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CHAPTER I 

INTRODUCTION 

1.1 Sources of. Attenuation of Elec troma.~metic Radiation 
in the Atmosphere 

The attenuation of radio waves through propagation 

in the atmosphere is due chiefly to the following: 

1. Rainfall and suspended water droplets 
(including clouds) 

2. Oxygen 

J. Water vapor 

This paper deals with the theoretical analysis of 

the effects of suspended Nater droplets and rain drops on 

the propagation of a linearly polarized uniform plane wave 

through the atmosphere in the frequency range from 10 M Hz. 

up to the frequency that makes kda S O~ 7 at which this anal-

ysis is valid, only water droplets of radius less than or 

equal to 0.11 Ad is considered. 

The presence of water droplets in the atmosphere 

effects electromagnetic propagation in two ways1 (1) 

Scattering - reflection of electromagnetic energy due to 

the discont1nuity of the medium at the boundary of the 

droplets, (2) .Absorption - which can be classified into 

ti·ro forms: (a) That due to the conductivity of water which 

1 
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causes conductivity loss. (b) 'Iho.t due to the dielectric 
. I/ 

loss factor of the water droplet (, i•e• •Cd) which causes the 

dielectric loss. 

'lhe author uses the same procedure used by Harrington 

in the reference "Time Harmonic Electromagnetic fields". 

Harrington derived the scattering cross-sectional area for 

a perfect conducting sphere and then mentioned briefly the 

procedure for solving the boundary value problem of a loss-

less dielectric. 'Ihe author in this thesis extended this 

to the case of a water droplet in the atmosphere and de-

rived the fields inside the droplet as well as the scat-

tered fields, From these fields approximate expressions 

for the scattered power, scattering cross-sectional area, 

the pouer absorbed by the droplet and absorptiorJ. cross 

sectional area are der 1 ved, 

In this paper we find that the scattered power 

changes very rap idly with the chnnge in frequency and in-

creases very ra.pidly with the increase of the size of the 

droplet. In fact the pom;r sea ttered is a function of 
6 fJ4. a • 

It is shoi·m that the absorption loss due to the i'Tater 

conduc ti vi tJr is very small compnred ·with the loss due to 

the dielectric loss factor of water (dielectric loss) in 

tho frequency range of interest. T11e major portion of the 

absorption loss is due to the o-cornponent of the elec trio 

field inside the wnter droplet, It is shown that absorption 
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loss is much greater than the loss due to scattering. Be-

cause the sea ttered power is very smo.11 compared with the 

dissipated power, we can safely neglect multiple scattering 

in this analysis. 

Finally an expression is derived for the attenuation 

constant of a homogeneous distribution of rain droplets. 

1. 2 'Ihe Procedure for Ana.ly.~J.n& lb!:. Sea tterillli and Ab-
sor.J2...tion '!2l. §;.. Water DropJ.e t 

In this paper, the incident wave is assumed to have 

the following characteristics 1 

( 1} It is a linearly polarized plane ·wave in the 

x-direction, which means that the electric-field 

E has only a.n x-component Ji• e., E = Ex ~· 
Furthermore, the equiphase surface of the in-

stantancous electric field is a plane. 

( 2) It is a uniform plane ·wave, which means that 

the magnitude of the electric field intensity is 

constant over any equiphasc plane, 

(J) It is propagating in the z-direction. 

(4) It is sinusoidally time varying, 

llie medium through ·which the electromRgnetic wave 

propagc.tes exclusive of the Hater droplets is linear, homo-

geneous, isotropic and source free. In this I!lediwn we can 

wr 1 te Hi:.0Cwell 's eq uo.tlons in the form 
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- v x i = j m u H 

In Eq. (1·2·1); 

which is free spe.ce in 

From Eq U.'3. tion (1•2•1) 

that 

from which ·w·e get 

-

v X fi = (o + j m e)~ 

u is the permeability 

this a.na.lys is; 1. e. , u 

and the rel a. tion E = Ex 

= - ~Ex u 
dZ y 

of the medium, 

= u = 0 
l/-rr( 10-7), 

"fix, it follows 

Therefore H has only a y-componen t and neither the electric 

field no1· the magnetic field has n coJJponent in the z-

direction; Le., the wave is transverse electromagnetic to 

z as was pointed out before; i.e., E_x = E0 e-jkoz 

where 

Substituting for E.A into equation (1•2•2a.) He get, 

Hy ::: ~o~ 
UJ~lo 

E C-jk0 z 
0 

therefore 

Generally for a uniform plane travelling wave in a 
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lossless dielectric we have 

Let us now examine equation (1•2•2). For a good 

dielectric we have the followlng two conditions 

(1) 

(2) 

(J !!' 0 

= I e e -
• II 
Je where e1 >> e11 [1 J 

i.e., equation (1•2•2) cn11 be written as 

v X H = j w e1 E 

Let us now consider the problem of finding the effects 

of the suspended water droplets in the atmosphere on the 

propcgation of the given transverse electromagnetic wave. 

