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(ABSTRACT) 

A postbuckling analysis procedure for simply-supported, symmetrically laminated, 

rectangular, generally orthotropic plates under uniaxial compression based on a 

Marguerre-type energy method was developed. The analysis assumes the out-of-plane 

displacement to be represented by using a truncated Fourier sine series. The unknown 

coefficients of the displacement function were obtained from a system of nonlinear 

algebraic equations by using the principle of minimum potential energy. The number 

of terms that are to be retained in the out-of-plane displacement function to obtain an 

accurate response was studied and identified for a wide range of generally orthotropic 

plates. In the postbuckling load range, plates are also allowed to change their buckled 

form. The magnitudes of the total potential energy for possible different deformed 

shapes of a plate were compared to determine the actual deformed shape. The effect of 

bending-twisting coupling terms on the postbuckling behavior of anisotropic laminates 

was also investigated. Several postbuckling problems for isotropic, orthotropic, and 

anisotropic plates were considered and the results obtained by the present approach were 

compared with available literature results and finite element solutions to demonstrate the 

present analysis procedure.



The analysis procedure developed was, then, applied to minimum-weight design of 

laminated plates for postbuckling performance. Laminate failure load used in the 

postbuckling regime was calculated based on a maximum strain failure criterion. The 

failure criterion was demonstrated to predict the failure load reasonably well when 

compared with available test results. Weight comparison between the plates designed 

against buckling and the ones designed for the postbuckling strength was made to 

quantitatively evaluate the weight savings achieved for plates that are allowed to buckle. 

The design variables were assumed to be the layer thicknesses with specified fiber 

orientations and assumed to take only discrete values. A simple approach based on the 

penalty method was proposed to achieve the discrete-valued designs. In addition to the 

regular penalty terms for constraint violation, the proposed approach introduces penalty 

terms to reflect the requirement that the design variables take discrete values. A variable 

magnitude penalty term in the form of a sine function was implemented with the 

extended interior penalty method of the optimization package NEWSUMIT-A. The 

proposed discrete optimization technique was applied to the classical truss and 

laminated composite plate design problems to demonstrate the performance of the 

procedure.
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CHAPTER I 

INTRODUCTION 

1.1 Motivation 

In conventional aircraft and aerospace applications it has been a common practice to 

design plate and shell structures such as fuselage and stabilizer panels to buckle at load 

levels below their design ultimate load, thus exploiting the postbuckling strength of these 

structural components. Although advanced composites have a significant advantage 

over metals in specific stiffness and strength, composite structures, if designed to be 

buckling resistant, may be heavier than their metallic counterparts that are allowed to 

operate in the postbuckling load regime. While thick isotropic or composite plates under 

in-plane load generally fail at load levels below or in the vicinity of their buckling load, 

failure of thin flexible plates generally occurs far beyond the buckling load. If a plate 

fails far before its buckling load is achieved, potentially its weight can be reduced by 

reducing its thickness, thus its weight, without jeopardizing its load carrying capability. 

If, on the other hand, the thickness of the plate is too small, then the plate starts 

experiencing out-of-plane deformations upon loading. This type of deformation results 

in softening of the plate in the applied load direction. However, if the edges of the plate 7 

are properly supported, this softening does not cause the plate to lose its load carrying . 

capability. Such plates are referred to have postbuckling strength. To compete on a 

weight-efficiency basis, therefore, thin composite panels must be designed to function 

under postbuckling conditions.



Designing fiber reinforced composite plates for postbuckling strength via rigorous 

optimization techniques, however, is a challenging problem because of the necessity to 

use costly nonlinear analysis which usually requires an iterative type of solution for a 

single analysis. To the author’s knowledge, investigations on the optimum design of 

laminated or even isotropic plates for postbuckling strength have been very limited in the 

literature, although considerable effort has been made in the area of optimum design of 

laminated plates for buckling strength. One of the objectives of the present study is to 

provide guidelines for the application of employing optimization techniques when 

laminated plates are designed to serve in the postbuckling load regime. In particular, 

emphasis is placed on demonstrating the relative additional weight savings for various 

design loads and laminate stacking sequences, by comparing the weight of plates 

designed for buckling strength with those designed for postbuckling strength. 

In carrying out the optimization, it is important to select an efficient postbuckling 

analysis procedure. Although the finite element method is a powerful tool for many 

structural analysis problems, nonlinear nature of the postbuckling response makes use 

of a finite element code undesirable due to excessive computing time required. 

Furthermore, it is known that the postbuckling analysis by the finite element method 

experiences difficulty in convergence near a bifurcation point because of sharp changes 

in plate response. These difficulties associated with the finite element method can be 

avoided if an inexpensive but reliable postbuckling analysis procedure is employed for 

the optimization. An effort to develop such an analysis procedure is made in the present 

study. 

In many of the previous analytical investigations on the postbuckling behavior of 

laminated plates, unknown displacements and/or stress functions were assumed in the



form of series functions, such as a Fourier series. One of the important issues involved 

in using series functions for the unknown variables is the determination of number of 

terms to be retained to obtain an accurate answer. For the case of isotropic plates when, 

for instance, the Fourier series is used as the unknown variables, it has been shown that 

use of only the first few terms results in very accurate solutions. Unfortunately, no 

convergence study on the use of different numbers of terms is available in the literature 

covering a wide range of plate aspect ratios and degrees of plate orthotropy. In the 

present study, the Fourier sine series is used to represent the deformed plate shape, and 

the number of terms required to obtain an accurate solution is identified for various 

generally orthotropic plates. 

A plate subject to in-plane compressive load beyond buckling can undergo changes in 

its buckled form. After buckle pattern change, the postbuckling stiffness of laminates 

is degraded, and ignoring mode change may result in non-conservative estimation of the 

load carrying capability. To obtain an accurate analysis of thin plates in a wide 

postbuckling range, changes in buckling mode must be taken into account. As will be 

discussed in the literature review, previous investigations of this phenomenon are very 

limited and based on an ad-hoc approach. The general notion in dealing with this 

phenomenon is to use an increased number of terms for the displacement series to 

capture the mode change in the postbuckling load regime. In the present study, a 

systematic approach based on energy consideration which does not necessarily require 

the use of many terms in displacement functions is proposed. 

In the context of the present optimum design study, the design variables such as the 

thickness of a given ply orientation can only take discrete values since they are made up 

of individual layers that consist of integer multiples of a single ply thickness. Such



problems generally require the use of an integer programming algorithm. In the present 

study, a simple approach based on the penalty method is proposed to solve both the 

continuous and discrete optimization without using the costly integer programming 

technique after obtaining the continuous optimum. 

1.2 Literature Review and Present Study 

In this section, previous investigations on postbuckling analysis, buckle pattern change, 

optimum design of laminated plates, and optimization with discrete design variables are 

discussed, along with a brief introduction of the present approaches to these topics. 

1.2.1 Postbuckling Analysis   

It is well known that, unlike a simple column, a rectangular isotropic or anisotropic plate 

supported on all sides is capable of carrying considerable load beyond its buckling load. 

Compared to a plate designed to carry a specific design load without buckling, plates 

designed to buckle are more flexible and, therefore, weigh less. Because of the potential 

weight savings, behavior of plates beyond the critical buckling load is of great practical 

interest. Since von Karman [1] developed the basic differential equations for a plate 

undergoing large deflections, the geometrically nonlinear elastic stability analysis has 

usually been formulated in either of two ways. 

One of the procedures, introduced by Levy [2], treats the out-of-plane displacement and 

stress function as independent variables. In this approach, a system of nonlinear 

algebraic equations for the independent variables is obtained by substitution of the 

assumed deflection and the stress function into the large deflection equations of von



Karman. Levy [2] assumed the deflection and stress function as a Fourier series and 

obtained a converged solution by retaining six terms of the series for a simply supported 

square plate. This approach has been used in Refs. [3-10] for investigation of the 

postbuckling behavior of orthotropic and anisotropic plates. Yusuff [3] studied the 

postbuckling behavior of square orthotropic plates with and without imperfections, and 

presented three resulting nonlinear algebraic equations for the coefficients of the 

assumed deflection. He used only the first three terms of a sine series for the 

out-of-plane displacement. Prabhakara and Chia [4] investigated the postbuckling 

behavior of a simply supported, orthotropic plate subjected to biaxial compression. 

They assumed the out-of-plane deflection and the stress function to be in the form ofa 

double Fourier series and free-vibration beam functions, respectively. In their 

subsequent paper [5], by using a similar approach that was in Ref. [4], they presented 

extensive results for the postbuckling behavior of clamped and simply supported, 

unsymmetrically laminated, angle-ply plates and clamped, unsymmetrically laminated, 

cross-ply plates. They reported that the converged solution is obtained by using as many 

as nine terms for the assumed deflection and stress function. Another investigation on 

the large deflection of an orthotropic plate subjected to the combined action of edge 

compression and out-of-plane load was performed by the same authors in Ref. [6], where 

the solution is obtained in the form of the first nine terms of free-vibration beam 

functions for both transverse deflection and stress function. 

Chandra [7] presented an approximate solution for a simply supported, unsymmetric 

cross-ply plate by assuming the deflection as a single term sine function. Harris [8] 

investigated the initial postbuckling behavior of angle-ply laminates by assuming a 

simple sine form of deflection and stress function. The emphasis in his investigation was 

focused on the stiffness of laminates before and after the critical buckling load. Zhang



and Matthews [9] investigated postbuckling of simply-supported, symmetrically 

laminated plates under pure shear, and combined compressive and shear loading. The 

out-of-plane displacement and stress function were assumed as Fourier sine series and 

free-vibration beam functions, respectively. In their subsequent paper [10], the 

postbuckling behavior of flat and curved panels of unsymmetrically laminated composite 

materials under in-plane shear and compression is presented by a method similar to that 

of Ref. [10]. 

% 

The other conventional approach is based on the principle of virtual work or the energy 

method, in which the in-plane and out-of-plane displacements are assumed to be 

independent variables. Marguerre [11] and Timoshenko [12] applied an energy method 

in their studies of postbuckling analysis of isotropic plates. Using the Marguerre-type 

energy method, Banks [13] obtained an approximate solution for the postbuckling 

behavior of orthotropic panels, simply supported on the loaded edges and elastically 

restrained on the unloaded edges. He assumed the out-of-plane displacement as a 

one-term sinusoidal function in the loading direction. An analysis procedure developed 

for use in the design of symmetric stiffened laminated plates subjected to biaxial 

compression and shear was presented by Dickson et al. [14]. They used the in-plane and 

out-of-plane displacements developed by Koiter [15] for long isotropic plates. Feng [16] 

investigated the postbuckling behavior of a laminated anisotropic plate subject to biaxial 

compression and shear loads with simply supported, fixed, or mixed boundary 

conditions. Both the out-of-plane displacements for simply supported boundary 

conditions and the in-plane displacements for all boundary conditions are expressed as 

a double trigonometric series, while the out-of-plane displacements for fixed boundary 

conditions are assumed to be free-vibration beam functions. In Ref. [17], Stein studied 

the postbuckling response of simply supported and clamped, long rectangular



orthotropic plates covering a wide range of plate dimensions and material properties. 

By assuming unknown displacements to be in the form of trigonometric functions in the 

loading direction, he derived a system of ordinary nonlinear differential equations to 

replace the partial differential equations of plate theory based on the principle of virtual 

work. Stein, in Ref. [18], presented the postbuckling behavior of long orthotropic plates 

in combined shear and compression by a method similar to the one used in Ref. [17]. 

The coefficients for the assumed displacements are determined by the Ritz method (Refs. 

[11-14, 16]) or by solving the nonlinear equations derived from the principle of virtual 

work (Refs. {17,18]). In general, for all the analysis procedures where a series is used for 

the independent variables the degree of accuracy in the postbuckling solution depends 

upon the number of terms used in the series. 

In the present study, the general approach is essentially the one proposed by Marguerre 

[11] for isotropic plates. In Ref. [11], by using only the first three terms of the Fourier 

series for the out-of-plane displacement, Marguerre obtained a solution which was later 

proven to be in excellent agreement with Levy’s converged solution [2] for an isotropic 

square plate. While most investigators who used the principle of virtual work 

[12,14,16-18] assumed both the in-plane and out-of-plane displacements to be 

independent variables, Marguerre, in Ref. [11], treated only the out-of-plane 

displacement as the independent variable. He then obtained an expression for the stress 

function from the compatibility equation of von Karman. By writing the potential 

energy of the buckled plate in terms of the assumed out-of-plane displacement and the 

stress function, a system of nonlinear algebraic equations for the unknown coefficients 

in the deflection was obtained from the principle of minimum potential energy. 

Marguerre’s energy method eliminates some possible sources of error by excluding the 

assumption on the in-plane displacements, which can lead to error due to the inevitable



arbitrariness of these variables. Moreover, exclusion of the coefficients of the in-plane 

displacements from the set of unknown variables results in a smaller system of nonlinear 

equations that needs to be solved. In the present study, the Marguerre-type energy 

method is extended to specially orthotropic plates. A Fourier sine series is used as the 

assumed form of deflection to represent the shape beyond the buckling load. The 

convergence of postbuckling solutions for orthotropic and angle-ply laminates is. 

examined by using different numbers of sine terms in the assumed out-of-plane 

displacement series. 

The basic assumptions and restrictions of the present study for the postbuckling analysis 

of a composite plate are, 

1) The plate is initially perfectly flat without imperfections. 

2) The plate is simply supported at all four sides. 

3) The in-plane normal displacements are constant along the plate edges. 

4) All four edges are free of shear stresses. 

5) The plate is thin relative to its length and width, and transverse shear is ignored. 

6) The laminate is symmetric, so bending-extensional coupling does not exist. 

7) The plate behaves elastically during the entire range of loading. 

8) The extension-twisting coupling terms, As and Ax, are ignored, and the laminate is 

specially orthotropic or can be considered as specially orthotropic (Dis and Dy « De). 

1.2.2 Buckle Pattern Change 

Another aspect of the present work is the study of the change of postbuckling mode 

shape from the initial postbuckling shape, as the plate is loaded deeper into the 

postbuckling regime. The phenomenon of buckle pattern change for thin plates in the



postbuckling load regime is often encountered in experiments [19-24]. In the usual 

postbuckling analysis, however, the buckled form of plates is generally assumed to 

remain unchanged, and little effort has been made on investigation of the phenomenon 

of buckle pattern change. Thus, there is a need to develop a systematic approach to 

account for this phenomenon. An early discussion of the phenomenon of buckle 

pattern change was presented by Stein [25] for a three-bar-column model subjected to 

axial compressive load. In his subsequent paper [21], he considered buckle pattern 

change for postbuckling analysis of isotropic plates with various aspect ratios. He 

obtained the load end-shortening curves for successive modes of postbuckling 

deformation and superposed them. The broken continuous curve that forms the lower 

bound envelope is then assumed to be load end-shortening curve for the panel and the 

actual buckled shape is taken to be the one which corresponds to a certain section of 

that curve. Other investigations, as in Refs. [17, 26-27], where the mode changes of 

plates are allowed during compressive loading, used the procedure proposed by Stein. 

In the most recent version of the STAGS [28] computer code, referred to as 

STAGS-TP, the capability to account for the change in buckle pattern during 

postbuckling response is included, as indicated in Refs. [20, 29]. 

The proposed approach is different from the previous investigations in the sense that 

the energy state is examined for several successive mode shapes of a plate, which were 

analyzed simultaneously. The magnitudes of the total potential energy are compared 

for the possible modes, and the mode which has the minimum value of the total 

potential energy is assumed to represent the actual buckled shape. The effects of panel 

aspect ratio, laminate stacking sequence, and fiber orientation as well as in-plane 

boundary conditions on the mode shifting phenomenon are discussed.



1.2.3. Optimum Design of Laminated Plates 
  

The freedom to tailor the stiffness and strength of laminated fiber-reinforced 

composites has stimulated interest in optimization procedures for the design of 

efficient laminated composite plates for many applications. The minimum weight 

design of laminated plates has been reported in Refs. [30-39], where the thicknesses 

of individual layers with pre-assigned fiber orientations and/or fiber orientations are 

treated as design variables. Schmit and Farshi [30] presented a method for minimum 

weight design of symmetric laminates subject to multiple in-plane loading conditions 

with strength and stiffness constraints. The maximum strain failure criterion was used 

to evaluate the strength requirement, and minimization was carried out by the method 

of inscribed hyperspheres, in which only critical and near-critical constraints are 

considered at each stage of optimization. Using a procedure similar to the one 

presented in Ref. [30], Schmit and Farshi added a constraint on the buckling load in 

their subsequent paper [31]. Khot et al., in Ref. [32], considered minimum weight 

design of plate elements under in-plane and/or out-of-plane loading conditions with 

strength and displacement constraints. The constraint on the strength of laminates 

was calculated based on the Tsai-Hill failure criterion. 

Minimum-mass design of composite wings with constraints on buckling, strength, and 

displacement was investigated by Starnes and Haftka in Ref. [33]. Wing segments 

were analyzed by the finite element method, and SUMT technique in conjunction with 

constraint approximations was used for optimization. Rao and Singh [34], using the 

SUMT technique, presented minimum-weight design of cross-ply laminates with 

constraints on natural frequency, buckling load, and displacement. Calculation of the 

constraints was based on analytical expressions derived from generally orthotropic 
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�f�i�e�l�d� �t�h�e�o�r�y� �d�e�v�e�l�o�p�e�d� �b�y� �K�o�i�t�e�r� �[�1�5�]�.� �T�h�e� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� 

�o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �o�b�t�a�i�n�e�d� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d�.� �S�i�z�i�n�g� 

�i�s� �p�e�r�f�o�r�m�e�d� �b�y� �C�O�N�M�I�N� �[�4�0�]� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�g�r�a�m�.� �T�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �o�r� 

�T�s�a�i�-�H�i�l�l� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �i�s� �u�s�e�d� �t�o� �m�o�n�i�t�o�r� �t�h�e� �f�a�i�l�u�r�e� �o�f� �t�h�e� �s�k�i�n� �p�o�r�t�i�o�n� �o�f� �a� �p�a�n�e�l�.� 

�T�h�e� �d�e�s�i�g�n� �s�t�u�d�y� �b�a�s�e�d� �o�n� �n�u�m�e�r�i�c�a�l� �e�x�a�m�p�l�e�s�,� �h�o�w�e�v�e�r�,� �i�s� �n�o�t� �i�n�c�l�u�d�e�d� �i�n� �R�e�f�.� �[�5�2�]�.� 

�T�h�e� �a�n�a�l�y�t�i�c�a�l� �b�a�s�i�s� �o�f� �a�l�l� �t�h�e�s�e� �p�r�e�v�i�o�u�s� �e�f�f�o�r�t�s�,� �e�x�c�e�p�t� �t�h�e� �l�a�s�t� �o�n�e� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e�,� 

�f�o�r� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �o�f� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�s� �w�a�s� �t�h�e� �l�i�n�e�a�r� �p�l�a�t�e� �t�h�e�o�r�y� �w�h�i�c�h� �a�l�l�o�w�s� �o�n�l�y� 

�s�m�a�l�l� �d�e�f�o�r�m�a�t�i�o�n�s� �o�f� �a� �p�l�a�t�e�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �p�l�a�t�e�s� �u�n�d�e�r� �i�n�-�p�l�a�n�e� �l�o�a�d�s� �w�h�e�r�e� 

�s�t�r�e�n�g�t�h� �c�o�n�s�t�r�a�i�n�t�s� �b�a�s�e�d� �o�n� �T�s�a�i�-�H�i�l�l� �o�r� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �a�r�e� 

�c�o�n�s�i�d�e�r�e�d�,� �t�h�e� �r�e�q�u�i�r�e�d� �s�t�r�e�s�s�e�s� �a�n�d� �s�t�r�a�i�n�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �b�a�s�i�c� 

�f�o�r�c�e�-�d�e�f�o�r�m�a�t�i�o�n� �r�e�l�a�t�i�o�n�s� �o�f� �c�l�a�s�s�i�c�a�l� �l�a�m�i�n�a�t�i�o�n� �t�h�e�o�r�y� �b�y� �d�e�c�o�u�p�l�i�n�g� �m�e�m�b�r�a�n�e� 

�a�n�d� �b�e�n�d�i�n�g� �b�e�h�a�v�i�o�r�.� �I�f�a� �p�l�a�t�e� �i�s� �u�n�d�e�r� �i�n�-�p�l�a�n�e� �t�e�n�s�i�l�e� �l�o�a�d� �o�r� �i�t� �i�s� �t�h�i�c�k� �r�e�l�a�t�i�v�e� �t�o� 

�i�t�s� �w�i�d�t�h�,� �l�i�n�e�a�r� �p�l�a�t�e� �t�h�e�o�r�y� �c�a�n� �b�e� �a�p�p�l�i�e�d� �f�o�r� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �s�t�r�e�n�g�t�h� 

�1�2



�r�e�q�u�i�r�e�m�e�n�t�s� �s�i�n�c�e� �b�e�n�d�i�n�g� �a�c�t�i�o�n� �o�f� �t�h�e� �p�l�a�t�e� �d�o�e�s� �n�o�t� �e�x�i�s�t� �o�r� �i�s� �n�e�g�l�i�g�i�b�l�y� �s�m�a�l�l�.� 

�A� �t�h�i�n� �p�l�a�t�e� �s�u�b�j�e�c�t� �t�o� �a�n� �i�n�-�p�l�a�n�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �b�e�y�o�n�d� �b�u�c�k�l�i�n�g�,� �h�o�w�e�v�e�r�,� �c�a�n� 

�s�u�s�t�a�i�n� �a� �l�o�a�d� �l�e�v�e�l� �s�e�v�e�r�a�l� �t�i�m�e�s� �h�i�g�h�e�r� �t�h�a�n� �i�t�s� �b�u�c�k�l�i�n�g� �l�o�a�d� �w�i�t�h�o�u�t� �f�a�i�l�u�r�e�,� �a�n�d� �i�s� 

�c�o�n�c�u�r�r�e�n�t�l�y� �s�u�b�j�e�c�t�e�d� �t�o� �a� �l�a�r�g�e� �b�e�n�d�i�n�g� �a�c�t�i�o�n�.� �T�o� �t�a�k�e� �f�u�l�l� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� 

�a�d�d�i�t�i�o�n�a�l� �l�o�a�d�-�c�a�r�r�y�i�n�g� �c�a�p�a�b�i�l�i�t�y�,� �i�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�o� �d�e�s�i�g�n� �s�u�c�h� �a� �t�h�i�n� �p�l�a�t�e� �t�o� �s�e�r�v�e� 

�i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �r�a�n�g�e�.� �B�e�c�a�u�s�e� �o�f� �l�a�r�g�e� �d�e�f�o�r�m�a�t�i�o�n�s� �i�n� �t�h�i�n� �p�l�a�t�e�s�,� �t�h�e� 

�g�e�o�m�e�t�r�i�c�a�l�l�y� �n�o�n�l�i�n�e�a�r� �p�l�a�t�e� �t�h�e�o�r�y� �m�u�s�t� �b�e� �a�p�p�l�i�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�.� �T�o� �t�h�e� �a�u�t�h�o�r ��s� 

�k�n�o�w�l�e�d�g�e�,� �i�n�v�e�s�t�i�g�a�t�i�o�n�s� �o�n� �t�h�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �o�f� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e�s� �s�u�b�j�e�c�t�e�d� �t�o� 

�p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �a�r�e� �n�o�t� �a�v�a�i�l�a�b�l�e� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �e�x�c�e�p�t� �t�h�e� �w�o�r�k� �b�y� �D�i�c�k�s�o�n� �a�n�d� 

�B�i�g�g�e�r�s� �i�n� �R�e�f�.� �[�5�2�]�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �m�i�n�i�m�u�m�-�w�e�i�g�h�t� �d�e�s�i�g�n� �o�f� �l�a�m�i�n�a�t�e�d� �t�h�i�n� 

�p�l�a�t�e�s� �w�h�i�c�h� �f�a�i�l� �a�t� �t�h�e� �l�o�a�d� �l�e�v�e�l� �b�e�y�o�n�d� �t�h�e�i�r� �b�u�c�k�l�i�n�g� �l�o�a�d� �i�s� �i�n�v�e�s�t�i�g�a�t�e�d�.� �I�n� 

�a�d�d�i�t�i�o�n�,� �m�i�n�i�m�u�m� �w�e�i�g�h�t� �d�e�s�i�g�n� �o�f� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �b�u�c�k�l�i�n�g� �c�o�n�s�t�r�a�i�n�t�s� �1�s� �c�o�n�s�i�d�e�r�e�d�.� 

�T�h�e� �w�e�i�g�h�t� �o�f� �a� �p�l�a�t�e� �d�e�s�i�g�n�e�d� �f�o�r� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �i�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�a�t� �o�f� 

�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �d�e�s�i�g�n� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �w�e�i�g�h�t� �s�a�v�i�n�g�s�.� �T�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �o�f� 

�l�a�m�i�n�a�t�e�s� �i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �u�s�i�n�g� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� 

�c�r�i�t�e�r�i�o�n�.� �P�r�e�v�i�o�u�s�l�y�,� �t�h�i�s� �c�r�i�t�e�r�i�o�n� �w�a�s� �s�u�c�c�e�s�s�f�u�l�l�y� �u�s�e�d� �i�n� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� 

�o�f� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �p�l�a�t�e�s� �u�n�d�e�r� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �b�y� �A�r�n�o�l�d� �e�t� �a�l�.� �i�n� �R�e�f�.� �[�5�3�]�.� �T�o� 

�f�u�r�t�h�e�r� �j�u�s�t�i�f�y� �t�h�e� �u�s�e� �o�f� �t�h�i�s� �c�r�i�t�e�r�i�o�n�,� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �o�f� �v�a�r�i�o�u�s� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �p�l�a�t�e�s� 

�u�n�d�e�r� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �i�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �a�v�a�i�l�a�b�l�e� �t�e�s�t� �r�e�s�u�l�t�s� �b�y� �S�t�a�r�n�e�s� �e�t� �a�l�.� �[�5�4�]�.� 

�1�.�2�.�4� �O�p�t�i�m�i�z�a�t�i�o�n� �w�i�t�h� �D�i�s�c�r�e�t�e� �D�e�s�i�g�n� �V�a�r�i�a�b�l�e�s� 
� � 

�T�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �u�s�e�d� �i�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �a�r�e� �t�h�e� �t�h�i�c�k�n�e�s�s�e�s� �o�f� �p�l�i�e�s� �w�i�t�h� 

�p�r�e�-�s�e�l�e�c�t�e�d� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�s�.� �I�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �t�h�e� �o�p�t�i�m�u�m� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �d�e�s�i�g�n�,� 

�s�u�c�h� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �c�a�n� �o�n�l�y� �t�a�k�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �s�i�n�c�e� �p�l�i�e�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� 

�o�r�i�e�n�t�a�t�i�o�n�s� �a�r�e� �e�s�s�e�n�t�i�a�l�l�y� �m�a�d�e� �u�p� �o�f� �i�n�t�e�g�e�r� �m�u�l�t�i�p�l�e�s� �o�f� �a� �s�i�n�g�l�e� �l�a�y�e�r� �o�f� 
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�p�r�e�-�i�m�p�r�e�g�n�a�t�e�d� �t�a�p�e�.� �T�h�e� �u�s�e� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �t�h�a�t� �a�c�c�e�p�t� �o�n�l�y� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� 

�a�p�p�e�a�r� �i�n� �o�t�h�e�r� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s�.� �F�o�r� �m�a�n�y� �p�r�a�c�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s�,� �t�h�e� �d�e�s�i�g�n�e�r� 

�m�u�s�t� �c�h�o�o�s�e� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �f�r�o�m� �a� �l�i�s�t� �o�f� �c�o�m�m�o�n�l�y� �a�v�a�i�l�a�b�l�e� �v�a�l�u�e�s�.� �T�h�e� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s� �s�u�c�h� �a�s� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a�s� �o�f� �t�r�u�s�s�e�s�,� �t�h�i�c�k�n�e�s�s�e�s� �o�f� �p�l�a�t�e�s� �a�n�d� �m�e�m�b�r�a�n�e�s� 

�a�l�s�o� �f�a�l�l� �i�n�t�o� �t�h�i�s� �c�a�t�e�g�o�r�y�.� �H�o�w�e�v�e�r�,� �m�o�s�t� �a�v�a�i�l�a�b�l�e� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �h�a�v�e� 

�b�e�e�n� �d�e�v�e�l�o�p�e�d� �u�n�d�e�r� �t�h�e� �i�m�p�l�i�c�i�t� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� 

�c�o�n�t�i�n�u�o�u�s�-�v�a�l�u�e�d�.� �T�h�e� �m�o�s�t� �c�o�m�m�o�n� �w�a�y� �o�f� �a�c�h�i�e�v�i�n�g� �a� �d�e�s�i�g�n� �w�i�t�h� �d�i�s�c�r�e�t�e�-�v�a�l�u�e�d� 

�d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �i�s� �t�o� �r�o�u�n�d�-�o�f�f� �t�h�e� �o�p�t�i�m�u�m� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�,� �o�b�t�a�i�n�e�d� 

�b�y� �a�s�s�u�m�i�n�g� �t�h�e�m� �t�o� �b�e� �c�o�n�t�i�n�u�o�u�s� �v�a�r�i�a�b�l�e�s�,� �t�o� �t�h�e� �n�e�a�r�e�s�t� �a�c�c�e�p�t�a�b�l�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �i�d�e�a� �i�s� �s�i�m�p�l�e�,� �f�o�r� �p�r�o�b�l�e�m�s� �w�i�t�h� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �w�i�t�h�o�u�t� �v�i�o�l�a�t�i�n�g� �t�h�e� �d�e�s�i�g�n� �c�o�n�s�t�r�a�i�n�t�s� �c�a�n� �p�o�s�e� 

�s�e�r�i�o�u�s� �d�i�f�f�i�c�u�l�t�i�e�s�.� �M�o�r�e� �s�y�s�t�e�m�a�t�i�c� �a�p�p�r�o�a�c�h�e�s� �s�u�c�h� �a�s� �a� �B�r�a�n�c�h� �a�n�d� �B�o�u�n�d� �m�e�t�h�o�d� 

�a�n�d� �a� �L�a�g�r�a�n�g�i�a�n� �r�e�l�a�x�a�t�i�o�n� �m�e�t�h�o�d� �a�r�e� �p�r�o�p�o�s�e�d� �i�n� �t�h�e� �r�e�s�e�a�r�c�h� �e�n�v�i�r�o�n�m�e�n�t�.� 

�T�h�e� �m�a�i�n� �f�r�a�m�e�w�o�r�k� �f�o�r� �B�r�a�n�c�h� �a�n�d� �B�o�u�n�d� �(�B� �&� �B�)� �m�e�t�h�o�d� �w�a�s� �i�n�t�r�o�d�u�c�e�d� �b�y� �L�a�n�d� 

�a�n�d� �D�o�i�g� �[�5�5�]� �t�o� �s�o�l�v�e� �i�n�t�e�g�e�r� �l�i�n�e�a�r� �p�r�o�g�r�a�m�m�i�n�g� �(�I�L�P�)� �p�r�o�b�l�e�m�s�.� �T�h�e� �B�r�a�n�c�h� �a�n�d� 

�B�o�u�n�d� �m�e�t�h�o�d� �f�o�r�m�s� �n�e�w� �s�u�b�p�r�o�b�l�e�m�s�,� �c�a�l�l�e�d� �c�a�n�d�i�d�a�t�e�s�,� �a�f�t�e�r� �o�b�t�a�i�n�i�n�g� �t�h�e� 

�c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�u�m�.� �T�h�e�s�e� �c�a�n�d�i�d�a�t�e�s� �e�x�c�l�u�d�e� �t�h�e� �i�n�f�e�a�s�i�b�l�e� �(�n�o�n�-�d�i�s�c�r�e�t�e�)� �r�e�g�i�o�n�s� 

�b�y� �b�r�a�n�c�h�i�n�g�,� �a�n�d� �b�o�u�n�d�s� �a�r�e� �u�s�e�d� �t�o� �r�a�p�i�d�l�y� �d�i�s�c�a�r�d� �m�a�n�y� �o�f� �t�h�e� �p�o�s�s�i�b�l�e� �c�a�n�d�i�d�a�t�e�s�,� 

�d�u�e� �t�o� �t�h�e� �c�o�n�v�e�x�i�t�y� �o�f� �t�h�e� �p�r�o�b�l�e�m�,� �w�i�t�h�o�u�t� �a�n�a�l�y�z�i�n�g� �t�h�e�m�.� �R�e�i�n�s�c�h�m�i�d�t� �[�5�6�]� �u�s�e�d� 

�t�h�e� �B� �&� �B� �m�e�t�h�o�d� �f�o�r� �p�l�a�s�t�i�c� �d�e�s�i�g�n� �o�f� �f�r�a�m�e�s� �b�y� �p�o�s�i�n�g� �t�h�e� �p�r�o�b�l�e�m� �a�s� �a�n� �I�L�P� 

�p�r�o�b�l�e�m�.� �G�a�r�f�i�n�k�e�l� �a�n�d� �N�e�m�h�a�u�s�e�r� �[�5�7�]� �e�x�t�e�n�d�e�d� �t�h�i�s� �m�e�t�h�o�d� �t�o� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� 

�c�o�n�v�e�x� �n�o�n�l�i�n�e�a�r� �p�r�o�b�l�e�m�s�.� �J�o�h�n� �e�t� �a�l�.� �[�5�8�]� �m�e�r�g�e�d� �t�h�e� �B�r�a�n�c�h� �a�n�d� �B�o�u�n�d� �a�l�g�o�r�i�t�h�m� 

�w�i�t�h� �s�e�q�u�e�n�t�i�a�l� �l�i�n�e�a�r� �p�r�o�g�r�a�m�m�i�n�g� �(�S�L�P�)� �f�o�r� �t�h�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �o�f� �t�r�u�s�s�e�s�.� 

�M�e�s�q�u�i�t�a� �a�n�d� �K�a�m�a�t� �[�4�6�]� �e�m�p�l�o�y�e�d� �s�o�m�e� �e�f�f�i�c�i�e�n�c�y� �m�e�a�s�u�r�e�s� �t�o� �i�m�p�r�o�v�e� �D�a�r�k�i�n ��s� 

�B�r�a�n�c�h� �a�n�d� �B�o�u�n�d� �a�l�g�o�r�i�t�h�m� �[�5�9�]� �i�n� �s�o�l�v�i�n�g� �a� �n�o�n�l�i�n�e�a�r� �m�i�x�e�d� �i�n�t�e�g�e�r� �p�r�o�g�r�a�m�m�i�n�g� 
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�(�N�M�I�P�)� �p�r�o�b�l�e�m�.� �O�l�s�e�n� �a�n�d� �V�a�n�d�e�r�p�l�a�a�t�s� �[�6�0�]� �p�r�o�p�o�s�e�d� �a� �m�e�t�h�o�d�,� �d�e�n�o�t�e�d� 

�S�e�q�u�e�n�t�i�a�l� �L�i�n�e�a�r� �D�i�s�c�r�e�t�e� �P�r�o�g�r�a�m�m�i�n�g� �(�S�L�D�P�)�,� �w�h�i�c�h� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �a�n� �e�x�t�e�n�s�i�o�n� �o�f� 

�t�h�e� �S�e�q�u�e�n�t�i�a�l� �L�i�n�e�a�r� �P�r�o�g�r�a�m�m�i�n�g� �(�S�L�P�)� �m�e�t�h�o�d�.� �T�h�e� �s�o�l�u�t�i�o�n� �i�n� �R�e�f�.� �[�6�0�]� �i�s� �f�o�u�n�d� 

�b�y� �u�s�i�n�g� �t�w�o� �d�i�f�f�e�r�e�n�t� �s�o�f�t�w�a�r�e� �p�a�c�k�a�g�e�s�,� �o�n�e� �f�o�r� �c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�i�z�a�t�i�o�n� �a�n�d� �t�h�e� 

�o�t�h�e�r� �f�o�r� �i�n�t�e�g�e�r� �p�r�o�g�r�a�m�m�i�n�g�.� �U�s�e� �o�f� �t�w�o� �d�i�f�f�e�r�e�n�t� �p�a�c�k�a�g�e�s�,� �h�o�w�e�v�e�r�,� �c�a�n� �b�e� 

�i�n�c�o�n�v�e�n�i�e�n�t� �f�o�r� �t�h�e� �p�r�a�c�t�i�c�i�n�g� �e�n�g�i�n�e�e�r�.� �A�l�s�o�,� �i�n�t�e�g�e�r� �p�r�o�g�r�a�m�m�i�n�g� �p�r�o�b�l�e�m�s� �a�r�e� 

�d�i�f�f�i�c�u�l�t� �t�o� �h�a�n�d�l�e�.� 

�S�c�h�m�i�t� �a�n�d� �F�l�u�e�r�y� �[�6�1�]� �p�r�o�p�o�s�e�d� �a� �m�e�t�h�o�d� �i�n� �w�h�i�c�h� �t�h�e� �o�r�i�g�i�n�a�l� �s�t�r�u�c�t�u�r�a�l� 

�o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �i�s� �r�e�p�l�a�c�e�d� �b�y� �a� �s�e�q�u�e�n�c�e� �o�f� �c�o�n�v�e�x� �a�n�d� �s�e�p�a�r�a�b�l�e� �a�p�p�r�o�x�i�m�a�t�e� 

�s�u�b�p�r�o�b�l�e�m�s�.� �E�a�c�h� �s�u�b�p�r�o�b�l�e�m� �w�a�s� �s�o�l�v�e�d� �u�s�i�n�g� �L�a�g�r�a�n�g�e� �r�e�l�a�x�a�t�i�o�n�,� �a�n�d� �t�h�e� �d�u�a�l� 

�f�u�n�c�t�i�o�n� �w�a�s� �m�a�x�i�m�i�z�e�d� �u�s�i�n�g� �a� �s�u�b�g�r�a�d�i�e�n�t� �m�e�t�h�o�d�.� �T�h�e� �s�u�b�p�r�o�b�l�e�m� �i�s� �c�o�n�v�e�x� �i�n� �t�h�e� 

�c�o�n�t�i�n�u�o�u�s� �s�e�n�s�e�.� �W�h�e�n� �d�i�s�c�r�e�t�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �i�n�t�r�o�d�u�c�e�d�,� �h�o�w�e�v�e�r�,� �t�h�e� �p�r�o�b�l�e�m� �i�s� 

�n�o� �l�o�n�g�e�r� �c�o�n�v�e�x� �a�n�d� �t�h�e�r�e� �i�s� �n�o� �g�u�a�r�a�n�t�e�e� �t�h�a�t� �t�h�e� �d�u�a�l� �m�e�t�h�o�d�s� �w�i�l�l� �y�i�e�l�d� �t�h�e� 

�g�l�o�b�a�l�l�y� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �d�i�s�c�r�e�t�e� �p�r�o�b�l�e�m�.� �S�i�z�i�n�g� �t�y�p�e� �p�r�o�b�l�e�m�s� �w�i�t�h� �d�i�s�c�r�e�t�e� 

�v�a�r�i�a�b�l�e�s� �a�r�e� �s�o�l�v�e�d� �s�u�c�c�e�s�s�f�u�l�l�y� �b�y� �t�h�i�s� �m�e�t�h�o�d�.� �T�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �d�y�n�a�m�i�c� 

�r�o�u�n�d�-�o�f�f�,� �B�r�a�n�c�h� �a�n�d� �B�o�u�n�d�,� �a�n�d� �L�a�g�r�a�n�g�i�a�n� �r�e�l�a�x�a�t�i�o�n� �m�e�t�h�o�d� �f�o�r� �v�a�r�i�o�u�s� �d�i�s�c�r�e�t�e� 

�o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �i�s� �i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �R�i�n�g�e�r�t�z� �[�6�2�]�.� 

�T�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �i�n�t�r�o�d�u�c�e�s� �a� �s�i�m�p�l�e� �a�p�p�r�o�a�c�h� �t�o� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �w�i�t�h� 

�d�i�s�c�r�e�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �b�y� �m�o�d�i�f�y�i�n�g� �t�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �a�p�p�r�o�a�c�h� �o�f� �c�o�n�v�e�r�t�i�n�g� �t�h�e� 

�c�o�n�s�t�r�a�i�n�e�d� �p�r�o�b�l�e�m�s� �i�n�t�o� �s�e�q�u�e�n�t�i�a�l� �u�n�c�o�n�s�t�r�a�i�n�e�d� �m�i�n�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �(�S�U�M�T�)� 

�p�r�o�b�l�e�m�s� �[�6�3�]�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �p�e�n�a�l�t�y� �a�p�p�r�o�a�c�h� �i�s� �u�s�e�d� �f�o�r� �c�o�n�v�e�r�t�i�n�g� �a� �c�o�n�s�t�r�a�i�n�e�d� 

�o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �i�n�t�o� �a� �s�e�q�u�e�n�c�e� �o�f� �u�n�c�o�n�s�t�r�a�i�n�e�d� �p�r�o�b�l�e�m�s�.� �T�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �f�o�r� �t�h�e� �u�n�c�o�n�s�t�r�a�i�n�e�d� �p�r�o�b�l�e�m� �a�t� �e�a�c�h� �s�t�e�p� �o�f� �t�h�e� �s�e�q�u�e�n�t�i�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� 

�i�n�c�l�u�d�e�s� �t�e�r�m�s� �t�h�a�t� �i�n�t�r�o�d�u�c�e� �p�e�n�a�l�t�y� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �d�e�g�r�e�e� �o�f� �c�o�n�s�t�r�a�i�n�t� �v�i�o�l�a�t�i�o�n�.� 
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�I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �p�e�n�a�l�t�y� �t�e�r�m�s� �f�o�r� �c�o�n�s�t�r�a�i�n�t� �v�i�o�l�a�t�i�o�n�,� �t�h�e� �p�r�o�p�o�s�e�d� �a�p�p�r�o�a�c�h� 

�i�n�t�r�o�d�u�c�e�s� �p�e�n�a�l�t�y� �t�e�r�m�s� �t�o� �r�e�f�l�e�c�t� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� �t�h�a�t� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �t�a�k�e� 

�d�i�s�c�r�e�t�e� �v�a�l�u�e�s�.� �A� �v�a�r�i�a�b�l�e� �m�a�g�n�i�t�u�d�e� �p�e�n�a�l�t�y� �t�e�r�m� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �s�i�n�e� �f�u�n�c�t�i�o�n� �i�s� 

�i�n�t�r�o�d�u�c�e�d� �a�n�d� �i�m�p�l�e�m�e�n�t�e�d� �w�i�t�h� �t�h�e� �e�x�t�e�n�d�e�d� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� �m�e�t�h�o�d� �o�f� �t�h�e� 

�o�p�t�i�m�i�z�a�t�i�o�n� �p�a�c�k�a�g�e� �N�E�W�S�U�M�T�-�A� �[�6�4�]�.� �T�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �i�s� �a�p�p�l�i�e�d� �t�o� 

�c�l�a�s�s�i�c�a�l� �t�r�u�s�s� �a�n�d� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �p�r�o�c�e�d�u�r�e�.� 

