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SYMBOLS

F(e,m) fraction of subliming moleculee in an increment cf solid

angle dä de

f(9,e) probability deneity of 8 and m distributions

F(e) fraction of subliming molecules in an anguler increment de

F(¢) fraction of subliming molecules in an angular increment de

fQ(9) probability density of 9 distribution

f$(m) probability deneity of e distribution

AE potential energy difference between adsorbed.molecule and

free molecule

AE' potential energy difference between free molecule and

molecule at top of potntial barrier

EI initial energy of ormal degree of freedom

Er energy of n•quant transition from interior of crystal

h Planck's constant

k Boltzmann’s conetant

1 quantum number of x-oscillator

5 quantum number of y—oscillator

n number of quanta from interior of crystal

m mass of subliming molecule

V frequency of interior oecillators

Vx frequency of x·osc1llator

ny frequency of y—oscillator

Päv probability that the velocity lies between V and V + dy
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Pév prohability that the velocity is less than or equal to V

PS6g$ probability that the angles of a particular molecule are

éßséa
Peg probability that the angle of a particular molecule is E8

P§$ prohability that the angle of a moleeule is ém

V velocity

6,e angle in the spherical ccordiuate system

x,y,z rectangular coordinates

Z Partition function

T absolute temperature
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ÄI. IHTRODUCTIOH Ä
A survey of the literature indicated very little work dealing specif·

ically with the dynamics of subliming molecules as they leave the surface Ä

of a crystal. The thrmodynamics of phase transitions deals only with the

differences in the average properties of various phases at equilibria, and

kinetics research is generally aimed at determining and studying rate-

controlling steps, which for sublimation have not been found to be the

actual ejection of the molecules from the surface.

The dsrivations presented here are a statistical mechanical study

based on the physical model outlined in the next section. Essentially

the mdel consists of the assumption that the molecule, in the last step

before leaving the surface, is not part of the continuous plane of mole-

cules constituting th surface, but is in an adsorbed position on the

surface, as shown in figure 1. The molecule is assumed to move in three

independent degrees of freedom, two parallel, and one normal to the crystal

surface. The energy for sublimation is assumed to come from the interior

of te crystal. In studying the specific heats of crystals Einstein

(ref. 2) assumed that the energy of a crystal is contained in an assembly

of qusntum harmonic oscillators all of the same frequency. This approx1·

mation is retained in this paper.

In addition to th derivation of the velocity distributions, use is

made of the velocity distributions to derive the directional distrlbutions

of the subliming molecules. In setting up the physical model, a potential

barrier was assued to exist which the moleculs must pass over to leave

the surface. It developed that both the velocity and directional
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distributions are dependent upon the height of this barrier, es would be

expected. Since directionel distributions are more emeneble to experi·

mental measuremaut, they could be used es a means for determining the

height of the potential berrier.
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II. Thh rHYSlJaL LGDLL

hurton, datrera, and Frank (ref.h) have developed a comprehensive

theory of crystal growth which assumes as a mechanism the formation of

monatcmic ledges which gros by surface diffuaion of molecnles which have

ben adoorbed on the crystal surface. Lirth and round, (ref. 5) have shown

hy thermodynamic argumente that the host likely—mechanism for snhlination

is the desorption of adsorhed moleculeo which have previocsly migratod

from surface ledges. This wechanism for the sutlinatlon process, together

with certain asounptions about the motion of the adsorhed molecule, con-

stituto the physical model on which the following derivations are hased.

Figure 1 shows the lattice of a simple cuhic crystal with a aolecolo

of the same suhstance adsorhed on the surface. the ansorhed molecule

may be thought of as lying in a three oiaensional potential well, which

will he symmetric at-out the normal to the surface, tut Nilüiläj Ei Cl€E;'J&?2’Ä1(3.•ElI;C6

is unshecified. assumptions are mace atont the motion of the mcleeule in

this well which must remain unproved, älthüügh an attenpt will ho race to

show then to he phpsioally reasonable. The first cf these assamptions is

that the molecule moves in three independent orthogonal cegrees of

freedom. This allows the treatment of the wclooity·distritutions

in component form. fwo degrecs of freedom are aosumed to le quantnm

harmcnic oecillators aligned parallel to the surface along the

II
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Figure 1.- Adsorbed molecule on the (100) plane of a simple cubic crystal.
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Figure 2.- Potential energy of an adsorbed molecule.
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x ann y axes shcwn im figure 1. 2%@ thixc is normal to the surface End

