� �t�o� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�,� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�i�s� �s�p�e�c�i�a�l� �c�h�o�i�c�e� �o�f� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� �T�h�i�s� 

�c�o�m�p�l�e�t�e�s� �t�h�e� �p�r�o�o�f� �o�f� �t�h�e� �T�h�e�o�r�e�m�.� �.� 

�I�I�I�.�9� �C�o�m�p�l�e�t�e�l�y� �S�o�l�v�e�d� �E�x�a�m�p�l�e�s� 

�A�f�t�e�r� �t�h�e� �g�e�n�e�r�a�l� �m�e�t�h�o�d� �w�h�i�c�h� �h�a�s� �j�u�s�t� �b�e�e�n� �p�r�e�s�e�n�t�e�d�,� �w�e� �a�r�e� �g�o�i�n�g� �t�o� �c�o�n�s�i�d�e�r� 

�s�o�m�e� �c�l�a�s�s�e�s� �o�f� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�s� �t�h�a�t� �i�n�c�l�u�d�e� �t�h�o�s�e� �p�r�e�s�e�n�t� �i�n� �s�o�m�e� �v�e�r�y� �p�o�p�u�l�a�r� 

�m�o�d�e�l�s�,� �l�i�k�e� �t�h�e� �S�c�h�l�o�g�]� �a�n�d� �t�h�e� �B�r�u�s�s�e�l�l�a�t�o�r� �m�o�d�e�l�s� �o�f� �c�o�m�p�l�e�x� �r�e�a�c�t�i�o�n�s�,� �[�{�1�1�]�,�[�1�7�]�.� �O�n�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �t�h�e� �r�e�a�c�t�i�o�n�s� �i�n� �t�h�e�s�e� �c�l�a�s�s�e�s� �i�s� �t�h�a�t� �t�h�e� �d�e�r�i�v�a�t�i�v�e�,� �T�h�s� �o�f� �r�,� �w�i�t�h� �r�e�s�p�e�c�t� 

�t�o� �t�h�e� �r�e�f�e�r�e�n�c�e� �v�a�r�i�a�b�l�e� �p�,� �i�s� �g�r�e�a�t�e�r� �o�r� �e�q�u�a�l� �t�o� �0� �i�n� �t�h�e� �r�a�n�g�e� �J� �=� �(�0�,� �p�|�.� �A�n�o�t�h�e�r� �f�e�a�t�u�r�e� 

�i�s� �t�h�a�t� �7�,�,�(�p�)� �=� �0� �i�f� �a�n�d� �o�n�l�y� �i�f� �p� �=� �0�.� �H�e�r�e� �w�e� �l�e�t� �p� �b�e� �t�h�e� �u�n�i�q�u�e� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�,� �w�h�i�l�e� �p� �d�e�n�o�t�e�s� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� 

�t�h�e� �v�a�n�i�s�h�i�n�g� �o�f� �p� �i�f� �i�t� �i�s� �a�n� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t�,� �a�n�d� �w�e� �w�i�l�l� �s�e�e� �t�h�a�t� �t�h�e�r�e� �a�r�e� �n�o� �o�t�h�e�r



�6�4� 

�f�i�x�e�d� �p�o�i�n�t�s� �b�e�s�i�d�e�s� �p� �a�n�d� �p�.� �N�o�t�e� �t�h�a�t� �t�h�e� �i�n�d�e�x� �y�s� �h�a�s� �b�e�e�n� �a�p�p�e�n�d�e�d� �t�o� �r� �b�e�c�a�u�s�e�,� �i�n� 

�s�o�m�e� �c�a�s�e�s�,� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �a� �g�i�v�e�n� �r�e�a�c�t�i�o�n� �w�i�l�l� �b�e� �s�t�u�d�i�e�d� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �j�s�.� �T�h�e�n�,� 

�i�t� �w�i�l�l� �b�e� �i�m�p�o�r�t�a�n�t� �t�o� �k�n�o�w� �w�h�i�c�h� �a�r�e� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�a�t� �p�a�r�a�m�e�t�e�r�,� �i�n� �o�r�d�e�r� �t�o� �c�o�m�p�a�r�e� 

�t�h�e� �d�i�f�f�e�r�e�n�t� �r�e�s�u�l�t�s� �t�h�a�t� �o�n�e� �g�e�t�s� �b�y� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� �c�h�o�i�c�e�s� �f�o�r� �i�t�.� 

�T�h�e� �f�a�c�t� �t�h�a�t� �t�h�o�s�e� �t�w�o� �c�o�n�d�i�t�i�o�n�s� �o�n� �7�/�,� �a�r�e� �m�e�t� �i�n� �J� �i�s� �e�n�o�u�g�h� �t�o� �e�n�s�u�r�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�o�f� �t�h�e� �i�t�i�n�e�r�a�r�i�e�s� �{�r�?�(�p�)�}� �t�o� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�x�e�d� �p�o�i�n�t�,� �f�o�r� �a�l�l� �u�z�  ¬� �R�g�,� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� 

�r�a�n�g�e� �d�e�f�i�n�e�d� �i�n� �s�e�c�t�i�o�n� �I�I�.�5�.� �T�h�a�t� �i�s� �t�o� �s�a�y�,� �a�l�l� �t�h�e� �r�e�s�u�l�t�s� �t�h�a�t� �h�a�v�e� �b�e�e�n� �p�r�o�v�e�n� �f�o�r� �v�a�l�u�e�s� 

�o�f� �4� �s�m�a�l�l�e�r� �t�h�a�n� �p�o� �a�r�e� �i�n�d�e�e�d� �t�r�u�e�,� �i�n� �t�h�e� �p�r�e�s�e�n�t� �c�a�s�e�s�,� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �h�i�s�t�o�c�h�a�s�t�i�c�i�t�y� 

�r�a�n�g�e� �(�t�h�e� �e�x�c�e�p�t�i�o�n� �t�o� �t�h�i�s� �i�s� �t�h�e� �m�o�n�o�t�o�n�i�c�i�t�y� �o�f� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e�,� �w�h�i�c�h� �m�a�y� �n�o�t� �o�c�c�u�r� �i�n� 

�c�e�r�t�a�i�n� �c�a�s�e�s�)�.� �F�o�r� �t�h�e�s�e� �r�e�a�s�o�n�s� �w�e� �r�e�g�a�r�d� �t�h�e� �e�x�a�m�p�l�e�s� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �a�s� �c�o�m�p�l�e�t�e�l�y� �s�o�l�v�e�d�.� 

�T�o� �s�e�e� �h�o�w� �t�h�e� �r�e�s�u�l�t� �o�n� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �o�b�t�a�i�n�e�d� �l�e�t� �u�s� �c�o�n�s�i�d�e�r� �t�h�e� �c�a�s�e� �p�  ¬� �(�0�,� �p�)� �f�i�r�s�t�.� 

�W�e� �h�a�v�e� �p� �<� �7�,�,�(�p�)� �<� �p�,� �b�e�c�a�u�s�e� �r�,�,� �i�s� �n�o�n�-�d�e�c�r�e�a�s�i�n�g� �i�n� �J� �a�n�d� �b�e�c�a�u�s�e� �t�h�e� �d�i�s�e�q�u�i�l�i�b�r�i�u�m� 

�p�a�r�a�m�e�t�e�r� �i�s� �p�o�s�i�t�i�v�e� �i�n� �(�0�,�p�)�.� �I�t� �f�o�l�l�o�w�s� �t�h�a�t� �1�2� �(�p�)�  �� �p�a�s� �j� �b�e�c�o�m�e�s� �l�a�r�g�e�.� �I�f�,� �i�n�s�t�e�a�d�,� 

�p�  ¬� �(�p�,�1�]� �w�e� �h�a�v�e� �r�,�,�(�p�)� �<� �p�,� �b�e�c�a�u�s�e� �t�h�e� �d�i�s�e�q�u�i�l�i�b�r�i�u�m� �p�a�r�a�m�e�t�e�r� �i�s� �n�e�g�a�t�i�v�e�,� �a�n�d� �o�n�e� �o�f� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �c�a�s�e�s� �h�o�l�d�s�:� 

�i�)� �t�2�(�p�)� �>� �p� �f�o�r� �a�l�l� �j ��s�,� �i�n� �w�h�i�c�h� �c�a�s�e� �m�o�n�o�t�o�n�i�c� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �p�r�o�v�e�n�.� 

�i�i�)� �t�2�(�p�)� �<� �p� �f�o�r� �s�o�m�e� �j�,� �i�n� �w�h�i�c�h� �c�a�s�e� �w�e� �f�a�l�l� �i�n�t�o� �t�h�e� �c�a�s�e� �p�  ¬� �(�0�,� �p�)� �a�n�d� �c�o�n�v�e�r�g�e�n�c�e� �i�s� 

�p�r�o�v�e�n�,� �b�u�t� �m�o�n�o�t�o�n�i�c�i�t�y� �i�s� �s�p�o�i�l�e�d�.� 
� � 

� � 
�E�x�a�m�p�l�e� �1�)� �C�o�n�s�i�d�e�r� �a�l�l� �t�h�e� �r�e�a�c�t�i�o�n�s� �o�f� �t�h�e� �f�o�r�m�|� �(�n�+� �1�)�A�=�7�n�A�+� �B�i�f�o�r�n� �>� �1�.� �H�e�r�e� 

� � � � 

�t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e� �i�s� �y�z� �<� �1�/�(�n�+�1�)�.� �L�e�t� �p� �b�e� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �o�f� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� 

�e�l�e�m�e�n�t� �A�.� �T�h�e�n� 

�r� �u�(�p�)� �=� �p �� �w�p ��)� �+� �u�p�"� �(�1�  �� �p�)� �=� �p�t� �p�p�"�(�1�  �� �2�p�)�.� �(�1�1�1�.�7�6�)� 

�C�l�e�a�r�l�y� �t�h�e�r�e� �a�r�e� �t�w�o� �f�i�x�e�d� �p�o�i�n�t�s� �o�n�l�y�:� �p� �=� �0� �a�n�d� �p�=� �1�/�2�.� �A�l�s�o�,� �7�,�(�p�)� �=� �0� �i�f� �a�n�d� �o�n�l�y� �i�f� 

�p�=� �0� �f�o�r� �p�  ¬� �[�0�,� �1�]�,� �i�n� �f�a�c�t�,� �i�f�p� �£�0� �,� �p�+� �u�p�"�(�1�  �� �2�p�)� �=� �0� �i�m�p�l�i�e�s� 

�2� �2� 
 ��1� �n�-�l�(�7� �_� �9�p�)� �>� �1�  ��  � ��p �� �m�l� �y�y�,�  �� �n�o�l� �1�1�.�7� �0� �+� �p�p �� �*�(� �p�)� �>� �n�a�i�?� �+� �u�p�"� �*� �>� �n�a�y� �t�e� �>� �0� �(�I�I�I�.�7�7�)



�6�5� 

�w�h�i�c�h� �i�s� �a� �c�o�n�t�r�a�d�i�c�t�i�o�n�.� �W�e� �a�l�s�o� �h�a�v�e� 

�d�t�,� �d�p� �=� �1�+� �n�p�p!"�'�(�1�  �� �2�p�)�  �� �2�u�p �� �(�I�I�I�.�7�8�)� 

�f�r�o�m� �w�h�i�c�h� �i�t� �i�s� �s�e�e�n� �t�h�a�t� �p� �i�s� �e�x�p�o�n�e�n�t�i�a�l�l�y� �s�t�a�b�l�e� �a�n�d�,� �f�o�r� �p�  ¬� �[�0�,� �1�/�2�]�,� 

�d�r�,�,� �1�\�"�7�}�  ��#�>�1�-�2�m�p!"�*�>�1�-�p�l�-� �0�.� �1�1�.�7� �d�p� �=� �u�p �� �>�  ��(�5�)� �>� �(�1�1�1�.�7�9�)� 

�T�h�i�s� �c�o�m�p�l�e�t�e�l�y� �s�o�l�v�e�s� �t�h�i�s� �c�l�a�s�s� �o�f� �r�e�a�c�t�i�o�n�s�.� 
� � 

� � 
�E�x�a�m�p�l�e� �2�)� �C�o�n�s�i�d�e�r� �a�l�l� �t�h�e� �r�e�a�c�t�i�o�n�s� �o�f� �t�h�e� �f�o�r�m� �(�n�+�1�)�A�=�A�+�n�B�|�f�o�r� �n� �>� �2�,� �a�s� 

� � 

�t�h�e� �c�a�s�e� �n� �=� �1� �i�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �p�o�i�n�t�.� �H�e�r�e� �w�e� �h�a�v�e� �R�g� �=� �[�0�,�1�/�(�n�+� �1�)�]� �a�n�d� 

�T�y�(�p�)� �=� �p �� �n�u�p�"�*�*�  �� �n�u�p�(�1�  �� �p�) �� �=� �p �� �n�u�p�[�p!"�  �� �(�1 ��-� �p�)�"�|� �(�1�1�1�.�8�0�)� 

�s�o� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �a�r�e� �p� �=� �0� �a�n�d� �p�=� �1�/�2�.� �A�l�s�o� �7�,�(�p�)� �=� �0� �i�f� �a�n�d� �o�n�l�y� �i�f� �p� �=� �0�;� �i�n� �f�a�c�t�,� �i�f� 

�p� �#�0�,� �t�h�e�n� 

�T�l� 

�1�-� �"�_�(�1�~�p�)�"�)�>�1 ��n�u�p�"� �>�1�- � �� �>� �0� �1�1�.�8�1� �n�l�p ��  �� �(�1�  �� �p�)�"�]� �>� �1 �� �n�u�p �� �>� �T�E�A� �(� �)� 

�w�h�i�c�h� �e�n�s�u�r�e�s� �t�h�a�t� �p� �i�s� �t�h�e� �o�n�l�y� �z�e�r�o� �o�f� �7�,�,� �i�n� �[�0�,�1�]�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n� �o�f� �1�,� �i�s� 

 ��*�=�1�-�n�p�{�(�n�+�1�)�p�"�+�(�1 ��p�)�"�"�'� �[�(�n�+�1�)�p �� �1�}� �(�I�I�I�.�8�2�)� 

�a�n�d� �o�n�e� �c�a�n� �e�a�s�i�l�y� �s�e�e� �t�h�a�t� �p�i�s� �e�x�p�o�n�e�n�t�i�a�l�l�y� �s�t�a�b�l�e� �w�h�i�l�e� �p� �i�s� �u�n�s�t�a�b�l�e�.� �N�o�w� �r�e�s�t�r�i�c�t� �t�o� 

�p�  ¬� �[�0�,�1�/�2�]�.� �T�h�e�n� �w�e� �c�a�n� �s�h�o�w� �t�h�a�t� �(�n�+� �1�)�p�"�+�(�1 �� �p�)�"�"�1� �[�(�n� �+� �1�)�p �� �1�]� �<� �(�n�4�+�1�)�/�n�,� �f�r�o�m� 

�w�h�i�c�h� �w�e� �g�e�t� �7�)�,� �>� �0� �i�n� �[�0�,�1�/�2�]�,� �a�s� �n�u� �<� �n�/�(�n� �+�1�)�.� �I�n� �f�a�c�t�,� �w�e� �h�a�v�e� 

�(�n�+� �1�)�p�"� �+� �(�1� �p�)�'�[�(�n� �+� �L�p �� �1�]� �<� �(�m�t� �L�p�.� �p�y�"� �+� �[�(�n� �+� �I�p� �U�C�L� �=� �p�y� 

�=� �(�1�  �� �p�)!"�"�"�[�2�(�n� �+� �1�)�p �� �1�)� �=� �A�(�p�)� 
�(�1�1�1�.�8�3�)� 

�a�n�d� 

�d�H� 
�d�p� �=� �(�1�  �� �p�)�"�7�?� �[�3�n� �+� �1�  �� �2�n�(�n� �4�+� �1�)�p�]�.� �(�I�I�I�.�8�4�)



�6�6� 

�N�o�w�,� �f�o�r� �p�  ¬� �[�0�,�1�/�2�]�,� �e�q�.� �(�I�I�I�.�8�1�)� �h�a�s� �o�n�e� �z�e�r�o� �o�n�l�y�,� �i�.�e�.� �p�o� �=� �(�8�n� �+� �1�)�/�2�n�(�n� �4�+� �1�)�,� �w�h�i�c�h� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �u�n�i�q�u�e� �m�a�x�i�m�u�m� �o�f� �7� �i�n� �[�0�,�1�)�,� �a�n�d� �p�p� �>� �1�/�2� �i�f� �n� �=� �2�,� �w�h�i�l�e� �p�p� �<� �1�/�2� 

� � 

� � 

�i�f�n� �>� �3�.� �T�h�u�s�,� 

�1� �3� 
�H�m�e�x� �=� �H�(�1�/�2�)�=�1�<� �7�+� �=� �5� �;� �i�f� �n�=�2� 

�2�2� �4�\�n�)� �(�I�I�I�.�8�5�)� 
�H�o�x� �=� �(�7�3� �n� �*�)� �a�n�t�l� �n�t�i� �i�f� �n�>�3�.� 

�2�n�?� �+� �2�n� �n� �n� 

�T�h�e�r�e�f�o�r�e� �7�/�,� �>� �0� �i�n� �(�0�,�1�/�2�]�,� �a�n�d� �t�h�i�s� �s�o�l�v�e�s� �t�h�i�s� �c�a�s�e�.� 

�E�x�a�m�p�l�e� �3�)� �N�o�w� �w�e� �c�a�n� �u�s�e� �E�x�a�m�p�l�e� �2� �t�o� �c�o�v�e�r� �a�l�l� �t�h�e� �r�e�m�a�i�n�i�n�g� �c�a�s�e�s� �o�f� �a�u�t�o�c�a�t�a�l�y�t�i�c� 
� � 

� � 
�r�e�a�c�t�i�o�n�s� �w�i�t�h� �t�w�o� �c�h�e�m�i�c�a�l�s� �o�n�l�y�:� �|�(�n�+� �1�)�A� �=� �m�A�+�(�n�- ��m�+�4�1�)�B�|�,� �f�o�r�n� �>� �2� �a�n�d� �m�=� 

� � � � 

�1�,�.�.�.�,�n�.� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�e� �d�e�n�o�t�e� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �m�a�p� �b�y� �T�m�,� �o�m�i�t�t�i�n�g� �f�o�r� �s�i�m�p�l�i�c�i�t�y� 

�t�h�e� �s�u�b�s�c�r�i�p�t� �j�m�.� �T�h�e�n� �w�e� �c�a�n� �w�r�i�t�e� 

�T�m�(�p�)� �=� �p ��(�n�-� �m�+�1�)�p�t�m� �[�p�"�t�?�  �� �p!"�(�1�  �� �p�)�?�-!"�*�]� �(�I�I�I�.�8�6�)� 

�T�m�(�p�)� �=� �0� �i�f� �a�n�d� �o�n�l�y� �i�f� �p� �=� �0�.� �T�h�e� �o�t�h�e�r� �f�i�x�e�d� �p�o�i�n�t� �i�s� �p� �=� �1�/�2�.� �N�o�w� �a�s�s�u�m�e� �t�h�a�t� 

�T�m�(�p�)� �<� �1�/�2�,� �f�o�r� �p�  ¬� �(�0�,�1�/�2�]�.� �W�e� �w�a�n�t� �t�o� �s�h�o�w� �t�h�a�t� �7�,�,�4�1�(�p�)� �<� �1�/�2� �f�o�r� �e�v�e�r�y� �f�4�m�4�1� �i�n� �t�h�e� 

�b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e�.� �I�n� �f�a�c�t�,� �i�f� �t�h�i�s� �i�s� �t�h�e� �c�a�s�e�,� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �u�n�d�e�r� 

�T�m�+�1�,� �f�o�r� �t�h�e� �r�e�a�c�t�i�o�n� �(�n�+�1�)�A� �=� �(�m�+�1�)�A�+�(�n�- ��m�)�B�,� �i�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�o�f� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �u�n�d�e�r� �7�,�,�,�.� �T�h�e�n�,� �a� �s�i�m�p�l�e� �i�n�d�u�c�t�i�o�n� �a�l�l�o�w�s� �u�s� �t�o� �c�o�v�e�r� �a�l�l� �t�h�e� �c�a�s�e�s�,� �a�s� �t�h�e� 

�c�a�s�e� �w�i�t�h� �m� �=� �1� �h�a�s� �b�e�e�n� �p�r�o�v�e�d� �i�n� �E�x�a�m�p�l�e� �2�.� �N�o�t�e� �t�h�a�t� �u�v�,� �a�n�d� �4�1� �v�a�r�y� �o�n� �t�h�e� �s�a�m�e� 

�r�a�n�g�e�,� �w�h�i�c�h� �i�s� �[�0�,�1�/�(�n� �+� �1�)�]�,� �a�s� �t�h�e� �h�i�g�h�e�s�t� �s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �t�h�e� �s�a�m�e� �f�o�r� �b�o�t�h� 

�r�e�a�c�t�i�o�n�s�.� �O�u�r� �a�s�s�u�m�p�t�i�o�n� �m�e�a�n�s� �t�h�a�t� 

�i�  ��m� �n�-�m� �m�m� �5� �P�2� �t�m�p�)�  �� �p�=� �(�n�-�m�+� �1�)�p� �[�(�(�1�  �� �p�y�>�7!"�*�t�?�  �� �p�r�>�-!"� �1�)� �p� �(�1�1�1�.�8�7�)� 

�W�e� �w�a�n�t� �t�o� �c�h�e�c�k� �w�h�e�t�h�e�r� �7�,�,�4�1�(�p�)�  �� �p� �<� �1�/�2� �o�r� �n�o�t�.� �F�o�r� �p� �<� �1�/�2� �w�e� �c�a�n� �w�r�i�t�e� 

�T�m�+�1�(�p�)�  �� �p�=� �(�n �� �m�)�p� �[�(�1�  �� �p�)�?�-!"�  �� �p�®�-!"�]� �p!"�*�?� 
�(�1�1�1�.�8�8�)� 

 �� �p�.� 
�n ��m� �n�r�- ��T�N� �m�m� �1� �<�(�n ��m�+�1�)�u�e�[�(�1 �� �p�y�r�7!"�t�?�  �� �p�e� !"�t�!�]� �p� �=�T�m�(�P�) �� �P�S� �5



�6�7� 

�T�h�e�n� �i�t� �i�s� �t�r�u�e� �t�h�a�t� �T�n�4�3�1�(�p�)� �<� �1�/�2� �f�o�r� �p�  ¬� �(�0�,�1�/�2�]� �a�n�d� �f�o�r� �e�v�e�r�y� �j�t�m�4�,� �i�n� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� 

�r�a�n�g�e�.� �T�h�i�s� �c�o�m�p�l�e�t�e�l�y� �s�o�l�v�e�s� �t�h�i�s� �c�a�s�e�.� 

�N�o�t�e� �t�h�a�t� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� �t�h�a�t� �a�p�p�e�a�r�s� �o�n� �b�o�t�h� �t�h�e� �S�c�h�l�o�g�l� �a�n�d� �t�h�e� �B�r�u�s�s�e�l�-� 

�l�a�t�o�r� �m�o�d�e�l�s�,� �A�+� �2�X� �=� �3�X�,� �b�e�l�o�n�g�s� �t�o� �t�h�e� �c�l�a�s�s� �o�f� �E�x�a�m�p�l�e� �1�.� 

�W�e� �c�o�n�c�l�u�d�e� �t�h�i�s� �c�h�a�p�t�e�r� �b�y� �p�o�i�n�t�i�n�g� �o�u�t� �t�h�a�t� �t�h�e� �s�t�u�d�y� �o�f� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�s� 

�p�r�e�s�e�n�t�s� �s�o�m�e� �e�x�t�r�a� �d�i�f�f�i�c�u�l�t�y�,� �a�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �c�a�s�e�.� �T�h�i�s� �m�a�k�e�s� �i�t� 

�m�o�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �p�e�r�f�o�r�m� �t�h�e� �s�a�m�e� �a�c�c�u�r�a�t�e� �a�n�a�l�y�s�i�s� �o�n� �a�l�l� �t�h�e� �p�o�s�s�i�b�l�e� �c�a�s�e�s�.� �N�o�n�e�t�h�e�l�e�s�s�,� 

�t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �s�e�c�t�i�o�n� �I�.�5�,� �a�b�o�u�t� �t�h�e� �s�p�e�c�t�r�a�l� �g�a�p� �o�f� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x� �T�,� �a�l�l�o�w�s� �u�s� 

�t�o�  ��a�l�m�o�s�t �� �c�o�m�p�l�e�t�e�l�y� �s�o�l�v�e� �t�h�e� �p�r�o�b�l�e�m� �o�f� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �r�.� �W�e� �s�a�y� 

�a�l�m�o�s�t� �b�e�c�a�u�s�e� �s�o�m�e� �l�i�m�i�t�i�n�g� �c�a�s�e�,� �l�i�k�e� �u� �=� �[�Z�g� �a�n�d� �s�o�m�e� �p�a�r�t�i�c�u�l�a�r� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�s� 

�w�i�t�h� �s�p�e�c�i�a�l� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �h�a�v�e� �n�o�t� �b�e�e�n� �e�x�a�m�i�n�e�d� �i�n� �f�u�l�l� �d�e�t�a�i�l�.



� � 

�I�V�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�I�n� �C�h�a�p�t�e�r� �I�I�I� �t�h�e� �a�n�a�l�y�s�i�s� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �o�f� �t�h�e� �d�i�s�c�r�e�t�e� �t�i�m�e� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s� 

�t�h�a�t� �d�e�s�c�r�i�b�e� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �s�i�n�g�l�e� �b�a�l�a�n�c�e�d� �r�e�a�c�t�i�o�n�s� �i�n�  ��s�t�i�r�r�e�d� �t�a�n�k�s ��.� �T�h�a�t� �s�t�u�d�y� �w�i�l�l� 

�b�e� �g�e�n�e�r�a�l�i�z�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �s�o� �t�h�a�t� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �r�e�a�c�t�i�o�n�s�,� �a�n�d� �s�p�a�t�i�a�l�l�y� �i�n�h�o�m�o�g�e�n�e�u�s� 

�s�y�t�e�m�s� �c�a�n� �b�e� �t�r�e�a�t�e�d�.� �T�h�i�s� �p�r�o�v�e�s� �n�e�c�e�s�s�a�r�y� �w�h�e�n� �c�l�a�s�s�i�c�a�l� �m�o�d�e�l�s� �o�f� �c�o�m�p�l�e�x� �r�e�a�c�t�i�o�n�s�,� 

�l�i�k�e� �t�h�o�s�e� �p�r�e�s�e�n�t�e�d� �i�n� �S�e�c�t�i�o�n� �I�.�4�,� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �A�s� �a� �m�a�t�t�e�r� �o�f� �f�a�c�t�,� �a� �d�i�s�t�i�n�c�t�i�o�n� �b�e�t�w�e�e�n� 

 ��s�i�m�p�l�e �� �a�n�d�  ��c�o�m�p�l�e�x �� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�s� �c�o�u�l�d� �b�e� �d�r�a�w�n� �b�y� �c�a�l�l�i�n�g� �s�i�m�p�l�e� �t�h�o�s�e� �s�t�u�d�i�e�d� �i�n� 

�C�h�a�p�t�e�r� �I�I�I�,� �a�n�d� �c�o�m�p�l�e�x� �t�h�o�s�e� �t�h�a�t� �i�n�v�o�l�v�e� �m�o�r�e� �t�h�a�n� �a� �s�i�n�g�l�e� �r�e�a�c�t�i�o�n�.� �S�u�c�h� �a� �d�e�f�i�n�i�t�i�o�n�,� 

�t�h�a�t� �s�e�e�m�s� �t�o� �u�s� �i�n� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �c�u�r�r�e�n�t� �l�i�t�e�r�a�t�u�r�e�,� �i�s� �m�a�i�n�l�y� �j�u�s�t�i�f�i�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s� �b�y� 

�t�h�e� �f�a�c�t� �t�h�a�t� �s�i�n�g�l�e� �r�e�a�c�t�i�o�n�s� �a�r�e� �a�l�l� �d�e�s�c�r�i�b�e�d� �b�y� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s�,� �e�v�e�n� 

�i�f� �n�o�t� �a�l�l� �o�f� �t�h�e�m� �b�e�l�o�n�g� �t�o� �t�h�e� �s�e�t� �o�f� �b�a�l�a�n�c�e�d� �a�n�d� �m�i�c�r�o�s�c�o�p�i�c�a�l�l�y� �r�e�v�e�r�s�i�b�l�e� �r�e�a�c�t�i�o�n�s�.� �O�n� 

�t�h�e� �c�o�n�t�r�a�r�y�,� �c�o�m�p�l�e�x� �r�e�a�c�t�i�o�n�s� �a�r�e� �u�s�u�a�l�l�y� �d�e�s�c�r�i�b�e�d� �b�y� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� �m�a�p�s�,� �w�h�o�s�e� 

�d�y�n�a�m�i�c�s� �i�s� �m�o�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �a�s�s�e�s�s�.� 

�T�h�e� �a�n�a�l�y�s�i�s� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �d�e�a�l�s� �w�i�t�h� �d�i�s�c�r�e�t�e� �t�i�m�e� �a�n�d� �d�i�s�c�r�e�t�e� �s�p�a�c�e� 

�d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s�.� �T�h�e� �l�i�m�i�t� �t�o� �t�h�e� �c�o�n�t�i�n�u�u�m� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �V�.� �S�e�c�t�i�o�n� �I�V�.�2� 

�s�h�o�w�s� �t�h�e� �n�e�e�d� �f�o�r� �a� �t�h�e�o�r�y� �t�h�a�t� �s�a�y�s� �h�o�w� �t�h�e� �r�a�t�e� �c�o�n�s�t�a�n�t�s� �f�o�r� �a� �c�o�m�p�l�e�x� �r�e�a�c�t�i�o�n� �s�h�o�u�l�d� 

�b�e� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �r�a�t�e� �c�o�n�s�t�a�n�t�s� �o�f� �e�a�c�h� �s�i�n�g�l�e� �c�o�m�p�o�n�e�n�t�.� �S�e�c�t�i�o�n� 

�I�V�.�3� �p�r�o�p�o�s�e�s� �o�n�e� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�i�s� �p�r�o�b�l�e�m�,� �i�n� �t�h�e� �f�r�a�m�e�w�o�r�k� �o�f� �a� �p�r�o�b�a�b�i�l�i�t�y� 

�t�h�e�o�r�y�.� �S�e�c�t�i�o�n� �[�V�.�4� �p�r�o�v�e�s� �s�o�m�e� �r�e�s�u�l�t�s� �a�b�o�u�t� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �c�o�n�v�e�x� 

�c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �B�o�l�t�z�m�a�n�n� �m�a�p�s�.� �S�e�c�t�i�o�n� �I�V�.�5� �s�h�o�w�s� �t�h�a�t� �e�v�e�r�y� �d�i�s�c�r�e�t�e� �d�i�f�f�u�s�i�o�n� �o�p�e�r�a�t�o�r� 

�c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �b�y� �a� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�p� �(�a� �B�o�l�t�z�m�a�n�n� �m�a�p� �o�f� �o�r�d�e�r� �o�n�e�)�.� �F�i�n�a�l�l�y�,� �S�e�c�t�i�o�n� 

�I�V�.�6� �p�r�e�s�e�n�t�s� �s�o�m�e� �e�x�a�m�p�l�e�s� �a�n�d� �a� �c�o�n�j�e�c�t�u�r�e� �t�h�a�t� �s�e�e�m�s� �t�o� �b�e� �r�e�a�l�i�s�t�i�c�.� 
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�I�V�.�2� �D�y�n�a�m�i�c�a�l� �S�y�s�t�e�m�s� �f�o�r� �C�o�m�p�l�e�x� �R�e�a�c�t�i�o�n�s� 