�1�.�2�.�5� �P�r�e�s�e�n�t� �D�e�s�i�g�n� �S�t�u�d�y� 
� � 

�I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �m�i�n�i�m�u�m�-�w�e�i�g�h�t� �d�e�s�i�g�n� �o�f� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d�,� �s�y�m�m�e�t�r�i�c�a�l�l�y� 

�l�a�m�i�n�a�t�e�d�,� �t�h�i�n�,� �r�e�c�t�a�n�g�u�l�a�r�,� �g�e�n�e�r�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e�s� �f�o�r� �b�u�c�k�l�i�n�g� �a�n�d� 

�p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �i�s� �i�n�v�e�s�t�i�g�a�t�e�d�.� �T�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �i�s� �b�a�s�e�d� �o�n� �a� 

�M�a�r�g�u�e�r�r�e�-�t�y�p�e� �e�n�e�r�g�y� �m�e�t�h�o�d� �e�x�t�e�n�d�e�d� �t�o� �g�e�n�e�r�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e�s� �w�i�t�h� �a� �s�p�e�c�i�a�l� 

�c�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �r�e�g�i�m�e�.� �T�h�e� �f�a�i�l�u�r�e� �l�o�a�d� 

�o�f� �l�a�m�i�n�a�t�e�s� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �b�a�s�e�d� �o�n� �t�h�e� 

�i�n�-�p�l�a�n�e� �s�t�r�a�i�n�s�.� �D�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �i�n�d�i�v�i�d�u�a�l� �l�a�y�e�r� �t�h�i�c�k�n�e�s�s�e�s� �w�i�t�h� �s�p�e�c�i�f�i�e�d� �f�i�b�e�r� 

�o�r�i�e�n�t�a�t�i�o�n�s� �a�n�d� �a�s�s�u�m�e�d� �t�o� �t�a�k�e� �o�n�l�y� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �m�u�l�t�i�p�l�e�s� �o�f� 

�t�h�e� �l�a�m�i�n�a� �t�h�i�c�k�n�e�s�s�.� �T�h�e� �p�r�o�p�o�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �i�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �d�e�s�i�g�n� 

�o�f� �r�e�c�t�a�n�g�u�l�a�r� �l�a�m�i�n�a�t�e�s� �m�a�d�e� �u�p� �o�f� �0�,� �+� �4�5�,� �9�0� �d�e�g�r�e�e� �l�a�m�i�n�a�e� �w�i�t�h� �v�a�r�i�o�u�s� �a�s�p�e�c�t� 

�r�a�t�i�o�s�.� 

�F�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �o�f� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�s� �b�a�s�e�d� �o�n� �t�h�e� �m�o�d�i�f�i�e�d� 

�M�a�r�g�u�e�r�r�e� �s�o�l�u�t�i�o�n� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �C�h�a�p�t�e�r� �I�]�.� �R�e�s�u�l�t�s� �o�f� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�s�p�o�n�s�e� �o�f� 

�g�e�n�e�r�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �a�n�a�l�y�s�i�s� �p�r�o�c�e�d�u�r�e�.� �T�h�e� 

�p�h�e�n�o�m�e�n�o�n� �o�f� �b�u�c�k�l�e� �p�a�t�t�e�r�n� �c�h�a�n�g�e� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �I�I�I�.� �T�h�e� �p�r�o�c�e�d�u�r�e� 
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�d�e�v�e�l�o�p�e�d� �f�o�r� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �b�u�c�k�l�e� �p�a�t�t�e�r�n� �c�h�a�n�g�e� �i�s� �p�r�o�p�o�s�e�d�.� �T�h�e� 

�f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �u�s�e�d� �f�o�r� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �i�s� �i�n�t�r�o�d�u�c�e�d� �i�n� 

�C�h�a�p�t�e�r� �I�V�.� �T�h�e� �v�a�l�i�d�a�t�i�o�n� �o�f� �t�h�e� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� �b�y� �c�o�m�p�a�r�i�n�g� 

�p�r�e�d�i�c�t�e�d� �s�t�r�e�n�g�t�h�s� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�t�e�r�m�i�n�e�d� �o�n�e�s�.� �T�h�e� �p�r�o�c�e�d�u�r�e� �d�e�v�e�l�o�p�e�d� �f�o�r� 

�d�i�s�c�r�e�t�e� �v�a�l�u�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �C�h�a�p�t�e�r� �V�.� �T�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �w�i�t�h� �d�i�s�c�r�e�t�e� 

�v�a�l�u�e�d� �d�e�s�i�g�n� �i�s� �a�c�h�i�e�v�e�d� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �a�d�d�i�t�i�o�n�a�l� �p�e�n�a�l�t�y� �t�e�r�m�s�,� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �s�i�n�e� 

�f�u�n�c�t�i�o�n�,� �t�o� �t�h�e� �r�e�g�u�l�a�r� �p�s�e�u�d�o�-�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �o�f� �s�e�q�u�e�n�t�i�a�l� �u�n�c�o�n�s�t�r�a�i�n�e�d� 

�m�i�n�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �(�S�U�M�T�)�.� �I�n� �C�h�a�p�t�e�r� �V�I�,� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �a�n�d� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� 

�o�f� �m�i�n�i�m�u�m�-�w�e�i�g�h�t� �p�l�a�t�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s� �a�r�e� �p�r�e�s�e�n�t�e�d�.� �A�l�s�o� �i�n�c�l�u�d�e�d� �i�n� �C�h�a�p�t�e�r� 

�V�I� �i�s� �t�h�e� �d�e�s�i�g�n� �s�t�u�d�y� �o�f� �s�q�u�a�r�e� �a�n�d� �l�o�n�g� �r�e�c�t�a�n�g�u�l�a�r� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e�s� �f�o�r� 

�p�o�s�t�b�u�c�k�l�i�n�g� �p�e�r�f�o�r�m�a�n�c�e�.� �B�a�s�e�d� �o�n� �t�h�e� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d�,� �c�o�n�c�l�u�s�i�o�n� �o�f� �t�h�e� �p�r�e�s�e�n�t� 

�s�t�u�d�y� �i�s� �d�r�a�w�n� �i�n� �C�h�a�p�t�e�r� �V�I�I�.� 
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�C�H�A�P�T�E�R� �I�I� 

�F�O�R�M�U�L�A�T�I�O�N� �F�O�R� �P�O�S�T�B�U�C�K�L�I�N�G� �A�N�A�L�Y�S�I�S� 

�O�F� �L�A�M�I�N�A�T�E�D� �P�L�A�T�E�S� 

�2�.�1� �A�s�s�u�m�p�t�i�o�n� �o�f� �O�u�t�-�o�f�-�p�l�a�n�e� �D�i�s�p�l�a�c�e�m�e�n�t� 

�T�h�e� �l�a�r�g�e� �d�e�f�l�e�c�t�i�o�n� �e�q�u�a�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �b�e�h�a�v�i�o�r� �o�f� �o�r�t�h�o�t�r�o�p�i�c� 

�p�l�a�t�e�s� �a�r�e� �a�n� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� �w�e�l�l�-�k�n�o�w�n� �v�o�n� �K�a�r�m�a�n� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�i�n� �i�s�o�t�r�o�p�i�c� 

�p�l�a�t�e�s� �o�f� �u�n�i�f�o�r�m� �t�h�i�c�k�n�e�s�s�.� �T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �i�s� �g�i�v�e�n� �b�y� 

�T�i�m�o�s�h�e�n�k�o� �[�1�2�]�,� �a�n�d� �t�h�e� �e�x�t�e�n�s�i�o�n� �f�o�r� �o�r�t�h�o�t�r�o�p�i�c� �a�n�a�l�y�s�i�s� �b�y� �L�e�k�h�n�i�t�s�k�i�i� �[�6�5�]�.� 

�I�g�n�o�r�i�n�g� �a�n�i�s�o�t�r�o�p�i�c� �e�x�t�e�n�s�i�o�n�-�s�h�e�a�r�i�n�g� �t�e�r�m�s� �(�A�*�i�s� �a�n�d� �A�*�)�,� �t�h�e� �c�o�m�p�a�t�i�b�i�l�i�t�y� 

�e�q�u�a�t�i�o�n� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�A�*� �y�D� �y�x�e�x�x� �+� �(�2�4�%� �1�2� �+� �A�*� �6�6�)� �P�r�a�x�y�y� �+� �A�*� �1�1� �D�a�y�y�y�y� �=� �W�a�y ��  �� �W�i�a�x�W�r�y�y� �(�2�.�1�)� 

�w�h�e�r�e� �A�j�*� �a�r�e� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �e�x�t�e�n�s�i�o�n�a�l� �c�o�m�p�l�i�a�n�c�e� �m�a�t�r�i�x�,� �a�n�d� �t�h�e� �s�t�r�e�s�s� 

�f�u�n�c�t�i�o�n�,� �@�,� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �m�i�d�-�p�l�a�n�e� �s�t�r�e�s�s� �r�e�s�u�l�t�a�n�t�s� �p�e�r� �u�n�i�t� �l�e�n�g�t�h� �b�y� 

�,� �N�=�O�.� �,� �N�y�=�-�,� �(�2�.�2�)� �x�y� 

�s�u�c�h� �t�h�a�t� �t�h�e� �i�n�-�p�l�a�n�e� �e�q�u�i�l�i�b�r�i�u�m� �e�q�u�a�t�i�o�n�s� �a�r�e� �a�u�t�o�m�a�t�i�c�a�l�l�y� �s�a�t�i�s�f�i�e�d�.� 

�A�n� �i�m�p�o�r�t�a�n�t� �s�t�e�p� �i�n� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �e�n�e�r�g�y� �m�e�t�h�o�d� �i�s� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �a�s�s�u�m�e�d� 

�d�e�f�o�r�m�e�d� �s�h�a�p�e�.� �F�o�r� �a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �r�e�c�t�a�n�g�u�l�a�r� �p�a�n�e�l� �w�i�t�h� �t�h�e� �c�o�o�r�d�i�n�a�t�e� 

�c�o�n�v�e�n�t�i�o�n� �s�h�o�w�n� �i�n� �F�i�g�.� �(�1�)�,� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �w�,� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

� � 

�o�o� �o�o� �k� 

�w�=� �>�)� �W�r�a�y� �S�i�n� �i�i�n�)� �s�i�n� �(�2�.�3�)� 
�m�=� �1�,�3�,�.�m� �=� �1�,�3�,�.�.� 
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�w�h�e�r�e� �t�h�e� �i�n�t�e�g�e�r�,� �&�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �n�u�m�b�e�r� �o�f� �h�a�l�f� �w�a�v�e�s� �i�n� �t�h�e� �l�o�a�d�i�n�g� �d�i�r�e�c�t�i�o�n� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �b�u�c�k�l�i�n�g� �m�o�d�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �l�i�n�e�a�r� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s�.� �S�i�n�c�e� 

�i�t� �w�a�s� �o�b�s�e�r�v�e�d� �i�n� �a�n� �e�x�t�e�n�s�i�v�e� �n�u�m�e�r�i�c�a�l� �s�t�u�d�y� �o�n� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �t�h�a�t� �t�h�e� �c�r�i�t�i�c�a�l� �m�o�d�e� �o�f� �a� �p�l�a�t�e� �i�s� �a�l�w�a�y�s� �o�b�t�a�i�n�e�d� �t�o� �b�e� �i�n� �t�h�e� �f�o�r�m� �o�f� 

�a� �s�i�n�g�l�e� �h�a�l�f� �w�a�v�e� �i�n� �t�h�e� �y�-�d�i�r�e�c�t�i�o�n�,� �r�e�g�a�r�d�l�e�s�s� �o�f� �p�l�a�t�e� �a�s�p�e�c�t� �r�a�t�i�o�s� �o�r� �l�a�m�i�n�a�t�e� 

�s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s�,� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n� �(�2�.�3�)� �i�n�c�l�u�d�e�s� �o�n�l�y� �t�h�e� �o�d�d� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� 

�i�n� �t�h�e� �y�-�d�i�r�e�c�t�i�o�n�.� �T�h�u�s� �t�h�e� �f�i�r�s�t� �t�e�r�m� �i�n� �t�h�e� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �a�s�s�u�m�e�d� �d�e�f�l�e�c�t�i�o�n� 

�a�l�w�a�y�s� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �b�u�c�k�l�i�n�g� �m�o�d�e� �o�f� �a� �g�i�v�e�n� �p�l�a�t�e�.� �I�f� �t�h�e� �c�r�i�t�i�c�a�l� �m�o�d�e� �o�f� �t�h�e� �p�l�a�t�e� 

�i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �(�k�)� �h�a�l�f� �w�a�v�e�s� �i�n� �t�h�e� �l�o�a�d�i�n�g� �d�i�r�e�c�t�i�o�n�,� �e�x�t�e�n�s�i�v�e� �n�u�m�e�r�i�c�a�l� �s�t�u�d�y� 

�i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �(�X�)�-�t�h� �h�a�l�f� �w�a�v�e�s� �i�s� �m�o�s�t� �s�i�g�n�i�f�i�c�a�n�t� �t�o� �t�h�e� 

�p�o�s�t�b�u�c�k�l�i�n�g� �m�o�d�e� �s�h�a�p�e�,� �w�h�i�l�e� �t�h�e�r�e� �i�s� �n�o� �c�o�n�t�r�i�b�u�t�i�o�n� �f�r�o�m� �m�o�d�e�s� �t�h�a�t� �h�a�v�e� �l�e�s�s� 

�t�h�a�n� �(�X�k�)� �h�a�l�f� �w�a�v�e�s�.� �B�y� �i�n�t�r�o�d�u�c�i�n�g� �t�h�e� �i�n�t�e�g�e�r�,� �k�,� �t�h�e� �d�e�f�o�r�m�e�d� �s�h�a�p�e� �i�n� �t�h�e� 

�p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �a� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �(�k�)�-�t�h� �m�o�d�e� �a�n�d� �t�h�e� 

�m�o�d�e�s� �w�i�t�h� �m�o�r�e� �t�h�a�n� �(�A�)� �h�a�l�f� �w�a�v�e�s�.� �I�f� �a� �p�l�a�t�e� �i�n� �t�h�e� �i�n�i�t�i�a�l� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e� 

�b�u�c�k�l�e�s� �i�n�t�o� �m�a�n�y� �h�a�l�f� �w�a�v�e�s�,� �t�h�i�s� �f�e�a�t�u�r�e� �b�e�c�o�m�e�s� �v�e�r�y� �u�s�e�f�u�l� �s�i�n�c�e� �t�h�e� �a�s�s�u�m�e�d� 

�d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n� �e�l�i�m�i�n�a�t�e�s� �t�h�e� �u�n�n�e�c�e�s�s�a�r�y� �t�e�r�m�s� �w�h�i�c�h� �a�r�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �m�o�d�e�s� 

�l�e�s�s� �t�h�a�n� �(�k�)� �h�a�l�f� �w�a�v�e�s�.� �T�h�e� �u�s�e� �o�f� �a�d�d�i�t�i�o�n�a�l� �p�a�r�a�m�e�t�e�r� �k� �a�l�s�o� �m�a�k�e�s� �i�t� �p�o�s�s�i�b�l�e� �t�o� 

�u�s�e� �o�n�l�y� �t�h�e� �o�d�d� �v�a�l�u�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �m�.� �D�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �v�a�l�u�e�s� �o�f� �&� �t�h�e� �v�a�l�u�e� 

�o�f� �t�h�e� �p�r�o�d�u�c�t� �k� �«� �m� �c�a�n� �e�i�t�h�e�r� �b�e� �e�v�e�n� �o�r� �o�d�d�.� �T�h�u�s�,� �t�h�e� �a�s�s�u�m�e�d� �f�o�r�m� �o�f� �d�e�f�l�e�c�t�i�o�n� 

�(�2�.�3�)� �m�i�n�i�m�i�z�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �n�o�n�l�i�n�e�a�r� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �t�o� �b�e� �s�o�l�v�e�d� �i�n� �t�h�e� 

�p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s�,� �a�n�d� �i�s� �a�p�p�l�i�c�a�b�l�e� �t�o� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e�s� �o�f� �a�n�y� �a�s�p�e�c�t� �r�a�t�i�o� �t�h�a�t� 

�d�e�f�o�r�m� �i�n�t�o� �a�n�y� �n�u�m�b�e�r� �o�f� �h�a�l�f� �s�i�n�e� �w�a�v�e�s�.� 

�T�h�e� �e�x�p�r�e�s�s�i�o�n� �(�2�.�3�)� �d�o�e�s� �n�o�t� �f�u�l�f�i�l�l� �t�h�e� �n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�f� �z�e�r�o� �b�e�n�d�i�n�g� 

�m�o�m�e�n�t�s� �a�l�o�n�g� �t�h�e� �p�l�a�t�e� �s�i�d�e�s� �i�f� �t�h�e� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s�,� �D�i�.� �a�n�d� �D�x�,� 

�e�x�i�s�t�.� �T�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d�,� �h�o�w�e�v�e�r�,� �i�s� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �a�n�d� �r�e�q�u�i�r�e�s� 

�1�9



� � � � 
�F�i�g�.� �1� �R�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e� �u�n�d�e�r� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� 

�2�0



�t�h�a�t� �t�h�e� �a�s�s�u�m�e�d� �d�e�f�l�e�c�t�i�o�n� �s�a�t�i�s�f�y� �o�n�l�y� �t�h�e� �g�e�o�m�e�t�r�i�c�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�u�s�,� 

�t�h�e� �a�s�s�u�m�e�d� �d�e�f�l�e�c�t�i�o�n� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �l�a�m�i�n�a�t�e�s� �f�o�r� �w�h�i�c�h� �D�,�.� �a�n�d� �D�>�.� �a�r�e� �n�o�t� �z�e�r�o�.� 

�E�f�f�e�c�t�s� �o�f� �i�g�n�o�r�i�n�g� �t�h�e�s�e� �a�n�i�s�o�t�r�o�p�i�c� �t�e�r�m�s� �o�n� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �p�l�a�t�e� 

�d�e�f�l�e�c�t�i�o�n�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �D�j�.� �a�n�d� �D�,�.� �w�i�l�l� �b�e� �d�e�m�o�n�s�t�r�a�t�e�d� �l�a�t�e�r� �i�n� 

�t�h�e� �N�u�m�e�r�i�c�a�l� �E�x�a�m�p�l�e�s� �s�e�c�t�i�o�n�.� 

�2�.�2� �D�e�r�i�v�a�t�i�o�n� �o�f� �S�t�r�e�s�s� �F�u�n�c�t�i�o�n� 

�U�s�i�n�g� �t�h�e� �a�s�s�u�m�e�d� �d�e�f�l�e�c�t�i�o�n� �(�2�.�3�)�,� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n� �f�o�r� �a� �r�e�c�t�a�n�g�u�l�a�r� �p�a�n�e�l� �c�a�n� �b�e� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �c�o�m�p�a�t�i�b�i�l�i�t�y� �E�q�n�.� �(�2�.�1�)�.� �T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�o�u�r�t�h�-�o�r�d�e�r� �p�a�r�t�i�a�l� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n�,� �©�,� �c�o�n�s�i�s�t�s� �o�f� �a� �c�o�m�p�l�e�m�e�n�t�a�r�y� �a�n�d� �a� 

�p�a�r�t�i�c�u�l�a�r� �p�a�r�t�.� �U�s�i�n�g� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �e�d�g�e�s� �a�r�e� �s�h�e�a�r� �f�r�e�e�,� �a� �c�o�m�p�l�e�m�e�n�t�a�r�y� 

�s�o�l�u�t�i�o�n� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �a�s� 

�©� �1� �N� �2�,�8� �2� �=� �(�N�x�?� �+� �N�y�?�)� �(�2�.�4�)� 

�w�h�e�r�e�,� �f�o�r� �t�h�e� �t�i�m�e� �b�e�i�n�g�,� �N�,� �a�n�d� �N�,� �a�r�e� �u�n�k�n�o�w�n� �l�o�a�d�-�d�e�p�e�n�d�e�n�t� �c�o�n�s�t�a�n�t�s�.� �B�y� 

�i�n�t�r�o�d�u�c�i�n�g� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �(�2�.�3�)� �i�n�t�o� �t�h�e� �r�i�g�h�t�-�h�a�n�d�-�s�i�d�e� �o�f� �t�h�e� �c�o�m�p�a�t�i�b�i�l�i�t�y� �E�q�n�.� �(�2�.�1�)�,� 

�a� �p�a�r�t�i�c�u�l�a�r� �s�o�l�u�t�i�o�n� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �a�s� 

 ��  �� �k�(�p�r�x�)� �g�r�y� 
�®�,� �=� �»� �»� �n�g� �C�O�S�  ��G� �c�o�s� �7� �(�2�.�5�)� 

�p�=� �0�,�2�,�.�.�¢� �=� �0�,�2�,�.�.� 

� � 

�I�n� �t�h�e� �a�b�o�v�e� �p�a�r�t�i�c�u�l�a�r� �s�o�l�u�t�i�o�n�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �,�,� �a�r�e� 

� � 

�n�=�1� 

�p�a� �=� �4� �b�?� �o�k� �2� �I�e�n�m� �a�e� �*� �4� �a� �*� �(�2�.�6�)� 
�A�l�p� �s�y� �A�*�2� �+� �P�o�g� �(�2�4�%� �1�2� �+� �A�*� �G�6�)� �+� �9� �2� �A�*� �1�]� 

�a� 
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�w�h�e�r�e� �8�,� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �u�n�d�e�t�e�r�m�i�n�e�d� �l�o�a�d�-�d�e�p�e�n�d�e�n�t� �p�a�r�a�m�e�t�e�r�s� �W�,�,�,�,� �a�n�d� �a�r�e� �g�i�v�e�n� 

�i�n� �A�p�p�e�n�d�i�x� �A�.� 

�T�h�e�n�,� �t�h�e� �c�o�m�p�l�e�t�e� �s�o�l�u�t�i�o�n� �o�f� �E�q�n�.� �(�2�.�1�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

� � 

�L�p�o�a�.�f�a�,� �Y�Y� �K�(�p�m�x�)� �_� �q�n�y� �|� �d�= ��>� �(�N�x� �+� �N�y�y ��)� �+� �>� �>� �b�p�q� �C�0�8� �q� �c�o�s� �(�2�.�7�)� 

�I�n� �t�h�e� �a�b�o�v�e� �e�x�p�r�e�s�s�i�o�n� �(�2�.�7�)�,� �t�h�e� �l�o�a�d�-�d�e�p�e�n�d�e�n�t� �c�o�n�s�t�a�n�t�s� �N�,� �a�n�d� �N�,� �a�r�e� �t�o� �b�e� 

�d�e�t�e�r�m�i�n�e�d� �n�e�x�t�.� 

�2�.�3� �L�o�a�d� �E�n�d�-�s�h�o�r�t�e�n�i�n�g� �R�e�l�a�t�i�o�n� 

�F�r�o�m� �c�l�a�s�s�i�c�a�l� �l�a�m�i�n�a�t�i�o�n� �t�h�e�o�r�y�,� �i�g�n�o�r�i�n�g� �t�h�e� �e�x�t�e�n�s�i�o�n�-�t�w�i�s�t�i�n�g� �t�e�r�m�s� �(�A�i�.� �a�n�d� �A�z�)�,� 

�t�h�e� �i�n�-�p�l�a�n�e� �s�t�r�a�i�n�s� �f�o�r� �s�y�m�m�e�t�r�i�c�a�l�l�y� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�s� �a�r�e� �r�e�l�a�t�e�d� �t�o� �i�n�-�p�l�a�n�e� �s�t�r�e�s�s� 

�r�e�s�u�l�t�a�n�t�s� �b�y� 

�e�y� �=� �A�*� �N�y� �+� �A�*� �N�y� 

�e�y� �=� �A�*�N�,� �+� �A�*�y�N�,� �(�2�.�8�)� 
�0� 

�Y�x�y� �=� �A�*� �6�6�N�y�y� 

�T�h�e� �i�n�-�p�l�a�n�e� �s�t�r�a�i�n�s� �c�a�n� �b�e� �a�l�s�o� �w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �m�i�d�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �f�r�o�m� �t�h�e� 

�d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �s�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s� �o�f� �v�o�n� �K�a�r�m�a�n� �a�s� 

�e�y� �=� �U�,�,� �+� �>� �W�y�?� 

�0� �1� �2� �b�y� �=� �V�y� �+� �>� �M�y� �(�2�.�9�)� 

�0� 
�V�y� �=� �U�y�,� �+� �V�x� �+� �W�y�x�W�y�y� 

�2�2



�I�n�t�r�o�d�u�c�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n� �(�2�.�2�)� �i�n�t�o� �t�h�e� �r�e�l�a�t�i�o�n�s� �(�2�.�8�)� �a�n�d� �u�s�i�n�g� 

�t�h�e� �s�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s� �(�2�.�9�)�,� �t�h�e� �i�n�f�i�n�i�t�e�s�i�m�a�l� �s�t�r�a�i�n�s� �u�,�,� �a�n�d� �v�,�,� �i�n� �t�h�e� �x�-� �a�n�d� 

�y�-�d�i�r�e�c�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�u�,�,� �=� �[�A�*�;�P�,�y�,� �+� �A�*� �1�2�9�,�5�5� �~�~� �W�x�]� �(�2�.�1�0�)� 

�V�y� �=� �[�A�*� �O�y� �+� �A�*�D� �x�5�  �� 

�B�y� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �e�x�p�r�e�s�s�i�o�n� �(�2�.�1�0�)� �o�v�e�r� �t�h�e� �l�e�n�g�t�h� �a�n�d� �w�i�d�t�h� �o�f� �t�h�e� �p�l�a�t�e�,� �t�h�e� �i�n�-�p�l�a�n�e� 

�e�d�g�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �A�,� �a�n�d� �A�,�,� �i�n� �t�h�e� �x�-� �a�n�d� �y�-�d�i�r�e�c�t�i�o�n� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �a�s� 

�a� �a� 

�A�,�=� �-�|� �u�y�,� �a�x� �=� �-�|� �[�A�*�®�,�,�,� �+� �A�*� �D�o�g� �W�a�g� �d�x� �(�2�.�1�1�)� 

�0� �0� 

�]� 
�b� �b� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�s�s�u�m�e�d� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �w�,� �a�n�d� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n�,� �®�,� �i�n�t�o� 

�t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �(�2�.�1�1�)�,� �t�h�e� �e�d�g�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �c�o�n�s�t�a�n�t�s�,� 

�N�,� �a�n�d� �N�,�,� �a�n�d� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �d�e�f�l�e�c�t�i�o�n�,� �W�i�n�,� �a�s� 

� � �A�,�=�a�l� �A�t� �N�+� �4�%� �N�4�2� �Y�Y� �n�?�W�3�,�]� �(�2�.�1�2�)� 

�)� �c�o� �0�°� 

�A�,� �=� �6�.� �A�*�,�N�,� �+� �A�*� �n�N�,� �y�t� �o�e� �»� �»� �n�w�?� 

�T�h�e� �a�b�o�v�e� �r�e�l�a�t�i�o�n�s� �p�e�r�m�i�t� �e�x�p�r�e�s�s�i�o�n� �o�f� �t�h�e� �u�n�k�n�o�w�n� �c�o�n�s�t�a�n�t�s�,� �N�,� �a�n�d� �N�,�,� �i�n� �t�e�r�m�s� 

�o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�s� �a�n�d� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �d�e�f�l�e�c�t�i�o�n�,� �a�s� 

�A� �A� �A� �a� �o�o� �2�4�2� �2� 

�N�e�m� �A�y� �E�+� �A�y� �»�,� �x� �o�s� �A�n� �+�7�5� �A�i�\�W�n�n� �(�2�.�1�3�)� 

� � 

�1�,�3�,�.� 

�A� �A� �A� �2� �=�  �� �2�4�2� �P�e�)� 
�N�y� �=� �A�p�t� �A�n� �»� �»� �[�=� �5� �A�y�n�+�7�>� �»� �=� �A�n�]� �W�i�n�n� 

�m�=�1�,�3�,�.�m�=�1�,�3�,�.� 
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�T�h�e� �p�h�y�s�i�c�a�l� �m�e�a�n�i�n�g� �o�f� �t�h�e� �c�o�n�s�t�a�n�t�s� �N�,� �a�n�d� �N�,� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �b�y� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� 

�i�n�-�p�l�a�n�e� �n�o�r�m�a�l� �l�o�a�d�s� �a�l�o�n�g� �t�h�e� �s�i�d�e�s�,� �i�.�e�.�,� 

�4� �"�N�i�d� �-�L�f�'�o�,� �w�=� �r�l�]� �M�=�z�]� �O�n�v�=�-� �h�s� �(�2�.�1�4�)� 

�L�I� �m�a�r�=�t�[�o�,�a�e�=�-�h� �a�j�,� �a�j�. �� �y� 

�I�t� �c�a�n� �b�e� �d�e�d�u�c�e�d� �f�r�o�m� �t�h�e� �a�b�o�v�e� �e�x�p�r�e�s�s�i�o�n�s� �t�h�a�t� �t�h�e� �c�o�n�s�t�a�n�t�s�,� �N�,� �a�n�d� �N�,�,� �a�r�e� �t�h�e� 

�a�v�e�r�a�g�e� �i�n�-�p�l�a�n�e� �l�o�a�d�s� �a�l�o�n�g� �t�h�e� �e�d�g�e�s�,� �a�c�t�i�n�g� �i�n� �t�h�e� �x�-� �a�n�d� �y�-�d�i�r�e�c�t�i�o�n�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �A�,� �a�n�d� �A�,�.� �T�h�u�s�,� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �(�2�.�1�3�)� �r�e�p�r�e�s�e�n�t�s� �t�h�e� 

�l�o�a�d� �v�e�r�s�u�s� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �r�e�l�a�t�i�o�n�s�h�i�p� �w�h�e�r�e� �W�,�,�  ��s� �a�r�e� �l�o�a�d� �d�e�p�e�n�d�e�n�t� �u�n�k�n�o�w�n� 

�d�i�s�p�l�a�c�e�m�e�n�t� �p�a�r�a�m�e�t�e�r�s�.� 

�2�.�4� �D�e�r�i�v�a�t�i�o�n� �o�f� �T�o�t�a�l� �P�o�t�e�n�t�i�a�l� �E�n�e�r�g�y� 

�T�h�e� �n�e�x�t� �s�t�e�p� �i�n� �M�a�r�g�u�e�r�r�e ��s� �e�n�e�r�g�y� �m�e�t�h�o�d� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �l�o�a�d�-�d�e�p�e�n�d�e�n�t� 

�u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� �W�,�,� �i�n� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �o�f� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�.� 

�D�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� 

�i�s� �b�a�s�e�d� �o�n� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �m�i�n�i�m�u�m� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�.� 

�T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �p�e�r� �u�n�i�t� �v�o�l�u�m�e�,� �U�,� �f�o�r� �t�h�e� �k�-�t�h� �l�a�y�e�r� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

 ��(�e�y� �_� �U�S� �=�>� �[�o�k�e� �t�+� �o�,�f� �+� �t�y�P�a�y�] � �� �(�2�.�1�5�)� 

�F�r�o�m� �t�h�e� �p�l�a�n�e�-�s�t�r�e�s�s� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s�,� �t�h�e� �s�t�r�e�s�s�e�s� �i�n� �t�h�e� �k�-�t�h� �l�a�y�e�r� �c�a�n� �b�e� 

�e�x�p�r�e�s�s�e�d� �a�s� 
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�)� �_�_� �_� �)� 
�O�x� �2�1�1�9�1�2�9� �1�6� �f�y� 

�}�f� �=� �O�d�i�n� �o�f� �(�2�.�1�6�)� 

�T�x�y� �2�6�2�2�6�2�6�6� �V�x�y� 

�w�h�e�r�e� �t�h�e� �Q�,�  ��s� �a�r�e� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �r�e�d�u�c�e�d� �s�t�i�f�f�n�e�s�s�e�s� �g�i�v�e�n� �i�n� �R�e�f�.� �[�6�6�]�.� �S�u�b�s�t�i�t�u�t�i�n�g� 

�t�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n�s� �(�2�.�1�6�)� �i�n�t�o� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �(�2�.�1�5�)�,� �a�n�o�t�h�e�r� �f�o�r�m� �o�f� �t�h�e� �s�t�r�a�i�n� 

�e�n�e�r�g�y� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �a�s� 

�~� �1�  ��  ��  ��  ��_ ��  ��  �� 

�u�N� �=� �2� �[�Q�n�e�x� �+� �2�0�1�2�8� �x�£�y� �+� �O�n�o�e�y �� �+� �2�Q�r�e�Y�x�y�E�x� �+� �Q�r�6�V�a�y�e�y�)� �+� �Q�e�e�x�y� �I �� �(�2�.�1�7�)� 

�U�n�d�e�r� �t�h�e� �K�i�r�c�h�h�o�f�f� �a�s�s�u�m�p�t�i�o�n�,� �t�h�e� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� 

�m�i�d�-�p�l�a�n�e� �s�t�r�a�i�n�s� �a�n�d� �c�u�r�v�a�t�u�r�e�s� �a�s� 

�E�y� �E� �K�x� 

�j�o� �b�a�y�a�h�e�a� �|� �(�2�.�1�8�)� 
�0� 

�Y�x�y� �V�x�y� �K�x�y� 

�w�h�e�r�e� �K�y� �=�  �� �W�y�x�x�,� �K�y� �=�  �� �W�y�,� �A�N�d� �K�y� �=�  ��2�W�y�x�y�.� 

�B�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n�s� �(�2�.�1�8�)� �i�n�t�o� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �(�2�.�1�7�)� �a�n�d� �i�n�t�e�g�r�a�t�i�n�g� �t�h�r�o�u�g�h� 

�t�h�e� �t�h�i�c�k�n�e�s�s�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �p�e�r� �u�n�i�t� �a�r�e�a�,� �U�,� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �a�s� 

�_� �n�n� �t�[�2� �_� 
�T�=�.�)� �|� �D�a�z� �(�2�.�1�9�)� �2� 

�k�=� �1�-�4�/�2� 

�o�r� 

 �� �|� �o�n� �a� �k�h�)�,� �0� �2� �k�)�,�_�0� �0� �k�)�,�_�0� �2� �U�=� �2� �|� �{�Q�i� �r�e�  �� �Z�W�,�x�,�)� �+� �2�0�1� �(�e�  �� �Z�W�y�x�x�)�(�E�y�  �� �Z�W�y�y�y�)� �+� �O�n�e�;�  ��Z�W�r�y�y�)� �(�2�.�2�0�)� 
�k�=�1�  ��t�}�/�2� 

�+� �H�E�2�,�  �� �2�z�W�y�a�y�) �� �+� �A�D�O� �(�E�L�  �� �Z�W�)� �+� �D�O�C�,�  �� �2�W�y�)� �(�V�e�y�  �� �2�Z�W�y� �a�y�}� �d�z� 
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�w�h�e�r�e� �n� �i�s� �n�u�m�b�e�r� �o�f� �l�a�y�e�r�s� �a�n�d� �t� �i�s� �t�o�t�a�l� �p�l�a�t�e� �t�h�i�c�k�n�e�s�s�.� �I�f� �t�h�e� �d�e�f�i�n�i�t�i�o�n�s� �o�f� �t�h�e� 

�e�x�t�e�n�s�i�o�n�a�l� �s�t�i�f�f�n�e�s�s�e�s�,� �A�;�,� �a�n�d� �b�e�n�d�i�n�g� �s�t�i�f�f�n�e�s�s�e�s�,� �D�,�,� �i�n� �c�l�a�s�s�i�c�a�l� �l�a�m�i�n�a�t�i�o�n� �t�h�e�o�r�y� 

�a�r�e� �i�n�t�r�o�d�u�c�e�d�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �(�2�.�2�0�)� �p�e�r� �u�n�i�t� �a�r�e�a� �f�o�r� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e�s� �c�a�n� �b�e� 

�e�x�p�r�e�s�s�e�d� �a�s� 

�U� �=�>� �[�A�y� �(�e�X�)� �+� �2�A� �g�e�e�y� �+� �A�n�a�l�y�) �� �+� �A�g�e�l�(�r�%�y�)�'�]� �(�2�.�2�1�)� �i� 
�2� 

�1� �2�,� �2� �2� 
�+� �>� �[�D�y� �W�o�x�x� �+� �2�D�1�2�W�1�x�x�W�r�y�y� �+� �D�2�2�W�y�y� �+� �A�D� �6�W�i�x�x�W�i�x�y� �+� �A�D� �r�6�W�,�y�y�W�i�x�y� �+� �A�D� �6�6�M� �y�x�y� �]� 

�I�f� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �f�o�r� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n� �(�2�.�2�)� �i�s� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �t�h�e� �m�i�d�-�p�l�a�n�e� �s�t�r�a�i�n�s� 

�(�2�.�8�)�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �t�h�e� �e�n�t�i�r�e� �p�l�a�t�e�,� �U�,� �c�a�n� �b�e� �f�i�n�a�l�l�y� �e�x�p�r�e�s�s�e�d�,� �i�n� �t�e�r�m�s� �o�f� �t�h�e� 

�s�t�r�e�s�s� �f�u�n�c�t�i�o�n� �a�n�d� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �a�s� 

�a�p�b� 

�U�=� �>� �J� �J� �|� �(�A�*� �y�y �� �+� �2�A�*� �1�2�D� �,�x�.�P� �y�y� �+� �A�*� �D�x�.� �+� �A�*� �5�6�D�x�y�)� �(�2�.�2�2�)� 

�+� �(�D�y� �W�y�e� �+� �2�D�1�2�W�y�x�x�W�r�y�y� �+� �D�a�g�W�y�y�y�?� �+� �4�D� �W�r�a�y� �+� �A�D� �2�6�W�y�y�W�r�r�y� �+� �4�D� �p�g�W�y�x�y� �)� �I�d�x�e�d�y� �"�y�y� �"�y�y� 

�T�h�e� �u�n�k�n�o�w�n� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �a�s�s�u�m�e�d� �d�e�f�l�e�c�t�i�o�n� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� 

�p�r�i�n�c�i�p�l�e� �o�f� �m�i�n�i�m�u�m� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�.� �T�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� 

�s�t�r�a�i�n� �e�n�e�r�g�y� �d�u�e� �t�o� �b�e�n�d�i�n�g� �a�n�d� �s�t�r�e�t�c�h�i�n�g� �a�n�d� �t�h�e� �w�o�r�k� �d�o�n�e� �b�y� �t�h�e� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s�.� 

�I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �t�h�e� �s�i�d�e�s� �o�f� �t�h�e� �p�l�a�t�e� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �u�n�i�f�o�r�m�l�y� �d�i�s�p�l�a�c�e�d� �t�o� 

�s�p�e�c�i�f�i�e�d� �l�e�v�e�l�s� �(�d�i�s�p�l�a�c�e�m�e�n�t� �c�o�n�t�r�o�l�l�e�d�)�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s� �c�o�n�t�r�i�b�u�t�e� 

�n�o� �w�o�r�k� �o�n� �t�h�e� �s�i�d�e�s� �s�i�n�c�e� �t�h�e� �f�i�r�s�t� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �p�r�e�d�e�t�e�r�m�i�n�e�d� �d�i�s�p�l�a�c�e�m�e�n�t� �a�l�o�n�g� 

�t�h�e� �l�o�a�d�e�d� �s�i�d�e�s� �i�s� �z�e�r�o�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�,� �I�T�,� �r�e�d�u�c�e�s� �t�o� �t�h�e� �s�t�r�a�i�n� 

�e�n�e�r�g�y� �i�t�s�e�l�f�,� �1�.�e�.�,� 

�=�U� �(�2�.�2�3�)� 
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�B�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n� �®� �o�f� �e�x�p�r�e�s�s�i�o�n� �(�2�.�7�)� �a�n�d� �a�s�s�u�m�e�d� �o�u�t�-�o�f�-�p�l�a�n�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �w� �(�2�.�3�)� �i�n�t�o� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �(�2�.�2�2�)� �a�n�d� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �o�n� �t�h�e� 

�e�n�t�i�r�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �p�l�a�t�e�,� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� 

�t�h�e� �a�v�e�r�a�g�e� �i�n�-�p�l�a�n�e� �l�o�a�d� �a�n�d� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� �W�,�,�,� �a�s� 

�I�]� � � 

�A� �A�N� �A� �4� �k�D� �o�o� �<� 

�2� �[�A�*� �N�+� �2�4�*� �N�N�,� �+� �A�t� �N�y�]� �+� �e�e� �{�[� �a� �»� �»� �m� �W�a�n� 

� � 

� � 

�4� 

�8� �a� �m�=� �1�,�3�,�.�m�=�1�,�3� 

�2�k�(�D�i�n�+�2�D�e�c�)� �C�a� �&� �D�o� �G�a� �&� �4� �2�1�2� �+� �2�D� �5�6�)� �a� �o�s�)� �Y�S� �D�Y� �m�@�t�w�,�+ �� �2� �Y�Y� �t�w� �(�2�.�2�4�)� 
�a ��b� �m�=�1�,�3�,�.�n�=�1�,�3�,�.� �m�=� �1�,�3�,�.� �a�=� �1�,�3�,�.� 

�*� �~� �a� �o�O�}� �k�(�2�A�*� �+� �A�%�e�)� �O�O� 
�+�L� �,� �(�2� �»� �g�q� �b�o�g� �+� �»� �»� �q�'�b�y�q� �)� �+� �>� �2� �~� �>� �»� �P�g� �b�o�g� 

�g�=�2�,�4� �p�=�2�,�4�,�.�9�=�2�,�4�,� �a ��b� �p�=�2�,�4�,�.�¢�=�2�,�4� 

�k�i� �A�*�y�,� �c�o� �o�o� �C�o� 

�p�2�2� �>� �p�t�+� �D�>� �>� �p�8�2�)� �I�)� 
�a� �p�=�2�,�4� �p�=�2�A�,�.�9�=�2�,�4�,� 

�T�h�e� �a�b�o�v�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �d�o�e�s� �n�o�t� �i�n�c�l�u�d�e� �t�h�e� 

�b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s�,� �D�i�,� �a�n�d� �D�y�,� �a�l�t�h�o�u�g�h� �t�h�e�y� �a�r�e� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t� �i�n� 

�t�h�e� �e�x�p�r�e�s�s�i�o�n� �(�2�.�2�2�)�.� �T�h�e�s�e� �t�e�r�m�s� �v�a�n�i�s�h� �d�u�r�i�n�g� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �d�u�e� �t�o� �t�h�e� �a�s�s�u�m�e�d� 

�f�o�r�m� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �(�2�.�3�)�.� �D�u�e� �t�o� �t�h�e� �v�a�n�i�s�h�i�n�g� �o�f� �t�h�e� �c�o�u�p�l�i�n�g� �t�e�r�m�s�,� �t�h�e� �p�r�e�s�e�n�t� 

�a�p�p�r�o�a�c�h� �y�i�e�l�d�s� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n�s� �i�f� �t�h�e� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �e�x�i�s�t�,� 

