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(ABSTRACT)

An analytical and experimental investigation of the response of composite cylinders of elliptical cross-
section to axial compression and internal pressure loadings is discussed. Nine eight-ply graphite-epoxy
elliptical cylinders, three lay-ups for each of three cross sectional aspect ratios, are specifically examined.
The lay-ups studied are a quasi-isotropic (45/0/90),, an axially-stiff (1:45/0,),, and a circumferentially-stiff
(i45/902),. The elliptical cross sections studied are characterized by semi-minor axis (b) to semi-major axis
(a) ratios of b/a = 0.70, 0.85, and 1.00 (circular). The cross sections are obtained by holding the semi-major
axis constant for all cross sections, and only varying the semi-minor axis. The nominal semi-major axis for
all specimens was 5.00 in. (127 mm), and all specimens were cut to the same length, which provided a
length-to-radius ratio of 2.9 for the circular cylinders. For the elliptical cross section cylinders, the length-
to-radius ratios, L/R(s), ranged from two to slightly greater than six, where R(s) is the function describing
the circumferential variation of the radius. A geometrically nonlinear special-purpose analysis, based on
Donnell’s nonlinear shell equations, is developed to study the prebuckling responses of geometrically perfect
cylinders. In this analysis the circumferentially-varying radius of curvature of the cylinder is expanded in a
cosine series. While elliptical sections are studied here, it should be noted that such an expansion will
accommodate any cross section with at least two axes of symmetry. The displacements are likewise
expanded in a harmonic series using the Kantorovich method. The total potential energy, written in terms of
the displacements, is then integrated over the circumferential coordinate. The variational process then yields
the governing Euler-Lagrange equations and boundary conditions. This process has been automated using

© The resulting nonlinear ordinary differential equations

the symbolic manipulation package Mathematica
are then integrated via the finite difference method. A geometrically nonlinear finite element analysis is also
utilized to compare with the prebuckling solutions of the special-purpose analysis and to study the
prebuckling and buckling responses of geometrically imperfect cylinders. The imperfect cylinder geometries

are represented by an analytical approximation of the measured shape imperfections.



An accompanying experimental program is carried out to provide a means for comparison between the
real and theoretical systems using a test fixture specifically designed for the present investigation to allow
for both axial compression and internal pressurization. A description of the test fixture is included. Three
types of tests were run on each specimen: (1) low internal pressure with no axial end displacement, (2) low
internal pressure with a low level compressive axial displacement and, (3) compressive axial displacement to
failure, with no internal pressure. The experimental data from these tests are compared to predictions for
both perfect and imperfect cylinder geometries. Prebuckling results are presented in the form of
displacement and strain profiles for each of the three sets of load conditions. Buckling loads are also
compared to predicted values based upon classical estimates as well as linear and nonlinear finite element
results which include initial shape imperfections. Lastly, the postbuckling and failure characteristics

observed during the tests are described.
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Chapter 1.0 Introduction

Due to their high structural efficiency, thin-walled cylinders are used extensively as primary structural
elements in many important applications. Because fiber-reinforced composites provide high specific strength
and specific stiffness, as well as the ability to tailor strength and stiffness parameters, composite cylinders
are of particular interest in the design of lightweight, efficient structures. This is especially true in the
aerospace industry. While circular cylinders are perhaps the most common, and hence the most widely
studied form of composite cylinder, future transport fuselages may involve noncircular cross sections. Such a
construction may be required due to aerodynamic, internal storage, or other considerations. In order to use
composites in the design of a fuselage with a noncircular cross section, several issues will need to be
addressed, including not only the effects of the noncircular geometry, but also material orthotropy,
interlaminar stresses, and the addition of stiffeners, rings, and cutouts. It is also likely that it will be desirable
to vary the structural properties according to circumferential position, so that each circumferential section is
tailored to best meet its loading requirements. However, before addressing such complex structures, a good
understanding must first be developed of the simpler structural elements, such as thin, unstiffened composite
cylinders of noncircular cross section with a uniform lamination. The aim of the investigation described in
this dissertation is to understand how the degree of out-of-roundness of the cross section, described in terms
of ellipticity, in combination with material orthotropy affects the response of composite cylinders to the
simple load conditions of axial compression and internal pressure.

