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Abstract 

In this thesis, the thermomechanical approach with internal variables has been thor- 

oughly analyzed. This approach is based on the combination of thermodynamic 

principles and continuum mechanics. Therefore it reflects the physical essence of 

constitutive behavior of materials. Based on this approach, a one-dimensional consti- 

tutive model for the two-way shape memory effect and a one-dimensional constitutive 

model for piezoceramics have been developed, respectively. 

In modeling the two-way shape memory effect, a residual stress o,¢ is introduced as 

a controlling parameter for the two-way shape memory effect. A further refinement 

of the transformation kinetics expression for two-way shape memory is derived. It is 

demonstrated that the material parameters required by this model can be calculated 

or measured using a standard materials testing apparatus. A numerical study is con- 

ducted and the effectiveness of this model is verified. 

In the constitutive modeling of piezoceramics, a new internal state variable is intro- 

duced to relate the macroscopic behavior of a piezoceramic with its micro-properties. 

A phenomenological formulation of polarization reversal is proposed, and then a fully- 

coupled thermo-electro-mechanical model is developed. It is shown that the theory 

developed can describe the electromechanical behavior of piezoceramics well.
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Chapter 1 

Introduction 

The science and technology issues related to advanced materials are playing a more 

and more important role as the driving force for technological innovations. The study 

of intelligent material systems and structures is one of the research areas that is emerg- 

ing as advanced materials take a more important role in technological advancements. 

An intelligent material system is composed of four basic elements: a skeletal structure; 

a nervous system which is a network of embedded or attached sensors; a muscular 

system that is a network of muscle-like actuators such as shape memory alloy (SMA) 

fibers or piezoelectric chips; and a control system. 

As far as the material issues are concerned, shape memory alloys and piezoelectric 

ceramics are the most widely researched materials in intelligent material systems. 

Shape memory alloys have been widely used as actuator materials in intelligent ma- 

terial systems. SMA fibers embedded in composite structures can be used to modify 

or control the static and dynamic structural response by actively changing the stiff- 

ness of the structure or adjusting the stress distributions of the structure (Rogers and 

Robertshaw, 1988). Piezoceramics have been explored as both actuator materials and 

sensors. The piezoceramic material changes its dimensions when an electric field is 

applied; hence, such a material can be bonded externally or embedded internally into



the composite structure to act as an actuator. Conversely, an electric charge may 

be accumulated on the surface of a piezoceramic material when a load is applied; 

therefore, such a material can also be used as a sensor. 

In order to design an intelligent material system, one must understand the funda- 

mental principles of sensing and actuating. Studies of the constitutive behavior of 

piezoceramics and the shape memory effect are, therefore, essential to the research of 

intelligent material systems and structures. 

An irreversible thermodynamic approach to modeling materials with internal vari- 

ables, i.e., the thermomechanical approach, may provide a suitable method of de- 

scribing and predicting the constitutive behavior of shape memory alloys and piezo- 

ceramics. As we know, there are two approaches to modeling the constitutive re- 

lations of a material. One is the macroscopic phenomenological approach which is 

based on macroscopic experimental results. The other is the microscopic physical 

method which derives the constitutive relation from fundamental physical concepts. 

The phenomenological approach is often used in engineering practice, but can rarely 

provide the physical essence of the material behavior. Alternatively, the microscopic 

method can explain the experimental phenomena physically, but is far from quan- 

titative. Therefore, a combination of the two approaches will perhaps give a better 

prediction of the materia] behavior. In the thermomechanical approach, a set of inter- 

nal variables will be introduced to describe the constitutive behavior of the material 

by incorporating the internal variables into the thermodynamic principles of contin- 

uum media. It is the internal variable that relates the microscopic physical properties 

with its macroscopic behavior phenomenologically. Accordingly, the thermomechan- 

ical approach will be studied in detail in modeling the constitutive behavior of the



shape memory alloys and piezoceramics. 

There are five chapters in this thesis. The first chapter presents the introduction and 

literature review; the second details the theory of the thermomechanical approach to 

provide a general background theory for modeling constitutive behavior of materials; 

the third describes an application of the thermomechanical approach in modeling the 

two-way shape memory effect; the fourth discusses the use of the thermomechanical 

approach in formulating the one-dimensional constitutive behavior of piezoceramics; 

the last chapter presents the conclusions and recommendations. 

1.1 Introduction to Intelligent Material Systems 

At the present time, there is no universally accepted definition of an intelligent ma- 

terial system. But the implications of an intelligent material system may be stated 

from different viewpoints. Technologically an intelligent material system refers to the 

integration of actuators, sensors, and controls with a material or structural compo- 

nent. This is essentially an anatomical description of an intelligent material system: 

actuators or motors acting like muscles; sensors behaving as a nervous system; com- 

munications and computational networks serving as the brain of a biological system; 

and a host material representing a skeletal structure of a biological system. Scien- 

tifically, an intelligent material system may be defined as a material system with 

intelligence and life features integrated in the microstructure of the material system 

to reduce mass and energy and produce adaptive functionality (Rogers, 1992). 

As discussed above, an intelligent material system is an integration and interaction 

of actuators, sensors, host materials and control systems. In order to design a desired



intelligent material system, it is essential to understand the individual and the inter- 

active behavior of each constituent part. The constituent components with ‘smart’ 

characteristics are sensors, actuators and controllers. The essence of ‘smart’ is based 

on the convertible interactions of material characteristics and external stimuli. Ac- 

tuator materials have the ability to change the shape, stiffness, position, natural fre- 

quency, damping, and other mechanical characteristics of intelligent material systems 

in response to changes in temperature, electric field, or magnetic field. Contrarily, 

sensor materials have the ability to feedback stimuli such as thermal, electrical, or 

magnetic signals to the control systems in response to changes in the mechanical 

characteristics of intelligent material systems. 

1.1.1 Actuators 

The typical actuator materials are shape memory alloys, piezoelectric materials, mag- 

netostrictive materials, thermally controllable materials, electrorheological fluids, and 

magnetorheological fluids. Among these, the most important actuator materials are 

shape memory alloys and piezoelectric ceramics. Shape memory alloys can exhibit 

recoverable strains of up to 8% by heating them above the phase transformation tem- 

perature. The heating is usually executed by applying an electric current. In the 

process of returning to its original shape, the SMA can produce a very large force 

which is used for actuation of SMA actuators. The response of SMA actuators is slow 

because actuation is dependent on heating and cooling. N7z7T2 alloys are the most de- 

veloped SMA actuator materials with high corrosion resistance and large recovery 

strains. Other shape memory alloys such as Cu-based alloys and ferrous alloys of 

Fe-Pt, Fe-Ni-C and Fe-Ni-Co-Ti type may also be used as actuator materials in the 

cases where cost is important and serving condition is not critical.



Although shape memory effects have been extensively researched for decades, it is 

only in recent years that shape memory alloys have been explored for actuator appli- 

cations. Nitinol has been used in Japan in micromanipulators and robotic actuators 

to mimic the smooth motions of human muscles. Other applications include general- 

purpose linear actuators that incorporate a helical spring made of Nitinol, thermal 

actuators which automatically open and close the vents on storage buildings, engine 

mounts and suspension systems which control vibration. In addition, it has been 

suggested that vibration control and active damage control can be accomplished with 

hybrid adaptive structures in which the SMA actuators are embedded inside the com- 

posite material (Rogers, 1992). 

Piezoelectric actuators can provide mechanical driving forces in different directions 

im response to an applied electric field. That piezoelectric materials can change shape 

is due to the reversibility of electrical dipoles within the materials and their crystal- 

lographic characteristics. It is reported that maximum strains of 200-300 microstrain 

can be produced. Piezoelectric actuators can be used in the cases of high preci- 

sion, high speed (10 ys) or high generative force (400 kgf/cm*). They are finding 

applications in optical tracking devices, magnetic heads, deformable mirrors, microp- 

ositioners for robots, ultrasonic motors and speakers (Rogers, 1992; Uchino, 1986) 

1.1.2 Sensors 

Sensing is one of the critical parts of intelligent material systems. Sensors can be 

attached on the surface of a smart structure or embedded in it to provide accurate 

information to the controllers. Sensor materials include optical fibers, piezoelectric



materials, and tagging particles. Optical fiber material is widely used as sensors 

in various cases extrinsically or intrinsically. Extrinsic use of an optical fiber sen- 

sor involves the fact that it merely transmits light. Intrinsic optical sensors depend 

on changes in the light transmission characteristics of the optical fibers. (Rogers, 

1992). Applications of optical fiber sensors include security systems, nondestructive 

materials evaluation, in-service structural health monitoring, damage detection, and 

composite cure monitoring. 

Piezoelectric materials are also widely used as sensors in intelligent material systems. 

Piezoelectric sensors are based on the fact that these materials generate an electri- 

cal response in response to an applied force or pressure. They are usually made 

from piezoelectric polymers such as polyvinyldene fluoride (PVDF) due to the brittle 

nature of piezoelectric ceramics. PVDF can be formed into very thin films and at- 

tached to many surfaces to measure stresses in one direction or in a plane. The high 

sensitivity of PVDF to pressure changes has been tailored to make tactile sensors 

in robotics that can recognize the letters of the braille alphabet, different grades of 

sandpapers, and even to make skin-like sensors that can replicate the temperature 

and pressure sensing capabilities of the human skin (Jaeger and Rogers, 1988). In 

order to improve the thermal and mechanical performance of piezoelectric polymers, 

piezoelectric composites with 1-3 connectivity (thin PZT rods embedded in a con- 

tinuous polymer matrix) have been successfully developed to be used as sensors in 

hydrophones and medical ultrasonic transducers. It is also suggested that polymers 

containing piezoelectric powders may be explored as sensor materials. Presently a 

PZT coating is being developed at the Center for Intelligent Material Systems and 

Structures that may be used in complex structures to monitor and detect damage. In 

addition, shape memory alloys have potential for sensing applications because of their



thermal response capabilities. An example of these is a prototype Nitinol-actuated 

automatic water sprinkler for putting out room fires. In this case, as a fire causes the 

temperature in a room to reach a pre-specified level, the Nitinol element contracts 

and then activate the sprinkler system (Robinson, 1987). 

1.1.3. Controllers 

For an intelligent material system with sensors and actuators, feedback signals from 

sensors must be received and processed by a controller which will provide new in- 

structions to the actuators to guide the responses of the system. The controller is, 

therefore, crucial to an intelligent material system. A lot of control schemes including 

modern control approaches, adaptive control and neural networks have been pro- 

posed. 

Studies of neural network based control systems have become prevalent due to their 

special features which are not available in conventional control systems (Chaudhry, 

1992). The special feature of a neural network is in its ability to learn and modify the 

control scheme with time. A neural network is basically a massively parallel and in- 

terconnected network of basic computing elements which collectively learn to perform 

complex tasks with high efficiency. Neural-network based controllers are expected to 

have a most promising future although, at the present time, the suitable forms of 

neural network-based controllers still do not exist for a fully intelligent material sys- 

tem.



1.2 Approach 

Classical thermodynamics deals with studies of the thermal behavior of bodies con- 

sisting of a finite number of parts. The principles of thermodynamics have found 

many applications in different branches of science and technology. It was used to 

understand the efficiency of heat engines, the electromotive force of galvanic cells, 

thermal junctions, chemical equilibrium and phase transformations. The basic prin- 

ciples are the first and second laws of thermodynamics. It is well known that the 

first law is concerned with the balance of heat and work and that the second law is 

an assertion about the rate of increase of entropy in a system or about the denial 

of the existance of certain perpetual motion machines. Although thermodynamics is 

the science of heat and temperature, its principles are often successfully applied to 

cases in which heat is not flowing or temperature is constant. 

Classical continuum mechanics is based on the assumption that stress at a point (X) 

in a continuum media is dependent on the strain, strain rate, and strain history at the 

same point (X). It has been remarkably successful in accounting for the properties of 

deformable bodies. 

The thermodynamics of continua is an extension of basic thermodynamic principles 

to continuum media. Namely, it is an incorporation of basic thermodynamics and 

classical continuum mechanics. To formulate the thermodynamics of continua, five 

new basic concepts such as temperature, specific internal energy, specific entropy, 

heat flux, and heat supply must be added to the concepts of classical continuum 

mechanics. The thermodynamics of continua has been developed since the 1960s. 

The underlying assumption of the thermodynamics of continua is that the material



undergoes a thermodynamic process which is defined by a pair of functions associated 

with each point X: T(X,t),c(X,t), where T represents the temperature, X denotes 

the original reference, x is the current configuration and t is the time. Following 

this general assumption, a set of constitutive equations will be formulated. These 

constitutive equations will adhere to the fruitful axioms for formulating constitutive 

equations and the Clausius-Duhem inequality in terms of continuum mechanics. For 

different materials, the constitutive equations may have different forms. The detailed 

principles of formulating material constitutive equations will be addressed in the se- 

quel. 

Following these general principles, Coleman (1967) developed a thermodynamic the- 

ory with internal variables. The key issue in this theory is to postulate the existence 

of internal state variables which influence the free energy and whose rate of change 

is governed by differential equations. More specifically, the basic local mechanical 

and thermal variables such as stress tensor, the heat flux vector, the Helmholtz free 

energy and entropy are determined through constitutive equations in terms of a set 

of state variables such as the temperature 7’, the deformation gradient or strain e, 

the temperature gradient V7, and a series of N internal or ‘hidden’ state variables 

(€,,-..,é). It is also assumed that the rate change of each internal variable €; is 

governed by a general nonlinear function g; of T, «, W7', and the complete internal 

state (€1,...,E): 

&; = gi(T, e, VT, &1,..-5En) : (1.1) 

The general restrictions placed on the constitutive equations are by the second law 

of thermodynamics, in the form of Clausius-Duhem inequality. The conditions of the 

dynamic stability of the above equations are given in terms of the thermodynamic 

functions. Tanaka (1982, 1985, 1986) extended this thermodynamic theory to the



process of phase transformation, transformation superplasticity and the behavior of 

shape memory alloys. In Tanaka’s modeling approach, a scaler internal variable 

which characterizes the extent of the phase transition is introduced. When the phase 

transformation is among N +1 phases, £ may be composed of the volume or mass 

fractions of any N components. The specific expression for the phase transformation 

fraction is normally formulated in a phenomenological way. An example of a set of 

thermodynamic state variables used in modeling the thermomechanical behavior of 

materials in the process of phase transition is shown as follows: 

A=(e6,T, VT, 7, 7, &) (1.2) 

where x and 7 represent the internal variables which specify the internal crystal- 

lographic structure of the materials, and £ denotes the phase transition fraction of 

the materials and was phenomenologically formulated as an exponential function of 

stress state and critical temperatures. A different set of state variables may be se- 

lected for describing the same thermodynamic process. Based on Tanaka’s model of 

shape memory alloys, Liang and Rogers (1990) proposed several phenomenological 

formulations for the martensitic transformation fraction € and material constants in- 

volved in Tanaka’s model to improve the accuracy and feasibility of Tanaka’s model 

of shape memory alloys. 

In this thesis, the thermomechanical approach will be extended to formulate the 

theoretical models for the two-way shape memory effect and the thermo-electro- 

mechanical coupling effect of piezoelectricity. After mathematical formulations, the 

computer implementation will be executed and the numerical results will be compared 

with experimental data that has been published in the open literature. 

10



1.3. Introduction to Shape Memory Alloys 

The shape memory effect was first observed as early as 1932 by Olander who noted 

rubberlike behavior in a Au-Cd alloy system. The martensitic transformation relating 

to shape memory effect was discovered in 1938 in CuZn and CuAJ alloys (Isaitschev, 

et al., 1938). Later the concept of thermoelastic martensitic transformation provided 

a crystallographic and kinetic basis for the observation (Kurdyumov and Khandros, 

1949). The first demonstration that the shape memory effect can be used to convert 

heat to useful work came in 1958 (Lieberman and Reed, 1958). It was in 1962 that 

Buehler and Wiley (1965) of the Naval Ordinance Laboratory explored the Nickel- 

Titanium alloy systems which exhibit remarkable shape memory effect. This alloy 

system was then named Nitinol. Nitinol has the highest efficiency (ratio of mechanical 

energy to heat energy) of any other shape memory alloy and also has other attractive 

features such as high strength and excellent corrosion resistance; therefore, it has 

become the most widely used and commercially available shape memory alloy. 

The shape memory effect can be classified into one-way effect and two-way effect, 

as illustrated in Fig. 1. One-way shape memory effect can be described as follows: 

A material first undergoes a martensitic transformation. After deformation in the 

martensitic condition, the apparently permanent strain is recovered when the speci- 

men is heated to cause the reverse martensitic transformation; it does not return to 

its deformed shape upon cooling. It is clear that the process of regaining the original 

shape is associated with thermoelastic characteristics of the reverse phase transforma- 

tion of deformed martensite to high-temperature austenite. Two-way shape memory 

effect may be stated in a similar way: A material normally exhibiting the one-way 

effect is thermomechanically processed, then it has the capability to exhibit a spon- 

11
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taneous shape change upon cooling through the martensitic transformation regime; 

upon heating, the inverse shape change occurs via the one-way mechanism (Wayman, 

1980). It should be emphasized that the two-way shape memory alloys are obtained 

by training SMAs that exhibit one-way effect. 

Alloys exhibiting the shape memory effect belong to two general categories: non- 

ferrous and ferrous. Nonferrous alloys include Au-Cd, Ni-Ti, Ni-Ai and copper-based 

alloy systems such as Cu-Zn, Cu-Zn-Al, Cu-Zn-Ga, Cu-Zn-Sn, Cu-Zn-Si, Cu-Al-Ni, 

Cu-Au-Zn, Cu-Sn and others. Ferrous shape memory alloys under development are 

Fe-Pt, Fe-Ni-C, Fe-Pd, and Fe-Ni-Co-Ti. The nonferrous alloys of Ni-Ti type known 

as Nitinol are the most common shape memory alloys, as indicated before. 

The mechanical behavior of shape memory alloys is much different from other en- 

gineering materials. One remarkable characteristic of its mechanical behavior is the 

variation of the Young’s modulus. For most metals, the Young’s modulus is insensi- 

tive to temperature. However, the Young’s modulus of shape memory alloys changes 

dramatically within the martensitic transformation temperature regime. It is shown 

that the Young’s modulus of Nitinol increases by 3 to 4 times from a temperature 

below M; to a temperature above A;. Another unusual mechanical behavior of shape 

memory alloys is the large recoverable plastic deformation. The material can be plas- 

tically deformed in its low-temperature martensitic phase and then restored to its 

original configuration by heating it above the characteristic transition temperature. 

For Nitinol, plastic strains of typically 6-8% may be completely recovered by heating 

the material to its austenite temperature range. If the material is restrained from 

regaining its original shape, stresses with a magnitude of 100,000 psz can be induced 

within the material. 
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�D�u�e� �t�o� �t�h�e�i�r� �u�n�i�q�u�e� �m�e�c�h�a�n�i�c�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �a�p�p�l�i�c�a�t�i�o�n�s� �f�o�r� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� 

�a�r�e� �e�x�p�a�n�d�i�n�g�.� �I�n� �t�h�e� �1�9�8�0�s�,� �m�a�n�y� �a�p�p�l�i�c�a�t�i�o�n� �p�a�t�e�n�t�s� �u�s�i�n�g� �S�M�E� �w�e�r�e� �s�u�b�m�i�t�t�e�d� 

�a�n�d� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �r�e�g�i�s�t�e�r�e�d� �p�a�t�e�n�t�s� �h�a�s� �r�e�a�c�h�e�d� �m�o�r�e� �t�h�a�n� �4�0�0�0� �(�M�i�y�a�z�a�k�i� 

�a�n�d� �O�t�s�u�k�a�,� �1�9�8�9�)�.� �T�h�e�s�e� �a�p�p�l�i�c�a�t�i�o�n�s� �i�n�c�l�u�d�e� �m�o�s�t� �o�f� �t�h�e� �i�n�d�u�s�t�r�i�a�l� �f�i�e�l�d�s� �s�u�c�h� �a�s� 

�e�l�e�c�t�r�i�c�a�l� �e�n�g�i�n�e�e�r�i�n�g�,� �m�a�c�h�i�n�e�r�y�,� �t�r�a�n�s�p�o�r�t�a�t�i�o�n�,� �c�h�e�m�i�c�a�l� �e�n�g�i�n�e�e�r�i�n�g�,� �e�n�e�r�g�y�,� �a�n�d� 

�m�e�d�i�c�i�n�e�.� �H�o�w�e�v�e�r�,� �i�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �p�r�o�d�u�c�t�s� �c�o�m�m�e�r�c�i�a�l�l�y� 

�a�v�a�i�l�a�b�l�e� �i�n� �t�h�e� �m�a�r�k�e�t� �a�m�o�u�n�t� �t�o� �l�e�s�s� �t�h�a�n� �o�n�e� �p�e�r�c�e�n�t� �o�f� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �a�p�-� 

�p�l�i�e�d� �p�a�t�e�n�t�s�.� �O�n�e� �p�o�s�s�i�b�l�e� �r�e�a�s�o�n� �i�s� �t�h�e� �c�u�r�r�e�n�t� �h�i�g�h� �p�r�i�c�e� �o�f� �N�i�t�i�n�o�l�,� �e�s�p�e�c�i�a�l�l�y� �t�h�e� 

�h�i�g�h� �m�a�n�u�f�a�c�t�u�r�i�n�g� �a�n�d� �p�r�o�c�e�s�s�i�n�g� �c�o�s�t�.� �T�h�i�s� �p�r�o�b�l�e�m� �m�a�y� �b�e� �s�o�l�v�e�d� �w�i�t�h� �i�n�c�r�e�a�s�e�s� 

�i�n� �t�h�e� �p�r�o�d�u�c�t�i�v�i�t�y�.� �I�n� �a�d�d�i�t�i�o�n�,� �i�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �C�u�-�b�a�s�e�d� �a�n�d� �f�e�r�r�o�u�s� �s�h�a�p�e� 

�m�e�m�o�r�y� �a�l�l�o�y�s� �a�r�e� �i�m�p�r�o�v�e�d� �t�o� �a� �l�e�v�e�l� �s�u�i�t�a�b�l�e� �f�o�r� �c�o�m�m�e�r�c�i�a�l� �u�s�e�,� �t�h�e� �c�o�s�t� �w�i�l�l� �b�e� �d�e�-� 

�c�r�e�a�s�e�d� �f�u�r�t�h�e�r�.� �A� �c�o�m�p�a�r�i�s�o�n� �o�f� �N�i�t�i�n�o�l� �a�n�d� �C�u�Z�n�A�l� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� �i�s� �s�h�o�w�n� 

�i�n� �T�a�b�l�e� �1�.� �A�n�o�t�h�e�r� �p�o�s�s�i�b�l�e� �r�e�a�s�o�n� �t�h�a�t� �s�o� �f�e�w� �p�r�o�d�u�c�t�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �c�o�m�m�e�r�c�i�a�l�l�y� 

�i�s� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �s�h�a�p�e� �m�e�m�o�r�y� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �N�i�t�i�n�o�l�.� �I�n� �o�r�d�e�r� �t�o� �m�e�e�t� �t�h�e� �d�e�-� 

�m�a�n�d� �f�o�r� �m�o�r�e� �p�r�e�c�i�s�e� �a�n�d� �r�e�p�e�a�t�i�n�g� �f�u�n�c�t�i�o�n�s�,� �f�u�r�t�h�e�r� �i�m�p�r�o�v�e�m�e�n�t� �o�f� �t�h�e� �q�u�a�l�i�t�y� �o�f� 

�N�i�t�i�n�o�l� �i�s� �n�e�c�e�s�s�a�r�y�.� �T�h�e�r�e�f�o�r�e�,� �m�u�c�h� �r�e�s�e�a�r�c�h� �i�s� �s�t�i�l�l� �n�e�e�d�e�d� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �d�u�r�a�t�i�o�n� 

�a�n�d� �r�e�p�e�a�t�a�b�i�l�i�t�y� �o�f� �N�i�t�i�n�o�l�,� �i�m�p�r�o�v�e� �t�h�e� �m�a�n�u�f�a�c�t�u�r�i�n�g� �p�r�o�c�e�s�s�e�s�,� �d�e�v�e�l�o�p� �C�u�-�b�a�s�e�d� 

�a�n�d� �f�e�r�r�o�u�s� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s�,� �p�u�r�i�f�y� �t�h�e� �a�l�l�o�y�s�,� �d�e�t�e�r�m�i�n�e� �t�h�e� �e�f�f�e�c�t� �o�f� �a�d�d�i�n�g� �a� 

�t�h�i�r�d� �e�l�e�m�e�n�t� �i�n� �N�i�t�i�n�o�l�,� �a�n�d� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �s�e�n�s�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �N�i�t�i�n�o�l�.� 

�1�.�4� �R�e�v�i�e�w� �o�f� �P�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� 

�P�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �i�s� �a� �r�e�c�i�p�r�o�c�a�l� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �e�l�e�c�t�r�i�c�a�l� �a�n�d� �m�e�c�h�a�n�i�c�a�l� �s�y�s�t�e�m�s�.� 

�T�h�e� �d�i�r�e�c�t� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� �i�s� �t�h�a�t� �c�e�r�t�a�i�n� �c�r�y�s�t�a�l�l�i�n�e� �m�a�t�e�r�i�a�l�s� �m�a�y� �d�e�v�e�l�o�p� �a�n� 

�e�l�e�c�t�r�i�c� �c�h�a�r�g�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �a�n� �a�p�p�l�i�e�d� �s�t�r�e�s�s�.� �C�o�n�t�r�a�r�i�l�y�,� �t�h�e� �c�o�n�v�e�r�s�e� �p�i�e�z�o�e�l�e�c�-� 

�1�4



�t�r�i�c� �e�f�f�e�c�t� �i�s� �t�h�a�t� �t�h�e� �p�r�o�p�o�r�t�i�o�n�a�l� �d�e�f�o�r�m�a�t�i�o�n� �w�i�l�l� �b�e� �p�r�o�d�u�c�e�d� �w�h�e�n� �a�n� �e�l�e�c�t�r�i�c� �f�i�e�l�d� 

�i�s� �a�p�p�l�i�e�d�.� �B�o�t�h� �p�h�e�n�o�m�e�n�a� �a�r�e� �t�h�e� �m�a�n�i�f�e�s�t�a�t�i�o�n�s� �o�f� �t�h�e� �s�a�m�e� �f�u�n�d�a�m�e�n�t�a�l� �c�r�y�s�t�a�l�-� 

�l�o�g�r�a�p�h�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�s�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �a� �t�h�o�r�o�u�g�h� �r�e�v�i�e�w� �o�f� �p�i�e�z�o�e�l�e�c�-� 

�t�r�i�c�i�t�y� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �i�n�c�l�u�d�i�n�g� �d�i�s�c�u�s�s�i�o�n�s� �o�f� �t�h�e� �b�a�s�i�c� �c�o�n�c�e�p�t�s�,� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� 

�p�a�r�a�m�e�t�e�r�s�,� �t�h�e� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �m�o�d�e�l�i�n�g�,� �a�n�d� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n�s� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�-� 

�t�e�r�i�a�l�s�.� 

�1�.�4�.�1� �H�i�s�t�o�r�i�c�a�l� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�e� �p�y�r�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� �i�s� �t�h�a�t� �s�o�m�e� �m�a�t�e�r�i�a�l�s� �p�o�s�s�e�s�s� �t�e�m�p�e�r�a�t�u�r�e�-�d�e�p�e�n�d�e�n�t� �s�p�o�n�-� 

�t�a�n�e�o�u�s� �e�l�e�c�t�r�i�c� �m�o�m�e�n�t�s�.� �W�h�e�n� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �h�e�a�t�e�d�,� �a�n� �e�l�e�c�t�r�i�c� �c�h�a�r�g�e� �m�a�y� �b�e� 

�a�c�c�u�m�u�l�a�t�e�d� �o�n� �i�t�s� �s�u�r�f�a�c�e�.� �T�h�e� �p�h�e�n�o�m�e�n�o�n� �o�f� �p�y�r�o�e�l�e�c�t�r�i�c�i�t�y� �h�a�s� �b�e�e�n� �k�n�o�w�n� �s�i�n�c�e� 

�t�h�e� �e�i�g�h�t�e�e�n�t�h� �c�e�n�t�u�r�y�.� �I�n� �1�8�2�4�,� �B�r�e�w�s�t�e�r� �f�o�u�n�d� �t�h�e� �e�f�f�e�c�t� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �k�i�n�d�s� �o�f� �c�r�y�s�-� 

�t�a�l�s� �a�n�d� �c�o�i�n�e�d� �t�h�e� �t�e�r�m� �p�y�r�o�e�l�e�c�t�r�i�c�i�t�y� �(�t�h�e� �p�r�e�f�i�x�e�s�  ��p�y�r�o�- �� �a�n�d�  ��p�i�e�z�o�- �� �a�r�e� �d�e�r�i�v�e�d� 

�f�r�o�m� �t�h�e� �G�r�e�e�k� �w�o�r�d�s� �f�o�r�  ��f�i�r�e �� �a�n�d�  ��p�r�e�s�s ��,� �r�e�s�p�e�c�t�i�v�e�l�y�)�.� �L�a�t�e�r�,� �L�o�r�d� �K�e�l�v�i�n� �p�r�o�p�o�s�e�d� 

�t�h�a�t� �p�y�r�o�e�l�e�c�t�r�i�c�i�t�y� �i�s� �d�u�e� �t�o� �a� �p�e�r�m�a�n�e�n�t� �p�o�l�a�r�i�z�a�t�i�o�n� �a�n�d� �t�h�a�t� �t�h�e� �p�y�r�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� 

�i�s� �a� �s�i�m�p�l�y� �e�v�i�d�e�n�c�e� �o�f� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�i�s� �p�o�l�a�r�i�z�a�t�i�o�n� �(�I�k�e�d�a�,� �1�9�9�0�)�.� 

�A�n�a�l�o�g�o�u�s� �t�o� �p�y�r�o�e�l�e�c�t�r�i�c�i�t�y�,� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �w�a�s� �d�i�s�c�o�v�e�r�e�d� �i�n� �1�8�8�0� �b�y� �P�i�e�r�r�e� �C�u�r�i�e� 

�a�n�d� �h�i�s� �b�r�o�t�h�e�r�,� �J�a�c�q�u�e�s� �C�u�r�i�e�,� �t�h�r�o�u�g�h� �s�t�u�d�y�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �p�y�r�o�e�l�e�c�t�r�i�c�i�t�y� 

�a�n�d� �c�r�y�s�t�a�l� �s�y�m�m�e�t�r�y�.� �T�h�i�s� �d�i�s�c�o�v�e�r�y� �w�a�s� �m�a�d�e� �b�y� �p�l�a�c�i�n�g� �a� �w�e�i�g�h�t� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� 

�h�e�m�i�h�e�d�r�a�l� �c�r�y�s�t�a�l�s� �o�f� �Z�i�n�c� �b�l�e�n�d�e� �(�Z�n�S�)�,� �s�o�d�i�u�m� �c�h�l�o�r�a�t�e� �(�N�a�C�l�O�3�)�,� �b�o�r�a�c�i�t�e�,� �t�o�u�r�-� 

�m�a�l�i�n�e� �a�n�d� �q�u�a�r�t�z� �t�o� �p�r�o�d�u�c�e� �a� �c�h�a�r�g�e� �w�h�i�c�h� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �a�p�p�l�i�e�d� �w�e�i�g�h�t�.� 

�T�h�e� �b�r�o�t�h�e�r�s� �a�l�s�o� �e�s�t�a�b�l�i�s�h�e�d� �t�h�e� �s�y�m�m�e�t�r�y� �c�o�n�d�i�t�i�o�n�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �i�t�s� �e�x�i�s�t�e�n�c�e� �i�n� 

�c�r�y�s�t�a�l�s� �a�n�d� �p�r�o�p�o�s�e�d� �t�h�e� �q�u�a�n�t�i�t�a�t�i�v�e� �l�a�w�s� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �(�S�e�y�m�o�u�r� �a�n�d� �K�a�u�f�f�-� 

�m�a�n�,� �1�9�9�0�)�.� �I�n� �t�h�e� �s�a�m�e� �y�e�a�r� �o�f� �t�h�e� �d�i�s�c�o�v�e�r�y� �o�f� �t�h�e� �d�i�r�e�c�t� �e�f�f�e�c�t�,� �L�i�p�p�m�a�n�n� �p�r�e�d�i�c�t�e�d� 

�t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �t�h�e� �c�o�n�v�e�r�s�e� �e�f�f�e�c�t� �f�r�o�m� �t�h�e�r�m�o�d�y�n�a�m�i�c� �c�o�n�s�i�d�e�r�a�t�i�o�n�s�,� �w�h�i�c�h� �w�a�s� 
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�v�e�r�i�f�i�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �b�y� �t�h�e� �C�u�r�i�e� �b�r�o�t�h�e�r�s� �b�e�f�o�r�e� �t�h�e� �e�n�d� �o�f� �1�8�8�1�.� �T�h�e� �r�e�a�s�o�n� �t�h�a�t� 

�t�h�e� �c�o�n�v�e�r�s�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� �w�a�s� �e�x�p�l�o�r�e�d� �a�f�t�e�r� �i�t�s� �c�o�u�n�t�e�r�p�a�r�t� �i�s� �b�e�c�a�u�s�e� �o�f� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �d�i�f�f�i�c�u�l�t�y� �i�n� �m�e�a�s�u�r�i�n�g� �t�h�e� �m�i�n�u�t�e� �d�e�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �c�r�y�s�t�a�l�s� �a�t� �t�h�a�t� 

�t�i�m�e�.� �H�a�n�k�e�l� �p�r�o�p�o�s�e�d� �t�h�e� �t�e�r�m�  ��p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y �� �f�o�r� �t�h�i�s� �p�h�e�n�o�m�e�n�o�n� �(�I�k�e�d�a�,� �1�9�9�0�)�.� 

�A�s�s�o�c�i�a�t�e�d� �w�i�t�h� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y�,� �f�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y� �i�s� �a�l�s�o� �a�n� �i�m�p�o�r�t�a�n�t� �p�h�e�n�o�m�e�n�o�n� �o�n� 

�w�h�i�c�h� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� �o�f� �p�o�l�y�c�r�y�s�t�a�l�l�i�n�e� �m�a�t�e�r�i�a�l�s� �d�e�p�e�n�d�s�.� �F�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y� �i�s� 

�t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a� �s�p�o�n�t�a�n�e�o�u�s� �e�l�e�c�t�r�i�c� �m�o�m�e�n�t� �i�n� �a� �c�r�y�s�t�a�l� �w�h�i�c�h� �c�a�n� �b�e� �c�h�a�n�g�e�d� �i�n� �i�t�s� 

�c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c� �o�r�i�e�n�t�a�t�i�o�n� �b�y� �a�p�p�l�y�i�n�g� �a�n� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �(�J�a�f�f�e� �e�t� �a�l�.�,� �1�9�7�1�)�.� �N�a�m�e�l�y�,� 

�a� �f�e�r�r�o�e�l�e�c�t�r�i�c� �c�r�y�s�t�a�l� �i�s� �a� �p�y�r�o�e�l�e�c�t�r�i�c� �c�r�y�s�t�a�l� �w�i�t�h� �r�e�v�e�r�s�i�b�l�e� �p�o�l�a�r�i�z�a�t�i�o�n�.� �T�h�e� �t�e�r�m� 

 ��f�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y �� �i�s� �c�o�i�n�e�d� �a�n�a�l�o�g�o�u�s� �t�o� �f�e�r�r�o�m�a�g�n�e�t�i�s�m�.� �M�o�s�t� �f�e�r�r�o�e�l�e�c�t�r�i�c� �c�r�y�s�t�a�l�s� 

�a�r�e� �s�t�r�o�n�g�l�y� �p�y�r�o�e�l�e�c�t�r�i�c� �a�n�d� �p�i�e�z�o�e�l�e�c�t�r�i�c�.� �A�c�c�o�r�d�i�n�g�l�y�,� �a� �s�t�u�d�y� �o�f� �f�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y� �i�s� 

�b�e�n�e�f�i�c�i�a�l� �t�o� �t�h�e� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y�.� �R�o�c�h�e�l�l�e� �s�a�l�t� �w�a�s� �t�h�e� �f�i�r�s�t� �f�e�r�r�o�-� 

�e�l�e�c�t�r�i�c� �c�r�y�s�t�a�l� �w�h�i�c�h� �w�a�s� �d�i�s�c�o�v�e�r�e�d� �i�n� �1�9�2�1�,� �a�n�d� �n�e�w� �f�e�r�r�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l�s� �h�a�v�e� 

�b�e�e�n� �f�o�u�n�d� �i�n� �s�u�c�c�e�s�s�i�o�n�.� �U�p� �t�o� �n�o�w�,� �m�o�r�e� �t�h�a�n� �1�0�0� �f�e�r�r�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l�s� �h�a�v�e� �b�e�e�n� 

�f�o�u�n�d�.� 

�T�h�e� �f�i�r�s�t� �c�e�r�a�m�i�c� �f�o�r�m� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l�s� �i�s� �B�a�T�1�0�3�-�b�a�s�e�d� �c�e�r�a�m�i�c�s� �w�h�i�c�h� �w�e�r�e� 

�d�e�v�e�l�o�p�e�d� �a�f�t�e�r� �W�o�r�l�d� �W�a�r� �I�I�.� �T�h�i�s� �d�i�s�c�o�v�e�r�y� �c�o�u�l�d� �b�e� �c�l�a�s�s�i�f�i�e�d� �a�s� �t�h�r�e�e� �b�a�s�i�c� �s�t�e�p�s� 

�(�J�a�f�f�e� �e�t� �a�l�.�,� �1�9�7�1�)�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �w�a�s� �t�h�e� �d�i�s�c�o�v�e�r�y� �o�f� �t�h�e� �h�i�g�h� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�.� 

�T�h�e� �s�e�c�o�n�d� �s�t�e�p�,� �w�h�i�c�h� �o�c�c�u�r�r�e�d� �i�n� �t�h�e� �m�i�d� �1�9�4�0�s�,� �w�a�s� �t�h�e� �u�n�d�e�r�s�t�a�n�d�i�n�g� �t�h�a�t� �t�h�e� 

�h�i�g�h� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �i�s� �d�u�e� �t�o� �f�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y�.� �T�h�e� �t�h�i�r�d� �s�t�e�p�,� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� 

�p�r�o�c�e�d�u�r�e�,� �w�a�s� �t�h�e� �p�o�l�i�n�g� �p�r�o�c�e�s�s� �t�h�a�t� �a� �s�u�f�f�i�c�i�e�n�t� �h�i�g�h� �v�o�l�t�a�g�e� �i�s� �a�p�p�l�i�e�d� �t�o� �r�e�v�e�r�s�e� 

�t�h�e� �e�l�e�c�t�r�i�c� �m�o�m�e�n�t�s� �o�f� �s�p�o�n�t�a�n�e�o�u�s�l�y� �p�o�l�a�r�i�z�e�d� �r�e�g�i�o�n�s� �i�n� �t�h�e� �c�e�r�a�m�i�c�.� �M�o�d�i�f�i�c�a�-� 

�t�i�o�n�s� �o�f� �B�a�T�1�O�3� �w�e�r�e� �c�o�n�d�u�c�t�e�d� �t�o� �i�m�p�r�o�v�e� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �s�t�a�b�i�l�i�t�y� �o�r� �t�o� �o�b�t�a�i�n� 

�b�e�t�t�e�r� �v�o�l�t�a�g�e� �o�u�t�p�u�t� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �P�b�,� �S�r�,� �o�r� �C�a� �f�o�r� �B�a�,� �a�n�d� �Z�r� �o�r� �S�n� �f�o�r� �T�%�.� 
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�A�l�o�n�g� �w�i�t�h� �t�h�e� �i�m�p�r�o�v�e�m�e�n�t� �o�f� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �B�a�T�1�O�3� �c�e�r�a�m�i�c�s�,� �a�n� �a�c�t�i�v�e� �s�e�a�r�c�h� 

�f�o�r� �o�t�h�e�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�e�r�a�m�i�c�s� �w�a�s� �o�n�g�o�i�n�g�;� �e�x�a�m�p�l�e�s� �o�f� �t�h�e�s�e� �a�r�e� �l�e�a�d� �n�i�o�b�a�t�e� �a�n�d� 

�l�e�a�d� �t�i�t�a�n�a�t�e�.� 

�T�h�e� �d�i�s�c�o�v�e�r�y� �o�f� �a� �v�e�r�y� �s�t�r�o�n�g� �a�n�d� �s�t�a�b�l�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� �i�n� �l�e�a�d� �t�i�t�a�n�a�t�e� �z�i�r�c�o�n�a�t�e� 

�i�n� �1�9�5�4� �i�s� �t�h�e� �m�o�s�t� �s�i�g�n�i�f�i�c�a�n�t� �e�v�e�n�t� �i�n� �t�h�e� �h�i�s�t�o�r�y� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l�s�.� �L�e�a�d� 

�t�i�t�a�n�a�t�e� �z�i�r�c�o�n�a�t�e� �w�i�t�h� �v�a�r�i�o�u�s� �a�d�d�i�t�i�v�e�s� �h�a�s� �s�i�n�c�e� �b�e�c�o�m�e� �t�h�e� �d�o�m�i�n�a�n�t� �p�i�e�z�o�e�l�e�c�-� 

�t�r�i�c� �c�e�r�a�m�i�c�.� �T�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�i�s� �m�a�t�e�r�i�a�l� �w�e�r�e� �h�i�g�h�e�r� �t�h�a�n� �t�h�o�s�e� 

�o�f� �B�a�T�1�O�3� �c�e�r�a�m�i�c�s� �a�n�d� �d�i�e�l�e�c�t�r�i�c� �a�n�d� �e�l�a�s�t�i�c� �l�o�s�s�e�s� �w�e�r�e� �l�o�w�e�r� �a�t� �h�i�g�h� �d�r�i�v�e� �l�e�v�e�l�s�.� 

�I�n� �t�h�e� �l�a�s�t� �t�w�o� �d�e�c�a�d�e�s�,� �s�i�g�n�i�f�i�c�a�n�t� �p�r�o�g�r�e�s�s� �h�a�s� �b�e�e�n� �m�a�d�e� �i�n� �t�h�e� �r�e�s�e�a�r�c�h� �o�f� �t�h�i�s� 

�m�a�t�e�r�i�a�l�.� �O�n�e� �d�e�v�e�l�o�p�m�e�n�t� �i�s� �t�h�e� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �f�r�a�c�t�u�r�e� �p�r�o�c�e�s�s�e�s� �i�n� �p�i�e�z�o�e�l�e�c�t�r�i�c� 

�c�e�r�a�m�i�c�s�;� �a�n�o�t�h�e�r� �i�s� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �c�o�m�p�o�s�i�t�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l�s�.� �I�n� �a�d�d�i�-� 

�t�i�o�n�,� �t�h�e�r�e� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t� �a�d�v�a�n�c�e�s� �i�n� �p�o�w�d�e�r� �p�r�o�c�e�s�s�i�n�g�,� �p�o�w�d�e�r� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n�,� 

�a�n�d� �s�i�n�t�e�r�i�n�g� �t�e�c�h�n�i�q�u�e�s�.� 

�P�o�l�y�m�e�r� �m�a�t�e�r�i�a�l� �i�s� �a�n� �e�m�e�r�g�i�n�g� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l� �w�h�i�c�h� �h�a�s� �a�t�t�r�a�c�t�e�d� �m�a�n�y� 

�r�e�s�e�a�r�c�h�e�r�s� �t�o� �t�h�e� �s�t�u�d�y� �o�f� �P�V�D�F� �a�n�d� �r�e�l�a�t�e�d� �m�a�t�e�r�i�a�l�s�.� �P�V�D�F� �w�a�s� �p�a�t�e�n�t�e�d� �i�n� 

�1�9�4�8� �a�n�d� �w�a�s� �c�o�m�m�e�r�c�i�a�l�l�y� �a�v�a�i�l�a�b�l�e� �i�n� �1�9�6�5�.� �I�t� �h�a�s� �a� �m�e�l�t�i�n�g� �p�o�i�n�t� �o�f� �1�7�0�°�C� �a�n�d� �a� 

�s�p�e�c�i�f�i�c� �g�r�a�v�i�t�y� �o�f� �1�.�7�8�.� �T�h�e� �s�t�r�o�n�g� �p�i�e�z�o�e�l�e�c�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �c�r�y�s�t�a�l�l�i�n�e� �P�V�D�F� 

�f�i�l�m�s� �w�e�r�e� �d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �1�9�6�9�.� �P�V�D�F� �i�s� �a� �p�o�l�y�m�e�r� �o�f� �(�-�C�H�2�  �� �C�H�2 ��)�,� �t�h�a�t� �h�a�s� 

�c�r�y�s�t�a�l�l�i�n�i�t�y� �o�f� �4�0�-�5�0�%�.� �T�h�e�r�e� �a�r�e� �t�w�o� �t�y�p�e�s� �o�f� �P�V�D�F�,� �n�a�m�e�l�y�,� �t�y�p�e� �I� �(�o�r� �a�)� �a�n�d� �t�y�p�e� 

�I�I� �(�o�r� �8�)�.� �T�h�e� �c�o�m�m�e�r�c�i�a�l� �P�V�D�F� �i�s� �n�o�r�m�a�l�l�y� �a�s� �t�y�p�e� �I�I� �w�h�i�c�h� �i�s� �p�o�o�r� �i�n� �p�i�e�z�o�e�l�e�c�t�r�i�c� 

�e�f�f�e�c�t�.� �T�y�p�e� �I� �i�s� �p�o�l�a�r� �a�n�d� �p�i�e�z�o�e�l�e�c�t�r�i�c�.� �T�h�e� �i�m�p�r�o�v�e�d� �p�o�l�i�n�g� �p�r�o�c�e�s�s� �i�n�v�o�l�v�e�s� �h�o�l�d�-� 

�i�n�g� �s�p�e�c�i�m�e�n� �a�t� �9�0� �~� �1�3�0�°�C� �f�o�r� �1�5� �m�i�n� �~� �2� �h�r� �u�n�d�e�r� �a� �d�c� �f�i�e�l�d� �o�f� �5�0�0� �~� �1�0�0�0�k�V�c�m!"� 

�a�n�d� �t�h�e�n� �c�o�o�l�i�n�g� �i�t� �t�o� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e� �s�a�m�e� �f�i�e�l�d� �l�e�v�e�l�.� �R�e�c�e�n�t� �p�r�o�g�r�e�s�s� 

�h�a�s� �b�e�e�n� �m�a�d�e� �i�n� �d�e�v�e�l�o�p�i�n�g� �p�i�e�z�o�e�l�e�c�t�r�i�c� �p�o�l�y�m�e�r� �m�a�t�e�r�i�a�l�s� �o�u�t� �o�f� �c�o�p�o�l�y�m�e�r�s�.� �T�h�e� 
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�c�o�p�o�l�y�m�e�r� �V�D�F�/�T�r�F�E� �i�s� �c�o�m�p�o�s�e�d� �o�f� �m�o�s�t�l�y� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �t�y�p�e� �I� �p�h�a�s�e� �w�i�t�h� �h�i�g�h� 

�c�r�y�s�t�a�l�l�i�n�i�t�y� �o�f� �a�b�o�u�t� �9�0�%�.� �T�h�e� �c�o�p�o�l�y�m�e�r�s� �h�a�v�e� �a� �h�i�g�h�e�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�o�u�p�l�i�n�g� �c�o�-� 

�e�f�f�i�c�i�e�n�t�.� 

�1�.�4�.�2� �B�a�c�k�g�r�o�u�n�d� �o�n� �t�h�e� �T�h�e�o�r�y� �o�f� �P�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� 

�P�y�r�o�e�l�e�c�t�r�i�c�i�t�y� �i�s� �a� �l�i�n�e�a�r� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �e�l�e�c�t�r�i�c�a�l� �a�n�d� �t�h�e�r�m�a�l� �s�y�s�t�e�m�s�,� �w�h�e�r�e�a�s� 

�p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �i�s� �b�e�t�w�e�e�n� �e�l�e�c�t�r�i�c�a�l� �a�n�d� �m�e�c�h�a�n�i�c�a�l� �s�y�s�t�e�m�s�.� �A� �d�i�a�g�r�a�m� �o�f� �t�h�e� �i�n�-� 

�t�e�r�a�c�t�i�o�n� �p�r�o�c�e�s�s�e�s� �o�f� �e�l�e�c�t�r�i�c�a�l�,� �m�e�c�h�a�n�i�c�a�l� �a�n�d� �t�h�e�r�m�a�l� �s�y�s�t�e�m�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� 

�1�.�2� �(�N�y�e�,� �1�9�5�7�;� �I�k�e�d�a�,� �1�9�9�0�)�.� �T�h�e� �i�n�t�e�r�a�c�t�i�o�n� �p�r�o�c�e�s�s�e�s� �s�h�o�w�n� �i�n� �t�h�i�s� �d�i�a�g�r�a�m� �a�r�e� 

�l�i�n�e�a�r� �i�n�t�e�r�a�c�t�i�o�n�s� �b�e�t�w�e�e�n� �a�n�y� �t�w�o� �s�y�s�t�e�m�s�.� �Q�u�a�n�t�i�t�i�e�s� �a�t� �t�h�e� �v�e�r�t�i�c�e�s� �o�f� �t�h�e� �o�u�t�e�r� 

�t�r�i�a�n�g�l�e� �r�e�p�r�e�s�e�n�t� �t�h�e� �i�n�t�e�n�s�i�v�e� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �t�h�o�s�e� �a�t� �t�h�e� �i�n�n�e�r� �t�r�i�a�n�g�l�e� �d�e�n�o�t�e� �t�h�e� 

�e�x�t�e�n�s�i�v�e� �v�a�r�i�a�b�l�e�s�.� �A� �c�o�n�n�e�c�t�i�o�n� �l�i�n�e� �i�n� �t�h�i�s� �d�i�a�g�r�a�m� �i�n�d�i�c�a�t�e�s� �t�h�e� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� 

�t�h�e� �r�e�s�p�e�c�t�i�v�e� �v�a�r�i�a�b�l�e�s�,� �w�h�e�r�e� �a�n� �u�n�p�r�i�m�e�d� �n�o�t�a�t�i�o�n� �s�h�o�w�s� �a� �d�i�r�e�c�t� �e�f�f�e�c�t� �a�n�d� �a� 

�p�r�i�m�e�d� �n�o�t�a�t�i�o�n� �r�e�p�r�e�s�e�n�t�s� �c�o�n�v�e�r�s�e� �e�f�f�e�c�t�.� �S�i�n�c�e� �p�y�r�o�e�l�e�c�t�r�i�c�i�t�y� �a�n�d� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� 

�a�r�e� �t�h�e�r�m�a�l�-�e�l�e�c�t�r�i�c�a�l�-�m�e�c�h�a�n�i�c�a�l� �r�e�l�a�t�e�d�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �s�t�u�d�y� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �m�a�y� 

�p�r�o�v�i�d�e� �a� �g�e�n�e�r�a�l� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �l�i�n�e�a�r� �i�n�t�e�r�a�c�t�i�o�n� �p�r�o�c�e�s�s�e�s�.� 

�C�o�n�c�e�p�t�s� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� 

�T�h�e� �p�h�e�n�o�m�e�n�o�n� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �1�.�3� �(�M�o�u�l�s�o�n� �a�n�d� �H�e�r�b�e�r�t�,� �1�9�9�0�)�.� 

�I�n� �t�h�i�s� �c�a�s�e�,� �a� �p�i�e�z�o�e�l�e�c�t�r�i�c� �p�l�a�t�e� �i�s� �p�o�l�a�r�i�z�e�d� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �P� �a�n�d� �e�l�e�c�t�r�o�d�e�s� �a�r�e� 

�a�t�t�a�c�h�e�d� �t�o� �i�t�s� �t�w�o� �f�l�a�t� �s�u�r�f�a�c�e�s�.� �I�f� �a� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �i�s� �a�p�p�l�i�e�d�,� �a� �t�r�a�n�s�i�e�n�t� �c�u�r�r�e�n�t� 

�w�i�l�l� �b�e� �p�r�o�d�u�c�e�d� �a�n�d� �f�l�o�w� �i�n� �t�h�e� �e�x�t�e�r�n�a�l� �c�i�r�c�u�i�t�.� �A�l�t�e�r�n�a�t�i�v�e�l�y�,� �a� �t�e�n�s�i�l�e� �l�o�a�d� �w�i�l�l� 

�i�n�d�u�c�e� �a�n� �e�l�e�c�t�r�i�c� �c�u�r�r�e�n�t� �i�n� �t�h�e� �o�p�p�o�s�i�t�e� �d�i�r�e�c�t�i�o�n� �(�F�i�g�.� �1�.�3�(�a�)�)�.� �C�o�n�v�e�r�s�e�l�y�,� �i�f� �a�n� 

�e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�s� �a�p�p�l�i�e�d�,� �a� �s�t�r�a�i�n� �w�i�l�l� �b�e� �p�r�o�d�u�c�e�d� �i�n� �t�h�e� �p�l�a�t�e�.� �T�h�e� �i�n�d�u�c�e�d� �s�t�r�a�i�n� 
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�M�e�c�h�a�n�i�c�a�l� �T�h�e�r�m�a�l� 

�F�i�g�u�r�e� �1�.�2�:� �I�n�t�e�r�a�c�t�i�o�n� �P�r�o�c�e�s�s�e�s� �B�e�t�w�e�e�n� �t�h�e� �E�l�e�c�t�r�i�c�a�l�,� �M�e�c�h�a�n�i�c�a�l�,� �a�n�d� �T�h�e�r�m�a�l� 
�S�y�s�t�e�m�s� �(�a�f�t�e�r� �I�k�e�d�a�,� �1�9�9�0�)�.� 
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�c�h�a�n�g�e�s� �i�t�s� �s�i�g�n� �w�i�t�h� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �(�F�i�g�.� �1�.�3�(�b�)�)�.� �T�h�e� �d�i�r�e�c�t� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� �i�s� 

�t�h�a�t� �t�h�e� �i�n�d�u�c�e�d� �p�o�l�a�r�i�z�a�t�i�o�n� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �a�p�p�l�i�e�d� �s�t�r�e�s�s�,� �n�a�m�e�l�y�:� 

�P�,� �=� �d�i�x�i�e� �,� �(�1�.�3�)� 

�w�h�e�r�e� �P� �i�s� �t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n�,� �d�;�;�,�;� �i�s� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�o�d�u�l�i� �a�n�d� �o�,�;� �t�h�e� �s�t�r�e�s�s� �t�e�n�s�o�r�.� 

