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(ABSTRACT)

Estimation of nonlinear models finds applications in every field of engineering and

the sciences. Much work has been done to build solid statistical theories for its use

and interpretation. However, there has been little analysis of the tolerance of nonlinear

model estimators to deviations from assumptions and normality.

We focus on analyzing the robustness properties of M-estimators of nonlinear models

by studying the effects of deviations from assumptions and normality on these estima-

tors. We discuss St. Laurent and Cook’s Jacobian Leverage and identify the relationship

of the technique to the robustness concept of influence. We derive influence functions

for M-estimators of nonlinear models and show that influence of position becomes, more

generally, influence of model. The result shows that, for M-estimators, we must bound

not only influence of residual but also influence of model. Several examples highlight

the unique problems of nonlinear model estimation and demonstrate the utility of the

influence function.
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Chapter 1

Overview

1.1 Introduction

Estimation of nonlinear models finds applications in every field of engineering and the sci-

ences [1], [2], [3], [4], [5]. Much work has been done to build solid statistical theories on

its use and interpretation [6], [7], [8], [9], [10], [11], [12]. Pre-existing statistical techniques,

including robust estimators, have been used directly for nonlinear model estimation prob-

lems [13], [6], [14]. Over, the past two decades, attention has been increasingly focused on

the unique problems of nonlinear model estimation and analysis.

Despite the large body of nonlinear statistical theory, there has been little analysis of the

tolerance of these estimators to deviations from assumptions and normality. Surprisingly

little of the large volume of existing robust statistical theory has been applied to the prob-

lems of nonlinear model estimation. Perhaps owing to increasingly powerful computation

environments, the past few years have seen the emergence of a robust theory of nonlinear

model estimation [15], [16], [17], [18], [19], [20], [21], [22]. Existing robustness tools, such

as the breakdown point, are being tailored to nonlinear model estimation and studied in

the context of this very challenging environment [23], [14], [24]. Future work promises to

require a diverse collection of mathematical and analytical techniques.

We focus on analyzing the robustness properties of M-estimators of nonlinear models by

studying methods for analyzing the effects of deviations from assumptions and normality

on these estimators. We discuss St. Laurent and Cook’s Jacobian Leverage [25], [26], and

describe the relationship of the technique to the robustness concept of influence. We derive

influence functions for M-estimators of nonlinear models, including nonlinear regression,
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and show that influence of position becomes, more generally, influence of model in nonlin-

ear model estimation. The result shows that, for M-estimators, we must bound not only

influence of residual but also influence of model.

1.2 Overview

In Chapter 2, we review basic concepts of robust estimation theory. We define the basic

nonlinear model, estimators, and functionals. We define tools used to evaluate the robust-

ness of an estimator, such as influence function, gross-error sensitivity, breakdown point,

and bias curve.

In Chapter 3, we study St. Laurent and Cook’s Jacobian Leverage for nonlinear regres-

sion. After discussing the relationship of the technique to the influence function, we discuss

several limitations of the technique including its origin in least-squares estimation and its

inability to identify multiple leverage points.

In Chapter 4, we derive influence functions for M-estimators of nonlinear models. Specif-

ically, we derive the influence function for M-estimators of nonlinear location and we derive

the influence function for an M-estimator of nonlinear regression. We discuss the interpre-

tation of the results and conjecture on techniques for redefining the concept of leverage in

nonlinear model estimation.

In Chapter 5, we present several examples which show the unique problems of nonlinear

model estimation and demonstrate the utility of the new influence functions. Finally, in

Chapter 6, we conclude and offer suggestions for future work.
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Chapter 2

Robustness Concepts

2.1 Introduction

The goal of regression is to describe the structure best fitting the data. Additionally, we

require the identification of deviating data points or sets of data points. Often, a mathemat-

ical expression, or model, is available (or generated) which best explains the data. When

estimating the parameters of the model, we desire that the estimation technique have sev-

eral properties, including unbiasedness, consistency, efficiency, and robustness. Robustness

is concerned with evaluating and improving the stability of estimation techniques when data

points deviate from assumptions. This requires techniques for measuring both the local and

global robustness of an estimator. Using these concepts, the goal of robust regression esti-

mation is to estimate the model best fitting the bulk of the data.

In this chapter we define the general nonlinear model estimation problem. We review

the tools used for studying the local and global robustness of estimators for linear models.

Particularly, we discuss the derivation, definition, and interpretation of the influence func-

tion, which measures the local robustness of an estimator. Also, we review the definitions

and interpretation of breakdown point and bias curve, which are tools for evaluating the

global robustness of an estimator and thus complementary to the influence function.
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2.2 Models, Estimators, and Functionals

2.2.1 Definition of Nonlinear Model Estimation

Let {(xi, yi) : i = 1, . . . , n} be a sequence of i.i.d. random variables such that

yi = η(xi, θ) + ei, i = 1, . . . , n (1)

where yi ∈ < is the ith observation value and xi ∈ X ⊂ <p is the ith row of the n×p design

matrix. The variables xi are called the explanatory variables or the carriers; the variable yi

is called the response variable. Let θ ∈ Θ ⊂ <p be the p-vector of unknown parameters and

ei ∈ < be the ith error. Finally, let η(x, θ) : X ×Θ→ < be the model function. Estimates

are denoted by a hat.

The purpose of regression is to fit the model (1) to observations. We desire an estimate θ̂

of the parameters θ such that some criterion is satisfied, e.g. minimization of the sum of the

absolute value of the residuals, ri = yi − η(xi, θ̂), also known as least absolute values or L1

regression. When the model η(x, θ) is linear with respect to x and/or θ, e.g. η(x, θ) = x θ,

we call this process linear regression. When the model η(x, θ) is nonlinear with respect to

x and/or θ, we call the process nonlinear regression.

2.2.2 Definition of Statistical Functional

Let X1, . . . , Xn be a sample from a population with distribution function F and let Tn =

Tn(X1, . . . , Xn) be a statistic. When Tn can be written as a functional T of the empirical

distribution function Fn, Tn = T (Fn) where T does not depend on n, then we call T a

statistical functional. The domain of T is assumed to contain the empirical distribution

functions Fn for all n > 1 and the population distribution function F . The range of T is

assumed to be <.

2.2.3 Definition of M-estimator

The specific class of statistical functionals we study in this thesis are the M-estimators. Let

ψ be a real-valued function and let Tn be defined implicitly by

n∑
i=1

ψ(Xi, Tn) = 0 . (2)
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The corresponding functional is defined as the solution T (F ) = θ of∫
ψ(x, θ)dF (x) = 0 . (3)

Functionals of this form are called M-estimators. We consider functionals that are Fisher

consistent, that is

T (F ) = θ for all θ ∈ Θ (4)

meaning that the estimator asymptotically measures the true value. M-estimators are easily

extended to nonlinear regression as defined in [13] and [6].

2.3 Influence Function

2.3.1 Definition of the Influence Function

Following [27], [28], and [29], we say that a functional T is Gâteaux differentiable at F if

there exists a linear functional LF such that for all H

lim
t→0

T (G)− T (F )

t
= LF (H − F ) (5)

where G = Ft = (1− t)F + tH . LF is called the Gâteaux derivative of T at F .