The present study is both analytical and experimental in nature, involving the investigation of nine
composite cylinders of elliptical cross section with three lay-ups and three cross sectional aspect ratios.
These nine cylinders were tested using a fixture constructed for this project to allow for both axial
compression and internal pressurization. The geometrically nonlinear response of the cylinders was analyzed
using both a special purpose code and a finite element program. The special purpose code is used to
efficiently study and gain physical insight into the character of the cylinders’ prebuckling response. The
finite element code is utilized to study the buckling and postbuckling responses, as well as to study the
response to geometric imperfections, accurately modelled according to measurements made on the actual
cylinders.

This dissertation begins in the next chapter with a review of some of the relevant literature related to the
study of noncircular cylinders. In ch. 3, a description is given of the particular problem studied here,

including a brief discussion of the theory of surfaces as it relates to the derivation of the shell equations for
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cylinders with a continuously varying radius of curvature. The specific geometries studied, definitions, and
nomenclature are introduced. The formulation of the equations and the solution approach developed for the
special purpose code are also described. Lastly, the finite element code used and it’s application are
discussed in general terms.

Chapter 4 discusses the behavior of elliptical cross section cylinders in response to internal pressure and to
axial compression in the prebuckling range based on the numerical results obtained with the special purpose
code. The convergence of this solution is first discussed. Numerical examples are then shown to illustrate the
specific issues involved with each type of loading. These results are also compared with those that can be
obtained from simplified methods, such as using membrane theory adapted to noncircular cylinders, or using
nonmembrane results from circular cylinders to predict the behavior at particular circumferential locations
on an elliptical cylinder.

The experimental program is described in ch. 5, including the details of the specimens, the test fixtures,
instrumentation, and test procedures.

Measured and observed experimental responses are discussed and compared with the predicted responses
in ch. 6. The experimental data are first used to discuss and evaluate the symmetry and uniformity of the test
setup. The test results are then compared to numerical predictions based on both perfect and geometrically
imperfect cylinders. Prebuckling deflections and strain distributions are discussed and compared in detail.
Buckling loads are also compared to predicted values based upon classical estimates as well as linear and
nonlinear finite element results which include initial shape imperfections. Lastly, the postbuckling and
failure characteristics observed during the tests are also described.

Finally, a discussion of the study, conclusions, and recommendations for future work are presented in ch.

The method of measuring the initial shape imperfections of these specimens and a description of the
application of these measurements in the STAGS finite element models are described in Appendix A. The
fabrication, preparation, and nondestructive evaluation of the test specimens are discussed in Appendix B.

For completeness, results for cases not detailed in ch. 6 are given in Appendix C.
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Chapter 2.0 Literature Review

Although over the last 30-40 years considerable attention has been given to both theoretical and
experimental evaluation of the responses of circular cylinders to simple loadings [1, 2, 3], relatively little
theoretical work has been done for noncircular cylinders, and even fewer related experimental results have
been reported. Nevertheless, attention can be drawn to the work of several investigators. A brief discussion

of this work is given below.

Analysis

While the membrane response of cylinders with varying curvature is only slightly more difficult to obtain
than that for circular cylinders [4, S, 6], the nonmembrane response of cylinders with varying curvature is
significantly more difficult to analyze than for their circular counterparts. It should be noted that because it is
possible to construct many noncircular shells from circular shell segments, this method has often been
employed to simplify such analyses, e. g., [6, 7, 8]. In the following, the discussion will be limited to shells
with continuously varying curvature and the term ‘noncircular’ will always refer to shells with continuously
varying curvature.

The earliest nonmembrane analysis of a shell of continuously varying curvature was performed by
Marguerre [9], who expanded the curvature in a Fourier series with respect to the circumferential arc-length
in order to more accurately study the stability of so-called long wing noses (the terminology used for wing
leading edges). This basic approach has since been used in the majority of all subsequent analyses of shells

of constantly varying curvature, including the present study.