'I'he approach to the problem is as follows. 

Any field ce.n be resolved into two coEiponents: one 

being transverse electric to any particulal' direction (no 

electric field in that direction) and the other being trans-

verse magnetic to the same direction[2], We can regard the 

incident field as composed of two components, one trans-

verse electric to the unit vector Ur and the other trans-

verse magnetic to the same unlt vector. We have complete 

freedom in chaos ing the direction of the unit vector Ur, 

therefore, l·:e choose the radial vector in e. spherical·~ 

coorclinate system to co:l.ncj.cle irith the spherical 
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configuration of a water droplet. 1bis direction provides 

simpler results than any other direction in the spherical 

system. 

'Ihe procedure for developing the relations for radio 

frequency scattering and absorption by a ·water droplet is 

as followss 

and 

(1) From the incident electric and magnetic field, 

we find the radial-components of the incident 

fields (i.e., E} 2~d H~) 

(2.) From E~ and Hi:. we can find Ai. and F; (~ pro-

duces a field T. 11, to Ur and F~ produces a 

field T. E, to Ur) using the equations (see 

Appendix B Eqs. (B-22) and (B-25)) 

Ei = 1 () 2 + k2 ~ (1•2·J) r --c-·'-2 o) jmc0 'Cl r 

1 2 Hr = 1 (-D-2 jwµo or + 1~2) pi (1·2··4) "o r 

(3) The forris for ~ and F~ can be obtained using 

the configuration of the droplet as will be 

· shovm lB.ter. Bo th forms of ~ and F~ con te.in 

a multiplicat~.ve constant id1ich must be eval-

uated by applying the boundnry conditions. 

Note that the centre of the droplet is tnken 

as the or it; in for the sphorical-coorclina te 
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system; i.e., r = a identifies the boi.mdary of 

the droplet. 

(4) We find the forms of ~ and ~, the magnetic 

a.nd electric vector potentials inside the drop-

let, making use of the f'ac t that the point 

r = 0 is 1nstde the droplet. Now we are in a 

position th.at enables us to find the total 
+ vector potentials outside the droplet, A;_. and 

F+ where A+ = A1 + A8 and p+ = F1 + F8 the r' ·-r r r r r r' 
sum of the incident and scattered vector poten-

tials. 

(5) After all components of the electric and mag-

netic vector potentials are knovm inside and 

outside the water droplet, we can determine the 

transverse components of the electric and mag-

netic fields inside and outside the water drop-

let ush1g these equ,.si.tions (see Appendix B Eqs. 

(B-23), (B-2~,), (B.-26), & (B-27)) 

-1 o Pr + 1. 
----~ ·~ ,. r Sin e Yr 

,. 
where y -- o + j m e 
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He = 1 oAr + 1 2._2Fr 
Sin A r e a © z r oro e 

,,. 
where z = j l1l !.l 

\, = -...L a_~'.£ + -x----1 ~ 2Fr 
r 0 e z r Sine ?}rdm 

It is to be noted that each expression for ~· A;, 

Ff and ~ contain a constant and these constants are to be 

determined by matching the transverse fields at the bound-

ary r = a 

(6) 'Ihe above 5-steps (a, b, c, d, e) enable us to 

determine the fields, and from these fields we 

C<?.n find 

(a) '1.'he scattered power and the scattering 

cross-sectiona.l area. 

(b) The power dissip9.ted within the water 

droplet and the absorption cross-sectional 

area. 

From these steps (a, b) we can find the attenuation 

constant. 

Surnmar;,:-1 

In th is section we brlefly discussed the pro-

cedure 1·le are going to use for developing the scEi.ttering 

and absorpton of cin electromagnetic ·we..ve by a droplet of 

water in the atmosphere. The procedure is dtvided into 8 
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sections. These sections are 

(1) De terrnina tion of Ei 1 
r and Hr • 

( 2) Determinn. tion of ~ and Fi 
r • 

{ 3) De terrnina tion of ~ and Fs 
r • 

(4) A- -Determination of a.nd F • r r 

(5) Determination of the scattering cross-sectional 
area. 