�T�h�e� �c�o�n�v�e�r�s�e� �e�f�f�e�c�t� �i�s� �t�h�a�t� �t�h�e� �i�n�d�u�c�e�d� �s�t�r�a�i�n� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �a�p�p�l�i�e�d� �f�i�e�l�d�,� �i�.�e�.�:� 

�4�;� �=� �d�y�s�;� �E�x� �(�1�.�4�)� 

�w�h�e�r�e�  ¬�;�;� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�t�r�a�i�n� �t�e�n�s�o�r�.� �S�i�n�c�e� �s�t�r�a�i�n� �t�e�n�s�o�r�  ¬�,�;� �i�s� �s�y�m�m�e�t�r�i�c�,� �i�t� �i�s� �i�m�p�l�i�e�d� 

�t�h�a�t� �t�e�n�s�o�r� �d�;�;�,� �1�s� �s�y�m�m�e�t�r�i�c� �i�n� �t�h�e� �l�a�s�t� �t�w�o� �i�n�d�i�c�e�s�.� �P�a�r�t�o�n� �e�t� �a�l�.� �(�1�9�8�8�)� �s�h�o�w�e�d� 

�s�i�m�p�l�y� �t�h�a�t� �a� �c�e�n�t�r�o�s�y�m�m�e�t�r�i�c�a�l� �c�r�y�s�t�a�l� �c�a�n�n�o�t� �b�e� �p�i�e�z�o�e�l�e�c�t�r�i�c�.� �I�f� �a�l�l� �t�h�r�e�e� �C�a�r�t�e�s�i�a�n� 

�c�o�o�r�d�i�n�a�t�e� �a�x�e�s� �i�n� �a� �c�e�n�t�r�o�s�y�m�m�e�t�r�i�c�a�l� �c�r�y�s�t�a�l� �a�r�e� �i�n�v�e�r�t�e�d�,� �t�h�e�n� �o�n�e� �m�a�y� �o�b�t�a�i�n�:� 

�/� 
�d�t�m� �=� �O�n�k� �U�i� �A�m�;� �1� �k�i�;� �=�  ��d�y�i�m� 

�w�h�e�r�e� 

 ��l� �n�=�k� 
�O�n�k� �=�  ��6�n�k� �=� �0� �n� �f� �k� 

�t�h�e� �p�r�i�m�e�d� �c�o�m�p�o�n�e�n�t�s� �r�e�f�e�r� �t�o� �t�h�e� �r�e�v�e�r�s�e�d� �c�o�o�r�d�i�n�a�t�e� �a�x�e�s�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �d�,�,�;� 

�c�a�n�n�o�t� �c�h�a�n�g�e� �u�n�d�e�r� �t�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �d�u�e� �t�o� �i�t�s� �c�e�n�t�r�o�s�y�m�m�e�t�r�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�,� 

�1�. ¬�.�,� �d�i�i�m� �=� �d�n�i�m�.� �A�c�c�o�r�d�i�n�g�l�y�,� �a�l�l� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �t�e�n�s�o�r� �d�,�;�,�,� �a�r�e� �z�e�r�o�,� �n�a�m�e�l�y�,� 

�t�h�e�r�e� �i�s� �n�o� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �i�n� �a� �c�e�n�t�r�o�s�y�m�m�e�t�r�i�c� �c�r�y�s�t�a�l�.� �F�r�o�m� �a� �v�i�e�w�p�o�i�n�t� �o�f� �c�r�y�s�-� 

�t�a�l�l�o�g�r�a�p�h�y�,� �i�f� �a� �s�t�r�e�s�s� �i�s� �a�p�p�l�i�e�d� �t�o� �a� �c�r�y�s�t�a�l� �w�i�t�h� �c�e�n�t�r�o�s�y�m�m�e�t�r�y�,� �t�h�e�r�e� �i�s� �n�o� �n�e�t� 

�c�h�a�n�g�e� �o�f� �d�i�p�o�l�e� �m�o�m�e�n�t�s� �d�u�e� �t�o� �t�h�e� �c�a�n�c�e�l�l�a�t�i�o�n� �o�f� �t�h�e� �s�y�m�m�e�t�r�i�c� �i�o�n� �d�i�s�p�l�a�c�e�m�e�n�t� 

�i�n� �t�h�e� �c�r�y�s�t�a�l�.� �T�h�e�r�e� �a�r�e� �3�2� �c�r�y�s�t�a�l� �c�l�a�s�s�e�s� �o�f� �s�i�n�g�l�e�-�c�r�y�s�t�a�l� �m�a�t�e�r�i�a�l�s�,� �e�l�e�v�e�n� �o�f� �t�h�e�m� 

�a�r�e� �n�o�n�-�p�o�l�a�r� �a�n�d� �w�i�t�h� �a� �c�e�n�t�e�r� �o�f� �s�y�m�m�e�t�r�y�.� �T�h�e� �o�t�h�e�r� �2�1� �c�r�y�s�t�a�l� �c�l�a�s�s�e�s� �a�r�e� �n�o�n�-� 

�c�e�n�t�r�o�s�y�m�m�e�t�r�i�c�,� �a�n�d� �2�0� �o�f� �t�h�e�m� �h�a�v�e� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t�.� �T�h�e� �o�n�e� �e�x�c�e�p�t�i�o�n� �i�s� 

�t�h�a�t� �a� �c�r�y�s�t�a�l� �i�n� �t�h�e� �c�u�b�i�c� �s�y�s�t�e�m� �4�3�2� �p�o�s�s�e�s�s�e�s� �t�h�e� �c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c� �s�y�m�m�e�t�r�y� �w�h�i�c�h� 

�2�0



�c�a�n�c�e�l�s� �t�h�e� �n�e�t� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t�.� 

�A� �f�e�w� �i�m�p�o�r�t�a�n�t� �c�o�n�c�e�p�t�s� �s�u�c�h� �a�s� �p�y�r�o�e�l�e�c�t�r�i�c�i�t�y�,� �f�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y� �a�n�d� �e�l�e�c�t�r�o�s�t�r�i�c�t�i�o�n� 

�a�r�e� �c�l�o�s�e�l�y� �r�e�l�a�t�e�d� �t�o� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y�.� �A�m�o�n�g� �2�0� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c� �c�l�a�s�s�e�s�,� 

�1�0� �h�a�v�e� �a� �u�n�i�q�u�e� �p�o�l�a�r� �a�x�i�s�.� �T�h�e� �c�r�y�s�t�a�l�s� �o�f� �t�h�e�s�e� �1�0� �c�l�a�s�s�e�s� �a�r�e� �t�e�r�m�e�d� �p�o�l�a�r� �c�r�y�s�t�a�l� 

�s�i�n�c�e� �t�h�e�y� �p�o�s�s�e�s�s� �e�l�e�c�t�r�i�c� �m�o�m�e�n�t�s� �w�i�t�h�o�u�t� �a�n� �a�p�p�l�i�e�d� �s�t�r�e�s�s�.� �T�h�e�s�e� �p�o�l�a�r� �c�r�y�s�t�a�l�s� 

�c�a�n� �p�r�o�d�u�c�e� �a� �c�h�a�r�g�e� �o�n� �t�h�e�i�r� �s�u�r�f�a�c�e� �w�h�e�n� �u�n�i�f�o�r�m�l�y� �h�e�a�t�e�d� �d�u�e� �t�o� �a� �c�h�a�n�g�e� �i�n� 

�t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �d�i�p�o�l�e� �m�o�m�e�n�t�s� �w�i�t�h� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�i�s� �p�h�e�n�o�m�e�n�o�n� �i�s� �c�a�l�l�e�d� 

�p�y�r�o�e�l�e�c�t�r�i�c�i�t�y�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �1�0� �p�o�l�a�r� �c�r�y�s�t�a�l� �c�l�a�s�s�e�s� �a�r�e� �t�e�r�m�e�d� �t�h�e� �p�y�r�o�e�l�e�c�t�r�i�c� 

�c�l�a�s�s�e�s�.� �I�n� �p�i�e�z�o�e�l�e�c�t�r�i�c� �b�u�t� �n�o�n�p�y�r�o�e�l�e�c�t�r�i�c� �c�r�y�s�t�a�l�s� �s�u�c�h� �a�s� �q�u�a�r�t�z�,� �d�i�p�o�l�e�s� �a�r�e� �a�r�-� 

�r�a�n�g�e�d� �i�n� �s�e�v�e�r�a�l� �c�o�m�p�e�n�s�a�t�i�n�g� �d�i�r�e�c�t�i�o�n�s� �t�o� �c�a�n�c�e�l� �t�h�e� �n�e�t� �c�r�y�s�t�a�l� �d�i�p�o�l�e� �m�o�m�e�n�t�s�.� 

�F�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y� �r�e�f�e�r�s� �t�o� �t�h�e� �r�e�v�e�r�s�i�b�i�l�i�t�y� �o�f� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �e�l�e�c�t�r�i�c� �d�i�p�o�l�e�s� �i�n� �a� �p�o�l�a�r� 

�c�r�y�s�t�a�l� �u�n�d�e�r� �a�n� �a�p�p�l�i�e�d� �e�l�e�c�t�r�i�c� �f�i�e�l�d�.� �T�h�e� �p�r�e�l�i�m�i�n�a�r�y� �c�o�n�d�i�t�i�o�n� �f�o�r� �f�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y� 

�i�s� �t�h�a�t� �t�h�e� �c�r�y�s�t�a�l� �b�e�l�o�n�g�s� �t�o� �p�y�r�o�e�l�e�c�t�r�i�c� �c�l�a�s�s�e�s� �b�e�c�a�u�s�e� �i�t� �r�e�q�u�i�r�e�s� �p�o�l�a�r�i�t�y� �i�n� �a� 

�m�a�t�e�r�i�a�l�.� �H�o�w�e�v�e�r�,� �t�h�e� �p�y�r�o�e�l�e�c�t�r�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �a� �c�r�y�s�t�a�l� �d�o�e�s� �n�o�t� �g�u�a�r�a�n�t�e�e� �i�t�s� 

�f�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y�.� �I�n� �s�o�m�e� �p�y�r�o�e�l�e�c�t�r�i�c� �c�r�y�s�t�a�l�s�,� �t�h�e� �d�i�p�o�l�e�s� �c�a�n�n�o�t� �b�e� �r�e�v�e�r�s�e�d� �b�y� �a�n� 

�e�l�e�c�t�r�i�c� �f�i�e�l�d� �e�i�t�h�e�r� �b�e�c�a�u�s�e� �i�t� �r�e�q�u�i�r�e�s� �a� �f�i�e�l�d� �l�a�r�g�e�r� �t�h�a�n� �b�r�e�a�k�d�o�w�n� �f�i�e�l�d� �o�r� �d�u�e� �t�o� �a�n� 

�a�s�y�m�m�e�t�r�i�c� �a�n�d� �i�r�r�e�v�e�r�s�i�b�l�e� �a�r�r�a�n�g�e�m�e�n�t� �o�f� �t�h�e� �a�t�o�m�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�o�u�r�m�a�l�i�n�e� �a�n�d� 

�h�e�x�a�g�o�n�a�l� �C�d�S� �a�r�e� �p�y�r�o�e�l�e�c�t�r�i�c� �b�u�t� �n�o�t� �f�e�r�r�o�e�l�e�c�t�r�i�c�.� �F�r�o�m� �t�h�e� �a�b�o�v�e� �d�i�s�c�u�s�s�i�o�n�,� �i�t� �1�s� 

�c�l�e�a�r� �t�h�a�t� �f�e�r�r�o�e�l�e�c�t�r�i�c� �c�r�y�s�t�a�l�s� �a�r�e� �b�o�t�h� �p�y�r�o�e�l�e�c�t�r�i�c� �a�n�d� �p�i�e�z�o�e�l�e�c�t�r�i�c�.� �E�l�e�c�t�r�o�s�t�r�i�c�-� 

�t�i�o�n� �i�s� �a� �h�i�g�h�e�r�-�o�r�d�e�r� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �c�o�u�p�l�i�n�g�.� �I�n� �e�l�e�c�t�r�o�s�t�r�i�c�t�i�o�n�,� �t�h�e� �s�i�g�n� �o�f� �t�h�e� 

�d�e�f�o�r�m�a�t�i�o�n� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �p�o�l�a�r�i�t�y� �o�f� �t�h�e� �f�i�e�l�d�,� �a�n�d� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� 

�d�e�f�o�r�m�a�t�i�o�n� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �e�v�e�n� �p�o�w�e�r�s� �o�f� �t�h�e� �f�i�e�l�d�.� �A�l�l� �m�a�t�e�r�i�a�l�s� �e�x�h�i�b�i�t� �w�e�a�k� 

�e�l�e�c�t�r�o�s�t�r�i�c�t�i�o�n�.� �I�n� �f�e�r�r�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l�s� �a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �j�u�s�t� �a�b�o�v�e� �t�h�e�i�r� �C�u�r�i�e� 

�p�o�i�n�t�,� �l�a�r�g�e� �e�l�e�c�t�r�o�s�t�r�i�c�t�i�o�n� �m�a�y� �b�e� �p�r�e�s�e�n�t�e�d�.� 
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�F�i�g�u�r�e� �1�.�3�:� �P�i�e�z�o�e�l�e�c�t�r�i�c� �P�h�e�n�o�m�e�n�a�:� �(�a�)� �D�i�r�e�c�t� �P�i�e�z�o�e�l�e�c�t�r�i�c� �E�f�f�e�c�t�,� �(�b�)� �C�o�n�v�e�r�s�e� 
�P�i�e�z�o�e�l�e�c�t�r�i�c� �E�f�f�e�c�t�.� 
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�T�a�b�l�e� �1�.�1�:� �C�o�m�p�a�r�i�s�o�n� �o�f� �T�1�N�i� �a�n�d� �C�u�Z�n�A�l� �A�l�l�o�y�s� 
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�I�t�e�m� �T�i�N�i� �A�l�l�o�y� �C�u�Z�n�A�l� �A�l�l�o�y� 
�R�e�c�o�v�e�r�y� �S�t�r�a�i�n� �m�a�x� �8�%� �m�a�x� �4�%� 
�R�e�c�o�v�e�r�y� �s�t�r�e�s�s� �m�a�x� �4�0�0� �M�P�a� �m�a�x� �2�0�0� �M�P�a� 
�R�e�p�e�t�i�t�i�o�n� �L�i�f�e� �1�0�°�( ¬� �=� �0�.�0�2�)� �1�0�?�( ¬� �=� �0�.�0�2�)� 

�1�0 ��(�¢� �=� �0�.�0�0�5�)� �1�0�°�(�e ¬� �=� �0�.�0�0�5�)� 
�C�o�r�r�o�s�i�o�n� �R�e�s�i�s�t�a�n�c�e� �|� �G�o�o�d� �P�r�o�b�l�e�m�a�t�i�c�,� �e�s�p�e�c�i�a�l�l�y� 

�s�t�r�e�s�s� �c�o�r�r�o�s�i�o�n� �c�r�a�c�k�i�n�g� 
�W�o�r�k�a�b�i�l�i�t�y� �P�o�o�r� �F�a�i�r� 
�S�M�E� �P�r�o�c�e�s�s�i�n�g� �C�o�m�p�a�r�a�t�i�v�e�l�y� �e�a�s�y� �F�a�i�r�l�y� �d�i�f�f�i�c�u�l�t� � � � � � � 
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�B�a�s�i�c� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� 

�P�i�e�z�o�e�l�e�c�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �u�s�u�a�l�l�y� �d�e�s�c�r�i�b�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �s�t�r�e�s�s� �(�T�)�,� �s�t�r�a�i�n� �(�S�)�,� 

�e�l�e�c�t�r�i�c� �f�i�e�l�d� �(�E�)� �a�n�d� �d�i�e�l�e�c�t�r�i�c� �d�i�s�p�l�a�c�e�m�e�n�t� �(�D�)� �o�r� �p�o�l�a�r�i�z�a�t�i�o�n� �(�P�)�.� �B�y� �t�h�e�r�m�o�-� 

�d�y�n�a�m�i�c� �a�r�g�u�m�e�n�t�,� �i�t� �i�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �t�h�e� �s�a�m�e� �f�o�r� 

�d�i�r�e�c�t� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� �a�n�d� �c�o�n�v�e�r�s�e� �e�f�f�e�c�t� �(�M�o�u�l�s�o�n� �a�n�d� �H�e�r�b�e�r�t�,� �1�9�9�0�)�.� �T�h�e� �m�o�s�t� 

�c�o�m�m�o�n� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �d�,� �g�,� �e� �a�n�d� �h� �a�r�e� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�g�e� �C�H�)�?� �=� �G�B� �(�1�5�)� 
�h� �=� �( ��5�p�)�s� �=� �(�-�3�3�)�p� 

�w�h�e�r�e� �t�h�e� �s�u�b�s�c�r�i�p�t�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �t�h�a�t� �a�r�e� �k�e�p�t� �c�o�n�s�t�a�n�t� �w�h�e�n� �t�h�e� �c�o�e�f�-� 

�f�i�c�i�e�n�t�s� �a�r�e� �e�v�a�l�u�a�t�e�d�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �a� �c�o�n�s�t�a�n�t� �f�o�r� �a�l�l� 

�t�h�e� �a�b�o�v�e� �r�e�l�a�t�i�o�n�s�.� 

�I�k�e�d�a� �(�1�9�9�0�)� �d�e�v�e�l�o�p�e�d� �a� �g�e�n�e�r�a�l� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �i�n� �a� �l�i�n�e�a�r�l�y� 

�c�o�u�p�l�e�d� �s�y�s�t�e�m�.� �A�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �v�a�r�i�a�b�l�e�s� �f�o�r� �t�w�o� �d�i�f�f�e�r�e�n�t� �p�h�e�n�o�m�e�n�a� �i�n� �a� �s�y�s�t�e�m� 

�a�r�e� �l�i�n�e�a�r�l�y� �c�o�u�p�l�e�d�,� �t�h�e�n� �t�h�e� �f�r�e�e� �e�n�e�r�g�y� �F�'� �i�n� �t�h�i�s� �s�y�s�t�e�m� �i�s� �u�n�i�q�u�e�l�y� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�t�h�e� �h�o�m�o�g�e�n�e�o�u�s� �q�u�a�d�r�a�t�i�c� �e�x�p�r�e�s�s�i�o�n�:� 

�1� �1� 
�F�(�z�,�y�)� �=� �s�a�e� �+� �a�y�o�r�y� �+� �5� �2�y� �,� �(�1�.�6�)� 

�w�h�e�r�e� �x� �a�n�d� �y� �r�e�p�r�e�s�e�n�t� �t�h�e� �t�w�o� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �f�o�r� �t�h�e� �t�w�o� �p�h�e�n�o�m�e�n�a� �i�n� �t�h�e� �c�o�u�-� 

�p�l�e�d� �s�y�s�t�e�m�.� �T�h�e� �s�t�a�t�e� �f�o�r� �r� �=� �y� �=� �O� �i�s� �a�n� �e�q�u�l�i�b�r�i�u�m� �o�r� �F�(�0�,�0�)� �=� �0�.� �T�h�e� 

�i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �d�e�p�e�n�d�s� �o�n� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �c�o�e�f�f�i�c�i�e�n�t� 

�a�y�.� �=� �(�0�°� �F� �/�O�x�0�y�)�z�,�y�=�0�.� �I�f� �t�h�e� �f�r�e�e� �e�n�e�r�g�y� �f�u�n�c�t�i�o�n� �F�(�z�,� �y�)� �i�s� �a� �c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n� �o�f� 

�x� �a�n�d� �y�,� �t�h�e�n� �t�h�e� �e�x�a�c�t� �d�i�f�f�e�r�e�n�t�i�a�l� �o�f� �F�(�z�,�y�)� �i�s� �g�i�v�e�n� �b�y�:� 

�d�F� �=� �X�d�z�+�Y�d�y�,� �(�1�.�7�)� 
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�w�h�e�r�e� �X� �a�n�d� �Y� �a�r�e� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �f�o�r�c�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �x� �a�n�d� 

�y�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �X� �a�n�d� �Y� �m�a�y� �b�e� �o�b�t�a�i�n�e�d�:� 

�_�O�F� � �,�_� �O�F� �X�=� �5� �=�F� �(�1�.�8�)� 

�F�r�o�m� �t�h�e�s�e� �d�i�f�f�e�r�e�n�t�i�a�l�s�,� �o�n�e� �m�a�y� �o�b�t�a�i�n� �t�h�e� �l�i�n�e�a�r�l�y� �c�o�u�p�l�e�d� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� 

�a�s� �f�o�l�l�o�w�s�:� 

�X� �=� �4�4�,�2� �+� �a�y�2�y� �1�.�9� 
�{�p�l�a�s� �p�e�a� �(�1�.�9�)� 

�I�t� �i�s� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �t�h�e� �a�b�o�v�e� �l�i�n�e�a�r�l�y� �c�o�u�p�l�e�d� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �d�e�r�i�v�e�d� 

�a�l�t�e�r�n�a�t�e�l�y� �b�y� �t�h�e� �T�a�y�l�o�r� �e�x�p�a�n�s�i�o�n� �o�f� �X� �a�n�d� �Y�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �z� �i�n� 

�t�h�e� �s�e�c�o�n�d� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �a�2�;� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �a�j�z� �=� �a�2�;� �c�a�n� �b�e� �e�a�s�i�l�y� 

�p�r�o�v�e�n� �b�y� �t�h�e� �a�b�o�v�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �a�r�g�u�m�e�n�t�.� 

�C�o�e�f�f�i�c�i�e�n�t�s� �a�,� �a�n�d� �a�2� �a�r�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�n�s�t�a�n�t�s� �o�f� �t�h�e� �x� �a�n�d� �y� �s�y�s�-� 

�t�e�m�s�.� �I�f� �t�h�e�r�e� �i�s� �n�o� �c�o�u�p�l�i�n�g�,� �i�.�e�.�,� �a�1�2� �=� �0�,� �t�h�e�n� �e�a�c�h� �p�r�i�n�c�i�p�a�l� �c�o�n�s�t�a�n�t� �c�a�n� �b�e� 

�d�e�t�e�r�m�i�n�e�d� �i�n� �i�t�s� �o�w�n� �s�y�s�t�e�m�.� �I�n� �t�h�e� �c�o�u�p�l�e�d� �s�y�s�t�e�m�,� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�n�s�t�a�n�t�s� �m�u�s�t� 

�b�e� �d�e�t�e�r�m�i�n�e�d� �u�n�d�e�r� �t�h�e� �c�o�n�d�i�t�i�o�n� �w�h�e�r�e� �t�h�e� �o�p�p�o�s�i�t�e� �s�y�s�t�e�m� �i�s� �s�p�e�c�i�f�i�e�d�.� �I�n� �t�h�e� 

�a�b�o�v�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s�,� �a�,�,�;� �a�n�d� �a�2� �c�a�n� �o�n�l�y� �b�e� �o�b�t�a�i�n�e�d� �f�o�r� �c�o�n�s�t�a�n�t� �y� �a�n�d� 

�c�o�n�s�t�a�n�t� �x�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�n�s�t�a�n�t�s� �a�r�e� �u�s�u�a�l�l�y� �d�e�n�o�t�e�d� �a�s� 

�a�j�,� �a�n�d� �a�j�,�,� �w�h�e�r�e� �s�u�p�e�r�s�c�r�i�p�t�s� �x� �a�n�d� �y� �r�e�p�r�e�s�e�n�t� �t�h�a�t� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �a�r�e� �k�e�p�t� �c�o�n�s�t�a�n�t� 

�w�h�e�n� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�n�s�t�a�n�t�s� �a�r�e� �m�e�a�s�u�r�e�d�.� 

�T�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �i�n� �E�q�.� �(�1�.�9�)� �a�r�e� �i�n� �t�e�r�m�s� �o�f� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �z� �a�n�d� 

�y�.� �I�f� �t�h�i�s� �f�o�r�m� �o�f� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �(�x�,� �y�)�-�t�y�p�e�,� �t�h�e�n� �t�h�e� �c�h�o�i�c�e� 

�o�f� �a� �d�i�f�f�e�r�e�n�t� �s�e�t� �o�f� �v�a�r�i�a�b�l�e�s� �p�r�o�v�i�d�e�s� �o�t�h�e�r� �t�y�p�e�s� �o�f� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s�:� �(�z�,�Y�)�,� 

�(�X�,�y�)� �a�n�d� �(�X�,�Y�)� �t�y�p�e�.� �I�f� �o�n�e� �s�e�t� �o�f� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �i�s� �k�n�o�w�n�,� �t�h�e�n� �o�t�h�e�r� �s�e�t�s� 

�o�f� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �c�a�n� �b�e� �e�a�s�i�l�y� �f�o�u�n�d� �b�y� �r�e�a�r�r�a�n�g�i�n�g� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� 
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�a�l�r�e�a�d�y� �k�n�o�w�n�.� �A�s� �a�n� �e�x�a�m�p�l�e�,� �t�h�e� �(�X�,� �y�)�-�t�y�p�e� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �c�a�n� �b�e� 

�f�o�r�m�u�l�a�t�e�d� �a�s� �f�o�l�l�o�w�s� �b�y� �a�r�r�a�n�g�i�n�g� �t�h�e� �E�q�.� �(�1�.�9�)�:� 

�r�=� �=�X�  �� �W�y� 
�u� �M�m� �a�?� �(�1�.�1�0�)� 

�Y�=� �P�R�X� �+� �(�a�z�,�  �� �a�e� �)�y�:� 

�F�o�r� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y�,� �i�f� �t�h�e� �f�o�u�r� �v�a�r�i�a�b�l�e�s� �o�f� �s�t�r�a�i�n� �S�,� �s�t�r�e�s�s� �7 ��,� �p�o�l�a�r�i�z�a�t�i�o�n� �P� �a�n�d� 

�e�l�e�c�t�r�i�c� �f�i�e�l�d� �E� �a�r�e� �c�h�o�s�e�n� �f�o�r� �c�o�n�s�t�r�u�c�t�i�n�g� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s�,� �t�h�e�n� �b�y� �u�s�i�n�g� 

�t�h�e� �g�e�n�e�r�a�l� �a�r�g�u�m�e�n�t� �a�b�o�v�e�,� �o�n�e� �m�a�y� �o�b�t�a�i�n� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �H�e�l�m�h�o�l�z� �f�r�e�e� �e�n�e�r�g�y�,� 

�G�i�b�b�s� �f�r�e�e� �e�n�e�r�g�y�,� �e�l�a�s�t�i�c� �G�i�b�b�s� �e�n�e�r�g�y�,� �e�l�e�c�t�r�i�c� �G�i�b�b�s� �e�n�e�r�g�y�,� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�f�o�r�m�s� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �f�o�r� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y�,� �a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �1�.�2� �(�a�)�.� �I�f� 

�t�h�e� �e�l�e�c�t�r�i�c� �d�i�s�p�l�a�c�e�m�e�n�t� �D� �i�s� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �p�o�l�a�r�i�z�a�t�i�o�n� �i�n� �t�h�e� �d�e�r�i�v�a�t�i�o�n�,� �o�n�e� �m�a�y� 

�o�b�t�a�i�n� �t�h�e� �d�i�f�f�e�r�e�n�t� �f�o�r�m�s� �o�f� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �f�o�r� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y�,� 

�a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �1�.�2� �(�b�)�.� 

�A�m�o�n�g� �a�l�l� �t�h�e� �d�i�f�f�e�r�e�n�t� �f�o�r�m�s� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c� �r�e�l�a�t�i�o�n�s�,� �t�h�e� �d�-�f�o�r�m� �o�f� �t�h�e� �r�e�l�a�t�i�o�n� 

�s�h�o�w�n� �i�n� �T�a�b�l�e� �1�.�2� �(�b�)� �i�s� �t�h�e� �m�o�s�t� �u�s�e�f�u�l� �p�i�e�z�o�e�l�e�c�t�r�i�c� �r�e�l�a�t�i�o�n� �f�o�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�e�-� 

�r�a�m�i�c�s�.� �F�o�r� �t�h�e� �d�i�r�e�c�t� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t�,� �t�h�e� �d�-�f�o�r�m� �r�e�l�a�t�i�o�n� �m�a�y� �b�e� �e�x�p�a�n�d�e�d� �t�o�:� 

�D�,� �=� �e�f� �E�y� �+� �d�i�s�T�s� 
�D�y� �=� �e�l� �F�E�,� �+� �d�y�s� �1�4� �(�1�.�1�1�)� 

�D�3� �=� �e�f� �B�E� �+� �D�3�i�(�T�,� �+� �T�2�)� �+� �d�3�s�T�3� �,� 

�a�n�d� �f�o�r� �t�h�e� �c�o�n�v�e�r�s�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t�,� �t�h�e� �d�-�f�o�r�m� �r�e�l�a�t�i�o�n� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�S�y� �=� �s�i�T�i� �+� �s�h�T�o� �+� �s�=�.�T�5� �+� �d�3�,� �E�3� 
�5�2� �=� �s�i� �T�,� �+� �s�¥�T�y� �+� �s�¥�,�T�3� �+� �d�z� �E�3� 
�5�3� �=� �s�®�(�T�;� �+� �T�2�)� �+� �s�¥�,�T�3� �+� �d�3�3�.�b�3� �(�1�.�1�2�)� 

�S�s� �=� �s�h�T�,� �+� �d�y�s� �h�k�,� 
�S�e� �=� �2�(�s�%�,� �_� �s�%�)�T�¢� �.� 

�I�n� �t�h�e� �a�b�o�v�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �r�e�l�a�t�i�o�n�s�,� �t�h�e� �p�o�l�i�n�g� �d�i�r�e�c�t�i�o�n� �i�s� �i�n� �t�h�e� �3�-�d�i�r�e�c�t�i�o�n�,� �a�n�d� �t�h�e� 

�1�-�2� �p�l�a�n�e� �i�s� �a�n� �i�s�o�t�r�o�p�i�c� �p�l�a�n�e�.� �T�h�e� �s�u�b�s�c�r�i�p�t�s� �4�,� �5� �a�n�d� �6� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�h�e�a�r� �p�l�a�n�e�s� 

�p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �1�,� �2� �a�n�d� �3� �d�i�r�e�c�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�c�c�o�r�d�i�n�g�l�y�,� �d�z�;� �d�e�n�o�t�e�s� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �r�e�l�a�t�i�n�g� �t�h�e� �f�i�e�l�d� �a�l�o�n�g� �t�h�e� �p�o�l�a�r� �a�x�i�s� �t�o� �t�h�e� �s�t�r�a�i�n� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �i�t�,� 
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�T�a�b�l�e� �1�.�2�:� �T�y�p�e�s� �o�f� �F�u�n�d�a�m�e�n�t�a�l� �P�i�e�z�o�e�l�e�c�t�r�i�c� �R�e�l�a�t�i�o�n�s� 

�(�a�)� �P�o�l�a�r�i�z�a�t�i�o�n� �s�c�h�e�m�e� 
� � 

� � 

�I�n�d�e�p�e�n�d�e�n�t� �P�i�e�z�o�e�l�e�c�t�r�i�c� �r�e�l�a�t�i�o�n� �T�h�e�r�m�o�d�y�n�a�m�i�c� �f�u�n�c�t�i�o�n� 
�v�a�r�i�a�b�l�e� 

�5� �P� �=� �c�?�S ��a�P� �H�e�l�m�h�o�l�z� �f�r�e�e� �e�n�e�r�g�y� 
�E�a�n�s�e�i�t� �F� �=�4�c�?�S�?�~�a�S�P� �+�4� �7�°�P�?� 

�r�E� �=� �s�®�T�+�d�E� �G�i�b�b�s� �f�r�e�e� �e�n�e�r�g�y� 
 �� �P�=� �G� �=�  ��4�$�5�§�T�?� �-�d�T�E ��4�x�7�E�?� 

�T�P� �=�s�*�°�T�+�b�P� �E�l�a�s�t�i�c� �G�i�b�b�s� �e�n�e�r�g�y� 
�°� �e�e� �p�r�e�t� �P� �G�,� �=�  ��4�s�?�T�?�-� �b�T�P� �+� �t�,� �7� �P�?� 

�S�E� �T�=�c�?�S�- ��e�E� �E�l�e�c�t�r�i�c� �G�i�b�b�s� �e�n�e�r�g�y� 
�,� �P�=�  ��e�S�+�K�5�E� �G�,�=�4�c�F�S�? �� �e�S�E ��4�n�°�5�E�?� 

� � 

�G�=�F�- ��T�S ��E�P�,�G�,�=�F�- ��T�S�,�G�,�=�F�- ��E�P� 
�(�b�)� �E�l�e�c�t�r�i�c� �f�l�u�x� �d�e�n�s�i�t�y� �s�c�h�e�m�e� �(�e�l�e�c�t�r�i�c� �d�i�s�p�l�a�c�e�m�e�n�t� �s�c�h�e�m�e�)� 
� � 

� � 

�I�n�d�e�p�e�n�d�e�n�t� �T�y�p�e� �P�i�e�z�o�e�l�e�c�t�r�i�c� �r�e�l�a�t�i�o�n� �F�o�r�m� 
�v�a�r�i�a�b�l�e� 

�=� �c�°�S�§ ��h�A�D� 
�S�,�D� �E�x�t�e�n�s�i�v�e� �h�-�f�o�r�m� 

�=�  ��h�S�+� �5�D� 

�=�s�'�T�+�d�E� 
�T�,� �E�-� �I�n�t�e�n�s�i�v�e� �d�-�f�o�r�m� 

�.� �=�s�°�?�T�+�g�9�D� 
�T�,� �D� �M�i�x�e�d� �g�-�f�o�r�m� 

�E�=�- ��g�T�+�B�'�D� 

�S�,�E� �M�i�x�e�d� �e�-�f�o�r�m� 

� 



�d�3�3� �i�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �t�h�a�t� �b�o�t�h� �s�t�r�a�i�n� �a�n�d� �p�o�l�a�r� �a�x�i�s� �a�r�e� �i�n� �t�h�e� �s�a�m�e� 

�d�i�r�e�c�t�i�o�n�,� �a�n�d� �d�j�s� �i�s� �t�h�e� �o�n�l�y� �c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �s�h�e�a�r� �s�t�r�a�i�n� �i�n� �w�h�i�c�h� �a�n� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�s� 

�a�p�p�l�i�e�d� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �p�o�l�a�r� �a�x�i�s�.� 

�P�a�r�a�m�e�t�e�r�s� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�e�r�a�m�i�c�s� 

�A�s� �d�i�s�c�u�s�s�e�d� �b�e�f�o�r�e�,� �t�h�e� �m�o�s�t� �c�o�m�m�o�n� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �d�,� �g�,�e� �a�n�d� �h�.� �T�h�e� 

�r�e�l�a�t�i�o�n�s� �o�f� �t�h�e�s�e� �f�o�u�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �t�e�n�s�o�r�s� �m�a�y� �b�e� �d�r�a�w�n� �f�r�o�m� �t�h�e�i�r� �d�e�f�i�n�i�t�i�o�n�s�:� 

�d�=� �(�2�8�)�r�/�(�3�8�)�r� �=� �(�3�B�)�r� �=� 
�f�=� �(�-�B�)�s�/�(�-�B�)�s� �=� �(�B�)�s�=�e�8�,� �1�8�)� 

�O�5� � �e�f�  ��H�M� �6�S� �(�1�.�1�4�)� 

�T�h�e� �e�l�a�s�t�i�c� �p�a�r�a�m�e�t�e�r�s� �i�n� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�e�r�a�m�i�c�s� �a�r�e� �s�t�i�f�f�n�e�s�s� �c�o�e�f�f�i�c�i�e�n�t�s� �(�c�;�;�)� �a�n�d� 

�c�o�m�p�l�i�a�n�c�e� �c�o�e�f�f�i�c�i�e�n�t�s� �(�s�;�;�)�.� �B�y� �i�n�v�e�r�t�i�n�g� �t�h�e� �l�i�n�e�a�r� �d�-�f�o�r�m� �p�i�e�z�o�e�l�e�c�t�r�i�c� �r�e�l�a�t�i�o�n� �i�n� 

�E�q�.� �(�1�.�1�2�)�,� �o�n�e� �m�a�y� �o�b�t�a�i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �v�a�l�i�d� �f�o�r� �e�i�t�h�e�r� �o�p�e�n�-� �o�r� 

�s�h�o�r�t�-�c�i�r�c�u�i�t� �c�o�n�d�i�t�i�o�n�s�:� 

�C�1�1� �=� �(�8�1�1�8�3�3�  �� �S�j�3�)�/� �f�(�s�)� 

�C�1�2� �=�  ��(�S�1�2�8�3�3�  �� �s�i�s�)�/� �f�(�s�)� 
�(�3� �=�  ��$�1�3�(�$�1�4� �_� �8�1�2�)�/� �f�(�s�)� �(�1�.�1�5�)� 

�C�3�3� �=� �(�s�t�,�  �� �8�i�z�)�/�f�(�s�)� 
�C�4�q� �=� �1�/�8�4�4�,� 

�w�h�e�r�e� �f�(�s�)� �=� �(�8�1�1�  �� �$�1�2�)�{�8�3�3�(�$�1�1� �+� �$�1�2�)�  �� �2�8�7�3�}�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �e�l�a�s�t�i�c� 

�c�o�n�s�t�a�n�t�s� �a�r�e� �d�i�f�f�e�r�e�n�t� �f�o�r� �o�p�e�n�-�c�i�r�c�u�i�t� �a�n�d� �s�h�o�r�t�-�c�i�r�c�u�i�t� �c�o�n�d�i�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �d�e�n�o�t�e�d� 

�b�y� �s�u�p�e�r�s�c�r�i�p�t�s� �D� �a�n�d� �E�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �e�f�f�e�c�t�i�v�e� �s�t�i�f�f�n�e�s�s� �c�o�n�s�t�a�n�t�s� �w�i�t�h� �e�l�e�c�t�r�o�d�e�s� 

�s�h�o�r�t� �c�i�r�c�u�i�t�e�d� �i�s� �n�o�r�m�a�l�l�y� �l�o�w�e�r� �t�h�a�n� �t�h�o�s�e� �w�i�t�h� �t�h�e� �e�l�e�c�t�r�o�d�e�s� �o�p�e�n� �c�i�r�c�u�i�t�e�d� �b�e�c�a�u�s�e� 

�m�e�c�h�a�n�i�c�a�l� �s�t�r�e�s�s�i�n�g� �o�f� �a� �c�e�r�a�m�i�c� �p�r�o�d�u�c�e�s� �a�n� �e�l�e�c�t�r�i�c� �c�h�a�r�g�e� �w�h�i�c�h� �i�s� �o�p�p�o�s�i�t�e� �t�o� �t�h�e� 

�2�8



�r�e�s�u�l�t�a�n�t� �s�t�r�a�i�n�.� �T�h�e� �P�o�i�s�s�i�o�n� �r�a�t�i�o�s� �y� �a�r�e� �a�l�s�o� �i�m�p�o�r�t�a�n�t� �e�l�a�s�t�i�c� �p�a�r�a�m�e�t�e�r�s� �f�o�r� 

�p�i�e�z�o�e�l�e�c�t�r�i�c� �c�e�r�a�m�i�c�s�.� �T�h�e�y� �a�r�e� �d�e�f�i�n�e�d� �i�n� �t�e�r�m�s� �o�f� �o�p�e�n�-�c�i�r�c�u�i�t� �c�o�m�p�l�i�a�n�c�e�s�:� 

�S�1�2� �S�i�3� 
�W�4�2�q�=� �E�e� �W�4�3�>�=�  � ��F�-� �(�1�.�1�6�)� 

�S�i� �$�3�3� 

�T�h�e� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �k� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �p�a�r�a�m�e�t�e�r� �i�n� �m�e�a�s�u�r�i�n�g� 

�t�h�e� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t�.� �W�h�e�n� �a�n� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�s� �a�p�p�l�i�e�d�,� �i�t� �m�e�a�s�u�r�e�s� 

�t�h�e� �f�r�a�c�t�i�o�n� �o�f� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �e�n�e�r�g�y� �c�o�n�v�e�r�t�e�d� �t�o� �m�e�c�h�a�n�i�c�a�l� �e�n�e�r�g�y� �(�o�r� �v�i�c�e� �v�e�r�s�a� 

�w�h�e�n� �a� �s�t�r�e�s�s� �i�s� �a�p�p�l�i�e�d�)�.� �I�t� �i�s� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�>� �e�l�e�c�t�r�i�c�a�l� �e�n�e�r�g�y� �c�o�n�v�e�r�t�e�d� �t�o� �m�e�c�h�a�n�i�c�a�l� �e�n�e�r�g�y� 
� � 

�i�n�p�u�t� �e�l�e�c�t�r�i�c�a�l� �e�n�e�r�g�y� 

�o�r� 
�m�e�c�h�a�n�i�c�a�l� �e�n�e�r�g�y� �c�o�n�v�e�r�t�e�d� �t�o� �e�l�e�c�t�r�i�c� �e�n�e�r�g�y� 

�w�e� 
�1�.�1�7� 

�i�n�p�u�t� �m�e�c�h�a�n�i�c�a�l� �e�n�e�r�g�y� �(� �)� � � 

�S�i�n�c�e� �t�h�e� �e�n�e�r�g�y� �c�o�n�v�e�r�s�i�o�n� �o�f� �a�n�y� �t�w�o� �d�i�f�f�e�r�e�n�t� �f�o�r�m�s� �i�s� �a�l�w�a�y�s� �i�n�c�o�m�p�l�e�t�e�,� �a�c�c�o�r�d�-� 

�i�n�g�l�y�,� �k�?� �<�1� �o�r�k� �<�1�.� �T�y�p�i�c�a�l� �v�a�l�u�e�s� �o�f� �k� �a�r�e� �0�.�4� �f�o�r� �b�a�r�i�u�m� �t�i�t�a�n�a�t�e� �c�e�r�a�m�i�c�,� �0�.�5�-�0�.�7� 

�f�o�r� �P�Z�T� �(�J�a�f�f�e� �e�t� �a�l�.�,� �1�9�7�1�)�.� 

�T�h�e� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �c�o�u�p�l�i�n�g� �f�a�c�t�o�r�s� �a�r�e� �m�a�t�e�r�i�a�l� �c�o�n�s�t�a�n�t�s� �f�o�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�-� 

�r�i�a�l�s�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �c�o�u�p�l�i�n�g� �f�a�c�t�o�r�s� �d�e�p�e�n�d�s� �o�n� �t�h�e� �d�e�g�r�e�e� �o�f� �p�o�l�i�n�g�.� �T�h�e� 

�m�o�s�t� �c�o�m�m�o�n� �c�o�u�p�l�i�n�g� �f�a�c�t�o�r�s� �a�r�e� �t�h�o�s�e� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �d�-�f�o�r�m� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�-� 

�k�i�s� �=� �d�i�s�/�y� �s�h�e�f� 

�k�a�g� �=� �d�3�3�/�\�f� �s�h�e� 

�o�r�e� �=� �d�3�1�/�\�/�s�®�e�F� �(�1�.�1�8�)� 

�k�y� �=� �d�z� �/�\�/�2�/�(� �s�t� �+� �3�8�%�)� �e�f�)� �)� �=� �k�s�z�i�y�f�/�2�/�(� �1�  �� �4�2�)� 

�k�y� �=� �e�3�3�/�1�/� �e�x�c�h�,� �)� 

�t�i�o�n�s� �a�n�d� �k�;�:� 

�w�h�e�r�e� �1�1�2� �i�s� �t�h�e� �P�o�i�s�s�o�n ��s� �r�a�t�i�o� �a�s� �d�e�f�i�n�e�d� �b�e�f�o�r�e�.� �k�,� �i�s� �c�a�l�l�e�d� �t�h�e� �p�l�a�n�a�r� �c�o�u�p�l�i�n�g� 

�f�a�c�t�o�r� �w�h�i�c�h� �r�e�f�e�r�s� �t�o� �t�h�e� �s�i�m�u�l�t�a�n�e�o�u�s� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �e�q�u�a�l� �s�t�r�e�s�s� �a�l�o�n�g� �t�h�e� �1� �a�n�d� �2� 

�d�i�r�e�c�t�i�o�n� �o�r� �o�f� �u�n�i�f�o�r�m� �r�a�d�i�a�l� �t�e�n�s�i�o�n� �o�r� �c�o�m�p�r�e�s�s�i�o�n� �i�n� �t�h�e� �p�l�a�n�e� �n�o�r�m�a�l� �t�o� �t�h�e� �p�o�l�i�n�g� 
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�a�x�i�s�.� �k�,� �r�e�f�e�r�s� �t�o� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �t�h�i�c�k�n�e�s�s� �v�i�b�r�a�t�i�o�n� �o�f� �l�a�t�e�r�a�l�l�y� �c�l�a�m�p�e�d� �p�l�a�t�e�s�.� 

�T�h�e� �c�o�u�p�l�i�n�g� �c�o�n�s�t�a�n�t�s� �m�a�y� �r�e�l�a�t�e� �t�h�e� �o�p�e�n�-� �a�n�d� �s�h�o�r�t�-�c�i�r�c�u�i�t� �e�l�a�s�t�i�c� �c�o�n�s�t�a�n�t�s� �b�y� 

�m�a�n�i�p�u�l�a�t�i�n�g� �t�h�e� �d�-�f�o�r�m� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �w�i�t�h� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s�:� 

�s�h�,� �=� �s�#�(�1� �-� �k�i�s�)� 
�s�h�y� �=� �s�k�(�1�  �� �k�3�3�)� 
 ��1� �=� �s�n�(�l� �~� �3�1�)� �(�1�.�1�9�)� 

�S�t�)� �=� �S�q�_�  �� �£�3�,�5�4�4� 
�c�&�,� �=� �c�B�(�1�  �� �k�?�)�.� 

�1�.�4�.�3� �G�e�n�e�r�a�l� �C�o�n�s�i�d�e�r�a�t�i�o�n�s� �R�e�g�a�r�d�i�n�g� �P�i�e�z�o�e�l�e�c�t�r�i�c� �C�e�-� 
�r�a�m�i�c�s� 

�M�i�c�r�o�s�t�r�u�c�t�u�r�e�s� �o�f� �P�i�e�z�o�e�l�e�c�t�r�i�c� �C�e�r�a�m�i�c�s� 

�T�h�e� �f�i�r�s�t� �d�e�v�e�l�o�p�e�d� �c�o�m�m�e�r�c�i�a�l� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�e�r�a�m�i�c� �i�s� �B�a�T�i�O�3� �w�i�t�h� �a� �p�e�r�o�v�s�k�i�t�e� 

�s�t�r�u�c�t�u�r�e�.� �T�h�e� �s�o�l�i�d� �s�o�l�u�t�i�o�n� �s�y�s�t�e�m� �P�b�(�T�2�,� �Z�r�)�O�3� �o�r� �P�Z�T� �a�l�s�o� �h�a�s� �t�h�e� �p�e�r�o�v�s�k�i�t�e� 

�m�i�c�r�o�s�t�r�u�c�t�u�r�e� �(�A�B�O�3�)�.� �A�b�o�v�e� �t�h�e� �C�u�r�i�e� �p�o�i�n�t�,� �t�h�e� �u�n�i�t� �c�e�l�l� �o�f� �t�h�e� �p�e�r�o�v�s�k�i�t�e� �s�t�r�u�c�-� 

�t�u�r�e� �i�s� �c�u�b�i�c�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �1�.�4�.� �I�n� �t�h�i�s� �s�t�r�u�c�t�u�r�e�,� �a� �l�a�r�g�e� �c�a�t�i�o�n� �(�A�)� �i�s� �o�n� �t�h�e� 

�c�o�r�n�e�r�s�,� �a� �s�m�a�l�l� �c�a�t�i�o�n� �(�B�)� �i�s� �i�n� �t�h�e� �b�o�d�y� �c�e�n�t�e�r�,� �a�n�d� �o�x�y�g�e�n�s� �(�O�)� �a�r�e� �i�n� �t�h�e� �c�e�n�t�e�r�s� �o�f� 

�t�h�e� �f�a�c�e�s�.� �T�h�e� �s�t�r�u�c�t�u�r�e� �c�a�n� �a�l�s�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �a� �n�e�t�w�o�r�k� �o�f� �c�o�r�n�e�r�-�l�i�n�k�e�d� �o�x�y�g�e�n� 

�o�c�t�a�h�e�d�r�a�l�,� �w�i�t�h� �t�h�e� �c�a�t�i�o�n� �B� �f�i�l�l�i�n�g� �t�h�e� �o�c�t�a�h�e�d�r�a�l� �h�o�l�e�s� �a�n�d� �t�h�e� �c�a�t�i�o�n� �A� �o�c�c�u�p�y�i�n�g� 

�t�h�e� �d�o�d�e�c�a�h�e�d�r�a�l� �h�o�l�e�s� �(�J�a�f�f�e� �e�t� �a�l�.�,� �1�9�7�1�)�.� �I�n� �m�o�s�t� �c�a�s�e�s�,� �t�h�e� �p�e�r�o�v�s�k�i�t�e� �s�t�r�u�c�t�u�r�e� �i�s� 

�s�l�i�g�h�t�l�y� �d�i�s�t�o�r�t�e�d�.� �A�l�s�o�,� �t�h�e� �a�n�i�o�n� �n�e�e�d� �n�o�t� �b�e� �o�x�y�g�e�n�.� 

�T�h�e� �P�Z�T� �p�h�a�s�e� �d�i�a�g�r�a�m� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �1�.�5�.� �A� �s�i�g�n�i�f�i�c�a�n�t� �f�e�a�t�u�r�e� �i�n� �t�h�i�s� �d�i�a�g�r�a�m� 

�i�s� �t�h�e� �m�o�r�p�h�o�t�r�o�p�i�c� �p�h�a�s�e� �b�o�u�n�d�a�r�y� �(�M�P�B�)� �i�n� �w�h�i�c�h� �a� �s�t�r�u�c�t�u�r�e� �c�h�a�n�g�e�s� �a�b�r�u�p�t�l�y� 

�w�i�t�h� �c�o�m�p�o�s�i�t�i�o�n� �a�t� �t�h�e� �c�o�n�s�t�a�n�t� �t�e�m�p�e�r�a�t�u�r�e� �i�n� �a� �s�o�l�i�d� �s�o�l�u�t�i�o�n� �r�a�n�g�e�.� �I�n� �t�h�e� �P�Z�T� 
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�1� �0�.�8� �0�.�6� �0�.�4� �0�.�2� �0� 
�P�b�Z�r�O�3� �<�x� �P�b�T�i�O�;� 

�F�i�g�u�r�e� �1�.�5�:� �P�h�a�s�e� �D�i�a�g�r�a�m� �o�f� �P�6�(�T�2�,�_�,�Z�r�,�)�O�3� �S�y�s�t�e�m� �(�a�f�t�e�r� �J�a�f�f�e� �e�t� �a�l�.�,� �1�9�7�1�)�.