Pressure

Very little work is available for pressurized noncircular cylinders. For the case of internal pressure, while
nonmembrane results can be found for cylinders constructed of circular shell segments, e. g. [7], only
membrane solutions for isotropic noncircular cylinders can be found [4, S, 6]. A small body of work exists
for isotropic oval cylinders subjected to external pressure. These studies are based primarily on the work of
Romano and Kempner [10, 11], who first investigated the effects of lateral pressure on short, simply-
supported, noncircular cylinders in 1958. In [10, 11] a Donnell-type linear shell theory was used and a

double Fourier series solution was assumed for the displacements in order to obtain results for a simply-
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supported mildly oval cylinder. Vafakos, Romano, and Kempner [12] extended this work to clamped oval
cylinders with more severely oval cross sections. In order to have greater flexibility in defining boundary
conditions, rather than using a double Fourier series expansion, displacements were expanded only in the
circumferential direction, and the principle of minimum total potential energy was used to obtain ordinary
differential equations in the axial coordinate. These were solved using an assumed series of complex
functions. Vafakos, Nissel, and Kempner [13, 14] then applied this energy solution to the previous problem
of simply-supported oval shells, finding excellent agreement between the two solutions. In all of these
papers, the radius of curvature was described as a function of the circumferential length using a one-term

Marguerre-type expansion of the form

R(ls) = 'le)(l *5“’5(%8))’ @1

where £ was a parameter describing the eccentricity of the oval, C was the circumferential length of the
cylinder, and R, was the radius of a circular cylinder having the same circumferential length as the oval.
(Such an oval was sometimes referred to in the subsequent literature as a ‘Kempner oval’.) The cylinders
compared had varying cross-sectional aspect ratios, but the same circumferential length. It was shown that
the maximum stresses and displacements, as well as the variation in these quantities, increased significantly
with increasing semi-major to semi-minor aspect ratio. Unlike circular cylinders, there was a clear variation
of stresses and displacements in the circumferential as well as the axial direction. The bending stresses,
especially the axial bending stress, comprised a significant portion of the total stress. This was especially

true for the cylinders with clamped boundary conditions.

Axial Compression

A membrane solution for isotropic elliptical cylinders under axial compression due to uniform end-
shortening can be found in Novozhilov [7]. The earliest nonmembrane work available on the response of
noncircular cylinders was performed by Kempner and Chen [15, 16, 17]. In these studies, the buckling and
initial postbuckling responses of oval cylinders of the type described in [10] were examined using equations
analogous to the Donnell shell equations. The approximate solution used in these studies was obtained by an
extension of an energy solution applied to circular cylinders [18], modified by taking into consideration that
the total potential energy would no longer be a continuous function of a circumferential wavelength
parameter. Several important results from these studies can be cited. In considering families of ovals having
the same circumferential length, it was observed that the classical buckling load, G, decreased with
increasing out-of-roundness. It was reasoned that this was because the least rigid regions at the ends of

minor axis of the oval shell, where R = Ry,,,, are responsible for the onset of instability in the classical sense.
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Using an asymptotic buckling solution, it was further shown that for infinitely thin shells the buckling stress
of an oval cylinder corresponds to the classical buckling stress of an axially compressed circular cylinder
whose radius of curvature is equal to the maximum radius of curvature of the oval cylinder, i. e.,

ellipse circle
o =g 2.2)

cr cr R =R
m

ax
For oval cylinders having finite thickness, eqn. 2.2 represented a lower bound on the buckling stress and
provided a very good approximation for moderately thin cylinders, R,ye/H > 100.

While the buckling load decreased with increasing out-of-roundness, it was noted that the postbuckling
load vs. end-shortening relation for oval cylinders always lay above that for the corresponding circular
cylinder, and the minimum load in the postbuckling range increased with increasing out-of-roundness.
Further, for the more severe ovals, stresses in the postbuckling region were obtained which exceeded the
buckling stress. This indicated that sufficiently eccentric oval cylinders might be less imperfection sensitive
than circular cylinders. These results were explained physically by considering that after buckling occurs, the
stiffer, larger curvature regions of the shell would carry the main portion of the applied load. It was shown
that as the curvature of the ends of the major axis approached infinity, the postbuckling load vs. end-
shortening relation for the cylinder behaved more and more like the relation for a flat plate.

