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(ABSTRACT)

An investigation of the effect of the coupling value and the structural perturbation
parameter is conducted on coupled systems. The analysis of a coupled pendulums system
results in the analytical expression of the natural frequencies of the system. The re-
sponse of the system for harmonic excitation and random input is developed.

Two single Euler-Bernouilli beams coupled by a torsional spring constitute the multi
degree of freedom extension of the study. Special care is given to show the variation of
the natural frequencies with the two parameters and mbdal overlapping is shown. The
study of the response to harmonic excitation makes the localization phenomenon ap-
parent. For the special case where one of the beam is excited by a rain-on-the roof load,
the estimates of the amplitude for each beam and the power flow between the beams are
analytically expressed. The power flow is proved to be concentrated around the natural
frequencies, stronger for a tuned system and sensitive to the number of modes, especially
when modal overlapping occurs. A Monte Carlob simulation considering the perturba-
tion parameter as a Gaussian random variable points out that the mean value of the
power decreases rapidly with higher frequency. The power flow is also calculated using

the theory of the Statistical Energy Analysis.
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1.0 Introduction and Review of Present Research

1.1 Introduction

Vibration analysis has long been the focus in much of engineering research and de-
velopment in the effort to prevent failure of structures or to improve vibration response
of systems. Simple structure components such as beams, have long been analyzed and
understood at a satisfactory level. The problem of complex structures, however, which
consist of a number of single component coupled together has proven to be a very
complicated one. Research on such systems has proceeded in many different directions.
Finite elements for example hold a prominent position as a method used in the widest
range of problems. There are cases, however, where finite element methods might not
be very reliable or in some case unnecessarily complicated and expensive.

When a system consists of identical components, it is said to be tuned. When it
consists of very similar but not exactly identical <“:’oup1ed components, it is said to be
mistuned. In recent developments, it was shown that when a system is mistuned, its

vibrational response may appear localized since some parts of the structure respond
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strongly while other remain relatively inactive. Thus two similar nearly periodic systems
with very small differences may have a very different response. Such small differences
in the structural components are generally difficult to model using the finite element
method.

On the other hand a strong interest exists in the statistical behavior of coupled
components when the excitation is of random nature. Again the study of complex ran-
domly excited systems is most often a formidable task. A relatively recent development
is the approach under the Statistical Energy Analysis (SEA) which, by making certain
rather sweeping assumptions, attempts to provide a very simple way for calculating the
gross response characteristics of a complex system. In essence, SEA provides the average
response characteristics of a large ensemble of similar but not identical systems. The
approach does not lead to any knowledge concerning variability within the ensemble or
the factors determining that variability. It turns out that at high frequencies, SEA gives
results corresponding with experiment, but at low frequencies; there is no agreement.
This can be explained by the fact that at high frequencies modal densities overlap. This
means that there are many modes in an octave band and variability becomes small. Any
particular member of an ensemble will respond similar to the average of the ensemble.
This is not the case at low frequencies because there is no overlapping and each vari-
ability may have a strong effect on the response. This work deals with the variability,
in an ensemble of systems that exhibits localization. While some researches have been
thorough and fully informative, little has been done to study the behavior of coupled
systems, especially by using SEA, with the interaction of a structural perturbation and
coupling.

This can have important applications, since in industrial processes, all the charac-
teristics of a finite product are not exactly the same but randomly varying around a

mean and with a standard variation. Therefore it can be very important to know what
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can happen for certain variations, particularly when the localization phenomenon ap-

peared, which can not be tackled by deterministic means.

1.2 Literature Review

1.2.1 Localization

A structure containing a number of identical subsystems is called a periodic struc-
ture. The periodicity is usually linear (chain of pendulums, multi-span beams) or cyclic
(bladed rotor). When one or more of the subsystems differ slightly from the rest the
structure is said to be nearly periodic. For example in a chain of pendulums, an alter-
ation could be a slightly longer length of one pendulum. For a multi-span beam, a
nearly periodic structure is created if one or more of the spans is slightly lengthened.
This disorder or structural perturbation is called mistuning. It can be caused by a man-
ufacturing imperfection or wear. When disorder is introduced in a system, the system is
said to be mistuned. The result of mistuning can be the concentration of vibrational
energy at only a part of the structure. This phenomenon is called localization.

Although researchers have been aware of the existence of energy localization since
1958, most research on the topic of structural vibration energy has taken place within
the last decade. Localization has its origin in the physics community. Anderson 1]
showed that electron eigenstates in a disordered lattice were localized. This means that

the metallic conductivity is restricted and no energy was diffused as might be expected.
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He was awarded the Nobel prize in 1977. Because of the tremendous implications in
solid state physics, the physics literature on this subject is immense.

Two categories of nearly periodic structural systems are subjected to localization;
systems of similar coupled but slightly disordered subsystems (chains of coupled pendu-
lums, coupled blades, jet engine rotor) or structures with irregularly spaced constraints,
such as beams or plates constrained at different intervals. The need to understand the
effect of the various system parameters on such phenomena, has led to the thorough
study of several systems in the nineteen eighties. Bishop and Mahalingam [2] discussed
the local vibration phenomenon of simple systems containing three subsystems. By ex-
amining the localized vibration, they developed several applications of vibration
absorbers. Bansal [3] described the configurations of the mode shapes of symmetrically
or unsymmetrically disordered four-span beams and eight-span beams. His resulting
model predicted a vibration attenuation zone resulting from the decay of the propagat-
ing wave.

Hodges [4] showed that irregularities may also result in the confinement of forced
vibration near the source of vibration. Disorder is similar to damping in that it limits
the propagation of vibration at large distances from the sourcé, by the confining of en-
ergy close to the source. He showed that any coupling, regardless of its strength, is suf-
ficient to split the multiple degeneracy of the identical pendulums, therefore changing the
modal response. By studying chains of pendulums, he discovered that “the response to
an external force decays exponentially with increasing distance from the excited points
when coupling is weak”. He showed also that disorder may confine energy to the vicinity
of its source and may create a response greater than in the tuned periodic system.

The following year, Hodges and Woodhouse [5] described Anderson’s theory of the
phenomenon of localization and carried out an experiment in an acoustical field. They

demonstrated a large difference in the total transmitted energy between the tuned and
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mistuned case in pendulum chains. They also found that attenuation was more impor-
tant in higher passbands. Thus Anderson’s phenomenon of localization was found to
have considerable effect in vibration behavior of structures. By investigating the free
modes of vibration for shrouded blades of jet engine rotors, Valero and Bendiksen [6] in
1985 demonstrated the existence of localized modes on blades disk assemblies. They
concluded that: a) a change in the shroud interface angle alters the natural frequencies;
b) the magnitude of the mistuning effects were found independent of the interface angle;
c¢) the ratio of mistuning strength to blade coupling strength decreased while mistuning
effects decrease and d) the occurrence of highly localized response were favored when the
mistuning is concentrated to few elements. In the same year, Sinha [7] developed an
analytical technique for the response of a mistuned bladed disk assembly. By assuming
that the modal mass and stiffness of each blade were random variables with gaussian
distribution, he calculated the statistics of a forced response on a mistuned bladed disk
assembly. His model, however was found to be accurate for small mistuning only.
Pierre and Dowel [8] in 1987 used perturbation methods to investigate the problem
of weakly coupled systems. They obtained results for chains of single-degree-of-freedom
coupled oscillators. It was demonstrated that “irregularities may localize the vibration
modes and confine the vibrational energy to a region close to the source”. Localization
occurs when both the irregularities and the coupling between the oscillators are small.
As they discussed in their conclusion, “even though the localization phenomenon has
been studied extensively in the field of solid state physics, its potential application in
structural dynamics have not been fully investigated as yet. It is believed that a great
deal of useful research could be performed along this line”. The work in [8] was the
starting point of the fourth chapter in this thesis. In 1987, Pierre, Dowell and D.M.
Tang [9] investigated the modes vibration of disordered multispan beams theoretically

and experimentally. They studied a two-span beam which was simply supported at each
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end, and constrained to a zero deflection around its middle point with an applied mo-
ment caused by a torsional spring at this same point. They created a structural pertur-
bation by slightly moving the point of application around the middle of the beam. This
research revealed that the modes of vibration became strongly localized for small mis-
tunings and small torsioﬁal spring constant. Their experiment supported their theore-
tical predictions. In two successive papers, [10], [11] Pierre and Wei investigated the
results of small structural irregularities on the dynamics of nearly periodic cyclic struc-
tures. For both the free vibration as well as for the forced vibration problem they con-
firmed again that weakly coupled systems are highly sensitive to small disorders, while
mistuning has no effect on strongly coupled assemblies. In 1989 Pierre and Cha, [12]
and [13] investigated a multi DOF component system, a coupled parallel-beams system.
They discovered that “the irregularities inay inhibit the propagation of vibration, and
may confine the energy to a region close to the source.” Strong mode localization oc-
curred for assemblies of weakly coupled component system. Cornwell and Bendiksen
[14] explored large space reflectors. With this type of multidirectional periodicity, they
demonstrated the phenomenon of wave confinement when structural irregularities are
present. In 1990, [15] Moore and Eswara established a relationship between the ratio
of kinetic energy and mode localization for a system of two different beams with rota-
tional inertia and torsional spring at the discontinuity of the two beams. They proved
that the kinetic energy of the shorter beam is decreased relative to the longer beam when

the difference in length is increased.
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1.2,.2 Statistical Energy Analysis

Instead of the conventional deterministic approach, Statistical Energy Analysis
(SEA) is a different approach to certain problems of linear oscillatory dynamics. It is
the macroscopic analysis of a system response. It has been developing for the last 30
years as an important method for the study of complex mechanical and acoustical sys-
tems. The first paper relative to that concern appeared around 1962, [16] and [17]. With
the improvement of random analysis in 1965, Newland [18] needed the perturbation
method to calculate the statistics of the energy transfer between weakly coupled
oscillators. His conclusion could be summarized as follow: When using independent
sources of white noise excitation, energy flowed in the direction of the energy gradients,
the mean power-flow between oscillators is only significant when they have approxi-
mately the same natural frequencies and energy can cycle slowly between the two
oscillators. Five years later, Crandall [19] used two different methods to estimate the
coupling loss factor, the traveling wave method of Scharton and Lyon [20], and the na-
tural frequency shift of Newland [18]. Asin Scharton and Lyon , he used the assumption
of weak coupling which is also used in this thesis. Here, as previously, the coupling is
weak if its stiffness is much smaller than the stiffnesses of the corresponding subsystems
themselves. He studied the proportionality between the component energy-difference
and the power flow in the case of independent stationary white noise sources. By sta-

tistical energy analysis , he recovered this basic power flow difference
Hyy =n0(U; — Uy

where IT,, is the power flow from oscillator 1 to oscillator 2, U, and U, are respectively

the average energy level in the oscillator 1 and 2 and 7%, is the coupling loss factor. His
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method to determine the equations of motion of two coupled Euler Bernouilli beams is
used in chapter 4.

In [21] and [22] Davies investigated the response of two continuous systems that
are coupled by elements which might include mass, linear spring and gyroscopic ele-
ments. For a simple ca.se of coupling, similar equations of motion written in the fre-
quency space have been adapted to this thesis. He expressed the exact solution for the
power flow between two beams coupled by a rotational spring and subjected to random
noise. The spectral density of the power flow were given in narrow bands of frequency.
He shows that the added spring increases the modal resonance frequency and increases
the modal loss factor of the driven beam due to the drain of energy via the coupling.
The same development is pursued in the present thesis.

In 1975, Lyon with [23] published a manual presenting all the theoretical
developement of the S.E.A and its application. This manual is considered as a constant
reference for all the research in that area. Article [24], published in 1980 by Davies and
Wahab discussed the transverse vibration of two simply supported beams joined end to
end. The beams were subjected to distributed random forces. The authors estimated the
statistical averages of the power ﬂow; However, the method used has only proven to be
efficient in the limit of small damping. In 1987, Keane and Price [25] examined the ap-
plicability of the fundamental equation of SEA stating that “the mean energy flow be-
tween a coupled multi-modal system may be related simply to the differences in their
average energy levels”. They made special reference to the problem of two multi-modal
sub-systems, strongly coupled at a single point. In [26] Nefske and Sung compared a
finite element power flow analysis to SEA. The problems of a single beam and of two

coupled beams illustrated their analysis.
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1.3 Organization of the research

The objective of this research is to investigate the effect on the response of small
parameters changes in a complex system. By complex, it is meant that the system have
more that one component. The parameters chosen are length pérturbation and coupling
between the components. There effects for the prediction of a simple SEA model is
analyzed. This will be done by studying the variability of the response in interaction of
parameters which are random variables contained within a statistical ensemble of similar
but slighthly different values.

This scope is to be reached through the study of the response of disordered struc-
tures to deterministic and random excitations. These structures consist in two nearly
identical substructures coupled by a spring. The reference system will be that in which
the two components are identical. A structural perturbation will be introduced. A length
perturbation has been chosen, but a perturbation in the moment of inertia, the density,
or the Young’s modulus could have also be chosen. The system studies will generally
be undamped. Special interest is to be attached to the localization of the modes, which
can affect drastically the vibration response of the system. Two nearly periodic systems
are to be studied.

In chapter 2, a system of two pendulums coupled by a spring is analyzed. The free
vibrations and the forced system with deterministic loads are treated. The influence of
two parameters, one linked to the coupling and the other to the structural perturbation
is emphasized.

In chapter 3, the same system is analyzed with the excitation being a stationary

random process. The spectral densities of the angular displacements are determined for
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a general random stationary process and then written for the special case of ideal white
noise.

Chapter 4 presents the study of a system of two uniform pinned-pinned beams
coupled by a torsional spring. Modal analysis is performed on this coupled system. The
Euler assumption for thin beam is adopted for the study. Damping is considered to
avoid infinite resonance problem. Therefore the modal impedance are complex numbers.
The behavior of disordered coupled system is to be emphasized. In addition the variation
of the response for randomly varying parameters of one of the sub-systems is studied.
The transverse displacement of both beam is analyzed for two cases of excitation when
one of the beam has a constant length and the other has a varying one because of the
structural perturbation. A point force harmonic excitation and a rain-on-the-roof load,
are applied on the beam of constant length which is consider as the reference beam. The
determination of the power flow transferred between the subsystems is in fact another
method to study the behavior of the system.

The last chapter then exploits the theoretical development of the previous chapter.
The natural frequencies of the coupled system are obtained by several methods. Then,
their modification with the variation of the coupling and perturbation parameters are
deeply analyzed. The transverse displacement for the two types of load and the power
flow are analyzed versus the frequency. Then a study using frequency bands is per-
formed. It gives statistical results from a Monte Carlo simulation. The power flow is first
studied in different frequency bands with a varying perturbation. Then the distribution
of the power is obtained for each bands. Finally a SEA is performed to obtain the power
flow by a different method.