�1�.� �I�t� �i�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �P�Z�T� �w�i�t�h� �c�o�m�p�o�s�i�t�i�o�n� �n�e�a�r� �t�h�e� �M�P�B� �h�a�s� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� 

�c�o�u�p�l�i�n�g� �a�n�d� �t�h�e� �r�e�l�a�t�i�v�e� �p�e�r�m�i�t�t�i�v�i�t�y� �p�e�a�k�.� 

�E�f�f�e�c�t�s� �o�f� �D�o�m�a�i�n�s� �o�n� �P�r�o�p�e�r�t�i�e�s� �o�f� �P�i�e�z�o�c�e�r�a�m�i�c�s� 

�I�n� �a� �s�i�n�g�l�e� �c�r�y�s�t�a�l� �o�r� �a� �c�r�y�s�t�a�l�l�i�t�e�,� �t�h�e� �d�i�p�o�l�e�s� �a�r�e� �u�s�u�a�l�l�y� �n�o�t� �p�o�l�a�r�i�z�e�d� �u�n�i�f�o�r�m�l�y� �i�n� 

�o�n�e� �d�i�r�e�c�t�i�o�n�.� �S�i�n�g�l�e� �c�r�y�s�t�a�l�s� �o�r� �c�r�y�s�t�a�l�l�i�t�e�s� �a�r�e� �c�o�m�p�o�s�e�d� �o�f� �n�u�m�e�r�o�u�s� �d�o�m�a�i�n�s� �w�h�i�c�h� 

�c�o�n�t�a�i�n� �l�a�r�g�e� �n�u�m�b�e�r�s� �o�f� �d�i�p�o�l�e�s� �a�l�l� �a�l�i�g�n�e�d� �i�n� �t�h�e� �s�a�m�e� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �d�o�m�a�i�n�s� �a�r�e� 

�s�e�p�a�r�a�t�e�d� �b�y� �d�o�m�a�i�n� �w�a�l�l�s� �w�h�i�c�h� �a�r�e� �t�h�e� �l�o�c�i� �o�f� �t�h�e� �p�o�i�n�t�s� �w�h�e�r�e� �t�h�e� �d�i�p�o�l�e� �o�r�i�e�n�t�a�t�i�o�n� 

�s�u�d�d�e�n�l�y� �c�h�a�n�g�e�s� �(�F�a�t�u�z�z�o� �a�n�d� �M�e�r�z�,� �1�9�6�7�)�.� �T�w�o� �k�i�n�d�s� �o�f� �d�o�m�a�i�n� �w�a�l�l�s� �a�r�e� �f�o�r�m�e�d� 

�i�n� �o�n�e� �c�r�y�s�t�a�l�l�i�t�e�:� �9�0�°� �a�n�d� �1�8�0�°� �i�n� �t�e�t�r�a�g�o�n�a�l� �s�y�m�m�e�t�r�y� �o�r� �7�1�°�/�1�0�9�°� �a�n�d� �1�8�0�°� �i�n� 

�r�h�o�m�b�o�h�e�d�r�a�l� �s�y�m�m�e�t�r�y�.� �T�h�e� �w�a�l�l�s� �w�h�i�c�h� �s�e�p�a�r�a�t�e� �a�n�t�i�p�a�r�a�l�l�e�l� �d�o�m�a�i�n�s� �a�r�e� �c�a�l�l�e�d� 

�1�8�0�°� �d�o�m�a�i�n� �w�a�l�l�s� �a�n�d� �t�h�o�s�e� �w�h�i�c�h� �s�e�p�a�r�a�t�e� �d�i�p�o�l�e�s� �a�t� �r�i�g�h�t� �a�n�g�l�e�s� �t�o� �e�a�c�h� �o�t�h�e�r� �a�r�e� 

�c�a�l�l�e�d� �9�0�°� �w�a�l�l�s�.� �F�i�g�u�r�e� �1�.�6� �i�s� �a� �g�r�a�p�h�i�c�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �1�8�0�°� �a�n�d� �9�0�°� �d�o�m�a�i�n�s� �i�n� 

�b�a�r�i�u�m� �t�i�t�a�n�a�t�e�.� 

�T�h�e� �s�t�a�t�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �s�t�u�d�i�e�d� �u�s�i�n�g� �s�e�v�e�r�a�l� �t�e�c�h�n�i�q�u�e�s� �s�u�c�h� �a�s� �i�n�d�u�c�e�d� 

�s�t�r�a�i�n�,� �e�t�c�h�i�n�g�,� �p�o�w�d�e�r�,� �T�E�M� �a�n�d� �S�E�M�.� �D�o�m�a�i�n� �r�e�o�r�i�e�n�t�a�t�i�o�n� �c�a�n� �b�e� �c�a�u�s�e�d� �b�y� �e�i�t�h�e�r� 

�a�n� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �o�r� �m�e�c�h�a�n�i�c�a�l� �s�t�r�e�s�s�,� �b�u�t� �d�o�m�a�i�n� �p�r�o�c�e�s�s�e�s� �a�r�e� �i�n�f�l�u�e�n�c�e�d� �d�i�f�f�e�r�e�n�t�l�y�.� 

�I�n� �o�n�e� �c�r�y�s�t�a�l�l�i�t�e�,� �b�o�t�h� �9�0�°� �a�n�d� �1�8�0�°� �d�o�m�a�i�n� �r�e�o�r�i�e�n�t�a�t�i�o�n�s� �i�n� �t�e�t�r�a�g�o�n�a�l� �s�y�m�m�e�t�r�y� 

�o�r� �b�o�t�h� �7�1�°�/�1�0�9�°� �a�n�d� �1�8�0�°� �d�o�m�a�i�n� �r�e�o�r�i�e�n�t�a�t�i�o�n�s� �i�n� �r�h�o�m�b�o�h�e�d�r�a�l� �s�y�m�m�e�t�r�y� �c�a�n� 

�o�c�c�u�r� �u�n�d�e�r� �a� �h�i�g�h� �d�c� �e�l�e�c�t�r�i�c� �f�i�e�l�d�.� �T�h�e� �d�o�m�a�i�n�s� �w�i�t�h� �t�h�e�i�r� �p�o�l�a�r� �d�i�r�e�c�t�i�o�n� �a�l�o�n�g� 

�t�h�e� �f�i�e�l�d� �d�i�r�e�c�t�i�o�n� �g�r�o�w� �a�t� �t�h�e� �e�x�p�a�n�s�e� �o�f� �t�h�o�s�e� �o�p�p�o�s�i�t�e� �t�o� �t�h�e� �f�i�e�l�d� �d�i�r�e�c�t�i�o�n�.� �I�t� �i�s� 

�s�h�o�w�n� �t�h�a�t� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �1�8�0�°� �d�o�m�a�i�n� �r�e�o�r�i�e�n�t�a�t�i�o�n� �i�s� �l�a�r�g�e�r� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� 

�9�0�°� �d�o�m�a�i�n� �r�e�o�r�i�e�n�t�a�t�i�o�n� �b�e�c�a�u�s�e� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �9�0�°� �d�o�m�a�i�n�s� �w�i�l�l� �b�e� �r�e�s�t�r�i�c�t�e�d� 

�b�y� �t�h�e� �s�t�r�a�i�n� �s�i�t�u�a�t�i�o�n� �w�i�t�h�i�n� �a�n�d� �b�e�t�w�e�e�n� �t�h�e� �c�r�y�s�t�a�l�s�.� �M�e�c�h�a�n�i�c�a�l� �s�t�r�e�s�s� �c�a�n� �o�n�l�y� 
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�c�a�u�s�e� �9�0�°� �d�o�m�a�i�n� �r�e�o�r�i�e�n�t�a�t�i�o�n� �i�n� �t�e�t�r�a�g�o�n�a�l� �s�y�m�m�e�t�r�y� �o�r� �7�1�°�/�1�0�9�°� �d�o�m�a�i�n� �p�r�o�c�e�s�s� 

�i�n� �r�h�o�m�b�o�h�e�d�r�a�l� �s�y�m�m�e�t�r�y� �b�e�c�a�u�s�e� �o�n�l�y� �t�h�e�s�e� �n�o�n�-�1�8�0�°� �d�o�m�a�i�n� �p�r�o�c�e�s�s�e�s� �i�n�c�u�r� �t�h�e� 

�m�e�c�h�a�n�i�c�a�l� �s�t�r�a�i�n� �o�r� �d�i�m�e�n�s�i�o�n�a�l� �c�h�a�n�g�e� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �c�o�m�p�r�e�s�s�i�o�n� 

�t�e�n�d�s� �t�o� �o�r�i�e�n�t� �t�h�e� �p�o�l�a�r� �d�i�r�e�c�t�i�o�n� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �s�t�r�e�s�s� �w�h�e�r�e�a�s� �t�e�n�s�i�o�n� �t�e�n�d�s� 

�t�o� �o�r�i�e�n�t� �t�h�e� �p�o�l�a�r� �d�i�r�e�c�t�i�o�n� �a�l�o�n�g� �t�h�e� �s�t�r�e�s�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �1�.�7�.� 

�T�h�e� �p�o�l�i�n�g� �a�n�d� �d�e�p�o�l�i�n�g� �p�r�o�c�e�s�s�e�s� �a�r�e� �a�l�s�o� �s�h�o�w�n� �i�n� �F�i�g�.� �1�.�7�.� �P�o�l�i�n�g� �r�e�f�e�r�s� �t�o� �t�h�e� 

�p�r�o�c�e�s�s� �w�h�i�c�h� �t�r�a�n�s�f�o�r�m�s� �t�h�e� �f�e�r�r�o�e�l�e�c�t�r�i�c� �c�e�r�a�m�i�c�s� �i�n�t�o� �p�o�l�a�r� �m�a�t�e�r�i�a�l�s� �b�y� �a�p�p�l�y�i�n�g� �a� 

�s�t�a�t�i�c� �f�i�e�l�d�.� �P�o�l�i�n�g� �i�s� �n�o�r�m�a�l�l�y� �e�x�e�c�u�t�e�d� �b�y� �a�p�p�l�y�i�n�g� �a� �f�i�e�l�d� �o�f� �1�-�4� �M�V�m�7�!� �t�h�a�t� �l�a�s�t�s� 

�f�o�r� �s�e�v�e�r�a�l� �m�i�n�u�t�e�s� �a�t� �t�e�m�p�e�r�a�t�u�r�e�s� �a�b�o�v�e� �1�0�0�°�C ��.� �T�h�e� �h�i�g�h�e�r� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� 

�t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d�,� �t�h�e� �e�a�s�i�e�r� �t�h�e� �d�o�m�a�i�n� �a�l�i�g�n�m�e�n�t�.� �B�u�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �l�i�m�i�t�e�d� 

�b�y� �t�h�e� �l�e�a�k�a�g�e� �c�u�r�r�e�n�t� �w�h�i�c�h� �l�e�a�d�s� �t�o� �t�h�e�r�m�a�l� �b�r�e�a�k�d�o�w�n�,� �a�n�d� �t�h�e� �f�i�e�l�d� �i�s� �r�e�s�t�r�i�c�t�e�d� 

�b�y� �t�h�e� �b�r�e�a�k�d�o�w�n� �s�t�r�e�n�g�t�h�.� �T�h�e� �s�p�e�c�i�m�e�n� �i�s� �n�o�r�m�a�l�l�y� �i�m�m�e�r�s�e�d� �i�n� �a�n� �i�n�s�u�l�a�t�i�n�g� �o�i�l� 

�t�o� �p�r�e�v�e�n�t� �s�u�r�f�a�c�e� �b�r�e�a�k�d�o�w�n�.� �D�e�p�o�l�i�n�g� �c�a�n� �b�e� �i�n�d�u�c�e�d� �b�y� �a�p�p�l�y�i�n�g� �a� �f�i�e�l�d� �i�n� �t�h�e� 

�d�i�r�e�c�t�i�o�n� �o�p�p�o�s�i�t�e� �t�o� �t�h�e� �p�o�l�i�n�g� �f�i�e�l�d�,� �o�r� �b�y� �a�p�p�l�y�i�n�g� �a� �h�i�g�h� �A�C� �f�i�e�l�d� �a�n�d� �g�r�a�d�u�a�l�l�y� 

�r�e�d�u�c�i�n�g� �i�t� �t�o� �z�e�r�o�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �o�v�e�r�h�e�a�t�i�n�g� �m�a�y� �o�c�c�u�r� �d�u�e� �t�o� �t�h�e� �h�i�g�h� 

�d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �a�t� �h�i�g�h� �f�i�e�l�d�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �d�e�p�o�l�i�n�g� �m�a�y� �t�a�k�e� �p�l�a�c�e� �w�h�e�n� �a� �c�o�m�p�r�e�s�s�i�v�e� 

�s�t�r�e�s�s� �i�s� �a�p�p�l�i�e�d� �(�1�0�-�1�0�0� �M�P�a�)�.� �C�o�m�p�l�e�t�e� �d�e�p�o�l�i�n�g� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �h�e�a�t�i�n�g� �t�h�e� 

�s�p�e�c�i�m�e�n� �t�o� �w�e�l�l� �a�b�o�v�e� �t�h�e� �C�u�r�i�e� �p�o�i�n�t� �a�n�d� �c�o�o�l�i�n�g� �i�t� �t�o� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �w�i�t�h�o�u�t� 

�a�n� �e�l�e�c�t�r�i�c� �f�i�e�l�d�.� 

�D�o�m�a�i�n� �d�y�n�a�m�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �t�h�e� �c�a�u�s�e�s� �o�f� �t�h�e� �h�y�s�t�e�r�e�s�i�s� �a�n�d� �e�n�e�r�g�y� �l�o�s�s�.� �I�t� �i�s� 

�w�e�l�l� �k�n�o�w�n� �t�h�a�t� �d�i�e�l�e�c�t�r�i�c� �h�y�s�t�e�r�e�s�i�s� �i�s� �c�a�u�s�e�d� �b�y� �t�h�e� �d�e�l�a�y�e�d� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �d�o�m�a�i�n� 

�s�w�i�t�c�h�i�n�g�.� �D�e�t�a�i�l�s� �o�f� �t�h�e� �i�s�s�u�e�s� �r�e�l�a�t�i�n�g� �t�o� �h�y�s�t�e�r�e�s�i�s� �w�i�l�l� �b�e� �a�d�d�r�e�s�s�e�d� �i�n� �C�h�a�p�t�e�r� 

�4�.� �A�l�t�e�r�n�a�t�i�n�g� �f�i�e�l�d� �m�a�y� �c�a�u�s�e� �t�h�e� �d�o�m�a�i�n� �w�a�l�l�s� �t�o� �o�s�c�i�l�l�a�t�e�,� �w�h�i�c�h� �m�a�y� �l�e�a�d� �t�o� �t�h�e� 

�c�o�n�v�e�r�s�i�o�n� �o�f� �s�o�m�e� �e�l�e�c�t�r�i�c�a�l� �e�n�e�r�g�y� �i�n�t�o� �h�e�a�t� �(�p�a�r�t� �o�f� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s�)�.� 
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� � 
�F�i�g�u�r�e� �1�.�7�:� �P�o�l�i�n�g� �i�n� �a� �T�w�o�-�D�i�m�e�n�s�i�o�n�a�l� �C�e�r�a�m�i�c�:� �(�a�)� �U�n�o�r�i�e�n�t�e�d� �M�a�t�e�r�i�a�l�;� �(�b�)� �O�r�i�-� 
�e�n�t�e�d� �b�y� �1�8�0�°� �D�o�m�a�i�n� �C�h�a�n�g�e�s�;� �(�c�)� �O�r�i�e�n�t�e�d� �b�y� �B�o�t�h� �1�8�0�°� �a�n�d� �9�0�°� �D�o�m�a�i�n� �C�h�a�n�g�e�s�;� 
�(�d�)� �D�i�s�o�r�i�e�n�t�e�d� �b�y� �S�t�r�e�s�s� �(�a�f�t�e�r� �M�o�u�l�s�o�n� �a�n�d� �H�e�r�b�e�r�t�,� �1�9�9�0�)�.� 
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�A�g�i�n�g� �r�e�f�e�r�s� �t�o� �t�h�e� �c�h�a�n�g�e�s� �i�n� �p�i�e�z�o�e�l�e�c�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �w�i�t�h� �t�i�m�e� �i�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �e�i�-� 

�t�h�e�r� �m�e�c�h�a�n�i�c�a�l� �o�r� �e�l�e�c�t�r�i�c�a�l� �s�t�r�e�s�s�e�s� �o�r� �t�e�m�p�e�r�a�t�u�r�e� �c�h�a�n�g�e�s�.� �M�o�s�t� �o�f� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� 

�p�r�o�p�e�r�t�i�e�s� �e�x�c�e�p�t� �t�h�e� �f�r�e�q�u�e�n�c�y� �c�o�n�s�t�a�n�t� �d�e�c�r�e�a�s�e� �b�y� �a� �f�e�w� �p�e�r�c�e�n�t� �p�e�r� �d�e�c�a�d�e�.� �T�h�e� 

�c�a�u�s�e� �o�f� �a�g�i�n�g� �i�s� �t�h�e� �d�i�m�i�n�u�t�i�o�n� �o�f� �d�o�m�a�i�n� �w�a�l�l� �m�o�b�i�l�i�t�y� �w�h�i�c�h� �i�s� �d�u�e� �t�o� �t�h�e� �g�r�a�d�u�a�l� 

�b�u�i�l�d�-�u�p� �o�f� �i�n�h�i�b�i�t�i�n�g� �f�a�c�t�o�r�s� �s�u�c�h� �a�s� �t�h�e� �a�c�c�u�m�u�l�a�t�i�o�n� �o�f� �d�e�f�e�c�t�s� �i�n� �t�h�e� �d�o�m�a�i�n� �w�a�l�l�s�,� 

�t�h�e� �r�e�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �i�n�t�e�r�n�a�l� �s�t�r�a�i�n�s� �d�u�e� �t�o� �c�r�y�s�t�a�l� �a�n�i�s�o�t�r�o�p�y�,� �a�n�d� �t�h�e� �a�l�i�g�n�m�e�n�t� �o�f� 

�d�i�p�o�l�e�s� �f�o�r�m�e�d� �f�r�o�m� �l�a�t�t�i�c�e� �d�e�f�e�c�t�s� �a�n�d� �i�m�p�u�r�i�t�i�e�s�.� 

�I�m�p�o�r�t�a�n�t� �C�o�m�m�e�r�c�i�a�l� �P�i�e�z�o�c�e�r�a�m�i�c�s� 

�T�h�e� �i�m�p�o�r�t�a�n�t� �c�o�m�m�e�r�c�i�a�l� �p�i�e�z�o�c�e�r�a�m�i�c�s� �i�n�c�l�u�d�e� �b�a�r�i�u�m� �t�i�t�a�n�a�t�e� �B�a�T�'�1�0�3�,� �s�o�l�i�d� �s�o�-� 

�l�u�t�i�o�n� �l�e�a�d� �z�i�r�c�o�n�i�u�m� �t�i�t�a�n�a�t�e� �P�b�(�Z�r�,�T�1�)�O�3� �(�P�Z�T�)�,� �l�e�a�d� �n�i�o�b�a�t�e�,� �l�i�t�h�i�u�m� �n�i�o�b�a�t�e�,� 

�l�i�t�h�i�u�m� �t�a�n�t�a�l�a�t�e�,� �a�n�d� �t�h�e� �r�e�c�e�n�t�l�y� �d�e�v�e�l�o�p�e�d� �p�i�e�z�o�c�e�r�a�m�i�c�-�p�o�l�y�m�e�r� �c�o�m�p�o�s�i�t�e�s�.� �F�o�r� 

�d�i�f�f�e�r�e�n�t� �a�p�p�l�i�c�a�t�i�o�n�s�,� �d�i�f�f�e�r�e�n�t� �p�i�e�z�o�c�e�r�a�m�i�c�s� �m�a�y� �b�e� �c�h�o�s�e�n� �o�r� �t�h�e�i�r� �c�o�m�p�o�s�i�t�i�o�n�s� 

�m�a�y� �b�e� �v�a�r�i�e�d�.� �T�a�b�l�e� �1�.�3� �i�s� �a� �s�u�m�m�a�r�y� �o�f� �t�h�e� �u�s�e�f�u�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �t�y�p�i�c�a�l� �p�i�e�z�o�-� 

�c�e�r�a�m�i�c�s�.� 

�1�.�4�.�4� �P�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �M�o�d�e�l�i�n�g� �o�f� �P�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� 

�T�h�e� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �h�a�s� �b�e�e�n� �i�n�t�e�n�s�i�v�e�l�y� �r�e�s�e�a�r�c�h�e�d� 

�s�i�n�c�e� �t�h�e� �1�9�4�0�s�.� �M�a�n�y� �d�i�f�f�e�r�e�n�t� �t�h�e�o�r�i�e�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d�,� �b�u�t� �m�o�s�t� �o�f� �t�h�e� �e�x�i�s�t�i�n�g� 

�p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �t�h�e�o�r�i�e�s� �o�n� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �a�r�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �s�i�n�g�l�e� �c�r�y�s�t�a�l�s�.� �O�n�l�y� 

�i�n� �r�e�c�e�n�t� �y�e�a�r�s� �h�a�v�e� �a� �f�e�w� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �t�h�e�o�r�i�e�s� �b�e�e�n� �p�r�o�p�o�s�e�d� �f�o�r� �m�o�d�e�l�i�n�g� �t�h�e� 

�e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� �o�f� �p�i�e�z�o�c�e�r�a�m�i�c�s�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �a� �d�e�t�a�i�l�e�d� �r�e�v�i�e�w� �o�f� �t�h�e� 

�p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �m�o�d�e�l�i�n�g� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d�.� 
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�T�a�b�l�e� �1�.�3�:� �T�y�p�i�c�a�l� �V�a�l�u�e�s� �o�f� �t�h�e� �P�r�o�p�e�r�t�i�e�s� �o�f� �S�o�m�e� �P�i�e�z�o�c�e�r�a�m�i�c�s� 
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�P�r�o�p�e�r�t�i�e�s� �L�e�a�d� �z�i�r�c�o�n�a�t�e� �t�i�t�a�n�a�t�e�s� �N�i�o�b�a�t�e�s� �|� �B�a�r�i�u�m� 
�4� �5�A� �6�B� �T�A� �8� �P�b�(�N�b�O�3�)�2� �|� �t�i�t�a�n�a�t�e� 

�C�o�u�p�l�i�n�g� �f�a�c�t�o�r�s� 
�k�3�3� �0�.�7�0� �0�.�7�0�5� �0�.�3�7�5� �0�.�6�6� �0�.�6�4� �0�.�3�8� �0�.�5�0� 
�k�y� �0�.�5�1� �0�.�4�8�6� �0�.�3�0� �0�.�5�0� �0�.�4�8� �0�.�3�7� �0�.�3�8� 
�k�y� �-�0�.�5�8� �-�0�.�6�0� �-�0�.�2�5� �-�0�.�5�1� �-�0�.�5�1� �-�0�.�0�7� �-�0�.�3�6� 
�E�l�a�s�t�i�c� �c�o�m�p�l�i�a�n�c�e�s� 
�(�1�0�-�?�2�m�?�.�N�-�?�)� 

�s�h�,� �7�.�9� �9�4�6� �8�.�0�5� �7�.�8�5� �8�.�0� �2�1�.�8� �7�.�1� 
�s�k�,� �1�5�.�5� �1�8�8� �9�.�3�5� �1�3�.�9� �1�3�.�5� �2�5�.�4� �9�.�5� 
�s�é� �1�2�.�3� �1�6�4� �9�.�0� �1�0�.�7� �1�1�.�5� �-� �9�.�1� 
�D�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�s� 
�e�Z�,� �/�e�o� �1�3�0�0� �1�7�0�0� �4�6�0� �4�2�5� �1�0�0�0� �2�2�5� �1�7�0�0� 
 ¬�3�,�/ ¬�9� �6�3�5� �8�3�0� �3�8�5� �2�3�5� �5�8�0� �1�9�0� �1�2�6�0� 
�P�i�e�z�o�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�s� 
�(�1�0�-�?�C�N�7�!�)� 
�d�3�3� �2�8�9� �3�7�4� �7�1� �1�5�0� �=� �2�2�5� �8�5� �1�9�0� 
�d�3�y� �-�1�2�3� �-�1�7�1�  ��-�2�7� �-�6�0� �=� �-�9�7� �-�9� �-�7�8� 
�Q�u�a�l�i�t�y� �f�a�c�t�o�r�s� 
�Q�e� �2�5�0� �5�0� �1�1�0� �6�0� �2�0�0� �1�0�0� �1�0�0� 
�Q�u� �5�0�0� �7�5� �1�3�0�0� �6�0�0� �1�0�0�0� �1�1� �3�0�0� 
�L�i�m�i�t�i�n�g� �d�a�t�a� 
�C�u�r�i�e� �p�o�i�n�t� �(�°�C�)� �3�2�8� �3�6�5� �3�5�0� �3�5�0� �3�0�0� �5�7�0� �1�1�5� 
�R�a�t�e�d� �d�y�n�a�m�i�c� �t�e�n�s�i�l�e� 
�s�t�r�e�n�g�t�h� �(�1�0 ��N�m�-�~�*�)� �4� �2�.�7� �2�4� �2�4� �£�4�7� �-� �2�.�0� 
�S�t�a�b�i�l�i�t�y� �d�a�t�a� 
�A�s�/�t�i�m�e� �d�e�c�a�d�e� �(�%�)� �1�5� �0�2� �<�0�1� �-�0�.�0�8� �1�.�0� �-� �1�.�1� 
�A�e�?�,�/�t�i�m�e� �d�e�c�a�d�e� �5�.�8� �-�1� �-�0�6� �2�.�0� �-�5�.�0� �-� �-�4�,�1� 
� � 
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�D�e�v�o�n�s�h�i�r�e ��s� �T�h�e�o�r�y� �o�f� �F�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y� 

�A� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �t�h�e�o�r�y� �o�f� �f�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y� �h�a�s� �b�e�e�n� �p�r�o�p�o�s�e�d� �b�y� �D�e�v�o�n�s�h�i�r�e� �(�1�9�4�9�,� 

�1�9�5�1�,� �1�9�5�4�)� �b�a�s�e�d� �o�n� �t�h�e� �s�t�u�d�y� �o�f� �B�a�T�i�O� �3� �f�e�r�r�o�e�l�e�c�t�r�i�c�s�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �a�n� 

�e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �f�r�e�e� �e�n�e�r�g�y� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�e�m�p�e�r�a�t�u�r�e�,� �s�t�r�e�s�s� �a�n�d� 

�p�o�l�a�r�i�z�a�t�i�o�n�.� �T�h�e� �g�e�n�e�r�a�l� �f�r�e�e� �e�n�e�r�g�y� �e�x�p�r�e�s�s�i�o�n� �i�n� �a� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�o�o�r�d�i�n�a�t�e� �f�o�r� 

�a�n� �u�n�s�t�r�e�s�s�e�d� �m�a�t�e�r�i�a�l� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �a� �s�e�r�i�e�s� �i�n� �t�e�r�m�s� �o�f� �p�o�w�e�r�s� �o�f� �p�o�l�a�r�i�z�a�t�i�o�n� 

�P�:� 

�1� �1� �G�o�s� �s�x� �(�P�E�t� �P�P�+� �P�S�)� �+� �O�P�E� �t� �P�e� �+� �P�s�)� 
�1� �1� �+� �g�O� �(�P�E� �+� �P�p�t� �P�3�)� �+� �5�M� �P�2�P�3� �+� �P�Z�P�E�+�P�P�P�Z�)�+�.�.�.�,� �(�1�.�2�0�)� 

�w�h�e�r�e� �t�h�e� �s�u�p�e�r�s�c�r�i�p�t� �X� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �e�v�a�l�u�a�t�e�d� �i�n� �a� �s�t�r�e�s�s�-�f�r�e�e� �s�t�a�t�e�.� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �y�*�,�é�*� �a�n�d� �¢�*� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e� �l�a�s�t� �t�e�r�m� �i�n� �t�h�e� 

�a�b�o�v�e� �e�q�u�a�t�i�o�n� �r�e�f�e�r�s� �t�o� �a�n� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �p�o�l�a�r�i�z�a�t�i�o�n� �a�l�o�n�g� 

�t�h�e� �d�i�f�f�e�r�e�n�t� �a�x�e�s�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t� �4� �m�a�y� �e�i�t�h�e�r� �b�e� �p�o�s�i�t�i�v�e� �o�r� �n�e�g�a�t�i�v�e�;� �a�n�d� �p�o�s�i�t�i�v�e� 

�A� �d�e�n�o�t�e�s� �t�h�a�t� �t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �a�l�o�n�g� �o�n�e� �a�x�i�s� �t�e�n�d�s� �t�o� �p�r�o�h�i�b�i�t� �p�o�l�a�r�i�z�a�t�i�o�n� �a�l�o�n�g� 

�a�n�o�t�h�e�r� �a�x�i�s� �a�t� �r�i�g�h�t� �a�n�g�l�e�s�.� �T�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �h�a�s� �a� �s�e�r�i�e�s� �o�f� �m�i�n�i�m�a� �f�o�r� �z�e�r�o� 

�f�i�e�l�d� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�u�r� �d�i�f�f�e�r�e�n�t� �c�o�n�d�i�t�i�o�n�s�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �c�u�b�i�c�,� 

�t�e�t�r�a�g�o�n�a�l�,� �o�r�t�h�o�r�h�o�m�b�i�c� �a�n�d� �r�h�o�m�b�o�h�e�d�r�a�l� �c�r�y�s�t�a�l� �s�t�r�u�c�t�u�r�e�s�:� 

�P�,�=�P�,�=�P�3�;�=�0� �(�a�)� 

�P�,� �=� �P�,�=�0�,�P�3�#�0� �(�0�)� 
�P�,�=�0�,�P�,�;� �=� �P�3� �#�0� �(�c�)� 

�P�i�,� �=� �P�2� �=� �P�3� �#�0� �(�d�)� �.� 

�T�o� �b�e�g�i�n� �w�i�t�h�,� �o�n�e� �m�a�y� �c�o�n�s�i�d�e�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �o�n�l�y� �o�n�e� �d�i�r�e�c�t�i�o�n� �o�f� �p�o�l�a�r�i�z�a�t�i�o�n�,� �s�a�y� 

�(�1�.�2�1�)� 

�P�,� �i�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �t�r�a�n�s�i�t�i�o�n�;� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �f�r�e�e� �e�n�e�r�g�y� �m�a�y� �b�e� �s�i�m�p�l�i�f�i�e�d� 

�a�s�:� 

�1� �1� �1� 
�G�=� �5�x�"� �P� �+� �o�P� �+� �a�o�n� �(�1�.�2�2�)� 

�3�9



�w�h�e�r�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �x�~� �i�s� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �s�t�i�f�f�n�e�s�s� �o�r� �r�e�c�i�p�r�o�c�a�l� �s�u�s�c�e�p�t�i�b�i�l�i�t�y� �f�o�r� �z�e�r�o� 

�p�o�l�a�r�i�z�a�t�i�o�n�.� �T�h�e� �m�e�a�n�i�n�g� �o�f� �t�h�i�s� �c�o�e�f�f�i�c�i�e�n�t� �c�a�n� �b�e� �e�x�p�l�o�r�e�d� �b�y� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �t�h�e� 

�a�b�o�v�e� �e�q�u�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �P�:� 

�E� �=� �$�3� �=� �y�X�P� �+� �E�X� �P�3�4� �(�*� �P�S� 

�b�E�  �� �F�G� �_� �\�X� �4� �3�e�X� �p�?� �4� �5�¢�%� �p�s� �(�1�.�2�3�)� 
�(�$�3�)� �p�=�o� �=� �x�*� �°� 

�T�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �f�e�r�r�o�e�l�e�c�t�r�i�c� �t�r�a�n�s�i�t�i�o�n� �d�e�p�e�n�d�s� �o�n� �t�h�e� �m�a�g�n�i�t�u�d�e�s� �a�n�d� �s�i�g�n�s� �o�f� 

�t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �y�*� �, ¬�*� �a�n�d� �(�*�.� �D�e�v�o�n�s�h�i�r�e� �a�s�s�u�m�e�d� �t�h�a�t� �y�*� �d�e�c�r�e�a�s�e�s� �l�i�n�e�a�r�l�y� �w�i�t�h� 

�t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� �t�h�a�t�  ¬�*� �a�n�d� �¢�*� �a�r�e� �c�o�n�s�t�a�n�t�.� �I�f�  ¬�*� �a�n�d� �¢�*� �a�r�e� �p�o�s�i�t�i�v�e�,� �a�n�d� �y�*� 

�c�h�a�n�g�e�s� �c�o�n�t�i�n�u�o�u�s�l�y� �f�r�o�m� �p�o�s�i�t�i�v�e� �t�o� �n�e�g�a�t�i�v�e�,� �o�n�e� �m�a�y� �o�b�t�a�i�n� �a� �s�e�r�i�e�s� �o�f� �G� �v�s� �P� 

�c�u�r�v�e�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �t�e�m�p�e�r�a�t�u�r�e�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �1�.�8�(�a�)�.� �T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �f�o�r� �w�h�i�c�h� 

�x�y�*� �=� �0� �i�s� �t�h�e� �c�r�i�t�i�c�a�l� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �f�e�r�r�o�e�l�e�c�t�r�i�c�-�p�a�r�a�e�l�e�c�t�r�i�c� �t�r�a�n�s�i�t�i�o�n�.� �B�e�l�o�w� 

�t�h�e� �c�r�i�t�i�c�a�l� �t�e�m�p�e�r�a�t�u�r�e�,� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �i�n� �t�h�e� �f�e�r�r�o�e�l�e�c�t�r�i�c� �p�h�a�s�e�,� �a�n�d� �t�h�e� �s�i�n�g�l�e� �m�i�n�-� 

�i�m�u�m� �s�p�l�i�t�s� �i�n�t�o� �a� �p�a�i�r�.� �T�h�e� �s�e�p�a�r�a�t�i�o�n� �2�P�,� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �m�i�n�i�m�a� �i�n�c�r�e�a�s�e�s� �a�s� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �d�e�c�r�e�a�s�e�s�.� �T�h�i�s� �c�a�s�e� �r�e�p�r�e�s�e�n�t�s� �a� �s�e�c�o�n�d�-�o�r�d�e�r� �t�r�a�n�s�i�t�i�o�n� �b�e�c�a�u�s�e� �t�h�e�r�e� 

�i�s� �n�o� �d�i�s�c�o�n�t�i�n�u�i�t�y� �i�n� �P�.� �A�l�t�e�r�n�a�t�i�v�e�l�y�,� �i�f�  ¬�*� �i�s� �n�e�g�a�t�i�v�e� �a�n�d� �(�*� �p�o�s�i�t�i�v�e�,� �t�h�e�r�e� �e�x�i�s�t�s� 

�a� �c�e�r�t�a�i�n� �t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e� �i�n� �w�h�i�c�h� �t�h�e�r�e� �a�r�e� �t�h�r�e�e� �m�i�n�i�m�a�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �1�.�8�(�b�)�.� 

�T�h�e� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n� �o�c�c�u�r�s� �a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �w�h�i�c�h� �t�h�e�y� �h�a�v�e� �e�q�u�a�l� �d�e�p�t�h�.� �T�h�i�s� 

�c�a�s�e� �d�e�n�o�t�e�s� �a� �f�i�r�s�t�-�o�r�d�e�r� �t�r�a�n�s�i�t�i�o�n� �b�e�c�a�u�s�e� �o�f� �i�t�s� �d�i�s�c�o�n�t�i�n�u�o�u�s� �n�a�t�u�r�e�.� 

�M�e�r�z� �(�1�9�5�3�)� �e�x�t�e�n�d�e�d� �D�e�v�o�n�s�h�i�r�e ��s� �t�h�e�o�r�y� �i�n�t�o� �a� �v�e�r�y� �s�i�m�p�l�e� �f�o�r�m�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� 

�i�n� �D�e�v�o�n�s�h�i�r�e ��s� �r�e�l�a�t�i�o�n� �m�a�y� �b�e� �r�e�w�r�i�t�t�e�n� �a�s�:� 

�E�X�  �� �-�4�B� �(�1�.�2�4�)� 
�(�X�=�6�C�,� 

�w�h�e�r�e� �A�,� �B� �a�n�d� �C� �a�r�e� �n�e�w�l�y� �i�n�t�r�o�d�u�c�e�d� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a�n�d� �T� �i�s� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e�.� �I�n� 
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� � 

� � � � 
�F�i�g�u�r�e� �1�.�8�:� �V�a�r�i�a�t�i�o�n� �o�f� �E�l�a�s�t�i�c� �G�i�b�b�s� �F�u�n�c�t�i�o�n� �w�i�t�h� �P�o�l�a�r�i�z�a�t�i�o�n� �a�t� �D�i�f�f�e�r�e�n�t� �T�e�m�-� 
�p�e�r�a�t�u�r�e�s�:� �(�a�)� �A� �S�e�c�o�n�d�-�O�r�d�e�r� �T�r�a�n�s�i�t�i�o�n�,� �(�b�)� �A� �F�i�r�s�t�-�O�r�d�e�r� �T�r�a�n�s�i�t�i�o�n� �(�a�f�t�e�r� �D�e�-� 
�v�o�n�s�h�i�r�e�,� �1�9�5�4�)�.� 

�4�]



�a�d�d�i�t�i�o�n�,� �a� �s�e�r�i�e�s� �o�f� �d�i�m�e�n�s�i�o�n�l�e�s�s� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�p�=� �(�%�)�?�P� 
�1� �/�3�C�)�3� �e�=� �g�p�)�?� �(�1�.�2�5�)� 

�t�=� �3�(�$�)�(�L� �-� �1�)� 

�A�c�c�o�r�d�i�n�g�l�y�,� �E�q�.� �(�1�.�2�2�)� �b�e�c�o�m�e�s� 

�e� �=� �2�p�t�  ��4�p�*�+�2�p�°�.� �(�1�.�2�6�)� 

�B�y� �p�l�o�t�t�i�n�g� �t�h�e� �c�u�r�v�e�s� �o�f� �e� �a�g�a�i�n�s�t� �p� �f�o�r� �a� �s�e�r�i�e�s� �o�f� �t�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �1�.�1�0�,� �o�n�e� 

�m�a�y� �e�x�p�l�a�i�n� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �h�y�s�t�e�r�e�s�i�s� �l�o�o�p�s�.� �T�h�e� �r�e�g�i�o�n�s� �i�n� �w�h�i�c�h� �0�e�/�O�p� �a�r�e� �n�e�g�a�t�i�v�e� 

�r�e�p�r�e�s�e�n�t� �u�n�s�t�a�b�l�e� �s�t�a�t�e�s�,� �a�n�d� �h�e�n�c�e� �t�h�e� �c�r�y�s�t�a�l� �s�w�i�t�c�h�e�s� �o�v�e�r� �t�o� �a� �s�t�a�t�e� �w�i�t�h� �a� �p�o�s�i�t�i�v�e� 

�O�e�/�O�p� �v�a�l�u�e� �a�t� �t�h�e� �s�a�m�e� �v�a�l�u�e� �o�f� �e�,� �a�s� �s�h�o�w�n� �b�y� �t�h�e� �v�e�r�t�i�c�a�l� �l�i�n�e�s� �i�n� �F�i�g�.� �1�.�9�.� 

�D�e�v�o�n�s�h�i�r�e ��s� �t�h�e�o�r�y� �p�r�o�v�i�d�e�s� �a� �v�e�r�y� �e�f�f�e�c�t�i�v�e� �a�p�p�r�o�a�c�h� �t�o� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �f�e�r�r�o�e�l�e�c�t�r�i�c� 

�b�e�h�a�v�i�o�r� �o�f� �B�a�T�i�O�3� �a�n�d� �o�t�h�e�r� �r�e�l�a�t�e�d� �s�i�n�g�l�e� �c�r�y�s�t�a�l�s�.� �T�h�i�s� �t�h�e�o�r�y� �h�a�s� �b�e�e�n� �s�t�u�d�i�e�d� 

�i�n�t�e�n�s�i�v�e�l�y� �i�n� �t�h�e� �l�a�s�t� �f�o�u�r� �d�e�c�a�d�e�s�,� �a�n�d� �m�a�n�y� �f�r�u�i�t�f�u�l� �r�e�s�u�l�t�s� �h�a�v�e� �b�e�e�n� �d�r�a�w�n� �f�r�o�m� 

�i�t�.� �T�h�e� �a�p�p�r�o�a�c�h� �o�f� �t�h�i�s� �t�h�e�o�r�y� �h�a�s� �e�v�e�n� �b�e�e�n� �e�x�t�e�n�d�e�d� �b�y� �F�a�l�k� �(�1�9�8�0�)� �t�o� �m�o�d�e�l� 

�s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�s�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �t�h�e�o�r�y� �i�s� �b�a�s�i�c�a�l�l�y� �m�i�c�r�o�s�c�o�p�i�c� �i�n� �n�a�t�u�r�e�;� �h�e�n�c�e� 

�i�s� �n�o�t� �e�a�s�y� �t�o� �u�s�e� �i�t� �i�n� �t�h�e� �m�o�d�e�l�i�n�g� �o�f� �p�i�e�z�o�c�e�r�a�m�i�c�s�.� 

�C�h�e�n ��s� �S�e�m�i�-�M�i�c�r�o�s�c�o�p�i�c� �T�h�e�o�r�y� �o�f� �F�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y� 

�F�r�o�m� �a� �p�h�y�s�i�c�a�l� �v�i�e�w�p�o�i�n�t�,� �a� �s�e�m�i�-�m�i�c�r�o�s�c�o�p�i�c� �t�h�e�o�r�y� �o�f� �f�e�r�r�o�e�l�e�c�t�r�i�c�i�t�y� �h�a�s� �b�e�e�n� 

�d�e�v�e�l�o�p�e�d� �t�o� �m�o�d�e�l� �b�o�t�h� �t�h�e� �d�y�n�a�m�i�c� �a�n�d� �s�t�a�t�i�c� �b�e�h�a�v�i�o�r� �o�f� �f�e�r�r�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l�s� 

�(�C�h�e�n� �a�n�d� �P�e�e�r�c�y�,� �1�9�7�9�;� �C�h�e�n� �a�n�d� �M�o�n�t�g�o�m�e�r�y�,� �1�9�8�0�;� �C�h�e�n�,� �1�9�8�0�,� �1�9�8�3�)�.� �O�n�e� 

�i�m�p�o�r�t�a�n�t� �a�s�s�u�m�p�t�i�o�n� �i�n� �t�h�i�s� �t�h�e�o�r�y� �i�s� �a�n� �i�n�t�r�o�d�u�c�e�d� �v�e�c�t�o�r� �N� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �t�h�e� 

�e�f�f�e�c�t�i�v�e� �n�u�m�b�e�r� �o�f� �a�l�i�g�n�e�d� �d�i�p�o�l�e�s� �i�n� �t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �N� 
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� � 

� � � � � � � � 
�F�i�g�u�r�e� �1�.�9�:� �R�e�d�u�c�e�d� �C�u�r�v�e�s� �o�f� �P�o�l�a�r�i�z�a�t�i�o�n� �v�s�.� �F�i�e�l�d� �a�t� �D�i�f�f�e�r�e�n�t� �T�e�m�p�e�r�a�t�u�r�e�s� �(�a�f�t�e�r� 
�M�e�r�z�,� �1�9�5�3�)�.� 
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�m�a�y� �b�e� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�N�=�(�u�-�5�)�5�,� �(�1�.�2�7�)� 
�w�h�e�r�e� �y�z� �d�e�n�o�t�e�s� �t�h�e� �e�l�e�c�t�r�i�c� �d�i�p�o�l�e� �m�o�m�e�n�t� �i�n� �w�h�i�c�h� �i�t�s� �m�a�g�n�i�t�u�d�e� �a�n�d� �d�i�r�e�c�t�i�o�n� 

�d�e�p�e�n�d� �o�n� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �s�t�r�a�i�n� �S�,� �t�h�e� �a�b�s�o�l�u�t�e� �t�e�m�p�e�r�a�t�u�r�e� �7 �� �a�n�d� �t�h�e� �e�x�t�e�r�n�a�l� 

�e�l�e�c�t�r�i�c� �f�i�e�l�d� �E�.� �T�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �u�n�i�t� �v�e�c�t�o�r� �j� �d�e�f�i�n�e�s� �t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �d�i�r�e�c�t�i�o�n�.� 

�F�o�r� �t�h�e� �q�u�a�s�i�-�s�t�a�t�i�c� �d�o�m�a�i�n� �s�w�i�t�c�h�i�n�g� �p�r�o�c�e�s�s�e�s�,� �i�t� �i�s� �p�r�e�s�u�m�e�d� �t�h�a�t� �t�h�e� �m�e�c�h�a�n�i�c�a�l� 

�s�t�r�e�s�s� �J�T� �a�n�d� �e�l�e�c�t�r�i�c� �d�i�s�p�l�a�c�e�m�e�n�t� �D� �d�e�p�e�n�d� �o�n� �t�h�e� �s�t�r�a�i�n� �S�,� �t�h�e� �a�b�s�o�l�u�t�e� �t�e�m�p�e�r�a�t�u�r�e� 

�6�,� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �E� �a�n�d� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �e�f�f�e�c�t�i�v�e� �n�u�m�b�e�r� �N�V�.� �A�c�c�o�r�d�i�n�g�l�y�,� �a� 

�s�e�t� �o�f� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �m�a�y� �b�e� �f�o�r�m�u�l�a�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�{� �T� �=�T�(�S�,�6�,� �E�,� �N�)� �(�1�.�2�8�)� �D� �=� �D�(�S�,�0�,�E�,�N�)�,� 

�w�i�t�h� �a�n� �a�s�s�u�m�p�t�i�o�n� 

�N� �=�f�(�S�,�0�,�E�,�N�)�.� 

�F�o�r� �t�h�e� �d�y�n�a�m�i�c� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �c�a�s�e�,� �i�t� �i�s� �f�u�r�t�h�e�r� �p�r�e�s�u�m�e�d� �t�h�a�t� �t�h�e� �d�i�p�o�l�e� �m�o�-� 

�m�e�n�t� �y� �c�a�n� �b�e� �d�e�c�o�m�p�o�s�e�d� �i�n�t�o� �i�t�s� �t�r�a�n�s�i�e�n�t� �r�e�s�p�o�n�s�e� �p�;� �a�n�d� �i�t�s� �i�n�s�t�a�n�t�a�n�e�o�u�s� �r�e�-� 

�s�p�o�n�s�e� �p�;� �s�o� �t�h�a�t� 

�M�M�H�.� �(�1�.�2�9�)� 

�I�n� �g�e�n�e�r�a�l� �t�h�e� �v�e�c�t�o�r�s� �y�,� �w�y� �a�n�d� �p�y�;� �a�t� �e�a�c�h� �m�a�t�e�r�i�a�l� �p�o�i�n�t� �a�n�d� �t�i�m�e� �t� �n�e�e�d� �n�o�t� �b�e� 

�p�a�r�a�l�l�e�l� �w�i�t�h� �e�a�c�h� �o�t�h�e�r�.� �I�n� �t�h�i�s� �c�a�s�e�,� �a� �s�e�t� �o�f� �g�e�n�e�r�a�l� �d�y�n�a�m�i�c� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� 

�c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �m�a�y� �b�e� �w�r�i�t�t�e�n�:� 

�{� �T� �=� �T�(�S�,�8�,� �E�,� �p�e�,� �N�)� �(�1�.�3�0�)� 
�D�=� �D�(�S�,� �6�,� �E�,� �,� �N�)�  �� 

�t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �r�a�t�e� �l�a�w�s� 

�N� �=� �f�(�S�,�0�,� �E�,� �p�:�,� �N�)� 

�b�e� �=� �9�(�S�,�0�,� �E�,� �u�t�,� �N�)� �:� 
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�C�h�e�n ��s� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �i�n�c�l�u�d�i�n�g� �t�h�e� �r�a�t�e� �l�a�w�s� �o�f� �t�h�e� �e�f�f�e�c�t�i�v�e� �d�i�p�o�l�e� �n�u�m�b�e�r� �N� 

�a�n�d� �p�s�;� �a�r�e� �e�n�t�i�r�e�l�y� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l�.� �I�t� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� �t�h�a�t� �t�h�e� �m�e�-� 

�c�h�a�n�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �c�e�r�a�m�i�c� �a�r�e� �t�h�e�r�m�o�e�l�a�s�t�i�c�,� �a�n�d� �t�h�a�t� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�n�d� 

�d�i�e�l�e�c�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �a�r�e� �d�u�e� �t�o� �t�r�a�n�s�i�e�n�t� �a�n�d� �i�n�s�t�a�n�t�a�n�e�o�u�s� �r�e�s�p�o�n�s�e�s� 

�o�f� �t�h�e� �d�i�p�o�l�e� �m�o�m�e�n�t�s�.� �B�e�c�a�u�s�e� �t�h�e� �c�o�n�c�e�p�t� �o�f� �t�h�e� �d�i�p�o�l�e� �m�o�m�e�n�t� �i�s� �p�u�r�e�l�y� �p�h�y�s�i�c�a�l�,� 

�i�t� �i�s� �n�o�t� �e�a�s�y� �t�o� �r�e�l�a�t�e� �t�h�i�s� �n�o�t�i�o�n� �t�o� �r�e�a�l� �p�o�l�y�c�r�y�s�t�a�l� �m�a�t�e�r�i�a�l�s�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �a�p�p�l�i�-� 

�c�a�t�i�o�n�s� �o�f� �C�h�e�n ��s� �t�h�e�o�r�y� �t�o� �t�h�e� �e�n�g�i�n�e�e�r�i�n�g� �p�r�o�b�l�e�m�s� �a�r�e� �l�i�m�i�t�e�d� �a�l�t�h�o�u�g�h� �C�h�e�n� �a�n�d� 

�h�i�s� �c�o�-�w�o�r�k�e�r�s� �h�a�v�e� �u�s�e�d� �t�h�i�s� �t�h�e�o�r�y� �t�o� �e�x�p�l�a�i�n� �t�h�e� �h�y�s�t�e�r�e�s�i�s� �a�n�d� �b�u�t�t�e�r�f�l�y� �l�o�o�p�s� �i�n� 

�p�i�e�z�o�c�e�r�a�m�i�c�s�.� 

�B�a�s�s�i�o�u�n�y ��s� �M�a�c�r�o�s�c�o�p�i�c� �P�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �T�h�e�o�r�y� �o�f� �P�i�e�z�o�c�e�r�a�m�i�c�s� 

�B�a�s�e�d� �o�n� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�r�i�n�c�i�p�l�e�s� �o�f� �i�n�t�e�r�n�a�l� �v�a�r�i�a�b�l�e�s�,� �a� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�h�e�-� 

�n�o�m�e�n�o�l�o�g�i�c�a�l� �t�h�e�o�r�y� �h�a�s� �b�e�e�n� �p�r�o�p�o�s�e�d� �b�y� �B�a�s�s�i�o�u�n�y� �a�n�d� �c�o�-�w�o�r�k�e�r�s� �(�B�a�s�s�i�o�u�n�y�,� 

�G�h�a�l�e�b� �a�n�d� �M�a�u�g�i�n�,� �1�9�8�8�,� �1�9�8�9�)� �f�o�r� �m�o�d�e�l�i�n�g� �t�h�e� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �h�y�s�t�e�r�e�s�i�s� �e�f�f�e�c�t�s�.� 

�T�h�i�s� �t�h�e�o�r�y� �m�a�y� �b�e� �a�p�p�l�i�e�d�,� �i�n� �p�r�i�n�c�i�p�l�e�,� �t�o� �p�i�e�z�o�c�e�r�a�m�i�c�s� �b�e�c�a�u�s�e� �o�f� �i�t�s� �m�a�c�r�o�s�c�o�p�i�c� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�.� �T�w�o� �t�y�p�e�s� �o�f� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �e�m�p�l�o�y�e�d� �i�n� �t�h�i�s� �t�h�e�o�r�y�.� �O�n�e� �i�s� �a� 

�t�y�p�e� �o�f� �s�t�a�t�e� �v�a�r�i�a�b�l�e� �f�o�r� �a� �r�e�v�e�r�s�i�b�l�e� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �p�r�o�c�e�s�s� �w�h�i�c�h� �i�n�c�l�u�d�e�s� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �6�,� �t�h�e� �t�o�t�a�l� �s�t�r�a�i�n� �S�,� �a�n�d� �t�h�e� �r�e�v�e�r�s�i�b�l�e� �p�o�l�a�r�i�z�a�t�i�o�n�;� �t�h�e� �o�t�h�e�r� �i�s� �a� �t�y�p�e� 

�o�f� �s�t�a�t�e� �v�a�r�i�a�b�l�e� �f�o�r� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �i�r�r�e�v�e�r�s�i�b�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �a�n� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�-� 

�c�a�l� �p�r�o�c�e�s�s� �w�h�i�c�h� �i�n�v�o�l�v�e�s�,� �i�n� �t�h�i�s� �c�a�s�e�,� �a� �n�e�w�l�y� �i�n�t�r�o�d�u�c�e�d� �p�o�l�a�r�i�z�a�t�i�o�n� �v�e�c�t�o�r� �P �!"�.� 

�A�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �e�l�e�c�t�r�i�c� �p�o�l�a�r�i�z�a�t�i�o�n� �P� �i�s� �t�h�e� �s�u�m� �o�f� �a� �r�e�v�e�r�s�i�b�l�e� �p�a�r�t� �P �� �a�n�d� �a� 

�r�e�s�i�d�u�a�l� �p�a�r�t� �P�®�,� �o�n�e� �m�a�y� �o�b�t�a�i�n� �t�h�e� �H�e�l�m�h�o�l�t�z� �f�r�e�e� �e�n�e�r�g�y� �e�x�p�r�e�s�s�i�o�n� �i�n� �t�e�r�m�s� �o�f� 

�t�h�e� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s�:� 

�©� �=� �6�(�5�,�P�"�,�P�'!"�,� �6�)�,� �(�1�.�3�1�)� 
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�w�h�e�r�e� 

�P ��=�P�-�P�*�,� 

�6� �i�s� �t�h�e� �a�b�s�o�l�u�t�e� �t�e�m�p�e�r�a�t�u�r�e� �m�e�a�s�u�r�e�d� �f�r�o�m� �a� �r�e�f�e�r�e�n�c�e� �t�e�m�p�e�r�a�t�u�r�e� �0�)�,� �a�n�d� 

�p�i�n�t�  �� �f�t� �|�|�P�?� �|�|� �d�t ��,� �i�.�e�.� �P�'!"�*� �d�e�n�o�t�e�s� �t�h�e� �c�u�m�u�l�a�t�i�v�e� �r�e�s�i�d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�.� 

�I�n� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �H�e�l�m�h�o�l�t�z� �f�r�e�e� �e�n�e�r�g�y� �i�s� �d�e�c�o�m�p�o�s�e�d� �i�n�t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�s�:� 

�®� �=� �©�,�.�(�0�,� �P ��,�S�)� �+� �S�i�n�i�(�P�'!"�,� �0�)� �(�1�.�3�2�)� 

�w�h�e�r�e� �©�,�,� �d�e�n�o�t�e�s� �t�h�e� �t�h�e�r�m�o�-�e�l�e�c�t�r�o�-�e�l�a�s�t�i�c� �e�n�e�r�g�y�,� �a�n�d� �©�;�,�;� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �e�n�e�r�g�y� 

�s�t�o�c�k�e�d� �t�h�r�o�u�g�h� �t�h�e� �e�l�e�c�t�r�i�c� �i�n�t�e�r�n�a�l� �v�a�r�i�a�b�l�e�s�.� �S�i�m�i�l�a�r�l�y�,� �t�h�e� �l�o�c�a�l� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �E �� 

�m�a�y� �a�l�s�o� �b�e� �d�e�c�o�m�p�o�s�e�d� �i�n�t�o� �t�h�e� �r�e�l�a�x�a�t�i�o�n� �p�a�r�t� �E � ��*�*� �a�n�d� �t�h�e� �r�e�v�e�r�s�i�b�l�e� �p�a�r�t� �E � ��,� 

�n�a�m�e�l�y� 

�E�E� �_� �E�u� �4� �E�r�e�s� �(�1�.�3�3�)� 

�T�h�e� �l�o�c�a�l� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �E �� �i�s� �s�i�m�p�l�y� �r�e�l�a�t�e�d� �t�o� �t�h�e� �e�l�e�c�t�r�o�m�o�t�i�v�e� �i�n�t�e�n�s�i�t�y�  ¬� �b�y�:� 

�E�+�E�*�=�0� �(�1�.�3�4�)� 

�T�h�e� �n�e�c�e�s�s�a�r�y� �c�o�m�p�l�e�m�e�n�t�a�r�y� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�i�s� �t�h�e�o�r�y� �a�r�e� �f�o�r�m�u�l�a�t�e�d� 

�t�h�r�o�u�g�h� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �a�n�d� �d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �i�t�s� �d�i�s�s�i�p�a�t�i�o�n� �i�n�e�q�u�a�l�-� 

�i�t�y�.� �A�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �r�a�t�e�-�i�n�d�e�p�e�n�d�e�n�t� �m�a�g�n�e�t�i�c� �h�y�s�t�e�r�e�s�i�s� �e�f�f�e�c�t�s� �(�M�a�u�g�i�n�,� �S�a�b�i�r� 

�a�n�d� �C�h�a�m�b�o�n�,� �1�9�8�7�)� �a�n�d� �t�h�e� �p�l�a�s�t�i�c�i�t�y� �f�l�o�w� �r�u�l�e�,� �a�n� �e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �f�u�n�c�t�i�o�n� �f�;� �i�s� 

�p�r�o�p�o�s�e�d� �s�o� �t�h�a�t� 

�P�e� �=� �\�a�f�,�/�a�E�e� 
�.� �:� �1�.� �P�R� �=�  ��\�d�f�,� �J�O�B�E�,� �(�1�.�3�5�)� 

