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(ABSTRACT) 

This work addresses many problems associated with designing aerodynamic 

shapes using computational fluid dynamics (CFD) codes. The investigation focuses 

in the transonic flow regime where shock waves may have an adverse effect on the 

convergence of the optimization process. In particular, the interaction of the flow 

discontinuity with the discrete representation of the design problem may cause the 

objective function to be non-smooth. Methods for robust optimization of the non- 

smooth functions are presented. 

The dissertation is divided into two parts, The first part investigates a simple 

model problem involving quasi-one-dimensional flow in a duct. The flow field com- 

putation is simple and contains many of the elements present in more complicated 

fluid flow problems. The optimization involves finding the cross-sectional area dis- 

tribution of a duct that produces velocities which closely match a targeted velocity 

distribution containing a shock wave. The objective function which quantifies the 

difference between the targeted and calculated velocity distribution becomes non- 

smooth due to the presence of the shock in the discretized field. Two techniques for 

derivative-based optimization are offered to resolve the difficulties associated with 

the non-smoothness of the objective function. The first technique, shock-fitting, 

involves careful integration of the objective function through the shock wave. The 

second technique, coordinate straining with shock penalty, uses a coordinate trans- 

formation to align the calculated shock with the target and then adds a penalty



proportional to the square of the distance between shocks. These techniques are 

evaluated and tested using several methods to compute the derivatives, including 

finite-differences, direct and adjoint methods. 

The above two techniques rely on accurate estimations of the shock position, 

which may not be available for the general case. In the second part of the dis- 

sertation, we present an optimization method to solve the difficult model design 

problem requiring no information about the shock. The optimization begins with 

the construction of a response surface that smoothly approximates the objective 

function. Here the response surface is a least squares polynomial fit to carefully 

selected design points. By minimizing the response surface we can obtain a first 

guess for a reasonable design. Optimization may continue in one of two ways. In the 

first method, we probe a small region of the design space around the minimum and 

perform another response surface minimization. In the second method we switch to 

a derivative-based method assuming that in the small region around the minimum 

the function is smooth. In addition to the one-dimensional duct problem, two other 

shape design problems involving two-dimensional flow are solved to demonstrate the 

efficacy and robustness of the response surface method. One involves the inverse 

design of a bump in a transonic channel flow. The other involves the design of an 

airfoil for transonic flight.
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INTRODUCTION 
  

Shape optimization problems in aerodynamics have recently captured the 

interest of many researchers as solutions to fluid dynamics problems have be- 

come less computationally restrictive. The increase in computational efficiency 

can be attributed to the incorporation of new procedures such as multigrid’ and 

preconditioning,” but also to computer improvements, such as the development of 

parallel machines. These advances have lead to many new methods to solve the 

design problem as flow solutions for many different configurations are available to 

the designer. Our work here focuses on the modification of existing design proce- 

dures and the implementation of a response surface method applied to transonic 

flow design problems involving shock waves. 

Design problems can be categorized into two main types, inverse and direct. Of 

the inverse type, we speak of flow field design and surface flow design. The flow field 

design problem is formulated by specifying some feature throughout the flow, e.g. 

a shock-free flow. The solution describes the shape of the solid boundary such that 

the flow field satisfies the condition specified. The best known method for flow field 

design is the hodograph method applied to two-dimensional, transonic, shock-free 

airfoils.*—!! This method transforms the partial differential equations governing po- 

tential flow to the hodograph plane, where they appear as linear equations. Then, 

by superposition of simple solutions, complex, shockless flows are constructed. Al- 

though some excellent airfoils have been designed by this method, some “optimized” 

shapes have been known to have open or fish-tail trailing edges. 

Another flow field design method for transonic, shock-free airfoils is the ficti- 

tious gas method invented by Sobiesczky et al..!2 This method uses a false density- 

Mach number relation in regions where the flow would be supersonic. The fictitious 
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relation is defined such that the flow is subsonic in this region, eliminating the pos- 

sibility for the existence of shocks. Along the sonic line the governing equations for 

both regions (the isentropic region and the fictitious gas domain) are satisfied. By 

reverting to the normal isentropic relation in the fictitious gas region, the new airfoil 

shape is determined by forcing the stream function to have a constant value every- 

where along the airfoil surface. The fictitious gas method is easier to implement 

than the hodograph method and does not suffer from designs with open or fish-tail 

trailing edges. Applications of this method can be found in references 13-17. 

Surface flow design is the more common approach to inverse design and more 

work has been done with this problem than the flow field design type. In surface flow 

design, some aerodynamic quantity is specified along a boundary, e.g. pressure on 

an airfoil surface. The solution to the problem describes the shape of the boundary 

that will generate the specified distribution. The list of literature involving shape 

design via surface flow specification in very long. Progress in this field is well 

1,18 and more recently by Dulikravich.?® summarized by Holst et a 

Surface flow inverse design applied to airfoils was first formulated by Lighthill.?° 

Lighthill pointed out that the inverse problem in airfoil design is well-posed pro- 

vided the target velocity (or pressure) distribution satisfies three constraints. Two 

constraints are associated with the airfoil’s trailing edge gap. The third constraint 

requires that the target velocity distribution is compatible with the specified free 

stream velocity. The problem is well-posed provided the target distribution is for- 

mulated in terms of parameters which guarantee the constraints are satisfied. 

In incompressible flow problems, an explicit relationship for the parameters 

exists so that the target distribution satisfies the constraints.?}—?3 For compressible 

flow, these explicit relationships have only been found for Karman-Tsien type gas.”4 

No explicit relationship has been found for compressible perfect gas. Tranen,?°* 
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Carlson,2® and Shankar?’ have been able to design airfoils by satisfying two of the 

three constraints. They were not able to satisfy the target distribution to within 

arbitrarily small tolerances since the free stream condition was not satisfied. Volpe 

and Melnik?’ were able to satisfy all three constraints for a compressible perfect 

gas problem by numerically determining the values of the parameters in the target 

distribution as part of the problem. 

In direct design problems some objective is quantified as a function of one or 

more design variables. In airfoil design typically the drag, formulated as a function 

of the airfoil shape, acts as the objective function. The objective is met when 

the function is minimized (or maximized). The solution to the direct problem is 

the shape described by the set of design variables which minimizes (or maximizes) 

the objective function. One key advantage to solving the direct problem over the 

inverse problem is that the designer does not have to rely on experience to determine 

the aerodynamic target distribution. Also, many times the data specified for the 

inverse problem may not correspond to a feasible design. Progress in this field is 

extensive and is well summarized in references 18 and 19. A brief overview of some 

optimization methods available for solving inverse and direct problems are presented 

in the next few paragraphs. 

Methods for optimization of surface flow inverse types and direct design types 

can be classified according to how they use function, gradient, and Hessian infor- 

mation. Algorithms which use only function values are classified as zeroth-order 

methods. First-order methods use function and gradient information and second- 

order methods include the use of the Hessian. 

There are many zeroth-order methods. Of rising popularity is the genetic 

algorithm (GA). The GA is a search procedure whereby designs are completely 

represented by a string of genes. Instead of starting from a single design point, 
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the GA uses a population of designs that are compared and ranked in relation 

to one another. Using a simple breeding method, two genetic strings from the 

population are recombined to produce a new design of (hopefully) higher merit. 

Breeding continues until the population is replenished. The best design from the 

previous population is added to the population. The algorithm continues over many 

generations, always keeping the best design in the current population set. The GA 

works because the probability of a genetic string being selected for breeding is 

related to its rank in the population. In this way designs of higher quality are 

selected more often for breeding. Also a random chance for genetic mutation is 

usually incorporated to allow for genes not found in the population to enter into 

the design process. GA’s have been used in optimization since the 1980’s,?9 and the 

extension to shape design has been made more recently e.g. references 31-33. A 

drawback of the GA is the large amount of function evaluations required to complete 

an optimization. This can make a design prohibitively expensive if CFD solutions 

are needed to evaluate the objective function. | 

Another zeroth-order method involves probing the design space at locations 

where the optimum is statistically most likely to occur. GROPE (Global R4 Op- 

timization when Probes are Expensive), invented by Elder,** is an extension to 

multiple dimensions of the univariate search method introduced by Kushner.** It 

is an ideal algorithm for multipeak functions in low dimensions as it attempts to 

balance the competing aims of sampling in the vicinity of a known peak and ex- 

ploring new regions. One attractive feature of this algorithm is the apparent low 

number of samples required to locate the minimum. However, implementation to 

higher dimensions is complex. To the author’s knowledge GROPE has not been 

applied to shape optimization problems. 

The response surface or simulation approach is another way to optimize func- 

tions when derivatives are inaccurate or unavailable. Here sequential approxima- 
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tions to the function and constraints are made by sampling a portion of the design 

space. With the acquired data, curves are constructed, usually by a least-squares 

approach, to simulate the objective function and it’s constraints. Minimization will 

lead to an improved design if the curves model the function and constraints accu- 

rately. The size and shape of subsequent subregions can be changed based on the 

results of the minimization. This method is particularly useful when the function is 

noisy as it does not require costly or noise-contaminated derivatives. This approach 

originated from the field of design of experiments and experimental optimization 

where the results and conclusions that can be made rely heavily on the manner 

in which data were collected.*° The application of response surfaces to numerical 

experiments is straight forward as noisy numerics creates the same circumstances 

as experimental tests. The approach has been used successfully in a multitude of 

noisy structural optimization problems.*’~** The extension to other disciplines is 

developed in references 45 and 46. 

Much of the design work today uses derivative-based methods. Many of the 

optimization methods are well established and are covered in text books on the 

subject e.g. reference 47. In aerodynamic shape design, work has focused on ef- 

ficiently and accurately computing the first derivatives, either analytically or by 

numerical means. Due to the excessive cost involved in shape design, the Hessian 

is often approximated, for example by BFGS updates, when second order methods 

are utilized. Recent advances in first-order optimization involving transonic flow 

are presented in references 48-61. 

It was discovered in our earlier work,*® that the shock wave, if ignored as 

a discontinuity, can slow convergence or cause the optimization to fail. In CFD 

solutions the difficulty in representing a discontinuity on a grid can cause noise in 

the evaluation of design derivatives and can cause waviness or discontinuities in the 
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objective function. An important conclusion in reference 48 is that as the quality 

of the flow solution improves and the shock wave resolution sharpens, the more the 

shock wave tends to disrupt the optimization process. Advances in the quality and 

efficiency of CFD codes have allowed the engineer the luxury of designing shapes 

using flow solutions with very sharp shocks. However methods must be developed 

to counter the adverse effects that sharp shocks have on the optimization process. 

This establishes the motivation for this work. 

The motivation began with our initial failure to reproduce the results presented 

by Frank and Shubin.*%»*° In their work, they compared several methods for com- 

puting design derivatives as applied to an inverse design of a duct involving quasi- 

one-dimensional, transonic flow. The comparison was based on the accuracy and 

efficiency of computing the design derivatives. The study included finite-differences, 

direct, adjoint, and all-at-once methods. Some of these methods require differentia- 

tion or integration over sharp discontinuities in the objective function or governing 

equations, yet no special provision was made for the existence of a discontinuity. 

Despite this, Frank and Shubin were reasonably successful in their optimization. 

They were able to improve their design because the shock placement of the initial 

design was very near to the target’s and thus the optimization did not suffer many 

ill-effects from the non-smooth objective function. Any attempt to reproduce their 

converged design from different initial design points will end in failure because the 

discontinuities are not properly accounted for.*® 

_ Others have used slight variations of the design problem of Frank and Shubin 

to propose techniques to avoid convergence difficulties associated with the shock 

wave.°!—®> One method, proposed by Iollo et al.,?! is the shock-fitting technique 

which involves placing a break point at the shock position. Integration and differ- 

entiation are carefully performed around the break point. In this way they were 
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able to successfully recover the target solution to within double precision machine 

accuracy using an adjoint method. Their initial conditions had the shock wave 

significantly far from the target. 

Shenoy and Cliff®? used the shock-fitting technique in an optimum control 

approach to solve Frank and Shubin’s inverse problem. A variation of this work 

by Wu, Cliff, and Gunzburger*®? applied the optimal control problem to a two- 

dimensional version of the inverse design problem. They used the shock-fitting 

technique in the formulation of the control problem, but smoothed the shock in 

the flow solution before the evaluation of the objective function. This gave them a 

well-behaved objective function. 

Borggaard et al.°* successfully solved Frank and Shubin’s problem from ar- 

bitrary initial conditions by using a smoothing function when computing design 

derivatives. The objective function was evaluated using the solution with the sharp 

shock. Borggaard and Burns extended this technique to a two-dimensional case. 

Reuther and J ameson,®2~° dealt with the shock wave indirectly in their work 

on transonic airfoil design. They developed an adjoint approach based on control 

theory for computing the design derivatives. However in their calculations they used 

flow solvers that sufficiently smeared the shock wave. Here, it is enough to smear 

the discontinuity over 4 or 5 grid points. Thus in their formulations, no special 

treatment of the shock wave was necessary. To avoid waviness in the objective 

function resulting from the shock wave, they applied a smoothing transformation 

to the objective function. In this way, differentiation of the objective function did 

not involve differentiation over sharp discontinuities. 

Gilmore and Kelley®? have recently developed a derivative-based optimization 

procedure for dealing with noisy functions with many local minima. This algorithm 

is particularly applicable to objective functions which can be expressed as a sum of 
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a simple function, such as a convex quadratic, and a high frequency, low amplitude 

function. The method works best when the amplitude of the high frequency function 

decays near the minimum of the simple function. Optimization proceeds using a 

finite-difference gradient-based method with the step size of the finite-difference 

derivatives chosen to “step over” the high frequency noise. The gradient-based 

optimization method is repeated several times with each subsequent application 

using decreasing step sizes in the finite-difference calculations. This algorithm has 

been applied to the design of microwave devices in references 63, and 64. 

The objective of this work is to present several optimization strategies for 

the design of shapes submerged in flows containing discontinuities. The obvious 

application is to transonic airfoil design. However, it is my hope that some of the 

strategies discussed herein will be applied within the framework of multidisciplinary 

optimization. This dissertation is divided into two parts. 

Part I is an overview of some existing methods to compute design derivatives 

for derivative-based optimization methods. In particular, we investigate the adjoint 

and direct methods for computing design derivatives and compare the calculations 

to a finite-difference method. Modifications have been made to these methods to 

handle the flow discontinuity. In chapter one of this section, an example inverse 

design problem is introduced to validate the modifications. The problem involves 

the one-dimensional transonic Euler flow through a duct of varying cross-sectional 

area originally studied by Frank and Shubin.*9*° Chapter two presents the method 

of optimization chosen in the design process. In chapter three, the direct and 

adjoint methods are applied to the example problem using a continuous approach. 

In the continuous approach, the derivative methods are applied to the objective 

function and governing equations before they are discretized. To properly account 

for the shock wave, the shock-fitting technique by Iollo is utilized. In chapter 
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four, the direct and adjoint methods are applied to the objective function and 

governing equations after they are put in their discrete form. This is called the 

discrete approach. The flow field is modified by a coordinate transformation so 

that the shock wave is aligned with the target. Optimization is performed on the 

objective function based on the transformed solution and a penalty related to some 

transformation parameters. Chapter five presents design results and a comparison 

of the methods to compute the derivatives. Part I ends in chapter six with some 

important conclusions. 

In part IJ, a response surface optimization procedure for shape design in the 

presence of noise is developed. In this method, a response surface is fitted to the 

objective function within some region of the design space. A minimization of the 

response surface leads to a design with optimal characteristics. In chapter seven, 

an algorithm for multiple response surface cycles is proposed which may lead to 

further improvements in the design. In chapter eight of this section, a recipe for 

construction of the surface is given. This includes selection of the response surface 

shape, selection of the number of points to use in its construction, where to probe 

the design space to achieve the most reliable curve, and a least-squares procedure 

to construct the curve. Selection of the location of the points in the construction 

of the response surface requires the solution to an optimization subproblem. This 

is the D-optimal problem. We solve for D-optimality via a GA which is described 

in chapter nine. The response surface method is applied to the inverse design 

problem described in part I, but also to two-dimensional problems. The flow fields 

for the two-dimensional problems are solved with a self-developed Euler solver, 

ErICA (EuleR Inviscid Code for Aerodynamics). A user’s guide for this code is 

presented in Appendix C. The details of these design problems are described in 

chapter ten. The results of the optimization and a discussion are presented in 
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chapter eleven. The dissertation ends with important conclusions drawn from the 

results presented and suggestions for future work are made. 
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DERIVATIVE CALCULATIONS METHODS FOR 
FIRST-ORDER OPTIMIZATION 

“Wisdom is supreme; therefore get wisdom. 

Though it cost all you have, 

get understanding.” 

—Proverbs 4:7 

11



  

CHAPTER 
ONE 

A TRANSONIC INVERSE DESIGN PROBLEM 

  

Before investigating methods which may be useful for calculating the derivatives 

in shape optimization, we first introduce a seemingly simple design problem which 

will allow us to examine difficulties which may arise for problems involving flows 

with steep gradients. The problem chosen is such that flow solutions are very cheap, 

yet it contains many of the elements present in more complex design problems. 

In particular, the problem contains a shock wave. The simplicity of the flow field 

allows us to resolve the shock precisely. Thus, despite the ease of solving the forward 

problem, the design problem is perhaps more difficult to solve than practical design 

problems with more complex flow solutions. 

The problem involves matching a velocity distribution through a duct by 

controlling the cross-sectional area. The velocity is computed using quasi-one- 

dimensional flow theory. The details of the problem are discussed in the remainder 

of this chapter. We begin with a discussion of the governing equations. An analytic 

solution is available and is discussed next. Usually in shape optimization, we do 

not have the luxury of working with exact solutions. For this reason, two numerical 

solutions are presented. One, the Godunov solution, is an upwind solution capable 

of capturing the shock wave to within two grid spacings. The other uses artificial 

viscosity which can smear the shock considerably. Next a formulation of the design 

problem is presented. This subsection includes the definition of the design variables 

and several objective functions used in the optimization. 
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1.1 Governing Equations 

In one-dimensional flow we consider a streamtube where the flow variables are 

allowed to vary in only one direction. As a consequence the cross-sectional area of 

the streamtube must be constant. However for streamtubes where the gradient of 

the area changes slowly, it is possible to neglect the three dimensionality of the flow 

and consider only the variation of the flow properties in the direction of the axis 

of the streamtube. Such a situation is considered as quasi-one-dimensional and an 

example is shown in figure 1.1. 

The governing equations for steady quasi-one-dimensional flow are the Euler 

equations expressed in differential form as 

pua 0 

(pu? + p)A + —pA, >) =0. (1.1) 
(peo + p)ud ) , 0 

The independent variable, z, varies from 0 to I, the length of the duct. The density 

is p, u is the velocity, A is the area, p is the pressure, and e, is the total energy per 

unit mass. The equation of state for a perfect gas closes the system 

p=(y—1)pe, (1.2) 

where e is the internal energy per unit mass, e = e€, — u*/2, and ¥ is the ratio of 

specific heat. In our computations, y is taken to be a constant value equal to 1.4. 

Frank and Shubin** manipulated equations (1.1) and (1.2) to get a single ordinary 

differential equation in the variable u 

df 

  

an +g=0, (1.3) 

where 

—  g Y=) Aho flu) =ut Gai)” (1.4) 
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and 

Equation (1.3) with definitions (1.4) and (1.5) have been normalized. The velocity 

  

  

has been normalized to the speed of sound at the inlet, the total enthalpy, ho, has 

been normalized to the square of the speed of sound, the area has been normalized 

to the square of the length of the duct, and the independent variable has been 

normalized to the length of the duct. 

For the case where a shock exists in the duct, the characteristics of (1.3) are 

such that boundary values must be specified at z = 0 and s = 1. This corresponds 

to the entrance and exit of the duct. Following the details of the problem set forth 

by Frank and Shubin, we specify 

u(0) = 1.299, (1.6) 

and 

u(1) = 0.506. (1.7) 

There are a variety of ways to solve (1.3) with boundary conditions (1.6) and (1.7). 

An analytic solution exists, the derivation of which is presented in the next sub- 

section. For the purpose of simulating more complex fluid problems for which only 

numerical solutions are available, we also solve the quasi-one-dimensional problem 

via two numerical techniques. 

1.2 Exact Solution 

An exact solution to (1.3) can be derived by first substituting the derivative of 

(1.4) along with (1.5) into (1.3). This yields 

~12h A —1 2h ne (FS) AIR ( Bena 
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’ where the subscript z refers to differentiation with respect to the independent vari- 

able. Multiplying (1.8) by the factor —Au?(y + 1)/(7 — 1) gives 

Au,u?(y +1) 
| +2Auzho + Aru (2h, - u”) = 0. (1.9) 

After some algebraic manipulation we can write (1.9) as 

2Au,u? 

y-1 
  + (Auz + Azu) (2h, —u*) =0. (1.10) 

Using the chain rule of differentiation, the second term in (1.10) can be expressed 

as (Au),(2h, — u*). Defining r = 1/(7 — 1) and multiplying by (2h, — u?)"-)) we 

have 

Aur(2h, — u*)"~1(—2uuz) + (Au)2(2ho — u?)” = 0. (1.11) 

The first term in (1.11) is nothing more than Au(2h, —u?)". Again using the chain 

rule we arrive at the perfect differential 

[Au(2h. —u?)"|, =0. (1.12) 

Simple integration through continuous regions of the domain yields 

Au(2h, —u?)" = ky, O<ar<g, 
Au(2h, — u?)" = ko, UsS<xn<l (1.13) 

where k, and k2 are the constants of integration determined by satisfying the bound- 

ary conditions (1.6) and (1.7). The shock position, zs, is determined by satisfying 

the Rankine Hugoniot relation, which when written in our non-dimensional vari- 

ables is 

(y—1) 
(y¥+1)’ 

where ut and u~ are the left and right values of velocity on each side of the shock 

utu- = 2h (1.14) 

wave. This solution was taken from reference 49. Obtaining the exact solution is 

shown graphically in figure 1.2. 
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�i�n�t�r�o�d�u�c�e�d� �b�y� �F�r�a�n�k� �a�n�d� �S�h�u�b�i�n� �i�n� �r�e�f�e�r�e�n�c�e� �4�9�,� �a�n�d� �s�t�u�d�i�e�d� �b�y� �o�t�h�e�r�s�°�® ��*�>�.� �T�h�e� 

�o�b�j�e�c�t�i�v�e� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�s� �t�o� �r�e�c�o�v�e�r� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �d�u�c�t� �t�h�a�t� �w�i�l�l� �y�i�e�l�d� �a� �g�i�v�e�n� 

�v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�o� �d�e�s�c�r�i�b�e� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �d�u�c�t�,� �w�e� �u�s�e� �a� �s�e�t� �o�f� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s�,�  ¬�.� �T�o� �i�n�s�u�r�e� �t�h�a�t� �t�h�e� �t�a�r�g�e�t� �c�a�n� �b�e� �r�e�c�o�v�e�r�e�d� �t�o� �w�i�t�h�i�n� �m�a�c�h�i�n�e� �a�c�c�u�-� 

�r�a�c�y�,� �w�e� �i�m�p�o�s�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�q�u�i�r�e�m�e�n�t�:� �t�h�e� �t�a�r�g�e�t� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �m�u�s�t� �b�e� 

�a� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �f�o�r� �a� �f�e�a�s�i�b�l�e� �a�r�e�a� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e� �r�e�q�u�i�r�e�-� 

�m�e�n�t� �i�s� �o�n�l�y� �n�e�e�d�e�d� �t�o� �a�i�d� �i�n� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �o�u�r� �m�e�t�h�o�d�s� �a�n�d� �g�e�n�e�r�a�l�l�y� �i�s� �n�o�t� �a� 

�r�e�q�u�i�r�e�m�e�n�t� �o�f� �t�h�e� �m�e�t�h�o�d�s�.� 
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�T�o� �s�a�t�i�s�f�y� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t�,� �t�h�e� �t�a�r�g�e�t� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �b�y� �s�o�l�v�-� 

�i�n�g� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �(�1�.�3�)� �w�i�t�h� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �(�1�.�6�)� �a�n�d� �(�1�.�7�)� �u�s�i�n�g� 

�a�n� �a�r�e�a� �d�i�s�t�r�i�b�u�t�i�o�n� �d�e�s�c�r�i�b�e�d� �b�y� 

�A�(�z�)� �=�  ��1�.�3�9�0�2�*� �+� �2�.�0�8�5�2�?� �+� �1�.�0�5�0�.� �(�1�.�2�1�)� 

�T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �t�h�a�t� �A�(�0�)� �=� �1�.�0�5�,� �A�(�1�)� �=� �1�.�7�4�5�,� �a�n�d� �t�h�e� �s�l�o�p�e�s� 

�a�r�e� �z�e�r�o� �a�t� �t�h�e� �e�n�d�s�.� �T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �i�s� �s�o�l�v�e�d� �t�o� �g�e�t� �t�h�e� �t�a�r�g�e�t� �v�e�l�o�c�i�t�y� 

�d�i�s�t�r�i�b�u�t�i�o�n� �u�s�i�n�g� �e�i�t�h�e�r� �t�h�e� �e�x�a�c�t� �o�r� �t�h�e� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s�,� �d�e�p�e�n�d�i�n�g� �o�n� �w�h�i�c�h� 

�f�l�o�w� �s�o�l�v�e�r� �i�s� �u�s�e�d� �d�u�r�i�n�g� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �u�s�e�s� 

�t�h�e� �G�o�d�u�n�o�v� �s�c�h�e�m�e� �t�o� �o�b�t�a�i�n� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �f�o�r�w�a�r�d� �p�r�o�b�l�e�m�,� �t�h�e�n� �t�h�e� �t�a�r�g�e�t� 

�s�o�l�u�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �(�1�.�2�1�)� �a�n�d� �t�h�e� �G�o�d�u�n�o�v� �s�c�h�e�m�e�.� 

�T�h�e�r�e� �a�r�e� �m�a�n�y� �w�a�y�s� �t�o� �s�p�e�c�i�f�y� �a�n� �a�r�e�a� �d�i�s�t�r�i�b�u�t�i�o�n�.� �I�n� �t�h�i�s� �w�o�r�k�,� �a� �c�u�b�i�c� 

�s�p�l�i�n�e� �i�s� �f�i�t�t�e�d� �t�h�r�o�u�g�h� �c�o�n�t�r�o�l� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �d�u�c�t�.� �T�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �t�h�e� 

�o�r�d�i�n�a�t�e� �o�f� �t�h�e� �c�o�n�t�r�o�l� �p�o�i�n�t�s� �a�n�d� �p�h�y�s�i�c�a�l�l�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �o�f� 

�t�h�e� �d�u�c�t� �a�t� �t�h�e� �a�x�i�a�l� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l� �p�o�i�n�t�s�.� �T�h�e� �d�e�s�i�g�n� �c�a�s�e�s� �p�r�e�s�e�n�t�e�d� �i�n� 

�t�h�i�s� �s�e�c�t�i�o�n� �v�a�r�y� �i�n� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �I�n� �e�a�c�h� �c�a�s�e�,� �t�h�e� �c�o�n�t�r�o�l� �p�o�i�n�t�s� �a�r�e� 

�e�v�e�n�l�y� �s�p�a�c�e�d� �a�l�o�n�g� �t�h�e� �a�x�i�s� �o�f� �t�h�e� �d�u�c�t�.� �T�h�e� �i�n�l�e�t� �a�n�d� �e�x�i�t� �a�r�e�a� �o�f� �t�h�e� �d�u�c�t� �a�r�e� �f�i�x�e�d� 

�a�t� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �v�a�l�u�e�s� �o�f� �1�.�0�5� �a�n�d� �1�.�7�4�5� �a�n�d� �c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �i�.�e�.� 

�z�e�r�o� �s�l�o�p�e� �a�t� �t�h�e� �e�n�d�s� �a�r�e� �i�m�p�o�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�p�l�i�n�e� �u�n�i�q�u�e�l�y�.� �A� �s�c�h�e�m�a�t�i�c� �f�o�r� 

�t�h�e� �g�e�n�e�r�a�l� �c�a�s�e� �w�i�t�h� �n� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�.�5�.� �W�i�t�h� �t�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� 

�t�h�e� �t�a�r�g�e�t� �a�r�e�a�,� �(�1�.�2�1�)�,� �i�s� �a�n� �e�l�e�m�e�n�t� �o�f� �t�h�e� �f�e�a�s�i�b�l�e� �a�r�e�a� �d�i�s�t�r�i�b�u�t�i�o�n�s�.� 

�T�o� �q�u�a�n�t�i�f�y� �h�o�w� �w�e�l�l� �a� �c�a�l�c�u�l�a�t�e�d� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �c�o�m�p�a�r�e�s� �t�o� �t�h�e� �t�a�r�g�e�t� 

�w�e� �d�e�f�i�n�e� �a�n� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�o�r�m� 

�I�(�¢�)� �=� �;� �[� �(�a�  ��u�)�2�d�e�,� �(�1�.�2�2�)� 

�w�h�e�r�e� �t�u� �=� �a�(�x�)� �i�s� �t�h�e� �t�a�r�g�e�t� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �t�h�r�o�u�g�h� �t�h�e� �d�u�c�t�,� �a�n�d� �u� �=� �u�(�z�;�  ¬�)� 

�i�s� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �a�t� �t�h�e� �c�u�r�r�e�n�t� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� 
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�I�n� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m�,� �t�h�e� �i�n�t�e�g�r�a�l� �i�s� �a�p�p�r�o�x�i�m�a�t�e�d� �o�v�e�r� �a� �u�n�i�f�o�r�m� 

�m�e�s�h� �u�s�i�n�g� �t�h�e� �t�r�a�p�e�z�o�i�d�a�l� �r�u�l�e� 

�1�f�i�1� �N�-�1� 

�(�Q�=�5� �3� �[�(�a�@ ��u�j�f�+�(�@ ��u�)�h�]�+� �>�>� �a� �-�w�i�h� �a�s� �(�1�.�2�3�)� 
�~� �1�=�2� 

�w�h�e�r�e� �N�V� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �g�r�i�d� �p�o�i�n�t�s�.� �B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �s�p�e�c�i�f�y� �u� �a�t� �t�h�e� �i�n�l�e�t� 

�a�n�d� �e�x�i�t� �t�o� �m�a�t�c�h� �t�h�e� �t�a�r�g�e�t� �r�e�d�u�c�i�n�g� �(�1�.�2�3�)� �t�o� 

�1� �N�-�1� 

�K�é�)� �=�5� �>� �(�a�@ ��u�)�Z�A�c�.� �(�1�.�2�4�)� 
�i�=�2� 

�A�n� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �i�s� �r�e�a�c�h�e�d� �w�h�e�n� �(�1�.�2�4�)� �i�s� �a� �m�i�n�i�m�u�m�.� �W�h�e�n� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� 

�m�e�n�t�i�o�n�e�d� �e�a�r�l�i�e�r� �i�s� �s�a�t�i�s�f�i�e�d� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �i�s� �r�e�a�c�h�e�d� �w�h�e�n� �(�1�.�2�4�)� �i�s� �e�q�u�a�l� �t�o� 

�z�e�r�o� �t�o� �m�a�c�h�i�n�e� �a�c�c�u�r�a�c�y�.� 

�M�a�k�i�n�g� �t�h�e� �t�r�a�p�e�z�o�i�d�a�l� �r�u�l�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �w�i�t�h�o�u�t� �r�e�g�a�r�d� �t�o� �t�h�e� �s�h�o�c�k� �w�a�v�e� 

�i�n� �t�h�e� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �c�a�n� �r�e�s�u�l�t� �i�n� �a� �n�o�n�-�s�m�o�o�t�h� �o�r� �d�i�s�c�o�n�t�i�n�u�o�u�s� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n�.� �C�o�n�s�i�d�e�r� �a� �u�n�i�v�a�r�i�a�t�e� �d�e�s�i�g�n� �c�a�s�e� �w�i�t�h� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �l�o�c�a�t�e�d� �a�t� 

�z�x� �=� �0�.�5�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�e�d� �w�i�t�h� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �f�o�r� �b�o�t�h� �u� �a�n�d� 

�u� �a�n�d� �p�l�o�t�t�e�d� �o�v�e�r� �a� �r�a�n�g�e� �f�r�o�m�  ¬� �=� �1�.�1� �t�o�  ¬� �=� �1�.�7� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�.�6�.� �T�h�e� 

�s�o�l�i�d� �l�i�n�e� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �w�i�t�h� �N� �=� �6�4� �a�n�d� �t�h�e� �d�o�t�t�e�d� �l�i�n�e� �i�s� 

�t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �c�o�m�p�u�t�e�d� �w�i�t�h� �N� �=� �3�2�.� �T�h�e� �v�e�r�t�i�c�a�l� �l�i�n�e�s� �i�n� �t�h�e� �f�i�g�u�r�e� 

�a�r�e� �a�r�t�i�f�a�c�t�s� �o�f� �t�h�e� �p�l�o�t�t�i�n�g� �p�a�c�k�a�g�e�;� �n�o� �l�i�n�e�s� �s�h�o�u�l�d� �b�e� �c�o�n�n�e�c�t�i�n�g� �t�h�e� �s�t�a�i�r�s� �o�f� 

�t�h�e� �f�u�n�c�t�i�o�n�.� �H�e�r�e� �w�e� �s�e�e� �t�h�a�t� �t�h�e� �d�i�s�c�o�n�t�i�n�u�i�t�y� �i�n� �t�h�e� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �c�a�u�s�e�s� 

�d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �i�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �F�u�r�t�h�e�r�,� �t�h�e� �n�u�m�b�e�r� �o�f� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �i�s� 

�d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �f�l�o�w� �s�o�l�u�t�i�o�n�.� �I�n� �f�i�g�u�r�e� �1�.�7�,� �t�h�e� �t�e�r�m�s� �i�n� 

�(�1�.�2�4�)� �a�r�e� �p�l�o�t�t�e�d� �a�g�a�i�n�s�t� �2� �f�o�r�  ¬� �=� �1�.�2� �a�n�d� �N� �=� �6�4�.� �T�h�e� �s�u�m�m�a�t�i�o�n� �i�s� �d�o�m�i�n�a�t�e�d� 

�b�y� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �t�a�r�g�e�t� �a�n�d� �c�a�l�c�u�l�a�t�e�d� �v�e�l�o�c�i�t�y� �i�n� �t�h�e� �s�e�g�m�e�n�t� �b�e�t�w�e�e�n� 

�s�h�o�c�k�s�.� �F�o�r� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�,� �p�r�o�v�i�d�e�d� �t�h�e� �s�h�o�c�k� �r�e�m�a�i�n�s� 

�b�e�t�w�e�e�n� �t�h�e� �s�a�m�e� �g�r�i�d� �p�o�i�n�t�s�,� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �c�h�a�n�g�e�s� �v�e�r�y� �l�i�t�t�l�e�.� 

�T�A�B�L�E� �O�F� �C�O�N�T�E�N�T�S� �1�9



�T�h�e�s�e� �p�e�r�t�u�r�b�a�t�i�o�n�s� �o�c�c�u�r� �a�l�o�n�g� �a� �s�i�n�g�l�e� �s�t�a�i�r� �i�n� �f�i�g�u�r�e� �1�.�6�.� �F�o�r� �p�e�r�t�u�r�b�a�t�i�o�n�s� �o�f� 

�t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �w�h�i�c�h� �c�a�u�s�e� �t�h�e� �s�h�o�c�k� �t�o� �m�o�v�e� �a�c�r�o�s�s� �a� �g�r�i�d� �p�o�i�n�t�,� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �c�h�a�n�g�e�s� �d�r�a�m�a�t�i�c�a�l�l�y� �a�s� �a�n�o�t�h�e�r� �d�o�m�i�n�a�n�t� �t�e�r�m� �i�s� �a�d�d�e�d� �o�r� �r�e�m�o�v�e�d� �i�n� 

�t�h�e� �s�u�m�m�a�t�i�o�n�.� �T�h�e�s�e� �p�e�r�t�u�r�b�a�t�i�o�n�s� �c�a�u�s�e� �t�h�e� �j�u�m�p�s� �i�n� �f�i�g�u�r�e� �1�.�6�.� �T�h�e� �j�u�m�p�s� �a�r�e� 

�l�e�s�s� �f�r�e�q�u�e�n�t� �i�n� �t�h�e� �c�a�s�e� �w�i�t�h� �N� �=� �3�2� �t�h�a�n� �w�i�t�h� �N� �=� �6�4� �b�e�c�a�u�s�e� �t�h�e�r�e� �a�r�e� �f�e�w�e�r� 

�g�r�i�d� �p�o�i�n�t�s� �f�o�r� �t�h�e� �s�h�o�c�k� �w�a�v�e� �t�o� �p�a�s�s� �t�h�r�o�u�g�h�.� 

�I�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �e�x�a�c�t� �a�n�a�l�y�s�i�s�,� �t�h�e� 

�v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �c�o�n�t�a�i�n�s� �a� �d�i�s�c�o�n�t�i�n�u�i�t�y� �a�n�d� �s�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �d�i�s�-� 

�c�o�n�t�i�n�u�o�u�s� �a�s� �w�e�l�l�.� �T�h�e� �G�o�d�u�n�o�v� �s�c�h�e�m�e� �s�m�e�a�r�s� �t�h�e� �s�h�o�c�k� �w�a�v�e� �o�v�e�r� �t�w�o� �g�r�i�d� 

�c�e�l�l�s� �a�n�d� �t�h�u�s� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �n�o�t� �d�i�s�c�o�n�t�i�n�u�o�u�s�.� �Y�e�t� �a�s� �c�a�n� �b�e� �s�e�e�n� �i�n� 

�f�i�g�u�r�e� �1�.�8�,� �t�h�e� �f�u�n�c�t�i�o�n� �i�s� �n�o�n�-�s�m�o�o�t�h� �a�n�d� �c�o�n�t�a�i�n�s� �r�e�g�i�o�n�s� �o�f� �l�o�c�a�l� �m�i�n�i�m�a�.� �A�s� �t�h�e� 

�r�e�s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�h�o�c�k� �w�a�v�e� �d�i�m�i�n�i�s�h�e�s�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �b�e�c�o�m�e�s� �s�m�o�o�t�h�e�r�.� 

�I�n� �f�i�g�u�r�e� �1�.�9�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �h�a�s� �b�e�e�n� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �a�r�t�i�f�i�c�i�a�l� �v�i�s�c�o�s�i�t�y� 

�s�o�l�v�e�r� �w�i�t�h� �a� �=� �1�.� �T�h�e� �s�h�o�c�k� �w�a�v�e� �i�s� �s�m�e�a�r�e�d� �e�n�o�u�g�h� �s�o� �t�h�a�t� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� 

�a�p�p�e�a�r�s� �w�e�l�l�-�b�e�h�a�v�e�d�.� 

�I�n� �C�F�D� �d�e�s�i�g�n� �i�t� �i�s� �n�o�t� �d�e�s�i�r�a�b�l�e� �t�o� �o�b�t�a�i�n� �a� �w�e�l�l�-�b�e�h�a�v�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� 

�a�t� �t�h�e� �e�x�p�e�n�s�e� �o�f� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �f�l�o�w� �s�o�l�u�t�i�o�n�.� �O�n�e� �w�a�y� �t�o� �e�l�i�m�i�n�a�t�e� �t�h�e� �n�o�n�-� 

�s�m�o�o�t�h�n�e�s�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �t�o� �p�e�r�f�o�r�m� �a� �m�o�r�e� �e�x�a�c�t� �i�n�t�e�g�r�a�t�i�o�n� �o�f� 

�(�1�.�2�2�)�.� �T�h�i�s� �i�n�v�o�l�v�e�s� �f�i�r�s�t� �d�i�v�i�d�i�n�g� �t�h�e� �i�n�t�e�g�r�a�l� �a�t� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� 

�a�n�d� �t�h�e�n� �a�p�p�l�y�i�n�g� �t�h�e� �t�r�a�p�e�z�o�i�d�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �e�a�c�h� �s�e�g�m�e�n�t�.� �T�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �c�o�n�t�a�i�n�s� �t�w�o� �s�t�e�e�p� �g�r�a�d�i�e�n�t� �s�t�e�m�m�i�n�g� �f�r�o�m� �t�h�e� �t�a�r�g�e�t� �a�n�d� �t�h�e� �c�o�m�p�u�t�e�d� 

�s�h�o�c�k�,� �a�n�d� �t�h�u�s� �t�h�e� �i�n�t�e�g�r�a�l� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �t�h�r�e�e� �s�e�g�m�e�n�t�s� 

�1� �p�e�e� �1� �f�t� �t�r� 
�I�(�é�)� �=� �5� �|� �(�a�  �� �u�)�?�d�z� �+� �5� �I�.� �(�a�  �� �u�)�?�*�d�z�x� �+� �5� �I�.� �(�%�  �� �u�)�?�d�z�,� �(�1�.�2�5�)� 

�w�h�e�r�e� �Z�,� �a�n�d� �z�,� �a�r�e� �t�h�e� �t�a�r�g�e�t� �a�n�d� �c�a�l�c�u�l�a�t�e�d� �s�h�o�c�k� �p�o�s�i�t�i�o�n�s� �r�e�s�p�e�c�t�i�v�e�l�y�.� �E�q�u�a�t�i�o�n� 

�(�1�.�2�5�)� �i�s� �v�a�l�i�d� �i�f� �@�,� �<� �z�s�,� �o�t�h�e�r�w�i�s�e� �@�,� �a�n�d� �x�,� �m�u�s�t� �b�e� �i�n�t�e�r�c�h�a�n�g�e�d�.� �F�u�r�t�h�e�r� 