In response to this finding, Hutchinson [19] applied Koiter’s method to investigate the sensitivity of oval
cylinders to initial imperfections, showing that oval cylinders with minor to major axes ratios of b/a > 0.2
were very imperfection sensitive. Hutchinson also studied elliptical cylinders and found similar results to
those obtained for oval cylinders. Subsequently, Kempner and Chen [20] modified their previous analysis
and confirmed Hutchinson’s results for the initial postbuckling region, but indicated that the snap-through
behavior for an oval cylinder with moderate to large eccentricity would be much less drastic than for a
circular cylinder. Because buckling of a circular cylinder occurs instantaneously over the entire
circumference of the cylinder, it is accompanied by a catastrophic drop in load-bearing capacity so that the
initial buckling load and the collapse load for a circular cylinder are identical. However, after initial buckling
and a short drop in load, it was found that for some oval cylinders a higher load could be attained after which
collapse would occur. This analysis indicated that these load points were less sensitive to imperfections and
they suggested that this second maximum load would be a more meaningful stability parameter for oval
cylinders than the initial buckling load.

These results were supported by the work of Almroth, Brogan, and Marlowe [21], on the collapse of
elliptical cylinders and cones. This study was performed using a two-dimensional finite difference analysis
(the precursor to the STAGS finite element program used in the current study). It was argued that for shells
with noncircular cross sections, bifurcation buckling need not be considered, as the deformation pattern prior
to collapse already would contain a component of the buckling mode which would develop at collapse.
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Hence only a nonlinear analysis was performed. It was found that elliptical cylinders (and cones) exhibit
more than one maximum load. This analysis also allowed the inclusion of a simple initial shape
imperfection. For sufficiently large imperfection amplitudes it was found that the first sharp maximum
disappeared. While this primary buckling load was sensitive to imperfections, the second maximum did not
appear to be imperfection sensitive. Tennyson, Booton, and Caswell [22] also investigated the effects of
imperfections on the buckling of elliptical cylinders. Taking the approximation given in eqn. 2.2 to predict
the buckling load for a perfect elliptical cylinder, they reasoned that the buckling load reduction due to an
axial imperfection distribution could be estimated using Koiter’s axisymmetric imperfection theory for a
circular cylinder having a radius equal to the maximum radius of curvature of the elliptical cylinder. These
results were shown to agree reasonably well with those of Hutchinson.

Feinstein, Erikson, and Kempner [23] considered the effects of clamped end conditions on the buckling of
axially compressed oval cylinders. This study represents one of the few to make any attempt to take into
account a nonmembrane prebuckling state. To accomplish this, linear prebuckling equilibrium equations,
written in terms of displacements, were further simplified using assumptions referred to as “pseudo-
symmetry,” wherein all derivatives with respect to the circumferential coordinate were neglected, but the
dependence of the radius of curvature upon the circumferential coordinate was retained. The stability
equations were then solved using a Fourier method in conjunction with a higher-order difference method.
For clamped circular or nearly circular cylinders only a small reduction in the buckling load by comparison
to an infinite cylinder was found. For moderately oval cylinders little or no difference was found. However,
for more eccentric oval cylinders, the cylinders with clamped ends exhibited a buckling load above that of
infinite cylinders. The effects of stiffeners on short oval cylinders were investigated by Volpe, Chen, and
Kempner [24]. For unstiffened clamped cylinders, their results agreed well with those of [23]. Unstiffened
simply-supported oval cylinders were also considered, and were shown to have, in all cases, buckling loads
below those for cylinders with clamped end conditions. Similar trends were observed for oval cylinders with
external stiffeners.

Very few investigators have considered composite cylinders with noncircular cross-sections. Sun [25]
applied Hutchinson’s [19] analysis to oval and elliptical composite cylinders. It was found that symmetric
cross-ply cylinders were relatively imperfection insensitive, even for moderate minor to major axis aspect
ratios. Cylinders with quasi-isotropic and unidirectional lay-ups were insensitive to imperfections only for
extremely eccentric cross-sections. In the range of moderate eccentricity, elliptical cylinders were found to
have much higher predicted buckling loads than the oval cylinder having the same eccentricity and the same
circumferential length. Soldatos [26, 27] developed a fully nonlinear transversely shear deformable shell
theory applicable to noncircular cylinders. A linearized version of this theory was applied to the problem of

buckling of thick anti-symmetric cross-ply oval cylinders. Galerkin’s method was used to solve the buckling
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problem and the solutions were compared with those obtained using a classical Love-type shell theory. It was
concluded that with increasing eccentricity of the cross-section, the effects of transverse shear deformations
on the buckling load decreased.

