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SYMBOLS

fraction of subliming molecules in an increment of solid
angle 4o 4o

probability density of ¢ and ¢ distributicns

fraction of subliming molecules in an angular increment ds

fraction of subliming molecules in an angular increment do

probability density of & distribution
probablility density of ¢ distribution

potential energy difference between adsorbed mclecule and
free molecule

potential energy difference between free molecule and
molecule at top of potential barrier

initial energy of normml degree of freedom
energy of ne-quanta transition from interior of crystal

Planck's constant

Beltzmann's constant

guantum number of x-cscillator

quantum number of y-oscillator

number of quanta from interior of crystal
mass of subliming molecule

frequency of interior cscillators

frequency of xe-oscillator

frequency of y-cscillatoer

probability that the velocity lies between V and V + av




QL}-

probability that the velceity is less than or equal to V

probability that the angles of & particular meiecule are
05 %
probability that the angle of & particular molecule 1s =0

probabllity that the angle of a molecule is ¢

veloeity

angle in the spherical coordinate system
rectangular coordinates

Partition function

absolute temperature
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I. INTRODUCTION

A survey of the literature indicated very little work dealing specif-
ically with the dynamics of subliming molecules as they leave the surface
of a crystal. The thermodynamics of phase transitions deals only with the
differences in the average properties of varicus phases at equilibria, and
kinetics research is generally aimed at determining and studying rate-
controlling steps, which for sublimation have not been found to be the
actual ejection of the molecules from the swrface.

The derivations presented here are a statistical mechanical study
based on the physical model cutlined in the next section. Essentially
the model corsists of the assumption that tne molecule, in the last step
before leaving the surface, is not part of the continucus plane of mcle-
cules constituting the surface, but is in an adsorbed position on the
surface, as shown in figure 1. The molecule is assumed to move in three
independent degrees of freedom, two parallel, and one normal to the crystal
surface. The energy for sublimation is assumed to come from the interior
of the crystal. In studying the specific heats of crystals Einstein
(ref. 2) assumed that the energy of a crystal is contained in an assembly
of quantum harmonic oscillators all of the same frequency. This approxi-
mation is retained in this paper.

In addition to the derivation of the velocity distributions, use is
made of the velocity distributions to derive the directional distributions
of the subliming molecules. In setting up the physical model, a potential
barrier was assumed to exist which the molecule must pass over to leave

the surface. It developed that toth the velocity and directicnal
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distributions are dependent upon the height of this barrier, as would be
expected, Since directicnal distributions are more amenable to experi-
mental measurement, they could be used as a means for determining the

height of the potential barrier.




I, TH. AHYSIGAL JODLL

furton, Jatrera, and Frank (ref.L) have develonsed a comprehensive
theory of crystal growth which assumes as a mechanisn the formatior of
monatondic ledies which grow by surfsce aiffusic: of molecules which have
been adesorbe: on the crystal surface. [irti aud round, (ref. 5) Lave shown
by thersodyna:ic arguments that the niost likely mechaniam for sullirmation
is the desorvtion of adsorbed molecules which hove nrevioosly wi_ rated
from surface led;es., This mechanism for the subliration . rocess, together
with certain assumptions atbout the wotion of the adsorbed molecule, con=-
stitute the phvsical model on which the followin_ derivations are based.

rigure 1 shows the lattice of a simule culic erystal wiih a molecule
of the sane suiLstance adsorbecd on the surince. The acsorted molecule
may be thouxzht of &8 lying in a tihree ciseunsional wsoteutial well, which
will be symmetric alout the normal to the surface, hubt wiote 4 deserceuce
is unspecified., Assurptions are mace avout thne mwotion of ithe wolecule in
this well whizh wust remain ungroved, althoupt an atten.t will te race to
show the:: to be ph.sically reasonablle. “he {lrzst of these assusptions 1s
that the rmolecule moves in three indepeident orthogonel degrees of
freedor. Tiig allows the treatment ol the volozsity distritutions
in component forme Two degrees of freedom are assumed to lte guantum

harmonic ogcillators allgned parallel to the surface alon the
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Figure 1.- Adsorbed molecule on the (100) plane of a simple cubic crystal.
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Figure 2.- Potential energy of an adsorbed molecule.