�w�i�t�h� �t�h�e� �a�c�c�u�r�a�c�y� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �c�o�u�p�l�i�n�g� �t�e�r�m�s�.� 

�T�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �c�a�n� �a�l�s�o� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �a�p�p�l�i�e�d� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g�s� �a�n�d� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� �W�,�,�,�,� �i�f� �t�h�e� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �r�e�l�a�t�i�o�n� 

�(�2�.�1�3�)� �i�s� �i�n�t�r�o�d�u�c�e�d� 

�T�T� �=� �(�A�y�,� �A�y�,� �W�i�n�n�)� �(�2�.�2�5�)� 

�I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �t�h�e� �i�n�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �A�,�,� �i�s� �a�p�p�l�i�e�d� �a�l�o�n�g� �t�h�e� �s�i�d�e�s� �o�f� �t�h�e� 

�p�l�a�t�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �(�1�)�.� 
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�2�.�5� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� �a�l�o�n�g� �Y�-�n�o�r�m�a�l� �E�d�g�e�s� 

�S�o� �f�a�r�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �o�f� �t�h�e� �p�l�a�t�e� �h�a�v�e� �n�o�t� �b�e�e�n� 

�d�e�f�i�n�e�d�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �t�w�o� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�f� �p�r�a�c�t�i�c�a�l� �i�m�p�o�r�t�a�n�c�e� �a�r�e� 

�c�o�n�s�i�d�e�r�e�d� �f�o�r� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� �n�a�m�e�l�y�,� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �s�t�r�a�i�g�h�t� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �e�d�g�e�s�.� 

�T�h�e� �f�o�r�m�e�r� �c�a�s�e� �r�e�s�e�m�b�l�e�s� �t�h�e� �s�k�i�n� �s�e�c�t�i�o�n� �o�f� �a� �s�t�i�f�f�e�n�e�d� �p�l�a�t�e� �w�h�i�c�h� �i�s� �a�l�l�o�w�e�d� �t�o� 

�e�x�p�a�n�d� �i�n� �a� �d�i�r�e�c�t�i�o�n� �t�r�a�n�s�v�e�r�s�e� �t�o� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d� �d�i�r�e�c�t�i�o�n� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�-�(�a�)�.� 

�T�h�e� �p�r�e�s�e�n�c�e� �o�f� �s�t�i�f�f�e�n�e�r�s� �p�r�o�v�i�d�e� �e�n�o�u�g�h� �i�n�-�p�l�a�n�e� �s�t�i�f�f�n�e�s�s� �s�u�c�h� �t�h�a�t� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� 

�s�k�i�n� �r�e�m�a�i�n� �a�s� �s�t�r�a�i�g�h�t� �l�i�n�e�s�,� �b�u�t� �a�l�l�o�w�e�d� �t�o� �m�o�v�e� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n�.� �T�h�e� 

�l�a�t�t�e�r� �c�a�s�e�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �r�e�s�e�m�b�l�e�s� �a� �p�a�n�e�l� �i�n� �F�i�g�.� �2�-�(�b�)� �f�o�r� �w�h�i�c�h� �t�h�e� 

�l�o�n�g�i�t�u�d�i�n�a�l� �e�d�g�e�s� �c�a�n� �n�o�t� �m�o�v�e� �i�n� �t�h�e� �p�l�a�n�e� �o�f� �t�h�e� �p�l�a�t�e�,� �s�o� �t�h�a�t� �e�d�g�e�s� �o�f� �t�h�e� �s�k�i�n� �a�r�e� 

�a�l�s�o� �r�e�s�t�r�a�i�n�e�d� �a�g�a�i�n�s�t� �i�n�-�p�l�a�n�e� �m�o�v�e�m�e�n�t�.� 

�C�a�s�e� �(�a�)� �B�u�c�k�l�e�d� �p�l�a�t�e� �w�i�t�h� �y�-�n�o�r�m�a�l� �s�t�r�a�i�g�h�t� �e�d�g�e�s� �f�r�e�e� �t�o� �m�o�v�e� �i�n� �i�t�s� �p�l�a�n�e� 

�T�h�e� �a�v�e�r�a�g�e� �l�o�a�d�,� �N�,�,� �i�s� �z�e�r�o� �a�t� �t�h�e�s�e� �e�d�g�e�s�,� �1�.�e�.�,� �N�,� �=� �0� �a�l�o�n�g� �y�=�0� �a�n�d� �y�=�b�.� �T�h�e� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �i�n� �t�h�e� �y�-�d�i�r�e�c�t�i�o�n� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�a�t� �i�n� �t�h�e� �x�-�d�i�r�e�c�t�i�o�n�,� 

�f�r�o�m� �t�h�e� �s�e�c�o�n�d� �o�f� �t�h�e� �E�q�n�.� �(�2�.�1�4�)�,� �a�s� 

� � � � 

�c
�v

�s
� 

�a� �2�,�2� �2� �m�k� �b�A� �d� �(�A� �t�y� �A�t� �W�n� �G�q� �A�e� �(�2�2�6�)� 
�1�,�3�,�.�.� 

�A�y� �=� �a�b� �a�A�,� 
�m�=�1�,�3�,�0�1�=� 

�I�f� �t�h�e� �a�b�o�v�e� �e�x�p�r�e�s�s�i�o�n� �i�s� �i�n�t�r�o�d�u�c�e�d� �i�n�t�o� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �(�2�.�2�5�)�,� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� 

�e�n�e�r�g�y� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �i�n� �t�h�e� �x�-�d�i�r�e�c�t�i�o�n� 

�a�n�d� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� �W�n� �a�s� 

�T�T� �=� �I�T�(�A�,�,� �W�i�n�n�)� �(�2�.�2�7�)� 

�T�h�e� �a�v�e�r�a�g�e� �l�o�a�d� �c�a�n� �a�l�s�o� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �A�,� �f�r�o�m� �E�q�n�.� �(�2�.�1�3�)� �a�s� 
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�I�I�I�A� �T�A�Y� 
� � 

� � 

� � 
� � � � 

�[�T�P�I�T� �T�T�I� �T�I� �[�E�P�P� �T�T�T� 

�(�a�)� �F�r�e�e�l�y� �s�h�i�f�t�i�n�g� �s�i�d�e�s� �(�b�)� �R�e�s�t�r�a�i�n�e�d� �s�i�d�e�s� 
 �� �(�N�y� �=� �0�)� �(�A�y� �=� �0�)� 

�F�i�g�.� �2� �B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�l�o�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s� 
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� � 

�n�y� �A�,� �.� �2�4�7�7�2� �=�a� �e�e� �>�»� �>�>� �w�w�,� �(�2�.�2�8�)� 
�m�=�1�,�3�,�.�2� �=� �1�,�3�,�.�.� 

�C�a�s�e� �(�b�)� �B�u�c�k�l�e�d� �p�l�a�t�e� �w�i�t�h� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �r�e�s�t�r�a�i�n�e�d� 

�I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �l�a�t�e�r�a�l� �e�x�p�a�n�s�i�o�n� �i�n� �t�h�e� �y�-�d�i�r�e�c�t�i�o�n� �i�s� �p�r�e�v�e�n�t�e�d�,� �i�e�.�,� �A�,� �=� �0� �a�l�o�n�g� 

�y�=�0� �a�n�d� �y�=�b�.� �F�r�o�m� �t�h�e� �E�q�n�.� �(�2�.�1�3�)�,� �t�h�e� �a�v�e�r�a�g�e� �l�o�a�d�s� �i�n� �t�h�e� �x�-� �a�n�d� �y�-�d�i�r�e�c�t�i�o�n� �c�a�n� 

�b�e� �w�r�i�t�t�e�n� �a�s� 

� � � � 

� � � � 

�A� �A�y� �=� �=� �m�k� �2� 
�N�,�= �� �A�x� �x�y� �»� �[� �A�M� �+�7�5� �A�M� �W�i�n�n� �(�2�.�2�9�)� 

�m�=�1�,�3�,�.�2� �=� �1�,�3�,�.�.� 

�A� �A�r�y� �=�  �� �m�k� �2� 
�N�=� �A�,�-� �>� �2�,� �(�A� �a�t� �i� �A�l� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�b�o�v�e� �i�n�-�p�l�a�n�e� �l�o�a�d�s� �(�2�.�2�9�)� �i�n�t�o� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �(�2�.�2�4�)�,� �t�h�e� �t�o�t�a�l� 

�p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �i�n� �t�h�e� 

�x�-�d�i�r�e�c�t�i�o�n� �a�n�d� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� �W�,�,�,� �s�i�m�i�l�a�r� �t�o� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �(�2�.�2�7�)�.� 

�2�.�6� �N�o�n�l�i�n�e�a�r� �A�l�g�e�b�r�a�i�c� �E�q�u�a�t�i�o�n�s� 

�F�o�r� �t�h�e� �t�w�o� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�,� �t�h�e� �u�n�k�n�o�w�n�s� �a�r�e� �r�e�d�u�c�e�d� �t�o� 

�t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �p�a�r�a�m�e�t�e�r�s�,� �W�,�,�,�,� �f�o�r� �a�n� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�,� �A�,�.� 

�F�i�n�a�l�l�y�,� �a� �s�y�s�t�e�m� �o�f� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� 

�f�r�o�m� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �m�i�n�i�m�u�m� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �a�s� 

�o�r�l�(�A�,�,� �W�i�n�n�)� �W�o� �0� �(�2�.�3�0�)� 
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�T�h�e� �n�u�m�b�e�r� �o�f� �r�e�s�u�l�t�i�n�g� �n�o�n�l�i�n�e�a�r� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �E�q�n�s�.� �(�2�.�3�0�)� �i�s� 

�e�q�u�a�l� �t�o� �t�h�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �u�s�e�d� �f�o�r� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �(�2�.�3�)�.� �T�h�e� �a�b�o�v�e� 

�e�q�u�a�t�i�o�n�s� �(�2�.�3�0�)� �a�r�e� �s�o�l�v�e�d� �b�y� �u�s�i�n�g� �t�h�e� �I�M�S�L� �S�u�b�r�o�u�t�i�n�e� �D�N�E�Q�N�J� �[�6�7�]� �w�h�i�c�h� 

�e�m�p�l�o�y�s� �t�h�e� �L�e�v�e�n�b�e�r�g�-�M�a�r�q�u�a�r�d�t� �a�l�g�o�r�i�t�h�m� �[�6�8�]�.� �T�h�e� �s�u�b�r�o�u�t�i�n�e� �D�N�E�Q�N�J� �r�e�q�u�i�r�e�s� 

�u�s�e�r�-�s�u�p�p�l�i�e�d� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �E�q�n�.� �(�2�.�3�0�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s� 

�W�;�,� �i�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �E�q�n�.� �(�2�.�3�0�)�.� 

�2�.�7� �B�u�c�k�l�i�n�g� �L�o�a�d� �a�n�d� �S�t�r�a�i�n� 

�S�i�n�c�e� �t�h�e� �b�u�c�k�l�i�n�g� �m�o�d�e� �i�s� �a�l�w�a�y�s� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �t�h�e� �f�i�r�s�t� �t�e�r�m� �o�f� �t�h�e� �a�s�s�u�m�e�d� 

�d�e�f�l�e�c�t�i�o�n� �(�2�.�3�)�,� �t�h�e� �l�i�n�e�a�r� �c�r�i�t�i�c�a�l� �l�o�a�d� �a�n�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�a�n� �b�e� �a�l�s�o� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�r�e�t�a�i�n�i�n�g� �o�n�l�y� �t�h�e� �l�i�n�e�a�r� �t�e�r�m�s� �i�n� �t�h�e� �f�i�r�s�t� �o�f� �t�h�e� �E�q�n�.� �(�2�.�3�0�)�,� 

�é�r�l�(�A�,�,� �W�i�n�n�)� �W�o� �(�2�.�3�1�)� 

�T�h�e� �l�i�n�e�a�r� �c�r�i�t�i�c�a�l� �l�o�a�d� �a�n�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �a�r�e� �f�o�u�n�d� �t�o� �b�e�,� �f�o�r� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� 

�e�d�g�e�s�,� 

�A� �D� �2�(�D�i�.� �+� �2�D� �D� �A� 
�N�y�e�r� �=� �a� �L� �K�e� �7� �+� �o�u� �2�p� �r� �e�e� �J�s� �A�y�e�r� �=� �A�A�*� �N�y�c�e� �(�2�.�3�2�)� 

�a� �a� 

� � 

�F�o�r� �t�h�e� �p�l�a�t�e� �w�i�t�h� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� �t�h�e� �c�r�i�t�i�c�a�l� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �a�n�d� �b�u�c�k�l�i�n�g� 

�l�o�a�d� �a�r�e� �o�b�t�a�i�n�e�d� �a�s� 

� � 

�2� �D� �2�(�D�j�2� �+� �2�D�6�6�)� �|� �D�r�y� �A� �A�y� �A�p� �=�  � �� �[�k�t� �i�?� �L�y� �N�o�p� �=� �A�g�e�y� �(�2�.�3�3�)� �x�c�r� �A�,� �A�v�y� �a�t� �a�b�?� �4�4� �x�e�r� �a� �x�c�r� 

�( ��a� �t�e�?� 
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�2�.�8� �N�u�m�e�r�i�c�a�l� �E�x�a�m�p�l�e�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�T�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �i�s� �a�p�p�l�i�e�d� �t�o� �i�s�o�t�r�o�p�i�c� �a�n�d� �g�e�n�e�r�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� 

�p�l�a�t�e�s�.� �T�h�e� �c�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n�s� �o�f� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �o�r�t�h�o�t�r�o�p�i�c� �a�n�d� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�s� 

�c�a�l�c�u�l�a�t�e�d� �b�y� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �i�n� �d�e�f�l�e�c�t�i�o�n� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n�s�.� �M�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �T�3�0�0�/�5�2�0�8� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �u�s�e�d� �i�n� �t�h�e� 

�p�r�e�s�e�n�t� �s�t�u�d�y� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �(�1�)�.� �T�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �o�f� �t�h�e� �p�l�a�t�e�s� �a�r�e� �f�r�e�e� �t�o� �m�o�v�e� 

�l�a�t�e�r�a�l�l�y� �u�n�l�e�s�s� �o�t�h�e�r�w�i�s�e� �s�t�a�t�e�d�.� 

�2�.�8�.�1� �C�o�n�v�e�r�g�e�n�c�e� �s�t�u�d�y� �f�o�r� �o�r�t�h�o�t�r�o�p�i�c� �a�n�d� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�s� 

�O�n�e� �o�f� �t�h�e� �m�o�s�t� �c�r�i�t�i�c�a�l� �a�s�s�u�m�p�t�i�o�n�s� �i�n� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �a�p�p�r�o�a�c�h� 

�i�s� �t�h�e� �f�o�r�m� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� �F�o�r� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s�,� �i�t� �i�s� �w�e�l�l� �k�n�o�w�n� �t�h�a�t� �u�s�e� �o�f� �o�n�l�y� 

�t�h�e� �f�i�r�s�t� �f�e�w� �t�e�r�m�s� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n� �o�f� �E�q�n�.� �(�2�.�3�)� �c�a�n� �g�i�v�e� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�e� 

�s�o�l�u�t�i�o�n�.� �I�n� �f�a�c�t�,� �b�y� �r�e�t�a�i�n�i�n�g� �o�n�l�y� �W�y�,� �W�s�,� �a�n�d� �W�3�,�;� �a�n�d� �f�u�r�t�h�e�r� �a�s�s�u�m�i�n�g� 

�W�3�;� �=�  ��1�/�2�W�s�,� �i�n� �t�h�e� �d�e�f�l�e�c�t�i�o�n�,� �M�a�r�g�u�e�r�r�e� �[�1�1�]� �o�b�t�a�i�n�e�d� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �f�o�r� 

�a� �s�q�u�a�r�e� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �w�h�i�c�h� �w�a�s� �l�a�t�e�r� �p�r�o�v�e�n� �t�o� �b�e� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �w�i�t�h� 

�L�e�v�y ��s� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �[�2�]� �f�o�r� �w�h�i�c�h� �L�e�v�y� �r�e�t�a�i�n�e�d� �s�i�x� �t�e�r�m�s� �o�f� �d�e�f�l�e�c�t�i�o�n�,� 

�W�u�,� �W�i�s�,� �W�a�,� �W�a�s�,� �W�i�s�,� �a�n�d� �W�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �e�f�f�e�c�t� �o�f� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r�s� �o�f� 

�t�e�r�m�s� �i�n� �t�h�e� �a�s�s�u�m�e�d� �s�i�n�e� �f�o�r�m� �o�f� �d�e�f�l�e�c�t�i�o�n� �o�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�s�p�o�n�s�e� �o�f� 

�o�r�t�h�o�t�r�o�p�i�c� �a�n�d� �a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� �h�a�s� �n�o�t� �b�e�e�n� �w�e�l�l� �e�s�t�a�b�l�i�s�h�e�d�.� �I�n� �o�r�d�e�r� �t�o� �e�x�a�m�i�n�e� 

�c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �p�r�e�s�e�n�t� �s�e�r�i�e�s� �s�o�l�u�t�i�o�n�,� �a�n� �e�x�t�e�n�s�i�v�e� �n�u�m�e�r�i�c�a�l� �s�t�u�d�y� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� 

�n�u�m�b�e�r�s� �o�f� �t�e�r�m�s� �i�n� �t�h�e� �a�s�s�u�m�e�d� �d�e�f�l�e�c�t�i�o�n� �w�a�s� �p�e�r�f�o�r�m�e�d� �f�o�r� �i�s�o�t�r�o�p�i�c�,� �o�r�t�h�o�t�r�o�p�i�c�,� 

�a�n�d� �a�n�g�l�e�-�p�l�y� �p�l�a�t�e�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �a�s�p�e�c�t� �r�a�t�i�o�s� �a�n�d� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s�.� �T�h�o�s�e� 

�s�o�l�u�t�i�o�n�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �a�r�e�;� �o�n�e� �t�e�r�m� �(�M�W�,� �s�u�r�v�i�v�e�s�)�,� �t�h�r�e�e� �t�e�r�m�s� �(� 

�W�u�,� �W�s�,� �a�n�d� �W�,�;� �s�u�r�v�i�v�e�)�,� �f�o�u�r� �t�e�r�m�s� �(�W�i�,� �W�s�,� �W�1�3�,� �a�n�d� �W�s�;� �s�u�r�v�i�v�e�)�,� �a�n�d� �s�i�x� �t�e�r�m�s� �(� 
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�W�r�,� �W�a�,� �W�i�s�,� �W�s�,� �W�s�,� �a�n�d� �W�,�s� �s�u�r�v�i�v�e�)�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �a� �s�q�u�a�r�e� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e�,� �t�h�e� 

�p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �u�s�i�n�g� �s�i�x� �t�e�r�m�s� �f�o�r� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �r�e�s�u�l�t�e�d� �i�n� �t�h�e� �s�a�m�e� �c�e�n�t�e�r� 

�d�e�f�l�e�c�t�i�o�n� �a�s� �L�e�v�y ��s� �e�x�a�c�t� �s�o�l�u�t�i�o�n�.� �T�h�e� �n�o�n�l�i�n�e�a�r� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �w�h�e�n� �t�h�e� 

�o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �l�e�s�s� �t�h�a�n� �s�i�x� �t�e�r�m�s� �o�f� �t�h�e� �F�o�u�r�i�e�r� �s�i�n�e� 

�s�e�r�i�e�s� �a�r�e� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �B�.� 

�F�o�r� �o�r�t�h�o�t�r�o�p�i�c� �a�n�d� �a�n�g�l�e�-�p�l�y� �p�l�a�t�e�s�,� �t�h�e� �c�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n�s� �b�y� �t�h�e� �p�r�e�s�e�n�t� �m�e�t�h�o�d� �a�r�e� 

�c�o�m�p�a�r�e�d� �w�i�t�h� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n�s�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�g�r�a�m� �f�o�r� �t�h�e� 

�p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �i�s� �c�o�d�e�d� �b�a�s�e�d� �o�n� �t�h�e� �i�s�o�p�a�r�a�m�e�t�r�i�c�,� �s�h�e�a�r�-�d�e�f�o�r�m�a�b�l�e�,� �n�i�n�e� 

�n�o�d�e�d�,� �r�e�c�t�a�n�g�u�l�a�r� �e�l�e�m�e�n�t� �[�6�8�]� �w�i�t�h� �f�i�v�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �(�u�,� �v�,� �w�,� �@�,�,� �a�n�d� �¢�,�)� �p�e�r� 

�n�o�d�e�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �u�s�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �p�l�a�t�e� 

�e�q�u�a�t�i�o�n�s� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �A�p�p�e�n�d�i�x� �C�.� �T�o� �v�e�r�i�f�y� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�g�r�a�m�,� �c�e�n�t�e�r� 

�d�e�f�l�e�c�t�i�o�n�s� �o�f� �v�a�r�i�o�u�s� �i�s�o�t�r�o�p�i�c�,� �o�r�t�h�o�t�r�o�p�i�c�,� �a�n�d� �a�n�g�l�e�-�p�l�y� �p�l�a�t�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �a�n�d� 

�p�r�o�v�e�n� �t�o� �b�e� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �c�o�m�m�e�r�c�i�a�l�l�y� 

�a�v�a�i�l�a�b�l�e� �c�o�m�p�u�t�e�r� �c�o�d�e�,� �A�B�A�Q�U�S� �[�6�9�]�.� �Q�u�a�r�t�e�r� �p�l�a�t�e� �m�o�d�e�l�s� �o�f� �4�*�4� �(�8�1� �n�o�d�e�s�)� �a�n�d� 

�2�*�4� �(�4�5� �n�o�d�e�s�)� �m�e�s�h�e�s� �a�r�e� �u�s�e�d�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�s�.� �3�-�(�a�)� �a�n�d� �3�-�(�b�)�,� �f�o�r� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�n�a�l�y�s�i�s� �o�f� �s�q�u�a�r�e� �a�n�d� �r�e�c�t�a�n�g�u�l�a�r� �(�a�/�b�=�0�.�5�)� �p�l�a�t�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e� �n�o�r�m�a�l�i�z�e�d� �c�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n�s� �f�o�r� �a�n�g�l�e�-�p�l�y� �[� �+� �3�0�]�,� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �a�s�p�e�c�t� �r�a�t�i�o�s� 

�(�a�/�b�)� �o�f� �0�.�5� �a�n�d� �1�.�0� �a�r�e� �s�h�o�w�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� 

�i�n� �F�i�g�s�.� �4�-�(�a�)� �a�n�d� �4�-�(�b�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �o�f� �p�l�a�t�e�s� �a�r�e� �r�e�s�t�r�a�i�n�e�d� �f�r�o�m� 

�l�a�t�e�r�a�l� �i�n�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �t�h�e� �f�i�g�u�r�e�s� �t�h�a�t� �t�h�e� �c�e�n�t�e�r� 

�d�e�f�l�e�c�t�i�o�n�s� �b�y� �t�h�e� �p�r�e�s�e�n�t� �m�e�t�h�o�d� �u�s�i�n�g� �s�i�x� �t�e�r�m�s� �o�f� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �b�y� �t�h�e� �f�i�n�i�t�e� 

�.� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �a�g�r�e�e� �w�e�l�l� �(�d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �w�i�t�h�i�n� �1�%�)�.� �T�h�e� �p�r�e�s�e�n�t� �s�o�l�u�t�i�o�n�s� �w�i�t�h� 

�m�o�r�e� �t�h�a�n� �t�h�r�e�e� �t�e�r�m�s� �o�f� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �s�q�u�a�r�e� 

�l�a�m�i�n�a�t�e� �a�r�e� �v�i�r�t�u�a�l�l�y� �t�h�e� �s�a�m�e�,� �w�h�i�l�e� �o�n�l�y� �t�h�e� �s�i�x� �t�e�r�m�s� �s�o�l�u�t�i�o�n� �a�g�r�e�e�s� �w�e�l�l� �w�i�t�h� �t�h�e� 
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�f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �s�h�o�r�t� �(�a�/�b�=�0�.�5�)� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�.� �I�n� �F�i�g�s�.� �5�-�(�a�)� �a�n�d� 

�5�-�(�b�)�,� �t�h�e� �c�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n�s� �o�f� �r�e�c�t�a�n�g�u�l�a�r� �(�a�/�b�=� �0�.�5�)� �a�n�d� �s�q�u�a�r�e� �o�r�t�h�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e�s� 

�[�0�]�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n�s�.� �L�i�k�e� �t�h�e� �a�n�g�l�e�-�p�l�y� 

�l�a�m�i�n�a�t�e�s�,� �t�h�e� �c�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n�s� �b�y� �t�h�e� �p�r�e�s�e�n�t� �s�i�x� �t�e�r�m�s� �a�p�p�r�o�a�c�h� �a�n�d� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �a�r�e� �i�n� �b�e�t�t�e�r� �a�g�r�e�e�m�e�n�t� �f�o�r� �t�h�e� �s�q�u�a�r�e� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� �t�h�a�n� �f�o�r� �t�h�e� 

�s�h�o�r�t� �p�l�a�t�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �d�e�v�i�a�t�i�o�n� �i�n� �t�h�e� �c�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �p�r�e�s�e�n�t� 

�m�e�t�h�o�d� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r�s� �o�f� �t�e�r�m�s� �a�n�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�s� �m�o�r�e� 

�p�r�o�n�o�u�n�c�e�d� �f�o�r� �t�h�i�s� �o�r�t�h�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e� �t�h�a�n� �f�o�r� �t�h�e� �[� �+� �3�0�]�,� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �p�l�a�t�e� �o�r�t�h�o�t�r�o�p�y� �o�n� �p�o�s�t�b�u�c�k�l�i�n�g� �d�e�f�o�r�m�a�t�i�o�n�s� �c�a�n� �b�e� �o�b�s�e�r�v�e�d� �f�r�o�m� 

�c�o�m�p�a�r�i�s�o�n� �o�f� �F�i�g�s�.� �4�-�(�a�)� �a�n�d� �5�-�(�a�)� �o�r� �F�i�g�s�.� �4�-�(�b�)� �a�n�d� �5�-�(�b�)�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �f�o�r� 

�t�h�e� �s�a�m�e� �v�a�l�u�e� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �t�h�e� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�s� 

�d�e�f�l�e�c�t� �m�o�r�e� �t�h�a�n� �t�h�e� �o�r�t�h�o�t�r�o�p�i�c� �o�n�e�s� �w�i�t�h� �t�h�e� �s�a�m�e� �p�l�a�t�e� �a�s�p�e�c�t� �r�a�t�i�o�.� �F�o�r� �t�h�e� �s�h�o�r�t� 

�p�l�a�t�e�s�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �c�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n� �b�y� �t�h�e� �p�r�e�s�e�n�t� �s�i�x� �t�e�r�m�s� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� 

�o�f� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �b�y� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �a�r�e� �w�i�t�h�i�n� �1�.�0� �a�n�d� �3�.�5�%� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� 

�r�a�n�g�e� �o�f� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �t�h�e� �a�n�g�l�e�-�p�l�y� �a�n�d� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�i�l�e� �t�h�r�e�e� �o�r� �f�o�u�r� �t�e�r�m� �s�o�l�u�t�i�o�n�s� �a�r�e� �n�o�n�-�c�o�n�s�e�r�v�a�t�i�v�e� �a�n�d� �s�h�o�w� �5�.�0� �a�n�d� 

�1�0�.�0�%� �o�f� �d�i�f�f�e�r�e�n�c�e�s� �f�r�o�m� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�t� �c�a�n� �b�e� 

�c�o�n�c�l�u�d�e�d� �f�r�o�m� �t�h�e�s�e� �e�x�a�m�p�l�e�s� �t�h�a�t� �b�o�t�h� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �a�n�d� �p�l�a�t�e� �o�r�t�h�o�t�r�o�p�y� 

�m�a�n�d�a�t�e� �t�h�e� �u�s�e� �o�f� �d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r�s� �o�f� �t�e�r�m�s� �i�n� �t�h�e� �d�e�f�l�e�c�t�i�o�n�.� �I�f�a� �p�l�a�t�e� �i�s� �v�e�r�y� �s�t�i�f�f� 

�i�n� �o�n�e� �d�i�r�e�c�t�i�o�n� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �o�t�h�e�r� �p�e�r�p�e�n�d�i�c�u�l�a�r� �d�i�r�e�c�t�i�o�n� �o�r� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �o�f� �a� 

�p�l�a�t�e� �i�s� �s�m�a�l�l�,� �t�h�e� �a�s�s�u�m�e�d� �f�o�r�m� �o�f� �d�e�f�l�e�c�t�i�o�n� �i�n� �g�e�n�e�r�a�l� �r�e�q�u�i�r�e�s� �m�o�r�e� �t�e�r�m�s�,� �a�n�d� �t�h�e� 

�u�s�e� �o�f� �a� �s�i�x� �t�e�r�m� �s�i�n�e� �s�e�r�i�e�s� �r�e�s�u�l�t�s� �i�n� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n�s�.� 
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�T�a�b�l�e� �1�.� �M�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �T�3�0�0�/�5�2�0�8� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� 

� � 

�E�,� �=� �1�9�.�0�1� �m�s�i� 

�E�,� �=� �1�.�8�9� �m�s�i� 

�G�i�.� �=� �0�.�9�3� �m�s�i� 

�V�i�2� �=� �0�.�3�8� 

�e�y� �=� �0�.�0�1� 

�e�f� �=� �0�.�0�1� 

�e�%� �=� �0�.�0�1�2� 

�e�%� �=� �0�.�0�0�6� 

�v�f� �=� �0�.�0�1�5� 
� � 

�3�5



� � 

� � 

� � 

� � 

� � � � � � � � � � � � 

� � 

� � � � 

�y� 

�(�v�=�0� �i�f� �r�e�s�t�r�a�i�n�e�d�)� 

�w�,�d� �=�0� 
�x� 

�u�,� �s�p�e�c�i�f�i�e�d� 

�w�,�O� �=�0� 
�y� 

�>� �X�x� 

�l�i�n�e�s� �o�f� �s�y�m�m�e�t�r�y� �y� 

�(�a�)� �Q�u�a�r�t�e�r� �p�l�a�t�e� �m�o�d�e�l� 
�f�o�r� �a� �s�q�u�a�r�e� �p�l�a�t�e� 

�y� 
�(�v�=�0� �i�f� �r�e�s�t�r�a�i�n�e�d�)� 

� � 

� � 

� � � � � � 
� � 

� � 

�u�,� �s�p�e�c�i�f�i�e�d� 
�u�,� �o�=� �0� �w�o� �=�0� 

�y� 

 ��_�r�,� �x�X� 

�l�i�n�e�s� �o�f� �s�y�m�m�e�t�r�y� 

�(�b�)� �Q�u�a�r�t�e�r� �p�l�a�t�e� �m�o�d�e�l� 
�f�o�r� �a� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e� � � � � � � 

�F�i�g�.� �3�.� �F�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h�e�s� 
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� � � � � � � � � � 

�1�6�.�0� 

�4� �1�2�.�0� 
�*� 

�a�q� 
�a�d� 

�<�4� 

�8�.�0� 

�4�.�0� 

�0�.�0� �I� �|� �I� �l� �I� 

�0�.�0� �0�.�5� �1�.�0� �1�.�5� �2�.�0� �2�.�5� �3�.�0� 

�w�i� �i�i�t� 
�m�a�x� 

�(�a�)� �R�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e� 

�1�2�.�0� 

�1�0�.�0� �F� �°� 

�2�0� �i�n� �a�o� 
�8�.�0� �+� �o�e� 

�b�  ��»� �5�  ��_ � �� �,� 
!"� �a� �,�-� 

�<�j� �,� 
!"�,�.� �6�0� �F� �7� 
�<�4�]� �M�a� 

�4�.�0� �+� �f�e�o� �m�e� �i� �t�e�r�m� 
�x�7�  ��  ��  ��3�-�t�e�r�m� 

 ��  ��-�4�-�l�e�r�m� 

�2�.�0� �F�  � ��6�-�t�e�r�m� 

 ��-�-�- ��F�E�M� 

�0�.�0� �l� �]� �|� �l� �|� 

�0�.�0� �0�.�5� �1�.�0� �1�.�5� �2�.�0� �2�.�5� �3�.�0� 

�w� �i�/�t� 
�m�a�x� 

�(�b�)� �S�q�u�a�r�e� �p�l�a�t�e� 

�F�i�g�.� �4� �C�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n� �o�f� �[�+�3�0�]� �a�s� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �(�t�=�0�.�1�2� �i�n�)
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�W�w� �,�(�t� 

�(�a�)� �R�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e� 
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�1�6�.�0� 

�6� �1�2�.�0� 
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�8�.�0� 
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�0�.�0� 

�0�.�0� �0�.�5� �1�.�0� �1�.�5�.� �2�.�0� �2�.�5� �3�.�0� 

�w�i�t� 
�m�a�x� 

�(�b�)� �S�q�u�a�r�e� �p�l�a�t�e� 

�F�i�g�.� �5� �C�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n� �o�f� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �o�r�t�h�o�t�r�o�p�i�c� �[�0�]� �4� �l�a�m�i�n�a�t�e�s� 

�w�i�t�h� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �(�t�=�0�.�1�2� �i�n�)� 
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�2�.�8�.�2� �E�f�f�e�c�t� �o�f� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s� 
� � 

�I�n� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h�,� �t�h�e� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �(�D�i�s�.� �a�n�d� �D�2�)� 

�d�i�s�a�p�p�e�a�r�e�d� �i�n� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �d�u�e� �t�o� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� 

�s�i�n�e� �s�e�r�i�e�s� �d�e�f�l�e�c�t�i�o�n�.� �T�h�e� �e�f�f�e�c�t� �o�f� �i�g�n�o�r�i�n�g� �t�h�e�s�e� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �o�n� �t�h�e� �b�u�c�k�l�i�n�g� �a�n�d� 

�p�o�s�t�b�u�c�k�l�i�n�g� �b�e�h�a�v�i�o�r� �o�f� �s�q�u�a�r�e� �a�n�g�l�e�-�p�l�y� �[�+� �4�5�]�,�,� �l�a�m�i�n�a�t�e�s� �i�s� �e�x�a�m�i�n�e�d� �n�e�x�t� �b�y� 

�v�a�r�y�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �l�a�y�e�r�s� �(�n�)� �w�h�i�l�e� �k�e�e�p�i�n�g� �t�h�e� �t�o�t�a�l� �p�l�a�t�e� �t�h�i�c�k�n�e�s�s� �u�n�c�h�a�n�g�e�d� 

�(�t�=�0�.�1�2� �i�n�)�.� �T�h�i�s� �i�s� �a�c�h�i�e�v�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �t�h�i�c�k�n�e�s�s�e�s� �o�f� �i�n�d�i�v�i�d�u�a�l� �l�a�y�e�r�s�.� �A�s� �t�h�e� 

�n�u�m�b�e�r� �o�f� �l�a�y�e�r�s� �i�n�c�r�e�a�s�e�s�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s� 

�D�y�.� �a�n�d� �D�,�,� �d�e�c�r�e�a�s�e�s�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �w�e� �a�r�e� �u�s�i�n�g� �i�s� �c�a�p�a�b�l�e� �o�f� �r�e�f�l�e�c�t�i�n�g� 

�t�h�e� �e�f�f�e�c�t� �o�f� �t�h�i�s� �c�h�a�n�g�e� �i�n� �t�h�e� �D�,�.�,� �a�n�d� �D�2�.� �t�e�r�m�s� �o�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�s�p�o�n�s�e�.� �C�e�n�t�e�r� 

�d�e�f�l�e�c�t�i�o�n�s�,� �n�o�r�m�a�l�i�z�e�d� �b�y� �t�h�e� �p�a�n�e�l� �t�h�i�c�k�n�e�s�s�,� �o�f� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �f�r�e�e�l�y� 

�s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�s�.� �6�-�(�a�)� �a�n�d� �6�-�(�b�)�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �a�s� �t�h�e�y� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �p�r�o�g�r�a�m� �a�n�d� �f�r�o�m� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s�.� �T�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�,� �A�,�,� �f�o�r� 

�t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n�s� �i�s� �n�o�r�m�a�l�i�z�e�d� �b�y� �t�h�e� �c�r�i�t�i�c�a�l� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �f�o�r� �e�a�c�h� 

�l�a�m�i�n�a�t�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �i�n�c�l�u�d�i�n�g� �t�h�e� �c�o�u�p�l�i�n�g� �t�e�r�m�s�,� �w�h�i�l�e� �t�h�e� �n�o�r�m�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� 

�a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �s�o�l�u�t�i�o�n� �i�s� �p�e�r�f�o�r�m�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �c�r�i�t�i�c�a�l� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �o�b�t�a�i�n�e�d� �b�y� �i�g�n�o�r�i�n�g� �t�h�e� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �(�E�q�n�s�.� �(�2�.�3�2�)� 

�a�n�d� �(�2�.�3�3�)�)�.� �T�h�e� �v�a�l�u�e� �o�f� �t�h�e� �c�r�i�t�i�c�a�l� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �f�o�r� �e�a�c�h� �c�a�s�e� �i�s� �a�l�s�o� �p�r�i�n�t�e�d� �n�e�x�t� 

�t�o� �t�h�e� �l�e�g�e�n�d�s� �i�n� �t�h�e� �f�i�g�u�r�e�.� 

�I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �c�a�n� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t� �b�o�t�h� �b�u�c�k�l�i�n�g� �a�n�d� 

�p�o�s�t�b�u�c�k�l�i�n�g� �r�e�s�p�o�n�s�e�s�,� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �c�o�u�p�l�i�n�g� �t�e�r�m�s�.� �F�o�r� 

�[� �+� �4�5�]�,�,� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �n�>� �6�,� �t�h�e� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �a�t� �b�u�c�k�l�i�n�g� �c�a�l�c�u�l�a�t�e�d� �b�y� �i�g�n�o�r�i�n�g� 

�t�h�e� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �i�s� �w�i�t�h�i�n� �5�%� �o�f� �t�h�e� �c�r�i�t�i�c�a�l� �s�h�o�r�t�e�n�i�n�g� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �f�i�n�i�t�e� 

�3�9



�e�l�e�m�e�n�t� �m�e�t�h�o�d� �f�o�r� �t�h�e� �b�o�t�h� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �A�l�s�o�,� �t�h�e� �c�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n�s� �a�n�d� 

�t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �a�g�r�e�e� �w�e�l�l� �w�i�t�h� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n�s� �i�f� �m�=� �6�.� �T�h�e� �a�g�r�e�e�m�e�n�t� �i�s� �e�s�p�e�c�i�a�l�l�y� �g�o�o�d� �f�o�r� �p�l�a�t�e�s� �w�i�t�h� �r�e�s�t�r�a�i�n�e�d� 

�y�-�n�o�r�m�a�l� �e�d�g�e�s�.� �T�h�i�s� �i�s�,� �h�o�w�e�v�e�r�,� �d�u�e� �t�o� �t�h�e� �i�n�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �u�s�e�d� 

�t�o� �e�x�a�c�t�l�y� �s�i�m�u�l�a�t�e� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �s�t�r�a�i�g�h�t� �e�d�g�e�s�.� �W�h�i�l�e� �t�h�e� �i�n�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �c�o�n�s�t�a�n�t� �a�l�o�n�g� �t�h�e� �s�i�d�e�s� �i�n� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�s�o�l�u�t�i�o�n�s� �s�h�o�w� �n�o�n�-�u�n�i�f�o�r�m� �i�n�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�l�o�n�g� �t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �i�f� �t�h�e�s�e� 

�e�d�g�e�s� �a�r�e� �u�n�r�e�s�t�r�a�i�n�e�d�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�s� �e�x�p�e�c�t�e�d� �t�o� �p�r�e�d�i�c�t� 

�a� �s�o�f�t�e�r� �r�e�s�p�o�n�s�e� �f�o�r� �t�h�e� �c�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� �p�l�a�t�e� �w�i�t�h� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� 

�F�i�g�.� �6�-�(�a�)�,� �t�h�a�n� �d�o�e�s� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �p�l�a�t�e�s� �r�e�s�t�r�a�i�n�e�d� �f�r�o�m� �l�a�t�e�r�a�l� 

�i�n�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�l�o�n�g� �t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�l�o�n�g� �t�h�e�s�e� 

�e�d�g�e�s� �a�r�e� �t�h�e� �s�a�m�e� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �a�n�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n�.� �T�h�u�s�,� �i�t� �c�a�n� �b�e� 

�c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �p�r�e�s�e�n�t� �m�e�t�h�o�d� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �p�l�a�t�e�s� �f�o�r� �w�h�i�c�h� �t�h�e� �m�a�g�n�i�t�u�d�e�s� 

�o�f� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �a�r�e� �n�o�t� �l�a�r�g�e�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �a� �l�a�m�i�n�a�t�e� �w�i�t�h� �l�a�r�g�e� 

�b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g�,� �»�=�1�,� �t�h�e� �p�r�e�s�e�n�t� �s�o�l�u�t�i�o�n� �c�a�n� �b�e� �i�n� �c�o�n�s�i�d�e�r�a�b�l�e� �e�r�r�o�r�.� 

�F�o�r� �e�x�a�m�p�l�e�,� �a�t� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �A�,� �=� �3�A�,�.�,� �t�h�e� �c�e�n�t�e�r� �d�e�f�l�e�c�t�i�o�n�s� �b�y� �t�h�e� 

�p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �a�r�e� �o�b�s�e�r�v�e�d� �t�o� �b�e� �a�b�o�u�t� �2�5� �a�n�d� �1�8�%� �i�n� �e�r�r�o�r� �c�o�m�p�a�r�e�d� �t�o� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n�s� �f�o�r� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 
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�2�.�8�.�3�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� 
� � 

�A�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �l�a�t�e�r� �i�n� �C�h�a�p�t�e�r� �I�V�,� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �u�s�e�s� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �i�n� 

�p�r�e�d�i�c�t�i�n�g� �l�a�m�i�n�a�t�e� �f�a�i�l�u�r�e�.� �T�o� �e�v�a�l�u�a�t�e� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �i�n� 

�c�a�l�c�u�l�a�t�i�n�g� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�,� �t�h�e� �s�t�r�a�i�n�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �u�s�i�n�g� �s�i�x� 

�t�e�r�m�s� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n� �a�n�d� �b�y� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �a�r�e� 

�c�o�m�p�a�r�e�d�.� �T�h�e� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �f�o�r� �s�q�u�a�r�e� �a�n�g�l�e�-�p�l�y� �[� �+� �3�0�]�,� �a�n�d� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� 

�o�r�t�h�o�t�r�o�p�i�c� �[�0�]�.� �l�a�m�i�n�a�t�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �n�o�r�m�a�l�i�z�e�d� �a�p�p�l�i�e�d� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �i�n� �F�i�g�s�.� �(�7�)� �a�n�d� �(�8�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �l�a�m�i�n�a�t�e�s� �a�r�e� �r�e�s�t�r�a�i�n�e�d� �f�r�o�m� 

�l�a�t�e�r�a�l� �i�n�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�l�o�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s�.� �A�l�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� 