�C�o�n�s�i�d�e�r� �t�h�e� �S�c�h�l�o�g�l� �m�o�d�e�l�,� �w�h�i�c�h� �i�s� �o�n�e� �o�f� �t�h�e� �s�i�m�p�l�e�s�t� �e�x�a�m�p�l�e�s� �o�f� �c�o�m�p�l�e�x� �c�h�e�m�i�c�a�l� 

�r�e�a�c�t�i�o�n�s�:� 
�k�e�y� 

�A�+� �2�X�=�3�X� 

�2� �(�I�V�.�1�)� 
�X�=�8�.� 

�k�e� 
�L�e�t� �p�,�q� �a�n�d� �r� �r�e�s�p�e�c�t�i�v�e�l�y� �b�e� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �o�f� �A�,� �B� �a�n�d� �X�.� �T�h�e�n�,� �t�h�e� �l�a�w� �o�f� �m�a�s�s� 

�a�c�t�i�o�n� �y�i�e�l�d�s� 

�d�p� 
�d�t� 
�d�r� 

�d�t� 

�i�f� �t�h�e� �f�i�r�s�t� �r�e�a�c�t�i�o�n� �o�n�l�y� �i�s� �s�t�u�d�i�e�d�,� �a�n�d� 

�=�  ��k�y�p�r�?� �+� �k�o�r�°� 
�(�I�V�.�2�)� 

�=� �k�y�p�r�?� !"� �k�o�r ��,� 

�d�r� 
�d�t� 

�d�q� 
�d�t� 

�=�  ��k�g�r� �+� �k�a�q� 
�(�I�V�.�3�)� 

�=� �k�g�r�  �� �k�a�q�,� 

�i�f� �t�h�e� �s�e�c�o�n�d� �r�e�a�c�t�i�o�n� �i�s� �t�h�e� �o�n�l�y� �o�n�e� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d�.� 

�H�o�w� �d�o�e�s� �o�n�e� �g�e�t� �t�h�e� �r�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� �r�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �f�r�o�m� �t�h�e� �k�n�o�w�l�e�d�g�e� �o�f� �(�I�V�.�2�)� 

�a�n�d� �(�I�V�.�3�)�,� �w�h�e�n� �t�h�e� �f�u�l�l� �s�y�s�t�e�m� �i�s� �e�x�a�m�i�n�e�d�?� �A�n� �i�n�t�u�i�t�i�v�e� �a�r�g�u�m�e�n�t� �s�u�g�g�e�s�t�s� �t�h�a�t� �t�h�e� 

�r�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �o�f� �X� �m�u�s�t� �b�e� �t�h�e� �s�u�m� �o�f� �t�h�e� �t�h�e� �t�w�o� �s�e�p�a�r�a�t�e� �r�a�t�e�s� 

�g�i�v�e�n� �i�n� �(�I�V�.�2�)� �a�n�d� �(�I�V�.�3�)�.� �A�s� �a� �m�a�t�t�e�r� �o�f� �f�a�c�t�,� �w�h�a�t� �i�s� �f�o�u�n�d� �i�n� �t�h�e� �c�u�r�r�e�n�t� �l�i�t�e�r�a�t�u�r�e� �i�s� 

�d� �=� �=� �k�y�p�r�?�  �� �k�o�r�?�  �� �k�a�r� �+� �k�a�g�.� �(�I�V�.�4�)� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e�r�e� �a�r�e� �a�t� �l�e�a�s�t� �t�w�o� �p�o�i�n�t�s� �t�h�a�t� �n�e�e�d� �a� �d�e�e�p�e�r� �d�i�s�c�u�s�s�i�o�n�.� �F�i�r�s�t� �o�f� 

�a�l�l�,� �i�t� �i�s� �n�o�t� �c�l�e�a�r� �w�h�y� �t�h�e� �t�w�o� �r�e�a�c�t�i�o�n�s� �s�h�o�u�l�d� �n�o�t� �a�f�f�e�c�t� �e�a�c�h� �o�t�h�e�r�,� �s�o� �t�h�a�t� �t�h�e� �r�a�t�e�s� 

�o�f� �o�n�e� �r�e�a�c�t�i�o�n� �r�e�m�a�i�n� �u�n�c�h�a�n�g�e�d� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �o�t�h�e�r�.� �T�h�e� �s�e�c�o�n�d� �p�o�i�n�t� �r�e�g�a�r�d�s� 

�t�h�e� �d�i�s�c�r�e�t�i�z�e�d� �v�e�r�s�i�o�n� �o�f� �(�I�V�.�4�)�,� �w�h�i�c�h� �i�s� �r�e�l�e�v�a�n�t� �t�o� �t�h�e� �r�e�s�u�l�t�s� �o�f� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n�s�.� 

�C�o�n�s�i�d�e�r�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �t�h�e� �1�-�s�t�e�p� �m�e�t�h�o�d� �g�i�v�e�n� �b�y� 

�r�=� �r�t� �p�y�p�r�?�  �� �p�o�r�?�  �� �p�s�r� �+� �p�a�g�,� �(�1�V�.�5�)



�7�0� 

�a�n�d� �l�e�t� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�,� �a�t� �t�i�m�e� �t� �=� �0�,� �b�e� �r�=� �1�,�p�=�0�O�=� �g�q�.� �T�h�e�n� �a�t� �t�i�m�e� �t� �=� �1� �w�e� 

�g�e�t� 

�r�-�=�1�l ��p�o�- ��p�g� �<�0�,� �i�f� �p�o�t�p�s�>� �1�.� �(�I�V�.�6�)� 

�N�o�w�,� �i�f� �w�e� �a�s�s�u�m�e� �t�h�a�t� �j�4�)� �=� �j�l�o� �a�n�d� �j�t�g�3� �=� �p�g�,� �t�h�e� �t�h�e�o�r�y� �d�e�v�e�l�o�p�e�d� �i�n� �C�h�a�p�t�e�r� �I�I� �a�n�d� 

�C�h�a�p�t�e�r� �I�I�I� �c�a�n� �b�e� �a�p�p�l�i�e�d�,� �a�n�d� �b�r�i�n�g�s� �u�s� �t�o� �t�h�e� �c�o�n�c�l�u�s�i�o�n� �t�h�a�t� �a�l�l� �t�h�e� �v�a�l�u�e�s� �o�f� �2� �i�n� 

�(�0�,�1�/�3�]� �a�n�d� �t�h�o�s�e� �o�f� �y�g� �i�n� �(�0�,�1�]� �c�a�n� �b�e� �u�s�e�d�.� �T�h�u�s�,� �t�h�e� �o�c�c�u�r�r�e�n�c�e� �o�f� �t�h�e� �c�a�s�e� �p�o� �+� �p�s�3� �>� �1� 

�b�e�c�o�m�e�s� �p�o�s�s�i�b�l�e�.� 

�T�h�e�s�e� �t�w�o� �p�r�o�b�l�e�m�s� �c�a�n� �b�e� �s�o�l�v�e�d� �b�y� �t�h�e�  ��a�p�p�r�o�p�r�i�a�t�e �� �c�h�o�i�c�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� �I�n� 

�f�a�c�t�,� �t�h�e� �f�i�r�s�t� �d�i�f�f�i�c�u�l�t�y� �i�s� �e�l�i�m�i�n�a�t�e�d� �b�y� �a�d�o�p�t�i�n�g� �e�f�f�e�c�t�i�v�e� �r�a�t�e�s� �t�h�a�t� �t�a�k�e� �i�n�t�o� �a�c�c�o�u�n�t� �t�h�e� 

�i�n�t�e�r�p�l�a�y� �o�f� �t�h�e� �t�w�o� �r�e�a�c�t�i�o�n�s�.� �T�h�e� �s�e�c�o�n�d� �p�r�o�b�l�e�m�,� �i�n� �t�u�r�n�,� �d�o�e�s� �n�o�t� �a�r�i�s�e� �i�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� 

�4�;� �a�r�e� �s�m�a�l�l�,� �w�h�i�c�h� �i�s� �t�h�e� �c�a�s�e� �w�h�e�n� �t�h�e� �d�i�s�c�r�e�t�e� �s�c�h�e�m�e� �i�s� �u�s�e�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �s�o�l�u�t�i�o�n� 

�o�f� �t�h�e� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� �I�n� �f�a�c�t�,� �i�f� �t�h�e� �y�; ��s� �a�r�e� �d�e�f�i�n�e�d� �b�y� �y�u�;� �=� �k�;� �-� �A�t�,� �f�o�r� 

�i� �=� �1�,�3�,� �w�h�e�r�e� �A�t� �i�s� �t�h�e� �t�i�m�e� �s�t�e�p� �o�f� �t�h�e� �d�i�s�c�r�e�t�e� �s�c�h�e�m�e�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�h�a�t� �t�h�e�y� �b�e� �s�m�a�l�l�,� 

�i�n� �o�r�d�e�r� �t�o� �h�a�v�e� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �(�I�V�.�4�)� �b�y� �(�I�V�.�5�)�.� �T�h�e�n� �t�h�e� �p�r�o�b�l�e�m� �o�f� �n�e�g�a�t�i�v�e� 

�c�o�n�c�e�n�t�r�a�t�i�o�n�s� �i�s� �a�u�t�o�m�a�t�i�c�a�l�l�y� �s�o�l�v�e�d�.� 

�H�e�n�c�e�,� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �s�o�m�e� �r�u�l�e�s� �m�u�s�t� �b�e� �g�i�v�e�n�,� �i�n� �o�r�d�e�r� �t�o� �a�t�t�r�i�b�u�t�e� �a� �p�r�e�c�i�s�e� �m�e�a�n�i�n�g� 

�t�o� �t�h�e� �w�o�r�d�  ��a�p�p�r�o�p�r�i�a�t�e ��,� �f�o�r� �t�h�e� �r�a�n�g�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� �M�o�r�o�e�v�e�r�,� �i�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�h�a�t� 

�s�u�c�h� �r�u�l�e�s� �b�e� �d�e�r�i�v�e�d� �f�r�o�m� �w�i�t�h�i�n� �t�h�e� �t�h�e�o�r�y� �i�t�s�e�l�f�,� �a�n�d� �n�o�t� �b�e� �j�u�s�t� �a�n� �a�p�p�e�n�d�i�x� �a�d�d�e�d� �t�o� 

�t�h�e� �t�h�e�o�r�y� �f�r�o�m� �e�x�t�e�r�n�a�l� �a�r�g�u�m�e�n�t�s�.� �I�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n� �i�t� �w�i�l�l� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�i�s� �c�a�n� �b�e� 

�d�o�n�e� �a�t� �l�e�a�s�t� �i�n� �o�n�e� �w�a�y�,� �i�n� �t�h�e� �f�r�a�m�e�w�o�r�k� �o�f� �a� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y�.� 

�I�V�.�3� �C�o�n�v�e�x� �C�o�m�b�i�n�a�t�i�o�n�s� 

�T�h�e� �p�o�i�n�t� �o�f� �v�i�e�w� �o�f� �t�h�i�s� �t�h�e�s�i�s� �i�s� �t�h�a�t� �o�f� �c�a�s�t�i�n�g� �t�h�e� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s� �g�i�v�e�n� �b�y� �t�h�e� �l�a�w� 

�o�f� �m�a�s�s� �a�c�t�i�o�n� �i�n�t�o� �a� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y�.� �T�h�e�r�e�f�o�r�e�,� �w�e� �r�e�s�o�r�t� �t�o� �t�h�e� �t�h�e�o�r�y� �o�f� �B�o�l�t�z�m�a�n�n� 

�m�a�p�s�,� �w�h�i�c�h� �r�e�q�u�i�r�e�s� �a�l�l� �t�h�e� �r�e�a�c�t�i�o�n�s� �t�o� �b�e� �b�a�l�a�n�c�e�d� �a�n�d� �m�i�c�r�o�s�c�o�p�i�c�a�l�l�y� �r�e�v�e�r�s�i�b�l�e�.� �F�o�r



�7�1� 

�i�n�s�t�a�n�c�e�,� �c�o�n�s�i�d�e�r� �t�h�e� �r�e�a�c�t�i�o�n� �d�e�s�c�r�i�b�e�d� �b�y� �(�I�V�.�1�)�,� �a�n�d� �a�s�s�u�m�e� �t�h�a�t� �k�,� �=� �k�z� �a�n�d� �k�z� �=� �k�g�.� 

�T�h�e�n�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �a�s�s�o�c�i�a�t�e� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� �w�i�t�h� �e�a�c�h� �o�f� �t�h�e� �t�w�o� �c�o�m�p�o�n�e�n�t�s� �o�f� 

�t�h�e� �r�e�a�c�t�i�o�n�,� �s�i�n�c�e� �t�h�e�y� �a�r�e� �b�o�t�h� �b�a�l�a�n�c�e�d�.� �C�a�l�l� �t�h�e�s�e� �m�a�p�s� �T�,� �a�n�d� �7�2� �r�e�s�p�e�c�t�i�v�e�l�y�.� �L�e�t� 

�=� �(�A�,� �B�,� �X�)� �b�e� �t�h�e� �s�a�m�p�l�e� �s�p�a�c�e�,� �a�n�d� �Q� �C� �I�R�?� �t�h�e� �s�i�m�p�l�e�x� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e�s� �o�n� �i�t�.� 

�L�e�t� �P� �=� �(�p�,�q�,�r�)�  ¬� �Q� �a�n�d� �c�a�l�l� �P�f� �t�h�e� �r�e�s�u�l�t� �o�f� �t�h�e� �a�c�t�i�o�n� �o�f� �7�;� �o�n� �P�,� �a�n�d� �s�i�m�i�l�a�r�l�y� �d�e�f�i�n�e� 

�P�Z� �t�h�e� �r�e�s�u�l�t� �o�f� �t�h�e� �a�c�t�i�o�n� �o�f� �7�2� �o�n� �P�.� �T�h�e�n�,� �w�e� �c�a�n� �w�r�i�t�e� 

�_� �(�P�  �� �#�1� �(�p�r�?�  �� �r�°�)� 
�m�(�P�)�=�P�P�=�|�a�)�+� �|� �m�(�p�r�? ��-�r ��)� �|�,� �(�I�V�.�7�)� 

�r� �0� 

�w�h�i�c�h� �d�e�s�c�r�i�b�e�s� �t�h�e� �f�i�r�s�t� �r�e�a�c�t�i�o�n�,� �a�n�d� 

�P�p� �0� 

�7�2�(�P�)�=� �P�y� �=� �[�q�a�]� �+� �|� �-�#�3�(�r�-�9�)� �]�,� �(�I�V�.�8�)� 
�r� �i�t�3�(�r�  �� �@�)� 

�w�h�i�c�h� �r�e�l�a�t�e�s� �t�o� �t�h�e� �s�e�c�o�n�d�.� �T�h�e� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�c�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �7�;� �a�n�d� �r�2� �a�r�e� �r�e�s�p�e�c�-� 

�t�i�v�e�l�y� �T�;� �a�n�d� �7�2�,� �w�h�e�r�e� �T�;� �=� �T�:�9� �@� �M�1� �©� �-�:�-�@�®� �M�s�g�,� �a�n�d� 

�A� �B� �X�x�X� 

�A�|� �1� �0� �0� 

�T�»� �=� �M�y� �®� �T�»�2�0�,� �(�I�V�.�9�)� �~� �B�L�O� �1�l�-�p�3�s� �p�s� 

�X�\�0� �p�w�s� �l�-�B�p�s� 

�w�h�e�r�e� �M�g� �i�s� �j�u�s�t� �a� �1�X�1� �i�d�e�n�t�i�t�y� �m�a�t�r�i�x�,� �a�n�d� �T�2�9� �i�s� �a� �b�i�s�t�o�c�h�a�s�t�i�c� �b�l�o�c�k� �t�h�a�t� �i�s� �m�i�x�i�n�g� �f�o�r� 

�f�i�g�  ¬� �(�0�,�1�)�.� �C�o�n�c�e�r�n�i�n�g� �T�\�9�,� �w�e� �h�a�v�e� 

�A�X�X� �X�X�A� �X�A�X� �A�X�X� 

�X�X�X� �{�1�-�3� �f�y� �H�y� �f�y� 

�1�-�u�y� �1 ��y�y� �1�-�y�y� 
�T�=� �*�*�4�]� �3� �3� �3� �|� �(�I�V�.�1�0�)� 

�X�A�X�]�o�w� �G�H� �A�y�e� �S�t� 
�A�X�X� �\� �w�y� �G�G� 

�w�h�i�l�e� �A�f�,� �i�s� �a� �6�X�6� �m�a�t�r�i�x� �w�h�o�s�e� �e�n�t�r�i�e�s� �a�r�e� �a�l�l� �e�q�u�a�l� �t�o� �1�/�6�,� �a�n�d� �i�t� �i�s� �r�e�l�e�v�a�n�t� �t�o� �t�h�e� 

�p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �A�B�X�.� �I�n� �t�u�r�n�,� �M�2�,�.�.�.�,� �M�g� �a�r�e� �t�h�e� �3�x�3� �m�a�t�r�i�c�e�s�,� �w�i�t�h� �e�n�t�r�i�e�s� �e�q�u�a�l� �t�o� �1�/�3�,



�7�2� 

�r�e�l�a�t�i�v�e� �t�o� �t�h�e� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �A�A�B�,� �A�A�X�,� �B�B�A�,� �B�B�X� �a�n�d� �o�f� �B�X� �X�,� �a�n�d� �f�i�n�a�l�l�y� �M�7� �a�n�d� 

�M�g� �a�r�e� �1�x�1� �a�n�d� �r�e�l�a�t�i�v�e� �t�o� �A�A�A� �a�n�d� �t�o� �B�B�B�.� 

�O�b�s�e�r�v�e� �t�h�a�t� �e�q�u�a�t�i�o�n� �(�I�[�V�.�5�)� �a�m�o�u�n�t�s� �t�o� �h�a�v�i�n�g� �t�a�k�e�n� �P�*� �=� �P�+� �P�y�  �� �P�.� �T�h�u�s�,� �t�h�e� 

�r�e�s�u�l�t� �i�n� �e�q�.� �(�I�V�.�6�)� �i�s� �n�o� �s�u�r�p�r�i�s�e� �a�t� �a�l�l�,� �a�s� �P�,� �P� �a�n�d� �P�}� �a�r�e� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e�s� �i�n� �Q� 

�a�n�d�,� �a�s� �s�u�c�h�,� �t�h�e�i�r� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �n�e�e�d� �n�o�t� �t�o� �b�e� �p�r�o�b�a�b�i�l�i�t�i�e�s�,� �i�n� �g�e�n�e�r�a�l�.� �T�h�e� �n�a�t�u�r�a�l� 

�w�a�y� �o�f� �t�a�k�i�n�g� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �e�l�e�m�e�n�t�s� �o�f� �Q� �i�s� �t�h�a�t� �o�f� �f�o�r�m�i�n�g� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n�s�.� 

�F�o�r� �i�n�s�t�a�n�c�e�,� 

�P�*�=�A�P�I�+�(�1�-�A�)�P�;�,� �A ¬� �(�0�,�1�)� �(�I�V�.�1�1�)� 

�s�u�r�e�l�y� �i�s� �a� �p�r�o�b�a�b�i�l�i�t�y�.� �C�o�n�s�i�d�e�r� �a�l�s�o� �t�h�a�t� �t�h�e� �m�a�p�s� �r�;� �m�a�y� �b�e� �m�u�c�h� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d�,� �i�f� 

�t�h�e� �r�e�a�c�t�i�o�n�s� �i�n�v�o�l�v�e� �m�a�n�y� �m�o�r�e� �c�h�e�m�i�c�a�l�s�.� �I�n� �s�u�c�h� �a� �s�i�t�u�a�t�i�o�n�,� �i�t� �w�o�u�l�d� �n�o�t� �b�e� �f�e�a�s�a�b�l�e� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �r�a�n�g�e�s� �o�f� �s�u�c�h� �m�a�p�s�,� �a�n�d� �t�h�e� �o�n�l�y� �s�a�f�e� �c�h�o�i�c�e� �f�o�r� �g�e�t�t�i�n�g� �p�r�o�b�a�b�i�l�i�t�i�e�s�,� �f�r�o�m� 

�t�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �t�h�a�t� �t�h�e�s�e� �m�a�p�s� �p�r�o�d�u�c�e�,� �w�o�u�l�d� �b�e� �t�o� �t�a�k�e� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n�s�.� 

�T�h�e�r�e�f�o�r�e�,� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�o� �h�a�v�e� �a� �g�e�n�e�r�a�l� �t�h�e�o�r�y� �o�f� �c�o�m�p�l�e�x� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�s� 

�r�e�q�u�i�r�e�s� �t�h�a�t� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n�s� �o�n�l�y� �b�e� �t�a�k�e�n�,� �a�n�d� �t�h�i�s� �p�r�o�v�i�d�e�s� �u�s� �w�i�t�h� �a� �w�a�y� �o�f� �c�h�o�o�s�i�n�g� 

�t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �a� �c�o�m�p�l�e�x� �r�e�a�c�t�i�o�n�,� �o�n�c�e� �t�h�a�t� �t�h�o�s�e� �o�f� �e�a�c�h� �s�i�n�g�l�e� �c�o�m�p�o�n�e�n�t� �a�r�e� �k�n�o�w�n�.� 

�T�h�e� �r�u�l�e� �w�i�l�l� �b�e� �t�h�a�t� �t�h�e� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�,� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �a�n� �a�r�b�i�t�r�a�r�y� 

�n�u�m�b�e�r� �©� �o�f� �r�e�a�c�t�i�o�n�s�,� �m�u�s�t� �h�a�v�e� �t�h�e� �f�o�r�m� �o�f� �a� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n�:� 

�$� �$� 

�r�=� �A�m�,� �A�¥�>�0�,� �Y�A�H� �1�,� �(�I�V�.�1�2�)� 
�i�=�1� �t�=�1� 

�w�h�e�r�e� �t�h�e� �7�, ��s� �a�r�e� �p�r�o�p�e�r�l�y� �d�e�f�i�n�e�d�.� �C�o�n�s�i�d�e�r�i�n�g� �o�n�e� �o�f� �t�h�e� �s�i�n�g�l�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �f�u�l�l� 

�r�e�a�c�t�i�o�n� �d�e�s�c�r�i�b�e�d� �b�y� �7�,� �7�,�7� �s�a�y�,� �w�e� �h�a�v�e� �t�h�a�t� �i�t�s� �a�p�p�l�i�c�a�t�i�o�n� �t�o� �P�;�  ¬� �Q�;�,� �t�h�e� �s�i�m�p�l�e�x� �o�f� 

�p�r�o�b�a�b�i�l�i�t�i�e�s� �o�n� �t�h�e� �s�a�m�p�l�e� �s�p�a�c�e� �o�f� �t�h�e� �c�h�e�m�i�c�a�l�s� �o�f� �r�,�*�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�r�7�(�P�;�)� �=� �P�+� �4� �W�I�D�A�B�,�)�.� �(�I�V�.�1�3�)� �1� 

�H�e�r�e� �j�z�;� �i�s� �t�h�e� �c�o�u�p�l�i�n�g� �c�o�n�s�t�a�n�t�,� �7 ��*� �i�s� �t�h�e� �v�e�c�t�o�r� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� 

�o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�,� �w�i�t�h�  ��+ �� �o�r�  � � �� �s�i�g�n�,� �a�n�d� �D�;�(�P�;�)� �i�s� �t�h�e� �d�i�s�-� 

�e�q�u�i�l�i�b�r�i�u�m� �p�a�r�a�m�e�t�e�r�.� �T�h�e�n�,� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �r� �t�o� �P�  ¬� �Q� �c�a�n� �b�e� �d�e�f�i�n�e�d� �b�y� �s�o�m�e�t�h�i�n�g



�7�3� 

�l�i�k�e� 
�}� 

�r�(�P�)�=� �P�+�)� �>� �A�s�i� �W�D�i�(� �P�i�)�,� �(�I�V�.�1�4�)� 
�i�=�l� 

�w�h�i�c�h� �g�i�v�e�s� �t�h�e� �f�o�r�m� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �r� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �y�:�; ��s�.� �N�o�t�e� �t�h�a�t� �7 �� �a�n�d� �P�;� �a�r�e� 

�r�e�l�a�t�e�d� �t�o� �7�;� �a�n�d� �P�,� �b�u�t� �a�r�e� �n�o�t� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e�,� �b�e�c�a�u�s�e� �e�a�c�h� �o�f� �t�h�e� �7�.�* ��s� �n�e�e�d� �n�o�t� �t�o� �b�e� 

�d�e�f�i�n�e�d� �o�n� �Q�.� �W�e� �w�i�l�l� �a�d�d�r�e�s�s� �t�h�i�s� �q�u�e�s�t�i�o�n� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� �H�e�r�e� �w�e� �w�a�n�t� �t�o� �r�e�m�a�r�k� 

�t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �a�r�b�i�t�r�a�r�i�n�e�s�s� �t�h�a�t� �s�t�i�l�l� �r�e�m�a�i�n�s� �i�n� �t�h�e� �c�h�o�i�c�e� �o�f� �t�h�e� �A�,�; ��s� �m�a�y� �b�e� �u�s�e�d� �t�o� 

�a�t�t�r�i�b�u�t�e� �d�i�f�f�e�r�e�n�t� �w�e�i�g�h�t�s� �t�o� �t�h�e� �d�i�f�f�e�r�e�n�t� �r�e�a�c�t�i�o�n�s� �i�n� �7�,� �i�n� �t�h�e� �c�a�s�e� �t�h�a�t� �s�o�m�e� �o�f� �t�h�e�m� �a�r�e� 

�d�o�m�i�n�a�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �o�t�h�e�r�s�.� 

�I�V�.�4� �C�o�n�v�e�r�g�e�n�c�e� �f�o�r� �C�o�n�v�e�x� �C�o�m�b�i�n�a�t�i�o�n�s� 

�C�o�n�s�i�d�e�r� �a� �s�e�t� �o�f� �®�  ¬� �I�N� �r�e�a�c�t�i�o�n�s�,� �e�a�c�h� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� �7�;�,� �w�i�t�h� 

�c�o�u�p�l�i�n�g� �c�o�n�s�t�a�n�t� �p�;�  ¬� �(�0�,�2�;�)� �=� �R�;� �\� �{�0�,� �L�j�}�,� �w�h�e�r�e� �R�,� �i�s� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e� �f�o�r� 

�7�;�,� �a�n�d� �L�;� �i�s� �i�t�s� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �l�i�m�i�t�.� �L�e�t� �2�;� �=� �{�(�7�,�1�)�,�.�.�.�,�(�t�,�N�i�)�}� �b�e� �t�h�e� �s�a�m�p�l�e� �s�p�a�c�e� 

�r�e�l�a�t�i�v�e� �t�o� �t�h�e� �i�-�t�h� �r�e�a�c�t�i�o�n�,� �a�n�d� �Q�;� �t�h�e� �s�e�t� �o�f� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e�s� �o�n� �i�t�.� �I�n� �t�h�i�s� 

�n�o�t�a�t�i�o�n�,� �b�y� �t�h�e� �c�o�u�p�l�e� �(�i�,�7�)� �w�e� �m�e�a�n� �t�h�e� �j�-�t�h� �c�h�e�m�i�c�a�l� �i�n� �t�h�e� �r�e�a�c�t�i�o�n� �7�;�,� �a�c�c�o�r�d�i�n�g� �t�o� 

�s�o�m�e� �o�r�d�e�r�i�n�g�.� �I�n�t�r�o�d�u�c�e� �a� �n�e�w� �s�a�m�p�l�e� �s�p�a�c�e�,� �2� �=� �U�z�,� �Q�;�,� �w�h�i�c�h� �c�o�n�t�a�i�n�s� �K� �e�l�e�m�e�n�t�s� 

�(�K� �>� �N�;�,�i�=�1�,�.�.�.�,�@�)�,� �a�n�d� �c�a�l�l� �Q� �t�h�e� �s�i�m�p�l�e�x� �o�f� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�n� �i�t�.� �T�o� �d�e�f�i�n�e� �r� �a�s� �a� �c�o�n�v�e�x� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �7�°�,� �w�e� �m�u�s�t� �r�e�c�a�l�l� �t�h�a�t� �7�7� �n�e�e�d� �n�o�t� �t�o� �b�e� �d�e�f�i�n�e�d� �o�n� �Q�,� �i�n� �g�e�n�e�r�a�l�.� 

�T�h�e�r�e�f�o�r�e�,� �e�a�c�h� �7�X� �m�u�s�t� �b�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �n�e�w� �m�a�p� �7�;� �t�h�a�t� �i�s� �d�e�f�i�n�e�d� �o�n� �Q�,� �a�n�d� �s�u�c�h� 

�t�h�a�t� 

�=�T�;�,� �a�n�d� �7�;� �=� �I�d�,� �,� �(�I�V�.�1�5�)� �T�y� �1� 
�2�\�o�:� 

�1� 
�Q�:� 

�w�h�e�r�e�  ��I�d�, �� �i�s� �t�h�e� �i�d�e�n�t�i�t�y� �m�a�p� �o�n� �Q�\� �Q�;�.� �S�i�m�i�l�a�r�l�y� �t�o� �t�h�e� �e�x�a�m�p�l�e� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� 

�s�u�m�m�a�r�i�z�e�d� �b�y� �e�q�u�a�t�i�o�n�s� �(�I�V�.�7�)� �a�n�d� �(�I�V�.�8�)�,� �7�;� �m�u�s�t� �b�e� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� �o�f� �t�h�e� �s�a�m�e� �o�r�d�e�r� 

�a�s� �T�;�.� �I�t�s� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x� �T�;� �i�s� �t�h�e�n� �t�h�e� �d�i�r�e�c�t� �s�u�m� �o�f� �a� �n�u�m�b�e�r� �o�f� �b�i�s�t�o�c�h�a�s�t�i�c� �b�l�o�c�k�s� 

�w�h�o�s�e� �e�n�t�r�i�e�s� �a�r�e� �a�l�l� �e�q�u�a�l� �t�o� �1�/�(�#�o�f� �t�h�e�i�r� �r�o�w�s�)�  ��a�n�d� �a�c�t� �l�i�k�e� �t�h�e� �i�d�e�n�t�i�t�y� �o�n� �p�r�o�d�u�c�t
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�v�e�c�t�o�r�s �� �p�l�u�s� �t�h�e� �s�a�m�e� �m�i�x�i�n�g� �b�l�o�c�k� �o�f� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x� �a�s�s�o�c�i�a�t�e�d� �t�o� �7�;�*�.� �S�o�,� �f�o�r� 

�e�v�e�r�y� �P�  ¬� �Q�,� �w�e� �c�a�n� �w�r�i�t�e� 

�r�(�P�)� �=� �P�+� �7�;�D�,�(�P�;�)� �=� �P�O�,� �(�I�V�.�1�6�)� 

�w�h�e�r�e� �,�;� �i�s� �t�h�e� �c�o�u�p�l�i�n�g� �c�o�n�s�t�a�n�t� �o�f� �r�*�,� �7 ��;� �i�s� �a� �v�e�c�t�o�r� �t�h�a�t� �c�o�n�t�a�i�n�s� �7 ��?� �a�n�d� �t�h�a�t� �h�a�s� 

�z�e�r�o�e�s� �o�n� �t�h�e� �r�e�m�a�i�n�i�n�g� �A�  �� �N�;� �c�o�m�p�o�n�e�n�t�s�,� �P�,� �i�s� �t�h�e� �s�e�m�i�p�r�o�b�a�b�i�l�t�y� �o�b�t�a�i�n�e�d� �f�r�o�m� �P� �b�y� 