the mtion ia unspacificü. The harmomic osciilator assumptiou should be

raasomably valid for 1¤w excitation levels, whicm is gancrally the case

at tamperatures below the meltiug paint. The assxmgtiuu of imdggemdence

of the three éegrees cf freedom will be 6h¤=n to havo no effect on the

Z—distrihuti¤v. Yhe effect of this aßaumptiwu on the X amd E distributioua

should band to ba coumteracted by symmetry„ it is further assumed, aß in

reference 5, that it is necessary for the éegree of freedam im the ä

direction bo have all the energy necessary far sub1iwatio¤•

Figure 2 shvws a rough form for the pctemtiäl of the wmlecule as a

function cf its distance frum the surface. Sc exact form is assumed for

this potential, and it will he shown tbat the distrixutimm iunctichs arv

independent cf t&is potential, except for the height of the Larrier. The

olacule has many possible energy levels im the well, amd a comtinuum of

levels above the well. Actually, a molecule outside the well is not

adsorhad at all, tut is a früe mlacula. äs a ßacbauism for smalimatiom,

it is assumed.that the molacula is irütäaliy at song level im the well gl
In order for this molaculc to subiiwe it must obtaim energy to excite it

imtc t\6 co ti¤uum• It is assumed that this energy cames from the oscillators

in the imtarior uf the crystal. Tha vc10cit;’distrihutio¤ nozvml to the

surface ia then éetermiued ty the relativw tramsitiom probahilities for

excitatiora av! !;}2&‘· adsorbed volacule to ewcrgzies ir theJ

_
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III. VELOCITY DISTRIBUTICN OF SUBLIMIHG·MDLECULES

The development presented here is based on the following assump•

tions: 1

(l) Th molecules of the crystal may be considered as an assembly

of quantum harmonic oscillators of constant frequency, except for the

adsorhed molecules on the surface, which are considered as two orthog—

onal oscillators parallel to the surface, not necessarily of the same

frequency as the internal oscillators, and one degree of freedom normal

to the crystal surface, of unspecified form. ,

(2) All of the oscillators are at thermdynamlc equilibrium,

obeying Boltzmann statistics.

(5) Suhlimation proceeds by excitation of the degree of freedom

normal to the surface into the continuum representing a free molecule.

A. Normal to the Surface

The degree of freedom normal to the surface has some initial

energy EI. This degree of freedom receives some amount of energy Eu

frm the interior of the crystal, which excites lt into te continuum

region, and the molecule leaves the surface. The interior of the

crystal is assumed to he an assembly of oscillators of frequency v,

which means th crystal can only give up discrete amounts of energy nhv,

where n is any positive integer. This represents the transitions
N possible to the assembly of oscillators. The velocities in the z

direction corresponding to these transitions are:

NN



l2<nhv + EI — AE) E
Y1 m

It should be noted that for sublimation tc occur, it is necessary

that

¤1w>As+AE·-EI (2)

For the purpose of this derivation it will be said that the minimum

value of n which produces sublimation is

AE + AE' ···En= -·—·-——-———--L + cx. (5)hv

where ou is a nxmxber, always less than unity, which is determined by

the commensurability of AE + AE' ~ EI with bv.

The velocity distribution function is defined as u<VZ) auch that:
pdvz = (vz) svz (1+)

where Pöyz is the probability that a molecule has a velocity between

VZ and VZ + dVZ.. Therefore

Z __ Q ..(p)l

Pgvz is determined by summing the pro’ba’bilities of all velocities up to ,

VZ. From (5):
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where Pvtu is the prwability that a mlecale tus a particular velecity

Vu an given in ccguation (1).In career tc evaluate the sametiwn in (6), Lt xa äaalrable te une
the inäx n. Free ergtstlune (3.) end (5); the lover und upper unitsef eumtion are:

ß' + ß •
¤· (7)

md
2 E "• I + Nb ._(Vs)hv

'Ihe probability that a sublining xmlecuie has a val«;¤1ty Vga ia
the emu an the probabllity that the m1,ecu.1e will be extzited into the
ccntinuum by eu mergy tranaxticn am. Aecordlng tc hmtmanu sta•

tistics, the relative pmbabllity tm a tranaitien er energy En ln:erpa e ..E "
'lhe absolute prcbability ot thin tremzitlou ia:

expfäg) _F ·= (9)Z ap‘ KT
>

where the ßllltiüll ls over all the pwaihle trumitiona,
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The transitions which will produce sublimation are those for which

AE' + AE - EIn is from -·-——-—·-·-·i1—;-——-·-— + 0. to infinity so that

ep? äifä)
ihvEiAE'+AE·EI

i==---·-—-·-·—·—·-—-· +¤.hv

Evaluating the summation

nv [¤-e]kv-ns·—nE+sIP == l · ·- ·-· ·- lOß)