�c�a�l�c�u�l�a�t�e�d� �a�t� �t�h�e� �c�o�r�n�e�r�s� �o�f� �l�a�m�i�n�a�t�e�s�,� �(�x�,�y�)� �=� �(�0�,�0�)�,� �(�0�,�b�)�,� �(�a�,�0�)�,� �(�a�,�b�)�,� �f�o�r� �t�h�e� �c�o�o�r�d�i�n�a�t�e� 

�c�o�n�v�e�n�t�i�o�n� �s�h�o�w�n� �i�n� �F�i�g�.� �(�1�)�.� �A�t� �t�h�e�s�e� �c�o�r�n�e�r�s�,� �t�h�e� �s�t�r�a�i�n�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �t�o� �h�a�v�e� 

�e�x�t�r�e�m�u�m� �v�a�l�u�e�s�.� �T�h�e� �n�e�g�a�t�i�v�e� �v�a�l�u�e�s� �i�n�d�i�c�a�t�e� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�a�i�n�s� �a�n�d� �p�o�s�i�t�i�v�e� �v�a�l�u�e�s� 

�t�e�n�s�i�l�e� �s�t�r�a�i�n�s�.� �T�h�e� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �i�n� �x�-� �a�n�d� �y�-�d�i�r�e�c�t�i�o�n� �a�r�e� �f�o�u�n�d� �t�o� �b�e� �t�h�e� �s�a�m�e� 

�t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s� �d�i�r�e�c�t�i�o�n� �d�u�e� �t�o� �t�h�e� �a�b�s�e�n�c�e� �o�f� �c�u�r�v�a�t�u�r�e�s� �a�t� �t�h�e� �c�o�r�n�e�r� �p�o�i�n�t�s� 

�o�f� �t�h�e� �p�l�a�t�e�.� �T�h�e� �s�h�e�a�r�i�n�g� �s�t�r�a�i�n�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�t� �t�h�e� �o�u�t�e�r� �s�u�r�f�a�c�e�s�.� 

�A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�s�.� �(�7�)� �a�n�d� �(�8�)�,� �t�h�e� �s�t�r�a�i�n� �i�n� �x�-�d�i�r�e�c�t�i�o�n� �i�s� �i�n� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� 

�b�e�t�w�e�e�n� �t�h�e� �t�w�o� �s�o�l�u�t�i�o�n�s� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �r�a�n�g�e� �o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�.� �T�h�e� 

�s�t�r�a�i�n� �i�n� �y�-�d�i�r�e�c�t�i�o�n� �a�n�d� �t�h�e� �s�h�e�a�r�i�n�g� �s�t�r�a�i�n� �a�l�s�o� �a�g�r�e�e�s� �w�e�l�l� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �s�o�l�u�t�i�o�n�s� 

�i�f� �t�h�e� �l�a�m�i�n�a�t�e�s� �a�r�e� �n�o�t� �i�n� �t�h�e� �d�e�e�p� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e�.� �T�h�e� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� 

�t�w�o� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �s�t�r�a�i�n� �i�n� �y�-�d�i�r�e�c�t�i�o�n� �a�n�d� �t�h�e� �s�h�e�a�r�i�n�g� �s�t�r�a�i�n� �i�n� �t�h�e� �d�e�e�p� 

�p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e�,� �h�o�w�e�v�e�r�,� �b�e�c�o�m�e�s� �w�o�r�s�e� �e�s�p�e�c�i�a�l�l�y� �f�o�r� �t�h�e� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� 

�a�l�t�h�o�u�g�h� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �s�t�r�a�i�n� �i�n� �y�-�d�i�r�e�c�t�i�o�n� �i�s� �s�m�a�l�l� �e�v�e�n� �i�n� �t�h�e� �d�e�e�p� 

�p�o�s�t�b�u�c�k�l�i�n�g� �r�a�n�g�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �s�t�r�a�i�n� �i�n� �x�-�d�i�r�e�c�t�i�o�n�.� 
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�o�r�t�h�o�t�r�o�p�i�c� �[�0�]�,� �l�a�m�i�n�a�t�e� �a�t� �c�o�r�n�e�r� �(�a�=�b�=�2�0�.�0�,� �t�=�0�.�1�2� �i�n�)� 
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�C�H�A�P�T�E�R� �I�I�I� 

�P�H�E�N�O�M�E�N�O�N� �O�F� �B�U�C�K�L�E� �P�A�T�T�E�R�N� �C�H�A�N�G�E� 

�I�t� �i�s� �k�n�o�w�n� �t�h�a�t�.�a� �p�l�a�t�e� �i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e� �c�a�n� �u�n�d�e�r�g�o� �c�h�a�n�g�e�s� �i�n� �t�h�e� �b�u�c�k�l�e�d� 

�f�o�r�m�.� �I�n�i�t�i�a�l�l�y�,� �t�h�e� �p�l�a�t�e� �b�u�c�k�l�e�s� �i�n�t�o� �a� �m�o�d�e� �w�h�i�c�h� �h�a�s� �t�h�e� �l�o�w�e�s�t� �s�t�r�a�i�n� �e�n�e�r�g�y� 

�a�m�o�n�g� �a�l�l� �o�f� �t�h�e� �p�o�s�s�i�b�l�e� �k�i�n�e�m�a�t�i�c�a�l�l�y� �a�d�m�i�s�s�i�b�l�e� �d�e�f�o�r�m�a�t�i�o�n�s�.� �A�s� �t�h�e� �l�o�a�d�i�n�g� 

�p�r�o�g�r�e�s�s�e�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�h�a�t� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �e�x�i�s�t�i�n�g� �m�o�d�e� �m�a�y� 

�b�e�c�o�m�e� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �a�n� �a�d�j�a�c�e�n�t� �m�o�d�e�.� �I�f� �t�h�a�t� �i�s� �t�h�e� �c�a�s�e�,� �t�h�e� 

�b�u�c�k�l�i�n�g� �m�o�d�e� �m�a�y� �s�h�i�f�t� �t�o� �t�h�e� �n�e�w�,� �l�o�w�e�r� �e�n�e�r�g�y�,� �m�o�d�e�.� �S�u�c�h� �m�o�d�e� �s�h�i�f�t�i�n�g� �m�a�y� 

�o�c�c�u�r� �s�e�v�e�r�a�l� �t�i�m�e�s� �d�u�r�i�n�g� �t�h�e� �l�o�a�d�i�n�g�.� 

�3�.�1� �A�s�s�u�m�p�t�i�o�n� �o�f� �O�u�t�-�o�f�-�p�l�a�n�e� �D�i�s�p�l�a�c�e�m�e�n�t� 

�I�n� �t�h�e� �f�o�l�l�o�w�i�n�g�,� �f�o�r� �t�h�e� �s�a�k�e� �o�f� �s�i�m�p�l�i�c�i�t�y�,� �t�h�e� �m�o�d�e� �s�h�i�f�t�i�n�g� �p�h�e�n�o�m�e�n�o�n� �i�s� �d�i�s�c�u�s�s�e�d� 

�i�n� �d�e�t�a�i�l� �f�o�r� �a� �p�l�a�t�e� �w�h�i�c�h� �b�u�c�k�l�e�s� �i�n�i�t�i�a�l�l�y� �i�n�t�o� �a� �s�i�n�g�l�e� �h�a�l�f� �w�a�v�e� �a�n�d� �m�a�y� �c�h�a�n�g�e� �i�t�s� 

�b�u�c�k�l�e�d� �f�o�r�m� �a�s� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �i�n�c�r�e�a�s�e�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �s�i�m�p�l�e� �f�o�r�m� �o�f� 

�t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �a�s�s�u�m�e�d� 

�_� �m�x� �.� �T�Y� �.� 
�w�=�W�,�,� �s�i�n ��Z�~� �s�i�n� �>� �+� �W�,�,� �s�i�n� �2�m�x� �.� �T�y� �q� �s�i�n �� �(�3�.�1�)� � � 

�N�o�t� �o�n�l�y� �i�s� �t�h�e� �a�s�s�u�m�e�d� �d�e�f�l�e�c�t�i�o�n� �(�3�.�1�)� �e�a�s�y� �t�o� �h�a�n�d�l�e� �d�u�e� �t�o� �t�h�e� �s�i�m�p�l�i�c�i�t�y� �o�f� �t�h�e� 

�e�x�p�r�e�s�s�i�o�n�,� �b�u�t� �i�t� �e�n�s�u�r�e�s� �t�h�a�t� �t�h�e� �p�l�a�t�e� �c�a�n� �d�e�f�o�r�m� �i�n�t�o� �a� �s�i�n�g�l�e� �h�a�l�f� �w�a�v�e�,� �d�o�u�b�l�e� �h�a�l�f� 

�w�a�v�e�s�,� �o�r� �a� �m�o�d�e� �w�h�i�c�h� �i�s� �t�h�e� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �s�i�n�g�l�e� �a�n�d� �d�o�u�b�l�e� �h�a�l�f� �w�a�v�e�s�,� 

�d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �u�n�k�n�o�w�n� �p�a�r�a�m�e�t�e�r�s�,� �W�;�,� �a�n�d� �W�y�.� �I�n� �t�h�i�s� 
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�s�e�n�s�e�,� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �(�3�.�1�)� �i�s� �u�s�e�f�u�l� �t�o� �g�a�i�n� �s�o�m�e� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� 

�p�h�e�n�o�m�e�n�o�n� �o�f� �b�u�c�k�l�e� �p�a�t�t�e�r�n� �c�h�a�n�g�e�,� �a�l�t�h�o�u�g�h� �t�h�e� �r�e�s�u�l�t�i�n�g� �s�o�l�u�t�i�o�n�s� �a�r�e� 

�a�p�p�r�o�x�i�m�a�t�e�.� 

�3�.�2� �D�e�r�i�v�a�t�i�o�n� �o�f� �N�o�n�l�i�n�e�a�r� �A�l�g�e�b�r�a�i�c� �E�q�u�a�t�i�o�n�s� 

�F�o�l�l�o�w�i�n�g� �t�h�e� �s�a�m�e� �p�r�o�c�e�d�u�r�e� �a�s� �b�e�f�o�r�e�,� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�,� �I�I�,� �c�a�n� �b�e� 

�e�x�p�r�e�s�s�e�d� �(�r�e�f�e�r� �A�p�p�e�n�d�i�x� �D� �f�o�r� �a�n� �e�x�p�l�i�c�i�t� �f�o�r�m� �o�f� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�)� �a�s� �a� �f�u�n�c�t�i�o�n� 

�o�f� �a�n� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �a�n�d� �d�e�f�l�e�c�t�i�o�n� �p�a�r�a�m�e�t�e�r�s�,� �W�;�,� �a�n�d� �W�2� �,� �a�s� 

�I�]� �=� �T�(�A�,�,� �W�y�)�,� �W�)� �(�3�.�2�)� 

�a�n�d� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �r�e�s�u�l�t�s� �i�n� 

�(�a� �W�h� �+� �a�W�y�)�W�y�=�b� �M�y� �-� �(�3�.�3�)� 

�(�a� �W�h�,� �+� �a�y�.�W�3�,�)� �W�o�y� �=� �b�y� �W�o�y� 

� � 

� � 

� � 

� � 

� � 

� � 

� � � � 

�w�h�e�r�e� �1� �T�e�a� �a�e�,� �*� �T�R�A� 

�a�a� �=� �a�a� �+� �o�m� �+� �T�e�a� �y�a�n� �=� �O�n� 

�n�=� �a�s�,� �+� �T�R�A� 

�p�e�r�i� �6� �B�b� �M�O�A�I� �B�y� 
�=�F� �A�t�a� �+� �M�2�A�%�a� �+� �A�t�e�)� �+�E� �A�M� 

�1�.� �m�e� �A�t�h�y� �+� �3�6�(�2�A�*� �2� �+� �A�%� �5�)� �+� �L�O� �A�M�,� 
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�T�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �(�t�h�e� �o�n�l�y� �c�a�s�e� 

�c�o�n�s�i�d�e�r�e�d� �h�e�r�e�)�.� �T�h�e�r�e� �e�x�i�s�t� �t�h�r�e�e� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �W�;�,� �a�n�d� �W�z� �i�n� �t�h�e� �c�u�b�i�c� 

�n�o�n�l�i�n�e�a�r� �E�g�n�s�.� �(�3�.�3�)�.� 

�C�a�s�e� �(�a�)� �S�y�m�m�e�t�r�i�c� �M�o�d�e� 
� � 

�I�f� �W�i� �#�0� �a�n�d� �W�y� �=� �0�,� �t�h�e� �p�l�a�t�e� �d�e�f�o�r�m�s� �i�n�t�o� �a� �s�y�m�m�e�t�r�i�c� �m�o�d�e� �a�n�d� �t�h�e� �u�n�k�n�o�w�n� 

�p�a�r�a�m�e�t�e�r�s� �a�r�e� 

�2� �b�y� 
�W�r�y� �"�a�,� �?� �W�r� �=� �(�3�.�4�)� 

�S�i�n�c�e� �W�,�,� �m�u�s�t� �b�e� �a� �r�e�a�l� �v�a�l�u�e�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�d�i�t�i�o�n� �i�s� �i�m�p�l�i�e�d� 

�D�y�,� �|� �A�D�i�2�+�2�D�¢�6�6�)� �D�r�»� �A�y� �>� �M�e� �(� �=� �w�a�d�e� �[� �P�t� �t�e�d�)� �(�3�.�5�)� � � 

�C�a�s�e� �(�b�)� �A�n�t�i�-�s�y�m�m�e�t�r�i�c� �M�o�d�e� 
� � 

�T�h�e� �p�l�a�t�e� �b�u�c�k�l�e�s� �i�n�t�o� �a�n� �a�n�t�i�-�s�y�m�m�e�t�r�i�c� �m�o�d�e� �i�f� �W�,�,�=�0� �a�n�d� �W�,�,�4�0�,� �a�n�d� �t�h�e� 

�s�o�l�u�t�i�o�n� �i�s� 

�b� 
�W�y�=�0� �,� �W�a�=�q�r� �(�3�.�6�)� 

�T�h�e� �r�e�q�u�i�r�e�m�e�n�t� �f�o�r� �W�z� �t�o� �b�e� �r�e�a�l� �y�i�e�l�d�s� �t�h�e� �c�o�n�d�i�t�i�o�n� 

� � � � 

�4�n�°�a�°� �A�*� �D�i�y� �4�4� �2�(�D�i�2� �+� �2�D�¢�6�)�_� �D�a�p� �A�,� �>�  ��G �� �[�1�6�]� �t�e�d� �(�3�.�7�)� 
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�C�a�s�e� �(�c�)� �I�n�t�e�r�a�c�t�i�v�e� �M�o�d�e� 

�I�f� �W�i�,� �#�0� �a�n�d� �W�,�,� �#�0�,� �t�h�e� �p�l�a�t�e� �d�e�f�o�r�m�s� �i�n�t�o� �a� �m�o�d�e� �w�h�i�c�h� �i�s� �n�e�i�t�h�e�r� �s�y�m�m�e�t�r�i�c� �n�o�r� 

�a�n�t�i�-�s�y�m�m�e�t�r�i�c� �b�u�t� �a� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �b�o�t�h� �m�o�d�e�s�.� �T�h�e� �s�o�l�u�t�i�o�n� �i�s� 

�Q�A�n�4�b�,�  �� �A�y�o�b�  ��a�,�5�b�,� �+� �a�,�,�b� �y�?�,� �=�e� �y�w�,� �=�e� �A�u�e� �(�3�.�8�)� 
�2� �2� 

�Q�1� �1�4�4�2�  �� �4�1�2� �G�1� �1�4�9�2�  �� �4�1�2� 

�F�o�r� �r�e�a�l� �s�o�l�u�t�i�o�n�s�,� �t�h�e� �l�i�m�i�t�a�t�i�o�n� �i�m�p�o�s�e�d� �i�s� 

�A�,� �>� �m�a�x� �{� �A�,�  �� �A�,� �}� �(�3�.�9�)� 

�w�h�e�r�e� �A�;� �a�n�d� �A�;� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �r�e�a�l� �r�e�q�u�i�r�e�m�e�n�t� �o�f� �W�,�,� �a�n�d� �W�.� �,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 

�3�.�3�.� �D�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �A�c�t�u�a�l� �D�e�f�o�r�m�e�d� �S�h�a�p�e� 

�T�h�e� �t�h�r�e�e� �s�o�l�u�t�i�o�n�s� �w�i�t�h� �t�h�e� �l�i�m�i�t�a�t�i�o�n�s�,� �(�3�.�5�)�,� �(�3�.�7�)�,� �a�n�d� �(�3�.�9�)�,� �r�e�p�r�e�s�e�n�t� �e�q�u�i�l�i�b�r�i�u�m� 

�p�o�s�i�t�i�o�n�s�.� �T�o� �f�u�r�t�h�e�r� �e�n�s�u�r�e� �t�h�a�t� �t�h�e�s�e� �e�q�u�i�l�i�b�r�i�u�m� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �a�r�e� �s�t�a�b�l�e�,� �t�h�e� 

�s�e�c�o�n�d� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �s�h�o�u�l�d� �b�e� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e� �i�n� �t�h�e� 

�a�r�b�i�t�r�a�r�y� �6�W�,�,� �a�n�d� �6�W�,� �f�o�r� �t�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e� �s�e�c�o�n�d� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �p�o�t�e�n�t�i�a�l� 

�e�n�e�r�g�y�,� �(�3�.�2�)�,� �i�s� 

�2� �e�u� �2� �a�n� �a�n� 
�o�n�=� �a�w�?� �(�O�W�,�,�)� �+�2� �a�H� �a�w�,�,� �O�M� �u�l�e�W�a�)� �+� �a� �(�6�W�)� �(�3�.�1�0�)� 

�1�1� �2�1� 

� � 

�F�o�r� �a� �s�t�a�b�l�e� �e�q�u�i�l�i�b�r�i�u�m�,� �f�o�l�l�o�w�i�n�g� �c�o�n�d�i�t�i�o�n�s� �m�u�s�t� �b�e� �f�u�l�f�i�l�l�e�d� 

�2� 

�e�n� �a�r�i� �a�r�i� 
�>�0� �,� �>�0� �,�  �� �o�s�)� �>� �O�O� �S�B�.� �o�w�,� �o�w�?� �S�e� �(� �a� �)�-� �(�o�y�,� �O�W�,� �?� �(�3�.�1�1�)� � � � � 
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�F�o�r� �a� �g�i�v�e�n� �e�q�u�i�l�i�b�r�i�u�m� �s�o�l�u�t�i�o�n�,� �t�h�e� �r�a�n�g�e� �o�f� �a�p�p�l�i�e�d� �e�n�d� �s�h�o�r�t�e�n�i�n�g� �f�o�r� �s�t�a�b�l�e� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e� �r�e�q�u�i�r�e�m�e�n�t� �o�f� �t�h�e� �s�e�c�o�n�d� 

�v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �(�3�.�1�1�)� �a�l�o�n�g� �w�i�t�h� �t�h�e� �l�i�m�i�t�a�t�i�o�n�s� �f�o�r� �a� �r�e�a�l� 

�s�o�l�u�t�i�o�n�.� �I�n� �a�n� �e�x�t�e�n�s�i�v�e� �n�u�m�e�r�i�c�a�l� �s�t�u�d�y�,� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �a�l�l� �t�h�r�e�e� �m�o�d�e�s� �a�r�e� �a�l�w�a�y�s� 

�s�t�a�b�l�e� �a�s� �l�o�n�g� �a�s� �t�h�e� �r�e�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �E�q�n�s�.� �(�3�.�4�)�,� �(�3�.�6�)�,� �a�n�d� �(�3�.�8�)� �e�x�i�s�t�s�.� �T�h�i�s� 

�m�e�a�n�s� �t�h�a�t� �a�n�y� �o�f� �t�h�e� �t�h�r�e�e� �m�o�d�e�s� �c�a�n� �m�a�t�h�e�m�a�t�i�c�a�l�l�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �d�e�f�o�r�m�e�d� �s�h�a�p�e� 

�o�f� �a� �p�l�a�t�e� �f�o�r� �a� �g�i�v�e�n� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�.� �T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�c�t�u�a�l� �d�e�f�o�r�m�e�d� �s�h�a�p�e� �f�o�r� �a� 

�g�i�v�e�n� �l�o�a�d�i�n�g�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �o�f� �t�h�e� 

�t�h�r�e�e� �m�o�d�e�s�.� �S�i�n�c�e� �t�h�e� �p�r�o�b�l�e�m� �w�a�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �(�3�.�2�)�,� �t�h�e� 

�o�n�e� �w�i�t�h� �t�h�e� �l�e�a�s�t� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �a�m�o�n�g� �t�h�r�e�e� �m�o�d�e�s� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �t�h�e� 

�a�c�t�u�a�l� �d�e�f�o�r�m�e�d� �s�h�a�p�e� �o�f� �t�h�e� �p�l�a�t�e� �f�o�r� �a� �g�i�v�e�n� �l�o�a�d�.� 

�T�h�e� �n�o�r�m�a�l�i�z�e�d� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �f�o�r� �t�h�e� �t�h�r�e�e� �m�o�d�e�s� �d�i�s�c�u�s�s�e�d� 

�a�b�o�v�e� �a�r�e� �p�l�o�t�t�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �a�p�p�l�i�e�d� �e�d�g�e� �d�i�s�p�l�a�c�e�m�e�n�t� �i�n� �F�i�g�.� �(�9�)� �f�o�r� �a� �s�q�u�a�r�e� 

�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�.� �I�t� �c�a�n� �b�e� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �i�n�t�e�r�a�c�t�i�v�e� �m�o�d�e�,� �w�h�i�c�h� �i�s� �t�h�e� 

�s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �a� �s�y�m�m�e�t�r�i�c� �a�n�d� �a�n�t�i�-�s�y�m�m�e�t�r�i�c� �m�o�d�e�,� �h�a�s� �t�h�e� �l�a�r�g�e�s�t� �v�a�l�u�e� �o�f� �t�o�t�a�l� 

�p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�,� �a�n�d� �t�h�e�r�e� �e�x�i�s�t�s� �a� �c�e�r�t�a�i�n� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �(�p�o�i�n�t� �A�)� �w�h�e�r�e� �t�h�e� 

�v�a�l�u�e�s� �o�f� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �f�o�r� �s�y�m�m�e�t�r�i�c� �a�n�d� �a�n�t�i�-�s�y�m�m�e�t�r�i�c� �m�o�d�e�s� �i�n�t�e�r�s�e�c�t�.� 

�T�h�u�s�,� �f�o�r� �t�h�i�s� �e�x�a�m�p�l�e�,� �t�h�e� �p�l�a�t�e� �d�e�f�o�r�m�s� �i�n�t�o� �a� �s�y�m�m�e�t�r�i�c� �m�o�d�e� �f�o�r� �t�h�e� �a�p�p�l�i�e�d� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �u�p� �t�o� �5�.�5�A�,�.�,� �a�n�d� �c�h�a�n�g�e�s� �i�t�s� �d�e�f�o�r�m�e�d� �s�h�a�p�e� �t�o� �a�n� �a�n�t�i�-�s�y�m�m�e�t�r�i�c� 

�m�o�d�e� �i�f� �A�,� �e�x�c�e�e�d�s� �5�.�5�A�,�.�,�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �o�f� �b�u�c�k�l�e� �p�a�t�t�e�r�n� �c�h�a�n�g�e� �p�h�e�n�o�m�e�n�o�n� 

�f�o�r� �o�r�t�h�o�t�r�o�p�i�c� �a�n�d� �a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s�,� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �t�h�e� �i�n�t�e�r�a�c�t�i�v�e� �m�o�d�e� �a�l�w�a�y�s� 

�h�a�s� �t�h�e� �l�a�r�g�e�s�t� �a�m�o�u�n�t� �o�f� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�.� �T�h�i�s� �m�e�a�n�s� �t�h�e� �p�l�a�t�e�s� �c�o�n�s�i�d�e�r�e�d� �d�o� �n�o�t� 

�d�e�f�o�r�m� �i�n�t�o� �t�h�e� �i�n�t�e�r�a�c�t�i�v�e� �m�o�d�e� �i�n� �t�h�e� �e�n�t�i�r�e� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �r�a�n�g�e�.� �O�t�h�e�r� 

�a�v�a�i�l�a�b�l�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �[�1�9�-�2�4�]� �a�l�s�o� �s�h�o�w�e�d� �s�u�d�d�e�n� �m�o�d�e� �c�h�a�n�g�e� �f�r�o�m� 

�s�y�m�m�e�t�r�i�c� �t�o� �a�n�t�i�-�s�y�m�m�e�t�r�i�c� �m�o�d�e� �w�i�t�h�o�u�t� �d�e�f�o�r�m�i�n�g� �i�n�t�o� �t�h�e� �i�n�t�e�r�a�c�t�i�v�e� �m�o�d�e�.� 
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�F�i�g�.�9� �T�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �a� �s�q�u�a�r�e� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� 
�w�i�t�h� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �(�t�=�1�.�0� �i�n�)



�A�l�t�h�o�u�g�h� �t�h�e� �a�s�s�u�m�e�d� �d�e�f�l�e�c�t�i�o�n� �(�3�.�1�)� �i�n�c�l�u�d�e�s� �t�h�r�e�e� �p�o�s�s�i�b�l�e� �m�o�d�e�s� �o�f� �p�l�a�t�e� 

�d�e�f�o�r�m�a�t�i�o�n�s�,� �i�t� �h�a�s� �l�i�m�i�t�a�t�i�o�n�s� �i�n� �t�h�e� �s�e�n�s�e� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e� �a�n�d� 

�c�a�n�n�o�t� �b�e� �u�s�e�d� �f�o�r� �a� �p�l�a�t�e� �w�h�i�c�h� �i�n�i�t�i�a�l�l�y� �b�u�c�k�l�e�s� �i�n�t�o� �m�o�r�e� �t�h�a�n� �a� �s�i�n�g�l�e� �h�a�l�f� �w�a�v�e� 

�o�r� �f�o�r� �a� �p�l�a�t�e� �w�h�i�c�h� �u�n�d�e�r�g�o�e�s� �s�e�v�e�r�a�l� �m�o�d�e� �c�h�a�n�g�e�s�.� �T�o� �o�v�e�r�c�o�m�e� �t�h�e�s�e� 

�s�h�o�r�t�c�o�m�i�n�g�s� �i�n� �u�s�i�n�g� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �f�o�r�m� �(�3�.�1�)�,� �t�h�e� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �g�i�v�e�n� �i�n� �E�q�n�.� �(�2�.�3�)� 

�i�s� �e�m�p�l�o�y�e�d� �i�n� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �m�o�d�e� �c�h�a�n�g�e�.� �T�h�e� �v�a�l�u�e� �o�f� �t�h�e� �c�o�n�s�t�a�n�t� �&� �i�n� �t�h�e� 

�a�s�s�u�m�e�d� �f�o�r�m� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �(�2�.�3�)� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �h�a�l�f� �w�a�v�e�s� �a�t� �i�n�i�t�i�a�l� �b�u�c�k�l�i�n�g� �a�n�d� 

�c�a�n� �t�a�k�e� �a�n� �e�v�e�n� �o�r� �a�n� �o�d�d� �v�a�l�u�e�.� �B�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�e�d� �d�e�f�l�e�c�t�i�o�n� �(�2�.�3�)�,� �t�h�e� �a�c�t�u�a�l� 

�d�e�f�o�r�m�e�d� �s�h�a�p�e� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �t�w�o� �s�u�c�c�e�s�s�i�v�e� 

�m�o�d�e�s� �w�i�t�h� �(�k�)� �a�n�d�(�k�+�1�)� �h�a�l�f� �w�a�v�e�s� �i�n� �t�h�e� �l�o�a�d�i�n�g� �d�i�r�e�c�t�i�o�n� �f�o�r� �a� �g�i�v�e�n� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g�.� �I�f� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �f�o�r� �t�h�e� �m�o�d�e� �w�i�t�h� �(�k� �+� �1�)� �h�a�l�f� �w�a�v�e�s� �i�s� �s�m�a�l�l�e�r� 

�t�h�a�n� �t�h�e� �o�n�e� �w�i�t�h� �(�k�)� �h�a�l�f� �w�a�v�e�s� �a�t� �a� �c�e�r�t�a�i�n� �l�o�a�d� �s�t�e�p�,� �t�h�e� �m�o�d�e� �s�h�a�p�e� �w�i�t�h� �(�k� �+� �1�)� 

�h�a�l�f� �w�a�v�e�s� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�e�f�o�r�m�e�d� �s�h�a�p�e� �f�o�r� �t�h�a�t� �l�o�a�d� �l�e�v�e�l�.� �I�n� �t�h�e� �n�e�x�t� �l�o�a�d� �s�t�e�p�,� 

�t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �f�o�r� �(�k�+� �1�)� �a�n�d� �(�k�+�2�)� �h�a�l�f� �w�a�v�e�s� �i�s� �c�o�m�p�a�r�e�d�.� �N�u�m�e�r�i�c�a�l� 

�e�x�a�m�p�l�e�s� �o�n� �t�h�e� �p�h�e�n�o�m�e�n�o�n� �o�f� �b�u�c�k�l�e� �p�a�t�t�e�r�n� �c�h�a�n�g�e� �f�o�r� �i�s�o�t�r�o�p�i�c�,� �o�r�t�h�o�t�r�o�p�i�c�,� �a�n�d� 

�a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� �a�r�e� �g�i�v�e�n� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� 

�E�v�e�n� �t�h�o�u�g�h� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �m�a�y� �b�e� �l�o�w�e�r� �i�n� �a� �m�o�d�e� �o�t�h�e�r� �t�h�a�n� �t�h�e� �e�x�i�s�t�i�n�g� �m�o�d�e� 

�a�t� �a� �g�i�v�e�n� �p�o�i�n�t� �i�n� �t�h�e� �l�o�a�d�i�n�g�,� �t�h�e� �s�o�u�r�c�e� �o�f� �i�n�s�t�a�b�i�l�i�t�y� �w�h�i�c�h� �t�r�i�g�g�e�r�s� �t�h�e� �a�c�t�u�a�l� 

�s�h�i�f�t�i�n�g� �i�s� �n�o�t� �u�n�d�e�r�s�t�o�o�d�.� �I�t� �i�s� �p�o�s�s�i�b�l�e� �t�h�a�t� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �i�m�p�e�r�f�e�c�t�i�o�n�s� �p�l�a�y�s� �a� �r�o�l�e� 

�i�n� �t�h�e� �i�n�i�t�i�a�t�i�o�n� �o�f� �m�o�d�e� �s�h�i�f�t�i�n�g�.� �I�n� �t�h�e� �c�u�r�r�e�n�t� �a�n�a�l�y�s�i�s�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� 

�i�n�s�t�a�b�i�l�i�t�y� �w�h�i�c�h� �c�a�u�s�e�s� �m�o�d�e� �s�h�i�f�t�i�n�g� �i�s� �a�l�w�a�y�s� �p�r�e�s�e�n�t�,� �a�n�d� �t�h�a�t� �t�h�e� �p�l�a�t�e� �w�i�l�l� �a�l�w�a�y�s� 

�s�h�i�f�t� �i�n�t�o� �t�h�e� �k�i�n�e�m�a�t�i�c�a�l�l�y� �a�d�m�i�s�s�i�b�l�e� �m�o�d�e� �w�h�i�c�h� �h�a�s� �t�h�e� �l�o�w�e�s�t� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �a� 

�g�i�v�e�n� �l�o�a�d�i�n�g�.� 
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�3�.�4� �N�u�m�e�r�i�c�a�l� �E�x�a�m�p�l�e�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �m�o�d�e� �c�h�a�n�g�e� �o�f� �a� �s�q�u�a�r�e� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� 

�a�p�p�r�o�a�c�h� �i�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �a�n� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t� �p�r�e�s�e�n�t�e�d� �i�n� �R�e�f�.� �[�2�0�]�.� �T�h�e�n�,� �t�h�e� �l�o�a�d� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e� �o�f� �a� �l�o�n�g� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �m�e�t�h�o�d� �i�s� 

�c�o�m�p�a�r�e�d� �w�i�t�h� �a�n� �a�v�a�i�l�a�b�l�e� �e�x�p�e�r�i�m�e�n�t�a�l� �o�n�e� �i�n� �R�e�f�s�.� �[�2�0�-�2�1�]�.� �A�l�s�o� �c�o�n�s�i�d�e�r�e�d� �i�s� �t�h�e� 

�p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �a�t� �m�o�d�e� �c�h�a�n�g�e� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r� �i�s�o�t�r�o�p�i�c�,� 

�o�r�t�h�o�t�r�o�p�i�c�,� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c�,� �a�n�d� �s�q�u�a�r�e� �a�n�g�l�e�-�p�l�y� �p�l�a�t�e�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �e�x�a�m�p�l�e�s� �a�r�e� 

�g�e�n�e�r�a�t�e�d� �b�y� �u�s�i�n�g� �s�i�x� �t�e�r�m�s� �o�f� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n� �(�2�.�3�)�.� 

�3�.�4�.�1� �L�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �f�o�r� �a� �s�q�u�a�r�e� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� 
� � 

�T�h�e� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �f�o�r� �a�n� �i�s�o�t�r�o�p�i�c� �s�q�u�a�r�e� �p�l�a�t�e� �b�y� �t�h�e� �p�r�e�s�e�n�t� �a�n�d� �S�t�e�i�n ��s� 

�a�n�a�l�y�t�i�c�a�l� �m�e�t�h�o�d� �[�2�0�]� �a�r�e� �c�o�m�p�a�r�e�d� �i�n� �F�i�g�.� �(�1�0�)�.� �S�t�e�i�n� �o�b�t�a�i�n�e�d� �h�i�s� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� 

�b�y� �a�s�s�u�m�i�n�g� �t�h�e� �i�n�-�p�l�a�n�e� �a�n�d� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�s� �a� �p�o�w�e�r� �s�e�r�i�e�s�.� �I�n� �F�i�g�.� 

�(�1�0�)�,� �S�t�e�i�n ��s� �s�o�l�u�t�i�o�n� �(�c�u�r�v�e� �O�A�C�D�)� �s�h�o�w�s� �a� �s�m�o�o�t�h� �t�r�a�n�s�i�t�i�o�n� �i�n� �t�h�e� �l�o�a�d� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e� �f�r�o�m� �a� �s�y�m�m�e�t�r�i�c� �t�o� �a�n�t�i�-�s�y�m�m�e�t�r�i�c� �m�o�d�e� �a�t� �t�h�e� �a�p�p�l�i�e�d� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �A�,� �=� �3�.�2�A�,�,�,� �w�h�i�l�e� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �(�c�u�r�v�e� �O�A�B�C�D�)� �p�r�e�d�i�c�t�s� �a�n� 

�a�b�r�u�p�t� �b�u�c�k�l�e� �p�a�t�t�e�r�n� �c�h�a�n�g�e� �a�t� �A�,� �=� �5�.�4�A�,�,�,�.� �S�t�e�i�n ��s� �s�o�l�u�t�i�o�n� �p�r�e�d�i�c�t�s� �e�a�r�l�i�e�r� �m�o�d�e� 

�c�h�a�n�g�e� �t�h�a�n� �t�h�e� �p�r�e�s�e�n�t� �m�e�t�h�o�d� �d�o�e�s� �s�i�n�c�e� �h�e� �a�s�s�u�m�e�d� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �b�e� �t�h�e� �o�n�e� 

�w�h�i�c�h� �y�i�e�l�d�s� �t�h�e� �l�o�w�e�s�t� �b�o�u�n�d� �i�n� �t�h�e� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e� �f�o�r� �d�i�f�f�e�r�e�n�t� �h�a�l�f� 

�w�a�v�e�s�,� �w�i�t�h�o�u�t� �c�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �e�n�e�r�g�y� �s�t�a�t�e�s� �o�f� �t�h�e� �d�e�f�o�r�m�e�d� �s�h�a�p�e�s�.� �E�x�c�e�p�t� �f�o�r� �t�h�e� 

�r�a�n�g�e� �A�B�C�,� �i�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�.� �(�1�0�)� �t�h�a�t� �t�h�e� �t�w�o� �r�e�s�u�l�t�s� �a�g�r�e�e� �v�e�r�y� �w�e�l�l� �u�p� �t�o� 

�p�o�i�n�t� �A� �a�n�d� �b�e�y�o�n�d� �p�o�i�n�t� �C�.� �O�t�h�e�r� �r�e�s�e�a�r�c�h�e�r�s� �[�2�2�,�2�6�-�2�7�]� �w�h�o� �i�n�c�l�u�d�e� �t�h�e� �m�o�d�e� 

�c�h�a�n�g�i�n�g� �p�h�e�n�o�m�e�n�o�n� �o�n� �t�h�e�i�r� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�u�d�y� �u�s�e�d� �t�h�e� �s�a�m�e� �s�t�r�a�t�e�g�y� �p�r�o�p�o�s�e�d� 

�b�y� �S�t�e�i�n�.� 
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�F�i�g�.� �1�0� �L�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �f�o�r� �a� �s�q�u�a�r�e� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� 
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�3�.�4�.�2� �C�o�m�p�a�r�i�s�o�n� �o�f� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� 

�E�x�p�e�r�i�m�e�n�t�a�l� �l�o�a�d� �v�e�r�s�u�s� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e� �f�o�r� �a� �2�0�2�4�-�T�3� �a�l�u�m�i�n�u�m� �a�l�l�o�y� �p�l�a�t�e� �i�s� 

�p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�s�.� �1�1�-�(�a�)� �a�n�d� �1�1�-�(�b�)� �t�o�g�e�t�h�e�r� �w�i�t�h� �a�n�a�l�y�t�i�c�a�l� �c�u�r�v�e�s� �g�e�n�e�r�a�t�e�d� �b�y� �S�t�e�i�n� 

�a�n�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h�.� �S�t�e�i�n�,� �i�n� �R�e�f�s�.� �[�2�0�-�2�1�]�,� �u�s�e�d� �t�h�i�s� �l�o�n�g� �p�a�n�e�l� �t�o� �c�o�m�p�a�r�e� 

�h�i�s� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �t�h�r�e�e� �c�u�r�v�e�s� �i�n� 

�F�i�g�.� �1�1�-�(�a�)� �a�r�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �u�p� �t�o� �A�,� �=� �4�A�,�.�,� �a�f�t�e�r� �w�h�i�c�h� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �l�o�a�d� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �b�e�t�w�e�e�n� �t�h�e� �a�n�a�l�y�s�e�s� �a�n�d� �t�e�s�t� �b�e�g�i�n�s� �t�o� �i�n�c�r�e�a�s�e�.� �T�h�e� 

�d�i�s�c�r�e�p�a�n�c�y� �i�s� �s�u�s�p�e�c�t�e�d� �t�o� �b�e� �d�u�e� �t�o� �p�l�a�s�t�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �p�l�a�t�e� �f�o�r� �a�p�p�l�i�e�d� 

�s�h�o�r�t�e�n�i�n�g� �A�,� �>� �5�A�,�,�,� �a�s� �r�e�p�o�r�t�e�d� �i�n� �R�e�f�.� �[�2�0�]�.� �P�l�a�s�t�i�c�i�t�y� �i�s� �n�o�t� �i�n�c�l�u�d�e�d� �i�n� �e�i�t�h�e�r� �t�h�e� 

�p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �o�r� �t�h�a�t� �o�f� �R�e�f�.� �[�2�0�]�.� �T�h�e� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �b�y� �t�h�e� �p�r�e�s�e�n�t� 

�a�p�p�r�o�a�c�h� �a�n�d� �b�y� �t�h�e� �t�e�s�t� �s�h�o�w� �a� �s�u�d�d�e�n� �d�r�o�p� �a�t� �a� �m�o�d�e� �c�h�a�n�g�e�,� �w�h�i�l�e� �S�t�e�i�n ��s� 

�t�h�e�o�r�e�t�i�c�a�l� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e� �f�o�l�l�o�w�s� �a� �s�m�o�o�t�h� �p�a�t�h�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�u�r�v�e� 

�i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �p�l�a�t�e� �b�u�c�k�l�e�s� �i�n�t�o� �f�i�v�e� �h�a�l�f� �w�a�v�e�s� �i�n� �t�h�e� �i�n�i�t�i�a�l� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� 

�r�a�n�g�e�,� �t�h�e�n� �c�h�a�n�g�e�s� �i�t�s� �m�o�d�e� �t�o� �s�i�x� �b�u�c�k�l�e�s� �a�t� �A�,�=�3�.�0�A�,�.�,� �t�o� �s�e�v�e�n� �b�u�c�k�l�e�s� �a�t� 

�A�,� �=� �5�.�4�A�,�.�,�,� �a�n�d� �t�h�e�n� �t�o� �e�i�g�h�t� �b�u�c�k�l�e�s� �a�t� �A�,� �=� �8�.�2�A�,�.�,�,� �w�h�i�l�e� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� 

�p�r�e�d�i�c�t�s� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �f�r�o�m� �f�i�v�e� �t�o� �s�i�x� �a�t� �A�,�=�1�.�1�A�,�.�,�,� �f�r�o�m� �s�i�x� �t�o� �s�e�v�e�n� �a�t� 

�A�,� �=� �3�.�0�A�,�.�,� �a�n�d� �f�r�o�m� �s�e�v�e�n� �t�o� �e�i�g�h�t� �b�u�c�k�l�e�s� �a�t� �A�,� �=� �6�.�3�A�,�,�.� �T�h�e� �m�o�d�e� �c�h�a�n�g�e� �b�y� 

�S�t�e�i�n ��s� �a�n�a�l�y�s�i�s� �o�c�c�u�r� �a�t� �v�a�l�u�e�s� �o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �v�e�r�y� �c�l�o�s�e� �t�o� �t�h�o�s�e� 

�p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h�.� �H�o�w�e�v�e�r�,� �b�o�t�h� �m�o�d�e�l�s� �p�r�e�d�i�c�t� �m�o�d�e� �c�h�a�n�g�e� �t�o� �b�e� 

�e�a�r�l�i�e�r� �i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �t�e�s�t�.� �O�n�e� �o�f� �t�h�e� �s�t�r�o�n�g� �p�o�s�s�i�b�i�l�i�t�i�e�s� 

�f�o�r� �t�h�e� �d�i�s�c�r�e�p�a�n�c�y� �i�n� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�s� �a�t� �m�o�d�e� �c�h�a�n�g�e� 

�b�e�t�w�e�e�n� �t�h�e� �t�e�s�t� �a�n�d� �a�n�a�l�y�s�e�s� �i�s� �t�h�a�t� �t�h�e� �t�e�s�t� �p�l�a�t�e� �i�s� �n�o�t� �p�e�r�f�e�c�t�l�y� �f�l�a�t� �a�s� �i�s� �a�s�s�u�m�e�d� 

�i�n� �t�h�e� �a�n�a�l�y�s�e�s�.� �I�n� �f�a�c�t�,� �F�i�g�.� �1�1�-�(�a�)� �s�h�o�w�s� �a� �n�o�t�i�c�e�a�b�l�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �i�n� �t�h�e� �p�r�e�b�u�c�k�l�i�n�g� �l�o�a�d� �r�a�n�g�e�,� 

