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(ABSTRACT)

Three new computational procedures are presented for the simulation of
incompressible wall-bounded turbulent flows. First, an integral method based on the strip-
integral method has been developed for the solution of three-dimensional turbulent boundary-
layer flows. The integral equations written in a general form using non-orthogonal streamline
coordinates include the turbulent shear stress at the upper limit of an inner strip inside the
boundary-layer. The shear stress components are modeled using the Boussinesq assumption,
and the eddy viscosity is defined explicitly as in differential methods. The turbulence modeling
is not hidden in opaque empirical correlations as in conventional integral methods. A practical
four-parameter velocity profile has been established based on the Johnston Law of the Wall
using a triangular model for the crosswise velocity. Two strips are used to solve for the four
unknowns: skin friction coefficient, wall crossflow angle, boundary-layer thickness, and location
of maximum crosswise velocity. The location of maximum crosswise velocity proves to be a
natural and adequate parameter in the formulation, but it is numerically sensitive and has a
strong influence on the wall crossflow angle. Good results were obtained when compared to

predictions of other integral or differential methods.

Secondly, two computational procedures solving the Reynolds Averaged Navier-
Stokes equations for 2D and 3D flows respectively have also been developed using a new
treatment of the near-wall region. The flow is solved down to the wall with a slip velocity based
on Clauser's idea of a pseudolaminar velocity profile. The present idea is different from the wall-
function methods and does not require a multi-layer eddy viscosity model. The solution of the
equations of motion is obtained by the Finite Element Method using the wall shear stress as a
boundary condition along solid surfaces, and using the Clauser outer region model for the eddy
viscosity. The wall shear stress distribution is updated by solving integral equations obtained



from the enforcement of conservation of mass and momentum over an inner strip in the near-
wall region. The Navier-Stokes solution provides the necessary information to the inner strip
integral formulation in order to evaluate the skin friction coefficient for 2D flows, or the skin
friction coefficient and the wall crossflow angle for 3D flows. The procedures converge to the
numerically "exact” solution in a few iterations depending on the accuracy of the initial guess for
the wall shear stress. A small number of nodes is required in the boundary-layer to represent
adequately the physics of the flow, which proves especially useful for 3D calculations. Excellent
results were obtained for the 2D simulations with a simple eddy viscosity model. 3D calculations
gave good results for the turbulent boundary-layer flows considered here.

The present methods were validated using well-known experiments chosen for the
STANFORD conferences and EUROVISC workshop. The 2D numerical predictions are
compared with the experimental measurements obtained by Wieghardt-Tillmann, Samuel-
Joubert, and Schubauer-Klebanoff. For the 3D analyses, the numerical predictions obtained by
the strip-integral method and the Finite Element Navier-Stokes Integral Equation procedure are
validated using the Van den Berg-Elsenaar and Mdller-Krause experiments.
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“Concern for man himself and
his fate must always form the
chief interest of all technical
endeavors . . . in order that the
creations of our minds shall be
a blessing and not a curse to
mankind. Never forget this in
the midst of your diagrams and
equations."

Albert Einstein in an address to the students of

the California Institute of Technology



CHAPTER 1

INTRODUCTION

Engineers and Flow Predictions

One of the tasks faced by aeronautical and naval engineers is to predict the
aerodynamic or hydrodynamic characteristics of different devices, such as wings, control
surfaces, and propellers, with the objective of improving the overall design. Many reasons give
a strong motivation to invest time and energy in seeking new solutions: increasing performance
and efficiency (e.g. more thrust with less input power), decreasing the influence of undesirable
factors (e.g. reduce vibrations and noise), or even exploring entirely new ways to attain the
same goal (e.g. subsonic to supersonic to . . . hypersonic transportation). Each new sought

improvement requires new studies and new predictions.

The predictions can be obtained analytically (theoretically), experimentally in
laboratories, or numerically by computer simulations. These different approaches have their
advantages and limitations, as mentioned by Anderson et al [1] in their introductory remarks.
Analytical methods usually give a solution in closed-form making the study of the given
parameters straightforward. General conclusions are easily obtained with minimum effort and at
low costs, but they are restricted to simple models and simple problems. On the other hand,
they can be coupled with numerical methods extending their field of application. Analytical
methods are rarely used directly as a design tool but are rather imbedded in computational

procedures to obtain preliminary or intermediate results.

Experiments do not require a mathematical model; the fluid "is" and the processes
occur "naturally." However, the acquisition of information about the flow characteristics is not
trivial. The instrumentation is not always accurate and the measuring devices sometimes induce
perturbations in the flow leading to misinterpretation of the measurements. Some
characteristics cannot be measured directly but have to be calculated by the intermediate of
other sources of data. Furthermore, it is often impractical or even impossible to reproduce
certain flow conditions in the testing facilities. Finally, experimental simulations are expensive

and there is no prospect for their cost to go down in the near future [2].



With the development of new technology, the performance of computers increases
while the cost is reduced, offering the possibility to get cheaper predictions for a wider range of
flow conditions without measurement limitations. As early as 1975, the study of Dean R.
Chapman, director of Astronautics at NASA Ames Research Center, clearly showed that
computers are an indispensable tool in flow simulations [3]. At that time, the rapid increase of
computer capabilities, mainly in speed and storage, and the development of new computational
methods started to: “. . . bring about a reversal in the traditional roles of computation and
experiment in providing simulations of physical phenomena® [3]. This trend continued over the

years, and computer simulations are now a major part of the design process [4,5].

Even if experiments are not viewed anymore as the main ingredient in the design
process, they are still important as a research tool [6], especially for the development of
turbulence models. The experimental investigation of basic flows sheds some light on new
problems helping the development of improved computational methods. Therefore, our overall
concern should be focus on exploring new practical ways to use the computer for flow

simulations, based on the information available from existing experiments and analyses.
Computers and Turbulent Flows

For most practical applications, the flow is mainly turbulent, and the nature of a turbulent
flow is more complex than the nature of a laminar flow [7-9]. The motion of fluid particles is
swirling with random and irregular fluctuations. The swirling fluid particles are called eddies, and
their size spans several orders of magnitude. The different processes, i.e. convection,
diffusion, etc., are also more complex than for a laminar flow. A turbulent flow is inherently
unsteady and three-dimensional (3D), and it is generally accepted that the unsteady 3D Navier-
Stokes equations are a valid mathematical model to represent the turbulent motion of fluid

particles.

But, flow simulations using this mathematical model are still problematic because of
limitations in present computer capabilities. Even in this era of supercomputers and massive
parallelism [10-12], it is still not possible to solve the previous set of equations along with the
continuity equation for practical configurations by Direct Numerical Simulation [13,14]. The
refinement of the grid must be such that it captures the motion cf the smallest eddies. If not,
part of the physics is not simulated, and the predictions become: inaccurate. Some attempts

have also been made to solve turbulent flows by resolving directly the motion of the larger



eddies while modeling the smaller ones. These methods are part of a class called Large Eddy
Simulation (LES) and use sub-grid scale models [14,15]. The LES methods are also restricted
to simple flows, e.g. homogeneous flows, because of cornputer limitations.

The most common approach to overcome this problem is to divide the motion into mean
and fluctuating components, and to average each term in the equations with respect to time.
The resulting equations are called Reynolds Averaged Navier-Stokes equations. They have
the same form as the original Navier-Stokes equations, except for supplementary terms due to
the transport of momentum by the fluctuating components. These terms act like stresses on
the fluid and are thus called "apparent” stresses or Reynolds stresses. The next step consists
in finding new algebraic and/or differential equations to solve for these quantities along with the

mean velocity components and the pressure; this is known as the closure problem.

The presence of fluctuations in a turbulent flow not only changes the nature of the
motion of the fluid particles, it also shifts the problem in the analysis. Because of the presence
of the Reynolds stresses in the equations of motion, one must now talk about turbulence
modeling. Another problem becomes apparent when examining the empirical information. A
very small region adjacent to the wall surface shows a high velocity gradient and more important
viscous effects. The treatment of the near-wall region (also called the inner region of the
boundary-layer) is an integral part of turbulence modeling. The type of approach used to model
the Reynolds stresses influences the treatment of the wall region and vice-versa. The choice of
turbulence modeling has the highest impact on the quality of the predictions and on the

practicality of the computer method.
Classification and Objectives

During the years of research and development in turbulent flow applications, a large
number of technical works were published by numerous scientists from all over the world.
Furthermore, many new experiments were designed to achieve a better understanding of the
fundamental characteristics of turbulent flows in practical cases. The number of
communications increased rapidly, and it became difficult to collect all the data, to analyze ideas

and results, and to draw pertinent conclusions from all these analyses.

In 1968, a conference on the computation of turbulent boundary-layers was organized
at Stanford university and sponsored by the AFOSR in order to assess the state-of-the-art in



turbulence modeling and to evaluate the various numerical methods using benchmark
experiments [16]. A paper by Reynolds [17] provided an outline of the main factors to be
considered for the classification and evaluation of turbulence models and numerical methods.
This conference was a great success, and the information gathered by the organizers was seen
as the standard reference for new developments until the following Stanford conference which
took place in 1980-81 [18]. At that time, an updated overview of the latest developments in
turbulent flow computations was prepared by Ferziger, Bardina, and Allen [19]. The initial
morphology of prediction methods was expanded, and the new classification included a
morphology of the flows, a morphology of the turbulence models (and mathematical models),

and a morphology of the numerical methods.

The Stanford conferences dealt mainly with two-dimensional (2D) turbulent flows, but a
survey of three-dimensional (3D) turbulent boundary-layer experiments was undertaken for that
meeting by Humphreys and van den Berg [20]. This preliminary study was followed in 1982 by a
EUROVISC workshop in Berlin [21], where experimental measurements and numerical
predictions were presented and discussed with the same objeclives as for the previous two
meetings. Therefore, the proceedings of the Stanford conferences and EUROVISC workshop
provide the set of "developer's tools" necessary to design new computational procedures by
giving access to a “library” of existing turbulence models and numerical methods, and to a large

database of flow experiments and numerical results for the validation of new predictions.

The objective of the present work is to introduce new computational procedures to
simulate incompressible wall-bounded turbulent flows in or about two-dimensional or three-
dimensional geometries, using the above-mentioned sources as main references. The ideas
and concepts are presented in Chapter 2 within the perspective of the morphology proposed at
the 1981 meeting. The different approaches are globally introduced with respect to existing
models and methods, and the mathematical background is established in order to prepare the

presentation of the developments for each of the three simulation procedures.

First, a three-dimensional integral method was developed as an extension of the 2D
strip-integral method presented by Moses [22] at the 1968 Stanford conference. The
application of the strip-integral concept to incompressible flow problems proves to be a more
natural way to introduce the physics in the mathematical medel, when compared to the
conventional integral methods. The strip-integral method does not depend as much on

correlations, and there is no need for empirical relationships for the entrainment coefficient, the



skin friction coefficient, or any other coefficients or functions. The turbulence modeling is
completely "open® as in differential methods [23]. The mathematical developments and the
validation of the predictions of the STRIP3D integral method are presented in Chapter 3.

Two computational procedures have also been designed to solve the Reynolds
Averaged Navier-Stokes equations by the Finite Element method for two- and three-
dimensional flow problems respectively [24]. The flow is solved down to the wall with a slip
velocity following Clauser's idea of pseudolaminar velocity profile [25]. The wall shear stress is
imposed as boundary condition for the Navier-Stokes solution, and corrected values are
obtained by enforcing the conservation principles over a small strip in the inner region of the
boundary-layer. The strip-integral method is also used in these procedures but under a 1-strip-
integral formulation. The turbulence modeling is provided through an algebraic equation for the
eddy viscosity in the outer region. The description and validation of the 2D computational
procedure called FENSIE can be found in Chapter 4, while the 3D computational procedure
called FENSIES is introduced in Chapter 5.

All numerical predictions are compared with the experimental measurements of
benchmark test cases. The 2D results are validated for three cases: the Wieghardt-Tillman flow
over a flat plate; the Samuel-Joubert flow over a flat surface with a moderate adverse-pressure
gradient; and the Schubauer-Klebanoff flow about an airfoil-like body with a strong adverse-
pressure gradient. The 3D results are validated using two experiments: the Van den berg-
Elsenaar flow over a flat surface with a 35° sweep angle under infinite swept-wing conditions in
an adverse-pressure gradient; and the Maller-Krause flow over a flat surface with an adverse-
pressure gradient in the streamwise direction and an induced pressure gradient in the
crosswise direction. The present methods prove to be efficient and practical tools for the

simulation of incompressible wall-bounded turbulent flows.



CHAPTER 2

IDEAS, CONCEPTS, AND MORPHOLOGY

The 1968 and 1980-81 Stanford conferences, and the 1982 EUROVISC workshop
marked major points in time when the scientific community gathered in order to assess the state-
of-the-art in turbulence modeling and computational methods for turbulent flows. In 1981, a
classification was proposed to evaluate and compare the different models and methods through
a morphology of the flows, a morphology of the turbulence models (and mathematical models),
and a morphology of the numerical methods [19]. This document is still seen as a standard
reference and it provides helpful guidelines for the comparative description of new
developments in turbulent flow analysis. The main ideas and concepts behind the present
computational procedures are elaborated in the next sections following the classification
proposed for the 1981 meeting and, when necessary, amendments to the original morphology

are introduced and discussed.
2.1 Morphology of Flows

The proposed classification is reproduced in Figure 2.1. The classification scheme
depends on the state of the fluid, the flow conditions, and the physical environment of the flow.