�T�A�B�L�E� �O�F� �C�O�N�T�E�N�T�S� �2�0



�i�n�s�i�g�h�t� �r�e�v�e�a�l�s� �t�h�a�t� �s�i�n�c�e� �o�n�l�y� �t�h�e� �c�o�m�p�u�t�e�d� �s�h�o�c�k� �w�a�v�e� �p�o�s�i�t�i�o�n� �i�n�t�e�r�a�c�t�s� �w�i�t�h� �t�h�e� 

�d�i�s�c�r�e�t�i�z�a�t�i�o�n�,� �(�2�,� �r�e�m�a�i�n�s� �c�o�n�s�t�a�n�t� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n�)� �w�e� �o�n�l�y� �n�e�e�d� �t�o� 

�d�i�v�i�d�e� �(�1�.�2�2�)� �i�n�t�o� �t�w�o� �p�a�r�t�s� �t�o� �g�e�t� �a� �s�m�o�o�t�h�e�r� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� 

�I�(�é�)� �=� �;� �f�t� �(�a�  ��u�)�*�d�z� �+� �5� �[�,� �(�a�  �� �u�)�?�d�z�.� �(�1�.�2�6�)� 

�T�h�i�s� �i�s� �c�a�l�l�e�d� �t�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �P�e�r�f�o�r�m�i�n�g� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �o�f� 

�(�1�.�2�6�)� �n�u�m�e�r�i�c�a�l�l�y� �r�e�q�u�i�r�e�s� �t�h�a�t� �g�r�i�d� �p�o�i�n�t�s� �b�e� �p�l�a�c�e�d� �o�n� �e�i�t�h�e�r� �s�i�d�e� �o�f� �t�h�e� �s�h�o�c�k�.� 

�U�s�i�n�g� �t�h�e� �e�x�a�c�t� �a�n�a�l�y�s�i�s�,� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �s�h�o�c�k� �a�s� �w�e�l�l� �a�s� �t�h�e� �l�e�f�t� �a�n�d� �r�i�g�h�t� �v�a�l�u�e�s� 

�o�f� �t�h�e� �v�e�l�o�c�i�t�y� �a�t� �t�h�e� �s�h�o�c�k� �i�s� �k�n�o�w�n�.� �T�h�e� �s�m�o�o�t�h� �s�h�o�c�k�-�f�i�t�t�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� 

�c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �e�x�a�c�t� �a�n�a�l�y�s�i�s� �i�s� �d�r�a�w�n� �i�n� �f�i�g�u�r�e� �1�.�1�0�.� 

�U�s�i�n�g� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s�,� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �a�n�d� �l�e�f�t� �a�n�d� �r�i�g�h�t� �v�a�l�u�e�s� �o�f� �t�h�e� 

�s�h�o�c�k� �a�r�e� �n�o�t� �c�l�e�a�r�l�y� �d�e�f�i�n�e�d� �q�u�a�n�t�i�t�i�e�s�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e�s� �o�f� �c�o�m�p�u�t�i�n�g� �t�h�e� �s�h�o�c�k�-� 

�f�i�t�t�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �w�i�t�h� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �w�e� �f�a�b�r�i�c�a�t�e� �d�e�f�i�n�i�t�i�o�n�s� �f�o�r� �t�h�e� 

�q�u�a�n�t�i�t�i�e�s�.� �T�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �l�o�c�a�t�i�o�n� �w�h�e�r�e� �t�h�e� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�-� 

�b�u�t�i�o�n� �c�r�o�s�s�e�s� �t�h�e� �s�o�n�i�c� �l�i�n�e�.� �T�h�i�s� �p�o�s�i�t�i�o�n� �i�s� �f�o�u�n�d� �b�y� �i�n�t�e�r�p�o�l�a�t�i�n�g� �b�e�t�w�e�e�n� �t�h�e� 

�g�r�i�d� �p�o�i�n�t�s� �w�h�e�r�e� �t�h�e� �c�r�o�s�s�o�v�e�r� �f�r�o�m� �s�u�p�e�r�s�o�n�i�c� �t�o� �s�u�b�s�o�n�i�c� �f�l�o�w� �t�a�k�e�s� �p�l�a�c�e�.� �W�e� 

�h�a�v�e� 

�U�x�  ��_� �U�j�s� 

�(�r�j�s�4�1�  �� �T�i�s�)�,� �(�1�.�2�7�)� �t�y� �=� �2�j�,�+ ��7 �� 
�U�j�s�+�1�  �� �U�j�s� 

�w�h�e�r�e� �t�h�e� �s�u�b�s�c�r�i�p�t�s� �j�s� �a�n�d� �j�s� �+� �1� �a�r�e� �t�h�e� �g�r�i�d� �i�n�d�e�x� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �t�h�e� �s�h�o�c�k�.� 

�T�h�e� �s�o�n�i�c� �v�e�l�o�c�i�t�y� �i�s� �d�e�f�i�n�e�d� �b�y� 

�U�y�,� �=� �2�h�o � ��,�,� �(�1�.�2�8�)� 

�T�h�e� �l�e�f�t� �a�n�d� �r�i�g�h�t� �v�a�l�u�e�s� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �a�r�e� �c�o�m�p�u�t�e�d� �b�y� �l�e�f�t� �a�n�d� �r�i�g�h�t� �e�x�t�r�a�p�-� 

�o�l�a�t�i�o�n�s� �t�o� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n�.� �C�a�r�e� �m�u�s�t� �b�e� �t�a�k�e�n� �w�h�e�n� �e�x�t�r�a�p�o�l�a�t�i�n�g� �s�o� �t�h�a�t� 

�i�n�f�o�r�m�a�t�i�o�n� �i�s� �n�o�t� �t�a�k�e�n� �f�r�o�m� �a� �p�o�i�n�t�  ��t�r�a�p�p�e�d �� �i�n� �a� �s�h�o�c�k�.� �A� �c�l�e�a�r� �p�i�c�t�u�r�e� �o�f� �t�h�e� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �a�n�d� �e�x�t�r�a�p�o�l�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�.�1�1�.� 

�T�A�B�L�E� �O�F� �C�O�N�T�E�N�T�S� �2�1



�T�h�e�s�e� �d�e�f�i�n�i�t�i�o�n�s� �d�o� �n�o�t� �r�e�m�o�v�e� �a�l�l� �t�h�e� �n�o�i�s�e� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� 

�t�h�e� �s�h�o�c�k� �w�a�v�e� �a�n�d� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �f�l�o�w� �f�i�e�l�d� �y�e�t� �t�h�e�r�e� �i�s� �a�n� �i�m�p�r�o�v�e�m�e�n�t� 

�i�n� �t�h�e� �s�m�o�o�t�h�n�e�s�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �r�e�g�i�o�n�s� �o�f� �l�o�c�a�l� �m�i�n�i�m�a� �a�r�e� 

�g�o�n�e�.� �T�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �p�l�o�t�t�e�d� �w�i�t�h� �t�h�e� �G�o�d�u�n�o�v� �s�o�l�u�t�i�o�n�s� �i�s� 

�s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�.�1�2�.� �A� �c�o�m�p�a�r�i�s�o�n� �t�o� �f�i�g�u�r�e� �1�.�8� �s�h�o�w�s� �t�h�e� �i�m�p�r�o�v�e�m�e�n�t�.� 

�T�h�e� �e�x�t�r�a�p�o�l�a�t�i�o�n� �f�o�r� �l�e�f�t� �a�n�d� �r�i�g�h�t� �v�e�l�o�c�i�t�i�e�s� �o�f� �s�m�e�a�r�e�d� �s�o�l�u�t�i�o�n�s� �s�u�c�h� �a�s� 

�t�h�o�s�e� �o�f� �t�h�e� �a�r�t�i�f�i�c�i�a�l� �v�i�s�c�o�s�i�t�y� �w�i�t�h� �a� �=� �1� �h�a�s� �l�i�t�t�l�e� �m�e�a�n�i�n�g� �d�u�e� �t�o� �t�h�e� �s�e�v�e�r�i�t�y� �o�f� 

�t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �s�u�r�r�o�u�n�d�i�n�g� �t�h�e� �s�h�o�c�k�.� �F�u�r�t�h�e�r�,� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �s�h�o�c�k� �w�a�v�e� 

�w�i�t�h� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �i�s� �n�o�t� �s�e�v�e�r�e� �i�n� �s�u�c�h� �c�a�s�e�s�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �t�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �n�o�t� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �h�i�g�h�l�y� �d�i�s�s�i�p�a�t�i�v�e� �s�c�h�e�m�e�s�.� 

�T�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� �t�e�c�h�n�i�q�u�e� �i�s� �n�o�t� �t�h�e� �o�n�l�y� �w�a�y� �t�o� �o�b�t�a�i�n� �a� �s�m�o�o�t�h� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n�.� �A�n�o�t�h�e�r� �c�l�e�g�a�n�t� �m�e�t�h�o�d� �s�t�r�a�i�n�s� �t�h�e� �c�o�m�p�u�t�e�d� �f�l�o�w� �s�o�l�u�t�i�o�n� �u�s�i�n�g� �a� �c�o�o�r�-� 

�d�i�n�a�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�o� �t�h�a�t� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �i�s� �a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� 

�o�f� �t�h�e� �t�a�r�g�e�t�.� �T�h�i�s� �m�e�t�h�o�d� �o�f� �c�o�o�r�d�i�n�a�t�e� �s�t�r�a�i�n�i�n�g� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �N�i�x�o�n�®� �a�n�d� 

�u�s�e�d� �i�n� �t�r�a�n�s�o�n�i�c� �a�i�r�f�o�i�l� �d�e�s�i�g�n� �b�y� �J�o�h�.�*�!� 

�T�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �c�o�o�r�d�i�n�a�t�e� �s�t�r�a�i�n�i�n�g� �i�n�v�o�l�v�e�s� �d�e�f�i�n�i�n�g� �a� �s�t�r�a�i�n�i�n�g� �f�u�n�c�-� 

�t�i�o�n�,� �s�(�x�)�,� �w�h�i�c�h� �e�q�u�a�l�s� �0� �a�t� �t�h�e� �i�n�l�e�t� �a�n�d� �e�x�i�t�,� �a�n�d� �h�a�s� �a� �v�a�l�u�e� �o�f� �1� �a�t� �t�h�e� �p�o�s�i�t�i�o�n� 

�o�f� �t�h�e� �t�a�r�g�e�t� �s�h�o�c�k�.� �T�h�e� �f�u�n�c�t�i�o�n� �i�s� �n�o�t� �u�n�i�q�u�e�.� �F�r�o�m� �r�e�f�e�r�e�n�c�e� �6�7�,� �w�e� �c�h�o�o�s�e� 

�x� �1�l ��z� 
�s�(�z�)� �=� �(�=�)� �(�;� �=� �=�)� �(�1�.�2�9�)� 

�T�h�e� �c�a�l�c�u�l�a�t�e�d� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �s�t�r�a�i�n�e�d� �p�r�o�p�o�r�t�i�o�n�a�t�e�l�y� �t�o� �t�h�e� �d�i�s�t�a�n�c�e� �b�e� 

� � 

�t�w�e�e�n� �s�h�o�c�k�s� �a�c�c�o�r�d�i�n�g� �t�o� 

�u�i� �=� �u�(�r�  �� �s�A�z�,�)�,� �(�1�.�3�0�)� 

�w�h�e�r�e� �¢�&� �i�s� �t�h�e� �s�t�r�a�i�n�e�d� �v�e�l�o�c�i�t�y� �a�n�d� �A�z�,� �=� �£�, ��Z�,� �i�s� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �c�o�m�p�u�t�e�d� 

�a�n�d� �t�a�r�g�e�t� �s�h�o�c�k� �w�a�v�e�s�.� �F�o�r� �a� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �w�e� �a�p�p�l�y� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �t�o� �a� 

�d�i�s�c�r�e�t�e� �s�e�t� �o�f� �p�o�i�n�t�s� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �o�n� �a� �m�e�s�h�,� �w�e� �d�e�t�e�r�m�i�n�e� 
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�a� �g�r�i�d� �i�n�d�e�x�,� �M�,� �s�u�c�h� �t�h�a�t� �r�y� �<� �2�;�- ��s�A�z�r�,� �<� �2�4�1�.� �T�h�e�n� �u�s�i�n�g� �l�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n�,� 

�t�h�e� �s�t�r�a�i�n�e�d� �v�e�l�o�c�i�t�y� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �a�s� 

�z�;�  ��s�A�z�r�,�  �� �x� �=�M� �(�u�m�a�  �� �U�m�)�.� �(�1�.�3�1�)� �u�i� �=� �u�m� �+� 

�T�h�e� �c�o�o�r�d�i�n�a�t�e� �s�t�r�a�i�n�i�n�g� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�.�1�3�.� 

�T�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �n�o�w� �u�s�e�s� �%� �i�n� �p�l�a�c�e� �o�f� �u�,� �r�e�m�o�v�i�n�g� 

�t�h�e� �d�o�m�i�n�a�t�i�n�g� �t�e�r�m�s� �w�h�i�c�h� �e�x�i�s�t� �i�n� �t�h�e� �r�e�g�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �a�n�d� �t�a�r�g�e�t� 

�s�h�o�c�k�s�.� �I�n� �t�h�e� �p�r�o�c�e�s�s� �o�f� �r�e�m�o�v�i�n�g� �t�h�e� �n�o�n�-�s�m�o�o�t�h�n�e�s�s�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �h�a�s� 

�b�e�c�o�m�e� �v�e�r�y� �f�l�a�t� �n�e�a�r� �t�h�e� �m�i�n�i�m�u�m�.� �U�s�i�n�g� �t�h�i�s� �t�e�c�h�n�i�q�u�e� �w�e� �r�e�l�y� �o�n� �t�h�e� �s�m�a�l�l� 

�d�i�f�f�e�r�e�n�c�e�s� �i�n� �v�e�l�o�c�i�t�i�e�s� �t�o� �d�r�i�v�e� �t�h�e� �a�r�e�a� �t�o� �t�h�e� �t�a�r�g�e�t�.� �O�f�t�e�n� �t�h�i�s� �i�s� �e�n�o�u�g�h� �t�o� 

�i�m�p�r�o�v�e� �t�h�e� �d�e�s�i�g�n�,� �b�u�t� �n�o�t� �e�n�o�u�g�h� �t�o� �a�c�h�i�e�v�e� �t�h�e� �b�e�s�t� �p�o�s�s�i�b�l�e� �o�n�e�.� 

�T�o� �s�h�a�p�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�o� �b�e�t�t�e�r� �d�e�f�i�n�e� �t�h�e� �m�i�n�i�m�u�m�,� �a� �s�h�o�c�k� �p�e�n�a�l�t�y� 

�p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �s�q�u�a�r�e� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �s�h�o�c�k� �w�a�v�e�s� �i�s� �a�d�d�e�d� �t�o� �t�h�e� 

�s�t�r�a�i�n�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �y�i�e�l�d�i�n�g� 

�N�-�1� 
�1� �A� �~�\�2� �1� �2� 

�I�(�é�)�=� �5� �)� �(�t�i�  �� �a�)�;� �A�x� �+� �5�7�A�t�s�,� �(�1�.�3�2�)� 
�t�=�2� 

�w�h�e�r�e� �o� �i�s� �a� �p�o�s�i�t�i�v�e� �c�o�n�s�t�a�n�t�.� �V�a�l�u�e�s� �o�f� �o� �c�a�n� �b�e� �a�r�b�i�t�r�a�r�i�l�y� �c�h�o�s�e�n� �o�r� �d�e�f�i�n�e�d� �s�o� 

�t�h�a�t� �(�1�.�3�2�)� �e�q�u�a�l�s� �(�1�.�2�4�)� �d�u�r�i�n�g� �t�h�e� �f�i�r�s�t� �i�t�e�r�a�t�i�o�n� �o�f� �o�p�t�i�m�i�z�a�t�i�o�n�.� �W�o�r�k� �p�r�e�s�e�n�t�e�d� 

�h�e�r�e� �u�s�e�d� �o� �=� �5�.� �F�i�g�u�r�e� �1�.�1�4�,� �1�.�1�5�,� �a�n�d� �1�.�1�6�.�,� �s�h�o�w� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �s�t�r�a�i�n�e�d�/�s�h�o�c�k� 

�p�e�n�a�l�t�y� �o�b�j�e�c�t�i�v�e� �u�s�i�n�g� �t�h�e� �t�h�r�e�e� �f�l�o�w� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�s�.� 
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� � 

�C�H�A�P�T�E�R� 
�T�W�O� 

�T�H�E� �O�P�T�I�M�I�Z�A�T�I�O�N� �P�R�O�C�E�D�U�R�E� 
� � 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �a� �f�i�r�s�t�-�o�r�d�e�r� �o�p�t�i�m�i�z�a�t�i�o�n� �m�e�t�h�o�d� �i�s� �o�u�t�l�i�n�e�d� �f�o�r� �m�i�n�i�m�i�z�i�n�g� 

�t�h�e� �u�n�c�o�n�s�t�r�a�i�n�e�d� �p�r�o�b�l�e�m�s� �m�e�n�t�i�o�n�e�d� �i�n� �c�h�a�p�t�e�r� �1�.� �T�h�e� �g�o�a�l� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� 

�s�t�u�d�y� �i�s� �t�o� �c�o�m�p�a�r�e� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �f�o�r� �c�o�m�p�u�t�i�n�g� �d�e�s�i�g�n� �d�e�r�i�v�a�t�i�v�e�s�.� �T�h�e� 

�o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �a�c�t�s� �a�s� �a� �v�e�h�i�c�l�e� �f�o�r� �m�a�k�i�n�g� �t�h�e� �c�o�m�p�a�r�i�s�o�n�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n� 

�t�h�e� �t�e�c�h�n�i�q�u�e� �c�h�o�s�e�n� �i�s� �s�i�m�p�l�e�,� �y�e�t� �r�o�b�u�s�t�,� �s�o� �t�h�a�t� �f�a�i�l�u�r�e� �o�f� �a�n� �o�p�t�i�m�i�z�a�t�i�o�n� �c�a�n� �b�e� 

�e�a�s�i�l�y� �t�r�a�c�e�a�b�l�e�.� �I�n� �t�h�i�s� �w�a�y� �w�e� �c�a�n� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �d�e�s�i�g�n� �d�e�r�i�v�a�t�i�v�e� �m�e�t�h�o�d�s� �a�r�e� 

�t�h�e� �c�a�u�s�e� �o�f� �t�h�e� �f�a�i�l�u�r�e� �o�r� �n�o�t�.� 

�C�o�n�s�i�d�e�r� �t�h�e� �g�e�n�e�r�a�l� �u�n�c�o�n�s�t�r�a�i�n�e�d� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �i�n� �n�-�d�i�m�e�n�s�i�o�n�a�l� 

�s�p�a�c�e� 

�m�i�n� �I�(�¢�)�,� �(�2�.�1�)� 

�w�h�e�r�e� �J� �i�s� �a� �d�i�f�f�e�r�e�n�t�i�a�b�l�e� �f�u�n�c�t�i�o�n�.� �O�n�e� �w�a�y� �t�o� �s�o�l�v�e� �(�2�.�1�)� �i�t�e�r�a�t�i�v�e�l�y� �i�s� �t�o� �t�a�k�e� 

�s�t�e�p�s� �i�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �a� �d�e�s�c�e�n�t�.� �F�o�r� �e�x�a�m�p�l�e�,� �a� �s�t�e�p� �o�f� �s�i�z�e� 

�a� �(�a� �>� �0�)� �f�r�o�m� �t�h�e� �p�o�i�n�t�  ¬�,� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �p�,� �l�e�a�d�s� �t�o� �I�( ¬�,� �+� �a�p�o�/�|�|�p�o�|�|�)� �w�h�i�c�h� 

�c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �t�h�e� �t�w�o� �t�e�r�m� �T�a�y�l�o�r� �S�e�r�i�e�s� 

�I�(�E�o� �+� �a � � ��.� � � 

�l�l�2� �o�l� �)�~�  �� �I�(�E�o�)� �+� �a�V�I�"�(�£�o�)� �i�p�l� �(�2�.�2�)� 

�I�t� �b�e�c�o�m�e�s� �o�b�v�i�o�u�s� �f�r�o�m� �(�2�.�2�)� �t�h�a�t� �c�h�o�o�s�i�n�g� �p�,� �s�o� �t�h�a�t� �a�V�I�7�(�E�,�)�p�o�/�|�|�p�o�l�|� �i�s� 

�l�a�r�g�e� �a�n�d� �n�e�g�a�t�i�v�e� �w�i�l�l� �l�e�a�d� �t�o� �a� �l�a�r�g�e� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� �f�u�n�c�t�i�o�n�.� �T�h�u�s� �t�h�e� �a�i�m� �i�s� �t�o� 

�m�i�n�i�m�i�z�e� �a�V�I�7�(�E�,�)�p�o�/�|�{�p�o�|�|�.� �S�i�n�c�e� �@� �i�s� �a� �p�o�s�i�t�i�v�e� �s�c�a�l�a�r�,� �t�h�e� �p�r�o�b�l�e�m� �b�e�c�o�m�e�s� 

� � 

�m�i�n� �V�I�T�(�é�,�)� �2�.�3� �p�e�e� �I�p�o�l�l� �(�2�:�3�)� 
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�T�h�e� �s�o�l�u�t�i�o�n� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �c�h�o�i�c�e� �o�f� �n�o�r�m�s�.� �F�o�r� �t�h�e� �l�z� �n�o�r�m� �w�e� �s�o�l�v�e� 

�m�i�n�,� �V�I�T�(�£�.�) ��"�_�,�,� �(�2�.�4�)� 
�P�e�e�s �� �(�D�2� �P�o�)� 

�a�n�d� �t�h�e� �s�o�l�u�t�i�o�n� �i�s� �t�h�e� �n�e�g�a�t�i�v�e� �g�r�a�d�i�e�n�t�.�* �� �T�h�u�s� �t�h�e� �n�e�g�a�t�i�v�e� �g�r�a�d�i�e�n�t� �v�e�c�t�o�r� �r�e�p�-� 

�r�e�s�e�n�t�s� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �f�o�r� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� 

�T�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �f�i�n�d�i�n�g� �t�h�e� �o�p�t�i�m�u�m� �t�h�r�o�u�g�h� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� 

�i�s� �o�u�t�l�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�e�®� �p�r�o�v�i�d�e� �a�n� �i�n�i�t�i�a�l� �p�o�i�n�t� �a�n�d� �e�v�a�l�u�a�t�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�t� �t�h�i�s� �p�o�i�n�t�,� 

�e� �t�e�s�t� �f�o�r� �c�o�n�v�e�r�g�e�n�c�e�,� 

�e� �c�o�m�p�u�t�e� �t�h�e� �g�r�a�d�i�e�n�t� �o�f� �t�h�e� �f�u�n�c�t�i�o�n�,� 

�e� �c�h�o�o�s�e� �a� �s�t�e�p� �s�i�z�e� �s�o� �t�h�a�t� �I�(�é�,� �+� �a�p�z�)� �<� �I�(�&�)�,�*� 

�e� �u�p�d�a�t�e� �t�h�e� �s�o�l�u�t�i�o�n� �w�i�t�h� �4�1� �=�  ¬�,� �+� �a�p�g�.� 

�T�h�e� �m�e�t�h�o�d� �s�e�e�m�s� �e�f�f�e�c�t�i�v�e�,� �y�e�t� �s�u�f�f�e�r�s� �f�r�o�m� �p�o�o�r� �c�o�n�v�e�r�g�e�n�c�e� �r�a�t�e�s�.� �I�t�s� �i�n�e�f�f�i�-� 

�c�i�e�n�c�i�e�s� �s�t�e�m� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �n�o� �s�e�c�o�n�d� �o�r�d�e�r� �i�n�f�o�r�m�a�t�i�o�n�,� �n�o�r� �a�n�y� �i�n�f�o�r�m�a�t�i�o�n� 

�f�r�o�m� �p�r�e�v�i�o�u�s� �i�t�e�r�a�t�i�o�n�s�,� �i�s� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n�.� �A�n� �e�x�a�m�p�l�e� �o�f� 

�o�p�t�i�m�i�z�a�t�i�o�n� �u�s�i�n�g� �t�h�e� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �m�e�t�h�o�d� �i�s� �s�h�o�w�n� �g�r�a�p�h�i�c�a�l�l�y� �i�n� �f�i�g�u�r�e� �2�.�1�.� 

�T�h�e� �e�x�a�m�p�l�e� �s�o�l�v�e�s� 

�_� �1� �¢�2� �4� �£�2� �m�i�n� �I�(�1�,� �£�2�)� �=� �1�0�6�;� �+� �£�2� �(�2�.�5�)� 

�T�h�e� �f�u�n�c�t�i�o�n� �w�a�s� �m�i�n�i�m�i�z�e�d� �t�o� �1�0�7�! �� �i�n� �5�8� �i�t�e�r�a�t�i�o�n�s� �s�t�a�r�t�i�n�g� �f�r�o�m� �t�h�e� �p�o�i�n�t� �(�1�0�,�2�)�.� 

�D�u�e� �t�o� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �a�l�g�o�r�i�t�h�m�,� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �s�l�o�w�s� �c�o�n�s�i�d�-� 

�e�r�a�b�l�y� �n�e�a�r� �t�h�e� �m�i�n�i�m�u�m�.� 

�F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �c�o�m�p�a�r�i�n�g� �d�e�s�i�g�n� �s�e�n�s�i�t�i�v�i�t�y� �a�l�g�o�r�i�t�h�m�s�,� �t�h�e� �m�e�t�h�o�d� �o�f� 

�s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �i�s� �s�u�f�f�i�c�i�e�n�t�,� �h�o�w�e�v�e�r� �a� �s�l�i�g�h�t� �m�o�d�i�f�i�c�a�t�i�o�n� �t�o� �t�h�e� �a�l�g�o�r�i�t�h�m� �c�a�n� �l�e�a�d� 

�t�o� �b�i�g� �p�a�y�o�f�f�s� �i�n� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �r�a�t�e�.� �T�o� �i�m�p�r�o�v�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �w�h�i�l�e� �a�v�o�i�d�i�n�g� 
� � 

�T�o� �g�u�a�r�a�n�t�e�e� �c�o�n�v�e�r�g�e�n�c�e� �w�i�t�h� �t�h�i�s� �a�l�g�o�r�i�t�h�m�,� �a� �s�t�r�o�n�g�e�r� �r�e�q�u�i�r�e�m�e�n�t� �s�u�c�h� �a�s� �t�h�e� 
�G�o�l�d�s�t�e�i�n�-�A�r�m�i�j�o� �p�r�i�n�c�i�p�l�e�* �� �i�s� �n�e�e�d�e�d� �h�e�r�e�.� 
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�t�o� �s�t�o�r�e� �o�r� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �H�e�s�s�i�a�n� �i�s� �t�o� �f�o�r�c�e� �t�h�e� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n� �t�o� �b�e� �c�o�n�j�u�g�a�t�e� 

�t�o� �t�h�e� �d�i�r�e�c�t�i�o�n�s� �o�f� �p�r�e�v�i�o�u�s� �i�t�e�r�a�t�i�o�n�s�.� �A� �c�o�n�j�u�g�a�t�e� �d�i�r�e�c�t�i�o�n� �i�s� �o�n�e� �i�n� �w�h�i�c�h� �t�h�e� 

�c�h�a�n�g�e� �i�n� �t�h�e� �g�r�a�d�i�e�n�t� �i�s� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n�.�* �� �T�h�i�s� 

�i�s� �t�h�e� �m�e�t�h�o�d� �o�f� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t�s� �a�n�d� �i�s� �t�h�e� �m�e�t�h�o�d� �u�s�e�d� �i�n� �t�h�i�s� �w�o�r�k�.� �T�h�e� 

�f�i�r�s�t� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n� �c�h�o�s�e�n� �i�s� �t�h�e� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n�.� �A�l�l� �o�t�h�e�r�s� �f�o�l�l�o�w� �t�h�e� 

�f�o�r�m�u�l�a�® �� 

�p�r�= ��V�I�g� �+� �B�e�-�1�p�r�-�1�,� �(�2�.�6�)� 

�w�h�e�r�e� 

 �� �W�V� �T�e�l�l� 

�I�n� �t�h�e�o�r�y�,� �t�h�e� �m�e�t�h�o�d� �o�f� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t�s� �s�h�o�u�l�d� �f�i�n�d� �t�h�e� �m�i�n�i�m�u�m� �i�n� �n� �s�t�e�p�s� 

�o�r� �l�e�s�s� �f�o�r� �a�n� �n�-�v�a�r�i�a�b�l�e� �q�u�a�d�r�a�t�i�c� �f�u�n�c�t�i�o�n�.� �H�o�w�e�v�e�r�,� �r�o�u�n�d�o�f�f� �e�r�r�o�r�s� �a�s�s�o�c�i�a�t�e�d� 

�w�i�t�h� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �c�a�n� �q�u�i�c�k�l�y� �c�a�u�s�e� �t�h�e� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n�s� �t�o� 

�l�o�s�e� �c�o�n�j�u�g�a�c�y�.� �T�h�u�s� �m�o�r�e� �t�h�a�n� �n� �i�t�e�r�a�t�i�o�n�s� �m�a�y� �b�e� �r�e�q�u�i�r�e�d� �t�o� �f�i�n�d� �t�h�e� �m�i�n�i�m�u�m�.� 

�I�n� �o�u�r� �a�l�g�o�r�i�t�h�m�,� �a�f�t�e�r� �n� �i�t�e�r�a�t�i�o�n�s�,� �t�h�e� �m�e�t�h�o�d� �i�s� �r�e�s�t�a�r�t�e�d� �w�i�t�h� �a� �s�e�a�r�c�h� �i�n� �t�h�e� 

�s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n� �t�o� �r�e�g�a�i�n� �c�o�n�j�u�g�a�c�y�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �o�u�t�l�i�n�e�d� �a�s� �f�o�l�l�o�w�s� 

�e� �p�r�o�v�i�d�e� �a�n� �i�n�i�t�i�a�l� �p�o�i�n�t� �a�n�d� �e�v�a�l�u�a�t�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�t� �t�h�i�s� �p�o�i�n�t�,� 

�e� �t�e�s�t� �f�o�r� �c�o�n�v�e�r�g�e�n�c�e�,� 

�e� �c�o�m�p�u�t�e� �t�h�e� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n� �a�c�c�o�r�d�i�n�g� �t�o� �e�q�u�a�t�i�o�n� �(�2�.�6�)� �w�i�t�h� �r�e�s�t�a�r�t�s� 

�a�f�t�e�r� �n� �i�t�e�r�a�t�i�o�n�s�,� 

�e� �c�h�o�o�s�e� �a� �s�t�e�p� �s�i�z�e� �s�o� �t�h�a�t� �I�(�&� �+� �a�p�r�)� �<� �I�(�&�x�)�,� 

�e� �u�p�d�a�t�e� �t�h�e� �s�o�l�u�t�i�o�n� �w�i�t�h�  ¬�4�4�1� �=�  ¬�,� �+� �a�p� �x�.� 

�T�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �(�2�.�5�)� �i�s� �r�e�p�e�a�t�e�d� �u�s�i�n�g� �t�h�e� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t� �m�e�t�h�o�d�.� 

�T�h�e� �f�u�n�c�t�i�o�n� �i�s� �m�i�n�i�m�i�z�e�d� �t�o� �1�0�7�! �� �i�n� �3� �i�t�e�r�a�t�i�o�n�s�.� �F�i�g�u�r�e� �2�.�2� �g�r�a�p�h�i�c�a�l�l�y� �s�h�o�w�s� 

�t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s�.� 

�I�n� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�s� �o�u�t�l�i�n�e�d�,� �w�e� �m�u�s�t� �c�h�o�o�s�e� �a� �s�u�i�t�a�b�l�e� �s�t�e�p� �s�i�z�e� 

�s�o� �t�h�a�t� �I�( ¬�j� �+� �a�p�p�z�)� �<� �I�( ¬�,�)�.� �T�h�e�r�e� �a�r�e� �m�a�n�y� �p�r�o�c�e�d�u�r�e�s� �a�v�a�i�l�a�b�l�e� �f�o�r� �f�i�n�d�i�n�g� 
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�.� �t�h�e� �o�p�t�i�m�a�l� �s�t�e�p� �s�i�z�e�.� �R�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n� �u�s�e� �B�r�e�n�t ��s� �m�e�t�h�o�d�®�®� 

�c�o�d�e�d� �i�n� �F�O�R�T�R�A�N� �b�y� �P�r�e�s�s�,� �T�e�u�k�o�l�s�k�y�,� �V�e�t�t�e�l�i�n�g�,� �a�n�d� �F�l�a�n�n�e�r�y�. �� �E�s�s�e�n�t�i�a�l�l�y�,� 

�t�h�e� �m�e�t�h�o�d� �f�i�t�s� �a� �q�u�a�d�r�a�t�i�c� �t�h�r�o�u�g�h� �t�h�r�e�e� �d�a�t�a� �p�o�i�n�t�s� �i�n� �a�n� �i�n�t�e�r�v�a�l� �c�o�n�t�a�i�n�i�n�g� �t�h�e� 

�m�i�n�i�m�u�m�.� �T�h�e� �f�o�r�m�u�l�a� �f�o�r� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �m�i�n�i�m�u�m� �o�f� �t�h�e� �q�u�a�d�r�a�t�i�c� �t�h�r�o�u�g�h� �t�h�e� 

�p�o�i�n�t�s� �(�a�,� �f�(�a�)�)�,� �(�b�,� �f�(�b�)�,� �(�c�,� �f�(�c�)�)� �i�s� �g�i�v�e�n� �b�y� 

�_�,�_� �1�-�4�)�?� �[�f�@�)� �~� �f�(�o�)�]� �-� �@� �- �� �I�F�)� �-� �F�@�)� 
�~�2� �@�-�a�l�f�(�s�) �� �f�o�}� �~�~� �o�F�)�  �� �F�l�a�)� �(�2�:�8�)� 

�T�h�e� �a�l�g�o�r�i�t�h�m� �g�u�a�r�d�s� �a�g�a�i�n�s�t� �x� �b�e�i�n�g� �a� �m�i�n�i�m�u�m� �a�n�d� �n�o�t� �a� �m�a�x�i�m�u�m�.� �S�e�v�e�r�a�l� 

�c�u�r�v�e� �f�i�t�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �t�o� �f�i�n�d� �t�h�e� �e�x�a�c�t� �m�i�n�i�m�u�m� �i�n� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�e�a�r�c�h�.� 
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� � 

�T�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �r�o�u�t�i�n�e� �o�u�t�l�i�n�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r� �r�e�q�u�i�r�e�s� �t�h�e� �d�e�r�i�v�a�-� 

�t�i�v�e�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �m�o�s�t� �s�t�r�a�i�g�h�t� 

�f�o�r�w�a�r�d� �w�a�y� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �i�s� �t�o� �u�s�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e�s�.� �A� �f�i�r�s�t�-�o�r�d�e�r� �f�o�r�-� 

�w�a�r�d� �d�i�f�f�e�r�e�n�c�e� �i�s� 

�O�r� �1� 
�a�e�;� �a� �A�G� �[�T�( ¬�1�,�  ¬�2�,�.�-�-�,�6�;� �+� �A�E�;�,�.�.�.�,�&�n�)�  �� �I�( ¬�1�,�  ¬�2�,�.�-�-�, ¬�n�)�]�,� �(�3�.�1�)� 

�a�n�d� �a� �s�e�c�o�n�d�-�o�r�d�e�r� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �i�s� 

�o�r� �1� 
�B�E�;� �2�A�E�;� 

� � 

�[�Z�(�é�1�,�  ¬�2�,�-�.�-�, ¬�}�)� �+� �A�G�;�,�.�-�-�5 ¬�n�)�  �� �T�(�r�,� �b�2�,�.�.�.�, ¬�;�  �� �A�G�;�,�.�.�-�,�E�n�)�]�-� 

�(�3�.�2�)� 

�T�h�e�s�e� �m�e�t�h�o�d�s� �a�r�e� �i�n�e�f�f�i�c�i�e�n�t�.� �I�n� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �r�o�u�t�i�n�e�,� �n� �+� �1� 

�f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s� �a�r�e� �r�e�q�u�i�r�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �d�e�r�i�v�a�t�i�v�e�s�,� �o�r� �2�n� �f�u�n�c�-� 

�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s� �f�o�r� �s�e�c�o�n�d�-�o�r�d�e�r� �d�e�r�i�v�a�t�i�v�e�s�.� �E�a�c�h� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n� �r�e�q�u�i�r�e�s� �a� 

�f�l�o�w� �s�o�l�u�t�i�o�n� �w�h�i�c�h� �f�o�r� �m�a�n�y� �f�l�u�i�d� �d�y�n�a�m�i�c�s� �p�r�o�b�l�e�m�s� �c�a�n� �b�e� �p�r�o�h�i�b�i�t�i�v�e�l�y� �e�x�p�e�n�-� 

�s�i�v�e�.� �M�a�n�y� �c�h�e�a�p�e�r� �m�e�t�h�o�d�s� �t�o� �c�o�m�p�u�t�e� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �a�n�d� �a�r�e� �t�h�e� 

�t�o�p�i�c� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �a�n�d� �t�h�e� �n�e�x�t�.� 

�W�e� �i�n�v�e�s�t�i�g�a�t�e� �t�w�o� �a�p�p�r�o�a�c�h�e�s� �f�o�r� �c�o�m�p�u�t�i�n�g� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s�.� �T�h�e� �f�i�r�s�t� �i�s� �t�h�e� 

�c�o�n�t�i�n�u�o�u�s� �a�p�p�r�o�a�c�h� �w�h�i�c�h� �i�s� �f�o�r�m�u�l�a�t�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�e�i�r� �c�o�n�t�i�n�u�o�u�s� �f�o�r�m� 

�a�n�d� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� �I�n� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r� �w�e� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �d�i�s�c�r�e�t�e� 

�a�p�p�r�o�a�c�h� �w�h�i�c�h� �f�o�r�m�u�l�a�t�e�s� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �f�r�o�m� �d�i�s�c�r�e�t�i�z�e�d� �e�q�u�a�t�i�o�n�s�.� �I�n� �e�a�c�h� �a�p�-� 

�p�r�o�a�c�h� �t�h�e� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� �m�e�t�h�o�d�s� �f�o�r� �c�o�m�p�u�t�i�n�g� �d�e�r�i�v�a�t�i�v�e�s� �a�r�e� �d�e�r�i�v�e�d�.� 
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�3�.�1� �D�i�r�e�c�t� �M�e�t�h�o�d� 

�I�n� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �a�p�p�r�o�a�c�h� �t�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �d�e�f�i�n�e�d� �b�y� �(�1�.�2�6�)� 

�i�s� �u�t�i�l�i�z�e�d�.� �A�n�a�l�y�t�i�c� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �o�f� �(�1�.�2�6�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �j�*�*� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� 

�r�e�q�u�i�r�e�s� �L�i�e�b�n�i�t�z �� �r�u�l�e� �a�s� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 
�x�B� �1� 

�q�l� �_� �_� �|� �(�a�  ��u�)�u�'�d�r�  �� �(�i�  ��u�)�u�'�d�z� 
�0� 

�S�o�m�e� �e�x�p�l�a�n�a�t�i�o�n� �o�f� �t�h�e� �n�o�t�a�t�i�o�n� �i�s� �i�n� �o�r�d�e�r�.� �F�o�r� �s�i�m�p�l�i�c�i�t�y�,� �t�h�e� �s�u�b�s�c�r�i�p�t� �7� �h�a�s� �b�e�e�n� 

�d�r�o�p�p�e�d�.� �R�e�a�l�i�z�e� �t�h�a�t� �(�3�.�3�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �f�o�r� �e�a�c�h� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �&�1�,� �&�,�.�.�.�,�&�n�.� 

�W�h�e�n� �w�e� �u�t�i�l�i�z�e� �t�h�e� �r�e�s�u�l�t�i�n�g� �f�o�r�m�u�l�a�,� �w�e� �w�i�l�l� �i�n�t�e�r�p�r�e�t� �0�/�0 ¬� �a�s� �0�/�O ¬�;� �w�i�t�h� �a�l�l� 

�o�t�h�e�r� �v�a�r�i�a�b�l�e�s� �h�e�l�d� �f�i�x�e�d�.� �T�h�e� �p�r�i�m�e�s� �i�n�d�i�c�a�t�e� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o�  ¬�;� �s�o� 

�t�h�a�t� �2�,� �=� �d�x�,�/�d�&�;� �a�n�d� �u�'� �=� �O�u�/�0 ¬�;� �w�i�t�h� �x� �h�e�l�d� �c�o�n�s�t�a�n�t�.� �T�h�e� �s�u�b�s�c�r�i�p�t�s� �o�n� �t�h�e� 

�s�q�u�a�r�e� �b�r�a�c�k�e�t� �t�e�r�m�s� �d�e�n�o�t�e� �w�h�e�r�e� �t�h�e� �t�e�r�m�s� �a�r�e� �e�v�a�l�u�a�t�e�d�.� 

�E�q�u�a�t�i�o�n� �(�3�.�3�)� �c�a�n� �b�e� �u�s�e�d� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �p�r�o�v�i�d�e�d� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� 

�u�'� �a�n�d� �2�!� �c�a�n� �b�e� �f�o�u�n�d�.� �I�n� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �d�i�r�e�c�t� �m�e�t�h�o�d�,� �w�e� �w�i�l�l� �o�b�t�a�i�n� �a�n� �o�r�d�i�n�a�r�y� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �w�h�i�c�h� �c�a�n� �b�e� �s�o�l�v�e�d� �f�o�r� �u �� �a�n�d� �a�n� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n� �f�o�r� �z�'�,�.� 

�T�h�e� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �c�o�m�e�s� �f�r�o�m� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �f�o�r�m� 

�o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �(�1�.�3�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o�  ¬�.� �I�n� �(�1�.�3�)�,� �f� �=� �f�(�u�)� �a�n�d� �g� �=� �g�(�u�,�  ¬�)� 

