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(ABSTRACT) 

Electrical crosstalk is becoming increasingly important as size shrinks and 

component densities increase in hybrid circuits. This occurs especially in multilayer 

thick film circuits. Crosstalk studies at high frequencies apply transverse 

electromagnetic (TEM) or quasi-TEM mode. However, the TEM mode theory is 

not applicable at low frequencies and low frequency-crosstalk is still a concern for 

circuit designers. 

In this research, crosstalk equations were derived in a simpler way, which can 

be used for low frequency applications such as automotive electronics. Test patterns 

were designed in both single and multilayer substrates in order to study crosstalk 

parameters such as line separation, line width, ground distance, ground type, and 

multilayer thickness. The mutual inductance and the mutual capacitance were 

calculated in order to use them in predicting crosstalk for particular transmission line 

geometrical structures. A conventional technique was used for the mutual 

inductance, and a new conformal mapping technique was developed for the mutual 

capacitance. 

Frequency dependence of crosstalk was confirmed by the equations developed. 

There is good agreement between the experimental mutual inductance and mutual 

capacitance and the calculated values. Finally, crosstalk prediction ( simulated by 

combining crosstalk equations with calculated mutual parameters ) fits well with the 

measured values.
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Chapter I 

Introduction 
  

Recent trends in electronic systems are related to the reduction of device size 

combined with increased complexity in terms of the number of components as well 

as their function. This is the same trend found in thick film technology. Higher 

circuit densities can be achieved by using a multilayer system in combination with 

thick film devices. The simplest multilayer can be made by printing and firing 

dielectric layers sequentially. | However, this multiple firing leads to imprecise 

dielectric thickness control and, above all, the number of layers is limited because 

conductor properties such as conductivity change after multiple firings. In order to 

improve these two problems, co-fired Al,O, processing was developed. In this 

processing, circuits are printed on each alumina substrate separately, and then layers 

are collated, laminated, and co-fired. This technique gives high print resolution, 

good dielectric thickness control, surface smoothness, and an unlimited number of 

layers. Unfortunately, the process requires a high firing temperature, so that only 

modest conductivity metals such as W and Mo/Mn can be used. 

One state-of-the-art multilayer system which combines the positive advantages 

of the above two processes is low temperature co-fired Green Tape™. In this 

technique, green dielectric tape, used for each separate layer, can be fired at a low 

firing temperature (850°C). This Green Tape™ shrinks in three dimensions after 

firing. Fortunately, however, since the shrinkage tolerance is relatively small 

(12.0+0.2%), such shrinkage can be taken into account in circuit design", Another 

green tape system is called Tape-On-Substrate™ (TOS), in which green tape is 

1
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laminated onto an alumina substrate and fired. Each TOS substrate is fired 

separately. Even though relatively few layers are fabricated in this technique, it 

shows shrinkage in the z-direction only and dielectric thickness is still easily controlled 

(2.7 ym after firing)!!, 

While these multilayer systems may guarantee high circuit density, they do 

have potential problems such as low heat dissipation, and electrical crosstalk. When 

a heat source exists somewhere in the multilayer ceramic, heat dissipation is difficult 

because the source is surrounded by bulky ceramic. Crosstalk, a form of signal 

interference, occurs between adjacent transmission lines due to the close conducting 

line separation in complex circuits. When a transmission line exists close to another 

line, the second line can pick up a signal from the first due to the mutual capacitance 

and mutual inductance that exists between them. ~ This induced current signal may 

result in the circuit malfunctioning, especially in digital circuits. The Federal 

Communications Commission (FCC) Rules and Regulations (Part 15, Subpart J) 

requires of any commercial product marketed in the United States that "generates 

and uses timing signals or pulses at a rate in excess of 10,000 pulses (cycles) per 

second and uses digital techniques" must not radiate signals in excess of certain levels 

in the frequency range of 30 MHz to 1 GHz!?], Emissions injected from the product 

into the commercial power mains also have to meet a similar requirement in the 

frequency range of 450 kHz to 30 MHz. Clock frequencies in excess of 10 kHz in 

digital electronic products are also regulated. Therefore, virtually all digital 

electronic products are subject to the FCC regulations. In order to satisfy the 

reliability of multilayer electronic devices which are subject to FCC regulations, the 
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circuit designer needs to be able to predict crosstalk for a given circuit design before 

manufacturing. 

Several software programs are available to predict crosstalk for given 

transmission line structures (discussed further in Chapter I). These calculate mutual 

parameters (mutual inductance and mutual capacitance) using numerical techniques 

which assume that the skin effect is well developed at high frequencies (> 1 GHz)!l. 

Such software is therefore not applicable to low frequency applications such as 

automotive electronics (< 100 MHz). IBM has developed its own software (ASTAP: 

The Advanced Statistical Analysis) which is a general-purpose network-analysis 

program. C.R. Paull‘l used ASTAP to predict crosstalk at frequencies lower than 

100 kHz. However, he still applied relationships between inductance and 

capacitance which are valid only at high frequencies. He used this relationship to 

predict mutual inductance using mutual capacitance which was computed by 

numerical methods. This approximation was acceptable for transmission lines which 

are widely separated, as much as 30 mils. But, his prediction may be invalid when 

line spacing becomes narrower than 30 mils. Generally speaking, a rigorous 

crosstalk model at low frequency has yet to be developed. 

A typical transmission line structure which gives rise to crosstalk is the parallel 

transmission line, sometimes called coupled lines. A coupled transmission line 

system consists of at least two ordinary transmission lines which have some form of 

coupling between them such that a voltage and/or current signal in one line will 

induce a voltage and/or current signal in the other line. There are two generic types 

of coupled lines in multilayer circuits: side-coupled and broad-coupled. Depending 
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on the characteristics of the ground, transmission lines can be classified into several 

Structures. Fig. 1.1 shows some examples of parallel transmission lines and 

grounding configurations. 

In order to analyze coupled lines, voltage is measured at both terminals of the 

second line. Fig. 1.2 shows crosstalk test diagrams where far-end and near-end 

crosstalk voltages (V; and Vx) are defined in accordance with measurement position. 

Each line is terminated by a resistor (Rg, Ry, and R;). Ry is the source resistance 

of the signal generator and V, is the source voltage. Fig. 1.3 shows the equivalent 

test circuit, where the self-inductance and self-capacitance of each line, and the 

mutual inductance and the mutual capacitance between them are indicated. When 

coupled lines are analyzed, equivalent circuits such as Fig. 1.3-a and/or Fig. 1.3-b are 

used. In Fig. 1.3-a, a perfect ground without resistance and inductance is assumed. 

In reality, however, ground resistance and ground inductance should be considered 

for rigorous analysis, and Fig. 1.3-b is better suited for that case. Two mutual 

parameters exist between coupled lines in Fig. 1.3-a, but the mutual inductance term 

is actually loop inductance which consists of the partial mutual inductance and self- 

inductance of each line. Fig. 1.3-b shows these partial inductances and produces 

better models for crosstalk analysis. In the next section, crosstalk model and 

prediction will be reviewed briefly. 
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Fig. 1.1 Five structures for coupled parallel transmission lines 
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Fig. 1.2 Crosstalk test circuit diagrams with ground plane and 

ground line structures. Components are discussed in text. 
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b. Lumped circuit model 

Fig. 1.3 Equivalent circuits for coupled lines : a. shows loop 

inductance L,, and b. shows partial mutual 

inductances (L,>, L1¢, and Lz, ) and considers ground 

inductance (L¢ ) and ground resistance (Rg ). 

Chapter 1 7



Chapter IT 

Literature Review 

§ 2.1 General overview 

The simplest coupled transmission line consists of two conductors with a common 

return ground conductor. This type of coupled transmission line will be the main 

topic of discussion in this dissertation. Coupled transmission lines are identified in 

several ways, as shown by the examples below (input signal is applied to line 1). 

Line 1 Line 2!° ¢ 

generator receptor!) 

active line quiescent line!®! 

active line passive line!?! 

driven conductor idle conductor!!4l 

drive line sense/pickup line!!! 

interfering line victim line!2! 

source line receptor line!!! 

Analysis of coupled lines has been studied in several ways. In 1947, two 

symmetric parallel wire lines immersed in a homogeneous medium were studied by 

M. Cotte!l, He derived a general solution using "telegrapher’s equations" with 

transverse electromagnetic (TEM) propagation. L.J. Greenstein and H.G. Tobin 

studied multiple cable-coupled interference, and found a rigorous solution for



Literature Review 

crosstalk using a Laplace transform technique!) With the subsequent increase in 

digital circuit speeds and denser component packing, crosstalk problems have spread 

to backplane wiring, circuit boards, etc.. I. Catt obtained the same results as Cotte’s 

solutions using Laplace transform technique for two coupled transmission lines!"*), 

For practical computer wiring, D.B. Jarvis introduced a weak coupling approximation 

called "loose-coupling theory" (which neglects the effect of line 2 on line 1)! 

"Close-coupling theory", in contrast to Jarvis’ analysis, considers the effect of line 2 

on line 1!!, A qualitative description of the nature of the crosstalk signals for pulse- 

driven interconnecting lines was presented by A. Feller et al!!), They made an 

attempt to separate the coupling into independent capacitive- and inductive-coupling, 

and then to superimpose their solutions. In their studies, a general expression for 

the transient crosstalk signal voltage between lines in a nonhomogeneous medium was 

derived. V.K. Tripathi, in 1975, developed general solutions for asymmetric coupled 

transmission lines in an inhomogeneous medium"™”!, He discussed a solution for 

symmetric coupled lines in a homogeneous medium as a special case of a general 

solution. In the above cases, crosstalk analysis for transmission lines was studied 

with TEM or "quasi-TEM" propagation assumptions for high frequency applications. 

