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uncedtain spring board from vhich to approech the prodlem; ao that
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taken. For this reason, I cannot be too grateful to Dr.Boyd Harsh-
barger for his putting at my diasposal, his recent researches on the
analysis of the various lattice designs. Without his mumerous con-
structive coriticisme, his suggestions, and his gracious interest,
this work could never have been roesible.

My sincere thanks go also, to Mrs, Rembold for not only pre-
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Job considering the type of study, but also for preparing ths final
copies for presentation.
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INTRODUCTION

In the field of statistical research and anslysis, particularly in agri-
culture, it often becomes desirable to test a large number of varieties or
other factors at one time. Any experimental design such as the Latin square,
vhich uses as many replications as there are varieties, is clearly too bulky
and expensive to be of any help. The system of randomized blocks is also
unsatisfactory, because esch dblock must contain too many plots to be efficient.
The use of control plots to furnish an index of block variation is also in-
officient, because the precision is reduced, due to the fact that more plots
are allotted to thes control than to any other variety.

In 1936 Yates' devised the lattice square or psusdo-factorial type of
arrangement. It has the advantage of being able to compare a large number
of varieties and at the same time to eliminate variations due to blocks of
values. The latter opsrotion is accamplished by rearrenging the order of
varieties in the replications by changing the aystem of allotting varieties
to bdlocks, as will be shown in the next section. The arrangement may be
dons in a number of ways, but the most popular designs are those containing
three arrangements or the triple lattice, and those containing two arrang-
ments, or the lattices.

All too often in experiments carried out in practice, a value is either
veory questionadle compared with the other values, or it is missing altogether.
In such a case, the symetry of the experiment and the orthogonal method of
snalysis breaks down. The first recognition of this problem wvas made by
Wishart snd Allen® in 1530, when they derived formulae for use with the ran-
domized blocks and Latin square. Their work was later amplified by Yates3
and still later by Cornish®. Hovever, Cornish was the only one to attempt
the problem for the lattice designs. In his latest paper, various formulae
are developed using only information obtsined within blocks for his esti-
mate. In fact, the following statement is made in his swmary, "The deter-
mination of estimates vhich will enable interblock inforuation to be recovered
presents u different problem which ie nov under consideration.”



This paper attempts to present an adequate formula for the estimatiocn
of a missing block, using interblook as well as intrablock information. The
value obtained will be shown to give a oloser approximation to what the true
value wvould have been, depending on the amount of interblock variation. Also
it follows that since a closer approach is made to the missing plot, a more
accurete estimate is made of all standard errors and variances involved. An
actual example will be worked to illustrate the new method of estimation.



ARALYSIS OF LATTICE SCUARE DESICN

The general construction and analysis of lattice designs have been
formally given by Yates, Cochran®, and Fsrshbarger!; hence, the symbols
used here will coincide as nearly as possible to those already emdbodied
in the nomenclature. A general discussion of the lattice and its theory

of analysis will preceds the mmerical prodblem selected for illustration.

The mumber of treatments or varieties tested by the lattice is a
perfect sguare, pa, such that each square or incamplete dloock will have
p varieties on a side. The mmber of exact replications in each group
vill be denoted dy q, and tho two different types of arrmngements used
will be designated dy Group X and Group Y. Using subscript mumerals to
signify varieties, the two groups are illustrated in Figure I,

Group X Group Y
total ‘ total
vl va 73 e s » vp xl' (1) "1 v p‘.'l. . . Ypa_ P ) ch
pel vp#? vm e o o vzp xa. :2) '2 v wz‘ ¢ o vpa..w ;2’
. . . . . 3) V3 vp+3o ¢ sz.p’a 3.
Vo2nel ;QQ-P*? :pa_pﬁ el :pe fg (p) s Vop V.2 Yp’
Xa . X3 . X Yale £ Yoo |
Figure I

The row and column totals are indicated at the sides and bottom of each

squarc respectively, with the grand total at the lower right corner of each
group. The values of Figmro I may be considered to repressnt the totals of

all the ¢ 1like replications for each group.

In practice, the blocks as well as the varieties within each block, are

completely randomized, usually with the helyp of tables of randaa marbere,

Also, each of the ¢ replications for each group is randonized separataely oo

that an unbiased estimate of each variety or treatment is availabdle,



To make an analysis of the design in Figure I, let it be assumed that
all the various effects opsrate additively. Then let the yield Y ol .1
loocated as the jth variety in the ith block in the eth replicate, and as
yot irrespective of group. Then, the following equation can be formed:

Yogg =B+ + By +7Jo*€0ia (1)
vhere it is the true populaticn mean, %y is the effect of the eth replication,
{3“ is the effect of the ith block in the eth replicate, VJ. is the popila~
tion effect of the jth variety still in the eth replicate, and 6013 is the
experimental error of the eijth plot which is allocated to chance. Furthsr,
1t 1s assumed that the experimental errors per plot are indopendent end
norally distridbuted, and that the sum of the effects for replications,
blocks, and varieties; 1s zerv.