X anG y axes shown In {igure 1. ‘he third is rorval to the surface and
the motion is unspecifico, The harsonic oscillator assumption should be
reasonably valid for low excitation levels, whict is ;cnerelly the case
at tesperatures below the melting pointe. The sssum tion of indeendence
of the three cegrees of freedom will ke sho'n to have no effect on the
Z=gistributior. The effect of this assumption on the % and Y distritutiors
should tend to e counteracted by symmetry. It is further assumed, as in
refereiice 5, that it is;necessary for the derree of freedom in the &
direction to have all the energyv necessary for svbliration,

Figure ¢ shows a rough form for the obterntisl of the molecule as a
function of its distance from the surface. ¢ exact fors is assumed for
this potential, snc it will te shown trat the cistri ution funeticis are
indepencent of thic votential, except for the nei:ht of the lLarrier. [he
molecule has many possil:le energy levels in the well, and a continuum of
levels alove the well. Actually, a molecule outsice tihe well is rot
adsorbed at all, tut is a free molecule. As a rechandism for sutlimation,
it is assured that tie rolecule is irditially ot souwc level in the well .

.
in order for this rolecule to sublire 1t rust obtain energy to excite it
into t. e co: tinuum. It is assumed that this eneryy comes fror the oscillators
in the interior of the crystal. The velocity distribution normal to the
surface lg then determined ty the relative transition probvatilities for

excitation of the adsorted rolecule to various energies ir the continuum,
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III. VELOCITY DISTRIBUTICN OF SUBLIMING MOLECULES

The development presented here is based cn the fcllowing assumpe-
tions:

(1) The molecules of the crystal may be considered as an assembly
of quantum harmonic oscillators of constant frejyuency, except fcr the
adsorbed molecules on the surface, which are ccnsidered as two orthog-
onal oscillators parallel to the surface, not necessarily of the same
frequency as the internal oscillators, and one degree of freedom ncrmal
to the crystal surface, of unspecified form.

(2) A1l of the oscillators are at thermodynamic eguilibrium,
obeying Boltzmann statistics.

(3) Sublimation proceeds by excitation of the degree of freedom

normal to the surface intc the continuum representing a free molecule.

A. Normal to the Surface

The degree of freedom normal to the surface has some initial
energy Ej. This degree of freedom receives some amcunt cf energy Ey
from the interior of the crystal, which excites it into the continuum
region, and the molecule leaves the surface. The interior cf the
crystal is asaumed to be an assembly of oscillators of frequency v,
which means the crystal can only give up discrete amounts of energy nhy,
vhere n 1is any positive integer. This represents the transitions
possible to the assembly of oscillators. The velocitles in the =z

direction corresponding to these transitions are:



o

- 2(nhy +::I - AE):I% w0

v
It should be noted that for sublimation tc occur, it is necessary
that
nhv > AE + AE' - Ep (2)

For the purpose of this derivation it will be said that the minimum

value of n which produces sublimation is

AE‘!‘&"E;
n= + &
hv

(5)

where o 1is a numoer, always less than unity, which is determined by
the commensurability of AE + AE' - Ex with hv,

The velocity distribution function is defined as u(Vz) such that:

Pdvz = u(Vz) dVZ (h’)
where Pde is the probability ihat a mclecule has a velocity between

‘Iz and Vz + dV,. Therefore

u(Vz> - E%(sz) (5)

P;:,vz is determined by summing the probabilities of all velocitles up to

Vy. From (3):




wvhere Pv‘n is the provacility that a sx.lecule bas & particular veicoity

V, as given in eguation (1).
In order «: evaluate the summaticn in (6), it is desirable tc use
the index n. From ejustiocns (1) and (5), the lower and upper limits

cf summaticn aret

AB' ¢+ OF - ¥y
n = - &

o (7
snd
2 A
- By + OB .
n = ?v z hvl (7e)