As can be observed, the following factors are considered:

Homogeneous Inhomogeneous
Incompressible Compressible
Free-shear flow Wall-bounded flow

*Simple® strains “Extra” effects

The applications and the range of applicability considered in the present work lead to the

following choices:

External flow Internal flow
Attached flow Separated flow
Mixing layer Wake
Near-field Far-field
Transonic Supersonic



Inhomogeneous

Incompressible

Wall-bounded flow

“Simple" strains and"Extra” effects
External and Internal flows
Attached flow

For practical cases, the flow is inhomogeneous, which means that the statistical state of the fluid
at a given time varies in space. The applicability is limited to incompressible wall-bounded
turbulent flows with either “simple” strains as for flows over flat surfaces, or "extra" effects as for
flows over walls with curvature like an airfoil section or a wing. The present methods are also

applicable to external and internal flows in regions where there is no separation (attached flows).

This range of applicability is valid for flows in or about two-dimensional (2D) and three-
dimensional (3D) geometries. Another restriction must however be added for full 3D cases: the
case of flow reversal. An example is the flow about a cylindrical body standing perpendicularly
over a flat surface [26]. The fluid particles in the boundary-layer developing on the flat surface
deviate from the main flow direction under the induced pressure gradient created by the body,
producing a crosswise velocity relative to the external streamlines. The crosswise velocity
profile is of bell-shaped type with a maximum crosswise velocity in the boundary-layer. With the
fluid going around the body, the main flow is brought back to the original direction and some
fluid particles move in the reverse crosswise direction under the inverse induced pressure
gradient. Thus, this flow reversal causes an S-shaped crosswise velocity profile in some regions
of the flow. This case is outside the range of applicability of the present integral method.

2.2 Morphology of Mathematical and Turbulence Models

The primary classification of the mathematical and turbulence models is reproduced in
Table 2.1. Level 1 represents methods depending only on empirical information and
correlations with experimental measurements. Level 2 represents integral methods in which
the turbulence modeling is done through empirical relations for the skin friction coefficient, the
entrainment coefficient, or other coefficients and functions. Levels 3 to 6 are different types of
turbulence modeling for differential equations. In the proposed morphology, a secondary

classification is then presented for Levels 2, 3, and 4.



Here the classification is rather extended and discussed for two categories: the
category of differential equations making use of Level 3 models; and the category of integral
equations, which includes Level 2 methods and some of the Level 3 turbulence models. The
models at Levels 4, 5 and 6 are not included in the discussion. The Two-point Closure models
(Level 4), which are based on spectral theories of turbulence, the Large Eddy Simulation [15]
(Level 5), and the Full (or Direct) Simulation [13] (Level 6) are currently restricted to simple flows.
These methods are of fundamental interest, but are not considered as practical engineering

tools at the present time.
Differential Equations

The unsteady three-dimensional form of the Navier-Stokes equations is generally
accepted as a valid mathematical model to represent the turbulent motion of fluid particles. The
motion of the fluid is swirling with random and irregular fluctuations, and the size of the eddies
spans several orders of magnitude, the smallest being about 1073 times the characteristic size
of the flow domain [1]. The velocity fluctuations of the particles also span a wide range of
frequencies [9]. The requirements in computer capabilities, processing speed and storage, are
such that today's supercomputers can only be used for simple flows, e. g. homogeneous flows,

because of the fine mesh and time step required.

The most common approach to overcome this problem is to divide the motion into mean
and fluctuating components, and to average each term in the equations with respect to time.
This decomposition is due to Reynolds and the new form of the equations for the mean
quantities is called the Reynolds Averaged Navier-Stokes equations. Assuming steady flow in
the mean, the continuity equation and the momentum equations in tensor notation are written

as:

y.=0 2.1)

P uj Ui =P+ KUy ) - puiv] (2.2)

where p is the density, y; are the mean velocity components, u;' are the fluctuating velocity

components, p is the mean pressure, and p is the laminar viscosity. Equations (2.2) have the
same form as the Navier-Stokes equations except for the last term of the right-hand side. These

supplementary terms are due to the transport of momentum by the fluctuating components.



Because this last term appears as a viscous term, it is seen as a representation of "apparent*

stresses, also known as Reynolds stresses.

In order to solve the system of equations, the Reynolds stresses must be related to the
mean flow quantities throughout algebraic and/or differential equations. The turbulence
modeling is then classified as Level 3 and refers to one-point closure methods. The
classification of one-point closure methods is presented in Table 2.2. The Boussinesq class of
models is based on the Boussinesq assumption, which states that the Reynolds stresses are

proportional to the mean strain rates:
-puiu =pr (U ;) (2.3)

where pi is the turbulent viscosity, also known as eddy viscosity. The closure problem is then

translated to finding an appropriate model for the eddy viscosity. This approach is the most
popular by far, and numerous models ranging from extremely simple to highly complex have

been developed in the past.

The other classes of one-point closures include the Algebraic, Differential, and
Reynolds-stress models. All three classes assume that the Reynolds stresses are not
proportional to the mean strain rates. For the Algebraic models, the Reynolds stresses are
approximated by algebraic equations, while a system of differential equations is solved for the
two other classes. The Reynolds-stress models use one equation for each relevant Reynolds
stress, while a smaller number of equations than the relevant stress components is used for the
Differential models.

A sub-classification was established for the Boussinesq models and a reproduction is
shown in Table 2.3. These models are often labeled considering the type and number of
equations. The labeling system is also included in the right column of Table 2.3. Algebraic
equations are not counted as equations but are rather taken as ways to prescribe either the
eddy viscosity or the mixing length (l.,). Ordinary differential equations (ODE) are counted as
half equations while partial differential equations (PDE) are considered as full equations.
Turbulence models using prescribed values for the eddy viscosity are called zero-equation
models or algebraic eddy viscosity models. A half-equation model uses an ODE to represent
the mixing length, which appears explicitly in the eddy viscosity relation. One-equation models,
also known as TKE models, use a PDE derived from the conservation of energy for the
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fluctuations and solved for the turbulent kinetic energy (k). If the mixing length is obtained
through an ODE, the models are then known as one-and-a-half equation models. The last class
uses a set of two partial differential equations for two quantities chosen among the turbulent
kinetic energy, the mixing length, or a combination of the first two of the form kalmb. A popular

choice is the turbulent dissipation rate

c K32
Im (2.4)

€=

Another is the specific dissipation rate (), and a third one is kzlm. The usual combinations are

presented in Table 2.3. For all these formulations, the closure problem remains to find an
approximate representation for the diffusion, production, and dissipation terms of the PDE's in
relation with the turbulent kinetic energy, the mixing length, the new combined quantities, and

the mean flow quantities.

The Navier-Stokes computational procedures proposed in this work utilize a prescribed
eddy viscosity model combined with a new treatment for the near-wall region. This new wall
treatment can be implemented in other types of formulations, but it is appropriate to first validate
a new concept in the simplest formulations. Also, algebraic eddy viscosity models, although
conceptually simple, have been found adequate for flows near equilibrium pressure gradient
conditions [16]. It was previously mentioned that the treatment of the wall region is as important
as the treatment of the Reynolds stresses and therefore, it is especially important to verify the
extent of applicability of a simple eddy viscosity model for a particular treatment of the wall.

The present treatment of the near-wall region is based on an extension of an original
idea of Clauser [25]. In the analysis of turbulent boundary-layer with emphasis on the outer
region, Clauser observed that the velocity profile seems to intersect the wall with a non-zero
velocity and that the eddy viscosity remains almost constant across the outer region. Based on
these observations, he reduced the momentum equation for the turbulent boundary-layer over
a flat plate to the équation of Blasius for laminar flow assurming a pseudolaminar velocity profile
with a slip velocity at the wall. After rescaling the coordinates and matching experimental data on
a defect law plot (see Fig. 2.2), he obtained the following relation for the eddy viscosity, which is

known as the Clauser outer region eddy viscosity model:

pr=CpU, & (2.5)
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where p is the density, U, is the edge velocity, * is the displacement thickness, and C is a

constant that Clauser found to be C=0.018 for the flat-plate problem. The analysis was
extended to include flows with equilibrium pressure gradient, and the same form of equation
was found adequate, except that other researchers judged that C=0.0168 was a better choice
for all types of flow [9].

This model is valid only for the outer region. Other models have been developed for
the inner region to represent the eddy viscosity which decreases in magnitude from its outer
region constant value to zero at the wall. The analysis of the inner region is more complex due
to the high and rapidly changing velocity gradients and the presence of the laminar sub-layer.

This makes the treatment of the wall region an important part of turbulence modeling.

Table 2.4 shows the classification of existing types of treatment near solid walls. The
first approach solves the flow down to the wall assuming no-slip velocity. A multi-layer eddy
viscosity is required over the entire boundary-layer and a very fine mesh must be used to get
accurate predictions for the wall shear stress. This leads to large requirements in computer
storage and processing speed making this approach impractical for 3D flow analyses. A method
was proposed by Schetz and Favin [27] to reduce the mesh requirements near the wall. The
method also solves the flow down to the wall using a no-slip condition, but the wall shear stress
is evaluated by matching the calculated velocity derivative at a point away from the wall with the
velocity derivative from the Law of the Wall. The predictions of the wall shear stress are accurate
with a coarser mesh. The second approach solves the flow down to a point located above the
wall where the velocity is calculated using the Law of the Wall. These methods are often
referred to as wall-function methods [28]. The eddy viscosity is thus not required below the
point where the wall function is applied. This approach also alleviates the mesh requirements,
which is useful especially for 3D flows. However, the imposition of the velocity or its derivative at
a fixed point using an empirical relation proves to be constraining and inaccurate for flows
outside the range of validity of the Law of the Wall, which is well documented only for 2D flows

over smooth, solid surfaces.

The present approach for the treatment of the near-wall region uses the idea of a
pseudolaminar velocity profile. The flow is solved down to the wall assuming a slip velocity, and
the wall shear stress is imposed as a boundary condition. The Reynolds Averaged Navier-
Stokes equations with the wall shear stress boundary condition can be viewed as solving the

flow in the outer region of the boundary-layer. Two advantages are apparent from this
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approach: first, an eddy viscosity model is required only for the outer region, which simplifies
greatly the turbulence modeling; second, a relatively coarse mesh can be used, resulting in
computational savings and making the method practical for 3D flows. The wall shear stress is
obtained by enforcement of conservation of mass and momentum in an integral sense over a
thin strip in the near-wall region (see Fig. 2.3). Interaction between the Navier-Stokes
formulation and the inner strip formulation is done through the wall shear stress, the
displacement thickness, and the velocity and shear stress at the upper limit of the inner strip
(see Fig. 2.4). The physics of the flow is better represented by enforcing conservation of mass
and momentum over a thin strip than by matching the velocity or the velocity derivative at a fixed

point above the wall as in wall function methods.

The inner strip formulation is obtained by the strip-integral method. The discussion of
the formulation will be presented after the review of the methods for integral equations, which

includes the strip-integral method.
Integral Equations

The classification of the methods for integral equations is based on the additional
equation used in combination with the momentum integral equation for 2D analyses or with the
two momentum integral equations for 3D analyses. One of the three following equations is
used:

1- Energy integral equation
2- Moment of momentum equation
3- Entrainment equation

The choice of the additional equation influences the type of correlations necessary to "close"
the model [29]. In most cases, the skin friction coefficient is modeled by a skin friction law, such
as the Ludwig-Tillmann relation or Green's formula, and more empiricism must be included
through correlations for the shape parameter, the entrainment coefficient, or the viscous

dissipation function.

In conventional integral equations, the effects of turbulence are not included explicitly
in the formulation but are rather imbedded in the empirical relations. As stated by Humphreys
and Lindhout, the turbulence modeling tends to be “hidden in opaque correlations” [30]. This
situation justifies the proposed morphology of turbulence models, which classifies the integral
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methods as one level of turbulence models. However, it is somehow restrictive to include the
form of the basic equations of motion in the classification of turbulence models. The turbulence
modeling depends directly on the mathematical model, but it is important to remember that a
turbulence model is not only restricted to just one form of equations. An example of this

distinction can be found with the strip-integral method.

The strip-integral method is a particular case of the Method of Weighted Residuals [31].
It has been applied to laminar boundary-layers by Pallone [32], and to two-dimensional
incompressible turbulent boundary-layers by Moses [22]. The strip-integral method uses the
momentum integral equation defined over as many control volumes as there are unknown

parameters to be evaluated.

For a two-dimensional analysis, the conservation of mass and momentum is applied to a
control volume of finite height (H) and infinitesimal base (dx) as shown in Figure 2.5 leading to

the following general integral equation:

H H
ij uzdy - uHiJ udy = -."_'@.. +M
dx|, dx], P dx p (2.6)

where u is the velocity, u, and T, are respectively the velocity and the shear stress at the upper
limit of the control volume, and T,, is the wall shear stress. If the height of the control volume is

taken as the boundary-layer thickness (8), the equation becomes:

) )
dj udy -U, dJ udy=-§ S
dx o dx 0 P P (27)

Q‘I'o

where U is the velocity at the edge of the boundary-layer. The integrals of the velocity are left

in the last equation instead of replacing them by use of the definitions of the displacement

thickness (6*) and momentum thickness (6):

E
= '
[ (- o

[
0= YU [1-Uidy
L T (2.8b)
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The transformation of equation (2.7) using the definitions of §* and 8, and using Bernoulli
equation for the pressure gradient would give the famous Von Karman equation used by most

integral methods [29].

Assuming that the edge velocity distribution is known, the only unknowns in equation
(2.7) are the velocity function u(y), the boundary-layer thickness, and the wall shear stress. The
velocity function can be approximated by the Law of the Wake, a parametrized velocity profile
depending on three parameters: the edge velocity, the skin friction coefficient (Cy), and the

boundary-layer thickness. Thus, the velocity function assumes the following form:

u=u(y, U, Cy, ) (2.9)

Knowing that

e
W= oL (2.10)

the only remaining unknown parameters are Ct and 8. An additional equation is then required to
solve for the two unknowns. Using equation (2.6) for a control volume extending from the wall
to an arbitrary location inside the boundary-layer, an additional momentum integral equation for
an inner strip over the wall is then obtained as a second equation. The same parametrized
velocity profile can be used in the integrals, and the shear stress at the upper limit of the inner
strip (Ty,) is the only term remaining to be determined. Therefore, the closure problem is now
reduced to finding a model for the turbulent shear stress as in differential methods, except that
the turbulent shear stress needs to be modeled only along a single line at the upper limit of the

inner strip.

