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ABSTRACT

Recent efforts to reduce carbon emissions have resulted in legislation requiring the decommis-

sioning of fossil fuel generation. In addition, technological advances and improved economic

viability of Wind Energy Conversion Systems (WECS). Many grids around the world have

seen a relative increase in the penetration of wind power generation [1, 2]. Though WECS

are not new, many traditional bulk power system analysis tools neglected their influence.

This was of no consequence when the production of energy by WECS was small compared to

the transmission capacity and production of energy using fossil fuels. Recent system events

have shown that neglecting WECS is not always possible [3, 4]. Research has also shown

a need for increasingly sophisticated analysis and design frameworks for WECS [4, 5, 6].

Not only are more sophisticated models required [4, 6, 7], but a larger number of scenarios

must be included in planning an operation studies [5], and increasingly sophisticated tech-

niques for analysis are required in stressed grids where the inherent nonlinear behavior of

the power system is revealed [8]. Studies have shown that transient stability analyses [9] and

traditional participation factors used for placement of power system stabilizers [8] benefit

from the inclusion of nonlinearities in the system model. The inherent nonlinear behavior of

power systems is more likely to manifest in the future as economic pressures cause the power

system to be operated closer to operational limits and environmental and legal pressures

cause the replacement of traditional synchronous generators with variable speed WECS. Fu-

ture analysis tools will enable both a wider breadth and finer detail of dynamical studies of

systems with wind farms. This work presents methods to meet both requirements. A more



computationally efficient approach for contingency screening is proposed to quickly rule out

contingencies that do not require detailed study, thus enabling the increase of number of

contingency cases considered. In addition, a small signal model composed of an arbitrary

number of individual turbines is derived and analyzed, and a nonlinear wind farm model

is constructed such that mature linear analysis tools and design technologies retain their

applicability.
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GENERAL AUDIENCE ABSTRACT

The electric power system is designed to economically and reliably transmit electricity to

homes, industry, and businesses. The economic impact of the electric grid was demonstrated

by the 2003 blackout’s visible impact in the graph of the yearly gross domestic product of the

Unites States. However, because the number of customers is so large and economies of scale

are leveraged to keep electricity prices low, utilities are strongly interconnected. Performing

comprehensive engineering analyses to ensure reliable operation is still impossible. Instead,

heuristics and safety factors are incorporated into planning processes to continually meet

demand in a way that complies with Federal regulations. As evidenced by the infrequency

of blackouts in the United States, the sophisticated planning processes have up to date

been relatively successful. However, the power system is constantly changing. Electrical

generators based on renewable energies are a beneficial addition to the grid, but these and

other technological changes like high-voltage power electronic converters also come with their

own challenges. These systems as currently employed tend to have a different impact on the

reliability of operation than traditional fossil fuel based generators. As the system changes,

so do the engineering analyses required to ensure reliable operation. In particular, the wind

energy conversion systems (WECS) negatively impact the response of the grid to disturbances

in certain ways due to inherent challenges harnessing the wind as an energy sources. These

negative impacts (and the advent of powerful personal computing) require an increase in

the sophistication of power system models. Thus, there are competing challenges: the scale

of the power system necessitates computationally efficient modeling, but the complexity of



analysis required to maintain reliable operation is also increasing. The primary aim of this

study is to develop models and methods for more detailed yet computationally manageable

simulation. To this aim, higher order linearizations and the properties of linear systems

(graph theory and linear algebra) are exploited. More specifically, this document contains

three studies. In the short term planning and situational awareness context, a method is

proposed to quickly check credible outages of important grid equipment. This methodology

enables the inspection of a wider breadth of system conditions to ameliorate the negative

impacts of the unpredictability of the wind. A linear model in the traditional sense is also

developed to model any arbitrary number of wind turbines in a wind farm. This enables

industry players to study the impacts wind turbine interaction on the dynamic stability of

the grid in response to small disturbances. Finally, a wind farm is modeled as a large matrix

to model even nonlinear behavior of wind farms. This helps industry players analyze the

impact of large disturbances on the grid.
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Chapter 1

Introduction

The electromechanical behavior of the power system is described by a system of differential

equations. These equations are nonlinear, making the dynamical analysis of power systems

difficult to break down into small pieces without simplifying assumptions.

Many of the differential equations that represent the behavior of power systems are complex

when analyzed one at a time. The swing equations that are used to study electromechanical

oscillation are linear in torques, but the electric torque of doubly-fed induction machines

is polynomial in the commonly used state variables. Transformers and generators are both

inherently nonlinear due to magnetic saturation. Generator control systems rightfully imple-

ment minimum and maximum limits on actuation, making the dynamics nonlinear in certain

regions of the state space. Capacitor banks, line switching events, and on-load tap-changing

transformers introduce discrete changes to system parameters and topology.

The power system is also highly parameterized. Both electrical demand and generator dis-

patch influence the initial conditions and thus the region in phase space in which the system

evolves. Transmission lines, capacitor banks, and generators enter and exit the system for

1



2 Chapter 1. Introduction

planned maintenance, forced outages, and in accordance with economic pressures. Along

with discreteness and nonlinearity, heavy parameterization makes general analytic proof

challenging.

The scale of the system is also large: reduced models of the Eastern Interconnection in the

United States contains tens of thousands of nodes. Thus, sparse techniques are required for

numerical computation of even linear models. Furthermore, the model would be valid for

only the given topology and prevailing operating conditions.

1.1 Managing Complexity in Power System Analysis

The complexities listed above pose challenges for the nonlinear dynamical analysis of practi-

cal power systems. Assumptions like ”all the derivatives are zero” (steady state analysis) or

”the dynamics are represented by the Jacobian of the differential equations” (linear dynam-

ics) have been applied to generate much of body of scientific knowledge about power systems

today. Industry dynamic simulation is also often performed on reduced models where the

dynamics of dozens and thousands of generators outside a certain geographical region are

modeled as a few generators connected via a tie-line.

Indeed small-signal analysis (using the Jacobian) and system reduction have enabled control

system engineers to design and test controllers that have been very effective at influencing

the behavior of the power system. Salient testimonies are power system stabilizers (PSS)

that damp inter-area oscillations, power system frequency based time keeping (requiring

60Hz operation on average), and energy markets (impossible without control of generator

real power).

Current trends in the United States include the decommissioning of traditional synchronous
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generation and increasing penetration of Wind Energy Conversion Systems (WECS). This

evolution must also be reflected in the analysis and design tools used to ensure economic

and reliable operation of the power system.

1.2 Need for Improved Wind Farm Models

The penetration of Wind Energy Conversion Systems has risen significantly in the last two

decades. Figure 1.1 shows that in the United States, net energy generation from WECS in

2018 was approximately tenfold its value in 2001.

Figure 1.1: The U.S. net generation of wind energy from 2001 to 2018 [10].

When the penetration of wind energy conversion systems in the electrical grid was small, it

is possible to neglect wind farms in some system stability studies. However as the economics

of WECS become more favorable [1], neglecting the impact of wind generation in system

stability studies degrades the accuracy of the results. Many industry applications today

already consider the impact of renewable energy systems like wind, such as light load power-

flow analysis, winter peak wind generator deliverability, generator interconnection requests,
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and reserve requirement studies [3, 16].

Due in part to benefits of economies of scale, it is common to place many wind turbines in

the same geographical area connected to the grid through the same collector system. These

wind farms have a proportionally larger influence on the local and system dynamics, and are

thus more important in power system studies than isolated wind turbines. Thus, wind farm

modeling has recently received particular attention within the WECS community.

Doubly Fed Induction Generators (DFIG) are the most popular WECS technology in the

world today because of their blend of controllability, capital-cost effectiveness, and efficiency.

It is estimated that a majority of the installed wind turbines and most future wind farms are

DFIGs [17]. The DFIG topology enables effective control strategies, as it is possible to inject

electrical signals into the rotor coils to control torque and excitation in a decoupled manner

using tractable, linear control techniques. The energy required for control can be provided by

the grid using power electronics back-to-back converters that decouple the grid electrical and

rotor mechanical frequencies. This decoupling in turn allows for rotor speed operation over

a wide range of frequencies corresponding to maximum efficiency wind energy extraction at

an equally wide range of wind speeds. Furthermore, the exploitation of the slip’s and rotor

power relationship Pr ≈ Pe enables reduction of the converter system to approximately 25%

of the power rating of the WECS generator, significantly reducing capital costs [2].

In light of the popularity of the DFIG technology and the influence of WECS on the power

system, it is important to develop accurate tools to study DFIG wind farms to ensure reliable

operation of the power system. In particular, recent catastrophic failures of DFIG wind farms

have made this clear.
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1.3 Oscillatory Events in DFIG Wind Farms around

the World

In October 2009 in southern Texas, a Sub-Synchronous Oscillation (SSO) event caused tur-

bine damage of many wind turbine generators [3]. The configuration of the affected power

systems is shown in figure 1.2. Approximately 1000MW of wind generation in the area of

Texas is connected by two 345kV transmission lines of approximately 40 miles in length each.

[3, 11]. Due to a permanent fault of one of the transmission lines, the capacitor compensation

level exceeded typical levels and rose to 75% of the transmission line length. sub-synchronous

resonance of the transmission line (effectively an RLC circuit) and the DFIG induction ma-

chine and control circuitry ensued. The basic taxonomy of sub-synchronous resonance is

detailed in [18, 19].

The disturbance and subsequent radial connection of the wind farm with the series capac-

itor on the remaining 345kV line to Rio Hondo created sub-synchronous currents at 22Hz.

The magnitude of these sub-synchronous currents increased to 4 per unit in one second,

and system voltages rose to 2 per unit. After approximately three seconds, the capacitor

experienced a failure that caused its removal from service, and the event ended [11].

The challenge was described as a combination of poor modeling and complex interaction

between the institutions involved [11]. The entities commonly involved are the Independent

System Operator (ISO), the generating company, and the wind turbine vendor. The ISO

performs a wide range of generator interconnection studies before permitting generators to

connect to the grid. Unfortunately, the models used by the ISO did not contain the correct

details to predict the SSO event witnessed. Part of the challenge is that detailed models

created by the vendor are typically proprietary. The vendor didn’t recognize the possibility

of SSO events. Finally, the utility did not independently perform EMTP studies. Since
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Figure 1.2: ERCOT Southern region power system one line diagram displaying the DFIG
wind farms (mid right), the 345kV connection to the load centers, and the approximate
location of the fixed series capacitor. The total DFIG generating capacity is approximately
1000MW [11].
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Figure 1.3: Series compensation is applied on many transmission lines in ERCOT’s Com-
petitive Renewable Energy Zone [12].

the event, practices for identifying SSO that meet model availability constraints (sometimes

requiring a third party run studies under a Non-Disclosure Agreement, or NDA, with the

vendor) have matured significantly [12, 19, 20].

In December 2012 in Hebei Province, China, an SSO event caused many local DFIG wind

energy conversion systems to sustain damage and trip offline. The system is shown in

figure 1.4. In the area, more than 3000MW of installed capacity of DFIG wind farms are

scattered throughout a remote area are tied to the grid with long Extra-High Voltage (EHV)

transmission lines [4]. For economic and stability reasons, fixed capacitor series are installed

on the 500kV lines.

According to data captured by a fault recorder, sub-synchronous currents on a 220kV line

exhibited magnitudes comparable to the fundamental and endured for more than 6 minutes.
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Figure 1.4: Hebei, North China power system one-line diagram displaying the DFIG wind
farms, the 220kV system, and the 500kV system with fixed series capacitor compensation.
The total DFIG generating capacity exceeds 3000MW [4].

The total duration of the event is unknown (for lack of equipment dedicated to detecting and

measuring SSO), but the event may have lasted more than 10 minutes. The sub-synchronous

currents displayed a range of frequencies from roughly 6.2Hz to 7.6Hz over the event in

correspondence to the tripping of wind turbines by their generator protection equipment.

Figure 1.5 shows currents and frequency data from the event [4].

Figure 1.5: (a) The fundamental and sub-synchronous frequency components of a 220kV
RMS line current near the DFIG wind farms; (b) the frequency of the sub-synchronous
current over the event. Data extracted from fault recorder [4].

Several events occurred afterwards, with the frequencies typically ranging from 6 to 8Hz.
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As of 2015, ranges of frequencies observed during a single event had not been explained in

the literature. The temporary solution was to bypass the series capacitor compensating the

long 500kV transmission lines. It was noted in [4] that these SSR events usually occur when

there is a decreasing trend in wind power output, and the power output is within the range

100-300MW. From the data, available in [4], it is unclear whether these two conditions are

required for SSR to occur.

This resonance phenomenon is approximately linear in nature, yet was evidently unexpected

enough to result in significant economic damage and degradation of system reliability through

loss of generation.

1.4 Capacitor Compensation of Transmission Lines

The sub-synchronous resonance of DFIG wind farms is directly linked to the capacitor com-

pensation level of the transmission lines. However, wind farms are often geographically

distant from load centers and connected by long transmission lines to the rest of the power

system. It is not always practical for economic and stability reasons to avoid capacitor

compensation.

The power supplied to customers is paid on a per-megawatt-hour basis; the more power

supplied, the more money earned by the generator. However, the transmission system con-

strains the amount of power that can be supplied to customers. For short transmission lines,

constraints on the total power flow are thermal in nature. In contrast, long transmission

lines, are constrained primarily by voltage regulation [21, 22]. In either case, the limitation

on power delivered to customer impacts the profit of the generating entity.

Adding a series capacitor to a transmission line to improve the voltage regulation of the
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transmission system can increase profit in some circumstances. The series capacitor reduces

the transmission line’s effective series inductance, thus improving the voltage regulation.

For long transmission lines on which high loading is desirable, series capacitors can both

be a wise economic investment and a means to prevent operation near the point of voltage

collapse [23].

1.5 The Role of Power System Nonlinear Analysis

In [8] it is show that linearization is less valid as the power system becomes more stressed.

A particularly clear motivation is shown in [9] in which progressive increases in fault clear-

ing time are used to depict how trajectories generated by different models are increasingly

different. One concern arising from the replacement of traditional generation with wind and

solar energy conversion systems is that the lower the inertia of generators with synchroniz-

ing torques in the system, the larger the frequency excursion from the nominal value [24].

As situational awareness improves through better measurement and analysis technologies,

heavier loading reveals the the nonlinear behavior of the system [9].

Two sets of forces incentivize the power system to be operated such that its nonlinear be-

havior is observed: technology and economic forces, and political and social forces. On the

one hand, measurement and analysis technologies are ever improving, providing means to

safely operate the power system under more stressed conditions. Doing so is economically

favorable because more energy can be sold with lower infrastructure costs. In turn, the util-

ities can increase their profit margins in a period of rapid change during which utilities have

struggled economically (customer owned rooftop solar is challenging to profit from) [25]. On

the other hand, interest in reducing pollutants and policy requiring the decommissioning of

coal plants coupled with positive social impact of ”going green” are causing the decrease in
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inertia of synchronous generators in the power system. This in turn increases the maximum

difference in states from their values at the steady state equilibrium point [8, 24, 26].

Figure 1.6: The power system nonlinearities depicted in the response of a generator’s rotor
angle relative to the swing bus vs time for many different bus fault clearing times and many
different power system model complexities (modified from [9]).

For the bulk power system, a straightforward example of nonlinear behavior can be seen in

traditional transient stability analysis. As the clearing time of a fault at the terminals of

a synchronous machine increases, so does the energy injected into the system. The longer

the generator cannot transmit power into the system, the more kinetic energy gets stored

from the energy injected by the fuel source. In turn, the rotor angle, which relates to the

electrical power through a sine function, deviate from the original steady state values. Very

small clearing times correspond to small energy injections and therefore small perturbations

of the synchronous machine rotor angle (where linear approximation of sine have acceptable

accuracy). Long clearing times correspond to large perturbations: the longer the clearing

time, the more nonlinear the rotor angle dynamics. If such a system were linear first swing
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stability would be a sufficient condition for stability (unless the damping is negative). A

specific example can be seen in [9] chapter 3, reproduced here in figure 1.6.

From a dynamics perspective, (1) incremental increases in synchronous machine mechanical

power over a long time would also be equivalent to (2) the sum of those increases in mechan-

ical power imparted instantaneously. It is understood that the theoretical stability limit (1)

is not the same as the practical stability limit (2).

Papers [8] and [27] help further illuminate the practical need for considering the nonlinear

dynamics of power systems. They show that power system stabilizers (PSS) placed based

on traditional small-signal stability analysis has inferior effectiveness compared with those

placed using stability models which incorporate higher order nonlinear terms. Not only is

performance worse in a relative sense, the PSS placed in the wrong area actually decreased

the damping of some modes for which it was designed compared with the same power system

without any PSS.