(6) De termination of the power loss due to absorp-
tion, 

(7) Comparison bet11reen the poi·rer loss due to scat-
tering and that due to absorption. 

(8) Determination of the attenuatiorn constant. 

The Second Chapter (Scattering of Electromagnetic 

wave by a droplet of water in the atmosphere) covers the 

first 5 sections and the third chapter (Absorptj.on of E'lec-

trornB.g:netic wave by a droplet of water in the atmosphere) 

covers the last 3 sections. 



CHAPTER II 

SCATTERING OF AN ELECTROMAGNETIC WAVE BY A DROPLET OF WATER 

IN THE ATMOSPHERE 

2.1 Introduction 

In this chapter we are going to solve the boundary 

value problem of a droplet of water in the atmosphere that 

causes scattering and absorption of an incident electro-

magnetic wave. From the solution we get the fields inside 

and outside the droplet, then we determine the scattering 

power and the scattering cross-sectional area. 

2.2 

and 

Determin9.tion of the Badia]_ Comnonents of the 
Incident FieldS-~ 

From the given incident fields we know that 

Ei = E e-jkoz U 
0 x 

-1 
H = E0 

'T1o 

(2.2.1) 

(2.2.2) 

Since z = r cos e, E1 
r = E~ cos ~p sin e and H; = Hi • 

y 
sin~ sin e 

we get 

(2.2.3) 

10 
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H1 = Eo e-jko r cos 9 sin ~o sin e 
r 

Tlo 

Since e_jko r cos e can be ·written as 

1 ------jl-co r sin e 
a_ (e_jk0 r cos e) 
(10 

the ref ore E~ cen be writ ten as 

Similarly we can find 

H 1 = E0 s in i:o 
r 

a e-jko r cos 9 
o e ( ) 

t3J Using the relation ejko r cos 9 = 
00 

1: jn (2n + 1) ~n (k0 r) Pn (cos 0), we can ·write the 
n=o 

1 express ion for E in term of the spherical Bessel fTu'1C tion r 
of the first kind [~n (k0 r) J :3.nd the Legendre polynomials 

[Pn (cos e)]; i.e., 

}.: j-n (2n + 1) ~ (k0 r) P (cos 0) 
n=o n n 

Using the relation n Pn (cos 9) = p1 (cos 0) 
a0-·~ n 
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and letting (k0 r) {jn (k0 r) = jn (k0 r), the relation for E! 

becomes 

Ei 
00 

j-n 
,. 

p1 = -j Eo cos m. 2: (2n + 1) Jn (k0 r) (cos e) r 
(kor) 2 n=o n 

= -j E cos ro_ ( jo (k0 r) p1 (cos e) + 
0 

(kor) 2 
0 

00 
j-n ,. p1 (cos e) J ~ (2n + 1) Jn (k r) 

n=1 0 n 

and since P 1 (cos e) = 0 for all values of e therefore 
0 

Similarly 

1 00 ,. 

H = - j Eo sin ~D l: j-n ( 2n + 1 ) Jn (lr0 r) P 1 (co s e ) r n=1 n 
Tio (kor)2 

Having foUJ.1d the radial components of the incident 

field (Eq. 2•2•7, 2•2e8), we now determine the vector po-

tential functions. 

arc based upon the foll mrine relations; 

Tne general equations for vector potentials are 
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(a) 'V x '\] x 'A - k 2A == -Y. "'4> a (See Eq. (B-7)) 

"' where y = 0 + j (I) € in general and = j w € in lossless medium. 

(b) v x v x "F - k2"F = .. z "q, b (See Eq. (B-8}) 
A 

where z = j m u0 in non magnetic medium. 

~a, ~ b are arbitrary scalars. If we choose ~a such 

that -Y ~a = oAr and 4 b such thF.t _; ~ b = ?F: , 
or or 

In Appendix (B) it is sho11m that 

Using 

(a) Ar satisfies the relation ('V2 + k2) Ar = 0 
r 

( See Eq • ( B-1 ln ) 
(b) Fr satisfies the relation (\72 + k2) Fr == 0 

r 
(c) A and F are defined as having only rHdial 

components: 1. e. , A = Ur Ar and F = Dr Fr 

(d) A gives a field transverse magnetic to Ur 
while F g:tves a field transverse electric 