In 1967, R.J. Mohr reported crosstalk studies at low frequencies, where TEM mode 

[12] can not be assumed C.R. Paul developed a solution for three conductor lines 

(one being a common ground line) in homogeneous media using matrix chain 

[7, 18] parameters The general solution was complicated, and a low-frequency 

approximation was used to simplify the expressions. A.J. Rainal reported a crosstalk 

model which could be applied to arbitrary pulse, periodic, and random signals"), 

Once crosstalk equations are established, the next step is to predict crosstalk 
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from given line geometries and terminations. In order to predict crosstalk, mutual 

parameters must be determined. In this light, analysis of mutual capacitance has 

been made by using conformal mapping!!*! and numerical methods!***3!,_ If mutual 

capacitance is known, mutual inductance can be obtained from the relationship: 

I][c]- 5 @.1) 
c 

where [L] is the inductance matrix, [C] is the capacitance matrix, and c is the wave 

velocity in the medium™!, §. Okugawa calculated mutual capacitance using 

numerical methods and used this value to predict crosstalk between microstrip 

transmission lines by employing Jarvis’ loose-coupling theory!“!, N. Schibuya and K. 

Ito simulated crosstalk of wiring on printed circuit boards using close-coupling theory 

for the crosstalk model, with numerical techniques for determining mutual 

capacitance”!, They developed software called NESSY and CALCAP for this 

purpose. With a similar technique, A. Djordjevié et al developed software for time- 

domain response of multiconductor transmission lines, but their techniques were only 

useful for applications in microwave range!*!, C.R. Paul used IBM’s ASTAP 

software to predict crosstalk of land patterns (having coplanar ground line) at 

frequencies lower than 500 MHz'*:*l. However, he still used the relationship in 

Eq.(2.1) to predict mutual inductance, which is not acceptable at low frequencies. 

In this chapter, some crosstalk anaysis at low frequencies and calculation 

techniques for mutual parameters will be briefly reviewed. 
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§ 2.2 Crosstalk models 

R.J. Mohr derived coupling equations for wire lines over a ground plane!"], 

He assumed wires in which lengths are short compared with a half wavelength, and 

terminating resistances are significantly smaller than the characteristic impedance of 

the wires, the net coupling thus being magnetic, which is related to L,,. Without 

electric coupling (which is related to C,,), the mesh equation of the active line is: 

joL, I, - (Ry + R; + joL,)IL, (2.2) 

where J, is the current on line 1 and w is angular frequency (also see Fig. 1.3-a). 

From this equation, near-end crosstalk is given by: 

R 
V, = joL, I, —— Tt (2.3) 

R, + Ry 1 + joL,/(R, + Ry) 
  

When frequency increases sufficiently, 1 <jwL,/(R-+R,y), and the resultant crosstalk 

V,, becomes linearly proportional to frequency. 

Mohr’s simple crosstalk expression is useful at low frequencies ( wire length 

is shorter than a half wavelenght ), but mutual capacitance still cannot be neglected 

when the distance between coupled lines is small. C.R. Paul studied terminal voltages 

of a transmission line consisting of three conductors immersed in a homogeneous 

medium!”!, He derived the following per-unit-length transmission line equations for 

the structure shown in Fig. 1.3-b : 
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—! ~ -joL,I, - joL,I, 

—* - -joL J, - joL,I, 

(2.4) 

t= -jw(C, + C,)V, + joc,V, 

— = -jwC,V, -jo(C, + C,)V, 

Paul discussed the sinusoidal steady-state behavior of the line using matrix chain 

parameters!'*! for the transmission-line equations. The matrix chain parameters 

provide a solution to these transmission line equations by relating the voltage and 

current at the far-end to the voltage and current at the near-end. At low 

frequencies, he found general solutions for near and far-end crosstalk voltages (V,, 

and V,, respectively). 

  

    

  

Vy = Jol Ry J + RvR C _ a V 
R, + Ry "Ry + Rg Ryet+ Ry “Ry +R, | ° 

(2.5) 

V, = jo! | —"* 1 RWRr Ge ly 
f R,+Ry "Ro +R, Rp t+ Ry "Ro +R} * 

    

Chapter 2 12



Literature Review 

From Eq. 2.5 linear frequency dependence of crosstalk for both far-end and near-end 

can be found. It is possible that V, may be identically zero for all frequencies when 

the first and second terms are equal. When coupled transmission lines are designed 

(5, 27], When terminal for this condition, they are called directional couplers 

resistances have the condition that Rp = Ry = Rr = Z, , where Z, is the 

characteristic impedance of the transmission line, the crosstalk equation of Eq. 2.5 

forms the result of Jarvis!®!, Feller et all!!! and Rainal!!®l. 

  

1 Li j dV, 
Vy = =|— + ZC, — a 

Z. j, ai 2 

1 

1 m dV, 
V,<-2/— -Z.C —" dx 

F 9 5 o™m ; dt 

    

where jwV, is replaced by dV,/dt and I, by integration of dx. 

§ 2.3. Mutual capacitance 

A conformal mapping technique for the determination of mutual capacitance 

will be reviewed in this section. The conformal transformation which maps the upper 

half of the z-plane onto the interior of a rectilinear polygon in the w-plane was 

advanced independently and more or less simultaneousely by the German 

mathematician, H.A. Schwarz!“l, and the Italian mathematician, E.B. Christoffell*7!. 

The perimeter of the polygon in the w-plane coincides with the real axis of the z- 

plane. Fig. 2.1-a shows this transformation, where the upper half infinite z-plane is 

mapped into the polygon on the w-plane. Mutual capacitance for two coplanar 
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parallel conducting strips with equal and opposite charges can be obtained using their 

technique. When microstrip conductor boundaries are given by +a and +b (as 

shown in Fig. 2.1-b), four real axis bends of 2/2 form a rectangular box (Fig. 2.1-b) 

which encloses an area of uniform field bounded by.A‘, B’, A, and B. Thus, mutual 

capacitance can be obtained from these simple parallel plates as C, = e AB/A’A, 

where é is permittivity. S.B. Cohn calculated the mutual capacitance of a shielded 

coupled-strip transmission line in 19557], He discussed fringing capacitance for zero 

thickness strips and finite thickness strips (Fig. 2.2-a). In his discussions, the mutual 

capacitance can be treated as an "odd-mode fringing capacitance between two strip 

lines" as shown in Fig. 2.2-b. Even though exact mutual capacitance was not 

discussed, several persons developed useful conformal mapping functions for self 

capacitance and characteristic impedance of transmission lines!”?*>!, K.G. Black and 

T.J. Higgins calculated the self capacitance of a microstrip on a ground plane at ultra 

[29] [30], high frequencies A.A. Oliner calculated the self capacitance of strip lines 

H.A. Wheeler discussed wave resistance (equivalent to characteristic impedance) of 

parallel strips (broad coupled line) and microstrips on a ground plane using 

conformal mapping approximation®'!, C.P. Wen studied self capacitance of a 

surface strip transmission line with infinite coplanar waveguides!) (Fig. 2.3-a). C. 

Veyres and V.F. Hanna developed conformal mapping techniques to calculate 

capacitance of strips with finite coplanar ground planes!**! (Fig. 2.3-b). 
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z—- plane 

     
a. General transformation 

  

  

        
b. m/2 bends 

Fig. 2.1 Schwarz—Christoffel conformal mapping 
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zero thickness strips finite thickness strips 

    

    

    

a. Coupled-strip-line cross sections 

  

—
<
—
_
—
 

<7
. 

      

Even-mode electric field distibution 

  

  

  

    
Odd-mode electric field distribution 

b. Field distribution of the even and odd modes in coupled strip line 

Fig. 2.2 Shielded coupled-strip transmission line. Fringing 

capacitance ( Cy) is equivalent to mutual capacitance. 
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a. 

  

Key: Strip line 

    

Ground plane 

  

  

  Half-infinite plane 

  

b. Conformal mapping of a surface strip line with finite ground planes 

Fig. 2.38 Examples of conformal mapping for capacitance calculations 
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§ 2.4 Mutual inductance 

Inductance calculations have been used primarily in power engineering 

applications. F.W. Grover provided an extensive treatment for electronic circuit 

geometries'*!, | When cross sectional dimensions are small compared with the 

distance between them, it suffices to assume that mutual inductance is sensibly the 

same as the mutual inductance of filaments along their axes, and to use the 

appropriate basic formula for filaments to calculate the mutual inductance. The 

mutual inductance of two equal parallel straight filaments is: 

2 2 2.7 
+ |1+ Lg - {1+ a’ + d (nH/m) (2.7) 

d? [? l 

where / is the filament length, and d is distance (center-to-center) between lines 

L,, = 200} In 

Q
™
~
 

For conductors whose cross section is too large to use this formula directly, 

geometrical mean distance (GMD) is used instead of d. GMD of two parallel strips 

is given by (See Fig. 2.4-a): 

1 1 1 (2.8) 
+ In S = In na - + 

12n2  60n* ~=168n? 
      

where S is GMD, a is the line width, and na is the line separation (center-to-center). 

For a multitude of conductor geometries, A.E. Ruehli developed a filament 

approximation which is convenient for computer implementation®”, The concept 

of this technique is that the conductor cross sections are partitioned into a set of 

rectangles (Fig. 2.4-b), and a simple formation is obtained as the sum of partial 

inductances: 
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k n 

L,, -lim~—¥ ¥ L, (2.9) 
ko KM 524 jl 
Pio 

where k and n correspond to conductors k and n respectively. The L; can be 

obtained from Eq. (2.7) for each partitioned section. 
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a "4 
— 

a. Cross sectional view of parallel microstrip. G.M.D. of Eq. (2.8) is 

used in place of distance d in Eq. (2.7) for mutual inductance. 

  

b. Partitioning of areas k and n for arbitrary line geometries. 