Therefore, compared to conventional integral methods, the strip-integral method
shows many advantages. First, the entrainment equation, the energy integral equation, or the
moment of momentum equation is not required. Second, no empirical relations are required for
the skin friction coefficient, the shape parameter, or any other coefficients. Third, empirical
information is included through the parametrized velocity profile, but the integration of the
velocity tends to diminish the effects of modeling errors. And finally, the turbulence modeling is

completely "open® as for differential methods.

For his work, Moses used the Boussinesq assumption to represent the shear stress.

The derivative of the velocity at the upper limit of the inner strip was obtained using the
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parametrized velocity profile, and an algebraic outer region model was chosen to model the
eddy viscosity. As mentioned above, the location of the upper limit of the inner strip is arbitrary
and it can be set in the lower part of the outer region making the turbulence model quite simple
to implement. The set of two first-order ordinary differential equations is solved for the two
unknown parameters Cf and 8. This method was applied on the selection of flows chosen for
the 1968 Stanford conference and performed very well, even compared to differential methods
and even though a simple turbulence model was used in the strip-integral method. The
applicability of the strip-integral method can be extended to include higher-order turbulence

models following an analysis similar to the one for differential methods.

The strip-integral method can also be extended to three-dimensional turbulent
boundary-layer analysis. The conservation of mass and the conservation of momentum in the x
and z directions are applied to a control volume of finite height (H) and infinitesimal base (dx by

dz) as shown in Figure 2.6 giving the following integral equations in Cartesian coordinates:

H H B H (H
ij udy +ij uwdy - un ij udy+2| wdy|=-HP + (BxHTow)
ax |, 0z, | ox 0z P ox p 2.11a)

1]

H H H H
ij Wzdy+ij uwdy - wy ij udy+_aJ wdy =-HQB+(TzH'Tzw)
0z), ox |, | oxJ, 0z}, | Poz p (2.11b)

where u is the velocity component in the x direction, w is the velocity component in the z
direction, u and wy, are the velocity components at the upper limit of the control volume, T, 4

and T, are the shear stress components at the upper limit of the control volume, and T,,, and

T

2w are the wall shear stress components. These equations are also established for 2 strips;

one extending from the wall to the edge of the boundary-layer, and the other extending from
the wall to a location in the overlap region. A set of four equations is then available for the 3D

analysis.

The formulation depends primarily on the parametrization of the velocity profile. The
usual way to express the 3D velocity components is by streamline orthogonal coordinates [33],
leading to a streamwise velocity profile, U(y), and a crosswise velocity profile, W(y). Based on
the conclusions of the excellent review of three-dimensional Laws of the Wall by Olgmen and
Simpson [34,35], it was decided to use a new Law of the Wake based on the Johnston Law of
the Wall [36] with the Moses wake function [22] in the streamwise direction, and the Johnston
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triangular model (see polar plot, Fig. 2.7) for the crosswise velocity. The streamwise velocity
depends on the usual parameters and assumes the general form

U=U(y, Ug, Ct, Bw, 9) (2.12)

where By is the wall crossflow angle. The crosswise velocity depends on the streamwise
velocity, the edge velocity, the wall crossflow angle, and a factor defining the slope of the

straight line in region Il of the polar plot:

W =UtanBy for N <MNme
(2.13)
W=CmoUg-U)  for N>Tm
G = —Wme
with Us - Unc

where 1] is the normal coordinate (y) normalized with respect to the boundary-layer thickness,

and Nmc is the location of maximum crosswise velocity, which becomes an additional parameter

in the formulation. Thus, the crosswise velocity assumes the general form

W=W(y, U, Ct, Bw. 8, Timc) (2.14)

Here again, assuming that the edge velocity distribution is known and using Bernoulli
equation for the pressure gradients, plus knowing the fact that the velocity and shear stress
components in Cartesian coordinaies can be found from the velocities and shear stresses
expressed in streamline orthogonal coordinates, the remaining unknowns are the four
parameters in equations (2.12) and (2.14), and the turbulent shear stresses at the upper limit of
the inner strip. These shear stresses are also modeled using the Boussinesq assumption, and
they are determined using an algebraic eddy viscosity model and the velocity derivatives
evaluated from the parameterized velocity profiles. The streamwise and crosswise velocity
profiles form a practical 4-parameter family, the four parameters being: the boundary-layer
thickness, the skin friction coefficient, the wall crossflow angle, and the location of maximum
crosswise velocity. Therefore, the set of four equations is solved for four unknowns. The

complete details of the formulation are presented in Chapter 3.
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Near-Wall Integral Formulation

The treatment of the near-wall region is based on the application of the conservation
principles over a thin strip extending from the wall to a location in the overlap region of the
boundary-layer. For a two-dimensional analysis, the strip-integral equation is represented by
equation (2.6) in which H is the location of the upper limit of the inner strip. The velocity needs
to be approximated exclusively over the inner region contrarily to a full boundary-layer analysis.
Therefore, the Law of the Wall is a suitable representation for the velocity profile. The Law of
the Wall in the overlap or logarithmic region is usually written as:

u 1 Ir{pu.y) +C
Us K \ 1

where u. is the friction velocity, and K and C are constants. Choosing the displacement

(2.15)

thickness (6*) as characteristic dimension, equation (2.15) can be rewritten as:

u .
T A Ir(CLwA Reg Tl) 216

where 1] is the transverse coordinate normalized with respect to the displacement thickness,
Rejg« is the Reynolds number based on the displacement thickness, A is a normalized form of

the wall shear stress, and C,,, is a constant. The velocity profile thus assumes the general form:

u=u(y, U, Ct, 8% (2.17)

Introducing the velocity profile in equation (2.6), the remaining unknowns are then U,
Cs, 8", the pressure gradient, and the velocity and shear stress at the upper limit of the inner
strip. The values of all these variables are provided by the Navier-Stokes solution for the whole
layer, except for the skin friction coefficient which is imposed as a boundary condition.
Therefore, the integrai equation is used to calculate the corrected skin friction coefficient

distribution that will be used at the following iteration until convergence is reached.

A similar development is performed for a three-dimensional analysis. The strip-integral
equations are represented by equations (2.11a) and (2.11b) in which H is the location of the
upper limit of the inner strip. Here also the Johnston Law of the Wall is a suitable representation

for the velocity profile, which assumes the general form:

U=U(y,U,, Ct, Bw, 3,) (2.18a)
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W= W( Y Ue’ Cf! BW' 81' nITC) (2-1 8b)

where 81 is the streamwise displacement thickness, which is used as characteristic dimension

for 3D flows, and Mmc is now normalized with respect to 3.

Introducing the velocity profile in equations (2.11a) and (2.11b), the unknowns are then
Ug. Ct, Bw: 81, ime. the pressure gradient, and the velocity and shear stress components at the
upper limit of the inner strip. The values of all these variables are provided by the Navier-Stokes
solution, except for the skin friction coefficient and the wall crossflow angle, which give the wall
shear stress imposed as boundary condition. Therefore, the set of two integral equations is
used to calculate the corrected skin friction coefficient and wall crossflow angle distributions that

will be used at the following iteration until convergence is reached.

The resolution of the integral equations and the Reynolds Averaged Navier-Stokes
equations is done by different classes of numerical methods. The comparative description is

presented in the next section.
2.3 Morphology of Numerical Methods

The classification of numerical methods is divided in two categories as shown in Table
2.5. The first category is related to the discretization of the equations, and the second to the
solution technique. The discussion about a numerical method depends on the form of the
basic equations. Two forms are employed in the present work: first-order differential equations
for the 2-strip-integral and the 1-strip-integral formulations; and the Reynolds Averaged Navier-
Stokes equations, which are second-order partial differential equations.

Strip-Integral Equations

The morphology applies mainly to differential equations, and the proposed sub-
classification is not adapted to the discussion of numerical methods for integral equations. First-
order differential equations assume the propagation of information “signals" from one end of
the domain, where the dependent variables are known, towards the other end. For equations
with one independent variable like the 2D 1-strip-integral equation, the dependent variables are
known at an initial point, and the solution is calculated along the line defined by the
independent variable. For equations with two independent variables such as in the 3D strip-

integral formulations, the dependent variables must be known along two lines intersecting at
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one point in space, and the solution is sought for the domain included between these two lines.
Therefore, a natural numerical scheme is obtained by a marching solution technique using an
approximation of the first-order derivatives by backward difference with respect to the point of

the domain where the dependent variables are to be calculated.

The most popular marching schemes belong to the Runge-Kutta family [37]. For the
present work, the second-order Runge-Kutta method was chosen because of its easy
implementation and sufficient accuracy. Fourth-order Runge-Kutta methods provide a higher
accuracy, which is not necessary here because of the limited precision of the known parameters

and the relatively small number of calculation steps.

The 2D 1-strip-integral formulation gives one ordinary differential equation of the

following form:

de _
dx (x.9) (2.19)

where ¢ is the dependent variable and x is the independent variable along the line of

integration. The Runge-Kutta method is thus expressed as:
&= .4 + 0.5 Ax { f(x;_1, ¢.9) +F(x;, &) } (2.20b)

Assuming ¢, known at x=x,, the function ¢ is evaluated at each successive step x; along the

line of integration.

For the 3D strip-integral formulations, a set of partial differential equations is obtained:

c'@?f= X Z ¢ ¢"
§ ox d ¢.4") =IN m=IN m# (2.21)

where ¢k are the dependent variables, X and Z are the independent variables defining the
mesh, and N is the number of dependent variables in the equations. The first part of the

integration of the Runge-Kutta method is written as:

zclk ¢ik' =zck i1 Ky ax fl(xi-p Z 4 04 g o4™ (2.22a)
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This linear set of N algebraic equations is solved by Gauss elimination, giving the intermediate
solution for all ¢ik at (X;,Z)). The second part of the integration then becomes:

Zckok=xckg, k105 Ax (101, 2y, 0 6™+ Z, 0 6™} (2:220)

This linear set of N algebraic equations is also solved by Gauss elimination, and the numerically
"exact” values of ¢ik are now known at (X;,Z). The solution is first computed for all nodes along
the first streamline adjacent to the limiting external streamline where the values of the
dependent variables are known, and then for the following streamlines until the end of the

domain is reached. The Courant-Friedrichs-Levi (CFL.) condition must always be satisfied, which
means that AX=X; j'xi-1 j must be small enough for the domain of influence to be included

between two adjacent external streamlines separated by a distance AZ=Z, | j'Zi-1 -1

Reynolds Averaged Navier-Stokes Equations

As mentioned above, the categorization of a numerical method is discussed with
respect to the discretization and the solution technique. The discretization is the process of
transforming the derivatives into finite differences and the continuous space into a grid of
nodes where the dependent variables are to be evaluated. Three general types of method
exist for differential equations: the Finite Difference method, the Finite Volume method, and

the Finite Element method.

The Finite Difference method performs the finite differentiation directly on fhe
derivatives of the differential equations. The finite difference equations are written for each
node of the discretized domain, and special cases arise near the boundaries where the
derivatives must be approximated using other differencing schemes depending on the
boundary conditions. For a physical domain with curved or non-aligned boundaries, a
transformation of the coordinates system must be performed in order to obtain a regular
computational domain. Many mapping methods exist either algebraic or differential, and the
most popular methods are based on the work of Thompson [38], which uses the solution of
partial differential equations of the Poisson type to obtain boundary-fitted coordinates. The
disadvantage of this approach is that the differential equations must be written in the new

coordinates system, making the formulation mathematically more complex.

The Finite Volume method uses the conservation principles (mass and momentum,

plus energy when required) applied to small control volumes to obtain the equations written in
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integral form. The computational domain is constructed by the assembly of the small "blocks"
together to fit the entire physical domain. The integral equations are discretized, and the
velocity components are evaluated at the nodes, while the shear stresses can be specified

along the edges of the control volumes of the boundaries of the domain.

The Finite Element method is a generalization of traditional variational methods [39].
The differential equations are transformed using a variational method which seeks the function
that minimizes the quadratic functional. The classical variational methods seeks an exact
solution of this function, which cannot be obtained for the Navier-Stokes equations. The
Galerkin technique uses approximate functions, which are a linear combination of values of the
dependent variables. The domain is represented as a collection of sub-domains of
geometrically simple shape, called finite elements. Each element is composed of a set of nodes
where the solution is evaluated, and the approximate functions are chosen as polynomials with
the coefficients being the unknown values of the dependent variables at the nodes. The
assembly of the elements gives a set of non-linear algebraic equations to be solved
simultaneously by Gauss elimination after integration of the boundary conditions. The
variational formulation of the Finite Element method for flow problems leads to two types of
boundary conditions: essential when values for the velocity components are specified; and

natural when values for the shear stresses are imposed along a boundary.

For the present work, the Finite Element method (FEM) was chosen because of the
advantages related to the geometrical modeling and to the implementation of the boundary
conditions. The Finite Element method has been studied extensively in the past, and many
good references offer a complete description of the mathematical developments [39,40,41]. A
brief overview of the formulation employed in this work is presented in the next paragraphs.
The reader interested in learning more about the basic concepts of the Finite Element method

is invited to consult the above-mentioned references.