�t�a�k�i�n�g� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �t�h�a�t� �l�i�e� �i�n� �Q�;� �o�n�l�y�,� �a�n�d� �D�;�(�P�;�)� �i�s� �t�h�e� �d�i�s�e�q�u�i�l�i�b�r�i�u�m� �p�a�r�a�m�e�t�e�r� �o�f� �7�7� 

�e�v�a�l�u�a�t�e�d� �a�t� �P�,�;�.� �F�o�r� �i�n�s�t�a�n�c�e�,� �l�e�t� �t�h�e� �i�-�t�h� �r�e�a�c�t�i�o�n� �b�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�i�t�c� �o�n�e� 

�n�A� �4�.�.�.� �4� �n�a�l�)� �=� �m�i� �B�O� �4�.�0�.�4� �m�B�,� �(�I�V�.�1�7�)� 

�a�n�d� �l�e�t� �K� �>� �N� �+� �M�.� �T�h�e�n�,� �d�e�n�o�t�i�n�g� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�h�e� �c�h�e�m�i�c�a�l� �A�W�)� �b�y� �p�c�i�,�j�)�,� �w�e� �h�a�v�e� 

�N�+�M� 
�P�=� �(�P�6�5�)� �5�-�4� �E�Q� 

�(�t�)� �(�i�)� �(�i�)� 

�D�i� �P�i�)� �=� �p�a�a�y!"� �°�°� �P�G�.�N�)!"� �~� �P�G�,�N�w�4�+�1�)� �P�a�n�e� �m�y�e!"� �(�I�V�.�1�8�)� 

�W�i�;� �=� �(�0�,�.�.�.�,�0�,�n�{�°�,� �.�.�.�,�m�}�?�,� �0�,� �-�.�.�.�0�)�,� 

�w�h�e�r�e� �7�;� �c�o�n�t�a�i�n�s� �K�  �� �N�  �� �M� �z�e�r�o�e�s�.� �I�t� �m�a�k�e�s� �s�e�n�s�e� �n�o�w� �t�o� �d�e�f�i�n�e� �t�h�e� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n� 

�o�f� �m�a�p�s�,� �T�,� �g�i�v�e�n� �i�n� �e�q�.� �(�I�V�.�1�2�)� �b�y� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �(�I�V�.�1�4�)�,� �w�h�e�r�e� �t�h�e� �s�y�m�b�o�l�s� �t�a�k�e� �t�h�e� 

�m�e�a�n�i�n�g� �g�i�v�e�n� �t�o� �t�h�e�m� �i�n� �t�h�i�s� �s�e�c�t�i�o�n�.� �W�e� �c�a�l�l� �s�u�c�h� �a� �r� �a� �G�e�n�e�r�a�l�i�z�e�d� �B�o�l�t�z�m�a�n�n� �m�a�p�.� 

�W�e� �c�a�n� �n�o�w� �s�t�a�r�t� �t�h�e� �s�t�u�d�y� �o�f� �c�o�m�p�l�e�x� �s�y�s�t�e�m�s� �t�h�a�t� �a�r�e� �d�e�s�c�r�i�b�e�d� �b�y� �g�e�n�e�r�a�l�i�z�e�d� 

�B�o�l�t�z�m�a�n�n� �m�a�p�s�.� �F�i�r�s�t� �o�f� �a�l�l� �l�e�t� �u�s� �d�e�f�i�n�e� �t�h�e� �e�n�t�r�o�p�y� �o�f� �P� �=� �(�p�y�,�.�.�.�,�p�x�)�  ¬� �Q� �a�s� 

�K� 

�S�(�P�)� �=�  �� �>�>� �p�i�l�o�g� �p�i�,� �(�I�V�.�1�9�)� 
�t�=�1� 

�a�n�d� �o�b�s�e�r�v�e� �t�h�a�t� �t�h�e� �e�n�t�r�o�p�y� �o�f� �a� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �e�l�e�m�e�n�t�s� �o�f� �Q� �i�s� �g�r�e�a�t�e�r� �o�r� �e�q�u�a�l� 

�t�o� �t�h�e� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �e�n�t�r�o�p�i�e�s�,� �i�.�e�.� 

�}� �®� 

�S� �(�>�.� �a�r� �>� �$�0� �A�S�(�P�)�.� �(�I�V�.�2�0�)
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�T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �P�  ¬� �Q� �i�s� �a� �f�i�x�e�d� �p�o�i�n�t� �f�o�r� �7� �i�f� �a�n�d� �o�n�l�y� �i�f� �i�t� �i�s� �a� �f�i�x�e�d� �p�o�i�n�t� �o�f� �e�a�c�h� 

�o�f� �t�h�e� �7�;�'�s�.� �I�n� �f�a�c�t�,� �a�s�s�u�m�e� �t�h�a�t� �r�(�P�)� �=� �P�,� �a�n�d� �t�h�a�t� �7�,�(�P�)� �4� �P�,� �f�o�r� �s�o�m�e� �i�.� �T�h�e� �f�a�c�t� 

�t�h�a�t� �T�;� �c�o�n�t�a�i�n�s� �a� �b�l�o�c�k� �w�i�t�h� �a� �s�p�e�c�t�r�a�l� �g�a�p� �A�,�;�,� �i�m�p�l�i�e�s� �t�h�a�t� �S�(�7�;�(�P�)�)� �>� �S�(�P�)�.� �M�o�r�e�o�v�e�r�,� 

�S�(�1�;�(�P�)�)� �>� �S�(�P�)� �f�o�r� �e�v�e�r�y� �o�t�h�e�r� �j� �4� �i�.� �T�h�e�n�,� �w�e� �o�b�t�a�i�n� 

�6� �6� 

�S�(�r�(�P�)�)�=� �S�$� �(�3�5� �s�t�r�)� �>� �$�5� �d�j� �S�(�7�;�(�P�)�)� 
�:� �j�s�t� �j�=�)� �(�I�V�.�2�1�)� 

�>� �$�5� �A�;�S�(�P�)� �=� �5�(�P�)�,� 
�j�=�l� 

�w�h�i�c�h� �i�s� �a� �c�o�n�t�r�a�d�i�c�t�i�o�n� �b�e�c�a�u�s�e� �S� �i�s� �s�i�n�g�l�e� �v�a�l�u�e�d�.� �T�h�e�r�e�f�o�r�e�,� �r�(�P�)� �=� �P� �i�f� �a�n�d� �o�n�l�y� �i�f� 

�1�i�(�P�)� �=� �P� �f�o�r� �e�v�e�r�y� �t�.� 

�N�o�w�,� �l�e�t� �P� �b�e� �i�n� �Q� �a�n�d� �f�o�r�m� �t�h�e� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �o�f� �n� �c�o�p�i�e�s� �t�h�e�r�e�o�f�:� �o�(� �P�)� �=� �@�[�P�,� �a�n�d� 

�a�p�p�l�y� �t�o� �o�(�P�)� �a� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x� �T� �w�i�t�h� �a� �b�i�s�t�o�c�h�a�s�t�i�c� �b�l�o�c�k� �T �� �t�h�a�t� �h�a�s� �a� �s�p�e�c�t�r�a�l� �g�a�p� 

�A� �>� �0�.� �C�a�l�l� �P�*� �t�h�e� �r�e�s�u�l�t� �o�f� �t�h�i�s� �o�p�e�r�a�t�i�o�n�,� �t�a�k�e� �t�h�e� �c�o�n�d�i�t�i�o�n�a�l� �e�x�p�e�c�t�a�t�i�o�n� �o�n�t�o� �t�h�e� �f�i�r�s�t� 

�f�a�c�t�o�r� 

�[�E�(�P�h�=� �S�>� �P�r�i�s�,� �=� �P�h� �(�I�V�.�2�2�)� 
�U�a� �p�r�e�s�s� �t�n� 

�a�n�d� �c�a�l�l� �P�*� �t�h�e� �v�e�c�t�o�r� �w�h�o�s�e� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �t�h�e� �p�j�'�s�.� �T�h�e�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �h�o�l�d�s� 

�L�E�M�M�A� �I�V�.�1�.� �(�a�)� �S�(�o�(�P�)�)� �=� �n�S�(�P�)�.� 

�(�b�)� �$�(�P�z�)� �=� �S�(�T�(�o�(�P�)�)�)� �>� �S�(�o�(�P�)�)� �+� �S�l�o�"�(�P�)� �~� �P�I�R� 
�(�c�)� �$�(�P�*�)� �>� �=�S�(�P�3�)� �+� �= ��l�|� �@�f� �P�t�  �� �P�a�l�l� 

�T�h�e�n�,� �i�f� �r�T� �i�s� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� �w�h�o�s�e� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x� �i�s� �T�,� �w�e� �h�a�v�e� 

�(�d�)� �$�(�r�(�P�)�)� �>� �8�(�P�)�+� �=� �(�A�l�l�o�*�(�P�)� �-� �P�I� �+� �|�|� �@�f� �P�*�  �� �P�5�|�)�,� �w�h�e�r�e� �n� �i�s� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� 
�m�a�p�.� 

�H�e�r�e�,� �a� �s�m�a�l�l� �a�b�u�s�e� �o�f� �n�o�t�a�t�i�o�n� �h�a�s� �b�e�e�n� �m�a�d�e� �b�y� �u�s�i�n�g� �t�h�e� �s�a�m�e� �s�y�m�b�o�l� �S�$� �f�o�r� �t�h�e� 

�e�n�t�r�o�p�y� �o�f� �P� �a�n�d� �P�*�  ¬� �Q� �a�s� �w�e�l�l� �a�s� �f�o�r� �t�h�e� �e�n�t�r�o�p�y� �o�f� �P�*� �a�n�d� �o�(�P�)� �i�n� �Q�,�,�.� �A�l�s�o�,� �b�y� 

�o�*�(�P�)� �w�e� �m�e�a�n� �t�h�e� �o�r�t�h�o�g�o�n�a�l� �p�r�o�j�e�c�t�i�o�n� �o�f� �o�(�P�)� �o�n�t�o� �t�h�e� �N�-�d�i�m�e�n�s�i�o�n�a�l� �i�n�v�a�r�i�a�n�t� �s�u�b�-� 

�s�p�a�c�e�,� �H� �s�a�y�,� �o�f� �T ��,� �a�n�d� �P� �=� �|�l�o�"�(�P�)�|�|�1�(�1�,�.�.�.�,�1�)�/�N� �i�s� �t�h�e� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �H� �o�f
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�t�h�e� �p�o�r�t�i�o�n� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �p�e�r�t�a�i�n�s� �t�o� �o�*�(�P�)�.� �T�h�e� �i�n�n�e�r� �p�r�o�d�u�c�t� �w�e� �h�a�v�e� �a�d�o�p�t�e�d� �i�s� 

�<� �(�2�1�,� �t�e�e�s� �z�K�)�,� �(�y�i�,� �n�e�e�y� �y�K�)� �>�=� �F� �T�i�Y�i�-� 

�P�r�o�o�r�:� �L�e�t� �u�s� �d�o� �p�a�r�t� �(�a�)� �f�i�r�s�t�.� �W�e� �h�a�v�e� 

�S�(�o�(�P�)�)�= �� �D�y� �P�i�r� �P�i�,� �l�o�g� �(�P�i�,� �-� �P�i�n�)� 

�=�-� �S�o� �p�i�,�-�-�-�p�i�,� �(�l�o�g� �p�i�,� �+� �-�.�.� �+� �l�o�g� �p�i�,�.�)� �(�I�V�.�2�3�)� 

�= ��)� �p�;�,� �l�o�g�p�y�,�  ��.�.�.�-� �S�o� �P�i�,� �l�o�g� �p�;�,� �=� �n�S�(�P�)�.� 

�F�o�r� �(�b�)� �s�i�m�p�l�y� �a�p�p�l�y� �T�h�e�o�r�e�m� �I�I�.�7�,� �a�n�d� �o�b�s�e�r�v�e� �t�h�a�t� �a�l�l� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �o�(� �P�)� �t�h�a�t� 

�a�r�e� �n�o�t� �i�n� �o�*�(�P�)� �a�r�e� �l�e�f�t� �u�n�c�h�a�n�g�e�d� �b�y� �T�.� �F�o�r� �p�a�r�t� �(�c�)� �o�b�s�e�r�v�e� �t�h�a�t� �w�e� �c�a�n� �w�r�i�t�e� 

 ��S�(� �P�z�)� �=� �S�>� �P�i�,�,�.�.�.�:�,� �1�0�8� �P�j�.�.�.� �2� �(�L�e�m�m�a� �I�¥�.�1�)� 

�7�.� �a� �x� �1� �x� �b�d� 

�2� �y�,� �P�i�,�.�,�.�.�.�,�i�n� �1�0�8� �(�y�i�,� �-� �P�i�)� �+� �5� �@�T� �P�*�  �� �P�a�l�l� 
�P�r�y�d�e� �(�I�V�.�2�4�)� 

�1� �r�d� �o�k� �D�e� �P�h�i�n� �(�l�o�g� �p�i�,� �+�-�-�+� �l�o�g� �p�i�.�)� �+� �s�l�l� �@�f� �P�*�  �� �P�a�l�l�e� 
�P�i� �,�-�e�p�t�n� 

�o�i�e� �1� �n�r� �*� �a�i�e� 

 ��n�(�P�"�)� �+� �S�|� �O�r� �P�*� �-� �P�r�i�l�a�,� �I�I� 

�w�h�e�r�e� �p�;�,�,�.�.�.�;�,� �i�s� �t�h�e� �g�e�n�e�r�i�c� �c�o�m�p�o�n�e�n�t� �o�f� �P�x�.� �F�i�n�a�l�l�y�,� �p�a�r�t� �(�d�)� �i�s� �a� �d�i�r�e�c�t� �c�o�n�s�e�q�u�e�n�c�e� �o�f� 

�(�a�)�,� �(�b�)�,� �(�c�)�,� �a�n�d� �o�f� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� �(�D�e�f�i�n�i�t�i�o�n� �I�I�.�3�)�.� �e� 

�W�e� �c�a�n� �n�o�w� �p�r�o�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�T�H�E�O�R�E�M� �I�V�.�1�.� �C�o�n�s�i�d�e�r� �a� �s�e�t� �o�f� �r�e�a�c�t�i�o�n�s�,� �e�a�c�h� �d�e�s�c�r�i�b�e�d� �b�y� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� �7�;� �o�f� �o�r�d�e�r� 

�n�j�,�t�=�1�,�.�.�.�,�8�,� �w�i�t�h� �p�;�  ¬� �(�0�,� �Z�;�)�.� �L�e�t� �r� �b�e� �t�h�e� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n� �(�I�V�.�1�2�)�,� �w�h�e�r�e� �t�h�e� �7�; ��s� 

�a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �7�; ��s� �a�s� �a�b�o�v�e�.� �T�h�e�n� 

�(�2�)� �S� �i�s� �a� �s�t�r�i�c�t� �L�i�a�p�u�n�o�v� �f�u�n�c�t�i�o�n� �f�o�r� �r�.� 

�(�b�)� �L�e�t� �M� �b�e� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �r�,� �a�n�d� �l�e�t� �d�(�z�,�M�)� �=� �m�i�n�y�e�y� �|�|�z�  �� �y�|�|�-� 

�T�h�e�n�,� �f�o�r� �e�v�e�r�y� �P�  ¬� �Q� �a�n�d� �e�v�e�r�y� �«� �>� �0�,� �t�h�e�r�e� �e�x�i�s�t�s� �a� �k�  ¬� �I�N� �s�u�c�h� �t�h�a�t� �d�(�r�/�(�P�)�,� �M�)� �<� �«� 

�w�h�e�n�e�v�e�r� �7� �>� �k�.



�7�7� 

�P�r�o�o�F�:� �(�a�)� �B�e�c�a�u�s�e� �o�f� �t�h�e� �f�a�c�t� �t�h�a�t� �u�;�  ¬� �(�0�,� �Z�;�)� �f�o�r� �e�v�e�r�y� �i�,� �a�l�l� �t�h�e� �T�, ��s� �h�a�v�e� �a� �m�i�x�i�n�g� �b�l�o�c�k�,� 

�a�n�d� �s�o� �S�$� �i�s� �a� �s�t�r�i�c�t� �L�i�a�p�u�n�o�v� �f�u�n�c�t�i�o�n� �f�o�r� �e�v�e�r�y� �7�;�.� �I�t� �f�o�l�l�o�w�s� �t�h�a�t� �S�(�r�(�P�)�)� �>� �S�(�P�)� �i�f� �P� �i�s� 

�n�o�t� �a� �f�i�x�e�d� �p�o�i�n�t� �o�f� �e�v�e�r�y� �7�;�,� �1�.�e�.� �i�f� �P� �i�s� �n�o�t� �a� �f�i�x�e�d� �p�o�i�n�t� �o�f� �r�.� 

�(�b�)� �L�e�t� �P�(�*�)� �a�n�d� �p�)� �b�e� �r�e�s�p�e�c�t�i�v�e�l�y� �t�h�e� �k�-�t�h� �i�t�e�r�a�t�e� �o�f� �P� �u�n�d�e�r� �7� �a�n�d� �t�h�e� �u�n�i�f�o�r�m� 

�r�e�d�i�s�t�r�i�b�u�t�i�o�n� �o�n� �#�;�,� �t�h�e� �i�n�v�a�r�i�a�n�t� �s�u�b�s�p�a�c�e� �o�f� �T�!�,� �o�f� �t�h�e� �p�a�r�t� �o�f� �@� �P�*�)� �t�h�a�t� �f�a�l�l�s� �i�n�t�o� �7�;�.� 

�A�l�s�o�,� �l�e�t� �P�(�*�*�)� �=� �7�;� �(�P�(�)�)� �a�n�d� �p�h�)� �=� �T�;� �(�@�}�'� �P�(�*�)�)�,� �w�h�e�r�e� �n�;� �i�s� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �m�a�p� �7�;�.� 

�T�h�e�n� �w�e� �h�a�v�e� 

�S�(� �P�e�t�)� �-�S� �(�3� �N�5�7�;� �(�e�)� �>� �s� �A�;�5� �(�7�3� �(�p�)�)� 

�@� 
�1� �e�d� �r� �k� �n�y� �2� �>� �{�s� �(�P�)� �+�  �� �[�A�i�l�l�o�z�(�P�)� �~� �P�M� �|�Z� �+� �L�e�r� �P�H�Y�  �� �p�a�i�l� 

�i�=�1� 

� � 
�2�n�;� 

�a�x� 

�$� 
�=� �5� �(�p�t�)� �4� �S�a�m� �3� �[�A�s�l�l�e�r�(�P�M�)�  �� �R�P�E� �+� �L�e�n� �P�M�P�  �� �P�O�U�R�]�,� 

�(�I�V�.�2�5�)� 

�w�h�e�r�e� �o�7� �i�s� �t�h�e� �o�p�e�r�a�t�o�r� �d�e�f�i�n�e�d� �i�n� �L�e�m�m�a� �I�V�.�1� �r�e�l�a�t�i�v�e� �t�o� �7�;�,� �A�m�i�n� �=� �m�i�n�;�(�A�;�)� �a�n�d� �n�m�a�x� �=� 

�m�a�x�;�(�n�;�)�.� �T�h�e�r�e�f�o�r�e�,� �s�i�n�c�e� �S� �i�s� �b�o�u�n�d�e�d� �w�e� �m�u�s�t� �h�a�v�e� 

�A�;�|�l�o�f�(�P!"�)� �-� �p�l�)�?� �+�0�,� �a�s� �k ��o�o�,� �f�o�r�e�v�e�r�y� �i�,� �a�n�d� 
�(�I�V�.�2�6�)� 

�|� �a�p� �P�e�)�  �� �p�t�*�)�)�)�2� �+�0�,� �a�s� �k�- �� �o�o�,� �f�o�r�e�v�e�r�y� �i�.� 

�H�e�r�e�,� �t�h�e� �f�i�r�s�t� �e�q�u�a�t�i�o�n� �s�t�a�t�e�s� �t�h�a�t� �P�(�*�)� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �7�;�,� �f�o�r� 

�e�v�e�r�y� �i�,� �i�.�e�.� �P�(�*�)� �c�o�n�v�e�r�g�e�s� �t�o� �M�.� �T�h�e� �s�e�c�o�n�d� �e�q�u�a�t�i�o�n� �s�a�y�s� �t�h�a�t� �T�;�(�@�7�'� �P�\�*�)�)� �+� �@�f ��r�;�(�P�l�*�)�)� 

�f�o�r� �e�v�e�r�y� �i�,� �w�h�i�c�h� �i�s� �a�l�s�o� �s�a�t�i�s�f�i�e�d� �i�f� �P�(�*�)� �t�e�n�d�s� �t�o� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �r�.� �=� 

�N�o�t�e� �t�h�a�t� �r� �h�a�s� �o�n�e� �f�i�x�e�d� �p�o�i�n�t� �a�t� �l�e�a�s�t�:� �t�h�e� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n�.� �I�n� �m�a�n�y� �i�n�s�t�a�n�c�e�s�,� 

�t�h�a�t� �i�s� �t�h�e� �o�n�l�y� �f�i�x�e�d� �p�o�i�n�t� �o�f� �7�,� �i�n� �w�h�i�c�h� �c�a�s�e� �t�h�e� �t�h�e�o�r�e�m� �s�t�a�t�e�s� �t�h�a�t� �e�v�e�r�y� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� 

�P�(�0�)�  ¬� �Q�O� �c�o�n�v�e�r�g�e�s� �t�o� �s�u�c�h� �a� �p�o�i�n�t�.� �I�n� �o�t�h�e�r� �c�a�s�e�s�,� �t�h�e� �m�a�n�i�f�o�l�d� �M� �c�o�n�t�a�i�n�s� �m�o�r�e� �t�h�a�n� �o�n�e� 

�p�o�i�n�t�,� �b�u�t� �o�t�h�e�r� �s�e�l�e�c�t�i�o�n� �r�u�l�e�s� �b�e�c�o�m�e� �e�f�f�e�c�t�i�v�e� �a�n�d� �i�m�p�l�y� �t�h�a�t� �f�o�r� �e�v�e�r�y� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� 

�P�(�0�)� �a� �P� �c�a�n� �b�e� �f�o�u�n�d� �s�u�c�h� �t�h�a�t� �r�*�(�P�(�0�)�)� �>� �P�.� �H�e�r�e� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �t�h�r�e�e� �o�f� �t�h�e�s�e� �r�u�l�e�s�,� 

�w�h�i�c�h� �m�a�y� �b�e� �u�s�e�f�u�l� �i�n� �m�a�n�y� �p�r�a�c�t�i�c�a�l� �c�a�s�e�s�.



�7�8� 

�T�H�E�O�R�E�M� �I�V�.�2�.� �C�o�n�s�i�d�e�r� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �B�o�l�t�z�m�a�n�n� �m�a�p� �7� �a�n�d� �l�e�t� �P�(�0�)�  ¬� �Q�.� 

�(�a�)� �A�s�s�u�m�e� �t�h�a�t� �o�n�e� �o�f� �t�h�e� �c�o�n�v�e�r�g�e�n�t� �s�u�b�s�e�q�u�e�n�c�e�s� �o�f� �{�r�*�(� �P�(�0�)�)�}�,� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� �u�n�i�q�u�e� 

�p�o�i�n�t� �P� �t�h�a�t� �m�a�x�i�m�i�z�e�s� �t�h�e� �e�n�t�r�o�p�y�,� �u�n�d�e�r� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �i�m�p�o�s�e�d� �b�y� �t�h�e� �c�o�n�s�t�a�n�t�s� �o�f� 

�m�o�t�i�o�n�.� �T�h�e�n�,� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �r�*�(�P�(�0�)�)� �+� �P� �a�s� �k�  �� �o�o�.� 

�(�b�)� �I�f� �t�h�e�r�e� �i�s� �o�n�e� �f�i�x�e�d� �p�o�i�n�t� �o�n�l�y�,� �P� �s�a�y�,� �w�i�t�h� �t�h�e� �p�r�o�p�e�r�t�y� �S�(�P�)� �>� �S�(�P�(�0�)�)�,� �t�h�e�n� 

�r�*�(�P�(�0�)�)�  �� �P�,� �a�s�k� �>� �o�.� 

�(�c�)� �I�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �r� �a�r�e� �i�s�o�l�a�t�e�d�,� �t�h�e�n� �r�*�(�P�(�0�)�)� �c�o�n�v�e�r�g�e�s� �t�o� �o�n�e� �o�f� �t�h�e�m�.� 

�P�r�o�o�r�:� �(�a�)� �{�r�*�(�P�(�0�)�)�}�,� �i�s� �c�o�n�t�a�i�n�e�d� �i�n� �a� �c�o�m�p�a�c�t� �s�e�t�,� �a�n�d� �s�o� �i�t� �h�a�s� �c�o�n�v�e�r�g�e�n�t� �s�u�b�s�e�-� 

�q�u�e�n�c�e�s�.� �A�s�s�u�m�e� �t�h�a�t� �t�h�e� �s�u�b�s�e�q�u�e�n�c�e� �{�r�*�(�P�(�0�)�)�}�;� �c�o�n�v�e�r�g�e�s� �t�o� �P�y�.� �T�h�e�n� �P�y� �i�s� �a� �f�i�x�e�d� 

�p�o�i�n�t� �f�o�r� �r�.� �I�n� �f�a�c�t�,� �r� �o� �r�*�*�(�P�(�0�)�)�  �� �1�(�P�o�)� �a�s� �i�  �� �0�0� �b�e�c�a�u�s�e� �o�f� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �o�f� �r�.� 

�M�o�r�e�o�v�e�r�,� �S�$� �i�s� �c�o�n�t�i�n�u�o�u�s�,� �a�n�d� �s�o� 

�S�(�r!"�(�P�(�0�)�)�)� �+� �S�(�P�o�)�,� �a�n�d� 
�(�I�V�.�2�7�)� 

�5�(�r�*�*�1�(�P�(�0�)�)�)� �+� �5�(�1�(�P�o�)�)� �=� �(�P�o�)�,� 
�b�e�c�a�u�s�e� �S�$� �i�s� �a�l�s�o� �m�o�n�o�t�o�n�i�c� �a�n�d� �b�o�u�n�d�e�d�,� �a�n�d� �s�o� �i�t� �c�o�n�v�e�r�g�e�s�.� �N�o�w�,� �r�e�c�a�l�l� �t�h�a�t� �S� �i�s� �a� �s�t�r�i�c�t� 

�L�i�a�p�u�n�o�v� �f�u�n�c�t�i�o�n� �f�o�r� �+�,� �a�n�d� �c�o�n�c�l�u�d�e� �t�h�a�t� �S�(�r�(�P�9�)�)� �=� �S�(�P�o�)� �i�f� �a�n�d� �o�n�l�y� �i�f� �r�(�P�o�)� �=� �P�o�.� 

�N�o�t�e� �t�h�a�t� �a�l�l� �t�h�e� �o�t�h�e�r� �c�o�n�v�e�r�g�e�n�t� �s�u�b�s�e�q�u�e�n�c�e�s� �o�f� �{�r�"�(�P�(�0�)�)�}�,� �h�a�v�e� �l�i�m�i�t�s� �w�h�o�s�e� �e�n�t�r�o�p�y� 

�e�q�u�a�l�s� �t�h�a�t� �o�f� �P�o�,� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �{�S�(�7�*�(�P�(�0�)�)�)�}�,� �i�s� �a� �c�o�n�v�e�r�g�e�n�t� �s�e�q�u�e�n�c�e�.� �T�h�e�r�e�f�o�r�e�,� 

�i�f� �P� �=� �P�o�,� �a�l�l� �t�h�e� �c�o�n�v�e�r�g�e�n�t� �s�u�b�s�e�q�u�e�n�c�e�s� �o�f� �{�r�*� �(�P�(�0�)�)�}�,� �h�a�v�e� �l�i�m�i�t�s� �w�h�o�s�e� �e�n�t�r�o�p�y� �i�s� �t�h�e� 

�m�a�x�i�m�u�m�,� �g�i�v�e�n� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �c�h�o�i�c�e� �o�f� �t�h�e� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n� �p�e�r�f�o�r�m�e�d� �b�y� �P�(�0�)�.� �B�u�t� 

�t�h�e� �o�n�l�y� �p�o�i�n�t� �w�h�o�s�e� �e�n�t�r�o�p�y� �i�s� �m�a�x�i�m�u�m� �i�s� �P� �i�t�s�e�l�f�.� �I�n� �f�a�c�t�,� �t�h�e� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n� �o�f� �7�,� 

�i�f� �a�n�y�,� �a�r�e� �h�y�p�e�r�p�l�a�n�e�s� �w�h�o�s�e� �i�n�t�e�r�s�e�c�t�i�o�n� �w�i�t�h� �Q� �i�s� �a� �c�o�n�v�e�x� �s�e�t�,� �a�n�d� �S� �c�a�n� �o�n�l�y� �h�a�v�e� �o�n�e� 

�m�a�x�i�m�u�m� �o�n� �a� �c�o�n�v�e�x� �s�e�t�.� �T�o� �s�e�e� �t�h�i�s� �l�e�t� �u�s� �u�s�e� �K�u�l�b�a�c�k ��s� �L�e�m�m�a� �(�L�e�m�m�a� �I�I�.�1�)�.� �T�h�e�n�,� 

�f�o�r� �P�'�  ¬� �Q�,� �w�e� �c�a�n� �w�r�i�t�e� 

�S�(�P�\�)� �=� �S�A�P� �+� �(�1� �-� �A�)�P ��)� 
�(�I�V�.�2�8�)� �.� �d� �w�y�,� �L�-�A� �>� �A�S�(�P�)� �+� �(�1�  �� �A�)�S�(�P�!�)� �+� �F�I�|�P�i�  �� �P�l�l�2� �+�  ��S� �I�P�s� �-� �P�'�l�l�z�,� 

�a�n�d� �s�o� �$�(�P�\�)� �>� �S�(�P�)� �i�f� �S�(�P ��)� �=� �S�(�P�)� �a�n�d� �P�'� �#� �P�.