Fig. 2.4 Mutual inductance calculation for two geometries: 

a. infinitely thin conductor tapes; b. conductor bars 

with finite thickness. 
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Chapter IIT 

Theoretical Background 
  

In this chapter, the basic theory of transmission lines, including mutual 

parameter calculations will be reviewed. The transverse electromagnetic (TEM) 

mode of propagation will be discussed and applied to microstrips of interest. In 

addition, basic conformal mapping techniques related to mutual capacitance 

calculation for microstrips will be shown. Finally, conventional inductance 

calculations will be reviewed in detail for use in determining mutual inductance. 

§ 3.1 The transmission line equations 

The electrical transmission line is an example of a one-dimensional 

propagating electromagnetic wave system. It is usually required that the electrical 

length of the line be at least several percent of a wavelength at the highest frequency 

of interest!?”, An ideal lossless transmission line is surrounded by electric and 

magnetic fields that are normal both to each other and to the direction of energy 

propagation. This is the common TEM mode of propagation. This is not to say, 

however, that a transmission line must propagate a signal in the TEM mode. For 

example, even though a microstrip is one form of transmission line, it cannot support 

TEM waves at frequencies other than zero because there is an inhomogeneous 

dielectric cross section of the line normal to the direction of propagation (see Fig. 

1.1). However, a microstrip can be regarded as an ideal transmission line with TEM 

mode by introducing the effective dielectric constant of dielectric layer. In this case, 
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"[27], In this section, the the microstrip is called "quasi-static microstrip line 

telegrapher’s equation and crosstalk equation for lossless transmission line will be 

reviewed. 

3.1.1 Telegrapher’s equations 

Fig. 3.1-a shows an ideal transmission line above a ground plane. Since 

charge is conserved, the following relationship can be established at distance x from 

the source: 

oT | 9Q (3.1) 
Ox ot 

where @Q is the charge per unit length at distance x and time ¢ on the line. If we 

assume that the line is a perfect conductor, we have: 

_oV _o® (3.2) 
Ox ot 

where @ represents the magnetic flux linked with unit length of the line at distance 

x and time t. The charge and the flux are described as: 

Q-CV , S-LI (3.3) 

where C is the self-capacitance (line capacitance) and L is the self-inductance (line 

inductance). From Eq.(3.1), (3.2), and (3.3), we obtain 

al av (3.4) 

Chapter 3 22



Theoretical Background 

   
    

   
    

Ground plane 

a. Single transmission line 

Ground plane 

b. Coupled transmission lines 

Fig. 3.1 Transmission line model on ground plane 
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— = -La 3.5 
ox ot G>) 

Equations (3.4) and (3.5) are coupled first-order partial differential equations in V 

and J. Differentiating Eq.(3.4) with respect to ¢ and Eq.(3.5) with respect to x, we 

have 

  

  

2 2 

oT cot (3.6) 
Ox dt ar 

2 2 

OV. pet (3.7) 
ax? otox 

Equating the mixed partial derivatives yields 

eV pce (3.8) 
ax? 

Similarly, by reversing the order of differentiation, we obtain an equation in J alone 

as: 

2 . 2 

oT Ll itctt (3.9) 
ax? ar? 

Eq.(3.8) and/or (3.9) are called the Telegrapher’s equation®® “! for a lossless line. 

Maxwell’s equations yield a result similar equation to the telegrapher’s equation. In 

homogeneous space, Maxwell’s equations are 

VD =p (3.10) 
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VB -0 (3.11) 

VxE = -98 (3.12) 
ot 

VxH -y + 2? (3.13) 
ot 

where D = Electric displacement vector 

B = Magnetic flux vector 

E = Electric field intensity vector 

H = Magnetic field intensity vector 

J = Electric current density vector 

p = Space charge density 

When the wave is propagating through a dielectric, p=0. Also, 

B- pH (3.14) 

D - cE (3.15) 

where y and e are the permeability and permittivity, respectively, of the material. 

Substituting the relationships above into Maxwell’s equations, we have 

VE = 0 (3.16) 
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V-H -0 (3.17) 

Take the curl of both sides of Eq.(3.12) and substitute the result into Eq.(3.13), 

oH 0 
Vx(VxE) = -pVx—_— = -p—(VxH x(VxE] BvXs u(VxH) 

- -p2 y+ oP ~ oP 

ot ot at? 

~ pel E 
eae (3.18) 

By vector identity, 

Vx(VxE) = V(V:E) - V7E = - V?E (3.19) 

since V-E=0 from Eq.(3.16). Therefore, 

2 2 
VE - pel = . SF (3.20) 

ar? ax? 

Eq.(3.20) has the same form as Eq.(3.8) and (3.9). Similarly, it can be shown that 

H also satisfies the same telegrapher’s equation. 

Now consider a wave having the form 

c-e{F=s-HelEsr}oe(E-oh (3.21) 
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where the — sign indicates wave motion to the right (increasing x) and the + sign 

indicates wave motion to the left (decreasing x). The wave has a constant velocity 

c. Letf =x/c + t, then 

9b _ OF Of _ 19k (3.22) 
ox odfax caf 

and 

of _ oF _ , 98 (3.23) 
ateestéiéf attOO”CO 

To obtain solutions to Eq.(3.22) and Eq.(3.23), it is useful to find an equation in ¢.- 

alone. Since Eq.(3.23) has both the + and — sign, differentiate Eq.(3.23) with 

respect to ¢ and Eq.(3.22) with respect to x in order to satisfy + properties 

simultaneously. Then we obtain 

ae | 1are (3.24) 
ax* caf? 

and 

ae | ot (3.25) 
arr of? 

or 

ae 1a%e (3.26) 
ax? sc? ar? 
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Eq.(3.26) is the wave equation and is equivalent to the telegrapher’s equation. Thus, 

from Eq.(3.8), (3.20), and (3.26), we have 

+ Lice pe (3.27) 
c2 

Now consider a semi-infinite line, extending from x=0 to x=, A wave 

launched at x=0 will propagate in the +x direction. Then from Eq.(3.5), (3.22), and 

(3.23), 

a. 1iav_ 11av_ |c aw (3.28) 
oa 6©Lax)6~=6hULL Cc af L at 

and therefore for the wave traveling only in the +x direction, 

V(x,t) = JLIC (x,t) (3.29) 

The ratio of the voltage to the current at any point along the line is therefore a 

constant having the units of resistance. This resistance is defined as the characteristic 

impedance, Z,, of the line. 

Z, . ILC (3.30) 

3.1.2 Coupling equations for TEM mode 

When we consider two parallel conductors above a ground line (Fig. 3.1-b), 

there is some coupling between them due to their proximity. The electrostatic 

formulae and steady current formulae are again used for these two lines: 
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and 

, where Cy, Cy: 

C 

L 
m 
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0-4, - CY, 
(3.31) 

Q,- -C,V, + CV, 

6, -LI,+L,L 
(3.32) 

6,-L 1, + Lj 

Line capacitances 

: Mutual capacitance 

Line inductances 

: Mutual inductance 

Egq.(3.1), (3.2), (3.31), and (3.32) can be combined to give the differential equations 

of the system: 

Chapter 3 

al, av, aV, 
__ = -C,— — 
ox ot ot 

ol oV. OV. 
_? . -C,— +c — 
ox ot ™ Ot 

(3.33) 

ox 1 of ™ Ot 

ox 2 at ™ Ot 
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The general solutions for the voltages on the two lines in terms of all four waves are 

rather complicated but are given by Tripathi!’”. However, when symmetric coupled 

lines are considered with C}=C,=C and L,=L,=L, Eq.(3.33) reduces to 

al, av, av, 
—t.iclii.zc_? 1 
Ox a Or (1) 

al, av, av, 
_* = -C_2 __! 2 
Ox 3 OE (2) 

(3.34) 

av. al al 
+ --L—-L —? (3) 

ox ot ot 

aV. al al 
—?--tp*-L (4) 
ox ot ™ Ot 

To simplify the solutions, add and subtract (1) and (2), and (3) and (4) in Eq.(3.34). 

Ah +) 6 _¢ ut) 
Ox ™ ot 

ht) eye 8M -) 
ox m ot 

(3.35) 
ith) ay 3h + 4) 

Ox m ot 

a(V, - Vy) _ (L-L ah - I,) 
ox m ot 
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Two modes are defined as: 

  

  

  

  

    

    

even mode Vi-V,+V, (,-1,+1,) 
(3.36) 

odd mode Vi- Vi -Y;z (I, - 1, - 1) 

Thus, 

ol, ele ov, 

ax “( wa 

ol, Cec ov, 

ox CC + Gm) at 
(3.37) 

ov, (L+L y ote 
= — + — 

ox ™* at 

ov, L-L ) ote 

Be Ede 
Using the same procedure as before, from Eq.(3.6) through (3.9), 

eV, eV, 
52 -(L+L )(C -C,) 572 

»y ; (3.38) 

2=-(L-L,)(C + C,)—< 
ax? mat? 

Then even-mode and odd-mode velocities are defined as 

even-mode velocity + -(L+L,)(C - C,) 
Cc 

° (3.39) 

odd-mode velocity + -(L-L,)(C + C,) 
Cc 
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Combining Eq.(3.37), (3.39), and (3.28) gives 

-ty,- -(L+L,)L 
Cc 

¢€ 

(3.40) 
1 -<V, = -(L - Ll, 
oO 

Therefore, even- and odd-characteristic impedances are, from Eq.(3.40): 

é€ 
r - Z,.7¢(L +L,,) 

é 

- m (3.41) 
  

  

where characteristic impedance is expressed by!?”!: 

Z2-Z,.Z (3.42) 
oe 90a 

When there is a homogeneous medium, the two velocities must be equal to each 

other and to the wave propagation velocity in the homogeneous dielectric medium. 

Thus, 

(L+L,)(C -C,) =(L-L,)(C + C,) 

Ch m 

Or =. - k, (3.43) 

Chapter 3 32



Theoretical Background 

where k, is the coupling coefficient in the homogeneous medium. 