The present implementation of the FEM uses a penalty function to enforce the
continuity equation constraint through the pressure term [42,43]. The continuity equation is
written as:

Ui =2
Ap (2.23)
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where Ap, a positive number, is called the penalty parameter. The right-hand side is different

from zero but must remain small to satisfy the condition of incompressibility. The value of the
penalty parameter depends on the accuracy of the computer, or more precisely on the word
length in bytes to store the numbers. It must be as large as possible, but within the limitation of
the machine accuracy to avoid an ill-conditioned matrix due to round-off errors. A value in the
range 106-1010 usually proves effective for double precision calculations (word length of 8
bytes). Thus, the pressure is eliminated as a dependent variable in the mathematical
formulation reducing the unknowns to the velocity components. This proves to be especially
important for 3D calculations to reduce the storage requirements and the calculation time. The

pressure is evaluated at the post-processing step using:

p=- Ap ui,i (2.24)
Using the Divergence theorem, the variational formulation assumes the following form:
j p { 3y; Py ui'j + 5”i'j (uHey) (“i,j"'uj,i) + Ap I‘Bui'i Uj }dD= J' g du;;dS (2.25)
with ti=[-p+ (u+py) (ui,j"'”j,i) | N, (2.26)

where t; are the surface tractions and n; are the normal components. The pressure appears in

the formulation but only implicitly in the right-hand side through the surface tractions.

The integration of the previous equations for all the elements of the domain results in a

system of non-linear algebraic equations of the form:
[K(U) ] {U}={F} (2.27)

where [K] is the global system matrix, {U} is the global vector of unknown velocities, and {F} is
the global vector of known boundary conditions. The global system matrix is obtained by the
summation of the convective, viscous, and penalty matrices. The construction of the penalty
matrix uses a consistent approach, which is more accurate when using distorted isoparametric

elements [44].

As mentioned previously, one of the main advantages of the FEM is the flexibility of
imposing natural boundary conditions. Two cases are of interest: imposing shear stresses on

solid surfaces, and using traction-free conditions at boundaries where the velocity components
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are not known. An example of the first case is naturally the new treatment of the near-wall region
for turbulent flows presented in the previous sections. The wall shear stress is directly imposed
along the body surface, and the velocity field is computed with a slip velocity at the wall. For the
second case, many situations take advantage of traction-free conditions. First, at a line of
symmetry, the velocity component normal to the line is set to zero, while the traction along the
line is also set to zero. Second, for an external flow, there is no "natural” boundary away from
the body, but the computatibnal domain must be restricted to finite dimensions. Therefore, the
outer limit of the domain is set at a location where the viscous effects are small, and the traction-
free conditions are used for all components of tractions. The traction-free condition proves to
be less constraining than the imposition of velocities at an outer boundary in the case of
external flows [45]. Finally, for external and internal flows, the extent of the computational
domain must be limited in the direction of the flow. Boundary conditions are usually not known
at the outlet and traction-free conditions provide a natural extrapolation of the flow conditions
just before the outlet without inducing large disturbances. The combination of essential and
natural boundary conditions is one of the biggest assets of the Finite Element method [46].

Looking back at the classification shown in Table 2.5, it can be seen that the formulation
of the Finite Element method does not fall under the sub-classification used for the
Discretization category. The differencing process is not done with respect to a point of the
domain but is rather obtained by the use of interpolation functions for each element. No
upwinding is used for the solution of flows at steady-state. The conservation of mass and
momentum is intrinsic. And as shown above, the treatment of difficult boundary geometries is
done naturally and efficiently without using coordinates transformation or any other approximate

and complex techniques.

The next category in the classification concerns the solution technique. The linearized
set of non-linear algebraic equations is solved by Lower-Upper (LU) decomposition for all
velocity components simultaneously. An iterative strategy is used because of the non-linearity
of the equations. The method of successive substitutions without acceleration is used for in
the first iterations until the residual is small enough to bring the intermediate solution inside the
radius of convergence of the Newton-Raphson method. The successive substitutions are
normally used for 2 or 3 iterations depending on the quality of the initial solution, and the
Newton-Raphson method then converges quadratically to the numerically “exact" solution.
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When the velocity field has been obtained, the pressure is determined at the post-processing

step using equation (2.24).

The implementation of the Finite Element method as described above was performed
in the program FIDAP developed by Fluid Dynamics International, Inc. [47]. This program is
mainly composed of three modules: FIPREP, for geometric modeling, grid generation, and
preparation of the input files; FIDAP, for the construction and resolution of the system of
equations; and FIPOST, for the graphical analysis of the solution. These modules were
installed on an IBM 3090 mainframe computer with Vector Facilities and Extended Architecture.
The extended architecture is particularly useful for 3D FEM simulations giving access to 999
megabytes of virtual memory. All calculations were performed on this computer system
although the 2D computational procedure and the 3D strip-integral method can be run on

workstations and even on some high-end personal computers.

Now that the main concepts and ideas have been introduced, the technical details of
the three computational procedures will be presented along with the validation of the numerical

predictions obtained for the benchmark test cases.
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CHAPTER 3

THREE-DIMENSIONAL STRIP-INTEGRAL METHOD

A new strip-integral method was developed for solving three-dimensional turbulent
boundary-layers. It is an extension of the strip-integral formulation for 2D turbulent boundary-
layers developed by Moses [22]. The present method takes advantage of the strip-integral
formulation by eliminating the use of empirical relations as for the entrainment coefficient, the
skin friction coefficient, or any other coefficients and functions. The turbulence modeling is
completely "open® as in differential equations. The mathematical developments of the method
are presented in the first sections, while the numerical predictions are contained in the last

section.
3.1 Integral Equations

The integral equations are obtained by applying the principles of conservation of mass
and momentum to a three-dimensional control volume of finite height (H) and infinitesimal base
(dx by dz), neglecting the pressure gradient normal to the wall. In Cartesian coordinates, the

equations are:

H H
9 u’dy + 9 uwdy - uy
x|, 0z),

_ )
ij udy+if wdyjl:-ﬂé?_,,,(jz(&xw)
X, oz, P ox P a1

H H ( H H
ij w2dy +_3_J uwdy - wh iJ udy +9- J wdy}:-H p |, (TzH-Tzw)
oz}, ox/J, | 0], oz, P oz p (3.1b)

where u(y) and w(y) are the components of a parametrized 3D velocity profile, uy and wy, are the
velocity components at the upper limit of the strip, p is the pressure, p is the density, T, and
T, are the shear stress components at the upper limit of the strip, and T, and T,,, are the wall

shear stress components.

Based on the experience of other researchers [33], it was decided to use a non-
orthogonal streamline coordinates system (see Fig. 3.1). One axis is set along the external
streamlines, while the direction of the other axis depends on the geometry and the flow

conditions.
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Thus, the equations become:

H H _ H H
1919 Tay|+19/9( TWay|-Un 19| Tay|+ 29| Wdy
Q aX\hx , q 9Z\hzJ, q | aX\hx), 9Z\hz),

H H H N —
mj Ty s ke| Wody k| Tty <o) | 112, o HUs e
] . . p hx  oX a2)

H H _ H H
1919F Woay|+1919| TwWdy|-We| 919 Tayl+ 19| Way
q3zZ\hz), a aX\hx), q |aX\hx/, az\nz,

+L1[ D*dymj W’dymj uTNdy=@ZW—)+Hu§L1

0 0 (3.2b)
with q= hx hz sinA K1 = -cosA L1 L2 = -COSA K2
Kz =—1 [a(hxcosl) _dhe] Ka=—1 [(1 +c0s2h) MK _ 2 cos), aﬂ]
qsinlA| oZ oX | q sinA oz oX
Ly=—1 [a(hzcosx) - 9| Lg=—1 [(1 +cos?) M2 _ 2 cos aﬂ]
gsinA[  aX oz | q sinA oX oz

where X and Z are the non-orthogonal coordinates, h, and hz are the metrics of the

transformation, A is the angle between the non-orthogonal axes, U, is the edge velocity, Uand

W are the non-orthogonal velocity components, Unand WH are the non-orthogonal velocity
components at the upper limit of the strip, T and Tz1are the non-orthogonal shear stress
components at the upper limit of the strip, and Txw and Tzw are the non-orthogonal wall shear
stress components. The pressure gradient was transformed using the equations for the
inviscid solution in non-orthogonal coordinates. The inviscid solution, which is used in the
integral method through the intermediate of the edge velocity and the description of the
external streamlines, is obtained from experimental data when available or from an inviscid
calculation. The metrics, h, and h,, and A are computed numerically at the pre-processing step.
The use of non-orthogonal coordinates and the numerical calculation of the metrics insure

complete freedom in the creation of the computational domain.
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3.2 Velocity Profile

The integral methods depend primarily on the parametrization of the velocity profiles.
Here, a practical 4-parameter velocity profile was chosen for reasons mentioned previously. The
total velocity is divided into 2 components: the first component is in the direction of the tangent
to the external streamlines, and the second component is perpendicular to the first one [33].
Therefore, the velocity profile is expressed in streamline orthogonal coordinates and must be
transformed to the non-orthogonal coordinates system before integration. In the streamwise
direction, the Law of the Wake is constructed from the Johnston Law of the Wall and the Moses
wake function. The crosswise velocity is obtained by the Johnston triangular model. The

orthogonal components of the velocity profile are written as:

U~ A cos B In{Ciw A Reg ) - B(3-2n)

(3.3)
w_uU taan
and Us U for N <N (3.4a)
w_ cmc(1 U
or Ue Ue for N>1 (3.4b)
Cre: = —Wne
with B=A COSBwln(CLwA Res)-‘l Us - Umg
=!- Re :LMLSS A = ‘1' T_w
and Ciw = 3.06 n 5 8 n KV pl3

where U is the streamwise velocity component, W is the crosswise velocity component, U, is
the edge velocity, A is a normalized wall shear stress, B, is the wall crossflow angle, § is the

boundary-layer thickness, 1. is the location of maximum crosswise velocity, and U and W

are respectively the streamwise and crosswise velocity at this location. A comparison was made
with the velocity profiles at 2 stations for the Van den Berg-Elsenaar experiment. Figures 3.2
and 3.4 show an excellent agreement for the streamwise velocity, while the adequacy of the

triangular model is demonstrated in Figures 3.3 and 3.5.
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3.3 Turbulence Model

Contrary to other integral methods, the shear stresses at the top of the inner control
volume appear directly in the strip-integral formulation. The Boussinesq assumption relates the

shear stresses to the velocity gradients in orthogonal streamline coordinates:

oU
TxH = UTyx —
X 3y (3.53)
aw
TzH = UTy; —
Z 3y (3.5b)
with IJ.TZ= 7X ].l.Tx

HT, is the streamwise eddy viscosity and T, is the crosswise eddy viscosity. Previous
experiments have shown that the ratio of eddy viscosities (C,,) can be smaller or greater than
1.0, because of the anisotropy of the turbulent shear stress. The influence of C,, was studied

for one test-case, and the analysis is presented in the last section. It should be noted that a

value of 1.0 (isotropic) would be adequate when no information is available about the flow.

The streamwise eddy viscosity is defined by the Clauser outer region model [25]. This
model has proven adequate for two-dimensional analyses, and the extension to a 3D analysis is

straightforward:

ur, =0.0168p U, 3, (3.6)

where 3, is the streamwise displacement thickness. A model for the inner region is not required

because the shear stresses are computed at the upper limit of the inner strip, which is always
chosen in the outer region of the boundary-layer. The turbulence model is simple and
adequate for 3D analyses, but, if necessary, a more sophisticated model can be implemented

easily without changing the basic formulation.
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3.4 Set of Differential Equations

Two momentum integral equations were written in non-orthogonal streamline
coordinates for an arbitrary control volume, and a velocity profile was formulated in 6nhogonal
streamline coordinates using four parameters. Four equations are obtained by using two strips:
the first strip goes from the wall up to a location inside the boundary-layer (inner strip), which is
arbitrary; and the second strip is chosen as the entire boundary-layer. At the edge of the
boundary-layer, the upper limit velocity becomes the edge velocity and the upper limit shear

stress components are zero. The following integral equations are then obtained:

3Gc1 . UndGA1 , Got 3 (Rer,).UH GAT 3 (Ro. o Fyq < (D01~ Tw)
X U oX Rma—x( 31)- Ue Re 51a_x( 31)=Fx1 = uUoRes;

+11i-( 19Ve . K1) hx (K1Gc1 + KoGg1 +K3Gp1)

(3.7a)
. _hx ‘G qUe) Un A1_( )} [a qUeReme)_UHi(qReme)
qUe aX hx hx qUeRe51 82 hz aZ hz
3GD1 _WHdGA1 , GD1_ 2 (Re, ). WH Gt i( 1) =gy =M (24" T)
X Us 3X  Reg oX U Reg; X 1UqReg;
+MHhxL1 - hx (L1Get + LoGgq + LaGp1)
(3.7b)

&{ D1‘(qUe) WhGa12 q . hx ’_(qUeRemGa) .0 qRes1GB1)
X X hX qUeRes; |9 oZ\ hg

3Gcz G2 , (Gea- GA2)_( 51) = Fyo =~ DXw

oX oX Re&‘ }erRes1

(1 a”e+th1) hx(K1Gcz+K2GEz+|QGDz)

hx{ 2 ‘qUe) q hx l‘(qUeRGMGDz) U9 M)

oX BX hx QUQR381 0Z hz
9;5)?2 R_D&_( e51)=Fzo= SXF:ZW +hyly - hy (L1Ge2 + LoGE2 + LaGp)
e

_hxGp2 _(qUe)_ hy 9 qUeRemGEz)

qUe X\ hx /| qUgRes 92 hz (3.7d)

MH _ ' _
GA1 = _U_d'rl GA2= gdn
0 Ue 0 Ue

M v
GB1=] W dn G|32=I Uﬂdn
0 0 e

with
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MH_ L
Go1=f YW dn GDQ=I UW g
0 Us (] Us