�w�h�i�c�h� �m�a�y�b�e� �a� �d�i�r�e�c�t� �r�e�s�u�l�t� �o�f� �a�n� �i�n�i�t�i�a�l� �i�m�p�e�r�f�e�c�t�i�o�n�.� �T�o� �o�b�t�a�i�n� �a�n� �i�d�e�a� �o�f� �h�o�w� �t�h�e� 
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�A� �l�A�,� 
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�3�.�0� 

 ��-�- ��T�e�s�t� �i�n� �R�e�f�.� �[�2�0�]� 

�2�.�5�5� �~�-�-�-�~�P�r�e�s�e�n�t� �:� �W�,�/�t�=�0�.�1� �e�t�e� 
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�V�A�  �� �h� 
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�Z�z� �O�O� 

�f�o�"� �k�=� 
�1�.�0�-� �i�e� 

�o�f� 
�y�e� �e�l�=� �  �� �-�2�5�.�3�6�c�m� �<� 

�O�5�-� �/�£� �~� 
�V�e� �1�=�0�.�0�7�0�8� �c�m� 

�0�.�0� �]� �l� �l� �|� �1� 

�0�.�0� �1�.�0� �2�.�0� �3�.�0� �4�.�0� �5�.�0� �6�.�0� 

�A�J�A� 
�x� �x�c�e�r� 

�(�b�)� �P�l�a�t�e� �w�i�t�h� �i�n�i�t�i�a�l� �c�u�r�v�a�t�u�r�e� 

�F�i�g�.� �1�1� �L�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �f�o�r� �a� �l�o�n�g� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �w�i�t�h� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �s�i�d�e�s� 
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�i�n�i�t�i�a�l� �i�m�p�e�r�f�e�c�t�i�o�n� �a�f�f�e�c�t�s� �b�u�c�k�l�e� �p�a�t�t�e�r�n� �c�h�a�n�g�e�,� �a�n�o�t�h�e�r� �a�n�a�l�y�s�i�s� �i�s� �p�e�r�f�o�r�m�e�d� �b�y� 

�i�n�t�r�o�d�u�c�i�n�g� �i�n�i�t�i�a�l� �i�m�p�e�r�f�e�c�t�i�o�n� �o�f� �t�h�e� �f�o�r�m� 

�W�y� �=� �W� �s�i�n� �5�2�%� �s�i�n� �(�3�.�1�2�)� 

�t�o� �t�h�e� �a�s�s�u�m�e�d� �d�e�f�l�e�c�t�i�o�n� �(�2�.�3�)�.� �T�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �c�o�m�p�a�t�i�b�i�l�i�t�y� 

�e�q�u�a�t�i�o�n� �p�r�e�s�e�n�t�e�d� �b�y� �M�a�r�g�u�e�r�r�e� �[�7�1�]� �f�o�r� �t�h�e� �p�l�a�t�e� �w�i�t�h� �a�n� �i�n�i�t�i�a�l� �d�e�f�l�e�c�t�i�o�n�.� �T�h�e�n�,� 

�t�h�e� �p�r�o�c�e�d�u�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �C�h�a�p�t�e�r� �I�I� �i�s� �a�p�p�l�i�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� 

�c�u�r�v�e�s� �f�o�r� �t�h�e� �l�o�n�g� �a�l�u�m�i�n�u�m� �a�l�l�o�y� �p�l�a�t�e� �w�i�t�h� �s�o�m�e� �d�e�g�r�e�e� �o�f� �i�n�i�t�i�a�l� �c�u�r�v�a�t�u�r�e�.� �T�h�e� 

�r�e�s�u�l�t�i�n�g� �c�u�r�v�e�s� �w�i�t�h� �t�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �i�n�i�t�i�a�l� �c�u�r�v�a�t�u�r�e�,� �5� �a�n�d� �1�0� �%� �o�f� �p�l�a�t�e� �t�h�i�c�k�n�e�s�s� 

�a�r�e� �g�i�v�e�n� �i�n� �F�i�g�.� �1�1�-�(�b�)�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �t�h�e� �i�n�i�t�i�a�l� �i�m�p�e�r�f�e�c�t�i�o�n� 

�i�n� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� �i�n� �a� �b�e�t�t�e�r� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �t�e�s�t�.� �A�s� �t�h�e� �i�n�i�t�i�a�l� 

�i�m�p�e�r�f�e�c�t�i�o�n� �m�a�g�n�i�t�u�d�e� �i�n�c�r�e�a�s�e�s�,� �t�h�e� �p�l�a�t�e� �h�a�s� �a� �t�e�n�d�e�n�c�y� �t�o� �c�h�a�n�g�e� �i�t�s� �b�u�c�k�l�e�d� �f�o�r�m� 

�a�t� �a� �l�a�r�g�e�r� �v�a�l�u�e� �o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�.� 

�3�.�4�.�3� �R�e�c�t�a�n�g�u�l�a�r� �i�s�o�t�r�o�p�i�c�,� �o�r�t�h�o�t�r�o�p�i�c�,� �a�n�d� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� 
� � 

�I�n� �F�i�g�.� �(�1�2�)�,� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �a�t� �w�h�i�c�h� �p�l�a�t�e�s� �c�h�a�n�g�e� �t�h�e�i�r� �b�u�c�k�l�e�d� �s�h�a�p�e� 

�f�r�o�m� �a� �s�y�m�m�e�t�r�i�c� �t�o� �a�n� �a�n�t�i�-�s�y�m�m�e�t�r�i�c� �m�o�d�e� �a�r�e� �p�r�e�s�e�n�t�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �p�l�a�t�e� 

�a�s�p�e�c�t� �r�a�t�i�o� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r� �i�s�o�t�r�o�p�i�c�,� �o�r�t�h�o�t�r�o�p�i�c� �[�0�]�,� �a�n�d� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� 

�[� �+� �4�5�/�0�/�9�0�]�;�,� �p�l�a�t�e�s� �w�i�t�h� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�.� �I�t� �c�a�n� �b�e� �s�e�e�n� 

�f�r�o�m� �F�i�g�.� �(�1�2�)� �t�h�a�t� �t�h�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �a�n�d� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� �s�h�o�w� �a� �s�i�m�i�l�a�r� �t�r�e�n�d� �i�n� 

�m�o�d�e� �c�h�a�n�g�e� �w�h�i�l�e� �t�h�e� �o�r�t�h�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e�s� �d�o� �n�o�t�.� �F�o�r� �t�h�e� �s�a�m�e� �p�l�a�t�e� �a�s�p�e�c�t� �r�a�t�i�o�,� 

�t�h�e� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� �u�n�d�e�r�g�o�e�s� �m�o�d�e� �c�h�a�n�g�e� �a�t� �a� �m�u�c�h� �h�i�g�h�e�r� �v�a�l�u�e� �o�f� �t�h�e� 

�n�o�r�m�a�l�i�z�e�d� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �t�h�a�n� �i�t�s� �i�s�o�t�r�o�p�i�c� �a�n�d� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �c�o�u�n�t�e�r�p�a�r�t�s�.� 

�I�t� �c�a�n� �b�e� �a�l�s�o� �o�b�s�e�r�v�e�d� �t�h�a�t� �h�i�g�h� �a�s�p�e�c�t� �r�a�t�i�o� �p�l�a�t�e�s� �t�e�n�d� �t�o� �c�h�a�n�g�e� �t�h�e�i�r� �b�u�c�k�l�e�d� �f�o�r�m� 
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�a� �\� �Q� �A�n�t�i� �e�e�)� �-�-�0�-�-� �[�4�5�/�0�/�9�0�]�,� �-�F� 
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�A�s�p�e�c�t� �r�a�t�i�o� �(�a�/�b�)� 

�3�.�0� 

�F�i�g�.� �1�2� �A�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �a�t� �m�o�d�e� �c�h�a�n�g�e� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e�s� 
�(�t�=�0�.�2� �i�n� �;� �F�-� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g�,� �R�-� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�)� 
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�a�t� �a�n� �e�a�r�l�i�e�r� �s�t�a�g�e� �o�f� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �w�h�i�l�e� �s�h�o�r�t�e�r� �p�l�a�t�e�s� �c�h�a�n�g�e� �t�h�e�i�r� �b�u�c�k�l�e�d� �s�h�a�p�e� 

�a�t� �a� �l�o�a�d� �l�e�v�e�l� �f�a�r� �b�e�y�o�n�d� �t�h�e� �c�r�i�t�i�c�a�l� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�.� �I�f� �t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �a�r�e� 

�r�e�s�t�r�a�i�n�e�d� �f�r�o�m� �l�a�t�e�r�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�,� �t�h�e�r�e� �e�x�i�s�t�s� �a� �w�i�d�e�r� �r�a�n�g�e� �o�f� �a�s�p�e�c�t� �r�a�t�i�o�s�,� �f�o�r� 

�i�s�o�t�r�o�p�i�c� �a�n�d� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s�,� �i�n� �w�h�i�c�h� �t�h�e� �p�l�a�t�e�s� �b�u�c�k�l�e� �i�n�i�t�i�a�l�l�y� �i�n�t�o� �a� 

�s�y�m�m�e�t�r�i�c� �m�o�d�e� �b�u�t� �a�r�e� �l�i�k�e�l�y� �t�o� �u�n�d�e�r�g�o� �m�o�d�e� �c�h�a�n�g�e� �q�u�i�c�k�l�y�.� �a�s� �t�h�e� �a�p�p�l�i�e�d� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �i�n�c�r�e�a�s�e�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �f�o�r� �a�n� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �w�i�t�h� �a�/�b�=� �2�.�0� �t�h�e� �p�l�a�t�e� 

�w�i�l�l� �b�u�c�k�l�e� �i�n�t�o� �t�w�o� �h�a�l�f� �w�a�v�e�s� �i�f� �t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �a�r�e� �f�r�e�e�.� �I�f� �t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� 

�a�r�e� �r�e�s�t�r�a�i�n�e�d�,� �t�h�e� �s�a�m�e� �p�l�a�t�e� �w�i�l�l� �i�n�i�t�i�a�l�l�y� �b�u�c�k�l�e� �i�n�t�o� �a� �s�i�n�g�l�e� �h�a�l�f� �w�a�v�e� �b�u�t� �w�i�l�l� �s�h�i�f�t� 

�t�o� �t�w�o� �h�a�l�f� �w�a�v�e�s� �a�s� �s�o�o�n� �a�s� �A�,� �r�e�a�c�h�e�s� �1�.�3�A�,�,�,�.� �A�n� �i�n�d�i�c�a�t�i�o�n� �o�f� �t�e�n�d�e�n�c�y� �o�f� �a� �p�l�a�t�e� 

�t�o� �c�h�a�n�g�e� �m�o�d�e� �s�h�a�p�e� �i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e� �i�s� �o�b�s�e�r�v�e�d� �t�o� �b�e� �t�h�e� �s�p�a�c�i�n�g� �o�f� �i�t�s� 

�e�i�g�e�n�v�a�l�u�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �l�i�n�e�a�r� �p�r�e�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s�.� �F�o�r� �t�h�o�s�e� �p�l�a�t�e�s� �w�h�i�c�h� �h�a�v�e� 

�a�n� �e�i�g�e�n�v�a�l�u�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e�i�r� �s�e�c�o�n�d� �m�o�d�e� �o�f� �d�e�f�o�r�m�a�t�i�o�n� �v�e�r�y� �c�l�o�s�e� �i�n� �v�a�l�u�e� �t�o� 

�t�h�e�i�r� �l�o�w�e�s�t� �e�i�g�e�n�v�a�l�u�e�,� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �f�r�o�m� �i�n�i�t�i�a�l� �s�i�n�g�l�e� �h�a�l�f� �w�a�v�e� �t�o� �t�w�o� �h�a�l�f� 

�w�a�v�e�s� �i�s� �i�m�m�i�n�e�n�t�.� �I�n� �f�a�c�t�,� �a�n� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �o�f� �a�/�b�=�.�/�2� �w�i�t�h� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� 

�y�-�n�o�r�m�a�l� �e�d�g�e�s� �h�a�s� �t�w�o� �m�o�d�e�s�,� �s�y�m�m�e�t�r�i�c� �a�n�d� �a�n�t�i�-�s�y�m�m�e�t�r�i�c�,� �t�h�a�t� �c�o�a�l�e�s�c�e� �a�t� �t�h�e� 

�s�a�m�e� �b�u�c�k�l�i�n�g� �l�o�a�d�.� �T�h�i�s� �i�s� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �b�e�y�o�n�d� �w�h�i�c�h� �t�h�e� �p�l�a�t�e� �b�u�c�k�l�e�s� �i�n�t�o� �t�w�o� 

�h�a�l�f� �w�a�v�e�s� �i�n�s�t�e�a�d� �o�f� �a� �s�i�n�g�l�e� �h�a�l�f� �w�a�v�e�.� 

�3�.�4�.�4� �S�q�u�a�r�e� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�s� 
� � 

�T�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �a�t� �m�o�d�e� �c�h�a�n�g�e� �f�o�r� �a�n�g�l�e�-�p�l�y�,� �[� �+� �@�]�«�,� �l�a�m�i�n�a�t�e�s� �i�s� �p�l�o�t�t�e�d� 

�a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �i�n� �F�i�g�.� �(�1�3�)� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �e�f�f�e�c�t� �o�f� �d�e�g�r�e�e� �o�f� 

�o�r�t�h�o�t�r�o�p�y� �o�n� �t�h�e� �m�o�d�e� �c�h�a�n�g�e�.� �I�t� �i�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�l�o�n�g� 

�t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �o�f� �l�a�m�i�n�a�t�e�s� �h�a�v�e� �a� �s�i�g�n�i�f�i�c�a�n�t� �e�f�f�e�c�t� �o�n� �t�h�e� �p�h�e�n�o�m�e�n�o�n� �o�f� �b�u�c�k�l�e� 

�p�a�t�t�e�r�n� �c�h�a�n�g�e�.� �T�h�e� �a�n�g�l�e�-�p�l�y� �p�l�a�t�e�s� �i�n�i�t�i�a�l�l�y� �d�e�f�o�r�m� �i�n�t�o� �a� �s�y�m�m�e�t�r�i�c� �p�o�s�t�b�u�c�k�l�i�n�g� 

�m�o�d�e� �i�f� �t�h�e� �f�i�b�e�r� �a�n�g�l�e� �i�s� �s�m�a�l�l�e�r� �t�h�a�n� �6�0�°� �f�o�r� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s�.� �T�h�e� 
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�t�h�r�e�s�h�o�l�d� �f�o�r� �m�o�d�e� �c�h�a�n�g�e� �a�t� �b�u�c�k�l�i�n�g� �i�s� �8�0�°� �f�o�r� �p�l�a�t�e�s� �w�i�t�h� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�.� 

�A�t� �t�h�e�s�e� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�s� �t�h�e� �p�l�a�t�e�s� �h�a�v�e� �r�e�p�e�a�t�e�d� �e�i�g�e�n�v�a�l�u�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� 

�f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� �m�o�d�e�s� �o�f� �b�u�c�k�l�i�n�g�.� �A� �[�+�4�5�]�.� �l�a�m�i�n�a�t�e�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �c�h�a�n�g�e�s� �i�t�s� 

�b�u�c�k�l�e�d� �f�o�r�m� �f�r�o�m� �a� �s�y�m�m�e�t�r�i�c� �t�o� �a�n� �a�n�t�i�-�s�y�m�m�e�t�r�i�c� �m�o�d�e� �a�t� �a�b�o�u�t� �3�.�5�A�,�.�,� �f�o�r� �f�r�e�e�l�y� 

�s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� �w�h�e�r�e�a�s� �t�h�e� �s�a�m�e� �p�l�a�t�e� �w�i�l�l� �n�o�t� �c�h�a�n�g�e� �m�o�d�e� �u�n�t�i�l� �t�h�e� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �i�s� �m�o�r�e� �t�h�a�n� �1�8� �t�i�m�e�s� �A�,�.�,� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�.� 

�I�t� �i�s� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �f�o�r� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�s� �t�h�e� �r�e�s�t�r�a�i�n�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�l�o�n�g� 

�t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �f�o�r�c�e� �t�h�e� �l�a�m�i�n�a�t�e�s� �t�o� �c�h�a�n�g�e� �t�h�e�i�r� �b�u�c�k�l�i�n�g� �m�o�d�e� �a�t� �a� �h�i�g�h�e�r� �v�a�l�u�e� 

�o�f� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �t�h�a�n� �d�o� �t�h�e� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �s�i�d�e�s�.� 

�T�h�e� �l�o�a�d� �v�e�r�s�u�s� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �f�o�r� �s�q�u�a�r�e� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�s�,� �[�+� �@�]�.�,� �w�i�t�h� �a� 

�w�i�d�e� �r�a�n�g�e� �o�f� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �(�1�4�)�.� �T�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �i�s� 

�n�o�r�m�a�l�i�z�e�d� �b�y� �t�h�e� �c�r�i�t�i�c�a�l� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �o�f� �a� �c�o�r�r�e�s�p�o�n�d�i�n�g� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�.� �A�l�l� 

�t�h�e� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�s� �e�x�c�e�p�t� �t�h�e� �0�°� �o�r�t�h�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e� �u�n�d�e�r�g�o� �a� �m�o�d�e� �c�h�a�n�g�e�;� 

�f�r�o�m� �k�=� �1� �t�o� �2� �f�o�r� �t�h�e� �[� �+� �3�0�]�.� �a�n�d� �[� �+� �4�5�]�,�,� �l�a�m�i�n�a�t�e�s�,� �f�r�o�m� �k� �=� �1� �t�o� �2� �t�o� �3� �f�o�r� �t�h�e� 

�[� �+� �6�0�]�,� �l�a�m�i�n�a�t�e�,� �a�n�d� �f�r�o�m� �k� �=�2� �t�o� �3� �f�o�r� �t�h�e� �[�9�0�]�,�,� �o�r�t�h�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e�.� �T�h�e� �0�°� 

�l�a�m�i�n�a�t�e� �n�e�v�e�r� �c�h�a�n�g�e�s� �i�t�s� �b�u�c�k�l�e�d� �f�o�r�m� �s�i�n�c�e� �t�h�i�s� �p�l�a�t�e� �i�s� �h�i�g�h�l�y� �s�t�i�f�f� �i�n� �t�h�e� �l�o�a�d�i�n�g� 

�d�i�r�e�c�t�i�o�n�.� �I�t� �c�a�n� �b�e� �o�b�s�e�r�v�e�d� �t�h�a�t� �a�t� �m�o�d�e� �c�h�a�n�g�e� �t�h�e� �l�o�a�d� �c�a�r�r�i�e�d� �b�y� �a� �p�l�a�t�e� �s�u�d�d�e�n�l�y� 

�d�r�o�p�s� �a�n�d� �s�l�o�p�e� �o�f� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �d�e�c�r�e�a�s�e�s�,� �i�m�p�l�y�i�n�g� �t�h�a�t� �t�h�e� �l�o�a�d� 

�c�a�r�r�y�i�n�g� �c�a�p�a�b�i�l�i�t�y� �a�n�d� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �p�l�a�t�e� �d�e�c�r�e�a�s�e� �a�f�t�e�r� �a� �m�o�d�e� 

�c�h�a�n�g�e�.� �I�t� �i�s� �a�l�s�o� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �l�o�a�d� �d�r�o�p� �a�t� �m�o�d�e� �c�h�a�n�g�e� �i�s� �m�o�r�e� �d�r�a�s�t�i�c�a�l� �f�o�r� 

�t�h�o�s�e� �l�a�m�i�n�a�t�e�s� �w�h�i�c�h� �e�x�p�e�r�i�e�n�c�e� �m�o�d�e� �c�h�a�n�g�e� �d�e�e�p�e�r� �i�n�t�o� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�a�n�g�e�.� 

�I�t� �i�s� �l�i�k�e�l�y� �t�h�a�t� �i�f� �a� �p�l�a�t�e� �u�n�d�e�r�g�o�e�s� �a� �v�i�o�l�e�n�t� �c�h�a�n�g�e� �i�n� �t�h�e� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� 

�b�e�h�a�v�i�o�r� �a�s� �d�o�e�s� �t�h�e� �[� �+� �3�0�]�,�,� �l�a�m�i�n�a�t�e�,� �t�h�e� �p�l�a�t�e� �i�s� �l�i�k�e�l�y� �t�o� �b�e� �v�u�l�n�e�r�a�b�l�e� �t�o� �f�a�i�l�u�r�e� 

�a�t� �t�h�e� �i�n�s�t�a�n�t� �o�f� �t�h�e� �m�o�d�e� �c�h�a�n�g�e�.� 
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�3�.�4�.�5� �Q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� �w�i�t�h� �v�a�r�i�o�u�s� �a�s�p�e�c�t� �r�a�t�i�o�s� 
� � 

�T�h�e� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �f�o�r� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s�,� �[� �+� �4�5�/�0�/�9�0�]�;�,�,� �w�i�t�h� �t�h�r�e�e� 

�d�i�f�f�e�r�e�n�t� �a�s�p�e�c�t� �r�a�t�i�o�s� �(�a�/�b�=� �1�,� �4� �a�n�d� �8�)� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�.� �(�1�5�)�.� �T�h�e� �l�o�a�d�e�d� �s�i�d�e�s� 

�o�f� �p�l�a�t�e�s� �a�r�e� �f�i�x�e�d� �t�o� �b�e� �1�0� �i�n�c�h�e�s� �a�n�d� �t�o�t�a�l� �p�l�a�t�e� �t�h�i�c�k�n�e�s�s� �1�s� �0�.�2� �i�n�c�h�e�s�.� �T�h�e� �y�-�n�o�r�m�a�l� 

�e�d�g�e�s� �o�f� �p�l�a�t�e�s� �a�r�e� �f�r�e�e� �t�o� �m�o�v�e� �l�a�t�e�r�a�l�l�y�.� �F�i�g�.� �(�1�5�)� �s�h�o�w�s� �t�h�a�t� �t�h�e� �s�q�u�a�r�e� �p�l�a�t�e� 

�e�x�p�e�r�i�e�n�c�e�s� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �o�n�c�e� �a�t� �A�,� �=� �5�.�2�A�,�,�,� �w�h�i�l�e� �t�h�e� �l�o�n�g� �p�l�a�t�e�s� �w�i�t�h� �a�s�p�e�c�t� 

�r�a�t�i�o�s� �a�/�b�=�4� �a�n�d� �8� �u�n�d�e�r�g�o� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �t�w�o� �a�n�d� �f�o�u�r� �t�i�m�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �o�v�e�r� 

�t�h�e� �r�a�n�g�e� �o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�.� �T�h�e� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e� �f�o�r� �t�h�e� �s�q�u�a�r�e� 

�p�l�a�t�e� �s�h�o�w�s� �a�n� �s�t�e�e�p� �j�u�m�p� �a�t� �m�o�d�e� �c�h�a�n�g�e�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �t�h�e� �l�o�a�d�-�c�a�r�r�y�i�n�g� 

�c�a�p�a�b�i�l�i�t�y� �o�f� �t�h�e� �p�l�a�t�e� �d�e�c�r�e�a�s�e�s� �c�o�n�s�i�d�e�r�a�b�l�y� �a�t� �t�h�e� �i�n�s�t�a�n�t� �o�f� �m�o�d�e� �c�h�a�n�g�e�.� �T�h�e� �l�o�a�d� 

�e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �f�o�r� �t�h�e� �l�o�n�g� �p�l�a�t�e�s�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �s�h�o�w� �n�o� �s�u�c�h� �a�n� �s�t�e�e�p� 

�j�u�m�p� �b�u�t� �o�n�l�y� �m�i�l�d� �j�u�m�p�s� �a�t� �m�o�d�e� �c�h�a�n�g�e�,� �i�m�p�l�y�i�n�g� �t�h�a�t� �t�h�e� �l�o�n�g� �p�l�a�t�e�s� �l�o�s�e�s� �i�t�s� 

�l�o�a�d�-�c�a�r�r�y�i�n�g� �c�a�p�a�b�i�l�i�t�y� �o�n�l�y� �s�l�i�g�h�t�l�y� �a�t� �t�h�e� �i�n�s�t�a�n�t� �o�f� �m�o�d�e� �c�h�a�n�g�e�.� �I�t� �c�a�n� �b�e� �a�l�s�o� 

�o�b�s�e�r�v�e�d� �t�h�a�t� �a�f�t�e�r� �m�o�d�e� �c�h�a�n�g�e� �t�h�e� �s�l�o�p�e� �o�f� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e� �f�o�r� �t�h�e� �s�q�u�a�r�e� 

�p�l�a�t�e� �d�e�c�r�e�a�s�e�s� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �t�h�a�n� �t�h�o�s�e� �f�o�r� �t�h�e� �l�o�n�g� �p�l�a�t�e�s�.� �T�h�e� �d�e�c�r�e�a�s�e� �o�f� �t�h�e� 

�s�l�o�p�e� �i�n� �t�h�e� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e� �a�f�t�e�r� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �i�n�d�i�c�a�t�e�s� �t�h�e� �d�e�c�r�e�a�s�e� 

�o�f� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�i�f�f�n�e�s�s�.� �F�r�o�m� �t�h�i�s� �e�x�a�m�p�l�e�,� �i�t� �c�a�n� �b�e� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �s�h�o�r�t�e�r� �p�l�a�t�e�s� 

�l�o�s�e� �t�h�e�i�r� �l�o�a�d�-�c�a�r�r�y�i�n�g� �c�a�p�a�b�i�l�i�t�y� �a�n�d� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�i�f�f�n�e�s�s� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�t�e�r� 

�t�h�e�y� �e�x�p�e�r�i�e�n�c�e� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �t�h�a�n� �d�o� �l�o�n�g�e�r� �p�l�a�t�e�s�.� 
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�A�I�A� 
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�F�i�g�.� �1�5� �L�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e�s� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r� 
�q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �[�+�4�5�/�0�/�9�0�]� �s�e� �l�a�m�i�n�a�t�e�s� �(�b�=�1�0�.�0� �i�n�)� 
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�C�H�A�P�T�E�R� �I�V� 

�P�R�E�D�I�C�T�I�O�N� �O�F� �F�A�I�L�U�R�E� �L�O�A�D� �O�F� �L�A�M�I�N�A�T�E�S� 

�I�N� �T�H�E� �P�O�S�T�B�U�C�K�L�I�N�G� �R�E�G�I�M�E� 

�O�n�e� �o�f� �t�h�e� �i�m�p�o�r�t�a�n�t� �i�s�s�u�e�s� �t�h�a�t� �n�e�e�d�s� �t�o� �b�e� �a�d�d�r�e�s�s�e�d� �f�o�r� �d�e�s�i�g�n�i�n�g� �t�h�i�n� �p�a�n�e�l�s� �t�o� 

�o�p�e�r�a�t�e� �i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e� �i�s� �t�h�e� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �f�a�i�l�u�r�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�o�f� �s�u�c�h� �p�a�n�e�l�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�e�c�h�a�n�i�s�m�s� �g�o�v�e�r�n�i�n�g� �c�o�m�p�r�e�s�s�i�o�n� �s�t�r�e�n�g�t�h� �o�f� 

�l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �m�a�t�e�r�i�a�l�s� �a�r�e� �v�e�r�y� �c�o�m�p�l�i�c�a�t�e�d� �a�n�d� �a�r�e� �n�o�t� �c�o�m�p�l�e�t�e�l�y� 

�u�n�d�e�r�s�t�o�o�d�.� �E�x�p�e�r�i�m�e�n�t�a�l� �r�e�p�o�r�t�s� �i�n� �R�e�f�s�.� �[�5�4�,� �7�2�-�7�3�]� �r�e�v�e�a�l� �t�h�a�t� �i�n�i�t�i�a�t�i�o�n� �o�f� �f�a�i�l�u�r�e� 

�f�o�r� �l�a�m�i�n�a�t�e�s� �i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �r�e�g�i�m�e� �o�c�c�u�r�s� �a�t�,� �o�r� �v�e�r�y� �c�l�o�s�e� �t�o�,� �t�h�e� �n�o�d�a�l� 

�l�i�n�e�s� �o�f� �t�h�e� �b�u�c�k�l�e�d� �p�a�n�e�l� �c�l�o�s�e� �t�o� �t�h�e� �p�l�a�t�e� �e�d�g�e�s�.� �R�e�c�e�n�t�l�y�,� �N�o�o�r� �e�t�a�l�.� �[�7�4�]� 

�i�n�v�e�s�t�i�g�a�t�e�d� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �q�u�a�n�t�i�t�i�e�s� �a�t� �t�h�e�s�e� �l�o�c�a�t�i�o�n�s� �a�n�d� �f�o�u�n�d� �t�h�a�t� �t�r�a�n�s�v�e�r�s�e� 

�s�h�e�a�r� �s�t�r�a�i�n� �e�n�e�r�g�y� �d�e�n�s�i�t�y� �o�f� �p�a�n�e�l�s� �r�e�a�c�h�e�s� �i�t�s� �m�a�x�i�m�u�m� �v�a�l�u�e� �a�t� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� 

�i�n�i�t�i�a�l� �f�a�i�l�u�r�e�.� �A�l�t�h�o�u�g�h� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �s�t�r�a�i�n� �e�n�e�r�g�y� �d�e�n�s�i�t�y� �m�a�y� �b�e� �a� �g�o�o�d� 

�c�a�n�d�i�d�a�t�e� �f�o�r� �c�h�a�r�a�c�t�e�r�i�z�i�n�g� �t�h�e� �l�o�c�a�t�i�o�n� �o�r� �o�n�s�e�t� �o�f� �l�o�c�a�l� �f�a�i�l�u�r�e� �i�n�i�t�i�a�t�i�o�n�,� �m�o�r�e� 

�i�n�v�e�s�t�i�g�a�t�i�o�n�s� �a�r�e� �n�e�e�d�e�d� �t�o� �e�s�t�a�b�l�i�s�h� �a� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �b�a�s�e�d� �o�n� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n�s� �i�n� 

�R�e�f�.� �[�7�4�]�.� �I�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �e�x�a�c�t� �f�a�i�l�u�r�e� �m�e�c�h�a�n�i�s�m� �f�o�r� �p�o�s�t�b�u�c�k�l�e�d� �p�l�a�t�e�s� �i�s� 

�o�u�t�s�i�d�e� �t�h�e� �s�c�o�p�e� �o�f� �t�h�e� �p�r�e�s�e�n�t� �r�e�s�e�a�r�c�h�.� �H�o�w�e�v�e�r�,� �u�s�e� �o�f� �a� �s�i�m�p�l�e� �c�r�i�t�e�r�i�o�n� �f�o�r� �t�h�e� 

�s�t�r�a�i�n� �f�a�i�l�u�r�e� �o�f� �l�a�m�i�n�a�t�e�s� �i�s� �i�n�v�e�s�t�i�g�a�t�e�d� �a�n�d� �p�r�e�d�i�c�t�i�o�n� �o�f� �s�u�c�h� �a� �m�o�d�e�l� �w�i�t�h� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d�.� 

�4�.�1� �M�a�x�i�m�u�m� �S�t�r�a�i�n� �F�a�i�l�u�r�e� �C�r�i�t�e�r�i�o�n� 

�M�i�c�r�o�m�e�c�h�a�n�i�c�a�l� �d�e�t�a�i�l�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �d�i�f�f�i�c�u�l�t� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �i�n�t�o� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �d�e�s�i�g�n� 

�a�n�d� �a�n�a�l�y�s�i�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �m�a�c�r�o�s�c�o�p�i�c� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a� �a�r�e� �o�f�t�e�n� �u�s�e�d� �f�o�r� �f�a�i�l�u�r�e� 

�p�r�e�d�i�c�t�i�o�n�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �i�s� �u�s�e�d� �i�n� 
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�p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �o�f� �l�a�m�i�n�a�t�e�s� �u�n�d�e�r� �p�o�s�t�b�u�c�k�l�i�n�g� �c�o�m�p�r�e�s�s�i�o�n�.� �I�n� �f�a�c�t�,� 

�t�h�e� �w�o�r�k� �b�y� �A�r�n�o�l�d� �e�t� �a�l�.� �[�5�3�]� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �u�s�e� �o�f� �t�h�i�s� �c�r�i�t�e�r�i�o�n� �r�e�s�u�l�t�s� �i�n� �a� 

�r�e�a�s�o�n�a�b�l�y� �g�o�o�d� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l�l�y� �p�r�e�d�i�c�t�e�d� 

�f�a�i�l�u�r�e� �l�o�a�d�s�.� �T�h�e� �f�a�i�l�u�r�e� �s�u�r�f�a�c�e� �f�o�r� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �c�r�i�t�e�r�i�o�n� �i�s� �r�e�c�t�a�n�g�u�l�a�r� �i�n� 

�s�t�r�a�i�n� �s�p�a�c�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �(�1�6�)�.� �I�n� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n�,� �f�a�i�l�u�r�e� �i�s� 

�a�s�s�u�m�e�d� �t�o� �o�c�c�u�r� �i�f� �o�n�e� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�d�i�t�i�o�n�s� �i�s� �s�a�t�i�s�f�i�e�d� �i�n� �a�n�y� �o�n�e� �o�f� �t�h�e� �p�l�i�e�s� 
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�p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �y�f�,� �i�s� �t�h�e� �u�l�t�i�m�a�t�e� �s�h�e�a�r�i�n�g� �s�t�r�a�i�n�.� 
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�w�h�e�r�e� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �s�t�r�e�s�s�e�s� �(�2�.�2�)�,� �t�h�e� �i�n�v�e�r�s�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n� �(�2�.�8�)�,� �a�n�d� �t�h�e� 

�K�i�r�c�h�h�o�f�f� �h�y�p�o�t�h�e�s�i�s� �(�2�.�1�9�)� �a�r�e� �u�s�e�d�.� �T�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �a�b�o�v�e� �s�t�r�a�i�n� 
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�4�.�2� �C�o�r�r�e�l�a�t�i�o�n� �o�f� �F�a�i�l�u�r�e� �L�o�a�d� �w�i�t�h� �T�e�s�t� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d�s� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�s� �t�e�s�t�e�d� �i�n� �R�e�f�.� �[�5�4�]� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� 

�t�h�o�s�e� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �m�a�x�i�m�u�m� 

�s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n�.� �T�h�e� �t�e�s�t� �s�p�e�c�i�m�e�n�s� �(�T�-�3�0�0�/�5�2�0�8� �G�r�/�E�p�)� �i�n� �R�e�f�.� �[�5�4�]� �h�a�v�e� �t�h�r�e�e� 

�d�i�f�f�e�r�e�n�t� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s�;� �2�4�-�p�l�y� �o�r�t�h�o�t�r�o�p�i�c� �a�n�d� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e�s� �w�i�t�h� 

�[� �+� �4�5�/�0�.�/� �+� �4�5�/�0�2�/� �+� �4�5�/�0�/�9�0�]�,� �a�n�d� �[� �+� �4�5�/�0�/�9�0�]�;�,� �s�e�q�u�e�n�c�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �1�6�-�p�l�y� 

�q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e�s� �o�f� �[� �+� �4�5�/�0�/�9�0�]�.�,�.� �M�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �t�e�s�t� �s�p�e�c�i�m�e�n�s� 

�a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �(�1�)�.� �I�n� �t�e�s�t�,� �t�h�e� �l�o�a�d�e�d� �s�i�d�e�s� �o�f� �t�h�e� �s�p�e�c�i�m�e�n� �w�e�r�e� �c�l�a�m�p�e�d� �b�y� 

�f�i�x�t�u�r�e�s� �a�n�d� �t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �w�e�r�e� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�y� �k�n�i�f�e�-�e�d�g�e� �r�e�s�t�r�a�i�n�t�s� �t�o� 

�p�r�e�v�e�n�t� �t�h�e� �s�p�e�c�i�m�e�n�s� �f�r�o�m� �b�u�c�k�l�i�n�g� �a�s� �w�i�d�e� �c�o�l�u�m�n�s�.� �T�h�u�s�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�a�l�o�n�g� �t�h�e� �l�o�a�d�e�d� �s�i�d�e�s� �b�e�t�w�e�e�n� �t�h�e� �t�e�s�t� �(�c�l�a�m�p�e�d�)� �a�n�d� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �(�s�i�m�p�l�y� 

�s�u�p�p�o�r�t�e�d�)� �a�r�e� �d�i�f�f�e�r�e�n�t�.� �N�e�v�e�r�t�h�e�l�e�s�s�,� �i�f� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �i�s� �l�a�r�g�e�,� �t�h�i�s� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �l�o�a�d�e�d� �s�i�d�e�s� �i�s� �b�e�l�i�e�v�e�d� �t�o� �b�e� �n�e�g�l�i�g�i�b�l�e�.� �I�n� �R�e�f�.� �[�5�4�]�,� 

�t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �o�f� �t�h�e� �t�e�s�t� �s�p�e�c�i�m�e�n�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �S�T�A�G�S� �c�o�m�p�u�t�e�r� 

�c�o�d�e� �b�y� �a�p�p�l�y�i�n�g� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �o�f� �t�h�e� �t�e�s�t�.� �T�h�e� �s�p�e�c�i�m�e�n�s� �w�e�r�e� 

�t�e�s�t�e�d� �t�o� �f�a�i�l�u�r�e� �b�y� �s�l�o�w�l�y� �a�p�p�l�y�i�n�g� �a� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �t�o� �s�i�m�u�l�a�t�e� �a� �s�t�a�t�i�c� �l�o�a�d�i�n�g� 

�c�o�n�d�i�t�i�o�n�.� 

�T�h�e� �f�a�i�l�u�r�e� �l�o�a�d�s� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �i�n� �c�o�n�j�u�n�c�t�i�o�n� 

�w�i�t�h� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �a�n�d� �b�y� �t�h�e� �t�e�s�t� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �(�2�)�.� 

�A�l�s�o� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �t�a�b�l�e� �a�r�e� �t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�s� �o�b�t�a�i�n�e�d� �b�y� �S�T�A�G�S� 

�c�o�m�p�u�t�e�r� �c�o�d�e� �i�n� �R�e�f�.� �[�5�4�]� �a�n�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� �t�h�e�o�r�y�.� �T�h�e� �l�a�s�t� �t�h�r�e�e� 

�c�o�l�u�m�n�s� �i�n� �T�a�b�l�e� �(�2�)� �r�e�p�r�e�s�e�n�t� �t�h�e� �n�u�m�b�e�r� �o�f� �h�a�l�f� �w�a�v�e�s� �i�n� �t�h�e� �l�o�a�d�i�n�g� �d�i�r�e�c�t�i�o�n� �a�t� 

�f�a�i�l�u�r�e�.� �I�t� �c�a�n� �b�e� �o�b�s�e�r�v�e�d� �f�r�o�m� �T�a�b�l�e� �(�2�)� �t�h�a�t� �t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� 

�p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �(�E�q�n�.� �(�2�.�3�2�)�)� �a�n�d� �b�y� �S�T�A�G�S� �i�s� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t�,� �e�s�p�e�c�i�a�l�l�y� �f�o�r� �h�i�g�h� 
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�a�s�p�e�c�t� �r�a�t�i�o� �p�l�a�t�e�s�.� �T�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� 

�t�h�e�o�r�y� �n�o�r�m�a�l�i�z�e�d� �b�y� �t�h�e� �S�T�A�G�S� �r�e�s�u�l�t�s� �r�a�n�g�e� �f�r�o�m� �0�.�8�1� �t�o� �1�.�0�0�.� �T�h�e� �l�a�r�g�e�r� 

�d�i�f�f�e�r�e�n�c�e� �f�o�r� �s�h�o�r�t� �a�s�p�e�c�t� �r�a�t�i�o� �p�l�a�t�e�s� �m�a�y� �b�e� �a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �l�o�a�d�e�d� �e�d�g�e�s�.� �A�s� �m�e�n�t�i�o�n�e�d� �e�a�r�l�i�e�r�,� �t�h�e� �u�s�e� �o�f� �s�i�m�p�l�y� 

�s�u�p�p�o�r�t�e�d� �c�o�n�d�i�t�i�o�n� �f�o�r� �l�o�a�d�e�d� �e�d�g�e�s� �i�n� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �m�a�y� �r�e�s�u�l�t� �i�n� �l�o�w�e�r� �v�a�l�u�e�s� 

�o�f� �t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d� �f�o�r� �s�h�o�r�t� �p�a�n�e�l�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �S�T�A�G�S� �r�e�s�u�l�t�s�.� �T�h�e� �f�a�i�l�u�r�e� �l�o�a�d� 

�o�f� �t�h�e� �s�p�e�c�i�m�e�n�s� �b�y� �t�h�e� �p�r�e�s�e�n�t� �m�e�t�h�o�d� �i�s� �c�a�l�c�u�l�a�t�e�d� �i�n� �t�w�o� �w�a�y�s�,� �i�.�e�.�,� �b�y� �i�n�c�l�u�d�i�n�g� �t�h�e� 

�m�o�d�e� �c�h�a�n�g�e� �a�n�d� �b�y� �i�g�n�o�r�i�n�g� �i�t�.� �T�o� �m�o�n�i�t�o�r� �f�a�i�l�u�r�e� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�s�,� �t�h�e� �s�t�r�a�i�n� 

�c�o�m�p�o�n�e�n�t�s� �a�t� �t�h�e� �t�o�p� �a�n�d� �b�o�t�t�o�m� �f�i�b�e�r� �o�f� �e�v�e�r�y� �l�a�y�e�r� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �i�n� �t�h�e� �p�r�i�n�c�i�p�a�l� 

�m�a�t�e�r�i�a�l� �d�i�r�e�c�t�i�o�n� �a�t� �p�o�t�e�n�t�i�a�l�l�y� �c�r�i�t�i�c�a�l� �s�i�x� �p�o�i�n�t�s� �i�n� �t�h�e� �p�o�r�t�i�o�n� �o�f� �a� �p�l�a�t�e� �w�h�i�c�h� 

�i�n�c�l�u�d�e�s� �o�n�e� �c�o�m�p�l�e�t�e� �h�a�l�f�-�w�a�v�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �(�1�7�)�.� �F�o�r� �p�l�a�t�e�s� �u�n�d�e�r� �p�o�s�t�b�u�c�k�l�i�n�g� 

�l�o�a�d�,� �t�h�e� �m�a�x�i�m�u�m� �l�o�n�g�i�t�u�d�i�n�a�l� �m�e�m�b�r�a�n�e� �s�t�r�a�i�n� �( ¬�;�,�)� �o�c�c�u�r�s� �a�l�o�n�g� �t�h�e� �u�n�l�o�a�d�e�d� �s�i�d�e�s� 

�p�a�r�a�l�l�e�l� �t�o� �x�-�a�x�i�s� �i�n� �F�i�g�.� �(�1�7�)�.� �T�h�i�s� �s�t�r�a�i�n� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �l�o�a�d�.� �T�h�e� 

�l�o�n�g�i�t�u�d�i�n�a�l� �m�e�m�b�r�a�n�e� �s�t�r�a�i�n� �i�n� �t�h�e� �c�e�n�t�e�r� �p�o�r�t�i�o�n� �o�f� �t�h�e� �p�l�a�t�e� �(�a�l�o�n�g� �t�h�e� �l�i�n�e� �A�B�C�)�,� 