The PSS placement case study illuminates two main aspects of nonlinear analysis: (1) non-

linear phenomena have practical significance for inter-area low-frequency oscillations; and

(2) nonlinear analysis of power systems can be profitable without requiring other significant

utility changes such as transition to nonlinear controllers. Because of these two aspects, new

results in nonlinear dynamics can immediately be applied by industry to augment traditional

approaches of analysis and control of inter-area oscillations.

Though traditional linearization techniques have been successfully applied to the power

system of the past, it is likely that nonlinear techniques will increasingly gain traction.
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1.6 Role of Steady State Analysis

In the electric power industry, short-term system analyses are performed at regular intervals

to provide situational awareness and attempt to keep the system robust against all manner

of disturbances including loss of generation, line outages, capacitor bank switching events,

and changes in load. These system events are known as contingencies, and this process of

identifying system vulnerabilities due to these events is known as contingency analysis.

The complexity and scale of the system makes exhaustive simulation of faults impossible, so

studies on only a pre-compiled short list of large events are possible. However, the ranking

of disturbances by system impact is also influenced by the system topology, electric demand,

and generator dispatch. The scale of the power system prevents a pre-compiled list to be

created for every possible operating condition, implying that the list does not necessarily

contain only faults that will cause a large disturbance in the grid at that time.

It is thus necessary to filter out the disturbances for which dynamic instability is highly

unlikely with a fast computational method. This process is known as contingency screening.

The faster the contingency screening, the longer the pre-compiled list of contingencies can

be and the more confident operators can be that the service of load continue in the near

future.

The increased penetration of wind farms and their inherently variable power output only

increase the need for testing more contingencies. Unlike traditional generators whose pri-

mary mechanism of unexpected failure to meet scheduled dispatch is a relatively low ”forced

outage rate” (essentially a probability of breaking), the power output of wind farm fluctuates

constantly. There are even times when gusts of wind or sudden stops (referred to as a high

ramp rate in wind energy) has caused operators to declare a state of emergency [28]. From

a contingency analysis point of view, as WECS increase in penetration, the possibly severe
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contingencies grow too.

Linear, steady state computational methods are faster than nonlinear and dynamical ones

because there are more assumptions and mathematical properties to exploit. Thus, contin-

gency screening methods tend to rely heavily on linearization and graph theory. Chapter 2

details how properties of certain power system contingencies can be leveraged to increase the

numerical efficiency of state of the art contingency screening algorithms to help, for example,

accommodate higher penetrations of WECS.



Chapter 2

Fast Contingency Analysis using

Graph Theory

As the power system evolves and is operated closer to its operational limits and penetration

of WECS increase, accurate and real-time contingency analysis becomes more critical. The

speed of power flow calculation is a limiting factor of contingency analysis real-time appli-

cations. In this chapter, graph theory and NICSLU, a state-of-the-art sparse and parallel

circuit solver, are used to analyze how post-contingency power flows can be solved more

quickly. Graph theory is used to show that the base case symbolic factorization can be

reused to solve contingency cases. Statistical analysis demonstrates that this method is

preferable to recomputing or updating the symbolic factorization for contingencies involving

few branch elements. Experimental results on Sichuan and MP10790 systems show that

symbolic factorization reuse greatly reduces computation time [29].

15
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2.1 Contingency Analysis

Contingency analysis is a process used to identify transmission insecurities in the current

system configuration and operation. During contingency analysis, a power flow base case is

updated to reflect a pre-selected contingencies comprising one or several localized transmis-

sion equipment outages. During a screening phase, the linearized DC power flow is computed

to select potential harmful contingencies. Should any of the contingency case power flows

reveal a potential violation of operating constraints, detailed AC power flow analysis is per-

formed.

Historically, computational power was limited and only a few worst-case scenarios could

be analyzed. Then, as computers emerged, power flow analysis on practical system mod-

els became possible. NERC issued a required that systems continuously be N-1 secure, in

other words, that the system can maintain service without operational constraint violations

with the loss of one (group of) transmission element(s) such as a generator or transmission

corridor. This large task was made computationally tractable for real-time applications by

carefully selecting a short-list of contingencies be analyzed. As the power system evolves

with the high penetration of uncertain renewable energy conversion systems and equipment

is operated closer to their operational limits, the computation requirement to perform ap-

propriate security assessment increases. For example, contingency lists have been expanded

to include some N-1-1 and N-x category contingencies. Speed of power flow computations is

still an important factor influencing how fast real-time security assessment can be.

State of the art contingency analyses leverage computational techniques like graph theory

and parallel computing to further shorten the analysis time. For example, during DC con-

tingency screening, the power flow admittance matrix is factorized in parallel via Cholesky

decomposition into two triangular matrices that are used to solve for the power flow states
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quickly. Sparse and parallel solvers like NICSLU (which has been found by Pacific Northwest

National Lab to be among the fastest solvers for State Estimation [30]) and SuiteSparse’s

CHOLMOD [31] solve systems of equations in parallel. Another popular method is to exploit

the base case solution and convenient structure of transmission line and generator outages

to quickly update the base case solution. One such solver is AMPS [32] which has been

shown to be very competitive, especially on large systems and contingencies with many el-

ement outages. However, [32] does not consider using the same symbolic factorization for

contingency cases.

In this work, NICSLU is modified to provide the option of re-using the base case symbolic

factorization to re-compute the power flow. Novel analysis performed on the number of

non-zero elements (NNZ) in the sparse matrix factorizations suggests there is no significant

reason not to reuse the symbolic factorization of the base case. This can save significant

computation time for each contingency case. Theory proving reuse of the base case symbolic

factorization is mathematically sound for typical contingencies is presented (though the

theory existed earlier).

In section 2.2, NICSLU’s method for solving power flows is introduced. In section 2.3,

theory is explained and a proof of the proposed contingency case solution methodology is

presented. In section 2.4, statistical analysis is performed on the prospective reduction in

computation time given an update to the factorization. Results therein demonstrate that

the proposed methodology is advantageous. In section 2.5, experimental results demonstrate

that contingency power flow solution time can be greatly reduced. Finally, in section 2.6 the

work is summarized and implications are discussed.
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2.2 NICSLU and Symbolic Factorization

The process of state-of-the-art large, sparse, and linear solvers like NICSLU is complex as

they leverage the structure of the problem of interest as they promote parallel computation.

One of the key steps of the parallel computation is the symbolic factorization. In this section,

an overview of the NICSLU is presented with a focus on symbolic factorization.

The basic steps NICSLU to solve a linear system like the linearized power flow are pre-

processing, symbolic factorization, numeric factorization, and triangular solves. As numeric

factorization is theoretically the most computationally expensive step in general large sparse

systems, the primary intent of NICSLU’s preceding steps is to reduce the computation time

of the numeric factorization step. Note that NICSLU performs symbolic factorization which

is symmetric for general matrices as shown in Eq. (2.1) [33].

A = LLT (2.1)

The symbolic factorization of A, denoted L, is essentially two sets whose elements are co-

ordinates in factors L at which values are non-zero. The specific values of A are not used.

With the symbolic factorization, the scheduling of parallel factorization algorithms can be

performed [33].

Symbolic factorization is practical for two reasons. First, it enables the leveraging of sparsity

of the factorized matrix promoted by the AMD algorithm during pre-processing; it enables

the numeric factorization to skip all computation associated with zero-elements of the fac-

torized matrices. Second, the dependencies discovered can be used to parallelize the numeric

factorization [33] via what are known as elimination trees. For more information about the

theory, please see [34].
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According to experiments using NICSLU for linearized power flow calculation, symbolic fac-

torization can take approximately 60 percent of the total factorization time for the MP10790

system and extensions of that system created by connecting 10, 100, and 160 MP10790 bus

systems together. Results of the experiment are shown in Fig. 2.1. The MP10790 system

was created by connecting MATPOWER’s case3012wp and case2383wp systems together

[35]. Accordingly, this work focuses on reducing runtime for symbolic factorization during

contingency analysis.

Figure 2.1: Symbolic and numeric factorization times of DC power flow admittance matrix
as percent of total factorization time (2 threads).

Numeric factorization and triangular solution involve the computation of the numeric values

of L in Eq. (2.1) and the solution of the following two (triangular) equations (2.2) to compute

x, the power flow solution [33].

Ly = b

LTx = y

(2.2)

2.3 Leveraging Graph Theory

In general, contingencies involve a change in equipment. The premise of existing industry

methods that use the (linearized) DC power flow is that the post-contingency system state
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is similar to the base case. This section demonstrates graph theory to take advantage of this

insight to solve contingency power flows quickly. A basic proof of the proposed contingency

case solution method is detailed in theorem 2.3.

Graph theoretic background for matrix factorization stems from the study of Gaussian Elim-

ination. Gaussian Elimination performed on a system of linear equations (in matrix form)

was shown to be mathematically equivalent to an elimination game performed on the graph

representation of the matrix (referred to herein as G(A)) whose nodes represent diagonal

elements of the matrix (power system buses) and whose edges represent the non-zero off-

diagonal elements. In elimination games, the numbering of nodes of the graph represents the

order of elimination of the variables in the system of equations. Furthermore, it was shown

that eliminating a variable is analogous to connecting all of the neighbors of that node, and

then removing the node [36]. That process introduces so called fill in elements connected

by fill paths [37]. This fill-in phenomenon also implies dependencies among columns of the

factorized matrices, i.e. some columns must be computed before others can be [34]. The

concept of fill paths and dependency are used to explain the proof of interest utilizing only

graph structure.

Hereafter let L be the Cholesky factor of the pre-processed bus admittance matrix of the

contingency analysis base case Y p
bus such that Y p

bus = LLT and let L′ be its counterpart in

any contingency case. See section 2.2 for notes about the Cholesky Factorization.

The following definition 2.1 reproduced from [38] will be integral to the theorem 2.3. Exam-

ples can be seen in Fig. 2.2.

Definition 2.1. A fill path joining vertices i and j is a path in the original graph G(A)

between vertices i and j whose interior vertices are numbered lower than both i and j.

In Fig. 2.2, two example fill paths are indicated by orange arrows.
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Figure 2.2: Example Fill Paths.

The following theorem 2.2 reproduced from [38] will be the basis of the proof of theorem 2.3.

Theorem 2.2. The edge (i, j) is an edge in the filled graph if and only if a fill path joins

the vertices i and j in the original graph G(A).

The filled graph represents the L Cholesky factor, and the original graph represents the bus

admittance matrix.

An example of how contingencies impact fill paths; and therefore, how contingencies impact

elements of the factorized matrices is shown in Fig. 2.3.

Figure 2.3: Some fill paths change during contingencies.

In Fig. 2.3, the fill path from 3 to 6 in Fig. 2.2 is removed after the contingency on the

branch between buses (nodes) 3 and 6. However, a fill path still exists between 5 and 6. In

terms of the L′, elements (6, 4) and would become zero elements (but were non-zero in the

base case).
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Theorem 2.3. Let A be the power system admittance matrix with graph G(A). If zero or

more branches in G(A) are removed to produce A′ and G(A′), then the symbolic factorization

L of A is a superset of L′ of A′, i.e. L ⊇ L′.

The proof that the non-zero pattern of the base case factorized matrices can be reused for

contingency case’s follows directly from theorem 2.3 and the definition of a path. Removing

a branch element can not create new paths of any kind, and so it cannot create new fill

paths. In turn, no new non-zero elements can be introduced in L′. This ends the proof.

This result is intuitive considering the LU factorization in terms of dependency of equations

and variables. In this context, the result means that removing transmission lines cannot

increase the dependencies between nodes during factorization. There is only potential to

reduce dependencies. This perspective also lends insight to why the key assumption described

below is necessary to ensure no new non-zeros are introduced to L′.

Theorem 2.3 is promising because reuse of the symbolic factorization does not influence

solution accuracy but contributes significantly to the total power flow computation time (as

seen in section 2.2). The theorem also implies that the same pre-processing be used, though

the contribution of pre-processing to the total runtime is less significant.

The key assumption about the contingencies is that there are no new branch elements be put

in service during a contingency (for example, via remedial action scheme). This no-branches-

added stipulation could prevent practical use in distribution system where the introduction

of new lines to re-route flows occurs in a majority of interesting contingencies.

The drawback to this approach is that the base case symbolic factorization must overestimate

the dependencies in the contingency case factorization. This means both that some zero

elements are computed explicitly during numeric factorization (a waste of time) and some

potential parallelism is not exploited. In the next section, an analysis is performed to describe
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the benefit of theorem 2.3 in terms of NNZ in the factorized bus-admittance matrix.

2.4 Statistical Analysis to Motivate Algorithm

The primary utility of theorem 2.3 is that the symbolic factorization of the base case (at-

tained at significant computational effort) can be reused without modification in each of the

contingency cases that do not introduce new branches into the power system. Reuse has

complexity O(0). This section analyses whether or not this insight is practically useful.

Unfortunately, a reduction in computation time is not guaranteed. On the one hand, sym-

bolic refactorization (not leveraging theorem 2.3) to reflect the least possible dependency in

the factorization may reduce the number of matrix elements that must be computed during

numerical factorization and triangular solution. Refactorization is complexity O(NNZ) or

smaller if only part of the elimination tree is traversed. On the other hand, it is possible

the symbolic factorization does not change or more generally that the refactorization time

exceeds the time saved in numerical factorization and triangular solution.

To analyze the algorithmic options, ideally all possible contingencies would be counted.

However, the number of N-1-1 and N-x contingencies that exist in a large system make

this method impractical. For practical purposes, the NNZ for all N-1 contingency cases

not resulting in multiple disjoint graphs are collected on the Sichuan and MP10790 power

systems. The Sichuan system has 1120 buses, 3185 branches, and about 10000 non-zeros

in the (numerically) factorized matrices. The MP10790 system has 10790 buses, 12940

branches, and about 67000 non-zeros in the factorized matrices. The results are shown

below.

In both Fig. 2.4 and Fig. 2.5, the graphs are histograms with (NNZ of the base case) - (NNZ
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Figure 2.4: Histogram of reduction in NNZ reusing pre-processing for Sichuan system.

Figure 2.5: Histogram of reduction in NNZ reusing pre-processing for aggregated MP10790.

of the contingency case) on the x-axis and the number of contingencies that result in that

difference on the y-axis. Note that the magnitudes of the reduction in number of non-zeros

is a maximum of 20 (about .2% of the total) in the case of the Sichuan system and about

40 (about 0.06% of the total) in the case of the MP10790 bus system. These maximum

reductions are insignificant in both systems, and by visual inspection, the median reductions

are much smaller. This means the prospective flops saved by leveraging that extra sparsity is

not significant. Even contingencies involving a few branches should not significantly decrease

the NNZ.

According to theorem 2.3, all of the numbers in the histograms in Fig. 2.4 and Fig. 2.5 should

be positive. The contingency cases that result in an increase in the number of non-zeros

involved permutation of the matrix during factorization for numeric stability (see [33] for

more details). As matrix ordering can have a large impact on the sparsity of the factorization



2.5. Timing Results for Case Studies 25

[39], this result is not unexpected.

A flowchart depicting the algorithm is shown in Fig. 2.6. The algorithm starts with a

contingency analysis base case solution by NICSLU including the symbolic factorization

(including the elimination tree, etc.), and proceeds to create the contingency system with

the same bus ordering as the pre-processed base case. If the proposed method is chosen, the

base case symbolic factorization is used without modification for every contingency case not

introducing a new branch element. Otherwise, a symbolic factorization or refactorization

(see [38, 40]) is performed. Afterwards, numeric factorization and triangular solution are

unconditionally performed.

Figure 2.6: Flowchart of the Contingency Case Power Flow Solution with NICSLU depicting
proposed re-usage of base case symbolic factorization O(0) and state of the art symbolic
refactorization O(nnz).

2.5 Timing Results for Case Studies

In this section, runtimes for Sichuan and MP10790 system contingency cases are collected and

displayed. The Sichuan system has 1120 buses, 3185 branches, and about 10000 nonzeros

in the (numerically) factorized matrices. The MP10790 system has 10790 buses, 12940



26 Chapter 2. Fast Contingency Analysis using Graph Theory

branches, and about 67000 nonzeros in the factorized matrices. The MP10790 system is made

by assembling two of each of MATPOWER case3012wp and case2383wp systems together

[35].