The conclusions and recommendations that resulted from this research can be found

in chapter 6.
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2.0 Coupled Pendulums: Response to Deterministic

Forces

As discussed in the introduction, localization can have drastic effect to the system
response. Thus the study of the two modes of the rigid motion of two coupled pendu-
lums is an interesting problem. The mode localization problem has been studied in [8],
but Pierre was more interested in the chain of multi-degree-of-freedom component sys-
tems, which are studied in depth in [10] and [12].

The response of the system for various length perturbations and range of coupling
strength is our interest here. Before the study of a system with an infinite number of
modes, an analysis of the localization phenomenon on a simple two degree-of-freedom
system is appropriate.

In this chapter, the equations of motion for the pendulum system are formulated.
Then, these equations‘are linearized by invoking the so-called “small motions” assump-
tion. After discussing briefly the meaning of the coupling parameter defined in the study

below, the free vibration problem is introduced and the eigenvalues are derived as func-
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tions of two parameters, the coupling strength and the mistuning length parameters.

Moreover, the forced system is analyzed with deterministic excitation.

2.1 The Equatibns of Motion

Consider the case a coupled pendulum pair. The pendulum lengths are L, and
L, respectively. When the two pendulums have the same length, the system is said to
be tuned. It is said to be mistuned when the lengths are slightly different. Thus L, can
be lengthened to create a structural disorder in the system . This disorder is defined by
the nondimensional value d.
L,=L and L,=1d
Important difference of length are not our interest since localization appears for a mis-
tuned system but not for system with completely different components.
The two masses m are equal, and they are connected by a linear spring of stiffness
k. The system can become strongly localized by increasing the amount of mistuning,
or by weakening the spring stiffness as shown in reference [8]. The Lagrange equations
are used to calculate the free response of this two-degree-of-freedom system, The local-
ized coordinates 6, and €, which are the angular displacements of the left and the right

pendulums respectively are shown in Fig. 1.

The Kkinetic energy of the system is :

T=Lmw, 6, +—;-m(L2 % @2.1.1)

|

The potential energy is :

Coupled Pendulums: Response to Deterministic Forces 12
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V=mgL, (1 —cosOl)+mgL2(l—cos€)2)+%k(L2 6, — L, 6, )

assuming small oscillations: cos8,=1 sin 6, = 6,

then the Lagrange equations give :

% g k kd

- g k k
Assume 6, = @e“t  then §, = — ©? ©, et
By using a matrix notation :
g k 2 kd
k &,k _ 2 =
Simplifying the following notations :
g k g k
w¥=T+E w,? =ﬁ+"n7
kd k
n="m N?= d

Then the system of Eq. (2.1.5) becomes :

- y% 0)22 - (02 @2 0

Non-trivial solutions exist only if the characteristic equation is equal to zero:

2 2 2 2 2 2
(0" —0" Y0, " —w")—yiy; =0

Coupled Pendulums: Response to Deterministic Forces

(2.1.2)
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(2.1.4)

(2.1.5)

(2.1.6)
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The solutions of Eq. (2.1.6) are the system two natural frequencies @’ and w”’.
20 = 0% + 0 + [(0F — 03) —dy}y3 ] (2.1.7)

'12

20" = ! + w5 — [(@? — wl)? — 4y} (2.1.8)

These expressions can be non-dimensionalized by introducing the following quantities:

2k
R2=“’k m=kL
0,2 & me

L

This parameter R is the ratio of the coupling strength versus the size of the pendulum.

@’ =%w2
then®w, 2 =1+R?, ®,?=d'+R?, 73 =R3d and?y;=Rxd.
The parameter R used in the prior expression has no direct physical meaning.

However it can be easily linked to the coupling coefficient. From the characteristic

equation (2.1-6), the coupling coefficient K, can be identified as:
(" —0")@,* — o)~ K'ojw) =0
then

2.2
Y1 V2
2 2
CO]CUZ

K?=

K can be rewritten with the two parameters R and d.

Ko R'd
(1+ R*(1 + R%q)

Coupled Pendulums: Response to Deterministic Forces 15



R4
(1+ Ry

These two coeflicients are closely related. The parameter K varies in the interval 0 to

For a tuned system, the coupling is expressed as: K? =

1. Because of its asymptote to unity for high values of R, a variation of the number R
is more significant than the variation of the corresponding K which stay close to 1. As
for relatively small valués of R, (R=10), K is already converging to the unity, the pa-
rameter R is more significant to use. But K remains the true physical coefficient of
coupling and R is one derivative. The non-dimensionalized natural frequencies are then

noted in the form presented in [8].
26" =2R* +1+d7 —[(1-d7")* +4R*]" (2.1.9)
26" =2R* +1+d7" +[(1-d7")} +4R*]" (2.1.10)

In the case of tuned system, d= 1, the natural frequencies are:

o’=1 @ =2R*+1
which is equivalent to
2 _ 8 w2 _ 2k 8
W=7 () =-K+'f (2.1.11)

In the case of uncoupled system, R=0, the natural frequencies are for d > 1:

o?=d" =1

and ford< 1:

_2 —12 -1
w=1 w' =d

Coupled Pendulums: Response to Deterministic Forces 16



A good understanding of the solution of the eigenvalue problem is essential to the
understanding of the dynamical behavior of the vibrating system. To enhance this
comprehension, the qualitative behavior of the eigensolutions are analyzed with the
variation of the two parameters, coupling parameter and structural perturbation. For
the numerical study, the disorder or perturbation varies into the interval [0.9,1.1].

Figure 2 presents the evolution of the natural frequencies versus the coefficient of
coupling for different values of the perturbation. For small values of the perturbation,
the first frequency, @’, is almost constant and equal to unity. For growing value of the
perturbation, and for low coupling parameter, the first frequency decreases to the value

d-! and a point of inflexion appears. At infinity the first frequency converge to:

limg., .5 = —E4— +2d_1
The representation of the second frequency, @'’, for the mistuned system remains
qualitatively the same as that for the tuned system and no asymptote for R in infinity
exists. It means that for a complete coupling, (for example the two pendulums linked
by a rigid bar), there is only one natural frequency. The system is in fact equivalent to
one pendulum of mass 2m. The frequency is then the constant of gravity g divided by
the equivalent length of that pendulum. Since one degree-of-freedom disappears, the

second natural frequency @’? is lost at infinity.

In Fig. 3, the evolution of the natural frequencies versus the perturbation is repres-
ented for a range of values of the parameter R. For weak coupling parameter R, each
frequency is nearly a linear function of R, joined for a zero perturbation. When the
coupling parameter R increases, the frequencies tend to split. The delay between the
frequency is the vertical distance between the curves at zero perturbation expressed as

1 + R2 Although there seem to be a discontinuity for weak coupling at d= 1, the natural

Coupled Pendulums: Response to Deterministic Forces 17
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frequencies are continuous. They are only identical for no coupling, but in that case,
the first frequency is equal to d-! and the second is unity.

The three dimensional diagram in Fig. 4 gives a better interpretation of the evolu-
tion of the natural frequencies. The perturbation d varies from 1 to 1.1, while R varies
from O to 1. The lowest ‘surface represents the first natural frequency, which minimum
is 0.9535 at R=0 and d=1.1, and maximum is 1.0 for R=0 and d=1. The upper sur-
face is the second natural frequency @'’ varying between 1.0 at R=0 and d=1., and
maximum is 1.719 at R=1 and d=1.1. For weak coupling, each section in a (R,z) sec-
tion is analogous to Fig. 3. All the sections in plane (d, z) are analogous to the part with

positive perturbation of Fig. 2

2.2 Modal Vectors

The equation of the free system has been set and the eigenfunctions determined. The
expression of the modal vectors, also called natural modes or eigenvectors, is a main
interest for writing the modal matrix that has to be used in the modal analysis section.

The free system is defined by the two following equations,
(@] — ") — 0, =0 (22.1)
(0% — 0?)®, — 20, =0 (2.2.2)
The eigenvectors have to resolve these two equations.

Coupled Pendulums: Response to Deterministic Forces 19
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Figure 4. Three-dimensional representation of the natural frequencies.
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By noting the norm of each modal vectors, u; , u;
w=1/1+p] uz=+/1+p3

The two normalized eigenvector are:

p — —
— u1 P — u P2
Uy D3 DY) Uy

Then the modal matrix is formed by the gathering of the normalized eigenvectors

P P
P= _
U Uy

noticing that:
PP,=14+pp,=1-¢
then for d= 1.0, P, is orthogonal to P, .
The first modal vector is the ratio of the two displacements at the first natural frequency,

_o
pl_®2

2
o _ R’d
0 —w? (1+R*-3?

p1= (2.2.3)

By the same way the second modal vector is the same ratio at the second natural fre-

quency,

Coupled Pendulums: Response to Deterministic Forces 22



i __ R4
ol —w?  (1+R—w"?

py= (2.2.4)
The two following figures are presenting the alteration of the eigenvectors P, and P, by
plotting the modifications of their normalized coordinates p, and p,.

Figure 5 presents the variation of the coordinates p, and p, versus the coefficient
of coupling R for different values of the perturbation d. For tuned system, whatever the
coupling is, the first mode presents the two pendulums moving at the same amplitude in
same direction. The two pendulums move at the same amplitude in opposite direction
for the second mode, .i.e. P,=(1,1) and P,=(—1,1). These eigenvectors are called the
tuned eigenvectors. For coupling stronger than 1, the eigenvector vary around the tuned
one. For a singular coupling of R=0.707, the first mode eigenvectors is rigourously
P, =(1,1) independently of the perturbation. For R < 0.5, the perturbation creates se-
vere effects. When d < 1, the motion of pendulum 1 is more and more predominant and
the first eigenvector tend to be P, = (1,0) . At the second mode, the motion of the second
pendulum is predominant, P, = (0,1) . These results are inversed for pertubation greater
than 1.

In Fig. 6, the variation of the coordinates p, and p, versus the perturbation is re-
presented for different values of the coupling parameter R. For strong coupling R=1,
there is few variation of the eigenvectors which stay around the tuned eigenvectors.
When coupling is reduced, high perturbation d=0.9 modifies the eigenvector to
P,=(1,0) and P,=(0,1). A high perturbation in the other direction, d= 1.1 results in:
P, =(0,1) and P, = (1,0). For moderate coupling, the perturbation modifies smoothly the
eigenvectors from the tuned eigenvectors to these extremes. For small coupling, the ef-
fect of small perturbation is intense and give the above extreme eigenvector. Only a

0.1% mistuning change the eigenvectors from the tuned one to the extreme one.

Coupled Pendulums: Response to Deterministic Forces 23



For weak coupling, localization is created with very little perturbation; one of the
pendulum moves while the other is inactive. For moderate coupling, only high pertur-

bation can create such localization. No localization is possible for strong coupling.

2.3 Modal Analysis on the Pendulum Problem

The general response of a discrete system is governed by a set of simultaneous or-
dinary differential equation. This set of coupled equations can be rendered independent
by means of a linear transformation that can be represented by the matrix of the system
eigenvectors. This transformation matrix is called the modal matrix and the decoupling
procedure itself is known as modal analysis. The resulting independent ordinary differ-
ential equations are low order and then easily solved. The two pendulums of the pre-
ceding chapter are excited by two general loads, Q, applied on the first pendulum and
Q, applied on the second pendulum at their respective gravity centers.

Recall the Lagrange equations :

mL%, +mL%w?0, — mL%%0, = Q, (2.3.1)
mL%d%6, + mL*d’w30, — mL?d*3%6, = Q, (2.3.2)

In matrix notation:
MO + K@ =Q (2.3.3)

where M is the mass matrix, K the stiffness matrix, and Q the load vectors.

Coupled Pendulums: Response to Deterministic Forces 24
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2 l 0 2 w? - YI Ql
M =mL , K=mL , Q=
0 d -d4: dfw,? Q,

The eigenvalues w’, o'’ are given by Eqgs. (2.1.9) and (2.1.10). Decoupling the equations
by the method of normal modes, by applying the following transformation, ® = PX ,

where

MPX + KPX =Q
Premultiplying by the transpose of P, PT;_
P'TMPX + P'KPX = PTQ
Yield,
M'X + K'X = PTQ (2.3.4)

where M*, K are diagonal matrix, see in [36].
The general case of the mistuned system is now developed: d # 1

The resulting transform mass matrix is:

[t ppy e d
u u,u,
M" =P"MP = mL?
pipy + & py+d’
u;u, ug -‘

From the characteristic equation:
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QI+R =1 +R*—w"H)==R* (2.3.5)

it can be demonstrated that: p,p, + d*=0

Then the generalized mass matrix is diagonal as expected:

pi+d 0
M’ =mL? u(f) L (2.3.6)
u3

Transforming now the stiffness matrix K

kl] = (2.3.7)
ui(p1’w] — pyyad — yip; + w3d?)
kig=kgy = 2 12 2 2, 222 (2.3.8)
U, U,(p1 0,07 — 24" — py¥] + @03d")
k l
2= (2.3.9)

2, 2 2 2.2 2 2 2
uy(pr07 — payad” — yip, + w3d")

By simplifying, using Eq. (2.1.6), the terms k,, and k,, are found to be zero. The gener-

alized stiffness matrix is then diagonal. N = PTQ is the generalized load vector.

po-|” u’ {Ql}_ {Nl}
5 vy | LQ N,

The decoupled equations are:
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uik,, and @' = uik,,

Si P i —_n
ince @ T N T e

The decoupled equations are rewritten,

1 pi+l
X, + (U'le = L2 2]+ d2 N] (2.3.10)
mL- p
: 2 1 P+l
X2 + " X2= mL2 7:(17 (2.3.11)
2

In this tuned case, the modal matrix turns to be simple;

-], ]

Therefore the generalized matrix, mass and stiffness are given by:

e o] . Jeieh o
=m =m
01 0 (@ + 2

The generalized loads are:
Ny=—=(Q +Q;} Ny =—=(Q - Q)
J2 V2

Then the decoupled equations are obtained:
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K, + 0%, = —u (2.3.12)
1 1 2 .3,
mL

N,
mlL?

X, + 0*X, = (2.3.13)

with w2 and w'’? given by Eqs (2.1.9) and (2.1.10).

2.4 Forced System

The system has now to be studied with external excitation and the effect of the two
parameters has to be analyzed using the modal analysis method. The forced system is
now under analysis. Deterministic excitations are used in this chapter which means that

the value of the force can be given in advance for any time.

2.4.1 Excitation on first pendulum.

Harmonic forces are chosen. The system is excited by an horizontal harmonic force F,
applied on the first pendulum. The equation of momentum in the point O, for first
pendulum with the forces working on the first pendulum, which are presented on Fig.

7, yields,

mL*¢, = —mgL sin 8, + F,L cos 6, + kL*8,d — 6, ) cos 6,
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- mg : the weight of the pendulum,
- F,: the force of excitation, assumed horizontal,
- F,: the force of reaction of the spring,

- T : the reaction of the support through the wire.