The influence function of T is defined as (5) when H = ∆x, the distribution with unit

mass at x, yielding

IF (x, T, F ) = lim
t→0

T ((1− t)F + t∆x)− T (F )

t
(6)

for x ∈ X where the limit exists. For example, to find the influence function of an M-

estimator given implicitly in functional form, we substitute G = Ft into the definition of

the estimator, evaluate the derivative with respect to t at t = 0, and solve for the influence

function. The influence function describes the effect of an infinitesimal contamination at

x on the estimator T . We will develop the influence function of M-estimators of nonlinear

models and study it for situations which cause unbounded influence.

2.3.2 Hampel’s Empirical Influence Function

The influence function (6) is based on asymptotic functionals. We can also define a finite-

sample influence function. Hampel [29] defines two versions, one by addition of an obser-

vation and one by replacement. Given an estimator Tn, a sample {x1, . . . , xn−1}, and an
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additional observation x, define the empirical influence function as

EIFn(x; Tn) = Tn(x1, . . . , xn−1, x) . (7)

We can also define the empirical influence function by replacement, as follows. Given a

sample of n observations, replace one, say xn, by an arbitrary x and define the empirical

influence function as in (7). The empirical influence function can be a useful method for

evaluating an estimator if closed-form derivations of the influence function prove difficult.

2.3.3 Tukey’s Sensitivity Curve

Tukey [30] popularized the sensitivity curve as a tool for evaluating the effect on an estimate

of perturbing an observation at a finite sample. Tukey defined a version for addition of an

observation as follows. Given an estimator Tn and a sample {x1, . . . , xn−1}, define the

sensitivity curve as a function of an additional observation x scaled by the sample size n.

Formally, we have

SCn(x; Tn) = n [Tn(x1, . . . , xn−1, x)− Tn−1(x1, . . . , xn−1)] . (8)

It is clear by comparison with (7) that this can be interpreted as a scaled and shifted version

of the empirical influence function.

2.4 Gross-Error Sensitivity

The influence function given by (6) may be used to study several robustness properties.

One of the simplest and most revealing is the gross-error sensitivity of an estimator T at a

distribution F . It is defined by

γ? = sup
x
|IF (x; T, F )| . (9)

By taking the supremum over all x for which the IF (x; T, F ) exists, gross-error sensitivity

measures the worst possible influence on an estimator by an arbitrary infinitesimal contam-

inant. If the gross-error sensitivity is unbounded, γ? =∞, then the estimator is completely

intolerant of outliers; a single outlier can ruin the estimator.

2.5 Global Robustness Concepts

2.5.1 Breakdown Point

The breakdown point is a measure of the maximum fraction ε? of arbitrary gross errors that

an estimator can handle. Following [31] and [32], consider an estimator Tm and a sample
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X = {x1, . . . , xm}. Now, consider all possible corrupted samples X ′ obtained by replacing

any fraction ε = f/m of the good samples by arbitrary values. Denote the estimate at

the corrupted sample X ′ by T ′m and the maximum bias caused by the contamination by

bmax = sup |Tm − T ′m|. Then the breakdown point ε? of the estimator Tm at the sample X

is given by

ε? = max

{
ε =

f

m
: bmax finite

}
(10)

The breakdown point is independent of the distribution of the good data as it involves no

probability distributions. The largest amount of bad data that any estimator can handle is

half the number of redundant observations fmax = [(m− n)/2] which gives

ε?max =
[(m− n)/2]

m
(11)

where [a] denotes the integer part of a and n is the number of parameters to be estimated.

As m → ∞, ε?max = 1/2 or 50%. An estimator with a breakdown point of 50% is called a

high breakdown point estimator.

2.5.2 Bias Curve

As Rousseeuw and Croux [33] discuss, the robustness of an estimator is not characterized

solely by its influence function and its breakdown point. A more general view is given by

the bias curve which describes the effect of a given fraction of contamination. They define

the bias curve for location estimators as follows. Let

Fε = {(1− ε)F + εH} (12)

where H ranges over all distributions and ε > 0. The bias curve of an estimator T is defined

as

B(ε, T, F ) = sup
G∈Fε

|T (G)| . (13)

For example the bias curve for M-estimators of location as derived in [33] is given by the

implicit equation

0 = (1− ε)EF [ψ(X − B(ε, T, F ))] + εψ(∞) . (14)

The bias curve is an important complement to both the influence function and the break-

down point as it links the various robustness concepts. The gross-error sensitivity is the

slope of the tangent to the bias curve at ε = 0 and the breakdown point is the value of ε at

which the bias curve is infinite.
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Chapter 3

St. Laurent and Cook’s Jacobian

Leverage for Nonlinear Regression

3.1 Generalized and Jacobian Leverage

3.1.1 Definition of Generalized and Jacobian Leverage

St. Laurent and Cook develop [25] and analyze a technique they call Jacobian Leverage for

measuring the influence of an observation at the nonlinear least-squares regression estima-

tor. In their development, they assume the general nonlinear regression model. Let Y be

the vector of response values. Denote the vector of perturbed responses Y m,b = Y + bf
m

where f
m

is the mth standardized basis vector in <n. Let η(θ) be the model function

describing the response surface. Values that are evaluated at the least-squares estimate are

hatted. Define V = V (θ) as the n × p matrix with ith row ∂ηi(θ)/∂θ.

St. Laurent and Cook propose two measures of leverage, namely Generalized Leverage

and Jacobian Leverage. Generalized Leverage is defined as the ratio of change in response

due to perturbation of the mth response by b scaled by the magnitude of the perturbation

itself, yielding

G(b;m) =
(Ŷ m,b − Ŷ )

b
. (15)

Jacobian Leverage is defined as the limit of Generalized Leverage G(b;m) as the magnitude

of the perturbation approaches zero, namely

J(m) = lim
b→0

G(b;m) . (16)

Jacobian Leverage measures the magnitude of the derivative of each fitted value with re-

spect to the mth fitted response. St. Laurent and Cook derive expressions evaluating the

8



two measures at the least squares regression estimator for nonlinear models.

3.1.2 Overview of Derivation of Jacobian Leverage

We outline the procedure followed by St. Laurent and Cook to derive expressions for Gen-

eralized and Jacobian Leverage. First, generalize the perturbation of the response vector Y

by perturbing it by an arbitrary vector f of unit length, namely Y + bf . Assume there ex-

ists a twice continuously differentiable vector-valued function which gives the least-squares

estimate as a function of the size and direction of a perturbation; denote the function θ̂f(b).

Note that when b = 0, the function gives the least-squares estimate of the unperturbed

data. Expand the function about b = 0 via a second-order Taylor series. Solve for the

Generalized Leverage G(b; f). Use the constraints imposed by the normal equations re-

quiring orthogonality of the error vector at the least-squares fit and tangent vector at that

fit to solve for the unknown parameter in the expansion. This gives an expression forG(b; f).

St. Laurent and Cook define the Jacobian Leverage matrix as

Ĵ = V̂ (V̂
T
V̂ − [êT ][Ŵ ])−1V̂

T
(17)

where [ ] [ ] denotes column multiplication of three-dimensional arrays (see [34]). Taking

the limit of the expression for G(b; f) as the magnitude of the perturbation b approaches

zero yields the Jacobian Leverage matrix and, thus, a closed expression for J . St. Laurent

and Cook use the main diagonal of J, denoted by {J ii}, to study the sensitivity of the ith

observation on the ith fitted value. Note that for a linear regression model, η(θ) = X θ,

Jacobian Leverage reduces to the hat matrix

Ĥ = V̂ (V̂
T
V̂ )−1V̂

T
(18)

which has been heavily studied in linear regression theory and shown to be unreliable for

identifying highly influential values in linear models (e.g. [31]). St. Laurent and Cook [26]

provide more detailed analysis of their technique, including the relationship to Ĥ , the rela-

tionship of Ĵ to curvature, and the difficulty in interpreting the diagonal entries of Ĵ .
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3.2 Assessment of Jacobian Leverage

3.2.1 Relationship to Influence

Generalized and Jacobian Leverage measure the effect on an estimator of replacing a single

response with a perturbed value. Therefore, what St. Laurent and Cook call “Leverage” is

really a type of influence (see [28], [29], etc.). Additionally, Jacobian Leverage measures the

effect as the magnitude of the perturbation approaches zero. Therefore, it can be viewed

as measuring influence only for an infinitesimal amount and an infinitesimal amplitude of

contamination. In contrast, the influence function (6) measures the effect of a contaminant

of arbitrary size.