�a�r�e� �g�i�v�e�n� �b�y� �(�1�.�4�)� �a�n�d� �(�1�.�5�)� �r�e�s�p�e�c�t�i�v�e�l�y�.� �W�e� �d�i�f�f�e�r�e�n�t�i�a�t�e� �(�1�.�3�)� �u�t�i�l�i�z�i�n�g� �t�h�e� �c�h�a�i�n� 

�r�u�l�e� �a�n�d� �b�y� �i�n�t�e�r�c�h�a�n�g�i�n�g� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �z� �a�n�d�  ¬� �d�e�r�i�v�a�t�i�v�e�s� �w�e� �o�b�t�a�i�n� 

�O�u�!� �d�a� �O�u� �,�,� �O�o� 
�a�e� �+� �9�g� �=�%� �(�3�.�4�)� 

�w�h�e�r�e� �a� �=� �d�f� �/�d�u� �a�n�d� �b� �=� �0�g�/�0�u�.� �N�o�t�e� �t�h�a�t� �(�3�.�4�)� �i�s� �o�n�l�y� �v�a�l�i�d� �w�h�e�r�e� �t�h�e� �s�o�l�u�t�i�o�n�,� �u�,� 

�i�s� �c�o�n�t�i�n�u�o�u�s�.� �T�h�i�s� �l�i�n�e�a�r� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �u�'�(�x�)� �w�e� �c�a�l�l� �t�h�e� �d�i�r�e�c�t� 

�e�q�u�a�t�i�o�n�.� �A�n�a�l�y�t�i�c� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �c�a�n� �b�e� �d�e�r�i�v�e�d� �f�r�o�m� �(�1�.�4�)� �a�n�d� 

�(�1�.�5�)� 

�a�=�]�  ��-�  � � �� �(�3�.�5�)� 
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�d�a� �_� �y ��1�4�h�,� 

� � 

� � 

�d�u� �y�+�1� �0 �� �3�-�6�)� 
�_�A�z�r�y�-�i�1� �2�h�o� �-� �4�2� �(�1�4�2�2�)�,� �(�3�.�7�)� 

�a�n�d� 
�O�g� �y�-�1� �2�h�o�e�\� �O� �'� 
�4�1�"� �7� �)� �x�(�a ��)�,� �(�3�.�8�)� 

�W�e� �c�a�n� �w�r�i�t�e� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �(�1�.�3�)� �a�s� �a�d�u�/�O�z�r� �+� �g� �=� �0� �s�o� �t�h�a�t� 

�O�u� �g� 
�a�r� �=� �a� �(�3�.�9�)� 

�T�o� �c�o�m�p�l�e�t�e� �t�h�e� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m� �w�e� �d�i�f�f�e�r�e�n�t�i�a�t�e� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�-� 

�t�i�o�n�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o�  ¬�.� �A�t� �t�h�e� �i�n�l�e�t� �a�n�d� �o�u�t�l�e�t� �w�e� �h�a�v�e� 

�u�'�(�0�,�  ¬�)� �=� �0�,� �(�3�.�1�0�)� 

�a�n�d� 
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�0� �2 ��1�,�.�.�.�.�N�;� �i�A�4�#�j�,�j�4�+�1� 
�.� �1� �(�7�-�1�)� �2�h� �-� 

�C�h�i�s�  ��~� �2�2� �2�  �� �G�a�t�)� �u�t� �a� �t�i�=�J� �(�4�.�3�3�)� 
�U�j� �_� �.� 

�S�L� �a� �[�t�-� �G�B�-�e�]� �f�a�s�t� 
�A�s� �i�n� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �d�i�r�e�c�t� �m�e�t�h�o�d�,� �(�4�.�2�8�)� �r�e�p�r�e�s�e�n�t�s� �o�n�e� �o�f� �n� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� 

�m�u�s�t� �b�e� �s�o�l�v�e�d� �t�o� �g�e�t� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s�.� �H�a�v�i�n�g� �s�o�l�v�e�d� �(�4�.�2�8�)� �f�o�r� �0�u�/�0 ¬�;�,� �t�h�e� �d�e�r�i�v�a�-� 

�t�i�v�e�s� �a�r�e� �c�o�m�p�u�t�e�d� �f�r�o�m� �(�4�.�2�1�)�.� �F�o�r� �t�h�i�s� �p�r�o�b�l�e�m�,� �t�h�e� �J�a�c�o�b�i�a�n� �i�s� �t�r�i�d�i�a�g�o�n�a�l� �s�o� 

�t�h�a�t� �t�h�e� �n� �s�o�l�u�t�i�o�n�s� �t�o� �(�4�.�2�8�)� �a�r�e� �i�n�e�x�p�e�n�s�i�v�e�.� �I�n� �o�t�h�e�r� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s�,� �t�h�e� �J�a�c�o�-� 

�b�i�a�n� �m�a�y� �n�o�t� �b�e� �t�r�i�d�i�a�g�o�n�a�l�,� �b�u�t� �i�f� �t�h�e� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �J� �c�a�n� �b�e� �s�t�o�r�e�d� �t�h�e� �n� 

�s�o�l�u�t�i�o�n�s� �o�f� �(�4�.�2�8�)� �c�a�n� �c�o�m�e� �a�t� �t�h�e� �e�x�p�e�n�s�e� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �o�n�e�.� 

�D�I�S�C�R�E�T�E� �A�P�P�R�O�A�C�H� �T�O� �D�E�R�I�V�A�T�I�V�E� �C�A�L�C�U�L�A�T�I�O�N�S� �4�1



�4�.�2� �A�d�j�o�i�n�t� �M�e�t�h�o�d� 

�F�o�r� �t�h�e� �d�i�s�c�r�e�t�e� �a�d�j�o�i�n�t� �m�e�t�h�o�d� �w�e� �d�e�f�i�n�e� �a�n� �a�u�g�m�e�n�t�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� 

�I�*�=�I�4�)�"�w�,� �(�4�.�3�4�)� 

�w�h�e�r�e� �I� �i�s� �d�e�f�i�n�e�d� �b�y� �(�1�.�3�2�)�,� �A� �i�s� �a� �r�o�w� �v�e�c�t�o�r� �o�f� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s�,� �a�n�d� �w� �i�s� 

�t�h�e� �c�o�l�u�m�n� �v�e�c�t�o�r� �o�f� �d�i�s�c�r�e�t�i�z�e�d� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �w�i�t�h� �r�e�s�p�e�c�t� 

�t�o� �t�h�e� �j�t�h� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �i�s� 

�a�I�"� �_� �O�l� �|� �p�o�w� 
�3� �O�G� �B�G� 

�S�i�n�c�e� �w� �i�s� �z�e�r�o� �i�n� �t�h�e� �e�n�t�i�r�e� �d�o�m�a�i�n�,� �O�I�/�O ¬�;� �i�s� �e�q�u�a�l� �t�o� �O�I�*�/�0 ¬�;�.� �I�n� �t�h�e� �a�d�j�o�i�n�t� 

�(�4�.�3�5�)� 

�m�e�t�h�o�d� �w�e� �c�h�o�o�s�e� �A� �s�u�c�h� �t�h�a�t� �t�h�e� �0�u�/�0 ¬�;� �t�e�r�m�s� �w�i�l�l� �n�o�t� �a�p�p�e�a�r� �i�n� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� 

�e�q�u�a�t�i�o�n�.� 

�T�h�e� �f�i�r�s�t� �t�e�r�m� �o�n� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �h�a�s� �b�e�e�n� �e�x�p�a�n�d�e�d� �i�n� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� 

�t�h�e� �d�i�s�c�r�e�t�e� �d�i�r�e�c�t� �m�e�t�h�o�d� �(�4�.�2�1�)�.� �T�h�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �h�a�s� �a�l�s�o� 

�b�e�e�n� �e�x�p�a�n�d�e�d� �i�n� �e�q�u�a�t�i�o�n� �(�4�.�2�4�)�.� �S�u�b�s�t�i�t�u�t�i�n�g� �(�4�.�2�1�)� �a�n�d� �(�4�.�2�4�)� �i�n�t�o� �(�4�.�3�5�)� �y�i�e�l�d�s� 

�7� �=� �o�S� �+�X� �(�$�2�)�.� �+� �1�2� �|� �.� �(�4�.�3�6�)� 

�W�e� �r�e�a�r�r�a�n�g�e� �(�4�.�3�6�)� �t�o� �c�o�l�l�e�c�t� �t�e�r�m�s� �m�u�l�t�i�p�l�y�i�n�g� �0�u�/�O�£�;� �t�o� �g�e�t� 

� � 

�o�r�t� 
�0 ¬�;� 
� � �T� �1� �)�T� �7�,�9�,� �y�r� �(�O�w� �(�v�t� �+�A�*� �J�)� �a�e�,� �+�>� �C�a�r� �(�4�.�3�7�)� 

�T�h�e� �v�e�c�t�o�r� �o�f� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� �i�s� �a�r�b�i�t�r�a�r�y�,� �b�u�t� �a�s� �i�n� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �a�d�j�o�i�n�t� 

�c�a�s�e�,� �i�t� �m�a�y� �b�e� �c�h�o�s�e�n� �s�u�c�h� �t�h�a�t� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �i�n�e�x�p�e�n�s�i�v�e�l�y�.� �I�f� 

�A� �i�s� �c�h�o�s�e�n� �s�u�c�h� �t�h�a�t� 

� � 

�J�T�\� �=�~�,� �(�4�.�3�8�)� 

�t�h�e�n� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �i�s� 

�O�l� �o�l�*� �O�w�  ��=� �=�?� �a�e�}� �.� �4�.�3�9� 
�O�f�;� �8�;� �O�8�5�)� �u� �(�4�3�9�)� 
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�T�h�e� �a�d�v�a�n�t�a�g�e� �t�h�i�s� �m�e�t�h�o�d� �h�a�s� �o�v�e�r� �t�h�e� �d�i�s�c�r�e�t�e� �d�i�r�e�c�t� �m�e�t�h�o�d� �i�s� �e�v�i�d�e�n�t� �w�i�t�h� 

�v�e�r�y� �l�a�r�g�e� �s�y�s�t�e�m�s�.� �E�q�u�a�t�i�o�n� �(�4�.�3�8�)� �h�a�s� �t�o� �b�e� �s�o�l�v�e�d� �o�n�l�y� �o�n�c�e� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� 

�L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s�.� �T�h�e� �d�e�r�i�v�a�t�i�v�e�s� �m�a�y� �t�h�e�n� �b�e� �c�o�m�p�u�t�e�d� �i�n�e�x�p�e�n�s�i�v�e�l�y� �u�s�i�n�g� 

�(�4�.�3�9�)� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �r�i�g�h�t�-�h�a�n�d�-�s�i�d�e�s�,� �t�.�e�.� �d�i�f�f�e�r�e�n�t� �O�w�/�0�O ¬�;�.� 

�D�I�S�C�R�E�T�E� �A�P�P�R�O�A�C�H� �T�O� �D�E�R�I�V�A�T�I�V�E� �C�A�L�C�U�L�A�T�I�O�N�S� �4�3
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�W�e� �n�o�w� �p�r�e�s�e�n�t� �d�e�s�i�g�n� �s�e�n�s�i�t�i�v�i�t�i�e�s� �a�n�d� �o�p�t�i�m�i�z�a�t�i�o�n� �r�e�s�u�l�t�s� �u�s�i�n�g� �t�h�e� �c�o�n�t�i�n�u�-� 

�o�u�s� �a�n�d� �d�i�s�c�r�e�t�e� �a�p�p�r�o�a�c�h�e�s�.� �F�o�r� �e�a�c�h� �a�p�p�r�o�a�c�h� �w�e� �w�i�l�l� �c�o�m�p�a�r�e� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� 

�c�a�l�c�u�l�a�t�i�o�n�s� �w�i�t�h� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �c�a�l�c�u�l�a�t�i�o�n�s�.� �T�h�e� �p�r�o�b�l�e�m� �o�f� �a� �n�o�n�-�s�m�o�o�t�h� �o�b�-� 

�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �h�a�n�d�l�e�d� �t�h�r�o�u�g�h� �s�h�o�c�k� �f�i�t�t�i�n�g� �w�i�t�h� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �a�p�p�r�o�a�c�h� �a�n�d� 

�w�i�t�h� �c�o�o�r�d�i�n�a�t�e� �s�t�r�a�i�n�i�n�g� �a�n�d� �s�h�o�c�k� �p�e�n�a�l�t�y� �f�o�r� �t�h�e� �d�i�s�c�r�e�t�e� �a�p�p�r�o�a�c�h�.� �F�o�r� �t�h�i�s� 

�r�e�a�s�o�n�,� �c�o�n�t�i�n�u�o�u�s� �s�e�n�s�i�t�i�v�i�t�i�e�s� �c�a�n�n�o�t� �b�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �d�i�s�c�r�e�t�e� �s�e�n�s�i�t�i�v�i�t�i�e�s�.� �A� 

�f�l�o�w� �f�i�e�l�d� �o�f� �6�4� �g�r�i�d� �p�o�i�n�t�s� �i�s� �u�s�e�d� �f�o�r� �t�h�i�s� �s�t�u�d�y�.� 

�A�n� �i�n�i�t�i�a�l� �a�r�e�a� �d�i�s�t�r�i�b�u�t�i�o�n� �w�a�s� �c�h�o�s�e�n� �s�o� �t�h�a�t� �t�h�e� �c�o�m�p�u�t�e�d� �s�h�o�c�k� �i�s� �s�i�g�n�i�f�i�-� 

�c�a�n�t�l�y� �f�a�r� �a�w�a�y� �f�r�o�m� �t�h�e� �t�a�r�g�e�t�.� �T�w�o� �c�a�s�e� �s�t�u�d�i�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n�.� �I�n� 

�t�h�e� �f�i�r�s�t�,� �w�e� �u�s�e� �a� �s�i�n�g�l�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�.� �I�n� �t�h�e� �s�e�c�o�n�d�,� �w�e� �i�n�c�r�e�a�s�e� �t�h�e� �c�o�m�p�l�e�x�i�t�y� 

�b�y� �u�s�i�n�g� �t�h�r�e�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �H�e�r�e� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �r�e�p�r�e�s�e�n�t� �a�r�e�a� �v�a�l�u�e�s� �a�t� 

�z�-�l�o�c�a�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �d�u�c�t�.� �A� �c�u�b�i�c� �s�p�l�i�n�e� �f�i�t�t�e�d� �t�h�r�o�u�g�h� �t�h�e�s�e� �p�o�i�n�t�s� �d�e�s�c�r�i�b�e�s� �t�h�e� 

�a�r�e�a�,� �c�o�m�p�l�e�t�e�l�y�.� �T�h�e� �i�n�i�t�i�a�l� �a�r�e�a� �d�i�s�t�r�i�b�u�t�i�o�n� �w�a�s� �s�p�e�c�i�f�i�c�a�l�l�y� �s�e�l�e�c�t�e�d� �s�o� �t�h�a�t� �b�o�t�h� 

�d�e�s�i�g�n� �c�a�s�e�s� �d�e�s�c�r�i�b�e� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �a�r�e�a�.� �T�h�e� �s�t�a�r�t�i�n�g� �d�e�s�i�g�n� �i�s� �s�h�o�w�n� �i�n� 

�f�i�g�u�r�e� �5�.�1�.� �A�l�s�o� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �5�.�1� �i�s� �t�h�e� �i�n�t�e�n�d�e�d� �o�p�t�i�m�i�z�e� �d�e�s�i�g�n�.� �T�h�e� �o�p�t�i�m�i�z�e�d� 

�d�e�s�i�g�n�,� �d�e�f�i�n�e�d� �b�y� �(�1�.�2�1�)�,� �c�a�n� �a�l�s�o� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� �a� �c�u�b�i�c� �s�p�l�i�n�e� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� 

�o�n�e� �o�r� �t�h�r�e�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �T�a�b�l�e� �5�.�1� �l�i�s�t�s� �t�h�e� �z�-�l�o�c�a�t�i�o�n�s�,� �t�h�e� �i�n�i�t�i�a�l� �v�a�l�u�e� �o�f� �t�h�e� 

�d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �t�h�e� �t�a�r�g�e�t� �v�a�l�u�e�s�.� �D�u�r�i�n�g� �t�h�e� �d�e�s�i�g�n� �p�r�o�c�e�s�s� �t�h�e� �z�-�l�o�c�a�t�i�o�n� �o�f� 

�t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �r�e�m�a�i�n�s� �f�i�x�e�d� �a�s� �d�o�e�s� �t�h�e� �i�n�l�e�t� �a�n�d� �e�x�i�t� �a�r�e�a�s� �a�n�d� �s�l�o�p�e�s�.� 

�T�h�e� �d�u�c�t� �i�s� �o�p�t�i�m�i�z�e�d� �b�y� �m�a�t�c�h�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� 

�t�h�e� �a�r�e�a� �t�o� �a� �t�a�r�g�e�t� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e� �c�a�s�e� �s�t�u�d�i�e�s� �i�n�v�e�s�t�i�g�a�t�e� �d�e�s�i�g�n�s� 
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�p�e�r�f�o�r�m�e�d� �u�s�i�n�g� �e�x�a�c�t�,� �G�o�d�u�n�o�v� �a�n�d� �a�r�t�i�f�i�c�i�a�l� �v�i�s�c�o�s�i�t�y� �f�l�o�w� �s�o�l�u�t�i�o�n�s�.� �T�h�e�s�e� �s�o�l�v�e�r�s� 

�a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �c�h�a�p�t�e�r� �1� �o�f� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�.� �F�i�g�u�r�e�s� �5�.�2�,� �5�.�3�,� �a�n�d� �5�.�4� �s�h�o�w� �t�h�e� 

�i�n�i�t�i�a�l� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �t�a�r�g�e�t� �f�o�r� �t�h�e� �t�h�r�e�e� �f�l�o�w� �s�o�l�v�i�n�g� 

�a�l�g�o�r�i�t�h�m�s�.� �T�o� �a�v�o�i�d� �a�n�y� �i�s�s�u�e�s� �w�h�i�c�h� �m�a�y� �a�r�i�s�e� �i�f� �t�h�e� �t�a�r�g�e�t� �v�e�l�o�c�i�t�y� �i�s� �n�o�t� �a� 

�s�o�l�u�t�i�o�n� �t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �t�a�r�g�e�t� �v�e�l�o�c�i�t�y� �i�s� �c�r�e�a�t�e�d� �u�s�i�n�g� �t�h�e� �a�r�e�a� 

�d�e�s�c�r�i�b�e�d� �b�y� �e�q�u�a�t�i�o�n� �(�1�.�2�1�)� �a�n�d� �t�h�e� �f�l�o�w� �s�o�l�v�e�r� �u�s�e�d� �d�u�r�i�n�g� �t�h�e� �d�e�s�i�g�n� �p�r�o�c�e�s�s�.� 

�O�p�t�i�m�i�z�a�t�i�o�n�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �u�s�i�n�g� �t�h�e� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t� �m�e�t�h�o�d� �o�u�t�l�i�n�e�d� �i�n� 

�c�h�a�p�t�e�r� �2�.� �T�h�e� �s�t�e�p� �s�i�z�e� �t�a�k�e�n� �i�n� �t�h�e� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n� �i�s� �c�o�m�p�u�t�e�d� �b�y� �b�r�a�c�k�e�t�i�n�g� 

�t�h�e� �m�i�n�i�m�u�m� �i�n� �t�h�e� �s�e�a�r�c�h� �d�i�r�e�c�t�i�o�n� �a�n�d� �m�i�n�i�m�i�z�i�n�g� �a� �f�i�t�t�e�d� �q�u�a�d�r�a�t�i�c� �p�o�l�y�n�o�m�i�a�l� 

�w�i�t�h�i�n� �t�h�e� �l�i�m�i�t�s� �o�f� �t�h�e� �b�r�a�c�k�e�t�.� �O�p�t�i�m�i�z�a�t�i�o�n� �s�t�o�p�s� �w�h�e�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� 

�s�m�a�l�l�e�r� �t�h�a�n� �1�0�~�?�°� �o�r� �w�h�e�n� �t�h�e� �c�h�a�n�g�e� �i�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �f�r�o�m� �o�n�e� �i�t�e�r�a�t�i�o�n� 

�t�o� �t�h�e� �n�e�x�t� �i�s� �i�n�s�i�g�n�i�f�i�c�a�n�t�.� 

�5�.�1� �D�e�s�i�g�n�s� �U�s�i�n�g� �t�h�e� �C�o�n�t�i�n�u�o�u�s� �A�p�p�r�o�a�c�h� 

�T�h�e� �r�e�s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�h�o�c�k� �w�a�v�e� �d�i�m�i�n�i�s�h�e�s� �a�s� �w�e� �c�o�n�s�i�d�e�r� �t�h�e� �e�x�a�c�t�,� �G�o�d�u�n�o�v�,� 

�a�n�d� �a�r�t�i�f�i�c�i�a�l� �v�i�s�c�o�s�i�t�y� �s�o�l�v�e�r�.� �I�n� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �a�p�p�r�o�a�c�h� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �t�o� 

�t�h�e� �l�e�f�t� �a�n�d� �r�i�g�h�t� �o�f� �t�h�e� �s�h�o�c�k� �i�s� �n�e�e�d�e�d�.� �T�h�e� �a�n�a�l�y�t�i�c� �s�o�l�u�t�i�o�n� �i�d�e�n�t�i�f�i�e�s� �u�t� �a�n�d� �u�7� 

�e�x�a�c�t�l�y� �b�y� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �j�u�m�p� �c�o�n�d�i�t�i�o�n� �(�1�.�1�4�)� �a�t� �t�h�e� �s�h�o�c�k�.� �T�h�e� �G�o�d�u�n�o�v� �s�o�l�v�e�r� 

�c�a�p�t�u�r�e�s� �t�h�e� �s�h�o�c�k� �g�e�n�e�r�a�l�l�y� �o�v�e�r� �t�w�o� �o�r� �t�h�r�e�e� �g�r�i�d� �c�e�l�l�s� �a�l�l�o�w�i�n�g� �f�o�r� �e�s�t�i�m�a�t�e�s� �o�f� �u�t� 

�a�n�d� �u�~� �t�o� �b�e� �e�x�t�r�a�p�o�l�a�t�e�d� �t�o� �t�h�e� �p�o�s�i�t�i�o�n� �w�h�e�r�e� �t�h�e� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �c�r�o�s�s�e�s� 

�t�h�e� �s�o�n�i�c� �l�i�n�e�.� �T�h�e� �a�r�t�i�f�i�c�i�a�l� �v�i�s�c�o�s�i�t�y� �s�o�l�v�e�r� �s�m�e�a�r�s� �t�h�e� �s�h�o�c�k� �t�o� �t�h�e� �d�e�g�r�e�e� �w�h�e�r�e� 

�u�t� �a�n�d� �w�u� �a�r�e� �p�o�o�r�l�y� �d�e�f�i�n�e�d�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �r�e�s�u�l�t�s� �u�s�i�n�g� �t�h�e� �a�r�t�i�f�i�c�i�a�l� �v�i�s�c�o�s�i�t�y� 

�s�o�l�v�e�r� �a�n�d� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �a�p�p�r�o�a�c�h� �a�r�e� �n�o�t� �p�r�e�s�e�n�t�e�d�.� 

�T�a�b�l�e�s� �5�.�2� �t�h�r�o�u�g�h� �5�.�5� �l�i�s�t� �t�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �d�i�-� 

�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� �m�e�t�h�o�d�s� �d�u�r�i�n�g� �t�h�e� �f�i�r�s�t� �d�e�s�i�g�n� �i�t�e�r�a�t�i�o�n� �f�o�r� �t�h�e� �u�n�i�v�a�r�i�a�t�e� �a�n�d� 

�t�h�e� �t�h�r�e�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �c�a�s�e�s�.� �T�w�o� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �a�r�e� �a�l�s�o� �i�n�-� 

�c�l�u�d�e�d� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �c�h�e�c�k�i�n�g� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �d�e�s�i�g�n� �s�e�n�s�i�t�i�v�i�t�i�e�s�.� �T�h�e� 
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�f�o�r�w�a�r�d�-�d�i�f�f�e�r�e�n�c�e� �r�e�q�u�i�r�e�s� �l�e�s�s� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s� �t�h�a�n� �t�h�e� �m�o�r�e� �a�c�c�u�r�a�t�e� �c�e�n�t�r�a�l�-� 

�d�i�f�f�e�r�e�n�c�e�,� �y�e�t� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �s�h�o�w�s� �l�i�t�t�l�e� �e�f�f�e�c�t� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �u�s�e�d� 

�i�n� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s�.� �A� �s�t�e�p� �s�i�z�e� �o�f� �1�0�7�°� �w�a�s� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s�.� �T�a�b�l�e�s� 

�5�.�2� �a�n�d� �5�.�3� �s�h�o�w� �r�e�s�u�l�t�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �e�x�a�c�t� �f�l�o�w� �s�o�l�v�e�r� �w�h�i�l�e� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� 

�t�h�e� �G�o�d�u�n�o�v� �s�o�l�v�e�r� �a�r�e� �i�n� �t�a�b�l�e�s� �5�.�4� �a�n�d� �5�.�5�.� �A�l�s�o� �l�i�s�t�e�d� �i�n� �t�h�e�s�e� �t�a�b�l�e�s� �a�r�e� �t�h�e� 

�v�a�l�u�e�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�f�t�e�r� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �c�o�m�p�l�e�t�e�,� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� 

�i�t�e�r�a�t�i�o�n�s� �n�e�e�d�e�d� �f�o�r� �c�o�n�v�e�r�g�e�n�c�e�.� �I�n� �t�h�e�s�e� �c�a�s�e�s� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �d�e�f�i�n�e�d� 

�b�y� �(�1�.�2�6�)�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �i�n�f�o�r�m�a�t�i�o�n� �g�i�v�e�s� �a�n� �i�n�d�i�c�a�t�i�o�n� �o�f� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� 

�s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e�s�.� 

�I�n� �t�h�e� �c�a�s�e�s� �u�s�i�n�g� �t�h�e� �e�x�a�c�t� �f�l�o�w� �s�o�l�v�e�r�,� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �m�e�t�h�o�d�s� �a�p�p�e�a�r� �t�o� 

�g�i�v�e� �r�e�s�u�l�t�s� �i�n� �r�e�a�s�o�n�a�b�l�e� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �e�a�c�h� �o�t�h�e�r�.� �A�l�s�o� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� 

�o�p�t�i�m�i�z�e�r� �b�e�h�a�v�e�s� �s�i�m�i�l�a�r�l�y� �f�o�r� �a�l�l� �s�e�n�s�i�t�i�v�i�t�y� �m�e�t�h�o�d�s�.� �T�a�b�l�e� �5�.�6� �l�i�s�t�s� �t�h�e� �f�i�n�a�l� 

�v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �A�l�l� �m�e�t�h�o�d�s� �c�o�n�v�e�r�g�e�d� �t�o� �s�i�m�i�l�a�r� �s�o�l�u�t�i�o�n�s�,� �y�e�t� �d�i�d� 

�n�o�t� �r�e�a�c�h� �t�h�e� �i�n�t�e�n�d�e�d� �d�e�s�i�g�n�.� �T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� �i�s� �a�p�p�a�r�e�n�t�l�y� �r�e�l�a�t�e�d� �t�o� �t�h�e� �n�a�t�u�r�e� 

�o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �T�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�.�1�0�,� 

�e�x�p�a�n�d�e�d� �n�e�a�r� �t�h�e� �m�i�n�i�m�u�m� �r�e�v�e�a�l�s� �a� �c�u�s�p� �(�f�i�g�u�r�e� �5�.�5�)� �m�a�k�i�n�g� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �t�h�e� 

�m�i�n�i�m�u�m� �d�i�f�f�i�c�u�l�t�.� �A� �m�o�r�e� �r�o�b�u�s�t� �o�p�t�i�m�i�z�e�r� �s�h�o�u�l�d� �b�e� �a�b�l�e� �t�o� �f�i�n�d� �t�h�e� �m�i�n�i�m�u�m� �o�f� 

�t�h�e� �f�u�n�c�t�i�o�n�.� 

�A�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �m�e�t�h�o�d�s� �d�i�m�i�n�i�s�h�e�s� �f�o�r� �o�p�t�i�m�i�z�a�t�i�o�n� �i�n�v�o�l�v�-� 

�i�n�g� �t�h�e� �G�o�d�u�n�o�v� �s�o�l�u�t�i�o�n�.� �W�e� �f�e�e�l� �t�h�a�t� �t�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�e� �d�i�s�p�a�r�i�t�y� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� 

�p�r�o�c�e�d�u�r�e� �u�s�e�d� �t�o� �l�o�c�a�t�e� �t�h�e� �s�h�o�c�k� �a�n�d� �f�a�b�r�i�c�a�t�e�d� �v�a�l�u�e�s� �f�o�r� �u�t� �a�n�d� �u�~�.� �R�e�c�a�l�l�,� 

�f�o�r� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� 

�i�s� �f�o�u�n�d� �b�y� �i�n�t�e�r�p�o�l�a�t�i�o�n� �b�e�t�w�e�e�n� �g�r�i�d� �p�o�i�n�t�s�.� �F�o�r� �t�h�e� �6�4� �g�r�i�d� �p�o�i�n�t� �s�t�u�d�y�,� �t�h�e� 

�s�h�o�c�k� �i�s� �l�o�c�a�t�e�d� �t�o� �w�i�t�h�i�n� �1�.�5�%�.� �I�n� �f�i�g�u�r�e� �5�.�6� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �i�s� �p�l�o�t�t�e�d� �o�v�e�r� �a� 

�s�m�a�l�l� �r�a�n�g�e� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �f�o�r� �t�h�e� �u�n�i�v�a�r�i�a�t�e� �c�a�s�e�.� �T�h�e� �f�a�b�r�i�c�a�t�e�d� �f�u�n�c�t�i�o�n� 

�u�s�e�d� �t�o� �d�e�f�i�n�e� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �i�s� �w�a�v�y� �o�v�e�r� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �a�n�d� �c�a�n� �y�i�e�l�d� �l�a�r�g�e� 
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�e�r�r�o�r�s� �i�n� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n�.� �T�a�b�l�e� �5�.�7� �l�i�s�t�s� �t�h�e� �s�h�o�c�k� �s�e�n�s�i�t�i�v�i�t�i�e�s� �c�o�m�p�u�t�e�d� 

�v�i�a� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e�s� �a�n�d� �t�h�e� �d�i�r�e�c�t� �m�e�t�h�o�d� �f�o�r� �t�h�e� �a�n�a�l�y�t�i�c� �a�n�d� �G�o�d�u�n�o�v� �s�o�l�u�t�i�o�n�s� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e�r�e� �i�s� �b�e�t�t�e�r� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �a�s� �t�h�e�r�e� �i�s� �n�o� �a�m�b�i�g�u�i�t�y� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �l�o�c�a�t�i�n�g� �t�h�e� �s�h�o�c�k�.� �T�h�e� �s�h�o�c�k� �l�o�c�a�t�i�o�n� �a�n�d� �v�a�l�u�e�s� �o�f� �v�e�l�o�c�i�t�y� �a�c�r�o�s�s� 

�t�h�e� �s�h�o�c�k� �c�a�n� �b�e� �f�o�u�n�d� �p�r�e�c�i�s�e�l�y�.� �T�h�e� �a�g�r�e�e�m�e�n�t� �l�e�s�s�e�n�s� �i�n� �t�h�e� �G�o�d�u�n�o�v� �d�e�r�i�v�a�t�i�v�e�s� 

�d�u�e� �t�o� �t�h�e� �w�a�v�i�n�e�s�s� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e�.� �N�o�t�e� �h�o�w�e�v�e�r�,� �i�n� �t�a�b�l�e� �5�.�7� �t�h�e� �d�i�r�e�c�t� �m�e�t�h�o�d� 

�c�o�m�p�u�t�e�s� �s�e�n�s�i�t�i�v�i�t�i�e�s� �r�e�s�e�m�b�l�i�n�g� �t�h�o�s�e� �o�f� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n�.� �T�h�i�s� �c�o�m�e�s� �a�b�o�u�t� 

�b�e�c�a�u�s�e� �t�h�e� �j�u�m�p� �r�e�l�a�t�i�o�n� �(�1�.�1�4�)� �u�s�e�d� �t�o� �l�o�c�a�t�e� �t�h�e� �s�h�o�c�k� �i�n� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �i�s� 

�d�i�f�f�e�r�e�n�t�i�a�t�e�d� �i�n� �t�h�e� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� �f�o�r�m�u�l�a�t�i�o�n�s�.� 

�T�h�e� �s�i�t�u�a�t�i�o�n� �i�s� �w�o�r�s�e�n�e�d� �b�y� �t�h�e� �e�x�t�r�a�p�o�l�a�t�i�o�n� �f�o�r� �t�h�e� �l�e�f�t� �a�n�d� �r�i�g�h�t� �v�e�l�o�c�i�t�y� 

�v�a�l�u�e�s� �a�t� �t�h�e� �s�h�o�c�k�.� �W�e� �h�a�v�e� �s�e�e�n� �t�h�e� �w�a�v�i�n�e�s�s� �c�a�u�s�e�d� �b�y� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �t�o� 

�g�e�t� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n�.� �T�h�e� �e�x�t�r�a�p�o�l�a�t�i�o�n� �c�o�m�p�o�u�n�d�s� �t�h�e� �i�s�s�u�e� �n�o�t� �o�n�l�y� �b�e�c�a�u�s�e� 

�e�x�t�r�a�p�o�l�a�t�i�o�n� �i�s� �r�i�s�k�i�e�r� �t�h�a�n� �i�n�t�e�r�p�o�l�a�t�i�o�n�,� �b�u�t� �b�e�c�a�u�s�e� �t�h�e� �e�x�t�r�a�p�o�l�a�t�i�o�n� �i�s� �t�o� �t�h�e� 

�s�h�o�c�k� �p�o�s�i�t�i�o�n�,� �w�h�i�c�h� �i�t�s�e�l�f� �i�s� �w�a�v�y�.� �F�i�g�u�r�e� �5�.�7� �s�h�o�w�s� �t�h�e� �w�a�v�i�n�e�s�s� �o�f� �t�h�e� �l�e�f�t� �a�n�d� 

�r�i�g�h�t� �v�a�l�u�e�s� �o�f� �v�e�l�o�c�i�t�y� �a�t� �t�h�e� �s�h�o�c�k� �o�v�e�r� �a� �r�a�n�g�e� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �f�o�r� �a� �u�n�i�v�a�r�i�a�t�e� 

�p�a�r�a�m�e�t�e�r�i�z�a�t�i�o�n�.� 

�T�h�e� �f�i�n�a�l� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �t�h�e� �G�o�d�u�n�o�v� �c�a�s�e� �a�r�e� �l�i�s�t�e�d� �i�n� 

�t�a�b�l�e� �5�.�8�.� �T�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �f�i�n�a�l� �v�a�l�u�e�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�n� �t�a�b�l�e� �5�.�5�,� �t�h�e�y� 

�i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e�r�e� �i�s� �s�t�i�l�l� �a� �d�i�f�f�i�c�u�l�t�y� �i�n� �m�a�t�c�h�i�n�g� �t�h�e� �t�a�r�g�e�t� �c�o�m�p�l�e�t�e�l�y�.� �T�h�e� �e�r�r�o�r�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �l�o�c�a�t�i�n�g� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �a�n�d� �c�o�m�p�u�t�i�n�g� �t�h�e� �l�e�f�t� �a�n�d� �r�i�g�h�t� �v�a�l�u�e�s� 

�o�f� �v�e�l�o�c�i�t�y� �a�t� �t�h�e� �s�h�o�c�k� �i�n�t�r�o�d�u�c�e� �n�o�i�s�e� �i�n�t�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �i�s� �a�m�p�l�i�f�i�e�d� 

�i�n� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s�.� �T�h�u�s� �w�i�t�h� �t�h�e� �G�o�d�u�n�o�v� �f�l�o�w� �s�o�l�u�t�i�o�n�,� �n�o� 

�s�e�n�s�i�t�i�v�i�t�y� �m�e�t�h�o�d� �s�t�a�n�d�s� �o�u�t� �a�s� �b�e�i�n�g� �m�o�r�e� �a�c�c�u�r�a�t�e�.� 

�5�.�2� �D�e�s�i�g�n�s� �U�s�i�n�g� �t�h�e� �D�i�s�c�r�e�t�e� �A�p�p�r�o�a�c�h� 

�I�n� �t�h�e� �d�i�s�c�r�e�t�e� �a�p�p�r�o�a�c�h�,� �t�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �r�e�l�y� �o�n� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �g�o�v�-� 
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�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �n�o�t� �a�p�p�l�i�c�a�b�l�e� �f�o�r� �t�h�e� �u�s�e� �w�i�t�h� �t�h�e� �e�x�a�c�t� �f�l�o�w� 

�s�o�l�v�e�r�.� �R�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� �h�e�r�e� �u�s�e� �o�n�l�y� �t�h�e� �n�u�m�e�r�i�c�a�l� �f�l�o�w� �s�o�l�v�e�r�s�.� 

�T�a�b�l�e�s� �5�.�9� �a�n�d� �5�.�1�0� �l�i�s�t� �t�h�e� �d�e�s�i�g�n� �s�e�n�s�i�t�i�v�i�t�i�e�s� �u�s�i�n�g� �t�h�e� �G�o�d�u�n�o�v� �f�l�o�w� �s�o�l�v�e�r�,� 

�w�h�i�l�e� �t�a�b�l�e�s� �5�.�1�1� �a�n�d� �5�.�1�2� �l�i�s�t� �t�h�e� �d�e�s�i�g�n� �s�e�n�s�i�t�i�v�i�t�i�e�s� �u�s�i�n�g� �t�h�e� �a�r�t�i�f�i�c�i�a�l� �v�i�s�c�o�s�i�t�y� 

�f�l�o�w� �s�o�l�v�e�r�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �a�r�e� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �a�n�d� �w�i�t�h� �t�h�e� �e�x�c�e�p�t�i�o�n� �o�f� �t�h�e� 

�t�h�r�e�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �c�a�s�e� �u�s�i�n�g� �t�h�e� �G�o�d�u�n�o�v� �f�l�o�w� �s�o�l�v�e�r�,� �t�h�e� �o�p�t�i�m�i�z�e�r� �p�e�r�f�o�r�m�e�d� 

�s�i�m�i�l�a�r�l�y� �f�o�r� �e�a�c�h� �m�e�t�h�o�d�.� 

�F�i�n�a�l� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �s�h�o�w�n� �i�n� �t�a�b�l�e�s� �5�.�1�3� �a�n�d� �5�.�1�4� �f�o�r� �a�l�l� �d�i�s�c�r�e�t�e� �c�a�s�e�s�.� 

�.� �O�n�e� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �c�o�o�r�d�i�n�a�t�e�-�s�t�r�a�i�n�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �o�v�e�r� �t�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� 

�f�u�n�c�t�i�o�n� �i�s� �c�l�e�a�r�l�y� �d�e�m�o�n�s�t�r�a�t�e�d� �w�i�t�h� �t�a�b�l�e�s� �5�.�1�3� �a�n�d� �5�.�1�4� �a�n�d� �t�h�e� �f�i�n�a�l� �v�a�l�u�e�s� �o�f� 

�t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �T�h�a�t� �i�s�,� �t�h�e� �i�n�t�e�n�d�e�d� �d�e�s�i�g�n� �i�s� �r�e�c�o�v�e�r�e�d� �u�n�l�i�k�e� �t�h�e� �s�h�o�c�k�-� 

�f�i�t�t�e�d� �c�a�s�e�s�.� �T�h�e� �c�o�o�r�d�i�n�a�t�e�-�s�t�r�a�i�n�i�n�g� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �w�h�i�l�e� �e�l�i�m�i�n�a�t�i�n�g� �t�h�e� �s�t�a�i�r�-� 

�l�i�k�e� �s�t�r�u�c�t�u�r�e�,� �f�l�a�t�t�e�n�s� �o�u�t� �t�h�e� �f�u�n�c�t�i�o�n�,� �w�h�i�l�e� �t�h�e� �s�h�o�c�k� �p�e�n�a�l�t�y� �a�d�d�s� �s�t�e�e�p�n�e�s�s�.� �T�h�e� 

�i�m�p�o�r�t�a�n�t� �i�s�s�u�e� �i�s� �t�h�a�t� �t�h�e� �c�u�s�p�-�l�i�k�e� �n�a�t�u�r�e� �e�x�h�i�b�i�t�e�d� �i�n� �t�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �i�s� �n�o�t� �p�r�e�s�e�n�t�.� 

�F�o�r� �m�o�s�t� �d�i�s�c�r�e�t�e� �c�a�s�e�s� �p�r�e�s�e�n�t�e�d�,� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �c�o�n�v�e�r�g�e�d� �q�u�i�c�k�l�y�.� �H�o�w�-� 

�e�v�e�r�,� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �w�i�t�h� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �f�o�r� �t�h�e� �c�a�s�e� �w�i�t�h� �t�h�r�e�e� 

�d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�n�d� �t�h�e� �G�o�d�u�n�o�v� �s�o�l�u�t�i�o�n� �s�h�o�w�e�d� �a� �m�a�r�k�e�d� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �t�h�e� 

�a�n�a�l�y�t�i�c� �d�e�r�i�v�a�t�i�v�e�s�.� �T�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�i�s�,� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �w�a�s� �r�e�p�e�a�t�e�d� �u�s�i�n�g� �a� �1�6� 

�g�r�i�d� �p�o�i�n�t� �f�l�o�w� �c�o�m�a�i�n� �i�n� �p�l�a�c�e� �o�f� �t�h�e� �6�4� �p�o�i�n�t� �d�o�m�a�i�n�.� �T�h�i�s� �e�x�p�e�r�i�m�e�n�t� �e�f�f�e�c�-� 