�7�9� 

�(�b�)� �T�h�e� �p�r�o�o�f� �o�f� �t�h�e� �s�e�c�o�n�d� �p�a�r�t� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �o�b�v�i�o�u�s� �o�b�s�e�r�v�a�t�i�o�n� �t�h�a�t� �S� �i�s� �n�o�n�-� 

�d�e�c�r�e�a�s�i�n�g� �a�n�d� �t�h�a�t� �a�l�l� �t�h�e� �c�o�n�v�e�r�g�e�n�t� �s�u�b�s�e�q�u�e�n�c�e�s� �o�f� �{�r�*�(�P�(�0�)�)�}�,� �c�o�n�v�e�r�g�e� �t�o� �a� �f�i�x�e�d� 

�p�o�i�n�t�.� �T�h�e�r�e�f�o�r�e�,� �i�f� �t�h�e�r�e� �i�s� �o�n�e� �f�i�x�e�d� �p�o�i�n�t� �o�n�l�y�,� �w�h�o�s�e� �e�n�t�r�o�p�y� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �o�r� �e�q�u�a�l� 

�t�o� �t�h�a�t� �o�f� �P�(�0�)�,� �a�l�l� �t�h�e� �c�o�n�v�e�r�g�e�n�t� �s�u�b�s�e�q�u�e�n�c�e�s� �t�e�n�d� �t�o� �t�h�a�t� �p�o�i�n�t�,� �a�n�d� �t�h�i�s� �i�s� �e�n�o�u�g�h� �t�o� 

�e�n�s�u�r�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �f�u�l�l� �s�e�q�u�e�n�c�e�,� �a�s� �Q� �i�s� �c�o�m�p�a�c�t�.� 

�(�c�)� �I�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �r� �a�r�e� �i�s�o�l�a�t�e�d�,� �a�n�d� �M� �i�s� �t�h�e� �s�e�t� �o�f� �s�u�c�h� �p�o�i�n�t�s�,� �w�e� �h�a�v�e� �t�h�a�t� �d�p� �=� 

�m�i�n�p�,� �p�<� �d�(�P�;�,� �P�)� �i�s� �a� �p�o�s�i�t�i�v�e� �q�u�a�n�t�i�t�y�.� �T�h�e�n�,� �c�o�n�s�i�d�e�r� �t�h�a�t� �d� �(�r�?�(�P�(�0�)�)�,�7�7�-�1�(�P�(�0�)�)�)� 

�c�o�n�v�e�r�g�e�s� �t�o� �0�,� �a�s� �r�/�(�P�(�0�)�)� �a�p�p�r�o�a�c�h�e�s� �M�,� �s�i�n�c�e� �t�h�e� �d�i�s�e�q�u�i�l�i�b�r�i�u�m� �p�a�r�a�m�e�t�e�r�s� �i�n� �T� �a�r�e� 

�c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n�s� �a�n�d� �t�h�e�y� �a�l�l� �v�a�n�i�s�h� �i�n� �M�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �a� �m�i�n�i�m�u�m� 

�d�i�s�t�a�n�c�e�,� �d�,� �s�a�y�,� �s�u�c�h� �t�h�a�t� �d� �(�r�?�(�P�(�0�)�)�,� �r�7�-�1�(�P�(�0�)�)�)� �<� �d�o�/�3� �w�h�e�n�e�v�e�r� �d� �(�r�7�-�1�(� �P�(�0�)�)�,� �M�)� �<� 

�d�,�.� �A�t� �t�h�e� �s�a�m�e� �t�i�m�e�,� �w�e� �k�n�o�w�,� �f�r�o�m� �t�h�e�o�r�e�m� �I�[�V�.�1�,� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �k�  ¬� �I�N� �s�u�c�h� �t�h�a�t� 

�d� �(�r�?�(�P�(�0�)�)�,� �M�)� �<� �m�i�n�(�d�;�,�d�o�/�3�)� �=� �d�'� �f�o�r� �a�l�l� �j� �>� �k�&�.� �I�t� �f�o�l�l�o�w�s� �t�h�a�t� �f�o�r� �j� �>� �k� �i�t� �i�s� �i�m�p�o�s�s�i�b�l�e� 

�f�o�r� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �t�o� �j�u�m�p� �f�r�o�m� �t�h�e� �b�a�l�l� �o�f� �r�a�d�i�u�s� �d �� �a�r�o�u�n�d� �P�;�  ¬� �M� �t�o� �t�h�e� �b�a�l�l� �o�f� �t�h�e� �s�a�m�e� 

�s�i�z�e� �a�r�o�u�n�d� �P�;�  ¬� �M�,� �b�e�c�a�u�s�e� �i�t� �w�o�u�l�d� �b�e� �n�e�c�e�s�s�a�r�y� �t�o� �p�a�s�s� �t�h�r�o�u�g�h� �p�o�i�n�t�s� �t�h�a�t� �a�r�e� �a�t� �a� 

�d�i�s�t�a�n�c�e� �b�i�g�g�e�r� �t�h�a�n� �d �� �f�r�o�m� �M�.� �A�s� �w�e� �k�n�o�w� �t�h�a�t� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �b�e�t�w�e�e�n� �r�/�(�P�(�0�)�)� �a�n�d� �M� 

�s�h�r�i�n�k�s� �t�o� �z�e�r�o�,� �w�e� �m�u�s�t� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �c�o�n�v�e�r�g�e� �t�o� �a� �g�i�v�e�n� �p�o�i�n�t� �o�f� �M�.� �a� 

�I�V�.�5� �D�i�s�c�r�e�t�e� �D�i�f�f�u�s�i�o�n� 

�I�n� �C�h�a�p�t�e�r� �I�I�I� �i�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�h�a�t� �t�h�e� �p�r�o�c�e�s�s� �o�f� �d�i�f�f�u�s�i�o�n� �o�f� �a� �c�h�e�m�i�c�a�l�,� �i�n� �a� 

�m�e�d�i�u�m� �s�u�b�d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �c�e�l�l�s�,� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� �a� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x�,� �a�l�s�o� �r�e�g�a�r�d�e�d� 

�a�s� �a� �B�o�l�z�m�a�n�n� �m�a�p� �o�f� �o�r�d�e�r� �o�n�e�.� �H�e�r�e� �t�h�a�t� �a�r�g�u�m�e�n�t� �w�i�l�l� �b�e� �g�e�n�e�r�a�l�i�z�e�d� �t�o� �t�h�e� �c�a�s�e� 

�o�f� �a�n� �a�r�b�i�t�r�a�r�y� �n�u�m�b�e�r� �o�f� �c�e�l�l�s�,� �t�h�a�t� �c�o�v�e�r� �a� �s�u�b�s�e�t� �o�f� �I�R ��,� �f�o�r� �a�n�y� �v�  ¬� �I�N�.� �C�o�n�s�i�d�e�r� �a� 

�1�-�d�i�m�e�n�s�i�o�n�a�l� �m�e�d�i�u�m� �f�i�r�s�t�,� �t�h�a�t� �i�s� �m�a�d�e� �o�f� �N� �c�e�l�l�s�,� 
� � 

�(�1�)� �(�2�)� �(�N�)� 
�r�y� 

� � � � � � � � � � � � 

�a�n�d� �l�e�t� �A� �b�e� �o�n�e� �c�h�e�m�i�c�a�l� �t�h�a�t� �d�i�f�f�u�s�e�s� �i�n� �i�t�.� �L�e�t� �t�h�e� �d�i�s�c�r�e�t�e� �l�a�w� �o�f� �d�i�f�f�u�s�i�o�n� �b�e� �e�x�p�r�e�s�s�e�d



�8�0� 

�P�i� �=� �P�i�  �� �d�i�(�p�r�  �� �p�o�)� 

�m�e� 

�P�;� �=� �p�i� �-� �4�i�-�1�(�p�i�  �� �P�i�-�1�)�  �� �4�i�(�P�i�  �� �P�i�t�)�,� �t�=� �2�,�.�.�,�N ��1� �(�I�V�.�2�9�)� 

�P�N� �=� �P�N� �~� �4�n�-�1�(�P�N�  �� �P�N�-�1�)�;�,� 

�w�h�e�r�e� �p�;� �i�s� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �o�f� �A� �i�n� �t�h�e� �i�-�t�h� �c�e�l�l� �a�t� �t�h�e� �i�n�s�t�a�n�t� �t�,� �p�z� �i�s� �t�h�e� �s�a�m�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� 

�a�t� �t�h�e� �i�n�s�t�a�n�t� �¢�t� �+� �1�,� �a�n�d� �e�l� �p�i� �=� �1�.� �E�a�c�h� �d�;� �i�s� �c�a�l�l�e�d� �t�h�e� �D�i�f�f�u�s�i�o�n� �C�o�e�f�f�i�c�i�e�n�t� �b�e�t�w�e�e�n� 

�t�h�e� �i�-�t�h� �a�n�d� �t�h�e� �(�1� �+� �1�)�-�t�h� �c�e�l�l�s�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �d�i�f�f�u�s�i�o�n� �i�s� �m�i�c�r�o�s�c�o�p�i�c�a�l�l�y� �r�e�v�e�r�s�i�b�l�e�,� 

�i�.�e�.� �t�h�e� �d�i�f�f�u�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �o�n�e� �p�a�r�t�i�c�l�e� �i�n� �t�h�e� �i�-�t�h� �c�e�l�l� �t�o�w�a�r�d�s� �t�h�e� �(�1�+�7�)�-�t�h� �c�e�l�l� �i�s� �e�q�u�a�l� 

�t�o� �t�h�e� �d�i�f�f�u�s�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �o�n�e� �p�a�r�t�i�c�l�e� �i�n� �t�h�e� �(�1�+� �7�)�-�t�h� �c�e�l�l� �t�o�w�a�r�d�s� �t�h�e� �7�-�t�h� �c�e�l�l�.� �I�n� �t�h�e� 

�s�p�e�c�i�a�l� �c�a�s�e� �t�h�a�t� �a�l�l� �t�h�e� �d�, ��s� �a�r�e� �e�q�u�a�l�,� �t�o� �d� �s�a�y�,� �w�e� �g�e�t� 

�P�;� �=� �p�i� �+� �A�(�p�i�-�1�  �� �2�p�;� �+� �P�i�4�1�)�,� �(�I�V�.�3�0�)� 

�w�h�i�c�h� �i�s� �t�h�e� �w�e�l�l� �k�n�o�w�n� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e� �f�o�r� �t�h�e� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� 

�O�p�(�z�,�t�)� �_� �9�°� �p�(�z�,�t�)� �D�a� �(�I�V�.�3�1�)� 

�w�h�e�r�e� �i�t� �h�a�s� �b�e�e�n� �s�u�p�p�o�s�e�d� �t�h�a�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �h�o�l�d�s� 

� � 

� � 

�d�p�(�z�,�t�)� �P�j�  �� �P�i�  � �� �S� �d� 
�O�t� �|�i�.� �A�t �� �V�v� 

!"� �3�2� 
�0�?� �p�(�x�,� �t�)� �_� �D� �(� �)� 

�D�~� �5�,�2� �a�t� �x� �p�z� �\�P�i�-�1�  �� �2�p�i�+� �p�i�s�i�)� �,� 

�w�h�e�r�e� �A�t� �i�s� �t�h�e� �t�i�m�e� �s�t�e�p� �s�i�z�e�,� �h� �i�s� �t�h�e� �w�i�d�t�h� �o�f� �o�n�e� �c�e�l�l�,� �d� �=� �D�A�t�/�h�?�,� �a�n�d� �p�;� �a�n�d� �p�*� �a�r�e� 

�t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �i�n� �t�h�e� �i�-�t�h� �c�e�l�l� �a�t� �t�i�m�e�s� �t�;� �a�n�d� �t�;� �+� �A�t�.� �I�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �n�o�t�e�,� �a�t� �t�h�i�s� 

�p�o�i�n�t�,� �t�h�a�t� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �l�i�m�i�t� �f�o�r� �6�  ��w�h�i�c�h� �i�s� �d�e�f�i�n�e�d� �b�e�l�o�w �� �r�e�q�u�i�r�e�s� �d� �<� �1�/�2�,� �a�n�d� 

�s�o� �a� �n�a�t�u�r�a�l� �r�e�l�a�t�i�o�n� �i�s� �f�o�u�n�d� �b�e�t�w�e�e�n� �A�t� �a�n�d� �h�,� �n�a�m�e�l�y�:� �A�t� �<� �h�?�/�2�D�.� �T�h�i�s� �i�s� �o�f� �i�n�t�e�r�e�s�t� 

�i�n� �t�h�e� �n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s� �o�f� �(�I�V�.�3�1�)�.� �I�n� �f�a�c�t�,� �t�h�i�s� �r�e�l�a�t�i�o�n� �i�s� �n�o�t�h�i�n�g� �b�u�t� �t�h�e� �u�s�u�a�l� �c�o�n�d�i�t�i�o�n� 

�r�e�q�u�i�r�e�d� �i�n� �n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s� �f�o�r� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �s�c�h�e�m�e� �(�I�V�.�3�0�)� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� 

�(�I�V�.�3�1�)� �[�3�9�]�.
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�W�e� �c�a�n� �m�a�k�e� �t�h�i�s� �i�n�t�o� �a� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y� �b�y� �t�a�k�i�n�g� �2� �=� �{�A�j�)�,�.�.�.�,� �A�w�}� �a�s� �t�h�e� �s�a�m�p�l�e� 

�s�p�a�c�e�,� �a�n�d� �6�:� �Q�  �� �Q� �a�s� �t�h�e� �d�i�f�f�u�s�i�o�n� �o�p�e�r�a�t�o�r�,� �w�h�i�c�h� �i�s� �a� �B�o�l�t�z�m�a�n�n� �m�a�p� �o�f� �o�r�d�e�r� �o�n�e�,� 

�a�n�d� �d�e�f�i�n�e�s� �a� �d�y�n�a�m�i�c�s� �o�n� �Q�,� �t�h�e� �s�i�m�p�l�e�x� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e�s� �o�n� �1�2�.� �I�n� �t�h�i�s� �c�a�s�e�,� �6� �i�s� 

�s�y�m�m�e�t�r�i�c�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �m�i�c�r�o�s�c�o�p�i�c� �r�e�v�e�r�s�i�b�i�l�i�t�y�,� �a�n�d� �i�t� �h�a�s� �t�h�e� �f�o�r�m� 

� � � � 

�1� �2� �3� �4� �N�-�1� �N� 

�1� �(�i� �a� �d�y� �0� �0� �v�e�e� �0� �0� �\� 

�2�|� �d� �1�l�-�d�-�d�,� �d�y� �0� �0� �0� 

�3� �0� �d�y� �1�  �� �d�z�  ��-� �d�y� �d�y� �0� �0� 

�4� �0� �0� �d�y� �1�  ��d�3 ��d�g� �0� �0� 

�0� �0� �0� �0� �1 ��d�n�-�2�-�d�n�-�1� �d�n�i� 

�v�\� �o� �0� �0� �0� �L�e� �d�y� �1 ��d�p�y�/� 
�(�I�V�.�3�3�)� 

�T�h�i�s� �m�a�t�r�i�x� �i�s� �b�i�s�t�o�c�h�a�s�t�i�c� �p�r�o�v�i�d�e�d� �t�h�a�t� �d�;� �>� �0� �a�n�d� �d�;�_�,� �+� �d�;� �<� �1� �f�o�r� �e�v�e�r�y� �1�.� �H�o�w�e�v�e�r�,� 

�i�f� �s�o�m�e� �d�;� �v�a�n�i�s�h�e�s�,� �t�h�e�r�e� �i�s� �n�o� �d�i�f�f�u�s�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �c�e�l�l�s� �t�o� �t�h�e� �l�e�f�t� �o�f� �t�h�e� �(�1� �+� �7�)�-�t�h� �c�e�l�l� 

�a�n�d� �a�l�l� �t�h�e� �o�t�h�e�r�s�.� �T�h�e�r�e�f�o�r�e�,� �t�h�i�s� �c�a�s�e� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�a�t� �o�f� �t�w�o� �s�e�p�a�r�a�t�e� �m�e�d�i�a� �t�h�a�t� �c�a�n� 

�b�e� �s�t�u�d�i�e�d� �s�e�p�a�r�a�t�e�l�y�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �w�e� �w�i�l�l� �a�l�w�a�y�s� �a�s�s�u�m�e� �t�h�a�t� �d�;� �>� �0� �f�o�r� �e�v�e�r�y� �7�.� �U�n�d�e�r� 

�t�h�i�s� �h�y�p�o�t�h�e�s�i�s�,� �i�t� �i�s� �e�a�s�y� �t�o� �s�e�e� �t�h�a�t� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �d�i�f�f�u�s�i�o�n� �o�p�e�r�a�t�o�r� �a�n�d� �i�t�s� �a�d�j�o�i�n�t�,� 

�§�6�*� �=� �6�7�,� �i�s� �a� �5�-�d�i�a�g�o�n�a�l� �m�a�t�r�i�x�,� �a�n�d� �t�h�e�r�e� �e�x�i�s�t�s� �o�n�e� �k�  ¬� �I�N� �s�u�c�h� �t�h�a�t� �6�?�*� �i�s� �a� �p�o�s�i�t�i�v�e� 

�b�i�s�t�o�c�h�a�s�t�i�c� �m�a�t�r�i�x�.� �T�h�e�n�,� �T�h�e�o�r�e�m� �I�I�.�9� �s�a�y�s� �t�h�a�t� �6�6�*� �h�a�s� �a� �s�p�e�c�t�r�a�l� �g�a�p� �A� �>� �0�,� �a�n�d� 

�T�h�e�o�r�e�m� �I�I�.�7� �e�n�s�u�r�e�s� �t�h�a�t� �f�o�r� �e�v�e�r�y� �P�  ¬� �Q� �w�e� �h�a�v�e� �6�/�(�P�)� �>� �P� �=� �(�1�,�.�.�.�,�1�)�/�N� �a�s� �j� �-� �o�o�.� 

�C�o�n�s�i�d�e�r� �n�o�w� �d�i�f�f�u�s�i�o�n� �i�n� �a� �2�-�d�i�m�e�n�s�i�o�n�a�l� �m�e�d�i�u�m� �m�a�d�e� �o�f� �N� �c�o�l�u�m�n�s� �a�n�d� �M� �r�o�w�s� �o�f� 

�c�e�l�l�s�.� �L�e�t� �P� �=� �(�p�;�;�)� �b�e� �t�h�e� �v�e�c�t�o�r� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �c�o�n�c�e�n�t�r�a�t�i�o�n�s�,� �a�n�d� �d�t� �t�h�e� �h�o�r�i�z�o�n�t�a�l� 

�d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �(�7�,�7�)� �a�n�d� �t�h�e� �(�1�+� �1�,�7�)� �c�e�l�l�s�.� �S�i�m�i�l�a�r�l�y�,� �l�e�t� �d�y� �;� �b�e� �t�h�e� �v�e�r�t�i�c�a�l� 

�d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �(�7�,�7�)� �a�n�d� �(�7�,�7� �+� �1�)� �c�e�l�l�s�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� �d�i�s�c�r�e�t�e� �l�a�w� �o�f� 

�d�i�f�f�u�s�i�o�n� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s
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�P�i�;� �=� �P�i�g�  �� �O�E�,� �(�p�i�g�  �� �P�i�-�1�,�3�)�  �� �4� �(� �P�i�g�  �� �D�i�4�1�,�3�)� 
�(�I�V�.�3�4�)� 

 �� �d�i� �j�-�1�(�P�i�j�  �� �P�i�g�-�1�)�  �� �G�E� �j�(�p�i�g�  �� �P�i�j�+�1�)�,� �f�o�r� �a�l�l� �i�,� �j� 

�w�h�e�r�e� �d�g�,� �=�0�=� �d�k� �a�n�d� �d�i� �=�0�=� �d�a�g�:� �T�h�e�n� �a� �b�i�s�t�o�c�h�a�s�t�i�c� �m�a�p� �6� �c�a�n� �b�e� �a�s�s�o�c�i�a�t�e�d� 

�w�i�t�h� �t�h�i�s� �p�r�o�c�e�s�s�,� �p�r�o�v�i�d�e�d� �t�h�a�t� �d�f�,� �d�y�,� �>� �0� �f�o�r� �e�v�e�r�y� �7�,� �j�,� �a�n�d� �t�h�a�t� �a� �+� �a�f�t�.� �+� �d�y�.� �+� 

�d�y� �;� �<�1�.� �N�o�t�e� �t�h�a�t� �t�h�i�s� �t�i�m�e� �t�h�e� �f�a�c�t� �t�h�a�t� �s�o�m�e� �o�f� �t�h�e� �d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �z�e�r�o� 

�d�o�e�s� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �i�m�p�l�y� �t�h�a�t� �t�h�e� �f�u�l�l� �s�y�s�t�e�m� �i�s� �n�o�t� �m�i�x�i�n�g�.� �H�o�w�e�v�e�r�,� �w�e� �w�i�l�l� �a�s�s�u�m�e� 

�f�o�r� �s�i�m�p�l�i�c�i�t�y� �t�h�a�t� �s�u�c�h� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�l�l� �p�o�s�i�t�i�v�e�,� �a�s� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� 

�c�a�s�e� �i�n�t�r�o�d�u�c�e�s� �m�e�r�e�l�y� �t�e�c�h�n�i�c�a�l� �d�i�f�f�i�c�u�l�t�i�e�s�,� �a�n�d� �i�t� �c�a�n� �b�e� �d�e�a�l�t� �w�i�t�h� �b�y� �t�h�e� �t�h�e�o�r�y� �h�e�r�e� 

�d�e�v�e�l�o�p�e�d�.� �F�u�r�t�h�e�r�m�o�r�e�,� �6� �t�u�r�n�s� �o�u�t� �t�o� �b�e� �a� �5�-�d�i�a�g�o�n�a�l� �1�4�4� �N�x� �M�N� �m�a�t�r�i�x� �w�h�o�s�e� �s�q�u�a�r�e�,� 

�§�?� �=� �§�§�*� �i�s� �s�h�o�w�n� �t�o� �h�a�v�e� �a� �s�p�e�c�t�r�a�l� �g�a�p� �a�s� �f�o�r� �t�h�e� �1�-�d�i�m�e�n�s�i�o�n�a�l� �c�a�s�e�.� 

�I�n� �g�e�n�e�r�a�l�,� �d�i�f�f�u�s�i�o�n� �i�n� �y� �d�i�m�e�n�s�i�o�n�s� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� �a�n� �N�,�-�-�-�N�,�x�N�,�-�-�-�N�,� �m�a�t�r�i�x�,� 

�w�h�i�c�h� �i�s� �(�2�v� �+�1�)�-�d�i�a�g�o�n�a�l� �a�n�d� �b�i�s�t�o�c�h�a�s�t�i�c� �i�f� �a�l�l� �t�h�e� �d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �k�-�t�h� �d�i�r�e�c�t�i�o�n� 

�d�h�)� �a�r�e� �n�o�n�n�e�g�a�t�i�v�e�,� �f�o�r� �e�v�e�r�y� �k�,� �a�n�d� �i�f� 

�v�y� 

�S�o�a�)� �+� �d�s�"�)� �-�}� �<�1�,� �f�o�r�e�v�e�r�y� �i�4�,�.�.�.�,� �t�p�.� �(�I�V�.�3�5�)� 
�t�1�.�.�.�8�g� �e�t�y� �2�1� �.�.�-�T�e� �y�e�e� 

�k�=�1� 

�M�o�r�e�o�v�e�r�,� �6� �i�s� �m�i�x�i�n�g� �i�f� �a�l�l� �t�h�e� �d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �p�o�s�i�t�i�v�e�.� �H�e�r�e� �N�;�,� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� 

�c�e�l�l�s� �o�f� �t�h�e� �m�e�d�i�u�m� �i�n� �t�h�e� �k�-�t�h� �d�i�r�e�c�t�i�o�n�.� �T�h�e�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �h�o�l�d�s�.� 

�L�E�M�M�A� �I�V�.�2�.� �L�e�t� �6� �b�e� �a� �d�i�f�f�u�s�i�o�n� �o�p�e�r�a�t�o�r� �f�o�r� �o�n�e� �c�h�e�m�i�c�a�l� �i�n� �k� �d�i�m�e�n�s�i�o�n�s�,� �w�h�o�s�e� �d�i�f�f�u�s�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�l�l� �p�o�s�i�t�i�v�e�.� �T�h�e�n�,� �f�o�r� �e�v�e�r�y� �P�  ¬� �Q� �w�e� �h�a�v�e� �r�/�(�P�)�  �� �P�,� �w�h�e�r�e� �P� �i�s� �t�h�e� 

�u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �t�h�e� �N�,�-�-�-�N�,� �c�e�l�l�s� �w�h�i�c�h� �t�h�e� �m�e�d�i�u�m� �i�s� �m�a�d�e� �o�f�.� 

�L�e�t� �u�s� �g�o� �b�a�c�k�,� �n�o�w�,� �t�o� �t�h�e� �d�i�f�f�u�s�i�o�n� �i�n� �o�n�e� �d�i�m�e�n�s�i�o�n�,� �b�u�t� �w�i�t�h� �t�w�o� �d�i�f�f�u�s�i�n�g� �c�h�e�m�i�c�a�l�s�,� 

�A� �a�n�d� �J�B�.� �I�f� �t�h�e�r�e� �a�r�e� �N� �c�e�l�l�s�,� �t�h�e� �s�a�m�p�l�e� �s�p�a�c�e� �w�i�l�l� �b�e� �M� �=� �(�A�j�,�.�.�.�,�A�n�,� �B�,�.�.�.�,� �B�n�)�.� �T�h�e�n� 

�t�h�e� �d�i�f�f�u�s�i�o�n� �o�p�e�r�a�t�o�r� �f�o�r� �t�h�i�s� �p�r�o�c�e�s�s� �h�a�s� �t�h�e� �f�o�r�m� �6� �=� �6�4� �@�6�g�,� �w�h�e�r�e� �t�h�e� �t�w�o� �t�e�r�m�s� �o�n� �t�h�e� 

�r�i�g�h�t� �a�r�e� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �d�i�f�f�u�s�i�o�n� �o�p�e�r�a�t�o�r�s� �f�o�r� �A� �a�n�d� �B� �s�e�p�a�r�a�t�e�l�y�.� �T�h�e� �g�e�n�e�r�a�l�i�z�a�t�i�o�n� �o�f� �t�h�i�s



�8�3� 

�t�o� �v�y� �d�i�m�e�n�s�i�o�n�s� �a�n�d� �®� �c�h�e�m�i�c�a�l�s�,� �A�j�,�.�.�.�,� �A�g�,� �i�s� �i�m�m�e�d�i�a�t�e�,� �a�n�d� �w�e� �g�e�t� �6� �=� �6�4�,� �®�-�-�-�@� �b�g�,�.� 

�H�e�n�c�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �h�o�l�d�s�.� 

�T�H�E�O�R�E�M� �I�V�.�4�.� �L�e�t� �6� �=� �@�?�6�,�,� �b�e� �a� �d�i�f�f�u�s�i�o�n� �o�p�e�r�a�t�o�r� �i�n� �v� �d�i�m�e�n�s�i�o�n�s�,� �w�i�t�h� �a�l�l� �p�o�s�i�t�i�v�e� 

�d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�e�n�,� �f�o�r� �e�v�e�r�y� �P�  ¬� �Q�,� �t�h�e� �s�i�m�p�l�e�x� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e�s� �o�n� 

�Q� �=� �{�A�f�}� �A�h�?� �a�y� �A�N� �M�e� �w�y� �A�g�e�e� �y�,� �§�3�(�P�)� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n� 

�o�f� �e�a�c�h� �o�f� �t�h�e� �s�e�p�a�r�a�t�e� �c�h�e�m�i�c�a�l�s�,� �u�n�d�e�r� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �6�.� 

�T�h�e� �r�e�a�s�o�n� �i�s� �t�h�a�t� �t�h�e� �A�; ��s� �d�o�n ��t� �m�i�x� �w�i�t�h� �e�a�c�h� �o�t�h�e�r�,� �a�n�d� �e�a�c�h� �o�f� �t�h�e� �6�4�,� �m�a�k�e�s� �i�t�s� 

�s�y�s�t�e�m� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �l�i�k�e� �h�a�v�i�n�g� �@� �d�i�s�t�i�n�c�t� �s�y�s�t�e�m�s�,� 

�w�h�o�s�e� �s�e�p�a�r�a�t�e� �s�u�m� �o�f� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �i�s� �l�e�s�s� �t�h�a�n� �o�n�e�,� �t�h�a�t� �c�o�n�v�e�r�g�e� �t�o� �a� �u�n�i�f�o�r�m� �r�e�d�i�s�-� 

�t�r�i�b�u�t�i�o�n� �o�f� �t�h�a�t� �s�u�m�.� �I�n� �m�o�r�e� �e�x�p�l�i�c�i�t� �t�e�r�m�s�,� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �s�u�m� �o�f� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� 

�o�f� �A�;� �i�n� �t�h�e� �w�h�o�l�e� �m�e�d�i�u�m� �i�s� �p�;� �<� �1�;� �t�h�e�n�,� �a�t� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�,� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �o�f� �A�;� �i�n� 

�e�a�c�h� �c�e�l�l� �w�i�l�l� �b�e� �p�;�/�(�N�i�-�-�-�N� �L�)�,� �w�h�e�r�e� �N�;� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �c�e�l�l�s� �o�f� �t�h�e� �m�e�d�i�u�m� �i�n� �t�h�e� �k�-�t�h� 

�d�i�r�e�c�t�i�o�n�.� 

�I�V�.�6� �D�i�s�c�r�e�t�e� �R�e�a�c�t�i�o�n� �a�n�d� �D�i�f�f�u�s�i�o�n� 

�T�h�e� �r�e�s�u�l�t�s� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �I�V�.�4� �d�o� �n�o�t� �m�e�n�t�i�o�n� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �m�a�p�s� �o�f� �w�h�i�c�h� 

�c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n� �i�s� �t�a�k�e�n�.� �I�t� �f�o�l�l�o�w�s� �t�h�a�t� �o�n�e� �o�f� �t�h�e� �m�a�p�s� �i�n� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �c�a�n� �b�e� 

�a� �d�i�f�f�u�s�i�o�n� �o�p�e�r�a�t�o�r�.� �I�f� �t�h�i�s� �i�s� �t�h�e� �c�a�s�e�,� �w�e� �a�r�e� �i�n� �a� �s�i�t�u�a�t�i�o�n� �u�s�u�a�l�l�y� �c�a�l�l�e�d�  ��R�e�a�c�t�i�o�n�-� 

�D�i�f�f�u�s�i�o�n �� �p�r�o�c�e�s�s�.� �A�l�t�h�o�u�g�h� �n�o� �n�e�w� �r�e�s�u�l�t�s� �c�a�n� �b�e� �d�r�a�w�n� �b�y� �l�o�o�k�i�n�g� �a�t� �t�h�i�s� �s�p�e�c�i�a�l� �c�a�s�e�,� 

�i�t� �i�s� �w�o�r�t�h� �c�o�n�s�i�d�e�r�i�n�g� �s�o�m�e� �e�x�a�m�p�l�e�s�,� �t�o� �s�e�e� �w�h�a�t� �i�s� �t�h�e� �i�n�t�e�r�p�l�a�y� �o�f� �r�e�a�c�t�i�o�n� �a�n�d� �d�i�f�f�u�s�i�o�n� 

�i�n� �o�u�r� �f�r�a�m�e�w�o�r�k�.� 

�E�x�a�m�p�l�e� �1�.� �C�o�n�s�i�d�e�r� �a� �1�-�d�i�m�e�n�s�i�o�n�a�l� �m�e�d�i�u�m� �m�a�d�e� �o�f� �L� �c�e�l�l�s�,� �i�n� �w�h�i�c�h� �a� �s�i�n�g�l�e� �n�o�n�-� 

�a�u�t�o�c�a�t�a�l�y�i�t�c� �r�e�a�c�t�i�o�n� �t�a�k�e�s� �p�l�a�c�e�:� 

�m�y� �A�y� �+�-�-�-�t�+�n�n�A�n� �=� �m�A�n�a�i�t�:�:�:�+� �m�y�A�n�i�m�.� �(�I�V� �.�3�6�)



�8�4� 

�F�o�r� �s�i�m�p�l�i�c�i�t�y�,� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �e�a�c�h� �c�h�e�m�i�c�a�l� �d�o� �n�o�t� �v�a�r�y� �f�r�o�m� �c�e�l�l� 

�t�o� �c�e�l�l�,� �a�n�d� �c�a�l�l� �d�;� �>� �0� �t�h�e� �c�e�l�l� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �c�h�e�m�i�c�a�l� �A�;�.� �L�e�t� �p�,�;� �b�e� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n� �o�f� 

�A�;� �i�n� �t�h�e� �j�-�t�h� �c�e�l�l�,� �a�n�d� �a�s�s�u�m�e� �t�h�a�t� 

�N�+�M� �L� 
�S� �S�p�i� �=� �1�.� �(�I�V�.�3�7�)� 
�t�=�1� �j�=�l� 

�T�h�e�n�,� �t�h�e� �d�i�f�f�u�s�i�o�n� �o�p�e�r�a�t�o�r� �h�a�s� �t�h�e� �f�o�r�m� �6� �=� �6�,� �®�.�.�.� �@� �d�6�n�4�.�y�,� �w�h�e�r�e� �6�;� �d�e�s�c�r�i�b�e�s� �t�h�e� 