The collection of runtimes was performed as follows. For both systems, the base case power

flow was solved and its symbolic factorization and pre-processing data stored. Then, ten

contingency case power flow were solved for each system by each of two means: (1) performing

the symbolic factorization anew and (2) reusing the base case symbolic factorization (as

shown in figure 2.6). The runtimes collected are shown in Fig. 2.7. The same numeric

factorization and triangular solution processes follow in both cases.

Figure 2.7: Runtimes (in microseconds) collected for Sichuan and MP10790 contingency
cases using NICSLU configured to use 12 threads. Average runtimes of 10 contingency cases
computed shown.

It can be seen from Fig. 2.7 using equation (2.3) that reusing the symbolic factorization

decreases runtime by 38.5% on the Sichuan system and 38.9% on the MP10790 system. The

reduction is considerable because the symbolic factorization accounts for a large portion of

the power flow solution time (see Fig. 2.1) and the pre-processing is also reused.

refactorization− reuse

refactorization
· 100% (2.3)

The proposed methodology not only simplifies the contingency case power flow solution

algorithmically, it significantly decreases the total runtime.
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2.6 Conclusions

In this chapter, symbolic factorization is discussed in the context of contingency analysis

using the sparse and parallel solver NICSLU. Experiments presented herein demonstrate that

the symbolic factorization can account for 60% of the total factorization time during power

flow computation, and that reuse of the base case symbolic factorization in contingency cases

can decrease the solution time by approximately 38%. Graph theory described herein proves

the soundness of symbolic factorization reuse by showing that no new non-zero entries will be

introduced to the factorized, post-contingency admittance matrix under the assumption that

no remedial action schemes connect additional transmission lines into the system. Statistical

experiments on real systems show non-zero reduction by refactorization is less than 1% of

the total non-zeros in all of the N-1 contingency cases. With this approach, it is possible in

a short-term planning context to ameliorate the negative impacts of increased uncertainty

due to an increase in the penetration of WECS by increasing the breadth of contingencies

screened for closer study [29].



Chapter 3

Dynamic Modeling of DFIG Wind

Farms

This chapter describes the model to be used in the studies in chapters 4 and 5.

The most popular WECS technology today is the Doubly-Fed Induction Generator (DFIG),

Type-3 system. Utilizing an asynchronous machine enables more efficient collection of wind

energy over wider range of wind speeds, and partially rated current-vector controller tech-

nology enables the inexpensive and effective independent control of real power output and

bus voltage. DFIGs combine the control benefits of full back-to-back conversion (Type-4),

but use a back to back converter system with only a fraction of the rating. Estimates are

that a majority of all installed WECS are and most future wind farms will be DFIGs [17].

SSO Studies

In 2009, ERCOT did not have models with enough detail to perform sub-synchronous os-

cillation studies involving DFIG wind farms. One obstacle causing this is that ISOs, as an

28
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impartial judges and administrators of the market, are not allowed to have proprietary mod-

els from vendors [3]. For this and other reasons, coordination between the various players is

now known to be necessary [20].

ERCOT suggests screening studies to be used on detailed dynamical models to evaluate

whether the slope in equivalent impedance, as seen from the grid looking into the wind farm,

versus the frequency is negative. This is motivated by induction generator effect (due to

negative slip) as explained in [18]. If the slope is negative, ERCOT may elect to require the

wind farm hire a third-party to perform a detailed study. The third-party would have a non-

disclosure agreement with the vendor so that an accurate model may be attained without

requiring proprietary information be provided to generators and ERCOT [3].

Mitigation comes in the form of structural, procedural, and protection. Procedural implies

avoiding certain operating conditions (e.g. by carefully scheduling maintenance outages).

Structural changes involve redesign of the interconnecting entity (control systems or genera-

tor and shaft system, filter implementation). For new series capacitors, thyristor-controlled

capacitors are suggested. Protection refers to installing relays to coordinate with breakers

to bypass the capacitor when SSO are detected [12].

Bypassing the series capacitor effectively mitigates risk of SSO events, but negatively affects

system operation in other ways [12]. Changes in bus voltages by as much as 3% are possible,

and voltage stability limit may become the main factor limiting transmission. Due to these

effects, bypassing the series capacitor is used as a mitigation strategy mainly when risk of

SSO is high.

Recently, a four stage SSO Risk Assessment methodology was developed for use by ER-

COT [12]. The four stages are: (1) topology test; (2) grid-side frequency scan; (3) power

flow test; and (4) detailed study or mitigation. The topology test discovers the number of
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contingencies required to place the generation in a radial configuration to a line with series

capacitor compensation. If the number of contingencies is ten or less, frequency scanning

commences. A variable frequency source is connected to the terminals of the model of the

generating facility, and subsynchronous frequencies are scanned with configurations of six

or fewer simultaneous contingencies. If there is risk, such as described in [3], a power flow

is run to determine if that operation condition is a credible one[12]. In particular, power

flow cases that don’t converge or only converge with many overloads are not considered a

reasonable operating condition about which planning efforts should be focused. If the oper-

ating condition is indeed credible, a detailed study by a third party shall be contracted as

mentioned in [3].

A detailed yet open source model of generic DFIG wind farms available to all industry players

could improve analysis and communication of results in the process of SSR mitigation.

3.1 Modeling of DFIG Wind Farms

The simplest case to study subsynchronous resonance is the IEEE SSR Benchmark, which

consists of a single machine connected through a transmission line to an infinite bus [41, 42].

This case, though simple, clearly depicts the resonance phenomenon between DFIG WECS

and series compensated transmission lines. This test system involves lumping (aggregating)

all of the DFIG WECS into a single equivalent WTG, as is shown in figure 3.1. The wind

farm is modeled as a single DFIG Wind turbine generator (WTG) with five subcomponents.

The subcomponents are the turbine-shaft system, the doubly-fed induction generator, the

rotor-side converter (RSC), grid-side converter (GSC), and the filter capacitor between the

two converters. The external system is an infinite bus connected to the wind farm via a fixed

series capacitor (FSC) compensated transmission line.
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Figure 3.1: The common wind farm lumped model [13].

This section described the system reference frame, the model of each component in the

system, the total system equations for a single DFIG WECS and how to adjust a single

WECS to represent a whole wind farm using the lumped model assumption.

Reference Frame

Before a consistent description of each of the subsystems can be developed, it is necessary

to establish the reference frame in which all electrical equations will be written. As is

typical in power system dynamic analysis, the entire model is converted to a synchronously

rotating reference frame in order to remove the time dependence of the inductances in the

electric machine. Choosing a synchronously rotating reference frame enables the numerical

computation of trajectories by efficient solvers.

A machine rotor angle reference is chosen (as 0 degrees), and all other machine angles in

the system are interpreted as angular differences with respect to the reference angle. In this

work as is typical in the power system dynamic literature, the reference machine is chosen

as the infinite-bus.

The system reference frame used in this work is the same as that of Krause [43]. It is chosen

so that the q-axis leads the d-axis by ninety degrees, and the stator magnetic field coincides

with the q-axis. In other words, all of the stator voltage is in the q-axis direction. As in



32 Chapter 3. Dynamic Modeling of DFIG Wind Farms

Krause, the coefficient of the transformation matrix is 2/3 to ensure that the transformation

between abc and dq0 reference frames are power invariant. See chapter three of [43] for

derivations.

A similar reference frame is adopted to simplify the design of the control systems for the

rotor-side and grid-side converters. The controller is implemented in a reference frame such

that the d-axis voltage at the stator node is zero. Writing the equations for real and reactive

power at the stator node[2] illuminates an important simplifying aspect of this choice of

reference frame which is employed when solving the initial conditions of the system [13].

P =
3

2
(vqsiqs + vdsids) =

3

2
vqsiqs

Q =
3

2
(vqsids − vdsiqs) =

3

2
vdsiqs

(3.1)

Power system voltages (in the steady state) are not allowed to deviate significantly from

their rated voltage, so the above equations imply that the real-power control objectives can

be met with the q-axis stator current, and reactive-power objectives with the d-axis stator

current. Specifics of the controller design are described in section 3.2.3.

The angle required to convert the system variables to this reference frame is in practice most

commonly obtained via an encoder on the rotor [2] (page 309).

3.2 DFIG WECS Subsystems

In this study, a model similar to the SSO benchmark system is used [41]; but, as in [13] and

[44] the synchronous machine is replaced with a DFIG wind farm. The DFIG wind farm

is composed of the 5 subsystems explained below. The external system represented by the

capacitor compensated transmission line connected to an infinite bus is also described. This
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model is relatively high order compared with other models such as those used in [6, 45], but

this model represents the back to back controller as an ideal control system. This is known

as the averaged converter model.

The DFIG wind farm can be broken down into the following major subsystems.

• Turbine Shaft

• DC-Link (of the control systems)

• Induction Machine

• Grid-Side Converter (GSC)

• Rotor-Side Converter (RSC)

The inputs are as follows. The state vdc is the voltage across the DC capacitor between the

converters, vs is the stator voltage magnitude, and the rest contain a q or d subscript repre-

senting the q- or d-axis and one or more following subscripts representing which component

they belong to. Tw is the torque resulting from the wind incident on the turbine blades.

Table 3.1 shows a list the inputs to each subsystem.

Table 3.1: Inputs to Major Subsystems in the DFIG WECS model

Subsystem Inputs
Turbine Tw;Te : iqr, iqs, idr, ids
DC-Link Prsc : iqr, idr, vqrsc, vdrsc;Pgsc : iqs, ids, iql, idl, vqgsc, vdgsc
I.M. vqs; vds; v0s; vqr; vdr; v0r,
GSC vdc; vs [vqs : vqg, ids, idl; vds : vdg, iql, iqs]
RSC Te : iqr, iqs, idr, ids;Qs : ids, iqs, idl, iql, vqgsc, vdgsc
T-Line vqs; vds;Eq;Ed

1 DFIG System Turb: Tw; Line: Eq, Ed.
N DFIG System Turb: Tw; DC-Link, GSC, RSC idq line; IM, GSC vdq stator

Each subsystem is explained in more detail in the following sections.
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3.2.1 Shaft-Turbine System

Subsynchronous oscillations have been known to excite turbine-shaft modes, a phenomenon

called ”torsional interaction” [18]. The excitation of these modes results in increasingly

large swings in rotor angle and speed. In past SSR events, the excitation of torsional modes

resulted in catastrophic shaft failure [46], but torsional interaction of any intensity diminishes

the life of the shaft system [18].

It not possible to represent torsional interaction by modeling the drive-train as one lumped-

mass in a linearized model. This has been identified theoretically [47] and experimentally

[7]. Thus, a second or higher order model is necessary. A second order turbine-shaft model

has been successfully applied to the study of real system events [4]. To avoid unnecessary

complexity, a second order shaft model is used in this work.

The two mass system models the low-speed turbine as well as the high-speed generator

shafts. The masses correspond to the turbine blades and the generator’s rotor respectively.

The term lumped refers to the fact that only the stiffness and damper coefficients of the

shaft-coupling system (gearbox) are non-zero [48]. In other words, the elasticity requisite to

torsional oscillatory modes originates from the gearbox.

The shaft system is represented as a linear system of equations in which the states are the

internal torque, the speed of rotation of the turbine system (referred to the generator side of

the gearbox) and the speed of rotation of the generator rotor. The equations are as shown

below [7].

2Ht
dωt

dt
= −Dtωt −Dtg(ωt − ωr)− Ttg + Tm

2Hg
dωr

dt
= −Dgωr +Dtg(ωt − ωr) + Ttg − Te

dTtg

dt
= Ktg(ωt − ωr)

(3.2)
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The mechanical torque is a function of the wind speed, and the electrical torque is a function

of the machine currents as shown below. XM is the mutual reactance that models the flux

linking stator and rotor circuits (in contrast with the leakage reactances).

Te =
XM

2
(iqsidr − idsiqr) (3.3)

Excluding Te, the two-mass shaft system is already linear (the internal torque Ttg is a state).

Therefore, both equations may be linearized in terms of states by substituting the electrical

torque Te with the following equation [13]. Deviations are preceded with a 4 and initial

conditions are indicated with a trailing 0 subscript.

Te =
XM

2
[iqs04idr − ids04iqr − iqr04ids] (3.4)

3.2.2 Induction Machine

The Doubly-Fed Induction Generator (DFIG) converts the input wind energy (in mechanical

form) to electrical energy at the stator. In addition, unlike squirrel cage induction machines,

power is also transferred in and out of the machine via the rotor (hence the modifier ”Doubly-

Fed”). As an induction generator, this subsystem is involved in IGE.

A DFIG’s rotor circuit is three-phase and has leads that connect to back-to-back, inverter-

rectifier power electronics that control the rotor voltages [49]. These power electronics pre-

vent the production of electrical and mechanical quantities with undesired frequencies by

quickly adjusting the voltage magnitude and current frequency in accordance with the slip

[2]. These power electronic systems are called the Rotor-Side Converter, and through the

DFIG they too influence SSR phenomena [44].
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The small signal model exists in matrix form in the literature. Because the three-phase

DFIG is fundamentally two sets of three physical coils (RL circuits), it can be represented

by a sixth-order system of differential equations. See Krause for a detailed treatment and

Fan for the state-space representation used in this work [43, 50]. In this work as in [50], the

induction machine is modeled using currents as the state variables and voltages as inputs.

F =



Rs
ωe

ωbase
Xss 0 0 ωe

ωbase
XM 0

− ωe

ωbase
Xss Rs 0 − ωe

ωbase
XM 0 0

0 0 Rs 0 0 0

0 ωe−ωr

ωbase
XM 0 Rr

ωe−ωr

ωbase
Xrr 0

−ωe−ωr

ωbase
XM 0 0 −ωe−ωr

ωbase
Xrr Rr 0

0 0 0 0 0 Rr


(3.5)

G =



Xss 0 0 XM 0 0

0 Xss 0 0 XM 0

0 0 Xls 0 0 0

XM 0 0 Xrr 0 0

0 XM 0 0 Xrr 0

0 0 0 0 0 Xlr


(3.6)

The system of first-order differential equations then becomes
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

˙iqs

˙ids

˙i0s

˙iqr

˙idr

˙i0r


= −ωbaseG

−1F



iqs

ids

i0s

iqr

idr

i0r


+ ωbaseG

−1



vqs

vds

v0s

vqr

vdr

v0r


(3.7)

where the states are the currents and the inputs are the voltages at the stator and rotor.

In a balanced systems, the 3rd and 6th rows and columns associated with the zero-sequence

do not present any interesting dynamics. Their eigenvalues represent stable, exponentially

decaying modes. One can remove the 3th and 6th row and column of the F and G matrices

without impacting the SSR dynamics in balanced simulations.

3.2.3 Back-to-back Converters and Control of the DFIG WECS

Control systems are necessary to ensure reliable and safe operation of DFIG WECS. The

rotor speed of the generator in horizontal-axis wind turbines must be limited below to the

blades on the low-speed shaft from exciting tower resonant frequencies. Otherwise, undue

tower fatigue that reduces service life or catastrophic failure result. The speed also has an

upper limit to prevent undue shaft and blade stresses. It is conventional to control the

generator speed by means of torque [2], which relates to the rotor speed through the swing

equation (Newton’s second law of motion) [51]. Controlling the machine torque also enables

the exploitation of maximum wind energy extraction via operation across a range of rotor

speeds. Mechanisms are also in place to maintain the stator voltage for both safety and

system stability reasons.
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Figure 3.2: Simplified model of a six-pulse bridge with connection to the grid [2].

These control functions are performed by the Rotor Side Converter and Grid Side Converter

systems, which are implemented as AC-DC-AC (”back to back”) power electronic converters.

Each converter is usually composed of two two-level voltage source, six-pulse bridge bidi-

rectional inverter/rectifiers as shown in figure 3.2. The Insulated-Gate Bipolar Transistors

(IGBTs) that make up the bridge are turned on and off to control the flow of power from

input to output. They are necessary in the DFIG topology to decouple the electrical frequen-

cies of the AC grid from the mechanical frequency of the rotor. This is important because

the electromagnetics of the induction machine fix the relationship of the stator electrical

and rotor electrical frequencies as fer = sfes (where s is the slip) [22]. The passage of other

frequencies to the rotor circuit would produce undesired electrical frequencies at the stator.

The back-to-back converters also offer a means to control the DFIG precisely and expediently.

The power electronics are designed such that switching of the IGBTs in the bridge regulates

the rotor voltages (in frequency and in magnitude). Both the switching of the IGBTs and

the IGBT dynamics are faster than 10’s of kilohertz. Furthermore, control of the PWM

is precise because the mechanism is simple: production of the PWM pulsing scheme only

entails the modulation of a triangular wave and comparison to a sinusoid. A drawback of
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the solid-state conversion is that additional harmonic filters are required [2].