Therefore, from (6), (7), (76), and (102)

émvzlf-E ms

P
h" il (bv) [¤—¤,]nv-ns·-AE+sI>

2 • ex • •-— Q •

ä P xr xp kT
AE°+AE·EI———-———---· +6hv

P<V must be differentiated with respect to VZ to obtain 11(VZ)"‘ z
(see eq. (5)). However, P<v 6.s defined in (ll) is not 6. continuous— z

function of VZ. By evaluating the summation, the following approximation

is made:

éguvzg -— aan + (1 ~ ¤.)uv
P ==< l ·- e - ——--—-—·—-—-————--—·-·—·--~——··-—--—- llaSVZ XP KT ( )

This is actually the smooth curve which approximetes the multistep

function expressed in (ll), and its derivative is the average derivative

of Pivz over an increment AVZ =·· {$5;;-. Therefore
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dPgv mVZ ·ä·mVZ_2 ·· AE' + (1 ·- ¤.)hv
u(VZ) = ---—-·-?'— = -—-—-exp · ~—·---·-——-—-———-—·-——--·-·——·~·~—··-—·-~ (12)

dvz kT kT

B. Parallel to the Surface

It is assumed that all of the energy of the x and y oscil-

lators produces velocities in the x and y directions, respectively.

The problem then becomes that of determining the energy distributions

of these oscillators. The same method as used for the z distribution

is used here.

The energy levels of the x oscillator are:

E ~ 1 1 er —· 2 (

2 -V 1. mvx __ 1 Z Z .%.)h„Xx *2 hv 2 2
P P X exp _

ZX V __ X
1 m

where ZX is the partition function of the x oscillator, i.e., the

summation of the relative probabilities of all the energy levels.

°° 1 hv „ZX (lp)
i=0

I



Evaluating the surmmtiom,

1 hvx)exp<-·— ~·-·-—Zx kg (wa)1.
··Thereforefrom (1)+) and. (1.5:1)

1 1.2 hvx 2 h hv vp- 1 .. „ -....9.E) -~·....¥.
i=O

J 2 1.1.

KTSXP ku: (17)

Likswise:
l 2 1mV. ·§mVy + äkxvy— v V .........................°V< V KT (18)

1
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IV. DIREGTIONAL DISTIRIBUTIOH

The direction of a molecule leaving the surface is defined by two

angles in polar spherical coordinates, G and Q as shown in figure l.

Two approaches are possible to the analysis of the directional dis·

tribution, differing in the way that the directional distribution function

is defined. One approach is to consider the fraction of the molecules in

an increment of solid angle de dp:

= £(¤,¤;>)«w de (1)
The directional distribution function is f(ö,p), the probability

density of the molecules in the (9,Q) direction. If Peg gw is the
·"= .9

fraction of the molecules lying in a solid angle O — G, O — Q; then

r(6 ) Ö2
P (2)V *°"

"Thesecond approach, which will he used hero, is to consider te 8

and Q distributions separately. The fractions of the molecules in

ngular increments dm and dö are:

F<¤x>) = fc,(¤>)@¤¤ (5)

Fw) =·— f,,<¤>)d¤ (sa)

fm and fü are the angular distribution functions for Q and 8,

respectively.
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1* 1+ $(2 1+cp de Ev ( )

e 2.P,The

analysis will. cmnsist sf eval1„».a1;1mg fz, ami fi, as given in

equations (I1-) and (ka) by using; the vslocity distributionss previoualy

derived. fq, and fü are detemined by VX, Vy, and VZ, since:

VW*>¤¤ 1P == Vi (5)
-~ f2

tan 1:1 -¤ -—-—--—·--«-·-«- (pa)vz

A. Ep Distrlbutksrx

From equation {j):

For 8. specific value of Vx:

Vx tan cp
Pvygvx tan tp ” „ /2

HG?) dv? (7)
(hvy *
TT

For all values of Vx

¤¤ Vx tan cp
PV gv tan cp = u<V);) 11(Vy) GN}, dVx (8)

I TT TT
I

I



From equetions (6) ami. (8), and the velocity distribution functions

of the preoeding section:

„ Vx tan cp mVPe = P ·mx 1/2 1/2
T m

L 2 1 1 2 1mv V + -—hv —~mV + ähv__ä“* x Y __ X Y

PEvsluntingthe integralsz

P z exp·l‘·Ehvy + éhvx ex161: m

h
+ (lO)

l + tanaxv 2 KT

d ähvy +
E =‘= EXP sin $ COB $ 'Ü"

tan ca} expQä- + ta.n2<;g) (li)