™2 .
Ger=| (W) dan Geo= ﬂ) dn
e |, Ve

The transformation between orthogonal streamline coordinates and non-orthogonal

streamline coordinates yields the following relations:

U=u-W_ w=W_
tan A and sin A
T = 1z =1z
= - "c =__£
=T tan A and Z " sinA
FB1
Ga1 = Faq-—B1
and AT=TA tan A (3.8a)
FB1
Gp1 =—2L
B1=gna (3.8b)
Ge1=Feo .2Fp1 , FE1
'tanx tan?\ (3.8¢c)
F
Gp1 =—1—|Fp1 - E1)
D=l 2 ana (3.8d)
Ggy =—FEL
sin?A (3.8e)
F
Gpazo=Fpo-—B2
A2=Th2 tan A (3.9a)
Fg2
Gpo =—t<
B2 sinA (3.9b)
Gep=Fep-2F02 . FE2.
tand  tan?) (3.9¢)
Gpp=—1— (F -_FE2)
b2 sinA b2 tan A (3.9d)
Gg2 = FE2
sin®A (3.9¢e)
MH 1
FA1=f Shdn FA2‘f S
with o ° o °
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MH

FB1= ﬂdﬂ

0 Ue
TMH 5

o[l
0 Ue
&

FD1= Mdﬂ
Jo U
(™

Feq= A

E1 Us dn

Using the expressions for the velocity from equations (3.3), (3.4a) and (3.4b), one finds:

Fa2=(1 - CFaa2) + A cos Bw(CFaa2 I(Cuw A Res) + Crab2)

c =1
with FAa2 2

Crab2 =-1

(3.10)

Fc2 = CFca2 + 2A c0s Bu(Crcc2 I(Cuw A Reg) + Crcpz)

+A2 cos2B“(CFCfg In%(Cuw A Reg) + CFce2 I(CLw A Reg) + Crea)

Crcaz =13
with 35

FB2 =FBo + Cmc (1 = Time - FA2 + Fao)
Fp2 = Fpo + Cme (Fa2 - Fao - Fcz + Foo)

FE2=FE0+02rnc(1 -nm-Z(FAz-FAo)+ch-Fm)

(3.11)

(3.12)
(3.13)

(3.14)
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and

with

with

and

or

and

with

FA1=(NH - CFAa1) + A cos BW(CFAa1 IN(Cw A Reg) + Crab1)

CFAat =TH - N2 - M)

Crapt =MH(InMy - 1)

Fc1 = Crcat + 2A cos Bw(Crce1 I(Cuw A Reg) + Crep)
+ A2 cos2B{Crot1 InCuw A Reg) + Crcet I(Cuw A Reg) + Crcd)
Crcat =L - 4,2
Feat =TS - 2nH + 2nf)

oo 3

4
Creor =n(1-1nw - 2nf + 2nf - 4

7
Credt =nH{In?ny - 2imy +2)
Croet = 2ni{immy -1 "ﬂE{'mlH %) +%ﬂl—{'”ﬂH 7}—))
Crotr =niH{1-2nf + 1 + 20 -2nf, + 2n)
FB1 =Fa1 tanBw
Fb1=Fc1 tanBw for My < Mg
Fg1 =Fp1 tanBy
FB1=FBo + Cmc (NH - Nimc - FA1 + Fao)
Fb1 = Fpo + Cmc(Fa1 - Fao - Fc1 + Foo) forny >N
Fe1 = Fo + G (M ~ Mime - 2(Fa1 - Fao) + Fet - Foo)
Fao =(T]mc - CFAaO) + A cos By{CFAa0 I(Cuw A Reg) + CFAbD)

CFA20 = Nime ~ Mine(2 - Nimc)

CFAbo = NmdIMme - 1)

(3.15)

(3.16)

(3.17a)

(3.182)

(3.19a)

(3.17b)

(3.18b)

(3.19b)

(3.20)
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Fco = CFcap + 2A cos Bw(Crcco I(Cuw A Reg) + Crcno)

+ A2 cos2By(Croto I(Cuw A Reg) + Crceo I(Cuw A Reg) + Crcdo)

(3.21)
with Orca0 =Te{Z - 2im: + F1fc)
i3-S
Creco = n?‘m(1 ‘%ﬂmc - %ﬂﬁn + 21 - $nﬁ~.c)
Credo =N IPTime - 2Mime + 2)
CFce0 = 2r]mc(lm']mc -1- n?.,,c(lnnmc -%) +-21’-'q,.nc(lrrr|rnc i))
Ceoto =T 1 - 2N + o + 2 - 20 + Enfhc)
and FBo = Fap tanBw (3.22)
Fpo = Fco tanBw (3.23)
Feo = Fpo tanBw (3.24)

The transformation of the X-derivatives in the left-hand side of equations (3.7a) to (3.7d)

yields the following relations:

0Ga2 _oFa2_ 1 0oFg>  Ggo oA

aX dX tanA oX sinAodX (3.25)
0Gop _dFco. 2 dFpp, 1 dFga  2Gpp oA

aX dX tand dX g3p2) X sinA dX (3.26)
aGDZ___. 1 aFﬂ-1_£2+(GE2-(ps),c-:‘|D2)ﬂ

dX sinAl oX tani oX oX (3.27)
0Ga1 _dFA1 . 1 dFBy  Ggi dA

and oX oX tanA oX sinAdX (3.28)

oGcr _oFc1._2 dFp1 .1 dFg1  2Gp1dd

aX oX tanA dX gn2), X  sinA oX (3.29)

ot -1 [F1. 1 FE1, (g - coshGpy)t
X

aX sinAl X tan aX (3.30)



The expressions for the derivatives of equations (3.10) to (3.19) are used to obtain the
expanded expressions of the derivatives in equations (3.25) to (3.30), which are then
introduced in equations (3.7a) to (3.7d) yielding the following matrix form for the final set of

equations:

Tax TR F{es X axX (3.31)

The right-hand sides contain all derivatives with respect to the crosswise direction, and all
derivatives with respect to the streamwise direction for the known variables. The coefficients
and the right-hand sides are functions of the four unknowns, the edge velocity, and the form of
the mesh, which is described by the shape of the external streamlines and the metrics of the
transformation to non-orthogonal coordinates. The solution of the matrix system by Gauss
elimination leads to the following expressions for each derivative:

Mme _
aX

C"33F"4 - C'43F"3
C"33C"44 - C"43C"34 (3.32a)

(X, Z. A, B, Reg, Timc) =

1 _dRes fz(X Z A, Bw, Re&'ﬂrm) F.3 C'34 Mme
Res aX C"33 C'az X (3.32b)

Fo . Co3 JRes C'og Mme
C'22 C'22Res X C'2 dX (3.32¢)

?ﬂ B (X, Z, A, Bw, Reg, Tre) =

F1__C129w. Cia_dRes_Ci14 Mme

_=f4(x, Z, A, Bw. Res, Nimc) =

C11 Cq1 dX CqiRes X Cqq dX (3.32d)
Cim=Cjm- 1! F=Fj- 1. 24 m=24
with C11 C11
", i, Cl CJ :
C yn=C jm= .—C'z-n F'] Pl' Fz ]=3,4 m=3,4
and C'2o C'ao
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3.5 Numerical Scheme

The above differential equations are hyperbolic [33]. The characteristics at a point over
the surface are all located between the external streamlines and the wall streamlines (also called
skin friction lines). The shape of the characteristics and the orientation of one with respect to
the other affect the discretization of the equations and the implementation of the boundary
conditions. The main principles to keep in mind are: the numerical domain of dependence
must include the physical domain of dependence (CFL condition), and boundary conditions are

needed along the sides where the flow comes into the computational domain.

From the initial station along the wall where the skin friction coefficient (and therefore A),
the wall crossflow angle, the boundary-layer thickness and the location of maximum crosswise
velocity are known, the values of the four variables are computed at the following stations by
marching in space along each external streamline. The solution of the set of 4 first-order
differential equations was achieved by the second-order Runge-Kutta scheme. The first part of

the integration is:

Mme’, = Mmey | + 4% i1k (3.33a)
Res* =Re AxRe; f2. 3.33b

ik Bk’ Sk K (3-33b)
B = B+ X Bt (3.33¢)
A’i'k = Ai_-l k + AX f4i-1 Kk (3.33d)

The second part of the integration is then:

Anmci,k=nmci_1'k+0.5 Ax{f1i-1,k+f1.i,k} (3.34a)
Reg, , = Res ,  + 05 ax(Reg | [+ Reg ) (3.34b)
Bw|,k = Bwi-1,k + 0.5 Ax { ﬁi-'l k + ﬁtl,k} (334C)

Ai=Aiq + 0.5 Ax {4, + 4} (3.34d)
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3.6 STRIP3D Results
Van den Berg-Eisenaar Flow

The flow over a flat surface with a 35° sweep angle under infinite swept-wing conditions
in an adverse-pressure gradient was investigated by Van den Berg and Elsenaar [48,49]. The
information about the computational domain is presented in Figure 3.6. The flow characteristics
are computed for the first 8 stations (following the original numbering convention of the
investigators). Separation occurs near station 9, and the present method can not be applied for
separated flows. The width of the computational region is somewhat artificial because the
infinite swept-wing conditions mean that there is no variation in the spanwise direction (parallel

to the leading edge).

The complete results are shown in Figures 3.7 to 3.10, along with the experimental
measurements and the predictions of the integral methods of Cousteix et al, Cross, and Smith,
as presented in Ref. 21. The three integral methods make use of the entrainment equation.
Cousteix et al use functions based on local similarity to model the entrainment coefficient, and
an empirical relation for the skin friction coefficient. The numerical integration is done with the
fourth-order Runge-Kutta scheme. Cross uses an algebraic equation for the entrainment
velocity, and Coles' velocity profiles. Smith's method solves a differential equation to evaluate
the entrainment coefficient, represents the velocity by the Power Law and Mager's relation, and
uses Green's formula for the skin friction coefficient. The numerical integration in Cross' and

Smith's methods is done with the second-order Runge-Kutta scheme.

The first simulation was performed neglecting the crosswise derivatives. The solution
was computed along a streamline using 71 nodes, N;=0.25, and C,,=1.0. A good agreement
is globally obtained. A relative error of about 20% is found for the wall crossflow angle at the last
station. As opposed to most other numerical methods, the wall crossflow angle does not start to
decrease after x=1.12. The general trend is well represented when approaching separation,
even if a simple turbulence model is used for the present method. The results for the wall
crossflow angle show a wavy character making the error larger near x=0.82 and x=1.02. This
behavior can be explained by the strong dependency of the wall crossflow angle on the location

of maximum crosswise velocity, which in turn is numerically sensitive.
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Calculations were also performed including the crosswise derivatives. The solution was
computed on the adjacent streamline for two different crosswise step sizes: 0.01 and 0.001.
For these calculations, the hyperbolic character of the equations becomes important. The

streamwise step size must be set depending on the crosswise step size following the CFL
condition. The solutions were obtained using 101 nodes for AZ=0.01, and 441 nodes for

AZ=0.001. As expected, the agreement with the measurements is better for a smaller step

size.

Figures 3.11 to 3.14 show the influence of the upper limit of the inner strip on the

results for all parameters. The crosswise derivatives are set to zero, and the same node
distribution is used. The variation with 1 is stronger for the wall crossflow angle at the end of

the domain, but generally, the influence of 1 is not critical for values in the present range.

Miiller-Krause Flow

The second case studied is the flow over a flat surface with an adverse-pressure
gradient in the streamwise direction, and an induced pressure gradient in the crosswise
direction. This flow was investigated by Miller and Krause [50]. The information conceming the

geometry of the computational domain is presented in Figure 3.15.

The predictions for all parameters along a line parallel to the z-axis are respectively
shown in Figures 3.16 to 3.19 for x=0.4, and in Figures 3.20 to 3.23 for x=0.6, along with the
experimental measurements and the predictions of three other numerical methods, as
presented in Ref. 21. The upper limit of the inner strip is located at 0.35, and the eddy viscosity
ratio is set to 1.2, following the recommendation of Mdller. A relatively coarse mesh was used:
81 nodes in the streamwise direction and 41 nodes in the crosswise direction. Again here, the
results show a wavy character depending on the location of maximum crosswise velocity. The
values of 1. used as boundary conditions along the inside streamline were extracted from the
measured velocity profiles. These values are approximate, and they have a strong influence on

the solution near the inside streamline.

The 3D strip-integral method produces similar results compared to Cross' integral
method. The present predictions are also equivalent or better at a fraction of the cost,
compared to the differential methods of Mdller, and Patel et al. Mdller's method solves the

boundary-layer equations in Cartesian coordinates using an isotropic eddy-viscosity model
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based on Michel's mixing length and Van Driest damping factor, and the numerical solution is
obtained by semi-implicit schemes. Patel's method makes use of the equations of motion
written in orthogonal coordinates using transformation and redistribution, and solved by the

Crank-Nicolson scheme.

As for the Van den Berg-Elsenaar case, the influence of the inner strip upper limit on
the skin friction coefficient and the wall crossflow angle was studied, and the resuits are shown
in Figures 3.24 and 3.25 for the line x=0.4, and in Figures 3.26 and 3.27 for the line x=0.6. The
same node distribution was also used. The influence of 1, is more important for the present

case, and larger values give better overall results.