To solve Eq.(3.38), each variable is replaced by its Laplace transformation; 

e LV J=V,, etc. and & =sV,, etc.. Then 

    

12> 

~” wv
 

  

  

€ 217 Ty 
-(L+L,)(C -C,)s Vi- VY, 

ax? c, 

Vy. = s2— (3.44) 

a -(L - LCC + CS V, - ae 

_ In the homogeneous medium, the solutions of differential equations in Eq.(3.44) are 

sx/c . 
A - A,e + A,e 

~Sxic, 

(3.45) 
sxic o e ~sxic, Vi = Ae? + Aye 

where A,, A, A, and A, are constants to be determined. To solve for the currents, 

Eq.(3.45) is substituted into Eq.(3.38), with replacing J, and J, with their respective 

Laplace transformations. Hence: 

a (L+L_)st = -(L + S 
ax me 
  

  

  

  

and I -_ — 1 14 et _ a 

L+ Lin C, C, 

T C - Ch sxic -SX/C or I~ |7— | -A,e* + Ae | (3.46) 
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Likewise, 

— C+C, 
I 

° L-L, 
  [Aye + Aye] (3.47 

The above solutions result from "close-coupling" theory. The effect of a wave 

traveling along line 1 is to induce a wave in line 2. These waves will then affect the 

wave in line 1. However, if the coupling is weak it is plausible to assume that the 

wave induced on line 2 will be small and so will have a negligible effect on the large 

driving wave on line 1. This assumption leads to the "loose-coupling" theory. The 

simplified version of Eq.(3.34) is then 

al, av, 
_— = ~-C__ 

ox ot 

ol, = ci +C oY 
ox ot ™ ot 

(3.48) 

Ox ot 

Ox ot ™ Ot 

Using the same procedure as that in close-coupling theory, 
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al, —_— 
_ -SCYV, 
ox 

al, _ _ 
> = -SCV, + sCLV, 

av, _ 
—_ = -SLI, 
ox 

aV, — — 
x - -sLI, - sL, I, 

After differentiating and combining Eq.(3.49), we have 

where c?=1/LC. 

eV, 52— 
__ —V, 
ax? sc? 

PV, s? Li C, TD s? wi |) _™ V, + — 

ax? ZL L Cc c? 

    

The solution to Eq.(3.50) is then 

Chapter 3 

VY 

I 

- sxic ~Sx/c B, e + Boe 

- —|-B exe . B ene | 
Z, 1 2 
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(3.49) 

(3.50) 

(3.51) 
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V. = Be 4 Be » Sy Ln _ Cn (B eke _ B est | 
2 3 4 Cc L C 1 2 

— L C 
T, - — (Bye + Bye) + 2 3m 5 —™|(B ete — Bie") 

Zo 2Z,\ L Cc 

L C _ oil Ss, “m _ ~m (B este 4 B, ens | 

2Z,°¢ (L C 

L Cc 
+ 1 _m _ im (-B err 4 B este) 

Zl LC , ? 

    

(3.52) 

where Z, = yL/C . 

As a particular choice of boundary conditions, suppose that the lines are terminated 

in their characteristic impedance Z, and that at time t=0, a voltage V is applied to 

the input line 1. Therefore, if / is the length of each line, we obtain 

    

Vo | en -2slic Wyn 3° z+ 2m (1 - e 2") 

(3.53) 

L 2 lem 7 © \ise-ste 
2| Z, 
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The above results were derived independently (and by different means ) by Jarvis!”) 

(1963), Feller et all!!! (1965), and Rainall!l (1978), respectively. 

§ 3.2 Conformal transformations 

Conformal transformation is a mathematical technique that allows a particular 

transmission line geometry to be transformed into a new geometry in the second 

coordinate system, with certain rules governing the relationship between the electrical 

properties of the lines in the two systems. If the second system is judiciously chosen, 

the new geometry is more amenable to solution by Laplace’s equation (in the plane) 

than was the original geometry. The theory of conformal transformations is a topic 

in the more general theory of complex variables. A complex number in z-plane has 

the form: 

z=x+jy =rcos@ + jrsing = re/? (3.54) 

A function w(z) of the complex variable z is itself a complex number whose 

real and imaginary parts u and v depend on the position of z in the z-plane. 

w(z) = u(x, y) + jv(x, y) (3.55) 

Two different graphical representations of the function w(z) are useful. One is 

simply to plot the real and/or imaginary parts, u(x, y) and v( y) as surface above the 

z-plane. The other is to present the complex number w(z) by a point in the complex 

"w-plane", so that to each point in the z-plane corresponds one (or more) points in 

the w-plane. In this way, the function w(z) produces a mapping of the z-plane into 

the w-plane. It is found that Laplace’s equation in the z-plane still satisfy Laplace’s 
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equation in the w-plane ( See Appedix A ). In this case, a transformed solution 

becomes the final solution. In the following sections, some sample transformation 

functions will be reviewed. 

3.2.1 Exponential function 

Let w=tanhz and find u(x y) and v(~% y). Since 

  

sinh2x + jsin2y (3.56) 

cos*y cosh?x + sin*y sinh?x 
  

_1 
2 

=u +j]v 

  

  

we obtain 

u* + (v - cot2y)* = i 
sin’ 2y 

(3.57) 

(u - cosh 2x)* + v? = 1 
sinh? 2x 

Therefore, when y is confined to the region between zero and +2/2 (Fig.3.2-a), 

Eq.(3.57) forms bipolar coordinates depending on values of x and y as shown in 

Fig. 3.2-c. | Hence, each quarter region in the z-plane can be mapped to a 

corresponding region in the w-plane (Fig. 3.2-b). 
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Jy Cc’ 
ju 

C’ I II 
K F E J n/2 

I iF II K J 

A CF | A | F C 
K J x Y ' U 

0 Cc oD -y 0 1B C 
Ill IV 

K D GC B J -m/2 Ill IV 

z —plane w-—plane 
C 

a. w=tanhz mapping from z—plane tow-plane showing 

corresponding regions and points 

ju 

U 
  

    w—plane 

b. Grids of the above conformal transformation showing bipolar 

coordinates: shaded area corresponds to that in z-plane 

Fig. 3.2 Conformal transformation by an exponential function 
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3.2.2 Schwarz-Christoffel transformation of coplanar strips 

Consider two coplanar parallel strips, where the strip boundaries are given by 

+a and +b. Four 2/2 real axis bends take the form (See Appendix B for details) 

w-A | dz +B (3.58) 

(22-4?) (2?-b?) 
  

  

which is known as an elliptic integral of the first kind. Let w=0 when z=0 for 

convenience, then B=0 and 

dz 
weA 

| \(a?-2?) (b?-2?) 
  

  

  

  

(3.59) 

  

The inverse function of the elliptic integral, Eq.(3.59), is the elliptic function, i.e.; 
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ab. a 
zZ = asn| —w, — a" | 

(3.60) 

= asn f ab wW, k) 
A 

where k=a/b. Special values of the elliptic signs are 

sn( K +jK’,k) =k"! 
(3.61) 

sn( K + sik’, k) =k? 

where k is the modulus, K’= K(k’), and k’-1-k* is the complementary modulus. 

K and K’ are the corresponding complete elliptic integrals where K is expressed as: 

  

  

2 32 3.52 
Kame Flral st) af LS V taf E35 ey eee. (3.62) 

2 2 2°4 2°4°6 

Thus, where z=b, from Eq.(3.60), 

ble. sn{ 20, k) (3.63) 
a A 

and 

ow ~ K + jk (3.64) 
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Since u=OA and v-=AB when z=5, in Fig. 2.1-b, 

K-~oA 
A 

(3.65) 

K = AB 
A 

The capacitance per unit length is, from Fig. 2.1-b, 

AB _ x (3.66) 
  

Since Fig. 2.1-b is the conformal! transformation for half-infinite plane of z-plane, 

capacitance for the whole upper- and lower-space will be 

c-e% (3.67) 
K 

§ 3.3. Inductance calculation 

Although the self-inductances and mutual inductances of circuit elements not 

associated with magnetic materials are independent of the value of the current and 

dependent only on the geometry of the system, it is only in the simplest cases that 

these constants can be calculated exactly. Fortunately, from these basic formulae for 

ideal cases, expressions applicable to the more important circuit elements met in 

practice may be built up by general synthetic methods. A brief survey of the 

methods employed in deriving the basic formulae will first be given and , following 

these, a treatment of methods of procedure for building up solutions of the problem 

Chapter 3 42



Theoretical Background 

for actual circuits is presented. 

3.3.1 Mutual inductance of two equal parallel straight filaments 

Consider the two parallel filaments shown in Fig. 3.3-a._ By applying the Biot- 

Savart law, a current J flowing in the y direction produces a magnetic flux density, 

BC y), given by 

” (” 

B(x, y) ~ # sin 8 a, Ht * ds 
4nx | r? 4x J} Pr 

-1/2 -1/2 (3.68) 

(y+I2)  _— (y-l/2) 

V(y +12)? +x? (y-1/2)2 +x? 

pl 

4x 
  

    

where yp is the permeability of the medium. The total flux, @, linking line 2 is then 

given by 

(° (” 

@= | dx B(x, y)dy 

J -1/2 
(3.69) 

2 2 
He, 14( 4 ae es 4 

2% d l 
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L/2 if] 

(x, y) 

net r line 2     y 8 

  

        
a. Coordinate system for derivation of mutual inductance 

  —~ 
NU 

\4
 

b. Notation for derivation of self-inductance 

2 
NE 

ie 
Fig. 3.3 Inductance calculation models 
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If the medium is a vacuum or air, then uw = uw, = 42 x 10’ H/m and the mutual 

inductance, L,., is given by 

@ 
L,,=-=— 

12 lI 

2 2 

~200])inje + fa+(f£) f- Jie (4) 44 (nH/m) 
d d I i 

3.3.2 Self-inductance of a straight conductor 

Consider the current element shown in Fig. 3.3-b. A basic definition of self- 

inductance, L, is 

La? 
T 

= total number of flux linkage per ampere (3.71) 

From Ampere’s law, the magnetic intensity, internal to the conductor is given by 

H-dA - [Jewry - [zy O<rsp (3.72) 
tp Pp 

where A is the incremental cross sectional area and p is the radius of the conductor. 