The two converters play a role in SSR because of their important role in the control of the

DFIG. More specifically, the WECS’ real power, reactive power, and stator voltage control

systems all have control agency via the switching of the six-pulse bridge IGBTs. However, the

PWM scheme and the dynamics of the switches themselves (> 10kHz) )are at least two orders

of magnitude faster than the dynamics of the SSR phenomena (< 60Hz) [2]. This leads to

an important implication for modeling of the DFIG for SSR studies: the converter ”average

model” may be used. This model represents the converters as voltage sources, neglecting

the harmonics, PWM scheme, switching of the transistors, and losses. The control systems

is modeled as 4 sets of cascaded PI controllers representing the dynamics [2, 4, 13, 44].

The two converter are called the ”Rotor-Side Converter” (connected to the DFIG’s rotor) and

the ”Grid-Side Converter” (connected in parallel with the stator windings). Their control

objectives and models are described below.

Rotor-Side Converter and Control Systems

The Rotor-Side Converter (RSC) is connected to the DC link and the rotor circuit of the

DFIG [44]. Since it controls the voltage at the DFIG rotor, it influences the electric torque

and stator currents that are of direct relationship to IGE and TI SSR phenomena [18, 44].

The objectives of the RSC are to control the electrical torque (stator real power) and reactive

power. The controller reference frame and decoupled current vector control topology enable

straightforward linear control design methodologies to be applied [52]. Measurements of

stator currents and voltages along with a PLL or encoder (see figure 3.3) for estimation

of the rotor angle for the reference frame transformation, enable the error signals to be

generated [7] without complex observers. According to [2], a mechanical encoder is the most
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Figure 3.3: Block diagram of a typical RSC control system [14].

commonly used means of estimating the rotor angle used by wind turbine manufacturers.

Grid-Side Converter and Control Systems

The Grid-Side Converter (GSC) is connected in parallel to the stator terminals. One of

its responsibilities is to maintain the DC voltage of the ripple-smoothing capacitor between

the converters constant. With respect to this function, the GSC can be thought of as a

power supply for the RSC [14]. The other function is typically to control the reactive power

consumption of the GSC, which in turn influences the WECS’ power factor. A basic block

diagram of the GSC and related system components can be seen in figure 3.4.
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Figure 3.4: Block diagram of a typical GSC Control System [7].

Note Regarding Pitch Control

The turbine blades are also pitched as a means to control the wind power collected. When

the wind speed is above the rated power, the blades are pitched to spill the real power

exceeding the rated power [7, 53].

During operation below the rated wind speed, the blade pitch is fixed and the pitch controller

is in steady state [7]. For large negative damping of SSR modes to occur, the rotor speed

should be slightly above the natural frequency of the series compensated line system. For

practical values of the compensation factor, this speed is significantly below the rotor speed

setpoint for rated power output, so the pitch controller dynamics are not expected to influence

the SSR modes. Thus, the pitch controller is not modeled.
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3.2.4 DC Link

The DC Link is the part of the converter system that links the rotor-side converter (RSC)

and the grid-side converter (GSC). Because this subsystem influences the rotor voltages, it

indirectly influences the electrical torque (TI) and the stator currents (IGE) [44]. Thus, the

dynamics of the dc-link capacitor may not be neglected.

The dynamics of the link are dominated by the capacitor in parallel with the RSC and

GSC. The role of this capacitor is to smooth the ripple voltage at the connection to the

RSC. Together with the GSC system that controls this capacitor voltage, this functionality

essentially represents a power supply for the RSC [14].

The dynamics of the capacitor can be derived by considering the power balance between

lossless RSC and GSC subsystems and neglecting DC link cable resistance. The equation is

shown below. The single DC link state variable is the voltage across the capacitor, Vdc.

CVdc
dVdc

dt
= Prsc + Pgsc (3.8)

Expanding the powers in terms of voltages and currents, the following equation is attained.

Cvdc
dvdc
dt

=
1

2

(
vqriqr + vdridr + vqgiqg + vdgidg

)
(3.9)

Linearization yields the model below, represents the DC link capacitor voltage as a function

of only state variables and initial conditions.
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4v̇dc =
v̇dc0
C

4vdc+
−1

2Cvdc0
[vqr04iqr + iqr04vqr + vdr04idr + idr04vdr] +

−1

2Cvdc0
[iqg04vqg + idg04vdg] +

−1

2Cvdc0
[vqg0 (4iqs +4iql) + vdg0 (4ids +4idl)]

(3.10)

The rotor voltages and voltages at the grid-side of the GSC are produced as outputs of the

RSC and GSC respectively. Because the currents through the GSC are not states, those

currents must be written as a function of the transmission line currents and stator currents

(all of which are states) by using Kirchoff’s Current Law at the Point of Interconnection

(POI) node.

3.2.5 Compensated Transmission Line

Because the wind farm is modeled in a synchronously rotating reference frame, the trans-

mission line must be transformed.

The transformer and Thevenin equivalent reactances of the infinite bus primarily act as

augmentations of the resistance inductance and capacitance of the total system, therefore

their dynamics are ignored and the parameters are lumped into the transmission line.

The small signal model already exists in matrix form in the literature. It is attained via

KVL on the transmission line from stator to infinite bus in the time-domain (leaving the

capacitor voltages as voltages), transformation according to Krause [43] into the qd-axis, then

including the definition of capacitance in terms of currents and voltages in its transformed

form. Thus, the model has four states.

The equations in [44] are reproduced below for completeness.
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v̇ql = ωbase (−ωevdl +XCiql)

v̇dl = ωbase (ωevql +XCidl)

i̇ql = ωbase

(
−1

XL

vql −
RL

XL

iql − ωeidl +
vqs − Eq

XL

)
i̇dl = ωbase

(
−1

XL

vdl + ωeiql −
RL

XL

idl +
vds − Ed

XL

)
(3.11)

3.2.6 Complete System Equations

The complete wind farm-infinite bus differential equations written in the synchronously

rotating reference frame as described in the literature (e.g. [7, 13, 54]) are as follows. The

transmission line equations are equations (3.12) - (3.15). The induction generator is modeled

by equation (3.16). Equation (3.17) is associated with the DC-Link. Equations (3.18) - (3.20)

represent the turbine-shaft two-mass system. The control systems of the RSC and GSC are

modeled by equations (3.21) - (3.28). Note that each wind turbine has its own equations

(3.16) - (3.28), and there are 16ng + 4 differential equations in the wind farm-infinite bus

system.
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i̇ql = ωbase

(
−1

XL

vql −
RL

XL

iql − ωeidl +
vqs − Eq

XL

)
(3.12)

i̇dl = ωbase

(
−1

XL

vdl + ωeiql −
RL

XL

idl +
vds − Ed

XL

)
(3.13)

v̇ql = ωbase (−ωevdl +XCiql) (3.14)

v̇dl = ωbase (ωevql +XCidl) (3.15)

˙iqs

˙ids

˙iqr

˙idr


= −ωbaseG

−1F



iqs

ids

iqr

idr


+ ωbaseG

−1



vqs

vds

vqr

vdr


(3.16)

v̇dc = − 1

Cvdc0
(Prsc + Pgsc) (3.17)

ω̇t =
1

2Ht

[−(Dt +Dtg)ωt +Dtgωr − Ttg + Tm] (3.18)

ω̇r =
1

2Hg

[Dtgωt − (Dg +Dtg)ωr + Ttg − Te] (3.19)

Ṫtg = Ktgωe(ωt − ωr) (3.20)

i̇qrsc = Kpr1(Ṫ
∗
e − Ṫe) +Kir1(T

∗
e − Te) (3.21)

i̇drsc = Kpr3(Q̇
∗
s − Q̇s) +Kir3(Q

∗
s −Qs) (3.22)

v̇qr = Kpr2(i̇
∗
qrsc − i̇qrsc) +Kir2(i

∗
qrsc − iqrsc) (3.23)

v̇dr = Kpr4(i̇
∗
drsc − i̇drsc) +Kir4(i

∗
drsc − idrsc) (3.24)

i̇qgsc = Kpg1(V̇
∗
dc − V̇dc) +Kig1(V

∗
dc − Vdc) (3.25)

i̇dgsc = Kpg3(Q̇
∗
g − Q̇g) +Kig3(Q

∗
g −Qg) (3.26)

v̇qg = Kpg2(i̇
∗
qgsc − i̇qgsc) +Kig2(i

∗
qgsc − iqgsc) (3.27)

v̇dg = Kpg4(i̇
∗
dgsc − i̇dgsc) +Kig4(i

∗
dgsc − idgsc) (3.28)
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The inputs to the system are Tm, E, and the controller setpoints T ∗
e , Q∗

s, V ∗
dc, and V ∗

s . All

the setpoints’ derivatives are zero, as it is assumed that the control objectives are fixed in

this small-signal study. In equation (3.16), F and G are both given in [43, 50].

Algebraic equations (3.29) - (3.36) are also required in order to define the torques, powers,

voltages, and currents in terms of the system states. These equations transform the system

of differential-algebraic equations (DAE) into an system of ordinary differential equations

(ODE).

iqg = iqs + iql (3.29)

idg = ids + idl (3.30)

vqs = vqg −Xtgidg (3.31)

vds = vdg +Xtgiqg (3.32)

Te = −3

2
Xm(iqsidr − idsiqr) (3.33)

P =
3

2
(vq · iq + vd · id) (3.34)

Q =
3

2
(vq · id − vd · iq) (3.35)

Vs =
√

v2qs + v2ds (3.36)

In the equations above, the subscripts in the P and Q equations are dropped, and the powers

may be calculated with a consistent choice of voltages and currents. Note that Te in these

equations is positive for generator action.
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Table 3.2: Original Per-Unit Bases

• WTG MW 2MW

• SYS MW 100MW

• WTG kV .69kV (line-to-line)

• SYS kV 161kV (line-to-line)

• WTG Z: kV 2/MW = .238 Ohms

• SYS Z: kV 2/MW = 259 Ohms

• WTG I: 1673 A

• SYS I: 358.6 A

• ωe: 2π ∗ 60Hz

3.3 Per-Unit System

The studies here use both the single WTG lumped model widely used in the literature and

a wind farm model consisting of many individually modeled WTGs. These two models have

different parameters according to standard per unit conversion as described here.

In [55] (page 102), it is stated that it is industry practice in large system studies to model

all of the generators at a single plant with the a single machine of identical parameters but

a different rating. This is known as the lumped model of the plant. This change impacts

most of the system parameters by changing the MW base of the single turbine in the lumped

model before conversion to the system per unit power base.

The per-unit bases of a single WTG and the system are shown in table 3.2. Conversion of

all types of parameters from one base to another are shown in table 3.3.

The parameters in the full model are each converted from their original 2MW bases to the

system 100MW base directly. The lumped model involves first scaling the lumped WTG such
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Table 3.3: Conversion of WECS Per Unit Parameters

• Interias: Hnew = Hold ∗MWBASEOLD/MWBASENEW

• Shaft Damping: Dnew = Dold ∗MWBASEOLD/MWBASENEW

• Shaft Stiffness: Knew = Kold ∗MWBASEOLD/MWBASENEW

• WTG Impedances: Znew = Zold ∗ ZBASEOLD/ZBASENEW

• GSC L : Lnew = Lold ∗ ZBASEOLD/ZBASENEW

• DC Link C: Never in Per-Unit.

• Line Impedances: No change.

• Rotational Velocity: No change.

that the MW base matches reflects the capacity of the whole wind farm worth of operational

turbines [55], and then converting from that lumped MW base to the system MW base. The

system parameters used in the studies in chapters 4 and 5 are given in tables A.1, A.2, and

A.3.



Chapter 4

Detailed Small-Signal DFIG Wind

Farm Model for SSO Analysis

Though the power system is inherently a nonlinear dynamical system, nonlinear dynamics is

not mature enough to enable the exhaustively analysis of full models of large nonlinear power

systems [47, 56]. Instead, linearizations are used under a small disturbance assumption to

enable rigorous analysis in a piece-wise manner. Small-signal stability analysis is an example

of such a technique that analyzes the system one equilibrium point at a time, one mode at a

time [47, 57]. The linear analysis and design results are typically tested with nonlinear time

domain solution.

Though small-signal stability models exist for wind farms, they make important assumptions

about the wind farm parameters, operating conditions, and/or mode of interest. For example,

an 18th order model of a DFIG wind turbine is constructed in [7, 13, 44, 58]. In this model,

the wind farm is lumped into a single turbine in a way similar to the lumping in [45]. However,

the impact of the number of wind turbines was identified as important in real systems by

[4, 20]. Models that include the impact of the number of turbines have been constructed

49
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using operational model reduction in [59]. Other models focus on contribution of induction

machines [60] and DFIGs [6] to system mode damping, external system parameters [61],

or other types of analysis like the impedance-based Nyquist criterion [62], or time domain

simulation [49]. The equivalencing of the collector system is considered in [63].

Unlike the proposed model, the models above reduce the wind farm down to a single generator

as is typically done with identical synchronous generators in the same plant [55]. This

assumption seems dubious when considering a large wind farms that meet one or both of

the following criteria [64]:

1. Installed WECS were purchased from different vendors (e.g. because the wind farm

was constructed in several phases).

2. WECS experience a variety of wind farms (due to impacts of terrain and/or wake

impacts).

Furthermore, the single WECS lumped model inherently fails to display the interaction

between WECS in the same wind farm.

In large system studies, a lumped assumption is necessary to reduce the model order and

ensure tractability. However, detailed models should also be available for local studies of

dynamical generator interconnection and sub-synchronous resonance.

In this study, a detailed wind farm model with individually modeled turbines is constructed

for small-signal stability analysis and the initial conditions are computed. The verisimilitude

of the single WECS lumped small-signal stability model common in the literature is tested.

Furthermore, the interaction between WECS within a wind farm are analyzed through the

wind farm mode shapes and participation factors.
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4.1 Small-Signal Analysis

Small-signal analysis of power systems is founded on the assumption that disturbances will

be small enough to excite the dynamics of the nonlinear system in a linear way. This

assumption is important from two aspects: (1) the power system is nonlinear, even discrete in

the case of switching events; (2) the assumption of linearity enables the otherwise challenging

breakdown of problems with many states. The nonlinear dynamical (power) system ẋ = f(x)

is linearized about an operating point ẋ = Jx, where J ∈ Rn×n is the Jacobian of the

nonlinear dynamical equations f .

Through the eigenvalues of a linear dynamical system the dynamical modes may be analyzed

one by one. The linear dynamical system ẋ = Ax A ∈ Rn×n has eigenvectors defined to

be the invariant subspaces of the linear system. That mathematical relationship between

eigenvectors and eigenvalues is given by Aφ = λφ, where λ ∈ C is an eigenvalue and φ ∈ Cn

is the associated eigenvector [65, 66]. Via eigendecomposition, with change of variables

z := Φ−1x the decoupled dynamical system can be written as ż = Φ−1AΦz where Φ =

[φ1, φ2, ..., φn] [51].

As seen from the change of variables, the eigenvectors portray the relationship of the states to

the modes. Using both Φ and Φ−1, the modes can be attributed to states and corresponding

physical phenomena with participation factors defined by equation (4.1).

pki = Φki[Φ
−1]ik =

δλi

δJkk
(4.1)

The participation factor pki ∈ R is a figure representing the activity of the kth state variable

in the ith mode. The sum of the participation factors for a single mode sum to one [51].
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4.2 Deriving the Controller Equations

In order to construct the matrix representation of the linearized wind farm model, it is

necessary to develop the derivatives of the controller states as functions of the states. This

development is not commonly explicitly documented in the DFIG SSO literature for the

GSC control loops integrated into the models used in [13, 44]. Perhaps the reason is that

the RSC has been shown to be more influential on the SSO modes, or perhaps because of

the disagreement between the commonly cited open loop cascaded control structure as seen

in figure 4.1 (seen in [13, 44]) and the representation of the GSC filter in the model. The

disagreement can cause difficulties when tuning the GSC control parameters to eliminate

unstable modes. Studies detailed in [13] have been performed by circumventing this issue

by generating the linearized dynamical system indirectly via Simulink’s GUI and a built-in

MATLAB routine.

Figure 4.1: The control systems of the DFIG in the frequency domain. (a) RSC control
system. (b) GSC control system [13].