�w�h�e�r�e� �F�i�t� �r�e�p�r�e�s�e�n�t�s� �a� �l�o�c�a�l� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �r�e�l�a�t�e�d� �t�o� �P�*�" ��,� �a�n�d� �\� �i�s� �c�a�l�l�e�d� �t�h�e� �p�l�a�s�t�i�c� 

�m�u�l�t�i�p�l�i�e�r� �w�h�i�c�h� �i�s� �d�e�t�e�r�m�i�n�e�d� �a�n�a�l�o�g�o�u�s�l�y� �f�r�o�m� �D�r�u�c�k�e�r ��s� �i�n�e�q�u�a�l�i�t�y�.� �A�c�c�o�r�d�i�n�g�l�y�,� �a� 

�f�u�l�l�y�-�c�o�u�p�l�e�d� �3�-�D� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n� �g�o�v�e�r�n�i�n�g� �t�h�e� �h�y�s�t�e�r�e�s�i�s� �e�f�f�e�c�t� �c�a�n� �b�e� �d�e�r�i�v�e�d� 
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�a�s�:� 

�P�E� �=� �£�4�E�7�A ��|�|�B�l�|�A�x�p�é�p� �<� �t�&�v�A�m�n�e�é�n� �>�,� �(�1�.�3�6�)� 

�w�i�t�h� 

�E�=�E�+�E!"� �B�=� �E�_�E!"�,� 

�a�n�d� 

�|�Z� �\�|� �=� �(�E�x� �A�g�r�i�) �� �,� �h� �=� �4�E�7�0�O�i�n�/�O�(�P!"�)�?� �,� 

�w�h�e�r�e� �A�x�y�,� �r�e�p�r�e�s�e�n�t�s� �a� �p�o�s�i�t�i�v�e�-�d�e�f�i�n�i�t�e� �s�y�m�m�e�t�r�i�c� �t�e�n�s�o�r� �w�h�i�c�h� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� 

�e�l�e�c�t�r�i�c� �a�n�i�s�o�t�r�o�p�y�,� �F�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�o�e�r�c�i�v�e� �f�i�e�l�d�,� �a�n�d� �t�h�e� �s�y�m�b�o�l� �<� �-� �>� �d�e�n�o�t�e�s� �t�h�e� 

�p�o�s�i�t�i�v�e� �p�a�r�t� �o�f� �i�t�s� �e�n�c�l�o�s�u�r�e�.� 

�T�h�e� �a�b�o�v�e� �f�o�r�m�u�l�a�t�i�o�n� �p�r�o�v�i�d�e�s� �a� �f�u�l�l�y�-�c�o�u�p�l�e�d� �3�-�D� �a�p�p�r�o�a�c�h� �t�o� �m�o�d�e�l�i�n�g� �t�h�e� �e�l�e�c�-� 

�t�r�o�m�e�c�h�a�n�i�c�a�l� �h�y�s�t�e�r�e�s�i�s� �f�o�r� �p�i�e�z�o�c�e�r�a�m�i�c�s�.� �I�t� �p�r�e�s�e�n�t�s� �a� �g�o�o�d� �m�o�d�e�l�i�n�g� �a�p�p�r�o�a�c�h� �a�n�d� 

�m�a�y� �s�h�e�d� �l�i�g�h�t� �o�n� �t�h�e� �p�h�y�s�i�c�a�l� �e�s�s�e�n�c�e� �o�f� �t�h�e� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� �o�f� �p�i�e�z�o�c�e�-� 

�r�a�m�i�c�s� �b�e�c�a�u�s�e� �i�t� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�r�i�n�c�i�p�l�e�s�.� �A�t� �t�h�i�s� �s�t�a�g�e�,� �t�h�i�s� �t�h�e�o�r�y� 

�s�t�i�l�l� �s�e�e�m�s� �t�o� �b�e� �a� �m�a�t�h�e�m�a�t�i�c�a�l� �i�s�s�u�e� �b�e�c�a�u�s�e� �t�o�o� �m�a�n�y� �a�s�s�u�m�p�t�i�o�n�s� �a�n�d� �a�p�p�r�o�x�i�-� 

�m�a�t�i�o�n�s� �a�r�e� �e�m�p�l�o�y�e�d�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �c�r�e�a�t�i�o�n� �o�f� �t�h�e� �e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �f�u�n�c�t�i�o�n� �f�;� �i�s� 

�a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �p�l�a�s�t�i�c�i�t�y� �f�l�o�w� �r�u�l�e�,� �a�n�d� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �t�h�e� �p�l�a�s�t�i�c� �m�u�l�t�i�p�l�i�e�r� �d� 

�i�s� �a�n�a�l�o�g�o�u�s� �t�o� �D�r�u�c�k�e�r ��s� �i�n�e�q�u�a�l�i�t�y�;� �t�h�e� �c�o�e�r�c�i�v�e� �f�i�e�l�d� �E�,� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �c�o�n�s�t�a�n�t� 

�b�u�t� �e�v�e�n�t�u�a�l�l�y� �d�e�p�e�n�d�s� �o�n� �t�h�e� �a�p�p�l�i�e�d� �s�t�r�e�s�s� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�.� �A�l�s�o�,� �t�h�e� �f�e�a�s�i�b�i�l�i�t�y� 

�o�f� �t�h�i�s� �t�h�e�o�r�y� �l�a�c�k�s� �e�x�p�e�r�i�m�e�n�t�a�l� �v�e�r�i�f�i�c�a�t�i�o�n�.� 

�1�.�4�.�5� �A�p�p�l�i�c�a�t�i�o�n�s� 

�T�h�e� �f�i�r�s�t� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y� �i�s� �t�h�e�  ��L�a�n�g�e�v�i�n� �S�a�n�d�w�i�c�h �� �w�h�i�c�h� �d�e�v�e�l�o�p�e�d� 

�o�u�t� �o�f� �t�h�e� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �q�u�a�r�t�z� �d�u�r�i�n�g� �W�o�r�l�d� �W�a�r� �I�.� �T�h�e� �L�a�n�g�e�v�i�n� 

�s�a�n�d�w�i�c�h� �i�s� �a� �m�o�s�a�i�c� �o�f� �q�u�a�r�t�z� �g�l�u�e�d� �b�e�t�w�e�e�n� �s�t�e�e�l� �p�l�a�t�e�s� �w�h�i�c�h� �p�r�o�d�u�c�e�s� �u�l�t�r�a�s�o�n�i�c� 
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�w�a�v�e�s� �t�o� �d�e�t�e�c�t� �s�u�b�m�a�r�i�n�e�s� �a�n�d� �u�n�d�e�r�w�a�t�e�r� �o�b�s�t�a�c�l�e�s� �(�S�e�y�m�o�u�r� �a�n�d� �K�a�u�f�f�m�a�n�,� �1�9�9�0�)�.� 

�T�h�e� �f�i�r�s�t� �c�o�m�m�e�r�c�i�a�l�l�y� �a�v�a�i�l�a�b�l�e� �p�i�e�z�o�c�e�r�a�m�i�c� �d�e�v�i�c�e� �w�a�s� �t�h�e� �b�a�r�i�u�m� �t�i�t�a�n�a�t�e� �p�h�o�n�o�-� 

�g�r�a�p�h� �p�i�c�k�u�p�s� �w�h�i�c�h� �w�e�r�e� �m�a�r�k�e�t�e�d� �b�y� �t�h�e� �S�o�n�o�t�o�n�e� �C�o�r�p�o�r�a�t�i�o�n� �i�n� �1�9�4�7�.� �S�i�n�c�e� �t�h�e�n� 

�n�u�m�e�r�o�u�s� �a�p�p�l�i�c�a�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d�.� �T�h�e� �a�p�p�l�i�c�a�t�i�o�n�s� �o�f� �p�i�e�z�o�c�e�r�a�m�i�c�s� �m�a�y� 

�b�e� �c�l�a�s�s�i�f�i�e�d� �i�n�t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�u�r� �c�a�t�e�g�o�r�i�e�s� �(�M�o�u�l�s�o�n� �a�n�d� �H�e�r�b�e�r�t�,� �1�9�9�0�)�:� 

�1�.� �t�h�e� �g�e�n�e�r�a�t�i�o�n� �o�f� �c�h�a�r�g�e� �a�t� �h�i�g�h� �v�o�l�t�a�g�e�s�;� 

�2�.� �t�h�e� �a�c�t�u�a�t�i�o�n� �a�n�d� �d�e�t�e�c�t�i�o�n� �o�f� �m�e�c�h�a�n�i�c�a�l� �v�i�b�r�a�t�i�o�n�s�;� 

�3�.� �t�h�e� �c�o�n�t�r�o�l� �o�f� �f�r�e�q�u�e�n�c�y�;� 

�4�.� �t�h�e� �g�e�n�e�r�a�t�i�o�n� �o�f� �a�c�o�u�s�t�i�c� �a�n�d� �u�l�t�r�a�s�o�n�i�c� �v�i�b�r�a�t�i�o�n�s�.� 

�T�h�e� �f�i�r�s�t� �c�a�t�e�g�o�r�y� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �d�i�r�e�c�t� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� �a�n�d� �r�e�q�u�i�r�e�s� �a� �h�i�g�h� �d� 

�c�o�e�f�f�i�c�i�e�n�t� �w�i�t�h� �r�e�s�i�s�t�a�n�c�e� �t�o� �e�i�t�h�e�r� �e�l�e�c�t�r�i�c�a�l� �o�r� �m�e�c�h�a�n�i�c�a�l� �d�a�m�a�g�e�;� �t�h�e� �s�e�c�o�n�d� �n�e�e�d�s� 

�h�i�g�h� �p�i�e�z�o�e�l�e�c�t�r�i�c� �g� �c�o�e�f�f�i�c�i�e�n�t�s� �c�o�m�b�i�n�e�d� �w�i�t�h� �l�o�w� �p�e�r�m�i�t�t�i�v�i�t�y�;� �t�h�e� �t�h�i�r�d� �d�e�m�a�n�d�s� 

�p�i�e�z�o�e�l�e�c�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �s�t�a�b�l�e� �w�i�t�h� �t�i�m�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�;� �a�n�d� �t�h�e� �f�o�u�r�t�h� �r�e�q�u�i�r�e�s� �t�h�a�t� 

�t�h�e� �m�a�t�e�r�i�a�l� �h�a�s� �l�o�w� �l�o�s�s�e�s� �u�n�d�e�r� �h�i�g�h� �a�p�p�l�i�e�d� �f�i�e�l�d�s�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n�s� �a�r�e� 

�d�e�p�e�n�d�e�n�t� �u�p�o�n� �f�i�n�d�i�n�g� �t�h�e� �m�o�s�t� �s�u�i�t�a�b�l�e� �m�a�t�e�r�i�a�l� �c�o�m�p�o�s�i�t�i�o�n�s� �a�n�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �a�r�e� �s�o�m�e� �t�y�p�i�c�a�l� �e�x�a�m�p�l�e�s� �w�h�i�c�h� �m�a�y� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �i�m�p�o�r�t�a�n�t� �d�e�s�i�g�n� 

�i�d�e�a�s�.� 

�I�g�n�i�t�i�o�n� �D�e�v�i�c�e�s� 

�P�i�e�z�o�e�l�e�c�t�r�i�c� �i�g�n�i�t�i�o�n�-�g�e�n�e�r�a�t�i�n�g� �d�e�v�i�c�e�s� �i�n�v�o�l�v�e� �u�s�e� �o�f� �t�h�e� �d�i�r�e�c�t� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� 

�i�n� �w�h�i�c�h� �a� �h�i�g�h� �v�o�l�t�a�g�e� �i�s� �p�r�o�d�u�c�e�d� �b�y� �m�e�a�n�s� �o�f� �a� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�s�s�.� �P�i�e�z�o�e�l�e�c�t�r�i�c� 

�i�g�n�i�t�i�o�n� �d�e�v�i�c�e�s� �f�o�r� �c�a�m�e�r�a� �f�l�a�s�h�l�a�m�p�s� �w�e�r�e� �f�i�r�s�t� �d�e�v�e�l�o�p�e�d� �b�y� �G�e�n�e�r�a�l� �E�l�e�c�t�r�i�c� �a�n�d� 
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�I�m�p�a�c�t� �P�i�n� 

� � 

�2�.�5� �m�m� �C�u�b�e� 
� � 

� � 

� � � � � � 

� � � � � � � � � � � � 
� � 

�N�W�T� 
�\� �Y�i�  �� �s�a� �.� �c�a�n�m� � �N� �r�N� �)� �N� �N� �v�A� 

�N�A� 

� � � � � � � � 

�F�i�g�u�r�e� �1�.�1�0�:� �P�i�e�z�o�e�l�e�c�t�r�i�c� �I�g�n�i�t�i�o�n� �D�e�v�i�c�e�s�:� �(�a�)� �P�i�e�z�o�e�l�e�c�t�r�i�c� �I�g�n�i�t�i�o�n� �C�a�p�s�u�l�e� �f�o�r� 
�C�a�m�e�r�a� �(�a�f�t�e�r� �B�e�r�l�i�n�c�o�u�r�t�,� �1�9�7�6�)�;� �(�b�)� �P�i�e�z�o�e�l�e�c�t�r�i�c� �S�p�a�r�k� �G�e�n�e�r�a�t�o�r� �(�a�f�t�e�r� �M�o�u�l�s�o�n� 
�a�n�d� �H�e�r�b�e�r�t�,� �1�9�9�0�)�.� 

�4�9



�b�e�c�a�m�e� �c�o�m�m�e�r�c�i�a�l�l�y� �a�v�a�i�l�a�b�l�e� �i�n� �t�h�e� �e�a�r�l�y� �1�9�7�0�s�.� �F�i�g�.� �1�0� �(�a�)� �i�s� �a� �s�c�h�e�m�a�t�i�c� �i�l�l�u�s�-� 

�t�r�a�t�i�o�n� �o�f� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �i�g�n�i�t�i�o�n� �c�a�p�s�u�l�e� �f�o�r� �a� �c�a�m�e�r�a� �f�l�a�s�h�l�a�m�p� �s�y�s�t�e�m�.� �A� �s�m�a�l�l� 

�c�e�r�a�m�i�c� �c�u�b�e� �(�0�.�1� �i�n�c�h�)� �i�s� �u�s�e�d� �t�o� �p�r�o�v�i�d�e� �i�g�n�i�t�i�o�n�.� �T�h�e� �t�i�n�y� �c�u�b�e� �i�s� �s�t�r�u�c�k� �b�y� �a� �m�i�n�i�-� 

�s�t�r�i�k�e�r� �c�o�n�n�e�c�t�e�d� �t�o� �t�h�e� �s�h�u�t�t�e�r� �o�f� �t�h�e� �c�a�m�e�r�a� �(�B�e�r�l�i�n�c�o�u�r�t�,� �1�9�7�5�)�.� �T�h�e� �s�e�l�e�c�t�i�o�n� �o�f� 

�t�h�e� �m�a�t�e�r�i�a�l� �d�e�p�e�n�d�s� �o�n� �i�t�s� �d�e�p�o�l�i�n�g� �r�e�s�i�s�t�a�n�c�e� �u�n�d�e�r� �c�o�m�p�r�e�s�s�i�o�n�.� �T�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� 

�e�l�e�m�e�n�t� �s�h�o�u�l�d� �f�u�n�c�t�i�o�n� �w�e�l�l� �w�i�t�h�o�u�t� �f�r�a�c�t�u�r�e� �o�r� �d�e�p�o�l�a�r�i�z�a�t�i�o�n� �d�u�r�i�n�g� �t�h�e� �p�r�o�j�e�c�t�e�d� 

�l�i�f�e�t�i�m�e�.� 

�A�n�o�t�h�e�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �i�g�n�i�t�i�o�n� �d�e�v�i�c�e� �i�s� �t�h�e� �g�a�s� �i�g�n�i�t�o�r�.� �A� �s�c�h�e�m�a�t�i�c� �d�i�a�g�r�a�m� �f�o�r� �a� 

�p�i�e�z�o�e�l�e�c�t�r�i�c� �s�p�a�r�k� �g�e�n�e�r�a�t�o�r� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �1�0� �(�b�)�.� �T�w�o� �p�o�l�e�d� �c�y�l�i�n�d�e�r�s� �w�e�r�e� 

�l�i�n�k�e�d� �t�o�g�e�t�h�e�r� �b�a�c�k� �t�o� �b�a�c�k� �t�o� �p�r�o�d�u�c�e� �t�h�e� �c�h�a�r�g�e� �a�v�a�i�l�a�b�l�e� �f�o�r� �t�h�e� �s�p�a�r�k�.� �T�h�e� 

�f�o�r�c�e� �s�h�o�u�l�d� �b�e� �a�p�p�l�i�e�d� �q�u�i�c�k�l�y� �t�o� �p�r�e�v�e�n�t� �t�h�e� �v�o�l�t�a�g�e� �g�e�n�e�r�a�t�e�d� �f�r�o�m� �l�e�a�k�i�n�g� �a�w�a�y�.� 

�B�y� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �g�a�s� �i�g�n�i�t�o�r�,� �t�h�e� �t�o�t�a�l� �e�n�e�r�g�y� �W�r� �t�h�a�t� �c�a�n� �b�e� 

�d�i�s�s�i�p�a�t�e�d� �i�n� �t�h�e� �s�p�a�r�k� �f�o�r� �a� �s�i�n�g�l�e� �c�y�l�i�n�d�e�r� �m�a�y� �b�e� �o�b�t�a�i�n�e�d�:� 

�1� �F�°�r� �1� �F�L� 
�W�r� �=� �5� �B�a�a�8�3�3� �=� �5� �4�3�3�9�3�3� �A� �)� �(�1�.�3�7�)� � � 

�w�h�e�r�e� �F� �d�e�n�o�t�e�s� �t�h�e� �a�p�p�l�i�e�d� �f�o�r�c�e�,� �A� �a�n�d� �L� �r�e�p�r�e�s�e�n�t� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �a�n�d� 

�t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �p�o�l�e�d� �c�y�l�i�n�d�e�r�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�r�o�m� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�,� �i�t� �i�s� �c�l�e�a�r� 

�t�h�a�t� �i�n� �o�r�d�e�r� �t�o� �h�a�v�e� �a� �b�e�t�t�e�r� �i�g�n�i�t�o�r�,� �t�h�e� �p�i�e�z�o�c�e�r�a�m�i�c� �c�y�l�i�n�d�e�r� �s�h�o�u�l�d� �h�a�v�e� �a� �l�a�r�g�e�r� 

�c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �k�3�3� �o�r� �h�i�g�h�e�r� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �d�3�3� �a�n�d� �g�3�3�.� 

�P�h�o�n�o�g�r�a�p�h� �P�i�c�k�u�p�s� 

�S�i�n�g�l�e� �c�r�y�s�t�a�l� �R�o�c�h�e�l�l�e� �s�a�l�t� �i�n�i�t�i�a�l�l�y� �d�o�m�i�n�a�t�e�d� �t�h�e� �i�n�d�u�s�t�r�i�a�l� �a�r�e�a� �f�o�r� �p�h�o�n�o�g�r�a�p�h� 

�p�i�c�k�u�p�s� �i�n� �t�h�e� �p�e�r�i�o�d� �o�f� �1�9�3�5�-�1�9�5�0� �(�J�a�f�f�e� �e�t� �a�l�.�,� �1�9�7�1�)�.� �T�h�e�n� �c�e�r�a�m�i�c�s� �c�a�m�e� �o�u�t� �t�o� 

�b�e� �s�u�p�e�r�i�o�r� �i�n� �t�h�e�i�r� �m�e�c�h�a�n�i�c�a�l� �a�n�d� �c�h�e�m�i�c�a�l� �s�t�a�b�i�l�i�t�y�.� �C�e�r�a�m�i�c� �p�h�o�n�o�g�r�a�p�h� �p�i�c�k�u�p�s� 
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�M�e�a�s�u�r�i�n�g� �e�l�e�c�t�r�o�d�e�s� 

� � 

� � 

� � � � � � � � 

�M�e�a�s�u�r�i�n�g� �e�l�e�c�t�r�o�d�e�s� 
�L�L�L� 

�w�s� 
�!� �*� �L�E� �1� �|� 

� � 

� � 

� � � � � � � � 

�F�i�g�u�r�e� �1�.�1�1�:� �C�a�n�t�i�l�e�v�e�r� �B�i�m�o�r�p�h�s�:� �(�a�)� �S�e�r�i�e�s� �C�o�n�n�e�c�t�i�o�n�,� �(�b�)� �P�a�r�a�l�l�e�l� �C�o�n�n�e�c�t�i�o�n� 
�(�a�f�t�e�r� �J�a�f�f�e� �e�t� �a�l�.�,� �1�9�7�1�)�.� 

�d�l



�a�r�e� �n�o�r�m�a�l�l�y� �a� �b�i�m�o�r�p�h� �c�o�n�n�e�c�t�e�d� �i�n� �s�e�r�i�e�s� �o�r� �p�a�r�a�l�l�e�l�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �1�.�1�1�.� �T�h�e� 

�b�e�n�d�i�n�g� �o�f� �t�h�e� �b�i�m�o�r�p�h� �w�i�l�l� �r�e�s�u�l�t� �i�n� �s�t�r�o�n�g� �c�o�m�p�r�e�s�s�i�o�n� �i�n� �o�n�e� �h�a�l�f� �o�f� �t�h�e� �b�e�a�m� 

�a�n�d� �c�o�m�p�r�e�s�s�i�o�n� �i�n� �t�h�e� �o�t�h�e�r� �h�a�l�f�.� �I�f� �t�h�e� �p�o�l�i�n�g� �d�i�r�e�c�t�i�o�n�s� �o�f� �t�h�e� �t�w�o� �h�a�l�v�e�s� �a�r�e� 

�o�p�p�o�s�i�t�e� �f�r�o�m� �t�h�e� �c�e�n�t�e�r� �o�u�t�w�a�r�d�s� �o�r� �f�r�o�m� �t�h�e� �s�u�r�f�a�c�e� �i�n�w�a�r�d�s�,� �t�h�e� �v�o�l�t�a�g�e� �i�n�d�u�c�e�d� 

�o�n� �t�h�e� �o�u�t�e�r� �e�l�e�c�t�r�o�d�e�s� �w�i�l�l� �b�e� �a�d�d�i�t�i�v�e� �a�n�d� �h�e�n�c�e� �t�h�e� �s�e�r�i�e�s� �c�o�n�n�e�c�t�i�o�n� �s�h�o�u�l�d� �b�e� 

�u�s�e�d� �(�F�i�g�.� �1�1�(�a�)�)�.� �A�l�t�e�r�n�a�t�i�v�e�l�y�,� �i�f� �t�h�e� �t�w�o� �p�l�a�t�e�s� �h�a�v�e� �t�h�e� �s�a�m�e� �p�o�l�i�n�g� �d�i�r�e�c�t�i�o�n�,� �t�h�e� 

�o�u�t�p�u�t� �v�o�l�t�a�g�e� �c�a�n� �b�e� �r�e�c�e�i�v�e�d� �b�y� �p�a�r�a�l�l�e�l� �c�o�n�n�e�c�t�i�o�n� �i�n� �w�h�i�c�h� �t�h�e� �o�u�t�e�r� �e�l�e�c�t�r�o�d�e�s� 

�a�r�e� �c�o�n�n�e�c�t�e�d� �t�o�g�e�t�h�e�r� �(�F�i�g�.� �1�1�(�b�)�)�.� 

�T�h�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e� �m�a�y� �b�e� �c�a�l�c�u�l�a�t�e�d� �t�h�e�o�r�e�t�i�c�a�l�l�y� �b�y� �a�n�a�l�y�z�i�n�g� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�-� 

�t�i�o�n� �o�f� �t�h�e� �c�a�n�t�i�l�e�v�e�r� �b�e�a�m�.� �T�h�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �k�3�;� �i�s� �t�h�e� �m�o�s�t� �i�n�v�o�l�v�e�d� �c�o�n�s�t�a�n�t� 

�b�e�c�a�u�s�e� �t�h�e� �g�e�n�e�r�a�t�e�d� �v�o�l�t�a�g�e� �i�s� �n�o�r�m�a�l� �t�o� �t�h�e� �s�t�r�e�s�s�.� �T�h�e� �i�n�d�u�c�e�d� �v�o�l�t�a�g�e� �U�r� �m�a�y� 

�b�e� �e�x�p�r�e�s�s�e�d� �(�M�o�u�l�s�o�n� �a�n�d� �H�e�r�b�e�r�t�,� �1�9�9�0�)� �b�y�:� 

�3�H�?� 
�U�r� �=� �w�a� �h�3�,�é�z� �3� �(�1�.�3�8�)� 

�w�h�e�r�e� �h�3�;� �=�  ��(�O�E�3�/�0�z�,�)�"�;� �&� �i�s� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �f�r�e�e� �e�n�d� �f�r�o�m� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� 

�p�o�s�i�t�i�o�n�;� �H� �a�n�d� �L�F� �a�r�e� �t�h�e� �t�h�i�c�k�n�e�s�s� �a�n�d� �l�e�n�g�t�h� �o�f� �t�h�e� �b�i�m�o�r�p�h�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�U�n�d�e�r�w�a�t�e�r� �S�o�u�n�d� �a�n�d� �G�e�n�e�r�a�t�i�o�n� �o�f� �S�o�n�i�c� �E�n�e�r�g�y� 

�P�i�e�z�o�c�e�r�a�m�i�c�s� �h�a�v�e� �b�e�e�n� �w�i�d�e�l�y� �u�s�e�d� �i�n� �t�h�e� �g�e�n�e�r�a�t�i�o�n� �a�n�d� �r�e�c�e�p�t�i�o�n� �o�f� �s�o�u�n�d� �w�a�v�e�s� 

�i�n� �w�a�t�e�r� �a�n�d� �o�t�h�e�r� �e�n�v�i�r�o�n�m�e�n�t�a�l� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e�s�e� �a�p�p�l�i�c�a�t�i�o�n�s� �i�n�c�l�u�d�e� �u�l�t�r�a�s�o�n�i�c� 

�c�l�e�a�n�i�n�g� �t�r�a�n�s�d�u�c�e�r�s�,� �h�i�g�h�-�f�i�d�e�l�i�t�y�  ��t�w�e�e�t�e�r�s ��,� �h�y�d�r�o�p�h�o�n�e�s�,� �a�n�d� �o�t�h�e�r� �u�n�d�e�r�w�a�t�e�r� �d�e�-� 

�t�e�c�t�i�o�n� �t�r�a�n�s�d�u�c�e�r�s�.� 

�P�Z�T� �s�a�n�d�w�i�c�h� �t�r�a�n�s�d�u�c�e�r�s� �h�a�v�e� �b�e�e�n� �w�i�d�e�l�y� �u�s�e�d� �f�o�r� �u�l�t�r�a�s�o�n�i�c� �c�l�e�a�n�i�n�g�.� �T�h�e� �s�a�n�d�-� 
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�e�o� �L�i�v�e� �t�e�r�m�i�n�a�l� 

�B�a�c�k� �s�e�c�t�i�o�n� 

�O�u�t�p�u�t� �s�e�c�t�i�o�n� 

�a�)� 

� � 

�P�r�e�-�c�o�m�p�r�e�s�s�i�o�n� �b�o�l�t� �= �� �I�n�s�u�l�a�t�i�n�g� �s�l�e�e�v�e� 

�P�i�e�z�o�e�l�e�c�t�r�i�c� �c�e�r�a�m�i�c�s� 

�B�a�c�k� �s�e�c�t�i�o�n� 

�?� �P�i�e�z�o�e�l�e�c�t�r�i�c� �c�e�r�a�m�i�c�s� 

�t�A� �A�Z� 
�O�u�t�p�u�t� �s�e�c�t�i�o�n� 
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�b�)� �U�j�;� 

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 

�F�i�g�u�r�e� �1�.�1�2�:� �S�a�n�d�w�i�c�h� �T�r�a�n�s�d�u�c�e�r�s�:� �(�a�)� �B�a�s�i�c� �S�t�r�u�c�t�u�r�e� �o�f� �P�r�e�-�s�t�r�e�s�s�e�d� �S�a�n�d�w�i�c�h� 
�T�r�a�n�s�d�u�c�e�r�;� �(�b�)� �M�u�l�t�i�-�E�l�e�m�e�n�t� �S�a�n�d�w�i�c�h� �T�r�a�n�s�d�u�c�e�r� �(�a�f�t�e�r� �G�a�l�l�e�g�o�-�J�u�a�r�e�z�,� �1�9�8�9�)�.� 

�5�3



�w�i�c�h� �t�r�a�n�s�d�u�c�e�r� �i�s� �a� �h�a�l�f�-�w�a�v�e� �r�e�s�o�n�a�n�t� �l�e�n�g�t�h�-�e�x�p�a�n�d�e�r� �s�t�r�u�c�t�u�r�e� �w�h�i�c�h� �c�o�n�s�i�s�t�s� �o�f� �a� 

�d�i�s�c� �o�r� �p�a�i�r� �o�f� �d�i�s�c�s� �o�f� �p�i�e�z�o�c�e�r�a�m�i�c�s� �e�n�c�l�o�s�e�d� �b�e�t�w�e�e�n� �t�w�o� �m�e�t�a�l� �b�l�o�c�k�s�.� �F�i�g�u�r�e� �1�2� �(�a�)� 

�i�s� �a� �s�c�h�e�m�a�t�i�c� �i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �a� �b�a�s�i�c� �s�a�n�d�w�i�c�h� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �t�w�o� �P�Z�T� �d�i�s�c�s� �a�r�e� �p�o�l�e�d� 

�i�n� �o�p�p�o�s�i�t�e� �d�i�r�e�c�t�i�o�n�s� �a�n�d� �s�e�p�a�r�a�t�e�d� �b�y� �a�n� �e�l�e�c�t�r�o�d�e�.� �T�h�e�y� �a�r�e� �d�r�i�v�e�n� �t�o� �r�e�s�o�n�a�n�c�e� 

�i�n� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �t�h�i�c�k�n�e�s�s� �m�o�d�e�.� �T�h�e� �p�r�e�-�s�t�r�e�s�s�i�n�g� �o�f� �t�h�e� �a�s�s�e�m�b�l�y� �a�l�o�n�g� �t�h�e� �a�x�i�s� 

�d�i�r�e�c�t�i�o�n� �c�o�u�l�d� �i�n�c�r�e�a�s�e� �t�h�e� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�l�e�m�e�n�t�s�.� �F�i�g�u�r�e� �1�2� 

�(�b�)� �i�s� �a� �m�u�l�t�i�-�e�l�e�m�e�n�t� �s�a�n�d�w�i�c�h� �t�r�a�n�s�d�u�c�e�r� �i�n� �w�h�i�c�h� �a�n� �e�v�e�n� �n�u�m�b�e�r� �o�f� �P�Z�T� �d�i�s�c�s� �i�s� 

�i�n�c�o�r�p�o�r�a�t�e�d� �(�G�a�l�l�e�g�o�-�J�u�d�r�e�z�,� �1�9�8�9�)�.� 

�H�i�g�h�-�f�i�d�e�l�i�t�y�  ��t�w�e�e�t�e�r�s �� �a�r�e� �w�i�d�e�l�y� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �s�o�n�i�c� �e�n�e�r�g�y�.� �T�h�e� �k�e�y� �e�l�e�m�e�n�t� 

�i�n� �t�h�e�s�e� �s�t�r�u�c�t�u�r�e�s� �i�s� �a� �c�i�r�c�u�l�a�r� �b�i�m�o�r�p�h� �i�n� �w�h�i�c�h� �a�n� �a�l�t�e�r�n�a�t�i�n�g� �v�o�l�t�a�g�e� �d�r�i�v�e�s� �t�h�e� 

�d�i�s�c� �t�o� �m�o�v�e� �a�n�d�,� �i�n� �t�u�r�n�,� �f�o�r�c�e�s� �a� �l�i�g�h�t�w�e�i�g�h�t� �c�o�n�e� �t�o� �v�i�b�r�a�t�e�.� �A� �c�i�r�c�u�l�a�r� �b�i�m�o�r�p�h� 

�p�r�o�v�i�d�e�s� �a� �h�i�g�h� �c�o�m�p�l�i�a�n�c�e� �s�u�i�t�e�d� �t�o� �r�a�d�i�a�t�e� �p�o�w�e�r� �i�n�t�o� �a�i�r�,� �a�n�d� �o�f�f�e�r�s� �a� �l�a�r�g�e� �e�l�e�c�-� 

�t�r�o�m�e�c�h�a�n�i�c�a�l� �c�o�e�f�f�i�c�i�e�n�t�.� 

�A� �h�y�d�r�o�p�h�o�n�e� �i�s� �a�n� �u�n�d�e�r�w�a�t�e�r� �t�r�a�n�s�d�u�c�e�r� �u�s�e�d� �t�o� �d�e�t�e�c�t� �u�n�d�e�r�w�a�t�e�r� �s�o�u�n�d�.� �I�t�s� 

�s�e�n�s�i�t�i�v�i�t�y� �d�e�p�e�n�d�s� �o�n� �t�h�e� �v�o�l�t�a�g�e� �i�n�d�u�c�e�d� �b�y� �a� �h�y�d�r�o�s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �w�a�v�e�.� �T�h�e� 

�p�r�o�d�u�c�t� �o�f� �h�y�d�r�o�s�t�a�t�i�c� �s�t�r�a�i�n� �c�o�e�f�f�i�c�i�e�n�t� �d�,� �a�n�d� �t�h�e� �h�y�d�r�o�s�t�a�t�i�c� �v�o�l�t�a�g�e� �c�o�e�f�f�i�c�i�e�n�t� �g�n�,� 

�o�r� �d�;�g�;�,� �i�s� �v�e�r�y� �u�s�e�f�u�l� �i�n� �s�e�l�e�c�t�i�n�g� �t�h�e� �h�y�d�r�o�p�h�o�n�e� �m�a�t�e�r�i�a�l�s� �b�e�c�a�u�s�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �g�,�,� 

�r�e�l�a�t�e�s� �t�h�e� �i�n�d�u�c�e�d� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�n� �r�e�s�p�o�n�s�e� �t�o� �t�h�e� �a�p�p�l�i�e�d� �h�y�d�r�o�s�t�a�t�i�c� �s�t�r�e�s�s�,� �a�n�d� �d�p�,� 

�r�e�l�a�t�e�s� �t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �u�n�d�e�r� �t�h�e� �a�p�p�l�i�e�d� �h�y�d�r�o�s�t�a�t�i�c� �s�t�r�e�s�s�.� �P�Z�T� �i�s� �w�i�d�e�l�y� �u�s�e�d� �a�s� 

�t�h�e� �t�r�a�n�s�d�u�c�e�r� �m�a�t�e�r�i�a�l� �b�e�c�a�u�s�e� �o�f� �i�t�s� �h�i�g�h� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �c�o�e�f�f�i�c�i�e�n�t�.� �H�o�w�e�v�e�r�,� 

�P�Z�T� �i�s� �n�o�t� �a� �s�u�i�t�a�b�l�e� �h�y�d�r�o�p�h�o�n�e� �m�a�t�e�r�i�a�l� �b�e�c�a�u�s�e� �o�f� �i�t�s� �i�n�s�i�g�n�i�f�i�c�a�n�t� �m�a�g�n�i�t�u�d�e� �o�f� 

�d�a�g�n�.� �T�h�e� �p�r�o�d�u�c�t� �d�y�g�,� �i�s� �g�i�v�e�n� �b�y� �(�P�o�h�a�n�k�a� �a�n�d� �S�m�i�t�h�,� �1�9�8�8�)�:� 

�(�d�3�3� �+� �2�d�s�3�;�)� �1�.�3�9� �a�e�,� �(�1�.�3�9�)� �d�n�g�h� �=� 
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�P�o�l�y�m�e�r� �E�l�e�c�t�r�o�d�e� �a�r�e�a� 
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�w�e�e� �p�e�e� �n�w�o� �P�e�w�e�e� �P�e�r�e�a� �a�n� �e�o� �a�e� �a� �o�f� �w�m� �o�w� 
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�F�i�g�u�r�e� �1�.�1�3�:� �S�c�h�e�m�a�t�i�c� �R�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �a� �C�o�m�p�o�s�i�t�e� �w�i�t�h� �1�-�3� �C�o�n�n�e�c�t�i�v�i�t�y�.� 
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�w�h�e�r�e�  ¬�,� �d�e�n�o�t�e�s� �t�h�e� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �f�r�e�e� �s�p�a�c�e� �a�n�d� �K� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �r�e�l�a�t�i�v�e� �p�e�r�m�i�t�-� 

�t�i�v�i�t�y� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�.� �F�o�r� �P�Z�T�,� �d�3�3� �a�n�d� �2�d�3�;� �a�r�e� �o�p�p�o�s�i�t�e� �i�n� �s�i�g�n� �a�n�d� �a�l�m�o�s�t� �c�a�n�c�e�l� 

�o�n�e� �a�n�o�t�h�e�r�,� �a�n�d� �t�h�e� �r�e�l�a�t�i�v�e� �p�e�r�m�i�t�t�i�v�i�t�y� �K� �r�e�a�c�h�e�s� �a�s� �h�i�g�h� �a�s� �1�8�0�0�.� 

�I�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �i�n� �r�e�c�e�n�t� �y�e�a�r�s� �t�h�a�t� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�e�r�a�m�i�c�-�p�o�l�y�m�e�r� �c�o�m�p�o�s�i�t�e�s� �w�i�t�h� 

�d�i�f�f�e�r�e�n�t� �c�o�n�n�e�c�t�i�v�i�t�i�e�s� �c�a�n� �p�r�o�v�i�d�e� �a� �s�u�i�t�a�b�l�e� �h�y�d�r�o�p�h�o�n�e� �m�a�t�e�r�i�a�l�s�.� �F�i�g�u�r�e� �1�.�1�3� 

�s�h�o�w�s� �a� �c�o�m�p�o�s�i�t�e� �w�i�t�h� �P�Z�T� �f�i�b�e�r�s� �e�m�b�e�d�d�e�d� �i�n� �a� �c�o�n�t�i�n�u�o�u�s� �p�o�l�y�m�e�r� �m�a�t�r�i�x�.� �W�h�e�n� 

�a� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�s�s� �i�s� �a�p�p�l�i�e�d�,� �t�h�e� �p�o�l�y�m�e�r� �m�a�t�r�i�x� �w�i�l�l� �s�h�e�d� �t�h�e� �l�o�a�d� �t�o� �t�h�e� �P�Z�T� 

�r�o�d�s� �b�e�c�a�u�s�e� �t�h�e� �p�o�l�y�m�e�r� �p�h�a�s�e� �i�s� �m�u�c�h� �m�o�r�e� �c�o�m�p�l�i�a�n�t� �t�h�a�n� �P�Z�T�.� �N�a�m�e�l�y�,� �w�i�t�h� �t�h�e� 

�v�o�l�u�m�e� �f�r�a�c�t�i�o�n� �o�f� �P�Z�T� �d�e�c�r�e�a�s�e�d�,� �t�h�e� �s�t�r�e�s�s� �o�n� �t�h�e� �r�o�d�s� �i�n�c�r�e�a�s�e�s� �p�r�o�p�o�r�t�i�o�n�a�l�l�y� �t�o� 

�k�e�e�p� �t�h�e� �c�h�a�r�g�e� �p�e�r� �u�n�i�t� �a�r�e�a� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �c�o�n�s�t�a�n�t�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� 

�t�h�e�r�e� �i�s� �n�o� �s�t�r�e�s�s� �t�r�a�n�s�f�e�r� �f�r�o�m� �p�o�l�y�m�e�r� �t�o� �P�Z�T� �b�e�c�a�u�s�e� �o�f� �t�h�e�i�r� �s�e�r�i�e�s� �c�o�n�n�e�c�t�i�o�n� �i�n� 

�t�h�e� �X�,� �a�n�d� �X�2� �d�i�r�e�c�t�i�o�n�.� �A�c�c�o�r�d�i�n�g�l�y� �t�h�e� �d�z�,� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �w�i�l�l� �d�e�c�r�e�a�s�e� �w�i�t�h� 

�d�e�c�r�e�a�s�i�n�g� �v�o�l�u�m�e� �f�r�a�c�t�i�o�n�.� �I�f� �t�h�e� �d�e�c�r�e�a�s�e� �o�f� �d�3�,� �d�o�e�s� �n�o�t� �a�f�f�e�c�t� �d�3�3� �s�u�b�s�t�a�n�t�i�a�l�l�y�,� 

�t�h�e�n� �d�;�,� �w�i�l�l� �b�e� �i�n�c�r�e�a�s�e�d�.� �I�n� �a�d�d�i�t�i�o�n�,� �d�,� �w�i�l�l� �b�e� �e�n�h�a�n�c�e�d� �b�e�c�a�u�s�e� �t�h�e� �d�i�e�l�e�c�t�r�i�c� 

�c�o�n�s�t�a�n�t� �K� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e�s� �i�n� �t�h�e� �X�3� �d�i�r�e�c�t�i�o�n� �d�e�c�r�e�a�s�e�s� �w�i�t�h� �t�h�e� �v�o�l�u�m�e� �f�r�a�c�t�i�o�n� 

�o�f� �P�Z�T�.� �T�h�e� �d�e�s�i�g�n� �p�r�i�n�c�i�p�l�e� �f�o�r� �h�y�d�r�o�p�h�o�n�e� �c�o�m�p�o�s�i�t�e� �i�s� �t�o� �e�n�h�a�n�c�e� �t�h�e� �p�r�o�d�u�c�t� 

�d�n�g�n� �b�y� �k�e�e�p�i�n�g� �d�3�3� �a�s� �l�a�r�g�e� �a�s� �p�o�s�s�i�b�l�e� �a�n�d� �r�e�d�u�c�i�n�g� �d�3�,� �a�n�d� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�.� 

�1�.�5� �S�u�m�m�a�r�y� 

�T�h�i�s� �c�h�a�p�t�e�r� �p�r�o�v�i�d�e�s� �g�e�n�e�r�a�l� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �i�n�t�e�l�l�i�g�e�n�t� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m�,� �t�h�e� 

�t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �a�n�d� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s�.� �T�h�e� �n�e�c�e�s�s�i�t�y� �t�o� �m�o�d�e�l� �t�h�e� 

�t�w�o�-�w�a�y� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t� �a�n�d� �t�h�e� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �c�o�u�p�l�i�n�g� �e�f�f�e�c�t�s� �o�f� �p�i�e�z�o�c�e�-� 

�r�a�m�i�c�s� �i�s� �c�l�e�a�r�l�y� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h�,� �w�h�i�c�h� �i�s� �a� �c�o�m�b�i�n�a�t�i�o�n� 

�o�f� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�r�i�n�c�i�p�l�e�s� �a�n�d� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s� �h�a�s� �b�e�e�n� �b�r�i�e�f�l�y� �i�n�t�r�o�d�u�c�e�d�.� 
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�P�i�e�z�o�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l�s� �a�n�d� �t�h�e�i�r� �a�p�p�l�i�c�a�t�i�o�n�s� �a�r�e� �t�h�o�r�o�u�g�h�l�y� �r�e�v�i�e�w�e�d� �t�o� �p�r�o�v�i�d�e� �t�h�e� 

�b�a�c�k�g�r�o�u�n�d� �t�h�e�o�r�y� �f�o�r� �m�o�d�e�l�i�n�g� �p�i�e�z�o�c�e�r�a�m�i�c�s� �w�h�i�c�h� �w�i�l�l� �b�e� �a�d�d�r�e�s�s�e�d� �i�n� �d�e�t�a�i�l� �i�n� 

�t�h�e� �s�e�q�u�e�l�.� �F�o�r� �t�h�e� �b�a�c�k�g�r�o�u�n�d� �t�h�e�o�r�y� �o�n� �m�o�d�e�l�i�n�g� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s�,� �o�n�e� �m�a�y� 

�r�e�f�e�r� �t�o� �L�i�a�n�g� �(�1�9�9�0�)� �a�n�d� �D�y�e� �(�1�9�9�0�)�.� 
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�C�h�a�p�t�e�r� �2� 

�T�h�e�o�r�y� �o�f� �t�h�e� �T�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� 
�A�p�p�r�o�a�c�h� 

�A�s� �d�i�s�c�u�s�s�e�d� �b�e�f�o�r�e�,� �t�h�e� �m�a�i�n� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �t�h�e�s�i�s� �i�s� �t�o� �f�o�r�m�u�l�a�t�e� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� 

�e�q�u�a�t�i�o�n�s� �f�o�r� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� �a�n�d� �p�i�e�z�o�c�e�r�a�m�i�c�s� �b�y� �u�s�i�n�g� �a� �t�h�e�r�m�o�m�e�c�h�a�n�i�-� 

�c�a�l� �a�p�p�r�o�a�c�h�.� �W�h�a�t� �i�s� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h�?� �H�o�w� �i�s� �i�t� �d�e�v�e�l�o�p�e�d�?� �T�o� 

�a�n�s�w�e�r� �t�h�e�s�e� �q�u�e�s�t�i�o�n�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �s�t�u�d�y� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �s�y�s�-� 

�t�e�m�a�t�i�c�a�l�l�y�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �w�i�l�l� 

�b�e� �a�n�a�l�y�z�e�d� �i�n� �d�e�t�a�i�l�.� �T�o� �b�e�g�i�n� �w�i�t�h�,� �t�h�e� �b�a�s�i�c� �c�o�n�c�e�p�t�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �t�h�e�r�m�o�-� 

�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �w�i�l�l� �b�e� �i�n�t�r�o�d�u�c�e�d�.� �T�h�e�n� �t�h�e� �s�e�c�o�n�d� �l�a�w� �o�f� �t�h�e�r�m�o�d�y�n�a�m�i�c�s�,� 

�i�.�e�.�,� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y�,� �w�i�l�l� �b�e� �d�e�r�i�v�e�d� �i�n� �t�e�r�m�s� �o�f� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�-� 

�i�c�s� �c�o�n�c�e�p�t�s�.� �T�h�i�r�d�,� �b�y� �s�t�u�d�y�i�n�g� �t�h�e� �a�x�i�o�m�s� �o�f� �f�o�r�m�u�l�a�t�i�n�g� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� 

�a�n�d� �t�h�e�i�r� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�h�e� �m�a�t�e�r�i�a�l�s�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n� �w�i�l�l� �b�e� �d�e�r�i�v�e�d� �f�r�o�m� 

�t�h�e� �b�a�s�i�c� �a�s�s�u�m�p�t�i�o�n�s� �t�o� �i�t�s� �g�e�n�e�r�a�l�i�z�e�d� �a�n�d� �s�p�e�c�i�f�i�e�d� �c�o�n�s�t�i�t�u�t�i�v�e� �f�o�r�m�.� �F�o�u�r�t�h�,� �t�h�e� 

�r�e�s�t�r�i�c�t�i�o�n�s� �f�r�o�m� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �f�o�r� �t�h�e� �t�y�p�i�c�a�l� �m�a�t�e�r�i�a�l�s� �w�i�l�l� �b�e� �i�n�-� 

�t�r�o�d�u�c�e�d�,� �a�n�d� �t�h�e� �f�o�r�m�s� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �b�e� �s�h�a�p�e�d� �f�u�r�t�h�e�r�.� �F�i�n�a�l�l�y�,� 

�w�e� �w�i�l�l� �c�o�n�c�l�u�d�e� �t�h�i�s� �c�h�a�p�t�e�r� �w�i�t�h� �a�n� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �b�y� 

�d�i�s�c�u�s�s�i�n�g� �T�a�n�a�k�a ��s� �w�o�r�k�.� 
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�2�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�e� �b�a�s�i�c� �p�r�i�n�c�i�p�l�e�s� �o�f� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h�,� �a�s� �i�n�d�i�c�a�t�e�d� �b�e�f�o�r�e�,� �h�a�v�e� 

�b�e�e�n� �w�e�l�l� �d�e�v�e�l�o�p�e�d� �s�i�n�c�e� �t�h�e� �1�9�6�0�s�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �c�o�n�c�e�p�t�s� �r�e�l�a�t�-� 

�i�n�g� �t�o� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �w�i�l�l� �b�e� �b�r�i�e�f�l�y� �i�n�t�r�o�d�u�c�e�d� �b�a�s�e�d� �o�n� �E�r�i�n�g�e�n� 

�(�1�9�6�6�,� �1�9�7�5�,� �1�9�8�0�)�,� �a�n�d� �C�o�l�e�m�a�n ��s� �(�1�9�6�7�)� �w�o�r�k�.� 

�A� �c�o�n�t�i�n�u�o�u�s� �m�e�d�i�a� �c�a�l�l�e�d� �b�o�d�y� �B� �i�s� �a� �c�o�l�l�e�c�t�i�o�n� �o�f� �m�a�t�e�r�i�a�l� �p�o�i�n�t�s� �w�h�i�c�h� �h�a�v�e� �c�o�n�-� 

�t�i�n�u�o�u�s� �m�a�s�s� �d�e�n�s�i�t�y� �a�t� �a�l�l� �t�i�m�e�s�.� �I�n� �a� �C�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�,� �t�h�e� �o�r�i�g�i�n�a�l� 

�c�o�o�r�d�i�n�a�t�e� �o�f� �a� �g�e�n�e�r�i�c� �p�o�i�n�t� �P� �i�n� �B� �a�t� �t�i�m�e� �t� �=� �0� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �v�e�c�t�o�r� �X� �o�r� 

�i�t�s� �t�h�r�e�e� �c�o�o�r�d�i�n�a�t�e� �c�o�m�p�o�n�e�n�t�s� �X�x� �(�K� �=� �1�,�2�,� �3�)�;� �t�h�e� �d�e�f�o�r�m�e�d� �c�u�r�r�e�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� 

�o�f� �t�h�e� �m�a�t�e�r�i�a�l� �p�o�i�n�t� �P� �i�s� �d�e�n�o�t�e�d� �b�y� �t�h�e� �v�e�c�t�o�r� �x�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �m�o�t�i�o�n� �o�f� �P� �m�a�y� 

�b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�z�=� �2�(�X�,�t�)� �o�r� �X� �=� �X�(�z�,�?�)�,� �(�2�.�1�)� 

�w�h�e�r�e� �a� �u�n�i�q�u�e� �i�n�v�e�r�s�e� �r�e�l�a�t�i�o�n� �i�s� �a�s�s�u�m�e�d� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �e�q�u�a�t�i�o�n�s�.� 

�I�n� �t�h�e�r�m�o�d�y�n�a�m�i�c�s�,� �t�h�e� �i�n�t�e�r�n�a�l� �e�n�e�r�g�y� �d�e�n�s�i�t�y� �u� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �T� �o�f� �a� �m�a�-� 

�t�e�r�i�a�l� �p�o�i�n�t� �X�(�z�,�t�)� �d�e�p�e�n�d� �o�n� �a� �c�l�a�s�s� �o�f� �n� �+� �1� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �s� �a�n�d� �v�,� 

�(�a� �=� �1�,�2�,�.�.�.�,�n�)�.� �S�u�c�h� �a� �c�l�a�s�s� �o�f� �n� �+� �1� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �s� �a�n�d� �v�,� �i�s� �c�a�l�l�e�d� 

�a� �t�h�e�r�m�o�d�y�n�a�m�i�c� �s�t�a�t�e�.� �T�h�e� �p�a�r�a�m�e�t�e�r�s� �s� �a�n�d� �v�,� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�n�d� �t�i�m�e�.� 

�T�h�e� �c�h�o�i�c�e� �o�f� �y�v�,� �d�e�p�e�n�d�s� �o�n� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�y�s�t�e�m�s� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� �N�o�r�-� 

�m�a�l�l�y� �v�,� �i�s� �s�e�l�e�c�t�e�d� �t�o� �d�e�f�i�n�e� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �p�h�y�s�i�c�a�l� �s�y�s�t�e�m�.� 

�O�n�c�e� �v�,� �i�s� �s�e�l�e�c�t�e�d�,� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �s�t�a�t�e� �o�f� �a�n� �i�d�e�a�l� �s�y�s�t�e�m� �w�i�l�l� �b�e� �d�e�t�e�r�m�i�n�e�d�.� 

�A�c�c�o�r�d�i�n�g�l�y�,� �a� �t�h�e�r�m�o�d�y�n�a�m�i�c� �s�t�a�t�e� �o�f� �a�n� �i�d�e�a�l� �s�y�s�t�e�m� �m�a�y� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �(�E�r�i�n�-� 

�g�e�n�,� �1�9�8�0�)�:� 
�u� �=� �u�(�S�,�V�q�,�X�)� 
�T� �=�T�(�s�,�v�,�X�)�.� �(�2�.�2�)� 
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�I�f� �E�q�.� �(�2�.�2�)�.� �i�s� �s�o�l�u�b�l�e� �f�o�r� �s�,� �t�h�e�n� �t�e�m�p�e�r�a�t�u�r�e� �T� �m�a�y� �b�e� �s�e�l�e�c�t�e�d� �a�s� �a� �n�e�w� �s�t�a�t�e� 

�v�a�r�i�a�b�l�e� �t�o� �r�e�p�l�a�c�e� �s�,� �a�n�d� �i�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �s�t�a�t�e� �m�a�y� �b�e� �a�l�t�e�r�n�a�t�i�v�e�l�y� 

�w�r�i�t�t�e�n� �a�s�:� 

�f�e�e�s�)�.� �(�2�.�3�)� 
�C�o�r�r�e�s�p�o�n�d�i�n�g�l�y�,� �a� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�r�o�c�e�s�s� �m�a�y� �t�h�e�n� �b�e� �d�e�f�i�n�e�d� �a�s� �t�h�e� �c�h�a�n�g�e�s� �t�h�a�t� 

�o�c�c�u�r� �i�n� �u� �a�n�d� �s� �d�u�e� �t�o� �c�h�a�n�g�e�s� �i�n� �T� �a�n�d� �v�,�.� �A� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�r�o�c�e�s�s� �i�s� �c�a�l�l�e�d� 

�h�o�m�o�g�e�n�e�o�u�s� �i�f� �t�h�e� �f�u�n�c�t�i�o�n�s� �u� �a�n�d� �s� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �X�.� 

�A�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�r�o�c�e�s�s�,� �s�e�v�e�r�a�l� �c�o�n�c�e�p�t�s� �a�r�e� �i�m�p�o�r�t�a�n�t� �t�o� �d�e�s�c�r�i�b�e� 

�t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r� �o�f� �a� �m�a�t�e�r�i�a�l� �(�E�r�i�n�g�e�n�,� �1�9�8�0�)�:� 