Equation (1.2.4) is 

Ei = 1 <-~~-~ + ko 2) Ai 
r r 

jrue 0 or2 

equntion (B-. 16) in Appendix B, we have 

A1 = ~ !; G,,1·1n Bl:l (kor) Lm (cos e) h(m·o) r n=o m=o L n 

\·rhere Gr:m are cons tan ts 



Since the incident field is finite at e = 0 and e = rr, then 

L: (cos e) = P~ (cos e) (See Eq. (A-6b) in Appendix A and 

the accompanying discussions.) Also h(mp) must be e±jnt'D 

(See Eq. (A-6a) in Appendix A and the accompanying dis-
.... 

cussions.) B~ (k0 r) are spherical Bessel's functions. TDus 

Eq. (B-16) becomes 

(2•3•1) 

1 Substituting the above expression for~ into Eq. (1•2•4), 

we get 

From Eq. (B-17), we have 

Substituting the above relation into Eq. (2eJ•2), we get 

E1 
co o.:> 

= ___.1 __ i: l: r 
r2 n=o m:.c::o 

jmc 0 

... 
B11 (k0 r) n(n+1). 

Comparing Eq. ( 2• 3., J) with Eq. ( 2• 2• 7); we get 



m = 1, 

15 

E0 ( 2n+l) j-n = rou 0 Gmn, 
n(n+1) 

e ±jm·D = cos •o and n ? 1 From the above relRtions and Eq. 

( 2• .3• 1), we get 

where 
~ = j-n (2n+1) 

n ( n+l) 

a n 

Equation (2•J•4) gives the value of the radial component of 

the incident mA.gnetic vector potential (A;) in terms of the 

magnitude of the incident electric field (E0 ) and the wave 

number in free space (k0 ). 

Repea tine; the so1ne procedure for n; and F; we get 

k 0 

00 z ~ n=1 

where an is given by Eq. ( 2• J• L:-a) 

Stli."llmary 1 

In thj_s section '·re clerlved the relations for A1 , the r 
incident radinl magnetic vector potential, and F1 , the in-

r 
cident radial component of the electric vector potential. 

'J.ne eq UR tions for 
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Ai -- E --i- __Q. cos ('() ? j-n (2n+1). 
n (n-+iT 

and 

2.4 

'l1Uo n=1 

Determination of the Scattered Hagnet5.c and Electric vector-Po ten.t12Ts-us~ancC1i·S}--Foi:;;s-- ~-- ------~ 
----- · - r r 

Using the above results we may now find the scattered 

electric and magnetic vector potentials, and consequently, 

the scattered electric and magnetic fields. 

Since the sea ttered field is a.n outward t:cavell ing 

wave and the field nust be finite as r --;o> oo, the scattered 

electric and magnetic vector potentials have the same forms 

as the incident ones with jn (kr) reple.ced by H( 2 ) (kr), 
n 

differing by a multiplying conste.nt (See Eq. (B.;.21)). 

'Ihus we can wr1 te ~ and F~ as 

co 
cos © l: 

n=1 
b li< 2 >c1- r) P 1 (cos e) (2•4.1) n n :i..o n 

where bn are constants to be determined from the boundary 

condi tlons e.ncl 

F~ = ~. sin ~t' ·X: en n( 2 ) (k r) p1 (cos e) 
k n=1 n o n 

0 
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where c are constants to be determined from the boundary 
n 

conditions. 

Outside the droplet we have A+ = A1 + A8 the total ·-r r r' 
radial component of the magnetic vector potential, 

cos m l: f"a j (k0 r) + b H( 2 ) (k r)l P1 bos e) n=l L' n n n n o · n 

+ and Fr is the total radial component of the electric vector 

potential outside the droplet as, 

+ F' 
r 

sin l'1' E [nn ;n (k r) + c ~ ( 2 ) (k r) 1 P 1 (cos e) n=1 o n n o · n 

Swnmary 

In this section we derived the expressions for the 

scattered electric and magnetic vector potentials; i.e., 

F'8 and A8 and using these express ions along with the ex-r r 
pressions for ~ and F;, the incident radial components of 

the magnetic and electric vector potentials we get the 
+ + 

total external vector potentials, A and F • 'lhese ex-r r 
pressions are 
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Fr8 = Eo sin m I: c H·(2 ) (k r) Pn1 (cos e), - n=i n n o ko 

and 

sin ~n 

Having found the vector potentials outside the drop-

let of water, we now find the forms of the potentials in-

side the droplet. 