Most recently, Sheinman and Firer [28, 29] investigated the buckling and postbuckling of angle-ply and
unsymmetrically laminated oval and elliptical cylinders. In this study, Donnell-type shell equations were
written in terms of the Hu-Washizu mixed formulation and the radius of curvature expanded in a Marguerre-
type series. The normal displacement and Airy’s stress function were then expanded in the circumferential
direction and Galerkin’s method used to obtain ordinary differential equations. Linear prebuckling equations
were solved and the result substituted into the buckling equations, and a second set of ordinary differential
equations was then obtained. These were reduced further using the finite difference method in order to obtain
an eigenvalue problem. Unlike circular cylinders, the coupling of the wave number was found to be very
significant for the noncircular cylinders, especially as the eccentricity of the cross-section increased. The
inclusion of at least 10 wave numbers was necessary to obtain convergence of the buckling loads. Similar to
Sun [25], the buckling loads for the moderate elliptical cylinders were found to be much higher than those
for the corresponding oval cylinders, especially for the unsymmetric laminate. This was due in part to the
fact that the smallest curvature of an elliptical cross-section was significantly less than that of an oval cross-
section with the same minor to major axis aspect ratio. Solutions beyond the limit point for initially
imperfect oval and elliptical cylinders were obtained using the Rik’s constant arc-length algorithm. It was
found that the noncircular cylinders were less imperfection sensitive than circular ones, and that, for largely

eccentric cross sections, the noncircular shells are insensitive to initial geometric imperfections.

Vibration

Lastly, several analyses of the vibration of noncircular cylinders can also be found in the literature.
Although the results of these studies do not directly relate to the subject of this investigation, because the
formulations for vibration of noncircular shells are related to those for buckling, and because a somewhat
wider variety of cases has been investigated for vibration than for pressurization or axial compression, some
of the more recent vibration studies are also mentioned here. In particular, Soldatos [30] has studied cross-
ply oval cylinders using a Fliigge-type theory, finding that Fliigge-type and Donnell-type equations give
nearly identical results for short cylinders with moderate oval eccentricity, the comparison becoming worse
as the eccentricity and/or the length of the cylinder increases. Antisymmetric cross-ply oval shells were also
investigated by Hui and Du [31], who included the effects of axial imperfections in a Donnell-type analysis.
They concluded that imperfections on the order of the shell thickness may significantly raise or lower the

fundamental frequency, depending upon the type of imperfection and the shell lay-up. Most recently, a study
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of the free vibration of thick noncircular shells with a circumferentially varying thickness was performed by
Suzuki and Leissa [32], showing that the inclusion of transverse shear deformations tends to lower the
frequency of thick shells, while a parabolic thickness variation tends to raise them. For further discussion of

vibration of noncircular shells, an excellent review of earlier work can be found in [33].

Experimental Work

Very few experimental results have been reported in the literature for noncircular cylinders for any type of
loading, and no experimental results appear to be available for composite cylinders with noncircular cross-
sections. Sewall and Pusey [34] have studied the vibrations of clamped-free thin aluminum cylinders of
elliptical cross section. Yao and Jenkins [35], following the work of Slepov [36], made an extensive
analytical and experimental investigation of buckling due to external pressure of simply-supported elliptical
cylinders fashioned from PVC sheets. They found fairly good agreement between their Galerkin’s method
solution for the buckling load and the experimental results, providing that the cylinders were neither too
short nor too thick. The analytically-predicted buckling modes, however, were not observed in most
experiments. Kempner, et al. [37] compared the analysis of [13, 14], discussed above, with experimental
results from David Taylor Model Basin on hydrostatically pressurized ring-reinforced oval cylindrical shells.
Although the test specimens were pieced ovals with two different skin thicknesses, simple approximations in
the analysis resulted in a favorable comparison of experimental and theoretical results. No experimental
results appear to have been reported for internally pressurized noncircular cylinders.