The influence of the eddy viscosity ratio was also studied. The results for the skin
friction coefficient and wall crossflow angle are shown in Figures 3.28 and 3.29 for x=0.4, and in
Figures 3.30 and 3.31 for x=0.6. Three values were used: 1.0, 1.2, and 1.4. The eddy
viscosity ratio has no influence on the skin friction coefficient, but the wall crossflow angle is
strongly dependent on this parameter. At x=0.4, a value of 1.4 gives better results, while a
value of 1.0 is more appropriate at x=0.6. When no information is available about the shear

stresses, a value of unity (isotropic case) would prove adequate.
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CHAPTER 4

TWO-DIMENSIONAL NAVIER-STOKES COMPUTATIONAL PROCEDURE

The new approach to treat the near-wall region was implemented in a computational
procedure solving the Reynolds Averaged Navier-Stokes equations for flows in or about 2D
geometries. The procedure is based on the Finite Element method using a natural boundary
condition for the wall shear stress which is obtained from the solution of a 1-strip-integral
equation for the inner region. The mathematical developments of the method are presented in
the first two sections, while the procedure is described in the third section and the numerical

predictions are shown in the last section.
4.1 2D Navier-Stokes Solver
Equations

The mathematical model consists of the continuity equation and the momentum

equations:

a_u+i3_v 0

ox dy (4.1a)

p(u_ +v2 ) %E 7[(u+uT) 28u] ‘[(I—H'UT) (5; + 3—1

2o S 2] o

} (4.1b)

] (4.1¢)

where u and v are the mean velocity components in the x and y directions respectively, p is the
mean pressure, p is the density, p is the laminar viscosity, and p is the eddy viscosity.

Eddy Viscosity Model

An algebraic eddy viscosity model is used. Only a model for the outer region of the
boundary-layer is required in this approach. The model developed by Clauser [25] was chosen:

pr =0.0168 p U, 5" 4.2)
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where U, is the velocity at the edge of the boundary-layer and & is the displacement thickness.

This turbulence model has proven to be effective in the past and it was confirmed in the present
work. It is important to note that, although an algebraic eddy viscosity model was used here
because of its easy implementation at this development stage, other models can be used with
the appropriate differential equations combined with the present treatment of the near-wall

region.
Finite Element Method

The Finite Element method is used to solve the previous equations using a penalty
approach to eliminate the pressure at the solution step and reduce the number of dependent
variables to the two velocity components. The pressure is evaluated at the post-processing
step. The assembly of the element matrices for all the elements gives the global system matrix
in which the pressure matrix is constructed using a consistent approach in order to avoid the
spurious pressure checkerboard mode. The linear set of non-linear equations is solved by LU
decomposition in an out-of-core profile algorithm. The non-linear character of the equations
requires an iterative strategy to converge to the final solution. The method of successive
substitutions is employed in the initial iterations until the residual falls in the radius of
convergence of the Newton-Raphson method, which converges quadratically to the

numerically "exact® solution.

For 2D problems, one of the best elements is the 9-node quadrilateral, which assumes
biquadratic velocity and linear discontinuous pressure interpolation functions. This element
was chosen for the discretization in the present work. This FEM formulation and the solution
techniques have been implemented in the excellent software package FIDAP [47], and this

program is used for all calculations presented in the last section.
Boundary Conditions

As menti;oned previously, one of the advantages of the Finite Element method is the
implementation of the boundary conditions. One can specify values for the velocity
components (essential conditions) or values for the surface tractions (natural conditions). An
exact or approximate velocity profile is imposed at the inlet, therefore the values for the two
velocity components are used as boundary conditions. Because of the slip velocity assumed in
the treatment of the near-wall region, the velocity profile at the inlet must be modified near the
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wall to satisfy the condition of a pseudolaminar velocity profile which sets the velocity gradient at
the wall to be equal to the ratio of the wall shear stress and the eddy viscosity. On all solid
surfaces, the wall shear stress is imposed along with the zero normal velocity condition. The
traction-free boundary conditions are used at the outlet of the domain and for an external flow

outer boundary enforcing a natural extrapolation scheme.
4.2 2D Near-Wall Formulation
Integral Equation

The conservation of mass and the conservation of momentum along the x-axis are
imposed on a control volume of finite height (H) and infinitesimal base (dx) neglecting the

pressure variation normal to the wall. The integral equation is written as:

H H
AJ uzdy-uHiJ udy =-HIP | TirTu
dx |, dx/, P dx p 4.3)

where u(y) is a parametrized velocity profile, u; and Ty, are respectively the velocity and the

shear stress at the upper limit of the inner strip, and T,,, is the wall shear stress.

Velocity Profile

The range of applicability of an integral method depends on the velocity profile, or more
specifically on the shape of the profile. Good predictions do not require a perfect
representation of the velocity because the profile is integrated, and part of the error is smeared
out. For the inner region of 2D turbulent flows over a smooth surface, a universal empirical
relation is available: the Law of the Wall. This equation gives a good representation of the
velocity except in the AIaminar sub-layer, which is small and can thus be neglected in the

evaluation of the integrals.

Using the displacement thickness as characteristic dimension, the Law of the Wall is

written as

(4.4)

=y . = PUed" A=l,/ v
with Cuw =3.06 M=% Res == KV pl2
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The parameter A can be interpreted as a normalized wall shear stress.
Differential Equation

Equation 4.3 can be rearranged as follows:

MH M
dlu.R u \eq4 diR " U dn nH Res dp _ 7y-1,,
d o ME5* (U)Zn 'UH E5* =- +
-]
0 0

X dx U Ue dx [
° P (4.5)
Evaluating the integrals using equation 4.4, the following relations are obtained:
™
F, =] UAedn=AnH (Fa-1) (4.6a)
0
nH
F,= f (Uue_)zdn =A% (F42 -2F; +2) (4.6b)
0
with F3=In(C,, A Regny) (4.6¢)
Therefore,
dF; dA , ATH dRes:
=L =1y Fs9A 4 __ ST
dx dx Res dx (4.7a)
dFs _2(AFi+F2)dA . 2 A F1 dRes
dx A dx Res dx (4.7b)
Isolating the normalized wall shear stress derivative, one obtains:
dA_1 &Ew_-"_“d_r’-iue-m‘,qpa ) dRley
dx Fs }.I,Ua RQS' pug dx Ue dx Rese Ue dx (48)
F4 = M - ’nH Fa u_H
where A Ue (4.9)

The right-hand side contains information readily available from the Finite Element

solution of the Navier-Stokes equations except for the unknown normalized wall shear stress.
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The choice of location of the upper limit of the inner strip () is arbitrary, and values in the range

[2.0,3.0] proved effective for the problems considered in this work.
Numerical Scheme

From the inlet (initial station along the wall) where the skin friction coefficient (and
therefore A) is known, the values of A at the following stations are computed by marching in
space along the wall. The solution of the first-order differential equation of the form

dA _
dx xA) (4.10)

was achieved by the second order Runge-Kutta scheme:

A| = A|_1 + 0.5 Ax {f(XH s A|'1) + f(xi, Al'.) } (41 1 b)

4.3 2D Computational Procedure

The Finite Element method combined with the inner strip integral formulation was
implemented in a procedure called FENSIE (Finite Element Navier-Stokes Integral Equation).
First, an inviscid solution is computed when required; it depends on the information available
about the geometry and the flow conditions for the problem considered. It also depends on the
method available to obtain the initial guess for the wall shear stress and the eddy viscosity. An
integral method, like the Moses strip-integral method, can provide very good first
approximations reducing the number of iterations to reach the numerically "exact" solution. If an
integral method is used, an inviscid solution is needed to provide an approximate edge velocity
distribution. The inviscid flow field is also a better initial velocity field to start the computation of
the Navier-Stokes solution compared to a zero initial velocity field, so it can considerably

decrease the time for convergence.

The Navier-Stokes solution is then computed using the approximate distribution for the
wall shear stress and the eddy viscosity. For each station along the surface, the velocity profile
is then integrated to get the updated displacement thickness, and consequently an irproved
eddy viscosity distribution for the next Navier-Stokes computation. At the same time, the values
for the velocity and the shear stress at the upper limit of the inner strip are extracted from the
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velocity field. The pressure gradient at mid-strip is also extracted from the pressure field. With
this information, a corrected wall shear stress distribution is computed with the inner strip

integral method. This procedure is repeated until convergence.
4.4 2D FENSIE Results
Wieghardt-Tillman Flow

The first case studied is the flow over a thin flat plate with the experimental
measurements obtained by Wieghardt and Tilimann [51]. Information concerning the geometry
of the computational domain, the flow conditions, and the boundary conditions is shown in
Figure 4.1. A relatively coarse mesh is used for the discretization of the domain in the
transverse direction. Convergence was achieved in two procedure-iterations starting with an
initial guess obtained from the Moses strip-integral method. A version of the Moses method
was implemented in a program called STRIP2D, and the integral predictions are compared with
the present predictions. The results for the skin friction coefficient are shown in Figure 4.2,
while Figure 4.3 presents the results for the displacement thickness. The FENSIE predictions
are in good agreement with the measurements. They are similar to the STRIP2D integral
predictions, which is not surprising because integral methods prove to be accurate for turbulent

boundary-layer flows with “simple” strains.
Samuel-Joubert Flow

The second experiment used for the validation is the flow over a flat surface with a
moderate adverse-pressure gradient designed by Samuel and Joubert [52]. Information
conceming the geometry of the computational domain, the flow conditions, and the boundary
conditions is shown in Figure 4.4. Here, the number of nodes in the transverse direction was
increased to insure an adequate representation of the flow near the top and bottom walls.
Convergence was also achieved in two iterations starting with a Moses method initial
distribution. The results for the skin friction coefficient are shown in Figure 4.5, and Figure 4.6
presents the results for the displacement thickness. These figures show good agreement
except near the end of the domain when the pressure gradient becomes stronger and the flow

approaches separation.
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Schubauer-Klebanoff Flow

The FENSIE procedure was also applied to the flow about an airfoil-like body with a
strong adverse-pressure gradient studied by Schubauer and Klebanoff [53]. Information about
the computational domain, the flow conditions, and the boundary conditions is presented in
Figure 4.7. Convergence was also achieved in two iterations starting with a Moses method initial
distribution. The results for the skin friction coefficient and the displacement thickness are
shown in Figures 4.8 and 4.9. An excellent agreement is achieved with a relatively coarse mesh
over the entire domain even when approaching separation. This case gives a good example of
the importance of solving the Navier-Stokes equations for flows with "extra" effects. The
STRIP2D integral results deviates considerably near the end of the domain when approaching
separation, while the FENSIE predictions for the skin friction coefficient are in excellent

agreement with the experimental measurements.
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CHAPTER 5

THREE-DIMENSIONAL NAVIER-STOKES COMPUTATIONAL PROCEDURE

The new approach to treat the near-wall region was implemented in a computational
procedure for solving the Reynolds Averaged Navier-Stokes equations for flows in or about 3D
geometries. The procedure is based on the Finite Element method using natural wall boundary
conditions which are obtained from the solution of two 1-strip-integral equations for the inner
region. The mathematical developments of the method are presented in the first two sections,
while the procedure is explained in the third section and the numerical predictions are
contained in the last section.

5.1 3D Navier-Stokes Solver
Equations

The mathematical model consists of the continuity equation and the momentum

equations:

ox dy oz (5.1a)

‘[““”T ay "’ a—)] *[(u ) (—+ al

ov| _ av]
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p(ua—: + vW + waavzv = -aa': —[(u+p,T) 2= = W]
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where u, v and w are the mean velocity components in the x, y and z directions respectively, p is
the mean pressure, p is the density, i is the laminar viscosity, and pt is the eddy viscosity.

><
l—l

(5.1b)
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Eddy Viscosity Model

The eddy viscosity is only required in the outer region of the boundary-layer. The
model developed by Clauser [25] for 2D flows is extended as a three-dimensional model:

pr =0.0168p U, 5, (5.2)

where U, is the velocity at the edge of the boundary-layer and 8, is the streamwise

displacement thickness. Again, one should note that although an algebraic eddy viscosity
model was used here because of its easy implementation at this stage, other models can be
used with the appropriate differential equations combined with the present treatment of the

near-wall region.
Finite Element Method

The Finite Element method is used to solve the previous equations using a penalty
approach to eliminate the pressure at the solution step and reduce the number of dependent
variables to the three velocity components. This approach is especially useful for 3D
simulations to reduce the storage requirements. The pressure is evaluated at the post-
processing step. The assembly of the element matrices for all the elements gives the global
system matrix in which the pressure matrix is constructed using a consistent approach in order
to avoid the spurious pressure checkerboard mode. The linear set of non-linear equations is
solved by LU decomposition in an out-of-core profile algorithm. The non-linear character of the
equations requires an iterative strategy to converge to the final solution. The method of
successive substitutions is employed for the first iterations until the residual falls in the radius of
convergence of the Newton-Raphson method, which converges quadratically to the

numerically "exact" solution.

For 3D problems, one of the best elements is the 27-node brick, which assumes
triquadratic velocity and linear discontinuous pressure interpolation functions. But, in order to
reduce the bandwidth and consequently the storage requirements, the 8-node brick, which
assumes trilinear velocity and constant pressure, is chosen for the discretization. This FEM
formulation and the solution techniques have been implemented in the excellent software

package FIDAP [47], and this program is used for all calculations presented in the last section.
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Boundary Conditions

As mentioned previously, one of the advantages of the Finite Element method is the
implementation of the boundary conditions. One can specify values for the velocity
components (essential conditions) or values for the surface tractions (natural conditions). An
exact or approximate velocity profile is imposed at the inlet, and therefore the values for the
three velocity components are used as boundary conditions. Because of the slip velocity
assumed in the treatment of the near-wall region, the velocity profile at the inlet must be
modified near the wall to satisfy the condition of pseudolaminar velocity profile, which sets the
velocity gradients at the wall to be equal to the ratio of the wall shear stress component and the
eddy viscosity in the streamwise and crosswise directions respectively. On all solid surfaces,
the wall shear stress is imposed along with the zero normal velocity condition. The traction-free
boundary conditions are used at the outlet of the domain and for an external flow outer

boundary enforcing a natural extrapolation scheme.