3.2.2 Derivation Based on Least-Squares Estimator

The expressions that St. Laurent and Cook derive for the Generalized and Jacobian Lever-

age are based on the nonlinear least-squares regression estimator. Therefore, while the

expressions may be good tools for evaluating the influence of the nonlinear least-squares

regression estimator of nonlinear models at ε = 0 with contaminants of infinitesimal ampli-

tude, they are not necessarily good tools for evaluating the influence of other estimators of

nonlinear models (e.g. M-estimators).

The assumption of least-squares also leads us to conjecture that the technique may suffer

from many of the same problems as the least squares estimator, namely difficulty identi-

fying multiple influential points, susceptibility to the masking effect (hiding of influential

points by other influential points), and failure to identify the effect of large arbitrary outliers.

In the spirit of the diagnostic school, the technique requires a (potentially computa-

tionally difficult) fit before identifying influential points. Assuming that the leverage effect

exists in nonlinear model estimation (demonstrated in subsequent chapters), this approach

is clearly dangerous as it will enable masking and (potentially) hide highly influential data.

3.2.3 Discussions

There are difficulties interpreting the Jacobian Leverage matrix. St. Laurent and Cook

admit that it is not clear how to assess what “large” Jacobian Leverage means since the

Jacobian Leverage matrix is not an orthogonal projection matrix with main diagonal entries
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limited to nonnegative values less than or equal to one. This is not a fault of the technique

per se since “superleverage” (more aptly super-linear influence) is still a fundamental prob-

lem in nonlinear regression. However, tools must be developed which provide a means for

unambiguously assessing the sensitivity of an estimator to contamination.

Jacobian Leverage has several limitations. First, it does not give quantitative infor-

mation about the effect of large outliers. By analyzing the diagonal entries of the matrix,

it is true that we may identify observations that have more influence on the nonlinear

least-squares regression estimate relative to other observations in the given design, but the

technique does not indicate whether the influence of an outlier is bounded or not.

A second limitation stems from the use of the least squares estimator in the derivation.

Due to that, Jacobian Leverage fails when more than one outlying observation is present in

the data because one leverage point may hide another one. This is called masking (see [31]

for examples in the case of linear regression).

3.3 Example Calculations of Jacobian Leverage

3.3.1 Unperturbed Data at St. Laurent and Cook’s Model

We study the model

yi = θ1xi1 + e(θ2xi2) + ei (19)

that St. Laurent and Cook considered in [26] while putting the true parameter θ̃ = {2.0, 0.0},
design values

x = {(−4.0,−2.5), (−3.0,−2.0), (−2.0,−1.5), (−1.0,−1.0),

(0.0, 0.0), (1.0, 1.0), (2.0, 1.5), (3.0, 2.0), (4.0, 2.5)} (20)

and response values

y = {−10.0,−5.0,−2.0,−1.0, 1.5, 4.0, 5.0, 6.0, 7.0} . (21)

We perform an L1 fit at these observations using the El-Attar-Vidyasagar-Dutta algorithm

[12]. Starting from θ = {1.9, 0.1}, we obtain the estimated value θ̂ = {2.0, 0.0} as expected.

We calculate the Jacobian Leverage matrix Ĵ and examine the diagonal entries

{0.267, 0.15, 0.067, 0.02, 0, 0.02, 0.067, 0.15, 0.267} (22)
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which follow [26] very closely. We check for outliers (i.e. influential observations) by calcu-

lating the robust standardized residuals (zi −med{zi})/MADM where

MADM = 1.4826 medi{ |zi −medj{zj}| } (23)

(note that the factor 1.4826 corrects for Fisher consistency) and find them to be

{2.0134, 0.8356, 0.0, 0.4732, 0.6745, 0.4732, 0.0, 0.8356, 2.0134} . (24)

We observe no outliers amidst the standardized residuals using a threshold of 2.5 and thus

no influential points are identified by Jacobian Leverage.

3.3.2 Multiple Vertical Outliers at St. Laurent and Cook’s Model

To evaluate the ability of Jacobian Leverage to identify multiple influential values, we use

the model given by (19), perturb two observations in the response vector y, refit using the

L1 estimator, and calculate Ĵ. Specifically, we let y8 = 6 and y9 = 10, perform an L1 fit,

and obtain θ̂ = {2.1674, 0.1143}. We calculate the Jacobian Leverage matrix Ĵ and examine

its diagonal entries, which are given by

{0.5558, 0.2345, 0.0714, . . . , 0.1295, 0.2279, 0.3940} (25)

Calculating the robust standardized residuals of the diagonal entries, we find

{4.3355, 1.0676, 0.5915, . . . , 0.0, 1.0, 2.6894} (26)

and observe that although the outlier at y9 = 10 was pinpointed as influential, the first

observation was identified as more influential. In addition, the outlier at y8 = 6 was missed

completely. Thus, we conclude that Jacobian Leverage is susceptible to the masking effect.

3.3.3 Multiple Vertical Outliers at Contrived Model

As another test of the ability of Jacobian Leverage to identify multiple influential values,

we consider the model

yi = θ1 + xi
θ2 (27)

and study the case where the true parameter is θ̃ = {0.0, 1.0}, the design values are

x = {1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0} (28)
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and the response values are

y = {1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0} . (29)

This is an exact fit analysis, that is, the estimator is studied at observed responses exactly

matching the response at the known true parameter. We perturb several responses and

calculate the Jacobian Leverage matrix. Specifically, we let y6 = y7 = 198. We perform an

L1 fit and obtain θ̂ = {−14.69, 2.75}, which follows (x7, y7) nearly exactly, as expected since

it is a leverage point. The data and the fitted response are shown in Figure 1. We calculate

the Jacobian Leverage matrix Ĵ and the robust standardized residuals of the diagonal entries

{0.3259, 0.0, 0.6745, 1.4891, 1.7428, 0.0095, 6.2443} . (30)

We observe in Figure 1 that although the most significant outlier at x = 7 was identified as

significant, the less extreme outlier was not.
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Figure 1: Fit of Exponential Model to Contrived Data Used to Evaluate Jacobian Leverage
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Chapter 4

Influence Functions for

M-Estimators of Nonlinear Models

In this chapter, we derive the influence function for M-estimators of nonlinear models, first

in the nonlinear location case and then in the nonlinear regression case.

4.1 Nonlinear Location Case

4.1.1 Definition of a Location M-Estimator

Let {yi : i = 1, . . . , n} be a sequence of i.i.d. random variables. Let yi = η(θ) + ei for

i = 1, . . . , n. Let yi ∈ < be the ith observation value. Let θ ∈ Θ ⊂ < be a scalar unknown

parameter. Let ei ∈ < be the ith error and let η(θ) : Θ → < be the (possibly nonlinear)

model function.