�o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �r�e�m�a�i�n�s� �e�s�s�e�n�t�i�a�l�l�y� �c�o�n�s�t�a�n�t� �a�n�d� �e�q�u�a�l�s� �t�o� �i�t�s� �v�a�l�u�e� �a�t� �i�n�i�t�i�a�l� 

�b�u�c�k�l�i�n�g�.� �L�a�r�g�e� �b�e�n�d�i�n�g� �s�t�r�a�i�n�s� �e�x�i�s�t� �i�n� �t�h�i�s� �r�e�g�i�o�n� �o�f� �t�h�e� �p�l�a�t�e� �a�n�d�,� �a�s� �a� �r�e�s�u�l�t�,� �t�h�e� 

�t�o�t�a�l� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�a�i�n� �i�n� �t�h�e� �c�e�n�t�e�r� �p�o�r�t�i�o�n� �o�f� �t�h�e� �p�l�a�t�e� �m�a�y� �e�x�c�e�e�d� �t�h�e� �s�t�r�a�i�n� �a�l�o�n�g� 

�t�h�e� �e�d�g�e�s� �p�a�r�a�l�l�e�l� �t�o� �x�-�a�x�i�s�.� �T�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n�s� �A�-�D� �a�n�d� �C�-�F� �r�e�p�r�e�s�e�n�t� �t�h�e� �l�o�a�d�e�d� �s�i�d�e� 

�a�n�d� �b�u�c�k�l�i�n�g�-�m�o�d�e� �n�o�d�a�l� �l�i�n�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�l�o�n�g� �t�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n� �B�-�E�,� �t�h�e� 

�o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �h�a�v�e� �m�a�x�i�m�u�m� �v�a�l�u�e�s�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �t�e�s�t� �r�e�s�u�l�t� �t�h�a�t� 

�t�h�e� �r�e�l�a�t�i�v�e�l�y� �s�h�o�r�t� �t�h�i�n� �l�a�m�i�n�a�t�e� �(�C�2�0�)� �f�a�i�l�s� �a�t� �a� �l�o�a�d� �l�e�v�e�l� �f�i�v�e� �t�i�m�e�s� �o�f� �i�t�s� �b�u�c�k�l�i�n�g� 

�l�o�a�d�.� �T�a�b�l�e� �(�2�)� �s�h�o�w�s� �t�h�a�t� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �i�s� �a�l�s�o� 

�i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�e�s�t� �r�e�s�u�l�t�s�.� �T�h�e� �n�o�r�m�a�l�i�z�e�d� �f�a�i�l�u�r�e� �l�o�a�d� �b�y� �m�a�x�i�m�u�m� �s�t�r�a�i�n� 

�f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�e�s�t� �d�a�t�a� �i�s� �i�n� �t�h�e� �r�a�n�g�e� �o�f� �0�.�8�1�-�1�.�0�1�.� �I�f� �t�h�e� �m�o�d�e� 

�c�h�a�n�g�e� �o�p�t�i�o�n� �i�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�,� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �p�r�e�d�i�c�t�s� �t�h�a�t� �s�p�e�c�i�m�e�n�s� 

�(�C�2�,� �C�3�,� �C�4�,� �C�1�3�,� �a�n�d� �C�1�6�)� �f�a�i�l� �a�f�t�e�r� �u�n�d�e�r�g�o�i�n�g� �a� �m�o�d�e� �c�h�a�n�g�e�.� �T�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �o�f� 
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�t�h�e�s�e� �s�p�e�c�i�m�e�n�s�,� �i�f� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �i�s� �a�l�l�o�w�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�,� �i�s� �s�l�i�g�h�t�l�y� �s�m�a�l�l�e�r� �t�h�a�n� 

�t�h�a�t� �o�b�t�a�i�n�e�d� �b�y� �e�x�c�l�u�d�i�n�g� �t�h�i�s� �c�h�a�n�g�e�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �s�u�d�d�e�n� �d�e�c�r�e�a�s�e� �o�f� 

�l�o�a�d�-�c�a�r�r�y�i�n�g� �c�a�p�a�b�i�l�i�t�y� �a�n�d� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�i�f�f�n�e�s�s� �a�f�t�e�r� �e�x�p�e�r�i�e�n�c�i�n�g� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� 

�a�s� �w�a�s� �s�h�o�w�n� �i�n� �F�i�g�s�.� �(�1�2�)�-�(�1�5�)�.� �T�h�e� �p�r�e�s�e�n�t� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �i�n�d�i�c�a�t�e�s� 

�t�h�a�t� �f�a�i�l�u�r�e� �o�f� �a�l�l� �s�p�e�c�i�m�e�n�s� �o�c�c�u�r�s� �a�t� �t�h�e� �t�o�p� �l�a�y�e�r� �o�f� �p�o�i�n�t� �F� �d�u�e� �t�o� �t�h�e� �e�x�c�e�s�s�i�v�e� 

�c�o�m�p�r�e�s�s�i�v�e� �s�t�r�a�i�n� �i�n� �t�h�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� �(�¢ ¬�,�)�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�a�l�o�n�g� �t�h�e� �l�o�a�d�e�d� �s�i�d�e�s� �b�e�t�w�e�e�n� �t�h�e� �t�e�s�t� �(�c�l�a�m�p�e�d�)� �a�n�d� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �(�s�i�m�p�l�y� 

�s�u�p�p�o�r�t�e�d�)� �c�a�n� �b�e� �o�n�e� �o�f� �t�h�e� �r�e�a�s�o�n�s� �w�h�y� �b�o�t�h� �t�h�e� �b�u�c�k�l�i�n�g� �a�n�d� �f�a�i�l�u�r�e� �l�o�a�d�s� �o�f� �t�h�e� 

�s�p�e�c�i�m�e�n�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �a�r�e� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �S�T�A�G�S� �a�n�d� �t�e�s�t� 

�r�e�s�u�l�t�s�.� �F�r�o�m� �t�h�i�s� �c�o�m�p�a�r�i�s�o�n�,� �i�t� �s�e�e�m�s� �t�h�a�t� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �c�a�n� 

�b�e� �u�s�e�d� �i�n� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �f�o�r� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �p�l�a�t�e�s� �u�n�d�e�r� �i�n�-�p�l�a�n�e� �l�o�a�d� 

�b�e�y�o�n�d� �b�u�c�k�l�i�n�g� �a�l�t�h�o�u�g�h� �m�o�r�e� �t�e�s�t�s� �c�o�v�e�r�i�n�g� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �l�a�m�i�n�a�t�e� �s�t�a�c�k�i�n�g� 

�s�e�q�u�e�n�c�e�s� �a�n�d� �p�l�a�t�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �a�r�e� �n�e�e�d�e�d� �t�o� �u�s�e� �t�h�e� �c�r�i�t�e�r�i�o�n� �w�i�t�h� �m�o�r�e� 

�c�o�n�f�i�d�e�n�c�e�.� 
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�C�H�A�P�T�E�R� �V� 

�O�P�T�I�M�I�Z�A�T�I�O�N� �W�I�T�H� �D�I�S�C�R�E�T�E� �D�E�S�I�G�N� �V�A�R�I�A�B�L�E�S� 

�I�n� �t�h�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �o�f� �f�i�b�e�r� �r�e�i�n�f�o�r�c�e�d� �c�o�m�p�o�s�i�t�e� �m�a�t�e�r�i�a�l�s�,� �s�o�m�e� �o�r� �e�v�e�n� �a�l�l� �o�f� �t�h�e� 

�d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �s�u�c�h� �a�s� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�s� �a�n�d� �l�a�y�e�r� �t�h�i�c�k�n�e�s�s�e�s� �a�r�e� �d�i�s�c�r�e�t�e�-�v�a�l�u�e�d�.� 

�I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �a� �p�e�n�a�l�t�y� �a�p�p�r�o�a�c�h� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �n�o�n�l�i�n�e�a�r� �d�i�s�c�r�e�t�e� 

�o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �[�7�5�]� �i�s� �p�r�o�p�o�s�e�d�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �s�t�a�n�d�a�r�d� �p�e�n�a�l�t�y� �t�e�r�m�s� �f�o�r� 

�c�o�n�s�t�r�a�i�n�t� �v�i�o�l�a�t�i�o�n�,� �t�h�e� �p�r�o�p�o�s�e�d� �a�p�p�r�o�a�c�h� �i�n�t�r�o�d�u�c�e�s� �p�e�n�a�l�t�y� �t�e�r�m�s� �t�o� �r�e�f�l�e�c�t� �t�h�e� 

�r�e�q�u�i�r�e�m�e�n�t� �t�h�a�t� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �t�a�k�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s�.� �A� �v�a�r�i�a�b�l�e�-�m�a�g�n�i�t�u�d�e� 

�p�e�n�a�l�t�y� �t�e�r�m� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �s�i�n�e� �f�u�n�c�t�i�o�n� �i�s� �i�n�t�r�o�d�u�c�e�d� �t�o� �f�o�r�c�e� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�t�o� �t�a�k�e� �p�r�e�s�c�r�i�b�e�d� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s�.� �P�r�e�s�e�n�t�l�y�,� �t�h�e� �p�r�o�p�o�s�e�d� �a�p�p�r�o�a�c�h� �i�s� �i�m�p�l�e�m�e�n�t�e�d� 

�w�i�t�h� �t�h�e� �e�x�t�e�n�d�e�d� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� �m�e�t�h�o�d� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�a�c�k�a�g�e� �N�E�W�S�U�M�T�-�A� 

�t�o� �s�o�l�v�e� �n�o�n�l�i�n�e�a�r� �i�n�t�e�g�e�r� �p�r�o�g�r�a�m�m�i�n�g� �(�N�I�P�)� �p�r�o�b�l�e�m�s�.� �T�h�e� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�i�s� 

�t�e�c�h�n�i�q�u�e� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r� �m�i�x�e�d�-�i�n�t�e�g�e�r� �p�r�o�g�r�a�m�m�i�n�g� �(�N�M�I�P�)� �p�r�o�b�l�e�m�s� �i�s� �e�x�p�e�c�t�e�d� 

�t�o� �b�e� �a�c�h�i�e�v�e�d� �w�i�t�h�o�u�t� �d�i�f�f�i�c�u�l�t�y�.� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�,� �f�o�r� �t�h�e� �s�a�k�e� �o�f� �c�l�a�r�i�t�y�,� �a� 

�b�r�i�e�f� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �S�U�M�T� �i�s� �f�i�r�s�t� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �f�o�r�m� �o�f� �t�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �f�o�r� 

�t�h�e� �d�i�s�c�r�e�t�e�-�v�a�l�u�e�d� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�n�d� �s�t�r�a�t�e�g�y� �u�s�e�d� �f�o�r� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� 

�p�r�o�c�e�d�u�r�e� �a�r�e� �d�i�s�c�u�s�s�e�d� �n�e�x�t�.� �F�i�n�a�l�l�y�,� �s�e�v�e�r�a�l� �d�e�s�i�g�n� �e�x�a�m�p�l�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �t�o� 

�d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �p�r�o�c�e�d�u�r�e�,� �a�n�d� �r�e�s�u�l�t�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �t�h�o�s�e� �a�v�a�i�l�a�b�l�e� �i�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e�.� 

�5�.�1� �S�e�q�u�e�n�t�i�a�l� �U�n�c�o�n�s�t�r�a�i�n�e�d� �M�i�n�i�m�i�z�a�t�i�o�n� �T�e�c�h�n�i�q�u�e� �(�S�U�M�T�)� 

�T�h�e� �S�U�M�T� �a�l�g�o�r�i�t�h�m� �t�r�a�n�s�f�o�r�m�s� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �i�n�t�o� �a� 

�s�e�q�u�e�n�c�e� �o�f� �u�n�c�o�n�s�t�r�a�i�n�e�d� �p�r�o�b�l�e�m�s�.� �T�h�e� �c�l�a�s�s�i�c�a�l� �a�p�p�r�o�a�c�h� �t�o� �u�s�i�n�g� �S�U�M�T� �i�s� �t�o� 

�7�2



�c�r�e�a�t�e� �a� �p�s�e�u�d�o�-�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �b�y� �c�o�m�b�i�n�i�n�g� �t�h�e� �o�r�i�g�i�n�a�l� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� 

�t�h�e� �c�o�n�s�t�r�a�i�n�t� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �a�d�d�e�d� �t�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�n� �a� �w�a�y� 

�t�o� �p�e�n�a�l�i�z�e� �i�t� �i�f� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �r�e�l�a�t�i�o�n�s� �a�r�e� �n�o�t� �s�a�t�i�s�f�i�e�d�.� �T�h�a�t� �i�s�,� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� 

�m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�,� 

�M�i�n�i�m�i�z�e� �:� �F�(�X�)� �(�5�.�1�)� 

�S�u�c�h� �t�h�a�t� �:� �2�{�X�)�2�>�0�,� �j�=�1�,�2�,�.�.�.�,�"�,� 

�w�h�e�r�e� �X� �=� �(�1�,� �X�a�,� �v�e�y� �X�n�}�?� 

�n�+� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�n�,� �:� �n�u�m�b�e�r� �o�f� �c�o�n�s�t�r�a�i�n�t�s� 

�i�s� �r�e�p�l�a�c�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �u�n�c�o�n�s�t�r�a�i�n�e�d� �p�r�o�b�l�e�m�,� 

�n�g� 

�M�i�n�i�m�i�z�e� �:� �Q�O�(�X�,�r�)�=� �F�X�)�+�r�d�y�(�g�)�)� �(�5�.�2�)� 
�j�=�l� 

�w�h�e�r�e� �j�(�g�,�)� �t�a�k�e�s� �d�i�f�f�e�r�e�n�t� �f�o�r�m�s� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �m�e�t�h�o�d� �o�f� �p�e�n�a�l�t�y� �i�n�t�r�o�d�u�c�t�i�o�n� �[�4�7�]�.� 

�T�h�e� �p�o�s�i�t�i�v�e� �m�u�l�t�i�p�l�i�e�r�,� �r�,� �i�n� �E�q�n�.� �(�5�.�2�)� �c�o�n�t�r�o�l�s� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �c�o�n�s�t�r�a�i�n�t� 

�p�e�n�a�l�t�y� �t�e�r�m�s�.� �F�o�r� �a� �g�i�v�e�n� �v�a�l�u�e� �o�f� �t�h�e� �p�e�n�a�l�t�y� �m�u�l�t�i�p�l�i�e�r�,� �7�,� �E�q�n�.� �(�5�.�2�)� �d�e�s�c�r�i�b�e�s� �t�h�e� 

�b�o�u�n�d�s� �o�f� �t�h�e� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n� �s�p�a�c�e�,� �o�f�t�e�n� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �A�s� �t�h�e� 

�p�e�n�a�l�t�y� �m�u�l�t�i�p�l�i�e�r� �i�s� �d�e�c�r�e�a�s�e�d�,� �t�h�e� �c�o�n�t�o�u�r�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �c�o�n�f�o�r�m� �w�i�t�h� �t�h�e� 

�o�r�i�g�i�n�a�l� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �m�o�r�e� �c�l�o�s�e�l�y�.� �T�h�e�r�e�f�o�r�e�,� �m�i�n�i�m�i�z�a�t�i�o�n� 

�o�f� �t�h�e� �u�n�c�o�n�s�t�r�a�i�n�e�d� �p�r�o�b�l�e�m� �i�s� �p�e�r�f�o�r�m�e�d� �r�e�p�e�a�t�e�d�l�y� �a�s� �t�h�e� �v�a�l�u�e� �o�f� �r� �i�s� �d�e�c�r�e�a�s�e�d� 

�u�n�t�i�l� �t�h�e� �m�i�n�i�m�u�m� �v�a�l�u�e� �o�f� �t�h�e� �p�s�e�u�d�o�-�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �c�o�i�n�c�i�d�e�s� �w�i�t�h� �t�h�e� �v�a�l�u�e� �o�f� 

�t�h�e� �o�r�i�g�i�n�a�l� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �S�e�v�e�r�a�l� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �g�e�n�e�r�a�t�e�d� �b�y� �u�s�i�n�g� �t�h�e� 

�e�x�t�e�n�d�e�d� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� �t�e�c�h�n�i�q�u�e� �[�4�7�]� �f�o�r� �a� �p�r�o�b�l�e�m� �w�i�t�h� �o�n�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �a�n�d� �a� 

�s�i�n�g�l�e� �c�o�n�s�t�r�a�i�n�t� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �(�1�8�)�.� 
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�F�i�g�.� �1�8� �R�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �f�o�r� �e�x�t�e�n�d�e�d� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� 
�(�M�i�n�i�m�i�z�e� �f�=�x� �s�u�b�j�e�c�t� �t�o� �g�=�x�-�1�.�0�>�0�)� 
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�5�.�2� �S�U�M�T� �w�i�t�h� �D�i�s�c�r�e�t�e�-�V�a�l�u�e�d� �D�e�s�i�g�n� �V�a�r�i�a�b�l�e�s� 

�T�h�e� �b�a�s�i�c� �i�d�e�a� �b�e�h�i�n�d� �t�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d� �i�s� �t�o� �i�n�c�l�u�d�e� �a�d�d�i�t�i�o�n�a�l� �p�e�n�a�l�t�y� �t�e�r�m�s� �i�n� 

�t�h�e� �p�s�e�u�d�o�-�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�o� �r�e�f�l�e�c�t� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� �t�h�a�t� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �t�a�k�e� 

�d�i�s�c�r�e�t�e� �v�a�l�u�e�s�.� �T�h�e� �g�e�n�e�r�a�l� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �a� �p�r�o�b�l�e�m� �h�a�v�i�n�g� �d�i�s�c�r�e�t�e� �v�a�r�i�a�b�l�e�s� �i�s� 

�p�r�e�s�e�n�t�e�d� �b�e�l�o�w�.� 

�M�i�n�i�m�i�z�e� �:� �F�(�X�)� �(�5�.�3�)� 

�S�u�b�j�e�c�t� �t�o� �:�;� �g�(�{�X�)�2�>�0� �,� �j�=�1�,�2�,�.�.�.�,�7�,� 

�w�h�e�r�e� �x� �=� �{�d�i�,� �d�a�,� �.�.�.�,� �d�i�g�}�?� �i�=� �1�,�2�,�.�.�.�,�M�a� 

�n�q�.� �n�u�m�b�e�r� �o�f� �d�i�s�c�r�e�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�d�,� �:� �k�-�t�h� �d�i�s�c�r�e�t�e� �v�a�l�u�e� �o�f� �t�h�e� �i�-�t�h� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� 

�g� �:� �n�u�m�b�e�r� �o�f� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �f�o�r� �e�a�c�h� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� 

�I�n� �g�e�n�e�r�a�l�,� �t�h�e� �n�u�m�b�e�r� �o�f� �a�v�a�i�l�a�b�l�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �f�o�r� �e�a�c�h� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �m�a�y� �b�e� 

�d�i�f�f�e�r�e�n�t�,� �o�r� �e�v�e�n� �i�n� �s�o�m�e� �c�a�s�e�s� �c�o�n�t�i�n�u�o�u�s� �v�a�r�i�a�t�i�o�n� �o�f� �s�o�m�e� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�m�a�y� �b�e� �a�l�l�o�w�e�d�.� �T�h�e� �m�o�d�i�f�i�e�d� �p�s�e�u�d�o�-�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�  ��¥� �w�h�i�c�h� �i�n�c�l�u�d�e�s� �t�h�e� �p�e�n�a�l�t�y� 

�t�e�r�m�s� �d�u�e� �t�o� �c�o�n�s�t�r�a�i�n�t�s� �a�n�d� �t�h�e� �n�o�n�-�d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �i�s� �d�e�f�i�n�e�d� 

�a�s� 

�Y�K�,� �8�)� �=� �F�N�)� �+� �r�E� �p�r�e�)� �+� �5�L�O�4�X�)� �(�5�.�4�)� 

�w�h�e�r�e� �r� �i�s� �t�h�e� �p�e�n�a�l�t�y� �m�u�l�t�i�p�l�i�e�r� �f�o�r� �c�o�n�s�t�r�a�i�n�t�s�,� �p�*�(�g�,�)� �c�a�n� �b�e� �c�h�o�s�e�n� �a�s� 

�]� 

�&� �(�x�)� 
�q�u�a�d�r�a�t�i�c� �e�x�t�e�n�s�i�o�n� �f�u�n�c�t�i�o�n� �[�7�6�]� �f�o�r� �e�x�t�e�n�d�e�d� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� �t�e�c�h�n�i�q�u�e�,� �s� �i�s� �t�h�e� 

� � �[� �m�a�x�{�  ��g�,�(�x�)�,� �0�}�?� �f�o�r� �e�x�t�e�r�i�o�r� �p�e�n�a�l�t�y�,� �f�o�r� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y�,� �a�n�d� �a� �l�i�n�e�a�r� �o�r� 

�p�e�n�a�l�t�y� �m�u�l�t�i�p�l�i�e�r� �f�o�r� �n�o�n�-�d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �®�4�(�X�)� �d�e�n�o�t�e�s� 

�t�h�e� �p�e�n�a�l�t�y� �t�e�r�m� �f�o�r� �n�o�n�-�d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �o�f� �t�h�e� �i� �t�h� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�.� �D�i�f�f�e�r�e�n�t� �f�o�r�m�s� 
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�f�o�r� �t�h�e� �d�i�s�c�r�e�t�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �a�r�e� �p�o�s�s�i�b�l�e�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �t�h�e� �p�e�n�a�l�t�y� �t�e�r�m�s� 

�.�{�X�)� �a�r�e� �a�s�s�u�m�e�d� �t�o� �t�a�k�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�i�n�e�-�f�u�n�c�t�i�o�n� �f�o�r�m�,� 

�1� 
�2�n�L�x�;� �_�-� �a� �(�4�;� �+�1� �+� �3�4�,�)� �J� 

�d�j�,� �+�1�7� �d�i� 

� � �o�(�X�)� �=� �>� �(�s�i�n� �+�1�)� �(�5�.�5�)� 

�w�h�e�r�e� �d�j� �<� �x�,� �<� �d�;�,�,�.� �T�h�e� �p�r�o�p�o�s�e�d� �f�u�n�c�t�i�o�n�s� �D�(�X�)� �p�e�n�a�l�i�z�e� �o�n�l�y� �n�o�n�-�d�i�s�c�r�e�t�e� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s� �a�n�d� �a�s�s�u�r�e� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �o�f� �t�h�e� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �m�o�d�i�f�i�e�d� 

�p�s�e�u�d�o�-�f�u�n�c�t�i�o�n� �a�t� �t�h�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �d�i�s�c�r�e�t�e� �p�e�n�a�l�t�y� 

�f�u�n�c�t�i�o�n�s� �o�f� �s�i�n�e� �a�n�d� �e�l�l�i�p�t�i�c�a�l� �f�o�r�m�s� �w�e�r�e� �i�n�v�e�s�t�i�g�a�t�e�d�.� �T�h�e� �e�l�l�i�p�t�i�c�a�l� �f�u�n�c�t�i�o�n� �w�a�s� 

�f�o�u�n�d� �t�o� �b�e� �n�u�m�e�r�i�c�a�l�l�y� �u�n�s�t�a�b�l�e� �d�u�e� �t�o� �t�h�e� �d�i�s�c�o�n�t�i�n�u�i�t�y� �o�f� �i�t�s� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� �a�t� �t�h�e� 

�d�i�s�c�r�e�t�e� �v�a�l�u�e�s�,� �a�l�t�h�o�u�g�h� �i�t� �c�a�n� �r�e�f�l�e�c�t� �t�h�e� �o�r�i�g�i�n�a�l� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �s�i�n�e� 

�f�u�n�c�t�i�o�n� �b�e�c�a�u�s�e� �o�f� �t�h�e� �w�i�d�e� �f�l�a�t� �r�a�n�g�e� �b�e�t�w�e�e�n� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �o�f� �t�h�e� �e�l�l�i�p�t�i�c�a�l� 

�f�u�n�c�t�i�o�n�.� �T�h�e� �s�i�n�e� �a�n�d� �e�l�l�i�p�t�i�c�a�l� �f�u�n�c�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �(�1�9�)�.� 

�T�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d� �c�a�n� �b�e� �i�m�p�l�e�m�e�n�t�e�d� �w�i�t�h� �e�i�t�h�e�r� �e�x�t�e�r�i�o�r�,� �i�n�t�e�r�i�o�r�,� �o�r� �e�x�t�e�n�d�e�d� 

�i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �a�p�p�r�o�a�c�h�e�s�.� �I�n� �f�a�c�t�,� �t�h�e� �e�x�t�e�r�i�o�r� �a�n�d� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� 

�t�e�c�h�n�i�q�u�e�s� �h�a�v�e� �l�i�m�i�t�a�t�i�o�n�s� �s�i�n�c�e� �t�h�e� �e�x�t�e�r�i�o�r� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �i�s� �d�e�f�i�n�e�d� �o�n�l�y� �i�n� �t�h�e� 

�i�n�f�e�a�s�i�b�l�e� �d�o�m�a�i�n�,� �w�h�e�r�e�a�s� �t�h�e� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s� �t�h�e� �i�n�i�t�i�a�l� �d�e�s�i�g�n� �b�e� 

�f�e�a�s�i�b�l�e�.� �T�h�e�s�e� �d�i�s�a�d�v�a�n�t�a�g�e�s� �c�a�n� �b�e� �o�v�e�r�c�o�m�e� �b�y� �u�s�i�n�g� �t�h�e� �e�x�t�e�n�d�e�d� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� 

�m�e�t�h�o�d� �w�h�i�c�h� �c�o�m�b�i�n�e�s� �t�h�e� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �i�n� �m�o�s�t� �o�f� �t�h�e� �f�e�a�s�i�b�l�e� �d�o�m�a�i�n� 

�w�i�t�h� �a�n� �e�x�t�e�r�i�o�r� �c�o�n�t�i�n�u�a�t�i�o�n�.� �T�h�e� �a�d�d�i�t�i�o�n�a�l� �p�e�n�a�l�t�y� �t�e�r�m�s� �f�o�r� �n�o�n�-�d�i�s�c�r�e�t�e� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s� �a�r�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�a�c�k�a�g�e� �N�E�W�S�U�M�T�-�A� �w�h�i�c�h� 

�e�m�p�l�o�y�s� �t�h�e� �e�x�t�e�n�d�e�d� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� �a�p�p�r�o�a�c�h�;� �h�e�n�c�e�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�u�s�s�i�o�n� �i�s� 

�c�o�n�f�i�n�e�d� �t�o� �t�h�e� �e�x�t�e�n�d�e�d� �i�n�t�e�r�i�o�r� �p�e�n�a�l�t�y� �t�e�c�h�n�i�q�u�e�.� �I�n� �E�q�n�.� �(�5�.�4�)�,� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �p�e�n�a�l�t�y� �m�u�l�t�i�p�l�i�e�r�s� �r� �a�n�d� �s�,� �s�i�n�c�e� 

�t�h�e�y� �c�o�n�t�r�o�l� �t�h�e� �a�m�o�u�n�t� �o�f� �p�e�n�a�l�t�y� �f�o�r� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �a�n�d� �f�o�r� �t�h�e� �n�o�n�-�d�i�s�c�r�e�t�e� �v�a�l�u�e�s�,� 
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�r�e�s�p�e�c�t�i�v�e�l�y�.� �A�s� �o�p�p�o�s�e�d� �t�o� �t�h�e� �m�u�l�t�i�p�l�i�e�r� �r�,� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �m�u�l�t�i�p�l�i�e�r� �s� �i�s� �i�n�i�t�i�a�l�l�y� 

�z�e�r�o� �a�n�d� �i�s� �i�n�c�r�e�a�s�e�d� �s�l�o�w�l�y� �f�r�o�m� �o�n�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �t�o� �a�n�o�t�h�e�r�.� �O�n�e� �o�f� �t�h�e� 

�i�m�p�o�r�t�a�n�t� �f�a�c�t�o�r�s� �i�n� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�n� �t�o� 

�a�c�t�i�v�a�t�e� �s�,� �a�n�d� �h�o�w� �f�a�s�t� �t�o� �i�n�c�r�e�a�s�e� �i�t� �t�o� �o�b�t�a�i�n� �a� �d�i�s�c�r�e�t�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n�.� �C�l�e�a�r�l�y�,� 

�i�f� �s� �i�s� �i�n�t�r�o�d�u�c�e�d� �t�o�o� �e�a�r�l�y� �i�n� �t�h�e� �d�e�s�i�g�n� �p�r�o�c�e�s�s�,� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �w�i�l�l� �b�e� �t�r�a�p�p�e�d� 

�b�y� �a� �l�o�c�a�l� �m�i�n�i�m�u�m�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �s�u�b�-�o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n�.� �T�o� �a�v�o�i�d� �t�h�i�s� �p�r�o�b�l�e�m�,� �t�h�e �� 

�m�u�l�t�i�p�l�i�e�r� �s� �m�u�s�t� �b�e� �a�c�t�i�v�a�t�e�d� �a�f�t�e�r� �s�e�v�e�r�a�l� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �w�h�i�c�h� �i�n�c�l�u�d�e� �o�n�l�y� 

�c�o�n�s�t�r�a�i�n�t� �p�e�n�a�l�t�y� �t�e�r�m�s�.� �I�n� �f�a�c�t�,� �s�i�n�c�e� �t�h�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �w�i�t�h� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �i�s� 

�o�f�t�e�n� �i�n� �t�h�e� �n�e�i�g�h�b�o�r�h�o�o�d� �o�f� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�u�m�,� �i�t� �m�a�y� �b�e� �d�e�s�i�r�a�b�l�e� �n�o�t� �t�o� 

�a�c�t�i�v�a�t�e� �t�h�e� �p�e�n�a�l�t�y� �f�o�r� �t�h�e� �n�o�n�-�d�i�s�c�r�e�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �u�n�t�i�l� �a� �r�e�a�s�o�n�a�b�l�e� 

�c�o�n�v�e�r�g�e�n�c�e� �t�o� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �s�o�l�u�t�i�o�n� �i�s� �a�c�h�i�e�v�e�d�.� �T�h�i�s� �i�s� �e�s�p�e�c�i�a�l�l�y� �t�r�u�e� �f�o�r� 

�p�r�o�b�l�e�m�s� �w�i�t�h� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�n�d�/�o�r� �i�f� �t�h�e� �i�n�t�e�r�v�a�l�s� �b�e�t�w�e�e�n� 

�d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �a�r�e� �v�e�r�y� �c�l�o�s�e�.� �T�h�e� �m�o�d�i�f�i�e�d� �p�s�e�u�d�o�-�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �Y� �d�e�f�i�n�e�d� �i�n� 

�E�g�n�.� �(�5�.�4�)� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �(�2�0�)� �f�o�r� �a� �p�r�o�b�l�e�m� �w�i�t�h� �o�n�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �a�n�d� �o�n�e� 

�c�o�n�s�t�r�a�i�n�t�.� 

�5�.�3� �D�i�s�c�u�s�s�i�o�n� �o�f� �I�m�p�l�e�m�e�n�t�a�t�i�o�n� �a�n�d� �C�o�n�v�e�r�g�e�n�c�e� �C�r�i�t�e�r�i�o�n� 

�I�n� �u�s�i�n�g� �t�h�e� �S�U�M�T�,� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �u�s�u�a�l�l�y� �e�x�a�m�i�n�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �t�o�t�a�l� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �v�a�l�u�e� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �A� �s�i�m�i�l�a�r� 

�s�c�h�e�m�e� �i�s� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �h�o�w� �c�l�o�s�e� �t�h�e� �d�e�s�i�g�n� �a�p�p�r�o�a�c�h�e�s� �t�o� �t�h�e� �c�o�n�t�i�n�u�o�u�s� 

�o�p�t�i�m�u�m� �b�e�f�o�r�e� �a�c�t�i�v�a�t�i�n�g� �t�h�e� �d�i�s�c�r�e�t�e� �p�e�n�a�l�t�y�.� �A� �c�r�i�t�e�r�i�o�n�,� 

�a�m�o�u�n�t� �o�f� �c�o�n�s�t�r�a�i�n�t� �p�e�n�a�l�t�y� 
�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� 
� � �E�,� �=� �(�5�.�6�)� 

�i�s� �u�s�e�d�,� �w�h�e�r�e� �«�,� �d�e�n�o�t�e�s� �t�h�e� �t�o�l�e�r�a�n�c�e� �t�o� �a�c�t�i�v�a�t�e� �t�h�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s�.� 
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�F�i�g�.� �2�0� �M�o�d�i�f�i�e�d� �p�s�e�u�d�o�-�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� 
�(�M�i�n�i�m�i�z�e� �F�=�x� �s�u�b�j�e�c�t� �t�o� �g�=�x�-�1�>�0� �a�n�d� �x�=�1�,�2�,�3� �.�.�.� �)� 
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�O�n�e� �o�f� �t�h�e� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t�s� �o�f� �t�h�e� �p�r�e�s�e�n�t� �p�r�o�c�e�d�u�r�e� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �h�o�w� �b�i�g� �a� 

�p�e�n�a�l�t�y� �t�e�r�m� �t�o� �a�p�p�l�y� �a�t� �t�h�e� �f�i�r�s�t� �d�i�s�c�r�e�t�e� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �I�f� �a� �l�a�r�g�e� �s� �i�s� �a�p�p�l�i�e�d� �i�n� 

�t�h�e� �f�i�r�s�t� �f�e�w� �d�i�s�c�r�e�t�e� �i�t�e�r�a�t�i�o�n�s�,� �t�h�e� �d�e�s�i�g�n� �c�a�n� �b�e� �t�r�a�p�p�e�d� �a�t� �a� �l�o�c�a�l� �m�i�n�i�m�u�m�.� �T�o� 

�p�r�e�v�e�n�t� �t�h�e� �d�e�s�i�g�n� �f�r�o�m� �s�t�a�l�l�i�n�g�,� �s� �m�u�s�t� �b�e� �a�p�p�l�i�e�d� �s�l�o�w�l�y�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� 

�n�o�n�-�d�i�s�c�r�e�t�e� �p�e�n�a�l�t�y� �m�u�l�t�i�p�l�i�e�r�,� �s�,� �a�t� �t�h�e� �f�i�r�s�t� �d�i�s�c�r�e�t�e� �i�t�e�r�a�t�i�o�n�,� �i�s� �c�a�l�c�u�l�a�t�e�d� �s�u�c�h� �t�h�a�t� 

�t�h�e� �a�m�o�u�n�t� �o�f� �p�e�n�a�l�t�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �n�o�n�-�d�i�s�c�r�e�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �i�s� �1�0� �p�e�r�c�e�n�t� 

�o�f� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �p�e�n�a�l�t�y�.� �A�s� �t�h�e� �i�t�e�r�a�t�i�o�n� �f�o�r� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�e�d�s�,� �t�h�e� 

�n�o�n�-�d�i�s�c�r�e�t�e� �p�e�n�a�l�t�y� �m�u�l�t�i�p�l�i�e�r� �f�o�r� �t�h�e� �n�e�w� �i�t�e�r�a�t�i�o�n�,� �s�+ ��,� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� 

�t�h�e� �s�®� �b�y� �3�.� �I�n�c�r�e�a�s�i�n�g� �s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �f�o�r� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� 

�b�e�c�o�m�i�n�g� �m�o�r�e� �i�m�p�o�r�t�a�n�t� �t�h�a�n� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �v�i�o�l�a�t�i�o�n� �a�s� �t�h�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� 

�p�r�o�c�e�s�s� �c�o�n�t�i�n�u�e�s�.� 

�A�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� �t�h�e� �p�r�o�p�o�s�e�d� �p�r�o�c�e�d�u�r�e� �i�s� �h�o�w� �t�o� �c�o�n�t�r�o�l� �t�h�e� �o�t�h�e�r� 

�p�e�n�a�l�t�y� �m�u�l�t�i�p�l�i�e�r� �f�o�r� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s�,� �r�,� �d�u�r�i�n�g� �t�h�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s�.� �I�f� �r� 

�i�s� �d�e�c�r�e�a�s�e�d� �f�o�r� �e�a�c�h� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�t�e�r�a�t�i�o�n� �a�s� �f�o�r� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�i�z�a�t�i�o�n� 

�p�r�o�c�e�s�s�,� �t�h�e� �d�e�s�i�g�n� �c�a�n� �b�e� �s�t�a�l�l�e�d� �d�u�e� �t�o� �e�x�c�e�s�s�i�v�e�l�y� �s�t�r�i�c�t� �p�e�n�a�l�t�y� �o�n� �c�o�n�s�t�r�a�i�n�t� 

�v�i�o�l�a�t�i�o�n�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�f� �r� �i�s� �i�n�c�r�e�a�s�e�d�,� �t�h�e� �d�e�s�i�g�n� �m�a�y� �m�o�v�e� �a�w�a�y� �f�r�o�m� �t�h�e� 

�o�p�t�i�m�u�m�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �s�u�b�-�o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n�.� �T�h�u�s�,� �i�t� �i�s� �l�o�g�i�c�a�l� �t�o� �f�r�e�e�z�e� �t�h�e� �p�e�n�a�l�t�y� 

�m�u�l�t�i�p�l�i�e�r� �r� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �n�e�a�r�e�s�t� 

�d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n� �a�t� �t�h�i�s� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �m�a�y� �n�o�t� �b�e� �a� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n�,� �i�n� �w�h�i�c�h� �c�a�s�e� 

�t�h�e� �d�e�s�i�g�n� �i�s� �f�o�r�c�e�d� �t�o� �m�o�v�e� �a�w�a�y� �f�r�o�m� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�u�m� �b�y� �m�o�v�i�n�g� �b�a�c�k� �t�o� 

�t�h�e� �p�r�e�v�i�o�u�s� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�.� �T�h�i�s� �w�a�s� �a�c�h�i�e�v�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �p�e�n�a�l�t�y� �m�u�l�t�i�p�l�i�e�r�,� 

�r�,� �b�y� �a� �f�a�c�t�o�r� �o�f� �1�0�.� 
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�T�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s� �f�o�r� �t�h�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �t�e�r�m�i�n�a�t�e�d� �i�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�a�r�e� �s�u�f�f�i�c�i�e�n�t�l�y� �c�l�o�s�e� �t�o� �t�h�e� �p�r�e�s�c�r�i�b�e�d� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �c�r�i�t�e�r�i�o�n� �f�o�r� 

�d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� �u�s�e�d� �i�n� �t�h�i�s� �e�f�f�o�r�t� �i�s� 

�l�p� �G�i�l� �e�e� �A�y�a� 
�3� 

�G�i�n�  �� �4� �+�1�  �� �4� 
� � �E�q� �=� �m�a�x�{� �m�i�n�{� �}�}�,�¢�=� �1�,�2�,�.�.�.�,�2�4� �(�5�.�7�)� 

�w�h�e�r�e� �e�,� �i�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �t�o�l�e�r�a�n�c�e�.� 

�D�u�r�i�n�g� �t�h�e� �d�i�s�c�r�e�t�e� �i�t�e�r�a�t�i�o�n� �p�r�o�c�e�s�s�,� �i�t� �w�a�s� �e�x�p�e�r�i�e�n�c�e�d� �t�h�a�t� �s�o�m�e� �o�f� �t�h�e� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s� �w�e�r�e� �s�o�m�e�t�i�m�e�s� �t�r�a�p�p�e�d� �a�t� �t�h�e� �m�i�d�d�l�e� �o�f� �t�w�o� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s�,� �e�s�p�e�c�i�a�l�l�y� �f�o�r� 

�a� �l�a�r�g�e� �v�a�l�u�e� �o�f� �t�h�e� �p�e�n�a�l�t�y� �m�u�l�t�i�p�l�i�e�r� �s�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �v�a�n�i�s�h�i�n�g� �n�a�t�u�r�e� �o�f� �t�h�e� �f�i�r�s�t� 

�d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �s�i�n�e� �f�u�n�c�t�i�o�n� �(�5�.�5�)� �a�t� �t�h�e� �m�i�d�-�p�o�i�n�t�.� �I�f� �i�t� �i�s� �d�e�t�e�c�t�e�d� �t�h�a�t� �a�n�y� �o�n�e� �o�f� 

�t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �i�s� �a�t� �t�h�e� �m�i�d�-�p�o�i�n�t� �w�h�e�r�e� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� 

�d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �s�i�n�e� �f�u�n�c�t�i�o�n� �(�5�.�5�)� �a�p�p�r�o�a�c�h� �0� �a�n�d� �-�1�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�h�e� �t�r�a�p�p�i�n�g� �w�a�s� 

�a�v�o�i�d�e�d� �b�y� �r�e�m�o�v�i�n�g� �t�h�e� �p�e�n�a�l�t�y� �t�e�r�m�s� �f�o�r� �n�o�n�-�d�i�s�c�r�e�t�e� �v�a�l�u�e�s�.� �T�h�i�s� �m�e�a�n�s� �o�n�l�y� �t�h�e� 

�o�r�i�g�i�n�a�l� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �c�o�n�s�t�r�a�i�n�t� �p�e�n�a�l�t�y� �t�e�r�m�s� �t�a�k�e� �p�a�r�t� �i�n� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� 

�p�r�o�c�e�s�s�.� �T�h�e� �m�o�v�e� �d�i�r�e�c�t�i�o�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �e�x�c�l�u�d�i�n�g� 

�t�h�e� �p�e�n�a�l�t�y� �t�e�r�m�s� �d�u�e� �t�o� �n�o�n�-�d�i�s�c�r�e�t�e� �v�a�l�u�e�s�.� �T�h�e� �f�l�o�w� �c�h�a�r�t� �f�o�r� �t�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d� 

�c�o�m�b�i�n�e�d� �w�i�t�h� �t�h�e� �e�x�t�e�n�d�e�d� �i�n�t�e�r�i�o�r� �a�p�p�r�o�a�c�h� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �(�2�1�)�.� 
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�I�s� �t�h�e� �d�e�s�i�g�n� 
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�5�.�4� �N�u�m�e�r�i�c�a�l� �E�x�a�m�p�l�e�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�5�.�4�.�1� �O�n�e� �D�e�s�i�g�n� �V�a�r�i�a�b�l�e� �P�r�o�b�l�e�m� 

�F�o�r� �p�i�c�t�o�r�i�a�l� �d�e�m�o�n�s�t�r�a�t�i�o�n�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�i�m�p�l�e� �p�r�o�b�l�e�m� �w�i�t�h� �o�n�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� 

�a�n�d� �o�n�e� �c�o�n�s�t�r�a�i�n�t� �i�s� �p�r�e�s�e�n�t�e�d�.� 

�M�i�n�i�m�i�z�e�:� �F�=�x� 

�S�u�b�j�e�c�t� �t�o�:� �g�=�x�- ��1�0�2�0� 

�w�h�e�r�e� �x� �=� �{�1�.�0�,� �2�.�0�,� �.�.�.�.�}� 

�T�h�e� �p�r�o�c�e�s�s� �o�f� �t�h�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�s�.� �2�2�-�(�a�)� �a�n�d� �2�2�-�(�b�)� �f�o�r� �t�w�o� 