This section enhances the literature by documenting the analytical developing the controller

equations. One ramification of this development is that the studies herein were performed

by directly programming equations in MATLAB (without using Simulink or special tools to
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extract a linear model from it). In addition, simplified controller block diagrams for bode

plot analysis, controller tuning, or closed loop pole analysis are included.

All of the control systems in the model are linear in their control objectives. The control

objectives are the induction machine torque Te, the stator reactive power Qs, the back-to-

back converter ripple capacitor DC voltage vdc, and the stator voltage Vs. The basic structure

of the control systems are found in figure 4.1 as reported in [13, 44]. For each objective,

there are two PI controllers, each with an inner current loops and an outer loop. Because

the control topologies are the same, one derivation process is applicable to all controllers.

The PI controller has the familiar time domain form depicted in equation (4.2).

iqrsc = Kp · e+Ki ·
∫

edt (Definition of PI controller)

diqrsc
dt

= Kp ·
de

dt
+Ki · e (derivative of both sides, linearity of d/dt)

(4.2)

The second equation in (4.2) can be expanded by substituting in the definition of the error

e according to which PI is of interest. Continuing with the torque controller, e = T ∗
e − Te,

equation (4.3) is obtained.

diqrsc
dt

= Kp ·
d(T ∗

e − Te)

dt
+Ki · (T ∗

e − Te) (derivative of both sides, linearity of d/dt)

(4.3)

This is of the form of interest in the model stated in chapter 3. Because the RSC controllers

model the dynamics of the windings, the RSC controller derivations in the literature (e.g.

[2, 7, 52]) apply directly to the models used in [13, 44]. However the GSC controller equations

require detailed derivation as described in the following section.
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4.2.1 Control of Grid-Side Reactive Power

One of the control objectives of the GSC regards the reactive power consumed by the con-

verter, Qg. The following equations are analytically developed to be suitable for direct use

in simulation using MATLAB. In particular, the feedback is accounted for algebraically, and

the derivative of the GSC voltage v̇dg is related to only system states.

The DC Voltage Controller

The DC-Link capacitor voltage is related to how much energy is stored in the capacitor.

This implies that on the AC side, the real power has more influence than the reactive power.

In the controller reference frame, the real power is given by equation (3.1) from which it can

be seen that the q-axis GSC current is most influential. However, the cascaded controller

influences the voltage at the GSC. Thus, a relationship between the GSC voltage and the

GSC q-axis current must be found. In the model given in the literature (as in this study),

this relationship is given by the KVL across the lossless GSC filter inductor. In equation

(3.32) it can be seen that the d-axis GSC voltage is related to the q-axis current.

To derive the controller equations in suitable form for simulation in MATLAB, the values

are plugged into the vdc controller equations.

i̇qgsc = Kpg1(V̇
∗
dc − V̇dc) +Kig1(V

∗
dc − Vdc) (4.4)

v̇dg = Kpg4(i̇
∗
qgsc − i̇qgsc) +Kig4(i

∗
qgsc − iqgsc) (4.5)

However, the only variables in equations (4.5) are states their derivatives. The derivative

v̇dc is only a function of states, so there is no feedback to resolve. Substituting the variables
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is very straightforward and not explicitly performed here. Now the vdc controller equations

are complete.

The d-axis Outer Control Loop

The GSC reactive power controller also employs the GSC voltage as a means of influence

over the WECS behavior. As seen from equations (3.1), the reactive power written in the

controller reference frame is primarily influenced by the d-axis current. Thus, a relationship

between the GSC voltage and the d-axis GSC current is required. Equations (3.31) shows

the relationship, and it is evident that the q-axis voltage controls the d-axis current. Thus,

the controller equations may be written as in equation (4.7).

i̇dgsc = Kpg3(Q̇
∗
g − Q̇g) +Kig3(Q

∗
g −Qg) (4.6)

v̇qg = Kpg2(i̇
∗
dgsc − i̇dgsc) +Kig2(i

∗
dgsc − idgsc) (4.7)

These equations are written again with shortened notation for the long equations to follow

in equation (4.8). Note that K.7 and K.8 refer to outer and inner loop controller gains.

di∗dg
dt

= Kp7

(de
dt

)
+Ki7

(
e
)

= Kp7

(dQ∗
g

dt
− dQg

dt

)
+Ki7

(
Q∗

g −Qg

) (4.8)

Which is true because the derivative operator is linear. We notice that the change in the

setpoint value over the time windows of most studies will be zero (unless another controller

is implemented which provides the Q∗
g setpoint).
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Qg =
3

2
(vqs idg − vds iqg)

=
3

2

((
vqg −Xtg · idg

)
· idg −

(
vdg +Xtg · iqg

)
· iqg

)
=

3

2

((
vqg −Xtg ·

(
ids + idl

))
·

(
ids + idl

)
−
(
vdg +Xtg ·

(
iqs + iql

))
·

(
iqs + iql

))
(4.9)

Where e is the error, Qg is the Grid-Side reactive power, Q∗
g is the Grid-Side reactive power

setpoint,

Above, vqs, vds, iqs, and ids were substituted according to the following equations in per unit

and in the rotating reference frame.

vqs = vqg −Xtg · idg

vds = vdg +Xtg · iqg

iqg = iqs + iql

idg = ids + idl

(4.10)

Taking the derivative to both sides, it is shown that Qg is a function of 6 states.

Qg = f(vqg, vdg, iqs, ids, iql, idl) (4.11)

Applying the chain rule, Q̇g is a function of those states and the derivatives of those states.

Therefore, di∗dg
dt

of the controller dynamical equation is a function of those 6 states and their

derivatives.

di∗dg
dt

= f(vqg, vdg, iqs, ids, iql, idl, v̇qg, v̇dg, i̇qs, i̇ds, i̇ql, i̇dl) (4.12)
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According to the control diagram seen in figure (4.1), vqg and vdg are actually the outputs of

the GSC controller. This is the same controller which controls Qg. It is perhaps unsurprising

that feedback is evident during substitution of the feedback controller dynamical equations.

The other states are the induction machine stator d-q currents and the transmission line d-q

currents.

The goal then becomes to substitute the controller states vqg and vdg and their derivatives in

the di∗dg
dt

controller equation. They can be attained by considering the next state (the inner

current loop) of the cascaded controller.

The d-axis Inner Current Control Loop with Qg control

dvdg
dt

= Kp8

(de
dt

)
+Ki8

(
e
)

= Kp8

(di∗dg
dt

− didg
dt

)
+Ki8

(
i∗dg − idg

) (4.13)

Using equation (4.8) to substitute for di∗dg
dt

in equation (4.13)

dvdg
dt

= Kp8

[(
Kp7(

dQ∗
g

dt
− dQg

dt
) +Ki7(Q

∗
g −Qg)

)
− didg

dt

]
+Ki8

(
i∗dg − idg

) (4.14)

We note that the Qg setpoint will not change within the duration of the dynamic simulation,

so dQ∗
g

dt
= 0.

Because we must collect all of the dvdg
dt

terms together on the left hand side of the equals

sign, we are interested in the derivative terms. For simplicity, let vdg1 be defined to represent

all of the terms that will not contain derivatives as follows.
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vdg1 := Kp8Ki7

(
Q∗

g −Qg

)
+Ki8

(
i∗dg − idg

)
(4.15)

Now, rewriting equation (4.14)

dvdg
dt

= −Kp8

(
Kp7

dQg

dt
+

didg
dt

)
+ vdg1 (4.16)

Now, taking the derivative of Qg in equation (4.9) and substituting it into equation (4.16)

v̇dg = −3

2
Kp8Kp7

[
v̇qgidg + vqg i̇dg − v̇dgiqg − vdg i̇qg

− 2Xtg

(
idg i̇dg + iqg i̇qg

)]
−Kp8i̇dg + vdg1

(4.17)

In line 1, terms 1 and 3 contain derivatives of the controller state variables. All lines contain

derivatives of the d- and q- axis GSC currents, which by differentiating equations 4.10 are

simply the derivatives of the induction machine stator currents and the transmission line

currents.

Accomplishing the goal of collecting all of the dvdg
dt

terms together
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v̇dg −Kp8Kp7v̇dgiqg =(
1− 3

2
Kp8Kp7iqg

)
v̇dg = −3

2
Kp8Kp7

[
v̇qgidg + vqg i̇dg − vdg i̇qg

− 2Xtg

(
idg i̇dg + iqg i̇qg

)]
−Kp8i̇dg + vdg1

v̇dg =
1(

1− 3
2
Kp8Kp7iqg

)[− 3

2
Kp8Kp7

(
v̇qgidg + vqg i̇dg − vdg i̇qg

− 2Xtg

(
idg i̇dg + iqg i̇qg

))
−Kp8i̇dg +Kp8Ki7

(
Q∗

g −Qg

)
+Ki8(i

∗
dg − idg)

]

(4.18)

Equation (4.18) is the control system inner current loop dynamical equation before substi-

tuting in all of the derivatives. Because it contains derivatives (v̇qg, i̇qg, i̇dg), those derivatives

must be computed before equation (4.18) may be computed. The denominator looks like

positive feedback (because of the negative sign), but this is due to the negative sign of the vdg

term in Qg. Notice also that control engineers can design the gains to make this instability

practically impossible.

The d-axis Inner Current Control Loop with Vs Control

Another possibility for the GSC d-axis control objective is the stator voltage magnitude.

This objective isn’t used in the studies, but the derivation is included for completeness.

The analysis proceeds similarly. The procedure starts from equation (4.13), restated below.
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dvdg
dt

= Kp8

(de
dt

)
+Ki8

(
e
)

= Kp8

(di∗dg
dt

− didg
dt

)
+Ki8

(
i∗dg − idg

) (4.19)

This time, however, the outer control look has the stator voltage Vs magnitude objective

function.

i̇∗dg = Kp7

(
V̇ ∗
s − V̇s

)
+Ki7

(
V ∗
s − Vs

) (4.20)

By substituting equation (4.20) into equation (4.19)

v̇dg = Kp8

[
Kp7

(
V̇ ∗
s − V̇s

)
+Ki7

(
V ∗
s − Vs

)
− i̇dg

]
+Ki8

(
i∗dg − idg

) (4.21)

The stator voltage magnitude can be computed from the q- and d-axis stator voltages as

follows.

Vs =
√

v2qs + v2ds (4.22)

To compute the time derivative, apply the chain rule twice successively.

V̇s =
d

dt

√
v2qs + v2ds

=
1

2

(
v2qs + v2ds

)−1/2 ·
(
2vqsv̇qs + 2vdsv̇ds

)
=

(
v2qs + v2ds

)−1/2 ·
(
vqsv̇qs + vdsv̇ds

) (4.23)

From equation (4.10), assuming the derivative of the GSC filter and transformer impedance

Ẋtg = 0, the derivatives of the stator voltage d- and q-axis components are:
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v̇qs = v̇qg −Xtg · i̇dg

v̇ds = v̇dg +Xtg · i̇qg
(4.24)

The time derivatives of the currents on the right hand side of equation (4.24) are simply

the dynamical equations for the induction machine stator currents and the line currents.

Substituting these equations in will result in the elimination of derivatives. However, the

voltages are, as in the case of Qg control, the GSC controller voltage outputs. Feedback is

again apparent, and requires the grouping of the vdg terms via algebra.

The goal is to again group the vds terms on the left hand side. From equations (4.21), (4.10),

and (4.24), and the induction machine dynamical equations is clear that the terms with vds

come only from the terms with v̇ds. Substituting in v̇ds into (4.21), and again assuming that

in the simulation timescale that the voltage setpoint V ∗
s is constant

v̇dg = Kp8

[
Kp7

(
0−

(
v2qs + v2ds

)−1/2 ·
(
vqsv̇qs + vdsv̇ds

))
+Ki7

(
V ∗
s − Vs

)
− i̇dg

]
+Ki8

(
i∗dg − idg

)

= −Kp8Kp7

(
v2qs + v2ds

)−1/2 · vdsv̇ds

−Kp8

[
Kp7

((
v2qs + v2ds

)−1/2 ·
(
vqsv̇qs

))
+Ki7

(
V ∗
s − Vs

)
+ i̇dg

]
+Ki8

(
i∗dg − idg

)
(separate dvds term)

= −Kp8Kp7

(
v2qs + v2ds

)−1/2 · vds(v̇dg +Xtg · i̇qg)

−Kp8

[
Kp7

((
v2qs + v2ds

)−1/2 ·
(
vqsv̇qs

))
+Ki7

(
V ∗
s − Vs

)
+ i̇dg

]
+Ki8

(
i∗dg − idg

)
(substitute dvds)

(4.25)
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v̇dg +Kp8Kp7

(
v2qs + v2ds

)−1/2 · vdsv̇dg = −Kp8Kp7

(
v2qs + v2ds

)−1/2 · vds(Xtg · i̇qg)

−Kp8

[
Kp7

((
v2qs + v2ds

)−1/2 ·
(
vqsv̇qs

))
+Ki7

(
V ∗
s − Vs

)
+ i̇dg

]
+Ki8

(
i∗dg − idg

)
(move dvds term to LHS)

v̇dg =
1

1 +Kp8Kp7

(
v2qs + v2ds

)−1/2 · vds

[
−Kp8Kp7

(
v2qs + v2ds

)−1/2 · vds(Xtg · i̇qg)

−Kp8Kp7

((
v2qs + v2ds

)−1/2 ·
(
vqsv̇qs

))
−Kp8Ki7

(
V ∗
s − Vs

)
−Kp8i̇dg

+Ki8

(
i∗dg − idg

)]

(4.26)

This time, the familiar feedback from of 1 + f(x) is directly apparent in the denominator.

Again, for some choice of the gains, it is possible that the denominator is zero. Once again,

there is implied a restriction on the choice of gains. In the reference frame used herein (in

which the d-axis is lined up with the stator flux), vds = 0 in steady state. However, it is

possible during transients that vds < 0 (see [2]) such that Kp8Kp7 are not permitted to be

large.

GSC Control Block Diagrams

The control block diagrams (see figures 4.2 and 4.3) for the GSC are produced following

the process that [2] applied for the RSC converters. The main difference is that the plant

does not consist of a RL dynamics of the windings, but instead consists of the GSC filter

that follows the KVL equations (3.31) and (3.32). In both processes, supporting equations

including definitions of real and reactive power in the controller reference frame are used.

See equations (4.9), 4.10 .
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Figure 4.2: Control block diagram for GSC Qg control with GSC filter capacitor neglected.

Figure 4.3: Control block diagram for GSC vdc control with GSC filter capacitor neglected.
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Note on the RSC control system equation derivation

The control objectives are Te and Qs. Those control objectives can be represented in terms

of states other than the controller derivatives of actuation terms v̇qr and v̇dr. Therefore, the

algebra to group the feedback terms required for the GSC controller equations is not required

for the RSC.

4.3 Wind Farm Initial Conditions

To compute the initial conditions for input into dynamic simulation and small-signal eigen-

value calculation, the DAE or ODE system is solved after the derivatives are set to zero.

The process and equations used are described in this section.

Below are the equations used to compute the equilibrium point of the wind farm (a set of

induction machine equations (3.16) must be included for each turbine, and a single trans-

mission line as in equations (3.12) - (3.15)) are included as well). The numbers on the left

indicate the number of instances of the equation in the system of equations where ng is the

number of WTGs in the wind farm. These equations are solved as a system of equations,

for example by MATLAB’s fsolve. Note that equations (3.29) - (3.36) are also required to

substitute non-initial-condition unknowns for initial condition variables.
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ng − 1


0 = Vqs1 = Vqsi

0 = Vds1 = Vdsi

(4.27)

ng



0 = TEw − TEe

0 = Qs −Q∗
s

0 = Qg −Q∗
g

0 = Prsc − Pgsc

0 = vdc − 1200

0 = wt − wr

0 = wr − wmppt

(4.28)

Sets of equations (4.27) and (4.28) solve for the initial conditions with the number of each

individual equation on the left. The first four equations of (4.28) are the controller setpoints.

The variable TEw refers to the wind torque from the MPPT controller (lookup table) after

subtraction of the contributions from the dampings in the turbine equations (3.18) - (3.19),

and TEe refers to the torque computed using the machine currents as in equation (3.33).

There are a total of 4 − 2 + 10ng equations in total to solve. There variables for the ini-

tial conditions are the line variables vql, vdl, iql, idl, and the WTG variables iqsi, idsi, iqri, idri,

vqgi, vdgi, vqri, vdri, iqli, idli. There are 2(ng − 1) total equations for the iqli, idli, which are the

sums of the stator and GSC currents for the ith turbine.