Using the above restrictions, the effectz may be estimated by tho method
of least squares., Thus it is nocessary to minimize:

8T,y 12y 7, By M ag gy e v e I T
(2)
2
2q b .- b 2q P (bys* B, P
oul q=1 oml % jm n oy Y

Vhere z)...s0.%,, 8T® the indspendent multipliers vhich vill be used as
Kronecker deltas, and the values of Y ol are dependent on tham. The primes
indicate corresponding values in the exnct replications., For the lattice
design, zl = )} for all cases; zZ, = 1 for all values of plots in replicave
¢, but = O elsevhere; z3 = ] for all values of plots in thie ith block, and
‘= =1 in the exact replicate of the ith block, but = O elssvhere; 'z - 1 for
the entire ith block as well as for its exact replicate, but = O elsevhere;
z5 = ] for the jth wvariety, but » 0 elsevhore.

By employing these restricted values of the z's and by virtue of the
fact that all the expression to the right of the squared parenthesis dropse

out vhen partial derividtivee are taken, a series of simple, normal equations



may be formed to express the various effects. Thus on partial differen-
tiation of (2) with respect to the grmnd mean, m, one obtains:

2q a b - b Q@ p ¢4d +b
2qp%m + p° & rp I 7 Cot” Te1) +p % (--—é--i-)
1 o] jw] o=l 1=}
° (3)
+ 2q bR v, = x.a + Yoo = Tot
=1 ¢ =
L
vhen: Ay A
!« .,
3 n

Likewise differentiating with respect to replication (rl) s One gets:

] 2
! - b +b P
p%m+pr +pﬂ 1)+p # (—-—é‘-—--i')i- A vjaRl
o) 1 ' agli,-l J=1
vhen:
d x
dr =0

or generally for the eth replicate:

P b -0 byt by P
g (o1 _ei) g (et o), » o uR (%)

p%i-per.*p 3t & 8 J e
exl iw) o=) i-l J=1
wvhen:
d %
gr. 0
¢ 2
P p
Since L b = 0and X v, =0, we have:
el 1
1 1
R
2 2 ® Teo T
Pr+pr =R or r = - PN e
* 2 2 M T A e
b AR ) 2qp L

Thus the effect of each replication may be determined in terms of known
quantities.

The effect of the differences detween blocks within a group may be
- bt
determined by differentiating z with respect to the term (Cei” De1) and
2
setting the result equal to zero.



Hence: : -
b .~ Db b & o

: (“es” “o1) (Tet” “ei)
Pro =P ¥ P> * 3 = By = Boy

.o
(°17>5)
d et

in the general case, so that:

=0

(Pes” 31)‘ (Pes Po1) (Yo~ Te) ,(Bei' Bo1) _( ) (5)
2 2p 2 2p 2 pa
This relation 1s an integral part of component "a", due to block

variance in the analysis of wvariance table, as will be shown, and is
readily caloulated from data,

At this point in the analysis, all informatlon available bus been
obtained from the separate replications in each group, so they ure now
added together to form the g@roup totuls as indicated in Tigure I. The
blocks are now confounded und the equation for a plot yield in both groups
may be given by:

- | ¢
Hug "rrtypnvBy V54, (6)

where the block and varioctal offects have ¢:times thoir original values

and \/h will represent the group effect. This equation may be minfmized
in the same mamner as (1). Tho double prime (") will be used to distin-
quish tho estimates of these nev paremeteérs from similar onea made pre-

viously. To find the group effect, (6) may be rearrenged and partially

differentiated with respect to\/ r’

1] 2 ’ U} (Y * ) 2 r
p% +p3”h+p(b1 +b2 P +bp)+(vl *V .. +vp2)-ch 2)

) - s 0
d 8

It chould be noted that in the problem under disocussion Gh may be equal
to x. LR Yo [ ]
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Since the sum of the block effects is zero for sach group, ve have
the following value for the group effect:

2"
(Gh-pm)-(ad»h-l‘..)

- = (8)
& o2 J 2p2

vhen there are two groups.

The effects due to blocks may be obtained dy partial differentiation
of (6) rearranged and set equal to gero. We have, for any blokk in the
first group: : ‘

PR+ pgy, + pby + (vip-p-l-l "ip -p+2 Filainiend vip)- B;. - xi. (9)
and similarly for any dlock in the second group:

B.Y

pm +pgh+pb +(v +v“p+. "+'+p(p1) A (10)
vhen:
’" ‘o
by

Before solving (9) and (10) for the block effects it is necessary
to find the varietal effect; vhich mayg be done by differentiating (6)
rearranged with respect to v3. Thus the varietal effect for the first
vapiety may be expressed:

(11)

2" 4 g+ Byt By + BT, 4 2v) =V,

vhen:

“V' o

A1
If the equations like (11) are sumed through the pth variety, that is
for one group, we have:

2pm +pbl+(bp+ +bp+2+. oFe +b2p)+2(vl+va+. .. +vp)-

vl+v2+...+vp-xl.+_r.1 (1)



Solving between (12) and (9):

X, -Y, -2 P -pY ., - 26 +T,. P
b; - ( 1. o; 31 ) - 4(_ x]-o 012 1 ) (13)
P

The value thus obtained is free from group and varietal effects and is zero
vhen sumed for a group. The varietal effects may be ¥dlved now from (11)
by substituting in the proper values of b,. Then for any variety in the
first block:

o, - ¥, -2 BY -X,)-Tp o,

2

v 1/2 v, - -
-1 J p?> r P> P /

J

(1&)

and the value of v 3 for any individual plot may be obtained from (14) by
dividing by q. It may be noted that this is not true in the case of blocks
for then the replications within a group are confounded. The design has
nov been solved for the effects of all the various components,