�d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �e�,�.� �F�o�r� �e�a�c�h� �d�i�s�c�r�e�t�e� �i�t�e�r�a�t�i�o�n�,� �t�h�e� �a�m�o�u�n�t� �o�f� �p�e�n�a�l�t�y� �o�n� �t�h�e� 

�n�o�n�-�d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �i�s� �i�n�c�r�e�a�s�e�d�,� �a�n�d� �t�h�e� �d�e�s�i�g�n� �c�o�n�v�e�r�g�e�s� �t�o� �o�n�e� �o�f� �t�h�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s�.� 

�F�i�g�.� �2�2�-�(�a�)� �s�h�o�w�s� �t�h�a�t� �t�h�e� �f�i�n�a�l� �d�e�s�i�g�n� �i�s� �t�r�a�p�p�e�d� �a�t� �t�h�e� �l�o�c�a�l� �m�i�n�i�m�u�m�,� �x� �=� �2�,� �i�f� �t�h�e� 

�d�i�s�c�r�e�t�e� �d�e�s�i�g�n� �p�r�o�c�e�s�s� �b�e�g�i�n�s� �t�o�o� �e�a�r�l�y� �(�e�,� �=� �0�.�5�)�.� �F�o�r� �t�h�i�s� �e�x�a�m�p�l�e�,� �c�o�r�r�e�c�t� �d�i�s�c�r�e�t�e� 

�o�p�t�i�m�u�m� �w�a�s� �o�b�t�a�i�n�e�d� �i�f� �e�,� �<� �0�.�5�.� 

�5�.�4�.�2� �T�e�n�-�B�a�r� �T�r�u�s�s� �P�r�o�b�l�e�m� 
� � 

�T�h�e� �c�l�a�s�s�i�c�a�l� �1�0� �b�a�r� �t�r�u�s�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �(�2�3�)�.� �T�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �t�h�e� 

�c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a�s� �o�f� �t�h�e� �1�0� �b�a�r�s�.� �T�h�e� �s�t�r�u�c�t�u�r�a�l� �w�e�i�g�h�t�,� �W�,� �i�s� �m�i�n�i�m�i�z�e�d� �s�u�b�j�e�c�t� 

�t�o� �a� �m�a�x�i�m�u�m� �s�t�r�e�s�s� �l�i�m�i�t� �o�f� �2�5�,�0�0�0� �p�s�i� �a�n�d� �m�a�x�i�m�u�m� �d�i�s�p�l�a�c�e�m�e�n�t� �l�i�m�i�t� �o�f� �2�.�0� �i�n�.� 

�A�l�l� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �t�a�k�e� �t�h�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s�,� �x�,� �=� �{� �0�.�1�,� �0�.�5�,� �1�.�0�,� �1�.�5�,� 

�2�.�0�,� �2�.�5�,�.�.�.�.� �}�.� �T�h�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n� �o�b�t�a�i�n�e�d� �b�y� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d� �i�s� 

�c�o�m�p�a�r�e�d� �i�n� �T�a�b�l�e� �(�3�)� �w�i�t�h� �o�t�h�e�r� �s�o�l�u�t�i�o�n�s� �b�y� �d�i�f�f�e�r�e�n�t� �t�e�c�h�n�i�q�u�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �R�e�f�.� 

�[�6�2�]�.� �T�h�e� �s�o�l�u�t�i�o�n� �b�y� �t�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �a�l�l� �o�t�h�e�r� �s�o�l�u�t�i�o�n�s�.� �T�h�e� 
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�r�e�s�u�l�t�s� �b�y� �B�r�a�n�c�h� �&� �B�o�u�n�d�,� �L�a�g�r�a�n�g�i�a�n� �r�e�l�a�x�a�t�i�o�n�,� �a�n�d� �t�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d� �a�r�e� 

�s�l�i�g�h�t�l�y� �i�n�f�e�a�s�i�b�l�e� �t�h�o�u�g�h� �n�e�g�l�i�g�i�b�l�e� �i�n� �a�n� �e�n�g�i�n�e�e�r�i�n�g� �s�e�n�s�e�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �T�a�b�l�e� 

�(�3�)� �t�h�a�t� �a� �d�i�f�f�e�r�e�n�t� �s�t�a�r�t�i�n�g� �p�o�i�n�t� �f�o�r� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n�,� �¢�,�,� �c�a�n� �r�e�s�u�l�t� �i�n� �d�i�f�f�e�r�e�n�t� 

�d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s�.� �T�h�e� �c�o�n�t�i�n�u�o�u�s� �s�o�l�u�t�i�o�n� �w�a�s� �o�b�t�a�i�n�e�d� �i�n� �8� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s�,� �a�n�d� 

�d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �w�e�r�e� �f�o�u�n�d� �i�n� �1�2� �a�n�d� �1�6� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �f�o�r� �«�,� �=�0�.�0�1� �a�n�d� �0�.�0�0�5�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �W�i�t�h� �a� �r�e�l�a�t�i�v�e�l�y� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�s� �i�n� �t�h�i�s� �c�a�s�e�,� �t�h�e �� 

�c�o�n�t�i�n�u�o�u�s� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s� �m�u�s�t� �b�e� �t�e�r�m�i�n�a�t�e�d� �i�n� �t�h�e� �c�l�o�s�e� �n�e�i�g�h�b�o�r�h�o�o�d� �o�f� �t�h�e� 

�c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�u�m�.� 

�5�.�4�.�3�.� �T�w�e�n�t�y�-�f�i�v�e� �B�a�r� �T�r�u�s�s� �P�r�o�b�l�e�m� 

�T�h�e� �c�l�a�s�s�i�c�a�l� �2�5� �b�a�r� �t�r�u�s�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �(�2�4�)�.� �T�h�e� �m�a�t�e�r�i�a�l� �d�a�t�a�,� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �o�n� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �s�t�r�e�s�s�e�s�,� �a�n�d� �t�w�o� �l�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �(�4�)�,� 

�(�5�)�,� �a�n�d� �(�6�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �D�u�e� �t�o� �t�h�e� �g�e�o�m�e�t�r�i�c�a�l� �s�y�m�m�e�t�r�y� �o�f� �t�h�e� �s�p�a�c�e� �t�r�u�s�s�,� �o�n�l�y� 

�e�i�g�h�t� �d�i�f�f�e�r�e�n�t� �m�e�m�b�e�r� �s�i�z�e�s� �a�r�e� �a�l�l�o�w�e�d�,� �a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �(�7�)�.� �A�l�l� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�a�r�e� �a�l�l�o�w�e�d� �t�o� �t�a�k�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s�;� �x�,� �=� �{� �0�.�1�,� �0�.�4�,� �0�.�7�,� �1�.�1�,� �1�.�5�,� �1�.�8�,� �2�.�0�,� �2�.�5�,� 

�3�.�0�,� �3�.�5�,� �4�.�0�,� �4�.�5� �}�.� �T�h�e� �c�o�n�t�i�n�u�o�u�s� �a�n�d� �d�i�s�c�r�e�t�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� 

�i�n� �T�a�b�l�e� �(�7�)�.� �T�h�e� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n� �b�y� �t�h�e� �p�r�o�p�o�s�e�d� �t�e�c�h�n�i�q�u�e� �i�s� �f�e�a�s�i�b�l�e� �w�h�e�r�e�a�s� �t�h�e� 

�s�o�l�u�t�i�o�n� �p�r�e�s�e�n�t�e�d� �i�n� �R�e�f�.� �[�6�0�]� �v�i�o�l�a�t�e�s� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �c�o�n�s�t�r�a�i�n�t�s�.� �T�h�e� �c�o�n�t�i�n�u�o�u�s� 

�o�p�t�i�m�u�m� �w�a�s� �f�o�u�n�d� �i�n� �6� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �a�n�d� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �i�n� �9�,� �1�0�,� �a�n�d� �1�4� 

�r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �f�o�r� �e�,� �=�0�.�1�,� �0�.�0�1�,� �a�n�d� �0�.�0�0�1�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r� �t�h�e� �a�b�o�v�e� �t�h�r�e�e� 

�d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �¢�,� �,� �t�h�e� �s�a�m�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �w�e�r�e� �f�o�u�n�d�.� 
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� � � � � � 
�E� �=� �1�0� �m�s�i� 

�P� �=� �1�0�0� �k�i�p�s� 

�I�]� �=� �3�6�0� �i�n� 

�P� �=�0�.�1� �l�b�m�/�i�n �� 

�F�i�g�.� �2�3�.� �T�e�n� �b�a�r� �t�r�u�s�s� 

� � 
�I� 
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� � 

� � 

� � 

�T�a�b�l�e� �3�.� �D�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �1�0� �b�a�r� �t�r�u�s�s� �(�¢�,� �=� �0�.�0�0�1� �)� 

�B�r�a�n�c�h� �G�e�n�e�r�a�l�i�z�e�d� �D�y�n�a�m�i�c� �S�c�h�m�i�t� �P�r�o�p�o�s�e�d� �P�r�o�p�o�s�e�d� 
�&� �B�o�u�n�d� �L�a�g�r�a�n�g�i�a�n� �R�o�u�n�d�-�o�f�f� �&� �F�l�u�e�r�y� �M�e�t�h�o�d�®� �M�e�t�h�o�d�®� 

�F�e�a�s�i�b�l�e� �n�o� �y�e�s� �y�e�s� �n�o� �n�o� �y�e�s� 
�W�(�I�b�s�)� �5�0�5�9�.�9� �5�0�6�7�.�3� �5�0�7�7�.�9� �5�0�5�9�.�9� �5�0�5�9�.�9� �5�0�7�7�.�9� 

�x�,� �(�i�n�?�)� �3�0�.�5� �3�0�.�0� �3�0�.�0� �3�0�.�5� �3�0�.�5� �3�0�.�5� 
�x�2� �0�.�1� �0�.�1� �0�.�1� �0�.�1� �0�.�1� �0�.�1� 
�x�3� �2�3�.�0� �2�3�.�5� �2�3�.�5� �2�3�.�0� �2�3�.�5� �2�4�.�0� 
�x�6� �1�5�.�5� �1�5�.�0� �1�5�.�5� �1�5�.�5� �1�5�.�0� �1�5�.�0� 

�X�s� �0�.�1� �0�.�1� �0�.�1� �0�.�1� �0�.�1� �0�.�1� 
�X�s� �0�.�5� �0�.�5� �1�.�0� �0�.�5� �0�.�5� �0�.�5� 
�x�y� �7�.�5� �7�.�5� �7�.�5� �7�.�5� �7�.�5� �7�.�5� 

�X�s� �2�1�.�0� �2�1�.�0� �2�1�.�0� �2�1�.�0� �2�1�.�0� �2�1�.�0� 
�X�o� �2�1�.�5� �2�2�.�0� �2�1�.�5� �2�1�.�5� �2�1�.�5� �2�1�.�5� 

�X�1�0� �0�.�1� �0�.�1� �0�.�1� �0�.�1� �0�.�1� �0�.�1� 

�(�1�)� �¢� �=�0�.�0�0�5�,� �(�2�)� �¢�,�=�0�.�0�1� 

�T�a�b�l�e� �4�.� �M�a�t�e�r�i�a�l� �d�a�t�a� �f�o�r� �2�5� �b�a�r� �t�r�u�s�s� 

�M�a�t�e�r�i�a�l� �A�l�u�m�i�n�u�m� 

�Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �1�0 �� �p�s�i� 

�S�p�e�c�i�f�i�c� �m�a�s�s� �0�.�1� �l�b�m�/�i�n� 

�M�i�n�i�m�u�m� �a�r�e�a� �0�.�0�1� �i�n�?� 
� � 
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� � 
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�2�0�0� �i�n� 

�F�i�g�.� �2�4� �T�w�e�n�t�y�-�f�i�v�e� �b�a�r� �t�r�u�s�s� 
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�T�a�b�l�e� �5�.� �D�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �s�t�r�e�s�s� �l�i�m�i�t�s� �f�o�r� �2�5� �b�a�r� �t�r�u�s�s� 

� � 

�D�i�s�p�l�a�c�e�m�e�n�t� �l�i�m�i�t�s� �(�i�n�)� 
� � 

� � 

�N�o�d�e� �p�,�4� �Y� �Z� 

�!� �+� �0�.�3�5� �+� �0�.�3�5� �+� �0�.�3�5� 
�+� �0�.�3�5� �+� �0�.�3�5� �+� �0�.�3�5� 

� � 

� � 

�S�t�r�e�s�s� �l�i�m�i�t�s� �(�p�s�i�)� 
� � 

� � 

�M�e�m�b�e�r�s� �T�e�n�s�i�o�n� �C�o�m�p�r�e�s�s�i�o�n� 

�1�,�1�0�-�1�3� �4�0�,�0�0�0� �-�3�5�,�0�9�2� 
�2�-�5� �4�0�,�0�0�0� �-�1�1�,�5�9�0� 
�6�-�9� �4�0�,�0�0�0� �-�1�7�,�3�0�5� 

�1�4�-�1�7� �4�0�,�0�0�0� �-�6�,�7�5�9� 
�1�8�-�2�1� �4�0�,�0�0�0� �.� �-�6�,�9�5�9� 
�2�2�-�2�5� �4�0�,�0�0�0� �-�1�1�,�0�8�2� 
� � 

�T�a�b�l�e� �6�.� �L�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �2�5� �b�a�r� �t�r�u�s�s� 

� � 

� � 

� � 

�L�o�a�d� �c�a�s�e� �N�o�d�e� �x�X� �Y� �Z� 

�1� �1�,�0�0�0� �+� �1�0�,�0�0�0� �-�5�,�0�0�0� 
�1� �2� �0� �1�0�,�0�0�0� �-�5�,�0�0�0� 

�3� �5�0�0� �0� �0� 
�6� �5�0�0� �0� �0� 

�2� �5� �0� �2�0�,�0�0�0� �-�5�,�0�0�0� 
�6� �0� �-�2�0�,�0�0�0� �-�5�,�0�0�0� 

� � 

�+� �I�b



�T�a�b�l�e� �7�.� �C�o�n�t�i�n�u�o�u�s� �a�n�d� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �2�5� �b�a�r� �t�r�u�s�s� 

� � 

� � 

� � 

�D�e�s�i�g�n� �C�o�n�t�i�n�u�o�u�s� �R�o�u�n�d�e�d� �D�i�s�c�r�e�t�e� �P�r�o�p�o�s�e�d� 
�v�a�r�i�a�b�l�e�s� �o�p�t�i�m�u�m� �u�p�w�a�r�d� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d� 
�(�m�e�m�b�e�r�s�)� �s�o�l�u�t�i�o�n� �s�o�l�u�t�i�o�n� �(�R�e�f�.� �5�5�)� 

�1� �(�i�)� �0�.�0�3� �0�.�1�0� �0�.�1�0� �0�.�1�0� 
�2� �(�2�-�5�)� �0�.�0�8� �0�.�1�0� �0�.�1�0� �0�.�1�0� 
�3� �(�6�-�9�)� �3�.�2�7� �3�.�5�0� �3�.�5�0� �3�.�5�0� 

�4� �(�1�0�,�1�1�)� �1�.�2�9� �1�.�5�0� �1�.�5�0� �1�.�5�0� 
�5� �(�1�2�,�1�3�)� �1�.�9�0� �2�.�0�0� �1�.�5�0� �1�.�8�0� 
�6� �(�1�4�-�1�7�)� �2�.�0�0� �2�.�0�0� �2�.�0�0� �2�.�0�0� 
�7� �(�1�8�-�2�1�)� �0�.�0�3� �0�.�1�0� �0�.�1�0� �0�.�1�0� 
�8� �(�2�2�-�2�5�)� �3�.�6�5� �4�.�0�0� �3�.�5�0� �3�.�5�0� 

�W�(�l�b�s�)� �5�3�5�.�1� �5�7�3�.�7� �5�3�9�.�5� �5�4�4�.�0� 
�F�e�a�s�i�b�l�e� �y�e�s� �y�e�s� �n�o� �y�e�s� 
� 



�C�H�A�P�T�E�R� �V�I� 

�M�I�N�I�M�U�M�-�W�E�I�G�H�T� �D�E�S�I�G�N� �O�F� �L�A�M�I�N�A�T�E�D� �P�L�A�T�E�S� 

�F�O�R� �P�O�S�T�B�U�C�K�L�I�N�G� �S�T�R�E�N�G�T�H� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �t�h�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �o�f� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e�s� �f�o�r� �p�o�s�t�b�u�c�k�l�i�n�g� 

�s�t�r�e�n�g�t�h� �i�s� �c�o�n�s�i�d�e�r�e�d�.� �D�u�r�i�n�g� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s�,� �t�h�e� �M�a�r�g�u�e�r�r�e�-�t�y�p�e� �e�n�e�r�g�y� 

�m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �i�n� �C�h�a�p�t�e�r� �I�I� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �w�i�t�h� �t�h�e� 

�o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�s�s�u�m�e�d� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �s�i�x� �t�e�r�m�s� �F�o�u�r�i�e�r� �s�i�n�e� �s�e�r�i�e�s�.� 

�U�s�i�n�g� �s�i�x� �t�e�r�m�s� �s�e�r�i�e�s� �w�a�s� �s�h�o�w�n� �t�o� �p�r�e�d�i�c�t� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�s�p�o�n�s�e�s� �a�c�c�u�r�a�t�e�l�y� �f�o�r� 

�a� �w�i�d�e� �r�a�n�g�e� �o�f� �g�e�n�e�r�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �p�l�a�t�e�s� �a�r�e� �a�l�l�o�w�e�d� �t�o� �c�h�a�n�g�e� 

�t�h�e�i�r� �b�u�c�k�l�e�d� �s�h�a�p�e� �i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e� �t�o� �o�b�s�e�r�v�e� �t�h�e� �e�f�f�e�c�t� �o�f� �m�o�d�e� �c�h�a�n�g�e� 

�o�n� �t�h�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n�s�.� �T�h�e� �m�o�d�e� �c�h�a�n�g�e� �d�u�r�i�n�g� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �s�t�e�p� �i�s� 

�p�r�e�d�i�c�t�e�d� �b�a�s�e�d� �o�n� �t�h�e� �e�n�e�r�g�y� �c�o�n�s�i�d�e�r�a�t�i�o�n� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �I�I�I�.� �T�h�e� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �t�a�k�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s�,� �a�n�d� �t�h�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �c�a�r�r�i�e�d� 

�o�u�t� �b�y� �t�h�e� �m�o�d�i�f�i�e�d� �p�e�n�a�l�t�y� �a�p�p�r�o�a�c�h� �p�r�e�s�e�n�t�e�d� �i�n� �C�h�a�p�t�e�r� �V�.� 

�6�.�1� �D�e�s�c�r�i�p�t�i�o�n� �o�f� �M�i�n�i�m�u�m�-�W�e�i�g�h�t� �D�e�s�i�g�n� �P�r�o�b�l�e�m�s� 

�O�n�e� �o�f� �t�h�e� �p�u�r�p�o�s�e�s� �o�f� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �i�s� �t�o� �c�o�m�p�a�r�e� �t�h�e� �w�e�i�g�h�t� �o�f� �a� �p�l�a�t�e� �d�e�s�i�g�n�e�d� 

�t�o� �s�e�r�v�e� �i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �r�e�g�i�m�e� �w�i�t�h� �t�h�a�t� �o�f� �t�h�e� �o�n�e� �d�e�s�i�g�n�e�d� �f�o�r� �b�u�c�k�l�i�n�g� 

�s�t�r�e�n�g�t�h�.� �T�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �r�e�s�u�l�t�i�n�g� �w�e�i�g�h�t� �s�a�v�i�n�g�s�,� �t�w�o� �t�y�p�e�s� �o�f� �m�i�n�i�m�u�m�-�w�e�i�g�h�t� 

�d�e�s�i�g�n� �p�r�o�b�l�e�m�s� �f�o�r� �a� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d�,� �r�e�c�t�a�n�g�u�l�a�r�,� �s�y�m�m�e�t�r�i�c�a�l�l�y� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� 

�u�n�d�e�r� �i�n�-�p�l�a�n�e� �c�o�m�p�r�e�s�s�i�o�n� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �O�n�e� �o�f� �t�h�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s� �i�s� �t�o� �m�i�n�i�m�i�z�e� 

�t�h�e� �w�e�i�g�h�t� �o�f� �a� �p�l�a�t�e� �s�u�c�h� �t�h�a�t� �t�h�e� �b�u�c�k�l�i�n�g� �a�n�d� �f�a�i�l�u�r�e� �l�o�a�d�s� �o�f� �t�h�e� �p�l�a�t�e� �a�r�e� �g�r�e�a�t�e�r� 
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�t�h�a�n� �a� �p�r�e�s�c�r�i�b�e�d� �d�e�s�i�g�n� �l�o�a�d�,� �N�p�.� �T�h�e� �l�i�n�e�a�r� �b�u�c�k�l�i�n�g� �l�o�a�d� �o�f� �t�h�e� �p�l�a�t�e� �i�s� �c�a�l�c�u�l�a�t�e�d� 

�f�r�o�m� �E�q�n�s�.� �(�2�.�3�2�)� �a�n�d� �(�2�.�3�3�)� �f�o�r� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �b�a�s�e�d� �o�n� �t�h�e� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� �t�h�e�o�r�y�.� �I�n� �t�h�e� �s�e�c�o�n�d� �c�a�s�e� �t�h�e� �w�e�i�g�h�t� �o�f� 

�a� �p�l�a�t�e� �i�s� �m�i�n�i�m�i�z�e�d� �s�u�c�h� �t�h�a�t� �t�h�e� �l�a�m�i�n�a�t�e� �d�o�e�s� �n�o�t� �f�a�i�l� �d�u�e� �t�o� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �i�n� �t�h�e� 

�p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e� �w�h�e�n� �t�h�e� �s�a�m�e� �i�n�-�p�l�a�n�e� �d�e�s�i�g�n� �l�o�a�d� �N�p� �i�s� �a�p�p�l�i�e�d�.� �T�h�e� �m�a�x�i�m�u�m� 

�s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �i�s� �u�s�e�d� �i�n� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �o�f� �l�a�m�i�n�a�t�e�s�.� �O�n�l�y� �t�h�e� 

�t�h�i�c�k�n�e�s�s�e�s� �o�f� �e�a�c�h� �l�a�y�e�r� �w�i�t�h� �a� �s�p�e�c�i�f�i�e�d� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �a�r�e� �t�r�e�a�t�e�d� �a�s� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s�,� �a�n�d� �a�r�e� �a�s�s�u�m�e�d� �t�o� �t�a�k�e� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �w�h�i�c�h� �a�r�e� �t�h�e� �i�n�t�e�g�e�r� �m�u�l�t�i�p�l�e�s� �o�f� 

�t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �a� �s�i�n�g�l�e� �l�a�y�e�r�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �t�h�i�c�k�n�e�s�s� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �b�e�i�n�g� 

�f�o�r�c�e�d� �t�o� �a�s�s�u�m�e� �o�n�l�y� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s�,� �a� �s�i�d�e� �c�o�n�s�t�r�a�i�n�t� �t�h�a�t� �f�o�r�c�e�s� �e�a�c�h� �l�a�y�e�r� �w�i�t�h� �t�h�e� 

�s�a�m�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� �n�o�t� �t�o� �h�a�v�e� �m�o�r�e� �t�h�a�n� �f�o�u�r� �r�e�p�e�a�t�i�n�g� �p�l�i�e�s� �i�s� �i�m�p�o�s�e�d� �t�o� �a�v�o�i�d� 

�e�x�c�e�s�s�i�v�e� �i�n�t�e�r�l�a�m�i�n�a�r� �s�t�r�e�s�s�e�s�.� �F�o�r� �a�n� �N�- ��l�a�y�e�r�e�d� �l�a�m�i�n�a�t�e� �w�i�t�h� �l�e�n�g�t�h� 

�a� �a�n�d� �w�i�d�t�h� �b�,� �t�h�e� �m�i�n�t�m�u�m�-�w�e�i�g�h�t� �d�e�s�i�g�n� �p�r�o�b�l�e�m� �w�i�t�h� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �t�h�e� �b�u�c�k�l�i�n�g� 

�a�n�d� �f�a�i�l�u�r�e� �l�o�a�d� �i�s� �p�o�s�e�d� �a�s� 

�N� 

�M�i�n�i�m�i�z�e�:� �F�=� �W�e�.� �a�b�>� � �t�,� 
�p� �i�s�l� 

�.� �N�e�c�r� �S�u�b�j�e�c�t� �t�o�:� �A�=�  ��N�o�  ��-�1�0�2�0� �(�6�.�1�)� 

�f� 
�£�2�=� �N�>�  �� �1�.�0� �=� �0� 

�0�0�<�4�<�5�0�0�2�i�n� �,� �i�=�1�,�2�,�.�.�.�,�0� 

�i� �=� �{� �0�.�0�,� �0�.�0�0�5�,� �0�.�0�1�0�,� �0�.�0�1�5�,� �0�.�0�2�0� �}� �i�n� 

�w�h�e�r�e� �g�,� �a�n�d� �g�.� �a�r�e� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �t�h�e� �b�u�c�k�l�i�n�g� �a�n�d� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �N�;� �i�s� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d�,� �1� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �¢�, ��s� �a�r�e� �t�h�e� 

�l�a�y�e�r� �t�h�i�c�k�n�e�s�s�e�s� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� 
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�I�f� �t�h�e� �p�a�n�e�l� �i�s� �t�o� �b�e� �d�e�s�i�g�n�e�d� �f�o�r� �p�o�s�t�b�u�c�k�l�i�n�g� �p�e�r�f�o�r�m�a�n�c�e�,� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� 

�i�s� �S�t�a�t�e�d� �a�s� 

� � 

�a�e� �W� �x� �M�i�n�i�m�i�z�e�:� �F�=� �>� �=� �a�b�>� �t� 
�f�=�1� 

�;� �N�y� 
�S�u�b�j�e�c�t� �t�o�:� �g�=�  ��1�0�2�>�0� �,� �(�6�.�2�)� 

�N�p� 
�0�.�0�<�4�<�0�0�2�i�n� �,� �i�=�1�,�2�,�.�.�.�,�. �� 

�i� �=� �(�0�.�0�,� �0�.�0�0�5�,� �0�.�0�1�0�,� �0�.�0�1�5�,� �0�.�0�2�0� �}� �i�n� 

�6�.�2� �I�m�p�l�e�m�e�n�t�a�t�i�o�n� �a�n�d� �E�f�f�i�c�i�e�n�c�y� �M�e�a�s�u�r�e�s� 

�C�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �i�n� �E�q�n�.� �(�6�.�2�)� �r�e�q�u�i�r�e�s� �t�h�e� �n�o�n�l�i�n�e�a�r� �p�o�s�t�b�u�c�k�l�i�n�g� 

�a�n�a�l�y�s�i�s�,� �s�i�n�c�e� �f�a�i�l�u�r�e� �o�f� �a� �t�h�i�n� �p�l�a�t�e� �o�c�c�u�r�s� �f�a�r� �b�e�y�o�n�d� �i�t�s� �b�u�c�k�l�i�n�g� �l�o�a�d�.� �I�n� �t�h�e� 

�p�r�e�s�e�n�t� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s�,� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �p�r�o�c�e�d�u�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r�s� �I�I� �a�n�d� 

�I�I�I� �i�s� �a�p�p�l�i�e�d�.� �A�l�t�h�o�u�g�h� �t�h�i�n� �p�l�a�t�e�s� �a�r�e� �k�n�o�w�n� �t�o� �c�h�a�n�g�e� �t�h�e�i�r� �b�u�c�k�l�e�d� �f�o�r�m� �b�e�f�o�r�e� 

�f�a�i�l�u�r�e� �i�n� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e�,� �a�n� �o�p�t�i�o�n� �t�o� �i�n�c�l�u�d�e� �o�r� �e�x�c�l�u�d�e� �m�o�d�e� �c�h�a�n�g�e� �i�s� 

�p�r�o�v�i�d�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �m�o�d�u�l�e� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�i�s� �p�h�e�n�o�m�e�n�o�n� �o�n� 

�m�i�n�i�m�u�m�-�w�e�i�g�h�t� �d�e�s�i�g�n�s�.� �I�f� �a� �p�l�a�t�e� �i�s� �a�l�l�o�w�e�d� �t�o� �c�h�a�n�g�e� �i�t�s� �b�u�c�k�l�e�d� �f�o�r�m� �b�e�f�o�r�e� 

�r�e�a�c�h�i�n�g� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d�,� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�e�s� �f�o�r� �t�w�o� �s�u�c�c�e�s�s�i�v�e� �m�o�d�e� �s�h�a�p�e�s� 

�a�r�e� �r�e�q�u�i�r�e�d�.� �T�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �p�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� 

�s�c�h�e�m�a�t�i�c�a�l�l�y� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�.� �(�2�5�)� �w�h�e�r�e� �k�®� �d�e�n�o�t�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �b�u�c�k�l�e� �h�a�l�f� �w�a�v�e�s� 

�a�t� �t�h�e� �i� �t�h� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �s�t�e�p�,� �A�®�,� �I�(�x�)� �i�s� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �p�l�a�t�e� 

�w�h�i�c�h� �b�u�c�k�l�e�s� �i�n�t�o� �&� �h�a�l�f� �w�a�v�e�s�,� �a�n�d� �A�,�,�,� �i�s� �t�h�e� �i�n�c�r�e�m�e�n�t� �o�f� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g�.� 

�I�f� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �i�s� �n�o�t� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t� �d�u�r�i�n�g� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n�,� �t�h�e� �a�n�a�l�y�s�i�s� �f�o�r� 

�t�h�e� �n�e�x�t� �d�e�f�o�r�m�e�d� �s�h�a�p�e� �w�i�t�h� �+�1� �h�a�l�f� �w�a�v�e�s� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y�.� �T�h�e� �v�a�l�u�e�s� �o�f� 

�b�u�c�k�l�i�n�g� �a�n�d� �f�a�i�l�u�r�e� �l�o�a�d� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �b�u�c�k�l�i�n�g� �a�n�d� �p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �a�r�e� 

�u�s�e�d� �b�y� �N�E�W�S�U�M�T�-�A� �o�p�t�i�m�i�z�e�r� �i�n� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �b�u�c�k�l�i�n�g� �a�n�d� �p�o�s�t�b�u�c�k�l�i�n�g� 
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� � 

� � 
� � �I�n�i�t�i�a�l� �C�u�r�r�e�n�t� �D�e�s�i�g�n� 

�D�e�s�i�g�n� �V�a�r�i�a�b�l�e�s� 
� � �>�|� �B�u�c�k�l�i�n�g� �a�n�d� �P�o�s�t�b�u�c�k�l�i�n�g� �A�n�a�l�y�s�i�s� � � � � � � � � 

� � 

� � �|� 
�C�a�l�c�u�l�a�t�e� �t�h�e� �n�u�m�b�e�r� �o�f� �h�a�l�f� �w�a�v�e�s�,� �k�,� 
�a�t� �b�u�c�k�l�i�n�g� �a�n�d� �a�s�s�u�m�e� �p�l�a�t�e� �b�u�c�k�l�e�s� 
�i�n�i�t�i�a�l�l�y� �i�n�t�o� �k� �h�a�l�f� �w�a�v�e�s� 

� � 

� � � � � � 

�N�o� 

�j� 
�P�o�s�t�b�u�c�k�l�i�n�g� �A�n�a�l�y�s�i�s� �B�e�g�i�n�s� �(�i�=�0� �)� 
� � 

� � � � � � � � 
� � � � 

� � �I�n�c�r�e�a�s�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� 
� � 

� � 

�A �� �=� �A�l� �+�A� �i�n�e� 
� � 

� � � � � � 
� � �i� 

�S�o�l�v�e� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �f�o�r� �W�i�j� 
�f�o�r� �k� �a�n�d� �k� �+�/� �h�a�l�f� �w�a�v�e�s� 

� � 

� � 

� � 

� � � � � � � � � � 

� � 

� � � � 

� � � � � � � � � � 

� � � � 

� � � � � � 

�,� 

�T�I�(�k� �)� �<� �T�k� �+�/� �)� 

�N�o� 

�P�l�a�t�e� �b�u�c�k�l�e�s� �i�n�t�o� �k� �+�/� 
�Y�e�s� �h�a�l�f� �w�a�v�e�s�,� �k� �=�k�+�1� 

�/� 

�C�a�l�c�u�l�a�t�e� �s�t�r�a�i�n�s� �a�n�d� �a�p�p�l�y� 
�m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� 
�c�r�i�t�e�r�i�o�n� �f�o�r� �t�h�i�s� �l�o�a�d� �s�t�e�p� 

�Y�e�s� �N�o� � � � � � � 
� � �F�a�i�l�u�r�e� �?� 

�N�f�,� �N�e�r� �N�e�e� 

�F�i�g�.� �2�5� �F�l�o�w� �c�h�a�r�t� �f�o�r� �p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �d�u�r�i�n�g� �o�p�t�i�m�i�z�a�t�i�o�n� 
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�c�o�n�s�t�r�a�i�n�t�s�.� �T�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �b�u�c�k�l�i�n�g� �a�n�d� �f�a�i�l�u�r�e� �l�o�a�d� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �f�i�n�i�t�e� 

�d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d� �w�i�t�h� �a� �s�t�e�p� �s�i�z�e� �0�.�0�1�.� 

�S�o�m�e� �m�e�a�s�u�r�e�s� �t�o� �s�a�v�e� �c�o�m�p�u�t�i�n�g� �t�i�m�e� �c�a�n� �b�e� �i�n�t�r�o�d�u�c�e�d� �i�n� �t�h�e� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� 

�m�o�d�u�l�e�.� �A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�.� �(�2�5�)�,� �t�h�e� �o�n�l�y� �i�n�f�o�r�m�a�t�i�o�n� �t�h�a�t� �t�h�e� �o�p�t�i�m�i�z�e�r� �u�s�e�s� 

�f�r�o�m� �t�h�e� �a�n�a�l�y�s�i�s� �p�r�o�g�r�a�m� �i�s� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �o�f� �t�h�e� �p�l�a�t�e� �f�o�r� �a� �g�i�v�e�n� �s�e�t� �o�f� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s�,� �w�h�i�c�h� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�a�s�e�d� �o�n� �a� �s�t�e�p�-�b�y�-�s�t�e�p� �l�o�a�d� �i�n�c�r�e�m�e�n�t�.� �I�f� �t�h�e� �n�u�m�b�e�r� 

�o�f� �l�o�a�d� �i�n�c�r�e�m�e�n�t� �s�t�e�p�s� �c�a�n� �b�e� �r�e�d�u�c�e�d� �b�y� �h�a�l�f�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �t�h�e� �t�o�t�a�l� �c�o�m�p�u�t�i�n�g� �t�i�m�e� 

�f�o�r� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �c�a�n� �a�l�s�o� �b�e� �r�e�d�u�c�e�d� �r�o�u�g�h�l�y� �b�y� �t�h�e� �s�a�m�e� �a�m�o�u�n�t�.� �H�o�w�e�v�e�r�,� �t�h�e� 

�c�o�n�v�e�r�g�e�n�c�e� �i�n� �s�o�l�v�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �j�e�o�p�a�r�d�i�z�e�d� �i�f� �a� �s�t�e�p� �s�i�z�e� �w�h�i�c�h� 

�i�s� �t�o�o� �l�a�r�g�e� �i�s� �u�s�e�d�.� �S�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �a�n�a�l�y�s�e�s� �p�r�i�o�r� �t�o� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �c�a�n� �h�e�l�p� 

�s�e�l�e�c�t�i�n�g� �a� �p�r�o�p�e�r� �s�t�e�p� �s�i�z�e�.� �A�n�o�t�h�e�r� �m�e�a�s�u�r�e� �t�o� �r�e�d�u�c�e� �t�h�e� �c�o�m�p�u�t�i�n�g� �t�i�m�e� �i�s� �t�h�e� �u�s�e� 

�o�f� �u�n�e�q�u�a�l� �s�t�e�p� �s�i�z�e�s�.� �F�o�r� �a� �t�h�i�n� �p�l�a�t�e�,� �f�a�i�l�u�r�e� �u�s�u�a�l�l�y� �o�c�c�u�r�s� �n�o�t� �a�t� �a�n� �i�n�i�t�i�a�l� �l�o�a�d� �s�t�e�p�,� 

�b�u�t� �a�t� �a� �d�e�e�p� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �s�t�e�p�.� �T�h�u�s�,� �t�h�e� �i�n�i�t�i�a�l� �s�t�e�p� �s�i�z�e� �c�a�n� �b�e� �m�u�c�h� �l�a�r�g�e�r� 

�t�h�a�n� �t�h�e� �s�t�e�p� �s�i�z�e� �n�e�a�r� �f�a�i�l�u�r�e�.� �T�h�e� �a�p�p�r�o�p�r�i�a�t�e� �s�i�z�e� �o�f� �a� �c�e�r�t�a�i�n� �l�o�a�d� �s�t�e�p� �c�a�n� �b�e� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �m�o�n�i�t�o�r�i�n�g� �t�h�e� �s�t�r�a�i�n� �s�t�a�t�e� �o�f� �a� �l�a�m�i�n�a�t�e� �f�o�r� �a� �p�r�e�v�i�o�u�s� �l�o�a�d� �s�t�e�p�,� �s�i�n�c�e� 

�t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �i�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d�.� �I�f� �i�n� �t�h�e� 

�c�u�r�r�e�n�t� �l�o�a�d� �s�t�e�p� �f�a�i�l�u�r�e� �i�s� �j�u�d�g�e�d� �t�o� �b�e� �n�e�a�r�,� �a� �s�m�a�l�l�e�r� �s�t�e�p� �s�i�z�e� �n�e�e�d�s� �t�o� �b�e� �u�s�e�d� �i�n� 

�t�h�e� �n�e�x�t� �l�o�a�d� �i�n�c�r�e�m�e�n�t�.� �B�y� �s�t�a�r�t�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �n�o�t� �f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� 

�p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �r�a�n�g�e� �b�u�t� �f�r�o�m� �s�e�v�e�r�a�l� �t�i�m�e�s� �t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d� �f�o�r� �v�e�r�y� �t�h�i�n� �p�l�a�t�e�s�,� 

�t�h�e� �c�o�m�p�u�t�i�n�g� �t�i�m�e� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �c�a�n� �a�l�s�o� �b�e� �r�e�d�u�c�e�d�.� �T�h�e�s�e� �e�f�f�i�c�i�e�n�c�y� 

�m�e�a�s�u�r�e�s� �a�r�e� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �t�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m�.� 
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�6�.�3�.� �N�u�m�e�r�i�c�a�l� �E�x�a�m�p�l�e�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�T�h�e� �p�l�a�t�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s� �e�x�p�r�e�s�s�e�d� �i�n� �E�q�n�s�.� �(�6�.�1�)� �a�n�d� �(�6�.�2�)� �a�r�e� �a�p�p�l�i�e�d� �t�o� �s�q�u�a�r�e� �a�n�d� 

�r�e�c�t�a�n�g�u�l�a�r� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �p�l�a�t�e�s� �w�i�t�h� �0�,� �+�4�5�,� �a�n�d� �9�0� �d�e�g�r�e�e� �p�l�i�e�s�.� �S�i�n�c�e� �t�h�e� 

�b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s�,� �D�,�s� �a�n�d� �D�x�,� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �s�m�a�l�l� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� 

�D�e�.� �t�e�r�m� �i�n� �t�h�e� �p�r�e�s�e�n�t� �b�u�c�k�l�i�n�g� �a�n�d� �p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�e�s�,� �c�a�r�e� �i�s� �t�a�k�e�n� �i�n� �t�h�e� 

�s�e�l�e�c�t�i�o�n� �o�f� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�s� �a�n�d� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �o�f� �a� �l�a�m�i�n�a�t�e� �t�o� �r�e�f�l�e�c�t� �t�h�i�s� 

�r�e�s�t�r�i�c�t�i�o�n�.� �I�n�i�t�i�a�l�l�y�,� �a� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e� �i�s� �g�e�n�e�r�a�t�e�d� �i�n�t�e�r�n�a�l�l�y� �i�n� �t�h�e� �c�o�m�p�u�t�e�r� 

�p�r�o�g�r�a�m� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �o�f� �[� �+�4�5�/�  �� �4�5�/�0�/�9�0�]�;�,�,� �f�o�r� �w�h�i�c�h� 

�D�y�,� �a�n�d� �D�y� �a�r�e� �e�x�p�e�c�t�e�d� �t�o� �b�e� �l�e�s�s� �t�h�a�n� �1�0�%� �o�f� �D�,�g�s�.� �T�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� 

�t�h�i�c�k�n�e�s�s�e�s� �o�f� �i�n�d�i�v�i�d�u�a�l� �+� �4�5�°�,� �0�°�,� �a�n�d� �9�0�°� �l�a�y�e�r�s� �s�u�c�h� �t�h�a�t� �t�h�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s� �h�a�v�e� 

�t�h�r�e�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �+�4�5�°� �a�n�d�  ��4�5�°� �l�a�y�e�r�s� �a�r�e� �c�o�n�t�r�o�l�l�e�d� �b�y� �a� �s�i�n�g�l�e� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e� �s�o� �t�h�a�t� �t�h�e� �l�a�m�i�n�a�t�e� �i�s� �m�a�i�n�t�a�i�n�e�d� �t�o� �b�e� �a� �b�a�l�a�n�c�e�d� �o�n�e� �t�h�r�o�u�g�h�o�u�t� �t�h�e� 

�o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s�.� �T�h�e� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n�s� �o�f� �+� �4�5�°�,� �0�°� �a�n�d� �9�0�°� �a�r�e� �w�i�d�e�l�y� �u�s�e�d� �i�n� 

�p�r�a�c�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �h�a�s� �b�e�e�n� 

�s�u�c�c�e�s�s�f�u�l�l�y� �u�s�e�d� �i�n� �C�h�a�p�t�e�r� �I�V� �i�n� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �o�f� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �s�i�m�i�l�a�r� 

�s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s�.� �W�h�e�n� �a� �c�o�n�s�t�r�a�i�n�t� �o�n� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �i�s� �i�m�p�o�s�e�d�,� �t�h�e� �m�o�d�e� 

�c�h�a�n�g�e� �o�p�t�i�o�n� �i�s� �i�n�c�l�u�d�e�d�.� �T�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �f�o�r�c�e�d� �t�o� �t�a�k�e� �p�r�e�s�c�r�i�b�e�d� �d�i�s�c�r�e�t�e� 

�v�a�l�u�e�s� �b�y� �t�h�e� �a�p�p�r�o�a�c�h� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�.� 

�6�.�3�.�1� �S�q�u�a�r�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� 

�C�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �c�o�v�e�r�i�n�g� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �d�e�s�i�g�n� �l�o�a�d�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� 

�i�n� �T�a�b�l�e�s� �(�8�)� �a�n�d� �(�9�)� �f�o�r� �s�q�u�a�r�e� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� 