Of greatest interest for this study are three experimental investigations of the buckling and postbuckling
responses of oval and elliptical cylinders to axial compression. Each of these studies was prompted by the
analytical results of Kempner and Chen [15, 16, 17], discussed above, which indicated that some noncircular
cylinders might be relatively imperfection insensitive and might even support loads in excess of their
classical buckling load. To accompany the analysis, discussed above, Hutchinson [19] also reported
experimental results for axially compressed elliptical cylinders constructed of Mylar sheet formed around
elliptical wooden end pieces. These results showed buckling occurred at loads as little as one-half of the
classical buckling load (eqn. 2.2), presumably due to the imperfection sensitivity of the cylinders. However,
the more severely elliptical cylinders (minor to major axis ratio of less than one-third) carried load in excess
of the load at which buckles initially appeared and one cylinder reached a maximum postbuckling load
which exceeded the classical buckling load by about 25%. Tennyson, Booton, and Caswell [22] investigated
the buckling of elliptical cylinders using test cylinders manufactured from a liquid epoxy using a spin-
casting process. These cylinders were spun-cast in circular form and then deformed to an elliptical shape by
bonding each shell to machined aluminum end plates having the desired cross-sectional shape. For some of

these cylinders, specific axial imperfections were introduced by cutting the axial imperfection into the inner
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surface of the cylinder with a hydraulic tracer tool. Of course, this resulted in a thickness variation as well as
a shape imperfection. For both the “perfect” and imperfect test specimens, buckling was characterized by a
buckle pattern localized near the area of minimum curvature. The “perfect” cylinders buckled at loads within
10% of the “reduced classical load,” obtained by taking into account an assumed 10% reduction in the
classical buckling load due to the clamped boundary conditions. Significant imperfection sensitivity was
observed, confirming Hutchinson’s results. The agreement between the analysis, discussed above, and the
test results was quite good. It was also observed that for the more severely elliptical cylinders, maximum
compressive loads exceeded the initial buckling loads, but not by the large degree predicted by Kempner and
Chen [20].

Lastly, a very careful study was performed by Feinstein, Erikson, and Kempner [38], who fabricated a
series of oval cylinders by wrapping and heat treating sheets of Mylar over mandrels of the desired geometry.
The cylinders produced in this manner retained their shape when removed from the mandrels and thus lacked
the large initial stresses which would be expected in the test specimens of the previously cited studies. The
cylinders were fitted to end fixtures which had grooves machined to be very close fitting to the inside of the
cylinders. The outside was anchored to the fixture using a low-melting-point metal alloy. These fixtures were
attached to the testing machine in such a way that minute adjustments in alignment could be made to obtain
a state as close as possible to perfectly symmetric loading. They found that as the eccentricity of the oval
cross-section became more extreme, the increase in the maximum postbuckling load greatly increased. For
the cylinder with minor to major aspect ratio of 0.5, this maximum postbuckling load was as large as 5 times
the initial buckling load. Even moderate ovals (aspect ratio of 0.7) could, after an initial drop in load after
buckling, carry loads appreciably in excess of the initial buckling load. For all of the oval cylinders, the
initial buckles occurred in the region of the minimum curvature, resulting in a relatively small drop in load,
after which the load again increased until the maximum load was reached, at which point the buckles
propagated completely through the regions of maximum curvature and a large drop in load occurred,
resulting in a collapse as catastrophic as that for a circular cylinder. These results showed excellent

agreement with the analysis given in [20].

None of the studies cited above have examined the nonlinear prebuckling response of composite cylinders
with noncircular cross-sections, nor do there appear to be any investigations of the effects of internal
pressure or combined pressure and axial compression on such cylinders. No experimental results exist for the
response of composite elliptical cylinders for any load case. These facts represent the genesis for the current

work, which is described beginning in the next chapter.
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Chapter 3.0 Description of Problem and Solution Approach

In this chapter a description of the problem, including a basic description of surface theory, and a general
discussion of the approaches to the various solutions is given. The nomenclature to be used in the following

chapters is also introduced.

Description of Problem

Consider a cylinder of constant thickness H and axial length L. The cross sectional shape of the reference
surface, which will be taken here to be the middle surface of the cylinder, is an ellipse lying in the y-z plane

and described by

N

=1, (3.1)

U‘lN
(38
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where a and b are the semi-major and semi-minor axes of the ellipse, respectively. The degree of a given
cylinder’s ellipticity will be described in terms of the ratio of these axes, b/a. The cylinders under

consideration here, illustrated in Figure 3-1, are symmetrically laminated and have semi-minor to semi-
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Figure 3-1 Description of Problem.