�t�i�v�e�l�y� �s�m�e�a�r�s� �t�h�e� �s�h�o�c�k� �w�a�v�e�.� �I�n� �t�h�e� �1�6� �g�r�i�d� �p�o�i�n�t� �c�a�s�e�,� �a�l�l� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n�s� 

�c�o�n�v�e�r�g�e�d� �t�h�e� �d�e�s�i�g�n� �i�n� �1�9� �i�t�e�r�a�t�i�o�n�s�.� �W�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n�,� �w�h�i�c�h� 

�b�e�c�o�m�e�s� �a�n� �i�n�c�r�e�a�s�i�n�g�l�y� �w�a�v�y� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �w�i�t�h� �t�h�e� �r�e�s�o�l�u�t�i�o�n� 

�o�f� �t�h�e� �f�l�o�w� �s�o�l�u�t�i�o�n�,� �c�o�n�t�a�m�i�n�a�t�e�s� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �c�a�l�c�u�l�a�t�i�o�n�s�.� �T�h�e� �d�i�r�e�c�t� �a�n�d� �a�d�-� 

�j�o�i�n�t� �s�e�n�s�i�t�i�v�i�t�i�e�s� �a�r�e� �m�u�c�h� �m�o�r�e� �s�u�s�c�e�p�t�i�b�l�e� �t�o� �t�h�e� �n�o�i�s�e� �t�h�a�n� �t�h�e� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� 

�d�e�r�i�v�a�t�i�v�e�s� �s�i�n�c�e� �t�h�e�y� �d�i�r�e�c�t�l�y� �c�o�m�p�u�t�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �s�e�n�s�i�t�i�v�i�t�y�.� �F�u�r�t�h�e�r� �t�h�e� �n�o�i�s�e� 

�i�n� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �c�a�l�c�u�l�a�t�i�o�n� �b�e�g�i�n�s� �t�o� �d�o�m�i�n�a�t�e� �n�e�a�r� �t�h�e� �m�i�n�i�m�u�m�.� 
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�I�n� �t�h�i�s� �p�a�r�t� �o�f� �t�h�e� �d�i�s�s�e�r�t�a�t�i�o�n� �w�e� �h�a�v�e� �i�n�t�r�o�d�u�c�e�d� �a�n� �i�n�v�e�r�s�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m� 

�i�n�v�o�l�v�i�n�g� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� �w�i�t�h� �a� �s�h�o�c�k�.� �W�e� �h�a�v�e� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�r�o�u�g�h� 

�g�r�a�p�h�i�c� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�h�a�t� �w�i�t�h�o�u�t� �p�r�o�p�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� 

�o�f� �t�h�e� �f�l�o�w� �d�i�s�c�o�n�t�i�n�u�i�t�y�,� �r�e�c�o�v�e�r�y� �o�f� �t�h�e� �t�a�r�g�e�t� �i�s� �d�i�f�f�i�c�u�l�t� �w�i�t�h� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� 

�o�p�t�i�m�i�z�a�t�i�o�n�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �b�e�c�o�m�e�s� �n�o�n�-�s�m�o�o�t�h� �d�u�e� �t�o� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� 

�b�e�t�w�e�e�n� �t�h�e� �s�h�o�c�k� �w�a�v�e� �a�n�d� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�.� �A�s� �a� 

�r�e�s�u�l�t� �t�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �c�o�m�p�u�t�e�d�,� �a�l�t�h�o�u�g�h� �a�c�c�u�r�a�t�e� �f�o�r� �t�h�e� �n�o�n�-�s�m�o�o�t�h� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n�,� �m�a�y� �n�o�t� �l�e�a�d� �t�o� �t�h�e� �g�l�o�b�a�l� �m�i�n�i�m�u�m�.� �W�e� �h�a�v�e� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �w�h�e�n� �t�h�e� 

�s�h�o�c�k� �i�s� �g�r�e�a�t�l�y� �s�m�e�a�r�e�d� �b�y� �t�h�e� �f�l�o�w� �s�o�l�v�e�r�,� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �d�i�f�f�i�c�u�l�t�i�e�s� �b�e�c�o�m�e� �l�e�s�s� 

�s�e�v�e�r�e� �a�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �s�m�o�o�t�h�e�r� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �H�o�w�e�v�e�r� �a�s� �t�h�e� �f�l�o�w� �i�s� �b�e�t�t�e�r� 

�r�e�s�o�l�v�e�d�,� �t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �w�i�l�l� �r�e�a�p�p�e�a�r�.� �A� �r�o�b�u�s�t� �s�e�n�s�i�t�i�v�i�t�y� �p�r�o�c�e�d�u�r�e� �m�u�s�t� �t�a�k�e� 

�i�n�t�o� �a�c�c�o�u�n�t� �t�h�e� �e�f�f�e�c�t� �o�f� �s�h�o�c�k� �w�a�v�e�s�.� 

�W�e� �h�a�v�e� �p�r�e�s�e�n�t�e�d� �t�w�o� �t�e�c�h�n�i�q�u�e�s� �t�o� �l�e�s�s�e�n� �t�h�e� �n�o�n�-�s�m�o�o�t�h� �n�a�t�u�r�e� �o�f� �t�h�e� �o�b�-� 

�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �O�n�e� �m�e�t�h�o�d� �i�n�v�o�l�v�e�s� �s�h�o�c�k� �f�i�t�t�i�n�g� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�;� �t�h�e� �o�t�h�e�r� 

�i�n�v�o�l�v�e�s� �a� �c�o�o�r�d�i�n�a�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �w�h�i�c�h� �e�f�f�e�c�t�i�v�e�l�y� �r�e�m�o�v�e�s� �t�h�e� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� 

�f�r�o�m� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �W�e� �h�a�v�e� �s�h�o�w�n� �t�h�e�s�e� �t�e�c�h�n�i�q�u�e�s� �t�o� �b�e� �m�o�r�e� �e�f�f�e�c�t�i�v�e� 

�s�m�o�o�t�h�e�r�s� �w�h�e�n� �t�h�e� �s�h�o�c�k� �i�s� �p�r�e�c�i�s�e�l�y� �d�e�f�i�n�e�d�.� �F�o�r� �l�e�s�s� �s�h�a�r�p� �s�h�o�c�k� �w�a�v�e�s�,� �s�u�c�h� �a�s� 

�t�h�o�s�e� �a�p�p�e�a�r�i�n�g� �i�n� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s�,� �w�e� �h�a�v�e� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�a�t� �t�h�e�s�e� �t�e�c�h�n�i�q�u�e�s� 

�o�n�l�y� �r�e�d�u�c�e� �t�h�e� �s�e�v�e�r�i�t�y� �o�f� �t�h�e� �w�a�v�i�n�e�s�s�.� �I�n� �t�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �a�n�d� 

�w�h�e�r�e� �n�u�m�e�r�i�c�a�l� �f�l�o�w� �s�o�l�u�t�i�o�n�s� �a�r�e� �u�s�e�d�,� �t�h�e� �w�a�v�i�n�e�s�s� �i�s� �i�n�t�r�o�d�u�c�e�d� �t�h�r�o�u�g�h� �t�h�e� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �r�o�u�t�i�n�e� �t�o� �f�i�n�d� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n�,� �a�n�d� �t�h�e� �e�x�t�r�a�p�o�l�a�t�i�o�n� �t�o� �f�i�n�d� �t�h�e� 
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�l�e�f�t� �a�n�d� �r�i�g�h�t� �v�e�l�o�c�i�t�y� �v�a�l�u�e�s� �o�n� �e�i�t�h�e�r� �s�i�d�e� �o�f� �t�h�e� �s�h�o�c�k�.� �I�n� �t�h�e� �c�o�o�r�d�i�n�a�t�e�-�s�t�r�a�i�n�e�d� 

�a�n�d� �s�h�o�c�k� �p�e�n�a�l�t�y� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �t�h�e� �w�a�v�i�n�e�s�s� �e�n�t�e�r�s� �o�n�l�y� �t�h�r�o�u�g�h� �t�h�e� �i�n�t�e�r�p�o�-� 

�l�a�t�i�o�n� �o�f� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �a�s� �t�h�e� �l�e�f�t� �a�n�d� �r�i�g�h�t� �v�a�l�u�e�s� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �a�t� �t�h�e� �s�h�o�c�k� 

�a�r�e� �n�o�t� �n�e�e�d�e�d�.� 

�S�e�v�e�r�a�l� �t�e�c�h�n�i�q�u�e�s� �w�e�r�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� �a�n�d� �t�h�e� �c�o�o�r�d�i�n�a�t�e�-�s�t�r�a�i�n�e�d� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�s�.� �F�o�r� �t�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� �f�u�n�c�t�i�o�n� �w�e� �a�p�p�l�i�e�d� �a� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� 

�m�e�t�h�o�d� �i�n� �a� �c�o�n�t�i�n�u�o�u�s� �a�p�p�r�o�a�c�h�.� �T�h�e� �c�o�n�t�i�n�u�o�u�s� �a�p�p�r�o�a�c�h� �d�i�f�f�e�r�e�n�t�i�a�t�e�s� �t�h�e� �o�b�-� 

�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �i�n� �t�h�e�i�r� �c�o�n�t�i�n�u�o�u�s� �f�o�r�m�,� �i�.�e�.� 

�b�e�f�o�r�e� �t�h�e�y� �a�r�e� �d�i�s�c�r�e�t�i�z�e�d� �f�o�r� �e�v�a�l�u�a�t�i�o�n� �b�y� �t�h�e� �c�o�m�p�u�t�e�r�.� �T�h�e� �d�i�r�e�c�t� �a�p�p�r�o�a�c�h� 

�r�e�q�u�i�r�e�s� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �f�l�o�w� �e�q�u�a�t�i�o�n�s� �p�l�u�s� �s�o�l�u�t�i�o�n�s� �t�o� �n� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� 

�e�q�u�a�t�i�o�n�s� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s�.� �H�e�r�e� �n� �i�s� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� 

�a�n�d� �t�h�e� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �a�r�e� �c�a�l�l�e�d� �t�h�e� �d�i�r�e�c�t� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �a�d�j�o�i�n�t� 

�m�e�t�h�o�d�,� �b�y� �a�u�g�m�e�n�t�i�n�g� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �r�e�q�u�i�r�e�s� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �f�l�o�w� 

�e�q�u�a�t�i�o�n� �a�n�d� �o�n�l�y� �o�n�e� �s�o�l�u�t�i�o�n� �t�o� �a�n� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� �T�h�i�s� �i�s� �r�e�g�a�r�d�-� 

�l�e�s�s� �o�f� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �T�h�u�s� �t�h�e� �d�i�r�e�c�t� �p�r�o�b�l�e�m� �g�r�o�w�s� �w�i�t�h� �t�h�e� 

�d�i�m�e�n�s�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �a�n�d� �t�h�e� �a�d�j�o�i�n�t� �r�e�m�a�i�n�s� �a� �c�o�n�s�t�a�n�t� �s�i�z�e�.� �I�n� �e�l�e�m�e�n�-� 

�t�a�r�y� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s�,� �s�u�c�h� �a�s� �t�h�i�s� �o�n�e�,� �t�h�e� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� �m�e�t�h�o�d� �a�r�e� �a�l�m�o�s�t� 

�i�n�d�i�s�t�i�n�g�u�i�s�h�a�b�l�e� �f�r�o�m� �a� �C�P�U� �s�t�a�n�d� �p�o�i�n�t� �s�i�n�c�e� �t�h�e� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �b�o�u�n�d�a�r�y� �v�a�l�u�e� 

�p�r�o�b�l�e�m�s� �a�r�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �i�n�e�x�p�e�n�s�i�v�e�.� �I�n� �m�o�r�e� �c�o�m�p�l�e�x� �p�r�o�b�l�e�m�s� �t�h�e� �c�o�s�t� �o�f� 

�s�o�l�v�i�n�g� �t�h�e� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �i�n�c�r�e�a�s�e� �a�s� �a�n�a�l�y�t�i�c� �s�o�l�u�t�i�o�n�s� �m�a�y� �n�o�t� 

�b�e� �a�v�a�i�l�a�b�l�e�.� �T�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �a�d�j�o�i�n�t� �m�e�t�h�o�d� �w�i�l�l� �b�e�c�o�m�e� �m�o�r�e� �a�p�p�a�r�e�n�t� 

�f�r�o�m� �a� �C�P�U� �p�o�i�n�t� �o�f� �v�i�e�w� �i�n� �l�a�r�g�e� �d�e�s�i�g�n� �d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m�s� �a�s� �o�n�l�y� �o�n�e� �a�d�j�o�i�n�t� 

�e�q�u�a�t�i�o�n� �n�e�e�d�s� �t�o� �b�e� �s�o�l�v�e�d� �f�o�r� �a�l�l� �t�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s�.� �T�h�e� �d�i�r�e�c�t� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s� �t�h�e� 

�s�o�l�u�t�i�o�n� �o�f� �o�n�e� �d�i�r�e�c�t� �e�q�u�a�t�i�o�n� �f�o�r� �e�a�c�h� �d�e�s�i�g�n� �d�e�r�i�v�a�t�i�v�e�.� 

�T�h�e� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� �m�e�t�h�o�d�s� �w�e�r�e� �a�l�s�o� �a�p�p�l�i�e�d� �t�o� �t�h�e� �c�o�o�r�d�i�n�a�t�e�-�s�t�r�a�i�n�e�d� 

�a�n�d� �s�h�o�c�k� �p�e�n�a�l�t�y� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �H�e�r�e� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �w�e�r�e� �a�p�p�l�i�e�d� �i�n� �a� �d�i�s�c�r�e�t�e� 
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�-� �s�e�n�s�e�.� �B�e�f�o�r�e� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �d�e�v�e�l�o�p�e�d�,� �t�h�e� �f�l�o�w� �f�i�e�l�d� �w�a�s� �d�i�s�c�r�e�t�i�z�e�d� 

�a�n�d� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �w�a�s� �r�e�p�l�a�c�e�d� �b�y� �a� �s�y�s�t�e�m� �o�f� �N� �a�l�g�e�b�r�a�i�c� 

�e�q�u�a�t�i�o�n�s�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �w�a�s� �a�l�s�o� �r�e�p�l�a�c�e�d� �b�y� �a� �d�i�s�c�r�e�t�e� �v�e�r�s�i�o�n�.� �T�h�e� 

�d�i�r�e�c�t� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �s�y�s�t�e�m� �o�f� �f�l�o�w� �e�q�u�a�t�i�o�n�s�,� �p�l�u�s� �s�o�l�u�t�i�o�n�s� 

�t�o� �n� �s�y�s�t�e�m�s� �o�f� �N� �l�i�n�e�a�r� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s�.� �U�n�l�i�k�e� �t�h�e� �f�l�o�w� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� 

�m�u�s�t� �b�e� �t�i�m�e� �m�a�r�c�h�e�d�,� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �d�i�r�e�c�t� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �i�n�v�o�l�v�e�s� �a� 

�t�r�i�d�i�a�g�o�n�a�l� �m�a�t�r�i�x�.� �T�h�e� �a�d�j�o�i�n�t�,� �l�i�k�e� �i�t�s� �c�o�n�t�i�n�u�o�u�s� �c�o�u�n�t�e�r�p�a�r�t�,� �a�u�g�m�e�n�t�s� �t�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�o� �p�r�o�d�u�c�e� �s�a�v�i�n�g�s� �i�n� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n�s�.� �T�h�e� �a�d�j�o�i�n�t� 

�-� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s�:� �t�h�e� �f�l�o�w� �s�o�l�u�t�i�o�n� �p�l�u�s� �o�n�l�y� �o�n�e� �s�o�l�u�t�i�o�n� �t�o� �a� �s�y�s�t�e�m� �o�f� �N� �l�i�n�e�a�r� 

�e�q�u�a�t�i�o�n�s�.� �A�g�a�i�n� �t�h�e� �s�a�v�i�n�g�s� �a�r�e� �n�o�t� �v�e�r�y� �a�p�p�a�r�e�n�t� �i�n� �t�h�i�s� �p�r�o�b�l�e�m�.� �H�o�w�e�v�e�r�,� �a�s� 

�N� �i�n�c�r�e�a�s�e�s� �o�r� �a�s� �t�h�e� �d�e�s�i�g�n�s� �i�n�v�o�l�v�e� �t�w�o�-� �a�n�d� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w�s� �t�h�e� �a�d�j�o�i�n�t� 

�s�a�v�i�n�g�s� �w�i�l�l� �b�e� �s�i�g�n�i�f�i�c�a�n�t�.� 

�W�e� �h�a�v�e� �p�r�e�s�e�n�t�e�d� �c�o�m�p�a�r�i�s�o�n�s� �i�n� �t�h�e� �f�o�r�m� �o�f� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n�s� �a�n�d� 

�o�p�t�i�m�i�z�a�t�i�o�n� �r�e�s�u�l�t�s�.� �T�h�e� �a�n�a�l�y�t�i�c� �s�e�n�s�i�t�i�v�i�t�i�e�s� �w�e�r�e� �b�e�n�c�h�m�a�r�k�e�d� �a�g�a�i�n�s�t� �f�i�n�i�t�e�-� 

�d�i�f�f�e�r�e�n�c�e� �c�a�l�c�u�l�a�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �m�u�c�h� �m�o�r�e� �s�t�r�a�i�g�h�t� �f�o�r�w�a�r�d� �t�o� �c�o�m�p�u�t�e�,� �b�u�t� �a�l�s�o� 

�m�u�c�h� �m�o�r�e� �i�n�e�f�f�i�c�i�e�n�t�.� �I�n� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �a�p�p�r�o�a�c�h� �w�e� �h�a�v�e� �f�o�u�n�d� �t�h�a�t� �f�o�r� �a� �v�e�r�y� 

�s�h�a�r�p� �s�h�o�c�k� �w�a�v�e�,� �t�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �c�o�m�p�u�t�e�d� �b�y� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� �m�e�t�h�o�d�s� �m�a�t�c�h� 

�t�o� �w�i�t�h�i�n� �a� �f�e�w� �p�e�r�c�e�n�t� �t�o� �t�h�o�s�e� �c�o�m�p�u�t�e�d� �v�i�a� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e�s�.� �W�h�e�n� �t�h�e� �s�h�o�c�k� 

�i�s� �s�m�e�a�r�e�d�,� �t�h�e� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� �m�e�t�h�o�d�s� �c�o�m�p�u�t�e�d� �s�e�n�s�i�t�i�v�i�t�i�e�s� �t�h�a�t� �w�e�r�e� �m�o�r�e� 

�a�c�c�u�r�a�t�e� �t�h�a�n� �t�h�e� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �s�e�n�s�i�t�i�v�i�t�i�e�s�.� �O�n�e� �r�e�a�s�o�n� �f�o�r� �t�h�e� �d�i�s�c�r�e�p�a�n�c�i�e�s� �i�s� 

�t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �a�n�d� �t�h�e� �e�x�t�r�a�p�o�l�a�t�i�o�n� �o�f� �u�t� �a�n�d� �u�~�.� �W�h�i�l�e� 

�t�h�e�s�e� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �a�d�e�q�u�a�t�e� �f�o�r� �c�o�m�p�u�t�i�n�g� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n�,� �u�t� �a�n�d� �u�~�,� �t�h�e�y� 

�a�r�e� �n�o�t� �a�d�e�q�u�a�t�e� �f�o�r� �c�o�m�p�u�t�i�n�g� �t�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s�.� �T�h�e� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� �m�e�t�h�o�d�s� 

�c�o�m�p�u�t�e� �t�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �b�y� �d�i�r�e�c�t� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �o�f� �t�h�e� �a�n�a�l�y�t�i�c� �e�x�p�r�e�s�s�i�o�n�s�,� �w�h�i�l�e� 

�t�h�e� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e�s� �d�o� �n�o�t�.� �T�h�u�s� �t�h�e� �o�v�e�r�a�l�l� �s�e�n�s�i�t�i�v�i�t�i�e�s� �a�r�e� �t�h�o�u�g�h�t� �t�o� �b�e� �m�o�r�e� 

�a�c�c�u�r�a�t�e� �w�i�t�h� �t�h�e� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� �m�e�t�h�o�d� �t�h�a�n� �w�i�t�h� �t�h�e� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d�.� 
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�T�h�e� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �f�i�n�i�t�e�-�d�i�f�f�e�r�e�n�c�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �a�n�d� �t�h�e� �d�i�r�e�c�t� �a�n�d� �a�d�j�o�i�n�t� 

�s�e�n�s�i�t�i�v�i�t�i�e�s� �a�r�e� �m�u�c�h� �b�e�t�t�e�r� �i�n� �t�h�e� �d�i�s�c�r�e�t�e� �a�p�p�r�o�a�c�h�.� �T�h�e� �d�i�s�c�r�e�t�e� �a�p�p�r�o�a�c�h� �d�o�e�s� 

�n�o�t� �r�e�q�u�i�r�e� �t�h�e� �e�x�t�r�a�p�o�l�a�t�i�o�n�s� �o�f� �u�t� �a�n�d� �u�7�~� �a�n�d� �t�h�u�s� �n�o�i�s�e� �g�e�n�e�r�a�t�e�d� �f�r�o�m� �t�h�i�s� 

�c�a�l�c�u�l�a�t�i�o�n� �d�o�e�s� �n�o�t� �e�n�t�e�r� �i�n� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �c�a�l�c�u�l�a�t�i�o�n�.� 

�O�n�e� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �s�h�o�c�k�-�f�i�t�t�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �t�h�a�t� �i�t� �e�x�h�i�b�i�t�s� �a� �c�u�s�p� 

�s�h�a�p�e� �n�e�a�r� �t�h�e� �m�i�n�i�m�u�m� �w�h�i�c�h� �m�a�y� �h�i�n�d�e�r� �c�o�n�v�e�r�g�e�n�c�e� �w�i�t�h� �s�i�m�p�l�e� �o�p�t�i�m�i�z�e�r�s�.� 

�T�h�e� �c�o�o�r�d�i�n�a�t�e�-�s�t�r�a�i�n�e�d� �a�n�d� �s�h�o�c�k� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �e�x�h�i�b�i�t�e�d� �b�e�t�t�e�r� �c�o�n�v�e�r�g�e�n�c�e� 

�p�r�o�p�e�r�t�i�e�s�.� 

�O�u�r� �r�e�s�e�a�r�c�h� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �c�a�r�e� �m�u�s�t� �b�e� �t�a�k�e�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�h�o�c�k� �w�a�v�e�s� 

�(�a�n�d� �o�t�h�e�r� �s�t�e�e�p� �g�r�a�d�i�e�n�t�s�)� �a�n�d� �t�h�a�t� �p�r�o�b�l�e�m�s� �m�a�y� �b�e�c�o�m�e� �m�o�r�e� �s�e�v�e�r�e� �a�s� �t�h�e� 

�f�l�o�w� �s�o�l�v�e�r� �b�e�t�t�e�r� �r�e�s�o�l�v�e�s� �t�h�e� �f�l�o�w� �f�i�e�l�d�.� �T�h�e� �d�i�s�c�r�e�t�e� �m�e�t�h�o�d�o�l�o�g�y� �u�s�e�d� �h�e�r�e� �w�a�s� 

�e�f�f�e�c�t�i�v�e� �w�h�e�n� �i�n�c�o�r�p�o�r�a�t�e�d� �w�i�t�h� �a� �m�o�d�i�f�i�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �b�a�s�e�d� �o�n� �c�o�o�r�d�i�n�a�t�e� 

�s�t�r�a�i�n�i�n�g� �a�n�d� �s�h�o�c�k� �p�e�n�a�l�t�y�.� �A� �d�r�a�w�b�a�c�k� �w�a�s� �t�h�a�t� �t�h�i�s� �a�p�p�r�o�a�c�h� �r�e�q�u�i�r�e�d� �t�h�e� 

�s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n�.� �T�h�e� �c�o�n�t�i�n�u�o�u�s� �m�e�t�h�o�d�s� �d�i�s�c�u�s�s�e�d� �h�e�r�e� �w�e�r�e� �e�v�e�n� 

�m�o�r�e� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �s�h�o�c�k� �s�e�n�s�i�t�i�v�i�t�y� �a�n�d�,� �f�o�r� �t�h�i�s� �a�p�p�r�o�a�c�h�,� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� 

�e�x�i�s�t�i�n�g� �i�n�t�e�r�p�o�l�a�t�i�o�n� �m�e�t�h�o�d�s� �a�r�e� �a�d�e�q�u�a�t�e� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �s�h�o�c�k� �p�o�s�i�t�i�o�n� �b�u�t� 

�n�o�t� �f�o�r� �t�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s�.� 
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 ��b�u�t� �t�h�o�s�e� �w�h�o� �h�o�p�e� �i�n� �t�h�e� �L�o�r�d� �w�i�l�l� 

�r�e�n�e�w� �t�h�e�i�r� �s�t�r�e�n�g�t�h�.� �T�h�e�y� �w�i�l�l� 

�s�o�a�r� �o�n� �w�i�n�g�s� �l�i�k�e� �e�a�g�l�e�s �� 
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� � 

�T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d� �i�s� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� 

�s�c�h�e�m�e�s� �f�o�r� �n�o�i�s�y� �o�r� �n�o�n�-�s�m�o�o�t�h� �f�u�n�c�t�i�o�n�s� �a�s� �i�t� �d�o�e�s� �n�o�t� �u�s�e� �d�e�r�i�v�a�t�i�v�e� �i�n�f�o�r�m�a�-� 

�t�i�o�n�.� �I�n� �t�h�i�s� �m�e�t�h�o�d� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �m�o�d�e�l�e�d� �b�y� �a�n�a�l�y�t�i�c� 

�s�u�r�f�a�c�e�s� �w�h�i�c�h� �a�r�e� �t�h�e�n� �c�h�e�a�p�l�y� �m�i�n�i�m�i�z�e�d� �u�s�i�n�g� �s�t�a�n�d�a�r�d� �t�e�c�h�n�i�q�u�e�s�.� �T�h�e� �p�u�r�p�o�s�e� 

�o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �i�s� �t�o� �c�a�p�t�u�r�e� �t�h�e� �g�l�o�b�a�l� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� 

�w�h�i�l�e� �e�l�i�m�i�n�a�t�i�n�g� �a�n�y� �s�m�a�l�l�,� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �n�o�i�s�e� �w�h�i�c�h� �m�a�y� �e�x�i�s�t�.� �I�f� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e� �i�s� �a� �g�o�o�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �i�t�s� �m�i�n�i�m�u�m� �s�h�o�u�l�d� �l�i�e� 

�n�e�a�r� �t�h�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n�.� �T�o� �c�o�m�p�l�e�t�e� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �w�e� �m�a�y� �p�r�o�c�e�e�d� �i�n� �o�n�e� �o�f� 

�t�w�o� �w�a�y�s�.� �O�n�e� �i�s� �t�o� �r�e�d�u�c�e� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �a�r�o�u�n�d� �t�h�e� �m�i�n�i�m�u�m� �a�n�d� �p�e�r�f�o�r�m� �a�n�-� 

�o�t�h�e�r� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�i�n�i�m�i�z�a�t�i�o�n�.� �A� �s�e�r�i�e�s� �o�f� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �c�o�n�s�t�r�u�c�t�e�d� �o�v�e�r� 

�s�m�a�l�l�e�r� �a�n�d� �s�m�a�l�l�e�r� �r�e�g�i�o�n�s� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �c�a�n� �l�o�c�a�t�e� �t�h�e� �m�i�n�i�m�u�m�.� �T�h�e� �o�t�h�e�r� 

�i�s� �t�o� �s�w�i�t�c�h� �t�o� �a� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �u�s�i�n�g� �t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e� �a�s� �t�h�e� �s�t�a�r�t�i�n�g� �p�o�i�n�t�.� �T�h�e� �r�e�a�s�o�n� �w�e� �c�a�n� �u�s�e� �d�e�r�i�v�a�t�i�v�e�s� �t�o� �o�p�t�i�m�i�z�e� �n�e�a�r� �t�h�e� 

�m�i�n�i�m�u�m� �i�s� �b�e�c�a�u�s�e� �o�n� �a� �v�e�r�y� �f�i�n�e� �s�c�a�l�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �m�a�y� �b�e� �s�m�o�o�t�h�,� �a�n�d� 

�s�o� �d�e�r�i�v�a�t�i�v�e�s� �b�e�c�o�m�e� �m�e�a�n�i�n�g�f�u�l�.� �I�t� �m�a�y� �t�a�k�e� �s�e�v�e�r�a�l� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �c�y�c�l�e�s� �t�o� 

�g�e�t� �c�l�o�s�e� �e�n�o�u�g�h� �t�o� �t�h�e� �m�i�n�i�m�u�m� �f�o�r� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �t�o� �b�e� �s�u�c�c�e�s�s�f�u�l�.� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �a�d�v�a�n�t�a�g�e�s� �t�o� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d�s�.� �T�h�e� �p�r�i�m�a�r�y� �a�d�-� 

�v�a�n�t�a�g�e� �i�s� �i�t�s� �o�v�e�r�a�l�l� �r�o�b�u�s�t�n�e�s�s�.� �T�h�e� �m�e�t�h�o�d� �d�o�e�s� �n�o�t� �r�e�l�y� �o�n� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �w�h�i�c�h� �c�a�n� �b�e� �c�o�r�r�u�p�t� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �c�o�m�p�u�t�a�t�i�o�n�a�l� �o�r� �e�x�p�e�r�-� 

�i�m�e�n�t�a�l� �n�o�i�s�e�.� �R�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �a�r�e� �s�m�o�o�t�h�,� �a�n�a�l�y�t�i�c� �f�u�n�c�t�i�o�n�s� �w�h�o�s�e� �d�e�r�i�v�a�t�i�v�e�s� 

�R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �O�P�T�I�M�I�Z�A�T�I�O�N� �A�L�G�O�R�I�T�H�M� �5�4



�c�a�n� �b�e� �c�o�m�p�u�t�e�d� �a�c�c�u�r�a�t�e�l�y� �a�n�d� �q�u�i�c�k�l�y�.� �N�o�i�s�e� �g�e�n�e�r�a�t�e�d� �i�n� �C�F�D� �a�n�d� �a�p�p�l�i�e�d� �c�o�m�-� 

�p�u�t�a�t�i�o�n�a�l� �a�e�r�o�d�y�n�a�m�i�c�s� �c�o�d�e�s� �c�a�n� �g�e�n�e�r�a�t�e� �e�r�r�o�r�s� �i�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �F�o�r� 

�e�x�a�m�p�l�e�,� �n�o�i�s�e� �c�a�n� �b�e� �g�e�n�e�r�a�t�e�d� �b�y� �c�h�a�n�g�e�s� �i�n� �g�r�i�d�s�,� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �i�n� �f�l�u�x� �l�i�m�i�t�e�r�s�,� 

�o�r� �c�h�a�n�g�e�s� �i�n� �t�h�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�a� �f�o�r� �i�t�e�r�a�t�i�v�e� �s�c�h�e�m�e�s�.� �M�a�n�y� �t�i�m�e�s� �n�o�i�s�e� �w�i�l�l� 

�p�r�e�v�e�n�t� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �f�r�o�m� �l�o�c�a�t�i�n�g� �t�h�e� �m�i�n�i�m�u�m�.� 

�A�n�o�t�h�e�r� �a�d�v�a�n�t�a�g�e� �i�s� �t�h�a�t� �t�h�e� �m�e�t�h�o�d� �p�r�o�b�e�s� �a� �l�a�r�g�e� �r�e�g�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� 

�D�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �p�r�o�c�e�d�u�r�e�s� �f�o�l�l�o�w� �a� �p�a�t�h� �t�h�r�o�u�g�h� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� 

�d�e�s�i�g�n� �t�o� �t�h�e� �f�i�n�a�l� �d�e�s�i�g�n�.� �N�o� �f�u�n�c�t�i�o�n� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �o�u�t�s�i�d�e� �t�h�e� �p�a�t�h� �i�s� �e�v�e�r� 

�u�s�e�d� �i�n� �t�h�e� �p�r�o�c�e�d�u�r�e�.� �A�s� �a� �r�e�s�u�l�t�,� �u�n�l�e�s�s� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �s�t�a�r�t�i�n�g� �d�e�s�i�g�n�s� �a�r�e� 

�i�n�v�e�s�t�i�g�a�t�e�d�,� �t�h�e� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �m�a�y� �l�e�a�d� �t�o� �a� �l�o�c�a�l� �m�i�n�i�m�i�z�a�t�i�o�n� 

�i�n�s�t�e�a�d� �o�f� �a� �g�l�o�b�a�l� �o�n�e�.� �T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �i�s� �m�o�d�e�l�e�d� �b�y� �s�a�m�p�l�i�n�g� �t�h�e� �d�e�s�i�g�n� 

�s�p�a�c�e� �o�v�e�r� �a� �r�e�l�a�t�i�v�e�l�y� �l�a�r�g�e� �r�e�g�i�o�n� �r�e�d�u�c�i�n�g� �t�h�e� �c�h�a�n�c�e� �o�f� �c�o�n�v�e�r�g�i�n�g� �t�o� �a� �l�o�c�a�l� 

�m�i�n�i�m�u�m�.� 

�A� �t�h�i�r�d� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d� �i�s� �t�h�a�t� �i�t� �i�s� �r�e�a�d�i�l�y� �p�a�r�a�l�l�e�l�i�z�-� 

�a�b�l�e�.� �T�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�q�u�i�r�e�s� �m�a�n�y� �i�n�d�e�p�e�n�d�e�n�t� �a�n�a�l�y�s�e�s� 

�o�v�e�r� �t�h�e� �r�e�g�i�o�n� �o�f� �t�h�e� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �W�h�e�n� �t�h�e� �a�n�a�l�y�s�e�s� �a�r�e� �c�o�m�p�u�t�e�r� �g�e�n�-� 

�e�r�a�t�e�d�,� �e�a�c�h� �d�a�t�a� �p�o�i�n�t� �c�a�n� �b�e� �a�n�a�l�y�z�e�d� �o�n� �a� �s�e�p�a�r�a�t�e� �p�r�o�c�e�s�s�o�r� �o�f� �a� �m�u�l�t�i�p�r�o�c�e�s�s�o�r� 

�m�a�c�h�i�n�e�.� �W�e� �w�i�l�l� �s�h�o�w� �t�h�a�t� �i�n� �t�h�i�s� �w�a�y�,� �t�h�e� �d�a�t�a� �n�e�e�d�e�d� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e� �c�a�n� �b�e� �g�a�t�h�e�r�e�d� �i�n� �t�h�e� �t�i�m�e� �i�t� �t�a�k�e�s� �t�o� �m�a�k�e� �o�n�e� �a�n�a�l�y�s�i�s� �o�n� �a� �c�o�m�p�a�r�a�-� 

�b�l�e� �s�i�n�g�l�e� �p�r�o�c�e�s�s�o�r� �m�a�c�h�i�n�e�.� �T�h�i�s� �a�d�v�a�n�t�a�g�e� �i�s� �v�a�l�u�a�b�l�e� �w�h�e�n� �t�h�e� �a�n�a�l�y�s�e�s� �a�r�e� 

�e�x�p�e�n�s�i�v�e� �a�s� �t�h�e�y� �a�r�e� �i�n� �a�e�r�o�d�y�n�a�m�i�c� �s�h�a�p�e� �d�e�s�i�g�n�s� �i�n�v�o�l�v�i�n�g� �c�o�m�p�l�i�c�a�t�e�d� �f�l�o�w� �s�i�m�-� 

�u�l�a�t�i�o�n�s�.� 

�A�s� �w�i�t�h� �a�l�l� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�,� �t�h�e�r�e� �a�r�e� �d�i�s�a�d�v�a�n�t�a�g�e�s�.� �O�n�e� �s�t�e�m�s� �f�r�o�m� 

�w�h�a�t� �i�s� �t�e�r�m�e�d� �t�h�e�  ��c�u�r�s�e� �o�f� �d�i�m�e�n�s�i�o�n�a�l�i�t�y�. �� �A�s� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� 

�i�n�c�r�e�a�s�e�s�,� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�i�s�e�s� �r�a�p�i�d�l�y� �a�s� �d�o�e�s� 

�t�h�e� �n�u�m�b�e�r� �o�f� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s� �n�e�e�d�e�d� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �s�u�r�f�a�c�e�.� �F�u�r�t�h�e�r�,� �t�h�e� 

�R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �O�P�T�I�M�I�Z�A�T�I�O�N� �A�L�G�O�R�I�T�H�M� �5�D



�l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m� �w�h�i�c�h� �i�s� �s�o�l�v�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e� �c�a�n� �b�e�c�o�m�e� �i�l�l�-�c�o�n�d�i�t�i�o�n�e�d� �i�n� �h�i�g�h� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �P�r�o�b�l�e�m�s� 

�s�o�l�v�e�d� �b�y� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �i�n� �t�h�i�s� �w�o�r�k� �a�r�e� �p�a�r�a�m�e�t�e�r�i�z�e�d� �i�n� �l�o�w� �d�i�m�e�n�s�i�o�n�s�.� �T�h�e� 

�s�o�l�u�t�i�o�n� �t�o� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m�s� �i�s� �a�n� �a�r�e�a� �f�o�r� �f�u�t�u�r�e� �w�o�r�k�.� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �i�s� �t�o� �c�a�p�t�u�r�e� �t�h�e� �g�e�n�e�r�a�l� �s�h�a�p�e� �o�f� �t�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �W�i�t�h�o�u�t� �e�x�p�e�r�i�e�n�c�e� �o�r� �p�r�i�o�r� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �i�t� �m�a�y� �b�e� �d�i�f�f�i�c�u�l�t� �t�o� �a�d�e�q�u�a�t�e�l�y� �m�o�d�e�l� �t�h�e� �f�u�n�c�t�i�o�n� �a�n�d� �l�o�c�a�t�e� 

�t�h�e� �g�e�n�e�r�a�l� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� �o�p�t�i�m�u�m�.� �T�h�u�s� �a�n�o�t�h�e�r� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� 

�t�h�a�t� �a� �p�o�o�r� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�o�d�e�l� �m�a�y� �s�l�o�w� �o�r� �p�r�e�v�e�n�t� �c�o�n�v�e�r�g�e�n�c�e�.� �Y�e�t� �i�n� �s�m�a�l�l� 

�e�n�o�u�g�h� �r�e�g�i�o�n�s�,� �m�o�s�t� �f�u�n�c�t�i�o�n�s� �c�a�n� �o�f�t�e�n� �b�e� �w�e�l�l� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �q�u�a�d�r�a�t�i�c�s�.� 

�T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d� �i�s� �c�o�m�p�r�i�s�e�d� �o�f� �o�n�e� �o�r� �m�o�r�e� �c�y�c�l�e�s�.� �E�a�c�h� �c�y�c�l�e� 

�c�o�n�t�a�i�n�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�t�e�p�s�:� 

�e� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�g�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �t�o� �s�e�a�r�c�h� �f�o�r� �t�h�e� �m�i�n�i�m�u�m�,� 

�e� �c�o�n�s�t�r�u�c�t� �a� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �i�n� �t�h�i�s� �r�e�g�i�o�n�,� 

�@� �m�i�n�i�m�i�z�e� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�,� 

�e� �c�h�e�c�k� �f�o�r� �c�o�n�v�e�r�g�e�n�c�e�.� 

�F�i�r�s�t�,� �w�e� �m�u�s�t� �d�e�t�e�r�m�i�n�e� �a�n� �i�n�i�t�i�a�l� �r�e�g�i�o�n� �t�o� �s�t�a�r�t� �o�u�r� �s�e�a�r�c�h�.� �T�h�i�s� �i�s� �a�n� �a�d�v�a�n�-� 

�t�a�g�e� �o�v�e�r� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �r�o�u�t�i�n�e�s� �w�h�i�c�h� �g�e�n�e�r�a�l�l�y� �r�e�q�u�i�r�e� �s�t�a�r�t�i�n�g� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� 

�f�r�o�m� �a� �p�o�i�n�t�.� �H�e�r�e�,� �i�n�s�t�e�a�d� �o�f� �g�u�e�s�s�i�n�g� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �p�o�i�n�t�,� �w�e� �g�u�e�s�s� �a�n� �e�n�t�i�r�e� 

�r�e�g�i�o�n� �w�h�e�r�e� �t�h�e� �m�i�n�i�m�u�m� �i�s� �m�o�s�t� �l�i�k�e�l�y� �t�o� �o�c�c�u�r�.� �H�o�w�e�v�e�r�,� �s�o�m�e� �e�x�p�e�r�i�e�n�c�e� �i�s� 

�n�e�e�d�e�d� �t�o� �c�h�o�o�s�e� �a� �r�e�g�i�o�n� �w�h�o�s�e� �s�i�z�e� �i�s� �n�o�t� �t�o�o� �l�a�r�g�e� �o�r� �t�o�o� �s�m�a�l�l�.� �A�n� �i�n�i�t�i�a�l� �r�e�g�i�o�n� 

�w�h�i�c�h� �i�s� �t�o�o� �l�a�r�g�e� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �m�o�d�e�l� �a�c�c�u�r�a�t�e�l�y� �w�i�t�h� �a� �s�i�n�g�l�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �A� 

�r�e�g�i�o�n� �w�h�i�c�h� �i�s� �t�o�o� �s�m�a�l�l� �h�a�s� �t�h�e� �c�h�a�n�c�e� �o�f� �n�o�t� �i�n�c�l�u�d�i�n�g� �t�h�e� �m�i�n�i�m�u�m� �a�n�d� �w�i�l�l� 

�r�e�s�u�l�t� �i�n� �w�a�s�t�e�d� �c�y�c�l�e�s� �t�r�a�n�s�l�a�t�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� 

�T�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�q�u�i�r�e�s� �s�e�v�e�r�a�l� �s�t�e�p�s�.� �I�t� �r�e�q�u�i�r�e�s� 

�d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �t�y�p�e�,� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �t�o� �u�s�e� �t�o� �c�o�n�s�t�r�u�c�t� 