�e� �T�h�e� �e�n�t�r�o�p�y� �i�n�f�l�u�x� �S� �a�n�d� �e�n�t�r�o�p�y� �s�o�u�r�c�e� �b� �a�r�e� �c�o�m�p�o�s�e�d� �o�f� �d�i�f�f�e�r�e�n�t� �t�y�p�e�s� �o�f� 

�e�f�f�e�c�t�s�,� �a�n�d� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�S�=�2�4�+�8�,� �b�=�4�+�h�,� �(�2�.�4�)� 

�w�h�e�r�e� �q�/�T� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �e�n�t�r�o�p�y� �i�n�f�l�u�x� �d�u�e� �t�o� �h�e�a�t� �i�n�p�u�t�,� �h�/�T� �d�e�n�o�t�e�s� �t�h�e� 

�e�n�t�r�o�p�y� �s�o�u�r�c�e� �s�u�p�p�l�i�e�d� �b�y� �t�h�e� �e�n�e�r�g�y� �s�o�u�r�c�e�,� �a�n�d� �t�h�e� �r�e�m�a�i�n�i�n�g� �t�e�r�m�s� �S�;� �a�n�d� 

�b�,� �r�e�f�e�r� �t�o� �t�h�e� �e�n�t�r�o�p�y� �f�l�u�x� �a�n�d� �s�o�u�r�c�e� �d�u�e� �t�o� �a�l�l� �o�t�h�e�r� �e�f�f�e�c�t�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�n� 

�t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s�,� �i�f� �S�y� �=� �0�,� �a�n�d� �6�;� �=� �0�,� �t�h�e�n� �a� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�r�o�c�e�s�s� �w�i�l�l� 

�b�e� �c�a�l�l�e�d� �a� �s�i�m�p�l�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �p�r�o�c�e�s�s�.� 

�e� �A� �p�r�o�c�e�s�s� �i�s� �c�a�l�l�e�d� �t�h�e�r�m�o�d�y�n�a�m�i�c�a�l�l�y� �a�d�m�i�s�s�i�b�l�e� �i�f� �a�n�d� �o�n�l�y� �i�f� �i�t� �o�b�e�y�s� �t�h�e� �l�o�c�a�l� 

�C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �a�n�d� �p�o�s�s�e�s�s�e�s� �a� �n�o�n�n�e�g�a�t�i�v�e� �f�i�n�i�t�e� �t�e�m�p�e�r�a�t�u�r�e�.� 

�e� �A� �t�h�e�r�m�o�d�y�n�a�m�i�c� �p�r�o�c�e�s�s� �i�s� �s�a�i�d� �t�o� �b�e� �m�e�c�h�a�n�i�c�a�l�l�y� �a�d�m�i�s�s�i�b�l�e� �i�f� �i�t� �o�b�e�y�s� �t�h�e� 

�c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s�,� �b�a�l�a�n�c�e� �o�f� �m�o�m�e�n�t�a�,� �a�n�d� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �e�n�e�r�g�y�.� �I�t� �i�s� 

�c�a�l�l�e�d� �c�o�n�s�t�i�t�u�t�i�v�e�l�y� �a�d�m�i�s�s�i�b�l�e� �i�f� �i�t� �i�s� �r�e�s�t�r�i�c�t�e�d� �b�y� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �a�x�i�o�m�s� 

�w�h�i�c�h� �w�e� �w�i�l�l� �a�d�d�r�e�s�s� �l�a�t�e�r�.� 
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�e� �T�h�e�r�m�o�s�t�a�t�i�c� �t�e�m�p�e�r�a�t�u�r�e� �7� �a�n�d� �t�h�e�r�m�o�s�t�a�t�i�c� �t�e�n�s�i�o�n�s� �T�,� �m�a�y� �b�e� �d�e�f�i�n�e�d� �b�y�:� 

�r�o� �O�u� �_� 

�L� �7� �8�s� �|�v�,� �A� �>� �T�a� �=� �a�v�a� �|�s�,�v�g�,� �B� �#� �a�.� �(�2�.�5�)� 

�I�t� �s�h�o�u�l�d� �b�e� �e�m�p�h�a�s�i�z�e�d� �t�h�a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �T� �a�n�d� �t�h�e� �t�h�e�r�m�o�s�t�a�t�i�c� �t�e�m�p�e�r�a�-� 

�t�u�r�e� �T�'� �a�r�e� �d�i�f�f�e�r�e�n�t�.� �B�u�t� �t�h�e�y� �a�r�e� �t�h�e� �s�a�m�e� �i�n� �a� �t�h�e�r�m�o�d�y�n�a�m�i�c�a�l�l�y� �a�d�m�i�s�s�i�b�l�e� 

�s�i�m�p�l�e� �t�h�e�r�m�o�m�e�c�h�n�a�i�c�a�l� �p�r�o�c�e�s�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �a� �s�e�t� �o�f� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �(�s�,� 

�V�y�)� �w�i�t�h� �v�,� �b�e�i�n�g� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �s�.� 

�2�.�2� �F�o�r�m�u�l�a�t�i�o�n�s� �o�f� �T�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �E�q�u�a�-� 
�t�i�o�n�s� �w�i�t�h� �C�o�n�t�i�n�u�u�m� �M�e�c�h�a�n�i�c�s� 

�T�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� �o�f� �a� �m�a�t�e�r�i�a�l� �i�s� �g�o�v�e�r�n�e�d� �b�y� �a� �s�e�t� �o�f� �f�i�e�l�d� �e�q�u�a�t�i�o�n�s� 

�w�h�i�c�h� �c�o�n�s�i�s�t� �o�f� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s�,� �b�a�l�a�n�c�e� �o�f� �m�o�m�e�n�t�u�m�,� �b�a�l�a�n�c�e� �o�f� �m�o�m�e�n�t� �o�f� 

�m�o�m�e�n�t�u�m�,� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �e�n�e�r�g�y�,� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y�,� �a�n�d� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� 

�r�e�l�a�t�i�o�n�s� �(�s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n�)�.� �A� �t�h�e�r�m�o�d�y�n�a�m�i�c�a�l�l�y� �a�n�d� �m�e�c�h�a�n�i�c�a�l�l�y� �a�d�m�i�s�s�i�b�l�e� 

�p�r�o�c�e�s�s� �m�u�s�t� �o�b�e�y� �a�l�l� �t�h�e� �f�i�e�l�d� �e�q�u�a�t�i�o�n�s�.� 

�B�a�s�i�c� �A�x�i�o�m�s� �o�f� �C�o�n�t�i�n�u�u�m� �M�e�c�h�a�n�i�c�s� 

�T�h�e� �b�a�s�i�c� �a�x�i�o�m�s� �o�f� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s� �i�n�c�l�u�d�e� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s�,� �b�a�l�a�n�c�e� �o�f� 

�m�o�m�e�n�t�u�m�,� �a�n�d� �b�a�l�a�n�c�e� �o�f� �m�o�m�e�n�t� �o�f� �m�o�m�e�n�t�u�m�.� �T�h�e� �l�a�w� �o�f� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s� 

�s�t�a�t�e�s� �t�h�a�t� �t�h�e� �t�o�t�a�l� �m�a�s�s� �o�f� �a� �b�o�d�y� �i�s� �u�n�c�h�a�n�g�e�d� �d�u�r�i�n�g� �i�t�s� �m�o�t�i�o�n�;� �i�n� �o�t�h�e�r� �w�o�r�d�s�,� 

�t�h�e� �i�n�i�t�i�a�l� �t�o�t�a�l� �m�a�s�s� �o�f� �t�h�e� �b�o�d�y� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �t�o�t�a�l� �m�a�s�s� �o�f� �t�h�e� �b�o�d�y� �a�t� �a�n�y� 

�o�t�h�e�r� �t�i�m�e�.� �T�h�e� �l�a�w� �o�f� �b�a�l�a�n�c�e� �o�f� �m�o�m�e�n�t�u�m� �d�i�c�t�a�t�e�s� �t�h�a�t� �t�h�e� �t�i�m�e� �r�a�t�e� �o�f� �c�h�a�n�g�e� 

�o�f� �t�h�e� �m�o�m�e�n�t�u�m� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �r�e�s�u�l�t�a�n�t� �f�o�r�c�e� �F� �a�c�t�i�n�g� �o�n� �t�h�e� �b�o�d�y�.� �B�a�l�a�n�c�e� �o�f� 

�m�o�m�e�n�t� �o�f� �m�o�m�e�n�t�u�m� �d�e�f�i�n�e�s� �t�h�a�t� �t�h�e� �t�i�m�e� �r�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� �m�o�m�e�n�t� �o�f� �m�o�m�e�n�t�u�m� �i�s� 

�e�q�u�a�l� �t�o� �t�h�e� �r�e�s�u�l�t�a�n�t� �m�o�m�e�n�t� �o�f� �a�l�l� �f�o�r�c�e�s� �a�n�d� �c�o�u�p�l�e�s� �a�c�t�i�n�g� �o�n� �t�h�e� �b�o�d�y�.� �A�s�s�u�m�i�n�g� 
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�t�h�a�t� �a�t� �t�i�m�e� �t� �t�h�e� �b�o�d�y� �B� �o�c�c�u�p�i�e�s� �a� �v�o�l�u�m�e� �V�Y� �a�n�d� �a� �c�o�n�t�i�n�u�o�u�s� �s�u�r�f�a�c�e� �A� �w�i�t�h�o�u�t� 

�s�i�n�g�u�l�a�r�i�t�i�e�s� �o�r� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�,� �t�h�e�n� �t�h�e� �l�a�w�s� �o�f� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s�,� �b�a�l�a�n�c�e� �o�f� 

�m�o�m�e�n�t�u�m�,� �a�n�d� �b�a�l�a�n�c�e� �o�f� �m�o�m�e�n�t� �o�f� �m�o�m�e�n�t�u�m� �m�a�y� �b�e� �f�o�r�m�u�l�a�t�e�d�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� 

�a�s� �f�o�l�l�o�w�s�:� 
�D�  �� �d�V� �=� �2�.� 

�=�~� �[� �v�j�d�V� �=� �i�n�d� �A�+� �|� �f�i�d�V� �(�2�.�7�)� �D�t� �y�?� �i� �=� �o�a�t� �j� �v�y�?� �t� �)� �.� 

�D� 
�a� �f�f� �p�e�i�n�n�z�j�n�n�d�e� �=� �f�,� �c�i�n�r�j�o�m�i�t�m�d�A� �+� �f� �p�e�i�s�n�s�f�i�d�V� �;� �(�2�.�8�)� 

�w�h�e�r�e� �O�m�z�,� �f�,� �a�n�d� �v�z�,� �a�r�e� �t�h�e� �s�t�r�e�s�s� �t�e�n�s�o�r�,� �t�h�e� �b�o�d�y� �f�o�r�c�e� �p�e�r� �u�n�i�t� �m�a�s�s�,� �a�n�d� �t�h�e� 

�v�e�l�o�c�i�t�y� �v�e�c�t�o�r�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �n�,�,� �i�s� �t�h�e� �u�n�i�t� �v�e�c�t�o�r� �t�o� �t�h�e� �s�u�r�f�a�c�e� �v�e�c�t�o�r� �d�A� �o�n� �A�,� �a�n�d� 

 ¬�i�j�x� �i�s� �t�h�e� �a�l�t�e�r�n�a�t�i�n�g� �t�e�n�s�o�r�.� �T�h�e� �a�b�o�v�e� �i�n�t�e�g�r�a�l�-�f�o�r�m� �e�q�u�a�t�i�o�n�s� �m�a�y� �b�e� �w�r�i�t�t�e�n� �i�n� 

�t�h�e� �l�o�c�a�l� �f�o�r�m�:� 

�D�e�t� �p�u�s� �=�O� �o�r� �p�o�/�p�=�J� �=� �d�e�t�(�z�i�x�)� �,� �(�2�.�9�)� 

�D�o�;� 

�o�7�i�,�5� �+� �P�L� �=� �P�F�,� �(�2�.�1�0�)� 

�O�1�7� �=� �j�i�,� �(�2�.�1�1�)� 

�w�h�e�r�e� �B� �i�n�d�i�c�a�t�e�s� �m�a�t�e�r�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �a�n�d� �a� �s�u�b�s�c�r�i�p�t� �f�o�l�l�o�w�i�n�g� �a� �c�o�m�m�a� �d�e�n�o�t�e�s� 

�p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�,� �n�a�m�e�l�y�:� 

�D�O�,� �8� �|� �m�w� �|� �_� �o�n�,� 
�D�t� �a�t� �"�O�a�,� �Y�n� �=� �O�x�;� �s�i� �X�K� 

�C�o�n�s�e�r�v�a�t�i�o�n� �o�f� �E�n�e�r�g�y� 

�T�h�e� �l�a�w� �o�f� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �e�n�e�r�g�y� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �t�i�m�e� �r�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� �t�h�e� �t�o�t�a�l� 

�e�n�e�r�g�y� �o�f� �a� �s�y�s�t�e�m� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �s�u�m� �o�f� �t�h�e� �w�o�r�k� �d�o�n�e� �b�y� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s� �a�n�d� �t�h�e� 

�h�e�a�t� �e�x�c�h�a�n�g�e� �i�n� �t�h�e� �s�y�s�t�e�m�.� �M�a�t�h�e�m�a�t�i�c�a�l�l�y� �i�t� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�D� �a�l�k� �+�E�)� �=�W�+�H�,� �(�2�.�1�2�)� 
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�w�h�e�r�e� �K�,�  ¬�,� �W� �a�n�d� �H� �r�e�p�r�e�s�e�n�t� �t�h�e� �k�i�n�e�t�i�c� �e�n�e�r�g�y�,� �t�h�e� �i�n�t�e�r�n�a�l� �e�n�e�r�g�y�,� �t�h�e� �r�a�t�e� �o�f� 

�w�o�r�k� �d�o�n�e� �b�y� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s� �a�n�d� �t�h�e� �h�e�a�t� �i�n�p�u�t� �t�o� �t�h�e� �s�y�s�t�e�m�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �S�p�e�c�i�f�-� 

�i�c�a�l�l�y�,� �t�h�e� �i�n�t�e�r�n�a�l� �e�n�e�r�g�y�  ¬� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �i�n�t�e�r�n�a�l� �e�n�e�r�g�y� �d�e�n�s�i�t�y� 

�u�:� 

�é�=� �|� �p�u�d�v� �;� 

�t�h�e� �t�o�t�a�l� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �o�f� �t�h�e� �b�o�d�y� �i�s� �g�i�v�e�n� �b�y�:� 

�1� 
�K�=�-� �i� �p�v�-�v�d�V� �;� 

�2� �J�y� 

�a�n�d� �t�h�e� �r�a�t�e� �o�f� �w�o�r�k� �d�o�n�e� �b�y� �t�h�e� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s� �i�s� �w�r�i�t�t�e�n� �a�s�:� 

�w�=� �[� �o�f� �d�v� �+� �$� �o�m� �-�v�d�A�,� 

�w�h�e�r�e� �o�n�)� �r�e�f�e�r�s� �t�o� �t�h�e� �s�t�r�e�s�s� �v�e�c�t�o�r�,� �a�n�d� �f� �i�s� �t�h�e� �b�o�d�y� �f�o�r�c�e� �p�e�r� �u�n�i�t� �m�a�s�s�.� �L�e�t� �q� 

�d�e�n�o�t�e� �t�h�e� �h�e�a�t� �v�e�c�t�o�r� �p�e�r� �u�n�i�t� �a�r�e�a� �a�c�t�i�n�g� �o�n� �t�h�e� �b�o�d�y� �s�u�r�f�a�c�e� �d�i�r�e�c�t�e�d� �o�u�t�w�a�r�d�,� 

�a�n�d� �l�e�t� �h� �r�e�p�r�e�s�e�n�t� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �h�e�a�t� �s�o�u�r�c�e�s� �p�e�r� �u�n�i�t� �m�a�s�s� �o�f� �t�h�e� �b�o�d�y�,� �t�h�e�n� �t�h�e� 

�h�e�a�t� �i�n�p�u�t� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�H�=� �4� �q�-�n�d�A�+� �|� �p�h�d�V�.� 
�A� �Y� 

�A�c�c�o�r�d�i�n�g�l�y�,� �E�q�.� �(�2�.�1�2�)� �m�a�y� �b�e� �r�e�w�r�i�t�t�e�n� �a�s�:� 

�=�f� �(�u� �+� �v�,�0�;�)�d� �=�f� �(�o�i�i� �+� �a�5�)�n�s�d�A� �+� �[�p�l� �f�i�n�:� �+� �h�)�d�V� �(�2�.�1�3�)� �p�i� �f�y� �P�e� �+� �g�u�i�v�i�d�d�e� �=� �P� �(�a�y�i�n�i� �+� �a�)�n�3� �i� �F�i�r� �;� 

�W�h�e�n� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �v�a�l�i�d� �f�o�r� �a�l�l� �t�h�e� �b�o�d�y� �8�,� �t�h�e�n� �i�t� �m�a�y� �b�e� 

�l�o�c�a�l�i�z�e�d� �a�s�:� 

�p�u� �=� �O�i�j�0�j�;�;�+� �G�i� �+� �p�h�.� �(�2�.�1�4�)� 

�P�r�i�n�c�i�p�l�e� �o�f� �E�n�t�r�o�p�y� 

�T�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �e�n�t�r�o�p�y�,� �i�.�e�.�,� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y�,� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �t�i�m�e� 

�r�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� �t�h�e� �t�o�t�a�l� �e�n�t�r�o�p�y� �Q� �i�s� �n�e�v�e�r� �l�e�s�s� �t�h�a�n� �t�h�e� �s�u�m� �o�f� �t�h�e� �e�n�t�r�o�p�y� �i�n�f�l�u�x� 
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�S� �t�h�r�o�u�g�h� �s�u�r�f�a�c�e� �A� �o�f� �t�h�e� �b�o�d�y� �a�n�d� �t�h�e� �e�n�t�r�o�p�y� �B� �s�u�p�p�l�i�e�d� �b�y� �t�h�e� �b�o�d�y� �s�o�u�r�c�e�s�.� 

�I�t� �i�s� �p�o�s�t�u�l�a�t�e�d� �t�h�a�t� �t�h�e� �a�b�o�v�e� �s�t�a�t�e�m�e�n�t� �i�s� �v�a�l�i�d� �f�o�r� �a�l�l� �p�a�r�t�s� �o�f� �t�h�e� �b�o�d�y� �f�o�r� �a�l�l� 

�i�n�d�e�p�e�n�d�e�n�t� �p�r�o�c�e�s�s�e�s�.� �M�a�t�h�e�m�a�t�i�c�a�l�l�y�,� �i�t� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�D�Q� 
�=�  ��  ��  �� �.� �>� �.� �T� �;� �B� �$�9� �n�d�A�>�0�,� �(�2�.�1�5�)� 

�w�h�e�r�e� �Y�T� �i�s� �c�a�l�l�e�d� �t�o�t�a�l� �e�n�t�r�o�p�y� �p�r�o�d�u�c�t�i�o�n�.� �F�o�r� �a� �c�o�n�t�i�n�u�o�u�s� �m�e�d�i�u�m�,� �i�t� �m�a�y� �b�e� 

�f�u�r�t�h�e�r� �w�r�i�t�t�e�n� �a�s�:� 

�=�f� �s�d�v�  �� �|� �p�b�d�v� �-� �$� �S�y�n�g�d�A� �>� �0� �(�2�.�1�6�)� �D�t� �y�P� �v�y�?� �y� �k�f�i�t�k�  ��_ �� �?� �°� 

�w�h�e�r�e� �6� �i�s� �t�h�e� �l�o�c�a�l� �e�n�t�r�o�p�y� �s�o�u�r�c�e� �p�e�r� �u�n�i�t� �m�a�s�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �B�,� 

�B�=� �|� �p�b�a�v�.� 
�v� 

�W�h�e�n� �E�q�.� �(�2�.�1�6�)� �i�s� �v�a�l�i�d� �f�o�r� �a�l�l� �p�a�r�t�s� �o�f� �t�h�e� �b�o�d�y�,� �i�t� �m�a�y� �b�e� �l�o�c�a�l�i�z�e�d� �a�s�:� 

�p�y� �=� �p�s�  �� �p�b ��d�i�v�S� �>�0�,� �(�2�.�1�7�)� 

�w�h�e�r�e� �¥� �i�s� �t�h�e� �l�o�c�a�l� �e�n�t�r�o�p�y� �p�r�o�d�u�c�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �Y�T�.� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�.� �(�2�.�1�4�)� �i�n�t�o� �(�2�.�4�)�2�,� �o�n�e� �m�a�y� �o�b�t�a�i�n�:� 

�p�l�b� �=� �p�T�,� �+� �p�u�  �� �0�4�5�0�5�5�  �� �G�i� 

�c�a�r�r�y�i�n�g� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �a�n�d� �E�q�.� �(�2�.�4�)� �i�n�t�o� �(�2�.�1�7�)�,� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� 

�m�a�y� �t�h�e�n� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�.� �o�u� �1� �i� 
�p�y� �=� �p�(�s�  �� �7�)� �+� �P�r�i�r�i�n� �+� �a�l�i� �+� �p�b�,�  ��d�i�v�S�,�>�0�.� �(�2�.�1�8�)� 

�F�o�r� �a� �s�i�m�p�l�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �p�r�o�c�e�s�s�,� �i�.�e�.�,� �S�$�;� �=� �o� �a�n�d� �6�;� �=� �0�,� �t�h�e�n� �E�q�.� �(�2�.�1�8�)� �m�a�y� 

�f�u�r�t�h�e�r� �b�e� �r�e�d�u�c�e�d� �t�o�:� 

�.� �w�u� �1� �q�i� 
�p�y� �=� �O�S�  �� �a�)� �+� �H�o�u�r� �+� �T�_�T� �2� �O�-� �(�2�.�1�9�)� 
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�I�f� �t�h�e� �H�e�l�m�h�o�l�t�z� �f�r�e�e� �e�n�e�r�g�y� �®� �i�s� �i�n�t�r�o�d�u�c�e�d� �a�s�:� 

�b�=�u�-�T�s�,� �(�2�.�2�0�)� 

�b�y� �t�a�k�i�n�g� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �a�n�d� �s�u�b�s�t�i�t�u�t�i�n�g� �i�n�t�o� �E�q�.� �(�2�.�1�9�)�,� �t�h�e� 

�C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�l�t�e�r�n�a�t�i�v�e�l�y� �a�s�:� 

 ��~� �P�r�e�,� �o�m�,� �t� �1� 
�p�y� �=�  ��A�l�®� �+� �s�T�)� �+� �M�s�i� �+� �a�b�t� �>�.� �(�2�.�2�1�)� 

�T�h�i�s� �i�s� �a� �v�e�r�y� �u�s�e�f�u�l� �f�o�r�m� �o�f� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �w�h�i�c�h� �w�i�l�l� �b�e� �u�s�e�d� �i�n� 

�f�o�r�m�u�l�a�t�i�n�g� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�.� �T�h�e� �a�b�o�v�e� �f�o�r�m� �m�a�y� �a�l�s�o� �b�e� �w�r�i�t�t�e�n� 

�i�n� �t�e�r�m�s� �o�f� �t�h�e� �2�"�?� �P�i�o�l�a�-�K�i�r�c�h�h�o�f�f� �s�t�r�e�s�s� �a�n�d� �G�r�e�e�n� �s�t�r�a�i�n�.� 

�2�.�3� �A�x�i�o�m�s� �f�o�r� �F�o�r�m�u�l�a�t�i�n�g� �C�o�n�s�t�i�t�u�t�i�v�e� �E�q�u�a�-� 
�t�i�o�n�s� 

�T�h�e� �b�a�s�i�c� �l�a�w�s� �o�f� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s�,� �n�a�m�e�l�y�,� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s�,� �b�a�l�a�n�c�e� �o�f� 

�m�o�m�e�n�t�a�,� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �e�n�e�r�g�y�,� �a�n�d� �p�r�i�n�c�i�p�l�e� �o�f� �e�n�t�r�o�p�y�,� �a�s� �s�h�o�w�n� �i�n� �E�q�s�.� �(�2�.�9�)� 

�-� �(�2�.�1�1�)�,� �a�n�d� �(�2�.�1�4�)�,� �l�e�a�d� �t�o� �t�o�t�a�l�l�y� �e�i�g�h�t� �i�n�d�e�p�e�n�d�e�n�t� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� 

�u�n�k�n�o�w�n�s�,� �p�,� �V�;�,� �O�:�;�,� �4�,� �u�,� �s� �a�n�d� �T� �a�d�d�s� �u�p� �t�o� �1�9�.� �I�n� �o�r�d�e�r� �t�o� �m�a�k�e� �t�h�e� �p�r�o�b�l�e�m� 

�d�e�t�e�r�m�i�n�a�t�e�,� �e�l�e�v�e�n� �a�d�d�i�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s� �m�u�s�t� �b�e� �c�o�n�s�t�r�u�c�t�e�d�.� �T�h�e� �m�a�t�e�r�i�a�l� �c�h�a�r�a�c�-� 

�t�e�r�i�s�t�i�c�s� �a�r�e� �n�o�r�m�a�l�l�y� �b�r�o�u�g�h�t� �i�n�t�o� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �b�y� �s�u�c�h�  ��a�d�d�i�t�i�o�n�a�l �� �c�o�n�s�t�i�t�u�t�i�v�e� 

�e�q�u�a�t�i�o�n�s� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s�.� �F�o�r� �a� �c�o�n�s�t�i�t�u�t�i�v�e� �t�h�e�o�r�y� �t�o� �r�e�p�-� 

�r�e�s�e�n�t� �a� �m�a�t�e�r�i�a�l� �a�d�e�q�u�a�t�e�l�y�,� �c�e�r�t�a�i�n� �p�h�y�s�i�c�a�l� �a�n�d� �m�a�t�h�e�m�a�t�i�c�a�l� �r�e�q�u�i�r�e�m�e�n�t�s� �m�u�s�t� 

�b�e� �s�a�t�i�s�f�i�e�d�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �e�i�g�h�t� �a�x�i�o�m�s� �f�o�r� �s�u�c�h� �r�e�q�u�i�r�e�m�e�n�t�s� �w�i�l�l� �b�e� �i�n�t�r�o�d�u�c�e�d� 

�t�o� �p�r�o�v�i�d�e� �g�e�n�e�r�a�l� �g�u�i�d�a�n�c�e� �f�o�r� �f�o�r�m�u�l�a�t�i�n�g� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �(�E�r�i�n�g�e�n�,� �1�9�8�0�)�.� 

�C�o�r�r�e�s�p�o�n�d�i�n�g�l�y�,� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n� �w�i�l�l� �b�e� �d�e�r�i�v�e�d� �a�n�d� �a�d�a�p�t�e�d� �t�o� 

�t�h�e�s�e� �a�x�i�o�m�s�.� 
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�A�x�i�o�m� �o�f� �C�a�u�s�a�l�i�t�y� 

�T�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �p�o�i�n�t�s� �o�f� �a� �b�o�d�y� �a�n�d� �t�h�e�i�r� �t�e�m�p�e�r�a�t�u�r�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� 

�a�s� �s�e�l�f�-�e�v�i�d�e�n�t� �o�b�s�e�r�v�a�b�l�e� �e�f�f�e�c�t�s� �i�n� �e�v�e�r�y� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �b�o�d�y�;� �t�h�e� 

�r�e�m�a�i�n�i�n�g� �q�u�a�n�t�i�t�i�e�s� �(�o�t�h�e�r� �t�h�a�n� �t�h�o�s�e� �d�e�r�i�v�a�b�l�e� �f�r�o�m� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �m�o�t�i�o�n�)� 

�t�h�a�t� �e�n�t�e�r� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �o�f� �e�n�t�r�o�p�y� �o�f� �p�r�o�d�u�c�t�i�o�n� �a�r�e� �t�h�e�  ��c�a�u�s�e�s �� �o�r� �t�h�e� �d�e�p�e�n�d�e�n�t� 

�c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s�.� 

�T�h�i�s� �a�x�i�o�m� �p�r�o�v�i�d�e�s� �a� �r�u�l�e� �f�o�r� �s�e�l�e�c�t�i�n�g� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s� �o�f� �a� �m�a�t�e�r�i�a�l�.� �I�n� 

�t�h�e� �t�r�e�a�t�m�e�n�t� �o�f� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� �o�f� �a� �m�a�t�e�r�i�a�l�,� �o�n�c�e� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� 

�c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �s�e�l�e�c�t�e�d�,� �t�h�e� �r�e�m�a�i�n�i�n�g� �q�u�a�n�t�i�t�i�e�s� �i�n� �E�q�.� �(�2�.�9�)� �-� �(�2�.�1�1�)�,� 

�(�2�.�1�4�)� �a�n�d� �(�2�.�2�1�)�,� �w�h�i�c�h� �a�r�e� �n�o�t� �d�e�r�i�v�a�b�l�e� �f�r�o�m� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s�,� �c�o�n�s�i�s�t� 

�o�f� �t�h�e� �d�e�p�e�n�d�e�n�t� �c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �c�o�n�s�t�i�t�u�t�i�v�e� 

�v�a�r�i�a�b�l�e�s� �a�r�e�:� 

�x�w�=�a�(�X�,�t�)� �T�=�T�(�X�,�t�)�.� �(�2�.�2�2�)� 

�T�h�e� �v�e�l�o�c�i�t�y� �v� �=� �&� �i�s� �d�e�r�i�v�a�b�l�e� �f�r�o�m� �t�h�e� �m�o�t�i�o�n� �a�n�d� �v�,�;� �f�r�o�m� �v�.� �T�h�e� �d�e�n�s�i�t�y� �o�f� 

�t�h�e� �b�o�d�y� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �m�o�t�i�o�n� �t�h�r�o�u�g�h� �E�q�.� �(�2�.�9�)�.� �A�c�c�o�r�d�i�n�g�l�y�,� �f�r�o�m� �E�q�.� �(�2�.�2�1�)�,� 

�t�h�e� �d�e�p�e�n�d�e�n�t� �c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �t�h�e� �s�t�r�e�s�s� �t�e�n�s�o�r� �o�,� �t�h�e� �h�e�a�t� �v�e�c�t�o�r� �q�,� �t�h�e� 

�i�n�t�e�r�n�a�l� �e�n�e�r�g�y� �d�e�n�s�i�t�y� �u�,� �t�h�e� �e�n�t�r�o�p�y� �d�e�n�s�i�t�y� �s�,� �w�h�i�c�h� �w�i�l�l� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� 

�v�(�X�,�t�)� �a�n�d� �T�(�X�,�t�)�.� 

�A�x�i�o�m� �o�f� �D�e�t�e�r�m�i�n�i�s�m� 

�T�h�e� �v�a�l�u�e� �o�f� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�s� �(�a�o�,� �q�,� �u�,� �s�)� �a�t� �a� �m�a�t�e�r�i�a�l� 

�p�o�i�n�t� �X� �o�f� �t�h�e� �b�o�d�y� �B� �a�t� �t�i�m�e� �t� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �h�i�s�t�o�r�y� �o�f� �t�h�e� �m�o�t�i�o�n� �a�n�d� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �o�f� �a�l�l� �m�a�t�e�r�i�a�l� �p�o�i�n�t�s� �o�f� �B�.� 

�6�6



�T�h�e� �a�x�i�o�m� �o�f� �d�e�t�e�r�m�i�n�i�s�m� �e�x�c�l�u�d�e�s� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r� �a�t� �X� 

�o�n� �a�n�y� �m�a�t�e�r�i�a�l� �p�o�i�n�t�s� �o�u�t�s�i�d�e� �t�h�e� �b�o�d�y� �B� �a�n�d� �t�h�e� �f�u�t�u�r�e� �e�v�e�n�t�s�.� �N�a�m�e�l�y�,� �t�h�e� �m�a�-� 

�t�e�r�i�a�l� �b�e�h�a�v�i�o�r� �d�e�p�e�n�d�s� �f�u�l�l�y� �u�p�o�n� �t�h�e� �p�a�s�t� �h�i�s�t�o�r�y� �o�f� �t�h�e� �m�o�t�i�o�n� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� 

�w�i�t�h�i�n� �t�h�e� �b�o�d�y� �u�p� �t�o� �t�h�e� �p�r�e�s�e�n�t� �t�i�m�e�.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�b�o�v�e� �t�w�o� �a�x�i�o�m�s�,� �t�h�e� 

�t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�o�(�X�,�t�)� �=� �o�[�a�(�X ��,�t ��)�,�T�(�X ��,�t ��)�,� �X�,�¢�]� 
�q�(�X�,�t�)� �=� �q�l�x�(�X�"�,�t�'�)�,� �T�(�X ��,�t ��)�,� �X�,�¢�]� �(�2�.�2�3�)� 
�u�(�X�,�t�)� �=� �a�f�a�(�X ��,�t�'�)�,�T�(�X�'�,�v ��)�,� �X�,�t�]� 
�s�(�X�,�t�)� �=� �§�[�a�(�X ��,�t ��)�,� �T�(�X�'�,�t�)�,� �X�,� �t�]� �,� 

�w�h�e�r�e� �&� �a�n�d� �q� �a�r�e� �t�e�n�s�o�r�-�v�a�l�u�e�d� �a�n�d� �v�e�c�t�o�r�-�v�a�l�u�e�d� �f�u�n�c�t�i�o�n�a�l�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �u�%� �a�n�d� 

�§� �a�r�e� �s�c�a�l�a�r�-�v�a�l�u�e�d� �f�u�n�c�t�i�o�n�a�l�s� �w�h�i�c�h� �d�e�p�e�n�d�s� �o�n� �t�h�e� �r�e�a�l� �f�u�n�c�t�i�o�n�s� �2�(�X ��,�t ��)� �a�n�d� 

�T�(�X�'�,�t�'�)� �w�i�t�h� 

�X�'�E ¬�B� �a�n�d� �t�'�<�t�.� 

�A�x�i�o�m� �o�f� �E�q�u�i�p�r�e�s�e�n�c�e� 

�A�t� �t�h�e� �o�u�t�s�e�t� �a�l�l� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �s�h�o�u�l�d� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �s�a�m�e� 

�l�i�s�t� �o�f� �i�n�d�e�p�e�n�d�e�n�t� �c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s� �u�n�t�i�l� �t�h�e� �c�o�n�t�r�a�r�y� �i�s� �d�e�d�u�c�e�d�.� 

�T�h�e� �a�x�i�o�m� �o�f� �e�q�u�i�p�r�e�s�e�n�c�e� �e�m�p�h�a�s�i�z�e�s� �t�h�e� �e�q�u�a�l� �i�m�p�o�r�t�a�n�c�e� �o�f� �a�l�l� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�-� 

�t�i�o�n�a�l�s� �a�n�d� �t�e�l�l�s� �u�s� �n�o�t� �t�o� �b�e� �p�r�e�j�u�d�i�c�e�d� �a�g�a�i�n�s�t� �a� �c�e�r�t�a�i�n� �c�l�a�s�s� �o�f� �v�a�r�i�a�b�l�e�s� �a�n�d� �f�a�v�o�r� 

�o�t�h�e�r�s� �i�n� �f�o�r�m�u�l�a�t�i�n�g� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s�.� �A�t� �t�h�e� �o�u�t�s�e�t�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�o� �e�m�-� 

�p�l�o�y� �t�h�e� �s�a�m�e� �l�i�s�t� �o�f� �c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s� �i�n� �a�l�l� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�s� �u�n�t�i�l� 

�t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �s�o�m�e� �o�f� �t�h�e�s�e� �v�a�r�i�a�b�l�e�s� �c�a�n� �b�e� �e�l�i�m�i�n�a�t�e�d� �b�y� �o�t�h�e�r� �a�x�i�o�m�s� �o�r� �a�p�-� 

�p�r�o�x�i�m�a�t�i�o�n�s�.� �A�c�c�o�r�d�i�n�g�l�y�,� �o�n�e� �c�a�n� �s�e�e� �t�h�e� �s�a�m�e� �l�i�s�t� �o�f� �v�a�r�i�a�b�l�e�s� �x�(�X ��,�t ��)�,� �T�(�X ��,�t ��)�,� 

�X�,� �a�n�d� �¢� �i�n� �a�l�l� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �o�f� �E�q�.� �(�2�.�2�3�)�.� 

�6�7



�A�x�i�o�m� �o�f� �O�b�j�e�c�t�i�v�i�t�y� 

�T�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�a�l�s� �m�u�s�t� �b�e� �f�o�r�m�-�i�n�v�a�r�i�a�n�t� �u�n�d�e�r� �a�r�b�i�t�r�a�r�y� �r�i�g�i�d� 

�m�o�t�i�o�n�s� �o�f� �t�h�e� �s�p�a�t�i�a�l� �f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e� �a�n�d� �a� �c�o�n�s�t�a�n�t� �s�h�i�f�t� �o�f� �t�h�e� �o�r�i�g�i�n� �o�f� �t�i�m�e�.� 

�T�h�i�s� �a�x�i�o�m� �i�s� �a�l�s�o� �c�a�l�l�e�d� �t�h�e� �m�a�t�e�r�i�a�l� �f�r�a�m�e� �i�n�d�i�f�f�e�r�e�n�c�e�.� �P�h�y�s�i�c�a�l�l�y� �i�t� �i�s� �e�v�i�d�e�n�t� �t�h�a�t� 

�t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �c�a�n�n�o�t� �d�e�p�e�n�d� �o�n� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �o�b�s�e�r�v�e�r�.� �I�f� �t�w�o� �f�r�a�m�e�s� 

�a�n�d� �a� �c�a�n� �b�e� �m�a�d�e� �t�o� �c�o�i�n�c�i�d�e� �w�i�t�h� �a� �r�i�g�i�d� �m�o�t�i�o�n� �a�n�d� �a� �t�i�m�e� �s�h�i�f�t�,� �t�h�e�n� �t�h�e� �m�a�t�e�r�i�a�l� 

�f�r�a�m�e� �i�n�d�i�f�f�e�r�e�n�c�e� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�2�(�X�,�t�)� �=� �R�(�t�)�x�(�X�,�t�)�+�(�t�)�,� �(�2�.�2�4�)� 

�w�h�e�r�e� �R�(�t�)� �r�e�p�r�e�s�e�n�t�s� �a� �p�r�o�p�e�r� �o�r�t�h�o�g�o�n�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �a�n�d� �¢� �d�e�n�o�t�e�s� �a� �t�r�a�n�s�l�a�-� 

�t�i�o�n�,� �n�a�m�e�l�y�,� 

�R�R�'�=�R�'�R�=�I�,� �d�e�t�t�R�=�1� �t�=�t�-�a�,� 

�w�h�e�r�e� �R�?� �i�s� �t�h�e� �t�r�a�n�s�p�o�s�e� �o�f� �t�h�e� �m�a�t�r�i�x� �R�,� �I� �i�s� �t�h�e� �u�n�i�t� �m�a�t�r�i�x�,� �a�n�d� �a� �i�s� �a� �c�o�n�s�t�a�n�t�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�i�s� �a�x�i�o�m�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �m�u�s�t� �b�e� �f�o�r�m�-�i�n�v�a�r�i�a�n�t� �w�h�e�n� �x� 

�i�s� �r�e�p�l�a�c�e�d� �b�y� �#� �f�o�r� �a�l�l� �t�h�e� �p�r�o�p�e�r� �o�r�t�h�o�g�o�n�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �{�R�(�t�)�}�,� �t�r�a�n�s�l�a�t�i�o�n�s� 

�{�b�(�t�)�}� �o�f� �t�h�e� �s�p�a�t�i�a�l� �f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e� �a�n�d� �a�l�l� �s�h�i�f�t�s� �{�a�}� �o�f� �t�h�e� �o�r�i�g�i�n� �o�f� �t�i�m�e�.� 

�T�h�e� �a�x�i�o�m� �o�f� �o�b�j�e�c�t�i�v�i�t�y� �h�a�s� �i�m�p�a�c�t� �o�n� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �o�f� �E�q�.� �(�2�.�2�3�)�.� �I�t� 

�s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�n�a�l�y�s�i�s� �w�i�l�l� �b�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n�a�l� �o� 

�f�o�r� �t�h�e� �s�a�k�e� �o�f� �b�r�e�v�i�t�y�;� �t�h�e� �a�n�a�l�y�s�i�s� �f�o�r� �g�,� �u� �a�n�d� �s� �h�a�v�e� �s�i�m�i�l�a�r� �p�r�o�c�e�d�u�r�e�s�.� �A�c�c�o�r�d�i�n�g� 

�t�o� �E�q�.� �(�2�.�2�4�)�,� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n�a�l� �o� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�o�(�[�a�(�X�'�,�t�'�)�,� �T�(�X�'�,�t ��)�,� �X�,�t�]� �=� �o�[�2�(�X�'�,�U�)�,� �T�(�X�'�,� �0�)�,� �X�,�t�]� �,� �(�2�.�2�5�)� 

�f�o�r� �a�l�l� �R�(�t ��)�,� �b�(�t ��)� �a�n�d� �a�@� �s�u�c�h� �t�h�a�t� 

�#�(�X�'�,�t ��)� �=� �R�(�t ��)�a�(�X�'�,�t ��)� �+� �b�(�t ��)� �t�=�t�'�-�a�.� �(�2�.�2�6�)� 
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�I�n� �t�h�e� �f�o�l�l�o�w�i�n�g�,� �t�h�r�e�e� �s�p�e�c�i�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �o�f� �t�h�e� �f�r�a�m�e� �2� �w�i�l�l� �b�e� �c�o�n�s�i�d�e�r�e�d�:� �r�i�g�i�d� 

�t�r�a�n�s�l�a�t�i�o�n�,� �s�h�i�f�t� �o�f� �t�i�m�e�,� �a�n�d� �r�i�g�i�d� �r�o�t�a�t�i�o�n�s�.� �F�o�r� �a� �r�i�g�i�d� �t�r�a�n�s�l�a�t�i�o�n� �o�f� �s�p�a�t�i�a�l� �f�r�a�m�e�,� 

�t�a�k�i�n�g� �R�(�t ��)� �=� �I�,� �a� �=�0�,� �b�(�t ��)� �=�  ��x�(�X�,�? ��)�,� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�2�.�2�6�)�,� �o�n�e� �m�a�y� �o�b�t�a�i�n�:� 

�a�(�X�'�,�U�)�=�2�(�X�'�,�t ��)�- ��2�(�X�,�t�)�,� �v�a�t ��.� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�n�t�o� �E�q�.� �(�2�.�2�5�)�,� �o�n�e� �c�a�n� �g�e�t� 

�o� �=� �o�[�a�(�X�'�,�t�'�)�  ��2�(�X�,�t ��)�,� �T�(�X�'�,�t ��)�,� �X�,�t�]� �.� �(�2�.�2�7�)� 

�F�o�r� �a� �s�h�i�f�t� �o�f� �t�i�m�e�,� �s�e�l�e�c�t�i�n�g� �R�(�t ��)� �=� �J�,� �b�(�t�!�)� �=� �o� �a�n�d� �a� �=� �@ ��,� �f�r�o�m� �E�q�.� �(�2�.�2�6�)� �o�n�e� 

�m�a�y� �o�b�t�a�i�n� �# �� �=� �0�.� �A�c�c�o�r�d�i�n�g�l�y�,� �&� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�i�m�e� �t�,� �t�h�a�t� �i�s�:� 

�o� �=� �G�[�a�(�X ��,�t�'�)�,�T�(�X�'�,�t�'�)�,� �X�]�.� 

�I�n�t�r�o�d�u�c�i�n�g� �a� �n�e�w� �t�i�m�e� �v�a�r�i�a�b�l�e�,� 

 ��=�t�-�t�'�>�0�,� �O�0�<�7�r�'�<�o�w�,� 

�t�h�e�n� �E�q�.� �(�2�.�2�7�)� �m�a�y� �b�e� �r�e�a�r�r�a�n�g�e�d� �a�s�:� 

�o� �=�o�|�x�(�X ��,�t ��7�'�) ��2�(�X�,�t ��7�'�)�,�T�(�X�'�,�t ��7�'�)�,� �x�X�]�.� �(�2�.�2�8�)� 

�I�n� �a� �r�i�g�i�d� �r�o�t�a�t�i�o�n� �o�f� �t�h�e� �s�p�a�t�i�a�l� �f�r�a�m�e�,� �t�a�k�i�n�g� �b� �=� �0�,� �a� �=� �0� �a�n�d� �R�(�t ��)� �a�r�b�i�t�r�a�r�y�,� �t�h�e�n� 

�w�e� �h�a�v�e�:� 

�R�(�t�)�é�[�a�(�X�'�,�t�  �� �1 ��)�  �� �a�(�X�,�t ��7�1�'�)�,�T�(�X�'�,�t ��7�'�)�,� �X�]�R�7�(�t�)� �=� 

�o�[�x�2�(�X�'�,�t ��7 ��)�  ��a�(�X�,�t ��7 ��)�,�T�(�X�'�,�t ��7�1 ��)�,� �X�]�.� �(�2�.�2�9�)� 

�T�h�i�s� �i�s� �a� �r�e�s�t�r�i�c�t�i�o�n� �t�o� �m�a�k�e� �&� �o�b�j�e�c�t�i�v�e�.� �A�c�c�o�r�d�i�n�g�l�y�,� �E�q�.� �(�2�.�2�8�)� �s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� 

�r�e�s�t�r�i�c�t�i�o�n� �o�f� �E�q�.� �(�2�.�2�9�)� �i�s� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �s�t�r�e�s�s� �i�n� 

�t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �t�h�e�o�r�i�e�s� �o�f� �c�o�n�t�i�n�u�o�u�s� �m�e�d�i�a�.� 
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�A�x�i�o�m� �o�f� �M�a�t�e�r�i�a�l� �I�n�v�a�r�i�a�n�c�e� 

�T�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �m�a�y� �n�o�t� �c�h�a�n�g�e� �t�h�e�i�r� �f�o�r�m�s� �w�h�e�n� �t�h�e�r�e� �e�x�i�s�t� �c�e�r�t�a�i�n� 

�c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c� �s�y�m�m�e�t�r�i�e�s� �i�n� �t�h�e� �m�a�t�e�r�i�a�l�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e�r�e� �i�s� �a� �r�e�f�l�e�c�t�i�o�n� �o�f� 

�t�h�e� �m�a�t�e�r�i�a�l� �f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �p�l�a�n�e� �X�3� �=� �0�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� 

�f�u�n�c�t�i�o�n�a�l�s� �w�i�l�l� �r�e�m�a�i�n� �f�o�r�m�-�i�n�v�a�r�i�a�n�t� �w�h�e�n� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�o�r�d�i�n�a�t�e�s� �(�X�1�,� �X�2�,� �X�3�)� 

�a�r�e� �c�h�a�n�g�e�d� �t�o� �(�X�,�,� �X�2�,�  ��X�3�)�.� �L�e�t� �{�G�}� �r�e�p�r�e�s�e�n�t� �a� �s�u�b�g�r�o�u�p� �o�f� �t�h�e� �f�u�l�l� �g�r�o�u�p� �o�f� 

�o�r�t�h�o�g�o�n�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �f�o�r� �t�h�e� �m�a�t�e�r�i�a�l� �a�x�e�s� �a�n�d� �{�B�}� �d�e�n�o�t�e� �t�h�e� �t�r�a�n�s�l�a�t�i�o�n�s� �o�f� 

�t�h�e�s�e� �a�x�e�s�.� �T�h�e�n� �t�h�e� �a�x�i�o�m� �o�f� �m�a�t�e�r�i�a�l� �i�n�v�a�r�i�a�n�c�e� �m�a�y� �b�e� �s�t�a�t�e�d� �a�s�:� 

�C�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �m�u�s�t� �b�e� �f�o�r�m�-�i�n�v�a�r�i�a�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a� �g�r�o�u�p� �o�f� �o�r�t�h�o�g�o�n�a�l� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �{�G�}� �a�n�d� �t�r�a�n�s�l�a�t�i�o�n�s� �{�B�}� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� �T�h�e�s�e� �r�e�s�t�r�i�c�-� 

�t�i�o�n�s� �a�r�e� �t�h�e� �r�e�s�u�l�t� �o�f� �s�y�m�m�e�t�r�y� �c�o�n�d�i�t�i�o�n�s� �i�m�p�l�i�e�d� �b�y� �{�G�}� �a�n�d� �{�B�}� �i�n� �t�h�e� �m�a�t�e�r�i�a�l� 

�f�r�a�m�e� �o�f� �r�e�f�e�r�e�n�c�e� �X�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�i�s� �a�x�i�o�m�,� �t�h�e� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �w�i�l�l� �b�e� �f�o�r�m�-�i�n�v�a�r�i�a�n�t� �u�n�d�e�r� �t�h�e� �l�i�n�e�a�r� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �o�f� �t�h�e� �f�o�r�m�:� 

�X�=�G�X�+�B�,� �(�2�.�3�0�)� 

�w�h�e�r�e� 

�G�G �� �=�G�'�G�=�I�,� �d�e�t�G� �=�1� 

�f�o�r� �a�l�l� �t�h�e� �m�e�m�b�e�r�s� �o�f� �t�h�e� �g�r�o�u�p� �{�G�}� �a�n�d� �t�r�a�n�s�l�a�t�i�o�n�s� �{�B�}�.� �A�t� �X�,� �{�G�}� �r�e�p�r�e�s�e�n�t�s� 

�t�h�e� �g�e�o�m�e�t�r�i�c�a�l� �s�y�m�m�e�t�r�i�e�s� �w�h�e�r�e�a�s� �{�B�}� �d�e�n�o�t�e�s� �t�h�e� �i�n�h�o�m�o�g�e�n�e�i�t�i�e�s� �o�f� �t�h�e� �p�h�y�s�i�c�a�l� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �b�o�d�y�.� �I�f� �t�h�e� �s�y�m�m�e�t�r�y� �g�r�o�u�p� �{�G�}� �i�s� �t�h�e� �f�u�l�l� �o�r�t�h�o�g�o�n�a�l� �g�r�o�u�p�,� �t�h�e�n� 

�t�h�e� �m�a�t�e�r�i�a�l� �i�s� �c�a�l�l�e�d� �i�s�o�t�r�o�p�i�c�;� �i�f� �{�G�}� �i�s� �t�h�e� �p�r�o�p�e�r� �s�u�b�g�r�o�u�p� �o�f� �t�h�e� �f�u�l�l� �o�r�t�h�o�g�o�n�a�l� 

�g�r�o�u�p�,� �t�h�e� �m�a�t�e�r�i�a�l� �m�a�y� �b�e� �c�a�l�l�e�d� �t�r�a�n�s�v�e�r�s�e�l�y� �i�s�o�t�r�o�p�i�c�;� �i�n� �o�t�h�e�r� �c�a�s�e�s�,� �t�h�e� �m�a�t�e�r�i�a�l� 

�i�s� �c�a�l�l�e�d� �a�n�i�s�o�t�r�o�p�i�c�.� �W�h�e�n� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �d�o� �n�o�t� �d�e�p�e�n�d� �o�n� �t�r�a�n�s�l�a�t�i�o�n�s� 
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�{�B�}� �o�f� �t�h�e� �o�r�i�g�i�n� �o�f� �m�a�t�e�r�i�a�l� �c�o�o�r�d�i�n�a�t�e�s�,� �t�h�e�n� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �c�a�l�l�e�d� �h�o�m�o�g�e�n�e�o�u�s�;� 

�o�t�h�e�r�w�i�s�e�,� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �c�a�l�l�e�d� �i�n�h�o�m�o�g�e�n�e�o�u�s�.� 

�T�h�e� �r�e�s�t�r�i�c�t�i�o�n� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �i�n�v�a�r�i�a�n�c�e� �o�n� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �u�s�e�s� �t�h�e� 

�s�a�m�e� �t�e�c�h�n�i�q�u�e�s� �a�s� �i�n� �t�h�e� �a�x�i�o�m� �o�f� �o�b�j�e�c�t�i�v�i�t�y� �e�x�c�e�p�t� �t�h�a�t� �i�n� �m�a�t�e�r�i�a�l� �i�n�v�a�r�i�a�n�c�e�,� �t�h�e� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �a�r�e� �e�m�p�l�o�y�e�d� �t�o� �m�a�t�e�r�i�a�l� �c�o�o�r�d�i�n�a�t�e�s� �X�x�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �s�t�r�e�s�s� 

�f�u�n�c�t�i�o�n�a�l� �&� �m�u�s�t� �b�e� �s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�t�r�i�c�t�i�o�n�:� 

�o�|�a�(�X�'�,�t ��7�'�)�- ��a�(�X�,�t ��7�'�)�,�T�(�X�'�,�t ��7 ��)�,� �X�]� �=� �é�[�2�(�G�X �� �+� �B�,�t�-�7 ��)� 

�~�2�(�G�X� �+� �B�,�t ��7 ��)�,�T�(�G�X�'�+� �B�,�t ��7�1 ��)�,�G�X� �+�B�]�.� �(�2�.�3�1�)� 

�A�x�i�o�m� �o�f� �N�e�i�g�h�b�o�r�h�o�o�d� 

�T�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s� �a�t� �d�i�s�t�a�n�t� �m�a�t�e�r�i�a�l� �p�o�i�n�t�s� �f�r�o�m� 

�X� �d�o� �n�o�t� �a�f�f�e�c�t� �a�p�p�r�e�c�i�a�b�l�y� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �a�t� �X�.� 

�T�h�i�s� �a�x�i�o�m� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�a�l�s� �a�t� �X� �a�r�e� �r�e�l�a�t�i�v�e�l�y� �i�n�s�e�n�s�i�-� 

�t�i�v�e� �t�o� �t�h�e� �m�o�t�i�o�n� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �h�i�s�t�o�r�i�e�s� �o�f� �t�h�e� �d�i�s�t�a�n�t� �p�o�i�n�t�s� �f�r�o�m� �X�.� �N�a�m�e�l�y� 

�i�n� �E�q�.� �(�2�.�2�3�)�,� �t�h�e� �m�o�t�i�o�n�s� �2�(�X ��,�t ��)� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �T�(�X ��,�t ��)� �o�f� �m�a�t�e�r�i�a�l� �p�o�i�n�t�s� �X �� 

�t�h�a�t� �a�r�e� �f�a�r� �a�w�a�y� �f�r�o�m� �t�h�e� �p�o�i�n�t� �X� �w�i�l�l� �n�o�t� �c�o�n�t�r�i�b�u�t�e� �a�p�p�r�e�c�i�a�b�l�y� �t�o� �t�h�e� �f�u�n�c�t�i�o�n�a�l�s� 