The analysis of variance may nov be made using the rekations Jjust ob-
tained for the various effects. It is often desired to test the significance
of certain effects while simultaneously condeding oi;her effects. In view of
the preceeding arguments the following identity may be noted:

o2q q p(d_,- b
§Y,,, % (T..m+ = r R + % zlel o) (3 .3 )
e=1 © © eu] im 0l @
q p(b 1+ b'i) p2
+ . 229 (g 4+B )+ =& ves(Y, -me-rz_ -
ol 1m1 2 ( el oi) =1 MRS ( eij 1" Fe’2e
- ' ]
o1 Pe1) P (Pes* Po1) z,, - vz, )2 (15)
2 34" T 2 uy 5J

Where each of the gummtion camponents in the first part of the equation
represenis a reduction in total variance due to the particular factor con-
cerned. Therefore, sach is really a partial regression coefficient measur-
ing the specific importance of a variable.

The sun of oqmés attributed to regression in then:



2q - q ) q b 0b
(Te.m+ I roﬂ.‘t L 8('-'-—-5—-2-") (B B;i)+ L II( 1)
. o=l o=l is}] o=l {=]
pa
(B ,¢B'. )+ & vV (16)
el el =1 J 3
while the residual swbf squares or error is:
(bﬂi b ) (b + b ) 2
Ty Byt T, S tym 3 Byy- 'n%) (17)

It 18 noted that (16) and (17) together make up the total variance of the
ropulation examined soxnat the latter may dbe obtained by sudbtrection.

From (&) and (16) the best estimate may be made of the expected value
of the sum of aquares in the regresaion due to replications. Noting that

2q 2
mw oo, g R =T., ve lhave: (Toohn = Lo amas
2qp o=l 2qp
. 2q 2 '
1 o 2 Te» »
XRO re. e L R --(—,-.22 (18)

po-1°2<w

vhich may bo used in a table for the analysis of variance, The degrees of
freedom attached to the replication sum of syuares will then be (2q - 1)

From (5) and (16) the best estimate of the expected value of the am of
squares attributed to the differences in results of paired dlocks maybe ob-
tained. The expression for & pair of like replicates is found to be:

: Qo 20”3 00
# o1 tm (19)

o-]. 2p

Using the notation that the difference between two block totals of two
1like replications in Group X de designated B - Bj'.x - Du and similarly for
Gmp " the total.



Expression for two groups to (19) may be written:

Qv 5 9P , a0 2 qQ p 2
PIED "+p L ID - (= z:nx)-(z D) (20)
1 1 11 Y 11 1 1 7
2
2p
This i3 the expression for:
@ (boi"béi)
S—— - L
I L 5 (Byy - Byy)

em] i=]

in equation (16), and is called component "a" of the sumof squares. It can
be shown to have 2(p- 1) degrees of freedom,

The next step is to odtain the best estimate of camponent "b" which corr-
espondes to:

q p /b .+ D!
1:(e:l

el)
b —=" (B_,+ B',)
enl iml 2 el el

term in (16). The general equation for the block effect 1is given by (9), vhich
1s necessarily confounded with variety effects due to the occurance of non-ortho-
gonality in analysis. Therefore, the block totals must be lumped together for a
group ae 'mdicated in Figure I. We may now, however, correct the block effect
for varietal effect and replications effect by using the equation (13). This
amounts to subtracting the varietdes occurring in dlocks for one group from the
same varieties as they ecour in a column for the other group, and finding the
variances of these differences.

Adopting Cochran' -6 notation, wve let the difference between a column total

in Group X and the similar row total 5.xxt}z'01.tp'!‘r:yxj_--Yi -'-rhon. In the

sams manner, Y g - Xi = rhcn. From (13) we might vrite the block effect in
these terms and noting that Gl + 62 = T,,, wo obtain directly:
- P P
—prhcx +.z rhcx -prhe_ + Z rhe
bn = 1 y 1 y
xi 2 H b, =
p ’ yi p’a (21)

vhich 1s the efffct in the respective groups., Since the like replications have
been added, the block totals as given for a single replication before, are now
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cambined to form the group block total, The dlock effect term of the regression
pexr block would then become:

1 1
2 z‘t"xi B, for Growp X; Tl &#n Byi for Group Y.

For campdeteness, the block totals Bxi and Byi are corrected for varieties by
subtracting from the column total in the other group so that Bx becomes -rhe <
and B - becomes -rhcy.

i

Hence, substituting the values of b and B, we have:

P o 2 P 2P 2
pIrho - (= rhox) erhcy -(E rhcy)
b el 1 ~ 1o pealii 1

23 “ x1 °x1” 3q i b 29 * y1 "y1" 2q 22

The above equations may be combined now to give the total sum of squares attr:l’bu-
table to blooks confounding like replications and correcting for varieties as:

P 2 P 2 P 2 P 2
PIrke ~ +p b rkcy - (& rkcx) - (z rkcy)
1 1 1 1l -
2qp?

P
2 2 2
PErke ~ +p7% rkcy - 2(§ rkox)
2 . (22)

2qp

This result agrees with that obtained by Haira and is termed companent "b"
for the block regression., lLike component "a" it is associated with 2(p- 1)
degrees of freedom.