�d�i�f�f�u�s�i�o�n� �o�f� �t�h�e� �c�h�e�m�i�c�a�l� �A�;�.� 

�A�s� �f�o�r� �t�h�e� �r�e�a�c�t�i�o�n�,� �t�h�e� �f�a�c�t� �t�h�a�t� �i�t� �i�n�v�o�l�v�e�s� �n�e�a�r�b�y� �m�o�l�e�c�u�l�e�s� �o�n�l�y�,� �a�l�l�o�w�s� �u�s� �t�o� �a�s�s�u�m�e� 

�t�h�a�t� �t�h�i�s� �p�r�o�c�e�s�s� �i�s� �a� �s�e�t� �o�f� �Z�L� �i�n�d�e�p�e�n�d�e�n�t� �r�e�p�l�i�c�a�s� �o�f� �{�I�V�.�3�6�)�,� �i�n� �t�h�e� �Z�L� �d�i�f�f�e�r�e�n�t� �c�e�l�l�s�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �f�u�l�l� �r�e�a�c�t�i�o�n� �o�p�e�r�a�t�o�r� �t�a�k�e�s� �t�h�e� �f�o�r�m� 

�L� 

�t�T�,� �=� �>� �A�\�G�T�i�,� �(�I�V� �.�3�8�)� 

�w�l� 

�w�h�e�r�e� �7�;� �d�e�s�c�r�i�b�e�s� �(�I�V�.�3�6�)� �i�n� �t�h�e� �7�-�t�h� �c�e�l�l�.� �N�o�w�,� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �r�e�a�c�t�i�o�n� �t�e�r�m� �w�i�t�h� �6� 

�i�s� �a�l�s�o� �c�o�n�v�e�x�,� �a�n�d� �i�t� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �r�T� �=� �7�,�+�(�1�- ��A�)�6�,� �f�o�r� �A�  ¬� �(�0�,�1�)�,� �i�f� �w�e� �h�a�v�e� �;� �>� �0� �a�n�d� 

�>�>�;� �A�i� �=� �A�.� �T�h�e�n�,� �g�i�v�e�n� �a� �P�  ¬� �Q�,� �t�h�e� �s�i�m�p�l�e�x� �o�f� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�n� �2� �=� �{� �A�j�j�,� �.�.�.�,� �A�n�a�m�a�}�e�e�r� 

�t�h�e� �a�c�t�i�o�n� �o�f� �r� �o�n� �P� �p�r�o�d�u�c�e�s� �a� �n�e�w� �p�r�o�b�a�b�i�l�i�t�y� �P�*�,� �w�h�o�s�e� �c�o�m�p�o�n�e�n�t�s� �p�;�;� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� 

�a�s� �f�o�l�l�o�w�s�:� 

�P�y� �=� �P�y�  �� �A�r�w�e�n� �(�P�T�L� �P�N�Y� �G�Y� �U�e�)�  �� �C�L�  �� �A�d�d�j�(�p�j�a�  �� �B�j�2�)� 

 �� �N�y� �P�5�i� �=� �y�i�  �� �A�a�H�e�n�g� �(�P�U�L� �P�N�Y�  �� �G�i �� �I�n�a ��)� �+� �(�L�  �� �A�d�;� �(�p�j� �i ��a�  �� �p�i�s�  �� �P�y� �i�t�t�)�,� �(�I�V�.�3�9�)� 
�(�i� �=� �2�,�.�.�.�,�L�-�1�)� 

�P�i�x� �=� �P�p�p� �~� �A�v�e�n�;� �(�P�T�E� �P�N�  �� �U�E� �U�a�)� �+� �(�1� �-� �A�)�d�;�(�p�;�,�n�-�1�  �� �P�i�z�)�;� 

�f�o�r� �t�h�e� �c�h�e�m�i�c�a�l�s� �o�n� �t�h�e� �l�e�f�t� �h�a�n�d� �s�i�d�e� �o�f� �(�I�V�.�3�6�)�,� �a�n�d� 

�G�1� �=� �a�j� �+� �A�r�m�;� �(�P�T� �P�N� �~� �T�Y� �a�r�t�)� �~� �  �� �A�d�d�w�a�j�(�a�a�  �� �a�e�)� 

�j�s� �=� �a�j�a� �+� �A�s�m�;� �(�V�T� �P�E� �-� �T�E� �a�g�e�)� �+� �A� �A�d�d�w�a�j�l�a�j�i�-�a�  �� �2�G�  �� �G�a�s�t�)�,� 

�(�i�=� �2�,�.�.�.�,�L�-�1�)� 

�G�i�n� �=� �a�y�n� �+� �A�c�w�m�;� �(�p�i�L� �P�M�L� �~� �i�e� �a�E�)� �+� �1�  �� �A�d�d�n� �j�l�a�j�.�n�-�1� �-� �G�b�)�:� 
�(�I�V�.�4�0�)



�8�5� 

�f�o�r� �t�h�e� �c�h�e�m�i�c�a�l�s� �o�n� �t�h�e� �r�i�g�h�t�,� �w�h�e�r�e� �w�e� �h�a�v�e� �u�s�e�d� �q�j�;� �=� �p�n�4�j�;�:�.� �L�e�t� �u�s� �d�e�f�i�n�e� �n�o�w� �t�h�e� 

�t�o�t�a�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�h�e� �s�u�b�s�t�a�n�c�e� �A�;� �b�y� �p�;� �=� �e�y� �p�j�i�.� �T�h�e�n�,� �c�l�e�a�r�l�y�,� �t�h�e� �p�; ��s� �o�b�e�y� �t�h�e� 

�s�a�m�e� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n� �t�h�a�t� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �w�o�u�l�d� �r�e�s�p�e�c�t� �i�n� �a� �s�t�i�r�r�e�d� 

�r�e�a�c�t�o�r�.� �I�n� �f�a�c�t�,� �i�n� �p�;� �t�h�e� �d�i�f�f�u�s�i�o�n� �t�e�r�m�s� �c�a�n�c�e�l� �(�d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �i�s� �c�l�o�s�e�d�)�,� 

�a�n�d� �w�e� �g�e�t� 
�L� 

�P�j� �=� �p�j�-� �u�n�;� �5� �A�D� �(�P�)�,� �a�n�d� 
�w�=�1� �;� �(�I�V�.�4�1�)� 

�q�;� �=� �+� �u�m�;� �S�-� �A�i�D�i�{�P�)�,� 
�i�=�l� 

�w�h�e�r�e� �D�,�j�(�P�)� �=� �p�t�}� �-�-�-�P�N�S�  �� �G�1�;�'� �+�+� �d�a�g ��.� �I�t� �f�o�l�l�o�w�s� �t�h�a�t� 

�N�j�P�i�  �� �p�j� �=� �K�;�,� �j� �=�2�,�.�.�.�,�N� 
�(�I�V�.�4�2�)� 

�m�p�i� �+� �m�i�g�;� �=� �L�;�,� �j�=�l�,�.�.�.�,�M�.� 

�W�e� �c�a�n� �n�o�w� �f�i�n�d� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �7�,� �g�i�v�e�n� �s�o�m�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �P�(�0�)�  ¬� �Q�.� �R�e�c�a�l�l� �t�h�a�t� 

�7�(�P�)� �=� �P� �i�f� �a�n�d� �o�n�l�y� �i�f� �r�,�(�P�)� �=� �P� �a�n�d� �6�(�P�)� �=� �P�.� �T�h�e�n�,� �i�f� �w�e� �c�a�l�l� �p�;�;� �t�h�e� �c�o�m�p�o�n�e�n�t�s� 

�o�f� �a� �f�i�x�e�d� �p�o�i�n�t� �P� �o�f� �r�,� �w�e� �m�u�s�t� �h�a�v�e� �P�y� �=�.�.�.� �=� �p�j�z� �=� �p�j�/�L� �f�o�r� �e�v�e�r�y� �j� �=� �1�,�.�.�,�N�+�M�.� 

�M�o�r�e�o�v�e�r�,� �1�,�(�P�)� �=� �P� �i�f� �a�n�d� �o�n�l�y� �i�f� �7�;�(�P�)� �=� �P� �f�o�r� �e�v�e�r�y� �i�,� �t�h�a�t� �i�s� �t�o� �s�a�y� �i�f� �a�n�d� �o�n�l�y� �i�f� 

�D�,�(�P�)� �=� �0� �f�o�r� �e�v�e�r�y� �i�.� �T�h�e�n� �w�e� �m�u�s�t� �h�a�v�e� 

�r� �1� �a�n� �a�n�N� �a�m�y� �a�I� �a�g� �1� �r� 
�D�P�)� �=� �5�7� �(�B�P� �B�N�  �� �°�°� �a�n�g� �)� �=� �F�r� �P�(�P�)� �=� �0�,� �(�I�V� �.�4�3�)� 

�i�f�n� �=� �Y�o�n�;� �=� �>� �m�j�,� �a�n�d� �D�(�P�)� �i�s� �t�h�e� �d�i�s�e�q�u�i�l�i�b�r�i�u�m� �p�a�r�a�m�e�t�e�r� �o�f� �t�h�e� �s�t�i�r�r�e�d� �r�e�a�c�t�i�o�n�,� 

�e�v�a�l�u�a�t�e�d� �a�t� �t�h�e� �p�o�i�n�t� �w�h�o�s�e� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �t�h�e� �p�; ��s�.� �H�e�n�c�e�,� �w�e� �k�n�o�w� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� 

�a� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n� �t�o� �(�I�V�.�4�3�)�,� �g�i�v�e�n� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �c�h�o�i�c�e� �o�f� �t�h�e� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n� �d�u�e� �t�o� 

�P�(�0�)�,� �a�n�d� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �f�o�r� �e�v�e�r�y� �P�(�0�)�  ¬� �Q� �t�h�e�r�e� �e�x�i�s�t�s� �a� �u�n�i�q�u�e� �P�  ¬� �Q� �s�u�c�h� �t�h�a�t� 

�r�*�(�P�(�0�)�)� �>� �P� �a�s� �k�  �� �0�0�.� �M�o�r�e�o�v�e�r�,� �P� �i�s� �s�t�a�b�l�e�,� �a�s� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �t�h�e� �s�t�i�r�r�e�d� �r�e�a�c�t�i�o�n� 

�a�r�e�.� �T�h�e� �g�e�n�e�r�a�l�i�z�a�t�i�o�n� �t�o� �s�i�n�g�l�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�s� �i�s� �i�m�m�e�d�i�a�t�e�.� 

�E�x�a�m�p�l�e� �2�.� �T�h�i�s� �c�a�s�e� �i�s� �r�e�l�e�v�a�n�t� �t�o� �t�h�e� �t�h�e�o�r�y� �o�f� �b�l�o�o�d�.� �T�h�e�r�e� �a�r�e� �t�w�o� �r�e�a�c�t�i�o�n�s� 

�A�+�B�H�C�H�+�y� 
�(�1�V�.�4�4�)� 

�A�+�D�=�E�+�y�¥
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�a�n�d� �w�e� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �c�h�e�m�i�c�a�l�s� �A�,�.�.�.�,� �#� �a�n�d� �t�h�e� �p�h�o�t�o�n�s� �7� �c�a�n� �d�i�f�f�u�s�e� �i�n� �a� �1�-�d�i�m�e�n�s�i�o�n�a�l� 

�m�e�d�i�u�m� �m�a�d�e� �o�f� �N� �c�e�l�l�s�.� �T�h�e� �s�a�m�e� �a�n�a�l�y�s�i�s� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e� �l�e�a�d�s� �u�s� �t�o� 

�c�o�n�c�l�u�d�e� �t�h�a�t� �e�v�e�r�y� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� �o�v�e�r�a�l�l� �m�a�p� �(�r�e�a�c�t�i�o�n� �a�n�d� �d�i�f�f�u�s�i�o�n�)� �w�i�l�l� �b�e� �a� �u�n�i�f�o�r�m� 

�d�i�s�t�r�i�b�u�t�i�o�n� �p�;�;� �=� �p�j�/�N�,�j� �=�1�,�.�.�.�,�6�,� �a�n�d� �i�t� �w�i�l�l� �s�a�t�i�s�f�y� �p�:�p�2� �=� �p�s�3�p�e� �a�n�d� �p�i�p�4� �=� �p�s�p�e�,� �w�h�e�r�e� 

�1�=� �A�,�2�=�8�,�.�.�.� �,�6� �=�.� �M�o�r�e�o�v�e�r�,� �g�i�v�e�n� �P�(�0�)�  ¬� �Q�,� �i�t� �i�s� �e�a�s�y� �t�o� �s�e�e� �t�h�a�t� �t�h�e�r�e� �a�r�e� �4� 

�c�o�n�s�e�r�v�e�d� �q�u�a�n�t�i�t�i�e�s�:� 

�P�i�-� �p�o�-�p�a�=�C�r� 

�P�i� �+� �p�3� �t�+� �p�p� �=� �C�2� 
�(�I�V�.�4�5�)� 

�P�i�t� �p�e� �=� �C�3� 

�P�s� �+� �p�e� �=� �C�4�,� 

�t�h�u�s� �t�h�e� �m�a�p� �i�s� �2�-�d�i�m�e�n�s�i�o�n�a�l�.� �W�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �u�n�i�q�u�e� �f�i�x�e�d� �p�o�i�n�t� �t�o� �w�h�i�c�h� �t�h�e� 

�m�a�p� �c�o�n�v�e�r�g�e�s�,� �p�r�o�v�i�d�e�d� �t�h�a�t� �a�l�l� �t�h�e� �d�i�f�f�u�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �t�h�e� �r�e�a�c�t�i�o�n� �r�a�t�e�s� �a�r�e� �s�t�r�i�c�t�l�y� 

�c�o�n�t�a�i�n�e�d� �i�n� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �a�r�e� �s�t�a�b�l�e�,� 

�d�u�e� �t�o� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �a�n�d� �t�o� �t�h�e�i�r� �c�o�n�t�i�n�u�o�u�s� �d�e�p�e�n�d�e�n�c�e� �o�n� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� 

�E�x�a�m�p�l�e� �3�.� �C�o�n�s�i�d�e�r� �t�h�e� �r�e�a�c�t�i�o�n� �2�A� �=� �A�+� �B�,� �i�n� �t�h�e� �0�-�t�h� �c�e�l�l� �o�f� �a� �1�-�d�i�m�e�n�s�i�o�n�a�l� 

�m�e�d�i�u�m� �m�a�d�e� �o�f� �N� �+� �1� �c�e�l�l�s�.� �A�s�s�u�m�e� �t�h�a�t� �B� �c�a�n�n�o�t� �d�i�f�f�u�s�e� �o�u�t� �o�f� �t�h�e� �0�-�t�h� �c�e�l�l�,� �a�n�d� �t�h�a�t� �i�t�s� 

�c�o�n�c�e�n�t�r�a�t�i�o�n� �i�n� �t�h�e� �o�t�h�e�r� �c�e�l�l�s� �i�s� �z�e�r�o�.� �T�h�e�n�,� �t�h�e� �o�v�e�r�a�l�l� �m�a�p� �i�s� �r� �=� �A�r�T�,� �+� �(�1�  �� �A�)�6�,� �w�h�e�r�e� 

�T�,� �d�e�s�c�r�i�b�e�s� �t�h�e� �r�e�a�c�t�i�o�n� �i�n� �t�h�e� �0�-�t�h� �c�e�l�l�,� �a�n�d� �6� �d�e�s�c�r�i�b�e�s� �t�h�e� �d�i�f�f�u�s�i�o�n� �o�f� �A�.� �A�s�s�u�m�i�n�g� �t�h�a�t� 

�b�o�t�h� �r�,� �a�n�d� �6� �a�r�e� �m�i�x�i�n�g�,� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �P�(�0�)� �u�n�d�e�r� �7� �c�o�n�v�e�r�g�e� �t�o� �a� �l�i�m�i�t� �t�h�a�t� �o�b�e�y�s� 

�P�o� �~� �P�o�g�o� �=� �0� 

�P�o� �=� �P�i� �=�.�.�.� �=� �P�N� �(�I�V� �.�4�6�)� 

�p�+�q�o�=� �>� �p�i�t�a� �=�1�.� 

�W�e� �f�i�n�d� �t�h�a�t� �p�;� �=� �0�,� �g�o� �=� �1� �i�s� �a�n� �u�n�s�t�a�b�l�e� �f�i�x�e�d� �p�o�i�n�t�,� �w�h�i�l�e� �p�;� �=� �1�/�(�N� �+� �2�)� �f�o�r� �a�l�l� �2 ��s� �a�n�d� 

�g�o� �=� �1�/�(�N� �+�2�)� �i�s� �s�t�a�b�l�e� �a�n�d� �i�t� �i�s� �t�h�e� �l�i�m�i�t� �o�f� �e�v�e�r�y� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �t�h�a�t� �i�s� �n�o�t� �t�h�e� �u�n�s�t�a�b�l�e� 

�f�i�x�e�d� �p�o�i�n�t�.
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�O�b�s�e�r�v�e� �t�h�a�t�,� �i�n� �a�l�l� �t�h�e�s�e� �e�x�a�m�p�l�e�s�,� �t�h�e� �v�a�l�u�e� �o�f� �\� �c�o�u�l�d� �h�a�v�e� �b�e�e�n� �a�n�y�t�h�i�n�g� �i�n� �(�0�,�1�)�.� 

�T�h�e�r�e�f�o�r�e�,� �i�n� �t�h�e� �c�a�s�e� �t�h�a�t� �\� �~� �1�,� �w�e� �h�a�v�e� �t�h�a�t� �d�i�f�f�u�s�i�o�n� �a�l�m�o�s�t� �d�o�e�s�n ��t� �t�a�k�e� �p�l�a�c�e� �u�n�t�i�l� �t�h�e� 

�r�e�a�c�t�i�o�n�s� �h�a�v�e� �p�r�a�c�t�i�c�a�l�l�y� �r�e�a�c�h�e�d� �t�h�e�i�r� �e�q�u�i�l�i�b�r�i�u�m� �p�o�i�n�t�s�.� �A�f�t�e�r� �t�h�a�t�,� �t�h�e� �s�y�s�t�e�m�  ��d�i�f�f�u�s�e�s �� 

�c�l�o�s�e� �t�o� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �t�h�e� �r�e�a�c�t�i�o�n� �m�a�p�,� �p�o�s�s�i�b�l�y� �c�o�n�v�e�r�g�i�n�g� �t�o� �a� �p�r�e�c�i�s�e� 

�p�o�i�n�t�.� �O�n� �t�h�e� �c�o�n�t�r�a�r�y�,� �i�f� �\� �~� �0�,� �w�e� �h�a�v�e� �t�h�a�t� �t�h�e� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �t�h�e� �f�i�r�s�t� �t�o� �b�e� 

�r�e�a�c�h�e�d�,� �a�n�d� �a�f�t�e�r� �t�h�a�t� �t�h�e� �r�e�a�c�t�i�o�n�s� �w�i�l�l� �t�a�k�e� �p�l�a�c�e� �i�n� �a� �f�a�s�h�i�o�n� �t�h�a�t� �m�a�k�e�s� �t�h�e� �s�y�s�t�e�m� 

�e�v�o�l�v�e� �c�l�o�s�e�l�y� �t�o� �w�h�a�t� �w�o�u�l�d� �h�a�p�p�e�n� �i�n� �a� �s�t�i�r�r�e�d� �r�e�a�c�t�o�r�.� �T�h�i�s� �c�a�n� �b�e� �i�n�f�e�r�r�e�d� �b�y� �l�o�o�k�i�n�g� 

�a�t� �t�h�e� �f�o�r�m� �o�f� �(�I�V�.�3�9�)� �a�n�d� �(�I�V�.�4�0�)�,� �f�o�r� �e�x�a�m�p�l�e�.� 

�W�e� �c�o�n�c�l�u�d�e� �t�h�i�s� �c�h�a�p�t�e�r� �w�i�t�h� �a� �c�o�n�j�e�c�t�u�r�e� �p�r�o�m�p�t�e�d� �b�y� �t�h�e� �e�x�a�m�p�l�e�s� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� 

�a�n�d� �b�y� �m�a�n�y� �o�t�h�e�r�s� �t�h�a�t� �h�a�v�e� �b�e�e�n� �w�o�r�k�e�d� �o�u�t�.� 

�C�o�n�s�e�c�T�U�R�E� �I�V�.�1�.� �C�o�n�s�i�d�e�r� �a� �g�e�n�e�r�a�l�i�z�e�d� �B�o�l�t�z�m�a�n�n� �m�a�p� �7�,� �a�n�d� �l�e�t� �P�(�0�)�  ¬� �Q� �b�e� �s�o�m�e� 

�i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �i�n� �t�h�e� �d�o�m�a�i�n� �o�f� �r�.� �T�h�e�n� �t�h�e�r�e� �i�s� �a� �u�n�i�q�u�e� �f�i�x�e�d� �p�o�i�n�t� �P�  ¬� �Q� �s�u�c�h� �t�h�a�t� 

�S�(�P�)� �>� �S�(�P�(�0�)�)�,� �g�i�v�e�n� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �i�m�p�o�s�e�d� �b�y� �t�h�e� �t�h�e� �c�o�n�s�t�a�n�t�s� �o�f� �m�o�t�i�o�n�.� 

�I�f� �t�h�i�s� �i�s� �t�r�u�e�,� �t�h�e�n� �T�h�e�o�r�e�m� �I�V�.�2�(�b�)� �a�l�w�a�y�s� �h�o�l�d�s�,� �a�n�d� �s�o� �w�e� �h�a�v�e� �t�h�a�t� �f�o�r� �e�v�e�r�y� 

�i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �t�h�e�r�e� �e�x�i�s�t�s� �a� �u�n�i�q�u�e� �f�i�x�e�d� �p�o�i�n�t� �t�o� �w�h�i�c�h� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �c�o�n�v�e�r�g�e�,� �p�r�o�v�i�d�e�d� 

�t�h�a�t� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �s�t�r�i�c�t�l�y� �w�i�t�h�i�n� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e�.� �T�h�i�s� �c�o�n�j�e�c�t�u�r�e� �c�o�u�l�d� �b�e� 

�p�r�o�v�e�d�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �b�y� �s�h�o�w�i�n�g� �t�h�a�t� �t�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �a�n�d� �f�o�r� �t�h�e� �p�o�i�n�t� �o�f� 

�m�a�x�i�m�u�m� �e�n�t�r�o�p�y� �c�o�i�n�c�i�d�e�,� �w�h�i�c�h� �i�s� �t�h�e� �c�a�s�e� �i�n� �a�l�l� �t�h�e� �e�x�a�m�p�l�e�s� �w�e� �e�x�a�m�i�n�e�d�,� �w�i�t�h� �t�h�e� 

�e�x�c�e�p�t�i�o�n� �o�f� �t�h�e� �t�r�i�v�i�a�l� �f�i�x�e�d� �p�o�i�n�t�s�.



�V�.�1�~�=�I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�i�s� �c�h�a�p�t�e�r� �c�o�n�t�a�i�n�s� �t�h�e� �f�i�n�a�l� �r�e�s�u�l�t�s� �o�f� �P�a�r�t� �O�n�e� �o�f� �t�h�i�s� �t�h�e�s�i�s�.� �S�u�c�h� �r�e�s�u�l�t�s� �c�o�n�c�e�r�n� 

�t�h�e� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �a�n�d� �c�o�n�t�i�n�u�o�u�s� �s�p�a�c�e� �v�e�r�s�i�o�n�s� �o�f� �t�h�e� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�s�,� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e�i�r� �r�e�l�a�t�i�o�n�s� �t�o� �t�h�e� �d�i�s�c�r�e�t�e� �m�o�d�e�l�s�.� �S�i�m�p�l�e� �a�n�d� �c�o�m�p�l�e�x� 

�r�e�a�c�t�i�o�n�s� �w�i�l�l� �b�e� �s�t�u�d�i�e�d�,� �b�o�t�h� �f�o�r� �t�h�e� �s�t�i�r�r�e�d� �a�n�d� �f�o�r� �t�h�e� �n�o�n�h�o�m�o�g�e�n�e�u�s� �p�r�o�b�l�e�m�s�.� �T�h�e� 

�r�u�n�n�i�n�g� �h�y�p�o�t�h�e�s�i�s� �w�i�l�l� �b�e� �t�h�e� �u�s�u�a�l� �a�s�s�u�m�p�t�i�o�n�s� �o�f� �b�a�l�a�n�c�e�d� �a�n�d� �m�i�c�r�o�s�c�o�p�i�c�a�l�l�y� �r�e�v�e�r�s�i�b�l�e� 

�r�e�a�c�t�i�o�n�s�,� �w�h�i�c�h� �a�l�l�o�w� �u�s� �t�o� �u�s�e� �t�h�e� �f�o�r�m�a�l�i�s�m� �o�f� �B�o�l�t�z�m�a�n�n� �m�a�p�s�.� 

�S�e�c�t�i�o�n�s� �V�.�2� �a�n�d� �V�.�3� �p�r�e�s�e�n�t� �s�o�m�e� �e�x�a�m�p�l�e�s� �t�h�a�t� �s�h�e�d� �s�o�m�e� �l�i�g�h�t� �i�n�t�o� �t�h�e�  ��r�e�a�l� �f�o�r�m �� 

�o�f� �t�h�e� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s� �i�n�v�e�s�t�i�g�a�t�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s�,� �a�n�d� �t�h�a�t� �g�i�v�e� �s�o�m�e� �f�u�r�t�h�e�r� �i�n�s�i�g�h�t� �i�n�t�o� 

�t�h�e� �c�a�u�t�i�o�n� �w�e� �m�u�s�t� �u�s�e� �i�n� �t�r�u�s�t�i�n�g� �c�e�r�t�a�i�n� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n�s�.� �S�e�c�t�i�o�n�s� �V�.�4� �a�n�d� �V�.�5� 

�d�e�a�l� �w�i�t�h� �t�a�k�i�n�g� �t�h�e� �l�i�m�i�t� �f�r�o�m� �d�i�s�c�r�e�t�e� �t�o� �c�o�n�t�i�n�u�o�u�s� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s�.� 

�V�.�2� �I�t�e�r�a�t�i�o�n�s� �o�f� �M�a�p�s� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �w�e� �w�a�n�t� �t�o� �s�h�o�w� �s�o�m�e� �s�i�m�p�l�e�-�m�i�n�d�e�d� �e�x�a�m�p�l�e�s� �o�f� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�s�,� 

�i�n� �w�h�i�c�h� �o�s�c�i�l�l�a�t�i�o�n�s� �c�a�n� �b�e�  ��a�r�t�i�f�i�c�i�a�l�l�y �� �f�o�u�n�d� �a�s� �a� �c�o�n�s�e�q�u�e�n�c�e� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e� 

�a�d�o�p�t�e�d� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �O�.�D�.�E�.�.� 

�C�o�n�s�i�d�e�r� �t�h�e� �c�o�m�p�l�e�x� �r�e�a�c�t�i�o�n� 

�n�A�+�m�B�=�1�C�+�(�n�+�m�- ��I�1�)�D� 
�(�V�.�1�)� 

�A�+�C�H�O�D�+�E�,� 

�w�h�o�s�e� �s�e�c�o�n�d� �c�o�m�p�o�n�e�n�t� �(�A�+�C� �=� �D�+� �E� �)� �i�s� �i�n�f�i�n�i�t�e�l�y� �f�a�s�t�,� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �t�h�e� 

�s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �n�,� �m�,� �a�n�d� �|�.� �A� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e�,� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �O�.�D�.�E�.� 

�s�y�s�t�e�m� �t�h�a�t� �t�h�e� �l�a�w� �o�f� �m�a�s�s� �a�c�t�i�o�n� �a�s�s�o�c�i�a�t�e�s� �w�i�t�h� �(�V�.�1�)�,� �m�u�s�t� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �f�a�c�t� �t�h�a�t� 

�8�8



�8�9� 

�t�h�e� �s�e�c�o�n�d� �r�e�a�c�t�i�o�n� �r�e�a�c�h�e�s� �i�t�s� �e�q�u�i�l�i�b�r�i�u�m� �p�o�i�n�t� �i�n� �o�n�e� �s�t�e�p�,� �n�o� �m�a�t�t�e�r� �h�o�w� �s�h�o�r�t� �t�h�i�s� 

�s�t�e�p� �i�s�.� �T�h�u�s�,� �s�u�c�h� �r�e�a�c�t�i�o�n� �d�o�e�s� �n�o�t� �t�a�k�e� �p�l�a�c�e� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�i�m�e� �s�t�e�p�,� �a�n�d� �t�h�e�r�e� �i�s� �a� 

�t�i�m�e� �i�n�t�e�r�v�a�l� �i�n� �w�h�i�c�h� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �s�e�c�o�n�d� �r�e�a�c�t�i�o�n� �i�s� �n�e�g�l�i�g�i�b�l�e�.� �A� �p�o�s�s�i�b�l�e� �w�a�y� 

�o�f� �m�o�d�e�l�i�n�g� �(�V�.�1�)�,� �w�h�i�c�h� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e�s�e� �f�e�a�t�u�r�e�s�,� �i�s� �t�h�e� �f�o�l�l�o�w�i�n�g�.� �T�a�k�e� �s�o�m�e� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n� �P�  ¬� �Q�C� �R�'�5�,� �a�n�d� �d�e�f�i�n�e� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �a�s� 

�P�(�*�)� �=� �(�7�,� �0�7�2�)�*�(�P�)�,� �k�&�E�I�N�U�{�0�}�,� �a�n�d� 
�(�V�.�2�)� 

�P�R�R�+�Y�  �� �I�a� �o� �(�7�,�0� �7�2�)� �(�P�)�,� 

�w�h�e�r�e� �7�,� �i�s� �t�h�e� �m�a�p� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �f�i�r�s�t� �r�e�a�c�t�i�o�n� �i�n� �(�V�.�1�)�,� �a�n�d� �T�2� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�e�c�o�n�d�.� 

�I�n� �t�h�i�s� �s�c�h�e�m�e� �w�e� �m�u�s�t� �r�e�p�r�o�d�u�c�e� �t�h�e� �f�a�c�t� �t�h�a�t� �7�2� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �t�i�m�e� �s�t�e�p�,� �a�s� �i�t� �i�s� 

�i�n�f�i�n�i�t�e�l�y� �f�a�s�t�,� �w�h�i�l�e� �r�;� �d�e�p�e�n�d�s� �l�i�n�e�a�r�l�y� �o�n� �i�t�.� �I�t� �w�i�l�l� �b�e� �s�e�e�n�,� �i�n� �s�e�c�t�i�o�n� �V�.�3�,� �t�h�a�t� �t�h�e� �w�a�y� 

�o�f� �m�o�d�e�l�l�i�n�g� �a�n� �i�n�f�i�n�i�t�e�l�y� �f�a�s�t� �r�a�t�e� �f�o�r� �a� �r�e�a�c�t�i�o�n� �o�f� �t�h�e� �k�i�n�d� �o�f� �r�2� �i�s� �t�o� �t�a�k�e� �i�t�s� �c�o�u�p�l�i�n�g� 

�c�o�n�s�t�a�n�t� �j�s�.� �e�q�u�a�l� �t�o� �o�n�e�.� �W�e� �c�a�l�l� �a�n� �i�t�e�r�a�t�i�o�n� �o�f� �m�a�p�s� �e�v�e�r�y� �s�c�h�e�m�e� �t�h�a�t�,� �s�i�m�i�l�a�r�l�y� �t�o� 

�(�V�.�2�)�,� �h�a�s� �o�n�e� �r�e�a�c�t�i�o�n� �o�n�l�y� �t�a�k�i�n�g� �p�l�a�c�e� �a�t� �e�a�c�h� �i�n�s�t�a�n�t� �o�f� �t�i�m�e�,� �t�o� �d�i�s�t�i�n�g�u�i�s�h� �i�t� �f�r�o�m� 