Assume the error is distributed with distribution G(e/σ), σ > 0, with density g with

respect to Lebesgue measure. Let the target distribution be defined as Fθ(y) with density

fθ(y) = σ−1g((y− η(θ))/σ). Specifically, assume normally distributed errors, with density

fθ(y) = φ(y− η(θ)). We assume a known scale σ; without loss of generality, we put σ = 1.

We use an M-estimator to estimate θ. These estimators are defined implicitly by

Γ(Tn) = min{Γ(θ) : θ ∈ Θ} (31)

where

Γ(θ) =
n∑
i=1

ρ(ri) (32)

15



for some ρ : < → <+ and residual r = yi − η(θ). If the derivative of ρ(·) exists with respect

to θ and η(·) is twice differentiable with respect to θ, then Tn satisfies the equation

n∑
i=1

λ(r) = 0 (33)

where λ is the function

λ(r) =
∂

∂θ
ρ(r) = ρ′(r)

∂r

∂θ
= −ρ′(r)∂η(θ)

∂θ
. (34)

Put ψ(r) := ρ′(r) and define the estimator Tn implicitly as the solution of

n∑
i=1

ψ(yi − η(Tn))

[
∂η(θ)

∂θ

]
Tn

= 0 . (35)

Given an empirical c.d.f. Gn, the functional form of a location M-estimator is Tn = T (Gn),

where T is the functional∫
ψ(y− η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

dG = 0 . (36)

4.1.2 Influence Function of a Location M-Estimator

To find the influence function of an M-estimator given implicitly in functional form by (36)

we substitute G = Ft = (1 − t)F + tH into the definition of the estimator, evaluate the

derivative with respect to t at t = 0, and solve for the influence function.

Substituting G = (1− t)F + tH into (36) yields

0 =

∫
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

d(F + t(H − F )) . (37)

If the kernel of the integral is bounded and measurable then

0 =

∫
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

dF + t

∫
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

d(H − F ) . (38)

Differentiating with respect to t and applying the product rule to the right-hand side yields

0 =
∂

∂t

∫
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

dF +∫
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

d(H − F ) +

t
∂

∂t

{∫
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

d(H − F )

}
. (39)
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By [35], we get
d

dt

∫
E
f(t, x)µ(dx) =

∫
E
f ′(t, x)µ(dx) (40)

if f is continuous for ∀x ∈ E and measurable on E, and if f ′ is measurable on E. We

add these regularity conditions so that differentiation and integration are interchangeable.

Permuting them yields

0 =

∫
∂

∂t

[
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

]
dF +∫

ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

d(H − F ) +

t

∫
∂

∂t

[
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

]
d(H − F ) . (41)

Let H = ∆y be the distribution with unit mass at y and evaluate (41) at t = 0. Noting

that the last term falls out gives

0 =

∫
∂

∂t

[
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

]
t=0

dF +∫
ψ(y?, η(T (F )))

[
∂η(θ)

∂θ

]
T (F )

d∆y −∫
ψ(y?, η(T (F )))

[
∂η(θ)

∂θ

]
T (F )

dF . (42)

Assuming Fisher consistency, the third term falls out. The second term simplies to the

kernel evaluated at y due to the sifting property of the delta, yielding

0 =

∫
∂

∂t

[
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

]
t=0

dF + ψ(y, η(T (F )))

[
∂η(θ)

∂θ

]
T (F )

. (43)

Let η′(θ) = ∂η(θ)/∂θ, η′′(θ) = ∂2η(θ)/∂θ2, and ψ′(·) = ∂ψ/∂θ. Applying the product rule

to the kernel of the first term and using the chain rule where needed gives

∂

∂t

[
ψ(y?, η(T (G)))

[
∂η(θ)

∂θ

]
T (G)

]
t=0

=

[
∂

∂t
[ψ(y?, η(T (G)))]t=0

]
η′(T (F )) + ψ(y?, η(T (F )))

∂

∂t

[
η′(T (G))

]
t=0 (44)

= [ψ′(y?, η(T (F )))η′(T (F ))
∂

∂t
[T (G)]t=0]η

′(T (F )) +

ψ(y?, η(T (F )))η′′(T (F ))
∂

∂t
[T (G)]t=0 (45)

=
∂

∂t
[T (G)]t=0

[
ψ′(y?, η(T (F )))η′(T (F ))η′(T (F )) + ψ(y?, η(T (F )))η′′(T (F ))

]
. (46)
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Substituting the simplified kernel (46) and solving for the influence function IF (y, T, F ) =
∂
∂t [T (G)]t=0 yields

IF (y, T, F ) =

−
[∫ [

ψ′(y?, η(T (F )))(η′(T (F )))2 + ψ(y?, η(T (F )))η′′(T (F ))
]
dF
]−1

ψ(y, η(T (F )))η′(T (F )) (47)

when the inverse exists. Note that when η(θ) = θ, (47) reduces to

IF (y, T, F ) =
ψ(y)

E[ψ′(y)]
(48)

which is the well-known influence function for the one-dimensional M-estimator of location.

4.2 Nonlinear Regression Case

4.2.1 Definition of a Regression M-Estimator

Let {(xi, yi) : i = 1, . . . , n} be a sequence of i.i.d. random vectors such that

yi = η(xi, θ) + ei, i = 1, . . . , n (49)

where yi ∈ < is the ith observation value, and xi ∈ X ⊂ <p is the ith row of the n × p
design matrix. Let θ ∈ Θ ⊂ <p be the p-vector of unknown parameters, ei ∈ < be the

ith error, and η(x, θ) : X × Θ → < be the model function. Assume the model η(x, θ) is

nonlinear with respect to x and/or θ with both observations {yi} and carriers {xi} random.

Assuming random carriers allows for the consideration of extreme designs.

Let K(x) be the distribution of xi with density k with respect to Lebesgue measure.

Assume ei is independent of xi and distributed according to G(e/σ), σ > 0 with density

g with respect to Lebesgue measure. Let the model distribution be defined Fθ(x, y) with

density fθ(x, y) = σ−1g((y− η(x, θ))/σ)k(x), where fθ(x, y) is the joint density of (xi, yi).

We will study the model distribution Fθ(x, y) with density fθ(x, y) = φ(y − η(x, θ))k(x)

where φ(e) is the standard normal density. We assume a known scale σ; without loss of

generality, we put σ = 1.

The M-estimator Tn in (33) is, in the more general multiparameter case, the vector

solution to the system of equations

n∑
i=1

λ(xi, Tn) = 0 (50)
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where λ : X × Θ → <p. Given an empirical c.d.f. Gn, the functional form of the multi-

parameter M-estimator is Tn = T (Gn), where T is defined implicitly by the vector-valued

functional ∫
λ(x, T (G))dG(x) = 0 . (51)

Regression M-estimators are a specific case of multiparameter estimation. They are defined

implicitly by

Γ(Tn) = min{Γ(θ) : θ ∈ Θ} (52)

where

Γ(θ) =
n∑
i=1

ρ(r) (53)

for ρ : < → <+ and residual ri = yi − η(xi, θ). If the derivative of ρ(·) exists with respect

to θ and η(·) is twice differentiable with respect to θ then the regression M-estimator Tn

satisfies the system of equations given by

n∑
i=1

λ(r) =
n∑
i=1

λ(x, y, Tn) = 0 . (54)

Here λ(r) is the vector-valued function

λ(r) =
∂

∂θ
ρ(r) = ρ′(r)

∂r

∂θ
= −ρ′(r)∂η(x, θ)

∂θ
. (55)

Put ψ(r) := ρ′(r). Given an empirical c.d.f. Gn, the functional form of the regression

M-estimator is Tn = T (Gn), where T is defined implicitly by the vector-valued functional∫
λ(r)dG(x, y) = 0 . (56)

Expanding the kernel, the functional becomes∫
λ(x, y, T (G))dG(x, y) = 0 . (57)

We exploit the similarity of this functional to the multiparameter M-estimator functional

(51). After deriving the influence function of the multiparameter M-estimator, we will use

it to derive the influence function of the regression M-estimator.