Eq.(3.72) assumes that the current density, I/(xp)*, is uniform in the conductor ( skin 

effect is neglected at low frequencies ). From Eq.(3.72), H, is defined as: 
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2 
H, = |i \ - sa(<] O<r<p (3.73) 

2nr\ p 

The flux density, B, , internal to the conductor is then 

2 
B, - pH, - we i O<rsp (3.74) 

2xr\ p 

A given flux line of radius r<p encloses a fraction (r/p)* of the total current J. Thus, 

from Eq.(3.71) and (3.74) the self-inductance, L,, resulting from the internal magnetic 

field is 

p 
2 

Po, 2) dr = H! (3.75) 

The total self-inductance, Ls, of a straight conductor is obtained by adding the 

contributions from the external and internal magnetic fields. Thus, from Eq.(3.70) 

and (3.75) we have 

Le-L,,|,, + 4; (3.76) 
-p 

for p<, 

L, = 200 in (=| - i nH/m (3.77) 
p 
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3.3.3 Inductance for a multitude of geometries 

In calculating the mutual inductance of two conductors whose cross sectional 

dimensions are small compared with their separation, it suffices to assume that the 

mutual inductance is practically the same as that of the filaments along their axes. 

One may then use the appropriate basic formula for filaments to calculate the mutual 

inductance. For conductors whose cross section is too large to justify this simplifying 

assumption it is necessary to average the mutual inductances of all the filaments of 

which the conductors may be supposed to consist. That is, the basic formula for the 

mutual inductance is to be integrated over the cross sections of the conductors. The 

constant terms are of course unchanged; the average of In d is defined as In S, where 

distance S is called the geometric mean distance (GMD) of the two geometries ( See 

Appendix C for more information ). Thus, the two conductors of rectangular cross 

section have been replaced by two filaments whose spacing is equal to the geometric 

mean distance (GMD) of the two sections. For example, the GMD of two parallel 

strips is given by Eq.(2.8), for example. However, as the geometry becomes 

complicated, it is difficult to calculate GMD in closed-form. Thus, Ruehli’s 

technique (numerical method) is used for a multitude of geometries as given in 

Eq.(2.9). 

Since the self-inductance of a conductor is equal to the sum of the mutual 

inductances of all the pairs of filaments of which it is composed, it is also evident that 

the self-inductance of a straight conductor of any desired section is equal to the 

mutual inductance of two parallel straight sub-filaments of which a conductor is 

composed, spaced at the geometric mean distances of all points of the section from 

each other. Thus is derived the idea of the geometric mean distance of an area from 
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itself. When the cross section of the conductor is rectangular, for example, the self- 

inductance is given by!*> *1 

41 1 L, = 200 | In —+ 3 nH/m (3.78) 
P 

  

where p is the perimeter of cross section. 

3.3.4 Loop inductance 

The transmission-line model in Fig. 1.3.a assumes that ground resistance and 

ground inductance are zero. However, when ground is not a perfect conductor, 

ground resistance cannot be neglected. and/or form a ground line, both terms should 

be considered. In that case, lump-circuit model is useful to obtain, so called, loop 

inductance. When current flow directions are considered in Fig. 1.3.b, the loop 

inductance affecting on line 2 is expressed as"; 

Lm ~ Ly - Lig - Lig + Le (3.79) 

For microstrip transmission lines, L,,, L,,, and L,, are calculated using Eq.(3.70) 

or (2.9), and Lg, using Eq.(3.78). 
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Chapter IV 

Objectives and Experiments 
  

As mentioned previously in Chapter I, the crosstalk model at low frequencies 

is still open to question. In order to develop a low frequency crosstalk model, a 

valid crosstalk equation must first be developed for given test patterns of interest. 

Once the crosstalk equation is established, transmission line parameters such as 

mutual capacitance and mutual inductance can be calculated in order to predict 

crosstalk by combining these parameters with the crosstalk equation. 

Crosstalk equations have been developed by several investigators!®7101!121415,16,17], 

however, as shown in the next chapter, these equations can be derived in a simpler 

way for low-frequency applications. In order to understand crosstalk, its dependence 

on the following parameters should first be addressed and investigated: 

a. Transmission line length 

b. Frequency 

C. Line width 

d. Line thickness 

e. Line separation 

f. Ground distance 

g. Termination resistance 

The above parameters can be studied with simple side-coupled microstrips on the 

alumina substrate. When a multilayer system is used, broad-coupled lines can also 

be manufactured. 
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Crosstalk equations contain mutual inductance and mutual capacitance terms. 

Therefore it is important to develop techniques to calculate these parameters to 

simulate crosstalk for given geometrical structures of transmission line. As 

mentioned before, conventional calculations can be used for mutual inductance. As 

for mutual capacitance, new techniques need to be established. 

§ 4.1 Test patterns 

In this reseach, the following test pattern parameters were varied to test 

crosstalk at low frequencies: 

#1: Variations in line spacing using ground plane 

#2: Variations in ground line separation, with constant line spacing 

#3 : Variations in line spacing with constant ground line separation 

A : Test pattern #1 on TOS 

wo
 : Test pattern #1 at TOS-alumina substrate interface 

C : Broad-coupling pattern with TOS medium on alumina substrate 

Test patterns are shown in Fig. 4.1. Line spacing (D) of Pattern #1 was designed 

to have 5, 7, 10, 15 and 20 mils of edge-to-edge distance. Transmission line width 

(W) is 10 mils, with line thickness (T) of 0.8 mil. Ground line separations of Pattern 

#2 were 10, 20, 40, 80, and 160 mils, with constant line spacing of 10 mils. As for 

Pattern #3, line spacing has the same dimensions as Pattern #1 with 10 mil ground 

line distance. Patterns A and B are essentially the same as Pattern #1 except for 

an additional TOS layer. Pattern C has ground plane on the underside of the 

alumina substrate. Patterns A, B, and C were designed to investigate crosstalk in 
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multilayer circuits. TOS varies from single to triple layer. Each transmission line 

was terminated by a resistance of 50Q, 61Q (or 66Q) and 75Q. These resistors were 

chosen to study resistor dependence of crosstalk. The open termination was also 

tested to check crosstalk modeling. 

§ 4.2 Sample preparation 

Test pattern design was performed using CAD (Computer Aided Design). 

The test patterns were printed on an alumina substrate with DuPont 6160 (pure 

silver) paste and then dried for 10 min. at 150°C in a BLUE M oven and fired in a 

BTU furnace at 850°C with 10 min. peak time in a 60 min. cycle. For the ground 

plane, DuPont 6134 (Ag/Pd) was used with the same processing conditions. Once 

sample fabrication was finished, chip resistors were attached at each line termination 

using silver epoxy (Epo-Tek H20E). This epoxy was also used to connect the 

resistor pads and the ground plane of Pattern #1 along the edge of the alumina 

substrate. Curing time was 10 min. at 120°C. 

§ 4.3 Measurements 

A HP3325A Synthesizer/Function Generator(20 MHz max.) was used to apply 

the source signal, and a Tektronix 2215 60 MHz Oscilloscope was used to measure 

both source and output voltage at each termination. A sinusoidal voltage was 

applied using frequencies up to 10 MHz. Peak voltages were measured and plotted 

versus frequency. Voltage versus frequency was plotted on both linear and dB 

scales. 
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S = 5, 7, 10, 15, 20 mil. 

Ss W r 
}--___—_—}-=-___—| 

la Pattern #1 

  

Ground plane 

S=10 mil. D=10, 20, 40, 80, 160 mil. D ; 
j-_-______-| Ground line 

c— oo — 
Pattern #2 

      

S=5, 7, 10, 15, 20 mil. D=10 mil. 

  
Pattern #3 

    

Resistor pad 

Transmission line    
  

  
oF Ground plane 

Siver epoxy 

Ground connection and resistor position 

Fig. 4.1.a Test patterns #1, #2, and #3. 

Chapter 4 52



Objectives and Experiments 

TOS    
    

Alumina substrate Single TOS layer 

Variations in line separation 

Ground plane 

Pattern A 

Variations in TOS layer 

Variations in line separation 

  

Pattern B 

     

  

Variations in TOS layer ( line separation ) 

Pattern C 

Fig. 4.1.b TOS test patterns A, B, and C. 
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Chapter V 

Results and Discussion 
  

The major test results are illustrated in the Figures 5.1 to 5.9. They may be 

summarised as follows: 

- Fig. 

- Fig. 

- Fig. 

- Fig. 

- Fig. 

- Fig. 

- Fig. 

- Fig. 

- Fig. 

- Fig. 

5.1.a 

5.1.b 

5.2 

5.3.a 

5.3.b 

3.4 

5.5 

5.6 

5.7 

5.8 

Typical crosstalk of coupled transmission lines. 

Crosstalk in dB for the same sample as that in Fig. 5.1.a. 

Line separation dependence of Pattern #1 crosstalk versus 

frequency for 75Q termination. Patterns A and B show similar 

results to Pattern #1. 

Termination resistance dependence of crosstalk for Pattern #1 

versus frequency. 

Line separation dependence of Pattern #1 crosstalk versus 

termination resistance. 

Ground line distance dependence of Pattern #2 crosstalk versus 

frequency. Sign of the far-end crosstalk is considered for 

illustrative purposes. 