Testing was applied to the initial conditions to ensure the operating point are realistic.

Operating points who do not agree with the fundamental properties of operation of wind

farms are rejected. Expectations for initial conditions are shown in table 4.1 .
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Table 4.1: Properties of Realistic Initial Conditions

• Stator Power less than rating (2MW)

• Rotor power less than rating of the controller electronics (30% of rating of WTG)

• Stator voltage between .9 and 1.1 per unit

• GSC voltage between .9 and 1.1 per unit.

• Wind farm losses less than 10%

• Infinite bus voltage between .9 1.1

• For DFIG super-synchronous (sub-synchronous) operation, rotor should produce (con-
sume) real power.

4.3.1 Initial Condition Results

In figure 4.4, initial conditions for several scenarios used in this chapter are shown for both

lumped and full models. The top row shows the results for three cases for the lumped model,

and the bottom row shows the same three cases for the full model. The names of the states

are shown on the left. In the full model, each column of x0 represents the values for a single

WECS. The first four states are associated with the transmission line, of which there is only

one in the system.

Figure 4.4 shows he initial conditions for the lumped model and the full model when there

is only 1 turbine in the wind farm (the left column) are identical as expected. It can be

seen from the initial conditions that when the incident wind speeds and parameters are the

same (right column), the same initial conditions result for each WTG in the full model.

Furthermore, voltages and turbine rotational velocities are the same between lumped and

full models, and adding the columns of the full model’s initial condition matrix results in

perfect agreement of the current states. This agrees with expectations in that the operating

conditions and parameters are the same as assumed when constructing the lumped model.
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Notice also that the middle column indicates that when WECS operating conditions are not

the same, the inherent differences in lumped model and full models are reflected in the initial

conditions.

With the initial conditions collected, it is possible to compute the linearized dynamical

system matrices for the lumped and full models and compare their eigenvalues numerically.

4.4 Comparison of the Lumped and Full Models

It is a common industry practice in large system studies to replace a plant of identical

generators with a single generator of identical parameters and change the power rating to

the sum of ratings of the individual generators’ power ratings (the power rating in turn,

impacts the other parameters real values via their per unit bases) [55].

4.4.1 Imprecision of Lumped Equivalent Wind Farm Model

First, it is necessary to systematically catalogue where the differences in the lumped and the

full models originate. This can be done with linear algebra and set theory. Let the lumped

model be ẋL = JL(x0L)xL, where JL(x0L) ∈ R20×20 is the Jacobian as in chapter 3. The full

model is ẋF = JF (x0F )xF , where JF (x0F ) ∈ RnF×nF , nF = 16ng + 4. The x0’s are initial

conditions.

Let ΛL = {λ : λφ = JLφ} and ΛF = {λ : λφ = JFφ} be the sets of eigenvalues of the

lumped and full models respectively. If ΛF ⊆ ΛL, the eigenvalues of each individual turbine

are identical to the other individual turbines. This happens when all of the initial conditions

and parameters of each turbine are identical, and JF is block diagonal with the transmission

line impedance removed (single, infinite bus assumption).
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Figure 4.4: The initial conditions solved as in section 4.3
. The lumped model’s initial conditions are on top, the full model’s are on the bottom.
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Table 4.2: Pertinent Lumped Model Assumptions

1. WTGs have the same model parameters.

2. WTGs have the same operating conditions (e.g. wind speed, stator voltage) and control
setpoints (e.g. Q∗

s, v
∗
dc).

3. The interaction between turbines (the off-block-diagonal elements of the linearized
matrix) is negligible.

JF =



J1

J2

. . .

Jline


+



0 A12 · · · A1L

A21 0
...

... . . . A2L

AL1 · · · ALn 0


(4.29)

As seen in equation (4.29), the full system is not block diagonal in reality. The off-block-

diagonal terms (A’s) have non-zero elements associated with the WTG-WTG coupling and

WTG-line coupling (i.e. the stator-constraints). In general, the off-diagonal elements of the

matrix causes the eigenvalues not to be repeated.

In addition, the operating conditions will not be identical, and the WECS parameters could

be significantly different. Differences in incident wind speed within small wind farms can be

over 2m/s [67]. As for parameters, wind farms may have WECS with different power ratings

manufactured by different companies [68]. These differences appear in the system modes as

well. The model differences are summarized in table 4.2.

In the following analyses, the lumped model with the full model under model parameters

and operating conditions for which the lumped model assumptions (1) and (2) are valid.

This shows the impact of neglecting the structural differences between JF and JL. Then,



70
Chapter 4. Detailed Small-Signal DFIG Wind Farm Model for SSO

Analysis

Figure 4.5: The lumped vs. the full wind farm model with wind speeds 6m/s for all turbines
in both models. Capacitor compensation from 10% to 100% in steps of 10 percentage points.

the lumped model is compared with the full wind farm model when only assumption (1) is

valid.

4.4.2 Comparison of Models When (1) and (2) Are Valid

In this section, eigenvalues are traced for both models as wind speeds and capacitor com-

pensation levels are varied.

In figure 4.5, the capacitor compensation level is varied from 0.1 to 1 in increments of 0.1.

It is seen that the increasing trend in frequency and decreasing trend in the real part of

the SSO mode are predicted by the lumped model (also see the lumped models of [13, 44]).

The frequencies of the SSO modes are quite similar for the two models. However, the full

model’s SSO mode has smaller damping and the mode is unstable for large values of capacitor

compensation at this wind speed, whereas the lumped model is always stable.

In figure 4.6, the wind speed is varied from 5 to 10m/s in 1m/s increments. As the wind

speed increases, the rotor speed increases and the real part of the SSO mode becomes more
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Figure 4.6: The lumped vs. the full wind farm model with wind speeds from 5m/s to 10m/s.
Same wind speed for both turbines for full model. Capacitor compensation from 30%.

negative as expected. There is fairly good agreement between the two models in terms of

trends, but the lumped model’s SSO modes are shifted up and to the left compared to the

full model’s. Note that as in figure 4.5, the lumped model has less damping.

4.4.3 Comparison of Models When Only (1) is Valid

This section compares the full model when the incident wind speeds are different compared

to the lumped model with an equivalent wind speed and corresponding rotor speed. The

equivalent wind speed of the lumped model is obtained by averaging the powers of the WTGs

and using the MPPT lookup table.

In figure 4.7, the capacitor compensation level is varied from 0.1 to 1 in increments of 0.1, and

the SSO modes are shown for both lumped and full models. The wind speeds are 6 and 8m/s

in the full model, and an equivalent wind speed is used for the lumped model. Comparing

with figure 4.5, the differences between the lumped model and the full model are similar.

The frequencies of both models in the case of different wind speeds are both approximately
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Figure 4.7: The lumped vs. the full wind farm model at 6m/s and 8m/s wind speed for
all turbines in both models. Capacitor compensation from 10% to 100% in steps of 10
percentage points.

1.5 at the highest compensation level and approximately .6 at the lowest compensation level.

This suggests that the structural differences between the matrices are more important than

the nonlinearities in rotor speed for small wind speed differences.

In figure 4.8, the wind speed is varied from 5 and 7m/s to 8 and 10 m/s in increments of

1m/s. As in figure 4.6, the trends are quite similar and the same shift to the upper left

appears between the models. Again, it appears that the structural differences are more

important than small differences in wind speed. This topic of wind speeds will be revisited

with larger variation in section 4.5.

4.4.4 Modes Shapes and the SSO Mode

To explain the differences in the lumped and full models from a different perspective, the

mode shapes and participation factors are analyzed (see section 4.1). For oscillatory modes

like the SSO modes, each element of the mode shape vector is complex. The angles of
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Figure 4.8: The lumped vs. the full wind farm model at from 5m/s to 8m/s and 7m/s to
10m/s. Capacitor compensation from 30%. The final two lumped modes are identical.

elements associated with the same states from different turbines are compared to show

whether the WTGs are acting with or against each other.

The experiment is performed twice, once with identical wind turbines subject to identical

wind speeds. The second time, different wind speeds are chosen for each turbine. For each

experiment the mode shapes for 2 turbines are shown in table 4.3. It is seen in the table that

the lumped and full models have somewhat different mode shapes according to the difference

in structure of the matrices JF and JL.

The participation factors for the SSO mode for 2 and 3 WTGs are presented in table 4.4.

Though the differences are small between the largest participation factors for the full and

lumped models, the fact that there is a difference only due to differing structures of JF and

JL is interesting. Here for space considerations, only the dominant participation factor is

given, but all of participation factors are different in general. This difference in mode shapes

and participation factors is one possible explanation for the difference in trends between the

lumped and full models seen in section 4.6.
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Table 4.3: Mode Shapes for 2 WTGs Full vs Lumped

Vssr full Vssr Lumped
0.286E-3 - .3086E-3i -0.212E-3 + 0.1214E-3
10.11E-3 + 2.447E-3i -12.17E-3 - 3.806E-3
0 0
0.148E-3 + 1.133E-3i 0.464E-3 - 1.120E-3
-9.580E-3 - 2.393E-3i 11.52E-3 + 3.659E-3
0 0
1.401 -0.992
0.059E-6 + 0.020E-6 -0.017E-6 - 0.008E-6
-0.052E-3 +0.109E-3 0.019E-3 - 0.031E-6
-0.363E-6 - 0.174E-6 0.214E-6 + 0.128E-6
-117E-3 - 55.7E-3 68.3E-3 + 40.9 E-3
1.35E-3 + 0.273E-3 -1.62E-3 - 0.448E-3
-134E-3 - 22.1E-3 80.3E-3 + 21.8E-3
1.10E-3 + 0.234E-3 -1.32E-3 - 0.371E-3
0.083E-3 - 0.012E-6 -0.029E-3 + 0.004E-6
8.60E-3 + 2.27E-3 -0.388E-3 -0.161E-3
17.2E-3 + 4.26E-3 -0.797E-3 - 0.258E-3
0.091E-3 - 0.293E-3 -0.055E-3 + 0.210E-3

Table 4.4: Largest Participation Factors of SSO mode for 2 and 3 WTGs

Full Lumped % Difference
2WTGs .44758 .45505 -1.67
3WTGs .44544 .44075 -1.19
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4.4.5 Comparison of Other Modes and Participation Factors

The comparison is performed in two steps to make analysis easier. The first is to compare

the full model with different wind speeds to the full model using a single equivalent wind

speed incident to all wind turbines. For the latter model, the assumptions (1) is valid and

assumption (3) is not made. Furthermore, both of these models will have the same number

of modes, facilitating comparison. The second step is to compare the full model with the

same wind speed to the lumped model for which assumptions (1) and (2) are valid, but

assumption (3) is made.

As for the first step, in figures 4.9 and 4.10, the eigenvectors and largest three participation

factors are shown for a system of two wind turbine generators, one of which has incident wind

speed 6m/s and the other 12m/s. Each eigenvalue is shown in the first column. Note that

all eigenvalues have negative real parts and the equilibrium point is hyperbolic (there are no

eigenvalues with real part equal to zero [66]) and thus the equilibrium point is considered

stable. The second and third columns show the states with the largest participation and

the value of the participation factor. In this way, each row describes the states with the

most influence. The next two sets of columns are the second and third largest participation

factors and corresponding states.

Notice that most of the eigenvalues have top three participation factors associated with a

single wind turbine. This suggests that these dynamics are mostly determined single wind

turbines units rather than their influence on each other. This can be expected of modes from

subsystems whose variables aren’t directly influenced by the states in the stator constraints.

Examples include the rotor modes with imaginary part approximately 6 rads/s, and RSC

control modes at approximately .52 rads/s.

However, there are other modes whose largest three participation factors include states from
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Figure 4.9: The full model with wind speeds 6 and 12m/s for comparison with figure 4.9.

both wind turbines. One example is the 376 rads/s mode most influenced by the d-axis stator

currents. It is no surprise that the 332 - 333rads/s (in the synchronously rotating reference

frame) sub-synchronous oscillatory mode is another example. It is, after all, a system mode.

It can be seen that when the incident wind speeds are the same at all wind turbines, the

participation factors in the sub-synchronous oscillatory mode are practically identical (see

figure 4.10). The same is not true when the incident wind speeds are different (see figure

4.9).

Now, the second step comparison is performed. The 376rads/s mode does not appear in the
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Figure 4.10: The full model with the same equivalent wind speed 8.89m/s at each turbine
for comparison with figure 4.9.
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lumped model. This suggests that the mode regards turbine interaction. Further study (not

included here) show that there are ng − 1 of these modes, increasing the confidence that this

is a local oscillatory mode.

There are also interesting differences in the transmission line mode between the lumped and

full models. The lumped model’s transmission line frequency is roughly 1
ng

that of the full

model, and the real part somewhat lower. The super-synchronous mode has slight differences

at 406rads/s in the lumped model and 415rads/s in the full model. The real part is also

slightly more negative in the full model. The shaft modes at 6rads/s are practically the

same. Many of the exponential modes are also quite similar. Some of the other modes with

a small frequency in the rotating reference frame have some differences.

4.5 Qualitative Differences in Lumped and Full Eigen-

values

In this section, a two DFIG wind farm with incident wind speeds of 6 and 12m/s demonstrates

that positive eigenvalues are possible for the full model. To the author’s knowledge, these

positive eigenvalues have not been observed in the lumped model.

In table (4.5), two sets of eigenvalues are depicted for the same full model with different

control parameters. It can be seen that the original control parameters P1 (used all other

sections) are not sufficient to keep the system stable. There is a real, unstable eigenvalue

of 9.8 associated with the d-axis current of the induction machine, an unstable turbine

oscillatory mode and exponential shaft mode, and an unstable low-frequency oscillatory

mode at .56 rads/s associated with the GSC of turbine two. None of these modes were

present for the lumped model, nor when the wind speeds incident wind speeds were more
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similar.

It is atypical to find unstable turbine modes except due poor controller tuning. The unstable

oscillatory mode with maximum participation factor associated with the GSC also raises

concerns that other controller parameters are problematic. The eigenvalues on the right

show that after a re-tuning of the parameters (to P2), the same control topology is sufficient

to cause all eigenvalues to have negative real parts. Control parameters are shown in the

appendix A.

Note that for these studied controller parameters, the SSO mode is stable. Also note that

the mode at approximately 377rads/s is the local oscillatory mode.

4.6 SSO Frequency and Number of Wind Turbines

In [4, 59], the number of operational wind turbines was identified as an important parameter

for analysis of the SSO frequency and damping. For these experiments, wind speeds were

chosen at 6m/s for all turbines in both models. The Q setpoints are set to zero, and the

capacitor compensation is 30%. The controller parameters are the original parameters P1.

In figures 4.11 and 4.12, the sub-synchronous modes are plotted for ng from one to ten.

Figure 4.11 shows the case in which assumptions (1) and (2) are valid, and figure 4.12 shows

the modes the difference in incident wind speeds in the full model is 2m/s and the lumped

model has an equivalent.

For one wind turbine, the modes are identical as expected. The frequency for both models

increases as the number of turbines increases, as described in [4]. However, the trend in the

real part is different between the two models. As with the capacitor compensation figure

4.5, the lumped model predicts more damping than the full model.
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Table 4.5: Eigenvalues and Participation Factors

λ (CP1) PF λ (CP2) PF
−177± 5872i iql −12.756± 6027i iql
−4776.71 vqrsc1 −7.3850± 435.69i iqs2
−5118.39 vqrsc2 −1.7569± 311.70i iqs1
−3.8096± 415.86i ids2 −9.9252± 376.07i iqs2
−1.6856± 322i ids −20.394± 138.66i iqr1
−4.26± 376i ids −18.745± 122.01i iqr2
−105.51 iqrsc1 −6.1460± 17.60i idr2
−104.41 iqrsc2 −6.2760± 17.020i idr1
−24.989 idr −12.136 ids2
−13.2154 idr −8.8252 ids1
9.8279 idr −0.3573± 6.0642i Tg2

0.29591± 6.316i Ttg2 −0.3166± 6.1516i Tg1

−0.5019± 6.133i Ttg1 −0.5833± 2.1558i idgsc1
−1.616± 0.554i ids1 −0.9393± 1.6985i idl
−0.0732± 1.151i iqgsc2 −0.0715± 1.1467i iqgsc1
−0.0760± 1.182i vdgsc1 −0.0794± 1.1919i vdgsc2
−1.1757 idl −0.8387 idrsc2
0.2956± 0.5574i vdrsc2 −0.9330 idrsc1
−0.3643± 0.6181i vqgsc1 −0.05002 vdc1
−.56354 ids1 −0.05003 vdc2
−0.36755 idl −0.00056237 ωt2

0.05386 ωt2 −0.000019268 ωt1

−0.050026 vdc1 −19.9298 i0s1
−0.05001 vdc2 −19.9298 i0s2
−0.000019268 ωt1 −20.7904 i0r1
−19.9289 i0s1 −20.7904 i0r2
−19.9289 i0s2
−20.7904 i0r1
−20.7904 i0r2
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Figure 4.11: The lumped vs. the full wind farm model for all turbines in both models.
Capacitor compensation is 30%.