4.2.2 Influence Function of Regression M-Estimators

To find the influence function of regression M-estimators given implicitly in functional form

by (57), we first derive the influence function of multiparameter M-estimators defined by

(51). To this end, we put G = Ft = (1− t)F + tH , evaluate the derivative with respect to t

at t = 0, and solve for the influence function along the same lines as in [27], [28], and [29].
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Into this influence function, we substitute the λ(·) function of the regression M-estimator

and evaluate the influence function at the model distribution Fθ(x, y). Finally, we solve for

the influence function of the regression M-estimator.

We use several definitions from [36]. Let θ be a p×1 vector and let f(θ) be a scalar-valued

function of θ. Define

∂f(θ)

∂θ
:=

[
∂f(θ)

∂θ1
· · · · · · ∂f(θ)

∂θp

]T
(58)

and
∂2f(θ)

∂θ∂θ
:=

∂

∂θ

[
∂f(θ)

∂θ

]T
=

[
∂2f(θ)

∂θi∂θj

]
(59)

which corresponds to the matrix with i, j-th element
[
∂2f(θ)
∂θ∂θ

]
ij

.

First, we derive the influence function of the multiparameter estimator. Substituting G

into the functional form of the multiparameter estimator (51) yields

0 =

∫
λ(x?, T (G))dG=

∫
λ(x?, T (G))d(F + t(H − F )) . (60)

If λ(·) is bounded and measurable then

0 =

∫
λ(x?, T (G))dF +

∫
λ(x?, T (G))d(t(H − F )) . (61)

Simplifying the second term yields

0 =

∫
λ(x?, T (G))dF + t

∫
λ(x?, T (G))d(H − F ) . (62)

Differentiating with respect to t and applying the chain rule to the right hand side gives

0 =
∂

∂t

∫
λ(x?, T (G))dF +

∫
λ(x?, T (G))d(H− F ) + t

∂

∂t

∫
λ(x?, T (G))d(H− F ) . (63)

By [35], we get
d

dt

∫
E
f(t, x)µ(dx) =

∫
E
f ′(t, x)µ(dx) (64)

if f is continuous and measurable onE and if f ′ is measurable on E. We add these regularity

conditions so that differentiation and integration are interchangeable, yielding

0 =

∫
∂

∂t
{λ(x?, T (G))}dF+

∫
λ(x?, T (G))d(H−F )+t

∫
∂

∂t
{λ(x?, T (G))}d(H−F ) . (65)

Let H = ∆x and evaluate (65) at t = 0. Noting that the last term falls out gives

0 =

∫
∂

∂t
{λ(x?, T (G))}t=0dF +

∫
λ(x?, T (F ))d∆x−

∫
λ(x?, T (F ))dF . (66)
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Assuming Fisher consistency, the third term falls out. The second term simplifies to the

kernel evaluated at x due to the sifting property of the delta, yielding

0 =

∫
∂

∂t
{λ(x?, T (G))}t=0dF + λ(x, T (F )) . (67)

Applying the chain rule to the kernel of the first term, we obtain

0 =

∫
∂

∂θ
[λ(x?, θ)]T (F )dF

(
∂

∂t
[T (G)]t=0

)
+ λ(x, T (F )) . (68)

Solving for the influence function IF (x, T, F ) = ∂
∂t [T (G)]t=0, we get

IF (x, λ, F ) = −
[∫

∂

∂θ
[λ(x?, θ)]T (F ) dF

]−1

λ(x, T (F )) . (69)

Note that the first term in the r.h.s of the equation is a p× p matrix and the second term

is a p× 1 vector.

The required regularity conditions are

1. continuity, boundedness, measurability of λ(·)

2. existence of measurable derivatives of λ(·)

From the influence function of multiparameter M-estimators given by (69), we can cal-

culate the influence function of regression M-estimators. Substitute

λ(r) = ψ(r)
∂η(x, θ)

∂θ
(70)

and F = Fθ(x, y) in (51). This allows us to use the definition of the influence function given

by (69). First, rewriting (69) to include y yields

IF (x, y; λ, F ) = −
[∫

∂

∂θ
[λ(x?, y?, θ)]T (F ) dF (x, y)

]−1

λ(x, y, T (F )) . (71)

Also, define

M := −
∫

∂

∂θ
[λ(x?, y?, θ)]T (F ) dF (x, y) . (72)

Then

IF (x, y; λ, Fθ) = M−1λ(x, y, T (Fθ)) . (73)

Applying the definitions in (58) and (59) to the kernel of (72) yields

∂

∂θ
λ(x, y, θ) =

∂

∂θ
{ψ(r)

∂η(x, θ)

∂θ
} . (74)
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Expanding the r.h.s. gives

∂

∂θ
λ(x, y, θ) =

∂

∂θ
{ψ(r)}

[
∂η(x, θ)

∂θ

]T
+ ψ(r)

∂2η(x, θ)

∂θ∂θ
(75)

=
∂ψ(r)

∂r

∂r

∂θ

[
∂η(x, θ)

∂θ

]T
+ ψ(r)

∂2η(x, θ)

∂θ∂θ
(76)

= −ψ′(r)
[
∂η(x, θ)

∂θ

] [
∂η(x, θ)

∂θ

]T
+ ψ(r)

∂2η(x, θ)

∂θ∂θ
. (77)

(78)

Substituting the expanded kernel into (72) gives the p× p matrix

M =

∫ {
ψ′(r)

[
∂η(x, θ)

∂θ

] [
∂η(x, θ)

∂θ

]T
− ψ(r)

∂2η(x, θ)

∂θ∂θ

}
T (Fθ)

dFθ(x, y) . (79)

If the inverse of M exists, then the influence function is written as

IF (x, y;ψ, Fθ) = ψ(r)M−1 ∂η(x, θ)

∂θ
. (80)

Collecting all terms, we obtain the general influence function for M-estimators of nonlinear

models. It is given by

IF (x, y;ψ, Fθ) =

ψ(r)

{∫ [
ψ′(r)

[
∂η(x,θ)
∂θ

] [
∂η(x,θ)
∂θ

]T
− ψ(r)∂

2η(x,θ)
∂θ∂θ

]
T (Fθ)

dFθ(x, y)

}−1
∂η(x,θ)
∂θ . (81)

4.2.3 Factorization of the Influence Function

In the case where e and x are independent, we can separate the influence function IF clearly

into influence of residual IR and influence of model IM. To this end, we write the kernel

of M as a product of components due to residual r and components due to design x and

model η(·) as follows. Expanding M in (79), we find

M =

∫ {
ψ′(r)

[
∂η(x, θ)

∂θ

] [
∂η(x, θ)

∂θ

]T}
T (Fθ)

dFθ(x, y)−

∫ {
ψ(r)

∂2η(x, θ)

∂θ∂θ

}
T (Fθ)

dFθ(x, y) . (82)