The prcbability that e sutliming mclecuie has & velcclty V,,n is

the same as the prcbabllity that the mrlecule will bte ex:ited ints the
continuum by an energy tramnsition nhv. According to Boltzmenn stae

tistics, the relative probabllity for a transiticn ~f energy L 1is:

-E (
Py - exp(-;g@) (8)

The absolute prcbability of this transition is¢

exp( 28
= (»)
e
1 X\
vhere the summtion is over all the preslile transitions.
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The transitions which will produce sublimation ere those for which

AE' + AE - Ep

n is from " + a to infinity so that
exp(- o)
kT
Py = — (10)
ihv
Z___ exp( kT)
AE'+AE-Eg
i +a
hv
Evaluating the summation
hv [n - a]kv - AE' - AE + E1
Py, =|1- - = - = 1
Vo, [} exp( k;ﬂ exp( o7 (10a)
Therefore, from (6), (7), (7a), and (10:)
%mVZnQ-E +AE
n=
o IR ex(hV) [n-a]hv-AE"—AE+EI)
= - - -l e -
v, > P\" /| P KT
AE'+AE-E1
—_—
hyv
Von S V2 £ Va1 (11)
R<v mist be differentiated with respect to V, to obtain u(Vz)

2

(see eq. (5)). However, Pg, s defined in (11) is not a continuous
Vg

function of V,. By evaluating the summation, the following epproximation

is made:

2uv,2 - AB' + (1 - a)bv
Pg, ~1- exp|- (11a)
Z

kT

This is actually the smooth curve which approximates the multistep
function expressed in (11), and its derivative is the average derivative

hv
of P over an increment AV, = o Therefore
=V, my.,,

o



gy mVy %mvf - AE' + (1 - a)hv
u(VZ) = = ——eXp |- (12)
av, kT KT

B. Parallel to the Surface
It is assumed that all of the energy of the x and y oscil-
lators produces velocities in the x and y directions, respectively.
The problem then becomes that of dctermining the energy distributions
of these oscillators. The same method as used for the 2z distribution
is used here.

The energy levels of the x oscillator are:

Ei = (i + %)}va i= 0,1,2,3,... (15)
2
v 1 BVx 1 i+ !‘.)hv
o — 2 X
X 2 hvx 2 exp\ -
Pe = Py = kI (14)
p hv, 1/ in 7.
X =| i=0 X

where 7, 1is the partition function of the x oscillavor, i.e., the

sumnation of the relative probabilities of all the energy levels.

Zx = % exp(-(i + %)%‘) (15)



Evaluating the summation,

1%
2 v, 2
Py, = E

d mVy %mV 2
07 (Csvy) - T
x\ =X
Likewise:

(16a)

(17)

(18)

(15a)

(16)




IV. DIRECTIONAL DISTRIBUTION

The direction of a molecule leaving the surface is defined by two
angles in polar spherical coordinates, & and ¢ as shown in figure 1.

Two approaches are possible tc the cnalysis of the directicnsl dise
tribution, differing in the way that the directionsl distributicn functicn
is defined. One apprcach is to consider the fracticn of the molecules in

an increment of solid angle 48 dos
Fo,9) = ©(v,9)d do (1)

The directional distribution function is f(a,m), the probability

density of the mclecules in the (6,9) direction. If P, <o is the
=y

fraction of the molecules lying in a solid angle O - 8, O - @; then

£(6,0) = <2 [p. ) (2)
’ ds A\ =929

The second approach, which will be used here, is to consider the ©
and @ distributions separately. The fractions of the molecules in

angular increments 49 and 46 are:
F(p) = f,(p)ap (3)
F(o) = £y(s)as (2a)

f@ and fy are the angular distributicn functions for ¢ and 9,

respectively.