Figure 4.12: The lumped vs. the full wind farm model at 6m/s and 8m/s wind speed for all
turbines in both models. Capacitor compensation is 30%.
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4.6.1 DFIG Circuit Model Analysis

It is possible to compare the small-signal model’s SSO modes vs ng results with those ob-

tained from a 2nd order circuit model, as is done in [4, 59]. The primary contribution here

is that an explicit analytic formula for the 2nd order model’s resistance at SSO frequency

is given. Following the equivalent induction machine circuit model developed [4] which in-

cludes the equivalent resistance of the RSC inner current loop controller, equation (4.30) is

obtained.

ZWF ≈ 1

ng

(
rs + jXs +

(K + rr
sssr

+ jXr

)
||jXm

)
(4.30)

≈ 1

ng

(
rs + jXs +

K + rr
sssr

+ jXr

)
(4.31)

Re(ZWF ) ≈
1

ng

(
rs +

K + rr
sssr

)
(4.32)

Im(ZWF ) ≈
1

ng

(Xs +Xr) (4.33)

Assuming the SSO frequency only changes as a result of the changing impedance in the RLC

circuit, equation (4.35) are obtained.

sssr := wssr − wr (4.34)

wssr ≈ ((LL + Im(ZWF ))CL)
− 1

2

≈
(
(LL +

Xs +Xr

ngωe

)CL

)− 1
2

(4.35)

Combining equations (4.32), (4.34), and (4.35), the final equation (4.36) for the equivalent
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Figure 4.13: The Thevenin equivalent resistance of a wind farm vs the number of operational
wind turbines in the wind farm. A magenta ’x’ marks every 5 WTGs.

wind farm resistance as a function of the number of WTGs is obtained.

RWF (ng) ≈
1

ng

(
rs +

K + rr

((LL + 1
ng
(Ls + Lr))CL)

− 1
2 − wr

)
(4.36)

The above plots in figure 4.13 are generated for a single rotor speed ωr = 200rads/s. From

1 - 10 WTGS, the shape of the curve is dominated by the changing SSO frequency as a

result of the changing wind farm equivalent reactive impedance. From 10 - 25 WTGs, the

curve is dominated by the slip’s influence. From 25 - 100 WTGs, neither factor significantly

changes the equivalent resistance. It can be seen in the second plot of figure 4.13 that the

SSO frequency achieves only a certain range of frequencies. A change in rotor speed is a

shift up or down in the second plot of figure 4.13, and for small changes in rotor speed is

approximately similar to shifting left or right of the divergence part of the first plot. Note
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that at DFIGs are normally limited to roughly 30% slip, and in under those conditions, the

equivalent resistance is always negative and looks more like a 1/x curve.

4.7 Conclusion

The lumped aggregate and full DFIG wind farm small signal models are compared via their

modes. It was found that differences in operating conditions due to differences in wind

speed of a few m/s are negligible, but that structural differences of the lumped and full

model matrices cause differences in the sub-synchronous resonance mode. Results also show

that the full wind farm model’s SSO mode vs number of wind turbines has the same trend

in frequency, but an opposite trend in damping compared with the lumped model for small

numbers of turbines. This may be explained be differences in mode shapes and participation

factors caused by the structural differences between the lumped and full model matrices, but

further study is suggested. If the lumped and equivalent circuit models are both inaccurate

about the trends with the number of wind turbines, it may be challenging to find a simplified

model resulting from operational model reduction that describes the behavior.

New unstable modes were found in the full wind farm model when there are large differences

in turbine incident wind speeds. These modes originate from the controller parameters that

are suitable for the lumped model are directly applied to all WECS in the full model. It has

been demonstrated that tuning of the full model control parameters can make the system

small-signal stable again.



Chapter 5

Nonlinear Analysis of DFIG Wind

Farms using Koopman Theory

Traditionally, the power system was overbuilt because the available computational power

precluded all but the simplest dynamical analyses. After the widespread availability of

computers, economic forces cause power systems to be designed and operated with closer

to operational limits. Recently, environmental concerns and technological advances have

resulted in the deployment of more wind energy conversion systems (WECS) and high-

voltage power electronics in the grid.

One negative impact of the increase in renewable and power electronic interfaced systems

is the reduction of the fleet of traditional generators and their contribution to synchronism

and stability of the power system. In addition, it is well known that when the grid is more

stressed, its nonlinear dynamical behavior is manifested to a greater extent [8]. Both factors

reduce the applicability of linear assumptions about the power system dynamics.

However, there are currently no mature methodologies to exhaustively study large nonlinear

85
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systems like practical power systems [47]. Industry analysis, design, and control techniques

rely on either computationally expensive time domain simulation (TDS) or linearization

using the Jacobian about an equilibrium point. Jacobian linearization is powerful because

it enables the analysis and design of control inputs one-by-one, but results require testing

against TDS because of the ”small disturbance” assumption.

Koopman theory provides a framework to construct a model with the expressive power

of the nonlinear TDS, yet retain the invaluable properties of Jacobian linearization that

enable straightforward analysis of invariant subspaces [69]. It has been shown that a matrix

can be constructed that is a valid approximation of the nonlinear dynamics of the whole

basin of attraction (stability region) around an equilibrium point [70, 71]. Unfortunately,

it can be difficult to estimate stability regions in high dimensional systems [72, 73]. The

disadvantage is that the model will be of higher dimension than the Jacobian, increasing

memory requirements and runtime.

There are several interesting theoretical advancements and applications of Koopman theory

in the recent past. In [70], theory and application of Koopman Analysis to linearization on

the whole basin of attraction (stability region) is proposed. In [71], the link between DMD

and the Koopman operator is established and several choices of observables (lifting functions)

are discussed. In [15], theory is explained in terms of simple examples and Koopman theory

is used in a control framework on low-dimensional nonlinear systems. In [74], the use of

Time Delay Embedding (TDE) is used to explore the reconstruction on multi-time scale

nonlinear dynamics, and [75] analyzes the merit of TDE for the selection of states. In [76],

Koopman is used in a Model Predictive Control framework to perform data driven control

of low-dimensional systems. In [77] a definition for participation factors based on Koopman

Theory is presented. In [26, 78, 79, 80, 81], Koopman mode analysis is applied to power

systems for data driven stability analysis, coherency identification, control of microgrids,
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dynamic state estimation, and control of power-electronic interfaced synchronous machines

are explored respectively.

To the authors’ knowledge, there has not been an application of Koopman theory to the

study of DFIG wind farms. In this study, Koopman theory is applied to the analysis of wind

farms to contribute to the literature in the following ways:

• A proof for the applicability of Koopman theory to DFIG wind farms is established.

• Graphical and numerical simulation results establish that the learned Koopman oper-

ator can predict the state trajectories of the DFIG wind farm significantly better than

the traditional Jacobian.

The rest of the chapter is organized as follows. Section 5.1 describes the origins of the

nonlinearities in the DFIG WECS model. In section 5.2, the importance of linearization and

a background of Koopman Theory utilized in this work is presented. Section 5.3 contains

a proof that application of a single Koopman theory to the study of the lumped wind

farm model is mathematically justifiable. Section 5.4 describes the graphical and tabular

trajectory prediction results on random test trajectories. Section 5.5 contains details about

linearization using Koopman Theory. Section 5.6 shows the results.

5.1 Nonlinearities in the DFIG WECS Model

The limitations of the linearization result from the nonlinear part of the dynamical system

of equations. These nonlinearities also give insight into which lifting functions will be most

valuable additions to the finite-approximation

In table 5.1, the nonlinearities of the DFIG WECS model are organized by subsystem. The
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Table 5.1: Nonlinearities in the DFIG WECS Model

Subsystem Type of Nonlinearities Physical Origin Nonlinear Terms
Turbine Polynomial in two variables Electric Torque iqrids, iqsidr
I.M. Polynomial in two variables Slip wriqs, wrids, wriqr, wridr
DC-Link 1/x · Polynomial in 2 vars Powers e.g. 1

vdc
iqs1vqg2, 1

vdc
iqs1iql, ...

GSC None (in ideal model)
RSC None (in ideal model)
T-Line None (in most models)

subsystem with the most complicated cross-coupling in dynamical equations is the DC-Link.

The complication results from the stator powers, which contain voltages which are functions

of the states of all of the wind turbines in the wind farm. By Kirchoff’s Voltage and Current

laws, those voltages can be expressed as a function of stator currents and GSC voltages (both

of which are states) and the voltage at the point of interconnection (initially obtained from

the power flow solution).

Depending on the parameters of the wind farm, there are either 0, 1, or 2 fixed points in a

lumped WTG DFIG wind farm [82].

5.2 Koopman Theory

Linear and nonlinear dynamics are different in very important ways. For example, in linear

systems the response of the system to two control inputs is exactly the sum of the responses to

each input. Furthermore, linear dynamical system have global stability properties, whereas

nonlinear dynamical systems have stability regions [47].

Because the ability to break down a problem into small pieces is so valuable, linearization

is a popular tool in nonlinear dynamics. Techniques include the traditional Taylor Series

approach, normal forms [66], feedback linearization [83], and Koopman Theory [69]. The

traditional Taylor Series linearization is simple to compute, but valid only for small distur-
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bances. Normal forms are computationally expensive to compute, and feedback linearization

is achieved through control. Koopman linearization does not necessarily suffer from these

drawbacks and can also be achieved using relatively mature technologies as is explained

shortly.

Koopman Theory [69] offers an approach more general that Jacobian linearization that en-

ables the expansion of region in which the linearized model is a valid approximation of f [70].

The theory states that for analytic dynamical systems there exists a linear operator that can

represent the dynamics with arbitrary accuracy on an invariant subset of the state space [84].

Unfortunately, Koopman operators that exactly represent the dynamics generally operate

on infinite dimensional vector spaces, and truncation is necessary for engineering application

[15].

The mathematical description of Koopman theory can be described as follows. The contin-

uous nonlinear dynamical (power) system ẋ = f(x) with f : Rn → Rn can be discretized to

achieve the flow in equation (5.1) [15].

F∆t(x(t0)) = x(t0) +

∫ t0+∆t

t0

f(x(τ))dτ (5.1)

In the context of the discretized system, the problem is to find a set of observables y = g(x),

where g : Rn → Rm, (m > n) and a K such that Kg(x) = g ◦ F∆t. The interpretation

is that K, the Koopman operator, is a linearization of F∆t in a new coordinate space with

lifted states y. Because linear systems have a different number of attractors than nonlinear

systems in general [15, 47], one K will be produced per attractor.

The eigenvalues of K are the modes of the linear representation F∆t. Each Koopman eigen-
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vector φ is defined to be the one dimensional invariant subspaces of the linearized system

λK = Kφ, where λ is the Koopman eigenvalue associated with φ. This means that nonlinear

dynamics can be analyzed in a simplified way through the Koopman modes analogous to

tradition linearizations.

A popular algorithm to produce a K using measurements and regression is is the called

Extended Dynamic Mode Decomposition (eDMD) [71]. In the eDMD framework, a set of

measurements d are collected over time from the real dynamical system F∆t. The measure-

ments are used to estimate the state x, which is lifted via a nonlinear, vector valued function

g to achieve the lifted states y.

Selecting the most appropriate set of observable functions g is still an open challenge, though

several possibilities exist including radial basis functions, RHS nonlinear terms, Hermite poly-

nomials, and time delay embeddings (TDE) [71, 76]. Because TDE is theoretically justifiable

and is a well established method of enhancing the observability of nonlinear dynamics from

measurements [75, 85], this work employs TDE.

5.3 Applicability of Koopman Theory to DFIG Wind

Farms

This section contains novel mathematical justification for application of Koopman theory to

the wind farm modeled as describes in chapter 3. The most important concepts are defined

before the proof.

Definition 5.1. Set invariant under vector field ẋ = f(x): Let S be a set whose elements

are state vectors x, and let x0 be the state at time t = 0. S is invariant under the vector

field f if x0 ∈ S implies x(t) ∈ S ∀ t > 0 [66]
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Because any trajectory that starts in a stability region of a fixed point converges to that fixed

point, the stability region is an invariant set. As stability regions for distinct fixed points

are disjoint, this implies that it is possible to study nonlinear dynamics by studying fixed

points one by one. Dynamics described by analytical functions permit exact representation

using a Koopman Operator.

Definition 5.2. An “analytic function” f(x) is an infinitely differentiable function such that∑∞
i=0 ai(x− x0)

i converges to f(x) on some neighborhood around x0.

Now it is possible to prove the applicability of Koopman theory to the wind farm model.

Theorem 5.3. The DFIG wind farm lumped model dynamics in the stability regions around

fixed equilibrium points can be exactly represented with a single Koopman operator.

Proof. It was shown in [82] that the DFIG lumped model system has 1 stable fixed point.

Thus a single Koopman operator is required to represent the dynamics in the region of interest

(note that the operation within limit cycles are not considered). It is now only left to show

that the system permits a Koopman operator that can exactly represent the dynamics in

the stability region of that fixed point. To do this, it is shown that each dynamical equation

in the wind farm model is analytic [84].

Equations (3.12) - (3.15) are linear in the states. Equations (3.16) and (3.18) - (3.20)

are polynomial. Equation (3.17) contains the multiplication of analytic functions of states,

specifically 1/vdc and the real powers (which are polynomial functions of states). Note that

if vdc = 0, v̇dc is infinite in the model, thus the domain is restricted to vdc > 0.

Control equations (3.21)-(3.28) are linear, but algebra is required to simplify equation (3.26)

due to feedback. The control equation for Qg involves a feedback, that can be re-written

algebraically as a polynomial divided by 1+Kgp2Kgp3idg (and compositions of analytic func-

tions are analytic). Naturally, control parameters are selected to avoid the possibility of
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infinite state derivatives. Thus, excepting black start scenarios, the nonlinear dynamics of

the lumped model can be captured with a single Koopman operator.

The above proof establishes the mathematical soundness of representing the dynamics of the

DFIG wind farm lumped model in the stability region surrounding the wind farm steady

state operating point. The implication is that using Koopman theory, a linearized model

can be constructed that will outperform the Jacobian.

5.4 Training and Testing

Training data D is collected as the first step to identifying the Koopman linearized system

K (see section 5.5) and testing data T are collected to evaluate the merit of that K. The

construction of the training and testing data sets are described in this section.

5.4.1 Training Data

The goal of approximating the Koopman operator for the system dynamics is to represent all

of the behavior of the nonlinear dynamical system in the stability region of the attractor of

interest. Important considerations for data collection are graphically illustrated in figure 5.1.

In the figure, (a) depicts a choice of trajectories that cover a relatively large portion of the

stability region depicted in blue. In contrast, (b) depicts trajectories that don’t represent

the dynamics in the region inside the yellow circle. Furthermore, because data sampled

in the region circled in red are very close together in the state space, the training data

over-represents the region in red.
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Figure 5.1: Comparison of choices of trajectories within the blue stability region as train-
ing data for construction of the Koopman operator. Purple curves are trajectories, with
measurement samples represented as dots. The S.E.P. is the black circle.

The training data is obtained in a combination of two ways (1) by exciting all of the modes of

the Jacobian in a guaranteed manner; and (2) by adding additional training data as desired

with random perturbations about the equilibrium. Exciting all of the modes of the Jacobian

helps ensure the breadth of the state space is covered, and the random data prevents the

need for long trajectories (that enter the region circled in red) to attain enough data. The

two methods of data collection are detailed below.

The Jacobian J represents the linearized dynamical system ẋ = Jx, and permits an eigen-

decomposition ẋ = (V ΛV −1)x where V is the matrix of right eigenvectors of J [51].

By choosing the right eigenvectors vi ∈ C of the Jacobian as directions of the disturbance,

the training trajectory data contains all of the linearized system’s modes. Equation (5.2)

demonstrates how the eigenvectors is used to excite all of the modes.