Due to the assumption of independence of e from x we can separate each integral into

the product of the expectation of a component due to residual r and the expectation of a

component due to design x and model η(·). Rewriting (82), we get

M =

∫
ψ′(r)dG(r)

∫ {[
∂η(x, θ)

∂θ

] [
∂η(x, θ)

∂θ

]T}
dK(x)−

∫
ψ(r)dG(r)

∫ {
∂2η(x, θ)

∂θ∂θ

}
dK(x) (83)
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We consider several cases for G and ψ. If G is symmetric and ψ is odd then the second

term in (83) goes to 0. Specifically, we put G = Φ in (83) and, noting that
∫
ψ(r)dΦ(r) = 0,

we get

M =

∫
ψ′(r)dΦ(r)

∫ {[
∂η(x, θ)

∂θ

] [
∂η(x, θ)

∂θ

]T}
dK(x) . (84)

If we neglect the Hessian completely, namely ∂2η(x, θ)/∂θ∂θ, we obtain the same M without

restriction on G or ψ. Without neglecting the Hessian, and if G is not symmetric, then it is

not possible to separate M into a product of components due to residual and components

due to design and model. Therefore, the influence function cannot be separated into influ-

ence of residual and influence of model (or position) and we need to take into consideration

the Hessian of the model. There has been much work analyzing such model properties,

including their relationships to curvature. For example, Murray and Rice [37] define statis-

tical curvature as the Hessian of the log-likelihood. It may be possible to re-interpret such

work more generically and use it to analyze influence functions of estimators of nonlinear

model.

If the inverse of (84) exists then the influence function is as in (80). Collecting all terms

and substituting into (80), we obtain a simplified influence function for M-estimators of

nonlinear models, given by

IF (x, r;ψ, Fθ) =
ψ(r)

EΦ {ψ′(r)}

{
EK

{[
∂η(x, θ)

∂θ

] [
∂η(x, θ)

∂θ

]T}}−1
∂η(x, θ)

∂θ
. (85)

Further simplification is obtained by writing the influence function (85) as a product of

two factors, specifically

IF (x, r;ψ, Fθ) = IR(r;ψ,Φ) · IM(x;ψ,K) (86)

where IR(·) is (scalar) influence of residual defined as

IR(r;ψ,Φ) :=
ψ(r)

EΦ {ψ′(r)}
(87)

and IM(·) is (vector-valued) influence of model defined as

IM(x;ψ,K) :=

{
EK

{[
∂η(x, θ)

∂θ

] [
∂η(x, θ)

∂θ

]T}}−1
∂η(x, θ)

∂θ
. (88)

Note that IM depends only on the model, its derivatives, and the design. It is clear that in

the linear regression case, influence of model IM(·) simplifies to the well-known influence

of position IP (·).
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Assuming a bounded ψ(·), it is clear that IR(·) is bounded. However, without additional

conditions on the model η(·), a similar conclusion cannot be reached about IM(·). The new

notation emphasizes that, for M-estimators of nonlinear models, unbounded influence is

caused as much by the properties of the model as it is by the properties of the estimator

and the design.

Note that when ∂η(x,θ)
∂θ = xT , as in linear regression, (81) simplifies to

IF (x, y;ψ,Fθ) =
ψ(r)

EK {ψ′(r)}
EΦ

{
xTx

}−1
xT (89)

which is the well-known influence function for the M-estimator of linear regression. Also,

we note that the structure of (81) is the same as the structure of the influence function of

the nonlinear location M-estimator (47).

In linear regression, leverage points are defined as extreme values in X due to their

potential for unbounded influence on M-estimators of linear regression (89). As in the

linear regression case, outliers in X may have unbounded influence on the M-estimators of

nonlinear regression. In the nonlinear regression case, the influence function is a complicated

nonlinear expression involving residual, design, and model and it is not clear how to generally

robustify the M-estimators of nonlinear regression.
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Chapter 5

Examples and Case Studies

5.1 Introduction

In this chapter, we use the influence function derived in Chapter 4 to study the effect of con-

taminants on M-estimators of several nonlinear models. Specifically, we study the L1 non-

linear regression estimator and calculate the estimates using the El-Attar-Vidyasagar-Dutta

algorithm [12] and the Broyden-Fletcher-Goldfarb-Shanno approach [12] to unconstrained

minimization. We demonstrate the usefulness of the influence function in predicting the

weaknesses of nonlinear model estimators. We show that not only are M-estimators of

nonlinear models vulnerable to factor space outliers, e.g. leverage points, as in linear regres-

sion, but that observations not outlying in the factor space can cause high influence. More

generally, we show that influence in nonlinear model estimation using the M-estimators is

caused as much by the properties of the model as it is by the properties of the estimator.

5.2 Logarithmic Model

Consider the model

η(xi, θ) = ln (x3
i + θ1) + θ2 (90)

with design x = {1, 2, 3, 4, 5, 6, 10}. We study the exact fit properties of the M-estimators at

this model with the true parameter θ̃ = {0, 1}. The last observation is moved through the

design space and its response perturbed to study the effect of outliers on the M-estimator.

Using the starting point θ = {0.1, 0.9}, we perform an L1 estimate of the parameters

of the model function. The fitted model parameters are θ̂ = {0.0, 1.0}. The data and the

fitted response are shown in Figure 2.
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5.2.1 Influence due to Outlying Observations

Using the results from Chapter 4, we study the effect of observations outlying in X on

M-estimators at the model (90).

Calculating the Jacobian vector of the model function, we find

J =
∂g(xi, θ)

∂θ
=

 1
x3
i+θ1

1

 . (91)

Simple calculus shows that limx→∞
∂g
∂θ1

= 0. Since the Jacobian in the influence function of

the M-estimators of nonlinear models is unbounded and directly influenced by the observa-

tions, we expect that M-estimators at this model will not be influenced by outlying xi, as

the components of the Jacobian are not unbounded.

Let θ̃ = {0.0, 1.0}, assume exact fit, and let y|x=10 = 100. Performing an L1 estimate of

the parameters of the model function, we obtain the fitted model parameters θ̂ = {0.0, 1.0}.
Perturbing the outlier further, we move it to x = 22 and let y|x=22 = 100. We again obtain

the L1 estimate θ̂ = {0.0, 1.0}. The data and the fitted response are shown in Figure 3.

Other xi and yi values for the outlier perform similarly. This confirms our expectations.

5.3 Bent Hyperbola Model

Consider the bent hyperbola model

g(xi, θ) = θ1 + θ2(xi − θ4) + θ3

[
(xi − θ4)2 + θ5

]1/2
(92)

studied by St. Laurent and Cook [25] and Ratkowsky [9]. Ratkowsky fit this model to the

data in Table 1 relating the logarithm of the stagnant surface layer height Y to the loga-

rithm of the flow rate of water down an inclined channel X .