�R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �O�P�T�I�M�I�Z�A�T�I�O�N� �A�L�G�O�R�I�T�H�M� �5�6



�t�h�e� �s�u�r�f�a�c�e�,� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �p�o�i�n�t�s� �i�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �t�o� �p�r�o�b�e� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �a�n�d� �c�o�n�s�t�r�a�i�n�t�s�,� �a�n�d� �s�o�l�v�i�n�g� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m� �f�o�r� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� 

�t�o� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �T�h�e�s�e� �s�t�e�p�s� �a�r�e� �e�x�p�o�u�n�d�e�d� �i�n� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r�.� 

�M�i�n�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �i�s� �s�i�m�p�l�e�.� �T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �m�o�d�e�l�i�n�g� 

�t�h�e� �f�u�n�c�t�i�o�n� �a�n�d� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �s�m�o�o�t�h� �a�n�a�l�y�t�i�c� �f�u�n�c�t�i�o�n�s� �t�h�a�t� �a�r�e� �c�h�e�a�p� �t�o� �e�v�a�l�u�-� 

�a�t�e�.� �T�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �c�a�n� �b�e� �d�o�n�e� �u�s�i�n�g� �a�n�y� �m�e�t�h�o�d�,� �h�o�w�e�v�e�r� �c�a�r�e� �m�u�s�t� �b�e� �t�a�k�e�n� 

�t�o� �a�v�o�i�d� �l�o�c�a�l� �m�i�n�i�m�a�.� �I�n� �t�h�i�s� �w�o�r�k�,� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �a�r�e� �m�i�n�i�m�i�z�e�d� �u�s�i�n�g� 

�S�c�h�i�t�t�k�o�w�s�k�i ��s� �s�e�q�u�e�n�t�i�a�l� �q�u�a�d�r�a�t�i�c� �p�r�o�g�r�a�m�m�i�n�g� �(�S�Q�P�)� �c�o�d�e�. ��1� �W�h�e�n� �t�h�e�r�e� �a�r�e� �n�o� 

�c�o�n�s�t�r�a�i�n�t�s�,� �t�h�e� �S�Q�P� �p�r�o�g�r�a�m� �r�e�d�u�c�e�s� �t�o� �a� �q�u�a�s�i�-�N�e�w�t�o�n� �m�e�t�h�o�d� �w�i�t�h� �B�F�G�S� �H�e�s�-� 

�s�i�a�n� �u�p�d�a�t�e�s�.� �M�i�n�i�m�i�z�a�t�i�o�n�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �f�r�o�m� �s�e�v�e�r�a�l� �s�t�a�r�t�i�n�g� �p�o�i�n�t�s� �t�o� �i�n�s�u�r�e� 

�t�h�a�t� �t�h�e� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �l�o�c�a�t�e�s� �t�h�e� �a�b�s�o�l�u�t�e� �m�i�n�i�m�u�m�.� 

�C�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d� �c�a�n� �b�e� �d�e�t�e�c�t�e�d� �a� �n�u�m�b�e�r� �o�f� �w�a�y�s�.� 

�F�o�r� �t�h�e� �i�n�v�e�r�s�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s�,� �t�h�e� �m�i�n�i�m�u�m� �i�s� �f�o�u�n�d� �w�h�e�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� 

�i�s� �z�e�r�o�.� �F�o�r� �t�h�e�s�e� �d�e�s�i�g�n�s�,� �t�h�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n� �d�e�t�e�c�t�s� �w�h�e�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�s� 

�r�e�a�c�h�e�s� �z�e�r�o� �t�o� �w�i�t�h�i�n� �s�o�m�e� �s�m�a�l�l� �t�o�l�e�r�a�n�c�e�.� �F�o�r� �d�i�r�e�c�t� �d�e�s�i�g�n�s� �w�e� �o�b�s�e�r�v�e� �t�h�e� 

�t�r�e�n�d�s� �i�n� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�n�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �W�h�e�n� �t�h�e� �v�a�l�u�e�s� 

�s�t�a�b�i�l�i�z�e�,� �w�e� �c�o�n�s�i�d�e�r� �t�h�e� �d�e�s�i�g�n� �c�o�n�v�e�r�g�e�d�.� 

�T�h�e� �h�e�a�r�t� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d� �r�e�s�t�s� �i�n� �t�h�e� �w�a�y� �t�h�e� �r�e�g�i�o�n� �c�o�n�t�a�i�n�i�n�g� 

�t�h�e� �s�u�r�f�a�c�e� �t�r�a�n�s�l�a�t�e�s� �a�n�d� �r�e�d�u�c�e�s� �i�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �R�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �o�p�t�i�m�i�z�a�-� 

�t�i�o�n� �r�e�d�u�c�e�s� �t�h�e� �r�e�g�i�o�n� �a�r�o�u�n�d� �t�h�e� �g�l�o�b�a�l� �m�i�n�i�m�u�m�.� �A�s� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �s�h�r�i�n�k�s�,� 

�t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �c�o�n�s�t�r�a�i�n�t�s� �d�e�c�r�e�a�s�e�s� �a�n�d� �c�a�n� �b�e� �b�e�t�t�e�r� 

�m�o�d�e�l�e�d� �b�y� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s�.� �T�h�e� �d�y�n�a�m�i�c�s� �a�n�d� �s�i�z�e� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� �r�e�g�i�o�n� 

�i�s� �b�a�s�e�d� �o�n� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �f�r�o�m� �t�h�e� �p�r�e�v�i�o�u�s� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �T�h�e� �d�e�s�i�g�n� �s�p�a�c�e� 

�r�e�g�i�o�n� �f�o�r� �t�h�e� �7�+� �1� �c�y�c�l�e� �i�s� �c�e�n�t�e�r�e�d� �a�b�o�u�t� �t�h�e� �m�i�n�i�m�u�m� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �o�f� 

�t�h�e� �z�t�h� �c�y�c�l�e�.� �I�f� �t�h�e� �2�t�h� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�i�n�i�m�u�m� �i�s� �a�g�a�i�n�s�t� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �t�h�e� 

 ¬�;� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�,� �t�h�e�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�s� �n�o�t� �r�e�d�u�c�e�d� �i�n� �t�h�e� �7� �d�i�r�e�c�t�i�o�n�.� �O�n� �t�h�e� 

�R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �O�P�T�I�M�I�Z�A�T�I�O�N� �A�L�G�O�R�I�T�H�M� �5�7



�o�t�h�e�r� �h�a�n�d�,� �i�f� �t�h�e� �m�i�n�i�m�u�m� �i�s� �n�o�t� �a�g�a�i�n�s�t� �t�h�e� �b�o�u�n�d�a�r�y�,� �t�h�e� �r�e�g�i�o�n� �s�p�a�n�n�i�n�g� �t�h�e� 

�9� �d�i�r�e�c�t�i�o�n� �i�s� �r�e�d�u�c�e�d� �b�y� �a� �f�a�c�t�o�r� �o�f� �4�.� �T�h�e� �7�5�%� �r�e�d�u�c�t�i�o�n� �i�s� �a�n� �a�r�b�i�t�r�a�r�i�l�y� �c�h�o�s�e�n� 

�f�a�c�t�o�r� �a�n�d� �s�e�e�m�s� �t�o� �w�o�r�k� �w�e�l�l� �i�n� �t�h�e� �c�a�s�e�s� �w�e� �e�x�p�l�o�r�e�d�.� 

�T�h�e� �r�e�d�u�c�t�i�o�n� �a�n�d� �t�r�a�n�s�l�a�t�i�o�n� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�g�i�o�n� �i�s� �c�l�e�a�r�l�y� �d�e�m�o�n�-� 

�s�t�r�a�t�e�d� �t�h�r�o�u�g�h� �a� �s�i�m�p�l�e� �e�x�a�m�p�l�e�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �i�l�l�u�s�t�r�a�t�i�o�n� �w�e� �m�i�n�i�m�i�z�e� �t�h�e� 

�f�u�n�c�t�i�o�n� 

�1�  �� �2�.�5�2�2� �+� �2�7�2�  �� �2�.�5�2�,�  �� �6�2�1�2�2� �+� �1�0�2�2�2� �+� �3�x�?� �+� �1�0�2�7�2�9�  �� �1�2�2�7�2�2�,� �(�7�.�1�)� 

�w�h�e�r�e� �w�e� �a�l�l�o�w� 

�O�S� �<�1�.� �(�7�.�2�)� 

�T�h�e� �f�u�n�c�t�i�o�n� �c�a�n� �e�a�s�i�l�y� �b�e� �a�n�a�l�y�z�e�d� �t�o� �f�i�n�d� �t�h�a�t� �t�h�e� �m�i�n�i�m�u�m� �l�i�e�s� �a�t� �r�z�;� �=� �0�.�3�1�8�4�,� 

�r�q� �=� �0�.�4�2�8�1�.� �T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �w�e� �c�h�o�o�s�e� �f�o�r� �t�h�i�s� �e�x�a�m�p�l�e� �i�s� �o�f� �t�h�e� �f�o�r�m� 

�p�=� �c�y� �+� �c�2�9�2�)� �+� �C�3�2�2� �+� �4�x�?� �+� �5�x�3� �+� �C�g�%�1�2�2�.� �(�7�.�3�)� 

�N�o�t�e� �t�h�a�t� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �w�i�l�l� �n�o�t� �b�e� �a�b�l�e� �t�o� �m�a�t�c�h� �t�h�e� �f�u�n�c�t�i�o�n� �e�x�a�c�t�l�y�.� �T�h�e� 

�i�n�i�t�i�a�l� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�g�i�o�n� �i�s� �c�h�o�s�e�n� �t�o� �b�e� 

�T�h�i�s� �r�e�g�i�o�n� �i�s� �p�u�r�p�o�s�e�l�y� �c�h�o�s�e�n� �s�o� �t�h�a�t� �t�h�e� �m�i�n�i�m�u�m� �l�i�e�s� �o�u�t�s�i�d�e� �i�t�s� �b�o�u�n�d�a�r�i�e�s�.� 

�T�y�p�i�c�a�l�l�y� �o�n�e� �w�o�u�l�d� �l�i�k�e� �t�o� �c�h�o�o�s�e� �t�h�e� �i�n�i�t�i�a�l� �r�e�g�i�o�n� �t�o� �c�o�n�t�a�i�n� �t�h�e� �m�i�n�i�m�u�m�,� �i�f� 

�a�t� �a�l�l� �p�o�s�s�i�b�l�e�,� �t�o� �e�x�p�e�d�i�t�e� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�e� �c�h�o�i�c�e� �o�f� �i�n�i�t�i�a�l� �r�e�g�i�o�n� 

�d�e�m�o�n�s�t�r�a�t�e�s� �t�h�e� �m�e�t�h�o�d ��s� �a�b�i�l�i�t�y� �t�o� �f�i�n�d� �t�h�e� �m�i�n�i�m�u�m� �e�v�e�n� �w�h�e�n� �t�h�e� �m�i�n�i�m�u�m� �l�i�e�s� 

�o�u�t�s�i�d�e� �o�f� �i�t�.� �T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �i�s� �f�i�t�t�e�d� �t�o� �t�h�e� �f�u�n�c�t�i�o�n� �w�i�t�h� �n�i�n�e� �p�o�i�n�t�s� �u�s�i�n�g� 

�m�e�t�h�o�d�s� �t�o� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r�.� �T�h�e� �m�i�n�i�m�u�m�,� �a�f�t�e�r� �o�n�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e� �c�y�c�l�e� �i�s� �a�p�p�r�o�x�i�m�a�t�e�d� �t�o� �b�e� �2�;� �=� �0�.�5�,� �r�z� �=� �0�.�5�.� �S�i�n�c�e� �t�h�i�s� �p�o�i�n�t� �i�s� �o�n� �b�o�t�h� 

�t�h�e� �r�z�;� �a�n�d� �x�»� �b�o�u�n�d�a�r�y�,� �n�o� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�g�i�o�n� �i�s� �m�a�d�e� �f�o�r� �t�h�e� 

�R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �O�P�T�I�M�I�Z�A�T�I�O�N� �A�L�G�O�R�I�T�H�M� �5�8



�n�e�x�t� �i�t�e�r�a�t�i�o�n�.� �I�n�s�t�e�a�d�,� �t�h�e� �r�e�g�i�o�n� �i�s� �t�r�a�n�s�l�a�t�e�d� �a�r�o�u�n�d� �x�z�;� �=� �0�.�5�,�2�2� �=� �0�.�5�.� �T�h�i�s� 

�l�e�a�d�s� �t�o� �t�h�e� �n�e�w� �r�e�g�i�o�n� 

�0�.�2�5� �<� �2�4�,�2� �<� �0�.�7�5�.� �(�7�.�5�)� 

�A� �n�e�w� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �i�s� �f�i�t�t�e�d� �i�n� �t�h�i�s� �r�e�g�i�o�n�.� �M�i�n�i�m�i�z�a�t�i�o�n� �o�f� �t�h�i�s� �s�u�r�f�a�c�e� �l�e�a�d�s� 

�t�o� �t�h�e� �p�o�i�n�t� �z�;� �=� �0�.�3�0�3�7�,� �x�2� �=� �0�.�4�2�5�1�.� �H�e�r�e�,� �t�h�e� �m�i�n�i�m�u�m� �d�o�e�s� �n�o�t� �l�i�e� �o�n� �t�h�e� 

�b�o�u�n�d�a�r�y� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�g�i�o�n� �i�n� �e�i�t�h�e�r� �t�h�e� �z�;� �o�r� �z�r�2� �d�i�r�e�c�t�i�o�n�s� �s�o� �t�h�a�t� 

�t�h�e� �n�e�w� �r�e�g�i�o�n� �w�i�l�l� �s�p�a�n� �a� �d�i�s�t�a�n�c�e� �o�f� �0�.�1�2�5� �(�0�.�2�5� �t�i�m�e�s� �t�h�e� �p�r�e�v�i�o�u�s� �s�p�a�n�)� �i�n� �b�o�t�h� 

�d�i�r�e�c�t�i�o�n�s�.� �T�h�e� �n�e�w� �r�e�g�i�o�n� �i�s� �a�l�s�o� �t�r�a�n�s�l�a�t�e�d� �t�o� �c�e�n�t�e�r� �a�r�o�u�n�d� �t�h�e� �m�i�n�i�m�u�m� �s�o� �t�h�a�t� 

�0�.�2�4�1�2� �<� �2�,� �<� �0�.�3�6�6�2�,� 

�0�.�3�6�2�6� �<� �x�2� �<� �0�.�4�8�7�6�.� �(�7�.�6�)� 

�C�o�n�t�o�u�r�s� �o�f� �t�h�e� �f�u�n�c�t�i�o�n� �a�n�d� �a� �m�a�p� �o�f� �t�h�e� �m�o�v�e�m�e�n�t�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� 

�r�e�g�i�o�n� �a�r�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �7�.�1� �f�o�r� �4� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �c�y�c�l�e�s�.� �T�h�e� �c�i�r�c�l�e�s� �i�n� �t�h�e� �f�i�g�u�r�e� 

�r�e�p�r�e�s�e�n�t� �w�h�e�r�e� �t�h�e� �t�h�e� �f�u�n�c�t�i�o�n� �i�s� �e�v�a�l�u�a�t�e�d� �f�o�r� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �t�h�e� �f�i�r�s�t� �t�h�r�e�e� 

�s�u�r�f�a�c�e�s�.� �T�h�e� �m�i�n�i�m�a� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �x ��s�.� �A�f�t�e�r� �4� 

�r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �c�y�c�l�e�s�,� �t�h�e� �f�u�n�c�t�i�o�n� �m�i�n�i�m�i�z�e�s� �t�o� �2�1� �=� �0�.�3�1�8�4�,� �r�2� �=� �0�.�4�2�8�1�.� 

�R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �O�P�T�I�M�I�Z�A�T�I�O�N� �A�L�G�O�R�I�T�H�M� �0�9



� � 

�C�H�A�P�T�E�R� 
�E�I�G�H�T� 

� � 

�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� 
�C�O�N�S�T�R�U�C�T�I�O�N� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r� �w�e� �e�x�p�l�a�i�n�e�d� �t�h�e� �g�e�n�e�r�a�l� �a�l�g�o�r�i�t�h�m� �f�o�r� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� 

�o�p�t�i�m�i�z�a�t�i�o�n�.� �W�e� �p�r�e�s�e�n�t�e�d� �a� �s�i�m�p�l�e� �e�x�a�m�p�l�e� �t�h�a�t� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� 

�o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�g�i�o�n� �i�n� �m�o�v�i�n�g� �t�o�w�a�r�d�s� �a�n�d� �s�u�r�r�o�u�n�d�i�n�g� �t�h�e� �m�i�n�i�m�u�m�.� 

�W�e� �n�o�w� �d�i�s�c�u�s�s� �t�h�e� �i�m�p�o�r�t�a�n�t� �d�e�t�a�i�l�s� �t�o� �c�o�n�s�t�r�u�c�t�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �T�h�e�r�e� 

�a�r�e� �f�o�u�r� �m�a�j�o�r� �s�t�e�p�s� �i�n�v�o�l�v�e�d� �i�n� �i�t�s� �c�o�n�s�t�r�u�c�t�i�o�n�.� �T�h�e� �s�t�e�p�s� �a�r�e� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �f�u�n�c�t�i�o�n� �t�y�p�e� �f�o�r� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�,� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �n�u�m�b�e�r� �o�f� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s� �t�o� �b�e� �u�s�e�d� �a�s� �t�h�e� 

�d�a�t�a�b�a�s�e� �f�o�r� �f�i�t�t�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�,� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �p�o�i�n�t�s� �u�s�e�d� �f�o�r� �f�i�t�t�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e�,� 

�f�i�t� �t�h�e� �f�u�n�c�t�i�o�n� �b�y� �s�o�l�v�i�n�g� �a� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �c�h�a�p�t�e�r� �s�e�c�t�i�o�n�s� �p�r�o�v�i�d�e� �m�o�r�e� �d�e�t�a�i�l�s�.� 

�8�.�1� �S�e�l�e�c�t�i�n�g� �R�e�s�p�o�n�s�e� �S�u�r�f�a�c�e� �T�y�p�e� 

�T�h�i�s� �s�e�c�t�i�o�n� �p�r�o�v�i�d�e�s� �s�o�m�e� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e�.� �T�h�e� �s�e�l�e�c�t�i�o�n� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �p�r�o�b�l�e�m� �a�n�d� �n�o� �s�c�i�e�n�t�i�f�i�c� �r�u�l�e�s� �a�r�e� 

�a�v�a�i�l�a�b�l�e� �f�o�r� �t�h�i�s�.� �A� �w�i�s�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�q�u�i�r�e�s� 

�s�o�m�e� �k�n�o�w�l�e�d�g�e� �o�f� �h�o�w� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �b�e�h�a�v�e�s�.� �G�e�n�e�r�a�l�l�y� �t�h�i�s� �i�s� �n�o�t� �k�n�o�w�n� 

�@� �p�r�i�o�r�i�,� �b�u�t� �w�i�t�h� �e�x�p�e�r�i�e�n�c�e� �t�h�e� �s�e�l�e�c�t�i�o�n� �w�i�l�l� �b�e�c�o�m�e� �m�o�r�e� �a�p�p�a�r�e�n�t�.� �I�n� �t�h�i�s� 

�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� �6�0



�w�o�r�k� �w�e� �e�x�p�e�r�i�m�e�n�t� �w�i�t�h� �p�o�l�y�n�o�m�i�a�l�s�,� �s�p�e�c�i�f�i�c�a�l�l�y� �q�u�a�d�r�a�t�i�c�s� �a�n�d� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� 

�p�r�o�d�u�c�t�s�.� �T�h�e� �q�u�a�d�r�a�t�i�c� �p�o�l�y�n�o�m�i�a�l� �i�s� �o�f� �t�h�e� �f�o�r�m� 

�P� �=�c�1�, ¬�?� �+� �c�r�a�é�s�r ¬�é�o� �+� �c�1�z�b�i�é�s� �+�.�.�.� �+� �C�2�2 ¬�?� �+� �c�o�s�t�o�e�s� �+�.�.�.� 

�+�1�6�)� �+� �c�o�o� �+�0�3�6�3� �+�.�.�.� �4�0�.� �(�8�.�1�)� 

�A� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �i�s� �o�f� �t�h�e� �f�o�r�m� 

�P�=� �(�6�?� �+� �c�o�f�)� �+� �c�3�)�(�c�4 ¬�3� �+� �c�s�&�o� �+� �C�6�)� �s�e�e� �(�8�.�2�)� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �f�o�u�n�d� �b�y� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�t� �s�e�v�e�r�a�l� �p�o�i�n�t�s� 

�a�n�d� �s�o�l�v�i�n�g� �a� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m�.� �F�o�r� �t�h�e� �f�a�m�i�l�y� �o�f� �p�o�l�y�n�o�m�i�a�l�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� 

�(�8�.�1�)� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m� �i�s� �l�i�n�e�a�r�,� �h�o�w�e�v�e�r� �f�o�r� �(�8�.�2�)� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �r�e�q�u�i�r�e� �a� 

�s�o�l�u�t�i�o�n� �t�o� �a� �d�i�f�f�i�c�u�l�t� �n�o�n�-�l�i�n�e�a�r� �s�y�s�t�e�m�.� �T�o� �a�v�o�i�d� �t�h�i�s�,� �w�e� �m�u�l�t�i�p�l�y� �o�u�t� �t�h�e� �t�e�r�m�s� 

�i�n� �(�8�.�2�)� �a�n�d� �s�o�l�v�e� �t�h�e� �l�a�r�g�e�r�,� �y�e�t� �l�i�n�e�a�r� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m�.� �F�o�r� �e�x�a�m�p�l�e� �i�n� �t�w�o� 

�d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �(�n� �=� �2�)�,� �w�e� �f�i�t� �t�h�e� �p�o�l�y�n�o�m�i�a�l� 

�P� �=� �c�y� �E�7�6�3� �+� �c�r�b�f�l�a� �+� �c�3 ¬�f� �+� �c�a�b�r� �E�S� �+� �e�s�l�i�l�o� �+� �c�o�b�s� �+� �c�7 ¬�f� �+�c�a�b�o�+�c�9�.� �(�8�.�3�)� 

�T�h�u�s� �w�e� �s�o�l�v�e� �f�o�r� �9� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n�s�t�e�a�d� �o�f� �8�.� �I�n� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�s� �w�e� �c�a�n� �e�x�p�e�c�t� 

�t�o� �s�o�l�v�e� �f�o�r� �m�a�n�y� �m�o�r�e� �c�o�e�f�f�i�c�i�e�n�t�s�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �r�i�s�e�s� 

�a�s� �3�"� �w�h�e�n� �t�h�e� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �i�s� �e�x�p�a�n�d�e�d�.� �S�i�n�c�e� �t�h�e� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� 

�p�r�o�d�u�c�t� �r�e�q�u�i�r�e�s� �3 �� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �h�e�n�c�e� �m�a�n�y� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s� �t�o� �s�o�l�v�e� �t�h�e� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m�,� �w�e� �u�s�e� �t�h�i�s� �p�o�l�y�n�o�m�i�a�l� �o�n�l�y� �i�n� �l�o�w�-�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m�s� 

�a�n�d� �w�h�e�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �c�h�e�a�p� �t�o� �c�o�m�p�u�t�e�.� �I�n� �c�o�m�p�a�r�i�s�o�n�,� �t�h�e� �q�u�a�d�r�a�t�i�c� 

�p�o�l�y�n�o�m�i�a�l� �h�a�s� �(�n� �+� �1�)�(�n� �+� �2�)�/�2� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �t�h�u�s� �r�i�s�e�s� �a�s� �n�?�.� 

�O�t�h�e�r� �t�y�p�e�s� �o�f� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �h�a�v�e� �b�e�e�n� �e�x�p�e�r�i�m�e�n�t�e�d� �w�i�t�h�.� �I�n� �s�t�r�u�c�t�u�r�e�s�,� 

�8� �T�o�r�o�p�o�v�®�®� �u�s�e�d� �i�n�t�r�i�n�s�i�c�a�l�l�y� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n�s� �i�n� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�e�s�e� �a�r�e� �f�u�n�c�-� 

�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �n�o�n�-�l�i�n�e�a�r� �b�u�t� �c�a�n� �b�e�c�o�m�e� �l�i�n�e�a�r� �t�h�r�o�u�g�h� �s�i�m�p�l�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s�.� 

�T�o�r�o�p�o�v� �s�u�g�g�e�s�t�s� �t�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �f�u�n�c�t�i�o�n� 

�P� �=� �c�0 ¬�;�'�6�5�"�.�.�.�.�E�5�"�,� �(�8�.�4�)� 

�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� �6�1



�w�i�t�h� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�n�r� 

�I�n�(�P�)�=�I�n�e�o�t�+� �)� �c�i�n�g�,� �(�8�.�5�)� 
�i�=�1� 

�a�n�d� �t�h�e� �p�o�w�e�r� �f�u�n�c�t�i�o�n� 

�P�=� �(�«� �+� �y�a�:� �;� �(�8�.�6�)� 
�i�=�1� 

�w�i�t�h� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�(�P�)�*� �=�¢�C�o� �+� �>� �c�i ¬�i�.� �(�8�.�7�)� 
�7�=�1� 

�C�e�r�t�a�i�n�l�y� �n�o�n�-�l�i�n�e�a�r� �f�u�n�c�t�i�o�n�s� �m�a�y� �b�e� �u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �s�u�c�h� 

�a�s� �(�8�.�2�)� �i�n� �p�r�o�d�u�c�t� �f�o�r�m�.� �I�n� �s�u�c�h� �c�a�s�e�s� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �e�s�t�i�m�a�t�i�o�n� �f�o�r� �t�h�e� �c�o�e�f�f�i�-� 

�c�i�e�n�t�s� �w�o�u�l�d� �h�a�v�e� �t�o� �b�e� �s�o�l�v�e�d� �u�s�i�n�g� �n�o�n�l�i�n�e�a�r� �p�r�o�g�r�a�m�m�i�n�g�.� �I�n� �t�h�e� �w�o�r�k� �p�r�e�s�e�n�t�e�d� 

�h�e�r�e� �w�e� �w�i�l�l� �b�e� �o�n�l�y� �c�o�n�s�i�d�e�r�i�n�g� �q�u�a�d�r�a�t�i�c� �a�n�d� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e�s� �o�f� �t�h�e� �f�o�r�m� �(�8�.�1�)� �a�n�d� �(�8�.�2�)�.� 

�8�.�2� �N�u�m�b�e�r� �o�f� �F�u�n�c�t�i�o�n� �E�v�a�l�u�a�t�i�o�n�s� �f�o�r� �F�i�t� 

�W�h�e�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s� �w�h�i�c�h� �s�h�o�u�l�d� �b�e� �u�s�e�d� 

�t�o� �g�e�n�e�r�a�t�e� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�,� �w�e� �m�u�s�t� �c�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�h�r�e�e� �o�b�j�e�c�t�i�v�e�s�.� 

�F�i�r�s�t�,� �w�e� �m�u�s�t� �s�a�m�p�l�e� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �e�n�o�u�g�h� �t�i�m�e�s� �s�o� �t�h�a�t� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� 

�c�a�p�t�u�r�e�s� �t�h�e� �m�a�j�o�r� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �S�e�c�o�n�d�,� �w�e� �m�u�s�t� �k�e�e�p� �t�h�e� 

�c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �m�a�t�r�i�x� �d�o�w�n� �t�o� �a�n� �a�c�c�e�p�t�a�b�l�e� �l�e�v�e�l� �s�o� �t�h�a�t� 

�w�e� �m�a�y� �a�c�c�u�r�a�t�e�l�y� �s�o�l�v�e� �f�o�r� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �p�o�l�y�n�o�m�i�a�l�,� �a�n�d� 

�t�h�i�r�d�,� �w�e� �m�u�s�t� �m�i�n�i�m�i�z�e� �t�h�e� �a�m�o�u�n�t� �o�f� �f�u�n�c�t�i�o�n� �c�a�l�l�s� �t�o� �t�h�e� �a�n�a�l�y�s�i�s� �c�o�d�e� �t�o� �k�e�e�p� 

�t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �c�o�s�t� �d�o�w�n�.� �T�h�e� �f�i�r�s�t� �t�w�o� �o�b�j�e�c�t�i�v�e�s� �a�r�e� �o�p�p�o�s�e�d� �t�o� �t�h�e� �t�h�i�r�d�.� 

�A�s�s�u�r�a�n�c�e� �t�h�a�t� �w�e� �c�a�p�t�u�r�e� �a�l�l� �t�h�e� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�m�p�l�i�e�s� �w�e� �m�a�k�e� �a�s� 

�m�a�n�y� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s� �a�s� �p�o�s�s�i�b�l�e�.� �A�l�s�o� �g�e�n�e�r�a�l�l�y�,� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �t�h�e� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �m�a�t�r�i�x� �i�n�c�r�e�a�s�e�s� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �i�n� �t�h�e� �f�i�t� �d�e�c�r�e�a�s�e�s�,� �t�h�u�s� �w�e� 

�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� �6�2



�c�a�n� �g�e�t� �b�e�t�t�e�r� �c�o�n�d�i�t�i�o�n�e�d� �m�a�t�r�i�c�e�s� �b�y� �g�a�t�h�e�r�i�n�g� �m�o�r�e� �d�a�t�a�.� �Y�e�t� �t�h�e� �m�a�n�y� �f�u�n�c�t�i�o�n� 

�e�v�a�l�u�a�t�i�o�n�s� �w�h�i�c�h� �h�e�l�p� �u�s� �m�e�e�t� �t�h�e� �f�i�r�s�t� �t�w�o� �o�b�j�e�c�t�i�v�e�s� �c�a�n� �b�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� 

�i�n�t�e�n�s�i�v�e�.� 

�A�l�t�h�o�u�g�h� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �s�o�l�v�i�n�g� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m� �w�i�t�h� �h�i�g�h� �c�o�n�d�i�t�i�o�n� 

�n�u�m�b�e�r�s� �a�r�e� �a�v�a�i�l�a�b�l�e�,� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �c�a�n� �b�e�c�o�m�e� �u�n�m�a�n�a�g�e�a�b�l�y� �l�a�r�g�e� �e�s�p�e�-� 

�c�i�a�l�l�y� �f�o�r� �p�r�o�b�l�e�m�s� �w�i�t�h� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s�.� �A� �p�o�l�y�n�o�m�i�a�l� �w�i�t�h� �a� �l�a�r�g�e� 

�n�u�m�b�e�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �i�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s� �i�n�v�o�l�v�i�n�g� �a� �l�a�r�g�e� �n�u�m�b�e�r� 

�o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �I�t� �h�a�s� �b�e�e�n� �o�u�r� �e�x�p�e�r�i�e�n�c�e� �t�h�a�t� �m�a�t�r�i�c�e�s� �w�i�t�h� �h�i�g�h� �c�o�n�d�i�t�i�o�n� 

�n�u�m�b�e�r�s� �c�a�n� �l�e�a�d� �t�o� �i�l�l�-�c�o�n�d�i�t�i�o�n�e�d� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �w�h�i�c�h� �o�f�t�e�n� �p�r�o�v�i�d�e� 

�a�c�c�u�r�a�t�e� �m�o�d�e�l�s� �o�f� �t�h�e� �f�u�n�c�t�i�o�n�,� �b�u�t� �p�o�o�r� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s�.� �T�h�u�s� �m�i�n�i�-� 

�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�g�i�o�n� �b�y� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� 

�b�e�c�o�m�e�s� �d�i�f�f�i�c�u�l�t�.� 

�T�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �t�o� �u�s�e� �i�s� �n�o�t� �g�e�n�e�r�a�l�,� �a�s� �i�t� �d�e�p�e�n�d�s� �o�n� 

�t�h�e� �a�f�f�o�r�d�a�b�i�l�i�t�y� �o�f� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �d�e�s�i�g�n� 

�s�p�a�c�e�.� �W�i�t�h� �c�a�r�e�f�u�l� �s�e�l�e�c�t�i�o�n� �o�f� �p�o�i�n�t�s� �i�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �d�e�c�r�e�a�s�e� 

�t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �m�a�t�r�i�x�,� �t�h�u�s� �r�e�q�u�i�r�i�n�g� �l�e�s�s� �p�o�i�n�t�s�.� �I�t� �h�a�s� 

�b�e�e�n� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �u�s�e�d� �i�n� �t�h�e� �f�i�t� �s�h�o�u�l�d� �e�x�c�e�e�d� �t�h�e� �n�u�m�b�e�r� 

�o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �b�y� �2�0�%� �t�o� �5�0�%�.� �I�n� �t�h�i�s� �w�o�r�k�,� �w�e� �p�e�r�f�o�r�m� �o�u�r� 

�e�x�p�e�r�i�m�e�n�t�s� �u�s�i�n�g� �r�o�u�g�h�l�y� �1�.�5� �t�i�m�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�8�.�3� �L�o�c�a�t�i�o�n� �o�f� �P�o�i�n�t�s� �t�o� �C�o�n�s�t�r�u�c�t� �S�u�r�f�a�c�e� 

�O�n�c�e� �t�h�e� �c�h�o�i�c�e� �o�f� �c�u�r�v�e�s� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �h�a�s� �b�e�e�n� �s�e�l�e�c�t�e�d�,� �w�e� �m�u�s�t� 

�d�e�c�i�d�e� �w�h�e�r�e� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �T�h�e� �c�h�o�i�c�e� �o�f� �p�o�s�i�t�i�o�n�s� �t�o� �g�a�t�h�e�r� 

�d�a�t�a� �c�a�n� �h�a�v�e� �a� �p�r�o�f�o�u�n�d� �e�f�f�e�c�t� �o�n� �t�h�e� �f�i�d�e�l�i�t�y� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �t�o� �m�o�d�e�l� 

�t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �C�o�n�s�i�d�e�r�,� �f�o�r� �e�x�a�m�p�l�e�,� �f�i�t�t�i�n�g� �a� �l�i�n�e� �t�h�r�o�u�g�h� �t�w�o� �p�o�i�n�t�s�.� 

�C�h�o�o�s�i�n�g� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �d�a�t�a� �w�i�t�h� �p�o�i�n�t�s� �c�l�o�s�e� �t�o�g�e�t�h�e�r� �c�a�n� �y�i�e�l�d� �l�a�r�g�e� �e�r�r�o�r�s� �i�n� 

�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� �6�3



�t�h�e� �f�i�t� �w�i�t�h� �o�n�l�y� �s�m�a�l�l� �e�r�r�o�r�s� �i�n� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �f�u�n�c�t�i�o�n�.� �T�h�i�s� �f�a�c�t� �i�s� �s�h�o�w�n� 

�c�l�e�a�r�l�y� �i�n� �f�i�g�u�r�e� �8�.�1�.� �C�h�o�o�s�i�n�g� �t�o� �g�a�t�h�e�r� �d�a�t�a� �a�t� �t�h�e� �e�n�d�s� �o�f� �t�h�e� �d�o�m�a�i�n� �i�s� �a� �m�u�c�h� 

�w�i�s�e�r� �c�h�o�i�c�e�.� 

�T�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �p�o�i�n�t� �s�e�l�e�c�t�i�o�n� �s�e�t� �i�s� �t�h�e� �f�a�c�t�o�r�i�a�l� �s�e�t�.� �W�i�t�h� �f�a�c�t�o�r�i�a�l� �s�e�t�s�,� �e�a�c�h� 

�a�x�i�s� �o�f� �t�h�e� �d�e�s�i�g�i� �s�p�a�c�e� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �k� �d�i�s�c�r�e�t�e� �l�e�v�e�l�s�.� �E�v�e�r�y� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� 

�l�e�v�e�l�s� �i�n� �e�a�c�h� �d�e�s�i�g�n� �d�i�r�e�c�t�i�o�n� �m�a�k�e�s� �u�p� �t�h�e� �p�o�i�n�t�s� �i�n� �t�h�e� �f�a�c�t�o�r�i�a�l� �s�e�t�.� �F�o�r� �e�x�a�m�p�l�e�,� 

�f�i�v�e� �l�e�v�e�l�s� �i�n� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e� �(�k�n�o�w�n� �a�s� �t�h�e� �5�°� �f�a�c�t�o�r�i�a�l� �s�e�t�)� �l�e�a�d�s� �t�o� �1�2�5� 

�p�o�i�n�t�s� �f�o�r� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �F�a�c�t�o�r�i�a�l� �s�e�t�s� �a�r�e� �a�t�t�r�a�c�t�i�v�e� �b�e�c�a�u�s�e� �t�h�e�y� �p�r�o�v�i�d�e� �a� 

�u�n�i�f�o�r�m� �s�a�m�p�l�i�n�g� �o�v�e�r� �t�h�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �a�n�d� �g�e�n�e�r�a�l�l�y� �l�e�a�d� �t�o� �w�e�l�l�-�c�o�n�d�i�t�i�o�n�e�d� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �m�a�t�r�i�c�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e�y� �a�l�s�o� �l�e�a�d� �t�o� �s�e�t�s� �w�i�t�h� �l�a�r�g�e� �n�u�m�b�e�r�s� �o�f� �p�o�i�n�t�s�,� 

�e�s�p�e�c�i�a�l�l�y� �i�n� �h�i�g�h�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e�.� 

�A�l�t�e�r�n�a�t�i�v�e�s� �t�o� �f�a�c�t�o�r�i�a�l� �s�e�t�s�,� �s�t�u�d�i�e�d� �b�y� �C�a�r�p�e�n�t�e�r ��*� �a�n�d� �G�i�u�n�t�a� �e�t� �a�l�.�*�°� �a�r�e� 

�c�e�n�t�r�a�l� �c�o�m�p�o�s�i�t�e� �s�e�t�s� �a�n�d� �o�p�t�i�m�a�l�i�t�y� �s�e�t�s�.� �C�e�n�t�r�a�l� �c�o�m�p�o�s�i�t�e� �s�e�t�s� �c�a�n� �b�e� �v�i�a�b�l�e� 

�s�o�l�u�t�i�o�n�s� �i�n� �l�o�w� �d�i�m�e�n�s�i�o�n�s� �(�<� �6�)�.� �I�n� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�s� �t�h�e�s�e� �s�e�t�s�,� �l�i�k�e� �f�a�c�t�o�r�i�a�l� 

�s�e�t�s�,� �y�i�c�l�d� �m�a�n�y� �p�o�i�n�t�s� �a�n�d� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�t� �a�l�l� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� 

�c�a�n� �b�e� �p�r�o�h�i�b�i�t�i�v�e�l�y� �e�x�p�e�n�s�i�v�e�.� �A�n�o�t�h�e�r� �d�r�a�w�b�a�c�k� �o�f� �t�h�e� �c�e�n�t�r�a�l� �c�o�m�p�o�s�i�t�e� �s�e�t�s� �i�s� 

�t�h�a�t� �t�h�e� �p�o�i�n�t�s� �m�a�y� �e�x�i�s�t� �o�u�t�s�i�d�e� �t�h�e� �f�e�a�s�i�b�l�e� �d�o�m�a�i�n�.� �O�f�t�e�n�,� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� 

�h�a�s� �a�n� �i�r�r�e�g�u�l�a�r� �s�h�a�p�e� �d�u�e� �t�o� �c�o�n�s�t�r�a�i�n�t�s� �a�n�d� �t�h�e� �p�o�i�n�t�s� �w�h�i�c�h� �m�a�k�e� �t�h�e� �c�e�n�t�r�a�l� 

�c�o�m�p�o�s�i�t�e� �s�e�t�s� �m�a�y� �v�i�o�l�a�t�e� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s�.� �C�e�n�t�r�a�l� �c�o�m�p�o�s�i�t�e� �s�e�t�s� �a�r�e� �i�n�t�e�n�d�e�d� �f�o�r� 

�u�n�c�o�n�s�t�r�a�i�n�e�d� �d�o�m�a�i�n�s�.� 

�O�p�t�i�m�a�l�i�t�y� �s�e�t�s� �a�r�e� �s�e�t�s� �w�h�i�c�h�,� �b�a�s�e�d� �o�n� �s�t�a�t�i�s�t�i�c�s�,� �y�i�e�l�d� �p�o�i�n�t�s� �t�h�a�t� �g�i�v�e� �t�h�e� 

�b�e�s�t� �f�i�t� �t�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �f�o�r� �a� �s�p�e�c�i�f�i�e�d� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s�.� �B�e�c�a�u�s�e�,� �g�e�n�e�r�a�l�l�y�,� 

�t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�n�v�o�l�v�e�s� �n�u�m�e�r�i�c�a�l� �e�r�r�o�r�s�,� �t�h�e�r�e� �w�i�l�l� �b�e� 

�e�r�r�o�r�s� �i�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �a�n�d� �e�r�r�o�r�s� �i�n� 

�t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �i�t�s�e�l�f�.� �A� �m�e�a�s�u�r�e� �o�f� �t�h�e� �e�r�r�o�r� �i�s� �t�h�e� �v�a�r�i�a�n�c�e�.� �T�h�e� �v�a�r�i�a�n�c�e� �o�f� 

�t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �t�h�e� �d�i�a�g�o�n�a�l� �t�e�r�m�s� �o�f� �t�h�e� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �g�i�v�e�n� �b�y ��?� 

�c�o�v�(�c�)� �=� �0�7�(�A�?� �A�)�7�}�,� �(�8�.�8�)� 

�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� �6�4



�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� 

�w�h�e�r�e� 
�l�e� �~� 

�o�?� �=� �-� �»� �(�I�;�  �� �I�;�)�?�,� �(�8�.�9�)� 

�a�n�d� �A� �i�s� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �m�a�t�r�i�x�.� �D�e�t�a�i�l�s� �o�f� �t�h�e� �A� �m�a�t�r�i�x� �a�r�e� �g�i�v�e�n� �i�n� �s�e�c�t�i�o�n� 