Ground line distance dependence of Pattern #2 crosstalk versus 

termination resistance. 

Line spacing dependence of Pattern #3 crosstalk versus 

frequency. 

Line spacing dependence of Pattern #3 crosstalk versus 

termination resistance. 

Termination resistance dependence of Pattern C crosstalk versus 
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frequency. 

- Fig. 5.9 Line separation dependence (number of TOS layers) of 

Pattern C crosstalk versus termination resistance. 

§ 5.1 Test results 

Typical crosstalk values for Pattern #1 at both near- and far-end are shown 

in Fig. 5.1.a where absolute values are given in a linear scale. The input source was 

a sinusoidal signal and the peak voltage of each signal was recorded. Crosstalk 

shows good linearity between 3 MHz and 10 MHz. Crosstalk at frequencies lower 

than 1 MHz can be seen more easily when plotted in a dB gain scale as shown in Fig. 

5.1.b. It is shown that crosstalk maintains a practically constant level in the 

frequency range below than 1 MHz. Fig. 5.2 shows the line separation dependence 

of Pattern #1 for a given termination resistance where only linear frequency 

dependence ranges are plotted. In Fig. 5.3.a, the frequency dependence of crosstalk 

for Pattern #1 is illustrated for each termination resistance for a given line 

separation; the open termination shows a high, constant (maximized) level of 

crosstalk. This will be discussed in the next section. When resistance dependence 

is recorded, the sign of output voltage was considered as shown in Fig. 5.3.b, because 

far-end crosstalk shows negative sign sometimes. Patterns A and B show similar 

results to Pattern #1. Figs. 5.4 — 5.7 show the crosstalk of Pattern #2 and #3 

where ground line dependence (Pattern #2) and line separation dependence (Pattern 

#3) were recorded, respectively. The sign of far-end crosstalk is not always negative. 

In Fig. 5.9, it is shown that the far-end sign of Pattern C varies depending on line 

separation ( number of TOS layers ) and/or termination resistance. The near-end 
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crosstalk of Pattern C has a minimum value between 50Q and 75Q. This will be 

discussed in detail in the next section. 
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§ 5.2 Discussion 

The goal of this study is to be able to predict crosstalk for given transmission 

line parameters such as line spacing, ground line distance, etc. as mentioned earlier. 

The first step in predicting crosstalk is to model the crosstalk itself. There are 

several crosstalk equations at high frequencies suitable for TEM or quasi-TEM mode 

applications. Paul!”! derived a low frequency approximation, as a special case, from 

the general high-frequency solution. In this section, a crosstalk equation will also be 

derived for low frequency applications. 

5.2.1 Crosstalk modeling 

Consider a signal propagating on line 1 as shown in Fig. 5.10. The coupling 

can be divided into two components; capacitive and inductive. These two coupling 

components are induced by the mutual capacitance C,, and the mutual inductance 

Lin Tespectively in Fig. 5.10. The capacitively induced current, i,, is induced in line 

2 by mutual capacitance. This current divides into two currents of opposite phase 

which propagate toward each end of the line ( icy and ic, ). Simultaneously, an 

inductive current i, is induced in line 2 by mutual inductance and forms a loop 

current. As a result, near- and far-end currents are established as: 

(5.1) 
N 7 lon 7 Uy 
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and 

V; - Rely 
(5.2) 

Vy Ry ty 

where 

Relop = Ryton (5.3) 

Thus, from Eq.(5.1), 

i; + Ly = lop + Loy (5.4) 

-1 Ip ~ Uy = 21, + Lop - Ion 

When crosstalk is discussed at low frequencies, it is plausible to apply "loose-coupling" 

theory. Then from Eq.(3.48), 

oh 8 Ge 0% (5.5) 
Ox ot ™ oat 

oh yt on, (5.6) 
ax at m Ot 

Jarvis"! combined the above two equations to find J, and V, by considering the 

correlation between them. However, the second term on the right hand side of each 

equation refers to the component induced by the mutual parameter, i.e., 

Be Lg (5.7) 
Ox ot 
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OV, ol 
~Fol_p _} (5.8) 
Ox ™ ot 

where I, is the capacitively induced current and V, is the inductively induced 

potential. Integrating Eq.(5.7), considering current direction, from x to 0 ( to obtain 

icy ) and from x to / ( to obtain i,, ) yields capacitive current at each terminal as, 

" av 
= |] -= — 

  

  

; 1 
‘c| 9 7 'CN | Cn = & 

* (5.9) 

far, 
le| tor 7 Cm =p & 

x 

Thus, 

‘av oo, ; 1 
lo lon + lor = oo = & (9.10) 

0 

From Eq.(5.1) and (5.2), when considering each termination resistance R,; and Ry, 

Rip = Ve = Rp (i, + icp) (5.11) 

Ryiy - Vy - Ry Ciey - iy) (5.12) 
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Multiplying Eq.(5.11) by Ry and (5.12) by R,, and then adding them yields 

RVV, + ReVy = RyRe (icy + ice) (5.13) 

From Eq.(5.9), 

" av 
RyVp + ReVy = RyRpC, = ax (5-14) 

Integrating Eq.(5.8) from 0 to / gives 

Vi, - Vi | 7 aR - (-iRy) 

lL On a 
J,” oF (5.15) 

l [Ln aV, 
J, Re o 

where V, = I, R, according to loose-coupling theory. 

From Eq.(5.11), (5.12), (5.3), and (5.15), 

Vi. - Vy = (Rp + Ry )t, + Relcp - Ryton 

ey L, 8, (5.16) 
- il, = -| We 

(Rp + Bw) | Ry oF 
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Combining Eq.(5.14) and (5.16), we obtain : 

  

    

    

    

Ry 1 RyR; R,_ |’ av, 
Vy - | 5— > Em * mp. p || ap R,+Ry "R, +R, R,+ Ry R, + Ry }J, ot 

(5.17) 
l 

Ve = - R, L, 1 - Ry Re C. R, os 

Ry, +Ry “Rs + Rap Re + Ry “Ro + Ry Jo ot 

where V, = ae V, has been substituted. When V, is a sinusoidal signal 
+ 

5 B 

without attenuation, Eq.(5.17) is equivalent to Paul’s result in Eq.(2.5). If each 

termination has the condition of R, = Ry = R, = R = Z,, Eq.(5.17) becomes 

    

I L av, 
v= 1). .Z, [Ys a 

2|Z, ™ J. ot 
0 

(5.18) 
1 L [" av, 

V,-- | - mo — dx 2| Z, |. ar 
0 

    

In this study, every line was terminated by resistor of the same resistance value. 

From the above equations, a minimum V, occurs as R varies. Pattern C shows this 

minimum between 50Q and 75Q (Fig. 5.9). V, also varies from negative to positive 

as R varies. In directional coupling condition, V; becomes zero as discussed in § 2.2. 

Pattern C shows this condition as mentioned in § 5.1 (Fig. 5.9). 

When V, is an arbitrary signal with propagation delay T,, Eq.(5.18) can be described 

as: 
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J io 3b « opz,) WL a 
2|Z, ”™ dt 

0 
(5.19) 

l L [av t-T 
v,--+ —-C_Z, OPT) ay 

2| Z, ™ J ot 
0 

where C is the wave propagation velocity. 

Then 

c| L,, w 7 5] ot On Zo | [MV (t)-V(t-27,) | 
° 

(5.20) 

L dV (t-T v= 21) omc 2 |e to) 
2|Z, ™ dt 

    

Eq.(5.20) is equivalent to Eq.(3.53). Jarvis!®! and Feller et al!!4] first derived the line 

voltage of line 2 (V,) and then obtained V,, and V; using boundary conditions, i.e., 

V=Z,] when x=0 and x=/. By contrast, Rainal!’”! obtained V, and V, directly; all 

approaches yielded the same result. 

5.2.2 Common ground impedance 

When the ground is not a perfect conductor, resistance Rg will result in a 

voltage drop. Even at very low frequencies where crosstalk essentially dies off, this 

ground voltage still exists because it is independent of frequency. Paull‘! derived the 

ground voltage drop as follows. 

For a sufficiently small frequency (the current is almost DC), the current in 
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line 1 is approximately: 

V, 
IL - —*_ (5.21) 
‘Ry, + Rp 

since Rg is small compared to R, and Rg. The majority of this current passes 

through the common return conductor (ground), developing a voltage drop of 

- RI (5.22) . 
G Gvl1 

across that ground. This voltage is felt across the near- and far-end of line 2 to yield 

R 
  

  

Ve. = N Gey 
NG Ry +R, Ro +R, * 

(5.23) 

Vi. = - Kr Rg V. 
FG R, +R, R.+R, °* nN * AE s + Np 

which is frequency-independent. This provides a plateau for the total crosstalk as 

shown in Fig. 5.11. Strictly speaking, Vg or Vrg is not crosstalk but simply a ground 

voltage drop generated by the common-ground resistance, Rg. Vyg and Vz, can be 

verified by applying a DC source voltage and measuring the output voltage at both 

near- and far-end positions. In this test, a DC power source without source 

resistance was used so that the input voltage was recorded as V,, which is the same 

as V, in Eq.(5.17). Fig. 5.12 shows these ground drops versus input voltage. When 

these ground drops are recorded on a gain scale, it is found that their values are the 

same as those in Fig. 5.1.b. 
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§ 5.3. Mutual parameters 

In the previous section, mutual parameters were found to exist in the crosstalk 

equations. These mutual parameters can be obtained by substituting measured 

crosstalk values into the crosstalk equations. The measured crosstalk values can also 

be derived by substituting calculated mutual parameters into the crosstalk equations. 

In this section, experimental mutual parameters will first be discussed and, later, 

direct mutual parameter calculations will be shown to accurately predict crosstalk. 