�o�,�q�,�u�a�n�d� �s�a�t� �(�X�,�t�)�.� �T�h�e�r�e� �e�x�i�s�t� �t�w�o� �g�e�n�e�r�a�l� �f�o�r�m�u�l�a�t�i�o�n�s� �f�o�r� �t�h�i�s� �p�r�i�n�c�i�p�l�e�.� �O�n�e� 

�i�s� �t�h�e� �s�o�-�c�a�l�l�e�d� �s�m�o�o�t�h� �n�e�i�g�h�b�o�r�h�o�o�d�,� �t�h�e� �o�t�h�e�r� �i�s� �t�h�e� �a�t�t�e�n�u�a�t�i�n�g� �n�e�i�g�h�b�o�r�h�o�o�d�.� 

�I�n� �t�h�e� �s�m�o�o�t�h� �n�e�i�g�h�b�o�r�h�o�o�d� �c�a�s�e�,� �t�h�e� �f�u�n�c�t�i�o�n�s� �2�(�X ��,�t�'�)� �a�n�d� �T�(�X�'�,�t ��)� �a�r�e� �s�u�p�p�o�s�e�d� 

�t�o� �a�d�m�i�t� �T�a�y�l�o�r� �e�x�p�a�n�s�i�o�n�s� �a�b�o�u�t� �X� �=� �X �� �f�o�r� �a�l�l� �t �� �<� �t�,� �t�e�r�m�i�n�a�t�i�n�g� �w�i�t�h� �g�r�a�d�i�e�n�t�s� 

�o�f� �o�r�d�e�r� �M� �a�n�d� �N� �r�e�s�p�e�c�t�i�v�e�l�y�,� �n�a�m�e�l�y� 

�a�2�(�X ��,�t�'�)� �=� �2�(�X�,�t�'�)�+� �(�X�k�,�  �� �X�K�,� �)�2�,�K�,�(�X�,�#�)� �(�2�.�3�2�)� 
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�1� 
�2�!� 

�1� 
�+� �q�i� �X�e�:� �~� �X�x�,� �)� �o�T� �(�X�k�,� �a� �X�k�y�)�®�K�y�-�K�y�(�X�,� �t ��)� 

�T�(�X ��,�t ��)�  �� �T�(�X�,�t ��)� �+� �(�X�x�,�  ��~� �X�x�,� �)�T� �x�,� �(�X�,�? ��)� 

�+� �(�X�k�,�  �� �X�x�,� �)�(�X�k�,�  �� �X�m� �)�e� �e�y�e� �(�X�t�)� �+� �-�°� 

�+� �(�X�b�,�  �� �X�i�e� �)�(�X�k�y�  �� �X�i�e�)� �D�a�r�i�n�a� �X�t�)� �+� 
�+� �a�q�(�X�k�y�  �� �X�i�)� �+�+� �(�X�k�  �� �X�u�)� �E�x� �k�e�y� �X�s�t�)� 

�I�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �a�r�e� �s�u�f�f�i�c�i�e�n�t�l�y� �s�m�o�o�t�h� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �x�(�X ��,�? ��)� �a�n�d� 

�T�(�X ��,�t ��)� �b�y� �t�h�e� �a�b�o�v�e� �e�x�p�r�e�s�s�i�o�n�s�,� �t�h�e�n� �i�t� �i�s� �s�a�i�d� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l� �a�t� �X� �s�a�t�i�s�f�i�e�s� �t�h�e� 

�s�m�o�o�t�h� �n�e�i�g�h�b�o�r�h�o�o�d� �h�y�p�o�t�h�e�s�i�s�.� �I�t� �i�s� �o�b�v�i�o�u�s� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r� �o�f� �p�o�i�n�t� 

�X� �i�s� �n�o�t� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �h�i�s�t�o�r�i�e�s� �o�f� �d�i�s�t�a�n�t� �p�o�i�n�t�s� �f�r�o�m� �X�.� �I�f� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�b�o�v�e� 

�T�a�y�l�o�r� �e�x�p�a�n�s�i�o�n�s� �i�n�t�o� �E�q�.� �(�2�.�2�8�)�,� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n�a�l� �m�a�y� �f�u�r�t�h�e�r� �b�e� �a�r�r�a�n�g�e�d� �a�s�:� 

�c�=� �o�|�@�,�K�,� �(�t� �~� �r�'�)�,� �K�K�,� �(�t�  �� �T�'�)�;�  ��_� �1�2�K� �K�o�-�K�y�(�t�  �� �T ��)�,� 

�T�(�t� �a� �t ��)�,� �T�K�,� �(�¢� �a� �T ��)�,� �v�t� �L�K� �K�o�-�,�K�n�>� �D�x�,� �X�x�]�  �� �(�2�.�3�3�)� 

�w�h�e�r�e� �(�f�y�,� �K�a�,�-�-�-�,� �K�;� �+�+�+�)� �=� �1�,�2�,�3�.� �D�x� �i�s� �c�a�l�l�e�d� �m�a�t�e�r�i�a�l� �d�e�s�c�r�i�p�t�o�r�s� �w�h�i�c�h� �e�x�p�r�e�s�s� 

�t�h�e� �d�i�r�e�c�t�i�o�n�a�l� �d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�t� �a� �m�a�t�e�r�i�a�l� �p�o�i�n�t� �X�.� �A�l�s�o� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �n�o�t�a�t�i�o�n� �i�s� �e�m�p�l�o�y�e�d� �i�n� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�:� 

�a�x�(�t�-�T�r�)�=�a�n�(�X�,�t�-�7�'�)�,� �T�t�-�7�'�)�=�T�(�X�,�t�-�7�'�)�.� 

�H�e�r�e� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �i�n�t�r�o�d�u�c�e� �a� �f�e�w� �d�e�f�i�n�i�t�i�o�n�s� �o�f� �m�a�t�e�r�i�a�l� �t�y�p�e�.� �A� �m�a�t�e�r�i�a�l� �i�s� �s�a�i�d� 

�t�o� �b�e� �o�f� �m�e�c�h�a�n�i�c�a�l� �g�r�a�d�e� �M� �a�n�d� �t�h�e�r�m�a�l� �g�r�a�d�e� �N� �o�r� �G�(�M�,� �W�N�)�,� �i�f� �a�n�d� �o�n�l�y� �i�f� �t�h�e� 

�c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �d�e�p�e�n�d� �o�n� �t�h�e� �g�r�a�d�i�e�n�t�s� �o�f� �x�(�X�,�t �� �7 ��)� �u�p� �t�o� �o�r�d�e�r� �M� �a�n�d� 

�g�r�a�d�i�e�n�t�s� �o�f� �T�(�X�,�t ��7�r ��)� �u�p� �t�o� �o�r�d�e�r� �N�.� �I�n�a� �s�p�e�c�i�a�l� �c�a�s�e�,� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �m�a�t�e�r�i�a�l�s� 

�o�f� �g�r�a�d�e� �G�(�1�,� �1�)� �a�r�e� �c�a�l�l�e�d� �s�i�m�p�l�e� �m�a�t�e�r�i�a�l�s� �i�n� �w�h�i�c�h� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�n�s�t�i�t�u�t�i�v�e� �b�e�h�a�v�i�o�r� 

�o�n�l�y� �i�n�v�o�l�v�e�s� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �m�e�c�h�a�n�i�c�a�l� �a�n�d� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t�s�.� �F�o�r� �a� �s�i�m�p�l�e� �m�a�t�e�r�i�a�l�,� 

�t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �m�a�y� �h�a�v�e� �t�h�e� �f�o�r�m�:� 

�o�=�G�|�z� �x�(�t�- ��7�'�)�,�T�(�t ��7�'�)�,�T�x�(�t ��7�'�)�,�,� �D�e�,� �X�]�.� �(�2�.�3�4�)� 
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�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �s�i�m�p�l�e� �m�a�t�e�r�i�a�l�s� �c�o�n�t�a�i�n� �m�a�n�y� �s�u�b�c�l�a�s�s�e�s�.� �F�o�r� �e�x�a�m�p�l�e�,� 

�i�n� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�f� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �2� �x� �i�s� �e�l�i�m�i�n�a�t�e�d�,� �o�n�e� �m�a�y� �g�e�t� �a� �r�i�g�i�d� 

�m�a�t�e�r�i�a�l� �G�(�0�,� �1�)�;� �w�h�e�n� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �7�'�x� �i�s� �d�r�o�p�p�e�d� �o�n�e� �m�a�y� �o�b�t�a�i�n� �a� �n�o�n�-�h�e�a�t�-� 

�c�o�n�d�u�c�t�i�n�g� �m�a�t�e�r�i�a�l� �G�(�1�,�0�)�.� �I�t� �i�s� �n�o�t�e�w�o�r�t�h�y� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l�s� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� 

�c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �o�f� �E�q�.� �(�2�.�3�3� �)� �a�r�e� �m�e�m�o�r�y�-�d�e�p�e�n�d�e�n�t�,� �n�a�m�e�l�y�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� 

�e�q�u�a�t�i�o�n�s� �a�t� �(�X�,�t�)� �d�e�p�e�n�d�s� �o�n� �t�h�e� �h�i�s�t�o�r�y� �p�r�i�o�r� �t�o� �t�i�m�e� �¢�t� �o�f� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �g�r�a�d�i�-� 

�e�n�t�s�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s�.� 

�I�f� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �t�h�e� �m�o�t�i�o�n� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�s� �o�f� �n�e�i�g�h�b�o�r�i�n�g� �p�o�i�n�t�s� �i�s� �n�o�t� �s�u�f�-� 

�f�i�c�i�e�n�t�l�y� �s�m�o�o�t�h� �t�o� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �f�e�w� �g�r�a�d�i�e�n�t�s� �o�r� �s�u�c�h� �g�r�a�d�i�e�n�t�s� �d�o� �n�o�t� �e�x�i�s�t�,� 

�t�h�e� �a�t�t�e�n�u�a�t�i�n�g� �n�e�i�g�h�b�o�r�h�o�o�d� �h�y�p�o�t�h�e�s�i�s� �m�a�y� �b�e� �e�m�p�l�o�y�e�d�.� �I�n� �t�h�i�s� �c�a�s�e�,� �a�n� �i�n�f�l�u�-� 

�e�n�c�e� �f�u�n�c�t�i�o�n� �i�s� �i�n�t�r�o�d�u�c�e�d� �t�o� �f�a�v�o�r� �t�h�e� �p�o�i�n�t�s� �n�e�a�r� �X�.� �I�t� �i�s� �a� �d�e�c�r�e�a�s�i�n�g� �f�u�n�c�t�i�o�n� �o�f� 

�|� �X ��  �� �X� �|�,� �a�n�d� �i�s� �d�e�f�i�n�e�d� �a�s� �H� �=� �H�(�|� �X�'�  �� �X� �|�)� �w�i�t�h� �a� �i�n�i�t�i�a�l� �v�a�l�u�e� �o�f� �H�(�0�)� �=� �1�.� 

�T�h�e� �i�n�f�l�u�e�n�c�e�d� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �a�(�X ��,�t ��)�a�n�d� �a�(�X�,�t�)� �m�a�y� �b�e� �d�e�f�i�n�e�d� �a�s�:� 

�2�(�X�'�,�t�'�)�  �� �2�X�0�)� �I�l�r� �=� �C�f� �|� �(�1�)�  �� �(�X�e�)� �P� �A�(�X�"�  �� �X� �e�o� �X�Y�}� 
�(�2�.�3�5�)� 

�T�h�e� �a�x�i�o�m� �o�f� �a�t�t�e�n�u�a�t�i�n�g� �n�e�i�g�h�b�o�r�h�o�o�d� �n�o�w� �s�t�a�t�e�s� �(�E�r�i�n�g�e�n�,� �1�9�6�6�)� �t�h�a�t� �t�h�e� �r�e�s�p�o�n�s�e� 

�f�u�n�c�t�i�o�n�a�l�s� �a�r�e� �c�o�n�t�i�n�u�o�u�s� �i�n� �a� �n�e�i�g�h�b�o�r�h�o�o�d� �o�f� �X� �i�n� �t�h�e� �f�u�n�c�t�i�o�n� �s�p�a�c�e� �n�o�r�m�e�d� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �a�l�l� �t �� �<� �¢�.� �M�a�t�h�e�m�a�t�i�c�a�l�l�y�,� �f�o�r� �e�v�e�r�y� �e� �>� �0�,� �t�h�e�r�e� 

�e�x�i�s�t� �a�n� �a� �>� �0� �a�n�d� �6� �>� �0� �s�u�c�h� �t�h�a�t�:� 

�\�|�o�[�a�(�X ��,� �2 ��)�,� �T�(�X�'�,�t�'�)�,� �X�,�t�]�  �� �e�[�2�(�X�,�t�'�)�,� �T�(�X�,�t ��)�,� �X�,�t�]�|�|� �<�e� �(�2�.�3�6�)� 

�w�h�e�n�e�v�e�r� 

�|�a�(� �X�t�)�  ��a�2�(�X�,�t� �l�y� �<�a�,� �|�|�T�(�X�'�,�t�)�-�T�(�X�,�t�)�|�l�a� �<�b�,� �(�2�.�3�7�)� 

�f�o�r� �a�l�l� �t�/� �<�¢� �a�n�d� �X �� �i�n� �B�,� �w�h�e�r�e� �|�|�6�|�|� �d�e�n�o�t�e�s� �V�t�r�é ��.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �i�f� �t�h�e� �t�h�e�r�m�o�-� 

�m�e�c�h�a�n�i�c�a�l� �h�i�s�t�o�r�i�e�s� �x�(�X ��,�t ��)�,� �T�(�X ��,�t ��)� �d�i�f�f�e�r� �v�e�r�y� �l�i�t�t�l�e� �f�r�o�m� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �v�a�l�u�e�s� 
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�a�(�X�,�t ��)� �a�n�d� �T�(�X�,�t�?�'�)� �t�h�e�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �(�a�s� �s�h�o�w�n� �i�n� 

�E�q�.� �(�2�.�2�3�)�)� �s�u�c�h� �a�s� �&� �a�r�e� �c�l�o�s�e� �t�o�g�e�t�h�e�r�.� �T�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �t�h�e� �i�n�f�l�u�e�n�c�e� �f�u�n�c�t�i�o�n� �H� 

�i�s� �t�o� �m�a�k�e� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �p�o�i�n�t�s� �c�l�o�s�e� �t�o� �X� �b�e� �s�t�r�o�n�g�e�r� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �f�a�r� �p�o�i�n�t�s�.� 

�A�x�i�o�m� �o�f� �M�e�m�o�r�y� 

�T�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s� �i�n� �t�h�e� �d�i�s�t�a�n�t� �p�a�s�t� �d�o� �n�o�t� �a�f�f�e�c�t� �a�p�p�r�e�c�i�a�b�l�y� 

�t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s�.� 

�T�h�i�s� �a�x�i�o�m� �i�s� �t�h�e� �c�o�u�n�t�e�r�p�a�r�t� �o�f� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �n�e�i�g�h�b�o�r�h�o�o�d� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�i�s� �h�y�p�o�t�h�e�s�i�s�,� �t�h�e� �m�e�m�o�r�y� �o�f� �p�a�s�t� �m�o�t�i�o�n�s� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�s� �a�t� �a�n�y� 

�m�a�t�e�r�i�a�l� �p�o�i�n�t� �d�e�c�a�y�s� �r�a�p�i�d�l�y�.� �T�h�e�r�e� �a�r�e� �s�o�-�c�a�l�l�e�d� �s�m�o�o�t�h� �m�e�m�o�r�y� �a�n�d� �f�a�d�i�n�g� �m�e�m�o�r�y� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �a�x�i�o�m�s� �o�f� �s�m�o�o�t�h� �n�e�i�g�h�b�o�r�h�o�o�d� �a�n�d� �a�t�t�e�n�u�a�t�i�n�g� �n�e�i�g�h�b�o�r�h�o�o�d�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 

�I�n� �t�h�e� �s�m�o�o�t�h� �m�e�m�o�r�y� �c�a�s�e�,� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �h�i�s�t�o�r�i�e�s� �2�(�X ��,�t ��)� �a�n�d� �T�(�X ��,�t ��)� 

�a�r�e� �e�x�p�a�n�d�e�d� �i�n� �T�a�y�l�o�r� �s�e�r�i�e�s� �a�t� �t �� �=� �¢� �f�o�r� �a�l�l� �X ��  ¬� �B� �t�e�r�m�i�n�a�t�i�n�g� �w�i�t�h� �o�r�d�e�r� �m� �a�n�d� 

�n� �f�o�r� �a� �t�i�m�e� �d�o�m�a�i�n� �7�9� �<� �7�? �� �<� �t�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �n�a�m�e�l�y�:� 

�a�(�X�'�,�t�'�)� �=� �2�(�X�'�,�t�)� �+� �(�t�t�)� �a�(�x ��)� �+�-�-�+� �=�P� �g�e�m�e�x�1�,�9� 

�(�t�!�  �� �t�) �� �T�(�X�'�t�'�)� �=� �T�(�X�'�,�t�)�t�(� �-�t�)�7�T� �(�X�t�)� �+�-�-�+� �P�O�X�"� �t�)� �,� �(�2�.�3�8�)� 

�w�h�e�r�e� 

�x� �(!"�)� �a� �=� 
�o�t� �o�t� 

�I�f� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�f� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �o�n� �w�(�X ��,� �t ��)� �a�n�d� �T�(�X ��,� �t ��)� �c�a�n� �b�e� �a�p�-� 

� � 

�p�r�o�x�i�m�a�t�e�d� �b�y� �t�h�e� �a�b�o�v�e� �e�x�p�r�e�s�s�i�o�n�s�,� �t�h�e�n� �i�t� �i�s� �s�a�i�d� �t�h�a�t� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� 

�s�a�t�i�s�f�y� �t�h�e� �a�x�i�o�m� �o�f� �s�m�o�o�t�h� �m�e�m�o�r�y�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �d�i�s�t�a�n�t� �h�i�s�t�o�r�i�e�s� �o�f� �m�o�t�i�o�n� �a�n�d� 
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�t�e�m�p�e�r�a�t�u�r�e� �f�r�o�m� �t�i�m�e� �¢� �o�f� �a�n�y� �m�a�t�e�r�i�a�l� �p�o�i�n�t� �X �� �d�o� �n�o�t� �a�f�f�e�c�t� �t�h�e� �m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r� 

�a�t� �X� �a�t� �t�i�m�e� �¢�.� 

�F�o�r� �a� �m�a�t�e�r�i�a�l� �w�i�t�h� �s�m�o�o�t�h� �m�e�m�o�r�y�,� �i�f� �t�h�e� �a�r�g�u�m�e�n�t� �f�u�n�c�t�i�o�n�s� �i�n� �E�q�.� �(�2�.�3�3�)� �p�o�s�s�e�s�s� 

�c�o�n�t�i�n�u�o�u�s� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �r �� �a�t� �7 �� �=� �¢�t�,� �t�h�e�n� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� 

�f�u�n�c�t�i�o�n�a�l�s� �i�n� �t�h�e� �r�a�n�g�e� �o�f� �7�)� �<� �t �� �<� �t�,�  ��c�o� �<� �7�9�,� �m�a�y� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�e�r�m�s� �o�f� 

�v�a�r�i�o�u�s� �t�i�m�e� �r�a�t�e�s� �o�f� �t�h�e� �g�r�a�d�i�e�n�t�s� �o�f� �t�h�e� �a�r�g�u�m�e�n�t� �f�u�n�c�t�i�o�n�s�:� 

�c�=� �G�6�[�@� �K�i� �2�K� �2� �K�y� �S�E�K� �K�y� �2�K� �K�a�s� �L�y� �T�T�,� �3� 

�T�s� �T� �K�y� �U� �y�y� �i�T� �K�y� �K�o�s� �V�K� �K�o�s�;� �D�r�,� �X�]� �.� �(�2�.�3�9�)� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �@� �i�s� �n�o� �l�o�n�g�e�r� �a� �f�u�n�c�t�i�o�n�a�l� �b�u�t� �a�n� �e�x�p�l�i�c�i�t� �t�e�n�s�o�r�-�v�a�l�u�e�d� 

�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �a�r�g�u�m�e�n�t�s� �l�i�s�t�e�d�.� �T�h�e�s�e� �m�a�t�e�r�i�a�l�s� �a�r�e� �c�a�l�l�e�d� �r�a�t�e�-�t�y�p�e�.� �A� �s�i�m�p�l�e� 

�m�a�t�e�r�i�a�l� �o�f� �r�a�t�e�-�t�y�p�e� �i�n�v�o�l�v�i�n�g� �t�i�m�e� �r�a�t�e�s� �o�f� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �g�r�a�d�i�e�n�t�s� �u�p� �t�o� �o�r�d�e�r� �p� 

�a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �i�t�s� �g�r�a�d�i�e�n�t�s� �u�p� �t�o� �o�r�d�e�r� �m� �a�n�d� �n� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�T�=� �(�2�K�,� �2� �K�i�,� �2�K�,� �5�°� �.� �.�,� �2� �5�7�,�7�,� �T�,�-� �,� �7�;� 

�T�x�,� �T� �K�T� �k�y�,�°�*�*�,� �T�S�;� �D�K�,� �X�)�.� �(�2�.�4�0�)� 

�I�f� �t�h�e� �t�h�e� �f�u�n�c�t�i�o�n�s� �2�(�X ��,�t�'�)� �a�n�d� �T�(�X ��,�t ��)� �a�r�e� �n�o�t� �s�m�o�o�t�h� �e�n�o�u�g�h� �t�o� �a�d�m�i�t� �T�a�y�l�o�r� 

�e�x�p�a�n�s�i�o�n�s� �o�f� �E�q�.� �(�2�.�3�8�)�,� �t�h�e� �f�a�d�i�n�g� �m�e�m�o�r�y� �h�y�p�o�t�h�e�s�i�s� �(�C�o�l�e�m�a�n� �a�n�d� �N�o�l�l�,� �1�9�6�1�)� 

�m�a�y� �b�e� �u�s�e�d� �t�o� �s�m�o�o�t�h� �o�u�t� �p�a�s�t� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �i�n� �t�h�e�s�e� �f�u�n�c�t�i�o�n�s�.� �S�i�m�i�l�a�r� �t�o� �t�h�e� 

�a�x�i�o�m� �o�f� �a�t�t�e�n�u�a�t�i�n�g� �n�e�i�g�h�b�o�r�h�o�o�d�,� �a�n� �i�n�f�l�u�e�n�c�e� �f�u�n�c�t�i�o�n� �i�s� �i�n�t�r�o�d�u�c�e�d� �t�o� �f�a�v�o�r� �t�h�e� 

�t�i�m�e� �n�e�a�r� �t�h�e� �p�r�e�s�e�n�t�.� �L�e�t� �h�(�t�  �� �t ��)� �b�e� �s�u�c�h� �a� �t�i�m�e� �i�n�f�l�u�e�n�c�e� �f�u�n�c�t�i�o�n� �i�n� �t�h�e� �t�i�m�e� 

�d�o�m�a�i�n�  ��o�c�o� �<� �t�/� �<�¢�,� �t�h�e�n�:� 

�h�(�0�)� �=�1� �j�i�m� �h�(�t ��t�'�)� �=�0�.� �(�2�.�4�1�)� 
�t�' ��+ ��0�o� 

�A�n� �e�x�a�m�p�l�e� �o�f� �t�h�e� �t�i�m�e�-�i�n�f�l�u�e�n�c�e� �f�u�n�c�t�i�o�n� �i�s�:� 

�h�(�t�  �� �t�'�)� �=� �e�x�p�[�-�a�(�t�-�?�t�'�)�]� �a�>�Q�O�.� 
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�T�h�e� �n�o�r�m�e�d� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �2�(�X ��,�t ��)� �a�n�d� �2�(�X ��,�t�)� �m�a�y� �b�e� �d�e�f�i�n�e�d� �a�s�:� 

�t� �1� 

�|�a�(�X�'�,� �t ��)�  �� �2�(�X�"�'�,�2�)�|�|�,� �=� �a� �|� �e�(�X ��,�t ��)�  �� �a�(�X�"�,�t�)� �|�?� �h�(�t�  ��t�)�d�t ��}�?�.� �(�2�.�4�2�)� 

�T�h�e�n� �t�h�e� �a�x�i�o�m� �o�f� �f�a�d�i�n�g� �m�e�m�o�r�y� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�a�l�s� �a�r�e� �c�o�n�t�i�n�u�-� 

�o�u�s� �f�r�o�m� �b�e�l�o�w� �i�n� �a� �n�e�i�g�h�b�o�r�h�o�o�d� �o�f� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �h�i�s�t�o�r�y� �a�t� �t�i�m�e� �¢� �i�n� �t�h�e� 

�f�u�n�c�t�i�o�n� �s�p�a�c�e� �n�o�r�m�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�2�.�4�2�)� �f�o�r� �a�l�l� �X ��  ¬� �{�B�}�.� 

�A�x�i�o�m� �o�f� �A�d�m�i�s�s�i�b�i�l�i�t�y� 

�A�l�l� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �m�u�s�t� �b�e� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�e� �b�a�s�i�c� �p�r�i�n�c�i�p�l�e�s� �o�f� �c�o�n�t�i�n�u�u�m� 

�m�e�c�h�a�n�i�c�s�,� �t�h�a�t� �i�s�,� �t�h�e�y� �a�r�e� �s�u�b�j�e�c�t� �t�o� �t�h�e� �p�r�i�n�c�i�p�l�e�s� �o�f� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s�,� �b�a�l�a�n�c�e� 

�o�f� �m�o�m�e�n�t�a�,� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �e�n�e�r�g�y�,� �a�n�d� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y�.� 

�T�h�i�s� �a�x�i�o�m� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�t�v�e� �e�q�u�a�t�i�o�n�s� �m�u�s�t� �a�d�h�e�r�e� 

�t�o� �t�h�e� �b�a�s�i�c� �l�a�w�s� �o�f� �m�o�t�i�o�n�.� �T�h�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �c�e�r�t�a�i�n� �c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s� �m�a�y� 

�b�e� �e�l�i�m�i�n�a�t�e�d� �w�h�e�n�e�v�e�r� �t�h�e�y� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n�.� �F�o�r� 

�e�x�a�m�p�l�e�,� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �t�h�e� �h�i�s�t�o�r�y� �o�f� �m�a�s�s� �d�e�n�s�i�t�y� �m�a�y� �b�e� �e�x�c�l�u�d�e�d� �s�i�n�c�e� �i�t� �c�a�n� 

�b�e� �o�b�t�a�i�n�e�d� �t�h�r�o�u�g�h� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �c�o�n�t�i�n�u�i�t�y�:� 

�P�o� �_�g� �,� �O�e�n�(� �X�t�!�)� �.� 

�a�x ��)� �8� �a�x�g� �2�4�9�)� 
�T�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �c�a�n� �b�e� �u�s�e�d� �t�o� �e�l�i�m�i�n�a�t�e� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �c�e�r�t�a�i�n� 

�c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s�.� �T�h�i�s� �w�i�l�l� �b�e� �a�d�d�r�e�s�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�.� 

�2�.�4� �T�h�e�r�m�o�d�y�n�a�m�i�c� �R�e�s�t�r�i�c�t�i�o�n�s� 

�B�y� �u�s�i�n�g� �t�h�e� �l�o�c�a�l� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �s�t�u�d�i�e�d� �i�n� 

�t�h�e� �l�a�s�t� �s�e�c�t�i�o�n� �c�a�n� �b�e� �f�u�r�t�h�e�r� �r�e�s�t�r�i�c�t�e�d�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �r�e�s�t�r�i�c�-� 
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�t�i�o�n�s� �o�n� �t�w�o� �s�p�e�c�i�a�l� �c�l�a�s�s�e�s� �o�f� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �m�a�t�e�r�i�a�l�s� �w�i�l�l� �b�e� �s�t�u�d�i�e�d� �t�o� �p�r�o�v�i�d�e� 

�g�e�n�e�r�a�l� �e�x�p�l�i�c�i�t� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e�s�e� �m�a�t�e�r�i�a�l�s�.� 

�T�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �M�a�t�e�r�i�a�l�s� �W�i�t�h�o�u�t� �M�e�m�o�r�y� 

�C�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �o�f� �m�a�t�e�r�i�a�l�s� �s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� �s�m�o�o�t�h� �n�e�i�g�h�b�o�r�h�o�o�d� �h�y�p�o�t�h�-� 

�e�s�i�s� �m�a�y� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �E�q�.� �(�2�.�3�9�)� �b�y� �e�l�i�m�i�n�a�t�i�n�g� �t�h�e� �t�i�m�e� �r�a�t�e�s�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� 

�c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �o�f� �t�h�i�s� �t�y�p�e� �w�i�l�l� �b�e� �o�f� �t�h�e� �f�o�r�m�:� 

�c�=� �G�[�2� �K�i�K�i� �K�a� �7�'�*� �5�0� �K�i� �K�-�-�K�u� �T�,� �T�n� �i� �k�i�k�,� �m�t�,� �T� �K�y� �K�o�,�,�K�n�)� �X�|� �)� �(�2�.�4�4�)� 

�a�n�d� �s�i�m�i�l�a�r� �e�x�p�r�e�s�s�i�o�n�s� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �s�a�m�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �e�x�i�s�t� �f�o�r� �g�,� �u� �a�n�d� 

�s�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �r�e�l�a�t�i�o�n� �®� �=� �u�  �� �T�s� �(�E�q�.� �(�2�.�2�0�)�)�,� �t�h�e� �H�e�l�m�h�o�l�t�z� �f�r�e�e� �e�n�e�r�g�y� �©� �i�s� �a� 

�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t�s� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�.� �T�h�e� �r�e�s�t�r�i�c�t�i�o�n�s� �o�f� �t�h�e� �l�o�c�a�l� 

�C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �m�a�y� �b�e� �s�h�o�w�n� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�b�o�v�e� �a�r�g�u�m�e�n�t�s� �i�n�t�o� 

�E�q�.� �(�2�.�2�1�)�:� 

�p�,� �o�O� �,� �O�o�o� �0�®� �;� �O�O� �_�.� 
�~�T� �e�R� �+� �O�x� �K�K�,� �@�j�K�,�K�,� �t�e�t� �+� �O�w� �K�K�K�,� �e�t�h�e�r� �K�m� �+� �a�p�e� 

�+� �s�r�t� �+� �T�e�t�e� �+�+�+� �W�e�n� �T�.�K�,�K�,�-�K�y� �+� �T�s�)� 

�+� �n�o�n�i� �X�n� �j�h�e� �+� �w�a�i� �X�n�a�l� �x� �2� �0� �(�2�.�4�5�)� 

�w�h�e�r�e� 

�U�e� �j� �=�U�e�K�A�K�;� �T�e�=�T�K�X�K�e�-� 

�T�h�i�s� �i�n�e�q�u�a�l�i�t�y� �m�u�s�t� �b�e� �s�a�t�i�s�f�i�e�d� �f�o�r� �a�l�l� �i�n�d�e�p�e�n�d�e�n�t� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �p�r�o�c�e�s�s�e�s�.� 

�S�i�n�c�e� �®�,� �s�,� �o� �a�n�d� �q� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �r�a�t�e�s� �o�f� �d�e�f�o�r�m�a�t�i�o�n� �g�r�a�d�i�e�n�t�s�,� �t�e�m�p�e�r�a�t�u�r�e�s� 

�a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s� �w�h�i�c�h� �a�r�e� �l�i�n�e�a�r� �w�i�t�h� �t�h�e�i�r� �c�o�e�f�f�i�c�i�e�n�t�s�,� �t�h�e� �i�n�e�q�u�a�l�i�t�y� 

�c�a�n�n�o�t� �b�e� �v�a�l�i�d� �f�o�r� �a�r�b�i�t�r�a�r�y� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�t�i�o�n�s� �o�f� �t�h�e�s�e� �r�a�t�e�s� �u�n�l�e�s�s� �a�l�l� �t�h�e� 
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�c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e�s�e� �r�a�t�e�s� �v�a�n�i�s�h� �s�e�p�a�r�a�t�e�l�y�,� �n�a�m�e�l�y� 

� � 

� � 

�(�P�o�m�e� �+� �T�O�H�X�K� �E�K� �=� �0� 
�s�s� �+�s�=�0� 
�a�T�.� �>� �0� 

�(�2�.�4�6�)� 

�P�E� �i�m�e�e�e�y� �~� �0� �(�R�=� �2�3�,� �M�)� 
�F�T�)� �~� �B�T� �a�e� �K�w� �=�O� �(�B�=� �2�,�3�,� �N�)� 

�w�h�e�r�e� �t�h�e� �p�a�r�e�n�t�h�e�s�i�s� �e�n�c�l�o�s�i�n�g� �t�h�e� �i�n�d�i�c�e�s� �i�n� �E�q�.� �(�2�.�4�6�)�,� �a�n�d� �(�2�.�4�6�)�;� �d�e�n�o�t�e�s� �t�h�e� 

�s�y�m�m�e�t�r�i�c� �p�a�r�t�,� �f�o�r� �e�x�a�m�p�l�e�:� 

�A�(�K�1� �K�a�)� �=� �(�A�n�i� �K�e� �+� �A�x�,�k�;�)� 

�A�(� �K�y�,� �K�y�K�3�)� �=� �3�(�A�K�,�K�2�K�y� �+� �A�k�y�K�i�K�,� �+� �A�k�)� �K�i�K�,� �+� �A�K�3�K�)�K�,� �+� �A�K�,� �K�3�K�,� �+� �A�k�2�K�i�K�s�)� �-� 

�F�r�o�m� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�,� �i�t� �i�s� �c�l�e�a�r� �f�r�o�m� �E�q�.� �(�2�.�4�6�)�.� �a�n�d� �E�q�.� �(�2�.�4�6�)�4� �t�h�a�t� �t�h�e� �f�r�e�e� 

�e�n�e�r�g�y� �®� �i�s� �o�n�l�y� �a� �f�u�n�c�t�i�o�n� �o�f� �x�,� �a�n�d� �T�J�.� �T�h�e� �g�e�n�e�r�a�l� �s�t�r�e�s�s� �e�x�p�r�e�s�s�i�o�n� �c�a�n� �b�e� �d�e�r�i�v�e�d� 

�i�n� �t�e�r�m�s� �o�f� �f�r�e�e� �e�n�e�r�g�y� �®�:� 
�o�o� 

�o�O� �.� �=� �e�r� 

�k�j� �P�O�x�U�.�K� 

�w�i�t�h� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n� �t�h�a�t� �t�h�e� �a�n�t�i�s�y�m�m�e�t�r�i�c� �p�a�r�t� �v�a�n�i�s�h�e�s�:� 

�0�®� 
 ��_ � ��_ � ��_�_�-� �7�;� �=� 
�O�r�n�.�K� �g�j�)�,� 

�L�5�)�,�.�K� �)� �(�2�.�4�7�)� 

�0�.� �(�2�.�4�8�)� 

�w�h�e�r�e� �t�h�e� �i�n�d�i�c�e�s� �w�i�t�h�i�n� �t�h�e� �s�q�u�a�r�e� �b�r�a�c�k�e�t� �[�-�]� �d�e�n�o�t�e� �t�h�e� �a�n�t�i�s�y�m�m�e�t�r�i�c� �p�a�r�t� �o�f� �t�h�e� 

�t�e�n�s�o�r�.� �A�c�c�o�r�d�i�n�g�l�y�,� �i�t� �i�s� �e�v�i�d�e�n�t� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l�s� �w�i�t�h� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �o�f� 

�t�h�e� �f�o�r�m� �o�f� �E�q�.� �(�2�.�4�4�)� �m�u�s�t� �b�e� �s�i�m�p�l�e�.� 

�D�e�f�o�r�m�a�t�i�o�n�-�R�a�t�e�-�D�e�p�e�n�d�e�n�t� �T�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �M�a�t�e�r�i�a�l�s� 

�F�o�r� �d�e�f�o�r�m�a�t�i�o�n�-�r�a�t�e�-�d�e�p�e�n�d�e�n�t� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �m�a�t�e�r�i�a�l�s� �s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� �s�m�o�o�t�h� 

�n�e�i�g�h�b�o�r�h�o�o�d� �h�y�p�o�t�h�e�s�i�s�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �b�e� �o�f� �t�h�e� �f�o�r�m�:� 

�o�=� �G�(�@� �K�i�,� �2�K� �K�a�s� �"�9�°� �U� �K�y� �K�o�-�-�K�y� �©� �K�i�)� �%�,�K�i� �K�o�s�"� �"�5� 
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�L� �K�y� �K�o�K�u�y�)� �T�,� �T�K�,� �;� �T� �k�y� �K�o�s� �m�e�e�,� �T� �k�y� �K�y�-�-�K�y�3� �X�|� �)� �(�2�.�4�9�)� 

�a�n�d� �s�i�m�i�l�a�r� �e�x�p�r�e�s�s�i�o�n�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �f�o�r� �g�,� �u� �(�o�r� �®�)� �a�n�d� �s�.� �B�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�b�o�v�e� 

�a�r�g�u�m�e�n�t�s� �i�n�t�o� �E�q�.� �(�2�.�2�1�)�,� �o�n�e� �m�a�y� �o�b�t�a�i�n�:� 

�2� �O�®� �,�_�9�?� �;� �+� �,�_� �@� �,� �4�0�9� �5� 
�T� �O�z� �K�,� �r�e� �O�@�_�K�.�K�,� �K�i�k�o� �O�2�_� �K�i� �K�y�-�K�y� �A�a� �B�a� �K�y�e� �O�z� �K�,� �a� 

�p�e�e�p� �O�P� �x� �4� �n�y� �O�°� �O�F� �K�y�K�y�e�K�y� �P�E�M� �O�T �� �A�T�K�,� !"� 
�O�o� �:� �.� �1� �.� �1� �d�o�c�e� �O�T� �x� �k�s�u�k�y� �v�i�e� �K�w� �+�T�s�)�+� �F�O�K�A�K� �j�i� �T�K�K� �+� �F�a�U�X�K� �E�L�K� �>�0�.� 

� � �(�2�.�5�0�)� 

�S�i�n�c�e� �t�h�e� �a�b�o�v�e� �i�n�e�q�u�a�l�i�t�y� �i�s� �l�i�n�e�a�r� �i�n� �t�h�e� �r�a�t�e�s� �o�f� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �g�r�a�d�i�e�n�t�s�,� �t�e�m�p�e�r�-� 

�a�t�u�r�e�s� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s�,� �b�y� �u�s�i�n�g� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t�s� �f�o�r� �E�q�.� �(�2�.�4�5�)�,� �o�n�e� 

�m�a�y� �o�b�t�a�i�n�:� 
�a�o� �a�e�  ��(� 

�O�L� �K�y� �O�@� �(�K�y� �K�2�)� �O�D� �(�K�y� �K�o�-�-�K�y�)� 

�a�6� �O�e� �a�b�  ��(� 
�O�T� �K�y� �O�T� �(�K�y� �K�o�)� �O�T� �(�K�y� �K�2�-�-�-�K�y�)� �(�2�.�5�1�)� 

�a�g� �_� 
�a�f� �+�3� �=� �0�.� 

�F�r�o�m� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�,� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� 

�®� �=� �®�(�@� �4�,� �%�(�K�y�K�o�s�*� �°�°�)� �@�)�K�y�K�p�-�-�K�y�s� �L�l�)�  �� �(�2�.�5�2�)� 

�I�n� �g�e�n�e�r�a�l�,� �t�h�e� �s�t�r�e�s�s� �t�e�n�s�o�r� �m�a�y� �b�e� �d�e�c�o�m�p�o�s�e�d� �i�n�t�o� �a�n� �e�l�a�s�t�i�c� �a�n�d� �a� �d�i�s�s�i�p�a�t�i�v�e� �p�a�r�t� 

�a�s�:� 

�o�=� �E�O�(�2�.�K�,�,� �2�K�,� �K�p�,� �a�)� �2�K�,� �K�o�-�K�y�s�l�)� �+� �p�O�(�@�K�,�,�2�,�K�i�K�2�)� �a�)� 

�©� �K�y� �K�g�-�K�y�s� �©�,�K�y�)� �©�\�K�y� �K�a�)� �°�°�)� �2�\�K�y�K�y�~�-�K�y�i� �l�t� �D�K�)� �,� �(�2�.�5�3�)� 

�w�h�e�r�e� �g�o� �a�n�d� �p�o� �d�e�n�o�t�e� �t�h�e� �e�l�a�s�t�i�c� �a�n�d� �d�i�s�s�i�p�a�t�i�v�e� �p�a�r�t�s� �o�f� �t�h�e� �s�t�r�e�s�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�n�t�o� �E�q�.� �(�2�.�5�0�)�,� �o�n�e� �m�a�y� �o�b�t�a�i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�-� 
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�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s�:� 
�-� �=� �p�-�O�2�_�»�.� �E�O�k�j� �=� �P�o�r�y� � �P�I�)�K� 

�3� �=� �2� 
�~�~� �O�T� 

�®�  ��_� �O�(�2�x�,�T�)� �(�2�.�5�4�)� 

�1� �1� �F�D�U�;� �+� �p�e�g�e�l� �=�O�.� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �p�o� �a�n�d� �q� �c�a�n� �b�e� �f�u�n�c�t�i�o�n�s� �o�f� �d�e�f�o�r�m�a�t�i�o�n� �g�r�a�d�i�e�n�t�s� �a�n�d� �t�h�e�i�r� 

�r�a�t�e�s� �a�l�t�h�o�u�g�h� �t�h�e� �f�r�e�e� �e�n�e�r�g�y� �®� �a�n�d� �t�h�e� �e�l�a�s�t�i�c� �p�a�r�t� �o�f� �s�t�r�e�s�s� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� 

�r�a�t�e�s� �o�f� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n�.� �E�q�.� �(�2�.�5�4�)�4� �i�m�p�o�s�e�s� �f�u�r�t�h�e�r� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�h�e� �f�o�r�m�s� �o�f� 

�p�o� �a�n�d� �q�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �r�a�t�e�-�d�e�p�e�n�d�e�n�t� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �m�a�t�e�r�i�a�l�s� �c�a�n� �b�e� 

�n�o�n�-�s�i�m�p�l�e�.� 

�2�.�5� �G�e�n�e�r�a�l�i�z�e�d� �T�h�e�r�m�o�d�y�n�a�m�i�c� �F�o�r�c�e�s� �a�n�d� 
�F�l�u�x�e�s� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �w�i�l�l� �b�e� �f�u�r�t�h�e�r� �s�t�u�d�i�e�d� �u�s�i�n�g� �a� �d�i�f�f�e�r�-� 

�e�n�t� �a�p�p�r�o�a�c�h�.� �I�t� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �t�h�e� �i�n�n�e�r� �p�r�o�d�u�c�t� �o�f� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �f�o�r�c�e�s� �a�n�d� 

�t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �f�l�u�x�e�s�.� �T�o� �b�e�g�i�n� �w�i�t�h�,� �t�h�e� �O�n�s�a�g�e�r� �t�h�e�o�r�y� �o�f� �l�i�n�e�a�r� �n�o�n�e�q�u�a�l�i�b�r�i�u�m� 

�t�h�e�r�m�o�d�y�n�a�m�i�c�s� �w�i�l�l� �b�e� �i�n�t�r�o�d�u�c�e�d�,� �t�h�e�n� �t�h�e� �E�d�e�l�e�n ��s� �n�o�n�l�i�n�e�a�r� �t�h�e�o�r�y� �w�i�l�l� �b�e� �b�r�i�e�f�l�y� 

�s�t�u�d�i�e�d�.� �I�t� �i�s� �i�n�f�e�r�r�e�d� �t�h�a�t� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� 

�o�f� �a� �f�l�u�x� �p�o�t�e�n�t�i�a�l�.� 

�W�h�e�n� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �o�r� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �i�n� �t�h�e� �c�o�n�s�t�i�-� 

�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�e�l�e�c�t�e�d�,� �t�h�e�n� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �w�i�l�l� �b�e� �o�f� �a� �f�o�r�m�:� 

�W�(�X�)� �=� �T�I�P�)� �=� �F�P�)�,� �(�2�.�5�5�)� 
�w�h�e�r�e� �t�h�e� �s�e�t�s� �{�F�;�}� �a�n�d� �{�J�;�}� �a�r�e� �c�a�l�l�e�d� �t�h�e�r�m�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �a�n�d� �f�l�u�r�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 
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�T�h�e� �s�e�t� �{�F�?�}� �r�e�f�e�r�s� �t�o� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �v�a�l�u�e�s� �o�f� �F�;� �a�t� �w�h�i�c�h� �t�h�e� �i�n�e�q�u�a�l�i�t�y� �v�a�n�i�s�h�e�s�,� 

�n�a�m�e�l�y�:� 

�o�(�F�?�)� �=�0�.� �(�2�.�5�6�)� 

�A�n� �e�x�a�m�p�l�e� �o�f� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �a�n�d� �f�l�u�x�e�s� �c�a�n� �b�e� �l�i�s�t�e�d� �f�r�o�m� �E�q�.� �(�2�.�4�5�)�,� 

�a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �2�.�1�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �{�J�;�}� �a�n�d� �{�.�X�;�}� �i�s� 

�a�r�b�i�t�r�a�r�y�,� �b�u�t� �t�h�e� �e�n�t�r�o�p�y� �p�r�o�d�u�c�t�i�o�n� �m�u�s�t� �b�e� �n�o�n�n�e�g�a�t�i�v�e� �a�n�d� �a�l�w�a�y�s� �b�e� �g�i�v�e�n� �i�n� 

�t�h�e� �f�o�r�m� �o�f� �E�q�.� �(�2�.�5�5�)�.� �I�n� �s�o�m�e� �c�a�s�e�s�,� �a� �f�e�w� �o�f� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �f�l�u�x�e�s� �m�a�y� �v�a�n�i�s�h�;� 

�t�h�e�n� �t�h�e� �e�n�t�r�o�p�y� �i�n�e�q�u�a�l�i�t�y� �m�a�y� �n�o�t� �c�o�n�t�a�i�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�e�r�m�s�.� 

�I�n� �O�n�s�a�g�e�r ��s� �t�h�e�o�r�y�,� �t�h�e� �t�h�e�r�m�o�d�y�n�a�m�i�c� �f�l�u�x�e�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �l�i�n�e�a�r� �i�n� �t�h�e� �t�h�e�r�-� 

�m�o�d�y�n�a�m�i�c� �f�o�r�c�e�s�,� �n�a�m�e�l�y�:� 

�J�;� �=� �S�>� �L�i�;�(�F�;� �_� �F�°�)� �;� �(�2�.�5�7�)� 

�3� 

�w�h�e�r�e� �L�,�;� �a�r�e� �t�h�e� �c�o�n�s�t�a�n�t� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �c�o�e�f�f�i�c�i�e�n�t�s� �w�h�i�c�h� �s�a�t�i�s�f�y� �t�h�e� �s�y�m�m�e�t�r�i�c� 

�r�e�l�a�t�i�o�n�s� �o�r� �t�h�e� �s�o�-�c�a�l�l�e�d� �O�n�s�a�g�e�r� �r�e�c�i�p�r�o�c�i�t�y� �r�e�l�a�t�i�o�n�s� �L�j�;� �=� �L�;�;�.� �S�u�b�s�t�i�t�u�t�i�n�g� �E�q�.� 

�(�2�.�5�7�)� �i�n�t�o� �E�q�.� �(�2�.�5�5�)�,� �o�n�e� �m�a�y� �o�b�t�a�i�n�:� 

�p� �=�D�)� �L�i�i�(�F�i�  �� �F�P�F�  �� �F�)�)� �-� �(�2�.�5�8�)� 
�t�i� 

�A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �s�e�c�o�n�d� �l�a�w� �o�f� �t�h�e�r�m�o�d�y�n�a�m�i�c�s� �i�s� �s�a�t�i�s�f�i�e�d� �b�y� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �r�e�q�u�i�r�e�-� 

�m�e�n�t� �t�h�a�t� �{�L�;�;�}� �b�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �o�f� �a� �n�o�n�n�e�g�a�t�i�v�e� �q�u�a�d�r�a�t�i�c� �f�o�r�m�.� 

�T�h�e� �O�n�s�a�g�e�r� �t�h�e�o�r�y� �h�a�s� �f�o�u�n�d� �m�a�n�y� �a�p�p�l�i�c�a�t�i�o�n�s� �i�n� �c�h�e�m�i�c�a�l� �p�h�y�s�i�c�s� �(�E�r�i�n�g�e�n�,� �1�9�7�6�)�.� 

�B�u�t� �t�h�i�s� �t�h�e�o�r�y� �i�s� �o�n�l�y� �r�e�s�t�r�i�c�t�e�d� �t�o� �t�h�e� �l�i�n�e�a�r� �c�a�s�e� �a�n�d� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �f�o�r�c�e�s� �a�n�d� 

�f�l�u�x�e�s� �i�s� �n�o�t� �u�n�i�q�u�e�.� �E�d�e�l�e�n� �(�1�9�7�2�)� �e�x�t�e�n�d�e�d� �t�h�i�s� �l�i�n�e�a�r� �t�h�e�o�r�y� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�p�r�o�c�e�s�s�e�s�.� �T�o� �b�e�g�i�n� �w�i�t�h�,� �a� �c�o�l�l�e�c�t�i�o�n� �o�f� �M� �f�u�n�c�t�i�o�n�s� 

�J�a� �=� �J�o�(�W�1�,�°�°�+�,�W�p�;�F�i�,�-�+�:�,� �F�u�)� �,� �a�=�1�,�2�,�-�-�-�,�M� �(�2�.�5�9�)� 
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�T�a�b�l�e� �2�.�1�:� �T�h�e�r�m�o�d�y�n�a�m�i�c� �F�o�r�c�e� �a�n�d� �C�o�r�r�e�s�p�o�n�d�i�n�g� �T�h�e�r�m�o�d�y�n�a�m�i�c� �F�l�u�x� 

� � 

�T�h�e�r�m�o�d�y�n�a�m�i�c� �F�o�r�c�e� �C�o�r�r�e�s�p�o�n�d�i�n�g� �T�h�e�r�m�o�d�y�n�a�m�i�c� 

� � 
� � 

� � 

�(�F�;�  �� �F�?�)� �F�l�u�x� �J�;� 

�;�  �� �2� �9� �1�i�-�,�.� 
�L�E�K� �T� �O�r�y� �K� �+� �P�O�W�X�K�,�;� 

�;�  ��£�,�_�_�9�®� 
�@� �K�i� �K�2� �T� �O�L�,� �K�y� �K�e� 

� �.� �.� �_� �2� �a�®� 
�@� �K�i� �K�2�-�-�K�u� �T�O�L� �k�y�,� �K�o�-�-�K�y� 

�1� �T�K� �F�E�I�U�R�X� �K�k� 
�;� �a�e� �P�  ��r�(�o�r� �+�)� 

�r� �_�p�_�9�6� 
�T�K�;� �T� �a�T� �x�,� 

�T�  ��£� �9�?� �_�_� �1� �K�2� �T� �O�T� �K�y� �K�p� 

�£�9�8� �1�K� �K�a�-�-�K�y� �T� �O�T� �K�y� �K�y�-�-�K�y� 
� � 
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�o�f� �t�h�e� �M� �t�h�e�r�m�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �F�,�,�-�-�-�,� �F�a�g� �a�n�d� �p� �s�t�a�t�e� �p�a�r�a�m�e�t�e�r�s� �W�,�,�-�-�-�,�W�,� �a�r�e� 

�d�e�f�i�n�e�d� �t�o� �c�o�n�s�t�i�t�u�t�e� �a�n� �O�n�s�a�g�e�r� �c�o�l�l�e�c�t�i�o�n� �o�f� �t�h�e�r�m�o�d�y�n�a�m�i�c� �f�l�u�x�e�s� �i�f� �a�n�d� �o�n�l�y� �i�f� 

�O�J�;�  �� �O�d�;� �.� 
�=� �=� �2� �s�e�e� �.� �o�F� �>� �O�F �� �2�,�7� �=�1�,�2�,�-�-�-�,�M� �(�2�.�6�0�)� 

�h�o�l�d�s� �f�o�r� �a�l�l� �(�W�,�F�)�;� �J�;�(�W�1�,�-�-�-�,�W�,�;�0�,�-�-�-�,�0�)� �=� �0� �h�o�l�d�s� �f�o�r� �a�l�l� �{�W�}�;� �b� �=� �©� �S�F�;� 

�i�s� �f�o�r�m�-�i�n�v�a�r�i�a�n�t� �u�n�d�e�r� �c�e�r�t�a�i�n� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s�;� �a�n�d� �~� �=� �a� �J�;�F�;� �>� �0� �h�o�l�d�s� �f�o�r� �a�l�l� 

�(�W�,�F�)� �.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�b�o�v�e� �a�s�s�u�m�p�t�i�o�n�s�,� �i�t� �i�s� �i�n�f�e�r�r�e�d� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �a� �f�l�u�x� 

�p�o�t�e�n�t�i�a�l�:� 
�d�t� �(�W�F�)� �=� �p�W�)� �+� �[�W�F� �(�2�.�6�1�)� 

�w�h�i�c�h� �m�a�k�e�s� �a� �c�o�l�l�e�c�t�i�o�n� �o�f� �M� �f�u�n�c�t�i�o�n�s� �J�;� �=� �J�;�(�W�,�F�)� �c�o�n�s�t�i�t�u�t�e� �a�n� �O�n�s�a�g�e�r� �c�o�l�-� 

�l�e�c�t�i�o�n� �i�f� �a�n�d� �o�n�l�y� �i�f� 

�d�9�(�W�,�,� �F�)� 

�w�h�e�r�e� �g�(�W�,� �F ��)� �h�a�v�e� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �t�h�a�t� 

�g�W�,�F�)�>�0�,� �g�(�W�,�o�)�=�0�.� �(�2�.�6�3�)� 

�T�h�e�n� �o�n�e� �m�a�y� �o�b�t�a�i�n� 
�M� 

�b�=�)� �I�F� �=�9�(�W�,�F�)�>�0�.� �(�2�.�6�4�)� 
�w�=�1� 

�A�c�c�o�r�d�i�n�g�l�y�,� �f�o�r� �a�n�y� �f�u�n�c�t�i�o�n� �g�(�W�,� �F�)� �s�a�t�i�s�f�y�i�n�g� �E�q�.� �(�2�.�6�3�)�,� �»� �a�n�d� �J�;� �c�a�n� �b�e� �d�e�t�e�r�-� 

�m�i�n�e�d� �a�n�d� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �c�a�n� �t�h�e�n� �b�e� �s�a�t�i�s�f�i�e�d�.� 

�2�.�6� �T�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �A�p�p�r�o�a�c�h� �w�i�t�h� �I�n�t�e�r�n�a�l� 
�V�a�r�i�a�b�l�e�s� 