Figure 7.  Excitation on first pendulum.
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The loads Q, = F,L and Q, =0 are substituted in equations (2.3.1) and (2.3.2). To

obtain the response of the first pendulum with the excitation on the first pendulum,

Ry, and the response of second pendulum, Rg, . The system of equations (2.3.1) and

(2.3.2) is directly resolved by the Cramer method without using the transformation be-

cause it gives cumbersome expression. Nevertheless the results of the methods have been

proved identical in the case of tuned system.

By multiplying by %

g F(®; — 0

L F = (6)_'2 _ 62)(6112 _ 6)—2)

Ry
The non-dimensionalization is completed by noting —i— FF - = R,
Then
— 1+ R —wd
= %)

F, = d('a—)lz _ 52)@:;2 _ -62)

Response of second pendulum:

R. = Fy3
F2_ Ce

5 R?
Rp =
F, d(—rz —2)(——-1 2 ) ]2)

Particular case of tuned system

When there is no perturbation, Egs. (2.3.14) and (2.3.15) yield:

- (1+R*—@?)

F,= " _ N —
1 (w’2 _ wz)(wnZ _ 0)2)

Coupled Pendulums: Response to Deterministic Forces
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= R
R =
@ -t - o)

(2.3.18)

Except at the asymptote, there is no zero for Ry, Whereas the response of the first
pendulum is none for the frequency @2 = 1+ R?, the antiresonance frequency.

For small value of coupling parameter R, by substituting the value of @' and @'’ as
function of R?, the responses are reduced to,

R<<«1

= 1 = R’
Rp =—1— R, -—R
i1 —Y) P27 (1 — @

There is then a case of degeneracy for the first pendulum response. In Fig. 8 the re-
sponse of the pendulums is plotted in function of the excitation frequency for the tuned
case. Two coupling values are presented, R=0.01 and R=0.1. For both case, the re-
sponse of the second pendulum is smaller than the one of the first pendulum since the
ratio of the response of each coupling is -Ii_2 For no coupling, the second pendulum is
obviously not excited. For the weak coupling R=0.01, both responses present degen-
eracy. Around the natural frequencies there is strong localization since the magnitude
of Rg, is greater than Ry, . For stronger coupling R=0.1, the two peaks for each natural
frequency appear, and the antiresonance for the first pendulum is weakened because of
the closseness of the natural frequencies.

Figure 9 presents the case of strong coupling R=0.5 for the tuned case with high
perturbation d=1.1. For such coupling, the perturbation has no more effect. Each
peaks have same magnitude for both pendulums. At infinity, the responses are zero, but

the response of the second pendulum decrease more rapidly, (ratio % instead of % for

the first pendulum). Outside the interval formed by the two natural frequencies, the re-
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sponse of the first pendulum is predominant, whereas inside, the response of the second

pendulum is greater. The study of the responses give the following quadratic:

RFI — 14+ R2 — 52
P\F2 R?

At the antiresonance, w,, the ratio is zero. Between the two natural frequencies, the
ratio is smaller than 1; the response of the second pendulum is more important. Outside
the interval of the natural frequency, the first pendulum response is predominant. The
above ratio presents negative values appearing for low frequency, which should not be
confuse with the negative values of Fig. 8, 9 since the logarithme of the absolute value
is used.

Fig. 10 presents the case of moderate coupling, R=0.1, for two moderate pertur-
bation coefficients, d=1.05 and d=0.95. For d=0.95, there is localization at the first
natural frequency because the first pendulum has a predominant motion. But on a very
small range of frequency, the second pendulum is far more excited at the second natural
frequency. For d=1.05, the localizatipn for the first pendulum is transferred to the
second natural frequency.

The case of weak coupling, R=0.01, is examined in Fig. 11. The degeneracy of the
pendulum responses is clearly seen for the high perturbation d=1.1 and d=0.9 on the
first pendulum response. The peak appears for the first natural frequency for d <1
whereas it appears at the second natural frequency for d > 1. For all frequencies, the
motion of the first pendulum is greater than the one of the second pendulum, localiza-

tion is strong.
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204 ' Excitation on first pendulum
| R=0.5and d=1.0
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Figure 9. Excitation on first pendulum for strong coupling
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2.4.2 Excitation on Second Pendulum.

The second pendulum is now the only pendulum excited by a horizontal force. The

equation of momentum in the point O, is similar to the one seen in section 2.4.1.
mL*d%6, = —mgLd sin 6, + F,Ld cos 8, + KL*d(8, — 6,d ) cos 6,

where F,: is the force of excitation, assumed horizontal.
Applying the same method as for the excitation on the first pendulum, the response of

the first pendulum is:

_ R?
Rg = (2.3.19)
5 (-a—)rz _ 6)—2)(6“2 _ -662)
and the response of second pendulum:
2 2
R, I+R —o (2.3.20)

@ -TN@ - )

The discussion of the following plots is the same as for the excitation on the first
pendulum. All the comments for each pendulum have to be switched. Then on Fig. 12
there is one peak for the response of the the second pendulum, which is higher than the
response of the first pendulum for tuned system and R=0.01 or R=0.1.

Figure 13 gives the responses for strong coupling R=0.5. The frequency of anti-
resonance is visible for the response of the second pendulum and ﬁsz is predominant
outside the interval of the two natural frequencies.

In Fig. 14, for moderate coupling, there is localization for ﬁsz at the second natural

frequency for d < 1. It appears at the first natural frequency for d > 1
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The case of weak coupling R=0.01 is presented in Fig. 15 for the two cases of ex-

treme mistuning; d=0.9 and d=1.1. Strong localization appears in both case. The re-

sponse of the second pendulum is predominant for all frequencies of excitation.

2.4.3 Base Excitation

In this part, the pendulums are no longer excited by horizontal forces applied at

their center of gravity. A time dependent displacement X,, is applied at the base, exciting

both pendulums. The kinetic energy of the system is :
1 . ) 1 . .
T=—2—m(xo +L6,) +—2—m(x0+ Ldé,)

The potential energy is :

V = mgL(1 — cos 8, ) + mgLd(1 — cos §,) + -;— K(Ld§, — L8, )2

then Lagrange equations give for 8;:
mL%, + mL*§, + (mgL +kL%)#, —kL%d§, =0
and for 6,
mLd%, + mL%d%6, + (mgLd + kL2d*)0, — kL2d6, = 0
Assume —i—ﬂ- = X, e then -)—i“— = X, w? el

Coupled Pendulums: Response to Deterministic Forces

(2.3.21)

(2.3.22)

(2.3.23)

(2.3.24)
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Furthermore with 8, = @ then 0, = — ©? O, et

PP e
= )
- y% w% - w? ®, Xod"1

To obtain the response of the first pendulum with the excitation on the base, Ry, and

By using a matrix notation :

the response of pendulum 2, Ry, , the previous system has to be resolved:

Xow [d~! + 2R - X,@"

R, = 2.3.25
B (a)'rz _ 52)(6”2 _ 62) ( )

X, d7'[1 4+ 2R*] — Xd '@
B, = —2  _2.—2 —2 (2.3.26)

(0" — )" —w’)
For tuned case, the equations (2.3.25) and (2.3.26) yield:
Xo®°

Rp, =Rp, = @) (2.3.27)

The second pendulum has exactly the same amplitude that the first pendulum has and
degeneracy occurs. At the first natural frequency, the two pendulums are in phase and
there is no work in the spring, but there is an infinite resonance. At the second natural
frequency, the two pendulum are out of phase, there motion are in opposite direction
and the amplitude is finite due to the degeneracy. The middle of the spring is a node.
These degeneracy curves are presented in Fig. 16. On this figure, the two responses are
clearly superimposed on a single peak curve for the tuned case. Still with weak coupling
R=0.01, a high perturbation, d=1.1 translates the two peaks, the degeneracy is still

significant because there is mainly only one resonance for each pendulum. But because
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of the high perturbation, there are tiny peaks at the second natural frequency. At the
first natural frequency, ﬁnz > > _ﬁn, while at the second natural frequency EBI >> ﬁBz .
The coupling is weak, there is strong localization.

By increasing the coupling and the perturbation, the degeneracy vanishes and the
two natural frequencies are largely separated in Fig 17. For the moderate coupling
R=0.1, there is still localization for high perturbation d= 1.1. There is an antiresonance
frequency for each pendulum where one pendulum is completly motionless. For strong

coupling, both peaks have clearly same magnitude, there is no localization.

2.5 Conclusions

The free system of coupled pendulum has been investigated. The equations of mo-
tion were written and yield the expression of the natural frequencies relatively to coupl-
ing R and perturbation parameter d. Their evolution shows that an increase of the
coupling result in much more spread out natural frequencies. The delay between the
frequencies begin to be severe for R > 0.2. For R < 0.2 the main separations are due to
the high structural perturbation. The modal vector analysis shows that strong localiza-
tion occurs for weak coupling, R < 0.01, even for very small perturbation. Localization
can occur for moderate coupling, R < 0.2, but only for high perturbation. There is no
localization for strong coupling. The study of the responses of the system to
deterministic forces acting on each pendulum or on the base lead the same conclusions.

For strong coupling, there is two antiresonance frequencies when excitation is applied
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on the base. The same system will be further studied by the use of random excitation

load.
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3.0 Coupled Pendulums: Response to Random

Input

The previous system is now studied with random excitation. To obtain the re-
sponses to random excitation, the adoption of an altogether new method of analysis is
necessary. General relations for the autocorrelation and crosscorrelation of the response
variables in the generalized and local coordinates are defined. The response of each
pendulum for general loads is to be determined by their spectral density. The spectrum
density of the angular displacement is determined in two different ways. First, the system
equations are decoupled and relations between local and general coordinates are ex-
pressed. Alternatively, by inverting the transmittance function of the system, the gen-
eralized response variables can be directly determined. Finally, the responses to ideal

white noise base excitation is explored as an application of the analysis presented earlier.
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3.1 Response Spectral Density - Local Coordinates

The space defined by the pendulum angular displacement, that the one of coordi-
nates 8, is called the local space. In this space, the equations of motion are coupled.
The space in which these equations are decoupled is called the generalized space defined
by the coordinates X,.

In the notations employed in this chapter,
E[XY] is the expected value of the product of the random variables X and Y,
® will denote correlation function,
R will denote correlation for stationary processes and
S will be the spectral density.

As seen before in Eqs (2.3.10) and (2.3.11), the decoupled equations are:
X, + X, =N, (3.1.1)
X, + 0" X, =N, (3.1.2)

The equations of motion have been simplified by using the following notation for the

{N',} B [ﬁlNl} .
No) AN, -

loads.

where

2 2
B, = 1 Y; B, = 1 Uy
= -
L? p?+d 2 ml? pl4d
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The response for an arbitrary excitation can be written as the convolution integral,

X,(t) = jOtN’i(r)h(t —7dr, i=1,2 (3.1.4)

where h(u) is the impulse response function of the system, [41] and its expression is given
in appendix A. For a stationary random variable, using [4], the crosscorrelation function

between the random variable X, and X, can be written as,
Oy, x,(t, t2) = E[X,(t))X5(t2)] = Ry x,(t; — t;) = Ry x,(7) (3.1.5)
Also from [44], the correlation of the response of the system described by Eq. (3.1.1) and

(3.1.2) can be obtained from the correlation of the forcing function. For example,

Dt ) = |~ Pyt ) (@) (@, 1) Vi (3..6)

withi=1,2; j=1,2 and with

H(w,t) = Lth(u)e_i“’“du

Reference [44] gives the expression of #(w,t) and shows that when t tends to infinity,
this function approaches the frequency response function H(w). Then the response
spectral density for this linear system can be simply written in terms of the spectral

density of the forcing function Syy,

Sxixi = SNiNi | H(CO) I 2 (3 1.7)
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where Sy, is the excitation spectral density | H(w) 2 is called the transmittancy function
or the system function, [44] and represents the fraction of energy being transmitted
through the system at various frequencies. Now, in order to lead to expressions for the

local coordinates 6, , one needs to employ the transformation @ = PX
00" = PXX"PT

where

Py, Ppy Xi(w) 6,(t)
P= Xti = ®t| =
Py Py Xo(w) 6,(t;)
where i=1,2. Now, using two different times t; and t,,

0,0, =P X X (3.1.8)

t

|: 6,(11)04(t,) 01(11)0,(1,) :I
0,0, = | (3.1.9)
6,(t)6,(tp) 6,(11)6,(tp)
[ X (t)Xy(t) Xi(t)X,(t) ]
X, X, = (3.1.10)
Xo(t)X (1) Xo(t)X, (1)
proceeding to the calculation,
61(t1)6,(t)) = P%lxl(tl)xl(tz) + P P (X (12)Xo(t) + Xp(t)X4 ()} +
PLXo(t)Xs(ty) (3.1.11)
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The same calculation is performed for all the terms. Assuming stationarity and taking
the expected value of the above equation, the correlation of the local space are expressed

in function of the correlation of the generalized space.

Rg,0,() = PRy x,(7) + PRy x (%) + Py Pial Ry x,(7) + Ry x(— 7)] (3.1.12)
Ry,0,(7) = P31 Ry x,(1) + PRy x,(7) + Py Pyl Ry x,(7) + Ry x,(— 7] (3.1.13)
Ry,0,(t) = P31 P11 Rx x (7) + PosP 2Ry x,(7) + Py P1aRy x,(— 1)

+ PyPy Ry x () (3.1.14)
Rg,0,(1) = PPy Rx x,(7) + PaPRx x,(7) + P PuRy x (— 1)

+ P1aPy iRy x,(7) (3.1.15)

Eqgs. (3.1.12) to (3.1.13) can be further simplified if X, and X, are assumed uncorrelated:
Rix(1)=0 Vr eR*, i#]

Rg0,(7) = P} 1Ry x,(1) + PRy % (7) (3.1.16)
Rg,0,(7) = P3;Ry x (1) + P3,Ry x (1) (3.1.17)
Ry0,() = P21 P11 Rx %, (7) + PP 1aRy x,(7) (3.1.18)
The spectral density is,
S(w) = % J_wR(—c)e‘i“”dr (3.1.19)
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[ Rog@ede = [~ PRy ) + PRy o™

= PflJ. RXIXI(T)G—iw‘rdT + P%zJ‘ RX2X2(T)e_indT

Therefore
S0,0,() = P}y x,(@) + P}, S x (@) (3.1.20)
So,0,(®) = P1Sx,x,(@) + P3,Sx x,(0) (3.1.21)
Sg,0,(@) = Py P11 Sx x,(@) + P3P 158x x,(w) (3.1.22)

Similarly, the spectra of the external loads in the local coordinates can be expressed

in terms of the spectra of the loads in the generalized coordinates using the modal

|:P11 P12]{Ql(ti)} {Nl(ti)}
- (3.1.23)
Py P (Qu(t) N,(ty)

Again, for stationary and independent external load, Q, and Q, the previous procedure

transformation,

yields the force correlation,

RQin(T) =0 Ve R* i#]
Ry n,(0) = P%1RQ1Q1(T) + Pgquzqz(T) (3.1.24)

Ry, (1) = PHRg o, (1) + PR 0,(7) (3.1.25)
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Ry N,(7) = P11P1aRq 0,(7) + P21P2aRo,o,(7)

and the spectral density is then established as,
SN, (@) = P11Sq,0,(®) + P21Sq,0,()
Snyn(@) = P128g,0,(®) + P2ySq;0,(®)

SN,NZ((O) = P11P12SQ,Ql(w) + P21P22SQzQz(w)

3.2 Spectral Density Response for Mistuned System

(3.1.26)

(3.1.27)

(3.1.28)

(3.1.29)

The angular displacement spectral density is expressed in this section, by employing

the decoupled equations of motion. The generalized coordinates are then used. The

spectral density in the local space will be obtained by the transformation relations seen

in the two previous sections. As seen previously, the decoupled equations of motions in

matrix notation are:

MX + KX =N’

For harmonic excitation at frequency w, this is rewritten as,

[K-—o*M]X =N

By leaving only the generalized coordinates one the left hand,

Coupled Pendulums: Response to Random Input
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X = H(w)N’

where the frequency response function H(w) is defined as: H(w) = [K — Mw@?]™!