5.3.1 Mutual parameter data 

In this study a sinusoidal signal was applied at low frequencies, leading to a 

crosstalk equation of the form of Eq.(2.5) as discussed earlier. Since the test pattern 

was terminated by R, = R, = R, = R at each port, the crosstalk equations become; 

  

1. Ln R 
Vy = =jJol|—+C_R V; 

2 m R, +R 

(5.24) 

1. Lk V,= -=jol|—”-C,R Vy, 
2 R m R,+R 

    

When the ground voltage drop is considered, 
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L R 
V, = +jol| 2" +C,R R v.+3 o__HsV, 

2 ™ R, +R 2 Ry +R 
(5.25) 

L R V,~-Ajol| “-c,.R|—* _y,-1_“¢_y, 
2 R R, +R 2 Ro +R 

    

At very low frequencies where w#=0, only the second term of each equation in 

Fq.(5.25) remains, resulting in constant values for V, and V,. As the frequency 

increases, the first term begins to dominate, yielding the reduced form of Eq.(5.24). 

However, this relationship is not applicable to the open termination because, when 

R=, Eq.(5.25) results in V,y=V,=~, which is not a possible solution. Clearly, when 

the termination is open, only capacitive coupling appears, and inductive coupling does 

not exist. Under these circumstances, current does not flow. Therefore, from 

Eq.(5.5), when J,=0 for open termination, we have 

ce | (5.26) 
dt ™ dt 

OT 

C 
V, . —"V, (5.27) 

C 
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for a sinusoidal signal. Eq.(5.27) implies that the output voltage is essentially 

constant, which depends on mutual capacitance and line capacitance. Fig. 5.3.a 

verifies that V,=V,=constant for an open termination. 

It was shown that crosstalk is linearly dependent on frequency as described in 

Eq.(5.24). Thus, crosstalk can be expressed as: 

oy = Ont (5.28) 
V, = -S,f 

where S, and S; are the slopes of the crosstalk versus frequency curves. Since Sy 

and S, are measurable from these experimental curves, experimental L,, and C,, are 

obtained from Eq.(5.24) and Eq.(5.28): 

R,+R 54s 

m” OnIV, (Sy+5p) 
(5.29) 

C R,+R (S.-S.) 

™ 2a1V, R?* NF 

5.3.2 Mutual parameter calculation 

As for mutual inductance, the conventional techniques discussed in § 3.3 can 

be used directly for each pattern. Fig.s 5.13 through Fig. 5.16 show a comparison 

between experimental L,, obtained from Eq.(5.29) and the calculated L,, from 

Eq.(3.79). As for Pattern C, the calculated curve shows a greater rate of decrease 

(slope) than the real data points (Fig. 5.16). Since TOS covers both the base 

substrate and printed conductor lines, the thickness of TOS on the conductor lines 
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may actually be less than the thickness on the base substrate alone. 

The mutual capacitance calculations will now be discussed in detail. As the 

simplest case, Patterns #2 or #3 will be discussed first. A cross-sectional view of 

Pattern #2 ( or #3 ) is shown in Fig. 5.17. For this structure, total mutual 

capacitance can be broken up into the sum of three parallel capacitances!*>), 

C2 C+ C,+G. 

C is the capacitance calculated above the transmission line in an air medium. 

C; is the capacitance in the dielectric region only. C, is a capacitance that considers 

the conductor thickness, and is approximately given by C,-¢, T/D, where T is the 

conductor thickness, and D is edge-to-edge line separation. Mutual capacitance 

between the transmission line and ground line is neglected because the size of the 

ground line is so small that its effect on the electric field is assumed to be negligible. 

The expression for C, was previously discussed in § 3.2.2. 

To determine C,, first assume that all the electric field lines are concentrated 

in the dielectric!*°"!, a reasonable assumption when the dielectric constant of the 

substrate is substantially higher than that of the air. Then, the following conformal 

mapping function is used to obtain new parallel strips on a half-infinite dielectric 

space; 

t = tanh z (5.30) 
2H 
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where #7 is substrate thickness. The above mapping function has been discussed in 

§ 3.2.1 and gives two coplanar parallel strips with half-infinite space in the t-plane as 

shown in Fig. 5.17. These strips can be transformed to the w-plane using the 

Schwarz-Christoffel transformation, and the final capacitance calculation is obtained 

with parameter k,: 

i tanh sa x, 

k= i. —_——— (5.31) 

2 tanh —_ x, 

Thus, from Eq.(3.86) 

K(k 
.- ef) (5.32) 

2K(k,) 

where @é is the permittivity of the substrate. The resultant mutual capacitance is then 

. K(k.) ‘ T te K(k) (5.33) 

m” “oDK(K)  ° 2x, 2K(K,) 

where kK, =X, /X,. 

Fig.s 5.18 and Fig. 5.19 show comparisons between the measured (from Eq.(5.29)) 

and calculated mutual capacitance for Patterns #2 and #3, respectively. The 

scattering of the Pattern #2 data stems from measurement error in Eq.(5.29), where 

C,, is expressed in pF and L,, is expressed in nH with the same error bound of AS 

and AS,. In other words, Fig. 5.18 utilises a finer scale than Fig. 5.14, and the data 

appears to be more scattered. From Fig. 5.19, it can be verified that ground line 
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effect on the mutual capacitance is negligible. 

Now consider Pattern #1 structure which has a bottom ground plane. Asa 

result, two sets of electric field lines exist, forming Cc"; and Cg in the dielectric. 

Clearly, this structure can be related to the stripline structure of Fig. 2.2.b, where the 

half-section of the odd-mode stripline is similar to the Pattern #1 structure (Fig. 

5.20.a). Cohn’s technique can then be used to calculate C; which is essentially the 

same as C,,. Direct calculation from the real structure can be also tried; C’, can 

be calculated by subtracting C, from C3, which has been calculated in Eq.(5.32): 

C,-c,- 2 (5.34) 
3 3 9 

The following transformation function may be used to obtain coplanar strips in the 

t-plane: 

t = cothz (5.35) 
2H 

This function is actually an inverse transformation function of Eq.(5.30) and can also 

be used to calculate C, of Pattern #2 (or #3). For Pattern #1, Eq.(5.35) should be 

used for subsequent transformations. As shown in Fig. 5.20.b, the ground plane is 

confined to the region between 1 and —1 on the real axis of the f-plane. The 

Veyres’ mapping transforms the ¢-plane into the s-plane where only Cg exists (Fig. 

5.20.c). Hence: 
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Fig. 5.2k0 Mutual capacitance calculation for Pattern #1 
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2 

set [fat (5.36) 
t t?7-14 

Thus, using the Schwarz-Christoffel transformation again, Cg may be calculated (Fig. 

5.20.d). When a ground plane exist, the capacitance between the ground plane and 

transmission line is calculated using imaginary transmission line. Simultaneously, this 

Cg is in series in the actual structure. Therefore, the total line capacitance is: 

    
  

Co _ 1 KK) (5.37) 
2 2 2K(k,) 

where 

coth” x, 
k 5; 1 L 2H 

a " 
; ? coth?_™ x - 1 

7 2H } 
coth __ x, 

H 7 

  

coth’ x,- 1 

Therefore, the mutual capacitance of interest is given by: 
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C,-C,+C,+C, 

(5.38) 
K(K’,) T K(k’) K(k’) 

€. ————— + €.— + &€——_——  - E—______—_. 
°2K(k,.) °D 2K(K,) 4K(k,) 

Fig. 5.21 shows a comparison between Cohn’s mapping and the new conformal 

mapping. It is seen that the new conformal mapping yields a better fit, especially as 

line separation increases. 

Since Pattern A has an anisotropic dielectric ( TOS layer on the alumina 

substrate ) it is not easy to find a closed-form solution for this case. However, 

considering the structural situation, an approximation can be used. When the line 

separation is very narrow, electric fields between two the transmission lines will be 

concentrated at the subsurface of the dielectric substrate (Fig. 5.22.2). When a 

ground plane exists, some of the electric field flux will be attracted to the ground 

plane. Thus, an approximation can be carried out in such a way that the dielectric 

constant of the TOS is used for pure mutual capacitance between two lines (C3) 

before obtaining the resultant mutual capacitance C’;. As the line separation 

increases, the electric field between the two transmission lines will occupy a larger 

portion of the substrate if the ground plane does not exist. With the ground plane 

pesent, however, most of electric flux is attracted, leaving only a small portion at the 

subsurface (Fig. 5.22.d). Therefore, the second approximation can be applied in 

such a manner that the dielectric constant of the TOS is used to determine C’,. Fig. 

5.23 shows the two approximations and the measured mutual capacitance of 

Pattern A where the dielectric constant 7.5 was used for TOS ( dielectric constant of 
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TOS 
  

  

a. Narrow line spacing without ground plane 

The original electric fields are concentrated at subsurface. 

  

  

Alimina substrate -  . C¢& 

Ground plane   

b. Narrow line spacing with ground plane 

TOS 

  

  
b. Wide line spacing 

C3 without ground plane 

  

  

  

d. Wide line spacing with ground plane. 

The resultant electric fields remain at subsurface. 

Fig. 5.22 Mutual capacitance calculation for Pattern A. 
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5 mils for example, the first approximation shows good agreement, while the second 
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of TOS known to be in the range 7-8] ), When the line separation is narrow, 5 mils 

for example, the first approximation shows good agreement, while the second 

approximation fits quite well for wide line separations. 

In Pattern B, transmission lines screened onto an alumina substrate have been 

covered by TOS dielectric. It is assumed again that electric flux lines between the 

two transmission line are stored in the TOS layer, regardless of its thickness since the 

dielectric constant of TOS is still large compared to that of air (Fig. 5.24). When 

mutual capacitance is calculated with this assumption, the result gives fairly good 

agreement, as shown in Fig. 5.25. 