�t�h�e� �c�a�s�e� �o�f� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �m�a�p�s�,� �w�h�e�r�e� �a�l�l� �t�h�e� �r�e�a�c�t�i�o�n�s� �g�i�v�e� �a� �c�o�n�t�r�i�b�u�t�i�o�n� �a�t� �t�h�e� 

�s�a�m�e� �t�i�m�e�.� �I�t� �i�s� �e�a�s�y� �t�o� �s�e�e� �t�h�a�t� �a�l�s�o� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �m�a�p�s� �l�e�a�d� �t�o� �a� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y�,� 

�p�r�o�v�i�d�e�d� �t�h�a�t� �e�a�c�h� �s�i�n�g�l�e� �m�a�p� �l�i�e�s� �i�n� �i�t�s� �o�w�n� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e�.� 

�F�i�g�u�r�e� �V�.�1� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t� �o�f� �a� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �p�,�4� �b�a�s�e�d� �o�n� �(�V�.�2�)�,� �f�o�r� �t�h�e� �f�i�r�s�t� �1�5�0� 

�i�t�e�r�a�t�i�o�n�s� �o�f� �a� �g�i�v�e�n� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�.� �T�h�e� �d�i�f�f�e�r�e�n�t� �c�u�r�v�e�s� �r�e�f�e�r� �t�o� �d�i�f�f�e�r�e�n�t� �r�e�a�c�t�i�o�n�s� �w�i�t�h� 

�d�i�f�f�e�r�e�n�t� �c�h�o�i�c�e�s� �o�f� �t�h�e� �s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �n� �m� �1� �(�n�+� �m�- ��I�)�.� �T�h�e� �l�a�b�e�l�s� �o�f� �t�h�e� 

�c�u�r�v�e�s� �a�r�e� �t�h�e� �4�-�t�u�p�l�e�s� �o�f� �t�h�e�s�e� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �g�i�v�e�n� �o�r�d�e�r�,� �f�o�r� �t�h�e� �r�e�a�c�t�i�o�n� �t�h�a�t� �t�h�e�y� 

�r�e�p�r�e�s�e�n�t�.� 

�C�l�e�a�r�l�y�,� �o�n�e� �c�a�n� �i�m�a�g�i�n�e� �m�a�n�y� �a�l�t�e�r�n�a�t�i�v�e� �w�a�y�s� �i�n� �w�h�i�c�h� �t�o� �a�r�r�a�n�g�e� �7�,� �a�n�d� �7�,� �a�n�d�,� 

�i�n� �g�e�n�e�r�a�l�,� �e�a�c�h� �o�n�e� �o�f� �t�h�e�m� �w�i�l�l� �p�r�o�d�u�c�e� �d�i�f�f�e�r�e�n�t� �r�e�s�u�l�t�s�.� �F�i�g�u�r�e�s� �V�.�2�  �� �V�.�6� �s�h�o�w� �t�h�r�e�e� 

�e�x�a�m�p�l�e�s� �w�i�t�h� �t�w�o� �i�n�f�i�n�i�t�e�l�y� �f�a�s�t� �r�e�a�c�t�i�o�n�s�,� �t�h�e� �f�i�r�s�t� �a�n�d� �t�h�e� �l�a�s�t�,� �w�h�i�l�e� �t�h�e� �r�e�m�a�i�n�i�n�g� 

�r�e�a�c�t�i�o�n� �i�s� �t�a�k�e�n� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �d�i�f�f�e�r�e�n�t� �c�a�s�e�s�.� �T�h�e� �s�c�h�e�m�e



�9�0� 

�o�f� �t�h�e� �r�e�a�c�t�i�o�n�s� �i�s� 
�A�+�B�2�C�+�D� 

�n�C� �=�m�E�4�+�1�F� �(�V�.�3�)� 

�D�+�E�H�A�4�+�C�.� 

�F�i�n�a�l�l�y�,� �c�o�n�s�i�d�e�r� �a� �c�o�m�p�l�e�x� �r�e�a�c�t�i�o�n� �o�f� �t�h�e� �f�o�r�m� 

�A�+�B�=�2�C�+�D� 

�2�B� �=�B�+�D� 
�(�V�.�4�)� 

�A�+�E�=�B�4�+�C� 

�2�C�¢� �=�A�4�+�C�,� 

�w�h�e�r�e� �t�h�e�r�e� �a�r�e� �t�w�o� �i�n�f�i�n�i�t�e�l�y� �f�a�s�t� �r�e�a�c�t�i�o�n�s� �a�n�d� �t�w�o� �a�u�t�o�c�a�t�a�l�y�t�i�c� �o�n�e�s�.� �H�e�r�e�,� �i�t� �i�s� �i�n�t�e�r�-� 

�e�s�t�i�n�g� �t�o� �n�o�t�e� �t�h�a�t� �b�o�t�h� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �m�a�p�s� �a�n�d� �t�h�e� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n�s� �a�p�p�e�a�r� �t�o� 

�c�o�n�v�e�r�g�e� �r�a�t�h�e�r� �q�u�i�c�k�l�y� �t�o� �c�e�r�t�a�i�n�  ��s�o�l�u�t�i�o�n�s ��,� �b�u�t� �t�h�e�y� �a�r�e� �s�t�r�i�k�i�n�g�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �e�a�c�h� 

�o�t�h�e�r�.� �I�n� �s�e�c�t�i�o�n� �V�.�4�,� �w�e� �w�i�l�l� �s�e�e� �t�h�a�t� �t�h�e� �r�e�s�u�l�t�s� �t�o� �b�e� �t�r�u�s�t�e�d� �a�r�e� �t�h�o�s�e� �p�r�o�d�u�c�e�d� �b�y� 

�t�h�e� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n�s�.� �T�h�i�s� �r�a�i�s�e�s� �s�o�m�e� �c�o�n�c�e�r�n� �a�b�o�u�t� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �c�e�r�t�a�i�n� �n�u�m�e�r�i�c�a�l� 

�s�i�m�u�l�a�t�i�o�n�s�,� �b�a�s�e�d� �o�n� �s�i�n�g�u�l�a�r� �p�e�r�t�u�r�b�a�t�i�o�n� �t�h�e�o�r�y�,� �t�h�a�t� �a�r�e� �f�o�u�n�d� �i�n� �t�h�e� �c�u�r�r�e�n�t� �l�i�t�e�r�a�t�u�r�e�.� 

�I�n� �f�a�c�t�,� �t�h�e� �i�t�e�r�a�t�i�o�n� �o�f� �m�a�p�s� �f�o�r� �(�V�.�4�)� �h�a�s� �t�w�o� �v�e�r�y� �f�a�s�t� �r�e�a�c�t�i�o�n�s�,� �w�h�i�c�h� �a�r�e� �s�w�i�t�c�h�e�d� �o�f�f� 

�f�o�r� �m�o�s�t� �o�f� �t�h�e� �p�r�o�c�e�s�s� �a�n�d� �s�w�i�t�c�h�e�d� �o�n� �a�t� �g�i�v�e�n� �c�r�i�t�i�c�a�l� �p�o�i�n�t�s�,� �w�h�i�c�h� �m�a�k�e�s� �(�V�.�4�)� �s�i�m�i�l�a�r� 

�t�o� �c�e�r�t�a�i�n� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e�s� �u�s�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �B�e�l�o�u�s�o�v�-�Z�h�a�b�o�t�i�n�s�k�i�i� �r�e�a�c�t�i�o�n�  ��i�n� 

�s�t�i�r�r�e�d� �a�n�d� �c�l�o�s�e�d� �r�e�a�c�t�o�r�s �� �t�h�a�t� �c�l�a�i�m� �t�h�e� �o�c�c�u�r�r�e�n�c�e� �o�f� �o�s�c�i�l�l�a�t�i�o�n�s�.� �F�i�g�u�r�e� �V�.�7� �t�h�r�o�u�g�h� 

�F�i�g�u�r�e� �V�.�1�3� �p�r�e�s�e�n�t� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �m�a�p�s�,� �f�o�r� �d�e�c�r�e�a�s�i�n�g� �v�a�l�u�e�s� �o�f� �t�h�e� �t�i�m�e� 

�s�t�e�p�,� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e�i�r� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �a� �g�i�v�e�n� �s�h�a�p�e�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �s�e�t� �o�f� �f�i�g�u�r�e�s� �(�F�i�g�.� 

�V�.�1�4� �t�h�r�o�u�g�h� �F�i�g�.� �V�.�2�1�)� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t�s� �r�e�l�a�t�e�d� �t�o� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n�s�,� �f�o�r� �d�e�c�r�e�a�s�-� 

�i�n�g� �t�i�m�e� �s�t�e�p�s�.� �A�l�s�o� �h�e�r�e� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �r�e�a�c�h�e�d�,� �b�u�t� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �r�e�m�a�r�k�a�b�l�y� �d�i�f�f�e�r�e�n�t� 

�f�r�o�m� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �m�a�p�s�.� �N�o�t�e� �t�h�a�t� �a�l�l� �t�h�e� �f�i�g�u�r�e�s� �f�r�o�m� �F�i�g�u�r�e� �V�.�9� 

�t�h�r�o�u�g�h� �F�i�g�u�r�e� �V�.�2�1� �s�p�a�n� �t�h�e� �s�a�m�e� �i�n�t�e�r�v�a�l� �o�f� �t�i�m�e�.� �T�h�e� �i�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �i�n� 

�t�h�e� �h�o�r�i�z�o�n�t�a�l� �a�x�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �r�e�f�i�n�e�m�e�n�t� �o�f� �t�h�e� �t�i�m�e� �s�t�e�p�.



�9�1� 

�V�.�3� �C�h�a�o�s� �f�r�o�m� �C�h�e�m�i�c�a�l� �R�e�a�c�t�i�o�n�s� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n� �w�e� �h�a�v�e� �s�e�e�n� �h�o�w� �h�i�g�h�l�y� �m�o�d�e�l�-�d�e�p�e�n�d�e�n�t� �a�r�e� �c�e�r�t�a�i�n� �c�a�l�c�u�l�a�-� 

�t�i�o�n�s�.� �W�e� �n�o�w� �w�a�n�t� �t�o� �s�e�e� �w�h�a�t� �c�a�n� �b�e� �r�i�g�o�r�o�u�s�l�y� �s�a�i�d� �a�b�o�u�t� �t�h�e� �o�n�s�e�t� �o�f� �c�h�a�o�s� �i�n� �s�o�m�e� 

�s�i�m�p�l�e� �m�o�d�e�l� �o�f� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�s�.� �T�o� �d�o� �t�h�i�s� �l�e�t� �u�s� �l�o�o�k� �a�t� �s�o�m�e� �p�a�r�t�i�c�u�l�a�r� �a�u�t�o�c�a�t�a�l�y�t�i�c� 

�a�n�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �m�a�p�s�,� �a�n�d� �s�e�e� �f�o�r� �w�h�a�t� �v�a�l�u�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �t�h�e�i�r� �f�i�x�e�d� �p�o�i�n�t�s� 

�b�e�c�o�m�e� �u�n�s�t�a�b�l�e�.� 

�E�x�a�m�p�l�e� �1�)�|�2�A� �=� �A�+� �B�}�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� �m�a�p� �h�a�s� �t�h�e� �f�o�r�m� 

�7�(�p�)� �=�p� �=� �(�1�+� �4� �)�p �� �2�u�p ��,� �(�V�.�5�)� 

�a�n�d� �i�t�s� �f�i�x�e�d� �p�o�i�n�t�s� �a�r�e� �p� �=� �0� �a�n�d� �p� �=� �1�/�2�,� �h�e�n�c�e� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �r� �h�a�s� 

�b�o�u�n�d�a�r�i�e�s�.� �D�e�f�i�n�i�n�g� �p� �=� �a�y� �+� �8� �w�i�t�h� �a� �=� �(�w�u�?�  ��1�)�/�8�u� �,� �@� �=� �(�1�+� �#�)�/�4�p�,� �a�n�d� �s�u�b�s�t�i�t�u�t�i�n�g� 

�i�n� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �p�*�,� �w�e� �g�e�t� �y�*� �=� �1�  �� �v�y ��,� �t�h�e� �l�o�g�i�s�t�i�c� �m�a�p� �[�4�0�]�,� �w�h�e�r�e� �v� �=� �(�y�?�  �� �1�)�/�4�.� 

�A�s� �t�h�e� �r�a�n�g�e� �v�  ¬� �[�3�/�4�,�3�/�2�]� �c�o�n�t�a�i�n�s� �a�l�l� �t�h�e� �v�a�l�u�e�s� �f�o�r� �w�h�i�c�h� �t�h�e� �m�a�p� �u�n�d�e�r�g�o�e�s� �b�i�f�u�r�c�a�t�i�o�n�s� 

�a�n�d� �e�v�e�n�t�u�a�l�l�y� �c�h�a�o�s�,� �w�e� �w�i�l�l� �s�e�e� �t�h�e� �s�a�m�e� �p�a�t�t�e�r�n�s� �a�r�i�s�e� �f�o�r� �r ��(�p�)� �,� �n� �=� �1�,�2�,�.�.�.�,� �b�y� �l�e�t�t�i�n�g� 

�j�e� �v�a�r�y� �i�n� �[�2�,� �V�7�]�,� �a�n�d� �c�h�o�o�s�i�n�g� �a�n� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �p�  ¬� �[�8�  �� �a�,� �8� �+� �a�]� �C� �(�0�,�1�)�.� 

�F�i�g�u�r�e� �V�.�2�2� �t�h�r�o�u�g�h� �F�i�g�u�r�e� �V�.�2�7� �s�h�o�w� �s�o�m�e� �o�f� �t�h�e� �p�o�s�s�i�b�l�e� �d�i�f�f�e�r�e�n�t� �p�a�t�t�e�r�n�s� �t�h�a�t� �r� 

�c�a�n� �g�e�n�e�r�a�t�e�,� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �i�.� 

�E�x�a�m�p�l�e� �2�)�|�2�A� �=� �B�+�C�'�|� �H�e�r�e� �t�h�e� �m�a�p� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�1�(�p�)� �=� �p�*� �=� �p �� �2�u�(�p ��  �� �9�1�9�2�)�,� �(�V�.�6�)� 

�a�n�d� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �i�t�s� �f�i�x�e�d� �p�o�i�n�t�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �V�.�2�8�,� �w�h�e�r�e� �a�l�s�o� �t�h�r�e�e� �p�l�a�n�e�s� �o�f� �t�h�e� 

�m�o�t�i�o�n� �h�a�v�e� �b�e�e�n� �d�r�a�w�n�.� �T�h�e� �l�i�n�e� �a�t�  ��4�5�°� �t�h�a�t� �c�o�n�n�e�c�t�s� �t�h�e� �p�o�i�n�t� �(�0�,�1�)� �t�o� �t�h�e� �p�o�i�n�t� �(�1�,�0�)� 

�r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�e�t� �o�f� �p�o�i�n�t�s� �i�n� �w�h�i�c�h� �q�2� �i�s� �z�e�r�o�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �p�o�i�n�t�s� �(�0�,�0�)� �a�n�d� �(�0�,�1�)� 

�a�r�e� �b�o�u�n�d�a�r�i�e�s� �f�o�r� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �r�.� 

�S�i�m�i�l�a�r�l�y� �t�o� �E�x�a�m�p�l�e� �1�)�,� �w�e� �c�a�n� �t�r�a�n�s�f�o�r�m� �(�V�.�6�)� �i�n�t�o� �y�*� �=� �1 ��v�y ��,� �b�y� �l�e�t�t�i�n�g� �y� �=� �a�p�+� 

�w�i�t�h� �a� �=� �6�4�/�(�u�2�(�4 ��3�e�2�) �� �1�)� �,� �8� �=� �2�(�u �� �1�)�/�(�w�2�(�4 �� �3�c�?�)�  �� �1�)� �a�n�d� �v� �=� �(�u�2�(�4�  �� �3�c�?�)�  �� �1�)�/�4�,



�9�2� 

�w�h�e�r�e� �c� �=� �g�q�,�  �� �g�2� �d�e�p�e�n�d�s� �o�n� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� �I�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �a� 

�s�u�b�s�e�t� �[�a�,� �6�]� �C� �[�0�,�1�]� �f�r�o�m� �w�h�i�c�h� �a� �p� �c�a�n� �b�e� �c�h�o�s�e�n� �s�u�c�h� �t�h�a�t� �c� �a�n�d� �4� �c�a�n� �b�e� �a�d�j�u�s�t�e�d� �t�o� �m�a�k�e� 

�y� �t�a�k�e� �a�l�l� �t�h�e� �p�o�s�s�i�b�l�e� �v�a�l�u�e�s� �i�n� �(�3�/�4�,� �3�/�2�]�,� �f�o�r� �a� �f�i�x�e�d� �y� �i�n� �a� �s�u�b�i�n�t�e�r�v�a�l� �o�f� �[ ��1�,�1�]�.� �T�h�e�r�e�f�o�r�e�,� 

�a�l�s�o� �t�h�i�s� �m�a�p� �c�a�n� �g�i�v�e� �r�i�s�e� �t�o� �c�h�a�o�t�i�c� �b�e�h�a�v�i�o�u�r�.� �I�n� �F�i�g�u�r�e� �V�.�2�9� �t�h�r�o�u�g�h� �F�i�g�u�r�e� �V�.�3�2� �w�e� 

�c�a�n� �s�e�e� �s�o�m�e� �o�f� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n�s� �o�c�c�u�r�r�i�n�g�,� �f�o�r� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �c�h�o�i�c�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �a�n�d� 

�o�f� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� �N�o�t�e� �t�h�a�t� �p�o�s�i�t�i�t�v�i�t�y� �i�s� �p�r�e�s�e�r�v�e�d� �f�o�r� �c�e�r�t�a�i�n� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �o�n�l�y� 

�(�e�.�g�.� �f�o�r� �a� �f�i�x�e�d� �p�o�i�n�t� �a�s� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�)�,� �b�u�t� �i�n� �g�e�n�e�r�a�l� �s�u�c�h� �a� �p�r�o�p�e�r�t�y� �i�s� �n�o�t� �c�o�n�s�e�r�v�e�d� 

�f�o�r� �4� �o�u�t� �o�f� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e�,� �a�s� �s�h�o�w�n� �i�n� �t�h�e� �f�i�g�u�r�e�s�.� 

�E�x�a�m�p�l�e� �3�)�|�A�+� �B�=�C� �+� �D�|� �T�h�i�s� �c�a�s�e� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �e�a�s�y� �t�o� �s�t�u�d�y�.� �I�n� �f�a�c�t� �w�e� �c�a�n� 

�s�e�e� �t�h�a�t� 

�T�(�r�)� �=�p�"� �=�p�  �� �M�(�p�i�p�2 �� �1�9�2�)� �a�n�d� 
�(�V�.�7�)� 

�7�(�p�1�)� �=� �p!"� �=� �p�i�  �� �w�*�(�P�i�p�2�  �� �1�4�2�)�,� 

�w�h�e�r�e� �p�o �� �=� �2�y�u�  �� �p�t ��.� �S�o�,� �f�o�r� �a� �g�i�v�e�n� �s�s� �w�e� �c�a�n� �w�r�i�t�e� �r�8 ��)�(�p�,�)� �=� �p�y�  �� �p�p� �p�e�  �� �2�1�4�9�2�)�,� 

�a�n�d� �t�h�e� �d�y�n�a�m�i�c�s� �c�a�n� �b�e� �t�h�r�o�w�n� �f�r�o�m� �t�h�e� �s�p�a�c�e� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �m�e�a�s�u�r�e�s� �i�n�t�o� �t�h�e� �d�u�a�l� �s�p�a�c�e� 

 ��t�h�e� �s�p�a�c�e� �o�f� �t�h�e� �m�a�p�s� �7�,�, �� �i�.�e�.� �w�e� �c�a�n� �w�r�i�t�e� �T�,� �+�+� �7� �=� �T�y�.� �N�o�w�,� �i�f� �w�e� �l�e�t� �y�p� �=� �y� �+� �1�,� �w�e� 

�c�a�n� �t�r�a�n�s�f�o�r�m� �t�h�e� �m�a�p� �f�o�r� �j�s� �i�n�t�o� �y�*� �=�  ��y�*�,� �f�r�o�m� �w�h�i�c�h� �w�e� �d�e�d�u�c�e� �t�h�a�t�:� 

�i�)� �»�  ¬� �(�0�,�2�)� �i�m�p�l�i�e�s� �n�u�!�)� �4� �1� �a�s� �n� �>� �o�.� 

�i�i�)� �=� �0�,�2� �i�m�p�l�i�e�s� �p�{�"�)� �=� �0� �f�o�r� �e�v�e�r�y� �n�e� �I�N�.� 

�i�i�i�)� �«� �>� �2� �i�m�p�l�i�e�s� �p�f�"�)�  ��  ��0�0� �a�s� �n� �>� �o�o�.� 

�T�h�e�r�e�f�o�r�e�,� �f�o�r� �e�v�e�r�y� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�,� �t�h�e� �r�e�a�c�t�i�o�n� �r�e�a�c�h�e�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�x�e�d� �p�o�i�n�t� 

�i�n� �j�u�s�t� �o�n�e� �s�t�e�p�,� �i�f� �4� �i�s� �e�q�u�a�l� �t�o� �o�n�e�.� �A�s� �t�h�i�s� �d�o�e�s�n ��t� �m�e�n�t�i�o�n� �h�o�w� �l�o�n�g� �t�h�e� �t�i�m�e� �s�t�e�p� �i�s�,� �w�e� 

�i�d�e�n�t�i�f�y� �t�h�i�s� �c�a�s�e� �w�i�t�h� �t�h�a�t� �o�f� �a�n� �i�n�f�i�n�i�t�e�l�y� �f�a�s�t� �r�e�a�c�t�i�o�n�.� �T�h�e� �m�a�n�i�f�o�l�d� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� 

�o�f� �r�,� �w�h�i�c�h� �h�a�s� �b�o�u�n�d�a�r�i�e�s�,� �i�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �V�.�3�3�.� 

�E�x�a�m�p�l�e� �4�)� �C�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �r�e�a�c�t�i�o�n�s�:� 

�3�A� �S�2�B�4�C� 

�(�V�.�8�)� 
�2�C�H�B�+�i�A�.



�9�3� 

�L�e�t� �p�a� �=� �p�,� �p�p� �=� �q� �a�n�d� �p�c� �=� �r�,� �a�n�d� �c�o�n�s�i�d�e�r� �a� �m�a�p� �w�h�i�c�h� �i�s� �a� �c�o�n�v�e�x� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�o�s�e� 

�r�e�l�a�t�i�v�e� �t�o� �t�h�e� �f�i�r�s�t� �a�n�d� �t�o� �t�h�e� �s�e�c�o�n�d� �r�e�a�c�t�i�o�n�.� �T�h�e�n� �w�e� �h�a�v�e� 

�p �� �=� �p �� �3�A�p�y� �(�p�®�  �� �q�?�r�)� �+� �(�1�  �� �A�)�p�e�a� �(�r�?�  �� �p�q�)� 

�q �� �=� �q� �+� �2�A�p�y� �(�p�®�  �� �q�?�r�)� �+� �(�1�  �� �A�)� �f�a� �(�r�?�  �� �p�a�)� �(�V�.�9�)� 

�r�*� �=�r� �+� �A�p�y� �(�p�?�  �� �g�?�r�)�  �� �2�(�1�  �� �A�)�e� �(�r�?�  �� �p�a�)�,� 
�a�n�d� �t�h�e�r�e� �a�r�e� �t�w�o� �f�i�x�e�d� �p�o�i�n�t�s� �o�n�l�y�:� �(�0�,�1�,�0�)� �a�n�d� �(�1�/�3� �,� �1�/�3� �,� �1�/�3�)�.� �I�n� �f�a�c�t� �i�t� �i�s� �e�a�s�y� �t�o� �s�e�e� 

�t�h�a�t� �n�o� �f�i�x�e�d� �p�o�i�n�t� �c�a�n� �h�a�v�e� �g� �=� �0�.� �T�h�e�n�,� �f�o�r� �g�q� �#� �0�,� �w�e� �o�b�t�a�i�n� �t�h�a�t� �a� �f�i�x�e�d� �p�o�i�n�t� �m�u�s�t� �o�b�e�y� 

�r� �=� �p�?�/�q�?� �a�n�d� �r�?� �=� �p�g�.� �T�h�u�s�,� �w�e� �e�n�d� �u�p� �w�i�t�h� �p�g�®� �=� �p�®�,� �a�n�d� �w�e� �m�u�s�t� �c�o�n�s�i�d�e�r� �t�w�o� �c�a�s�e�s�:� 

�1�)� �p�=� �0�,� �w�h�i�c�h� �i�m�p�l�i�e�s� �r� �=� �0�,� �a�n�d� �t�h�e�n� �q� �m�u�s�t� �b�e� �e�q�u�a�l� �t�o� �o�n�e�.� 

�2�)� �p� �#�0�,� �w�h�i�c�h� �i�m�p�l�i�e�s� �g� �=� �p� �a�n�d� �t�h�e�n� �r� �=� �p�.� 

�S�i�n�c�e� �t�h�e�r�e� �a�r�e� �n�o� �o�t�h�e�r� �p�o�s�s�i�b�i�l�i�t�i�e�s�,� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �(�V�.�8�)� �a�r�e� �o�n�l�y� �t�w�o�.� �M�o�r�e�o�v�e�r�,� 

�t�h�i�s� �s�y�s�t�e�m� �d�o�e�s� �n�o�t� �h�a�v�e� �a�n�y� �o�t�h�e�r� �c�o�n�s�t�a�n�t� �o�f� �m�o�t�i�o�n� �t�h�a�n� �p�+� �q�+�r� �=� �1�,� �a�n�d� �s�o� �i�t� �i�s� 

�a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �m�a�p� �7� �:� �I�R�?�  �� �I�R�?�.� �I�t� �h�a�p�p�e�n�s� �t�h�a�t� �f�o�r� �c�e�r�t�a�i�n� �v�a�l�u�e�s� �o�f� �2�;� �a�n�d� �p�z�,� 

�r�e�s�p�e�c�t�i�v�e�l�y� �t�h�e� �c�o�u�p�l�i�n�g� �c�o�n�s�t�a�n�t� �o�f� �t�h�e� �f�i�r�s�t� �a�n�d� �o�f� �t�h�e� �s�e�c�o�n�d� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �r�e�a�c�t�i�o�n�,� 

�7� �m�a�p�s� �p�r�o�b�a�b�i�l�i�t�i�e�s� �t�o� �p�r�o�b�a�b�i�l�i�t�i�e�s�,� �w�h�i�l�e� �f�o�r� �o�t�h�e�r� �v�a�l�u�e�s� �t�h�i�s� �o�c�c�u�r�s� �o�n�l�y� �a�c�c�i�d�e�n�t�a�l�l�y�,� 

�a�n�d� �t�h�e� �n�o�n�t�r�i�v�i�a�l� �f�i�x�e�d� �p�o�i�n�t� �b�e�c�o�m�e�s� �u�n�s�t�a�b�l�e�.� �F�i�g�u�r�e� �V�.�3�4� �t�h�r�o�u�g�h� �F�i�g�u�r�e� �V�.�3�7� �i�l�l�u�s�t�r�a�t�e� 

�t�h�e�s�e� �c�o�n�c�e�p�t�s�.� 
� � 

�O�t�h�e�r� �e�x�a�m�p�l�e�s� �c�a�n� �b�e� �e�a�s�i�l�y� �a�n�a�l�y�z�e�d�,� �l�i�k�e� �|�(�n�+�1�)�A�=�n�A�+� �B�|�,� �f�o�r� �w�h�i�c�h� �p�*� �=� 
� � � � � � 

�p�p!"�(�2�p�  �� �1�)� �a�n�d� �t�h�e� �o�n�l�y� �n�o�n� �z�e�r�o� �f�i�x�e�d� �p�o�i�n�t� �i�s� �p� �=� �1�/�2�.� �I�t� �i�s� �e�a�s�y� �t�o� �s�e�e� �t�h�a�t� �p� �b�e�c�o�m�e�s� 

�u�n�s�t�a�b�l�e� �f�o�r� �y�z� �>� �2 ��.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�f� �w�e� �w�a�n�t� �t�o� �s�t�u�d�y� �o�u�r� �r�e�a�c�t�i�o�n�s� �w�i�t�h�i�n� �t�h�e� �l�i�m�i�t�s� �t�h�a�t� �m�a�k�e� 

�p�h�y�s�i�c�a�l� �s�e�n�s�e�,� �w�e� �m�u�s�t� �o�b�s�e�r�v�e� �t�h�a�t� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e� �f�o�r� �a�l�l� �t�h�e� �e�x�a�m�p�l�e�s� �i�n� �t�h�i�s� 

�s�e�c�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� � �<� �1�/�m�a�x�{�n�;�;�m�,�}� �T�h�u�s�,� �t�h�e� �p�h�y�s�i�c�a�l�l�y� �m�e�a�n�i�n�g�f�u�l� �r�a�n�g�e� �t�u�r�n�s� �o�u�t� �t�o� 

�b�e� �o�u�t� �o�f� �t�h�e� �r�e�g�i�o�n� �w�h�e�r�e� �i�n�s�t�a�b�i�l�i�t�i�e�s� �a�n�d� �c�h�a�o�s� �o�c�c�u�r�,� �f�o�r� �t�h�e� �e�x�a�m�p�l�e�s� �h�e�r�e� �d�e�s�c�r�i�b�e�d�.� 

�F�u�r�t�h�e�r�m�o�r�e�,� �i�f� �w�e� �a�i�m� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �O�.�D�.�E�. ��s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e�s�e� 

�p�r�o�b�l�e�m�s� �b�y� �m�e�a�n�s� �o�f� �a� �d�i�s�c�r�e�t�e� �s�c�h�e�m�e�,� �w�e� �a�r�e� �i�n�t�e�r�e�s�t�e�d� �i�n� �s�m�a�l�l� �v�a�l�u�e�s� �o�f� �4�,� �a�n�d� �w�e



�9�4� 

�f�a�l�l� �i�n�t�o� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� �r�a�n�g�e�.� �T�h�e�r�e�f�o�r�e�,� �s�p�u�r�i�o�u�s� �c�h�a�o�s� �a�n�d� �n�e�g�a�t�i�v�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �c�a�n� 

�b�e�  ��d�i�s�c�o�v�e�r�e�d �� �i�n� �c�e�r�t�a�i�n� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s� �s�i�m�p�l�y� �b�y� �a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e�m� �b�y� �d�i�s�c�r�e�t�e� 

�s�c�h�e�m�e�s� �w�i�t�h� �t�o�o� �l�a�r�g�e� �a� �t�i�m�e� �s�t�e�p�,� �i�.�e�.� �t�o�o� �l�a�r�g�e� �p�.� 

�W�e� �c�o�n�c�l�u�d�e� �t�h�i�s� �s�e�c�t�i�o�n� �w�i�t�h� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �t�h�a�t� �t�h�e� �m�a�n�i�f�o�l�d�s� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� 

�a�l�l� �t�h�e� �e�x�a�m�p�l�e�s� �w�e� �h�a�v�e� �a�n�a�l�y�z�e�d� �h�e�r�e� �h�a�v�e� �b�o�u�n�d�a�r�i�e�s�,� �a�n�d� �s�o� �t�h�e� �t�h�e�o�r�y� �d�e�v�e�l�o�p�e�d� �i�n� 

�[�2�5�]� �(�o�n�e� �o�f� �t�h�e� �p�a�p�e�r�s� �e�x�a�m�i�n�e�d� �i�n� �s�e�c�t�i�o�n� �I�.�5�)� �c�a�n�n�o�t� �b�e� �a�p�p�l�i�e�d� �t�o� �t�h�o�s�e� �r�e�a�c�t�i�o�n�s�.� �S�u�c�h� 