12 2
' 1 0" - 0 G2
H(w) = 2.
(0 — )" - w?) 0 w'? — w?
Now, the response spectral density is written
Sxx = H(w)SynH () (3.2.2)

As the frequency response function is purely real, the right hand side of this equation

can be consolidated by defining the transmittancy function |H(w)|?
Sxx = | H(w)|*Synr

1
SX X Sx X A A 0 SN' N’ 0
[ 141 1442 - (wlz _ w2)2 | 18N (3.2.3)
2\2
)

SXZXI SX]X; 0 (w”2 —w
Now, both response and force spectral densities can be substituted in terms of their
counterpart in local coordinates from Eqs (3.1.20 to 22) and (3.1.27 to 29). Some simple

algebra yields

o or_ | PiSac@)+rirSo0(®) iS00 (@) +San @)
Blﬂl(w) - Bl (w, _ wz)z + b (w,,z _ wz)z

p?SQlQl(a)) + pngzQz(w) 4 SQ1Q1(CO) + SQzQz(w) }

2
(@? - w?)? (0", — o)

So,,e,(w) = {,3 1
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As an example, let us examine the case of white base excitation. In this case the gener-

alized loads are
Q,=mLX Q,=mLdX
Using white noise, Syx, =G

— 2

So,0, = MLw’G Sq,0, = MLdw’G (3.2.4)
4 2 2 2\ 2
2 G p1 + prpyd (1+d%p;
Sp.0,(@) = 0" T [ﬂl @ = TRy (3.2.5)
S 2G|, _Pitex (1+d) ;

3.2.1 Spectral Density Response for Tuned System

The relations between local and generalized coordinates are simplified since;
w=pt4+d?, withd=1
Using white noise,

Saj0; = Sage; = MLw?G

20°G [ 1 1 ]
S w)= + 3.2.7
o0, ) mL> (cu’2 - wz)2 (m"2 - wz)z ( )

S,0,() =Sy g (@) (3.2.8)
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3.3 Direct Method in Generalized Space

The system is excited by two horizontal forces Q, and Q, applied on each pendulum
The spectral density of the response is found by working only in the localized space.
The frequency response function is expressed directly in the localized space whereas it

was expressed from the generalized space in the previous paragraph.

MO +KO=Q

o ofod [ e e} oo
0o a8, —¥d wz2d le) ml? |q, o

® =H(0)Q

The frequency response function is then expressed

o1
H(w) = [K — Mw?] 1E

1 [(“’?“ﬁ -7 ]“
H(w) = (3.3.2)

mL? | — 2 (0,2 — w)d?
det(H(w)) = d(w?} — )03 — w?) — dyyi = &°C,

where C, is the characteristic equation seen in (2.1.6)
2

1 dz(‘”% - wz) 14
H(w) =—F—7— [ 2:] (3.3.3)

mL’d’C, | d%?2 0% —
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3.3.1 Response of the System

The spectral density responses are directly obtained. The formulation is simplified

by using uncorrelated loads seen in [34].

Sps = H(0)SqqH (@)

Equation (3.1.7) can not be used because H is not diagonal.

H I: QQ :I HT = 19 192 (3.3.4)

0 SQzQz 50291 80202
With A = ———
mL2C a2
Sglgl = Az{SQlQldA(w% - w2)2 + V?SQZQZ} (3.3.5)
Se,0,= So,0, = Az{?§d4(w§ - wz)SQ Qt Vw} - wz)SQzQz} (3.3.6)
So,0,= Az{d4VgSQlQ + (wf —wz)szzqz} » (3.3.7)

assuming white noise excitation, Eqs (3.2.4) is substituted in Eqs (3.3.5) to (3.3.7)

Sp,0, = MLw’GA*{d" (@) — »®) + ¥1d} (3.3.8)
Sp,0, = Sp,9, = ML’ GAYy3d* (0] — 0?) +1]d(w] — )} (3.3.9)
So,0, = MLw’GAy3d* +d(w] — 0’)?} (3.3.10)

Non-dimensionalizing the previous equations:
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_ ®°G{d(d™' + R? = &)’ + RY

(3.3.11)

_ _ @ GRYd(d + R = &%) + (1 + R? = @)}
S0,0,= S0, = e (3.3.12)
- @GR+ (1 + R* - @)}
So,0, = (3.3.13)
2Y2

ml’d @ - 2@ — o)

The nondimensinalized expression of equations (3.3.11) to (3.3.13) is used to study
the behavior of the spectrum density response when the frequency varies for different
values of the parameters d and R. The expressions of the section 3.2 has been proved to
yield the same results. Since the characteristic equation C, is a common denominator
of the Eqs (3.1.11) to (3.1.13), the density spectrum response presents two peaks at each
natural frequency @'? and @''? . To attenuate these two peaks which are infinite, the
following figures used a decimal logarithmic transformation. Therefore the absolute
value of the spectrum is taken. For high frequency, the three spectrum densities con-
verge rapidly to zero. The convergence is characterized by the ratio of the highest fre-
quency order of the numerator by the highest frequency order of the denominator. For
—S-,,lﬂl and -S_,,z,,2 , this ratio is of —51—4 §,192 converges more rapidly since the ratio is of order
—%6—. Therefore, in the following figures, the spectrum density §6102 is mainly smaller than

the two others. The spectrum density §9m and §0292 are always positive, whereas §,1,2 has

2+ R¥(1+4d)
1+d

In the case of tuned system, d = 1 the equations (3.3.11) to (3.3.13) are simplified:

a zero in @? = . It is negative for frequencies higher than this zero.

®'GR*{2(1 + R* - @)}
mL*d%(1 — @*)’(2R* — 1 — @%)?

So,0,= So,0, = (3.3.14)
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Imagine that the spring which couples the two pendulums is suppressed. The sys-
tem results in a two simple one degree-of-freedom oscillators, one of length L, the other
of length Ld. Considering the same white noise excitation on the base, the spectrum
densities are obtained from (3.3.11) to (3.3.13). In this particular case, R=0, recall

@ =d'and @’ =1

= > 1

S, , =

(3.3.15)

The spectrum is then infinite for the natural frequency of the first pendulum, @? = 1.
Figure 18 illustrates this case by showing two superimposed density spectra and a lower
cross density spectrum.

= > 1

So,0,= mL® (d — %%

(3.3.16)

The spectrum is now infinite for the natural frequency of the second pendulum ,
w? = d-! which corresponds to w?= 'fgd_

The two previous equations derivate from the same function using the length of the
oscillators as variable. The Eq. (3.3.15) corresponds to the length L while a length Ld
yield Eq. (3.3.16). As expected for an uncoupled system, §,l,,2 is zero.

By introducing a weak perturbation, Fig. 19, shows that there is still degeneracy for
the density spectrum of the first pendulum at @'’ while the other pendulum has two
resonances. But the resonance is far more important at @’. The resonance of the second

pendulum is weak for @'’ . By strengthening the coupling and keeping the same per-

turbation, the Fig. 20 shows that all the spectrum presents the two resonances. The
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density of the first pendulum 1 is more important than the second pendulum before the
frequency of antiresonance, then the spectrum of the second is higher. Since the natural
frequencies are very close, @' =0.98 and @'’ = 1.006, the cross spectrum density does
not reach zero. Indeed, with stronger coupling, R=0.5, the natural frequencies will
spread out, as shown in Fig. 21 and the cross spectrum density as a more evident reso-

nance.

3.4 Conclusions

The response spectral density for a basis excitation was given in Eqs (3.2.7) and
(3.2.8). The spectra was determined alternatively in the local coordinates and in the
generalized space. As for the harmonic excitation case, weak coupling results in strong
localization effects. Furthermore for tuned system, there is degeneracy. For stronger
coupling, the localization phenemenom disappears. This study of pendulums will be
followed by the same interest for the coupling and perturbation for a far more complex

system: coupled beams.
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4.0 Two Coupled Beams

In the previous chapters a system of two interacting one degree-of-freedom system
was studied and it was shown that small structural perturbation can significantly affect
the response. Here, a more realistic system is examinated, that of two simple pinned-
pinned Euler beams coupled by a torsional spring. From modal analysis theory, the
beam can be viewed as an assembly of one degree-of-freedom systems. So the inter-
actions seen in the previous chapters will again take place but in a more complex way,
as there will be two groups of oscillators interacting. Furthermore, the beams system is
an infinite number of modes problem whereas the case of pendulum was a finite number
problem. The two varying coeflicients of the previous study, the structural perturbation
d and the stiffness of the coupling, ¢ remain.

In this chapter, the equations of motion are written in the time domain. Using
modal analysis and switching to the frequency domain, the modal amplitudes are deter-
mined. These modal amplitudes are expressed in terms of infinite series which, as shown,
can be calculated in closed form. Then the transverse displacement can be written as a

summation of the modal terms. As the relative response of beams depends on the
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amount of energy travelling though the spring, the net power flow between the beams

will be studied with Statistical Energy Analysis.

4.1 Presentation of the System

The system of the two coupled beams is shown in Fig. 22. It consists of two
isotropic beams with same density, p , same moment of inertia I, but with different
lengths; one is of lengths L and the second one is of length Ld, where d is the coefficient
of perturbation. It corresponds to the length of the tuned beam plus or minus a small
perturbation length. Thus for a value of d=1, the added length is zero and the two
beams are identical. The system then is said to be tuned. In any other case, when d
differs from 1, the system is said to be mistuned.

The two beams, as studied in [16], are uniform pinned-pinned Bernoulli-Euler
beams. The beam of length L, on the left of the figure is called beam 1. The beam with
the structural disorder is beam 2. A torsional spring with stiffness, &, couples the beams.
The quantities associated with beam .1 will be denoted with the subscript 1, while sub-

script 2 will refer to beam 2. For a summary of symbols and units see Table 1.
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The goal of this study is to analyze the behavior of the two-coupled-beam system,
especially to show the effects of the mistuning and the coupling stiffness. The equations
of motion of each beam are first written with a general distributed load applied to each
beam. The coupling force is implemented and these equations are written in the fre-
quency domain. The beams response is then expanded in terms of modes. Consequently
the modal amplitudes and the transverse displacements are defined. Because their ex-
pressions contain several infinite series, closed forms of some of the series have been
determined using complex analysis. In order to investigate the statistical properties of
the ensemble of similar but not identical two beam systems, extensive computer simu-
lations are undertaken. Two particular cases of loading illustrate the theory. A harmonic
point force is applied only to beam 1. The transverse displacement is examined for dif-
ferent perturbation and coupling. Next, a completely random field is applied. This is a
rain-on-the-roof type force, meaning a random force which is distributed over the length
of one of the beams. The power flow between the beams is determined with the energy
exchange between the beams and the expected value of the transverse displacement. By
assuming that the varying parameter d, has a Gaussian distribution, the mean value and
standard deviation of the response are obtained by a Monte-Carlo simulation. These
statistical variables of the response are studied as a function of the frequency of
excitation. Finally a Statistical Energy Analysis is performed to get the power flow. The
theory is described in this chapter while the results will follow in the next chapter.

The X axis is defined along the length of the two beams with the origin at the ro-
tational spring. This defines the abscissa for beam 1 over the interval [-L,0] noted by x,.
For beam 2, x, covers the interval [0,Ld] . The transverse beam displacements, due to the
excitation forces, fi(x,t), fi(x,t) acting on beam 1 and on beam 2 are noted W,(x,t) and

W,(x,t) respectively.
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The general equation of motion for a Bernoulli-Euler beam with a simple viscous
damping is given in [36]. Both the shear deformation and rotary inertia effects are neg-

lected.

8 AW(x,t) WY  OWE)
—5;- [EI(X) _6’x2— ] + fix,t) = — m(x) o2 —c—%; 4.1.1)

where m(x) is the mass per unit of length of the beam and while f{x,t) is a general dis-
tributed load and c is the damping coefficient. As the beam is uniform, m(x) is a con-
stant equals to the product of the mass density p and the cross sectional area A. It will
be denoted as: m’' = m’(x) = pA . This equation can be written for our system of cou-

pled beams by successively isolating each beam.

The loads on beam 1 are :

- fi(x,,t): the force of excitation

- F,,,: the action due to 2 through the spring,
Since I(x) and m(x) are uniform along abscissa x,, the equation of motion for beam 1 is
obtained as,

0*W,(x1,1) Wi () AW (xy,Y)
T+ F2/1 +f1(xl,t)=—m atz —C at

El (4.1.2)

Since the spring torque is being incorporated into the equation of motion, the beam will
have the boundary conditions of a simply supported beam:

W, (-L)=0

W,(0)=0 (pinned-pinned boundary)

W (-L)=0 (since there is no moment at this end.)
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A bending moment M applied at x = X, can be replaced by a force couple, seen in

[24].
F=Mé'(x —xp)

The amplitude of this moment is a linear function of the difference of slope at each end
of the beams, since the torsional spring is attached at these two points on the beams.

Using the notation:
OW(x,t) OW(x,t)
ox ot
where W is the transverse displacement along the beam, and W’ is the slope along the

W/ (x,t) = W(x,t) =

beam. A moment concentrated at X, =0 can be written as
Fyn = olW'5(0,t) — W', (0,0]6"(x,)
Then on the interval —L < x, < O:
m' W, + EIW,""" + ¢, W, = f;(x;,t) — 6s[W’,(0,t) — W’,(0,1)16"(x,) (4.1.3)

In a similar fashion the equation of motion for beam 2 can be written as:

, PWalxp)  W(xy0)

I 64W2(x2,t)

E + F + 6(x,t)=—m 4.1.4
o 12 T (%, pYe 2t (4.1.4)
where
-fy(x,, t): the force of excitation,
-F,;;, the action due to 1 through the spring,
F,y =—F,,, according to the principle of reaction.

The boundary conditions are again those of a simply-supported beam

W,(0) =0
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W,(Ld)=0 since the beam is pinned-pinned at each end,
W, (Ld)=0 since there is no moment at this end.