The varieties are of necessity confounded with replications and groups
as well, so only variety totals for the entire experiment are used. It may
nov be noted that (1k) could be written in terms of our nev notation as:

vy = -—%'"-— (p° v p
2p
Multiplying (23) by the variety total and swming, we obtain the regression
sum of squares due to varieties alone in the form:

+ prkc_ + prkey - T..) (23)
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> (21)
2qp° | |

There are (p2- 1) degrees of rroedcn allotted to varieties in an analysis.

The error term is found by subtracting the sums of squares due to the
various known effects from the total variance of all the values, which is
from the usual définition of variance:

2 20,
24.!’ z v -Ton
1 J
2

2qp (25)

2

with 2@2- 1 degrees of freedonm.

In suxmary, the complete table for annlysis of variance is given in
gensral form in Pigure EX.

ANALYSIS OF VARIANCE
Source of variation

Degrees of Freedom Sum of Sguares
_ 2
2 2 2 2
Varieties pa- 1 r I v.j =:Tee
2
2qp
p p P
Blocks: pL ni1+ p ’3?1' (z nn)z-(zbyi)
Coumponent "a" 2(p- 1) 1 1 1 1
2
2p7p
P 2 2
o L rke_, +pL rke_, - 2(z rxe 1)
Component "b" 2(p- 1) 1 1 v x
2
2qp
2q
2q Z: Rea - To ‘2
Replications 29~ 1 I '
2
. 2gp
Error qua- pa- hp- 2q+ 5 by subtraction
2
2qp
2 2@2 Z VJQ - To 02
Total 2qp - 1 1
2
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It has been prove 4 dy Yates® that the significance of the mum of squares

for any variate may be estimated by dividing it by the remimning sum of squares
involving all variates except the one being tested. Thes ratio may then de tested
against the appropriate value in a Smedecor's "F" table.

Although the design thus far has been solved for all variables, all the
available information has not been utilized. It may be noted by referring to
Figure I, that since bdlock 1 of Croup X contains the varieties 1 through p, and
block 2 contains varieties p + 1 through 2p, the difference between the means of
these two dlocks is also an estimate of the diff'erence between these two sets of
varieties, The information obtained from such an inter-dlock consideration may de
uged provided the estimates derived fram the cumparison are proprely combined with
the previous estimate. RSince there are p plots contained in each bdlock total, it
is natural to expect a higher between dlock variance than within , for we have a
eituation akalogous to the split plot design vhere the meain dlock camparison
usually exhidite a higher wariasnce. than do sud-plots. It 1s, therefors, necessary
to sstimate the error variance of the inter- and intra- block compariscns and to
cambine them to the best advmntage. Both Yates and Cochran have found solutions
by regarding the design as factorial, dbut a method vill be developed here which
wvill be along the linss of the anclysis jJust Adiscussed, and yet lead to the
same general results,

The error for any pict may be regarded es ths sum of two independent parts
first a part o vhich varies from plot to plot vith yarianse, say o,°, end a
part b vhich is constant for all plots in a given dlock., The latter error
varies from bdlock to block with a variance _ cs , ard ths errcr of the differ-
ence between two plots is (oﬂ- ‘»73 The error of a block totel may then be

written:

Ei' 014» 02+ I ep +p'b1

vhich has a variance of:

apeirart’, P + 7 T}
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The variance of the sun or difference of block totals for the groupsis:

2. 2 2

To ddtain ocomponent "a" the sgquares of the differences between the block
totals are divided by.qp to obtain the exrror per block, Thus, the mean square
for component "a"” is really an estimate of:

% + P "3 (26)

Component "d", however, is corrected for varieties by subtracting the
coinciding variety totals of the other groups and not associated with a dlock.
Since each ¢ is independent of all other e's, as well as all the b's, the
coefficient of uf for the mean plot will &01 xnity. The prodlem then resolves
to finding the expected value of the 1ntor-k,var1mo. The oxpression for the
regreassion sum of squares due to the componsent "bd" dlock effect has been de-
rived (22), and for our prescnt prupose it will be permisaable to consider
only ons group, multipy by two, and divide by the degrees of freedom to
odtain the mean square for the error. The espression then becomes:

b4 2 P 2
PL rho " - (L rho )
~1 1
> (27)
2 (p-1)
The error for rhox may be written imeediately as:
q[pbl-(b”1+bw2+. . .+b2p)7 (28)

since each group comtains ¢ replications. Squaring (28) from the aspect of
the error only,ws find the variance for rlxcx2 s qp (1 +p) a.ﬁ . Suming
over allvalues in a group and multiplying by p, the error of :
P
p L rho 2
1 x

is:

@ (p+1) o (29)
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P
The expected value of 313 rucx of inter bdlock error may be written now

4n terms of error as:
and vhen this error is aquaxdto becone the variance of:

P
(Z rhe )2
1 X

ve have:
s + %) of = 2903 o (30)

When (29) and (30) are substituted in the mmerator of (27), it is
expressed in terms of the interblook variance. Adding the intra-block variance
and reducing the expression, ve establish that compoment "b" is an estimate of:

af +1/2 pus (31)

To swmmarize we now have the expected values for the folloving mean squares
as shown in Figure III, '

An estinate of af is avallsdle n'om the error and component "a" gives

& direct eatimate of the orror mean squares between dlocks dince the diff-
erence between totals of pairs of blocks, contains the same set of varieties,
This latter estimate can be improved by adjusting component "d" also to give

2 2
an estimate of °1+p°b‘

For combining component "e" with component "b”, it has been shown by
Yotes® end COchranG that tbe loss in accuracy due to & simple averege is
very slight, and may be neglected. Hence equal yeights may be used.