�a� �t�h�e�o�r�y�,� �i�n�d�e�e�d�,� �i�s� �n�o�t� �a�p�p�l�i�c�a�b�l�e� �f�o�r� �s�e�v�e�r�a�l� �o�t�h�e�r� �r�e�a�s�o�n�s�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �n�o� �a�u�t�o�c�a�t�a�l�y�t�i�c� 

�r�e�a�c�t�i�o�n� �c�o�u�l�d� �b�e� �t�r�e�a�t�e�d� �b�e�c�a�u�s�e� �p�a�r�t� �o�f� �i�t�s� �f�i�x�e�d� �p�o�i�n�t�s� �a�r�e� �r�e�p�e�l�l�e�r�s�,� �i�n� �c�o�n�t�r�a�s�t� �w�i�t�h� �t�h�e� 

�a�s�s�u�m�p�t�i�o�n�s� �o�f� �t�h�o�s�e� �a�u�t�h�o�r�s�.� �W�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �r�e�f�e�r�e�n�c�e� �[�2�5�]� �i�s� �n�o�t� �r�e�l�e�v�a�n�t� �t�o� �t�h�e� �s�t�u�d�y� �o�f� 

�c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�-�d�i�f�f�u�s�i�o�n� �p�r�o�b�l�e�m�s�,� �t�h�o�u�g�h� �i�t� �m�a�y� �b�e� �o�f� �i�n�t�e�r�e�s�t� �i�n� �t�h�e� �s�t�u�d�y� �o�f� �d�i�f�f�e�r�e�n�t� 

�k�i�n�d�s� �o�f� �r�e�a�c�t�i�o�n�-�d�i�f�f�u�s�i�o�n� �s�y�s�t�e�m�s�.� 

�V�.�4� �C�o�n�t�i�n�u�o�u�s� �T�i�m�e� �P�r�o�b�l�e�m� �f�o�r� �S�i�n�g�l�e� �R�e�a�c�t�i�o�n�s� 

�I�n� �C�h�a�p�t�e�r� �I�I�]� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �a�n�d� �t�h�e� �d�i�s�c�r�e�t�e� �t�i�m�e� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� 

�c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n� �w�e�r�e� �i�n�t�r�o�d�u�c�e�d�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �t�h�e� �O�.�D�.�E�.� �s�y�s�t�e�m� �(�I�I�I�.�2�)� �a�n�d� �t�h�e� �d�i�s�c�r�e�t�e� 

�m�a�p� �(�I�I�I�.�3�)� �a�r�e� �r�e�l�e�v�a�n�t� �t�o� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� �(�I�I�I�.�1�)�;� �w�h�i�l�e� �(�T�I�1�.�5�5�)� �a�n�d� �(�I�I�T�.�5�6�)� 

�a�r�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n� �(�I�I�I�.�5�4�)�.� �C�l�e�a�r�l�y�,� �t�h�e� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�-� 

�t�i�o�n� �i�s� �j�u�s�t� �a� �s�p�e�c�i�a�l� �c�a�s�e� �o�f� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �o�n�e�,� �f�r�o�m� �m�a�n�y� �p�o�i�n�t�s� �o�f� �v�i�e�w�.� �T�h�e�r�e�f�o�r�e�,� �i�n� 

�t�h�i�s� �s�e�c�t�i�o�n� �w�e� �w�i�l�l� �u�s�e� �t�h�e� �n�o�t�a�t�i�o�n� �i�n�t�r�o�d�u�c�e�d� �i�n� �s�e�c�t�i�o�n� �I�I�I�.�7�,� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� 

�r�e�a�c�t�i�o�n�s�,� �a�s� �t�h�e� �r�a�n�g�e� �o�f� �p�a�r�a�m�e�t�e�r�s� �w�e� �w�i�l�l� �c�o�n�s�i�d�e�r� �a�l�l�o�w�s� �u�s� �t�o� �p�e�r�f�o�r�m� �a� �j�o�i�n�t� �a�n�a�l�y�s�i�s� 

�o�f� �t�h�e� �t�w�o� �c�a�s�e�s�.� �R�e�c�a�l�l� �t�h�a�t� �e�a�c�h� �s�i�n�g�l�e� �r�e�a�c�t�i�o�n� �d�e�f�i�n�e�s� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �d�y�n�a�m�i�c�a�l� �s�y�s�-� 

�t�e�m�,� �e�i�t�h�e�r� �w�i�t�h� �c�o�n�t�i�n�u�o�u�s� �o�r� �w�i�t�h� �d�i�s�c�r�e�t�e� �t�i�m�e�,� �a�n�d� �s�o� �i�t� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� �j�u�s�t� �o�n�e� 

�r�e�f�e�r�e�n�c�e� �v�a�r�i�a�b�l�e�.� 

�N�o�w�,� �l�e�t� �y� �i�n� �e�q�u�a�t�i�o�n� �(�I�I�1�.�5�6�)� �e�q�u�a�l� �7�A�t�,� �w�h�e�r�e� �7� �i�s� �t�h�e� �r�a�t�e� �c�o�n�s�t�a�n�t� �o�f� �e�q�u�a�t�i�o�n
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�(�I�I�I�.�5�5�)�,� �a�n�d� �A�t� �i�s� �a� �t�i�m�e� �i�n�t�e�r�v�a�l�.� �T�h�e�n� �(�I�I�I�.�5�6�)� �c�a�n� �b�e� �w�r�i�t�t�e�n�,� �i�n� �c�o�m�p�a�c�t� �n�o�t�a�t�i�o�n�,� �a�s� 

�P�(�t� �+� �A�t�)� �=� �P�(�t�)� �+� �n�m� �D�(�P�(�t�)�)�A�t�,� �(�V�.�1�0�)� 

�w�h�e�r�e� �7 �� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �t�h�e� �s�t�o�i�c�h�i�o�m�e�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� 

�r�e�a�c�t�i�o�n�,� �w�i�t�h� �t�h�e�i�r� �s�i�g�n�.� �E�q�u�a�t�i�o�n� �(�V�.�1�0�)� �i�s� �n�o�t�h�i�n�g� �b�u�t� �t�h�e� �E�u�l�e�r� �s�c�h�e�m�e� �f�o�r� �t�h�e� �n�u�m�e�r�i�c�a�l� 

�s�o�l�u�t�i�o�n� �o�f� �(�I�J�I�.�5�5�)�.� �T�h�u�s�,� �w�e� �c�a�n� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �p�r�o�b�l�e�m� �o�f� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �(�V�.�1�0�)� �t�o� 

�t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�I�I�J�.�5�5�)�,� �w�i�t�h� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �P�(�0�)�  ¬� �Q�,� �p�r�o�v�i�d�e�d� �t�h�a�t� �s�u�c�h� �a� �s�o�l�u�t�i�o�n� �e�x�i�s�t�s� 

�a�n�d� �i�s� �u�n�i�q�u�e� �i�n� �a�n� �o�p�e�n� �i�n�t�e�r�v�a�l� �(�a�,�(�)�.� �T�h�e� �q�u�e�s�t�i�o�n� �a�b�o�u�t� �e�x�i�s�t�e�n�c�e� �a�n�d� �u�n�i�q�u�e�n�e�s�s� �o�f� 

�t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �O�.�D�.�E�.� �(�J�I�I�.�5�5�)� �i�s� �e�a�s�i�l�y� �a�n�s�w�e�r�e�d�.� �F�i�r�s�t� �o�f� �a�l�l� �o�b�s�e�r�v�e� �t�h�a�t� �t�h�e� �c�h�o�i�c�e� �o�f� 

�t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �r�e�s�t�r�i�c�t�s� �t�h�e� �p�r�o�b�l�e�m� �t�o� �o�n�e� �o�n� �a� �c�o�m�p�a�c�t� �s�e�t�:� 

�d�  ��=� �-�m�n�D�(�p�i�)� �,� �P�i�  ¬� �[�B�,�C�]� �(�V�.�1�1�)� 
�a�n�d� �o�f� �c�o�u�r�s�e� �D� �i�s� �a� �C!"� �f�u�n�c�t�i�o�n� �i�n� �[�B�,�C�]�.� �A�l�s�o�,� �o�b�s�e�r�v�e� �t�h�a�t� �t�h�e� �v�e�c�t�o�r� �f�i�e�l�d�,�  ��n�i�n�D�,� 

�e�i�t�h�e�r� �p�o�i�n�t�s� �i�n�s�i�d�e� �t�h�e� �i�n�t�e�r�v�a�l� �o�r� �i�t� �i�s� �z�e�r�o� �a�t� �i�t�s� �e�n�d�p�o�i�n�t�s�,� �w�h�i�c�h� �a�r�e� �a�l�w�a�y�s� �r�e�p�e�l�l�e�r�s� �f�o�r� 

�t�h�e� �f�l�o�w�.� �T�h�e�n� �T�h�e�o�r�e�m� �I�I�.�1�4�,� �T�h�e�o�r�e�m� �I�I�.�1�5� �a�n�d� �T�h�e�o�r�e�m� �I�I�.�1�6� �a�l�l� �a�p�p�l�y�,� �a�n�d� �g�u�a�r�a�n�t�e�e� 

�t�h�a�t� �(�1�1�1�.�5�5�)� �h�a�s� �a� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n� �i�n� �Q�,� �P�(�-�)� �s�a�y�,� �d�e�f�i�n�e�d� �f�o�r� �a�l�l� �p�o�s�i�t�i�v�e� �t�i�m�e�s�.� �A�t� �t�h�i�s� 

�p�o�i�n�t�,� �g�i�v�e�n� �a�n�y� �i�n�t�e�r�v�a�l� �J� �=� �[�a�,� �6�]� �C� �[�0�,� �0�0�)�,� �w�e� �h�a�v�e� �t�h�a�t� �(�V�.�1�1�)� �c�o�n�v�e�r�g�e�s� �i�n� �n�o�r�m� �t�o� �t�h�e� 

�s�o�l�u�t�i�o�n� �o�f� �(�I�I�I�.�5�5�)� �i�n� �J� �a�s� �A�t�  �� �0�.� �I�n� �f�a�c�t�,� �t�h�e� �c�o�n�d�i�t�i�o�n� �o�f� �L�i�p�s�c�h�i�t�z� �c�o�n�t�i�n�u�i�t�y� �i�n� �Q� �i�s� 

�o�b�v�i�o�u�s�l�y� �s�a�t�i�s�f�i�e�d� �b�y� �D�,� �a�n�d� �s�o� �T�h�e�o�r�e�m� �I�J�.�1�7� �h�o�l�d�s�.� 

�W�e� �w�i�l�l� �u�s�e� �t�h�i�s� �f�a�c�t� �t�o� �a�n�a�l�y�z�e� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �P�(�-�)�,� �i�n�s�t�e�a�d� �o�f� �t�h�e� �s�i�m�p�l�e� �s�t�a�n�d�a�r�d� 

�a�r�g�u�m�e�n�t�s�,� �b�e�c�a�u�s�e� �t�h�i�s� �w�i�l�l� �p�r�o�v�i�d�e� �u�s� �w�i�t�h� �a� �n�e�w� �t�o�o�l� �f�o�r� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �m�o�r�e� �c�o�m�p�l�i�-� 

�c�a�t�e�d� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� �s�y�s�t�e�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �c�o�m�p�l�e�x� �c�h�e�m�i�c�a�l� �r�e�a�c�t�i�o�n�s�.� �B�e�f�o�r�e� �d�o�i�n�g� 

�t�h�a�t�,� �w�e� �n�e�e�d� �t�o� �p�r�o�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�r�o�l�l�a�r�y� �t�o� �T�h�e�o�r�e�m� �I�T�I�.�3�,� �a�n�d�,� �t�o� �a�l�l�o�w� �f�o�r� �t�h�e� �f�a�c�t� 

�t�h�a�t� �a� �d�i�f�f�e�r�e�n�t� �c�h�o�i�c�e� �o�f� �4�:� �d�e�t�e�r�m�i�n�e�s� �a� �d�i�f�f�e�r�e�n�t� �m�a�p� �f�o�r� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �a� �g�i�v�e�n� �c�h�e�m�i�c�a�l� 

�r�e�a�c�t�i�o�n�;� �w�e� �d�e�n�o�t�e� �b�y� �1�,�,� �t�h�e� �m�a�p� �w�h�o�s�e� �c�o�u�p�l�i�n�g� �c�o�n�s�t�a�n�t� �i�s� �j�«�.� 

�C�o�r�o�t�i�a�r�y� �V�.�1�.� �F�o�r� �e�v�e�r�y�  ¬�  ¬� �(�0�,�1�/�2�]� �t�h�e�r�e� �e�x�i�s�t�s� �t�,�  ¬� �[�0�,�0�0�)� �s�u�c�h� �t�h�a�t� �|�p�,�  �� �r�J�(�p�i�)�|� �<� �«� 

�p�r�o�v�i�d�e�d� �t�h�a�t� �7�A�t� �>� �t�,�,� �a�n�d� �p�p� �=� �n�A�t� �<� �p�i�g�.� �M�o�r�e�o�v�e�r�,� �t�,� �d�o�e�s� �n�o�t� �d�e�p�e�n�d� �o�n� �i�.
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�P�r�o�o�r�:� �I�f� �p�;� �i�s� �a� �f�i�x�e�d� �p�o�i�n�t�,� �t�h�e� �r�e�s�u�l�t� �i�s� �t�r�i�v�i�a�l�.� �I�f� �p�,� �i�s� �n�o�t� �a� �f�i�x�e�d� �p�o�i�n�t�,� �t�h�e�n� �T�h�e�o�r�e�m� 

�I�l�I�.�3�(�d�)� �s�a�y�s� �t�h�a�t� �r�i�(�p�1�)� �c�o�n�v�e�r�g�e�s� �m�o�n�o�t�o�n�i�c�a�l�l�y� �t�o� �p�;�,� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�e�d� 

�n�o�n�-�a�u�t�o�c�a�t�a�l�y�t�i�c� �r�e�a�c�t�i�o�n�.� �T�h�e�n� �a�s�s�u�m�e� �t�h�a�t� �p�;� �<� �p�,� �a�n�d� �c�o�n�s�i�d�e�r� �p�|� �=� �p�i�  ��  ¬�/�2�,� �p�i� �>� �p�i�,� 

�a�n�d� �J�,� �=� �[�p�i�,�p�}�]�.� �T�h�e�r�e� �i�s� �n�o� �z�e�r�o� �c�f� �r�;�{�(�p�,�)� �n�o�r� �o�f� �3�;�(�p�:�)� �,�i�=�1�,�.�.�,�a�,�j� �=� �1�,�.�.�.�,�6�,�i�n� 

�a�n�d�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �f�a�c�t� �t�h�a�t� �a�l�l� �t�h�e� �r ��s� �i�n�c�r�e�a�s�e� �l�i�n�e�a�r�l�y� �w�i�t�h� �p�,� �w�h�i�l�e� �a�l�l� �t�h�e� �s ��s� �d�e�c�r�e�a�s�e� 

�l�i�n�e�a�r�l�y�,� �w�e� �h�a�v�e� �(�r�;�)�m�i�n� �=� �7�:�(�p�1�)� �,� �(�$�;�)�m�i�n� �=� �3�;�(�p�,�)�,� �i�n� �I�e�.� �S�o� 

�r�e� �o�-� �s�f� �>� �(�r�,�)�*� �e�e� �(�s�g�)� �=� �6�.� �>� �0�.� �(�V�.�1�2�)� �m�i�n� �m�i�n� 

�W�e� �a�l�s�o� �h�a�v�e� �D� �<� �0� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �p�r�o�c�e�s�s� �a�n�d�,� �s�i�n�c�e� �a�l�l� �t�h�e� �p ��s� �i�n�c�r�e�a�s�e� �w�i�t�h� �p�;� �w�h�i�l�e� �a�l�l� 

�t�h�e� �q ��s� �d�e�c�r�e�a�s�e�,� �w�e� �h�a�v�e� �-�D� �>�  ��D�(�p�,�)� �=� �D�,� �>� �0�.� �T�h�e�n� 

�7�3�(�p�1�)� �_� �r�3�-�*�(�p�1�)� �=�  ��n�,�4�t�D�(�r�2�~�*�(�p�1�)�)� �.� �r�e� �v�s� �s�f� �>� �n�y�p�D�d�D�,�.�6�,� �=� �A�.� �>� �0�.� �(�V�.�1�3�)� 

�T�h�e�n� �t�h�e� �d�i�s�t�a�n�c�e� �d�,� �=� �p�  �� �p�;� �w�i�l�l� �b�e� �c�o�v�e�r�e�d� �i�n� �a�t� �m�o�s�t� 

�d�d�d�,� 
�J�e� �K�R�.� �m�p�D�e�b�e�  �� �m�N�A�t�D�e�b�e� 
� � �(�V�.�1�4�)� 

�s�t�e�p�s�.� �T�h�e�r�e�f�o�r�e� �i�t� �s�u�f�f�i�c�e�s� �t�o� �t�a�k�e� �t�,� �=� �j�,�A�t�,� �w�h�i�c�h� �i�s� �c�l�e�a�r�l�y� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �y�u� �a�s� �l�o�n�g� �a�s� 

�l�t� �<� �p�o�,� �w�h�e�r�e� �j�t�o� �i�s� �t�h�e� �v�a�l�u�e� �g�i�v�e�n� �b�y� �T�h�e�o�r�e�m� �I�I�I�.�3�.� �I�f� �p�;� �>� �p�,�,� �a� �s�i�m�i�l�a�r� �a�r�g�u�m�e�n�t� �y�i�e�l�d�s� 

�t�h�e� �s�a�m�e� �c�o�n�c�l�u�s�i�o�n�s�.� �T�h�i�s� �p�r�o�v�e�s� �t�h�e� �c�o�r�o�l�l�a�r�y�.� �.� 

�T�H�E�O�R�E�M� �V�.�1�.� �T�h�e� �s�e�t� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �p�o�i�n�t�s� �o�f� �(�I�H�I�.�5�5�)� �c�o�i�n�c�i�d�e�s� �w�i�t�h� �t�h�a�t� �o�f� �t�h�e� �f�i�x�e�d� 

�p�o�i�n�t�s� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�i�s�c�r�e�t�e� �m�a�p� �7�,� �(�I�I�I�.�5�6�)�,� �a�n�d� �t�h�e�i�r� �s�t�a�b�i�l�i�t�y� �i�s� �a�l�s�o� �t�h�e� �s�a�m�e�.� 

�G�i�v�e�n� �o�n�e� �s�e�t� �o�f� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�,� �P�(�0�)�,� �t�h�e�r�e� �e�x�i�s�t�s� �a� �u�n�i�q�u�e� �P� �s�u�c�h� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n� �p�i�(�t�)� 

�o�f� �(�V�.�1�1�)� �c�o�n�v�e�r�g�e�s� �m�o�n�o�t�o�n�i�c�a�l�l�y� �t�o� �p�y� �a�s� �t� �+� �o�o�.� �T�h�e� �s�u�b�s�e�t�s� �t�h�a�t� �a�r�e� �i�n�v�a�r�i�a�n�t� �u�n�d�e�r� �T�r� 

�a�r�e� �i�n�v�a�r�i�a�n�t� �f�o�r� �t�h�e� �O�.�D�.�E�.� �s�y�s�t�e�m� �a�s� �w�e�l�l�.� 

�P�r�o�o�r�:� �T�h�e� �e�q�u�a�t�i�o�n�s� �t�h�a�t� �d�e�t�e�r�m�i�n�e� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �a� �d�i�s�c�r�e�t�e� �m�a�p� 

�T�r� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �f�o�r� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �p�o�i�n�t�s� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �O�.�D�.�E�.� �s�y�s�t�e�m�.� 

�T�h�e�r�e�f�o�r�e� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �(�I�I�I�.�5�6�)� �c�o�i�n�c�i�d�e� �w�i�t�h� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �p�o�i�n�t�s� �o�f� �(�I�I�I�.�5�5�)�.
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�G�i�v�e�n� �o�n�e� �s�e�t� �o�f� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�,� �P�(�0�)�,� �t�h�e� �i�t�i�n�e�r�a�r�i�e�s� �b�a�s�e�d� �a�t� �P�(�0�)� �u�n�d�e�r� �e�v�e�r�y� 

�m�a�p� �T�,�,� �s�u�c�h� �t�h�a�t� �p�p� �<� �p�o�,� �c�o�n�v�e�r�g�e� �t�o� �a� �g�i�v�e�n� �P�.� �F�u�r�t�h�e�r�m�o�r�e�,� �b�e�c�a�u�s�e� �o�f� �C�o�r�o�l�l�a�r�y� �V�.�1�,� 

�f�o�r� �e�v�e�r�y�  ¬� �>� �0� �t�h�e�r�e� �e�x�i�s�t�s� �o�n�e� �¢�,�/�3� �>� �0� �s�u�c�h� �t�h�a�t� �t�h�e� �i�t�i�n�e�r�a�r�i�e�s� �f�o�r� �a�l�l� �t�h�e� �u ��s� �s�m�a�l�l�e�r� 

�t�h�a�n� �j�o� �t�a�k�e� �t�h�e� �f�i�r�s�t� �c�o�m�p�o�n�e�n�t� �o�f� �P� �w�i�t�h�i�n� �a� �d�i�s�t�a�n�c�e� �s�m�a�l�l�e�r� �t�h�a�n� �¢�/�3� �f�r�o�m� �j�y�,� �a�t� �a�l�l� 

�t�i�m�e�s� �l�a�t�e�r� �t�h�a�n� �t�,�;�;�.� �W�e� �k�n�o�w� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�I�I�I�.�5�5�)� �i�s� �a� �c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�t�i�m�e� �v�a�r�i�a�b�l�e� �t�.� �T�h�e�r�e�f�o�r�e�,� �g�i�v�e�n� �a� �t�i�m�e� �i�n�t�e�r�v�a�l� �J� �=� �[�0�,�T�]�,� �t�h�e�r�e� �e�x�i�s�t�s� �6� �>� �0� �s�u�c�h� �t�h�a�t� 

�[�p�i�(�t�)�  ��p�i�(�t ��)�|� �<�  ¬�/�3�,� �f�o�r� �t�,�t ��  ¬� �I�,� �w�h�e�n�e�v�e�r� �|�t ��t�'�|� �<� �6�.� �F�i�n�a�l�l�y�,� �w�e� �k�n�o�w� �t�h�a�t�,� �f�o�r� �e�v�e�r�y� �t�i�m�e� 

�i�n�t�e�r�v�a�l� �l�i�k�e� �J�,� �w�e� �c�a�n� �c�h�o�o�s�e� �(�A�t�)�o� �>� �0� �s�u�c�h� �t�h�a�t� �\�r�2�(�p�1�(�0�)�)�  �� �p�y� �(�j�A�t�)�|� �<� �«�/�3� �V�j� �=�0�,�1�,�.�.�.�,� 

�I�n�t�(�T�/�A�t�)�,� �i�f� �w�«� �=� �n�A�t� �a�n�d� �A�t� �<� �(�A�t�)�o�,� �w�h�e�r�e� �b�y� �I�n�t�(�T�/�A�t�)� �w�e� �m�e�a�n� �t�h�e� �i�n�t�e�g�e�r� �p�a�r�t� �o�f� 

�T�/�A�t�.� 

�N�o�w�,� �t�a�k�e� �T� �>� �t� �>� �t�,�/�3�,� �l�e�t� �6� �b�e� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�o�s�i�t�i�v�e� �q�u�a�n�t�i�t�y� �i�n�t�r�o�d�u�c�e�d� �a�b�o�v�e�.� 

�L�e�t� �6 �� �<� �t�  �� �t�,�7�3� �a�n�d� �d�e�f�i�n�e� �9� �=� �m�i�n�(�6�,�6 ��)�/�2�,� �t�h�e�n� �c�h�o�o�s�e� �t�'� �=� �t�  �� �é�9� �a�n�d� �t�a�k�e� �A�t� �<� 

�m�i�n�|�(�A�t�)�o�,� �5�9�]�.� �T�h�e�n� �t�h�e�r�e� �e�x�i�s�t�s� �j�o� �s�u�c�h� �t�h�a�t� �j�o�A�t�  ¬� �[�t ��,� �t�]� �a�n�d� 

�|�p�i�(�t�)�  �� �B�a�l� �=� �|�p�a�(�t�)�  �� �p�r�(�J�o�A�t�)� �+� �p�i�(�j�o�A�t�)�  �� �7�2�"�(�p�1�(�0�)�)� �+� �7�2�"�(�1�(�0�)�)� �-� �d�i�]� �<� 
�(�V�.�1�5�)� 

�l�p�r� �(�t�)�  �� �p�r�(�g�o�A�t�)�|� �+� �|�p�r�(�J�o�A�t�)�  �� �7�3�"�(�p�r�(�0�)�)�|� �+� �[�7�2�"�(�1�(�0�)�)�  �� �b�i�]� �<�  ¬�.� 
�F�i�n�a�l�l�y�,� �r�e�c�a�l�l� �t�h�a�t� �i�f� �p�,�;� �i�s� �e�x�p�o�n�e�n�t�i�a�l�l�y� �s�t�a�b�l�e� �a�l�o�n�g� �t�h�e� �l�i�n�e� �o�f� �t�h�e� �m�o�t�i�o�n� �I ��,� �t�h�e�n� 

�t�h�e�r�e� �e�x�i�s�t�s� �9� �>� �0� �s�u�c�h� �t�h�a�t� �p�,�(�t�)� �c�o�n�v�e�r�g�e�s� �t�o� �p�,� �a�s� �t� �g�r�o�w�s�,� �p�r�o�v�i�d�e�d� �t�h�a�t� �p�,�(�0�)�  ¬� 

�I�'�M� �(�p�i�  ��  ¬�0�,�p�1� �+�  ¬�9�)�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �e�n�o�u�g�h� �t�o� �c�h�o�o�s�e�  ¬� �<�  ¬�9� �i�n� �(�V�.�1�4�)�.� �I�n� �t�h�e� �c�a�s�e� �t�h�a�t� �p�,� 

�i�s� �n�o�t� �e�x�p�o�n�e�n�t�i�a�l�l�y� �s�t�a�b�l�e� �a�l�o�n�g� �I�,� �w�e� �m�u�s�t� �o�b�s�e�r�v�e� �t�h�a�t� �I� �=� �{�p�,�}�,� �a�n�d� �s�o� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�t�o� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �i�s� �t�r�i�v�i�a�l�l�y� �v�e�r�i�f�i�e�d�.� �I�n�d�e�e�d�,� �e�q�u�a�t�i�o�n� �(�I�I�I�.�7�4�)� �s�a�y�s� �t�h�a�t� �p�,�;� �i�s� �n�o�t� �h�y�p�e�r�b�o�l�i�c� 

�a�l�o�n�g� �I� �i�f� �a�n�d� �o�n�l�y� �i�f� �s�o�m�e� �a�u�t�o�c�a�t�a�l�y�t�i�c� �e�l�e�m�e�n�t� �v�a�n�i�s�h�e�s� �o�r� �i�f� �o�n�e� �p�;� �v�a�n�i�s�h�e�s� �t�o�g�e�t�h�e�r� �w�i�t�h� 

�o�n�e� �q�;�.� �T�h�e�n�,� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t� �g�i�v�e�n� �i�n� �t�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� �I�I�I�.�4� �p�r�o�v�e�s� �t�h�a�t� �T� �=� �{�p�y�}�.� 

�T�h�e�r�e�f�o�r�e� �p�(�t�)�  �� �p�,� �a�s� �t� �>� �o�o� �i�n� �a�l�l� �p�o�s�s�i�b�l�e� �c�a�s�e�s�,� �w�h�i�c�h� �a�n�s�w�e�r�s� �a�l�s�o� �t�h�e� �q�u�e�s�t�i�o�n� �a�b�o�u�t� 

�t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �P�  ¬� �Q�,� �a�s� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�s� �o�f� �t�h�e� �O�.�D�.�E�.� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�a�t� 

�o�f� �t�h�e� �d�i�s�c�r�e�t�e� �m�a�p�s�.� 

�T�h�e� �f�i�n�a�l� �s�t�a�t�e�m�e�n�t� �i�n� �t�h�e� �t�h�e�o�r�e�m� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t�,� �g�i�v�e�n� �o�n�e� �r�e�a�c�t�i�o�n�,� �t�h�e
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�i�n�v�a�r�i�a�n�t� �s�u�b�s�e�t�s� �o�f� �7�,�,� �a�r�e� �i�n�v�a�r�i�a�n�t� �a�l�s�o� �f�o�r� �1�,�,� �i�f� �y�s �� �<� �y�s�.� �T�h�e�n� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� 

�o�f� �(�I�I�I�.�5�5�)� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �d�i�s�c�r�e�t�e� �s�c�h�e�m�e� �t�o� �s�u�c�h� �a� �s�o�l�u�t�i�o�n� �e�n�s�u�r�e�s� 

�t�h�a�t� �i�f� �p�,�(�0�)� �l�i�e�s� �i�n� �a�n� �i�n�v�a�r�i�a�n�t� �s�u�b�s�e�t� �E�F� �f�o�r� �r�,�,� �t�h�e�n� �p�(�t�)�  ¬� �E� �f�o�r� �e�v�e�r�y� �t� �>� �0�.� 

�I�t� �r�e�m�a�i�n�s� �t�o� �p�r�o�v�e� �t�h�a�t� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �p�;� �i�s� �m�o�n�o�t�o�n�i�c�,� �i�.�e�.� �p�(�t�)� �<� �p�(�t ��)� �f�o�r�t� �<� �t �� 

�i�f� �p�x�(�0�)� �<� �p�y�,� �a�n�d� �p�(�t�)� �>� �p�i�(�t�'�)� �f�o�r� �t� �<� �¢ �� �i�f� �p�,�(�0�)� �>� �p�,�.� �B�u�t� �t�h�i�s� �f�o�l�l�o�w�s� �e�a�s�i�l�y� �f�r�o�m� �t�h�e� 

�m�o�n�o�t�o�n�i�c�i�t�y� �o�f� �a�l�l� �t�h�e� �i�t�i�n�e�r�a�r�i�e�s� �{�7�3�(�P�(�0�)�)�}� �w�i�t�h� �p� �<� �j�l�o�.� �7� 

�F�i�n�a�l�l�y� �i�f� �w�e� �u�s�e� �(�I�I�I�.�6�2�)� �a�s� �o�u�r� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �e�n�t�r�o�p�y� �a�l�s�o� �f�o�r� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� 

�c�a�s�e�,� �w�e� �c�a�n� �p�r�o�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�C�O�R�O�L�L�A�R�Y� �V�.�2�.� �G�i�v�e�n� �(�I�I�I�.�5�5�)� �a�n�d� �a� �s�e�t� �o�f� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�,� �P�(�0�)�,� �t�h�e� �e�n�t�r�o�p�y� �o�f� �t�h�e� 

�s�y�s�t�e�m� �i�s� �a� �c�o�n�t�i�n�u�o�u�s� �n�o�n�-�d�e�c�r�e�a�s�i�n�g� �f�u�n�c�t�i�o�n� �o�f� �t�  ¬� �[�0�,�0�0�)�.� �M�o�r�e�o�v�e�r�,� �e�i�t�h�e�r� �P�(�0�)� �i�s� �a� 

�s�t�a�t�i�o�n�a�r�y� �p�o�i�n�t� �o�f� �(�I�I�I�.�5�5�)� �o�r� �l�i�m�y�.�.� �S�(�t�)�  �� �$�(�0�)� �>� �0�.� 

�P�r�o�o�r�:� �A�s� �S�(�t�)� �=� �S�(�P�(�t�)�)� �i�s� �t�h�e� �c�o�m�p�o�s�i�t�i�o�n� �o�f� �c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n�s�,� �i�t� �i�s� �c�o�n�t�i�n�u�o�u�s�.� �I�n� 