�8�.�4�.� �I�n� �(�8�.�8�)� �a�n�d� �(�8�.�9�)�,� �o�?� �i�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �J�;� �i�s� �t�h�e� �v�a�l�u�e� 

�o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�t� �t�h�e�  ¬�;� �p�o�i�n�t�,� �a�n�d� �I�;� �i�s� �t�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e� �o�f� �I�;� �o�v�e�r� �n� 

�o�b�s�e�r�v�a�t�i�o�n�s�.� �T�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�,� �P�,� �e�v�a�l�u�a�t�e�d� �a�t� �&�;�,� �i�s� �g�i�v�e�n� �b�y ��?� 

�v�a�r�(�P�;�)� �=� �0�?� �A�l� �(�A�?� �A�)� �A�i�,� �(�8�.�1�0�)� 

�w�h�e�r�e� �A�;� �i�s� �a� �r�o�w� �o�f� �t�h�e� �A� �m�a�t�r�i�x�.� �T�o� �k�e�e�p� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �b�o�t�h� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� 

�a�n�d� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �l�o�w� �i�t� �i�s� �a�d�v�a�n�t�a�g�e�o�u�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �m�a�t�r�i�x� �(�A�T� �A�)�7�!�.� 

�M�i�n�i�m�i�z�a�t�i�o�n� �o�f� �a� �m�a�t�r�i�x� �i�s� �n�o�t� �a� �w�e�l�l� �d�e�f�i�n�e�d� �c�o�n�c�e�p�t� �a�n�d� �t�h�i�s� �l�e�a�d�s� �t�o� �s�e�v�e�r�a�l� 

�o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�a�.� �T�h�e�s�e� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �r�e�f�e�r�e�n�c�e� �7�2�.� �O�n�e�,� �w�h�i�c�h� �i�s� �c�o�n�s�i�s�t�e�n�t� 

�w�i�t�h� �p�i�c�k�i�n�g� �t�h�e� �e�n�d� �p�o�i�n�t�s� �i�n� �t�h�e� �s�i�m�p�l�e� �e�x�a�m�p�l�e� �o�f� �f�i�g�u�r�e� �8�.�1�,� �i�s� �t�h�e� �D�-�o�p�t�i�m�a�l� 

�c�r�i�t�e�r�i�a�.� 

�T�h�e� �D�-�o�p�t�i�m�a�l� �c�r�i�t�e�r�i�o�n� �m�i�n�i�m�i�z�e�s� �(�A�7�.�A�)�~�!� �b�y� �m�i�n�i�m�i�z�i�n�g� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t�.� 

�T�h�i�s� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �m�i�n�i�m�i�z�i�n�g� �t�h�e� �p�r�o�d�u�c�t� �o�f� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �(�A�?� �A�)�~�?� �o�r� �m�a�x�i�m�i�z�-� 

�i�n�g� �|�A�?� �A�|�.� �I�f� �m� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �u�s�e�d� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�,� �a�n�d� �I� 

�i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �i�n� �t�h�e� �m�e�s�h� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �d�o�m�a�i�n� �o�f� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� 

�t�h�e�n� �t�h�e� �D�-�o�p�t�i�m�a�l� �c�r�i�t�e�r�i�o�n� �i�s� �s�a�t�i�s�f�i�e�d� �w�h�e�n� �t�h�e� �s�e�t� �o�f� �m� �p�o�i�n�t�s� �c�h�o�s�e�n� �f�o�r� �t�h�e� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m� �f�r�o�m� �t�h�e� �p�o�o�l� �o�f� �|� �p�o�i�n�t�s� �i�s� �s�u�c�h� �t�h�a�t� �|�A�7� �A�|� �i�s� �a� �m�a�x�i�m�u�m�.� 

�F�o�r� �e�x�a�m�p�l�e�,� �i�n� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �d�o�m�a�i�n� �f�o�r� �w�h�i�c�h� �w�e� �w�i�s�h� �t�o� �m�o�d�e�l� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �u�s�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�,� �P� �=� �c�y� �+� �c�1�£�1� �+� �c�o�t�e� �+� �c�3 ¬�}� �+� �c�a�b�?� �+� �c�5�b�i�é�o�,� �t�h�e� 

�A� �m�a�t�r�i�x� �h�a�s� �t�h�e� �f�o�r�m� 

�1� �f�i� �1� �f�a� �O�o�  ¬�1�,�1�6�2�,�1� 
�1� �f�1�2�  ¬�2�2� �9� �&�o�.� �b�1�,�2 ¬�2�,�2� 

�-�  �� �,� �(�8�.�1�1�)� 

�1�  ¬�i�9�  ¬�9�  ¬�f�9�  ¬�5�9� �6�1�,�9 ¬�2�,�9� 

�6�5



�w�h�e�r�e� �t�h�e� �f�i�r�s�t� �s�u�b�s�c�r�i�p�t� �i�n� �t�h�e�  ¬� �v�a�r�i�a�b�l�e� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�e�s�i�g�n� �c�o�o�r�d�i�n�a�t�e�,� �a�n�d� �t�h�e� 

�s�e�c�o�n�d� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �p�o�i�n�t�;� �t�h�e�r�e� �a�r�e� �n�i�n�e� �p�o�i�n�t�s� �b�e�i�n�g� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �l�e�a�s�t�-� 

�s�q�u�a�r�e�s� �p�r�o�b�l�e�m�.� �I�f� �w�e� �d�i�s�c�r�e�t�i�z�e� �t�h�e� �d�o�m�a�i�n� �i�n�t�o� �3�6� �p�o�i�n�t�s� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� 

�8�.�2�,� �t�h�e� �n�i�n�e� �b�l�a�c�k�e�n�e�d� �p�o�i�n�t�s� �a�r�e� �t�h�o�s�e� �w�h�i�c�h� �m�a�x�i�m�i�z�e� �|�A�7� �A�l�.� �T�h�e� �p�r�o�b�l�e�m� �o�f� 

�c�h�o�o�s�i�n�g� �t�h�e� �b�e�s�t� �m� �p�o�i�n�t�s� �f�r�o�m� �|� �p�o�s�s�i�b�l�e� �p�o�i�n�t�s� �t�o� �f�i�t� �a� �c�u�r�v�e� �r�e�d�u�c�e�s� �t�o� �c�h�o�o�s�i�n�g� 

�t�h�e� �s�e�t� �o�f� �m� �p�o�i�n�t�s� �w�h�i�c�h� �m�a�x�i�m�i�z�e�s� �|�A�?� �A�]�.� �T�o� �r�e�i�t�e�r�a�t�e�,� �t�h�e� �c�r�i�t�e�r�i�o�n� �i�s� �a�p�p�e�a�l�i�n�g� 

�f�o�r� �c�h�o�o�s�i�n�g� �t�h�e� �p�o�i�n�t�s� �f�o�r� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m� �b�e�c�a�u�s�e� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� 

�3� �p�r�o�p�e�r�t�i�e�s �� 

�e� �t�h�e� �s�e�t� �o�f� �p�o�i�n�t�s� �t�h�a�t� �m�a�x�i�m�i�z�e�s� �|�A�7�A�|� �i�s� �a�l�s�o� �t�h�e� �s�e�t� �o�f� �p�o�i�n�t�s� �t�h�a�t� 

�m�i�n�i�m�i�z�e�s� �t�h�e� �m�a�x�i�m�u�m� �v�a�r�i�a�n�c�e� �o�f� �a�n�y� �p�r�e�d�i�c�t�e�d� �v�a�l�u�e� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n�,� 

�e� �t�h�e� �s�e�t� �o�f� �p�o�i�n�t�s� �t�h�a�t� �m�a�x�i�m�i�z�e�s� �|�A�?� �A�|� �i�s� �a�l�s�o� �t�h�e� �s�e�t� �o�f� �p�o�i�n�t�s� �t�h�a�t� 

�m�i�n�i�m�i�z�e�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s�,� 

�T�h�e� �D�-�o�p�t�i�m�a�l� �c�r�i�t�e�r�i�o�n� �a�l�s�o� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �t�h�a�t� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �a�r�e� �i�n�v�a�r�i�a�n�t� 

�t�o� �c�h�a�n�g�e�s� �i�n� �s�c�a�l�e� �o�f� �t�h�e� �d�o�m�a�i�n� �o�f� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s�.� �T�h�i�s� �m�e�a�n�s� �t�h�e� �D�-� 

�o�p�t�i�m�a�l� �p�o�i�n�t�s� �f�o�r� �a� �s�q�u�a�r�e� �d�o�m�a�i�n� �a�r�e� �p�r�o�p�o�r�t�i�o�n�a�l�l�y� �i�n� �t�h�e� �s�a�m�e� �p�o�s�i�t�i�o�n� �f�o�r� �a� 

�r�e�c�t�a�n�g�u�l�a�r� �d�o�m�a�i�n�.� �I�n� �a�d�d�i�t�i�o�n� �b�y� �f�o�r�c�i�n�g� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �A �� �A� �t�o� �b�e� �l�a�r�g�e�,� �w�e� 

�a�r�e� �m�a�k�i�n�g� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m� �w�e�l�l� �c�o�n�d�i�t�i�o�n�e�d�.� �A� �m�o�r�e� �d�e�t�a�i�l�e�d� �d�i�s�c�u�s�s�i�o�n� 

�o�f� �t�h�e� �D�-�o�p�t�i�m�a�l�i�t�y� �c�r�i�t�e�r�i�o�n� �i�s� �p�r�e�s�e�n�t�e�d� �b�y� �B�o�x� �a�n�d� �D�r�a�p�e�r�. ��?� 

�T�h�e�r�e� �a�r�e� �o�t�h�e�r� �c�r�i�t�e�r�i�a� �u�s�e�d� �f�o�r� �m�i�n�i�m�i�z�i�n�g� �(�A�7�.�A�)�~�!�.� �T�h�e�s�e� �i�n�c�l�u�d�e� �A�-� 

�o�p�t�i�m�a�l�i�t�y� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� �t�r�a�c�e� �o�f� �(�A�?� �A�)�7�!�,� �a�n�d� �E�-�o�p�t�i�m�a�l�i�t�y� �w�h�i�c�h� �m�i�n�i�-� 

�m�i�z�e�s� �t�h�e� �l�a�r�g�e�s�t� �e�i�g�e�n�v�a�l�u�e� �o�f� �(�A�7�.�A�)�~�!�.� �A� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e�s�e� �a�n�d� �o�t�h�e�r� �c�r�i�t�e�r�i�a� 

�i�s� �p�r�e�s�e�n�t�e�d� �i�n� �r�e�f�e�r�e�n�c�e� �7�2�.� �T�h�e� �c�o�n�c�l�u�s�i�o�n� �o�f� �t�h�e� �s�t�u�d�y� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �s�u�r�f�a�c�e�s� 

�c�o�n�s�t�r�u�c�t�e�d� �u�s�i�n�g� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �s�h�o�w�e�d� �t�h�e� �b�e�s�t� �f�i�d�e�l�i�t�y� �t�o� �t�h�e� �a�c�t�u�a�l� �f�u�n�c�t�i�o�n�.� 

�A�s� �a�n� �e�x�a�m�p�l�e� �o�f� �t�h�e� �u�s�e�f�u�l�n�e�s�s� �o�f� �t�h�e� �D�-�o�p�t�i�m�a�l� �c�r�i�t�e�r�i�o�n�,� �c�o�n�s�i�d�e�r� �t�h�e� �f�u�n�c�t�i�o�n� 

�y� �=� �s�i�n�( ¬�,�7�)�s�i�n�(�&�7�)�,� �(�8�.�1�2�)� 

�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� �6�6



�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� 

�d�e�f�i�n�e�d� �o�n� �t�h�e� �r�e�g�i�o�n� �f�r�o�m� 

�0�<� �G�1�2� �<�1�.� �(�8�.�1�3�)� 

�W�e� �w�i�s�h� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�i�s� �f�u�n�c�t�i�o�n� �w�i�t�h� �a� �b�i�q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �o�f� �t�h�e� 

�f�o�r�m� �o�f� �(�8�.�3�)� �u�s�i�n�g� �9� �p�o�i�n�t�s�,� �t�h�e� �m�i�n�i�m�u�m� �w�e� �c�a�n� �u�s�e�.� �W�e� �c�h�o�o�s�e� �t�o� �d�i�s�c�r�e�t�i�z�e� �t�h�e� 

�d�o�m�a�i�n� �i�n� �a� �r�e�c�t�a�n�g�u�l�a�r� �5� �x� �5� �g�r�i�d� �a�s� �i�n� �f�i�g�u�r�e� �8�.�2� �(�5�?� �f�a�c�t�o�r�i�a�l� �d�e�s�i�g�n�)�.� �T�o� �o�b�t�a�i�n� 

�t�h�e� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �w�e� �m�u�s�t� �f�i�n�d� �t�h�e� �9� �p�o�i�n�t�s� �o�u�t� �o�f� �2�5� �w�h�i�c�h� �h�a�v�e� �t�h�e� �h�i�g�h�e�s�t� 

�|�A�7� �A�|�.� �A� �b�r�u�t�e� �f�o�r�c�e� �m�e�t�h�o�d� �i�s� �t�o� �c�h�e�c�k� �e�v�e�r�y� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �9� �p�o�i�n�t�s� �f�r�o�m� �2�5�.� 

�T�h�i�s� �l�e�a�d�s� �t�o� �2�.�0� �x� �1�0�°� �c�o�m�b�i�n�a�t�i�o�n�s� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �r�u�l�e� 

�(�)� �~� �a�i�m� �(�8�.�1�4�)� 

�T�h�i�s� �i�s� �w�h�a�t� �i�s� �p�e�r�f�o�r�m�e�d� �h�e�r�e�.� �T�h�e� �r�e�s�u�l�t� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �8�.�3�.� �T�h�e� �e�m�p�t�y� �c�i�r�c�l�e�s� 

�r�e�p�r�e�s�e�n�t� �t�h�e� �p�o�i�n�t�s� �w�h�i�c�h� �a�r�e� �u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �d�o�m�a�i�n� �o�v�e�r� �w�h�i�c�h� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e� �i�s� �t�o� �b�e� �d�e�f�i�n�e�d�.� �T�h�e� �b�l�a�c�k�e�n�e�d� �p�o�i�n�t�s� �a�r�e� �t�h�e� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s�.� �I�n� �t�h�i�s� 

�c�a�s�e� �t�h�e�r�e� �i�s� �o�n�l�y� �o�n�e� �s�e�t� �o�f� �p�o�i�n�t�s� �i�n� �t�h�e� �2�.�0� �x� �1�0�°� �p�o�s�s�i�b�i�l�i�t�i�e�s� �t�h�a�t� �i�s� �D�-�o�p�t�i�m�a�l�.� 

�G�e�n�e�r�a�l�l�y�,� �t�h�i�s� �d�o�e�s� �n�o�t� �h�a�v�e� �t�o� �b�e� �t�h�e� �c�a�s�e�.� �I�f� �o�t�h�e�r� �s�e�t�s� �o�f� �p�o�i�n�t�s� �h�a�v�e� �|�A�7� �A�|� �o�f� 

�e�q�u�a�l� �v�a�l�u�e� �t�h�e�n� �m�u�l�t�i�p�l�e� �s�e�t�s� �o�f� �p�o�i�n�t�s� �s�a�t�i�s�f�y� �t�h�e� �D�-�o�p�t�i�m�a�l� �c�r�i�t�e�r�i�o�n�.� �F�i�g�u�r�e� �8�.�4� 

�s�h�o�w�s� �f�o�u�r� �o�t�h�e�r� �p�o�s�s�i�b�i�l�i�t�i�e�s� �o�f� �n�i�n�e� �p�o�i�n�t�s� �w�h�i�c�h� �m�a�y� �h�a�v�e� �b�e�e�n� �c�h�o�s�e�n� �f�o�r� �t�h�e� 

�r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �c�o�n�s�t�r�u�c�t�i�o�n�.� �T�h�e�s�e� �a�r�e� �n�o�t� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �b�u�t� �s�e�r�v�e� �a�s� �a� �b�a�s�i�s� 

�f�o�r� �c�o�m�p�a�r�i�n�g� �t�h�e� �q�u�a�l�i�t�y� �o�f� �f�i�t� �o�f� �D�-�o�p�t�i�m�a�l� �t�o� �n�o�n�-�D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s�.� �R�e�s�u�l�t�s� �o�f� �a� 

�c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �f�i�t� �t�o� �t�h�e� �t�r�a�n�s�c�e�n�d�e�n�t�a�l� �f�u�n�c�t�i�o�n�,� �(�8�.�1�2�)�,� �a�r�e� �c�o�m�p�i�l�e�d� �i�n� �t�a�b�l�e� 

�8�.�1�.� �A�n� �e�r�r�o�r� �p�a�r�a�m�e�t�e�r� �d�e�f�i�n�e�d� �b�y� 

�V�=� �,� �(�8�.�1�5�)� � � 

�i�s� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �t�h�e� �q�u�a�l�i�t�y� �o�f� �f�i�t�.� �I�n� �(�8�.�1�5�)�,� �J� �i�s� �t�h�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e�,� �P� �i�s� �t�h�e� 

�p�o�l�y�n�o�m�i�a�l� �f�i�t�,� �a�u�d� �t�h�e� �s�u�m�m�a�t�i�o�n� �i�s� �t�a�k�e�n� �o�v�e�r� �1�0�,�2�0�1� �e�v�e�n�l�y� �d�i�s�t�r�i�b�u�t�e�d� �p�o�i�n�t�s� 

�i�n� �t�h�e� �d�o�m�a�i�n�.� 

�6�7



�T�h�e� �g�e�n�e�r�a�l� �t�r�e�n�d� �i�s� �t�h�a�t� �t�h�e� �h�i�g�h�e�r� �t�h�e� �v�a�l�u�e� �o�f� �|�A�7�A�|� �t�h�e� �b�e�t�t�e�r� �t�h�e� �f�i�t�,� 

�a�l�t�h�o�u�g�h� �t�h�e�r�e� �a�r�e� �c�l�e�a�r�l�y� �e�x�c�e�p�t�i�o�n�s� �t�o� �t�h�i�s� �r�u�l�e�.� �T�h�e� �D�-�o�p�t�i�m�a�l� �s�e�t� �o�f� �p�o�i�n�t�s� �h�a�s� 

�t�h�e� �l�o�w�e�s�t� �e�r�r�o�r� �a�s� �d�e�f�i�n�e�d� �b�y� �(�8�.�1�5�)�.� �T�h�i�s� �e�x�a�m�p�l�e� �a�l�s�o� �s�h�o�w�s� �t�h�a�t� �p�o�i�n�t�s� �p�l�a�c�e�d� 

�a�l�o�n�g� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �d�o�m�a�i�n� �t�e�n�d� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �f�i�d�e�l�i�t�y� �b�e�t�w�e�e�n� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e� �a�n�d� �t�h�e� �f�u�n�c�t�i�o�n�.� �Y�e�t� �p�l�a�c�i�n�g� �a�l�l� �t�h�e� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �e�d�g�e� �w�o�u�l�d� �h�a�v�e� �a�n� 

�o�b�v�i�o�u�s� �d�i�s�a�d�v�a�n�t�a�g�e� �i�n� �m�o�d�e�l�i�n�g� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� �t�h�e� �d�o�m�a�i�n�.� �D�-�o�p�t�i�m�a�l� �s�e�t�s� �d�o� 

�t�e�n�d� �t�o� �p�l�a�c�e� �m�a�n�y� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �e�d�g�e� �o�f� �t�h�e� �d�o�m�a�i�n�,� �b�u�t� �u�s�u�a�l�l�y� �h�a�v�e� �i�n�t�e�r�i�o�r� 

�p�o�i�n�t�s� �a�s� �w�e�l�l�.� 

�T�h�e� �p�r�o�b�l�e�m� �o�f� �f�i�n�d�i�n�g� �t�h�e� �m� �p�o�i�n�t�s� �t�o� �s�a�t�i�s�f�y� �D�-�o�p�t�i�m�a�l�i�t�y� �r�e�q�u�i�r�e�s� �c�o�n�s�i�d�e�r�i�n�g� 

�t�h�e� �(�1�)� �=� �I�!�/�(�m�\�(�l�  �� �m�)�!�)� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �m� �p�o�i�n�t�s� �f�r�o�m� �t�h�e� �s�e�t� �o�f� �|� �c�a�n�d�i�d�a�t�e� 

�p�o�i�n�t�s�.� �A� �s�m�a�l�l� �p�r�o�b�l�e�m� �i�n� �t�w�o� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �m�a�y� �b�e� �t�o� �p�i�c�k� �2�5� �p�o�i�n�t�s� �f�r�o�m� �a� 

�s�e�l�e�c�t�i�o�n� �o�f� �1�2�1� �(�d�i�s�c�r�e�t�i�z�i�n�g� �t�h�e� �d�o�m�a�i�n� �i�n�t�o� �1�0� �s�e�c�t�i�o�n�s� �i�n� �b�o�t�h� �d�i�r�e�c�t�i�o�n�s� �g�i�v�e�s� 

�a�n� �1�1�x�1�1� �m�e�s�h�)�.� �T�h�i�s� �l�e�a�d�s� �t�o� �a� �t�o�t�a�l� �o�f� �5�.�2�6� �x� �1�0�7�°� �p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�t�i�o�n�s�,� �o�n�e� 

�o�r� �m�o�r�e� �o�f� �w�h�i�c�h� �a�r�e� �D�-�o�p�t�i�m�a�l�.� �C�l�e�a�r�l�y�,� �e�v�e�n� �f�o�r� �t�h�i�s� �s�m�a�l�l� �p�r�o�b�l�e�m�,� �c�h�e�c�k�i�n�g� �a�l�l� 

�c�o�m�b�i�n�a�t�i�o�n�s� �i�s� �i�n�f�e�a�s�i�b�l�e�.� �S�t�a�n�d�a�r�d� �m�e�t�h�o�d�s� �f�o�r� �m�a�x�i�m�i�z�a�t�i�o�n� �c�a�n� �r�u�n� �i�n�t�o� �t�h�r�e�e� 

�p�r�o�b�l�e�m�s�.� �F�i�r�s�t�,� �t�h�e� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s� �c�a�n� �b�e� �q�u�i�t�e� �l�a�r�g�e�.� �E�a�c�h� �p�o�i�n�t� �i�n� �t�h�e� 

�d�i�s�c�r�e�t�i�z�e�d� �d�o�m�a�i�n� �r�e�p�r�e�s�e�n�t�s� �a� �v�a�r�i�a�b�l�e� �i�n� �t�h�e� �m�a�x�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�.� �S�e�c�o�n�d�,� �t�h�e� 

�m�a�x�i�m�i�z�a�t�i�o�n� �i�s� �o�f� �a�n� �i�n�t�e�g�e�r� �t�y�p�e�.� �E�a�c�h� �o�f� �t�h�e� �p�o�i�n�t�s� �c�a�n� �e�i�t�h�e�r� �b�e� �i�n�c�l�u�d�e�d� �o�r� 

�n�o�t�.� �F�i�n�a�l�l�y�,� �|�A�7�A�|� �m�a�y� �h�a�v�e� �l�o�c�a�l� �m�a�x�i�m�a�.� �S�e�v�e�r�a�l� �r�e�s�e�a�r�c�h�e�r�s� �h�a�v�e� �d�e�v�e�l�o�p�e�d� 

�a�l�g�o�r�i�t�h�m�s� �t�o� �s�e�a�r�c�h� �f�o�r� �D�-�o�p�t�i�m�a�l�i�t�y� �w�i�t�h�o�u�t� �c�h�e�c�k�i�n�g� �e�v�e�r�y� �c�o�m�b�i�n�a�t�i�o�n�.�"�4�:�7�5�)�7�6� 

�P�e�r�h�a�p�s� �t�h�e� �m�o�s�t� �p�o�p�u�l�a�r� �a�l�g�o�r�i�t�h�m� �i�s� �M�i�t�c�h�e�l�l ��s� �D�E�T�M�A�X� �c�o�d�e�.�"�§� �I�n� �t�h�i�s� �w�o�r�k� �w�e� 

�e�m�p�l�o�y� �a� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �(�G�A�)� �w�h�i�c�h� �w�e� �f�e�e�l� �i�s� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �D�E�T�M�A�X�.� 

�D�e�t�a�i�l�s� �o�f� �t�h�e� �G�A� �u�s�e�d� �t�o� �f�i�n�d� �D�-�o�p�t�i�m�a�l�i�t�y� �a�r�e� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �9�.� 

�8�.�4� �T�h�e� �L�e�a�s�t�-�s�q�u�a�r�e�s� �P�r�o�b�l�e�m� 

�T�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m�,� �a�s� �f�o�r�m�u�l�a�t�e�d� �i�n� �r�e�f�e�r�e�n�c�e� �7�8�,� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �a�s� 

�f�o�l�l�o�w�s�:� �W�e� �a�r�e� �g�i�v�e�n� �a� �s�e�t� �o�f� �d�a�t�a� �p�o�i�n�t�s� �i�n� �n�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e�.� �W�e� �w�a�n�t� �t�o� �w�r�i�t�e� 

�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� �6�8



�t�h�e�s�e� �p�o�i�n�t�s� �i�n� �a� �s�u�b�s�p�a�c�e� �o�f� �R�"�,� �b�u�t� �w�e� �c�a�n�n�o�t� �s�i�n�c�e� �t�h�e� �s�y�s�t�e�m� �i�s� �o�v�e�r� �d�e�t�e�r�m�i�n�e�d�.� 

�T�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �o�v�e�r� �d�e�t�e�r�m�i�n�e�d� �s�y�s�t�e�m� �i�s� �t�o� �f�i�n�d� �t�h�e� �s�e�t� �o�f� �p�o�i�n�t�s� 

�i�n� �t�h�e� �s�u�b�s�p�a�c�e� �o�f� �# �� �t�h�a�t� �m�o�s�t� �c�l�o�s�e�l�y� �m�a�t�c�h�e�s� �t�h�e� �d�a�t�a�.� �S�a�y� �f�o�r� �e�x�a�m�p�l�e�,� �i�n� 

�t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e� �w�e� �a�r�e� �g�i�v�e�n� �t�h�r�e�e� �p�o�i�n�t�s� �w�h�i�c�h� �w�e� �w�i�s�h� �t�o� �d�e�s�c�r�i�b�e� �w�i�t�h� �a� 

�p�l�a�n�e� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �o�r�i�g�i�n�,� 

�P�=�c�o�r�+�c�y�y�.� �(�8�.�1�6�)� 

�T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s�,� �c�o� �a�n�d� �c�,�,� �w�e� �w�o�u�l�d� �n�e�e�d� �t�o� �s�o�l�v�e� �t�h�e� �s�y�s�t�e�m� �o�f� 

�e�q�u�a�t�i�o�n�s� 
�t�T�)� �Y�l� �2�1� 

�C�o� �m�m�f� �{�a�b�=�)� �a�p�,� �(�8�.�1�7�)� 
�t�3� �Y�3� �*� �2�3� 

�w�h�i�c�h�,� �f�o�r� �t�h�e� �g�e�n�e�r�a�l� �c�a�s�e� �w�o�u�l�d� �b�e� �i�n�c�o�n�s�i�s�t�e�n�t� �(�t�h�r�e�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�w�o� �u�n�-� 

�k�n�o�w�n�s�)�.� �E�q�u�a�t�i�o�n� �(�8�.�1�7�)� �c�a�n� �b�e� �m�o�r�e� �c�o�n�c�i�s�e�l�y� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �A�c� �=� �z�.� �T�h�e� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �o�v�e�r� �d�e�t�e�r�m�i�n�e�d� �s�y�s�t�e�m� �i�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �d�i�f�f�e�r�e�n�c�e� 

�b�e�t�w�e�e�n� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �a�n�d� �t�h�e� �f�u�n�c�t�i�o�n�.� �T�h�e� �p�r�o�b�l�e�m� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�m�i�n� �|�|�A�c�  �� �2�|�|�,�.� �(�8�.�1�8�)� 

�T�o� �m�i�n�i�m�i�z�e� �(�8�.�1�8�)�,� �t�h�e� �e�r�r�o�r� �v�e�c�t�o�r�,� �A�c�  �� �z�,� �m�u�s�t� �b�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �c�o�l�u�m�n� 

�s�p�a�c�e� �o�f� �t�h�e� �m�a�t�r�i�x� �A�.� �T�h�i�s� �m�e�a�n�s� �a�n�y� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �c�o�l�u�m�n�s� �o�f� �A� 

�m�u�s�t� �b�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �A�c�  �� �z�.� �T�h�i�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �f�i�g�u�r�e� �8�.�5� �a�n�d� �r�e�p�r�e�s�e�n�t�e�d� 

�a�s� 

�(�A�d�)�?� �(�A�c�  �� �z�)� �=� �0�,� �(�8�.�1�9�)� 

�w�h�e�r�e� �d� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �c�o�l�u�m�n� �v�e�c�t�o�r�s� �o�f� 

�A�.� �R�e�a�r�r�a�n�g�i�n�g� �w�e� �c�a�n� �w�r�i�t�e� �t�h�a�t� 

�d�?�(�A�T� �A�c�  �� �A�?�z�)� �=�0�.� �(�8�.�2�0�)� 

�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� �6�9



�R�E�C�I�P�E� �F�O�R� �R�E�S�P�O�N�S�E� �S�U�R�F�A�C�E� �C�O�N�S�T�R�U�C�T�I�O�N� 

�I�f� �(�3�.�2�0�)� �i�s� �t�r�u�e� �f�o�r� �e�v�e�r�y� �d� �v�e�c�t�o�r�,� �t�h�e�n� 

�A�l� �A�c �� �A!"�z� �=�0�,� �(�8�.�2�1�)� 

�a�n�d� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �s�o�l�u�t�i�o�n� �t�o� �a� �s�e�t� �o�f� �l�i�n�e�a�r�,� �i�n�c�o�n�s�i�s�t�e�n�t� �e�q�u�a�t�i�o�n�s� �a�l�s�o� �s�a�t�i�s�f�i�e�s� 

�A�!� �A�c� �=� �A�?� �z�.� �(�8�.�2�2�)� 

�I�f� �t�h�e� �c�o�l�u�m�n�s� �o�f� �A� �a�r�e� �l�i�n�e�a�r�l�y� �i�n�d�e�p�e�n�d�e�n�t�,� �t�h�e�n� �t�h�e� �m�a�t�r�i�x� �c�a�n� �b�e� �f�a�c�t�o�r�e�d� 

�i�n�t�o� �a�n� �o�r�t�h�o�g�o�n�a�l� �m�a�t�r�i�x�,� �Q�,� �a�n�d� �a�n� �u�p�p�e�r� �t�r�i�a�n�g�u�l�a�r� �m�a�t�r�i�x�,� �R�.� �I�n� �t�h�i�s� �w�a�y�,� 

�A�T�A� �=� �R�T�Q�T�Q�R�.� �A�n�y� �o�r�t�h�o�g�o�n�a�l� �m�a�t�r�i�x� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�y� �t�h�a�t� �Q�T� �=� �Q�-�!� �s�o� 

�t�h�a�t� �Q�7�Q� �=�I�.� �T�h�u�s� �(�8�.�2�2�)� �c�a�n� �b�e� �s�i�m�p�l�i�f�i�e�d� �t�o� 

�R�e�=�Q�T�z� �(�8�.�2�3�)� 

�T�h�e� �v�e�c�t�o�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �s�u�b�s�p�a�c�e� �c�a�n� �b�e� �e�a�s�i�l�y� �o�b�t�a�i�n�e�d� �b�y� �b�a�c�k�:� 

�w�a�r�d�s� �s�u�b�s�t�i�t�u�t�i�o�n�.� 

�7�0



� � 

�C�H�A�P�T�E�R� 
�N�I�N�E� 

�G�E�N�E�T�I�C� �R�E�C�O�M�B�I�N�A�T�I�O�N� �A�L�G�O�R�I�T�H�M� �F�O�R� 
�M�U�L�T�I�P�L�E� �P�O�I�N�T� �S�E�L�E�C�T�I�O�N� 

� � 

�G�R�A�M�P�S�,� �o�r� �G�e�n�e�t�i�c� �R�e�c�o�m�b�i�n�a�t�i�o�n� �A�l�g�o�r�i�t�h�m� �f�o�r� �M�u�l�t�i�p�l�e� �P�o�i�n�t� �S�e�l�e�c�t�i�o�n�,� 

�i�s� �a� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �(�G�A�)� �c�o�d�e� �w�h�o�s�e� �p�u�r�p�o�s�e� �i�s� �t�o� �a�s�s�i�s�t� �i�n� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� 

�o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �b�y� �s�e�e�k�i�n�g� �t�h�e� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �f�o�r� �s�a�m�p�l�i�n�g� �t�h�e� �f�u�n�c�t�i�o�n�.� 

�T�h�i�s� �c�h�a�p�t�e�r� �d�e�s�c�r�i�b�e�s� �t�h�e� �d�e�t�a�i�l�s� �o�f� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�.� �A�p�p�e�n�d�i�x� �A� �i�s� �a� �u�s�e�r ��s� 

�g�u�i�d�e� �t�o� �t�h�e� �c�o�d�e�.� �A� �s�o�u�r�c�e� �l�i�s�t�i�n�g� �o�f� �t�h�e� �c�o�d�e� �i�s� �l�o�c�a�t�e�d� �i�n� �A�p�p�e�n�d�i�x� �B�.� 

�T�h�e� �G�A� �e�m�p�l�o�y�e�d� �h�e�r�e� �i�s� �r�o�u�g�h�l�y� �m�o�d�e�l�e�d� �a�f�t�e�r� �t�h�e� �a�l�g�o�r�i�t�h�m� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� 

�p�a�p�e�r� �b�y� �F�u�r�u�y�a� �a�n�d� �H�a�f�t�k�a�. ��®� �U�n�l�i�k�e� �s�o�m�e� �c�o�n�v�e�n�t�i�o�n�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� 

�w�h�i�c�h� �w�o�r�k� �i�n� �t�h�e� �n�e�i�g�h�b�o�r�h�o�o�d� �o�f� �a� �d�e�s�i�g�n� �p�o�i�n�t�,� �t�h�e� �G�A� �w�o�r�k�s� �b�y� �i�n�v�e�s�t�i�g�a�t�i�n�g� 

�s�e�v�e�r�a�l� �d�e�s�i�g�n�s� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �T�h�e� �g�r�o�u�p� �o�f� �d�e�s�i�g�n�s� �s�a�m�p�l�e�d� �b�y� �t�h�e� 

�G�A� �m�a�k�e�s� �u�p� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� �E�a�c�h� �d�e�s�i�g�n� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �i�s� �e�v�a�l�u�a�t�e�d� �a�n�d� 

�r�a�n�k�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �s�o�m�e� �c�o�s�t� �f�u�n�c�t�i�o�n�.� �M�o�r�e� �a�p�p�e�a�l�i�n�g� �d�e�s�i�g�n�s� �h�a�v�e� �a� �h�i�g�h�e�r� 

�r�a�n�k�.� �T�h�e� �n�e�x�t� �s�t�e�p� �i�n� �t�h�e� �G�A� �i�s� �t�h�e� �b�r�e�e�d�i�n�g� �p�r�o�c�e�s�s� �w�h�e�r�e� �d�e�s�i�g�n�s� �a�r�e� �s�e�l�e�c�t�e�d� 

�f�o�r� �p�a�r�e�n�t�i�n�g� �c�h�i�l�d� �d�e�s�i�g�n�s�.� �T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �a� �d�e�s�i�g�n� �b�e�i�n�g� �s�e�l�e�c�t�e�d� �t�o� �b�e� �a� �p�a�r�e�n�t� 

�i�s� �w�e�i�g�h�t�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �r�a�n�k�i�n�g� �s�o� �t�h�a�t� �c�h�i�l�d�r�e�n� �a�r�e� �m�a�d�e� �f�r�o�m� �t�h�e� �b�e�s�t� �d�e�s�i�g�n�s�.� 

�A� �c�h�i�l�d� �i�s� �c�r�e�a�t�e�d� �b�y� �c�o�m�b�i�n�i�n�g� �p�a�r�t�s� �f�r�o�m� �t�w�o� �p�a�r�e�n�t�s�.� �A� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n� 

�i�s� �i�n�t�r�o�d�u�c�e�d� �i�n� �t�h�e� �G�A� �t�o� �a�l�l�o�w� �f�o�r� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �c�e�r�t�a�i�n� �a�s�p�e�c�t�s� �o�f� �t�h�e� �d�e�s�i�g�n� 

�n�o�t� �p�r�e�s�e�n�t� �i�n� �t�h�e� �p�a�r�e�n�t� �g�e�n�e�r�a�t�i�o�n�.� �M�u�t�a�t�i�o�n� �a�l�s�o� �g�u�a�r�d�s� �a�g�a�i�n�s�t� �a�l�l� �d�e�s�i�g�n�s� �o�f� �t�h�e� 

�p�o�p�u�l�a�t�i�o�n� �b�e�c�o�m�i�n�g� �t�h�e� �s�a�m�e�.� �A� �n�e�w� �g�e�n�e�r�a�t�i�o�n� �i�s� �f�o�r�m�e�d� �f�r�o�m� �t�h�e� �c�h�i�l�d� �d�e�s�i�g�n�s� 

�a�n�d� �t�h�e� �b�e�s�t� �d�e�s�i�g�n� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �g�e�n�e�r�a�t�i�o�n�,� �w�i�t�h� �t�h�e� �n�e�w� �g�e�n�e�r�a�t�i�o�n� �h�a�v�i�n�g� �t�h�e� 

�s�a�m�e� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �a�s� �t�h�e� �p�r�e�v�i�o�u�s�.� �T�h�e� �c�h�i�l�d� �g�e�n�e�r�a�t�i�o�n� �t�h�e�n� �b�e�c�o�m�e�s� �t�h�e� �n�e�w� 

�G�R�A�M�P�S� �v�a�l



�p�a�r�e�n�t� �g�e�n�e�r�a�t�i�o�n� �a�n�d� �t�h�e� �p�r�o�c�e�s�s� �c�o�n�t�i�n�u�e�s� �o�v�e�r� �m�a�n�y� �g�e�n�e�r�a�t�i�o�n�s�.� �T�h�e� �d�e�s�i�g�n� 

�w�i�t�h� �t�h�e� �b�e�s�t� �c�o�s�t� �f�u�n�c�t�i�o�n� �i�n� �t�h�e� �e�n�d� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�h�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n�.� 

�T�h�e� �s�p�e�c�i�f�i�c�s� �o�f� �t�h�e� �G�A� �a�s� �a�p�p�l�i�e�d� �t�o� �f�i�n�d�i�n�g� �D�-�o�p�t�i�m�a�l�i�t�y� �a�r�e� �a�s� �f�o�l�l�o�w�s�.� �T�o� 

�s�t�a�r�t� �t�h�e� �a�l�g�o�r�i�t�h�m�,� �a�n� �i�n�i�t�i�a�l� �p�o�p�u�l�a�t�i�o�n� �o�f� �c�a�n�d�i�d�a�t�e� �d�e�s�i�g�n�s� �i�s� �c�r�e�a�t�e�d�.� �E�a�c�h� 

�c�a�n�d�i�d�a�t�e� �i�s� �f�o�r�m�e�d� �b�y� �r�a�n�d�o�m�l�y� �s�e�l�e�c�t�i�n�g� �m� �d�i�s�t�i�n�c�t� �p�o�i�n�t�s� �f�r�o�m� �t�h�e� �s�e�t� �o�f� �p�o�i�n�t�s� 

�d�e�s�c�r�i�b�i�n�g� �t�h�e� �r�e�g�i�o�n�.� �T�h�e�s�e� �c�a�n�d�i�d�a�t�e� �d�e�s�i�g�n�s� �a�r�e� �t�h�e�n� �r�a�n�k�e�d� �a�m�o�n�g� �e�a�c�h� �o�t�h�e�r� 

�w�i�t�h� �t�h�e� �b�e�s�t� �d�e�s�i�g�n� �h�a�v�i�n�g� �t�h�e� �h�i�g�h�e�s�t� �v�a�l�u�e� �o�f� �|�A�?� �A�]�.� �T�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n�,� �|�A�T� �A�|� 

�i�s� �e�f�f�i�c�i�e�n�t�l�y� �c�o�m�p�u�t�e�d� �b�y� �p�e�r�f�o�r�m�i�n�g� �a� �Q�R� �f�a�c�t�o�r�i�z�a�t�i�o�n� �o�n� �A�.� �I�n� �t�h�i�s� �w�a�y� �t�h�e� 

�d�e�t�e�r�m�i�n�a�n�t� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �s�q�u�a�r�e� �o�f� �t�h�e� �d�i�a�g�o�n�a�l� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� 

�R� �m�a�t�r�i�x� 

�|�A�7� �A�|� �=� �|�R�I�?�.� �(�9�.�1�)� 

�T�h�e� �p�o�p�u�l�a�t�i�o�n� �i�s� �s�e�l�e�c�t�e�d� �f�o�r� �b�r�e�e�d�i�n�g� �b�a�s�e�d� �o�n� �a� �f�i�t�n�e�s�s� �p�a�r�a�m�e�t�e�r�,� �f�,� �w�h�i�c�h� 

�i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �r�a�n�k� �o�f� �t�h�e� �d�e�s�i�g�n� �b�y� 

�f�=�b�+�1�- ��r�,� �(�9�.�2�)� 

�w�h�e�r�e� �b� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n�s� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �a�n�d� �r� �i�s� �t�h�e� �r�a�n�k�.� �I�n� �t�h�i�s� �w�a�y�,� 

�t�h�e� �d�e�s�i�g�n� �w�i�t�h� �a� �#�1� �r�a�n�k�i�n�g� �w�i�l�l� �h�a�v�e� �t�h�e� �h�i�g�h�e�s�t� �f�i�t�n�e�s�s�.� �T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�r�t�h� �r�a�n�k�e�d� �d�e�s�i�g�n� �b�e�i�n�g� �s�e�l�e�c�t�e�d� �a�s� �a� �p�a�r�e�n�t� �i�s� �d�e�f�i�n�e�d� �a�s� 