By averaging (26) and (31) it may be seen that the average mean square,
B, of componsnts "a" and "b" is an estimate of:

2
oy +3/kp a&
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FOURE III

ARALYBIB OF VARIANCE

Sousoe of Variatiom D/F San of Squares
Bloeks:
P o T o P 2 2
pE D pS.-(E£ D _ )-(£D )
Camponeat "s” ap1) 1My Jiﬁ'}‘ xt? -} Py
2
4 2 P D
— nttucnwtm’i-ﬂtmn)
Component "V 2(p-1) By 1
oap2
Rrror 2qp2-p-lip-2g45 by subtrection

Keea Square

» r p P
2 2 " 2 ‘
ptl)n-vptb -(r.nn)-(zn ) 2

2

1 & ;‘ 1 1 7 eferndd
2 2(p-1)
p 2’ n 2
L rio_ “4pL e “- 2(L rue_.)
L WL 2 oe%epd
2qp® 2(p-1)
2

by wubtraction 9,



Sinco the mtra—block error mean square, I, is an estimate of og,

estimate of c +9 °b’ the true variance betwsen hlocks ie given by E +
h(B E)-(B E) and W' may be taken as 5 E).

Hence, the variance is now estimated from 4(P - 1) degrees of freedom
instead of Just 2(p - 1) degroes of freedom in case we had used only campon-
ent "a", for estimating the inter-vlook variance. All varieties could now
be corrected for inter-block as well as intra-block variance forvhich an
elegant method has besn developed by Harshbarger.’



ESTIMATION OF THE MISSING PLOT

To estimate the value of a missing plot, the general procedure has been
to minimize the error term and to use that value vhich gives the least error
variance, This practice undoubtedly arose from the same sort of philosophy
which inserts the mean for the missing value in a ocolwm of figures. The
standard deviation is thus minimiged andathe most probable value in the pop-
ulation isfound. Generalizing on the same schems, Wishart and Allen minimized
the error temm to estimate missing values in designs of randomised dlooks or
Latin squares, Likewise, following the mame course leads to minimizéng the

ooy tems, X, in the unalynis of varianoce forthe lattioce dewign, whieh would
thea give a minimma value for the imtra-dloeck errar,

Using "a” for the sstimate of the missing valune, omm'owm

follwoing equetion in the terms of cur notatiouns:
QQI\B’" + ngi" .p(x;: 4 2..) .p(fi . x.') "(Y.. - X:’.t)

as= (p _m‘;"‘. ‘1"‘.'! (32)

vhere the triple prius (™) indicates totals of availadle data wlwre the value,
a, 1miszing. Tne abovo edgation holds for a value nissing the the X Growp,
but a sixilar one may de written for the I Group by simply reversing the B's
and Y's. Equetion (32) may be easily verified dy asswming no variance and
observing the followirg identities which may be swwmed and solved for a:

2qp(B™ + a) = M 0¢-zwe¢+a
AU ETVIEE

op(lj': 0.0!.1)--!!'!-3

MY -IM-a)e-(Y.-XM-a)=0

Yee o« X = g

It 1s found that the solution is (32), thus giving an estimate which will maRe
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the 6rror sum of aquares or intra~block variance a minimum, We now come to
the qQuestion of how to modify (32) to take into account the inter-block
variance. '

First consider vhat is expected of an estimate of a missing plot, Since
the intra-dlock error hasalready been minimized, no amount of tampering with
(32) will meke it smaller. It geems reasonable to suppose, that if a value
vere missing from an experiment an estimatc wculd be desired which would
indicate 29 neerly eas yosgidble the mimsing value and use all the available
information to make it comparable to the remaining data when all factors
other than those to be considerad and chance are excluded. With this aim
in mind (32) may be adjusted to take into ecoount the inter-block information
to yield a closer, more accurate estimate of a missing value.

In the analysis of the design, 1t wam asen that the vatiance due to dlockas

was divided into two parts designated omponents "a" and "bH". Camponent "a" is
the best dirsct estimte of inter-block varisncs, being a simple variation of
block differences; while component "b" 18 really a term buillt on the deviation
detwesn a vlook total nnd its comvonent varieties unconfounded with a block,
To obtain the best estimate of tihe inter-block variamnce, them, itls clearly
advantageous that camponent "O" be as amall as possible. Tharefore, to find
a missing vaiue in accordance with inter-block variance, iet it be the value
vhich mekes ccmponsent "be" a minimnm so that the xean square uscribed to the
inter-block variance will then be as ecourate ag possidle,

By denoting the nissing value now by b and substituting in (22) ve
have:

o0 + a- 20 b#bZ + » 2 2 Ab#bO)-( 7 2= 2 Th4bo4 T °-2 rbed°) P
2 (3
2qp
Where: 6 = gum of squaxes of all values of rhcx and rhcy not containing b
. ii - I3

R R

-r- Yoc - x."g
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When (34) is minimized by differentiating and setting equal to zero
ve obtain:
p(es+2b-2342p) - (bT+Ud)=o

: a+d) -
b-'—é—z—-——)—,—gp_l

.p(!.i ‘”_1_. - x;':, -IM) -2 (.. - xM )
2 (p - 1)

(3%)

b

vhioch is the formulee for the missing ploti in terms of inter-block wvariation
only. The egnation (35) may be verified in the same manner as used previously,
by suming the following identities assuming no variance and solving for b.