The mutual capacitance of Pattern C can be obtained by combining techniques 

described above. Hence, the mutual capacitance can be expressed as!"; 

oe. 2 (5.39) 
m 12 C,+C, 

where C;, is the mutual capacitance without ground, and C), C, are self-capacitances 

with ground. Thus, each capacitance is calculated independently and the resultant 

mutual capacitance is obtained from Eq.(5.39). Fig. 5.26 shows each conformal 

transformation for Pattern C. The calculated and measured mutual capacitance of 

Pattern C versus line separation ( number of TOS layers ) are shown in Fig. 5.27. 

5.3.3 Crosstalk prediction 

The crosstalk model was developed in § 5.2 including ground voltage drop. 

The mutual parameter calculation was performed in § 5.3 showing comparison 

between calculation and experimental data. If the crosstalk model is combined with 
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the mutual parameter calculation, arbitrary crosstalk can be predicted. An example 

of such crosstalk prediction for Pattern #3 is illustrated in Fig. 5.28. 
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§ 5.4 Miscellaneous 

On the assumption that termination resistance was much larger than line 

resistance, line resistance was not considered in crosstalk analysis. Transmission line 

resistance may contribute to crosstalk; however, as long as it is negligibly small 

compared to termination resistance, the crosstalk equations in Eq.(5.17) are still valid 

since transmission line is essentially lossless at low frequencies. However, when 

termination resistances are comparable to the line resistance, Eq.(5.17) needs 

modification due to line voltage changes along the transmission line. 

The input source was sinusoidal in this research. When the source signal 

becomes digital ( a trapezoidal signal, for instance ) rather than analog, output 

crosstalk will show results given by Eq.(5.20). But when the rise time is not so short, 

a trapezoidal input signal can be approximated in such a way that the time derivative 

OV, . . A Vs . . . . 
term > in Eq.(5.17) is expressed as aT where Af is equivalent to the rise time 

of the trapezoidal signal. In general, at frequencies higher than 1 GHz, Eq.(5.20) 

is valid), But depending on line length, the time derivative approximation given 

above can be applied for a resonable frequency range. 
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Chapter VI 

Conclusions 
  

Crosstalk concerns are not confined to high frequency applications. It is 

necessary to study low-frequency crosstalk when considering recent trends in 

multilayer circuits, especially as line separations shrink. Crosstalk prediction is 

therefore critical to circuit design in order to reduce such interference. In this 

research, the following results were obtained: 

@ Frequency dependence of crosstalk was confirmed. 

Simple low-frequency crosstalk equations were derived, which agree 

with published equations. 

New conformal mapping techniques were developed to calculate mutual 

Capacitance between coupled transmission lines. 

The effect of a ground line on mutual capacitance is not significant. 

In a multilayer system, when transmission lines are printed on TOS, 

mutual capacitance can be calculated with good accuracy for both 

narrow and wide line separation. In this case, it was assumed that 

electric flux between two transmission lines exist at the subsurface of 

the dielectric when a ground plane exists. 

In a multilayer system, when the transmission lines are covered with 

TOS, the mutual capacitance can be calculated by assuming the 

electric fields are stored in the TOS, regardless of the number of layers. 
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g. Crosstalk prediction was carried out by combining crosstalk equations 

with calculated mutual parameters. 

A new conformal mapping technique has shown an exact closed-form solution 

for Pattern #1, #2, and #3 which have a single dielectric substrate. Even though 

reproducibility was not proven in this research, repeatability (Fig. 5.18, for example) 

and good agreement between data and theory with many variations support this 

reproducibility indirectly. 

It was possible to assume that every electric field is stored in the substrate or 

TOS because of their high dielectric constants compared to that of the air medium. 

When a substrate or TOS with low permittivity is used, the above assumption is no 

longer acceptable. In addition to this limitation, more than two layers of different 

materials in a multilayer arrangement will also require modification in the conformal 

mapping techniques. In conclusion, the above results can be applied, as a design 

guideline, to areas such as mutilayers with conductors at many different depths and 

two sided substrates. But future work is needed for more complicated fields such 

as crossover metal strips, three dimensional crosstalk ( when long vertical via lines 

exist ), etc.. 
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Appendix 

A. Conformal mapping (§ 3.2) 

When w=f(z) is an analytic function, we can define 

dw lim arg 4” (A.1) 
Z Az-0 Az 

where arg stands for the phase of a complex function. 

Assuming that this equation is in polar form, 

. Aw . Aw 
arg lim —— = lim arg—— 

4z-0 AZ = z-0 Zz (A.2) 

- lim argdw - lim argAz = @ 
Az-0 Az~0 

where a, the argument of the derivative, may depend on z but is a constant for a 

fixed z, independent of the direction of approach. To see the significance of this, 

consider two curves, C, in the z-plane and the corresponding curve C,, in the w-plane 

(Fig. A.1). The increment Az is shown at an angle of 6 relative to the real x-axis 

whereas the corresponding increment Aw forms an angle @ with the real u-axis. 

From Eq.(A.2) 

b-0+4 (A.3) 

or any line in the z-plane is rotated through an angle @ in the w-plane as long as w 

is an analytic transformation and the derivative is not zero. 

Let us consider a transmission line cross section that is defined by equi- 

potential surfaces in the z-plane. To find the line parameters, we shall solve Laplace 
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Jy 
Cz 

z—-plane 

Az 

Zo 
@ 

Fig. A.1 

Appendix 

ju Cw 

w—-plane Aw 

Wo G=Ot+a 
  

    
Conformal transformation: angles are preserved. 

Ad=¢, - ¢, = (8, + @)-(6, + @) = 6 - 8,=A0 
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equation on the plane, 

a (A4) 
ax? ay” 

subject to the boundary conditions g=@, on line 1 surface and g=@, on line 2 

surface. If one starts in the z-plane, and if a solution of the Laplace equation in the 

w-plane is still a solution in the z-plane when transformed back into z-plane, the new 

geometry in the w-plane can be used to solve the original geometry in the z-plane. 

In the w-plane, 

P(u,v) = Plu, y), v(x, y)] = e(x,y) (A) 

Differentiating P(u, v) with respect to x, we obtain 

OP(u,v) _ dP ou , OP av 

Ox Qu ax = av ox 

2 2 2 2 2 
OP OP OU , oP OUy’ | 2 oP ou ov (A.6) 
ax? OU gx? Qu? | ax du dv ax ax 

: av av . a* (av)? 

OV Ox? av? | ox 

, ay 
A similar result holds for =" Then 

oy 
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OV 2 2 2 2 ep Fp _ TP TP oF 

ou 

a7u . a7u 

ax? ay —s ax? — sy’? ax? ay? 
  

    

| a*v atv 
+ + 

  

oP ,(duav , uav) oF (A.7) 
ax? ay? J av ax dx dy dy} duav 

(s) (5) ar (3) +(5) 
On the right-hand side of Eq.(A.7), the first two parentheses vanish, for u and v both 

ey ay 
+ ———— 

av? ou? 

        

satisfy Laplace’s equation when w is analytic. The expression in the third set of 

parentheses yields zero from the Cauchy-Riemann conditions, and the same 

conditions show that the two square brackets are equal!4l, The result is then 

du)’ | ( au)’ 

Ox oy 

because P(u, v) is known to satisfy Laplace’s equation in the w-plane. Therefore, 

V* p(x, y) = V* P(u,v) = 0 (A.8) 

    

when a solution of Laplace’s equation is subject to an analytic transformation, it 

remains a solution of Laplace’s equation. Finally, a solution of Laplace’s equation 

satisfying a complete set of boundary conditions is unique. Our transformed solution 

(satisfying our boundary conditions) is the final solution. 

B. Schwarz-Christoffel Transformation (§ 3.2.2) 

To develop the Schwarz-Christoffel transformation, first consider the function: 

“ - A(z -a)** (B.1) 
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in which A is a complex constant, @ is a real constant, and a is a point on the real x- 

axis (Fig. B.1). 

  

  
        

jy 

z—-plane 

i la» — x 
U 

| a 

Fig. B.1 Schwarz—Christoffel transformation 

Thus, when z>a, 

arg dw - arg A (B.2) 
dz 

and when z<a, 

dw -a/x -a/ — =A(z-a)**(-1) (B.3) 
dz 

Since e/*/? = cosa/2 + jsina/2 =j, (-1)-*/* = e/* and 

dw -a/x ,-ja B.4 — -A(z-a)**e? (B.4) 
dz 
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We can Say, 

arg o - argA -@ Z <a (B.5) 
Zz 

Since A is a constant, arg A is a constant and w therefore is represented by a pair of 

straight-line segments which form an exterior angle a. From the factor e~/*, in 

Eq.(B.4), we obtain one vertex of a polygon. By including n factors of this form we 

may construct an n vertex polygon represented by: 

a - A(z-a)-*/*(z-b)/®(z-c)-1/* wees (z-n)-"/* (B.6) 

with the constraint on the angles 

a+Bryt om +v=20 (B.7) 

By integrating Eq.(B.6) we obtain 

Zz 

w=A (z-a)°*/*(z-b)-F/* (z-c)-/* ws (z-n)"/* dz +B (B.8) 

where B is a constant. 

C. Geometric mean distance (§ 3.3.3) 

In calculating the mutual inductance between straight conductors of any given 

cross sections, the following integral is necessary!*1): 

| | | | Ind dxdydx'dy’ (C.1) 
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where dx dy is an element of the area of the cross section of the first conductor, 

dx' dy’, an element of the second section, and d,the distance between these elements. 

The above integral is extended first over every element of the first section, and then 

over every element of the second. A distance S can be defined such that integral 

of Eq.(C.1) is equal to 

A,A,InS (C.2) 

when A, and A, are the areas of the two cross sections. Here S may be considered 

as the geometrical mean of the distances between pairs of elements. It is evident 

that the value of S must be intermediate between the greatest and the least values 

of d. 
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