Exponential Mode λi Oscillatory Mode λi, λ
∗
i

∆x(t0) = cV z(t0) ∆x(t0) = cV z(t0)

= cV ei = cV (ei + ej)

= cRe(vi) = 2cRe(vi) (5.2)
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In equation (5.2) ei is a column vector of zeros except for a one in the ith position. The set of

initial conditions x(t0) = x0 +∆x(t0) attained using the Jacobian can be added to training

data D.

Adding additional training trajectories will improve the accuracy of the identified K. Linear

combinations of the eigenvectors may be taken, or initial conditions may be chosen as x0

plus a random ∆x. In this study, 500 random disturbances are collected using MATLAB’s

rand function as shown in equation (5.3). Each trajectory consists of 70 samples taken with

∆t = .001s. The shaft mode of the linearized wind farm system are approximately 1Hz, but

most of the oscillator modes are between 10 and 1000Hz.

xt=0 = x0 + c(rand(n, 1)− .5) (5.3)

After D is constructed, each element is used as an initial condition for MATLAB’s ode15s

solver to produce the trajectory data X.

5.4.2 Testing the Truncated Koopman Operator

Like the training data D, the testing data is a set T whose elements are initial condition

state vectors. In this work, 500 random disturbances from the equilibrium point comprise T .

Figure 5.2 shows how the trajectories using traditional and proposed methods are produced.

MATLAB’s ode15s solver is applied to f to directly advance the original states x and produce

the benchmark trajectories. The proposed method is used to compute the lifted states

y = g(x), advance the lifted states by multiplying by K, and compute the original states as

x = g−1(y).
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Figure 5.2: The evolution of the original dynamical system and the Koopman linearized
system in time. The systems are related by the lifting function g [15].

Though visual inspection is valuable, it is impractical to test a wide array of trajectories

visually. Therefore, the classical sum of squared errors of the trajectories as shown in equation

(5.4) is used as the figure of merit for numerical comparison.

r =
∑
i

∑
j

(xi(tj)− x̂i(tj))
2 (5.4)

The subscript i emphasizes that the figure of merit is computed separately for each state’s

trajectory. The j subscript refers to the different samples. A scalar figure of merit is attained

from the outer sum.

The scalar figure of merit is computed to compare the solver’s trajectories with the proposed

method’s trajectories. The figure of merit is computed again to compare the trajectories

computed by the Jacobian to the solver’s trajectories. Because r is always positive, the

trajectories predicted by the Koopman operator are superior if rJ−rK > 0. This computation

enables the expedient evaluation of the merit of the proposed Koopman linearization to the

traditional linearization.
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5.5 Construction and Use of the Koopman Operator

In this study, the Koopman linearized system K is identified by using a data-driven procedure

called Extended Dynamic Mode Decomposition (eDMD) [71, 86]. The building blocks of

eDMD are singular value decomposition (SVD) and regression. The lifted states are chosen

using Time Delay Embedding (TDE) applied to measurements of the original states. The

procedure here is described more generally and in more detail in [76].

5.5.1 eDMD and Time Delay Embedding

Measurements sampled at regular intervals are collected from either the real system or sim-

ulation of F∆t and organized in a matrix X ∈ Rm×d whose rows correspond to a single

measurement sampled over time. In this way, the system to be identified given a choice of g

and X is as shown in equation (5.5)

y(k + 1) = Ky(k) (5.5)

x(k) = h(X(k)) (5.6)

y(k) = g(x(k)) (5.7)

The first steps are to use the measurements X to reconstruct the sequence of estimates of the

original states x(k). Then the sequence of estimates of the lifted states y(k) are computed.

The resulting lifted data Y ∈ Rm×d is broken into two parts Y (1 : d − 1) and Y (2 : d) in

recognition that the first represents the lifted states on the RHS of equation (5.5) and the

second represents those on the LHS. Now it is possible to write a least-squares optimization
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problem to identify K.

min
K

||Y (:, 2 : d)−KY (:, 1 : d− 1)||F (5.8)

min
C

||X − CY ||F (5.9)

Optimization problems (5.8) have well known analytic solutions if h(x) is a linear mapping

C. In this first application of Koopman Theory to DFIG wind farms, it is assumed that the

state is directly observable, implying h in equation (5.6) is the identity matrix.

Time delay embedding (TDE) is chosen to produce the lifted states because it is well estab-

lished, straightforward, and can enhance the observability of the nonlinear dynamics [85].

Intuition behind the approach can be gained by considering observability in linear systems:

a single state sampled enough times enables the reconstruction of state transition matrix

with appropriate dependence between states.

TDE leverages this enhancement of observability through a change in perspective regarding

the recorded measurements X. Instead of treating X like a set of m measurements with d

samples, X can be treated as two (or more) sets of measurements, one of x(k) and one of

xi(k + 1) = Ax(k). Thus, the lifted states are chosen via TDE as shown in equation (5.10)

where nd is the number of delays chosen. For theoretical discussion of TDE as a generator

for states, see [75], and [87] for the influence and optimal selection of nd.

Y =

X(:, 1 : d− nd)

X(:, nd + 1 : d)

 (5.10)
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TDE with number of delays nd are applied to all states to compute the lifted states. Thus,

the original states can be recovered from the lifted states using the inverse of g given by

equation (5.11) where In ∈ Rn×n is the identity matrix.

g−1 =

In 0

0 0

 (5.11)

5.6 Results

It is well established that the traditional linearization is valid only for small disturbances.

In theory, the higher dimensional linear system constructed is valid over a larger region.

However, [75] suggests that convergence of the error of a truncated Koopman operator to

the true dynamics may be poor depending on the choice of lifted states. Thus, testing via

simulation is required to show that a practically useful Koopman operator is attainable.

5.6.1 Identification of the Traditional Linearization

The proposed data driven methodology can recreate the state transition matrix obtained

from traditional linearization if the lifted states are chosen to be y = x. The comparison of

eigenvalues is shown in figure 5.3 and graphical comparison of trajectories is shown in figure

5.4.

In figure 5.3, note that the eigenvalues corresponding to slow moving modes are almost

exactly the same in both columns, and both system have eigenvalues of magnitude less than

one corresponding to stability. Thus, the state transition matrix was successfully identified.

The very fast modes (with small absolute values) have some differences probably due to



5.6. Results 99

Figure 5.3: Table of eigenvalues. (a) the eigenvalues for the truncated Koopman Operator
with nd = 1. (b) The eigenvalues of the state transition matrix Φ produced analytically.
∆t = 1[s], c = 1.

sampling frequency or non-orthogonality of eigenvectors, but very stable modes are typically

not the focus of study. The time domain simulation shown in figure (5.4) also confirms that

the trajectories share are practically identical after the fast dynamics have settled.

5.6.2 Graphical Analysis of Nonlinear Trajectories

In figure (5.5), the trajectory of the q-axis stator current (associate with real power pro-

duction) predicted by Koopman linearization with nd = 50 (K50) more closely follows the

trajectories of the full nonlinear trajectories than those of the Jacobian (J) for the same

disturbance. The trajectory produced by the Koopman linearization is quite similar to the

solver’s trajectory until the solver fails, indicating that the nonlinear dynamics have been

captured well even for the large disturbance.

Compared to figure (5.5), the Koopman operator with nd = 10 performs poorly compared to

the Jacobian for the same disturbance. This indicates that the delay embedding dimension
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Figure 5.4: Time domain simulation with linear systems Φ and K. ∆t = 1[s], c = 1.

Figure 5.5: The time response of the Jacobian, truncated Koopman operator with nd = 50,
and the full nonlinear system to a random disturbance with c = 0.2.
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Figure 5.6: The time response of the Jacobian, truncated Koopman Operator with nd = 10,
and the full nonlinear system to a random disturbance with c = 0.2.

is not sufficient to capture the nonlinear behavior of the wind farm.

Figures (5.7) and (5.8) show another two random trajectories. Again, the higher embedding

performs better than the lower embedding, but the lower embedding also performs well for

this trajectory.

Figure (5.9) shows the transmission line q-axis current (most associated with real power

transfer), the d-axis induction machine current (associated with generator reactive power),

the DC-Link capacitor voltage, and the rotor speed as functions of time for a trajectory. It

is clear that the Koopman operator also predicts these state trajectories well relative to the

Jacobian.

5.6.3 Numerical Testing of Nonlinear Trajectories

It is impractical to perform comprehensive testing by comparing trajectories visually. In-

stead, numerical testing should be performed on a set of test trajectories in order to ascertain

the merit of the proposed methodology.
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Figure 5.7: The time response of the Jacobian, truncated Koopman Operator with nd = 10,
and the full nonlinear system to a random disturbance with c = 0.2.

Figure 5.8: The time response of the Jacobian, truncated Koopman Operator with nd = 10,
and the full nonlinear system to a random disturbance with c = 0.2.
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Figure 5.9: The time response of the Jacobian, truncated Koopman Operator with nd = 50,
and the full nonlinear system to a random disturbance with c = 0.2. ∆t = .001s. Plot shows
T-line q-axis current, stator d-axis current, DC-link voltage, and the rotor speed.

In table (5.2), the first column shows the number of tests for which the Koopman out-

performed the Jacobian, i.e. rJ − rK > 0. It can be seen that both the lower dimension

and higher dimensional Koopman operators perform between than the Jacobian for a vast

majority of the randomly generated test trajectories.

In table (5.2) columns two and three, statistics for the trajectories in which the Koopman

operator performed better and for which the Jacobian performed better are shown. RJ (RK)

denote the subset of T for which the Jacobian (Koopman operator) performed better. It can

be seen that the lower dimensional Koopman operator is worse on average than it is better

on average. That being said, the cardinality of RJ is much smaller than that of RK . Note

also that the delay embedding dimension is below Takens’ Theorem’s threshold. In contrast,

K with nd = 50 performs better when it’s better than it does worse when it’s worse. In

other worse, when the K performs worse than the Jacobian, it’s only slightly worse.
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Table 5.2: Mean Statistics: (500 Random Test Disturbances)

|RK | mean(RJ) mean(RK)

K10 475 / 500 -1261.3e+003 277.9128e+003
K50 499 / 500 -488.4951e+003 397.2318e+003

5.7 Conclusion

In this study, Koopman theory was applied to nonlinear DFIG nonlinear analysis. The proof

that the Koopman operator can exactly represent the nonlinear dynamics is established.

Combined with earlier studies that showed that the DFIG wind farm lumped model has

one stable equilibrium point, this implies that a single Koopman operator can be used to

exhaustively study the stability region around the steady state operating point.

An algorithm for producing training data was proposed, and the merit of the identified

Koopman linearized system was tested numerically using the sum of squared errors of the

predicted trajectories compared to the nonlinear simulation produced using an ODE solver.

It was found in numerical simulations that the truncated Koopman operator with Time

Delay Embedding dimension of fifty performed better than the traditional linearization in

499 of 500 random test trajectories.
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Conclusions

In these studies, improved analysis tools were developed to ameliorate some of the negative

impacts of increasing WECS penetration. Though studies herein include the impacts of

both linear and nonlinear phenomena, the methods employed do not sacrifice the beneficial

properties of linear systems.

The main contributions of this research are:

• A methodology to reduce the runtime of contingency screening DC power flow cases

by approximately 38% was proven and implemented in a state of the art large, sparse,

parallel circuit solver NICSLU.

• The full wind farm small-signal model with an arbitrary number of 22nd order DFIG

WECS was derived and detailed, initial conditions were solved, and the model was com-

pared with the lumped 22nd order model in the context of sub-synchronous resonance.

It was found that the lumped model is not always conservative, suggesting detailed

modeling is necessary in practice, and that unstable controller modes are possible if

there are different wind speeds at different turbines in the model.

105
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• A linear model for a nonlinear DFIG WECS wind farm analysis identified using Koop-

man theory was proven justifiable and shown numerically to predict trajectories better

than the traditional Jacobian linearization in 499 out of 500 random test cases.

A method to increase the efficiency of linear contingency screening is introduced to enable

greater breadth of contingency analysis on short time frames. It was found that the time

taken to perform contingency analysis for the same set of contingencies can be reduced by

approximately 38% by reusing the symbolic factorization of the base-case.

A detailed, small-signal model of a DFIG wind farm is derived and analyzed for in depth

study of linear phenomena like sub-synchronous resonance in a longer term planning setting.

The detailed model was compared with the model constructed under the lumped aggregate

assumption. It was shown that sometimes the lumped model has stable eigenvalues when the

detailed model is unstable ones. New unstable modes were also identified that the lumped

model cannot demonstrate when the lumped model assumptions are invalid. It was shown

that those modes can be made stable by adjusting the RSC and GSC controller gains for

each individual turbine. It was also found that the trends in the sub-synchronous mode are

similar for capacitor compensation level and wind speed variation, but that the number of

wind turbines has a trend dissimilar to the lumped model, perhaps because of the different

participation of states in the SSO mode. It is suggested that this phenomenon be the topic

of future investigation.

An approach based in Koopman-theory is theoretically and numerically shown to be justi-

fied for study of nonlinear dynamic phenomena of DFIG wind farms at high levels of detail

for long planning time frames. This numerical results show that the Koopman based lin-

earization is a better prediction of the full nonlinear dynamics than the Jacobian based

state transition matrix in 499 out of 500 test trajectories. The price that is paid is higher
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model dimensionality. It would be an interesting future study to investigate how well sparse,

low-order approximated Koopman operators perform relative to the traditional linearization.

Sparse representation may be necessary to perform detailed nonlinear eigenvalue stability or

controller design of practical power systems.

6.1 Future Work

Several interesting extensions of the work presented herein are possible. It would be a

valuable contribution if the methods to improve runtime of contingency analysis could be

extended to AC power flows. The extension may not be possible. The small-signal stabil-

ity studies of sub-synchronous resonance could also be enhanced both by implementing a

wind farm supervisory control system in the model and using the Koopman linearized model

to design a nonlinear control to mitigate the phenomenon. Multi-time scale techniques for

truncated Koopman operator training data collection can help ensure fast dynamics are cap-

tured well by the proposed model. In addition, sparse techniques for model identification

can promote efficient storage of the model in memory, thus improving the practicality of the

methodology for large power systems. Finally, the impact of changes to system parameter-

ization on accuracy of the identified Koopman linearization must be established before the

proposed method can be incorporated in real-time industry analyses.
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Appendix A

System Data

Below are the system data used for chapters 4 and 5.

Table A.1: System Parameters [p.u.] including P1 for a 2MW WTG used in chapter 4

we = wB 377 XC 0.1500 Dg 2.0e-06
Ht 0.0858 RL 0.0200 Dt 2.0e-06
Ktg 0.0030 XL 0.6400 Dtg 0.0300
C[F ] 0.0140 Xsys 0.0600 Hg 0.0180
Xtg 15.0000 Krp1 88 Kgp1 -0.1000
Xm 197.6400 Krp2 1 Kgp2 1
Xss 202.2555 Krp3 -0.0880 Kgp3 1
Xls 4.6155 Krp4 0.1000 Kgp4 -0.1000
Xrr 202.6175 Kri1 50 Kgi1 -0.0050
Xlr 4.9775 Kri2 100 Kgi2 10
Rs 0.2440 Kri3 -0.7000 Kgi3 0.5000
Rr 0.2745 Kri4 1 Kgi4 -1
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Table A.2: Retuned Control Parameters P2 used in chapter 4

Krp1 1.0000 Kgp1 -0.1000
Krp2 0.1000 Kgp2 1.0000
Krp3 -0.0880 Kgp3 1.0000
Krp4 0.7500 Kgp4 -0.1000
Kri1 50.0000 Kgi1 -0.0050
Kri2 50.0000 Kgi2 10.0000
Kri3 -0.7000 Kgi3 5.0000
Kri4 10.0000 Kgi4 -1.0000

Table A.3: System Parameters [p.u.] including P1 for a 2MW WTG used in chapter 5

we = wB 377 XC 0.1500 Dg 2.0e-06
Ht 0.0858 RL 0.0200 Dt 2.0e-06
Ktg 0.0030 XL 0.6400 Dtg 0.0300
C[F ] 0.0140 Xsys 0.0600 Hg 0.0180
Xtg 15.0000 Krp1 1.0000 Kgp1 -0.1000
Xm 197.6400 Krp2 0.1000 Kgp2 1.0000
Xss 202.2555 Krp3 -0.0880 Kgp3 1.0000
Xls 4.6155 Krp4 0.7500 Kgp4 -0.1000
Xrr 202.6175 Kri1 50.0000 Kgi1 -0.0050
Xlr 4.9775 Kri2 50.0000 Kgi2 10.0000
Rs 0.2440 Kri3 -0.7000 Kgi3 5.0000
Rr 0.2745 Kri4 10.0000 Kgi4 -1.0000
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