Then on the interval 0 < X, < Ld, the equation of motion for beam 2 is:
m'W, 4+ ¢, W, + EIW,"""" = £5(X,,t) + 6[W’5(0,t) — W’ ,(0,)]6°(X,) 4.1.5)

The two equations of motion can be simplified by using the following notation:
@=Ll and (=2 fori=1;2
m m
The system can finally be represented by this set of equations with the displacement

amplitudes W, and W, as unknowns.

Wy + W, + QW = — {£(x,,t) — o[W'5(0,t) — W' ,(0,)16'(x))}  (4.1.6)

L
m’

W, + LW, + QPW,)" = — ((X5,) + o[W'5(0,) = W',(0,016'(x))  (4.1.7)

L
m’

4.2 Response of Beams by Modal Analysis

For all the following study, i and j will be considered as positive integers indicating the
modal number for the first beam. The parameters r and s are positive integers for the
modal numbers of beam 2. As shown in [36], the modal function ¥,(x,) for beam 1 and

¥.(X,) for beam 2 are respectively:

Vi) = /2 sin(kx,) V(Xp) = /2 sin(k,X,) (4.2.1)

AT _JIn _ IT
where k;, = L, and k, L, Id"
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The undamped natural frequencies are given by:

El_ _o
2

m'L** 4

w, = (rm)* (4.2.2)
The response of each beam can always be expressed in terms of the single beam

eigenfunctions ¥,(x)

o0

Wi(x0) = ) a((x) (42.3)

i=1

where a,(t) is the modal amplitude for mode 1.
As seen in reference [16] and [17], the partial differential equations (4.1.6) and (4.1.7) can
be reduced to a set of coupled ordinary differential equation for the unknowns o; and «,

by substituting (4.2.3) into (4.1.6),

o0 o0 00

D BOUR) + L) sO%i(xe) + Q) e () =

i=1 i=1 i=1

= { £i%,,0) - o[za,(t)w',«» - Zai(t)w'im)]é'(xl)} (4.24)
=1 =1
Multiplying Eq. (4.2.4) by y(x,), and integrating over [-L,0].

i=1

0 — 0 — 0
D0 omain + 60 k0] visaiain + 8 w0 wimon i =
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o0

0 < 20 [
_nll_’ J;L ;ﬁ()ﬁ,t) - —\/;, [Zar(t)kr - Zai(t)ki]é’(xl)wj(x,)dxl (4.2.5)

i=1 i=1

Simplification of each term of the expression Eq. (4.2.5) is achieved using the
orthogonality properties. The modal component of the excitation on the first beam is

noted:

0
fo(xl, YYi(x) = £i(t)

For the remaining term of the interactive force in Eq. (4.2.5), the following properties

of the delta function 4(.) is used:

[ )88, ~xp)ax, = (=17t(x)
Then

o0 [e 0]

f_OL[Za,(t)k, - Zai(t)ki Ui)8 (x,)dx, = = Y2 kj[ia,(t)k, - iai(t)ki}

i=1 i=1 r=1 i=1

The equation (4.2.5) becomes:

o0

D 508+ ) 508+ Q1) (k{6 =— {fj(t) + 2akj[zar(t)kr - Zai(t)ki]}

i=1 i=1 i=1 i=1 =1
Thus for i=j;
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&(t) + £,15i(t) + QP (k' = }?lz" {fi(t) + Zaki[r.zjla,(t)k, - éai(t)ki]} (4.2.6)
By the same method, for beam 2

[o o]

Wy(ka,t) = D a(he(xy) (4.2.7)

r=1
where «,(t) is the modal displacement for the mode r. Therefore for r=s,

1
m’

() + g (t) + Qe (kg = —— {£,(t) — 2ok,[r§ o (t)k, — z G(tk]}  (4.2.8)

f, is the modal component of the excitation on 2.

4.3 Beam Response Modal Amplitudes

To determine the responses amplitude of the system, it is easier to solve the set of
equations (4.2.6) and (4.2.8) in the frequency domain. The Fourier transform of o, (t) is
denoted o (w) which is a frequency domain quantity. Fourier transformation of Eq.

(4.2.6) results in,

m'(K{Q* — o* — j{iw)a(w) = fw) - 2oki[Za,(w)kr - Za«w)ki} (4.3.1)

i=1 i=1
where (j)? = —1
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The Fourier transform of the modal displacement and modal force are defined by

o) = [~ e e,

f(w) = I  f(e@dt (4.3.2)

Adopting the notation:
Yi(w) =m'(k{Q? — »? — j{,w) , modal impedance of the beam 1
Y(w) = m'(k¥2? — w? — j{,w) , modal impedance of the beam 2
and finally,

€ structural perturbation coefficient

-1
d ’
Equations (4.2.6) and (4.2.8) become,

Yi(@)a(w) = §(@) + 20k{ Sk, - S a(w)k] (433)
Y, (0)a(w) = (0) = 20k S a(w)k, ~ Sa(w)k] (4.3.4)

These equations represent an infinite set of linear equations for the unknown modal
amplitudes o; and o,
The infinite set of Eqs (4.3.3) and (4.3.4) can be solved for the modal amplitudes of

the two beams. To solve the set of equations, the method seen in [17] is used. Multi-

. ki kr
plying (4.3.3) by Y (@) and (4.3.4) by -m:

kif; 20k? [ >
k(o) = Y,l((j)) -t [Zas(m)ks—zaj(w)kj] (4.3.5)

s=1 j=1
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kf, 20k, [ N
ko (w) = Y”((:;))) - Yo(o.;) I:Zas(w)ks - Zaj(w)k}-il (4.3.6)
r r s=1

=1

Summations are next performed over all the i modes in Eq. (4.3.5), and over the r modes

in Eq. (4.3.6);

o0 o0 o0

Zk o) = li{f((“’)) 2 i?ﬁ—z (w)k, — z Zaj(w)kj 4.3.7)
=1 1

=1 j=1

N o kfie) K< SRR .
;krar(w) =y o " 20;: Yo ;as(co)ks + 202 T ]Z;aj(w)kj (4.3.8)

r=1

A simplification is now in order by using the notation

Sk
L w)

These series are convergent, since the denominator is of fourth order in i or r, and only

of second order at the numerator. This leads to less cumbersome expressions,

D k(@) = A, +20A,) o)k, - 20A, ) ajw)k; (4.3.9)
=1 s=1 j=1
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o0 o0

D k(@) = Ay — 208, aw)k, + 204, ) o)k, (4.3.10)
r=1

s=1 =1

This is a pair of linear equations for the unknown functions U and V;

U= ke V=> ke, 4.3.11)
i=1

The set of equations can now be written in more compact form as

U = AI + 20A1V - 20A1U

V= A, - 20A,V + 20A,U 4.3.12)

Solving for U and V and substituting into Eqs (4.3.3) and (4.3.4) gives an expression for

the modal amplitudes «; and «,.

f, A=A
o (w) = % + 20k; (Yzi(T)Al) (4.3.13)
() = a2 B -4y (4.3.14)

Y@ 2% Y A

with A= 14 20(A, + A,) being non zero. Eqs. (4.3.13) and (4.3.14) represent an exact
solution for modal displacement amplitudes of beam 1 and 2. As might be expected,
these solutions are linear functions of all the modal forces. This means that any modal
force acting on one of the beam excites all the modes of the system. The modal forces
are implicit in the series A, and A,. The first term of the above equations represents the

uncoupled system while the second corresponds to the interaction through the spring.
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Knowing the modal displacement, the responses of the beams can now be solved.
The modal expansion of Eqs (4.2.3) and (4.2.7) can in the frequency domain, be written

as

o0

Wi, @) = ) a(@)dix,) Wik ) = ) o (@)¥h(x;)
r=1

i=1

When the modal amplitudes are substituted in these series, it results:

Ay —A
W,(x,, 0) = Z[ﬁ s1n(kx1)]{ §(( )) Zaki%} (4.3.15)

o f A —A
W, (%,, m)=Z[ﬁ sin(erz)]{ Yf((“’w)) + ,%} (4.3.16)
r=1 r T

4.3.1 Summation of Infinite Series.

These two responses are cumbersome expressions since they include several series;
A, A, incorporated in the determinant A and A,, A,. The close form solution of A, A,

are obtained by the calculus of residues presented in Appendix A. They are:

2

—_L -
Ay = e [eoth(ky) = cotkp)] 43.17)
L
Ar =21 [coth(ky) = cot(ky)] (4.3.18)
with & = ZLL i (T4 ) e
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where 7% =% and with kg=%lf£w%/(l +7n?) e,

The closed form solutions have been checked on computer. Unfortunately the series

A, and A, do not fall in the categories of series which can be calculated in closed form.

However, these are rapidly convergent series, which will be calculated by direct summa-

tion.

4.4 Power Flow

Equations (4.3.13) and (4.3.14) yield the modal amplitudes of the beams and the

transverse displacement, of the coupled system is given by Eqs (4.3.15) and (4.3.16). The

coupling forces and the transfer of power between the beams are now analyzed.

From equation (4.3.3), the coupling force P, acting on the i** mode and P,, the cou-

pling force acting on the r* mode can be obtained as follows [18].

P =Y, — f;
P, =Y —f
By substituting (4.3.3) into (4.4.1),

20k
Pi= (A~ A)

and, by substituting (4.3.4) into (4.4.2),

_ 20k,

P, = A

(A1 —Ay)

Two Coupled Beams

(4.4.1)

(4.4.2)

(4.4.3)

(4.4.4)
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It is noted that the coupling forces are linear functions of the stiffness and are zero when
the stiffness is zero. In that particular case, the solution (4.6.4) reduces to the uncoupled
case as expected.

The power flow is the coupling force times the rate of change of the slope. Since the
expansion of normal modes is used, the power is the summation of this product for all
i modes. To get an expression of the power-flow, Davies [23] uses it spectral density.
Only the real part I1,, of P, is required, since a power is real. The power flow between

the beams is the cross-correlation of force and velocity [18].

M, () = -%— Real(ZE[Pi )= Real(ZE[Pi iwot]) (4.4.5)

The expression of the coupling force P, and the modal amplitudes, «; ,

kK o kf < K
= TI(Z v -~ ) (4.4.6)
r=1 j=1
f‘i . ki N krf} N klfjl
w=~-+2v4 [ZT;—Z—J 4.4.7)

It is assumed here that the force acting on beam 1 are statistically independent of those

acting on beam 2. Then
E[f{;1=0,

Substituting the expression (4.4.6) and (4.4.7) into Eq.(4.4.5), the power flow expression

found in [18] is written
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20)?w(ImA K.k
Iy (w) = = My(w) = 2o [A]2 J ZZ E[f f]
r=1s=1

_ 20)'w(lmA;) ZZ LY. (4.4.8)

2
|Al i=1 j=1 1 ]

where ImA, is the imaginary component of the complex function A, . The result is sym-
metric and proportional to the square of the stiffness ¢ times the frequency, w
The investigation here is to be restricted to the special case where only beam 1 is

excited, f, = 0 and where the modal components of the force are uncorrelated. That is
E[fi f;] = 60

where ¢, is the modal force spectral density function. Then Eq. (4.4.8) reduces to

I, () = ~22L @(mAy) ZZ b, (4.4.9)

== |Y|2

A rain-on-the-roof type load, a common assumption in SEA, is to be applied. This load
amplitude is randomly distributed both along the length of the beam as well as in time.
The load is then randomly distributed both in space and time. Therefore ¢,=s for
i=1,2, ... co. Then, the double series in Eq. (4.4.9) becomes single and it will denoted

O

o0

K2
C= - 4.4.10
E TAE ( )

i=1
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The power flow expression is simplified to

(20)0(ImA)C

nZl(w)': IAIZ

(4.4.11)

Series C can be calculated in closed form, by using the residue technique to give

Léj{ —le— [coth(z,) — cot(z;)] — —zl? [coth(z,) — COt(Zz)]}
. (4.4.12)
4ED/ (41, — 1)

The complex quantity inside the brackets is a purely imaginary number. Thus, as can
also be seen in the explicit form of the series, C is a real number.

The two coupled beams systems has been theorically studied for a general case of
excitation. The equations of motions have been given in Eqgs. (4.1.6) and (4.1.7). The
modal analysis results in the decoupled single degree of freedom beam modal equations
(4.2.6) and (4.2.8). With the introduction of modal impedances and closed forms series,
the system of equations is solved for the modal amplitudes in the frequency domain.
This allows to write the transverse displacement of each beam given in Eqgs. (4.3.15) and
(4.3.16). The last section presents the general equation of power flow in Eq. (4.4.8). For
the case on rain-on-the-roof type loading on only one beam, the power flow takes a
simple form given in Eq. (4.4.11).

The next chapter will employ all the above results to investigate the effects of the

length perturbation and coupling parameters and also the beams interaction.
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5.0 Results for Two Coupled Beams

The investigation of the influence of the coupling stiffness and structural perturba-
tion will be the focus of study in this chapter. The objective will be reached by studying
the statistical variability of the mean-squared response amplitudes as well as the power
flow between the beams for statistical ensembles of systems with random values of the
mistuning parameter. The values of the mean squared response of power flow will be
calculated as their respective average values over frequency octave bands. This calls for
numerical integrations of the quantities under investigation over these octave bands.
The transverse displacement expression for each beam will be adapted for the case of a
harmonic point force applied to beam 1. Then the system will be studied under a dis-
tributed random excitation, applied only on beam 1. By using a rain-on-the-roof
excitation, expressions of the power flow and transverse displacement were obtained in
the previous chapter. The statistics for random mistuning of the frequency averaged
power flow will be obtained via Monte Carlo simulation. These simulations require the
generation of a random sequence of values for the mistuning parameter followed by
statistical processing of the resulting values to obtain mean-squared amplitude and

power flow.
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A thin aluminum beam will be analyzed. The Table 1 gives the values used in our

simulation.

5.1 Natural Frequencies

The approximate undamped natural frequencies of the coupled beam system ’will
now be derived. The approximation consists of the assumption that the response of each
beam in the coupled system is given by a truncated series of N modes, where the modal
shapes will be taken from the uncoupled pinned-pinned beam. The total energy of the
whole system is then calculated and using the Lagrange equations, the equations of
motion can be obtained. The mode shapes given in Eq. (4.2.1) will be employed in a

normalized form.

00 = /=2 sin(Z )

The kinetic energy of the system of two uniform pinned-pinned beams coupled by

a spring is:

N

T= Z 2 mil(t) + ) 5 mil() (5.1.1)

i=1 r=1

The corresponding potential energy is:

Results for Two Coupled Beams 87



Table 1. ~Beam parameters for the computer analysis

Characteristics Symbol Value units
Young’s modulus E 71 Gpa
Density p 2700 kg/m?
Thickness b 0.01 m
Width h 0.001 m
Mass m 0.027 kg
Length L 1 m
Momentum of Inertia I 8.310-8 [ m®
Cross section A 10-3 m?