"'(’.1 - Xg - v) =0
P (’a. - X - b). =0 (36)

2 (Y.. -Xi" =D) =0



To obtain an estimate of a missing plot using both the interedlock and

intra-block information, it is nov necessary to combine (32) and (35) into

a camposite estimate using the proper weighting factors. Using the weighting
factors for the two variances respectively, and letting the combined estimate
be ¢, we have:

v W
cegTw 2tyrw OV

vhich is at once both e manifest prodedure of interpolation gnd in accordance
wvith Cochran's weighting procedure for obtaining estimates of main effects.

Before proceeding to the mumericel example, let us first examine some of
the consequences of using (37) in placs of (32), to obtain the missing plot.
In practice, (32) must be used alone to find an estimate of W and W'; after
vhich (37) may be used if it is apparent that there is significant inter-
block variance present. When the new value, ¢ has been caluclated, it has
been found in practice especially vhen the mumber of varieties tested is
fairly large, that the effect on W and W' is absent or negligiable. If, how-
ever, the use of o in place of a does cause a significant change in W and W*,
further spproximation may de carried out.

The extremes of (37) would occur in the cases where the error term is
zoro and where the sum of squares for blocks is gero. These conditioms could
happen simmldaneously in vhich case the value would fit into a prefect law,
and the question of block variance would cease to exist. When the error term
18 zero and block term is finite, we mee that (37) reduces to (32) and ¢ = a.
It is impossible to have the third case vhere the error temm is finite and
ther blocks term is zerv, because it has been seen frum (26) and (31) that
the error temm is also involved in the block sum of square. However, compan-
ent "a" or component "b" erroneocusly could be finite singly, andin these
tirvial cases, the exmct value of the missing plot could be obtained only by
minimiging the cmmponent concerned. To cover such instances, it would be
necessary to weight the estimate scmething like:

W W W

Tewsw 8% Trwaew Y Wriwaew ©



vhers ¢ would be the value obtained by minimizing component "a" with variance
 + It has been found, however, that such versitility in vental instances is
obtained at the expense of accuracy in the ndrmal range of variances, decsuse
the intra~block error is often unduly increased by such estimates.

Therefore, use of (37) may be expected to give an estimate of a missing
value by bhanging the error term as little as possible and at the same time
decrease the effect of occmponent "b" to a minimm, Thus the inter-dlock
information is used as a modifier of the coarser estimate basedonly on the
total experimental error. ‘




EXAMPIE: A CORN VARIETY EXPERIMENT

oe

To illustrate the method of estimation Just discussed, an experiment
used by the Virginia Polytechnic Institute Experiment Station to test the
yield of thirty-six varieties of comn in Lee County, Virginia, is present-
ed. The yields varied greatly and consequently tliere was conmideradbie
inter-dlock variance. The experiment oconsisted of four replications, two-
randomized in Group X and two in Group Y. This gave, in all twenty-four
blocks of six plots sach arranged in the four replications of six dlocks
sach,

Without indicating the rendcm arrangements, Table I gives the actual
individual plot yields for each variety in the four replications. The var-
ieties are marked by the smell number in the upper right cormer of each
plot. The block &nd replicate totals are also shown in the Table,

TARIE I
Plot Yields for lattice Experimu.:is of Lee County Corm

_ GRWP X
Replication I
Bl@cks — B Totals
1 2 3 " 5 g
(1) 23,4 20.1 25,5 25.8 ko.5 12.3 147.6
7 8 9 10 11 12
(2) 32,2 36.6 18.6 21, .2 27.3 148,2
13 1k 15 16 17 18
(3) _1b.7 29.4 32.7 1.5 20,1 19.8 118.2
19 20 21 22 = 23 2k _
(») _23.1 18.3 1.7 78.3 12,0 18,9 102.3
25 26 27 28 29 30
(5) 33.0 24,6 31.8 28,2 15.6 17,7 150,9
31 32 333 3k 35 36
(6) 27.0 21,0 30.6 k9,2 37,8 34.8 200,9

867.6



GROUP X (contd)

Replication IX

Blooks Totals
1 2 3 I g 3
(1) ___%9.7 65.6 30.9 L1.h k3.5 19,2 261.3
8 9 10 11 12
(2) 126.3 130.8 126.3 66,0 __96.6 63.9  609.9
13 1% 15 16 17 18
(3) ~1%'1 1%‘8 12609 _}}1‘9 - l°hol 9h08 6%.6
19 20 21 3 ok
(8) .26,k £1.3 26,1 15.3 21,9 16.8 127.8
53 26 7 28 29 30 '
(5) k2.9 30.6 51.6 30,9 7.2 26,3  219.6
3 32 33 EL) 35 30
(6) 45,0 17.1 50,2 58.8 k2.3 k0.8 2uk4,2
2129.4
GROUP Y
Replication I1i
Blocks Totals
1 7 13 19 25 31
(1) k2,6 15.0 27.3 56,3 57.6 L7.h 316.2
2 1% 20 26 32
(2) 32.1 22.5 36.6 22.5 21,3 12,0 138,0
3 2 15 21 7 33
(3) Lh,1 31,2 25.8 59,4 47,1 52,5 260,1
k 10 16 22 28 34
(%) 32.1 41,4 11,4 49.5 30,3 51,0 215,7
5 11 17 23 29 35 A
(5) 2.7 9.6 34,5 b7 12,6 26 157.2
R 12 1 2k 30 36
(6) 28,2 bl 4 52,5 k2,6 48,9 43,5 - 260,1