Furthermore, for the studied cases presented in the last section, essential boundary
conditions had to be imposed on the side boundaries because the computational domain is
limited to a finite region inside the limiting physical boundaries. The velocity profiles obtained by
the 3D Law of the Wake presented in Chapter 3 are used for all stations of the side boundaries.

5.2 3D Near-Wall Formulation

Integral Equations

The conservation of mass and the conservation of momentum along both axes, x and z,
are imposed on a control volume of finite height (H) and infinitesimal base (dx by dz) neglecting
the pressure variation normal to the wall. The integral equations written in Cartesian coordinates

are then:

H rH
iJ udy + 9 wdy | =- Hdp + (1XH'TXW)
_aX 0 BZJ P ax p (5.3a)

H H
9 udy +-9- uwdy - uy
ox/, oz},

H H H rH
ij w2dy +ij uwdy-wH ij udy +_a_ Wdy =_ﬂ3_P+ TZH'TZW)
az), o/, o/, z|, | Ppoz p (5.3b)
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where u(y) and w(y) are the components of a parametrized 3D velocity profile, uy, and w, are the
velocity components at the upper limit of the inner strip, T, and T, are the shear stress
components at the upper limit of the inner strip, and T, and T,,, are the wall shear stress

components.

Based on the experience of other researchers [33], it was decided to use a non-
orthogonal streamline coordinates system. One axis is set along the extemal streamlines while
the direction of the other axis depends on the geometry and the flow conditions. Thus, the

equations become:

H H _ H H
19/a) GPyl+19{9| Twdy|-Un| {9 | Tay|+219| Wd
q&{hxjo AT Mtiad N i 1 Bid A 1

H
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. g=hxhzsinA Ky = -cosA L1 L2 = -cosA K2
with
Ko =—1 [A(hxcos)) _ ahe Ks = [(1 +c0527L) ahx -2 cosA th}
gqsilA| oz  oX| q smx oX
Li= 1 l:dhzcosx) -i‘x_il Lg=—2~%1 [(1 +COSZ7\.) ahZ - 2 cosh ahx]
g sinA oX oZ q sml oZ
aj=—hz ap= hxcgsk by = hzcosA bp = —=Px
q sinA q sinA q sinA q sinA

where X and Z are the non-orthogonal coordinates, h, and h, are the metrics of the

transformation, A is the angle between the non-orthogonal axes, U and W are the non-
orthogonal velocity components, Un and WH are the non-orthogonal velocity components at the
upper limit of the inner strip, Tx1 and Tz1 are the non-orthogonal shear stress components at the

upper limit of the inner strip, and Taw and Tzw are the non-orthogonal wall shear stress
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components. The metrics, h, and h,, and A are computed numerically at the pre-processing

step. The use of non-orthogonal coordinates and the numerical calculation of the metrics
insure complete freedom in the creation of the computational domain.

Velocity Profile

The applicability of an integral method depends on the assumed shape of the velocity
profile. Good predictions do not require a perfect representation of the velocity because the
profile is integrated and part of the error is smeared out. The usual way to express the 3D
velocity profile is by streamline orthogonal coordinates [33]. The total velocity is divided into 2
components: the first component is in the direction of the tangent to the external streamlines;
and the second component is perpendicular to the first one. Therefore, the velocity profile
must be transformed to the non-orthogonal coordinates system before integration. Based on
the conclusions of the excellent review of three-dimensional Laws of the Wall by Olgmen and
Simpson [34,35], it was decided to use the Johnston Law of the Wall [36], which assumes a

triangular model for the crosswise velocity. The velocity profiles are written as:

DU:=Aoos B In{Cuw A Reg, )

(5.5)
and Us Us for <N (5.6a)
or Ue Ue for N>M, (5.6b)

Crmo = Wme

with Ue - Unc
n= 'y— Re =-LU381 A= 1 T
and Cuw = 3.06 81 AT KV pU3

where U is the orthogonal streamwise velocity component, W is the orthogonal crosswise
velocity component, U, is the edge velocity, A is a normalized wall shear stress, B, is the wall

crossflow angle, 3, is the streamwise displacement thickness, 1, is the location of maximum

crosswise velocity, and U, and W, are respectively the orthogonal streamwise and crosswise

velocity at this location.
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Differential Equations

The two momentum integral equations written in non-orthogonal streamline

coordinates can be rearranged as follows:

aGm-U_Ha_G_Ai_F =hx(_{)(l-l'%xw)+hx11H P, a ) 1G4 Ko G
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The transformation between orthogonal streamline coordinates and non-orthogonal

streamline coordinates gives the following relations:

U=u-_W_ W=W_
tan A and sinA
"Cx Tx~ Tz ;Ez = Tz

tan A and sin A



and

with

Using the expressions for the velocity from equations (5.5), (6.6a) and (5.6b), one finds:

and

or

Far=nnFi

FB1
Ga1 =Fa1 -—2L
A1 =FA1 @n A
FB1

Gp1=—2L

B1 sin A
Gct =Feq .2Fp1 , FEq

tan}  tan?,

Fe1 )
tan A

Gpi=—1 (F -
D1 sin A D1

Ger=-FEL
sinZ\

Fo1 =1 (F} + A2 cos2By)

Fg1 = Fa1 tanBw

Fp1=Fc1tanBy

Feq1 =Fp1 tanBw

FB1=FBo+Cmc(NH - Mime - FA1 + Fao)

for Ny <N

(5.8a)
(5.8b)
(5.8¢)
(5.8d)

(5.8¢e)

(5.9)
(5.10)

(5.11a)

(5.12a)

(5.13a)

(5.11b)
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FD1 = Fpo + Cme (FA1 - Fao - Fci1 + Foo) forny >Ny,  (5.12b)
FE1 = FEo + Che (NH - ime - AFA1 - Fao) + Fc1 - Foo) (5.13b)
with F1.= A cosBw {In{Ciw A Regy ) -1} (5.14)
FAO =Nme Fo (5.15)
FBo = Fap tanBw (5.16)
Fo = Tme (F3 + A2 cos2By) (5.17)
Foo = Fco tanBw (5.18)
Feo = Fpo tanfw (5.19)
Fo = A cosBy {In{Cuw A Regy Timc)- 1) (5.20)

The transformation of the X-derivatives in the left-hand side of equations (5.7a) and
(5.7b) gives the following relations:
0GA1 _doFA1._1 dFB1 , GB1 dA
X oX tanA dX sinAodX (5.21)

dGc1 _dFc1._2 dFpy +1 oFgq +2GD1 oA
oX dX tand dX g2 oX  siniA oX

(5.22)

3GDp1 . 1 [dFD1. 1 OFE1 +(GE - cos A Gpy) &
X sinAl X tani oX X (5.23)

The expressions for the derivatives of equations (5.9) to (5.13) are used to obtain the
expanded expressions of the derivatives in equations (5.21) to (5.23), which are then
introduced in equations (5.7a) and (5.7b) giving the following matrix form for the final set of

equations:

Ci1 X+C12ﬂ R F1.2

d (5.24)

The right-hand sides contain all derivatives with respect to the crosswise direction, and all
derivatives with respect to the streamwise direction of the known variables. The coefficients

and the right-hand sides are functions of the two unknowns, of information readily available from
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the Finite Element solution of the Navier-Stokes equations, and of the form of the mesh, which

is described by the shape of the external streamlines and the metrics of the transformation to
non-orthogonal coordinates. The choice of location of the upper limit of the inner strip () is

arbitrary, and values in the range [1.0,2.0] proved effective for the problems considered in this

work.

The solution of the matrix system by Gauss elimination leads to the following

expressions for each derivative:

% f1 (x Z A Bw)= C11Rz2 - C21R4
C11C22- C21C12 (5.25a)

R1 .Ci20Bw
12(x 2 A Bu)= C11 Cq1 X (5.25b)

Numerical Scheme

The previous set of equations is hyperbolic, and the characteristics are located
between the external streamlines and the wall streamlines. The discretization of the surface
must obey the CFL condition, which requires that the computational domain of dependence
should include the physical domain of dependence. Starting from the initial location where the
solution is known along the entire line, the solution is computed for the normalized wall shear
stress and the wall crossflow angle over the wall using a space marching technique. Boundary
conditions are also necessary at all locations where the flow enters the computational domain.
The solution of the set of first-order differential equations is achieved by the second order
Runge-Kutta scheme. The first part of integration is:

Bw'l k- BWi.1 Kk +Axf! i1,k (5.26a)
A=Ay o+ Ax 2y (5.26b)

The second part of integration is then:

Bw, = Buw , |+ 05 ax{ LTS L (5.27a)

Al,k = Ai-1 K + 0.5 Ax { f2i-1 k + f2'i,k } (527b)
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5.3 3D Computational Procedure

The 3D Finite Element method combined with the 3D inner strip integral formulation
was implemented in a procedure called FENSIES (Einite Element Navier-Stokes [ntegral
EquationS). First, an inviscid solution is computed when required; it depends on the
information available about the geometry and the flow conditions for the problem considered. It
also depends on the method available to obtain the initial guess for the wall shear stress and the
eddy viscosity. An integral method, like the STRIP3D integral method presented in Chapter 3,
can provide very good first approximations, reducing the number of iterations to reach the
numerically "exact” solution. If an integral method is used, an inviscid solution is needed to
provide an approximate edge velocity distribution. The inviscid flow field is also a better initial
velocity field to start the computation of the Navier-Stokes solution compared to a zero initial

velocity field, so it can considerably decrease the time for convergence.

The Navier-Stokes solution is then computed using the approximate distribution for the
wall shear stress and the eddy viscosity. For each station along the surface, the velocity profile
is then integrated to get the updated streamwise displacement thickness, and consequently an
improved eddy viscosity distribution for the next Navier-Stokes computation. At the same time,
the values for the velocity and shear stress components at the upper limit of the inner strip are
extracted from the velocity field. The pressure gradient components at mid-strip are also
extracted from the pressure field. With this information, a corrected wall shear stress distribution
is computed with the inner strip integral method through the skin friction coefficient and wall

crossflow angle. This procedure is repeated until convergence.
5.4 3D FENSIES Results
Van den Berg-Elsenaar Flow

The flow over a flat surface with a 35° sweep angle under infinite swept-wing conditions
in an adverse-pressure gradient was investigated by Van den Berg and Elsenaar [48,49].
Information concerning the computational domain and the flow conditions is presented in
Figure 5.1. The width of the region is 0.10 compared to the length, which is about 0.50. The
flow was computed for the first 6 stations, and predictions are presented for the first iteration,
starting with values for the wall shear stress and the eddy viscosity obtained by the STRIP3D
method. The results for the skin friction coefficient, wall crossflow angle, and streamwise
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displacement thickness along two streamlines are shown in Figs. 5.2 to 5.4, along with the
experimental measurements, and the numerical results of the differential methods of Cebeci et
al, and Patel et al. These methods solve the boundary-layer equations using the isotropic two-
layer eddy-viscosity model of Cebeci, which includes the Van Driest damping factor and a low-
Reynolds number correction. Cebeci's method uses transformed equations written in Cartesian
coordinates solved by the Keller box scheme, using two-point differences and a Newton-

Raphson procedure.

The 3D results do not show the same level of agreement with the measurements as for
the 2D cases, but the predictions are similar to the results of the other differential methods. A
few reasons might explain the disparities. First, the present results were obtained with a coarse
discretization in the streamwise and crosswise directions. Second, the results are presented
after one iteration. Third, the STRIP3D integral predictions were used to evaluate the velocity
profiles for the stations at the inlet and on the side boundaries, where the values for the velocity
components obtained by the 3D Law of the Wake were imposed as essential boundary
conditions. The flow is somehow constrained by the conditions imposed from the boundary-
layer solution. The computational domain was also restricted to a physical region of the flow
where the "extra” effects are small, and the predictions are naturally similar to the integral
method predictions for this turbulent boundary-layer flow. Therefore, no appreciable advantage
is seen here from the resolution of the Navier-Stokes equations with the present near-wall

treatment.
Miiller-Krause Flow

The second case is the flow over a flat surface with an adverse-pressure gradient in the
streamwise direction and an induced pressure gradient in the crosswise direction, studied by
Maller and Krause [50]. Information concerning the geometry of the computational domain and
the flow conditions is presented in Figure 5.5. The predictions are also presented after a single
iteration, starting from the STRIP3D integral distribution for the wall shear stress and the eddy
viscosity. The predictions for the skin friction coefficient, wall crossflow angle, and streamwise
displacement thickness are respectively shown in Figures 5.6 to 5.8 for the line x=0.4, and in
Figures 5.9 to 5.11 for the line x=0.6, along with the experimental measurements, and the
predictions of three other numerical methods as presented in Ref. 21. Cross' integral method
makes use of the entrainment equation with an algebraic equation for the entrainment velocity,

and Coles' velocity profiles. The numerical integration is done with the second-order Runge-
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Kutta scheme. Miller's method solves the boundary-layer equations in Cartesian coordinates
using an isotropic eddy-viscosity model based on Michel's mixing length and Van Driest

damping factor, and the numerical solution is obtained by semi-implicit schemes.

Here again, the same comments can be applied to the present analysis. The results for
the parameters of the FENSIES solution show similar trends as the STRIP3D resuits due to the
strong constraint of the boundary conditions imposed through the STRIP3D predictions.
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CHAPTER 6

CONCLUSIONS AND PERSPECTIVES

New computational procedures have been developed for the simulation of
incompressible wall-bounded turbulent flows in or about two-dimensional (2D) or three-
dimensional (3D) geometries. The present methods are based mainly on two major ideas: the
strip-integral method and Clauser's pseudolaminar velocity profile. The strip-integral method
proves especially convenient, because integral equations can be obtained for as many control
volumes as necessary depending on the number of parameters used in the formulation. This
method may be formulated as an integral method, as done previously for 2D laminar and
turbulent boundary-layers and as performed in the present work for 3D turbulent boundary-
layers, or it may be integrated in a procedure for solving differential equations as done for the
present 2D and 3D Navier-Stokes procedures. Clauser's idea is also useful because it enables
the computation of turbulent flows by solving the flow with a minimum of nodes in the boundary-
layer, while modeling the near-wall region to represent adequately the physics of the flow in the

inner region.