13 =

fo - ‘3‘5(”5@) )
£y = %(Péa) (4a)

The analysis will conaist of evalualing fgo and f, as given in
equations (4) and (4a) by uzing the wvelocity distributions previously

derived. f, and f; are determined by V., Vy, and V,, since:

1

V,
tan @ = o (5)
/2
ﬁxa . Vyz)
ten 6 = (5a)
Va
A, 9 Distrivation
From eguation (3):
P<p = VysVy tan @ (6)
For a specific value of Vi@
Vx tan @
Py,sv, tan o = . “(Vy avy (7)
(hvy).l./a
m
For all values of Vy
® Vx tan
Pv ;.v tan @ = u(Vx) u(vy) dvy de (8)
y='x (hvle/g (hvy)l/g
“m Tm




From equaticns (6) and (8), and the velocity distribution functions

of the preceding section:

+ --hv =av + A 4
FVx" + sy y_* By
e .n(-?-—-—--—-—- vy avy

Evaluating the integrals:

1 1
P = expl- Ehvy Em/x ex, -,av "Wx )
o KT T

hvy 1 thE 2
wT tan @}exp(a ﬁ 1 + tan™@

At high temperatures, hvy << kT; hvy<<~. T, making

1
V- + =hy
(ﬁh ‘Tz X> 1

and for vaiues of @ nout cl.se to =n/2

xp(. %.};_VTE[]_ + m&g])

7

(9)

(10)

(11)

(12)

(12a)



hvy -
ST tan @ << 2 sin ¢ cos 9 (12v)

Therefore at high temperatures:

fp = 2 8in @ cos @ (13)

[

The same resuli 1s onhtained by the mrre inveolved method of

evaluating:
P EQ 3 k
B o isd (14)
9,17
where P, ; is the prcobavility that o = @4 corresponding to
.i, btV
2(1 + %)hvx 1z
vx = m" m—— (-1-5)
and
[~ T1/2
2(4 + )hv, /2
vy - : (15a)
n

E. ¥ Distritution

Fram equaticn (5a)

Py, = P 6
= (sz*v.yg)l/?g'v’z tan 3 (16)

For specific values of Vy and Vg; Vy uiknown:




P s = ..

(VZ‘E\,J«J 9=V ) 1/2
- HUALA (17)

For a specific value of V,; Vy and Vy uaknowns:

Vy tan © (V221;an20 -V ,2>1/ 2

P = (v ) )dV av,, (18

(vxawy?)l/ 2<v, tan - /e Ve 5)l )
hvy hv,!

m o

In general (Vx sV ¥ 2y unknown)

® V, tan 9 (Vzetaned -vy2> 12
P = u(vy) (%) Vi) 4V, avy av, (19)

(2[::2%«1;% (f‘_‘ix) 1/2 (E&E ) 1/2

Substituting the velreity dlstribution funetions and integrating

p ?“’x + %’bvy + %hv %hvx + %hvy + éhv

= exXp|~ axn|
0 P kT - kD

X
2 XT 272 kT KT s

1, 1
Nk vy + v ' 2,\
1hy 1y _ew<_§hy 3 > c%exn(— [AE' + ahv]tan®e) _

k'r kT KT

sineeexpé.;: ﬂ)[w\l) + cnsea:,exp( (aE* + a‘nv)t&nzﬁ) (20)




1 L L
zhv + zhv + Zhv
f@‘ﬁi(i’\”e)“exl’ 2 2 = 12, XP[Q,,

das \ = ®T 2
Jg;hvy * %hv [AE' + a.hv]
exp| S—————fe 0820 - eXpl= l hyjLom  * 9uv)
kT 2 Xy zT

Enl ] A
00820>311126 l}:? tan J secee-.-.(ar‘ V.I.m“””} -

kT

}'v -L

hv Havy + zhv

}éw‘%exp(Zi};)- ex -:-——firg—— 2 8in 9 cos 8 -
K K

& i
2 kT KT

- 2,
2 sunfv (oIot:1 dexg(é h;) gxp(,[:& + z;v:ltan d) (21)

Making the same high temperature approximsiions as in the @ distributicn

.z) (Léﬁ_l.tﬂlﬂ N cosa,) .