Resuits for Two Coupled Beams
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N N N N
K=) Toldd+) +olad++ a[;l//’r(O)ar(t) - ;Wi(omi(t)] (5.1.2)

i=1 r=1

The Lagrange equations for the i** mode of beam 1 and the r** mode of beam 2 can be

written,

z

i (1) + wloy(t) — oy’ 1(0)[2 &Y' (0) = ) (01 =0 (5.1.3)
r=1 i=1
N N

(1) + 02 (1) = o (O ) e (0',(0) = ) os((©)] =0 (5.1
r=1 i=1

These 2N equations can be written in matrix form, where the mass matrix will be a
2N x 2N unit matrix. The expression for the stiffness matrix which is of dimension

2N x 2N is given by its terms:
k= (5,ch)l + ay'{(0)¥'(0),
Kp = 8,0 + o' ()Y (0),
ki = kg = — a";(0)¢’ (0),

with i= 1,2,.N; j= 1,2,.N; r=N-1,N,..2N and s=N-1,N,..2N.
Therefore, the 2N undamped natural frequencies are obtained from the eigenvalue
analysis (K — AI)¢ = 0, which is resolved by the IMSL routine DEVLSF. Table 2 gives

the undamped natural frequencies of the coupled system for the tuned case and the ex-
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treme mistuning cases, d=0.9 and d=1.1 for a weak coupling spring, o,= 0.0825
Nm/rad.

The results have same order that the natural frequencies of the uncoupled beam.
They will be confirmed by the results of the damped natural frequency determined in

section 5.2 in Table 3 to 5.

5.1.1 Evolution of the natural frequencies with perturbation.

The natural frequencies have been analyzed in the perturbation domain of the study
for three different coupling parameters which will be used for all the results of this

chapter. The selected values are :

— o, = 0.15 Nm/rad corresponding to a moderate coupling,

— g, = 0.0825 Nm/rad corresponding to a weak coupling,
— 0, = 0.015 Nm/rad corresponding to a very weak coupling.

Weak coupling exists when the coupling spring is much softer than the beams
bending stiffness. The natural frequencies of the coupled system is plotted in term of the
structural perturbation.

Figures 23, 24 and 25 show the variation of the natural frequencies for the weak
case, o, = 0.0825 Nm/rad. in the bandwidth 0 to 1000 hz. In the low frequencies, Fig.
23, each pair of curves representing the variation of the natural frequencies have the
same shape than the two curves of the pendulum study in Fig. 4. A series of pairs of
curves can be identified representing mode numbers 2n-1 and 2n. These two consecutive
modes are very close to the corresponding frequency for the tuned system. However

when length perturbation is imposed, this pair of natural frequencies spreads out. When

beam 2 is shorter, the odd modes represented by the continuous line has no variation,

Results for Two Coupled Beams 90



Table 2. Undamped natural frequencies for coupled beams.

o = 0.0825
modes d=1 d=09 d=1.1
1 1233 2.46 2.03
2 2.77 3.21 2.63
3 9.30 9.54 7.89
4 9.84 11.82 9.61
S 20.93 21.21 17.54
6 21.51 26.18 21.23
7 37.20 37.50 31.01
8 37.81 46.28 37.51
9 58.13 58.44 48.32
10 58.75 72.11 58.44
11 83.71 84.03 69.47
12 84.34 103.69 84.02
13 113.94 114.27 94.46
14 114.58 141.01 114.25
1S 148.82 149.15 123.29
16 149.46 184.06 149.13
17 188.35 188.70 155.97
18 189.00 232.53 188.65
19 232.53 233.22 192.49
20 233.18 281.57 232.53
21 281.36 287.46 233.15
22 282.01 335.16 277.01
23 334.84 M7.73 281.71
24 335.50 393.30 325.06
25 39297 413.75 335.18
26 393.63 456.09 376.96
27 455.76 485.52 393.31
28 456.42 523.52 432.69
29 523.19 563.04 456.09
30 523.86 646.28 523.52
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while the even modes represented by the dashed line rise in frequency proportionally to
the amount of perturbation. The increase in frequency is far more important for higher
modes as it can be seen in the series of figures 23 to 25. When beam 2 is longer, (d> 1.0),
the even modes decrease in frequency while the odd modes have no alteration. As the
modification becomes more and more important, the increase of the odd mode for per-
turbation d < 1 is such that it exceeds the value of the next even mode. For example in
Fig. 24 at 230 Hz and for d=0.9 the curve for mode 18 intersects that of mode 19. At
the same frequency, the mode 21 discreases and reaches the value of mode 20 for d=1.1.
Hence, the next pairs of modes, 22 and 23 presents discontinuities at the points of
intersection: modes 21, 22 around 280 Hz for d=0.91 and 23, 24 for d=1.09 because
the frequency value of mode 2n-1 must stay smaller than the one in the next mode 2n.
This phenomenon of overlapping (intersection of modes) occurs again at 925 Hz for
modes 39 and 40. Double modal overlapping begins at that frequency.

The figure 26 gives the first 18 modes in the frequency bandwidth 0 to 200 Hz for
the moderate coupling ¢,. These modes can be compared with Fig. 23. The pairs are
now more spread out. Figure 27 presents the first 18 modes in the same bandwidth for
the very weak coupling o;. Clearly, the modal pairs are much closer. The two consec-
utive modes 2n-1 and 2n are almost identical. This is explained by the fact that the
weaker the coupling is, the closer the natural frequencies are to a system of two inde-
pendent beams. In the tuned case, the two separate beams are identical, thus if there
were no coupling the modes would be the same.

Except for the space between each pair of curves, in low frequencies the rate of
variation of the modes, (slope of the curves), are the same and independent of the cou-
pling strength. Each pair, however, is centered at the same point. Then the frequency

of the first and second modal overlapping are the same for the three different stiffnesses.
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These plots are also a clear illustration of the number of modes that can be found
in a frequency band. The number of modes inside a frequency band depends much more

on the value of the perturbation parameter than to the coupling value.

5.2 Power Flow

In chapter 4, the expression for power flow is expressed as a function of frequency
(4.4.11). The energy transmitted through the torsional spring and over a frequency band

(w;, w¢) can be written as the integral over frequency.

wyg
POWER(,, ,]= J I1,,(w)dw (5.2.1)
w;

Function II,, is presented for some parameters values in the next three figures. The
function IT,, is plotted for the weak coupling, o,. Figure 28 shows the tuned cased in the
frequency band 0 to 100 Hz. The pair of modes are clearly visible. The modal damping
ratio { used in the expression of power is 0.001. The resonance is due to the expression
of the modal impedance Y(w) which appears in the series A, and A,. Fig. 29 presents
the curve of power for perturbation d=1.1. Except at the low frequencies, the series of
modal pairs of the tuned case is now lost, and the modes are now more sporadic. Figure

30 gives the power in the 0-50 Hz band for a perturbation d=0.9.
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The curve of power can be used to deduct the damped natural frequencies by seek-
ing the loci, in frequency, of the maxima (peaks). At the same time the instantaneous
values of the power flow are computed. The IMSL routine DUVMIF and a program
using the golden section search algorithm [42] are used bilaterally for this goal. The re-
sults are presented in Tables 3, 4 and 5. Table 3 gives the first ten natural damped fre-
quencies for the tuned case. Surprisingly, it shows that all the peaks have the same
magnitudes. It is emphasized here that because of the sharpness of the peak, double
precision was needed and at least 10 decimal digits are necessary to approach the maxi-
mum magnitude. It was found that a far greater resolution should be used to get the
curve of Fig. 28 with peaks of the same magnitudes. Although 1000 points have been
used in the plot of Fig. 28, the resolution is far to weak. Table 4 illustrates the damped
frequencies for slightly mistuned system, d=0.98 and d=1.02. For each pair of modes,
the power flow decreases. The power flow for d=0.98 are slightly lower than for d=1.02
because the second beam is shorter. This result has also been shown in [15]. Table §
exposes the damped natural frequencies for our two extreme perturbation values d= 1.1
and 0.9. For higher modal pairs, the power flow decreases far more rapidly than in Table
4. In the three tables, the value of the damped natural frequencies are, as expected, close

to the undamped natural frequency which can be read from Table 2.
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Table 3. Natural frequencies and maxima of power flow for tuned system.

-d=1.0, coupling=0.0825 and damping=0.001.

modes frequency I,
1 2.325 9259.259
2 2.761 9259.259
3 9.301 9259.259
4 9.929 9259.259
5 20.928 9259.259
6 21.494 9259.259
7 37.205 9259.259
8 37.792 9259.259
9 58.130 9259.259
10 58.733 9259.259
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Table 4. Natural frequencies and maxima of power for slightly mistuned system.

- d=1.02, coupling=0.0825 and damping= 0.001.

modes frequency I,
1 2.275 8868.821
2 2.717 8870.042
3 9.065 6312.244
4 9.702 6311.987
5 20.309 3046.531
6 21.298 3045.893
7 35.997 1332.803
8 37.554 1332.201
9 56.136 627.801
10 58.470 627.311
- d=0.98, coupling=0.0825 and damping=0.001.
modes frequency I1,,
1 2.368 8832.605
2 2.817 8833.831
3 9.431 6098.518
4 10.084 6098.241
5 21.127 2828.170
6 22.159 2827.538
7 37.445 1210.996
8 39.087 1210.411
9 56.136 627.801
10 58.397 565.234
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Table 5. Natural frequencies and maxima of power for strongly mistuned system.

-d=1.1, coupling=0.0825 and damping=0.001.

modes frequency I1,,

1 2.042 4783.212
2 2.626 4806.337
3 7.907 917.676
4 9.597 917.293
5 17.557 262.776
6 21.224 260.825
7 31.030 114.304
8 37.502 113.629
9 48.338 67.075
10 58.431 68.428

-d=0.9, coupling=0.0825 and damping=0.001.

modes frequency I,
1 2.469 3712.221
2 3.177 3733.530
3 9.439 574.339
4 11.782 573.455
5 21.202 162.033
6 26.136 160.561
7 37.496 73.225
8 46.233 73.322
9 72.071 48.603
10 103.649 45.291
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The power flow will now be integrated on octave bands or on couples of octave
bands except for a large interval at the lowest frequencies in order to include a sufficient
number of modes. Figure 31 displays the bandwidths used along with their center fre-
quency, as well as the undamped natural frequencies of the tuned system with weak
coupling o,. The first interval is large enough to contain a satisfactory number of modes.
The upper limit of the last octave band is 1424 Hz. Thus the frequency range under
study contains the first fifty modes. The integration is carried out by the IMSL sub-
routine DQDAG. For accurate results, the integration is done over subintervals con-

taining at most one peak.

By plotting the evolution of the power-flow with perturbation, Fig. 32 to 37, it will
be seen that the variation of the number of modes in a band has an important effect on
the power flow. This effect is seen as discontinuities in the perturbation versus power
flow curves because the power flow is proportional to the number of modes. The dis-
continuities are stronger at low frequencies since the number of modes are fewer. For
a coupling o, =0.0825, the number of modes for the frequency band [0,22.4] can be
counted. Using Fig. 23, from d=0.9 to approximately d=0.975 the first five modes are
included in the band. Then for higher perturbation the sixth mode appears in the same
band. In the low frequencies intervals, since there are not a lot of modes, the inclusion
of an additional mode affects the power flow considerably. However, at higher fre-
quencies such variation is less noticeable. To avoid these discontinuities the plots of
power flow at low frequencies have been normalized by dividing the power with the
number of modes in the particular band. The normalized power flow will be noted I,
to be distinguished from IT,,.

The evolution of the power flow as a function of the perturbation is presented in the

following figures for the six intervals considered. On each figure, the power flow is given
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for the three coupling strength of our study. The Fig. 32, 33, 34, 35, 36 and 37 gives
respectively the power flow on the [0,22.4] , [22.4,89], [89,178], [178,356], [356,712] and

[712,1424] frequency bandwith.

In all the intervals used, it can be seen that the maximum power flow occurs for the
tuned system. In the low frequencies, bell-shaped functions are obtained. But we have
to note that they are not symmetric since the total beam length for perturbations d=0.9
and 1.1 are different. L, + L, = 1.9L for d= 0.9 whereas L, + L,=2.1L for d= 1.1. At
higher frequencies, the power flow tends to be more concentrated around the tuned
system case. [t is also clear that in all bands, there is less energy transferred for weak
coupling than for moderate coupling: the peaks are much sharper for weak coupling.
The maximum power flow is obtained for a tuned case and the effect of the coupling
does not vary the magnitude noticeably. In Fig. 32, 33 and 34 discontinuities appear
on the left part of the bell-shaped function for the three coupling parameters. This is due
to the fact that as perturbation changes, an additional mode enters the band.

In Fig. 35, for the [178-356] bandwidth, the power flow is mainly concentrated at the
tuned case. For the extreme perturbation, however, some extra power is supplied. This
is due to the overlapping modes which occur at 230 Hz. This and the next curve are not
normalized in order to clearly appreciate the additional power due to the overlapping
modes.

Figure 36 of bandwidth [356-712] presents the same characteristics as the previous
figure with an even more concentrated power flow at the tuned position. The power
caused by the overlapping modes get closer to the tuned position. This motion can also

be read on Fig. 24.
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The upper bandwidth, [712,1424], Fig. 40 illustrates a new characteristic. While the
power continues to be more and more concentrated at the tuned position, the power
increases again at the extreme mistuning. This is due to the double modal overlapping

beginning at 925 Hz, as it can be also seen in Fig. 25.

5.3 Transverse Displacement

The transverse displacement are calculated and given by Eqs (4.3.14) and (4.3.15).
This beam response will be now obtained for both a pure tone and a random load ap-
plied on beam 1.

With a simple harmonic point force applied on Beam 1, Beam 2 is excited only

through the torsional spring. The applied force is expressed as follow:
fi(x,t) = F sin(wt)é(x; — X,)

where F is the amplitude of the point force applied at point x,. The modal force is

written as:
fi(t) = F sin(wt)y(x,)
and its Fourier transform:
f(w) = V2 F sin(4Ex,)
Since there is no direct force on beam 2
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Hx,t) =0, f(w)=0, A, =0

The expression for displacements become from Eqs (4.3.5) and (4.3.6)

Displacement for beam 1I:

S f; 20kA
Wy, @) = Y [VZ sin(kix,n{ e } (5.3.1)
i=1 1 1
Displacement for beam 2:
N 20k A
W2(x2’ 60) = Z[\/_z_ Sin(erZ)J{ Ya(ar))Al } (5'3‘2)
r=1 r

The force excitation is placed again at x, = — 0.356 m.

The system response for the weak coupling a,, are plotted in Fig. 38 through 40.
On each figures , the X axis is the coordinates of the beam, (negative for beam 1, positive
for beam 2), while the Y axis presents the different value of the perturbation varying
from d=0.9 to 1.1. Figure 38 presents the absolute value of the displacements for a
frequency of excitation of 2Hz. For 0.9 < d < 0.95, beam 2 has a large amplitude while
beam 1 is weakly excited. For 0.95 <d < 1.07, beam 1 has the same little response but
beam 2 has no more motion. For increasing perturbation, beam 1 get more amplitude.
In fact for d=1.1 at 2Hz, a natural frequency is present. Localization effect appears for
Beam 1. In Fig. 39, the system is excited at 9 Hz. At this frequency, for d < 0.97 beam
1 presents a second mode excitation while few power is transmitted to beam 2. For
d=0.97, beam 2 get a localized excitation which vanishes totally for d=1.03 when the
third mode is reached for beam 1. At d=1.04, beam 1 has no motion while the second

beam has a small magnitude. For increasing perturbation d, amplitude increases for
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Beam 1. In Fig 40, the excitation frequency is 20 Hz, which is close to the fifth mode.
This mode is reached for d=1.03. Beam 1 presents a mode shape for mode 5. These
three plots emphasize greatly the effects of structural perturbation on the response of the

system.