The extension of the strip-integral method to 3D incompressible turbulent boundary-
layer flows depend mainly on the parameterized velocity profile. One of the best
representations of the 3D velocity in orthogonal streamline coordinates is provided by the
Johnston Law of the Wall, which uses a triangular model for the crosswise velocity. This velocity
profile is a function of the usual parameters (skin friction coefficient, wall crossflow angle, and
boundary-layer thickness) and of the location of maximum crosswise velocity, which appears in
the expression defining the crosswise velocity. The triangular model offers a good
approximation of the crosswise velocity, but it tends to overestimate this component near the
location of maximum crosswise velocity. This model shows also a strong dependence between
the wall crossflow angle and the location of maximum crosswise velocity, which is numerically
sensitive and produces a wavy character shown mainly in the predictions for the wall crossflow
angle. Further studies are suggested to explain the numerical sensitivity and to find a smoother

parametrized representation of the crosswise velocity near its maximum value.

The validation of the 3D strip-integral method also shows some of the deficiencies in

the present formulation. First, for the Van den Berg-Elsenaar case, when the derivatives with
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respect to the Z-axis are set to zero, which represents the real experimental conditions, the
present results do not show the same level of agreement than the solutions obtained for small
AZ not neglecting the Z-derivatives. The predictions are still better than the results obtained by
Cousteix et al, or Smith, and are similar to Cross' predictions without as much empirical input.
Second, the results for the Miller-Krause case show difficulties with the implementation of
boundary conditions along the first streamline defining the computational domain. The values
for all parameters are obtained from experimental measurements, and their relative
inconsistency with the present model causes large oscillations in the predictions for the first

streamlines. Third, the eddy viscosity ratio is chosen as a constant for the entire computational
domain. A value of C,,=1.2 was suggested by Mdller and Krause for their experimental case.

However, the present results for the wall crossflow angle show that C_,=1.4 is a better choice at

=0.4, while C,,=1.0 is better at x=0.6. Therefore, a more sophisticated model accounting

implicitly for the anisotropy of the turbulent shear stress is recommended.

Globally, good numerical predictions have been obtained with the present 3D strip-
integral method when compared to the results of other methods. One of the main advantages
of the strip-integral method is the direct implementation of eddy viscosity models as in
differential methods. The turbulence modeling is not hidden in opaque empirical correlations as

in conventional integral methods.

Computational procedures solving the Reynolds Averaged Navier-Stokes equations
have also been developed using a new treatment of the near-wall region. The flow is solved
down to the wall with a slip velocity by imposing the wall shear stress as boundary condition.
The approach can be seen as solving the flow for the outer region of the boundary-layer. Thus,
only an outer region eddy viscosity model is required, and a small number of nodes is suitable to
represent adequately the physics of the flow near solid surfaces, because of the reduced

velocity gradient. This proves especially useful for three-dimensional calculations.

The wall shear stress distribution is updated by solving integral equations obtained from
the enforcement of conservation of mass and momentum in an integral sense over a thin strip in
the near-wall region. The formulation can be seen as a 1-strip-integral equation containing
information readily available from the Navier-Stokes solution except for the wall shear stress.
The interaction between the Navier-Stokes solver and the integral formulation converges to the
numerically "exact” solution in a few iterations depending on the accuracy of the initial guess for

the wall shear stress. The present treatment of the near-wall region is different from the
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approach in wall-function methods. The velocity or the derivative of the velocity is not matched
with the Law of the Wall at a fixed point above the wall, but the Law of the Wall is rather
integrated over the inner strip, which tends to decrease the error due to modeling.

The numerical predictions obtained for the 2D benchmark experimental cases show
good agreement with the measurements. Furthermore, the results for the Schubauer-
Klebanoff experiment demonstrate an excellent agreement even when approaching
separation. The present 2D Finite Element Navier-Stokes Integral Equation method is not
restricted to boundary-layer flows, and can be applied to attached turbulent flows with "extra”

effects, such as flows with curved surfaces and strong adverse-pressure gradient.

The 3D Navier-Stokes computational procedure was applied to the same flows used for
the validation of the integral method. The present procedure does not show advantages over
the integral method, because the experimental flows are of boundary-layer type, the initial and
boundary conditions have been obtained directly from the strip-integral method, and the
numerical results are presented after one iteration. At this validation stage, the results confirm
the applicability of the present procedure using the new treatment of the near-wall region, but
further simulations are necessary to evaluate the extent of applicability. First, previous
calculations should be numerically converged to the final solutions for both cases. Second, the
computational domain should be extended to cover a larger area of the physical domain. Finally,
calculations should be performed for different grids using experimental values for the
parameters at the boundaries of the computational domain.

The present work introduced new computational tools for the simulation of turbulent
flows. The general strip-integral method shows great advantages over conventional integral
methods, and one can see many possibilities for the implementation of this method to other
flow applications. The new treatment of the near-wall region brings an important reduction in the
number of nodes required to model the flow, and its implementation can easily be seen in

procedures based on other types of differential methods.
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Table 2.1

Primary Classification of Mathematical and Turbulence Models. (from
Ref. 19)

1 Correlations

2 Integral Methods

3 One-point Closures

4 Two-point Closures

5 Large-Eddy Simulation
I 6 Full Simulation
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Table 2.2 Classification of One-Point Closure Methods Based on the

Treatment of Reynolds Stresses. (from Ref. 19)

Treatment of Reynolds Stresses

Boussinesq (eddy viscosity)

Algebraic
Differential

Reynolds-stress "

H Other Il

69



Table 2.3  Classification of Turbulence Models Using the Boussinesq
Assurnption. (from Ref. 19)

. 1

Equations

Ky prescribed

ODE for lm

PDE for k |rm Prescribed 1
PDE for o | Prescribed 1
PDE for k ODE for |, 11/2
PDE for k PDE for e 2
PDE for k PDE for 2
PDE for k PDE for |, 2
PDE for k2| PDE for & 2

ODE: ordinary differential equation

PDE: partial differential equation
Iy mixing length

k: turbulent kinetic energy

®: specific dissipation rate

€: turbulent dissipation rate



Table 2.4

Classification of Near Solid Wall Treatments. (from Ref. 19)

Treatment of Near Solid Wall

No-slip velocity

with explicit damping

without explicit damping "

Law of the Wall

with explicit damping ||

without explicit damping "

Not applicable

Other
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Table 2.5

Classification of Numerical Methods. (from Ref. 19)

Finite difference - regular grid
Staggered grid
Finite Volume - regular grid

Finite Element

I Discretization

Treatment of convective terms

Central differencing

Upwind differencing

Artificial diffusivity

Hybrid (combination of any of the above)
Quadratic upwind

Skew upwind

Solution technique

Strategy
Once through
lterative (not time like)
Implicit - Backward
Implicit - Crank-Nicolson

Implicit - other

Dependent variables

Solved for simultaneously

Solved for separately

Conserved quantities

Mass, momentum and/or energy

Non-conservative or mass only

Pressure determined by
Poisson equation
Corrective algorithm

Equation of state

Asymmetric "stars"
Boundary-fitted coordinates

Coordinate transformations

Iteration method
Point substitution
Line substitution
Matrix inversion

ADI

Relaxation
Over-relaxation

Under-relaxation
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Upper Limit on the Results for the Boundary-Layer Thickness along

the Measurement Plane.
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Van den Berg-Elsenaar Case
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Figure 3.14  Van den Berg-Elsenaar - Influence of the Location of Inner Strip

Upper Limit on the Results for the Streamwise Displacement

Thickness along the Measurement Plane.
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Figure 3.15

Muiller-Krause - Computational Domain and Flow Conditions.



Miller-Krause Case - x=0.4
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Figure 3.16  Muller-Krause - Skin Friction Coefficient along z-axis at x=0.4.




Miiller-Krause Case - x=0.4
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Figure 3.17  Miller-Krause - Wall Crossflow Angle along z-axis at x=0.4.
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Figure 3.18

Maller-Krause - Boundary-Layer Thickness along z-axis at x=0.4.
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Miiller-Krause Case - x=0.4
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Figure 3.19  Miuller-Krause - Streamwise Displacement Thickness along z-axis at

x=0.4.
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Miiller-Krause Case - x=0.6
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Figure 3.20  Maller-Krause - Skin Friction Coefficient along z-axis at x=0.6.
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Miiller-Krause Case - x=0.6
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Figure 3.21  Mller-Krause - Wall Crossflow Angle along z-axis at x=0.6.
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Miller-Krause Case - x=0.6
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Figure 3.22  Muller-Krause - Boundary-Layer Thickness along z-axis at x=0.6.
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Miiller-Krause Case - x=0.6
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Figure 3.23  Mudller-Krause - Streamwise Displacement Thickness along z-axis at
x=0.6.
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Miiller-Krause Case - x=0.4
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Figure 324  Maller-Krause - Influence of the Location of Inner Strip Upper Limit
on the Results for the Skin Friction Coefficient along z-axis at x=0.4.
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Miiller-Krause Case - x=0.4
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Figure 3.25  Miller-Krause - Influence of the Location of Inner Strip Upper Limit
on the Results for the Wall Crossflow Angle along z-axis at x=0.4.
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Miiller-Krause Case - x=0.6
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Figure 3.26  Maller-Krause - Influence of the Location of Inner Strip Upper Limit
on the Results for the Skin Friction Coefficient along z-axis at x=0.6.
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Miiller-Krause Case - x=0.6
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Figure 3.27  Miller-Krause - Influence of the Location of Inner Strip Upper Limit
on the Results for the Wall Crossflow Angle along z-axis at x=0.6.



Miiller-Krause Case - x=0.4
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Figure 3.28  Muiller-Krause - Influence of the Eddy Viscosity Ratio on the Results

for the Skin Friction Coefficient along z-axis at x=0.4.
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Miiller-Krause Case - x=0.4
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Figure 3.29  Miuller-Krause - Influence of the Eddy Viscosity Ratio on the Results
for the Wall Crossflow Angle along z-axis at x=0.4.
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Miller-Krause Case - x=0.6

Re = 1.95 x 108 Mesh: 81 x 41 Ny =0.35
0.003
5
‘s 0.002 -
%
Q
o
c
S
3
£ 0.001 -
x
2]
0.000 — ~ — ~ .
0.00 0.20 0.40 0.60 0.80
z
X Experiment  ........ C,=10 ——_ Co=12 ____ C,=14

Figure 3.30  Muller-Krause - Influence of the Eddy Viscosity Ratio on the Results
for the Skin Friction Coefficient along z-axis at x=0.6.
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Miiller-Krause Case - x=0.6
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Figure 3.31  Miuller-Krause - Influence of the Eddy Viscosity Ratio on the Results
for the Wall Crossflow Angle along z-axis at x=0.6.
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Figure 41  Wieghardt-Tillmann - Computational Domain, Flow Conditions, and
Boundary Conditions.
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Figure 4.2

Wieghardt-Tillmann - Skin Friction Coefficient along the Plate.
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Wieghardt-Tillmann Case
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Figure 4.3  Wieghardt-Tillmann - Displacement Thickness along the Plate.
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Figure 4.4  Samuel-Joubert - Computational Domain, Flow Conditions, and
Boundary Conditions.
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Samuel-Joubert Case
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Figure 4.5  Samuel-Joubert - Skin Friction Coefficient along the Flat Surface.
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Samuel-Joubert Case
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Figure 4.6  Samuel-Joubert - Displacement Thickness along the Flat Surface.
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Figure 4.7  Schubauer-Klebanoff - Computational Domain, Flow Conditions,
and Boundary Conditions.



Schubauer-Klebanoff Case
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Figure 4.8  Schubauer-Klebanoff - Skin Friction Coefficient along the Body

Surface.
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Schubauer-Klebanoff Case
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Figure 4.9  Schubauer-Klebanoff - Displacement Thickness along the Body

Surface.
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Figure 5.1  Van den Berg-Elsenaar - Computational Domain and Flow

Conditions.



Van den Berg-Elsenaar Case
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Figure 5.2  Van den Berg-Elsenaar - Skin Friction Coefficient along First and

Mid- Streamlines.
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Van den Berg-Elsenaar Case
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Figure 5.3  Van den Berg-Elsenaar - Wall Crossflow Angle along the First and

Mid- Streamlines.
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Figure 5.4  Van den Berg-Elsenaar - Streamwise Displacement Thickness along

the First and Mid- Streamlines.
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Figure 5.5

Mailler-Krause - Computational Domain and Flow Conditions.
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Miiller-Krause Case - x=0.4
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Figure 5.6  Maller-Krause - Skin Friction Coefficient along z-axis at x=0.4.
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Miiller-Krause Case - x=0.4
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Figure 5.7  Muller-Krause - Wall Crossflow Angle along z-axis at x=0.4.
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Miiller-Krause Case - x=0.4
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Figure 5.8  Miller-Krause - Streamwise Displacement Thickness along z-axis at
x=0.4.
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Miiller-Krause Case - x=0.6
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Figure 5.9  Muller-Krause - Skin Friction Coefficient along z-axis at x=0.6.



129

Miiller-Krause Case - x=0.6
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Figure 510  Miller-Krause - Wall Crossflow Angle along z-axis at x=0.6.
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Miiller-Krause Case - x=0.6
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Figure 5.11  Maller-Krause - Streamwise Displacement Thickness along z-axis at
x=0.6.
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