2 sin 9 cos eexp(

£y ={2 tan BAET + 2 tan 8 sec sinae[é&- + cosa{]&'

2 sin 8 cos 8[1 - % - cosea] + 2 8in-J cus dp ex

~AE! ta.n26> (22)

kT
For the case oi no potential varrier (AE' =G) and . # «f2:

f:% = 28in8 eo8 @ = 2 8in 6 c8’8 + 2 8in’® cos 6 (2:)




V. DISCUSSION CF THEORETICAL RESULTS

The derived velocity distrivution {uncticns as given by equa=
tions 12, 17, and 18 differ frcm the Mwxci.llan distributicn functicn
for gas molecules in the ccefficients of the exponential term, and for
u(?z), in the appearance of AE', which in effect, serves to shift the
energy coordinate of the functica to ac.cwunt for the existence of a
minimum veloclty. For A8' = O, the average acrual _omp:nent of the
veiccity is approximately 6%52)1/2, compared to approximately (%%)1/2
for & Maxwellian aistribution.

It is of interest ihat the velccity distrivuiion normal to the
suriace dces not depend on the original energy of the molecule before
being excited lato the continuum. Thiec is Lecause of the property of
harmonic oscillators that the energy distrivuitivn of all oscillators
having energy greater then some eneryy & is the same as the distribu-
tion for the entire assembly with an extra cnergy, E added tc each
oscillator.

The directicpal distrisution functions are o1 interest in part
teceuse of the simplicity of the final forms. O mnre practical impore
tance is the dependence of the ®© distribution on AE', as shown by
equation 22. This affords a ccxparatively casy method for determining

AB' experimentally.
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VI. CONCLUSIONS

The following results have been obtained from this derivation of
the velocity end directional distributions of subliming molecules:

(1) Equations for the velocity distributions normal and parallel
to the surface as functions of temperature, and for the normal distri-
bution, function of the potential barrier to sublimation.

(2) Using the velocity distributions, equations for the direc-
tional distributions.

(3) The average velocity normal to the surface is different from

the average velocity of gas molecules normal to the surface at the same

temperature.



-25 -
VII. ACKNOWLEDGEMENTS

The author would like to express his appreciation for the invalu-~
able assistance of Dr. Theodore E. Leinhardt of Virginia Polytechnic
Institute in developing the physical model upon which the theoretical

work is based. The author would alsc like to thank

» formerly of the National Aeronautics and Space Administration

for checking the mathematical accuracy of the paper,



1.

2,

3.
ke

5.

- 26 -
VIiI. BIERLIOGERAPEY

lennard-Jones, J. L., and Strachan, Cet Ft. I - The Activation of

Adsorted Atoms to Higher Vibrational States, it. II = The Evaporation

of Adsorbed Atoms. Proc. Roy. Soc. (London), vol. 150 A, June 1935,
pp bh2-ull

Einstein, A.s PFlanck's Theory of hadiation anc Theory of Specific
Heats. 4ann. de ’hys., vol. 22, December 1907, pp 180-190.

Slater, J. C.: Introduetior to chemical rhysics. lMelraw-iill, 1535.
Burton, w. K., Cabrera, N., and Frank, F. C.3 The Urowth of Crystals
and the Fquilibrium Structure of Their Surfaces. Fhil. Trans. loy. Soc.
(london), 1951, vol. 243, p 299 ff.

Hirth, J. ¥., and Pound, G. M¢s The Evaporation of lietal Crystals.
J. Chen, “hys. vol 26, May 1957, p 1216 ff.




The vita has been removed from
the scanned document



ABSTRACT

Expressicng are derdved for the welocity distributions of subliming
molecules based on the assumption that the molecule, immediately prior to
sublimation, is in an adsorbed position on the surface of the crystal,
with three degrees of freedom. It is assumed that a quantum of energy
from an assembly of quantum harmonic oscillators, representing the interior
of the crystal, excites the adsorbed molecule se thot it leaves the surface.
The resulting expreesions gave a root mean square velocity of the square
root of 2 times that of a Maxwillian distribution, The derived velocity
distributions were used to obtain directional distribution fimetions,