The behavior of the transverse displacement is now analyzed with a random load
applied on beam 1. As in [24], a rain-on-the-roof load excites beam 1. From Eq.

(4.3.15), the displacement response is

N fi ki
W, ’;‘l’i(f' 2047 > (5.3.3)

The power spectral density of the beam 1 displacement is the expected value of the norm

of the complex amplitude W, :

2SS kkkidwy;
E[W,W;]= Zwl +40') D). |A|2JY;Y3|Y:|2

1 i j k

e kKb kikjpi;
ZZ Y IY |12 ZZ AY IY |2J (5'3'4)

or using series and the propriety seen in section 4.5

N ¢ 2 ISA|2 Sa
E[W,W,]1= ) ¢} s + 4o — 40SgReal s
H Z Yy, )2 Al lYil?

. = k =_k
with SA=;?¢1 and SB=>;T\_(-|_’¢i
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Figure 38. Transverse displacement for weak coupling at 2 Hz
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Figure 39. Transverse displacement for weak coupling at 9 Hz
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Figure 40. Transverse displacement for weak coupling at 20 Hz
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Similarly, for beam 2 using Eq.(4.3.16)

W, = Zw,(za kil ) (5.3.6)

E[W. W, 1= 40° (53.7
. , 1Scl?
E[W,W;] =40" ——s (5.3.8)
(Al
. = k.
with S. = Zr: T o,
The transverse displacement is computed at x,=-—0.356 m in beam 1 and

X, =0.356 m in beam 2.

The expected value of the displacement of beam 1 is presented in Fig. 42 on the
frequency band [0-100] for the three coupling values and tuned case.

The spectral density function for beam 2 displacement, again for the three coupling
values and tuned case, is shown in Fig. 42. Comparing Fig. 41 and 42, it is observed that
the coupling parameter ¢ has larger influence on the spectral density of beam 2 than on
beam 1.

When perturbation is applied, the regularity of the two previous figures vanishes.
Fig. 43 presents the displacement of beam 1 for the extreme perturbation d=1.1. This
figure examplifies the problem of resolution for the magnitude of the peaks. By super-
posing the curves of Fig. 41 and Fig. 43, it is shown that the decrease is the same and
as we already know, all the even modes are identical. The maxima have been estab-

lished: 5.51, 6.74, 2.3, 5.69, 0.8 and 3.67. Mode 3 and mode 5 are very low and corre-
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spond to the mode of the second beam which is only excited by the indirect power flow.
As we saw before, the higher the perturbation, the less power flow is transmitted.
Figure 44 presents the displacement for beam 2 for high perturbation d=1.1. There
are many more antiresonances which appear between pairs of modes. In constrast to
Fig.43, the superimposition of 42 and 44 is more difficult to explain as the perturbation

moves all the even modes but also the antiresonances.

5.4 Monte Carlo Simulation

The expression for the power flow and displacement have been found for an ideal
white noise excitation. The mistuning parameter d is assumed to be a random variable
with Gaussian probability distributions. A Monte Carlo simulation will give the statis-
tics of the power flow and expected value in the form of a histogram. As presented in
[33], the Monte Carlo simulation invblves repeating a simulation process, using in each
simulation a particular set of values of the random variables generated in accordance
with the corresponding probability distributions. By repeating the process, a sample of
solutions, each corresponding to a different set of values of the random variables, is
obtained. These samples of solutions will be statistically treated.

The mistuning parameter d varies in the interval [0.9,1.1], thus the following statis-

tics are assumed

d: N(ug =1, a4=0.0429)
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To chose the standard deviation, we have assumed there is a 0.99 probability that d will
be included in that interval. The simulation will be performed for the three coupling
parameters already used, ¢, =0.15, 0,=10.0825 and ¢, =0.015.

A fortran code has been written, using IMSL routines RNSET and RNNOF to
generated 200 random variables d. Figure 45 shows the resulting cumulative density

function and the histogram of the random variable d.

Once the random perturbation was generated, the power flow and normalized power
flow is computed for the 200 values of d. The computation of all the natural frequencies
for the 200 perturbation values is computationaly expensive. Therefore, only the four
lower bands, shown in Fig. 31, have been considered for the Monte Carlo simulation.
Table 6 gives the statistics of the power flow for the three coupling parameters and for
the four bands considered. As expected, the mean value is higher for stronger coupling.
The power flow is far higher in the low frequency bands. This is clearly shown for the
three different coupling strengths. This continuous decrease is not accompanied by a
corresponding decrease in the standart deviation, except for the very weak coupling, a;.
Comparing the power flow of the first band with the fourth one, there is a 85% drop ,
91% and 98 % for the coupling o,, 0, and o, respectively. The power flow is really lim-
ited to the first two band , i.e. the first twelve modes.

We must be careful in accounting the different number of modes in each bands as
presented in Table 8 for several perturbation values. Indeed, in Table 7 a different ap-
proach is taken by taking the statistics for the normalized power flow I1,,. Therefore,
the high value of the first band of Table 6 are normalized. The reduction of normalized
power flow is then far less tough; 89%, 62% and 98% for the coupling g,, g, and o, re-
spectively. Dividing the results of both table gives the average number of modes in each

band for the 200 samples.. For the respective four bands, 5.82, 3.1, 4.02 and 8.01 are
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obtained. These values are close to the number of modes for tuned case given in Table
9. This corresponds to the fact that the perturbation d is normally distributed around the
tuned case, d= 1. Then the probability to have a perturbation close to 1 among the 200
data is large. For o,, the number of modes are respectively 5.73, 6.06, 4.05 and 7.95. The

very weak coupling o, , 5.94, 6.01, 3.92 and 8.37.

The results of the Monte Carlo simulation are presented for a range of power from 0 to
2.32. This range of power has been broken down in 40 subintervals. The histograms
and cumulative distribution of power flow are shown in Fig. 46 through 53. For éach
band, the histograms for the three coupling strengths are presented on the same figure.

For the first band [0,22.4], Fig. 46 and 47, there is no occurrence of low power for
the coupling o, and o,. For these two coupling value, power flow occurs above 1 and
the maximum number of occurences correspond to the maximum of power, 28 for
o,=0.15 and 18 for o, =0.0825. This can be explained by reporting us to Fig. 32 where
the maximum power corresponds to 2.32 and the probality of high power for the two
previous coupling is high. However for the very weak coupling value, o, = 0.015 there
are 32 values below 0.2 and then the occurrences are low on the rest of the power.
range. Looking at Fig. 32, the probability of having high power is far less smaller since
the peak is sharper.

Going to the next band [22.4,89], the histograms, Fig. 48 and 49 have the shape of
the very weak coupling of the previous band. The number of occurrences for low power
is the high for all three coupling value. This is explain by the thinner peaks in Fig. 33.
In Fig. 49, the number of low power occurences is far more larger. This is especially
true for very weak coupling, where 170 out of 200 values appear below 0.2.

This tendency is accentuated in Fig. 51, were the value of power is less than 0.2 in

40% of the sample for ¢, and in 95% of the samples for ¢,. In the last band, [178,356],
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Table 6. Results of Monte Carlo Simulation

- Mean and Standard Deviation of the power flow IT,

Coupling 0.15 0.0825 0.015
Interval H ° u ° H o
[0,22.4] 9.669 | 2.994 8.259 3.379 3.589 3.294
[22.4,89] 3.819 3.861 1.235 3.369 0.451 1.494
(89,178] 1.227 2.078 0.709 1.643 0.094 0.433
{178,356} 1.423 3.142 0.769 2.269 0.067 0.332
- Mean and Standard Deviation of the normalized power flow 1,
Coupling 0.15 0.0825 0.015
Interval n o u c H c
{0,22.4] 1.686 | 0.461 1.417 0.531 0.604 0.554
[22.4,89] 0.630 | 0.645 0.394 0.501 0.075 0.249
[89,178] 0.303 | 0.521 0.176 0.411 0.024 0.108
[178,356] 0.179 | 0.393 0.096 0.284 0.008 0.042
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the corresponding number of occurrences are extremely high, that is 97% ,77%. In Fig.
53, the irregularity in the shape of the distribution around the middle value of power is

due to the overlapping modes phenomenom.

5.5 Power Flow by Statistical Energy Analysis

In order to validate the results of the Monte Carlo simulation for the power flow
of the system, when a random load is applied only on beam 1, a Statistical Energy
Analysis is performed. The main references for this work are [19] and [21]. In order to
uncouple a 2 degree-of-freedom system, Lyon [21] favors clamping one of the subsystems
leaving the other one free. His work is generalizable to multi-degree-of-freedom systems.
Therefore, the two subsystems will be beam 1 with the torsional spring fixed to one end
of the beam and to the ground and subsystem 2 composed of beam 2 and the torsional
spring clamped on the ground. Figure 54 presents such subsystem where the notations

of the coupled beams are preserved.

The response of the beam 1 and spring subsystem can be expressed as follow:

o0

Wi(kt) = ) as(ilx,) (5.5.1)

i=1
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The modal amplitude e (t) is the solution of:
54() + L) + Ok = (6(0) = 20k Zan 0k (5.5.2)

This equation is obtained from Eq. (4.2.6) by setting to zero the modal amplitude of
beam 2 a,(t) =0. Taking the Fourier transform, and introducing the modal impedance

Y (w) gives,

Y (@)(w) = (o) — 20k _a(w)k; (5.5.3)

i=1

Yi(w)

To solve for o;, Eq. (5.5.3) is multiplied by and sum over all modes:

> ko) = Ay = 20A, ) aw)k; (5.5.4)
i=1 =1

Solving for the unknown function U = ikicxl(a})
B i=1

Ay

U=T17204,

(5.5.5)

Then, substituting the expression of U into the equations (5.5.2) the explicit expression

for the modal amplitudes is obtained:

_ fi@) 20kiA,
%(w) = Yi(w) ~ Y{(w)(1+20A,)

(5.5.6)

This is the same as in Eq.(4.3.13) with A, =0 except for the term A remplaced by

A =1+40A,.
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Using the same method as in section 5.1, the natural frequencies have been com-
puted for the pinned-pinned beam with the torsional spring and tabulated in Table 7.
It is noted that the natural frequency of the beam-spring system do not change consid-

erably compare to the one of the pinned-pinned beams system.

5.5.1 Energy of subsystem

The concept of power flow between resonators being proportional to the difference
in uncoupled energies is one of the main results of SEA. This result is clearly demon-
strated in [21] by Lyon for a two degree-of-freedom system. Thereby, the total energy
of the subsystems have to be established. The total energy is generally the sum of the
kinetic energy and the potential energy. But, the average of the total energy on a period
or more is shown to be two times the average of the kinetic energy T, and also two times
the average of the potential energy V. This propriety is assumed to be generalisable for
a system of two beams. The energy of the subsystem is now presented.

The kinetic energy T for the subsystem 1 is:

% f mx)W2(x,, t)dx

in frequency domain:

T= -é—J mw’W? 1%y, w)dx;
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Table 7. Undamped natural frequencies of subsystem 1

modes (Hz) | o = 0.0825 o=0.15 o =0.015
1 2.59 2.74 2.38
2 9.60 9.80 9.36
3 21.23 21.46 20.99
4 37.52 37.75 37.26
5 58.45 58.69 58.19
6 84.03 84.28 83.77
7 114.26 114.51 114.00
8 149.14 149.40 148.88
9 188.67 188.93 188.41
10 232.85 233.11 232.59
11 281.68 281.94 281.42
12 335.17 335.43 334.90
13 393.30 393.56 393.03
14 456.08 456.35 455.82
15 523.52 523.78 523.25
16 595.60 595.87 595.33
17 672.34 672.60 672.07
18 753.72 753.99 753.45
19 839.76 840.02 839.49
20 930.44 930.71 930.17
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LOO
T=Lma?[ D7 ool viax

The kinetic energy is finally expressed as:

[o ]

T= —é— wzzaf(a))
i=1
Hence the expected value of the total energy of subsystem 1, E, is :
E[E,] = 2E[T] = o’ ) E[e(w)] (5.5.7)

i=1

The same method would be applied on subsystem 2. But, because there is no direct
load on the subsystem, there is no energy on subsystem 2. Then E[E,] =0
Recall that the modal function o,(w) is 2 complex number, the following product is

used as in section 4.5 and 5.3.

log(@) | = o(w)os; ()

EUH & kELGf]
Y N e

= kE[ff] va kK E[ff]
_2Ukiz—' ZZ K LI 2}
1Y;12A7Y Y1 Y, Y12 A

j=1 k=11=1
Using the propriety of the-rain-on-the-roof load as in [24], the energy becomes:
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NI S Kigi S ki
E[E,] = &’ —2%) —————2
- {; lY; 2 ; 1Y;1°A7°Y; ; 1Y, 1°A7Y,
2 & kKK,
+4—= — =) (5.5.8)
|ar|? ;; 1Y 121,12

As for Eq. (4.7.10), the special proprieties of the load are used:

00

) 2 2

1 ki ki
E[E,] = () —20) 20y ———
1 1yl 1Y 12A"Y lY; 1A%y,

i=1 i=1

o0

o0 0o

ot Sy
+ ——}s
A |? LY 121y

i=1 j=1

o0

E[E,] = wz{z IYI

i=1 i

= ' 2
—40 ) Real ‘ +4—2—C*}s  (5.5.9)
Z [ |Yi|2AlYi ] IAIIZ

2
| i=1

where Real(z) is the real part of the complex z, and C is the same series seen in (4.4.10).

The next figure presents the energy for the three coupling values, o, , 6,, and o;.
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As presented in the two previous references, the power flow is:
I, = n0(U; — Uy) (5.5.10)

Note that the power flow is reciprocal and is always going from the more energetic to
the less. The parameter ére:

- U, average modal energy

- w reference frequency (or center of the bandwidth in study).

- 111, coupling factor

The average modal energy is defined as the expected value of the total energy of
subsystem i divided by the number of mode n, of the subsystem presented in the band-
width.
Recall here some statement issued from [21]. The power flow from resonator 1 to
resonator 2 is directly proportional to the difference in decoupled energy of the
resonators, where decoupling is defined by constraining the resonator. The average
power flow is from the resonator of greater to lesser energy. The term before the differ-
ence in (5.5.10) is symmetric in the system parameters so that an equal difference of
resonator energies in either direction (from 1 to 2 or from 2 to 1) will result in an equal
power flow. The power flow is reciprocal. This is seen in Eq (5.5.10) as it was also in
Eq (4.4.8). In the case of only one resonator being directly excited, the greater possible
value of energy for the second resonator is that of the first resonator. Hence:

E[E;]

n;

EfUj] =

Since there is no excitation on subsystem 2, U, vanished and the power flow

equation results in:
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E[E,]

E[I;] =m0 T,

Crandall and Lotz defined the coupling loss factor for two coupled beams in [19].