At high temperntures, hvx <<
k'l‘; hvyw. KT, msétirxg

TL l-;„··hv~¢ + "hv

1-undfor values of cp not ::l..»Se to 1:/2

4 hvexpg ä-ü’$EL + tan2·<4¤]> 4. (128)

J
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and

hvx _ _ _
tan cp es 2 sin qu cos qu (12b)

Therefcre et high temperstures:

ftp 2; 2 sin qu cos Q (15)

The some resxiit is ¤‘;:ta?.ned hy the mrre involved method of

evalustingz

i ,-

where PG) is the p1·c·ba'bi1it;y· that qu ccrrespoudiug to'LJ ÄÄ Ä

m

und
1 "

vb, —= · (wa)m

E. 0 Distribution

From equatioxx (56.)

P = P 1.6

$8Forspecific values of Vy and VZ; Vx uulmownz

_



66.6 6 vz
/2 J.‘) /

6 ußrzz) dvzz (17)

For a sspecizfic value of VZ; Vx and Vy unknown:

PCWXIn

general <vx,vy,vz unknown)

6 vz 6,666 6
avz (19)

1/2 Cwx) 1/2
m

mSubstitutingthe velßcity d1sv,v~1h11ti¤z1 funeticma and integmting

„„S9 mr 1612
1* v~ + lnv 2..1: äzlexp -.1.: bl • exp •• czzggßexp -•

2 kT 2 KT KT T KT

ginggexpl
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d ä-hv + Ä?-hv + älxv 1hy1*6, ............2.........s·.... ....,.2e .. -¤ .11 E9 esKT1
1-4hv + —-hv

Qßzijqexpnlpig1:*1*2 1:1* 1:1

cosäö 51.1126 -2 tan u secäöiix-äflggll -1;*1*

ÄJXV1+1hvy 1 hv Ä? J 2 ,„ .
.·-·—····--8·•~·-—·-—•€%X··—•-•·-—-·--———-¢.S1¤dCOS¤—
2 1:'1‘ 2 1:T 1:*1*

. 1 1 1 nv LAW + ¤·hv] .2 sm s cos 6exp··—;· -—- + coszd +2 RT 1:*1*

_ . „ 1 2.
2 sln)3 ggg gjexp •..l;. Ey, EX (21)

2 1:* 1:*1*

Making the same high temperature appr<>ximat1«;>ns as in the cp distribution

fg tan 6*%%}: + 2 tan 6 seczü 6111261:%]% + cosaälaéää +

M __ ‘l , r
2 sin 6 css 6 1 ··

gi'-;
- cosggö] + 2 sind cos 6 ex (22)

1:*1* 1:*1*

For the case 01 no potent1a1. 1>ar1*1er (AE' == O) and 1 il 1:/2:

fl:} == 2 sin 8 cos 8 ·- 2 sin 6 cosjä + 2 sin-66 cos 6 (23)

I
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V. DISCUSSION OF THEORETIGAL RESULTB

l
The derived velocity distribution fbncticns as given by equa-

tions 12, 17, and 18 differ from the Maxrciiian distribution function

for gas molecules in the coefficients ef the exponential term, and for

u(?z>, in the apearance uf hE*, which in effect, serves to shift the

energy coordinate of the function to acerunt for the existence of a

minimum velocity. Fc: AE' ¤ O, the average normal component of the

velocity is approximately compared toapprcximatelyfor

a Maxwellian distribution.

It is of interest that the velccity distribution normal to the

surface does not depend on the original energy of the molecule before

being excited into the continuum. This is because of the property of

harmonic osoillators that the energy distritction of all oscillators

having energy greater than some energy B is the same es the distribu-

tion for the entire assembly with an extra energy E added to each

oscillator.

The directional distribution functions are of interest in part

because of the simplicity of the final forms. Of more practical impor-

tance is the dependenee of the Q distribution on. AE', as shown by

equation 22. This affords a ccxperatively easy method for determining
AE‘

experimentally.

4
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ABTRACT

Expressions are derived fer the velocity distrihutions of subliming

melecules bes on the assumption that the molecule, imediately prior to
sublimation, is in an adsorbed position on the surface of the crystal,
with three degrees of freedom• It is assumed that a quantum of energy
from an essembly of quantum harmenic oscillators, representing the interior
of the crystal, exeites the adsorhed mleoule so that it leaves the surface•
The resulting expressions gave a root mean square velocity of the square

root of 2 times that of a Maxwillisn distribution. The derived velocity
distributions were used to obtain directional distribution functions.
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