�F�r�o�m� �t�h�e� �a�b�o�v�e� �d�i�s�c�u�s�s�i�o�n�,� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� �s�u�m�-� 

�m�a�r�i�z�e�d� �a�s� �f�o�l�l�o�w�s�:� 
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�e� �A� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �p�r�o�c�e�s�s� �m�u�s�t� �o�b�e�y� �a�l�l� �t�h�e� �b�a�s�i�c� �f�i�e�l�d� �e�q�u�a�t�i�o�n�s�:� �c�o�n�s�e�r�-� 

�v�a�t�i�o�n� �o�f� �m�a�s�s�,� �b�a�l�a�n�c�e� �o�f� �m�o�m�e�n�t�u�m�,� �b�a�l�a�n�c�e� �o�f� �m�o�m�e�n�t� �o�f� �m�o�m�e�n�t�u�m�,� �c�o�n�-� 

�s�e�r�v�a�t�i�o�n� �o�f� �e�n�e�r�g�y�,� �a�n�d� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� 

�t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �p�r�o�c�e�s�s� �m�u�s�t� �b�e� �t�h�e�r�m�o�d�y�n�a�m�i�c�a�l�l�y� �a�n�d� �m�e�c�h�a�n�i�c�a�l�l�y� �a�d�-� 

�m�i�s�s�i�b�l�e�,� 

�e� �B�y� �u�s�i�n�g� �t�h�e� �a�x�i�o�m� �o�f� �c�a�u�s�a�l�i�t�y�,� �t�h�e� �a�s�s�u�m�e�d� �i�n�d�e�p�e�n�d�e�n�t� �c�o�n�s�t�i�t�u�t�i�v�e� �v�a�r�i�a�b�l�e�s� 

�a�r�e� �t�h�e� �m�o�t�i�o�n� �a�n�d� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �b�o�d�y�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�2�.�2�2�)�.� 

�e� �F�r�o�m� �t�h�e� �a�x�i�o�m� �o�f� �d�e�t�e�r�m�i�n�i�s�m�,� �i�t� �i�s� �p�o�s�t�u�l�a�t�e�d� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r� 

�d�e�p�e�n�d�s� �f�u�l�l�y� �u�p�o�n� �t�h�e� �p�a�s�t� �h�i�s�t�o�r�y� �o�f� �t�h�e� �m�o�t�i�o�n� �a�n�d� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �w�i�t�h�i�n� 

�t�h�e� �b�o�d�y� �u�p� �t�o� �t�h�e� �p�r�e�s�e�n�t� �t�i�m�e�.� �T�h�e� �g�e�n�e�r�a�l�i�z�e�d� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �a�n� 

�a�d�m�i�s�s�i�b�l�e� �p�r�o�c�e�s�s� �a�r�e� �s�h�o�w�n� �i�n� �E�q�.� �(�2�.�2�3�)�.� 

�e� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�x�i�o�m� �o�f� �o�b�j�e�c�t�i�v�i�t�y�,� �i�t� �i�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� 

�a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�i�m�e�.� �E�q�u�a�t�i�o�n� �(�2�.�2�8�)� �s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n� �o�f� �E�q�.� 

�(�2�.�2�9�)� �i�s� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �f�o�r�m� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�.� 

�e� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�x�i�o�m� �o�f� �s�m�o�o�t�h� �n�e�i�g�h�b�o�r�h�o�o�d�,� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �f�o�r�m� �o�f� �t�h�e� 

�c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �f�u�r�t�h�e�r� �a�r�r�a�n�g�e�d� �i�n�t�o� �t�h�e� �f�o�r�m� �o�f� �E�q�.� �(�2�.�3�3�)� �(�s�i�m�-� 

�i�l�a�r� �e�x�p�r�e�s�s�i�o�n�s� �e�x�i�s�t� �f�o�r� �q�,� �u� �a�n�d� �s�)�.� 

�e� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�x�i�o�m� �o�f� �s�m�o�o�t�h� �m�e�m�o�r�y�,� �E�q�.� �(�2�.�3�3�)� �c�a�n� �b�e� �e�x�t�e�n�d�e�d� �i�n�t�o� �a� 

�m�o�r�e� �s�p�e�c�i�f�i�c� �f�o�r�m� �o�f� �E�q�.� �(�2�.�3�9�)�.� 

�e� �F�r�o�m� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n� �o�f� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y�,� �t�h�e� �e�x�p�l�i�c�i�t� �c�o�n�s�t�i�t�u�t�i�v�e� 

�e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �e�x�p�l�i�c�i�t� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� 

�f�o�r� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �m�a�t�e�r�i�a�l�s� �w�i�t�h�o�u�t� �m�e�m�o�r�y� �a�r�e� �s�h�o�w�n� �i�n� �E�q�.� �(�2�.�4�6�)� �a�n�d� 

�(�2�.�4�7�)�,� �t�h�o�s�e� �f�o�r� �d�e�f�o�r�m�a�t�i�o�n�-�r�a�t�e�-�d�e�p�e�n�d�e�n�t� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �m�a�t�e�r�i�a�l�s� �a�r�e� 

�s�h�o�w�n� �i�n� �E�q�.� �(�2�.�5�4�)�.� 
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�T�h�e� �a�b�o�v�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �i�s� �c�a�l�l�e�d� �c�o�n�v�e�n�t�i�o�n�a�l� �b�e�c�a�u�s�e� �i�t� �s�t�r�i�c�t�l�y� �f�o�l�-� 

�l�o�w�s� �t�h�e� �b�a�s�i�c� �a�x�i�o�m�s� �o�f� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s�,� �t�h�e� �a�x�i�o�m�s� �f�o�r� �f�o�r�m�u�l�a�t�i�n�g� �c�o�n�s�t�i�t�u�t�i�v�e� 

�e�q�u�a�t�i�o�n�s�,� �a�n�d� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n� �o�f� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y�.� 

�T�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �w�i�t�h� �i�n�t�e�r�n�a�l� �v�a�r�i�a�b�l�e�s� �w�a�s� �f�i�r�s�t� �p�r�o�p�o�s�e�d� �b�y� �C�o�l�e�-� 

�m�a�n� �a�n�d� �G�u�r�t�i�n� �(�1�9�6�7�)�.� �I�n� �t�h�i�s� �t�h�e�o�r�y�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �f�u�n�c�t�i�o�n�a�l�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� 

�b�e� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �g�r�a�d�i�e�n�t� �z� �x�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �T�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� 

�g�r�a�d�i�e�n�t� �T�x�,� �a�n�d� �a� �s�e�t� �o�f� �i�n�t�e�r�n�a�l� �v�a�r�i�a�b�l�e�s�  ¬� �o�r� �(�£�1�,� �&�2�,�-�-�-�,� �é�n�)�:� 

�a�(�X�,� �t�)� �=� �G�|�z� �x�,� �T�,� �T�x�,� �f�]� 

�q�(� �X�,�t�)� �=� �q�[�z�.�x�,�T�,� �T�x�,� �§�]� �(�2�.�6�5�)� 

�©�(�X�,�t�)� �=� �u�l�e� �n�,�T�,� �T�x�,�  ¬�]� 
�s�(�X�,�t�)� �=� �S�l�a�x�,� �7�,� �T�x�,�  ¬�|�  �� 

�w�i�t�h� �a�n� �a�s�s�u�m�p�t�i�o�n�:� 

�&� �=� �g�i�l�z�,�x�,�T�,� �T�K�,�  ¬�]� �.� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�n�t�o� �t�h�e� �C�l�a�u�s�i�u�s�-�D�u�h�e�m� �i�n�e�q�u�a�l�i�t�y� �E�q�.� �(�2�.�2�1�)�,� �o�n�e� 

�m�a�y� �o�b�t�a�i�n�:� 

�p�,� �O�D� �.� �0�m�,� �O�®� �0�g� �;�  ��£�(� �_�_� �_ ��  �� �a� �2�.�6�6� �T�o�a� �h�t� �O�F� �t� �a�r�g� �®�t� �a�e� �t� �(�2�.�6�6�)� 
�0�®� �;� �.� �1� �;� �1� 

�+� �D�e�y�o� �+� �T�'�s�)� �+� �P�O� �A�K�,� �J�E�R�K� �+� �T�r� �U�A�K� �E�L�K� �2�0�.� 

�I�n�s�t�e�a�d� �o�f� �u�s�i�n�g� �c�o�n�v�e�n�t�i�o�n�a�l� �a�r�g�u�m�e�n�t�s� �s�i�m�i�l�a�r� �t�o� �E�q�.� �(�2�.�4�5�)� �a�n�d� �(�2�.�4�6�)�,� �t�h�e� �t�e�r�m� 

�a�e� �i�s� �a�s�s�u�m�e�d� �a�s� �t�h�e� �d�i�s�s�i�p�a�t�i�v�e� �p�a�r�t� �o�f� �t�h�e� �i�n�e�q�u�a�l�i�t�y�,� �n�a�m�e�l�y�:� 

�a� �1� �.� �A�  ��_ �� 
�( ��F�i�c�e�x� �+� �F�O� �X�K�,�j�)�E�R�,�K� �=� �0� 

� � 

�o�e� �+�s�=�0� 
�2�.�6�7� 

�(�s�e�h� �t�o� �t�+� �g�e�c�b�w�)� �+� �a�T� �2� �0� �(�2�.�6�7�)� 
�o�d� 

�O�T�K�)� 

�T�h�e�n� �t�h�e� �g�e�n�e�r�a�l� �s�t�r�e�s�s� �e�x�p�r�e�s�s�i�o�n� �h�a�s� �t�h�e� �s�a�m�e� �f�o�r�m� �a�s� �E�q�.� �(�2�.�4�7�)�.� �B�u�t� �t�h�e� 

�H�e�l�m�h�o�l�t�z� �f�r�e�e� �e�n�e�r�g�y� �i�s� �n�o�w� �a� �f�u�n�c�t�i�o�n� �o�f� �a� �~�,� �T�,� �a�n�d� �(�,�,�&�2�,�-�-�-�,�é�w�)�.� �T�h�e� �a�b�o�v�e� 
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�a�r�g�u�m�e�n�t�s� �a�r�e� �s�t�i�l�l� �c�o�n�t�r�o�v�e�r�s�i�a�l� �b�e�c�a�u�s�e� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �t�h�e�r�m�o�m�e�-� 

�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �®� �i�s� �o�n�l�y� �a� �f�u�n�c�t�i�o�n� �o�f� �2� �x� �a�n�d� �T�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�2�.�4�6�)� �a�n�d� 

�(�2�.�5�4�)�,� �f�o�r� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �m�a�t�e�r�i�a�l�s�.� 

�T�a�n�a�k�a� �(�1�9�8�2�,� �1�9�8�5�,� �1�9�8�6�)� �e�x�t�e�n�d�e�d� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �w�i�t�h� �i�n�t�e�r�n�a�l� 

�v�a�r�i�a�b�l�e�s� �t�o� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �m�o�d�e�l�i�n�g� �o�f� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� �a�n�d� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�s�u�p�e�r�p�l�a�s�t�i�c�i�t�y�.� �T�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �m�o�d�e�l�i�n�g� �s�t�e�p� �i�s� �t�o� �s�e�l�e�c�t� �t�h�e� �s�u�i�t�a�b�l�e� �i�n�t�e�r�n�a�l� 

�s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �c�o�n�s�t�i�t�u�t�i�v�e� �b�e�h�a�v�i�o�r�.� �F�r�o�m� �a� �c�o�n�t�i�n�u�u�m�-�m�e�c�h�a�n�i�c�s� �v�i�e�w�-� 

�p�o�i�n�t�,� �a� �s�u�i�t�a�b�l�e� �i�n�t�e�r�n�a�l� �s�t�a�t�e� �v�a�r�i�a�b�l�e� �s�h�o�u�l�d� �s�p�e�c�i�f�y� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� �a� �s�y�s�t�e�m� �i�n� �t�h�e� 

�r�a�n�g�e� �f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� �s�t�a�t�e� �t�o� �t�h�e� �f�i�n�a�l� �s�t�a�t�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �a� �l�o�n�g�-�r�a�n�g�e� �o�r�d�e�r� �p�a�r�a�m�-� 

�e�t�e�r� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �e�x�t�e�n�t� �o�f� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n� �p�l�a�y�s� �a� �v�e�r�y� �i�m�p�o�r�t�a�n�t� �r�o�l�e� �i�n� 

�t�h�e� �p�r�o�c�e�s�s� �o�f� �t�h�e� �s�e�c�o�n�d�-�o�r�d�e�r� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n�;� �t�h�e� �e�x�t�e�n�t� �o�f� �r�e�a�c�t�i�o�n� �i�n� �t�h�e� �t�h�e�o�r�y� 

�o�f� �r�e�a�c�t�i�n�g� �m�e�d�i�a� �a�n�d� �t�h�e� �v�o�l�u�m�e� �f�r�a�c�t�i�o�n� �i�n� �t�h�e� �t�h�e�o�r�y� �o�f� �m�i�x�t�u�r�e�s� �a�l�s�o� �d�o�m�i�n�a�t�e� �i�n� 

�t�h�e�i�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�r�o�c�e�s�s�e�s�.� 

�B�y� �s�t�u�d�y�i�n�g� �t�h�e� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s�,� �T�a�n�a�k�a� 

�(�1�9�8�2�,� �1�9�8�5�)� �p�r�o�p�o�s�e�d� �t�h�a�t� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �f�r�a�c�t�i�o�n� �c�a�n� �b�e� �a�n� �i�n�t�e�r�n�a�l� 

�v�a�r�i�a�b�l�e� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� �o�f� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s�.� �I�n� �t�h�i�s� 

�t�h�e�o�r�y�,� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�s� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� �a� �s�e�t� �o�f� 

�s�t�a�t�e� �v�a�r�i�a�b�l�e�s�:� 

�A�=�(�é�,�T�,�é�)�,� �(�2�.�6�8�)� 

�w�h�e�r�e�  ¬� �d�e�n�o�t�e�s� �t�h�e� �G�r�e�e�n� �s�t�r�a�i�n� �w�h�i�c�h� �i�s� �o�n�l�y� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �g�r�a�d�i�e�n�t� 

�x�x�,� �T� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d�  ¬� �r�e�f�e�r�s� �t�o� �t�h�e� �v�o�l�u�m�e� �f�r�a�c�t�i�o�n� �o�f� �m�a�r�t�e�n�-� 

�s�i�t�e�.� �B�y� �u�s�i�n�g� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t�s� �a�s� �t�h�o�s�e� �o�f� �C�o�l�e�m�a�n� �a�n�d� �G�u�r�t�i�n�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� 
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�e�q�u�a�t�i�o�n�s� �f�o�r� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� �m�a�y� �b�e� �o�b�t�a�i�n�e�d� �i�n� �t�h�e� �f�o�r�m�:� 

�d�g� 

�w�h�e�r�e� �@� �d�e�n�o�t�e�s� �t�h�e� �2 ��¢� �P�i�o�l�a�-�K�i�r�c�h�h�o�f�f� �s�t�r�e�s�s� �t�e�n�s�o�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �G�r�e�e�n� 

�s�t�r�a�i�n�  ¬�,� �p�o� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �m�a�s�s� �d�e�n�s�i�t�y� �a�t� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e� �a�b�o�v�e� �e�q�u�a�-� 

�t�i�o�n� �i�s� �o�n�l�y� �a� �d�i�f�f�e�r�e�n�t� �f�o�r�m� �o�f� �E�q�.� �(�2�.�4�7�)�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �E�q�.� �(�2�.�6�9�)� �a�n�d� �E�q�.� 

�(�2�.�4�7�)� �i�s� �t�h�a�t� �i�n� �E�q�.� �(�2�.�6�9�)� �©� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a� �f�u�n�c�t�i�o�n� �o�f� �a� �s�e�t� �o�f� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s�,� �a�s� 

�s�h�o�w�n� �i�n� �E�q�.� �(�2�.�6�8�)�.� �I�n� �E�q�.� �(�2�.�4�7�)� �®� �i�s� �o�n�l�y� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �g�r�a�d�i�e�n�t�s� 

�x� �x� �a�n�d� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e� �t�i�m�e� �r�a�t�e� �o�f� �t�h�e� �i�n�t�e�r�n�a�l� �v�a�r�i�a�b�l�e�  ¬� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�g�o�v�e�r�n�e�d� �b�y� �t�h�e� �s�e�t� �o�f� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �c�h�o�s�e�n�,� �a�n�d� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�é� �=� �9�(�¢�,�T�, ¬�)�  �� �(�2�.�7�0�)� 

�w�h�i�c�h� �h�a�s� �t�h�e� �s�a�m�e� �f�o�r�m� �a�s� �E�q�.� �(�1�.�1�)�.� �F�u�r�t�h�e�r�,� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�p�h�e�n�o�m�e�n�o�l�o�g�y� �i�s� �f�u�l�l�y� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �s�e�t� �o�f� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �c�h�o�s�e�n�,� �t�h�e�n� �t�h�e� �a�b�o�v�e� 

�e�q�u�a�t�i�o�n� �m�u�s�t� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m� �o�f� �s�o�l�u�t�i�o�n�:� 

�T�a�n�a�k�a� �t�h�e�n� �p�r�o�p�o�s�e�d� �a� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r�  ¬� �w�h�i�c�h� �e�x�p�r�e�s�s�e�s� �&� �a�s� �a�n� 

�e�x�p�o�n�e�n�t�i�a�l� �f�u�n�c�t�i�o�n� �o�f� �@� �a�n�d� �T�.� �L�a�t�e�r�,� �L�i�a�n�g� �a�n�d� �R�o�g�e�r�s� �(�1�9�9�0�)� �p�r�o�p�o�s�e�d� �a� �r�e�-� 

�f�i�n�e�d� �e�x�p�o�n�e�n�t�i�a�l� �m�o�d�e�l� �a�n�d� �a� �c�o�s�i�n�e� �m�o�d�e�l�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�o� �i�m�p�r�o�v�e� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� 

�T�a�n�a�k�a ��s� �f�o�r�m�u�l�a�t�i�o�n�.� 

�I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�h�a�p�t�e�r�s� �o�f� �t�h�i�s� �t�h�e�s�i�s�,� �t�h�e� �a�b�o�v�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�p�p�r�o�a�c�h� �w�i�t�h� 

�i�n�t�e�r�n�a�l� �v�a�r�i�a�b�l�e�s�,� �e�s�p�e�c�i�a�l�l�y� �T�a�n�a�k�a ��s� �w�o�r�k�,� �w�i�l�l� �b�e� �f�u�r�t�h�e�r� �e�x�t�e�n�d�e�d� �t�o� �t�h�e� �m�o�d�e�l�i�n�g� 

�o�f� �t�h�e� �t�w�o�-�w�a�y� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t� �a�n�d� �t�o� �t�h�e� �f�u�l�l�y�-�c�o�u�p�l�e�d� �c�o�n�s�t�i�t�u�t�i�v�e� �m�o�d�e�l�i�n�g� 

�o�f� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �e�f�f�e�c�t�s� �i�n� �p�i�e�z�o�e�l�e�c�t�r�i�c�i�t�y�.� 
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�C�h�a�p�t�e�r� �3� 

�M�o�d�e�l�i�n�g� �o�f� �t�h�e� �T�w�o�-�W�a�y� �S�h�a�p�e� 
�M�e�m�o�r�y� �E�f�f�e�c�t� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �a� �f�u�r�t�h�e�r� �r�e�f�i�n�e�m�e�n�t� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �k�i�n�e�t�i�c�s� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� 

�s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� �a�r�e� �d�e�r�i�v�e�d� �a�f�t�e�r� �d�e�t�a�i�l�e�d� �a�n�a�l�y�s�e�s� �o�f� �t�h�e� �m�i�c�r�o�s�t�r�u�c�t�u�r�a�l� �m�e�c�h�-� 

�a�n�i�s�m� �a�n�d� �t�r�a�i�n�i�n�g� �m�e�t�h�o�d�s� �o�f� �t�h�e� �t�w�o�-�w�a�y� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�.� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� 

�t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �c�o�n�s�t�i�t�u�t�i�v�e� �m�o�d�e�l� �f�o�r� �t�w�o�-�w�a�y� �e�f�f�e�c�t� �w�h�i�c�h� �u�n�d�e�r�g�o�e�s� �t�h�e�r�m�o�e�l�a�s�-� 

�t�i�c� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�n�d� �i�t�s� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �p�r�e�s�e�n�t�e�d� �b�a�s�e�d� �o�n� 

�t�h�e� �o�n�e�-�w�a�y� �e�f�f�e�c�t� �m�o�d�e�l� �o�f� �L�i�a�n�g� �a�n�d� �R�o�g�e�r�s� �(�1�9�9�0�)�.� �T�h�i�s� �m�o�d�e�l� �r�e�f�l�e�c�t�s� �t�h�e� �e�s�s�e�n�c�e� 

�o�f� �S�M�A� �i�n� �a� �v�e�r�y� �s�i�m�p�l�e� �f�o�r�m�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �i�s� �e�a�s�y� �t�o� �u�s�e� �i�n� �e�n�g�i�n�e�e�r�i�n�g� �d�e�s�i�g�n�.� 

�I�t� �i�s� �r�e�v�e�a�l�e�d� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l� �p�a�r�a�m�e�t�e�r�s� �r�e�q�u�i�r�e�d� �b�y� �t�h�i�s� �m�o�d�e�l� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� 

�o�r� �m�e�a�s�u�r�e�d� �u�s�i�n�g� �s�t�a�n�d�a�r�d� �m�a�t�e�r�i�a�l� �t�e�s�t�i�n�g� �a�p�p�a�r�a�t�u�s�.� �T�h�e� �c�o�m�p�u�t�e�r� �s�i�m�u�l�a�t�i�o�n� 

�r�e�s�u�l�t�s� �a�r�e� �i�n� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �t�h�a�t� �h�a�s� �b�e�e�n� �p�u�b�l�i�s�h�e�d� �i�n� �t�h�e� 

�o�p�e�n� �l�i�t�e�r�a�t�u�r�e�.� �I�t� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�a�t� �d�e�v�e�l�o�p�e�d� �t�h�e�o�r�y� �c�a�n� �q�u�a�n�t�i�t�a�t�i�v�e�l�y� �p�r�e�d�i�c�t� 

�a�n�d� �d�e�s�c�r�i�b�e� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� �a�n�d� �b�e� �i�m�p�o�s�e�d� �o�n� �t�h�e� �t�w�o�-�w�a�y� 

�s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�.� 
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�3�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�e� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t� �(�S�M�E�)� �a�n�d� �t�w�o�-�w�a�y� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t� �o�f� �N�i�t�i�n�o�l� �a�n�d� 

�o�t�h�e�r� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� �h�a�v�e� �b�e�e�n� �i�n�t�e�n�s�i�v�e�l�y� �i�n�v�e�s�t�i�g�a�t�e�d� �i�n� �m�i�c�r�o�s�t�r�u�c�t�u�r�a�l� �a�n�d� 

�t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �a�s�p�e�c�t�s�.� �A�n� �i�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r� �o�f� �p�r�a�c�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� �h�a�v�e� �b�e�e�n� 

�p�r�o�p�o�s�e�d� �a�n�d� �d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �r�e�c�e�n�t� �y�e�a�r�s� �(�W�a�y�m�a�n�,� �1�9�8�0�;� �D�u�e�r�i�g� �e�t� �a�l�.�,� �1�9�8�2�;� 

�R�o�b�i�n�s�o�n�,� �1�9�8�7�)� �f�o�r� �s�o�m�e� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� �(�S�M�A�s�)� �s�u�c�h� �a�s� �t�h�e� �T�i�-�N�i� �t�y�p�e� �a�n�d� 

�c�o�p�p�e�r�-�b�a�s�e�d� �a�l�l�o�y�s�.� �I�n� �o�r�d�e�r� �t�o� �m�e�e�t� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t�s� �o�f� �e�n�g�i�n�e�e�r�i�n�g� �d�e�s�i�g�n�,� �i�t� �i�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �d�e�v�e�l�o�p� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l�s� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� 

�o�f� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�.� �F�a�l�k� �(�1�9�8�0�,� �1�9�8�3�)� �p�r�o�p�o�s�e�d� �a� �m�o�d�e�l� �w�h�i�c�h� �e�x�p�l�a�i�n�e�d� �t�h�e� �t�h�e�r�-� 

�m�o�e�l�a�s�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �H�e�l�m�h�o�l�t�z� �f�r�e�e� �e�n�e�r�g�y� �b�y� �a�p�p�l�y�i�n�g� �L�a�n�d�a�u ��s� 

�(�1�9�6�9�)� �t�h�e�o�r�y� �f�r�o�m� �s�t�a�t�i�s�t�i�c�a�l� �p�h�y�s�i�c�s�,� �a�n�d� �d�e�v�e�l�o�p�e�d� �t�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n�-�t�e�m�p�e�r�a�t�u�r�e� 

�c�u�r�v�e�s� �w�h�i�c�h� �a�r�e� �q�u�a�l�i�t�a�t�i�v�e�l�y� �i�n� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �M�u�l�l�e�r� 

�(�1�9�7�9�,� �1�9�8�0�)� �d�e�v�e�l�o�p�e�d� �a� �t�h�e�o�r�y� �b�a�s�e�d� �o�n� �s�t�a�t�i�s�t�i�c�a�l� �m�e�c�h�a�n�i�c�s�,� �w�h�i�c�h� �c�o�u�l�d� �b�e� �u�s�e�d� 

�t�o� �d�e�s�c�r�i�b�e� �t�h�e� �p�s�e�u�d�o�e�l�a�s�t�i�c� �b�e�h�a�v�i�o�r� �o�f� �S�M�A�.� �T�a�n�a�k�a� �e�t� �a�l�.� �(�1�9�8�2�,� �1�9�8�6�,� �1�9�8�8�)� �d�e�-� 

�v�e�l�o�p�e�d� �a� �m�o�d�e�l� �b�a�s�e�d� �o�n� �t�h�e� �c�o�n�c�e�p�t� �o�f� �t�h�e� �f�r�e�e� �e�n�e�r�g�y� �d�r�i�v�i�n�g� �f�o�r�c�e� �a�n�d� �t�h�e� �f�i�r�s�t� �a�n�d� 

�s�e�c�o�n�d� �l�a�w�s� �o�f� �t�h�e�r�m�o�d�y�n�a�m�i�c�s�.� �T�a�n�a�k�a ��s� �m�o�d�e�l� �i�s� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� 

�m�e�t�a�l�l�i�c� �m�a�t�e�r�i�a�l� �w�h�i�c�h� �i�s� �u�n�d�e�r�g�o�i�n�g� �e�i�t�h�e�r� �t�h�e�r�m�o�e�l�a�s�t�i�c� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�o�r� �i�t�s� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�.� �T�h�e� �i�n�t�e�r�n�a�l� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �a�r�e� �u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� 

�t�h�e� �p�r�o�c�e�s�s�e�s� �o�f� �t�h�e�r�m�o�e�l�a�s�t�i�c� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�r�e� �s�t�r�a�i�n�,� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� 

�m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �f�r�a�c�t�i�o�n�.� �T�h�i�s� �m�o�d�e�l� �r�e�f�l�e�c�t�s� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�s� �o�f� �S�M�A� 

�i�n� �a� �s�i�m�p�l�e� �f�o�r�m�.� �I�t� �h�a�s� �b�e�e�n� �u�s�e�d� �q�u�a�l�i�t�a�t�i�v�e�l�y� �t�o� �p�r�e�d�i�c�t� �a�n�d� �d�e�s�c�r�i�b�e� �t�h�e� �s�t�r�e�s�s�-� 

�s�t�r�a�i�n� �r�e�l�a�t�i�o�n�s� �a�n�d� �p�s�e�u�d�o�e�l�a�s�t�i�c� �e�f�f�e�c�t�s�.� �B�a�s�e�d� �o�n� �T�a�n�a�k�a ��s� �w�o�r�k�,� �L�i�a�n�g� �a�n�d� �R�o�g�e�r�s� 

�(�1�9�9�0�)� �m�o�d�i�f�i�e�d� �a�n�d� �e�x�t�e�n�d�e�d� �t�h�i�s� �m�o�d�e�l� �t�o� �d�e�s�c�r�i�b�e� �q�u�a�n�t�i�t�a�t�i�v�e�l�y� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� 

�s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� �a�n�d� �p�r�o�p�o�s�e�d� �a� �m�u�l�t�i�-�d�i�m�e�n�s�i�o�n�a�l� �c�o�n�s�t�i�t�u�t�i�v�e� �m�o�d�e�l�.� �A�l�t�h�o�u�g�h� 

�a� �l�o�t� �o�f� �m�o�d�e�l�s� �h�a�v�e� �b�e�e�n� �p�r�e�s�e�n�t�e�d� �t�o� �p�r�e�d�i�c�t� �a�n�d� �d�e�s�c�r�i�b�e� �t�h�e�r�m�o�e�l�a�s�t�i�c� �m�a�r�t�e�n�s�i�t�i�c� 
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�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�n�d� �r�e�l�a�t�e�d� �p�h�e�n�o�m�e�n�a�,� �n�o� �m�o�d�e�l� �h�a�s� �b�e�e�n� �s�u�g�g�e�s�t�e�d� �f�o�r� �t�h�e� �t�w�o�-�w�a�y� 

�s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�.� 

�T�h�e� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�,� �i�.�e�.�,� �o�n�e�-�w�a�y� �e�f�f�e�c�t�,� �r�e�f�e�r�s� �t�o� �t�h�e� �m�e�c�h�a�n�i�s�m� �b�y� �w�h�i�c�h� �a� 

�m�a�t�e�r�i�a�l� �w�h�i�c�h� �i�s� �d�e�f�o�r�m�e�d� �a�t� �a�  ��l�o�w �� �t�e�m�p�e�r�a�t�u�r�e� �(�<� �M�y�)� �r�e�v�e�r�t�s� �t�o� �i�t�s� �o�r�i�g�i�n�a�l� 

�s�h�a�p�e� �b�y� �s�u�b�s�e�q�u�e�n�t� �h�e�a�t�i�n�g� �t�o� �a� �r�e�l�a�t�i�v�e�l�y�  ��h�i�g�h �� �t�e�m�p�e�r�a�t�u�r�e� �(�>� �A�;�)�.� �T�h�e� �s�h�a�p�e� 

�r�e�c�o�v�e�r�y� �o�c�c�u�r�s� �d�u�r�i�n�g� �t�h�e� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �d�e�f�o�r�m�e�d� �m�a�r�t�e�n�s�i�t�e� �t�o� �i�t�s� 

�p�a�r�e�n�t� �p�h�a�s�e�.� �I�f� �t�h�e� �m�a�r�t�e�n�s�i�t�e� �s�t�r�a�i�n� �l�i�m�i�t� �(�t�y�p�i�c�a�l�l�y� �a�b�o�u�t� �8�%� �i�n� �N�i�T�i� �a�l�l�o�y�s�)� �i�s� �n�o�t� 

�e�x�c�e�e�d�e�d�,� �a� �s�p�e�c�i�m�e�n� �w�i�l�l� �c�o�m�p�l�e�t�e�l�y� �r�e�g�a�i�n� �i�t�s� �s�h�a�p�e� �d�u�r�i�n�g� �h�e�a�t�i�n�g�.� �T�h�e� �o�n�e�-�w�a�y� 

�e�f�f�e�c�t� �i�s� �i�r�r�e�v�e�r�s�i�b�l�e�,� �t�h�a�t� �i�s�,� �t�h�e� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y� �c�a�n� �o�n�l�y� �r�e�m�e�m�b�e�r� �i�t�s� �o�r�i�g�i�n�a�l� 

�h�i�g�h�-�t�e�m�p�e�r�a�t�u�r�e� �s�h�a�p�e� �w�h�e�n� �t�h�e� �d�e�f�o�r�m�e�d� �s�p�e�c�i�m�e�n� �i�s� �h�e�a�t�e�d�,� �t�h�e� �s�p�e�c�i�m�e�n� �c�a�n�n�o�t� 

�r�e�c�o�v�e�r� �t�o� �i�t�s� �d�e�f�o�r�m�e�d� �l�o�w� �t�e�m�p�e�r�a�t�u�r�e� �s�h�a�p�e� �u�p�o�n� �s�u�b�s�e�q�u�e�n�t� �c�o�o�l�i�n�g�.� �C�o�n�t�r�a�r�i�l�y�,� 

�t�h�e� �t�w�o�-�w�a�y� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�,� �i�.�e�.�,� �t�h�e� �r�e�v�e�r�s�i�b�l�e� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�,� �r�e�f�e�r�s� �t�o� 

�t�h�e� �m�e�c�h�a�n�i�s�m� �b�y� �w�h�i�c�h� �t�h�e� �s�a�m�p�l�e� �c�a�n� �r�e�v�e�r�s�i�b�l�y� �a�n�d� �r�e�p�e�a�t�e�d�l�y� �r�e�c�a�l�l� �b�o�t�h� �d�e�-� 

�f�o�r�m�e�d� �a�n�d� �u�n�d�e�f�o�r�m�e�d� �s�h�a�p�e�s� �w�h�e�n� �c�o�o�l�e�d� �a�n�d� �h�e�a�t�e�d�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�i�s� �c�h�a�p�t�e�r� �w�i�l�l� �d�e�s�c�r�i�b�e� �a� �t�w�o�-�w�a�y� �e�f�f�e�c�t� �c�o�n�s�t�i�t�u�t�i�v�e� �m�o�d�e�l� �b�a�s�e�d� �o�n� �L�i�a�n�g� �a�n�d� 

�R�o�g�e�r ��s� �(�1�9�9�0�)� �e�a�r�l�y� �w�o�r�k� �w�i�t�h� �o�n�e�-�w�a�y� �e�f�f�e�c�t� �m�a�t�e�r�i�a�l�s�.� �A�l�s�o� �t�o� �b�e� �p�r�e�s�e�n�t�e�d� �i�s� 

�a� �f�u�r�t�h�e�r� �r�e�f�i�n�e�m�e�n�t� �o�f� �t�h�e� �i�m�p�o�r�t�a�n�t� �t�h�e�r�m�o�e�l�a�s�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �k�i�n�e�t�i�c�s� �e�x�p�r�e�s�-� 

�s�i�o�n�s� �w�h�i�c�h� �u�l�t�i�m�a�t�e�l�y� �d�e�t�e�r�m�i�n�e� �t�h�e� �q�u�a�n�t�i�t�a�t�i�v�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �m�o�d�e�l�.� �T�h�e� �m�o�d�e�l� 

�i�s� �u�t�i�l�i�z�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�w�o�-�w�a�y� �e�f�f�e�c�t� �m�a�t�e�r�i�a�l�s� �a�n�d� �c�o�m�p�a�r�e� �i�t� �t�o� �e�x�-� 

�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �t�h�a�t� �h�a�s� �b�e�e�n� �p�u�b�l�i�s�h�e�d� �i�n� �t�h�e� �o�p�e�n� �l�i�t�e�r�a�t�u�r�e�.� 
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�3�.�2� �T�h�e� �M�e�c�h�a�n�i�s�m� �a�n�d� �T�r�a�i�n�i�n�g� �o�f� �t�h�e� �T�w�o�-� 
�W�a�y� �S�h�a�p�e� �M�e�m�o�r�y� �E�f�f�e�c�t� 

�3�.�2�.�1� �M�e�c�h�a�n�i�s�m� �o�f� �t�h�e� �T�w�o�-�W�a�y� �S�M�E� 

�I�t� �i�s� �w�e�l�l� �k�n�o�w�n� �t�h�a�t� �t�h�e� �S�M�E� �i�s� �b�a�s�e�d� �o�n� �t�h�e�r�m�o�e�l�a�s�t�i�c� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�.� 

�I�n� �t�h�e� �t�h�e�r�m�o�e�l�a�s�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �t�h�e� �m�a�r�t�e�n�s�i�t�e� �p�l�a�t�e�s� �f�o�r�m� �a�n�d� �g�r�o�w� �c�o�n�t�i�n�-� 

�u�o�u�s�l�y� �a�n�d� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �g�r�o�w�t�h� �r�a�t�e� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �c�o�o�l�i�n�g� �r�a�t�e�.� �W�h�e�n� 

�c�o�o�l�i�n�g� �c�e�a�s�e�s�,� �t�h�e� �g�r�o�w�t�h� �o�f� �t�h�e� �m�a�r�t�e�n�s�i�t�e� �p�l�a�t�e�s� �c�e�a�s�e�,� �b�u�t� �t�h�e�y� �c�o�n�t�i�n�u�e� �t�o� �g�r�o�w� 

�o�n� �s�u�b�s�e�q�u�e�n�t� �c�o�o�l�i�n�g�.� �W�h�e�n� �h�e�a�t�e�d�,� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �p�l�a�t�e�s� �s�i�m�p�l�y� �s�h�r�i�n�k� �a�n�d� �r�e�v�e�r�t� 

�c�o�m�p�l�e�t�e�l�y� �t�o� �t�h�e�i�r� �i�n�i�t�i�a�l� �o�r�i�e�n�t�a�t�i�o�n�.� �I�t� �s�e�e�m�s� �t�h�a�t� �t�h�e� �t�h�e�r�m�o�e�l�a�s�t�i�c� �m�a�r�t�e�n�s�i�t�i�c� 

�p�l�a�t�e�s� �g�r�o�w� �a�n�d� �s�h�r�i�n�k� �w�i�t�h� �t�e�m�p�e�r�a�t�u�r�e� �a�s� �d�e�f�o�r�m�a�t�i�o�n� �o�f� �a�n� �e�l�a�s�t�i�c� �b�o�d�y� �u�n�d�e�r� 

�l�o�a�d�.� �I�n� �c�o�n�t�r�a�s�t�,� �i�n� �n�o�n�t�h�e�r�m�o�e�l�a�s�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �s�u�c�h� �a�s� �f�e�r�r�o�u�s� �a�l�l�o�y�s� �o�r� �s�t�e�e�l�s�,� 

�m�a�r�t�e�n�s�i�t�i�c� �p�l�a�t�e�s� �n�u�c�l�e�a�t�e� �a�n�d� �g�r�o�w� �a�t� �a� �v�e�r�y� �h�i�g�h� �s�p�e�e�d� �a�n�d� �d�o� �n�o�t� �c�o�n�t�i�n�u�e� �t�o� 

�g�r�o�w� �o�n�c�e� �t�h�e�y� �a�r�e� �f�o�r�m�e�d�.� �T�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �p�r�o�c�e�e�d�s� �t�h�r�o�u�g�h� �n�u�c�l�e�a�t�i�n�g� �n�e�w� 

�m�a�r�t�e�n�s�i�t�i�c� �c�r�y�s�t�a�l�s� �i�n� �t�h�e� �r�e�m�a�i�n�i�n�g� �p�a�r�e�n�t� �p�h�a�s�e�.� 

�I�n�t�e�n�s�i�v�e� �m�e�t�a�l�l�u�r�g�i�c�a�l� �s�t�u�d�i�e�s� �h�a�v�e� �r�e�v�e�a�l�e�d� �t�h�e� �m�i�c�r�o�s�t�r�u�c�t�u�r�a�l� �a�s�p�e�c�t�s� �o�f� �s�h�a�p�e� 

�m�e�m�o�r�y� �b�e�h�a�v�i�o�r�s� �(�S�a�b�u�r�i� �a�n�d� �W�a�y�m�a�n�,� �1�9�7�9�,� �1�9�8�0�;� �A�d�a�c�h�i� �a�n�d� �P�e�r�k�i�n�s�,� �1�9�8�4�)�.� 

�S�t�u�d�i�e�s� �h�a�v�e� �s�h�o�w�n� �t�h�a�t� �i�n� �t�h�e� �t�h�e�r�m�o�e�l�a�s�t�i�c� �m�a�r�t�e�n�s�i�t�e�,� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �p�l�a�t�e� �m�a�y� 

�b�e� �i�n�t�e�r�n�a�l�l�y� �t�w�i�n�-�r�e�l�a�t�e�d� �o�r� �s�t�a�c�k�i�n�g� �f�a�u�l�t�-�r�e�l�a�t�e�d�.� �A�s� �w�e� �k�n�o�w�,� �o�n�e� �h�a�b�i�t� �p�l�a�n�e� 

�a�n�d� �o�n�e� �d�e�f�o�r�m�a�t�i�o�n� �o�r�i�e�n�t�a�t�i�o�n� �c�o�n�s�t�i�t�u�t�e� �a� �v�a�r�i�a�n�t�.� �T�h�e�r�e� �a�r�e� �2�4� �m�a�r�t�e�n�s�i�t�i�c� �v�a�r�i�-� 

�a�n�t�s�,� �i�.�e�.�,� �2�4� �c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c�a�l�l�y� �e�q�u�i�v�a�l�e�n�t� �h�a�b�i�t� �p�l�a�n�e�s� �w�i�t�h�i�n� �o�n�e� �p�a�r�e�n�t� �p�h�a�s�e� 

�l�a�t�t�i�c�e�.� �I�n� �t�h�e� �p�r�o�c�e�s�s� �o�f� �a� �t�h�e�r�m�o�e�l�a�s�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �a�n� �i�n�i�t�i�a�l� �p�a�r�e�n�t� �p�h�a�s�e� �s�i�n�-� 

�g�l�e� �c�r�y�s�t�a�l� �w�i�l�l� �t�r�a�n�s�f�o�r�m� �i�n�t�o� �m�a�r�t�e�n�s�i�t�i�c� �p�l�a�t�e� �g�r�o�u�p�s� �w�h�i�c�h� �a�r�e� �c�o�m�p�o�s�e�d� �o�f� �f�o�u�r� 

�s�e�l�f�-�a�c�c�o�m�m�o�d�a�t�i�n�g� �v�a�r�i�a�n�t�s� �o�f� �m�a�r�t�e�n�s�i�t�i�c� �p�l�a�t�e�s�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e�s�e� �2�4� �v�a�r�i�a�n�t�s� 

�a�r�e� �a�r�r�a�n�g�e�d� �i�n� �6� �p�l�a�t�e� �g�r�o�u�p�s� �w�i�t�h� �4� �p�l�a�t�e� �v�a�r�i�a�n�t�s� �p�e�r� �p�l�a�t�e� �g�r�o�u�p�.� �T�h�e� �d�e�f�o�r�m�a�-� 
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�t�i�o�n� �o�f� �t�h�e� �f�o�u�r� �s�e�l�f�-�a�c�c�o�m�m�o�d�a�t�i�n�g� �v�a�r�i�a�n�t�s� �w�i�t�h�i�n� �o�n�e� �p�l�a�t�e� �g�r�o�u�p� �a�r�e� �e�f�f�e�c�t�i�v�e�l�y� 

�c�a�n�c�e�l�e�d� �a�n�d� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �o�v�e�r�a�l�l� �s�h�a�p�e� �d�e�f�o�r�m�a�t�i�o�n� �f�o�r� �t�h�e� �g�r�o�u�p� �a�s� �a� �w�h�o�l�e� �i�s� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �z�e�r�o�.� �W�h�e�n� �a� �s�p�e�c�i�m�e�n� �i�s� �d�e�f�o�r�m�e�d� �b�e�l�o�w� �t�h�e� �M�y�;� �t�e�m�p�e�r�a�t�u�r�e�,� �i�t� 

�h�a�s� �b�e�e�n� �d�e�m�o�n�s�t�r�a�t�e�d� �(�S�c�h�r�o�e�d�e�r� �a�n�d� �W�a�y�m�a�n�,� �1�9�7�7�)� �t�h�a�t� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �s�t�r�e�s�s� 

�o�n�l�y� �o�n�e� �o�f� �t�h�e� �f�o�u�r� �s�e�l�f�-�a�c�c�o�m�m�o�d�a�t�i�n�g� �v�a�r�i�a�n�t�s� �i�n� �a� �g�i�v�e�n� �p�l�a�t�e� �g�r�o�u�p� �w�i�l�l� �b�e�g�i�n� 

�t�o� �g�r�o�w� �a�n�d� �d�o�m�i�n�a�t�e� �t�h�e� �w�h�o�l�e� �s�p�e�c�i�m�e�n� �w�h�i�l�e� �t�h�e� �o�t�h�e�r� �t�h�r�e�e� �v�a�r�i�a�n�t�s� �a�r�e� �c�o�n�-� 

�v�e�r�t�e�d� �i�n�t�o� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �r�e�m�a�i�n�i�n�g� �o�n�e�.� �T�h�e� �s�u�r�v�i�v�i�n�g� �v�a�r�i�a�n�t� �i�s� �t�h�e� �o�n�e� �o�f� 

�t�h�e� �f�o�u�r� �v�a�r�i�a�n�t�s� �t�h�a�t� �h�a�s� �t�h�e� �l�a�r�g�e�s�t� �p�a�r�t�i�a�l� �s�h�e�a�r� �s�t�r�e�s�s�.� �T�h�e� �s�h�a�p�e� �s�t�r�a�i�n� �o�f� �t�h�e� 

�p�a�r�t�i�c�u�l�a�r� �v�a�r�i�a�n�t� �p�e�r�m�i�t�s� �m�a�x�i�m�u�m� �d�e�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �s�p�e�c�i�m�e�n� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� 

�o�f� �t�h�e� �a�p�p�l�i�e�d� �s�t�r�e�s�s�.� �W�h�e�n� �t�h�e� �d�e�f�o�r�m�e�d� �s�p�e�c�i�m�e�n� �i�s� �h�e�a�t�e�d�,� �i�n� �t�h�e� �r�e�g�i�o�n� �o�f� �t�h�e� 

�r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �b�e�t�w�e�e�n� �A�,� �a�n�d� �A�y�;�,� �a� �p�r�o�c�e�s�s� �o�f� �a� �s�i�n�g�l�e� �c�r�y�s�t�a�l� �o�f� �m�a�r�t�e�n�-� 

�s�i�t�e� �r�e�v�e�r�t�i�n�g� �t�o� �a� �s�i�n�g�l�e� �c�r�y�s�t�a�l� �o�f� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e� �i�s� �i�n�i�t�i�a�t�e�d�.� �B�e�c�a�u�s�e� �t�h�e� �c�r�y�s�t�a�l� 

�s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �m�a�r�t�e�n�s�i�t�e� �i�s� �l�e�s�s� �s�y�m�m�e�t�r�i�c� �t�h�a�n� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e�,� �e�.�g�.�,� �t�h�e� �C�u�-�Z�n� 

�m�a�r�t�e�n�s�i�t�e� �h�a�s� �a�n� �u�n�s�y�m�m�e�t�r�i�c� �(�9�R�)� �c�r�y�s�t�a�l� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�i�s� �h�i�g�h�l�y� �r�e�s�t�r�i�c�t�e�d� �i�n� �a� �u�n�i�q�u�e� �c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c� �m�a�n�n�e�r� �i�n� �w�h�i�c�h� �u�s�u�a�l�l�y� �o�n�l�y� �o�n�e� 

�v�a�r�i�a�n�t� �o�f� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e� �i�s� �c�r�e�a�t�e�d�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �a�l�t�h�o�u�g�h� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e� 

�c�o�u�l�d� �p�r�o�d�u�c�e� �2�4� �k�i�n�d�s� �o�f� �v�a�r�i�a�n�t�s�,� �o�n�l�y� �a� �s�i�n�g�l�e� �v�a�r�i�a�n�t� �i�s� �c�r�e�a�t�e�d� �w�h�e�n� �t�h�e� �s�i�n�g�l�e� 

�c�r�y�s�t�a�l� �r�e�g�i�o�n� �o�f� �u�n�s�y�m�m�e�t�r�i�c� �m�a�r�t�e�n�s�i�t�e� �t�r�a�n�s�f�o�r�m�s� �t�o� �p�a�r�e�n�t� �p�h�a�s�e�.� �I�t� �h�a�s� �b�e�e�n� 

�s�h�o�w�n� �t�h�a�t� �d�u�r�i�n�g� �t�h�e� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �a�l�l� �o�f� �t�h�e� �s�a�m�e� �v�a�r�i�a�n�t� �(�o�r�i�e�n�t�a�t�i�o�n�)� 

�i�n� �p�a�r�a�l�l�e�l� �p�l�a�t�e�s� �o�f� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e� �n�u�c�l�e�a�t�e�,� �g�r�o�w� �a�n�d� �c�o�a�l�e�s�c�e�,� �a�n�d� �r�e�v�e�r�t� �t�o� �t�h�e� 

�o�r�i�g�i�n�a�l� �s�i�n�g�l�e� �c�r�y�s�t�a�l� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e�.� �P�e�r�k�i�n�s� �(�1�9�8�1�)� �p�o�i�n�t�s� �o�u�t� 

�t�h�a�t� �t�h�e� �l�o�w� �e�l�a�s�t�i�c� �s�t�r�a�i�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �c�r�y�s�t�a�l� �s�t�r�u�c�t�u�r�e� �c�h�a�n�g�e� �i�s� �o�n�e� �o�f� �t�h�e� 

�m�a�i�n� �r�e�a�s�o�n�s� �f�o�r� �t�h�e� �r�e�v�e�r�s�i�b�i�l�i�t�y� �o�f� �t�h�e� �t�h�e�r�m�o�e�l�a�s�t�i�c� �m�a�r�t�e�n�s�i�t�e�.� �A�n�o�t�h�e�r� �r�e�a�s�o�n� �f�o�r� 

�t�h�i�s� �u�n�i�q�u�e� �b�e�h�a�v�i�o�r� �i�s� �t�h�a�t� �g�r�o�u�p�s� �o�f� �m�u�t�u�a�l�l�y� �a�c�c�o�m�m�o�d�a�t�i�n�g� �v�a�r�i�a�n�t�s� �a�r�e� �f�o�r�m�e�d� 

�w�h�i�c�h� �c�a�n�c�e�l� �o�u�t� �t�h�e� �v�o�l�u�m�e� �c�h�a�n�g�e� �d�u�e� �t�o� �m�a�r�t�e�n�s�i�t�e� �g�r�o�w�t�h�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�w�i�n�-� 

�i�n�g� �o�r� �s�t�a�c�k�i�n�g� �f�a�u�l�t�s� �w�i�t�h�i�n� �i�n�d�i�v�i�d�u�a�l� �p�l�a�t�e�s� �a�l�s�o� �a�c�c�o�m�m�o�d�a�t�e� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 
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�s�t�r�a�i�n�s�.� �B�a�s�e�d� �o�n� �t�h�e� �f�a�c�t� �t�h�a�t� �s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s� �h�a�v�e� �a�n�o�m�a�l�o�u�s�l�y� �l�o�w� �e�l�a�s�t�i�c� 

�s�h�e�a�r� �m�o�d�u�l�u�s� �C �� �=�  ��(�C�u�  �� �C�\�2�)� �n�e�a�r� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�,� �i�t� �i�s� �c�o�n�j�e�c�-� 

�t�u�r�e�d� �t�h�a�t� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �e�l�a�s�t�i�c� �s�h�e�a�r� �m�o�d�u�l�u�s� �n�e�a�r� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�t�e�m�p�e�r�a�t�u�r�e� �p�l�a�y�s� �a� �v�e�r�y� �i�m�p�o�r�t�a�n�t� �r�o�l�e� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�r�a�n�s�f�o�r�m�a�-� 

�t�i�o�n� �a�n�d� �t�h�a�t� �t�h�e� �t�h�e�r�m�o�e�l�a�s�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �d�r�i�v�e�n� �b�y� �a� �l�o�c�a�l� �e�l�a�s�t�i�c� �i�n�s�t�a�b�i�l�i�t�y� 

�(�C�a�s�t�a�n� �a�n�d� �P�l�a�n�e�s�,� �1�9�8�7�)�.� �T�h�e� �a�b�o�v�e� �c�r�y�s�t�a�l�l�o�g�r�a�p�h�i�c� �d�i�s�c�u�s�s�i�o�n� �i�s� �t�h�e� �e�s�s�e�n�c�e� �o�f� 

�t�h�e� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�.� 

�T�h�e� �t�w�o�-�w�a�y� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t� �h�a�s� �b�e�e�n� �s�t�u�d�i�e�d� �s�i�n�c�e� �t�h�e� �l�a�t�e� �1�9�6�0 ��s�.� �T�h�e� �t�w�o�-� 

�w�a�y� �S�M�E� �w�a�s� �a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e� �s�t�r�e�s�s�-�i�n�d�u�c�e�d� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �d�u�e� �t�o� �a� 

�s�p�e�c�i�a�l� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �f�i�e�l�d� �(�P�e�r�k�i�n�s�,� �1�9�7�4�;� �N�a�g�a�s�a�w�a� �e�t� �a�l�.�,� �1�9�7�4�;� �W�a�s�i�l�e�w�s�k�i�,� �1�9�7�5�;� 

�N�i�s�h�i�d�a�,� �1�9�8�4�)�.� �I�f� �a� �s�p�e�c�i�m�e�n� �i�s� �d�e�f�o�r�m�e�d� �p�l�a�s�t�i�c�a�l�l�y� �a�t� �a� �t�e�m�p�e�r�a�t�u�r�e� �b�e�l�o�w� �M�,�,� 

�a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�n�t�e�r�n�a�l� �s�t�r�e�s�s� �f�i�e�l�d� �w�i�l�l� �b�e� �b�u�i�l�t� �u�p�.� �W�h�e�n� �t�h�e� �d�e�f�o�r�m�e�d� �s�p�e�c�i�m�e�n� 

�i�s� �h�e�a�t�e�d� �a�b�o�v�e� �A�y� �a�n�d� �a�g�a�i�n� �c�o�o�l�e�d� �t�o� �a� �t�e�m�p�e�r�a�t�u�r�e� �b�e�l�o�w� �M�,�,� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �w�i�l�l� �i�n�i�t�i�a�t�e� �a�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �s�t�o�r�e�d� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� 

�r�e�s�i�d�u�a�l� �s�t�r�e�s�s�.� �I�t� �i�s� �t�h�i�s� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �f�i�e�l�d� �t�h�a�t� �a�s�s�i�s�t�s� �a�n�d� �c�o�n�t�r�o�l�s� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �t�o� �t�h�e� �l�o�w�-�t�e�m�p�e�r�a�t�u�r�e� �d�e�f�o�r�m�e�d� �s�t�a�t�e�.� �T�h�e� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�-� 

�m�a�t�i�o�n� �i�s� �c�o�n�t�r�o�l�l�e�d� �t�h�r�o�u�g�h� �t�h�e� �g�r�o�w�t�h� �a�n�d� �d�e�f�o�r�m�a�t�i�o�n� �m�o�d�e� �o�f� �t�h�e� �i�n�t�e�r�m�e�d�i�a�t�e� 