Using the starting point θ = {0.585,−0.735,−0.359, 0.062, 0.096}, we perform an L1

estimate of the parameters of the model function (92) for the band height data in Table

1. The fitted model parameters were θ̂ = {0.5893,−0.7284,−0.3582, 0.0573, 0.1151}. The

data and the fitted response are shown in Figure 4.
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Figure 2: Fit of Logarithmic Model at True Data
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Figure 3: Fit of Logarithmic Model at True Data with Large xi and yi Perturbation
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Table 1: Band Height Data

X Y

-1.39 1.12
-1.39 1.12
-1.08 0.99

-1.08 1.08
-0.94 0.92

-0.80 0.90
-0.63 0.81

-0.63 0.83
-0.25 0.65

-0.25 0.67
-0.12 0.60

-0.12 0.59
0.01 0.51
0.11 0.44

0.11 0.43
0.11 0.43

0.25 0.33
0.25 0.30

0.34 0.24
0.34 0.25

0.44 0.13
0.59 -0.01

0.70 -0.13
0.70 -0.14
0.85 -0.30

0.85 -0.33
0.99 -0.46

0.99 -0.43
1.19 -0.65
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Figure 4: Fit of Bent-Hyperbola Model to Band Height Data
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5.3.1 Influence due to Outlying Observations

Using the results from Chapter 4, we study the effect of observations outlying in X on

M-estimators at the model (92). Calculating the Jacobian vector of the model function

(92), we find

J =
∂g(xi, θ)

∂θ
=



1

xi − θ4[
(xi − θ4)2 + θ5

]1/2
−θ2 − θ3(xi−θ4)√

θ5+(xi−θ4)2

θ3
2
√
θ5+(xi−θ4)2


. (93)

Application of simple calculus shows that limx→∞
∂g
∂θ2

=∞, limx→∞
∂g
∂θ3

=∞, limx→−∞
∂g
∂θ2

=

−∞, and limx→−∞
∂g
∂θ3

= ∞. Since the Jacobian in the influence function of the M-

estimators of nonlinear models is unbounded, and these components of the Jacobian of

this model are unbounded in x, we expect that M-estimators at this model will be highly

influenced by outlying xi.

To confirm our expectations, we perturb the xi component of a single observation from

Table 1 such that the observation becomes an outlier in the factor space X . Specifi-

cally, we move the first observation (−1.39, 1.12) to (−10, 1.12). Performing an L1 es-

timate of the parameters of the model function, we obtain the fitted model parameters

θ̂ = {1.5094,−0.7563,−0.7880, 0.07520, 1.7910}. The perturbed data and the fitted re-

sponse are shown in Figure 5. We observe that the fitted response follows the outlier

exactly. This confirms our expectation of the low tolerance of the M-estimators to factor

space outliers at this model.

5.3.2 Influence due to Observations in X

Now we study the effect of observations not outlying in X on M-estimators at the model

(92). Since the influence function of the M-estimators of nonlinear models is a nonlinear

function of the Jacobian of the model, we expect that there will exist xi that cause un-

bounded influence. Specifically, we conjecture that observations not outlying in X can have

influence on the M-estimators at this model.

To confirm our expectations, we perturb the y component of a single observation from

Table 1 without perturbing the x component. Specifically, we move the first observation
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Figure 5: Fit of Bent-Hyperbola Model to Band Height Data with Large xi Perturbation
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(−1.39, 1.12) to (−1.39, 0.9). Performing an L1 estimate of the parameters of the model

function, we obtain the fitted model parameters θ̂ = {0.6854,−0.7051,−0.3934, 0.0013,

0.1850}. The perturbed data and the fitted response are shown in Figure 6. We observe

that the fitted response was influenced by the perturbation despite the existence of a du-

plicate observation at the pre-perturbation location.

Further insight is obtained by perturbing the y components of the first two observa-

tions from Table 1 without perturbing the x components. To this end, we move the first

two observations (which are identical) from (−1.39, 1.12) to (−1.39, 0.9). Performing an L1

estimate of the parameters of the model function, we obtain the fitted model parameters

θ̂ = {4.6584,−0.1919,−1.6226,−0.8225, 5.3587}. They are significantly different that the

parameters at the unperturbed data. The perturbed data and the fitted response are shown

in Figure 7. We observe that the fitted response follows the perturbations exactly. This ex-

ample re-confirms our expectation of the low tolerance of the M-estimators to non-outlying,

vertically perturbed observations at this model. Also, this example highlights the dangers

and non-robustness of the M-estimators applied to nonlinear model estimation.

5.4 Logistic Model

Consider the continuous logistic model

g(xi, θ) =
1

1 + e−(θ1+θ2xi)
(94)

studied by Stromberg [23] at the design xi = {−4,−3,−2,−1, 0, 1, 2, 3, 4, 5, 6, 7, 8}. First,

we study the exact fit properties of the M-estimators at this model with the true parameter

θ̃ = {1, 1} (see Table 2). Second, we study the properties of the M-estimators at this model

with contrived data due to Stromberg (see Table 3).

Using the starting point θ = {0.9, 1.0}, we perform an L1 estimate of the parame-

ters of the model function (94) for the data in Table 2. The fitted model parameters are

θ̂ = {1.0, 1.0}. The data and the fitted response are shown in Figure 8. For the contrived

data, we use the starting point θ = {−0.7, 1.2} and perform an L1 estimate of the parameters

of the model for the data in Table 3. The fitted model parameters are θ̂ = {−0.7754, 0.7834}.
The data and the fitted response are shown in Figure 9.
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Figure 6: Fit of Bent-Hyperbola Model to Band Height Data with Non-outlying Vertical
Perturbation
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Figure 7: Fit of Bent-Hyperbola Model to Band Height Data with Two Non-outlying Ver-
tical Perturbation
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Table 2: Logistic Model Data at True Parameter

X Y

-4 0.0474

-3 0.1192
-2 0.2689

-1 0.5000
0 0.7311

1 0.8808
2 0.9526

3 0.9820
4 0.9933
5 0.9975

6 0.9991
7 0.9997

8 0.9999

Table 3: Logistic Model Contrived Data due to Stromberg

X Y

-4 0.0219
-3 0.0001

-2 0.1064
-1 0.1738

0 0.3315
1 0.4893

2 0.6899
3 0.8075

4 0.9136
5 0.9999
6 0.9999

7 0.9803
8 0.9998
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Figure 8: Fit of Logistic Model at True Data
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Figure 9: Fit of Logistic Model at Contrived Data
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5.4.1 Influence due to Outlying Observations

The effect of observations outlying inX on M-estimators at the model (94) are now analyzed.

Calculating the Jacobian vector of the model function, we find

J =
∂g(xi, θ)

∂θ
=

 e−(θ1+θ2xi)

(1+e−(θ1+θ2xi))2

xie
−(θ1+θ2xi)

(1+e−(θ1+θ2xi))2

 . (95)

We have limx→∞
∂g
∂θ1

= 0, limx→∞
∂g
∂θ2

= 0, limx→−∞
∂g
∂θ1

= 0, and limx→−∞
∂g
∂θ2

= 0. Since

the Jacobian in the influence function of the M-estimators of nonlinear models is unbounded

and directly influenced by the observations, we expect that M-estimators at this model will

not be influenced by outlying xi as the components of the Jacobian are not unbounded.

To confirm this, we perturb the last observation in Table 2 from (8.0, 0.9999) to (15.0, 2.0).

Performing an L1 estimate of the parameters, we obtain the fitted parameters θ̂ = {1.0, 1.0}.
The perturbed data and the fitted response are shown in Figure 10. We observe that the

fitted response was not influenced by the perturbation.

5.4.2 Influence due to Observations in X

Although outlying xi are not influential, the influence function of the M-estimators of non-

linear models is a nonlinear function of the Jacobian of the model. Additionally, when we

do not ignore the Hessian in the influence function, the observed response can have influence

despite the usual resistance of the M-estimators to vertical outliers (e.g. M-estimators of

linear models). Therefore, we expect that there will exist non-outlying xi that will influence

the M-estimators at this model. To confirm our expectations, we perform several experi-

ments where we perturb observations vertically.