�_�_� �2�f� 
�P�r� �O�6�4� �1�)� 

� � 

�(�9�.�3�)� 

�T�h�e� �s�e�l�e�c�t�i�o�n� �p�r�o�c�e�s�s� �f�o�r� �p�a�r�e�n�t�i�n�g� �i�s� �c�o�m�p�l�e�t�e�d� �b�y� �g�e�n�e�r�a�t�i�n�g� �a� �u�n�i�f�o�r�m�l�y� �d�i�s�-� 

�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �n�u�m�b�e�r�,� �x�,� �b�e�t�w�e�e�n� �z�e�r�o� �a�n�d� �o�n�e�,� �a�n�d� �s�e�l�e�c�t�i�n�g� �t�h�e� �r�t�h� �r�a�n�k�e�d� 

�d�e�s�i�g�n� �s�a�t�i�s�f�y�i�n�g� 

�P�r�<�a�<� �P�r�a�y�,� �(�9�.�4�)� 

�w�h�e�r�e�,� 

�P�e�=� �>� �p�i�.� �(�9�.�5�)� 

�G�R�A�M�P�S� �7�2



�T�h�i�s� �i�s� �c�a�l�l�e�d� �t�h�e� �r�a�n�k�e�d�-�b�a�s�e�d� �f�i�t�n�e�s�s� �t�e�c�h�n�i�q�u�e� �f�o�r� �s�e�l�e�c�t�i�o�n�.� �F�o�r� �a� �p�o�p�u�l�a�t�i�o�n� 

�o�f� �1�0� �d�e�s�i�g�n�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �e�a�c�h� �d�e�s�i�g�n� �b�e�i�n�g� �s�e�l�e�c�t�e�d� �f�o�r� �p�a�r�e�n�t�i�n�g� �i�s� �s�h�o�w�n� 

�g�r�a�p�h�i�c�a�l�l�y� �i�n� �f�i�g�u�r�e� �9�.�1�.� 

�A�f�t�e�r� �t�h�e� �p�a�r�e�n�t�s� �h�a�v�e� �b�e�e�n� �s�e�l�e�c�t�e�d�,� �t�h�e� �c�h�i�l�d� �d�e�s�i�g�n� �i�s� �m�a�d�e� �b�y� �c�o�m�b�i�n�i�n�g� �t�h�e� 

�t�w�o� �p�a�r�e�n�t�s�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �d�e�s�i�g�n�s� �w�i�t�h� �a� �s�t�r�i�n�g� �o�f� �g�e�n�e�s�.� �T�y�p�i�c�a�l�l�y�,� 

�t�h�e� �g�e�n�e�s� �a�r�e� �c�o�d�e�d� �v�e�r�s�i�o�n�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�n�d� �d�i�s�t�i�n�g�u�i�s�h� �o�n�e� �d�e�s�i�g�n� �f�r�o�m� 

�a�n�o�t�h�e�r�.� �A� �r�a�n�d�o�m� �i�n�t�e�g�e�r�,� �j�,� �r�a�n�g�i�n�g� �b�e�t�w�e�e�n� �1� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �g�e�n�e�s� �m�i�n�u�s� 

�o�n�e� �i�s� �g�e�n�e�r�a�t�e�d�.� �T�h�e� �c�h�i�l�d� �d�e�s�i�g�n� �i�s� �m�a�d�e� �u�s�i�n�g� �t�h�e� �f�i�r�s�t� �7� �g�e�n�e�s� �o�f� �p�a�r�e�n�t� �1�;� �t�h�e� 

�r�e�m�a�i�n�i�n�g� �g�e�n�e�s� �c�o�m�e� �f�r�o�m� �p�a�r�e�n�t� �2�.� �O�n�c�e� �t�h�e� �c�h�i�l�d� �i�s� �g�e�n�e�r�a�t�e�d�,� �i�t� �g�o�e�s� �t�h�r�o�u�g�h� �a� 

�m�u�t�a�t�i�o�n� �p�r�o�c�e�s�s�.� �I�n� �t�h�e� �w�o�r�k� �p�r�e�s�e�n�t�e�d�,� �e�a�c�h� �g�e�n�e� �h�a�s� �a� �1�5�%� �c�h�a�n�c�e� �o�f� �m�u�t�a�t�i�n�g�.� 

�I�f� �a� �g�e�n�e� �i�s� �s�e�l�e�c�t�e�d� �f�o�r� �m�u�t�a�t�i�o�n�,� �t�h�e� �g�e�n�e� �i�s� �r�e�p�l�a�c�e�d� �w�i�t�h� �a� �g�e�n�e� �c�o�m�i�n�g� �r�a�n�d�o�m�l�y� 

�f�r�o�m� �t�h�e� �s�e�t� �o�f� �a�l�l�o�w�a�b�l�e� �v�a�l�u�e�s� �f�o�r� �t�h�a�t� �g�e�n�e�.� �B�y� �t�h�i�s� �m�e�t�h�o�d�,� �b�a�r�i�n�g� �t�h�e� �c�h�a�n�c�e� �o�f� 

�m�u�t�a�t�i�o�n�,� �t�h�e� �c�h�i�l�d� �d�e�s�i�g�n� �w�i�l�l� �h�a�v�e� �a�t� �l�e�a�s�t� �o�n�e� �g�e�n�e� �f�r�o�m� �e�a�c�h� �p�a�r�e�n�t�.� �F�i�n�a�l�l�y�,� �t�h�e� 

�c�h�i�l�d� �i�s� �c�h�e�c�k�e�d� �a�g�a�i�n�s�t� �h�a�v�i�n�g� �d�u�p�l�i�c�a�t�e� �p�o�i�n�t�s�.� �S�i�n�c�e� �t�h�e� �s�e�t� �o�f� �p�o�i�n�t�s� �w�i�l�l� �b�e� �u�s�e�d� 

�t�o� �g�e�n�e�r�a�t�e� �s�u�r�f�a�c�e�s�,� �i�t� �i�s� �n�o�t� �d�e�s�i�r�a�b�l�e� �t�o� �h�a�v�e� �r�e�p�e�a�t�e�d� �p�o�i�n�t�s�.� �I�f� �t�h�e� �d�e�s�i�g�n� �h�a�s� 

�d�u�p�l�i�c�a�t�e� �p�o�i�n�t�s�,� �t�h�e� �c�h�i�l�d� �i�s� �d�e�s�t�r�o�y�e�d� �a�n�d� �t�h�e� �p�a�r�e�n�t� �s�e�l�e�c�t�i�o�n� �p�r�o�c�e�s�s� �i�s� �r�e�p�e�a�t�e�d�.� 

�T�h�e� �c�h�i�l�d� �b�r�e�e�d�i�n�g� �p�r�o�c�e�s�s� �i�s� �s�h�o�w�n� �s�c�h�e�m�a�t�i�c�a�l�l�y� �i�n� �f�i�g�u�r�e� �9�.�2�.� �I�n� �t�h�i�s� �f�i�g�u�r�e� �t�h�e� 

�g�e�n�e�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �i�n�t�e�g�e�r� �v�a�l�u�e�s�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� �f�i�f�t�h� �g�e�n�e� �o�f� �t�h�e� �s�t�r�i�n�g� �w�a�s� 

�s�e�l�e�c�t�e�d� �f�o�r� �m�u�t�a�t�i�o�n�.� 

�F�o�r� �a� �g�e�n�e�r�a�l�-�s�h�a�p�e�d� �s�p�a�c�e�,� �t�h�e� �s�t�r�i�n�g� �o�f� �g�e�n�e�s� �i�s� �c�o�m�p�r�i�s�e�d� �o�f� �t�h�e� �m� �p�o�i�n�t�s� 

�s�e�l�e�c�t�e�d� �f�o�r� �m�a�k�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �E�a�c�h� �p�o�i�n�t� �u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �s�p�a�c�e� �i�s� 

�a�s�s�i�g�n�e�d� �a� �n�u�m�b�e�r� �s�o� �t�h�a�t� �t�h�e� �g�e�n�e�t�i�c� �s�t�r�i�n�g� �i�s� �a� �s�e�r�i�e�s� �o�f� �i�n�t�e�g�e�r�s� �a�s� �i�n� �t�h�e� �e�x�a�m�p�l�e� 

�o�f� �f�i�g�u�r�e� �9�.�2�.� �I�n� �a� �g�e�n�e�t�i�c� �s�t�r�i�n�g� �n�o� �n�u�m�b�e�r�s� �m�a�y� �b�e� �r�e�p�e�a�t�e�d�.� 

�I�f� �t�h�e� �s�p�a�c�e� �i�s� �a� �h�y�p�e�r�c�u�b�e�,� �t�h�a�t� �i�s� �w�e� �c�a�n� �d�e�s�c�r�i�b�e� �t�h�e� �s�p�a�c�e� �b�y� �o�n�l�y� �s�u�p�p�l�y�i�n�g� 

�a� �l�o�w�e�r� �a�n�d� �u�p�p�e�r� �l�i�m�i�t� �i�n� �a�l�l� �d�i�m�e�n�s�i�o�n�s�,� �w�e� �u�s�e� �a�n� �a�l�t�e�r�n�a�t�e� �d�e�s�c�r�i�p�t�i�o�n� �f�o�r� �t�h�e� 

�g�e�n�e�t�i�c� �s�t�r�i�n�g�.� �I�n� �s�u�c�h� �a� �c�a�s�e�,� �t�h�e� �s�t�r�i�n�g� �i�s� �c�o�m�p�r�i�s�e�d� �o�f� �t�h�e� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �p�o�i�n�t�s� 
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�c�h�o�s�e�n� �t�o� �m�a�k�e� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�n� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �r�e�c�t�a�n�g�u�l�a�r� 

�s�p�a�c�e� �d�e�s�c�r�i�b�e�d� �b�y� �2�5� �p�o�i�n�t�s�,� �t�h�e� �g�e�n�e�t�i�c� �s�t�r�i�n�g� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �d�e�s�i�g�n� �c�o�n�t�a�i�n�i�n�g� �9� 

�p�o�i�n�t�s� �m�a�y� �b�e� 

�Z�2� �Y�2�,� �L�4� �Y�3�,� �V�3� �Y�2�,� �V�5� �Y�r�,� �V�5� �Y�5�,� �L�1� �Y�r�,� �L�1� �Y�5�,� �L�a� �Y�5�,� �X�2� �Y�a�.� 

�I�n� �t�h�e� �a�b�o�v�e� �e�x�a�m�p�l�e�,� �t�h�e� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �s�o�m�e� �g�e�n�e�s� �a�r�e� �r�e�p�e�a�t�e�d� �a�n�d� �s�u�c�h� �a� �c�a�s�e� 

�i�s� �a�l�l�o�w�e�d�.� �D�u�p�l�i�c�a�t�e� �p�o�i�n�t�s� �i�n� �t�h�e� �d�e�s�i�g�n� �a�r�e� �n�o�t� �a�l�l�o�w�e�d� �a�n�d� �t�h�u�s� �e�a�c�h� �z� �a�n�d� 

�y� �p�a�i�r� �c�a�n�n�o�t� �b�e� �r�e�p�e�a�t�e�d�.� �T�h�e� �z� �a�n�d� �y� �p�a�i�r�s� �a�r�e� �s�e�p�a�r�a�t�e�d� �b�y� �c�o�m�m�a�s� �i�n� �t�h�e� 

�a�b�o�v�e� �g�e�n�e�t�i�c� �s�t�r�i�n�g� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�.� �D�e�s�i�g�n�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �m�a�n�n�e�r� �t�e�n�d� �t�o� �f�i�n�d� 

�t�h�e� �D�-�o�p�t�i�m�a�l� �s�e�t� �o�f� �p�o�i�n�t�s� �f�a�s�t�e�r� �s�i�n�c�e� �t�h�e�r�e� �i�s� �m�o�r�e� �f�r�e�e�d�o�m� �f�o�r� �t�h�e� �d�e�s�i�g�n� �t�o� 

�c�h�a�n�g�e� �f�o�r�m� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �g�e�n�e�r�a�t�i�o�n�s�.� �T�h�i�s� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �c�a�n�n�o�t� �b�e� �u�s�e�d� �f�o�r� 

�t�h�e� �g�e�n�e�r�a�l� �d�e�s�i�g�n� �s�p�a�c�e�s� �s�i�n�c�e� �t�h�e� �s�o�l�u�t�i�o�n� �f�r�o�m� �t�h�e� �G�A� �m�a�y� �l�e�a�d� �t�o� �p�o�i�n�t�s� �d�e�f�i�n�e�d� 

�o�u�t�s�i�d�e� �t�h�e� �a�l�l�o�w�a�b�l�e� �r�e�g�i�o�n�.� 

�A�f�t�e�r� �b�  �� �1� �c�h�i�l�d�r�e�n� �a�r�e� �c�r�e�a�t�e�d�,� �t�h�e� �p�a�r�e�n�t� �g�e�n�e�r�a�t�i�o�n� �i�s� �r�e�p�l�a�c�e�d�.� �O�n�l�y� �t�h�e� 

�b�e�s�t� �p�a�r�e�n�t� �d�e�s�i�g�n� �i�s� �r�e�t�a�i�n�e�d� �t�o� �i�n�s�u�r�e� �t�h�a�t� �t�h�e� �b�e�s�t� �d�e�s�i�g�n� �s�u�r�v�i�v�e�s� �t�h�r�o�u�g�h�o�u�t� 

�t�h�e� �g�e�n�e�r�a�t�i�o�n�s�.� �A�f�t�e�r� �a� �g�i�v�e�n� �n�u�m�b�e�r� �o�f� �g�e�n�e�r�a�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �b�r�e�d�,� �o�r� �a� �g�i�v�e�n� 

�n�u�m�b�e�r� �o�f� �|�A�7� �A�|� �h�a�v�e� �b�e�e�n� �c�o�m�p�u�t�e�d�,� �t�h�e� �c�a�n�d�i�d�a�t�e� �w�i�t�h� �t�h�e� �h�i�g�h�e�s�t� �|� �A�?� �A�|� �i�s� �u�s�e�d� 

�f�o�r� �f�o�r�m�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �T�h�e�r�e� �i�s� �n�o� �g�u�a�r�a�n�t�e�e� �t�h�a�t� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� �G�A� 

�i�s� �t�r�u�l�y� �D�-�o�p�t�i�m�a�l�.� �H�o�w�e�v�e�r�,� �k�n�o�w�n� �D�-�o�p�t�i�m�a�l� �s�e�t�s� �o�f� �p�o�i�n�t�s� �f�o�r� �t�e�s�t� �c�a�s�e�s� �h�a�v�e� 

�b�e�e�n� �r�e�c�o�v�e�r�e�d�.� 

�T�o� �s�h�o�w� �t�h�i�s�,� �w�e� �r�e�p�e�a�t� �t�h�e� �e�x�a�m�p�l�e� �d�o�n�e� �i�n� �c�h�a�p�t�e�r� �2� �w�h�e�r�e� �w�e� �s�e�e�k� �n�i�n�e� 

�D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �f�o�r� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �u�s�i�n�g� 

�t�h�e� �q�u�a�d�r�a�t�i�c� �g�i�v�e�n� �b�y� �(�8�.�3�)�.� �W�e� �s�e�t� �t�h�e� �G�A� �t�o� �r�u�n� �w�i�t�h� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �5� �u�s�i�n�g� 

�t�h�e� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �p�o�i�n�t�s� �f�o�r� �t�h�e� �g�e�n�e�t�i�c� �s�t�r�i�n�g� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�.� �T�h�e� �G�A� �r�a�n� �f�o�r� 

�5�0�0� �g�e�n�e�r�a�t�i�o�n�s�,� �a�n�d� �t�h�e� �h�i�s�t�o�r�y� �o�f� �m�a�x�|�A�7� �A�|� �f�o�r� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� 

�9�.�3�.� �T�h�e� �D�-�o�p�t�i�m�a�l� �s�e�t� �o�f� �p�o�i�n�t�s� �w�a�s� �r�e�c�o�v�e�r�e�d� �a�f�t�e�r� �2�4�3� �g�e�n�e�r�a�t�i�o�n�s�.� �I�n� �t�h�e� �f�i�r�s�t� 
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�g�e�n�e�r�a�t�i�o�n�,� �|�A�?� �A�|� �w�a�s� �c�o�m�p�u�t�e�d� �5� �t�i�m�e�s�,� �o�n�c�e� �f�o�r� �e�a�c�h� �d�e�s�i�g�n� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� �I�n� 

�t�h�e� �e�n�s�u�i�n�g� �g�e�n�e�r�a�t�i�o�n�s�,� �|�4�A �� �A�]� �w�a�s� �c�o�m�p�u�t�e�d� �4� �t�i�m�e� �p�e�r� �g�e�n�e�r�a�t�i�o�n�,� �o�n�c�e� �f�o�r� �e�a�c�h� 

�c�h�i�l�d�.� �T�h�u�s� �|�A�7� �A�|� �w�a�s� �c�o�m�p�u�t�e�d� �a� �t�o�t�a�l� �o�f� �2�0�0�1� �t�i�m�e�s�;� �a� �h�u�g�e� �s�a�v�i�n�g�s� �c�o�m�p�a�r�e�d� 

�t�o� �t�h�e� �2�.�0�7�1�0�°� �t�i�m�e�s� �r�e�q�u�i�r�e�d� �t�o� �c�h�e�c�k� �e�v�e�r�y� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �9� �p�o�i�n�t�s� �f�r�o�m� �2�5�.� 

�A�s� �a�n�o�t�h�e�r� �e�x�a�m�p�l�e�,� �c�o�n�s�i�d�e�r� �t�h�e� �r�e�g�i�o�n� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �3�8� �p�o�i�n�t�s� �s�h�o�w�n� �i�n� 

�f�i�g�u�r�e� �9�.�4�.� �H�e�r�e� �t�h�e� �r�e�g�i�o�n� �i�s� �n�o�t� �a� �r�e�c�t�a�n�g�l�e�,� �s�o� �w�e� �m�u�s�t� �r�e�p�r�e�s�e�n�t� �e�a�c�h� �d�e�s�i�g�n� �u�s�i�n�g� 

�p�o�i�n�t�s� �f�o�r� �t�h�e� �g�e�n�e�t�i�c� �s�t�r�i�n�g�.� �H�e�r�e� �w�e� �c�h�o�o�s�e� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �a�s� 

�P�=�c�o�t�e�i�¢� �+� �c�o�x �� �+� �c�3�y� �+� �c�a�r�y� �+� �e�5�2�7� �y�,� �(�9�.�6�)� 

�a�n�t�i�c�i�p�a�t�i�n�g� �a� �g�r�e�a�t�e�r� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �z�-�d�i�r�e�c�t�i�o�n� �t�h�a�n� �i�n� �t�h�e� �y�.� �T�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e� �r�e�q�u�i�r�e�s� �a� �m�i�n�i�m�u�m� �o�f� �6� �p�o�i�n�t�s� �t�o� �d�e�f�i�n�e� �i�t�,� �h�e�r�e� �w�e� �u�s�e� �9�.� �T�h�e�r�e� �a�r�e� 

�1�.�6�3�2�1�0�®� �p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �9� �p�o�i�n�t�s� �f�r�o�m� �3�8�.� �T�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �r�a�n� �f�o�r� 

�1�5�0�0� �g�e�n�e�r�a�t�i�o�n�s� �u�s�i�n�g� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �5� �d�e�s�i�g�n�s�.� �T�h�i�s� �r�e�q�u�i�r�e�d� �6�0�0�1� �c�o�m�p�u�t�a�t�i�o�n�s� 

�o�f� �|�A�T�A�|�.� �T�h�e� �h�i�s�t�o�r�y� �o�f� �m�a�x�|�A�7� �A�|� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �9�.�5�.� �W�e� �s�p�e�c�u�l�a�t�e� �t�h�a�t� �t�h�e� 

�D�-�o�p�t�i�m�a�l� �s�e�t� �o�f� �p�o�i�n�t�s� �(�t�h�e� �b�l�a�c�k�e�n�e�d� �d�o�t�s� �o�f� �f�i�g�u�r�e� �9�.�5�)� �w�a�s� �r�e�a�c�h�e�d� �i�n� �t�h�e� �8�6�9�t�h� 

�g�e�n�e�r�a�t�i�o�n�,� �a�l�t�h�o�u�g�h� �w�e� �c�a�n�n�o�t� �t�e�l�l� �w�i�t�h� �a�b�s�o�l�u�t�e� �c�e�r�t�a�i�n�t�y� �t�h�a�t� �t�h�i�s� �i�s� �t�r�u�l�y� �D�-� 

�o�p�t�i�m�a�l� �w�i�t�h�o�u�t� �r�u�n�n�i�n�g� �a�l�l� �1�.�6�3�2�1�0�8� �p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�t�i�o�n�s�.� �D�u�e� �t�o� �t�h�e� �r�a�n�d�o�m� 

�n�a�t�u�r�e� �o�f� �t�h�e� �G�A�,� �m�o�s�t� �s�e�a�r�c�h�e�s� �f�o�r� �D�-�o�p�t�i�m�a�l� �s�e�t�s� �s�h�o�u�l�d� �b�e� �r�e�p�e�a�t�e�d� �s�e�v�e�r�a�l� �t�i�m�e�s� 

�w�i�t�h� �v�a�r�i�o�u�s� �r�a�n�d�o�m� �n�u�m�b�e�r� �s�e�e�d�s�.� �T�h�e� �r�e�p�e�a�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �G�A� �w�i�l�l� �i�n�c�r�e�a�s�e� �t�h�e� 

�c�o�n�f�i�d�e�n�c�e� �t�h�a�t� �t�h�e� �p�o�i�n�t�s� �s�e�l�e�c�t�e�d� �a�r�e� �D�-�o�p�t�i�m�a�l� �o�r� �n�e�a�r�l�y� �D�-�o�p�t�i�m�a�l�.� 
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� � 

�C�H�A�P�T�E�R� 
�T�E�N� 

� � 

�D�E�S�I�G�N� �P�R�O�B�L�E�M�S� 

�T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �t�e�c�h�n�i�q�u�e� �w�i�l�l� �b�e� �d�e�m�o�n�s�t�r�a�t�e�d� �u�s�i�n�g� �t�h�r�e�e� �p�r�o�b�l�e�m�s�.� 

�T�h�e� �f�i�r�s�t� �t�w�o� �a�r�e� �o�f� �t�h�e� �i�n�v�e�r�s�e� �d�e�s�i�g�n� �t�y�p�e�;� �t�h�e� �l�a�s�t� �i�s� �a� �d�i�r�e�c�t� �d�e�s�i�g�n� �p�r�o�b�l�e�m�.� �T�h�e� 

�f�i�r�s�t� �p�r�o�b�l�e�m� �i�s� �t�h�e� �i�n�v�e�r�s�e� �d�e�s�i�g�n� �o�f� �a� �d�u�c�t� �u�s�i�n�g� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� �t�h�e�o�r�y�.� 

�I�t� �i�s� �t�h�e� �p�r�o�b�l�e�m� �d�i�s�c�u�s�s�e�d� �i�n� �P�a�r�t� �1� �a�n�d� �r�e�s�u�l�t�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �w�i�l�l� �b�e� �c�o�m�-� 

�p�a�r�e�d� �t�o� �t�h�e� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �m�e�t�h�o�d�s� �d�i�s�c�u�s�s�e�d� �e�a�r�l�i�e�r�.� �T�h�e� �n�e�x�t� �d�e�s�i�g�n� �p�r�o�b�l�e�m� 

�i�n�v�o�l�v�e�s� �t�h�e� �m�a�t�c�h�i�n�g� �o�f� �a� �p�r�e�s�s�u�r�e� �p�r�o�f�i�l�e� �o�v�e�r� �a� �b�u�m�p� �i�n� �a� �c�h�a�n�n�e�l� �o�f� �t�r�a�n�s�o�n�i�c� 

�f�l�o�w�.� �T�h�e� �t�h�i�r�d� �p�r�o�b�l�e�m� �i�n�v�o�l�v�e�s� �m�a�x�i�m�i�z�i�n�g� �l�i�f�t� �o�n� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �a�i�r�f�o�i�l� �w�i�t�h� 

�c�o�n�s�t�r�a�i�n�t�s� �o�n� �d�r�a�g� �a�n�d� �a�r�e�a�.� �T�h�e� �b�u�m�p� �a�n�d� �a�i�r�f�o�i�l� �p�r�o�b�l�e�m�s� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� 

�n�e�x�t� �s�u�b�s�e�c�t�i�o�n�s�.� 

�1�0�.�1� �I�n�v�e�r�s�e� �D�e�s�i�g�n� �o�f� �a� �B�u�m�p� �i�n� �T�r�a�n�s�o�n�i�c� �C�h�a�n�n�e�l� �F�l�o�w� 

�F�o�r� �t�h�i�s� �p�r�o�b�l�e�m� �w�e� �w�i�s�h� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �s�h�a�p�e� �o�f� �a� �b�u�m�p� �l�o�c�a�t�e�d� �i�n�s�i�d�e� �a� 

�c�h�a�n�n�e�l� �s�o� �t�h�a�t� �w�e� �m�a�y� �r�e�c�o�v�e�r� �a� �g�i�v�e�n� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�i�s� �p�r�o�b�l�e�m�,� �t�h�o�u�g�h� 

�a�c�a�d�e�m�i�c�,� �s�e�r�v�e�s� �f�o�r� �t�w�o� �r�e�a�s�o�n�s�.� �F�i�r�s�t�,� �i�t� �d�e�m�o�n�s�t�r�a�t�e�s� �t�h�e� �e�a�s�e� �a�t� �w�h�i�c�h� �t�h�e� �r�e�-� 

�s�p�o�n�s�e� �s�u�r�f�a�c�e� �t�e�c�h�n�i�q�u�e� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m�s�.� �T�h�e� �m�e�t�h�o�d�s� 

�i�n� �P�a�r�t� �1� �r�e�q�u�i�r�e� �a� �f�a�i�r� �a�m�o�u�n�t� �o�f� �c�a�l�c�u�l�u�s� �i�n� �p�r�e�p�a�r�i�n�g� �t�h�e� �a�n�a�l�y�t�i�c� �d�e�r�i�v�a�t�i�v�e�s� �i�n� 

�t�h�e� �e�x�t�e�n�s�i�o�n� �f�r�o�m� �o�n�e�-�d�i�m�e�n�s�i�o�n� �t�o� �t�w�o�.� �N�o� �p�a�r�t� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �c�h�a�n�g�e�s� �i�n� �t�h�e� 

�r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d� �e�x�c�e�p�t� �f�o�r� �t�h�e� �i�n�s�t�a�l�l�a�t�i�o�n� �o�f� �a�n� �e�x�i�s�t�i�n�g� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� 

�f�l�o�w� �s�o�l�v�e�r�.� �T�h�e� �s�e�c�o�n�d� �r�e�a�s�o�n� �f�o�r� �t�h�e� �p�r�o�b�l�e�m� �i�s� �t�h�a�t� �i�t� �a�c�t�s� �a�s� �a� �s�t�e�p�p�i�n�g� �s�t�o�n�e� 

�t�o� �t�h�e� �a�i�r�f�o�i�l� �p�r�o�b�l�e�m� �t�o� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� 

�T�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �c�h�a�n�n�e�l� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�0�.�1�.� �I�t� �h�a�s� �a� �l�e�n�g�t�h� �o�f� �5� �u�n�i�t�s� 

�a�n�d� �a� �h�e�i�g�h�t� �o�f� �t�w�o� �u�n�i�t�s�.� �T�h�e� �b�u�m�p� �i�s� �c�e�n�t�e�r�e�d� �a�l�o�n�g� �t�h�e� �b�o�t�t�o�m� �o�f� �t�h�e� �c�h�a�n�n�e�l� 
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�a�n�d� �h�a�s� �a� �l�e�n�g�t�h� �o�f� �o�n�e�.� �T�h�e� �b�u�m�p� �i�s� �p�a�r�a�m�e�t�e�r�i�z�e�d� �w�i�t�h� �t�h�e� �f�o�u�r� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� 

�s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�0�.�2�.� �T�h�e�s�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �g�e�n�e�r�a�t�e�d� �b�y� �f�i�t�t�i�n�g� �a� �B�-�s�p�l�i�n�e� 

�t�h�r�o�u�g�h� �t�h�e� �p�o�i�n�t�s� �l�i�s�t�e�d� �i�n� �t�a�b�l�e� �1�0�.�1�.� �T�h�e� �p�o�i�n�t�s� �e�n�s�u�r�e� �t�h�a�t� �t�h�e� �b�u�m�p� �w�i�l�l� �b�e�g�i�n� 

�a�n�d� �e�n�d� �a�t� �t�h�e� �p�o�i�n�t�s� �(�0�,�0�)� �a�n�d� �(�1�,�0�)�,� �¢�.�e�.� �n�o� �g�a�p�s� �o�n� �t�h�e� �c�h�a�n�n�e�l� �f�l�o�o�r�.� �T�h�e� �s�h�a�p�e� 

�o�f� �t�h�e� �b�u�m�p� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �a� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� 

�4� 

�Y�=�)� �é�y�i�.� �(�1�0�.�1�)� 
�i�=�l� 

�w�h�e�r�e� �y�;� �a�r�e� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �a�n�d� �t�h�e� �w�e�i�g�h�t�s�,�  ¬�;�,� �a�r�e� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� 

�T�h�e� �f�l�o�w� �t�h�r�o�u�g�h� �t�h�e� �c�h�a�n�n�e�l� �i�s� �a� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �w�r�i�t�t�e�n� �f�o�r� 

�a� �p�e�r�f�e�c�t� �g�a�s�.� �I�n� �t�w�o�-�d�i�m�e�n�s�i�o�n�s�,� �t�h�e� �c�o�n�s�e�r�v�a�t�i�v�e� �f�o�r�m� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� 

�c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �C�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s� �a�s� 

�O�Q� �O�F� �,� �a�C� �_� �e�y� �a� �B�y� �0�,� �(�1�0�.�2�)� 

�w�h�e�r�e� 

�p� �p�u� �p�v� 
�2� �_�)� �p�u� �_�}�)� �p�u�r�+�p� �_� �p�u�v� �Q�=� �p�v� �(�?� �F�=� �p�u�r� �,� �G�=� �p�v�?� �+�p� �.� �(�1�0�.�3�)� 

�P�e�o� �(�p�e�o� �+� �p�)�u� �(�p�e�o� �+� �p�)�v� 

�T�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �u�s�i�n�g� �E�r�I�C�A�,� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �f�i�n�i�t�e�-�v�o�l�u�m�e�,� �u�p�-� 

�w�i�n�d�,� �i�m�p�l�i�c�i�t� �s�o�l�v�e�r�.� �T�h�e� �a�u�t�h�o�r� �h�a�s� �d�e�v�e�l�o�p�e�d� �E�r�I�C�A� �a�t� �t�h�e� �V�i�r�g�i�n�i�a� �T�e�c�h� 

�A�e�r�o�s�p�a�c�e� �E�n�g�i�n�e�e�r�i�n�g� �C�o�m�p�u�t�e�r� �L�a�b�o�r�a�t�o�r�y�.� �D�e�t�a�i�l�s� �o�f� �t�h�e� �c�o�d�e� �a�r�e� �s�u�p�p�l�i�e�d� 

�i�n� �A�p�p�e�n�d�i�x� �C�.� �T�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �f�o�r� �a� �M�a�c�h� �0�.�8�0� �f�l�o�w� �o�n� �a�n� �8�1�x�3�1� 

�p�o�i�n�t� �g�r�i�d�,� �w�i�t�h� �4�1� �p�o�i�n�t�s� �o�n� �t�h�e� �b�u�m�p�.� �A� �t�y�p�i�c�a�l� �g�r�i�d� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�0�.�3�.� �M�e�s�h� 

�s�e�q�u�e�n�c�i�n�g� �a�n�d� �m�u�l�t�i�g�r�i�d� �a�r�e� �u�s�e�d� �t�o� �a�c�c�e�l�e�r�a�t�e� �c�o�n�v�e�r�g�e�n�c�e�.� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �f�o�r� �t�h�i�s� �p�r�o�b�l�e�m� �i�s� �d�e�f�i�n�e�d� �a�s� 

�4�1� 

�I�(�g�)� �=� �5� �G�p� �-� �C�p� �i� �(�1�0�.�4�)� 
�t�=�1� 
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�w�h�e�r�e� �C�y� �i�s� �t�h�e� �t�a�r�g�e�t� �p�r�e�s�s�u�r�e� �c�o�e�f�f�i�c�i�e�n�t� �d�i�s�t�r�i�b�u�t�i�o�n�,� �C�,� �i�s� �t�h�e� �d�e�s�i�g�n� �p�r�e�s�u�r�e� 

�d�i�s�t�r�i�b�u�t�i�o�n�,� �a�n�d� �t�h�e� �s�u�m�m�a�t�i�o�n� �i�s� �t�a�k�e�n� �o�v�e�r� �t�h�e� �g�r�i�d� �p�o�i�n�t�s� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� 

�b�u�m�p�.� �T�h�e� �p�r�e�s�s�u�r�e� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �d�e�f�i�n�e�d� �i�n� �t�h�e� �u�s�u�a�l� �w�a�y�,� �C�p� �=� �2�(�p�o�o�  �� �p�)� �/� �p�V�2�.�-� 

�T�h�e� �t�a�r�g�e�t� �p�r�o�f�i�l�e� �i�s� �c�r�e�a�t�e�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �o�v�e�r� �a� �b�u�m�p� �d�e�s�c�r�i�b�e�d� 

�b�y� 

�§� �=� �J�/�1�.�3 �� �(�x�  �� �0�.�5�)�?�  �� �1�.�2�.� �O�<�2�<�1� �(�1�0�.�5�)� 

�P�r�e�s�s�u�r�e� �c�o�n�t�o�u�r�s� �o�f� �t�h�e� �t�a�r�g�e�t� �s�o�l�u�t�i�o�n� �a�r�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�0�.�4�.� 

�T�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �s�u�b�j�e�c�t� �t�o� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �t�h�e� �a�r�e�a� 

�0�.�0�3� �<� �A� �<� �0�.�0�8�.� �(�1�0�.�6�)� 

�T�h�e� �a�r�e�a� �c�o�n�s�t�r�a�i�n�t�s� �k�e�e�p� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �b�u�m�p� �i�n� �a� �s�e�c�t�i�o�n� �o�f� �d�e�s�i�g�n� �s�p�a�c�e� �w�h�e�r�e� 

�f�l�o�w� �s�o�l�u�t�i�o�n�s� �d�o� �n�o�t� �s�u�f�f�e�r� �f�r�o�m� �c�o�n�v�e�r�g�e�n�c�e� �d�i�f�f�i�c�u�l�t�i�e�s�.� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �n�o�n�-�s�m�o�o�t�h� �l�i�k�e� �t�h�e� �p�r�o�b�l�e�m� �i�n�v�o�l�v�i�n�g� �t�h�e� �o�n�e�-� 

�d�i�m�e�n�s�i�o�n�a�l� �t�r�a�n�s�o�n�i�c� �f�l�o�w� �t�h�r�o�u�g�h� �a� �d�u�c�t�.� �T�h�e� �a�d�v�e�r�s�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� 

�b�e�t�w�e�e�n� �t�h�e� �s�h�o�c�k� �w�a�v�e� �a�n�d� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �d�o�m�a�i�n� �c�a�n� �b�e� �v�i�s�u�a�l�i�z�e�d� �w�i�t�h� 

�a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�u�t� �t�h�r�o�u�g�h� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�0�.�5�.� �H�e�r�e� �t�h�e� 

�s�h�a�p�e� �o�f� �t�h�e� �b�u�m�p� �i�s� �v�a�r�i�e�d� �l�i�n�e�a�r�l�y� �a�c�c�o�r�d�i�n�g� �t�o� 

 ¬�,� �=� �0�.�3�4�0�6� �+� �a�(�0�.�2�5�4�3�  �� �0�.�3�4�0�6�)�,� 

�E�.� �=� �0�.�4�6�4�0� �+� �a�(�0�.�5�4�6�3�  �� �0�.�4�6�4�0�)�,� 

�£�3� �=� �0�.�7�5�0�0� �+� �«�(�0�.�5�4�6�3�  �� �0�.�7�5�0�0�)�,� 

 ¬�4� �=� �0�.�1�7�5�0� �+� �a�(�0�.�2�5�4�3�  �� �0�.�1�7�5�0�)�.� �(�1�0�.�7�)� 
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�1�0�.�2� �T�r�a�n�s�o�n�i�c� �A�i�r�f�o�i�l� �D�e�s�i�g�n� 

�R�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �t�e�c�h�n�o�l�o�g�y� �i�s� �a�l�s�o� �u�s�e�f�u�l� �f�o�r� �m�o�r�e� �p�r�a�c�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� �s�u�c�h� 

�a�s� �a�i�r�f�o�i�l� �d�e�s�i�g�n�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �w�e� �p�r�e�s�e�n�t� �t�h�e� �m�o�d�e�l� �p�r�o�b�l�e�m� �o�f� �V�a�n�d�e�r�p�l�a�a�t�s� �e�t� 

�a�l�. ��®� �a�s� �i�m�p�l�e�m�e�n�t�e�d� �b�y� �J�o�h� �e�t� �a�l�.�®�!� 

�T�h�e� �a�i�r�f�o�i�l� �s�h�a�p�e�,� �o�f� �u�n�i�t� �c�h�o�r�d�,� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �a� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �s�i�x� �s�h�a�p�e� 

�f�u�n�c�t�i�o�n�s� �.� 

�Y�=� �S�|� �&�i�y�:�(�a�/�c�)�.� �(�1�0�.�8�)� 
�t�=�1� 

�F�o�u�r� �o�f� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s�,� �y�1�-�y�4�,� �a�r�e� �p�r�e�-�e�x�i�s�t�i�n�g� �a�i�r�f�o�i�l�s�,� �n�a�m�e�l�y� �N�A�C�A� �2�4�1�2�,� 

�N�A�C�A� �6�4�,�-�4�1�2�,� �N�A�C�A� �6�5�2�-�4�1�5� �a�n�d� �N�A�C�A� �6�4�2�-�A�2�1�5�.� �T�h�e� �v�a�l�u�e�s� �f�o�r� �y�;�-�y�,� �m�a�y� �b�e� 

�f�o�u�n�d� �i�n� �r�e�f�e�r�e�n�c�e� �8�0�.� �T�h�e� �r�e�m�a�i�n�i�n�g� �t�w�o� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �a�r�e� 

�_�_� �J�j� �a�/�e�,� �o�n� �u�p�p�e�r� �s�u�r�f�a�c�e� 
�u�s� �8�.� �o�n� �l�o�w�e�r� �s�u�r�f�a�c�e�  �� �(�1�0�.�9�)� 

�_� �4�9�,� �o�n� �u�p�p�e�r� �s�u�r�f�a�c�e� �1�0�.�1�0� 
�Y�=�)� �_�y� �/�c�,� �o�n� �l�o�w�e�r� �s�u�r�f�a�c�e� �°� �(�1�0�.�1�0�)� 

�T�h�e�s�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �u�s�e�d� �t�o� �c�l�o�s�e� �t�h�e� �a�i�r�f�o�i�l� �a�t� �t�h�e� �t�r�a�i�l�i�n�g� �e�d�g�e�,� �t�.�e� �a�t� �t�h�e� �p�o�i�n�t� 

�(�1�,�0�)�.� �T�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e�s� �1�0�.�6� �a�n�d� �1�0�.�7�.� �B�y� �i�m�p�o�s�i�n�g� �a� �c�l�o�s�e�d� 

�t�r�a�i�l�i�n�g� �e�d�g�e�,� �w�e� �c�a�n� �e�v�a�l�u�a�t�e� �t�w�o� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �r�e�m�a�i�n�i�n�g� 

�f�o�u�r�.� �W�h�e�n� �w�e� �s�e�t� �y�(�l�)�u�p�p�e�r� �=� �y�(�1�)�t�o�w�e�r� �=� �0� �w�e� �f�i�n�d� �f�r�o�m� �(�1�0�.�7�)�t�h�a�t� 

�y�1�(�1�)�t�o�w�e�r ¬�1� �+� �y�2�(�1�)�o�w�e�r ¬�2� �+� �¥�3�(�1�)�i�o�w�e�r�é�s� 

�+� �y�a�(�1�)�i�o�w�e�r ¬�s� �+� �y�5�(�1�)�i�o�w�e�r�é�s� �+� �Y�6�(�1�)�i�o�w�e�r ¬�e� �=� �0�,� �(�1�0�.�1�1�)� 

�Y�y�1�(�l�L�)�u�p�p�e�r ¬�1� �+� �y�2�(�1�)�u�p�p�e�r ¬�2� �+� �y�3�(�1�)�u�p�p�e�r�$�3�+� 

�+� �y�a�(�1�)�u�p�p�e�r ¬�s� �+� �¥�5�(�1�)�u�p�p�e�r�é�s� �+� �¥�6�(�1�)�u�p�p�e�r�&�6� �=� �0�.� �(�1�0�.�1�2�)� 

�E�q�u�a�t�i�o�n�s� �(�1�0�.�1�1�)� �a�n�d� �(�1�0�.�1�2�)� �c�a�n� �b�e� �s�o�l�v�e�d� �f�o�r�  ¬�;� �a�n�d� �&� �.� �T�h�i�s� �y�i�e�l�d�s� 

�E�s� �=� �[�y�1�(�1�)�t�o�w�e�r ¬�1� �+� �Y�2�(�1�)�t�o�w�e�r ¬�2� �+� �y�3�(�1�)�t�o�w�e�r ¬�3� �+� �y�4�(�1�)�i�o�w�e�r�&�a�|� �(�1�0�.�1�3�)� 
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�a�n�d� 