Description of Problem and Solution Approach 10



major axis ratios of 0.70 < b/a < 1.00. Only thin cylinders are studied. In the laminate nomenclature the
orientation of the layers is defined relative to the +x axis. These cylinders are subject to clamped-clamped

boundary conditions. Explicitly stated, these boundary conditions are:

at x = +L/2:

i) u°=$§

i) vo=0 (3.2)
iii) we =0

iv) By =0

The topics of specific interest are:
1. Response due to low internal pressure.
Response due to low levels of combined internal pressure and axial compression.

Geometrically nonlinear prebuckling response due to axial compression.

A v

Buckling and postbuckling response due to axial compression.

Also of interest in this study is the degree of influence that initial shape imperfections have upon elliptical

cylinders, as compared to circular cylinders, for the types of loading listed above.

Surface Theory

A thin shell can be described in terms of its reference surface, thus some basic information relating to
theory of surfaces is necessary in order to further describe the problem at hand. What is presented here is by
no means a detailed discussion of this topic. More useful information can be found in numerous texts dealing
with differential geometry, theory of surfaces, and shell theory [6, 39, 40].

As stated above, the type of cylinder to be studied here can be described in terms of its reference surface.
A cylindrical shell can be generated by a straight line, called a generator, moving parallel to itself along a
curve called a profile. The cylinder is named by the shape of the profile, e. g., a circular or elliptical cylinder.
The generators and profiles provide a natural set of coordinate lines. The generators lie parallel to the axis of
the cylinder. The circumferential coordinate is measured along the profiles, and may be defined by either ¢ or

s, where s is the arc length, such that

ds = R(¢)d¢, (3.3)
where R(9) is the radius of curvature and ¢ is the angle which the radius of curvature makes with the vertical

plane, as illustrated in Figure 3-1. Based upon this definition of ¢ and eqn. 3.1, the parametric equations of

the reference surface of an elliptical cylinder can be written in terms of x and ¢ as
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9.
a<sind
y =
2 2
NaZsin ¢+b2cos () (3.4)
2
;= b“cos¢
a2 sin2¢ + b2c052¢

Clearly these equations provide a mapping between the two-dimensional surface described in terms of
surface coordinates {x, ¢} and three-dimensional Cartesian space {x, y, z}. Because every surface described

by a rectangular coordinate system, {Xx, X,, X3}, may be defined in terms of two parameters, &; and &,

assign:
X; = X
Xy =Y and (3.5)
§2 =¢
X3 =2

For convenience of notation, in what follows, the convention will be used that English subscripts run from 1
through 3 and Greek subscripts run 1 to 2.
Using the relations given above, let the equation of the undeformed surface be written in terms of the

radius vector

r=r() =x

o 1 G & (3.6)

where ¢€; are the unit vectors of the Cartesian coordinate system. This vector represents the distance
between the origin and a given point on the surface. Given two points {&), &,} and {§;+d&;, §,+dE, ],
arbitrarily near to each other on the reference surface, the increment of the radius vector moving from the

first point to the second point is
dr=r1,_ dg_, 3.7

where ,( ) denotes differentiation with respect to the variable (). Thus the differential arc length on the

surface is

a

N S 2 N
dr-dr =ds = r,mr,BdéadgB . (3.8)

Now the ;, o Tepresenttangents to the coordinate lines of the surface and the magnitudes of these vectors

are denoted by
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1
>

(3.9)

ho | = A

Equation 3.8 can therefore be written as

2 2.2 2.2

ds = Aldé1 +2A1A2cosxd£1d§2+A2d§2 (3.10)
where ¥ is the angle between the coordinate lines. This is the “first fundamental form” of the surface and the
A, are known as the Lamé coefficients. The system described by eqn. 3.4 is orthogonal so that cos x = 0 and

eqn. 3.10 reduces to

2 ) 2
ds = Aadéa_ 3.11)

Further, using eqn. 3.4, for this elliptical cylindrical surface

2
ab2

A, =
2 2 3/2 . (3.12)
(azsin ¢+ b2cos 2¢)

Define also from eqn. 3.9 the unit vectors tangent to the coordinate lines:

Iy
ty = A (3.13)
o
and the unit vector normal to the surface by
ty Xty = fi. (3.14)

These equations, however, do not completely define the surface by themselves. The problem remains to find
the curvature of a curve lying in the surface. Let r = r(s), where s is the arc length from a certain origin,
be the vectorial equation of a curve on the surface. Denoting by t the unit vector along the tangentto 1(s),

then

= Lo+ . (3.15)

(3.16)
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