The main assumption is there will be a weak coupling, expressed by the inequality:

ELk,

100
restriction, all modes in a band are permitted to interact with each other, the power flow

o << E]lk, . The value ¢ = 0.0825 was defined by taking ¢ = . Even under that

of a particular mode i can be evaluated without including the interaction of any other
modes. It is further assumed that the damping is light. The expected coupling loss

factor is given by:

27tn2<72

E[n,,] = ——2—
112 wpAEIL%d

with n, the average mode density for beam 2 given in general case by:

d PA 1L _L
“2(“’)=L3;{fr}“w 2

where frequency o is still the center of the studied bandwidth.

5.5.2 Results

Table 8 gives for the six frequency bands, the application of the above calculation.
The center frequency is computed from the lower and upper limits of the bands. The
energy is integrated on each band as for the power flow. The expected value of the
power flow is given for the three coupling parameters for the tuned case system. The last

columns give the mode density n,. For the tuned case, beam 1 and beam 2 have the same
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mode density. This mode density value, which are statistical results, have to be com-
pared with the real number of modes. As expected, the stronger the coupling, the higher
the power flow
In Table 9, the number of modes within each frequency band is given for different

cases:

- the coupled beams system for perturbation d=1.0, 1.1, 0.9;

- the pinned pinned beam alone

- the subsystem 1
For the coupled beam system , the variation of number of mode has been explained in
section 5.1. For the last two cases, the absence of the second beam close modes yield to

a low number of modes.

Results for Two Coupled Beams 149



CO+ULEOLO 2O-Covvi o £850°0 F0°0 0001
[ 10+ dzegLo 20-U5907°0 SELL'O S0 008
[0+ P8ISO 20-C11T6T°0 pT65°0 7870 05T $10°0
10+ (1999€°0 0 CLIgIp0 £90'1 6’0 $21
[0+ U£097°0 20-CI8185°0 85001 06'8 £9
16+ LSOO 10-(1Z6E1°0 I 6p9 1 $8°6Spl 11
20+ULLOTO | 00+ AP0 605°0 % 0001
IO+ CTEEL'0 | 00+ U900 TEL0 [Ny 008
10+UP8ISO | 00+UIT6T0 685°0 L1°TS 052
[0+ 1999€°0 | 00+CIEIP0 81501 80°€6 Y4 S1°0
[0+ CI€092°0 | 00+ 81850 £58°6 LE'£98 £9
10+ AUL8OI0 | 10+ UL6ET0 L6'1LTI PP 6LSTL 1
2O+ ALEOT'O | - 10-USIPY0 950°0) 15°1 0001
10+ (ITEELO 10-CI8Y29°0 €L1°0 po'b 008
10+ UY8IS 0 10-CIS£88°0 165°0 90Z8°S 1 05T
10+ (1999€°0 00+ 0STHO 950°1 88T Y4 $Z80°0
10+AL097°0 | 00+ AILI0 9p6°6 79°¢081 £9
[0+L801°0 | 00+ UTITY0 $9'1IpI 19°609¢p i
tu e RN (113a1 (zf1)m RBuidnos
1000 7 ONIIAVA «

001 NOLLVEANLLMHT TELONT «

VAS YA S)IEIL MOp 13M0,]

'8 el

150

Results for Two Coupled Beams



Table 9. Number of modes for different systems in each band

Interval A B C D E
[0,22.4] 6 5 6 3 3
[22.4,89] 6 6 6 3 3
[89,178] 4 4 5 2 2
[178,356} 8 8 8 4 4
[356,712] 10 9 11 5 5
[712,1424] 14 14 15 7 7

Definition of the case
- A : Coupled beams with d=1.0
- B : Coupled beams with d=10.9
- C: Coupled beams with d=1.1
- D : Pinned-pinned beam of length L alone

- E : Pinned-pinned beam of length L with torsional spring clamped. (subsystem 1)
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6.0 Conclusions and recommendations

In this study, the effect of variation of the coupling strength between two subsys-
tems and structural perturbation to the system response characteristics have been in-
vestigated. The vibration behavior of a two degree-of-freedom coupled pendulums has
been analyzed in Chapters 2 and 3. Then a complex multi-degree-of-fredom continuum
which consists of two coupled beams system was investigated in Chapters 4 and 5. This
research addressed several aspects of the problem and helped the author to reach the

following conclusions:

Natural frequencies

For both systems, the natural frequencies have been studied in great detail. For the
coupled pendulums, the equations for the natural frequencies are given in terms of the
coupling and the perturbation parameters. The coupled beams natural frequencies and
their variation with coupling strength and perturbation order were computed on the
frequency range 0 to 1400 Hz via the Lagrange equations. For the coupled pendulums
tuned system, the two sub-systems are identical, a pair of close natural frequencies is

obtained. The natural frequency of either sub-system taken alone is seen to be between
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the two natural frequencies of the coupled system. For the multi-degree-of-freedom, a
series of pairs is obtained. The variation of these pairs for different perturbation values
or coupling strength results in the series of curves Fig. 23 to 29. Each pair of curves
have the same form that for the pair of the single degree of freedom in Fig. 2. Further-
more, the repetition of these pairs of curves results in the phenomenon of modal over-
lapping described in section 5.1. For weak coupling, the pair of curves are very close
at the tuned position. For stronger coupling, the pair of natural frequencies spread apart
and the perturbation causes this spreading to increase further. An increase of the cou-
pling also tend to spread apart all the pairs of curve representing the variation of the
natural frequencies while a decrease will bring the curves closer together. Overall the
effect of the perturbation is predominant.

The eigenvector analysis, for the coupled pendulums problem completes this result
by showing clearly in Fig. 5§ and 6 for strong coupling, the eigenvectors are not affected
by perturbation while for weak coupling, even a small perturbation produces two modes
where one of the pendulum is motionless. This is referred as the localization phenome-

non.

Response of the system

The response to general loads is presented for both coupled systems in the frequency
domain. The modal analysis technique enables us to write the equations of motion for
general loads and then to resolve for special cases of excitation. For both systems, ex-
amples of harmonic excitation and random excitation are given. The response behavior
obviously changes in accord with the position of the natural frequencies. A special type
of degeneracy response is found in the pendulum problem for weak coupling. For all the
excitation studies, a weak coupling lead to a strong localization even for low perturba-

tion. One pendulum has a predominant motion around one of the natural frequencies
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while the other is inactive. When the coupling increase, both pendulums have relatively
equivalent amplitude. Localization phenomenon is also observed in the response of the

coupled beams problem.

Power flow

The power flow traveling between the two beams is analyzed for the case of random
excitation. This power is quantified on frequency bands and normalized because it is
sensitive to the variation of number of modes due to the modification of the coupling
strenght and the perturbation coefficient. When the band are higher in frequency, the
more power is concentrated around the tuned position,(Fig. 32 to 37). The perturbation
decreases the power flow and its diminutions are greater for stronger coupling. The
statistics obtained from the Monte Carlo simulation show the decrease of the mean
value of power with higher frequency and the concentration of the power in the first two
bands. The Statistical Energy Analysis, developed for the beam system, led to the same
conclusion. However, the results are very different and no comparison is possible with
the results of the Monte Carlo simulation. This is explained by the fact that S.E.A. has

been used on the tuned system, which is the worst case to exploit.

6.1 Recommendations

The research led to a general understanding of the effect of coupling and structural per-
turbation. The results may be improved by taking into account the following consider-

ations.
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The development of the research leads the author to introduce damping into the
study of the beam problem. This allows the integration on the frequency and the eval-
uation of amplitude maxima. The same procedure should later be employed on the
pendulum problem. The damping is not to be studied as a parameter. It is a math-
ematical and physical way to avoid the infinite resonance and will lead to a better anal-
ysis of the localization phenomenon.

An experimental construction would complement the present research. The coupled
pendulum system is difficult to exploit because the angular displacements are laborious
to measure and the assumption of the small motion must be verified. It would be easier
to reproduce the coupled beams boundary conditions of the study. The natural fre-
quency, response and even power flow, [43] and [44], should then be obtained exper-

imentally.
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Appendix A. Closed Forms of the Series by the

Residue Method.

This method of calculus of residues is truly detailed in [40] from where the presented
material is provided. [10] gives also the closed form result for the series A.

The theory of residue is more often used to evaluate certain type of real definite in-
tegrals. The term residue is defined as follows:
Assume the function f{z) has a pole at a point a of order m. It may then be expanded
in a Laurent series.

This expansion is written:

_ A—m A—] A A n
f(Z)—m+---+ Z—a T ot AZ—a)+..+ Az —a)

The coefficient A_, is defined as the residue of the function f{z) at z=a. It is written more
simply R(a). The fundamental theorem in the calculus of residues is stated as cited in

[39] ch. 4 p 408.
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If f(z) is analytic within a region bounded by C, except for a finite number of pole, the
value of the contour integral [Rz) around C will equal 2xi times the sum of the residues of
[ at the poles enclosed by the contour.

Thus,

N
f flz)dz = 2in ) R(a,)
C =1
with N, the number of pole of f within the region and R(a,), the residue of f at point a,

Calculus of the residues
This calculus is presented for a pole of order 1, which is the case in the research
study. Therefore assume a to be a pole of order 1 of the function f{z). The expansion of

f(z) in the neighbourhood of a is:

f(z) = (ZA_—;) +Ap+A(z—a)+..+A(z—a)

This expansion can be rewritten,
z—a)fiz)=A_j+A)z—a)+..+ A (z—a)"
then in limit of z=a
R(a)=A_, =lim,_(z— a)f(2)

This method can be apply on the summation of the series of the form i u,. To

replace the contour integral in the evalution of integral, a function f is required which

have simple poles at z=n and which is bounded at infinity. One such function is
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n cot(nz) , which has simple pole at n=0, 1, 2, ... and n=-1, -2, -3, ..., each with residue
1.

Assume u, can be expressed as u(k), where the function u(z) is holomorphic except
in a finite number, N, of point a,. Considering the function f{z)= = cot(nz)u(z)
if [ _f2)dz—-0
Then

n==—00

o0 N
Y, fm)=—) R(,)
p=1

where R(a,) are the residues of #f{z) cot(nz) at the poles a, of f{z).

A.1 Application on the Series A.

Consider the following sertes:

(‘{f)

Ar= Z H(w) =EI Z B Iy,

with, k; = L w*m’

El
2 & 2_2
A= L n T
A, is obviously an infinite series with general term, u(n) A= % iu(n)
n=1
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Also u(0)=0
u(n) is an even function ,u(n) = u( —n)

Then we can write:

Z u(n) = 2Zu(n)
n=-—o00 n=1
By the residue method,
co N
> um)=— ) R(a,)
n=-—o00 p=1

where:
N is the number of poles of the function f{z).
flz) = = cot(nz)u(z)
a, are the poles of f{z).
R(a,) are the residues at the poles a,.
Before applying the method of residue, the contour integral of f{z) is checked to go to 0

when n tends to infinity.

b n2 2
f2) = ) ¢ =i k)

S __f)dz-0
The denominator of the function f{z) is: 7*z* — k¢ then there is 4 poles of order 1 since:
k4
®zt—ki=0 give =—7-z-f,—
the poles are:
: - Ik
z=F=7 z=+="

The denominator is decomposed:
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1 1
(z*2* —k%) "~ (mz +k)(nz — K,)(nz + ik, )(nz — ik;)

where i is the complex number ? = —1

the function f{z) may be written: f{z) = n cot(nz)u(z)

3
7C3 22 T 22

T (K tan(rz) | (z +K;)(7z — k;)(az + ik, )(nz — ik,) tan(nz)

flz)

The calcul of the residue at the pole z =z, is given by:

R(z) = lim, , ,,(z — 2,)f(2)

k ) .
For z, =—- the residue R, is calculated:

k
R 1'5322(2 - ",;1" )
1= M 2, tan(nz)(nz + K )(nz — k;)(nz + ik, )(nz — ik,)

I cot(k,)

Ri=% tan(k,) 4k,

-k . .
For z,= T‘, the residue R, is calculated:

k k
23z + Tl ) 7}z + —nl- )
(nz __k‘l') "~ (nz + ky)(nz — k)(nz + ik, )(nz — ik,) tan(nz)

R2 = Iimz-# Zg

1 cot(k,)

Ro= K tanky ~ 4K

Notice that R, =R,

Appendix A. Closed Forms of the Series by the Residue Method. 164



ik . .
For z,=—, the residue R, is calculated:

k
n3z2(z —1 —7—:- )

Ry =l oo Gz 7 Kz — Ky )(nz + K, )z — 1K) tan(e2)
1
Rs = 2K, itantiky)
—th
As, tan(iz) = 4
R,=——1
3= 2K, th(k,)

a real number is obtained as expected since the series is real.

_ikl
T

For z,= the residue R, is calculated:

k
R 1 7’2z + i -?1 )
4= Mo 20 (7 + K;)(nz — Ky)(mz + ik, )(nz — ik, tan(nz)

1
Rq= 4k,i tan(ik;)

) S
Ry= 4k, th(k,)
notice that R, =R,
) N
> u@)=— ) R(ag) =~ (R; + Ry + Ry + Ry) = =2(R, + Ry)
nN=-00 p=1
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n=1 n=-—o0
> u(n)=—R; — Ry
n=1

> u(n) = i (cothk,) — cot(k.))

n=1

The closed form is then:

k-l2 12 © (ITR )2 12

I = 3EIK, [coth(k;) — cot(k;)]

By the same way, for the series A,

InT \2
Pk _ves g 1
f _rz—:' Hyw)  EI ,Z_:' EL in o 2 4Bl [coth(k;) — cot(k,)]
- =l m, { g
Ld)
Wlth, k2= (EI) wzm’
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A.2 Application on the Series C

Series C can also be calculated in closed form, using the residue technique. This series
is independent of the perturbation d and the stiffness ¢ . Furthermore the series, which
is only a function of frequency, converges very rapidly by roughly the tenth term. The

series can be rewritten as,

RS (in)?

B L (i) -1, + 1,

where

_ 20’m’L?
n="El

and
4 2,2 L'
r= (o' + ') £7)
The poles of the denominator are the following eight complex numbers:
1 . 2
Z =—2—(r1 — @, —1))
and
=

1 .
= (1 +iy/ (4, = 11))

The residue method yields the closed form,
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Lej[ 'z'l]' [coth(z,) — cot(z,)] — 712— [coth(z,) — COt(Zz)]]

C=
4(EI)’\/ (dry — 1)

The complex quantity inside the brackets is a purely imaginary number. Thus, as can

also be seen in the explicit form of the series, C is a real number.
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