1347.3



GROUP Y
Replication IV

Blocks s - - Totals
o1 T 19 19 25 31

(1) __ 564 90.0 48.6 70.8 53.4 61,2 360.1
2 g % ZG % 32

(2) - _ 4.0 60.9 _b1.7 37.2 56,4 20.7 270.9
3 9 15 21 2T 33

(3) 46.8 .7 37.8 37.5 kk,) k0,2 248,1

% 10 16 ) B 34 |

(5) ___ 61,5 43.6 _32.7 32.1 43,8 67.8 2081.7
5 11 17 23 : 35

(s) 68.8 53.7 €6.0 59.1 75.3 70,2 390.6
6 12 18 ok 30 36

(6) 2.7 39.6 0,2 W47 70.2 45,6 270.0

1841.4

The like replications may now be combined to form the totals for each group.
This is shown in Table II , which is the analog of Figure I.

TABLE II
Combinations of like Replications

GROUP X

Blooks Totals
1 2 3 ) 5 6

(1) __ 832 86.7 56,4 67.2 84.0 31,5 408.9
T 8 g 10 11 12

(2) 157.5 167.4 k9  87.3 . 109.8 91,2 758.1
13 14 15 16 17 18

(3) 136.8 136.2 159.6 113.4 12k,2  11k,6  784.8
19 20 2 : 23 24

(k) k9.5 39.6 37.8 33.6 33.9 33,7 230.1
25 26 1 28 29 30 :

(5) 75.9 55,2 83.b 9.1 42.9 54,0 331.5
31 32 33 33 35 36

(6) 72.0 38,1 70.8 108,0 80,1 15,6 hhk 6

Totals . 5Tk.8 523,2 552,9 468.6 74,9 402.6 2997.0




GROUP Y

Blocks | | _ Totals
1 T 13 15 ) 31

(1) 98.7 165.0 73.9___137.1 111,0  108.6 - 696.3
2 I} ik 20 26 32

(2) Ti.1 33.h4 84.3 29.7 ____T1.1 32,7 »08.9
3 9 15 21 z 33

(3) 90.9 12.9 63.6 96,9 91,2 92,7 _ 508.2
12 10 16 28 25 3k

(h) 93.6 35,2 L. 81,6 Th1 118.8  ho7.k
5 i1 17 23 29 35

(5) 9k,5 63.3 100.5 103.8 894 96.3 _ 547.8

[ 12 1 21 30 36 '

(6) 51.9 8k,0 92.7 87.3 119,1 89.1  530.1

553.8 k51,1 5654 568.5 538.2  3188.7

Totals 506,7

Finslly, the veriety totals may be

Group X and Y o give us Tshle ITI.

sptiinad by coembining like varieties in

TABLE XII
VARIETY TOTAL YIFLDS:

L T 3 L 5 6
- _181.8 157.3 147.3 160.2 178.5 89.4

3 9 10 11 12
322.5 250,8  217,8 172.5 173.1 175.2

13 ik 15 16 17 18
212.7 220.5 223.8 157.5 22k, 7 207.3

15 2 21 22 ) 2k
..186.6 99.3 134.7 115.2 137.1 123.0

(5] | =S 29 30
_186.9 132.9 17%.6 133.2 132.3 173.1

31 3 34 35 36
180.6 70.8 163.5 206,8 176.% 164.7
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The ccamplete analysis of variance msy now be made according to the
equations set forih in Figure II. For the results shown in Tadble I, we
have the following tadble for the analysis of variance ghown as Table IV,

TABLE IV
Analysig of Varlance--leo County Ccrn
Source of Variaticn D/F Sum of Squares Msan Sguare
Replications: 3 25,759.01 8,586.3366
Campenent "a" 10 25,741.59 2,57h.159
Cenponent “'b” 10 14,782.62 1,478,262
Blooks(eliminating vaxr) 20 40,524,231 2,026,2105
Varieties(igucrins bkeocks) 35 - 20,431.77 503 .7648
Brryor{intra-block) 85 9,434.35 110,992h
Total 23 9¢,149.3%

Frow which ws Pind W = O,500;53 end W' = 00,0004

If now we .goguze one plot to be minsing, ve may estimate its value by
uso of the formulue of the lagi section. As &n estreme case; lot us assume
the yleld for vrriety 16 4o be missing in Replicetion 1 of Group X, First
estimate the valvs from the intra~-block information by using (32); then, we
find the neceescry guantities to be:

q =2 M = 156.0 X" = 467.1
p=6 x{" = 783.3 Y, = h6r1
B™ = 116.7 Y, =ho7.k X =2995.5

Y.. '3188 .7

Wherce: .
2600.8 + 5616.0 - 766k.2 + 36.0 ¥ 193.2 _ 4, 3
5.7 i

as

Using this value in place of the ons acutally obtained, we have the
following table for the analysis of variance:
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_ TABLE V ‘
Analysis of Variance--Using 11.3 for Yield of Plot
16, Replicate 1 Group X