First, we perturb the yi component of a single observation from Table 2 without per-

turbing the xi component. Specifically, we move the third observation from (−2, 0.2689) to

(−2, 0.1). Performing an L1 estimate of the parameters of the model function, we obtain

the fitted model parameters θ̂ = {1.0, 1.0}. The perturbed data and the fitted response

are shown in Figure 11. We observe that the fitted response was not influenced by the

perturbation.

Second, we perturb the response of several observations from Table 2 without perturb-

ing the xi component. Specifically, we move (−4, 0.0474) to (−4, 0.01), (−3, 0.1992) to

(−3, 0.03), and (−2, 0.2689) to (−2, 0.1). Performing an L1 estimate of the parameters of

the model function, we obtain the parameters θ̂ = {1.0, 1.3987}. The perturbed data and
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Figure 10: Fit of Logistic Model at True Data with Single Leverage Point
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Figure 11: Fit of Logistic Model at True Data with Single Vertical Perturbation
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the fitted response are shown in Figure 12. We observe that the estimator was directly

influenced by the perturbed response and that the fitted response follows the perturbed

observation at (−4, 0.01) exactly. This example re-confirms our expectation of the low tol-

erance of the M-estimators to non-outlying, vertically perturbed observations at this model.

Third, we influence the estimate of the model parameters by perturbing the response

of a single observation from Table 3 without perturbing the xi component. Specifically, we

move (−2, 0.1064) to (−2, 0.1). Performing an L1 estimate of the parameters of the model

function, we obtain the fitted model parameters θ̂ = {−0.8432, 0.8004}. The perturbed

data and the fitted response are shown in Figure 13. We observe that the fitted response

was influenced by the single perturbation, re-confirming our expectations.

Finally, we emphasize the nonlinear nature of the influence of model and the dependence

of influence on the magnitude of the response. We attempt to influence the M-estimators

at this model by perturbing the response of a single observation from Table 3 without per-

turbing the xi component. Specifically, we move (−2, 0.1064) to (−2, 0.8). Performing an

L1 estimate of the parameters of the model function, we obtain the fitted model parame-

ters θ̂ = {−0.7754, 0.7834}, the same fit obtained for the unperturbed contrived data. The

perturbed data and the fitted response are shown in Figure 14. We conclude that influence

is dependent not only only on the model but also on the observations.

5.5 Pharmacokinetic Model

Consider the model

g(xi, θ) =
θ1θ3

θ1 − θ2
[exp {−θ2t} − exp {−θ1t}] (96)

studied by Gonin et al. [12]. The model relates a drug concentration Y in the serum to

time T . Gonin et al. studied the exact fit properties of this model at the true parameter

θ̃ = {3, 0.3, 50} for the contrived data in Table 4.

Using the starting point θ = {25, 1, 10}, we perform an L1 estimate of the parameters of

the model function (96) for the contrived data in Table 4. The fitted model parameters were

θ̂ = {3, 0.3, 50} which are equal to the true parameters. The data and the fitted response

are shown in Figure 15.
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Figure 12: Fit of Logistic Model at True Data with Three Vertical Perturbations

43



-4 -2 0 2 4 6 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

re
sp

on
se

Figure 13: Fit of Logistic Model at Contrived Data with Single Influential Vertical Pertur-
bation
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Figure 14: Fit of Logistic Model at Contrived Data with Single Non-Influential Vertical
Perturbation
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Figure 15: Fit of Pharmacokinetic Model to Contrived Data
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Table 4: Pharmacokinetic Model Contrived Data due to Gonin

X Y

0.083 10.900
0.167 19.100

0.250 25.300
0.500 15.000
0.750 38.500

1.000 38.400
1.500 34.154

2.250 28.200
3.000 22.600

4.000 16.700
6.000 9.200

8.000 5.000
10.000 2.800
12.000 1.500

5.5.1 Influence due to Outlying Observations

We study the effect of observations outlying in X on M-estimators at the model (96).

Calculating the Jacobian vector of the model function, we find

J =
∂g(xi, θ)

∂θ
=


θ3

(θ2−θ1)2et(θ1+θ2)

[
tθ2

1e
tθ2 − θ2e

tθ1 + θ2e
tθ2 − tθ1θ2e

tθ2
]

θ1θ3(e−tθ2−e−tθ1 )
(θ1−θ2)2 − tθ1θ3

etθ2 (θ1−θ2)
θ1(e−tθ2−e−tθ1)

θ1−θ2

 . (97)

We have limx→∞
∂g
∂θ1

= 0, limx→∞
∂g
∂θ2

= 0, and limx→∞
∂g
∂θ3

= 0. Since the Jacobian in the

influence function of the M-estimators of nonlinear models is unbounded and directly influ-

enced by the observations, we expect that M-estimators at this model will not be influenced

by outlying xi as they do not cause large Jacobians.

To show this, we perturb the xi component of a single observation from Table 4 such

that the observation becomes an outlier in the factor space X . Specifically, we move the

last observation from (12.0, 1.5) to (100, 1.5). Performing an L1 estimate of the parameters

of the model function, we obtain the true model parameters θ̃. The perturbed data and

the fitted response are shown in Figure 16. We observe that the estimator is resistant to

outlying xi at this model confirming our expectations.
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Figure 16: Fit of Pharmacokinetic Model to Contrived Data with Large xi Perturbation
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this thesis we have focused on studying and improving the robustness properties of M-

estimators of nonlinear models. We presented and evaluated a technique due to St. Laurent

and Cook called Jacobian Leverage. We pointed out the relationship of the technique to the

robustness concept of influence, namely that Jacobian Leverage measures influence but does

not measure the influence of an arbitrary contaminant. We discussed several limitations of

the technique, including its inability to reveal multiple influential observations. The latter

was demonstrated by example.

We derived the influence function for M-estimators of nonlinear models. The result

shows that influence of position becomes, more generally, influence of model. However, if

the Hessian of the model is significant and assumptions are not made about the properties

of the error distribution, the influence function is a nonlinear expression involving residual,

position, and model. Regardless, the influence function may be interpreted heuristically to

give valuable information about the sensitivity of the M-estimators to arbitrary models and

contaminants. Using this approach, we demonstrated the utility of the influence function

by analyzing several models and data sets from the literature. The analysis showed the

existence of a new type of influential observation that does not exist in linear regression.

These are highly influential observations that are not outlying in factor space.
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6.2 Future Work

The most important future work will propose and analyze methods for identifying highly

influential observations and techniques for robustifying M-estimators of nonlinear models.

Complete analysis of the new influence function is the first step in this direction. The

influence function will be used to evaluate robust estimators of nonlinear models. The cur-

rent work has shown a new category of influential observation which must be studied and

understood. It is possible that new estimators will be required to handle this new type of

influential observation.

A variety of other work is important. Following the interpretation of Hampel et al. [29],

it is especially important to develop bias curves for M-estimators of nonlinear models. The

bias curve will provide a more complete view of the robustness properties of these estima-

tors. A first step is to extend the work of Rousseeuw and Croux [33] to the M-estimators

of nonlinear location and, eventually, to the M-estimators of nonlinear regression.

Long-term work will apply more sophisticated mathematical tools, including higher-

order von Mises calculus and differential geometry. Amari [38], Murray and Rice [37], and

Pazman [39] are among those who are building a theory of statisical estimation based on

differential geometry. Extension of such work to robust statistical theory would be a very

powerful tool for analysis of nonlinear model estimation. Higher-order von Mises calculus

and more sophisticated functional analysis will provide better and more accurate approxi-

mations and analysis of nonlinear models and estimators of nonlinear models.
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