2.5 Determination of the Scattered Vector Potentlals .§1!!.2. 
the Vee to1:··E..9 te11!:.1&Jf?. 0Ut81-C1.g_-_tn_~. J2!0pI~..1 

1[ 
I 

Consider region I (inside the droplet) , r < a. TDe 

magnetic vector potential will have the form (See Eq. (B-

19)). 
,. 

11- =. Eg_ cos rri Z d Jn (kdr) pl (cos e) "T n=1 n n 
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dn are constants depending only on n which are to be de-

termined from the boundary conditions. Similarly, the elec-

tric vector potential F;_ has the form 

en are constants depending only on n which are to be de-

termined from the boundary conditions. 

Because the droplet of water is not a perfect conductor, 

the boundary condition require that the tangential components 

of both the electric and magnetic fields are continuous n-

cross the surface, r = a. Also since the field is finite in-

side the droplet including the center of it; i.e., r = O, 

thus Eq. (B-19) is chosen to represent the vector potentials 

inside the droplet [see Appendix (A) Eq. (A-8) and the ac-

companying discussions, also see Eqe (B-19).] 

These conditions can be written mathematically as, 

E+ e = Ee at r = a 

+ E-Ecp = at r = a cp 

+ 1-r-
(2e5oJ) 

He = at r = a . e 
II+ -:::: H at r = 0. 

{j) cp 

'Ihe above four equations are sufficient to find the fom."' -constants b11 , en, dn and e11 • Let us no11 find E9, E;, HE) and n; 
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at r = a, we have 

-E =- 1 e -__;.;;,--r sin e 

(See Ea. (B-2J)). Using Eqs. (2•5·1) e.nd (2•5•2), we sub-

stitute for £; and F; into the preceding equation therefore, 

oo ,. I 
kd Eo cos "". " ri J ( k r) • 
--~·-~ n;-1 I1 n .. d 

jru edruo 

where kd = m Jµ0 r;: d 

Evaluating at the boundary, r = a, 

d '[P~ {cos 9) J 
de 

~- cos Q I: en jn (kda) P1 {cos e) -
~~ n=l n k 0 a sin 9 

00 ,., 1 
~ an Jn(kda} -9. [pn· (cos e) J 

n=1 de 

Repeating the same procedure using Eq. {B-24) we find 

F'rom whlch we got, at r = a 
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E~ \ ::: Eo sin ro ! en jn (k a) d [P1 {cos e)] + 
--- n==l - d dO n ako r=a 

Similarly for He using Eq. (B-26) we have, 

II~ = _1___ o A°; + __!__ o 2F; 
r sin e o~o jreiu0 r ~ rci "Ei 

From which we get, at r :::: a 

The value of H- can be similarly found using Eq. (B-27); i.e., 
© 

-H = =1. w r 

From which we get at r == a, 

'lb complete the four equations tl:w.t represent the boundary 

condition we need to find Et, Er~• nt s.nd H(; evaluated at 



r == n. We have 

+ 
Ea =.. 1 

r sin 9 
+ 
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1 --·-j ·ne r . 0 

(See Eq. (B-2J)). From Equations (2•4•J) and (2.4.li-), we 

substitute for ~ and F; into the preceding equation to find 

+ 1· Ee r=a 

j_::q, cos ~o 
ak 0 

+ Similarly for Ero usine Eq. (B;..24) we have 

+ From which we get E}0 evaluated at r = a, therefore 

E + f = Eo sin ro !: r [L j ( k a) + c H ( 2 ) ( k a) 1 • w _ --·-~- n::::1 Lc-r1 n o n n o r-·a ak 0 

Similarly we find Ht using Eq. (B-26), we have 



2.3 

H+ - 1 
0 - r sin e 

From which we get at r = a 

+1 
00 ,. 

H( 2) (k a)] H = - E0 sin r.p E [an J (le a) +b • o r=a a sin a wuo n=l n 0 n n o . 

co "' p1 (cos e) + E0 k 0 sin r.p E [nn J (k a) + n -jwu a.· k- n=l n 0 
0 0 

(2•5•10a) 

H+ is found using Eq. (B-27), 
r.p 

+ H = -1 
(0 -r 

From which ·we get, at r = a 

= _E0 cos ro ~ [ j (le n) + b H( 2 ) (k a)] • 
----- n=1 an n o n n o . El:!JU 

0 

F.quations (2•5•8a), (2•5•9a), (2•5•10a) and (2•5•11a) give 
+ + + + the required values for E9 , 'B~J'' II0 .and H~!> evaluated at r =a. 