�p�a�r�t�i�c�u�l�a�r�,� �g�i�v�e�n� �¢� �>� �0�,� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �o�f� �S� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �P�  ¬� �Q� �e�n�s�u�r�e�s� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� 

�6� �>� �0� �s�u�c�h� �t�h�a�t� �|�5�(�P�,�)�  �� �S�(�P�2�)�|� �<� �¢� �i�f� �|�|�P�,�  �� �P�2�|�|� �<� �6�.� �N�o�w�,� �t�a�k�e� �a�n�y� �t�w�o� �i�n�s�t�a�n�t�s� �o�f� �t�i�m�e�,� 

�t�z� �>� �t�;� �>� �0�,� �d�e�f�i�n�e� �p�z�,� �=� �n�(�t�2�  �� �t�,�)�/�n� �=� �n�(�A�t�)�,� �a�n�d� �l�e�t� �7�,� �b�e� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�i�s�c�r�e�t�e� 

�m�a�p� �w�i�t�h� �c�o�u�p�l�i�n�g� �c�o�n�s�t�a�n�t� �p�p� �=� �p�,�.� �T�h�e�n� �t�h�e�r�e� �e�x�i�s�t�s� �n�g�  ¬� �I�N� �s�u�c�h� �t�h�a�t� �p�,�,� �<� �f�o�,� �w�h�e�r�e� 

�H�o� �i�s� �t�h�e� �v�a�l�u�e� �i�n�t�r�o�d�u�c�e�d� �i�n� �T�h�e�o�r�e�m� �I�I�I�.�3�.� �B�y� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �d�i�s�c�r�e�t�e� �s�c�h�e�m�e� 

�t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�I�1�I�.�5�5�)�,� �f�o�r� �a� �g�i�v�e�n� �6� �>� �0� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �f�i�n�d� �(�A�t�)�o� �>� �0� �s�u�c�h� �t�h�a�t� 

�I�|�7�7�(�P�(�t�1�)�)�  �� �P�(�t�2�)�|�|� �<� �§� �w�h�e�n�e�v�e�r� �(�A�t�)�,� �<� �(�A�t�)�o�.� �C�a�l�l� �n �� �t�h�e� �s�m�a�l�l�e�s�t� �i�n�t�e�g�e�r� �t�h�a�t� �m�a�k�e�s� 

�t�h�i�s� �i�n�e�q�u�a�l�i�t�y� �t�r�u�e�.� �T�h�e�n� �l�e�t� �n�,� �b�e� �t�h�e� �m�a�x�i�m�u�m� �b�e�t�w�e�e�n� �n�g� �a�n�d� �n �� �a�n�d� �t�a�k�e� �a�n�y� �n� �>� �n�y�.� 

�W�e� �g�e�t� 
�S�(�t�2�)�  �� �S�(�t�i�)� �=� �S�(�t�e�)�  �� �S�(�m�(�P�(�t�i�)�)�)� �+� �S�(�m�r� �(�P�l�t�)�  �� �S�(�t�)� �2� �(�v�.�a�6�)� 

�S�(�P�(�t�2�)�)�  �� �S�(�t� �(�P�(�t�)�)�)� �+�0� �>� �-�«� 
�b�e�c�a�u�s�e� �t�h�e� �m�a�p�s� �7�,� �d�o� �n�o�t� �d�e�c�r�e�a�s�e� �t�h�e� �e�n�t�r�o�p�y� �[�2�8�]�.� �A�s� �¢� �i�s� �a�r�b�i�t�r�a�r�y�,� �w�e� �h�a�v�e� �S�(�t�2�)�  �� 

�S�(�t�1�)� �>� �O� �i�e�.� �S� �i�s� �a� �n�o�n�-�d�e�c�r�e�a�s�i�n�g� �f�u�n�c�t�i�o�n� �o�f� �¢�.� �F�i�n�a�l�l�y�,� �i�f� �P�(�0�)� �i�s� �a� �s�t�a�t�i�o�n�a�r�y� �p�o�i�n�t� 

�o�f� �(�I�I�I�.�5�5�)�,� �P�(�t�)� �=� �P�(�0�)� �f�o�r� �a�l�l� �t�i�m�e�s�,� �a�n�d� �t�h�e� �c�o�r�o�l�l�a�r�y� �i�s� �t�r�u�e�.� �I�f�,� �i�n�s�t�e�a�d�,� �P�(�0�)� �i�s� �n�o�t� �a



�9�9� 

�s�t�a�t�i�o�n�a�r�y� �p�o�i�n�t� �o�f� �(�I�I�I�.�5�5�)�,� �t�h�e�n� �i�t� �i�s� �e�n�o�u�g�h� �t�o� �o�b�s�e�r�v�e� �t�h�a�t� �l�i�m�,�_�.�.�.� �P�(�t�)� �=� �P�,� �w�h�i�c�h� �i�s� �a� 

�m�a�x�i�m�u�m� �a�n�d� �t�h�e� �o�n�l�y� �o�n�e� �p�o�i�n�t� �a�l�o�n�g� �t�h�e� �l�i�n�e� �o�f� �t�h�e� �m�o�t�i�o�n� �a�t� �w�h�i�c�h� 

�d�S� �>� �_� �9�.� �1� 
�d�p�,� �(�V�.�1�7�)� 

�T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �p�r�o�o�f� �o�f� �t�h�e� �C�o�r�o�l�l�a�r�y�.� �7� 

�W�e� �n�o�t�e� �t�h�a�t� �t�h�e� �s�t�r�i�c�t� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �d�i�s�c�r�e�t�e� �m�a�p� �7� �a�n�d� �t�h�e� �O�.�D�.�E�.� �s�y�s�t�e�m� 

�(�I�I�I�.�5�5�)�,� �t�h�a�t� �w�e� �h�a�v�e� �o�u�t�l�i�n�e�d� �h�e�r�e�,� �i�m�p�l�i�e�s� �s�o�m�e� �c�o�n�s�e�q�u�e�n�c�e�s� �i�n� �t�h�e� �c�h�o�i�c�e� �o�f� �A�t� �f�o�r� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �(�I�I�I�.�5�5�)�.� �I�n� �f�a�c�t�,� �i�f� �A�t� �i�s� �c�h�o�s�e�n� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �L�g� �<� �n�A�t�,� �t�h�e�n� 

�i�t� �i�s� �e�a�s�y� �t�o� �f�i�n�d� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �w�h�i�c�h� �b�o�t�h� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �7� �a�n�d� �t�h�e� �n�u�m�e�r�i�c�a�l� 

�s�c�h�e�m�e� �p�r�o�d�u�c�e� �n�e�g�a�t�i�v�e� �p�r�o�b�a�b�i�l�i�t�i�e�s�.� �T�h�e� �r�e�a�s�o�n� �l�i�e�s� �i�n� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �b�i�s�t�o�c�h�a�s�t�i�c�i�t�y� 

�r�a�n�g�e� �f�o�r� �r�,� �R�g� �=� �[�0�,� �L�g�l�,� �l�i�m�i�t�s� �a�l�s�o� �t�h�e� �r�a�n�g�e� �f�o�r� �a� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e�o�r�y� �t�o� �e�x�i�s�t�.� �S�i�m�i�l�a�r�l�y�,� 

�i�f� �1�/�n�g� �<� �n�A�t� �w�e� �o�b�s�e�r�v�e� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �m�i�g�h�t� �s�h�o�w� 

�s�o�m�e� �c�o�m�p�l�e�x� �b�e�h�a�v�i�o�u�r�,� �b�u�t� �t�h�i�s� �i�s� �n�o�t� �a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�I�I�I�.�5�5�)�.� 

�V�.�5� �C�o�n�t�i�n�u�o�u�s� �T�i�m�e� �P�r�o�b�l�e�m� �f�o�r� �C�o�m�p�l�e�x� �R�e�a�c�t�i�o�n�s� 

�T�h�e� �a�n�a�l�y�s�i�s� �o�f� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� �s�y�s�t�e�m�s�,� �l�i�k�e� �t�h�o�s�e� �r�e�l�a�t�e�d� �t�o� �g�e�n�e�r�a�l� �c�o�m�p�l�e�x� �r�e�-� 

�a�c�t�i�o�n�s�,� �i�s� �r�a�t�h�e�r� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �T�o� �a�p�p�r�o�a�c�h� �t�h�i�s� 

�p�r�o�b�l�e�m� �w�e� �w�i�l�l� �u�s�e� �t�h�e� �n�o�t�a�t�i�o�n� �o�f� �s�e�c�t�i�o�n� �I�V�.�4�,� �a�n�d� �s�o� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �d�y�n�a�m�i�c�a�l� 

�s�y�s�t�e�m� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �c�o�m�p�l�e�x� �r�e�a�c�t�i�o�n� �w�i�l�l� �b�e� �w�r�i�t�t�e�n� �a�s� 

�$� �d�P� 
�7� �=� �S� �>� �A�i�m�i� �D�;�(�P�;�)�.� �(�V�.�1�8�)� 

�i�=�1� 

�T�h�e�n�,� �l�e�t�t�i�n�g� �4�;� �=� �7�;�A�t� �f�o�r� �e�v�e�r�y� �i�,� �w�e� �h�a�v�e� �t�h�a�t� �e�q�u�a�t�i�o�n� �(�[�V�.�1�4�)� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �E�u�l�e�r� 

�s�c�h�e�m�e� �f�o�r� �(�V�.�1�8�)�.� �I�n� �t�h�a�t� �c�a�s�e� �(�I�V�.�1�4�)� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �a�s� 

�}� 

�P�(�t� �+� �A�t�)� �=� �r�a�e�(�P�(�t�)�)� �=� �P�(�t�)� �+� �A�t� �D�>� �A�m�i�n� �D�i�(�P�,�)�,� �(�V�.�1�9�)� 
�i�=�1



�1�0�0� 

�w�h�e�r�e� �P�(�t�)� �i�s� �s�u�p�p�o�s�e�d� �t�o� �b�e� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�V�.�1�8�)� �w�i�t�h� �s�o�m�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �P�(�0�)�  ¬� �Q�,� 

�a�n�d� �T�A�;� �i�s� �t�h�e� �d�i�s�c�r�e�t�e� �m�a�p� �w�h�o�s�e� �t�i�m�e� �s�t�e�p� �i�s� �A�t�.� �O�b�v�i�o�u�s�l�y�,� �s�u�c�h� �a� �s�o�l�u�t�i�o�n� �e�x�i�s�t�s� �a�n�d� �i�s� 

�u�n�i�q�u�e� �i�n� �s�o�m�e� �i�n�t�e�r�v�a�l� �(�a�,� �3�)�,� �b�e�c�a�u�s�e� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �o�f� �(�V�.�1�8�)� �i�s� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� 

�o�f� �s�m�o�o�t�h� �f�u�n�c�t�i�o�n�s�,� �a�n�d� �s�o� �T�h�e�o�r�e�m� �(�1�1�.�1�4�)� �a�n�d� �T�h�e�o�r�e�m� �(�I�I�.�1�5�)� �h�o�l�d�.� �M�o�r�e�o�v�e�r�,� �s�u�c�h� �a� 

�s�o�l�u�t�i�o�n� �i�s� �d�e�f�i�n�e�d� �f�o�r� �a�l�l� �t�i�m�e�s�,� �s�i�n�c�e� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �o�f� �t�h�e� �c�o�m�p�a�c�t� �s�e�t� �Q� �a�r�e� �r�e�p�e�l�l�e�r�s� �f�o�r� 

�t�h�e� �f�l�o�w� �d�u�e� �t�o� �a�l�l� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �A�;�7�;�7�;� �D�;�(�P�;�)�,� �a�n�d� �s�o� �t�h�e�y� �a�r�e� �r�e�p�e�l�l�e�r�s� �f�o�r� �t�h�e� �f�l�o�w� �d�u�e� 

�t�o� �t�h�e� �t�o�t�a�l� �v�e�c�t�o�r� �f�i�e�l�d�.� �T�h�e�n�,� �t�h�e� �s�m�o�o�t�h�n�e�s�s� �o�f� �s�u�c�h� �a� �v�e�c�t�o�r� �f�i�e�l�d� �s�a�t�i�s�f�i�e�s� �t�h�e� �h�y�p�o�t�h�e�s�i�s� 

�o�f� �T�h�e�o�r�e�m� �J�I�.�1�7�,� �a�n�d� �e�n�s�u�r�e�s� �t�h�a�t� �t�h�e� �E�u�l�e�r� �s�c�h�e�m�e� �(�V�.�1�9�)� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� 

�(�V�.�1�8�)� �o�n� �e�v�e�r�y� �i�n�t�e�r�v�a�l� �[�a�,� �6�]� �C� �[�0�,�0�0�)�,� �a�s� �A�t� �>� �0�.� 

�W�e� �m�u�s�t� �o�b�s�e�r�v�e� �t�h�a�t� �t�h�e� �p�r�o�o�f� �o�f� �t�h�e�o�r�e�m� �V�.�1� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �m�a�x�i�m�u�m� 

�t�i�m�e� �t�,�  ¬� �[�0�,� �0�0�)�,� �b�e�y�o�n�d� �w�h�i�c�h� �a�l�l� �t�h�e� �i�t�e�r�a�t�i�o�n�s� �o�f� �P�(�0�)� �u�n�d�e�r� �r�a�;�,� �w�i�t�h� �A�t� �<� �(�A�t�)�o�,� �f�a�l�l� 

�w�i�t�h�i�n� �a� �d�i�s�t�a�n�c�e� �¢� �f�r�o�m� �t�h�e� �f�i�x�e�d� �p�o�i�n�t�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �c�o�m�p�l�e�x� �r�e�a�c�t�i�o�n�s� �t�h�a�t� �h�a�p�p�e�n� 

�t�o� �b�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l�,� �t�h�e� �s�a�m�e� �r�e�s�u�l�t� �c�a�n� �b�e� �p�r�o�v�e�n� �i�n� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� 

�s�e�c�t�i�o�n�.� �H�o�w�e�v�e�r�,� �i�n� �g�e�n�e�r�a�l�,� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �g�i�v�e� �a� �p�r�o�o�f� �o�f� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �f�i�n�i�t�e� �¢�,� 

�f�o�r� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� �s�y�s�t�e�m�s�.� �T�h�e�r�e�f�o�r�e�,� �w�e� �m�u�s�t� �l�i�m�i�t� �o�u�r� �s�t�u�d�y� �t�o� �t�h�e� �c�a�s�e�s� �i�n� �w�h�i�c�h� 

�s�u�c�h� �a� �l�i�m�i�t�i�n�g� �t�i�m�e� �i�s� �k�n�o�w�n� �t�o� �e�x�i�s�t�.� �T�h�i�s�,� �i�n�d�e�e�d�,� �c�a�n� �b�e� �f�o�u�n�d� �t�o� �b�e� �t�h�e� �c�a�s�e� �i�n� �m�a�n�y� 

�d�i�f�f�e�r�e�n�t� �w�a�y�s�.� �F�o�r� �i�n�s�t�a�n�c�e� �o�n�e� �m�a�y� �p�r�o�v�e� �t�h�a�t� �t�h�e�r�e� �i�s� �m�a�x�i�m�u�m� �p�a�t�h� �f�o�r� �t�h�e� �i�t�e�r�a�t�i�o�n�s� 

�o�f� �T�a�r�,� �t�o� �g�o� �f�r�o�m� �P�(�0�)� �t�o� �a� �d�i�s�t�a�n�c�e� �¢� �f�r�o�m� �t�h�e� �m�a�n�i�f�o�l�d� �o�f� �f�i�x�e�d� �p�o�i�n�t�s�,� �a�n�d� �t�h�a�t� �s�u�c�h� �a� 

�d�i�s�t�a�n�c�e� �i�s� �n�o�n�-�i�n�c�r�e�a�s�i�n�g� �w�i�t�h� �t�i�m�e�,� �f�o�r� �a�l�l� �t�h�e� �A�t ��s� �s�m�a�l�l�e�r� �t�h�a�n� �s�o�m�e� �f�i�n�i�t�e� �(�A�t�)� �9�.� �T�h�e�n� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �c�a�n� �b�e� �p�r�o�v�e�d� 

�T�H�E�O�R�E�M� �V�.�2�.� �A�s�s�u�m�e� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �a�(�A�t�)�o� �>� �0� �s�u�c�h� �t�h�a�t� �f�o�r� �e�v�e�r�y�  ¬� �>� �0� �a�t�,�/�3�  ¬� �[�0�,� �0�0�)� 

�c�a�n� �b�e� �f�o�u�n�d�,� �w�i�t�h� �t�h�e� �p�r�o�p�e�r�t�y� �t�h�a�t� �d� �(�r�4�,�(�P�(�0�)�)�,�M�)� �<� �«�/�3� �w�h�e�n�e�v�e�r� �j�A�t� �>� �t�,�/�3� �a�n�d� 

�A�t� �<� �(�A�t�)�o�.� �T�h�e�n� �d�(� �P�(�t�)�,� �M�)� �<� �¢� �f�o�r� �e�v�e�r�y� �t� �>� �t�.�;�3�,� �w�h�e�r�e� �P�(�-�)� �i�s� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�V�.�1�8�)�.� 

�P�r�o�o�r�:� �T�h�e� �p�r�o�o�f� �i�s� �v�e�r�y� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �t�h�e�o�r�e�m� �V�.�1�.� �T�h�e� �c�o�n�t�i�n�u�i�t�y� �o�f� �P�(�t�)� �t�e�l�l�s� �u�s� 

�t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �a� �6� �>� �0� �s�u�c�h� �t�h�a�t� �|�|� �P�(�t�)�  �� �P�(�t�'�)�|�|� �<�  ¬�/�3� �w�h�e�n�e�v�e�r� �t�,�t ��  ¬� �J� �=� �[�0�,�T�]� �a�n�d



�1�0�1� 

�\�t�  �� �t�'�|� �<� �§�.� �W�e� �a�l�s�o� �k�n�o�w� �t�h�a�t� �f�o�r� �e�v�e�r�y� �i�n�t�e�r�v�a�l� �l�i�k�e� �J� �t�h�e�r�e� �e�x�i�s�t�s� �a� �(�A�t�) �� �>� �0� �s�u�c�h� �t�h�a�t� 

�l�i�r�A�.�(�P�(�0�)�)�  �� �P�(�Z�A�t�)�|�|� �<�  ¬�/�3� �f�o�r� �a�l�l� �j�A�t�  ¬� �[�0�,�7�]�,� �i�f� �A�t� �<� �(�A�t�)�.� �F�i�n�a�l�l�y�,� �o�u�r� �h�y�p�o�t�h�e�s�i�s� 

�s�a�y�s� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �a� �t�,�/�3� �s�u�c�h� �t�h�a�t� �d� �(�r�4�,�(�P�(�0�)�)�,� �M�)� �<� �e�/�3� �i�f� �j�A�t� �>� �t�.�3� �a�n�d� �A�t� �i�s� 

�s�m�a�l�l�e�r� �t�h�a�n� �s�o�m�e� �(�A�t�)�p� �>� �0�.� �T�h�e�n� �t�a�k�e� �T� �>� �t�o� �>� �t�z� �a�n�d� �6 �� �<� �t�o�  �� �t�,�/�3�,� �a�n�d� �d�e�f�i�n�e� 

�d�o� �=� �m�i�n�(�6�,� �6 ��)�/�2�.� �C�h�o�o�s�e� �t�/� �=� �t�p�  �� �6�9�,� �a�n�d� �a�s�s�u�m�e� �t�h�a�t� �A�t� �<� �m�i�n�[�(�A�t�)�o�;� �(�A�t�)�'�;� �6�9�]�.� �T�h�e�n�,� 

�t�h�e�r�e� �e�x�i�s�t�s� �j�o�  ¬� �I�N� �s�u�c�h� �t�h�a�t� �j�o�A�t�  ¬� �[�t�'�,� �t�o�]� �a�n�d� 

�d�(� �P�(�t�o�)�,�M�)� �<� �d�(�P�(�t�)�,� �P�l�i�o�A�t�)�)� �+� �d� �(�P�(�i�o�A�t�)�,� �r�R� �P�(�0�)�)� �+� �d� �(�r�,�(�P�(�0�)�,� �M�)� �v�.�2�0�)� 
�<�  ¬�.� 

�T�h�u�s�,� �w�e� �h�a�v�e� �f�o�u�n�d� �a� �f�o� �f�o�r� �w�h�i�c�h� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �P�(�t�)�)� �a�n�d� �M� �i�s� �s�m�a�l�l�e�r� �t�h�a�n� �e�.� 

�T�o� �s�e�e� �w�h�a�t� �h�a�p�p�e�n�s� �a�t� �l�a�t�e�r� �t�i�m�e�s�,� �a�s�s�u�m�e� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �a� �t� �>� �t�o� �s�u�c�h� �t�h�a�t� 

�d�(� �P�(�t�"�)�,� �M�)�=�e�+�u�>�e�.� �(�V�.�2�1�)� 

�T�h�e�n�,� �c�o�n�s�i�d�e�r� �t�h�e� �i�n�t�e�r�v�a�l� �J� �=� �[�t�o�,� �t ��]�.� �W�e� �k�n�o�w� �t�h�a�t� �w�e� �c�a�n� �m�a�k�e� �d� �(�r�1�,�(�P�(�0�)�)�,� �M�)� �< ¬�,� 

�f�o�r� �e�v�e�r�y� �j�A�t�  ¬� �(�t�o�,� �t ��)�,� �b�y� �t�a�k�i�n�g� �A�t� �<� �(�A�t�)�o�.� �A�l�s�o�,� �f�o�r� �e�v�e�r�y� �¢�'� �>� �0� �w�e� �c�a�n� �f�i�n�d� �a� �(�A�t�) �� �>� �0� 

�s�o� �s�m�a�l�l� �t�h�a�t� �d� �(�r�h�.�(�P�(�O�)�)�,� �P�(�j�A�t�)�)� �<� �é� �f�o�r� �a�l�l� �j�A�t�  ¬� �[�t�o�,� �t ��]�,� �a�n�d� �t�h�e�r�e� �e�x�i�s�t�s� �a� �§� �>� �0� �s�u�c�h� 

�t�h�a�t� �d�(�P�(�j�A�t�)�,� �P�(�t ��)�)� �<� �¢� �i�f� �t ��  ��-� �j�A�t� �<� �6�.� �T�h�e�r�e�f�o�r�e�,� �t�a�k�i�n�g� �A�t� �<� �m�i�n� �[�(�A�t�) ��;� �(�A�t�)�o�;� �6�/�2�)�,� 

�w�e� �f�i�n�d� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �j�g�  ¬� �I�N� �s�u�c�h� �t�h�a�t� 

�d�(� �P�(�t�"�)�)�,�M�)� �<� �d�(�P�(�t�"�)�,� �P�i�o�A�t�)�)� �+� �d� �(� �P�l�o�A�t�)�,� �7�X�,�(�P�(�0�)�)�)� �+� �4� �(�r�2�,�(�P�(�0�)�)�,� �M�4�)� �(�v�.�2�2�)� 
�<� �Q�e� �+�.� 

�A�s� �w�e� �c�a�n� �c�h�o�o�s�e� �¢ �� �<� �v�/�2� �w�e� �g�e�t� �a� �c�o�n�t�r�a�d�i�c�t�i�o�n�.� �5� 

�F�i�n�a�l�l�y�,� �r�e�p�e�a�t�i�n�g� �m�u�t�a�t�i�s� �m�u�t�a�n�d�i�s� �t�h�e� �p�r�o�o�f� �o�f� �C�o�r�o�l�l�a�r�y� �V�.�2�,� �w�e� �g�e�t� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�r�e�s�u�l�t�.� 

�C�O�R�O�L�L�A�R�Y� �V�.�3�.� �T�h�e� �e�n�t�r�o�p�y� �S� �i�s� �a� �c�o�n�t�i�n�u�o�u�s� �n�o�n�-�d�e�c�r�e�a�s�i�n�g� �f�u�n�c�t�i�o�n� �o�f� �t�  ¬� �[�0�,�0�0�)�.� 

�M�o�r�e�o�v�e�r�,� �e�i�t�h�e�r� �P�(�0�)� �i�s� �a� �s�t�a�t�i�o�n�a�r�y� �p�o�i�n�t� �o�f� �t�h�e� �m�a�p� �T�a�z� �o�r� �l�i�m�y�_�,�.�~� �S�(�t�)�  �� �5�(�0�)� �>� �0�.



�1�0�2� 

�V�.�6� �T�h�e� �C�o�n�t�i�n�u�o�u�s� �R�e�a�c�t�i�o�n�-�D�i�f�f�u�s�i�o�n� �P�r�o�b�l�e�m� 

�T�h�e� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n� �i�n�c�l�u�d�e� �a�l�s�o� �t�h�e� �c�a�s�e� �o�f� �r�e�a�c�t�i�o�n�-�d�i�f�f�u�s�i�o�n� 

�s�y�s�t�e�m�s�,� �w�i�t�h� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �a�n�d� �d�i�s�c�r�e�t�e� �s�p�a�c�e�.� �I�n� �f�a�c�t�,� �t�h�e� �d�i�s�c�r�e�t�e� �d�i�f�f�u�s�i�o�n� �c�a�n� �b�e� 

�e�x�p�r�e�s�s�e�d� �b�y� �a� �B�o�l�t�z�m�a�n�n� �m�a�p�  ��a�s� �e�x�p�l�a�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �I�V �� �w�h�i�c�h� �t�h�e�n� �c�a�n� �b�e� �i�n�c�l�u�d�e�d� 

�a�m�o�n�g� �t�h�e� �o�t�h�e�r� �m�a�p�s� �t�h�a�t� �d�e�f�i�n�e� �a� �c�o�m�p�l�e�x� �r�e�a�c�t�i�o�n�.� �T�h�a�t� �i�s� �t�o� �s�a�y�,� �i�f� �w�e� �s�u�b�d�i�v�i�d�e� 

�t�h�e� �v�o�l�u�m�e� �i�n� �w�h�i�c�h� �a� �c�e�r�t�a�i�n� �r�e�a�c�t�i�o�n� �t�a�k�e�s� �p�l�a�c�e� �i�n�t�o� �e�l�e�m�e�n�t�a�r�y� �c�e�l�l�s� �o�f� �g�i�v�e�n� �s�i�z�e�,� �w�e� 

�c�a�n� �c�o�n�s�t�r�u�c�t� �a� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m� �l�i�k�e� �(�V�.�1�8�)�,� �w�h�e�r�e� �P� �i�s� �t�h�e� �v�e�c�t�o�r� �w�h�o�s�e� �c�o�m�p�o�n�e�n�t�s� 

�a�r�e� �t�h�e� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �c�h�e�m�i�c�a�l�s� �i�n� �t�h�e� �d�i�f�f�e�r�e�n�t� �c�e�l�l�s�.� �I�f� �t�h�e� �r�e�a�c�t�i�o�n� �i�n� 

�c�o�n�s�i�d�e�r�a�t�i�o�n� �i�s� �n�o�t� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �m�o�r�e� �e�l�e�m�e�n�t�a�r�y� �p�r�o�c�e�s�s�e�s�,� �t�h�e�n� �(�V�.�1�8�)� �i�s� �n�o�t�h�i�n�g� 

�b�u�t� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �v�e�r�s�i�o�n� �o�f� �(�I�V�.�3�9�)� �a�n�d� �(�I�V�.�4�0�)�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �p�r�o�b�l�e�m� �o�f� �t�h�e� 

�c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�V�.�1�8�)� �t�o� �a� �f�i�x�e�d� �p�o�i�n�t�,� �a�n�d� �t�h�a�t� �o�f� �t�h�e� �i�n�c�r�e�a�s�e� �o�f� �t�h�e� �e�n�t�r�o�p�y�,� 

�c�a�n� �b�e� �a�n�a�l�y�z�e�d� �a�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �N�o�w�,� �o�n�e� �m�a�y� �a�s�k� �w�h�e�t�h�e�r� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �i�n�f�e�r� 

�s�o�m�e�t�h�i�n�g� �a�b�o�u�t� �t�h�e� �l�i�m�i�t� �t�o� �t�h�e� �c�o�n�t�i�n�u�u�m� �i�n� �s�p�a�c�e�,� �f�r�o�m� �t�h�e� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �q�u�a�l�i�t�a�t�i�v�e� 

�b�e�h�a�v�i�o�u�r� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�V�.�1�8�)�.� �F�o�r� �i�n�s�t�a�n�c�e�,� �l�e�t� �u�s� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �m�e�d�i�u�m� �i�s� �m�a�d�e� �o�f� 

�N� �c�e�l�l�s�,� �a�n�d� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�V�.�1�8�)�,� �P�y�(�-�)� �s�a�y�,� �c�o�n�v�e�r�g�e�s� �t�o� �a� �f�i�x�e�d� �p�o�i�n�t� �P�y� �a�s� �t� �>� �0�0�.� 

�A�s�s�u�m�e� �a�l�s�o� �t�h�a�t� �t�h�i�s� �h�a�p�p�e�n�s� �f�o�r� �e�v�e�r�y� �N�  ¬� �I�N�;� �i�n� �o�t�h�e�r� �w�o�r�d�s�,� �c�o�n�v�e�r�g�e�n�c�e� �o�c�c�u�r�s� �n�o� 

�m�a�t�t�e�r� �h�o�w� �f�i�n�e� �t�h�e� �s�p�a�t�i�a�l� �m�e�s�h� �i�s�.� �C�a�n� �w�e� �c�o�n�c�l�u�d�e� �f�r�o�m� �t�h�i�s� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� 

�P� 
�o� �=� �D�A�P� �+� �R�e�a�c�t�i�o�n� �T�e�r�m�,� �(�V�.�2�3�)� 

�w�i�t�h� �g�i�v�e�n� �i�n�i�t�i�a�l� �a�n� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �c�o�n�v�e�r�g�e�s� �t�o� �s�o�m�e� �P�(�z�)� �=� �l�i�m�y� �.�.�.� �P�y�,� �i�n� �s�o�m�e� 

�s�e�n�s�e�?� 

�U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�i�s� �q�u�e�s�t�i�o�n� �d�o�e�s� �n�o�t� �a�p�p�e�a�r� �t�o� �h�a�v�e� �a�n� �e�a�s�y� �a�n�s�w�e�r�.� �I�n�d�e�e�d�,� �o�n�e� �o�f� �t�h�e� 

�m�a�i�n� �p�r�o�b�l�e�m�s� �i�s� �t�o� �p�r�o�v�e� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n� �t�o� �(�V�.�2�3�)� �f�o�r� �a� �s�u�f�f�i�c�i�e�n�t�l�y� �w�i�d�e� 

�c�l�a�s�s� �o�f� �r�e�a�c�t�i�o�n�s� �a�n�d� �o�f� �i�n�i�t�i�a�l� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �(�4�1�]�.� �T�h�e�r�e�f�o�r�e�,� �w�e� �w�i�l�l� �n�o�t� �a�t�t�e�m�p�t� 

�a�n� �a�n�s�w�e�r� �t�o� �t�h�i�s� �p�r�o�b�l�e�m� �i�n� �t�h�i�s� �t�h�e�s�i�s�,� �a�l�t�h�o�u�g�h� �t�h�e� �m�e�t�h�o�d� �o�f� �s�e�c�t�i�o�n� �V�.�4� �a�n�d� �s�e�c�t�i�o�n� 

�V�.�5� �c�o�u�l�d� �b�e� �g�e�n�e�r�a�l�i�z�e�d� �t�o� �t�h�e� �p�r�e�s�e�n�t� �c�a�s�e�,� �w�h�e�n�e�v�e�r� �(�V�.�2�3�)� �h�a�s� �a� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n�,� �a�n�d