�e�d�g�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r� �e�a�c�h� �d�e�s�i�g�n� �l�o�a�d� �l�e�v�e�l�,� �t�h�r�e�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �f�o�r� �d�i�f�f�e�r�e�n�t� 

�b�e�h�a�v�i�o�r�a�l� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �f�i�r�s�t� �r�o�w� �r�e�p�r�e�s�e�n�t�s� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �f�o�r� 
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�t�h�e� �p�r�o�b�l�e�m� �w�i�t�h� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �b�u�c�k�l�i�n�g� �a�n�d� �f�a�i�l�u�r�e� �l�o�a�d�,� �a�n�d� �t�h�e� �s�e�c�o�n�d� �a�n�d� �t�h�i�r�d� 

�r�o�w�s� �a�r�e� �t�h�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �f�o�r� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s� �w�i�t�h� �a� �c�o�n�s�t�r�a�i�n�t� �o�n� �f�a�i�l�u�r�e� �l�o�a�d� 

�b�y� �e�x�c�l�u�d�i�n�g� �a�n�d� �i�n�c�l�u�d�i�n�g� �a� �m�o�d�e� �c�h�a�n�g�e� �o�p�t�i�o�n�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�i�n�a�l� �v�a�l�u�e�s� �o�f� �t�h�e� 

�d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �g�i�v�e�n� �i�n� �t�h�e� �t�h�i�r�d�,� �f�o�u�r�t�h� �a�n�d� �f�i�f�t�h� �c�o�l�u�m�n�.� �T�o�t�a�l� �l�a�m�i�n�a�t�e� 

�t�h�i�c�k�n�e�s�s� �a�n�d� �p�l�a�t�e� �s�l�e�n�d�e�r�n�e�s�s� �r�a�t�i�o� �(�b�/�t�)� �a�r�e� �g�i�v�e�n� �i�n� �t�h�e� �s�i�x�t�h� �a�n�d� �s�e�v�e�n�t�h� �c�o�l�u�m�n�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �I�n� �t�h�e� �l�a�s�t� �t�w�o� �c�o�l�u�m�n�s�,� �n�o�r�m�a�l�i�z�e�d� �v�a�l�u�e�s� �o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� 

�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �c�r�i�t�i�c�a�l� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �a�t� �f�a�i�l�u�r�e� �(�A�f�)� �a�n�d� �a�t� �m�o�d�e� �c�h�a�n�g�e� �(�A�z�)� �a�r�e� 

�p�r�e�s�e�n�t�e�d�.� �T�h�e� �v�a�l�u�e�s� �i�n� �p�a�r�e�n�t�h�e�s�i�s� �i�n� �t�h�e� �l�a�s�t� �c�o�l�u�m�n� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �p�o�s�t�b�u�c�k�l�i�n�g� 

�a�n�a�l�y�s�i�s� �w�i�t�h� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �i�n�c�l�u�d�e�d� �a�f�t�e�r� �o�b�t�a�i�n�i�n�g� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �w�i�t�h�o�u�t� 

�c�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �m�o�d�e� �c�h�a�n�g�e�.� �T�h�e� �i�n�i�t�i�a�l� �t�h�i�c�k�n�e�s�s� �o�f� �a�l�l� �l�a�y�e�r�s� �a�r�e� �c�h�o�s�e�n� �a�s� �0�.�0�1� �i�n� 

�(�2� �p�l�i�e�s�)�.� �W�h�e�n� �t�h�e� �v�a�l�u�e�s� �o�f� �i�n�i�t�i�a�l� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �c�h�a�n�g�e�d�,� �o�p�t�i�m�a�l� �i�n�d�i�v�i�d�u�a�l� 

�l�a�y�e�r� �t�h�i�c�k�n�e�s�s�e�s� �s�h�o�w�e�d� �s�l�i�g�h�t� �v�a�r�i�a�t�i�o�n�s�,� �b�u�t� �a�l�m�o�s�t� �t�h�e� �s�a�m�e� �v�a�l�u�e�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �(�w�e�i�g�h�t�)� �w�e�r�e� �o�b�t�a�i�n�e�d� �r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �i�n�i�t�i�a�l� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� 

�T�h�e� �c�o�n�v�e�r�g�e�d� �s�o�l�u�t�i�o�n�s� �i�n� �T�a�b�l�e�s� �(�8�)� �a�n�d� �(�9�)� �a�r�e� �o�b�t�a�i�n�e�d� �i�n� �7� �t�o� �9� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s�.� 

�F�o�r� �a� �b�u�c�k�l�i�n�g� �r�e�s�i�s�t�a�n�t� �d�e�s�i�g�n� �p�r�o�b�l�e�m� �(�6�.�1�)�,� �+� �4�5�°� �l�a�y�e�r�s� �t�e�n�d� �t�o� �b�e� �t�h�i�c�k�e�r� �t�h�a�n� �0�°� 

�a�n�d� �9�0�°� �l�a�y�e�r�s�,� �w�h�e�r�e�a�s� �t�h�e� �0�°� �a�n�d� �9�0�°� �l�a�y�e�r�s� �h�a�v�e� �t�h�e� �s�a�m�e� �t�h�i�c�k�n�e�s�s� �f�o�r� �t�h�e� �s�q�u�a�r�e� 

�l�a�m�i�n�a�t�e� �w�i�t�h� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s�.� �I�n� �f�a�c�t�,� �s�e�n�s�i�t�i�v�i�t�i�e�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d� �a�r�e� �s�h�o�w�n� �t�o� �b�e� �a�l�w�a�y�s� �t�h�e� �s�a�m�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�t�h�i�c�k�n�e�s�s�e�s� �o�f� �t�h�e� �0�°� �a�n�d� �9�0�°� �l�a�y�e�r�s� �a�s� �l�o�n�g� �a�s� �t�h�e� �s�q�u�a�r�e� �p�l�a�t�e� �b�u�c�k�l�e�s� �i�n�t�o� �a� �s�i�n�g�l�e� 

�h�a�l�f� �w�a�v�e� �(�s�e�e� �A�p�p�e�n�d�i�x� �E� �f�o�r� �p�r�o�o�f�)�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �0�°� �a�n�d� �9�0�°� �l�a�y�e�r�s� �c�a�n� �b�e� 

�t�r�e�a�t�e�d� �a�s� �o�n�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �f�o�r� �t�h�i�s� �b�u�c�k�l�i�n�g� �d�e�s�i�g�n� �p�r�o�b�l�e�m� �s�i�m�i�l�a�r� �t�o� �t�h�e� �@� �a�n�d� �-� 

�@� �l�a�y�e�r�s�.� �W�h�e�n� �t�h�e� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �a�r�e� �d�e�s�i�g�n�e�d� �t�o� �b�e� 

�b�u�c�k�l�i�n�g� �r�e�s�i�s�t�a�n�t�,� �+� �4�5�°� �a�n�d� �0�°� �l�a�y�e�r�s� �a�r�e� �m�o�r�e� �e�v�e�n�l�y� �d�i�s�t�r�i�b�u�t�e�d� �a�n�d� �t�h�i�c�k�e�r� �t�h�a�n� �t�h�e� 

�9�0�°� �l�a�y�e�r�s�.� �F�o�r� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s�,� �h�o�w�e�v�e�r�,� �r�e�l�a�t�i�v�e� 
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�t�h�i�c�k�n�e�s�s�e�s� �o�f� �i�n�d�i�v�i�d�u�a�l� �l�a�y�e�r�s� �s�h�o�w� �a� �w�i�d�e� �s�c�a�t�t�e�r� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� 

�l�o�a�d�.� 

�F�o�r� �s�o�m�e� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s� �(�6�.�2�)� �w�i�t�h� �s�m�a�l�l� �v�a�l�u�e�s� �o�f� �d�e�s�i�g�n� �l�o�a�d� 

�(�N�p� �=�1�-�2� �a�n�d� �1�-�3� �k�i�p�s�/�i�n� �f�o�r� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�)�,� �n�o� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �i�f� �t�h�e� �m�o�d�e� �c�h�a�n�g�e�s� �a�r�e� �n�o�t� 

�a�l�l�o�w�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�.� �T�h�e�s�e� �p�l�a�t�e�s� �t�e�n�d� �t�o� �b�e� �v�e�r�y� �t�h�i�n� �(�b�/�t� �>� �1�0�0�)� �f�o�r� �s�u�c�h� �s�m�a�l�l� 

�v�a�l�u�e�s� �o�f� �d�e�s�i�g�n� �l�o�a�d�,� �a�n�d� �f�a�i�l�u�r�e� �o�f� �t�h�e� �p�l�a�t�e�s� �o�c�c�u�r�s� �a�t� �a� �l�o�a�d� �l�e�v�e�l� �i�n�t�o� �t�h�e� �d�e�e�p� 

�p�o�s�t�b�u�c�k�l�i�n�g� �r�e�g�i�m�e�.� �A�t� �t�h�e� �l�a�r�g�e� �v�a�l�u�e�s� �o�f� �t�h�e� �a�p�p�l�i�e�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� 

�o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �(�2�.�3�0�)� �e�x�p�e�r�i�e�n�c�e�s� �c�o�n�v�e�r�g�e�n�c�e� �d�i�f�f�i�c�u�l�t�i�e�s� �i�f� �t�h�e� �m�o�d�e� 

�c�h�a�n�g�e�s� �a�r�e� �n�o�t� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t�.� �F�o�r� �v�e�r�y� �t�h�i�n� �p�l�a�t�e�s�,� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �i�s� �l�i�k�e�l�y� 

�t�o� �o�c�c�u�r� �a�t� �s�o�m�e� �l�o�a�d� �l�e�v�e�l� �a�l�o�n�g� �t�h�e� �l�o�a�d� �r�a�n�g�e� �b�e�f�o�r�e� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d�.� �F�o�r� �i�n�s�t�a�n�c�e�,� 

�t�h�e� �f�a�i�l�u�r�e� �o�f� �p�l�a�t�e�s� �d�e�s�i�g�n�e�d� �f�o�r� �N�p� �=� �1� �k�i�p�s�/�i�n� �w�i�t�h� �m�o�d�e� �c�h�a�n�g�e� �o�p�t�i�o�n� �o�c�c�u�r�s� �a�t� 

�l�o�a�d� �l�e�v�e�l�s� �1�0�0� �A�,�,�,� �a�n�d� �1�5�6� �A�,� �f�o�r� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �s�h�o�w�s� �t�h�a�t� �t�h�e�s�e� �p�l�a�t�e�s�,� �w�h�i�c�h� �h�a�v�e� 

�s�l�e�n�d�e�r�n�e�s�s� �r�a�t�i�o�s� �(�b�/�t�)� �o�f� �2�2�3� �a�n�d� �2�2�9�,� �u�n�d�e�r�g�o� �m�o�d�e� �c�h�a�n�g�e� �t�w�i�c�e� �b�e�f�o�r�e� �t�h�e� �f�a�i�l�u�r�e� 

�l�o�a�d� �i�s� �r�e�a�c�h�e�d�.� �F�o�r� �r�e�l�a�t�i�v�e�l�y� �l�a�r�g�e�r� �v�a�l�u�e�s� �o�f� �d�e�s�i�g�n� �l�o�a�d� �(�N�p� �=� �6� �a�n�d� �N�>� �=� �1�0� �k�i�p�s�/�i�n� 

�f�o�r� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�)�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� 

�o�p�t�i�m�u�m� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �d�e�s�i�g�n�s� �s�h�o�w� �n�o� �m�o�d�e� �c�h�a�n�g�e� �b�e�f�o�r�e� �f�a�i�l�u�r�e�.� �T�h�e� 

�p�o�s�t�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �f�o�r� �N�p� �=� �1�0� �k�i�p�s�/�i�n� �s�h�o�w�s� �t�h�a�t� �t�h�e� �p�l�a�t�e� 

�w�i�t�h� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �f�a�i�l�s� �a�t� �a� �l�o�a�d� �l�e�v�e�l� �2�.�5� �A�,�.�,� �w�h�i�l�e� 

�c�h�a�n�g�i�n�g� �i�t�s� �b�u�c�k�l�e�d� �s�h�a�p�e� �f�r�o�m� �a� �s�y�m�m�e�t�r�i�c� �t�o� �a�n�t�i�-�s�y�m�m�e�t�r�i�c� �m�o�d�e� �a�t� �5� �A�,�.�.� �F�o�r� 

�i�n�t�e�r�m�e�d�i�a�t�e� �v�a�l�u�e�s� �o�f� �d�e�s�i�g�n� �l�o�a�d� �(�3�<� �N�p� �<�6�a�n�d�4�<�N�,�<� �1�0� �k�i�p�s�/�i�n� �f�o�r� �f�r�e�e�l�y� 

�s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�)�,� �t�w�o� �d�i�f�f�e�r�e�n�t� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� 

�c�a�n� �b�e� �o�b�t�a�i�n�e�d�,� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �o�p�t�i�o�n�.� �A�m�o�n�g� �t�w�o� �o�p�t�i�m�u�m� 

�s�o�l�u�t�i�o�n�s�,� �t�h�e� �d�e�s�i�g�n� �f�o�r� �w�h�i�c�h� �a� �p�l�a�t�e� �i�s� �a�l�l�o�w�e�d� �t�o� �c�h�a�n�g�e� �i�t�s� �b�u�c�k�l�e�d� �s�h�a�p�e� �i�s� �5�.�7� �t�o� 
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�1�5�.�0�%� �h�e�a�v�i�e�r� �t�h�a�n� �t�h�e� �d�e�s�i�g�n� �w�i�t�h�o�u�t� �c�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �m�o�d�e� �c�h�a�n�g�e�.� �I�f�a� �p�l�a�t�e� �f�a�i�l�s� 

�s�h�o�r�t�l�y� �a�f�t�e�r� �e�x�p�e�r�i�e�n�c�i�n�g� �a� �m�o�d�e� �c�h�a�n�g�e� �(�e�.� �g�.� �N�p� �=� �5� �a�n�d� �N�p� �=� �6�  �� �8� �k�i�p�s�/�i�n� �f�o�r� �f�r�e�e�l�y� 

�s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�)�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �f�i�n�a�l� �w�e�i�g�h�t� 

�b�e�t�w�e�e�n� �t�h�e� �t�w�o� �d�e�s�i�g�n�s� �i�s� �i�n� �t�h�e� �r�a�n�g�e� �o�f� �5�.�7� �t�o� �1�0�.�0�%�.� �I�f�a� �p�l�a�t�e� �f�a�i�l�s� �f�a�r� �b�e�y�o�n�d� �t�h�e� 

�l�o�a�d� �l�e�v�e�l� �a�t� �m�o�d�e� �c�h�a�n�g�e� �(�e�.� �g�.� �N�p� �=� �3� �a�n�d� �4� �k�i�p�s�/�i�n� �f�o�r� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� 

�y�-�n�o�r�m�a�l� �e�d�g�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�)�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �f�i�n�a�l� �p�l�a�t�e� �w�e�i�g�h�t� �b�e�t�w�e�e�n� �t�w�o�-� 

�d�e�s�i�g�n�s� �i�s� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t� �a�n�d� �i�s� �i�n� �t�h�e� �r�a�n�g�e� �o�f� �9�.�1� �t�o� �1�5�.�0�%�.� 

�T�o�t�a�l� �l�a�m�i�n�a�t�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �l�i�s�t�e�d� �i�n� �T�a�b�l�e�s� �(�8�)� �a�n�d� �(�9�)� �i�s� �p�l�o�t�t�e�d� 

�a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �l�o�a�d� �i�n� �F�i�g�.� �(�2�6�)�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �f�o�r� �b�u�c�k�l�i�n�g� �r�e�s�i�s�t�a�n�t� 

�d�e�s�i�g�n�s� �p�l�a�t�e�s� �w�i�t�h� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �h�a�v�e� �a�n� �a�d�v�a�n�t�a�g�e� �o�v�e�r� �t�h�e� �p�l�a�t�e�s� 

�w�i�t�h� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �f�r�o�m� �t�h�e� �s�t�a�n�d� �p�o�i�n�t� �o�f� �w�e�i�g�h�t�.� �O�n� �t�h�e� �c�o�n�t�r�a�r�y�,� �p�l�a�t�e�s� 

�r�e�s�t�r�a�i�n�e�d� �f�r�o�m� �t�h�e� �l�a�t�e�r�a�l� �i�n�-�p�l�a�n�e� �m�o�v�e�m�e�n�t� �a�l�o�n�g� �t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �a�r�e� �l�i�g�h�t�e�r� 

�t�h�a�n� �p�l�a�t�e�s� �w�i�t�h� �f�r�e�e�l�y� �s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �i�f� �t�h�e�y� �a�r�e� �d�e�s�i�g�n�e�d� �f�o�r� �p�o�s�t�b�u�c�k�l�i�n�g� 

�p�e�r�f�o�r�m�a�n�c�e�.� �I�t� �c�a�n� �a�l�s�o� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�.� �(�2�6�)� �t�h�a�t� �t�h�e� �l�a�m�i�n�a�t�e�s� �d�e�s�i�g�n�e�d� �f�o�r� 

�p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �r�e�q�u�i�r�e� �m�o�r�e� �m�a�t�e�r�i�a�l� �i�f� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �a�l�l�o�w�e�d�,� �c�o�m�p�a�r�e�d� �t�o� 

�d�e�s�i�g�n�s� �w�i�t�h�o�u�t� �m�o�d�e� �c�h�a�n�g�e�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �o�f� �t�h�e� �d�e�c�r�e�a�s�e� �o�f� �l�o�a�d�-�c�a�r�r�y�i�n�g� 

�c�a�p�a�b�i�l�i�t�y� �a�n�d� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�i�f�f�n�e�s�s� �a�f�t�e�r� �a� �m�o�d�e� �c�h�a�n�g�e�.� �I�n� �f�a�c�t�,� �a� �s�i�m�i�l�a�r� �t�r�e�n�d� �w�a�s� 

�o�b�s�e�r�v�e�d� �w�h�e�n� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �o�f� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �a�n�d� �w�i�t�h�o�u�t� �m�o�d�e� �c�h�a�n�g�e� �a�r�e� 

�c�o�m�p�a�r�e�d� �w�i�t�h� �S�t�a�r�n�e�s �� �t�e�s�t� �r�e�s�u�l�t�s� �[�5�4�]� �i�n� �C�h�a�p�t�e�r� �I�V�.� �T�o� �q�u�a�n�t�i�f�y� �t�h�e� �w�e�i�g�h�t� �s�a�v�i�n�g�s� 

�w�h�e�n� �p�l�a�t�e�s� �a�r�e� �d�e�s�i�g�n�e�d� �f�o�r� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h�,� �t�h�e� �w�e�i�g�h�t� �o�f� �l�a�m�i�n�a�t�e�s� �n�o�r�m�a�l�i�z�e�d� 

�b�y� �t�h�e� �w�e�i�g�h�t� �o�f� �t�h�e�i�r� �b�u�c�k�l�i�n�g� �r�e�s�i�s�t�a�n�t� �c�o�u�n�t�e�r�p�a�r�t�s� �i�s� �p�l�o�t�t�e�d� �i�n� �F�i�g�.� �(�2�7�)� �a�s� �a� 

�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �l�o�a�d�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �w�e�i�g�h�t� �s�a�v�i�n�g�s�,� �i�f� �d�e�s�i�g�n�e�d� �f�o�r� �t�h�e� 

�p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h�,� �a�r�e� �s�u�b�s�t�a�n�t�i�a�l�,� �e�s�p�e�c�i�a�l�l�y� �f�o�r� �l�i�g�h�t�l�y� �l�o�a�d�e�d� �t�h�i�n� �p�l�a�t�e�s� �a�n�d� �f�o�r� 

�p�l�a�t�e�s� �w�i�t�h� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�.� �T�h�e� �w�e�i�g�h�t�s� �o�f� �p�l�a�t�e�s� �d�e�s�i�g�n�e�d� �t�o� �b�u�c�k�l�e� �a�r�e� 

�1�6� �t�o� �6�2�%� �a�n�d� �3�4� �t�o� �6�7�%� �l�i�g�h�t�e�r� �t�h�a�n� �t�h�o�s�e� �o�f� �p�l�a�t�e�s� �d�e�s�i�g�n�e�d� �n�o�t� �t�o� �b�u�c�k�l�e� �f�o�r� �f�r�e�e�l�y� 

�9�9



�s�h�i�f�t�i�n�g� �a�n�d� �r�e�s�t�r�a�i�n�e�d� �y�-�n�o�r�m�a�l� �e�d�g�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �o�v�e�r� �t�h�e� �r�a�n�g�e� �o�f� �d�e�s�i�g�n� �s�e�r�v�i�c�e� 

�l�o�a�d� �c�o�n�s�i�d�e�r�e�d�.� �I�t� �c�a�n� �b�e� �a�l�s�o� �o�b�s�e�r�v�e�d� �t�h�a�t� �a�s� �t�h�e� �v�a�l�u�e� �o�f� �d�e�s�i�g�n� �l�o�a�d� �d�e�c�r�e�a�s�e�s�,� �t�h�e� 

�s�l�o�p�e� �o�f� �t�h�e� �c�u�r�v�e�s� �i�n� �F�i�g�.� �(�2�7�)� �r�e�d�u�c�e�s� �r�a�p�i�d�l�y�,� �w�h�i�c�h� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �a�c�h�i�e�v�e�m�e�n�t� 

�i�n� �w�e�i�g�h�t� �s�a�v�i�n�g�s� �b�e�c�o�m�e�s� �m�u�c�h� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t� �a�s� �t�h�e� �d�e�c�r�e�a�s�e� �o�f� �d�e�s�i�g�n� �l�o�a�d�.� �I�n� 

�a�d�d�i�t�i�o�n�,� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �a�f�f�e�c�t�s� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �d�e�s�i�g�n� �a�n�d� �r�e�s�u�l�t�s� �i�n� �m�o�r�e� 

�c�o�n�s�e�r�v�a�t�i�v�e� �d�e�s�i�g�n� �f�o�r� �l�i�g�h�t�l�y� �l�o�a�d�e�d� �p�l�a�t�e�s� �w�h�i�l�e� �i�t� �h�a�s� �n�o� �e�f�f�e�c�t� �o�n� �t�h�e� �o�p�t�i�m�u�m� 

�s�o�l�u�t�i�o�n�s� �f�o�r� �h�e�a�v�i�l�y� �l�o�a�d�e�d� �p�l�a�t�e�s�.� 

�I�n� �T�a�b�l�e�s� �1�0�a� �a�n�d� �1�0�b�,� �t�h�e� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �a�p�p�r�o�a�c�h� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� 

�c�h�a�p�t�e�r� �a�l�o�n�g� �w�i�t�h� �s�o�m�e� �o�t�h�e�r� �n�e�i�g�h�b�o�r�i�n�g� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �f�o�r� �t�h�e� 

�b�u�c�k�l�i�n�g� �a�n�d� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �d�e�s�i�g�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �l�a�m�i�n�a�t�e�s� �h�a�v�e� �t�h�e� �s�a�m�e� 

�s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �y�-�n�o�r�m�a�l� �e�d�g�e�s� �a�s� �t�h�e� �o�n�e�s� 

�s�h�o�w�n� �i�n� �T�a�b�l�e� �(�9�)�.� �T�h�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s�e�s� �a�r�e� �a�c�t�i�v�a�t�e�d� �a�t� �c�e�,� �=� �0�.�0�2�,� 

�a�n�d� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� �y�i�e�l�d�e�d� �f�e�a�s�i�b�l�e� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �e�v�e�r�y� �c�a�s�e� �c�o�n�s�i�d�e�r�e�d�.� 

�S�o�m�e� �o�t�h�e�r� �n�e�i�g�h�b�o�r�h�o�o�d� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �m�a�n�u�a�l�l�y� �a�r�e� �a�l�s�o� �p�r�e�s�e�n�t�e�d� �i�n� 

�t�h�e� �T�a�b�l�e�s�,� �b�u�t� �b�e�t�t�e�r� �d�e�s�i�g�n�s� �w�i�t�h�o�u�t� �v�i�o�l�a�t�i�n�g� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �w�e�r�e� �n�o�t� �p�o�s�s�i�b�l�e�.� �T�h�e� 

�n�u�m�e�r�i�c�a�l� �v�a�l�u�e�s� �i�n�s�i�d�e� �p�a�r�e�n�t�h�e�s�i�s� �i�n� �T�a�b�l�e�s� �(�8�)� �a�n�d� �(�9�)� �i�n�d�i�c�a�t�e� �t�h�a�t� �d�e�s�i�g�n�s� �a�r�e� �n�o�t� 

�i�n� �t�h�e� �f�e�a�s�i�b�l�e� �d�o�m�a�i�n�.� 

�A�l�l� �t�h�e� �m�a�n�u�a�l�l�y� �o�b�t�a�i�n�e�d� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �t�h�a�t� �w�e�r�e� �l�i�g�h�t�e�r� �t�h�a�n� �t�h�e� �o�p�t�i�m�a�l�l�y� 

�o�b�t�a�i�n�e�d� �d�i�s�c�r�e�t�e� �d�e�s�i�g�n� �h�a�d� �t�h�e�i�r� �b�u�c�k�l�i�n�g� �f�a�i�l�u�r�e� �o�r� �s�t�r�e�n�g�t�h� �f�a�i�l�u�r�e� �l�o�a�d�s� �t�o� �b�e� �l�o�w�e�r� 

�t�h�a�n� �t�h�e� �d�e�s�i�g�n� �l�o�a�d�s� �g�i�v�e�n� �i�n� �t�h�e� �f�i�r�s�t� �c�o�l�u�m�n�.� �H�o�w�e�v�e�r�,� �i�t� �w�a�s� �p�o�s�s�i�b�l�e�,� �f�o�r� �b�o�t�h� �t�h�e� 

�b�u�c�k�l�i�n�g� �a�n�d� �p�o�s�t�b�u�c�k�l�i�n�g� �d�e�s�i�g�n�s�,� �t�h�a�t� �s�o�m�e� �m�a�n�u�a�l� �d�i�s�c�r�e�t�e� �d�e�s�i�g�n�s� �w�h�i�c�h� �h�a�d� �t�h�e� 

�s�a�m�e� �w�e�i�g�h�t� �a�s� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �w�e�r�e� �c�a�p�a�b�l�e� �o�f� �c�a�r�r�y�i�n�g� �l�o�a�d�s� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� 

�d�e�s�i�g�n� �r�e�q�u�i�r�e�m�e�n�t� �l�o�a�d�.� �S�u�c�h� �d�e�s�i�g�n�s� �w�o�u�l�d� �p�r�o�v�i�d�e� �a� �w�i�d�e�r� �s�t�r�e�n�g�t�h� �m�a�r�g�i�n� �t�h�a�n� �t�h�e� 

�o�p�t�i�m�a�l� �o�n�e�s� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �a�r�e� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �W�h�i�l�e� �t�h�e� �c�o�n�t�i�n�u�o�u�s� 

�1�0�0



�o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �i�n� �7� �t�o� �9� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s�,� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�s�p�o�n�s�e� 

�s�u�r�f�a�c�e�s� �f�o�r� �d�i�s�c�r�e�t�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �v�a�r�i�e�s� �r�a�t�h�e�r� �w�i�d�e�l�y� �f�r�o�m� �8� �t�o� �1�5�.� �I�t� �w�a�s� �s�e�e�n� 
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�T�a�b�l�e� �1�0�a�.� �D�i�s�c�r�e�t�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �f�o�r� �[� �+� �4�5�/�0�/�9�0�]�;�,� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �r�e�s�t�r�a�i�n�e�d� 
�y�-�n�o�r�m�a�l� �e�d�g�e�s� �a�n�d� �d�e�s�i�g�n�e�d� �f�o�r� �b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �(�a�=� �b�=� �2�0�.�0� �i�n�)� 
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�N�p� �D�i�s�c�r�e�t�e� �p�s�"� �p�a�s�"� �f�o�"� �5�0�"� �W�i�p� �N�,� �R�e�s�p�o�n�s�e� 
�(�1�b�/�i�n�)� �s�o�l�u�t�i�o�n�s� �(�i�n�)� �(�i�n�)� �(�i�n�)� �(�w�e�i�g�h�t�)� �(�l�b�/�i�n�)� �s�u�r�f�a�c�e�s� 

�P�r�e�s�e�n�t� �0�.�0�1�5� �0�.�0�1�0� �0�.�0�0�5� �1�8�0�.�0� �5�1�6�6� �1�5� 

�0�.�0�1�0� �0�.�0�1�5� �0�.�0�0�5� �1�6�0�.�0� �(�3�7�3�7�)� �-�-�-� 
�4�0�0�0� �O�t�h�e�r� �0�.�0�1�0� �0�.�0�1�0� �0�.�0�1�0� �1�6�0�.�0� �(�3�5�5�5�)� �-�-�-� 

�d�i�s�c�r�e�t�e� �0�.�0�1�0� �0�.�0�2�0� �0�.�0�0�0� �1�6�0�.�0� �(�3�8�6�8�)� �-�-�-� 
�s�o�l�u�t�i�o�n�s� �0�.�0�1�0� �0�.�0�1�5� �0�.�0�1�0� �1�8�0�.�0� �5�1�7�5� �-�-�-� 

�0�.�0�1�5� �0�.�0�1�5� �0�.�0�0�0� �1�8�0�.�0� �5�4�3�4� �-�-�-� 

�P�r�e�s�e�n�t� �0�.�0�1�5� �0�.�0�1�5� �0�.�0�1�5� �2�4�0�.�0� �1�1�9�9�9� �8� 

�0�.�0�1�5� �0�.�0�1�5� �0�.�0�1�0� �2�2�0�.�0� �(�9�4�3�5�)� �-�-�-� 
�1�0�0�0�0� �O�t�h�e�r� �0�.�0�1�5� �0�.�0�2�0� �0�.�0�0�5� �2�2�0�.�0� �(�9�7�7�9�)� �-�-�-� 

�d�i�s�c�r�e�t�e� �0�.�0�2�0� �0�.�0�1�5� �0�.�0�0�0� �2�2�0�.�0� �(�9�7�8�5�)�  ��-�-�-� 
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�0�.�0�2�0� �0�.�0�1�5� �0�.�0�0�5� �2�4�0�.�0� �1�2�4�2�3� �-�-�-� 
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�T�a�b�l�e� �1�0�b�.� �D�i�s�c�r�e�t�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �f�o�r� �[� �+� �4�5�/�0�/�9�0�]�;�,� �l�a�m�i�n�a�t�e� �w�i�t�h� �r�e�s�t�r�a�i�n�e�d� 
�y�-�n�o�r�m�a�l� �e�d�g�e�s� �a�n�d� �d�e�s�i�g�n�e�d� �f�o�r� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �(�a�=� �b�=� �2�0�.�0� �i�n�)� 
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�N�p� �D�i�s�c�r�e�t�e� �m�s�,� �4�s�"� �r�a�m� �1�9�0�°� �W�I�p� �N�,� �R�e�s�p�o�n�s�e� 
�(�I�b�/�i�n�)� �s�o�l�u�t�i�o�n�s� �(�i�n�)� �(�i�n�)� �(�i�n�)� �(�w�e�i�g�h�t�)� �(�I�b�/�i�n�)� �s�u�r�f�a�c�e�s� 

�P�r�e�s�e�n�t!"� �0�.�0�0�5� �0�.�0�1�0� �0�.�0�0�5� �1�0�0�.�0� �5�4�8�3� �1�4� 

�0�.�0�0�0� �0�.�0�1�0� �0�.�0�1�0� �8�0�.�0� �(�3�5�8�6�)� �-� 
�O�t�h�e�r� �0�.�0�0�0� �0�.�0�1�5� �0�.�0�0�5� �8�0�.�0� �(�3�9�9�7�)� �-� 
�d�i�s�c�r�e�t�e� �0�.�0�0�0� �0�.�0�2�0� �0�.�0�0�0� �8�0�.�0� �(�3�6�7�7�)� �-� 
�s�o�l�u�t�i�o�n�s� �0�.�0�0�5� �0�.�0�0�5� �0�.�0�0�5� �8�0�.�0� �(�3�0�4�0�)� �-� 

�4�0�0�0� �0�.�0�0�5� �0�.�0�1�5� �0�.�0�0�0� �1�0�0�.�0� �5�7�5�3� �-� 

�P�r�e�s�e�n�t� �0�.�0�0�5� �0�.�0�1�0� �0�.�0�0�5� �1�0�0�.�0� �4�1�3�3� �1�3� 

�O�t�h�e�r�®� �0�.�0�0�0� �0�.�0�2�0� �0�.�0�0�0� �8�0�.�0� �(�3�0�2�9�)� �-� 
�d�i�s�c�r�e�t�e� �0�.�0�0�5� �0�.�0�0�5� �0�.�0�1�0� �1�0�0�.�0� �(�3�6�8�0�)� �-� 
�s�o�l�u�t�i�o�n�s� �0�.�0�0�0� �0�.�0�2�0� �0�.�0�0�5� �1�0�0�.�0� �4�5�7�6� �-� 

�0�.�0�0�5� �0�.�0�1�5� �0�.�0�0�0� �1�0�0�.�0� �4�6�0�0� �-� 

�P�r�e�s�e�n�t �� �0�.�0�1�0� �0�.�0�1�0� �0�.�0�1�0� �1�6�0�.�0� �1�0�2�9�3� �I�]� 

�0�.�0�0�5� �0�.�0�2�0� �0�.�0�0�5� �1�4�0�.�0� �(�9�8�7�8�)� �-� 
�1�0�0�0�0� �O�t�h�e�r� �0�.�0�1�0� �0�.�0�1�0� �0�.�0�0�5� �1�4�0�.�0� �(�8�6�4�2�)� �-� 

�d�i�s�c�r�e�t�e� �0�.�0�1�0� �0�.�0�1�5� �0�.�0�0�0� �1�4�0�.�0� �(�8�3�9�2�)� �-� 
�s�o�l�u�t�i�o�n�s� �0�.�0�1�0� �0�.�0�2�0� �0�.�0�0�0� �1�6�0�.�0� �(�9�6�6�7�)� �-� 

�0�.�0�1�0� �0�.�0�1�5� �0�.�0�0�5� �1�6�0�.�0� �1�0�5�3�1� �-� 
� � 

�(�1�)� �D�e�s�i�g�n�e�d� �w�i�t�h�o�u�t� �c�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �m�o�d�e� �c�h�a�n�g�e� 
�(�2�)� �D�e�s�i�g�n�e�d� �w�i�t�h� �c�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �m�o�d�e� �c�h�a�n�g�e� 
�(� �)� �i�n�f�e�a�s�i�b�l�e� 
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�6�.�3�.�2� �L�o�n�g� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� 

�T�h�e� �p�l�a�t�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s� �o�f� �E�q�n�s�.� �(�6�.�1�)� �a�n�d� �(�6�.�2�)� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �f�o�r� 

�l�a�r�g�e� �a�s�p�e�c�t� �r�a�t�i�o� �[� �+� �4�5�/�0�/�9�0�]�;�,� �p�l�a�t�e�s�,� �8�0� �i�n�c�h�e�s� �l�o�n�g� �a�n�d� �2�0� �i�n�c�h�e�s� �w�i�d�e�,� �w�i�t�h� �f�r�e�e�l�y� 

�s�h�i�f�t�i�n�g� �y�-�n�o�r�m�a�l� �e�d�g�e�s�.� �T�h�e� �c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �i�n� �7� �t�o� �9� 

�r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �l�l�a� �f�o�r� �v�a�r�i�o�u�s� �d�e�s�i�g�n� �l�o�a�d�s�.� �F�o�r� �s�o�m�e� 

�p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �d�e�s�i�g�n�s� �w�i�t�h� �v�e�r�y� �s�m�a�l�l� �v�a�l�u�e�s� �o�f� �d�e�s�i�g�n� �l�o�a�d�,� �s�u�c�h� �a�s� 

�N�p�=� �1� �a�n�d� �2� �k�i�p�s�/�i�n�,� �n�o� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �i�f� �t�h�e� �m�o�d�e� �c�h�a�n�g�e�s� �a�r�e� �n�o�t� 

�a�l�l�o�w�e�d� �b�e�c�a�u�s�e� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �d�i�f�f�i�c�u�l�t�y� �e�x�p�l�a�i�n�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e�.� �U�n�l�i�k�e� 

�t�h�e� �p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e�,� �h�o�w�e�v�e�r�,� �t�w�o� �d�i�f�f�e�r�e�n�t� �s�o�l�u�t�i�o�n�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �e�v�e�n� �f�o�r� �l�a�r�g�e� 

�v�a�l�u�e�s� �o�f� �d�e�s�i�g�n� �l�o�a�d�s� �u�p� �t�o� �N�p� �=�1�0� �k�i�p�s�/�i�n�,� �b�y� �i�n�c�l�u�d�i�n�g� �a�n�d� �e�x�c�l�u�d�i�n�g� �t�h�e� �m�o�d�e� 

�c�h�a�n�g�e� �o�p�t�i�o�n�.� �F�o�r� �t�h�e�s�e� �l�o�n�g� �p�l�a�t�e�s�,� �s�e�v�e�r�a�l� �l�o�w�e�s�t� �e�i�g�e�n�v�a�l�u�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �a�r�e� �v�e�r�y� �c�l�o�s�e�l�y� �s�p�a�c�e�d�.� �A�s� �a� �r�e�s�u�l�t�,� �m�o�d�e� �c�h�a�n�g�e� �o�c�c�u�r�s� �a�t� �t�h�e� 

�e�a�r�l�i�e�r� �s�t�a�g�e� �o�f� �p�o�s�t�b�u�c�k�l�i�n�g� �l�o�a�d� �a�n�d� �p�l�a�t�e�s� �u�n�d�e�r�g�o� �m�o�d�e� �c�h�a�n�g�e� �s�e�v�e�r�a�l� �t�i�m�e�s� �b�e�f�o�r�e� 

�t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �i�s� �a�c�h�i�e�v�e�d� �e�s�p�e�c�i�a�l�l�y� �f�o�r� �t�h�e� �l�i�g�h�t�l�y� �l�o�a�d�e�d� �p�a�n�e�l�s�.� �W�h�e�n� �t�w�o� �d�i�f�f�e�r�e�n�t� 

�s�o�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �m�o�d�e� �c�h�a�n�g�e� �o�p�t�i�o�n�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �f�i�n�a�l� 

�w�e�i�g�h�t� �i�s� �n�o�t� �a�s� �s�i�g�n�i�f�i�c�a�n�t� �(�2�.�1� �t�o� �6�.�3�%�)� �a�s� �t�h�e� �p�r�e�v�i�o�u�s� �s�q�u�a�r�e� �p�l�a�t�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�.� 

�T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �f�o�r� �l�o�n�g� �p�l�a�t�e�s� �t�h�e� �s�l�o�p�e�s� �i�n� �t�h�e� �l�o�a�d� �e�n�d�-�s�h�o�r�t�e�n�i�n�g� �c�u�r�v�e� 

�b�e�t�w�e�e�n� �a�d�j�a�c�e�n�t� �t�w�o� �h�a�l�f� �w�a�v�e�s� �a�r�e� �n�o�t� �m�u�c�h� �d�i�f�f�e�r�e�n�t� �a�n�d� �a� �d�e�e�p� �j�u�m�p� �d�o�e�s� �n�o�t� 

�o�c�c�u�r� �a�t� �m�o�d�e� �c�h�a�n�g�e� �a�s� �s�e�e�n� �i�n� �F�i�g�.� �(�1�5�)�.� 

�C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �t�o�t�a�l� �t�h�i�c�k�n�e�s�s�e�s� �o�f� �t�h�e� �l�o�n�g� �p�l�a�t�e�s� �d�e�s�i�g�n�e�d� �f�o�r� �b�u�c�k�l�i�n�g� �a�n�d� 

�p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� �w�i�t�h� �t�h�o�s�e� �o�f� �t�h�e� �s�q�u�a�r�e� �p�l�a�t�e�s� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� 

�e�x�a�m�p�l�e� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�.� �(�2�8�)�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �t�o�t�a�l� �t�h�i�c�k�n�e�s�s�e�s� �o�f� �s�q�u�a�r�e� 

�a�n�d� �l�o�n�g� �p�l�a�t�e�s� �a�r�e� �a�l�m�o�s�t� �t�h�e� �s�a�m�e� �f�o�r� �t�h�e� �s�a�m�e� �d�e�s�i�g�n� �l�o�a�d�.� �F�i�g�.� �(�2�9�)� �s�h�o�w�s� �t�h�e� 

�w�e�i�g�h�t� �o�f� �s�q�u�a�r�e� �a�n�d� �l�o�n�g� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e�s� �d�e�s�i�g�n�e�d� �f�o�r� �t�h�e� �p�o�s�t�b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h� 
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�n�o�r�m�a�l�i�z�e�d� �b�y� �t�h�a�t� �f�o�r� �t�h�e� �b�u�c�k�l�i�n�g� �s�t�r�e�n�g�t�h�.� �A�g�a�i�n�,� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �s�i�m�i�l�a�r� �d�e�g�r�e�e�s� 

�o�f� �w�e�i�g�h�t� �s�a�v�i�n�g�s� �a�r�e� �a�c�h�i�e�v�e�d� �f�o�r� �t�w�o� �d�i�f�f�e�r�e�n�t� �p�l�a�t�e� �a�s�p�e�c�t� �r�a�t�i�o�s�.� �F�r�o�m� �t�h�i�s� 

�c�o�m�p�a�r�i�s�o�n�,� �i�t� �c�a�n� �b�e� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �w�e�i�g�h�t� �s�a�v�i�n�g�s� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �p�l�a�t�e� 

�a�s�p�e�c�t� �r�a�t�i�o�.� 

�T�h�e� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �l�o�n�g� �a�s�p�e�c�t� �r�a�t�i�o� �p�l�a�t�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h� 

�a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e�s� �1�1�b� �a�n�d� �l�l�c�,� �a�l�o�n�g� �w�i�t�h� �s�o�m�e� �o�t�h�e�r� �p�o�s�s�i�b�l�e� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� 

�f�o�r� �b�u�c�k�l�i�n�g� �a�n�d� �u�l�t�i�m�a�t�e� �s�t�r�e�n�g�t�h� �d�e�s�i�g�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �¢�,� �=� �0�.�0�2� �i�s� �u�s�e�d� �a�n�d� �a�l�l� 

�f�e�a�s�i�b�l�e� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �m�e�t�h�o�d�.� �A�l�t�h�o�u�g�h� �s�e�v�e�r�a�l� �o�t�h�e�r� 

�n�e�i�g�h�b�o�r�i�n�g� �d�i�s�c�r�e�t�e� �s�o�l�u�t�i�o�n�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d�,� �b�e�t�t�e�r� �d�e�s�i�g�n�s� �w�i�t�h�o�u�t� �v�i�o�l�a�t�i�n�g� �t�h�e� 

�c�o�n�s�t�r�a�i�n�t� �w�e�r�e� �n�o�t� �p�o�s�s�i�b�l�e�.� �T�h�e� �c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �i�n� �7� �t�o� 

�9� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s� �a�n�d� �d�i�s�c�r�e�t�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n�s� �i�n� �8� �t�o� �1�5� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e�s�.� 
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