Source of Variation D/F Sum of Squares Mean Square
Replications 3 25,391.43

Camponent "a" 10 25,196.02

Camponent "b" 10 15,082.31
Blocks(eliminating var) 20 40,278.33 2,013.92
Véirietios(ignoring blocks) 35 20,384.92
Error( intra-block) 8 9,377.48 109.85
Total 14 | 95,432.16

From Table V we find X = ,0091 = and W' = ,000k4

If, nov, we solve for the missing value, using only inter-block infor- .
mation, we have according to (35):

-1750.4 - 386.4
b= 5 X - - 213.8

Combining this value with the estimate, a, and substituting in (37), we
hav§ :

cCs= o.mh‘ ¢ 1103 - 0.0"21 ¢ m.e - 1008 - 900 = 108

When ¢ is substituted in for the missing value and an analysis of variance
is made, wo have Table VI:



TABLE VI
Analysis of Variance--Using 1.8 for Yield of Plot 16, Replicate 1 Group X

Source of Variation

o/F

Replications 3

Component "a" 10

Component "b" 10
Blocks(eliminating var) 20
Varieties(ignoring dlocks) 35

Error(intra-blosk) 85

Total 143

25’72!‘.69

1%,791.60

Sum of Squares

‘Mean Squares

25,747.70

%,516.29
20,429.64

9,430.92
96,124.55

2,025.81 W' = 0,0090

110.95 W = 0.0004

By comparing the Tables IV and V and VI, 1toaxiboseentlatoisamchcloeer

approximation to the actual oonditions of the experiment than. a.

Also, the

changes in the msan square for blocks as well as their respective weighting

factors we negligiable.

Again , suppose that the value for plot 25, Replicate 1, Group X is

missing. Using (32) we obtain:

q=2 Vi"
p=6 xy
B"™ = 117.8 Yi
Y..
Whence:

= 153.9
= 337.5
= 696.3

= 3,188.7

ams

5.17

X" = 541.8
Y, =5625

XM = 2,964,0

2)82{.2 + 515300&’ - 6,202.8 - 12“".2 + 22&, - 26.7



Vhen this value is used in place of the 33.0 actually found, the follow-
ing table for the analysis of variance is obtained:

TABIE VII
Analysis of Variance-- using 26.7 for Yield of Plot 25, Replicate 1 Group X

Source of Variation /r Sun of Squares Mean Square
Replications 3 25,997.42

Component "a" 10 25,595.66
Component "b" 10 14,916.%2
Blooks(eliminating var) 20 10,512,08 2,025.60 W' = 0,000
Varieties(1gnoring blocks) 35 - 20,393.93
Error(intra-hlock) 85 9,410.77 - 110,71 W = 0,0090
Total 14k 96,31%.20

If nov we solvefor the missing plot using (35) we have:

D= a_Lmig - Moh - 182.8

When the wvalue of b is combined with a to find o, ve bave the followinga:

c= o.957£- 26,7 + 0.0426 * 182,8 = 33,3

vhich is much closer to the original value., When ¢ is substituted dack into
the experimental results, we have the following analysis of variance:
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TABLE VIII
Analgais of Variance--Using 33.3 for Yield of Plot 25, Replicate 1 Group X

Bource of Variation /r Sum of Bquares Mean Square
Replications 3 25,T47.70

Component "a" 10 | 25, 748.67

Component "b" 10 14,776.39
Blocks(eliminating var) 20 40,525.06 2,026,25 W'= 0,000
Varietiespignoring blocks) 35 20,434.05
Error(intra-block) 85 9,436.64 111,01 Ws 0,0090
Total 143 96,143 .45

By use of a closer approximation to the miseing wvalue, Table VIII is
nearer tc{mo actual figures in Table IV than is Tabde VII.

The modification based on inter-dlock information shich is made on the
existing intra-block formulae for estimating a missing dlock has thus shown
itself capable of reproducing the experimental results more accurately than
was previously possible.

Since the writing of this thesis, a very pertinent industrial problem
bas come to the attention of the author in which the lattice design has
proved its efficiency. In a certain engineering process, a number of re-
cordings are made automatically for eachugit of production. The records are
then measured by operators to determine variocus oconstants relating to the
quality of the product. It was desired to find out the variability in the
results caused by the difference between operators, and at the same time
" determine a method of correbtion for the difference. A lattice design has
been set up vhich is identical in structure with the previous illustrative
exarxple whereby operations take place of blocks, production units take the
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place of varieties, and replicate records on each unit are used for the
replications.

Thus, the lattice design has found its way into industry, and may
soon rightly take its place with the control charts among the tools of
the industrial statistician.
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SUARY

The procédure introduced by comuhh for estimating a missing value

in a lattioce design, has been extenied here and modified to inolude not
only intre-dlock imformation, but also inter-dlock information as well.
The analysis of the lattice design has deen presented with scme simplifi-
cation applicable to thsi type of lattice; thus, allowing a more wniform
development than has appeared before.

The implications in the limit were examinsd for the use of the mod-
1ftcation of intrw-dlock estimation formula, and it was shown that the
form used was an appropriate prectiocal tool. An actual expsriment was
analysed, where certain plots were considered missing, and it was showm
that the additional use of the inter-dlock information, as evidenced dy
the modified formula, would give a much better estimate of a missing
value than had been yossidle previously in the presence of significant
inter-blook varistion.

The lattice design has thus been made stadble in the event of loss
of any plot value. This design had bdeen proven useful in industrisl an-
alySis, and its utility may nov De protected dy a more compléte recovery
of missing information.
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