�p�h�a�s�e� �a�n�d� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �v�a�r�i�a�n�t�s� �b�y� �t�h�e� �s�t�r�e�s�s� �f�i�e�l�d�.� �M�o�r�e� �s�p�e�c�i�f�i�c�a�l�l�y�,� �t�h�e� �e�f�f�e�c�t� 

�o�f� �t�h�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �o�n� �t�h�e�r�m�o�e�l�a�s�t�i�c� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �b�y� �c�h�a�n�g�i�n�g� �t�h�e� 

�m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �t�o� �t�h�e� �e�x�t�e�n�t� �t�h�a�t� �o�n�l�y� �a� �s�i�n�g�l�e� �v�a�r�i�a�n�t� �o�f� �m�a�r�t�e�n�s�i�t�e� �f�o�r�m�s� 

�u�p�o�n� �c�o�o�l�i�n�g�.� �T�h�e� �d�i�s�l�o�c�a�t�i�o�n� �i�n�d�u�c�e�d� �b�y� �t�h�e� �t�w�o�-�w�a�y� �s�h�a�p�e� �m�e�m�o�r�y� �t�r�a�i�n�i�n�g� �i�n�s�i�d�e� 

�m�a�r�t�e�n�s�i�t�e� �i�s� �t�h�e� �e�v�i�d�e�n�c�e� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �s�t�r�a�i�n� �f�i�e�l�d� �(�Z�h�u� �a�n�d� �Y�a�n�g�,� �1�9�8�8�)�.� �I�t� �i�s� 

�i�n�v�e�s�t�i�g�a�t�e�d�,� �i�n� �t�h�e� �C�u�Z�n�A�l� �a�l�l�o�y�s�,� �t�h�a�t� �a� �g�r�e�a�t� �n�u�m�b�e�r� �o�f� �d�i�s�l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �p�a�r�e�n�t� 

�p�h�a�s�e� �c�o�u�l�d� �f�a�v�o�r� �t�h�e� �g�r�o�w�t�h� �o�f� �o�n�l�y� �o�n�e� �o�f� �t�h�e� �2�4� �p�o�s�s�i�b�l�e� �m�a�r�t�e�n�s�i�t�e� �v�a�r�i�a�n�t�s�.� �A�l�l� 

�o�f� �t�h�e�s�e� �d�i�s�l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e� �h�a�v�e� �t�h�e� �s�a�m�e� �B�e�r�g�e�r�s� �v�e�c�t�o�r�,� �a�n�d� �a� �s�i�n�g�l�e� 
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�d�i�s�l�o�c�a�t�i�o�n� �i�n� �t�h�e� �m�a�r�t�e�n�s�i�t�e� �c�o�u�l�d� �d�i�s�s�o�c�i�a�t�e� �i�n�t�o� �t�w�o� �d�i�s�l�o�c�a�t�i�o�n�s� �(�d�i�s�l�o�c�a�t�i�o�n� �p�a�i�r�)� 

�d�u�r�i�n�g� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �(�R�i�o�s�-�J�a�r�a� �a�n�d� �G�u�e�r�i�n�,� �1�9�8�7�)�.� �I�t� �i�s� �n�o�t�e�d� �t�h�a�t� �t�h�e�s�e� 

�d�i�s�l�o�c�a�t�i�o�n�s� �h�a�v�e� �t�h�e� �s�e�c�o�n�d� �l�o�w�e�s�t� �e�l�a�s�t�i�c� �e�n�e�r�g�y� �i�n� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e� �o�f� �C�u�Z�n�A�l� 

�a�l�l�o�y�s�.� �T�h�e�r�e�f�o�r�e� �o�n�c�e� �t�h�e�y� �a�r�e� �f�o�r�m�e�d�,� �t�h�e�s�e� �d�i�s�l�o�c�a�t�i�o�n�s� �w�i�l�l� �e�x�i�s�t� �a�s� �s�t�a�b�l�e� �d�e�f�e�c�t�s� 

�i�n� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e� �(�R�i�o�s�-�J�a�r�a� �a�n�d� �G�u�e�r�i�n�,� �1�9�8�7�)�.� 

�3�.�2�.�2� �T�r�a�i�n�i�n�g� �o�f� �t�h�e� �T�w�o�-�W�a�y� �S�M�E� 

�A�s� �s�t�a�t�e�d� �a�b�o�v�e�,� �t�h�e� �r�e�s�i�d�u�a�l� �s�t�r�a�i�n� �f�i�e�l�d� �w�i�t�h�i�n� �t�h�e� �S�M�A� �i�s� �t�h�e� �k�e�y� �t�o� �t�h�e� �t�w�o�-�w�a�y� 

�S�M�E�.� �T�h�e� �p�r�o�c�e�s�s� �o�f� �s�e�t�t�i�n�g� �u�p� �s�u�c�h� �a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �s�t�r�a�i�n� �f�i�e�l�d� �i�s� �c�a�l�l�e�d� �t�h�e� �t�r�a�i�n�i�n�g� �o�f� 

�t�h�e� �t�w�o�-�w�a�y� �S�M�E�.� �T�h�r�o�u�g�h� �t�r�a�i�n�i�n�g�,� �t�h�e� �s�i�t�e�s� �o�f� �t�h�e� �i�n�t�e�r�n�a�l� �s�t�r�e�s�s� �f�i�e�l�d� �w�h�i�c�h� �c�o�n�t�r�o�l� 

�t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �u�p�o�n� �c�o�o�l�i�n�g� �a�r�e� �c�r�e�a�t�e�d� �i�n�s�i�d�e� �t�h�e� �h�i�g�h�-�t�e�m�p�e�r�a�t�u�r�e� 

�p�a�r�e�n�t� �p�h�a�s�e�.� �T�h�e�s�e� �s�i�t�e�s� �a�r�e� �u�s�u�a�l�l�y� �a� �c�e�r�t�a�i�n� �p�a�t�t�e�r�n� �o�f� �i�r�r�e�v�e�r�s�i�b�l�e� �d�e�f�e�c�t�s� �s�u�c�h� �a�s� 

�d�i�s�l�o�c�a�t�i�o�n�s� �c�a�u�s�e�d� �b�y� �d�e�f�o�r�m�a�t�i�o�n�.� 

�T�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �t�r�a�i�n�i�n�g� �a�p�p�r�o�a�c�h� �i�s� �t�e�r�m�e�d� �S�M�E� �c�y�c�l�i�n�g� �(�S�c�h�r�o�e�d�e�r� �a�n�d� �W�a�y�m�a�n�,� 

�1�9�7�7�;� �P�e�r�k�i�n�s�,� �1�9�8�1�)�.� �T�h�e� �b�a�s�i�c� �t�r�a�i�n�i�n�g� �p�r�o�c�e�s�s� �i�s� �b�y� �d�e�f�o�r�m�i�n�g� �a� �s�p�e�c�i�m�e�n� �b�e�l�o�w� �i�t�s� 

�M�;� �t�e�m�p�e�r�a�t�u�r�e� �t�o� �p�r�o�d�u�c�e� �t�h�e� �p�r�e�f�e�r�r�e�d� �v�a�r�i�a�n�t�,� �t�h�e�n� �h�e�a�t�i�n�g� �i�t� �t�o� �a�b�o�v�e� �i�t�s� �A�y� �t�e�m�-� 

�p�e�r�a�t�u�r�e� �a�n�d� �c�o�o�l�i�n�g� �t�h�e� �s�p�e�c�i�m�e�n� �t�o� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �b�e�l�o�w� �M�;� �a�g�a�i�n�.� �A� �s�c�h�e�m�a�t�i�c� 

�i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �a� �t�y�p�i�c�a�l� �t�r�a�i�n�i�n�g� �p�r�o�c�e�s�s� �a�n�d� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�r�a�i�n�i�n�g� �s�t�r�a�i�n� �a�r�e� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�1�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�r�a�i�n�i�n�g� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �t�o� �d�e�f�o�r�m� �t�h�e� �s�p�e�c�i�m�e�n� 

�t�o� �a� �c�e�r�t�a�i�n� �s�t�r�a�i�n� �a�t� �a� �t�e�m�p�e�r�a�t�u�r�e� �b�e�l�o�w� �M�;� �i�n� �o�r�d�e�r� �t�o� �c�r�e�a�t�e� �d�i�s�l�o�c�a�t�i�o�n�s� �f�o�r� �t�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �s�t�r�e�s�s� �f�i�e�l�d�.� �T�h�e� �t�r�a�i�n�i�n�g� �s�t�r�a�i�n�,� �e�r�,� �m�u�s�t� �b�e� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �i�n�e�l�a�s�-� 

�t�i�c� �s�t�r�a�i�n� �l�i�m�i�t� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�,�  ¬�,�,� �w�h�i�c�h� �i�s� �a� �c�r�i�t�i�c�a�l� �v�a�l�u�e� �f�o�r� �i�n�d�u�c�i�n�g� �t�r�u�e� �p�l�a�s�t�i�c� 

�d�e�f�o�r�m�a�t�i�o�n�.� �T�h�e� �s�p�e�c�i�m�e�n� �i�s� �u�n�l�o�a�d�e�d� �b�y� �r�e�l�e�a�s�i�n�g� �t�h�e� �s�t�r�e�s�s� �a�n�d� �t�h�e�n� �h�e�a�t�i�n�g� �t�h�e� 

�s�p�e�c�i�m�e�n� �t�o� �a� �t�e�m�p�e�r�a�t�u�r�e� �a�b�o�v�e� �A�;� �b�e�f�o�r�e� �c�o�o�l�i�n�g� �t�h�e� �s�p�e�c�i�m�e�n� �t�o� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� 
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�F�i�g�u�r�e� �3�.�1�:� �S�c�h�e�m�a�t�i�c� �I�l�l�u�s�t�r�a�t�i�o�n� �o�f� �t�h�e� �T�r�a�i�n�i�n�g� �a�n�d� �t�h�e� �C�o�m�p�o�n�e�n�t�s� �o�f� �S�t�r�a�i�n�.� 
�O�A�:� �L�o�a�d�i�n�g�;� �A�B�:� �U�n�l�o�a�d�i�n�g�;� �B�C�:� �H�e�a�t�i�n�g�;� �C�D�:� �C�o�o�l�i�n�g�.� 
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�t�e�m�p�e�r�a�t�u�r�e� �a�g�a�i�n�.� �T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �f�i�r�s�t� �t�r�a�i�n�i�n�g� �c�y�c�l�e�.� �T�h�e� �v�a�l�u�e� �o�f� �e�r� �i�s� �u�s�u�a�l�l�y� 

�f�i�x�e�d� �a�n�d� �u�s�e�d� �f�o�r� �n�u�m�e�r�o�u�s� �t�r�a�i�n�i�n�g� �c�y�c�l�e�s�,� �a�s� �d�e�s�c�r�i�b�e�d� �b�e�l�o�w�.� �T�h�e� �t�r�a�i�n�i�n�g� �s�t�r�a�i�n�,� 

 ¬�r�,� �i�s� �a� �v�e�r�y� �i�m�p�o�r�t�a�n�t� �p�a�r�a�m�e�t�e�r� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �o�p�t�i�m�u�m� �t�w�o�-�w�a�y� �s�h�a�p�e� �m�e�m�-� 

�o�r�y� �e�f�f�e�c�t�.� �I�f� �e�r� �i�s� �t�o�o� �l�o�w�,� �t�h�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �f�i�e�l�d�s� �c�r�e�a�t�e�d� �b�y� �d�i�s�l�o�c�a�t�i�o�n�s� �a�r�e� �t�o�o� 

�s�m�a�l�l�.� �C�o�n�v�e�r�s�e�l�y�,� �i�f� �t�h�e� �e�r� �i�s� �t�o�o� �h�i�g�h�,� �u�n�n�e�c�e�s�s�a�r�y� �i�n�t�e�r�n�a�l� �d�e�f�e�c�t�s� �w�i�l�l� �b�e� �i�n�d�u�c�e�d� 

�a�n�d� �w�i�l�l� �i�n�h�i�b�i�t� �a� �h�i�g�h� �v�a�l�u�e� �o�f� �t�w�o�-�w�a�y� �S�M�E�.� �F�o�r� �p�o�l�y�c�r�y�s�t�a�l�l�i�n�e� �N�i�T�i�,� �t�h�e� �m�a�x�i�m�u�m� 

�t�w�o�-�w�a�y� �S�M�E� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�o�r� �t�r�a�i�n�i�n�g� �s�t�r�a�i�n�s� �b�e�t�w�e�e�n� �1�0�%� �a�n�d� �2�0�%� �a�n�d� �t�r�a�i�n�-� 

�i�n�g� �c�y�c�l�e�s� �o�f� �a�b�o�u�t� �2�0� �(�E�s�c�h�e�r� �e�t� �a�l�.�,� �1�9�9�0�)�.� �T�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n� �c�h�a�n�g�e�s� �w�i�t�h� 

�i�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �t�r�a�i�n�i�n�g� �c�y�c�l�e�s�.� �T�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n�-�t�e�m�p�e�r�a�t�u�r�e� �d�i�a�g�r�a�m�s� �o�f� 

�t�h�e� �t�r�a�i�n�i�n�g� �p�r�o�c�e�s�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2�.� �T�h�e� �f�i�r�s�t� �c�y�c�l�e� �o�f� �t�h�e� �t�r�a�i�n�i�n�g� �i�s� �a� 

�t�y�p�i�c�a�l� �d�e�f�o�r�m�a�t�i�o�n� �c�u�r�v�e� �f�o�r� �S�M�A� �d�e�f�o�r�m�e�d� �b�e�l�o�w� �M�;�.� �W�i�t�h� �a�n� �i�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r� 

�o�f� �t�r�a�i�n�i�n�g� �c�y�c�l�e�s�,� �t�h�e� �p�s�e�u�d�o�e�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �d�i�s�a�p�p�e�a�r�s� �a�n�d� �t�h�e� �r�e�o�r�i�e�n�t�a�t�i�o�n� �o�f� 

�t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �v�a�r�i�a�n�t�s� �b�e�c�o�m�e�s� �e�a�s�i�e�r�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�t�r�e�n�g�t�h�e�n�i�n�g� 

�o�f� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e� �d�u�e� �t�o� �t�h�e� �d�i�s�l�o�c�a�t�i�o�n� �d�e�p�o�s�i�t�i�o�n� �d�u�r�i�n�g� �t�h�e� �t�r�a�i�n�i�n�g� �c�y�c�l�i�n�g� �c�a�n� 

�i�m�p�r�o�v�e� �t�h�e� �r�e�p�r�o�d�u�c�i�b�i�l�i�t�y� �o�f� �t�h�e� �n�o�r�m�a�l� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t� �(�P�e�r�k�i�n�s�,� �1�9�8�1�)�.� �T�h�e� 

�r�e�s�u�l�t�s� �o�f� �o�p�t�i�c�a�l� �m�i�c�r�o�s�c�o�p�y� �o�f� �m�a�r�t�e�n�s�i�t�e� �r�e�v�e�a�l�e�d� �t�h�a�t� �n�o�n�-�t�r�a�i�n�e�d� �s�p�e�c�i�m�e�n�s� �e�x�-� 

�h�i�b�i�t� �a� �m�i�c�r�o�s�t�r�u�c�t�u�r�e� �o�f� �r�a�n�d�o�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �m�a�r�t�e�n�s�i�t�i�c� �v�a�r�i�a�n�t�s� �i�n�s�i�d�e� �a�n�y� �g�r�a�i�n�,� 

�b�u�t� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �v�a�r�i�a�n�t�s� �i�n� �a� �t�r�a�i�n�e�d� �s�p�e�c�i�m�e�n� �a�r�e� �o�r�i�e�n�t�e�d� �p�a�r�a�l�l�e�l� �i�n� �s�p�e�c�i�f�i�c� 

�d�i�r�e�c�t�i�o�n�s� �(�E�s�c�h�e�r� �e�t� �a�l�.�,� �1�9�9�0�)�.� 

�A�n�o�t�h�e�r� �m�e�t�h�o�d� �f�o�r� �t�r�a�i�n�i�n�g� �t�h�e� �t�w�o�-�w�a�y� �S�M�E� �i�s� �t�h�e� �s�o�-�c�a�l�l�e�d� �s�t�r�e�s�s�-�i�n�d�u�c�e�d� �m�a�r�t�e�n�-� 

�s�i�t�e� �(�S�I�M�)� �t�r�a�i�n�i�n�g� �(�P�e�r�k�i�n�s�,� �1�9�8�1�)�.� �A� �s�p�e�c�i�m�e�n� �i�s� �r�e�p�e�a�t�e�d�l�y� �s�t�r�a�i�n�e�d� �a�t� �a� �t�e�m�p�e�r�-� 

�a�t�u�r�e� �a�b�o�v�e� �A�;� �(�b�u�t� �l�e�s�s� �t�h�a�n� �M�z�)� �t�o� �p�r�o�d�u�c�e� �s�t�r�e�s�s�-�i�n�d�u�c�e�d� �m�a�r�t�e�n�s�i�t�e� �a�n�d� �t�h�e�n� 

�r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �b�y� �r�e�l�e�a�s�e� �o�f� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d� �v�i�a� �t�h�e� �p�s�e�u�d�o�e�l�a�s�t�i�c� �e�f�f�e�c�t�.� �A�f�-� 

�t�e�r� �t�h�e� �S�I�M� �t�r�a�i�n�i�n�g�,� �t�h�e� �s�t�r�e�s�s�-�i�n�d�u�c�e�d� �m�a�r�t�e�n�s�i�t�e� �a�r�e� �c�r�e�a�t�e�d� �i�n� �t�h�e� �p�a�r�e�n�t� �p�h�a�s�e� 

�a�n�d� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �v�a�r�i�a�n�t�s� �a�r�e� �r�e�o�r�i�e�n�t�e�d� �(�Z�h�u� �a�n�d� �Y�a�n�g�,� �1�9�8�8�)�.� �T�h�e� �t�w�o�-�w�a�y� �S�M�E� 
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�2�n�d� �C�y�c�l�e�.� �=�»�  �� �-�  �� 
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�S�f� �a �� �)� �n�t�h� �C�y�c�l�e� �,� �7� 
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�F�i�g�u�r�e� �3�.�2�:� �C�h�a�n�g�e�s� �i�n� �S�t�r�e�s�s�-�S�t�r�a�i�n�-�T�e�m�p�e�r�a�t�u�r�e� �B�e�h�a�v�i�o�r� �D�u�r�i�n�g� �t�h�e� �T�r�a�i�n�i�n�g� �P�r�o�-� 
�c�e�s�s� �(�a�f�t�e�r� �E�s�c�h�e�r� �e�t� �a�l�.�)�.� 
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�m�a�y� �b�e� �e�x�h�i�b�i�t�e�d� �o�n� �c�o�o�l�i�n�g� �b�e�l�o�w� �M�;�.� 

�F�r�o�m� �t�h�e� �a�b�o�v�e� �d�i�s�c�u�s�s�i�o�n�,� �i�t� �i�s� �o�b�v�i�o�u�s� �t�h�a�t� �b�o�t�h� �S�M�E� �a�n�d� �S�I�M� �t�r�a�i�n�i�n�g� �m�u�s�t� �i�n�d�u�c�e� 

�a� �s�e�v�e�r�e� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �w�h�i�c�h� �i�s� �e�s�s�e�n�t�i�a�l� �t�o� �t�h�e� �t�w�o�-�w�a�y� �e�f�f�e�c�t�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� 

�s�h�a�p�e� �r�e�c�o�v�e�r�y� �i�s� �i�n�c�o�m�p�l�e�t�e� �i�n� �b�o�t�h� �t�h�e� �h�e�a�t�i�n�g� �a�n�d� �c�o�o�l�i�n�g� �p�r�o�c�e�s�s�e�s� �f�o�r� �t�h�e� �t�r�a�i�n�e�d� 

�S�M�A�.� �F�r�o�m� �t�h�i�s� �v�i�e�w�p�o�i�n�t�,� �i�t� �s�e�e�m�s� �t�h�a�t� �t�h�e� �t�w�o�-�w�a�y� �e�f�f�e�c�t� �i�s� �o�b�t�a�i�n�e�d� �a�t� �t�h�e� �e�x�p�e�n�s�e� 

�o�f� �t�h�e� �S�M�A ��s� �c�a�p�a�c�i�t�y� �o�f� �s�h�a�p�e� �r�e�c�o�v�e�r�y�.� 

�U�n�l�i�k�e� �o�t�h�e�r� �m�a�t�e�r�i�a�l�s�,� �t�h�e� �m�i�c�r�o�m�e�c�h�a�n�i�s�m� �o�f� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �o�f� �S�M�A� �i�s� �v�e�r�y� 

�c�o�m�p�l�e�x� �b�e�c�a�u�s�e� �o�f� �t�h�e� �p�e�c�u�l�i�a�r�i�t�y� �o�f� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r�s� �s�u�c�h� �a�s� �p�s�e�u�-� 

�d�o�p�l�a�s�t�i�c�i�t�y� �(�o�n�e�-�w�a�y� �e�f�f�e�c�t�)�,� �t�w�o�-�w�a�y� �e�f�f�e�c�t� �a�n�d� �p�s�e�u�d�o�e�l�a�s�t�i�c�i�t�y�.� �F�i�g�u�r�e� �3�.�3� �i�s� 

�s�c�h�e�m�a�t�i�c� �i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �s�t�r�e�s�s�-�s�t�r�a�i�n� �c�u�r�v�e�s� �f�o�r� �a�n� �S�M�A� �a�t� �d�i�f�f�e�r�e�n�t� �d�e�f�o�r�m�a�t�i�o�n� �t�e�m�-� 

�p�e�r�a�t�u�r�e�s�,� �T�,� �(�T�1�,� �T�2�,� �T�3� �t�e�m�p�e�r�a�t�u�r�e� �l�e�v�e�l�s�)�,� �r�e�l�a�t�i�v�e� �t�o� �m�a�r�t�e�n�s�i�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�r�a�n�g�e� �(�P�e�r�k�i�n�s�,� �1�9�8�1�;� �S�a�t�o� �a�n�d� �T�a�n�a�k�a�,� �1�9�8�6�)�.� �A�t� �A�y� �<� �T�;� �<� �M�g�,� �t�h�e� �s�t�r�a�i�n� �i�n�d�u�c�e�d� 

�i�n� �t�h�e� �l�o�a�d�i�n�g� �p�r�o�c�e�s�s�e�s� �r�e�c�o�v�e�r�s� �i�m�m�e�d�i�a�t�e�l�y� �i�n� �t�h�e� �u�n�l�o�a�d�i�n�g� �p�r�o�c�e�s�s�.� �T�h�e� �b�e�h�a�v�i�o�r� 

�b�y� �w�h�i�c�h� �s�h�a�p�e� �r�e�c�o�v�e�r�y� �o�c�c�u�r�s� �f�u�l�l�y� �o�n� �u�n�l�o�a�d�i�n�g� �i�s� �t�e�r�m�e�d� �p�s�e�u�d�o�e�l�a�s�t�i�c� �e�f�f�e�c�t�.� �A�t� 

�T�3� �<� �M�;�,� �t�h�e� �s�t�r�a�i�n� �r�e�c�o�v�e�r�y� �c�a�n� �o�n�l�y� �o�c�c�u�r� �u�p�o�n� �h�e�a�t�i�n�g� �t�h�e� �m�a�t�e�r�i�a�l� �t�o� �a� �t�e�m�p�e�r�-� 

�a�t�u�r�e� �a�b�o�v�e� �A�y�.� �T�h�i�s� �i�s� �t�h�e� �s�o�-�c�a�l�l�e�d� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�.� �A�t� �A�,� �<� �T�y�,� �<� �A�y�,� �o�n�l�y� 

�p�a�r�t� �o�f� �t�h�e� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�c�c�u�r�s� �d�u�r�i�n�g� �t�h�e� �u�n�l�o�a�d�i�n�g� �p�r�o�c�e�s�s�e�s�;� �t�h�e� �o�t�h�e�r� 

�p�a�r�t� �o�f� �t�h�e� �s�t�r�a�i�n� �r�e�c�o�v�e�r�s� �i�n� �t�h�e� �h�e�a�t�i�n�g� �p�r�o�c�e�s�s�.� �T�h�i�s� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� �i�s� 

�a� �t�r�a�n�s�i�t�i�o�n� �s�t�a�t�e� �b�e�t�w�e�e�n� �t�h�e� �p�s�e�u�d�o�e�l�a�s�t�i�c�i�t�y� �a�n�d� �t�h�e� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�,� �w�h�i�c�h� 

�i�s� �c�a�l�l�e�d� �p�a�r�t�i�a�l� �p�s�e�u�d�o�e�l�a�s�t�i�c�i�t�y� �(�D�e�l�a�e�y� �e�t� �a�l�.�,� �1�9�7�4�)�.� �I�t� �i�s� �w�e�l�l� �k�n�o�w�n� �t�h�a�t� �t�h�e�r�e� �a�r�e� 

�c�o�m�p�o�n�e�n�t�s� �o�f� �b�o�t�h� �p�s�e�u�d�o�e�l�a�s�t�i�c�i�t�y� �a�n�d� �S�M�E� �i�n� �s�h�a�p�e� �m�e�m�o�r�y� �b�e�h�a�v�i�o�r�.� �A�t� �l�o�w�e�r� 

�d�e�f�o�r�m�a�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�s�,� �t�h�e� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t� �d�o�m�i�n�a�t�e�s� �o�v�e�r� �p�s�e�u�d�o�e�l�a�s�t�i�c�i�t�y�,� 

�i�.�e�.�,� �m�o�s�t� �o�f� �t�h�e� �i�n�i�t�i�a�l� �s�t�r�a�i�n� �i�s� �r�e�c�o�v�e�r�e�d� �b�y� �h�e�a�t�i�n�g� �i�n�s�t�e�a�d� �o�f� �u�n�l�o�a�d�i�n�g�.� �A�t� �h�i�g�h�e�r� 

�t�e�m�p�e�r�a�t�u�r�e�s�,� �t�h�e� �p�s�e�u�d�o�e�l�a�s�t�i�c� �e�f�f�e�c�t� �i�s� �m�o�r�e� �p�r�o�n�o�u�n�c�e�d� �t�h�a�n� �t�h�e� �S�M�E� �(�P�e�r�k�i�n�s�,� 
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�A� �p�< �� �7� �a� 
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�B�~�<�t ��c�:� 
�3� �~� 

�a�e� �E�s� �a�t� �E�.� �>� 
 ��~�E�t�  ��r� � � 

�F�i�g�u�r�e� �3�.�3�:� �S�c�h�e�m�a�t�i�c� �S�t�r�e�s�s�-�S�t�r�a�i�n� �C�u�r�v�e�s� �S�h�o�w�i�n�g� �t�h�e� �P�s�e�u�d�o�e�l�a�s�t�i�c�,� �P�a�r�t�i�a�l� �P�s�e�u�-� 
�d�o�e�l�a�s�t�i�c� �E�f�f�e�c�t� �a�n�d� �P�s�e�u�d�o�p�l�a�s�t�i�c� �E�f�f�e�c�t� �B�e�h�a�v�i�o�r�s� �a�t� �D�i�f�f�e�r�e�n�t� �D�e�f�o�r�m�a�t�i�o�n� �T�e�m�-� 
�p�e�r�a�t�u�r�e�s� �J�z� �R�e�l�a�t�i�v�e� �t�o� �t�h�e� �M�a�r�t�e�n�s�i�t�e� �T�r�a�n�s�f�o�r�m�a�t�i�o�n� �R�a�n�g�e�:� 
�(�a�)� �P�s�e�u�d�o�e�l�a�s�t�i�c� �E�f�f�e�c�t� �(�A�s� �<� �T�y� �=� �T�,� �<� �M�z�)� 
�(�b�)� �P�a�r�t�i�a�l� �P�s�e�u�d�o�e�l�a�s�t�i�c� �E�f�f�e�c�t� �(�A�,� �<� �T�a� �=� �T�h� �<� �A�y�)� 
�(�c�)� �S�h�a�p�e� �M�e�m�o�r�y� �E�f�f�e�c�t� �(�T�i� �=� �T�3� �<� �M�;�)� 
�(�a�,� �M�a�r�t�e�n�s�i�t�e�;� �a ��,� �M�a�r�t�e�n�s�i�t�e� �f�o�r�m�e�d� �b�y� �o�r� �a�l�t�e�r�e�d� �b�y� �s�t�r�e�s�s�;� �8�,� �p�a�r�e�n�t� �p�h�a�s�e�)� 
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�1�9�8�1�)�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �s�t�r�a�i�n�,�  ¬�,� �o�b�t�a�i�n�e�d� �u�n�d�e�r� �a�n� �e�x�t�e�r�n�a�l� �l�o�a�d� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�(�Z�h�a�n�g� �a�n�d� �H�o�r�n�b�o�g�e�n�,� �1�9�8�8�)�:� 

 ¬� �=�  ¬�e� �+� �E�n�e� �+� �E�p�i� �+�  ¬�1�w� �+�  ¬�2�w� �(�3�.�1�)� 

�w�h�e�r�e�  ¬�¢�,� �E�p�e�s� �E�p�!� �E�1�w�y� �E�2�w� �T�e�p�r�e�s�e�n�t� �t�h�e� �e�l�a�s�t�i�c�,� �p�s�e�u�d�o�e�l�a�s�t�i�c�,� �p�l�a�s�t�i�c�,� �o�n�e�-�w�a�y� �e�f�f�e�c�t� 

�a�n�d� �t�w�o�-�w�a�y� �e�f�f�e�c�t� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �s�t�r�a�i�n�,� �r�e�s�p�e�c�t�i�v�e�l�y�.�  ¬�.� �a�n�d�  ¬�,�.� �c�a�n� �b�e� �r�e�m�o�v�e�d� 

�b�y� �u�n�l�o�a�d�i�n�g�.�  ¬�,�,�,� �a�n�d�  ¬�2�,� �c�a�n� �b�e� �r�e�l�e�a�s�e�d� �b�y� �c�o�m�p�l�e�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�n�t�o� �t�h�e� �p�a�r�e�n�t� 

�p�h�a�s�e�.� �I�n� �t�h�e� �S�M�E� �t�r�a�i�n�i�n�g� �p�r�o�c�e�s�s�,� �b�e�c�a�u�s�e� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �b�e�l�o�w� 

�M�;�,� �t�h�e�r�e� �i�s� �n�o� �p�s�e�u�d�o�e�l�a�s�t�i�c� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �s�t�r�a�i�n�,� �i�.�e�.�,�  ¬�>�.� �=� �0�.� �T�h�e� �t�w�o�-�w�a�y� 

�e�f�f�e�c�t� �c�o�m�p�o�n�e�n�t�,�  ¬�2�,�,� �i�s� �i�n�c�l�u�d�e�d� �i�n�  ¬�,�,�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�1�.� �I�n� �t�h�i�s� �w�a�y�,� �t�h�e� 

�S�M�E� �t�r�a�i�n�i�n�g� �s�t�r�a�i�n�,� �e�7�,� �i�s� �g�i�v�e�n� �b�y�:� 

�e�y� �=�e� �t�e�i� �t�+� �G�w� �-� �(�3�.�2�)� 

�3�.�3�.� �T�r�a�n�s�f�o�r�m�a�t�i�o�n� �K�i�n�e�t�i�c�s� �o�f� �T�h�e�r�m�o�e�l�a�s�t�i�c� 

�M�a�r�t�e�n�s�i�t�i�c� �T�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�T�r�a�n�s�f�o�r�m�a�t�i�o�n� �k�i�n�e�t�i�c�s� �d�e�a�l� �m�a�i�n�l�y� �w�i�t�h� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� 

�f�r�a�c�t�i�o�n� �a�n�d� �o�t�h�e�r� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �s�u�c�h� �a�s� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �s�t�r�a�i�n�.� �A� �t�y�p�i�c�a�l� �s�c�h�e�m�a�t�i�c� 

�c�u�r�v�e� �o�f� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �f�r�a�c�t�i�o�n� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�4�.� �I�n�t�e�n�s�i�v�e� 

�s�t�u�d�i�e�s� �(�M�a�g�e�e�,� �1�9�6�8�;� �K�o�i�s�t�i�n�e�n� �e�t� �a�l�.�,� �1�9�5�9�)� �o�n� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �k�i�n�e�t�i�c�s� �h�a�v�e� �r�e�s�u�l�t�e�d� 

�i�n� �a�n� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �f�r�a�c�t�i�o�n�,� �£�,� �a�n�d� �t�h�e� 

�s�t�a�n�d�a�r�d� �q�u�e�n�c�h�i�n�g� �t�e�m�p�e�r�a�t�u�r�e�,� �T�,�.� �T�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �k�i�n�e�t�i�c�s� �i�s� 

�b�a�s�e�d� �o�n� �t�h�e� �c�o�n�c�e�p�t� �o�f� �t�h�e� �p�h�a�s�e� �e�q�u�i�l�i�b�r�i�u�m� �a�n�d� �t�h�e� �f�r�e�e� �e�n�e�r�g�y� �d�r�i�v�i�n�g� �f�o�r�c�e�,� 

�A�G�4�-�M�,� �T�h�e� �c�h�a�n�g�e� �o�f� �m�a�r�t�e�n�s�i�t�i�c� �f�r�a�c�t�i�o�n�,� �d�f�,� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �(�M�a�g�e�e�,� �1�9�6�8�)�:� 

�_� �d�A�G�A�?�M� 

�d�é� �=� �-�V�(�1� �~� �6�K�  �� �(�3�.�3�)� 

�1�0�0
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�T�e�m�p�e�r�a�t�u�r�e� 

�F�i�g�u�r�e� �3�.�4�:� �T�y�p�i�c�a�l� �T�h�e�r�m�o�c�y�c�l�i�n�g� �C�u�r�v�e�s� �o�f� �M�a�r�t�e�n�s�i�t�i�c� �F�r�a�c�t�i�o�n� �v�s�.� �T�e�m�p�e�r�a�t�u�r�e�.� 

�1�0�1



�w�h�e�r�e� �V� �i�s� �t�h�e� �a�v�e�r�a�g�e� �v�o�l�u�m�e� �o�f� �t�h�e� �p�r�e�-�f�o�r�m�e�d� �m�a�r�t�e�n�s�i�t�i�c� �p�l�a�t�e�s� �a�n�d� �K� �i�s� �a� �c�o�n�-� 

�s�t�a�n�t�.� �I�n�t�e�g�r�a�t�i�n�g� �f�r�o�m� �M�,�,� �w�h�e�r�e� �£� �=� �0�,� �t�o� �T�,�,� �a�s�s�u�m�i�n�g� �V� �a�n�d� �d�a�g� �a�r�e� �c�o�n�s�t�a�n�t�s� 

�y�i�e�l�d�s�:� 

�1�  ��  ¬� �=� �e�x�p�l�a�(�M�,�  �� �7�;�)�]� �(�3�.�4�)� 

�w�h�e�r�e� �a� �=� �V�K� �d�a�g�e!"� �E�q�u�a�t�i�o�n� �(�3�.�4�)� �i�s� �i�n� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� 

�f�o�r� �h�i�g�h�e�r� �q�u�e�n�c�h�i�n�g� �t�e�m�p�e�r�a�t�u�r�e�s� �w�h�i�c�h� �a�r�e� �i�n� �t�h�e� �u�p�p�e�r� �p�a�r�t� �o�f� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� 

�i�n�t�e�r�v�a�l� �b�e�t�w�e�e�n� �M�,� �a�n�d� �M�;� �f�o�r� �f�e�r�r�o�u�s� �m�a�t�e�r�i�a�l�s�.� �a� �i�s� �f�o�u�n�d� �t�o� �b�e� �-�0�.�0�1�1� �(�K�o�i�s�t�i�n�e�n� 

�e�t� �a�l�.�,� �1�9�5�9�)�.� �E�q�u�a�t�i�o�n� �(�3�.�3�)� �c�a�n� �a�l�s�o� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �a�n�o�t�h�e�r� �f�o�r�m� �a�s�:� 

�d�é� �d�A�G�A�~�M� �S� �=� �V�K�!� �_�_�_�a�T� �.� �F�a� �V�K� �(�3�.�5�)� 

�I�n�t�e�g�r�a�t�i�n�g� �f�r�o�m� �M�;�,� �w�h�e�r�e�  ¬� �=� �1�,� �t�o� �a�n�y� �q�u�e�n�c�h�i�n�g� �t�e�m�p�e�r�a�t�u�r�e�,� �T�,�,� �y�i�e�l�d�s�:� 

 ¬� �=� �e�x�p�[�@�(�Z�,�  �� �M�;�)�]� �(�3�.�6�)� 

�w�h�e�r�e� �#� �i�s� �a� �c�o�n�s�t�a�n�t� �s�i�m�i�l�a�r� �t�o� �a�.� �A�s� �w�e� �k�n�o�w�,� �E�q�u�a�t�i�o�n� �(�3�.�4�)� �p�r�o�v�i�d�e�s� �a� �g�o�o�d� �a�p�-� 

�p�r�o�x�i�m�a�t�i�o�n� �a�r�o�u�n�d� �M�,� �b�u�t� �a� �p�o�o�r� �d�e�s�c�r�i�p�t�i�o�n� �a�r�o�u�n�d� �M�;� �(�M�a�g�e�e�,�1�9�6�8�)�.� �C�o�n�t�r�a�r�i�l�y�,� 

�E�q�u�a�t�i�o�n� �(�3�.�6�)� �g�i�v�e�s� �a� �g�o�o�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �a�r�o�u�n�d� �M�;� �b�u�t� �a� �p�o�o�r� �o�n�e� �n�e�a�r� �M�,�.� �a� �c�o�m�-� 

�b�i�n�a�t�i�o�n� �o�f� �b�o�t�h� �e�q�u�a�t�i�o�n�s� �m�a�y� �b�e� �u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �o�f� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� 

�f�r�a�c�t�i�o�n� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �i�n� �a� �p�i�e�c�e�w�i�s�e� �m�a�n�n�e�r�.� �T�h�e� �b�a�s�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �k�i�n�e�t�i�c�s� 

�e�q�u�a�t�i�o�n�s� �(�3�.�4�)� �a�n�d� �(�3�.�6�)� �h�a�v�e� �b�e�e�n� �e�x�t�e�n�d�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�n�d� �r�e�-� 

�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e�r�m�o�e�l�a�s�t�i�c� �m�a�r�t�e�n�s�i�t�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �a�r�e� �i�n� �f�a�i�r�l�y� �g�o�o�d� 

�a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �(�S�a�t�o� �a�n�d� �T�a�n�a�k�a�,� �1�9�8�8�)�.� �I�f� �M�p� �=� �(�M�s�+�M�y�)� 

�a�n�d� �A�p� �=� �(�A�s�t� �A�y�)� �a�s�s�u�m�i�n�g� �t�h�a�t� �b�o�t�h� �e�q�u�a�t�i�o�n�s� �y�i�e�l�d� �a�  ¬� �o�f� �0�.�5� �a�t� �M�y� �a�n�d� �A�o�,� �a�n�d� 

�r�e�s�u�l�t� �i�n� �a� �=� �#�,� �t�h�e�n� �r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n�  ¬� �a�n�d� �J� �f�o�r� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�:� �=� �L�e�t� �c�t� �a�e�  ��T�)�"�]� �M�,� �>�T� �>� �M�s�;� �(�3�.�7�)� 
�l�a�m�(�T�  �� �M�o�)�"�|� �M�,� �>�T� �=� �M�o



�.� �.� �.� �=�,� �A�M� �.� �w�h�e�r�e� �n� �i�s� �a�n� �i�n�t�r�o�d�u�c�e�d� �p�a�r�a�m�e�t�e�r� �w�h�i�c�h� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �t�e�r�m� �y�a�a� �n�o�t� �b�e�i�n�g� 

�a� �c�o�n�s�t�a�n�t� �i�n� �m�o�s�t� �c�a�s�e�s�.� �F�o�r� �c�o�m�m�o�n� �N�2�7 ��:� �S�M�A�s�,� �n� �i�s� �f�o�u�n�d� �t�o� �b�e� �0�.�7�5�-�1� �(�L�i�a�n�g�,� 

�1�9�9�0�)�.� �F�o�r� �r�e�v�e�r�s�e� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �t�h�e� �r�e�l�a�t�i�o�n�s� �o�f� �£� �v�s�.� �T� �a�r�e� �a�s�s�u�m�e�d� 

�t�o� �b�e�:� 

�g�=�1�-�p�e�x�p�l�a�a�(�d�o ��T�)�"�]� �A�o� �2� �T�E�A�,� �(�3�.�8�)�  ¬� �=� �z�e�x�p�l�a�a�(�T�  �� �A�p�o�) �� �A�y� �2�>�T�2� �A�o� 

�I�f� �M�;� �a�n�d� �M�,� �a�r�e� �d�e�f�i�n�e�d� �t�o� �c�o�r�r�e�s�p�o�n�d� �t�o�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �9�9�%� 

�a�n�d� �1�%� �o�f� �a�u�s�t�e�n�s�i�t�e� �(�a� �n�e�c�e�s�s�a�r�y� �a�s�s�u�m�p�t�i�o�n� �w�h�e�n� �u�s�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l� �p�a�r�a�m�e�t�e�r�s�)�,� 

�a�y� �a�n�d� �a�,� �c�a�n� �b�e� �d�e�r�i�v�e�d� �a�s� �a�y� �=�  ��3�.�9�1�2� �x� �2�°�/�(�M�,�  �� �M�;�) �� �a�n�d� �a�4� �=�  ��3�.�9�1�2� �x� 

�2�"�/�(�A�; ��A�,�) ��.� �I�f� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �b�e�g�i�n�s� �f�r�o�m� �a� �s�t�a�t�e� �w�h�i�c�h� �h�a�s� �m�i�x�e�d� 

�a�u�s�t�e�n�i�t�e� �a�n�d� �m�a�r�t�e�n�s�i�t�e� �p�h�a�s�e�s� �d�e�n�o�t�e�d� �b�y� �(�4�,� �T�a�)�,� �o�r� �t�h�e� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�c�o�m�m�e�n�c�e�s� �f�r�o�m� �a� �m�i�x�e�d�-�p�h�a�s�e� �s�t�a�t�e� �d�e�n�o�t�e�d� �b�y� �( ¬�a�7�,� �T�y�)�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�5�,� 

�E�q�u�a�t�i�o�n�s� �(�3�.�7�)� �a�n�d� �(�3�.�8�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

 ¬�=�1�-� �1�-�2�4� �e�x�p�[�a�m�(�M�o�  �� �T�)�"�]� �M�,�>�T� �>� �M�;� �(�3�.�9�)� 
�f�=� �1�8�4� �e�x�p�l�a�y�(�T�  �� �M�,�)�"�|� �M�,�>�T�>� �M�o� 

�a�n�d� 

 ¬� �=� �x�y�  �� �*�e�x�p�[�a�a�(�A�o�  �� �T�)�"�]� �A�o� �>� �T� �>� �A�s� �(�3�.�1�0�)� 
�é�=� �i�u� �e�x�p�[�a�4�(�T�  �� �A�o�) ��]� �A�s� �=�>� �T� �>� �A�o� 

�T�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �s�t�r�e�s�s� �o�n� �t�h�e� �p�h�a�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �l�i�n�e�a�r� �f�o�r� �m�a�n�y� 

�s�h�a�p�e� �m�e�m�o�r�y� �a�l�l�o�y�s�,� �a�s� �v�e�r�i�f�i�e�d� �b�y� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �e�v�i�d�e�n�c�e� �(�P�o�p�s�,� �1�9�7�0�;� �G�o�l�d�s�t�e�i�n� 

�a�n�d� �K�a�b�a�c�o�f�f�,� �1�9�8�7�)� �a�n�d� �t�h�e�o�r�e�t�i�c�a�l�l�y� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �C�l�a�u�s�i�u�s�-�C�l�a�p�e�y�r�o�n� �e�q�u�a�t�i�o�n� 

�u�n�d�e�r� �u�n�i�a�x�i�a�l� �s�t�r�e�s�s�.� �A� �s�c�h�e�m�a�t�i�c� �d�i�a�g�r�a�m� �o�f� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�s� �v�s�.� �a�p�p�l�i�e�d� 

�s�t�r�e�s�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�5�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �M�;� �a�n�d� �A�,� �l�i�n�e�s� �a�r�e� �s�t�r�a�i�g�h�t� �a�n�d� 

�p�a�r�a�l�l�e�l� �t�o� �t�h�e� �M�,� �a�n�d� �A�,� �l�i�n�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�w�o� �m�o�r�e� �m�a�t�e�r�i�a�l� �c�o�n�s�t�a�n�t�s� �i�n�d�i�c�a�t�i�n�g� 

�t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �s�t�r�e�s�s� �o�n� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e� �a�r�e� �a�s�s�u�m�e�d� �a�s� �w�e�l�l�:� 

�C�u� �=� �t�a�n�(�a�)� �C�y� �=� �t�a�n�(�B�)� �(�3�.�1�1�)� 
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�N�P� 
�M�,� �M�s� �A�s� �A�;� 

�T�e�m�p�e�r�a�t�u�r�e� 

� � 

�F�i�g�u�r�e� �3�.�5�:� �I�n�f�l�u�e�n�c�e� �o�f� �A�p�p�l�i�e�d� �S�t�r�e�s�s� �o�n� �M�a�r�t�e�n�s�i�t�i�c� �T�r�a�n�s�i�t�i�o�n� �T�e�m�p�e�r�a�t�u�r�e�.� 
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�F�r�o�m� �F�i�g�u�r�e� �3�.�5�,� �t�h�e� �s�t�r�e�s�s� �r�a�n�g�e� �i�n� �w�h�i�c�h� �s�t�r�e�s�s�-�i�n�d�u�c�e�d� �m�a�r�t�e�n�s�i�t�e� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� 

�m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�C�u�(�T�  �� �M�y�)� �>� �o� �>� �C�u� �(�T�  �� �M�,�)� �(�3�.�1�2�)� 

�w�h�e�r�e�a�s� �t�h�e� �s�t�r�e�s�s� �r�a�n�g�e� �f�o�r� �t�h�e� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�y� �b�e� �g�i�v�e�n� �a�s�:� 

�C�4�(�T�  �� �A�,�)� �>� �o� �>� �C�4�(�T�  �� �A�y�)� �(�3�.�1�3�)� 

�N�o�w�,� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�s� �u�n�d�e�r� �s�t�r�e�s�s� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �i�n�i�t�i�a�l� 

�t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�s�,� �C�y�,� �C�'�,� �a�n�d� �o�c�.� 

�M�S� �=�M�.�+� �@� 

�M�;� �=�M�;�+� �o�e� �(�3�.�1�4�)� 

�M�y� �=� �M�o�t� �a� 

�a�n�d� 
�A�S� �=�A�s�+� �a�,� 

�A� �=� �A�r�+� �a� �(�3�.�1�5�)� 

�A�g� �=� �A�o� �+� �F�F� 

�w�h�e�r�e� �o� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �s�t�r�e�s�s� �w�h�i�c�h� �a�f�f�e�c�t� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�s�.� 

�F�o�r� �t�h�e� �c�a�s�e� �o�f� �u�n�i�a�x�i�a�l� �l�o�a�d�i�n�g�,� �w�h�e�n� �t�h�e� �s�t�r�a�i�n� �i�s� �b�e�l�o�w� �t�h�e� �i�n�e�l�a�s�t�i�c� �s�t�r�a�i�n� �l�i�m�i�t� 

�o�f� �t�h�e� �m�a�t�e�r�i�a�l�,� �e�z�,� �a�n�d� �n�o� �t�r�u�e� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �i�s� �i�n�d�u�c�e�d� �w�i�t�h�i�n� �t�h�e� �m�a�t�e�r�i�a�l�,� 

�o� �i�s� �s�i�m�p�l�y� �e�q�u�a�l� �t�o� �t�h�e� �e�x�t�e�r�n�a�l� �a�p�p�l�i�e�d� �s�t�r�e�s�s�,� �i�.�e�,� �o� �=� �O�a�)�.� �W�h�e�n� �t�r�u�e� �p�l�a�s�t�i�c� 

�d�e�f�o�r�m�a�t�i�o�n� �i�s� �i�n�v�o�l�v�e�d� �o�r� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �u�n�d�e�r� �p�l�a�s�t�i�c� �c�y�c�l�i�c� �d�e�f�o�r�m�a�t�i�o�n�,� �o� �d�e�n�o�t�e�s� 

�t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �a�p�p�l�i�e�d� �s�t�r�e�s�s�,� �o�,�,�,� �a�n�d� �t�h�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n�,� �o�,�,�:� 

�o� �=� �C�a�p�  �� �O�r�e� �(�3�.�1�6�)� 

�E�q�u�a�t�i�o�n� �(�3�.�1�6�)� �m�e�a�n�s� �t�h�a�t� �t�h�e� �a�p�p�l�i�e�d� �e�x�t�e�r�n�a�l� �l�o�a�d� �a�n�d� �t�h�e� �r�e�s�i�d�u�a�l� �i�n�t�e�r�n�a�l� �s�t�r�e�s�s� 

�h�a�v�e� �d�i�f�f�e�r�e�n�t� �e�f�f�e�c�t�s� �o�n� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�s�.� �I�t� �i�s� �w�e�l�l� �k�n�o�w�n� 

�t�h�a�t� �a�p�p�l�i�e�d� �e�x�t�e�r�n�a�l� �s�t�r�e�s�s� �e�n�h�a�n�c�e�s� �t�h�e� �m�a�r�t�e�n�s�i�t�e� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�s� �(�P�o�p�s�,� 

�1�9�7�0�)� �b�e�c�a�u�s�e� �t�h�e� �e�x�t�e�r�n�a�l� �s�t�r�e�s�s� �i�n�c�r�e�a�s�e�s� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �f�r�e�e� �e�n�e�r�g�y�.� �I�t� �h�a�s� �b�e�e�n� 
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�f�o�u�n�d� �o�n�l�y� �i�n� �r�e�c�e�n�t� �y�e�a�r�s� �t�h�a�t� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�s� �a�r�e� �l�o�w�e�r�e�d� 

�a�n�d� �t�h�e� �c�o�m�p�l�e�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �c�y�c�l�e� �i�s� �s�h�i�f�t�e�d� �t�o� �l�o�w�e�r� �t�e�m�p�e�r�a�t�u�r�e�s� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� 

�r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �(�Z�h�a�n�g� �a�n�d� �H�o�r�n�b�o�g�e�n�,� �1�9�8�7�;� �G�o�l�d�s�t�e�i�n�,� �1�9�8�7�)�.� �T�h�e� �r�e�a�s�o�n� �t�h�a�t� �t�h�e� 

�r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �d�e�c�r�e�a�s�e�s� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�s� �i�s� �a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� 

�t�h�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �a�i�d�s� �a�n�d� �i�n�i�t�i�a�t�e�s� �R� �s�t�r�u�c�t�u�r�e� �f�o�r�m�a�t�i�o�n� �a�t� �a� �l�o�w�e�r� �t�e�m�p�e�r�a�t�u�r�e� 

�(�G�o�l�d�s�t�e�i�n�,� �1�9�8�7�)� �a�n�d� �i�m�p�e�d�e�s� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �f�r�o�n�t� �d�u�e� �t�o� �d�i�s�l�o�c�a�t�i�o�n�s� �i�n�d�u�c�e�d� 

�d�u�r�i�n�g� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �(�Z�h�a�n�g� �a�n�d� �H�o�r�n�b�o�g�e�n�,� �1�9�8�8�)�.� �F�i�g�u�r�e� �3�.�6� �s�h�o�w�s� �t�h�e� �e�f�f�e�c�t�s� 

�o�f� �t�h�e� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�s�.� �B�a�s�e�d� �o�n� 

�E�q�u�a�t�i�o�n�s� �(�3�.�9�)� �-� �(�3�.�1�6�)�,� �t�h�e� �k�i�n�e�t�i�c� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �t�h�e�r�m�o�e�l�a�s�t�i�c� �m�a�r�t�e�n�s�i�t�i�c� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�r�e� �g�i�v�e�n� �b�y�:� 

 ¬�é�=�1�-� �*�=�£�4� �e�x�p�l�a�m�(�M�o� �+� �o�u�  ��T�)�"�]� �M�y� �2�T� �>� �M�y� �(�3�.�1�7�)�  ¬� �=� �8�4� �e�x�p�l�a�m�(�T�  �� �&� �-� �M�o�)�"�|� �M�y� �2�>�T�>�M�,� 
�b�y�:� 

 ¬� �=� �f�y�  �� �S�h� �e�x�p�l�a�a�(�A�o� �+� �&� �-�T�)�"�]� �A�V� �2�T� �2� �A�S� �(�3�.�1�8�)� 
 ¬� �=�  ��M� �e�x�p�[�a�4�(�T�  �� �A�o�  �� �¢�) ��|� �A�y� �2�7� �2� �A�G� �|� 

�f�o�r� �t�h�e� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�.� 

�E�q�u�a�t�i�o�n� �(�3�.�1�7�)� �a�n�d� �(�3�.�1�8�)� �a�r�e� �t�h�e� �i�m�p�r�o�v�e�d� �k�i�n�e�t�i�c� �m�a�r�t�e�n�s�i�t�i�c� �e�x�p�r�e�s�s�i�o�n�s� �w�h�i�c�h� 

�w�i�l�l� �b�e� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �s�h�a�p�e� �m�e�m�o�r�y� �e�f�f�e�c�t�.� 

�3�.�4� �C�o�n�s�t�i�t�u�t�i�v�e� �M�o�d�e�l� �o�f� �T�w�o�-�W�a�y� �S�M�E� �A�l�l�o�y�s� 

�3�.�4�.�1� �C�o�n�s�t�i�t�u�t�i�v�e� �E�q�u�a�t�i�o�n�s� 

�T�a�n�a�k�a� �e�t� �a�l�.� �(�1�9�8�2�,� �1�9�8�6�,� �1�9�8�8�)� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� �t�h�e�r�m�o�m�e�c�h�a�n�i�c�a�l� �b�e�h�a�v�i�o�r� �o�f� �S�M�A� 

�w�h�i�c�h� �u�n�d�e�r�g�o�e�s� �s�t�r�e�s�s�-�i�n�d�u�c�e�d� �m�a�r�t�e�n�s�i�t�i�c� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�r� �r�e�v�e�r�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�c�a�n� �b�e� �q�u�a�l�i�t�a�t�i�v�e�l�y� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�:� 

�a�=� �D�é�E�+� �O�T� �+�E� �(�3�.�1�9�)� 
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