�E�6� �=� �[�y�1�(�L�)�t�o�w�e�r� �b�s� �+� �y�2�(�1�)�t�o�w�e�r�&�2� �+� �y�3�(�1�)�t�o�w�e�r ¬�s� �+� �y�4�(�1�)�t�o�w�e�r ¬�4�]� �.� �(�1�0�.�1�4�)� 

�T�h�u�s� �t�h�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m� �i�s� �f�o�r�m�u�l�a�t�e�d� �i�n� �t�e�r�m�s� �o�f� �4� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� 

�M�a�t�h�e�m�a�t�i�c�a�l�l�y�,� �w�e� �w�r�i�t�e� �t�h�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m� �a�s� 

�m�a�x� �C�(�&�)�,� �(�1�0�.�1�5�)� 

�s�u�c�h� �t�h�a�t� 

�C�p� �<� �0�.�0�1�,� �(�1�0�.�1�6�)� 

�0�.�0�7�5� �<� �A� �<� �0�.�1�5�0�.� �(�1�0�.�1�7�)� 

�T�h�e� �d�r�a�g� �c�o�m�p�u�t�e�d� �i�s� �w�a�v�e� �d�r�a�g�.� �T�h�e� �l�o�w�e�r� �l�i�m�i�t� �o�n� �t�h�e� �a�r�e�a� �i�s� �i�m�p�o�s�e�d� �s�o� �t�h�a�t� 

�t�h�e� �a�i�r�f�o�i�l� �d�o�e�s� �n�o�t� �r�e�d�u�c�e� �t�o� �a� �f�l�a�t� �p�l�a�t�e� �a�n�d� �t�h�u�s� �m�a�i�n�t�a�i�n�i�n�g� �s�t�r�u�c�t�u�r�a�l� �i�n�t�e�g�r�i�t�y�.� 

�T�h�e� �u�p�p�e�r� �l�i�m�i�t� �i�s� �i�m�p�o�s�e�d� �s�o� �t�h�a�t� �w�e� �a�v�o�i�d� �a�n�a�l�y�z�i�n�g� �t�h�i�c�k�,� �u�n�r�e�a�l�i�s�t�i�c� �a�i�r�f�o�i�l�s�.� 

�A�s� �i�n� �J�o�h ��s� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �a�i�r�f�o�i�l�s� �a�r�e� �a�n�a�l�y�z�e�d� �f�o�r� �M� �=� �0�.�7�5� �f�l�o�w� �a�t� �a� �=� �0� 

�w�i�t�h� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �f�o�r� �a� �p�e�r�f�e�c�t� �g�a�s�.� �T�h�e� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� 

�u�s�i�n�g� �t�h�e� �E�u�l�e�r� �c�o�d�e�.� �L�i�f�t� �a�n�d� �d�r�a�g� �a�r�e� �c�o�m�p�u�t�e�d� �b�y� �n�u�m�e�r�i�c�a�l�l�y� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� 

�p�r�e�s�s�u�r�e� �o�n� �t�h�e� �a�i�r�f�o�i�l� �s�u�r�f�a�c�e�.� 

�T�h�e� �a�i�r�f�o�i�l� �s�o�l�u�t�i�o�n�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �o�n� �2�0�1�x�5�3� �C�-�g�r�i�d�s� �w�i�t�h� �1�2�1� �p�o�i�n�t�s� �o�n� �t�h�e� 

�a�i�r�f�o�i�l�.� �A� �t�y�p�i�c�a�l� �g�r�i�d� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�0�.�8�.� �C�u�r�v�a�t�u�r�e� �c�o�r�r�e�c�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�-� 

�t�i�o�n�s� �f�o�r�m�u�l�a�t�e�d� �b�y� �D�a�d�o�n�e� �a�n�d� �G�r�o�s�s�m�a�n�®�!� �a�r�e� �u�s�e�d� �t�o� �e�n�f�o�r�c�e� �t�a�n�g�e�n�c�y� �o�n� �t�h�e� 

�a�i�r�f�o�i�l�.� �W�i�t�h� �t�h�e� �f�a�r�-�f�i�e�l�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�f� �T�h�o�m�a�s� �a�n�d� �S�a�l�a�s�®�*�,� �t�h�e� �c�o�m�p�u�-� 

�t�a�t�i�o�n�a�l� �f�a�r� �f�i�e�l�d� �i�s� �p�l�a�c�e�d� �r�o�u�g�h�l�y� �2�0� �c�h�o�r�d�s� �a�w�a�y�.� 

�D�E�S�I�G�N� �P�R�O�B�L�E�M�S� �8�0



� � 

�C�H�A�P�T�E�R� 
�E�L�E�V�E�N� 

�R�E�S�U�L�T�S�:� �P�A�R�T� �I�I�T� 
� � 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �p�r�e�s�e�n�t� �r�e�s�u�l�t�s� �f�r�o�m� �s�e�v�e�r�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �u�s�i�n�g� 

�r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d�o�l�o�g�y�.� �W�e� �b�e�g�i�n� �w�i�t�h� �a� �p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �r�e�s�u�l�t�s� �f�r�o�m� �s�e�v�-� 

�e�r�a�l� �c�a�s�e�s� �i�n�v�o�l�v�i�n�g� �t�h�e� �q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �p�r�o�b�l�e�m� �s�t�u�d�i�e�d� �i�n� �P�a�r�t� �1�.� �N�e�x�t� �w�e� 

�p�r�e�s�e�n�t� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �i�n�v�e�r�s�e� �d�e�s�i�g�n� �o�f� �a� �b�u�m�p� �i�n� �t�r�a�n�s�o�n�i�c� �c�h�a�n�n�e�l� �f�l�o�w�.� �L�a�s�t�l�y�,� 

�w�e� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �u�s�e�f�u�l�n�e�s�s� �o�f� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �i�n� �t�r�a�n�s�o�n�i�c� �a�i�r�f�o�i�l� �d�e�s�i�g�n�.� 

�1�1�.�1� �Q�u�a�s�i�-�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �d�u�c�t� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �o�p�t�i�m�i�z�a�t�i�o�n� �f�o�r� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �d�u�c�t� �a�r�e� 

�p�r�e�s�e�n�t�e�d� �i�n� �t�h�r�e�e� �s�e�c�t�i�o�n�s�.� �I�n� �t�h�e� �f�i�r�s�t� �s�e�c�t�i�o�n� �t�h�e� �d�u�c�t� �i�s� �p�a�r�a�m�e�t�e�r�i�z�e�d� �w�i�t�h� �o�n�e� 

�d�e�s�i�g�n� �v�a�r�i�a�b�l�e�.� �T�h�i�s� �a�l�l�o�w�s� �f�o�r� �a� �c�l�e�a�r� �d�e�m�o�n�s�t�r�a�t�i�o�n� �o�f� �t�h�e� �m�e�t�h�o�d�o�l�o�g�y� �a�s� �t�h�e� 

�d�e�s�i�g�n� �s�p�a�c�e� �i�s� �e�a�s�y� �t�o� �v�i�s�u�a�l�i�z�e�.� �I�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�,� �r�e�s�u�l�t�s� �f�o�r� �a� �t�h�r�e�e� �d�e�s�i�g�n� �v�a�r�i�-� 

�a�b�l�e� �p�a�r�a�m�e�t�e�r�i�z�a�t�i�o�n� �i�s� �p�r�e�s�e�n�t�e�d�.� �A� �c�o�m�p�a�r�i�s�o�n� �i�s� �m�a�d�e� �b�e�t�w�e�e�n� �t�h�e� �q�u�a�d�r�a�t�i�c� 

�p�o�l�y�n�o�m�i�a�l� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �(�8�.�1�)� �a�n�d� �t�h�e� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �r�e�s�p�o�n�s�e� �s�u�r�-� 

�f�a�c�e� �(�8�.�2�)�.� �F�o�l�l�o�w�i�n�g� �t�h�i�s� �s�e�c�t�i�o�n�,� �w�e� �m�a�k�e� �a� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� 

�o�p�t�i�m�i�z�a�t�i�o�n�s� �p�r�e�s�e�n�t�e�d� �i�n� �P�a�r�t� �1�.� �A�l�l� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� �i�n� �s�e�c�t�i�o�n� �1�1�.�1� �u�s�e� �t�h�e� 

�G�o�d�u�n�o�v� �f�l�o�w� �s�o�l�v�e�r� �o�n� �a� �6�4� �p�o�i�n�t� �g�r�i�d� �t�o� �a�n�a�l�y�z�e� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� �i�n� �t�h�e� �d�u�c�t�.� �T�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �u�s�e�d� �f�o�r� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �d�e�f�i�n�e�d� �b�y� �(�1�.�2�4�)�.� 

�O�n�e� �D�e�s�i�g�n� �V�a�r�i�a�b�l�e� �C�a�s�e� 

�T�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �i�s� �c�o�n�s�t�r�a�i�n�e�d� �t�o� �t�h�e� �p�o�s�i�t�i�v�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e� 

�o�f� �p�r�o�b�i�n�g� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �w�e� �m�u�s�t� �a�r�t�i�f�i�c�i�a�l�l�y� 
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�R�E�S�U�L�T�S�:� �P�A�R�T� �I�I� 

�r�e�s�t�r�i�c�t� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �t�o� �i�n�s�u�r�e� �t�h�a�t� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �d�u�c�t� �i�s� �r�e�a�s�o�n�a�b�l�e�,� �1�.�e�.� �t�h�e� 

�f�l�o�w� �s�o�l�v�e�r� �c�a�n� �f�i�n�d� �a� �s�t�e�a�d�y� �s�t�a�t�e� �f�l�o�w� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �d�u�c�t�.� �W�e� �d�e�f�i�n�e� �t�h�e� �f�i�r�s�t� 

�r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�g�i�o�n� �w�i�t�h� �t�h�e� �b�o�u�n�d�a�r�i�e�s� 

�1�.�1�0� �< ¬� �<� �1�.�7�0�.� �(�1�1�.�1�)� 

�A� �q�u�a�d�r�a�t�i�c� �o�f� �t�h�e� �f�o�r�m� 

�P�=�o�t�a�u�E�+�a�t� �é ��,� �(�1�1�.�2�)� 

�f�i�t�t�e�d� �w�i�t�h� �5� �d�a�t�a� �p�o�i�n�t�s� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s�.� �T�o� �s�a�t�i�s�f�y� �t�h�e� �D�-� 

�o�p�t�i�m�a�l�i�t�y� �c�o�n�d�i�t�i�o�n�,� �t�h�e� �d�o�m�a�i�n� �i�s� �d�i�s�c�r�e�t�i�z�e�d� �i�n�t�o� �1�3� �p�o�i�n�t�s� �e�v�e�n�l�y� �s�p�a�c�e�d� �a�l�o�n�g� 

�t�h�e�  ¬�-�a�x�i�s�.� �T�h�e�r�e� �a�r�e� �1�2�8�7� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �5� �p�o�i�n�t�s� �f�r�o�m� �t�h�e� �s�e�t� �o�f� �1�3� �a�s� �c�o�m�p�u�t�e�d� 

�f�r�o�m� �(�8�.�1�4�)�.� �E�a�c�h� �c�o�m�b�i�n�a�t�i�o�n� �i�s� �c�h�e�c�k�e�d� �t�o� �s�a�t�i�s�f�y� �t�h�e� �D�-�o�p�t�i�m�a�l�i�t�y� �c�o�n�d�i�t�i�o�n�.� �I�n� 

�t�h�i�s� �c�a�s�e�,� �m�o�r�e� �t�h�a�n� �o�n�e� �o�f� �t�h�e� �1�2�8�7� �c�o�m�b�i�n�a�t�i�o�n�s� �s�a�t�i�s�f�i�e�s� �D�-�o�p�t�i�m�a�l�i�t�y�.� �O�f� �t�h�e� 

�D�-�o�p�t�i�m�a�l�i�t�y� �s�e�t�s� �w�e� �r�a�n�d�o�m�l�y� �s�e�l�e�c�t�e�d� �t�h�e� �p�o�i�n�t�s� �l�i�s�t�e�d� �i�n� �t�a�b�l�e� �1�1�.�1�.� �D�-�o�p�t�i�m�a�l� 

�p�o�i�n�t�s� �f�o�r� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �i�n� �l�a�t�e�r� �c�y�c�l�e�s� �a�r�e� �f�o�u�n�d� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �s�i�m�p�l�e� �l�i�n�e�a�r� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �t�y�p�e� 

�6�:� �=� �E�n� �t�+� �E�(�u�  �� �E�n�)�,� �(�1�1�.�3�)� 

�w�h�e�r�e�  ¬�;�,�2� �=� �1�,�.�.�.�,�N� �a�r�e� �t�h�e� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s�,� �t�h�e� �s�u�b�s�c�r�i�p�t� �l�l� �r�e�f�e�r�s� �t�o� �t�h�e� �l�o�w�e�r� 

�l�i�m�i�t� �o�f� �t�h�e� �r�e�g�i�o�n�,� �u�l� �r�e�f�e�r�s� �t�o� �t�h�e� �u�p�p�e�r� �l�i�m�i�t�,� �a�n�d� �é�;� �a�r�e� �t�h�e� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �i�n� 

�t�h�e� �r�e�g�i�o�n� �d�e�f�i�n�e�d� �f�o�r� �a� �r�e�g�i�o�n� �s�c�a�l�e�d� �b�e�t�w�e�e�n� �0� �a�n�d� �1�.� �T�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�a�v�e�s� 

�u�s� �f�r�o�m� �r�u�n�n�i�n�g� �t�h�e� �G�A� �a�t� �e�v�e�r�y� �c�y�c�l�e� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n�.� 

�T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �a�r�e� �c�o�n�s�t�r�u�c�t�e�d� �u�s�i�n�g� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �d�e�f�i�n�e�d� �b�y� 

�(�1�.�2�4�)� �a�n�d� �r�e�p�e�a�t�e�d� �b�e�l�o�w� �f�o�r� �c�o�n�v�e�n�i�e�n�c�e�.� 

�y� �N�a� �,� 
�I�(�é�)� �=� �5� �»� �(�i�  ��u�)�s�A�z�.� �(�1�1�.�4�)� 

�T�h�i�s� �i�s� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�i�s�u�a�l�i�z�e�d� �i�n� �o�n�e� �d�i�m�e�n�s�i�o�n� �i�n� �f�i�g�u�r�e� �1�.�6�.



�T�h�e� �f�i�r�s�t� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �i�s� �f�o�u�n�d� �t�o� �b�e� 

�P� �=� �1�.�7�2�5�  �� �2�.�4�6�7�é� �+� �0�.�8�8�6 ¬�7�.� �(�1�1�.�5�)� 

�a�n�d� �i�s� �g�r�a�p�h�e�d� �a�l�o�n�g� �w�i�t�h� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�n� �f�i�g�u�r�e� �1�1�.�1�.� �T�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e� �m�o�d�e�l� �i�s� �a�b�l�e� �t�o� �c�a�p�t�u�r�e� �t�h�e� �g�e�n�e�r�a�l� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�i�n�i�m�u�m�,� �b�u�t� �a�d�d�i�t�i�o�n�a�l� 

�r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �c�y�c�l�e�s� �a�r�e� �r�e�q�u�i�r�e�d� �t�o� �l�o�c�a�t�e� �t�h�e� �m�i�n�i�m�u�m� �a�c�c�u�r�a�t�e�l�y�.� �I�n� �t�h�i�s� �c�a�s�e� �8� 

�c�y�c�l�e�s� �a�r�e� �r�e�q�u�i�r�e�d� �t�o� �d�r�i�v�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�o� �m�a�c�h�i�n�e� �z�e�r�o�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�1�.�2�.� �A� �h�i�s�t�o�r�y� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�1�.�3�.� �A�l�s�o� 

�d�r�a�w�n� �i�n� �t�h�e� �f�i�g�u�r�e� �a�r�e� �t�h�e� �l�i�m�i�t�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�g�i�o�n�.� 

�T�h�r�e�e� �D�e�s�i�g�n� �V�a�r�i�a�b�l�e� �C�a�s�e� 

�T�h�e� �t�h�r�e�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �c�a�s�e� �i�s� �a�g�a�i�n� �c�o�n�s�t�r�a�i�n�e�d� �t�o� �t�h�e� �p�o�s�i�t�i�v�e� �d�e�s�i�g�n� �s�p�a�c�e�.� 

�T�h�e� �f�i�r�s�t� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�g�i�o�n� �i�s� �d�e�f�i�n�e�d� �w�i�t�h�i�n� 

�1�.�0�5� �<� �&� �<� �1�.�2�5�,� 

�1�.�3�0� �<�  ¬�)� �<� �1�.�5�0�,� 

�1�.�5�5� �<�3� �<� �1�.�7�5�.� �(�1�1�.�6�)� 

�T�h�i�s� �r�e�g�i�o�n� �p�e�r�m�i�t�s� �a�.� �w�i�d�e� �v�a�r�i�e�t�y� �o�f� �d�u�c�t� �s�h�a�p�e�s� �t�o� �b�e� �s�a�m�p�l�e�d� �w�h�i�l�e� �c�o�n�s�t�r�a�i�n�i�n�g� 

�t�h�e� �s�e�a�r�c�h� �t�o� �r�e�a�s�o�n�a�b�l�e� �s�h�a�p�e�s�.� �M�o�s�t� �s�h�a�p�e�s� �i�n� �t�h�i�s� �r�e�g�i�o�n� �h�a�v�e� �m�o�n�o�t�o�n�i�c�l�y� 

�i�n�c�r�e�a�s�i�n�g� �a�r�e�a� �d�i�s�t�r�i�b�u�t�i�o�n�s�.� 

�I�n� �t�h�i�s� �d�e�s�i�g�n� �c�a�s�e�,� �w�e� �m�a�k�e� �a� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �q�u�a�d�r�a�t�i�c� �(�8�.�1�)� �a�n�d� �t�h�e� 

�q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �(�8�.�2�)� �i�n� �t�h�r�e�e� �d�e�s�i�g�n� �d�i�m�e�n�s�i�o�n�s�.� �T�h�e� �q�u�a�d�r�a�t�i�c� �s�u�r�f�a�c�e� 

�h�a�s� �1�0� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �i�s� �f�i�t�t�e�d� �w�i�t�h� �1�5� �d�a�t�a� �p�o�i�n�t�s�.� �T�h�e� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t�,� 

�w�i�t�h� �2�7� �c�o�e�f�f�i�c�i�e�n�t�s�,� �i�s� �f�i�t�t�e�d� �w�i�t�h� �4�1� �d�a�t�a� �p�o�i�n�t�s�.� �T�h�u�s� �e�a�c�h� �p�o�l�y�n�o�m�i�a�l� �i�s� �5�0�%� 

�o�v�e�r�d�e�t�e�r�m�i�n�e�d�.� 

�R�E�S�U�L�T�S�:� �P�A�R�T� �I�I� �8�3



�T�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�s� �s�a�m�p�l�e�d� �a�t� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e�.� �T�o� �l�o�c�a�t�e� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s�,� �t�h�e� �d�e�s�i�g�n� �d�o�m�a�i�n� �i�s� �d�i�s�c�r�e�t�i�z�e�d� �i�n�t�o� �a�9�x�9�x�9� 

�e�v�e�n�l�y� �s�p�a�c�e�d� �g�r�i�d�.� �T�h�e� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �a�r�e� �f�o�u�n�d� �u�s�i�n�g� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� 

�c�o�d�e�,� �G�R�A�M�P�S�.� �I�n� �b�o�t�h� �t�h�e� �q�u�a�d�r�a�t�i�c� �a�n�d� �q�u�a�d�r�a�t�i�c� �t�e�n�o�r� �p�r�o�d�u�c�t� �c�a�s�e�,� �t�h�e� �c�o�d�e� 

�r�a�n� �3� �t�i�m�e�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �i�n�i�t�i�a�l� �r�a�n�d�o�m� �n�u�m�b�e�r� �s�e�e�d�s�.� �D�u�e� �t�o� �t�h�e� �r�a�n�d�o�m� �n�a�t�u�r�e� 

�o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�,� �t�h�e� �r�e�p�e�a�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �G�A� �r�e�s�u�l�t� �c�o�n�f�i�r�m�s� �t�h�a�t� �t�h�e� �s�e�t� �o�f� �p�o�i�n�t�s� 

�f�o�u�n�d� �a�r�e� �n�o�t� �a�n�o�m�a�l�o�u�s�.� �T�h�e� �h�i�s�t�o�r�i�e�s� �o�f� �t�h�e� �G�A� �c�o�n�v�e�r�g�e�n�c�e� �a�r�e� �d�o�c�u�m�e�n�t�e�d� �i�n� 

�f�i�g�u�r�e�s� �1�1�.�4� �a�n�d� �1�1�.�5�.� �T�h�e� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �f�o�r� �t�h�e� �i�n�i�t�i�a�l� �r�e�g�i�o�n� �a�r�e� �l�i�s�t�e�d� �i�n� �t�a�b�l�e�s� 

�1�1�.�2� �a�n�d� �1�1�.�3� �f�o�r� �t�h�e� �q�u�a�d�r�a�t�i�c� �a�n�d� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 

�S�e�v�e�r�a�l� �d�e�s�i�g�n� �c�y�c�l�e�s� �a�r�e� �r�e�q�u�i�r�e�d� �t�o� �c�o�n�v�e�r�g�e� �t�h�e� �d�e�s�i�g�n�.� �D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �f�o�r� 

�l�a�t�e�r� �c�y�c�l�e�s� �a�r�e� �f�o�u�n�d� �b�y� �a�p�p�l�y�i�n�g� �a� �l�i�n�e�a�r� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�i�m�i�l�a�r� �t�o� �(�1�1�.�3�)� �t�o� �t�h�e� 

�D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �l�i�s�t�e�d� �i�n� �t�a�b�l�e�s� �1�1�.�2� �a�n�d� �1�1�.�3�.� 

�O�p�t�i�m�i�z�a�t�i�o�n� �w�i�t�h� �t�h�e� �q�u�a�d�r�a�t�i�c� �p�o�l�y�n�o�m�i�a�l� �p�r�o�c�e�e�d�e�d� �f�o�r� �1�1� �c�y�c�l�e�s� �b�e�f�o�r�e� �c�o�n�-� 

�v�e�r�g�e�n�c�e� �s�l�o�w�e�d�.� �A�f�t�e�r� �t�h�e� �1�4�t�h� �c�y�c�l�e�,� �w�e� �s�w�i�t�c�h�e�d� �t�o� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� 

�v�i�a� �t�h�e� �m�e�t�h�o�d� �o�f� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t�s� �t�o� �c�o�m�p�l�e�t�e� �t�h�e� �d�e�s�i�g�n�.� �H�e�r�e� �w�e� �c�o�n�t�i�n�u�e�d� �t�o� 

�u�s�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �d�e�f�i�n�e�d� �b�y� �(�1�1�.�4�)� �t�.�e�.� �w�e� �d�i�d� �n�o�t� �u�s�e� �a�n�y� �o�f� �t�h�e� �t�e�c�h�n�i�q�u�e�s� 

�d�i�s�c�u�s�s�e�d� �i�n� �P�a�r�t� �1� �t�o� �h�a�n�d�l�e� �t�h�e� �s�h�o�c�k� �w�a�v�e�.� �T�h�e� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� 

�w�a�s� �s�u�c�c�e�s�s�f�u�l� �b�e�c�a�u�s�e� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d� �w�a�s� �a�b�l�e� �t�o� �g�e�t� �v�e�r�y� �c�l�o�s�e� �t�o� �t�h�e� 

�t�a�r�g�e�t� �a�n�d� �a�l�i�g�n� �t�h�e� �d�e�s�i�g�n ��s� �s�h�o�c�k� �w�a�v�e� �w�i�t�h� �t�h�e� �t�a�r�g�e�t ��s�.� �T�h�i�s� �i�s� �e�v�i�d�e�n�t� �i�n� �f�i�g�u�r�e� 

�1�1�.�6� �w�h�e�r�e� �t�h�e� �d�e�s�i�g�n� �a�f�t�e�r� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �c�y�c�l�e�s� �i�s� �c�o�m�p�a�r�e� �t�o� �t�h�e� �t�a�r�g�e�t�.� 

�T�h�e� �c�o�m�p�l�e�t�e� �h�i�s�t�o�r�y� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�1�.�7�.� 

�O�p�t�i�m�i�z�a�t�i�o�n� �w�i�t�h� �t�h�e� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �f�o�l�l�o�w�e�d� �a� �s�i�m�i�l�a�r� �p�a�t�t�e�r�n�.� 

�H�e�r�e�,� �a�f�t�e�r� �4� �c�y�c�l�e�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �s�l�o�w�s�.� �A�f�t�e�r� �t�h�e� �1�0�t�h� �c�y�c�l�e� �w�e� �s�w�i�t�c�h� �t�o� 

�d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n�.� �A�g�a�i�n�,� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �a�b�l�e� �t�o� 

�a�l�i�g�n� �t�h�e� �s�h�o�c�k�s� �s�o� �t�h�a�t� �o�p�t�i�m�i�z�a�t�i�o�n� �v�i�a� �t�h�e� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �m�e�t�h�o�d�s� �i�s� �s�u�c�c�e�s�s�f�u�l� 
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�w�i�t�h�o�u�t� �u�s�i�n�g� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �o�f� �P�a�r�t� �1�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �h�i�s�t�o�r�y� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� 

�1�1�.�8�.� 

�I�n� �a� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �t�w�o� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �t�y�p�e�s�,� �w�e� �s�e�e� 

�t�h�a�t� �t�h�e� �q�u�a�d�r�a�t�i�c� �p�o�l�y�n�o�m�i�a�l� �i�s� �b�e�t�t�e�r� �a�b�l�e� �t�o� �l�o�c�a�t�e� �t�h�e� �m�i�n�i�m�u�m�.� �F�i�g�u�r�e� �1�1�.�7� 

�a�n�d� �1�1�.�8� �s�h�o�w� �t�h�a�t� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �o�p�t�i�m�i�z�a�t�i�o�n� �w�i�t�h� �t�h�e� �q�u�a�d�r�a�t�i�c� �p�o�l�y�n�o�m�i�a�l� 

�i�s� �a�b�l�e� �t�o� �c�o�n�v�e�r�g�e� �t�h�e� �m�i�n�i�m�u�m� �t�o� �a�p�p�r�o�x�i�m�a�t�e�l�y� �1�0 ��"� �w�h�i�l�e� �w�i�t�h� �t�h�e� �q�u�a�d�r�a�t�i�c� 

�t�e�n�s�o�r� �p�r�o�d�u�c�t�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �o�n�l�y� �r�e�a�c�h�e�d� �1�0�7�%�.� �T�h�e� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� 

�p�r�o�d�u�c�t� �s�u�r�f�a�c�e� �h�a�s� �m�o�r�e� �t�e�r�m�s� �a�n�d� �t�h�u�s� �h�a�s� �m�o�r�e� �f�l�e�x�i�b�i�l�i�t�y� �i�n� �m�o�d�e�l�i�n�g� �t�h�e� �s�u�r�f�a�c�e�,� 

�y�e�t� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m� �f�o�r� �t�h�i�s� �s�u�r�f�a�c�e� �h�a�s� �a� �m�u�c�h� �h�i�g�h�e�r� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r�.� 

�F�o�r� �t�h�e� �f�i�r�s�t� �d�e�s�i�g�n� �c�y�c�l�e�,� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �q�u�a�d�r�a�t�i�c� 

�p�o�l�y�n�o�m�i�a�l� �a�n�d� �t�h�e� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �l�e�a�s�t�-�s�q�u�a�r�e� �p�r�o�b�l�e�m� �a�r�e� �4�.�8� �x� �1�0 �� 

�a�n�d� �1�.�0� �x� �1�0�%�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r� �t�h�i�s� �p�r�o�b�l�e�m�,� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �c�o�s�t� 

�o�f� �u�s�i�n�g� �t�h�e� �q�u�a�d�r�a�t�i�c� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �d�o�e�s� �n�o�t� �i�m�p�r�o�v�e� �c�o�n�v�e�r�g�e�n�c�e�.� �I�n� �f�a�c�t�,� �t�h�e� 

�h�i�g�h� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �f�i�t� �h�i�n�d�e�r�s� �o�p�t�i�m�i�z�a�t�i�o�n�.� 

�C�o�m�p�a�r�i�s�o�n� �t�o� �D�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �O�p�t�i�m�i�z�a�t�i�o�n� 

�W�e� �n�o�w� �m�a�k�e� �a� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n�s� �p�e�r�f�o�r�m�e�d� 

�i�n� �P�a�r�t� �1�.� �I�n� �p�a�r�t�i�c�u�l�a�r� �w�e� �m�a�k�e� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �w�i�t�h� �t�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �d�e�f�i�n�e�d� �w�i�t�h� �t�h�e� �c�o�o�r�d�i�n�a�t�e�-�s�t�r�a�i�n�i�n�g� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�n�d� �s�h�o�c�k� 

�p�e�n�a�l�t�y�.� �T�h�i�s� �m�e�t�h�o�d� �t�e�n�d�e�d� �t�o� �h�a�v�e� �b�e�t�t�e�r� �c�o�n�v�e�r�g�e�n�c�e� �t�h�a�n� �t�h�e� �s�h�o�c�k�-�f�i�t�t�i�n�g� 

�t�e�c�h�n�i�q�u�e�.� 

�I�n� �t�h�e� �s�i�n�g�l�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �c�o�n�j�u�g�a�t�e� �g�r�a�d�i�e�n�t� �o�p�t�i�m�i�z�a�t�i�o�n� 

�c�o�n�v�e�r�g�e�d� �t�h�e� �d�e�s�i�g�n� �t�o� �t�h�e� �t�a�r�g�e�t� �i�n� �3� �i�t�e�r�a�t�i�o�n�s� �w�h�e�r�e�a�s� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� 

�m�e�t�h�o�d� �t�o�o�k� �8� �c�y�c�l�e�s� �t�o� �r�e�a�c�h� �t�h�e� �s�a�m�e� �l�e�v�e�l� �o�f� �c�o�n�v�e�r�g�e�n�c�e�.� �I�n� �t�e�r�m�s� �o�f� �f�l�o�w� 

�s�o�l�u�t�i�o�n�s�,� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d� �u�s�e�d� �5� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �s�u�r�f�a�c�e� �a�n�d� �o�n�e� 

�t�o� �e�v�a�l�u�a�t�e� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �d�e�s�i�g�n� �a�t� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�i�n�i�m�u�m�.� �T�h�u�s� �a� 
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�t�o�t�a�l� �o�f� �4�8� �f�l�o�w� �s�o�l�u�t�i�o�n�s� �w�e�r�e� �n�e�e�d�e�d� �i�n� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� 

�d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n�,� �u�s�i�n�g� �t�h�e� �a�d�j�o�i�n�t� �m�e�t�h�o�d�,� �r�e�q�u�i�r�e�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �o�f� 

�t�w�o� �f�l�o�w� �s�o�l�u�t�i�o�n�s� �p�e�r� �i�t�e�r�a�t�i�o�n� �t�o� �c�o�m�p�u�t�e� �t�h�e� �g�r�a�d�i�e�n�t�.� �T�h�e� �l�i�n�e� �s�e�a�r�c�h� �p�r�o�c�e�d�u�r�e� 

�r�e�q�u�i�r�e�s� �a� �m�i�n�i�m�u�m� �o�f� �t�h�r�e�e� �m�o�r�e� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s�,� �e�a�c�h� �n�e�e�d�i�n�g� �a� �f�l�o�w� �s�o�l�u�t�i�o�n�.� 

�T�h�u�s� �t�h�e� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �u�s�e�d� �a� �m�i�n�i�m�u�m� �o�f� �1�5� �f�l�o�w� �s�o�l�u�t�i�o�n�s�.� 

�F�o�r� �t�h�i�s� �s�i�m�p�l�e� �d�e�s�i�g�n� �c�a�s�e�,� �t�h�e� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �m�e�t�h�o�d� �p�r�o�v�e�d� �t�o� �b�e� �t�h�e� 

�c�h�e�a�p�e�r� �m�e�t�h�o�d�.� �H�o�w�e�v�e�r�,� �t�h�e� �u�s�e� �o�f� �p�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r�s� �c�a�n� �i�m�p�r�o�v�e� �t�h�e� �a�t�t�r�a�c�-� 

�t�i�v�e�n�e�s�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d�.� �E�a�c�h� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n� �c�a�n� �b�e� �s�e�n�t� �t�o� �a� 

�s�e�p�a�r�a�t�e� �p�r�o�c�e�s�s�o�r�.� �A�s� �w�i�l�l� �b�e� �d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �t�h�e� �a�i�r�f�o�i�l� �d�e�s�i�g�n� �p�r�o�b�l�e�m�,� �t�h�e� �p�a�r�-� 

�a�l�l�e�l� �m�a�c�h�i�n�e� �c�a�n� �b�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �a�l�l� �s�o�l�u�t�i�o�n�s� �r�e�q�u�i�r�e�d� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �s�u�r�f�a�c�e� 

�a�t� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �c�o�s�t� �o�f� �o�n�l�y� �o�n�e�.� �T�h�i�s� �w�o�u�l�d� �e�f�f�e�c�t�i�v�e�l�y� �r�e�d�u�c�e� �t�h�e� �c�o�s�t� �o�f� �t�h�e� 

�d�e�s�i�g�n� �v�i�a� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �t�o� �1�6� �f�l�o�w� �s�o�l�u�t�i�o�n�s�.� 

�T�h�e� �b�e�s�t� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �r�e�s�u�l�t� �f�o�r� �t�h�e� �t�h�r�e�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� 

�f�o�r�m�u�l�a�t�i�o�n� �u�s�e�d� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e�s� �t�o� �c�o�m�p�u�t�e� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s�.� �W�i�t�h� �f�o�r�w�a�r�d�-� 

�d�i�f�f�e�r�e�n�c�e�s�,� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �w�o�u�l�d� �r�e�q�u�i�r�e� �f�o�u�r� �s�o�l�u�t�i�o�n�s� �t�o� �c�o�m�p�u�t�e� �g�r�a�d�i�e�n�t�s�,� �p�l�u�s� �a�t� 

�l�e�a�s�t� �t�h�r�e�e� �m�o�r�e� �f�o�r� �t�h�e� �l�i�n�e� �s�e�a�r�c�h�.� �T�h�e� �1�2� �i�t�e�r�a�t�i�o�n�s� �t�o� �c�o�m�p�l�e�t�e� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� 

�u�s�e�d� �a�t� �l�e�a�s�t� �7�2� �f�l�o�w� �s�o�l�u�t�i�o�n�s�.� �T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�,� �u�s�i�n�g� �t�h�e� �q�u�a�d�r�a�t�i�c� �p�o�l�y�n�o�m�i�a�l� 

�u�s�e�d� �2�2�4� �f�l�o�w� �s�o�l�u�t�i�o�n�s� �t�o� �a�c�h�i�e�v�e� �a�l�m�o�s�t� �t�h�e� �s�a�m�e� �l�e�v�e�l� �o�f� �o�p�t�i�m�i�z�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� 

�w�i�t�h� �p�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r�s�,� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �o�p�t�i�m�i�z�a�t�i�o�n� �c�o�u�l�d� �h�a�v�e� �b�e�e�n� �r�e�d�u�c�e�d� 

�t�o� �2�8� �e�q�u�i�v�a�l�e�n�t� �f�l�o�w� �s�o�l�u�t�i�o�n�s�.� �L�i�k�e�w�i�s�e�,� �t�h�e� �p�a�r�a�l�l�e�l� �c�o�m�p�u�t�e�r� �c�o�u�l�d� �r�e�d�u�c�e� �t�h�e� 

�c�o�s�t� �o�f� �c�o�m�p�u�t�i�n�g� �d�e�r�i�v�a�t�i�v�e�s� �a�s� �a� �p�r�o�c�e�s�s�o�r� �c�a�n� �b�e� �a�s�s�i�g�n�e�d� �t�o� �c�o�m�p�u�t�e� �a� �d�e�r�i�v�a�t�i�v�e�.� 

�T�h�e� �e�f�f�e�c�t�i�v�e� �n�u�m�b�e�r� �o�f� �s�o�l�u�t�i�o�n�s� �f�o�r� �a� �d�e�r�i�v�a�t�i�v�e�-�b�a�s�e�d� �m�e�t�h�o�d�,� �t�a�k�i�n�g� �a�d�v�a�n�t�a�g�e� 

�o�f� �c�o�a�r�s�e� �g�r�a�i�n� �p�a�r�a�l�l�e�l�i�z�a�t�i�o�n� �i�s� �6�0�.� 

�W�h�i�l�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�e�t�h�o�d�s� �c�a�n� �c�o�m�p�e�t�e� �w�i�t�h� �d�e�r�i�v�a�t�i�v�e� �b�a�s�e�d� �o�p�t�i�m�i�z�a�-� 

�t�i�o�n�s� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �p�a�r�a�l�l�e�l� �m�a�c�h�i�n�e�s� �a�n�o�t�h�e�r� �k�e�y� �a�d�v�a�n�t�a�g�e� �e�s�p�e�c�i�a�l�l�y� �i�n� �t�r�a�n�-� 

�s�o�n�i�c� �d�e�s�i�g�n� �i�s� �t�h�a�t� �n�o� �s�p�e�c�i�a�l� �h�a�n�d�l�i�n�g� �o�f� �t�h�e� �s�h�o�c�k� �i�s� �n�e�c�e�s�s�a�r�y� �i�n� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� 
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�m�e�t�h�o�d�o�l�o�g�y�.� �T�h�e� �b�l�a�c�k�-�b�o�x� �t�y�p�e� �a�p�p�r�o�a�c�h� �t�o� �o�p�t�i�m�i�z�a�t�i�o�n� �w�i�t�h� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �r�e�d�u�c�e�s� �s�e�t�-�u�p� �t�i�m�e�.� 

�1�1�.�2� �B�u�m�p� �i�n� �a� �T�r�a�n�s�o�n�i�c� �C�h�a�n�n�e�l� �F�l�o�w� 

�T�h�e� �b�u�m�p� �i�n�v�e�r�s�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m� �h�a�s� �n�o� �b�o�u�n�d�s� �o�n� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s�,� �p�r�o�v�i�d�e�d� �t�h�e� �a�r�e�a� �c�o�n�s�t�r�a�i�n�t�s� �(�1�0�.�6�)� �a�r�e� �s�a�t�i�s�f�i�e�d�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �i�s� �t�o� 

�n�a�r�r�o�w� �t�h�e� �f�i�e�l�d� �t�o� �a� �w�o�r�k�a�b�l�e� �s�i�z�e� �t�o� �c�o�m�m�e�n�c�e� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �a�l�g�o�r�i�t�h�m�.� 

�W�e� �n�o�t�e� �t�h�e� �s�y�m�m�e�t�r�y� �o�f� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �1� �a�n�d� �4�,� �a�n�d� �2� �a�n�d� �3�.� �B�e�c�a�u�s�e� �o�f� 

�t�h�i�s� �s�y�m�m�e�t�r�y� �w�e� �c�h�o�o�s�e� �t�h�e� �l�i�m�i�t�s� �o�f� �&�;� �a�n�d� �£�4� �t�o� �b�e� �t�h�e� �s�a�m�e�,� �a�s� �w�i�t�h� �&� �a�n�d� �3�.� 

�W�e� �a�l�s�o� �a�s�s�u�m�e� �t�h�e� �o�p�t�i�m�u�m� �w�i�l�l� �b�e� �o�f� �o�r�d�e�r� �1�.� �T�h�u�s� �w�e� �a�r�b�i�t�r�a�r�i�l�y� �s�e�t� �t�h�e� �f�i�r�s�t� 

�r�e�s�p�o�n�s�e� �r�e�g�i�o�n� �t�o� 

�0�.�2�5� �<� �&� �<� �0�.�5�0�,� 

�0�.�5�0� �<� �f� �<� �1�.�0�0�,� 

�0�.�5�0� �<�  ¬�3� �<� �1�.�0�0�,� 

�0�.�2�5� �<� �4� �<� �0�.�5�0�.� �(�1�1�.�7�)� 

�T�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �s�e�l�e�c�t�e�d� �f�o�r� �e�a�c�h� �c�y�c�l�e� �i�s� �t�h�e� �q�u�a�d�r�a�t�i�c� �c�u�r�v�e� 

�P� �=�c�q� �+� �c�1 ¬�1� �+� �c�o�l�e� �+� �0�3�0�3� �+� �c�a�b�s� �+� �5�b�?� �+� �c�p�l� �b�o� 

�+� �c�r ¬�i�s� �+� �c�g�b�i�e�s� �+� �c�o�l�}� �+� �c�r�o�b�o�é�s� �+� �c�i�r�b� �o�t�s� 

�+� �c�y�2�é�2� �+� �c�r�z�é�s�b�s� �+� �e�r�a�t�?� �(�1�1�.�8�)� 

�W�e� �c�h�o�s�e� �2�3� �D�-�o�p�t�i�m�a�l� �d�a�t�a� �p�o�i�n�t�s� �(�r�o�u�g�h�l�y� �1�.�5� �x� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s�)� �t�o� 

�c�o�n�s�t�r�u�c�t� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �f�o�r� �e�a�c�h� �c�y�c�l�e�.� 

�D�-�o�p�t�i�m�a�l� �p�o�i�n�t�s� �f�o�r� �f�i�t�t�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �r�e�g�i�o�n� �w�i�t�h� �(�1�1�.�8�)� �i�s� �f�o�u�n�d� 

�u�s�i�n�g� �G�R�A�M�P�S�.� �F�o�r� �e�a�c�h� �c�y�c�l�e�,� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�s� �d�i�s�c�r�e�t�i�z�e�d� �w�i�t�h� �6� �p�o�i�n�t�s� �i�n� 
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