- + + + + Substituting for E9, E;, He, n;, E9, Ew' H0· e":'nd Hr.p evaluated 

at r =a from Eqs. (2•5•li·a}, (2·5•.5a), (2.5.6a), (2•5•7a), 
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( 2. 5. Ba), (2• 5• 9a), (2•5•10a) and (2•5•11a) into equations 

(2.5.3) we get 

,,., I ... . A ... I 

b 
-Jµocd Jn(koa) Jn (ka_a) + /µoeo Jn (koa) Jn (kda) ~ = H~2 )(k0a) j~(kda) n Jµ0 ed fr~2)1(k0a) 

A 

Jn (kda) -Juoeo· 

A ,. I ,. I A 

= -Juoed Jn (koa) Jn (kda) +Foe~ Jn (l~oa) Jn (kda) a 
c n 

n .. ( 2) ,.. I 
- JUoeo ir~ 2 >'(k0 a) jn (kdn) Ju0 ed 1~1 (k0 a) Jn(kda) 

... j Ju eel a 
~ 

n 
= f;!:a. HJ2 >'ck a) 

... ,. ( ) ,. I 
Jn(kda) -M H 2 (lr a) J (k ·a) 

I 0 d 0 0 0 n o n d 

j Juoco an 
en = J-, ,-e--H__,(_2_) -(k_a_)_J_1 -,1-~ _a_)_ lil€ H ( 2) 1(k a) jn (kda) 

_ '"'o d n o n. d -vl-'o-o n · o 

where an is given by Eq. (2• 3.l/.); i.e., 

s ~ s 
Now we know comp le tcly ~ .. , Ar' Fr ru1d F; because bn, 

en, c\1 and en are now knmm. It is to be noted that each 
- s - s expression of ~ .. , Ar' Fr and Fr· contains an infinite nwnber 

of terms, however only the term corresponding to n = 1 pre ... 

dominates when k a << 1. (See Appendix C f'or values of 
0 

k0 a in tho f:.cequcncy range of interest and for average drop 

size.) 
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Using the above approximation, we get[4J 

c ~ 0 . 1 

Thus we now have approximate expressions for ~' A;, 
F~ and ~ that are valid for the frequency range of interest 

and the average drop size. 

Substituting the values of b 1 , c 1 , d 1 and e 1 from Eq. 

(2•5•12a) into Eq. (2•Jp1), (2•4•2), (2•5•1) and (2°5•2) 

noting that Pi (co~ 0) =-: .. sin e, we get, 

and 

F- '"" - E0 si~~~ (-_2_) ·\ (kd r). 
r ko 8jcr 

Equations (2•5•1J), (2•5•11}), (2•5•15) and (2.5~16) 

give the radial cooponcnts of the scattered vector poten-

tials inside the dr-ople t. 
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2.6 Determination of the Scattering Cross-Sectional Area 

The scattered fields can be determined completely be-
s s cause we have determined~ and Fr in section (2.5). From 

the sea ttered fields we find the sea ttered power using the 

relation 

P = I J (E x lis-t'~) • d'S [5] 
s 

where the integration is taken over a sphere of large radius, 
-s -s in other words the scattered fields, E and H , are the far 

fields; i.e., a great distance from the scatterer, and dS is 

the element of area on the spherical surface, Le., 

d.S = r 2 s 111 e dOdn ur• Therefore, 

where 

'Ihe scattering cross-~cctional area is defined as the 

area of an ideal receiving entenna that intercepts an ~~ou.~t 

of the incident power equal to the scattered power. 'Ihis can 

be written as 

CJ s 

where ( E2 /T) ) is the incident power density o 
0 0 
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To find P8 , we need to find E:, ~· H~ and H:. Using 

Eqs. (~2J) and (2•5•14) we have 

s Substituting for Ar from equation (2•5•1J) noting that for 

th f 1 ld k d H(2) 1 (k ) = je-jk0 r [6J, e ar f e , 0 r -> 00 an 1 0 r 

kor -> oo 

we get, 

Es = E0 cos e cos~ (k0 a)J • k 0 (er-1) • je-jk0 r 
e jw e: 0 r lriii:t~) for +2} 

= E0 cos cp cos 0 (k0 a)3 (er-1) 0 -jk0 r 
wr /P-oeo Ce:r+2) --

Similarly for E; using Eqs. (B-24) and (2•5~14) we have 

t a 2~ ' 
jwe: r sin e o rocp 

0 

from which we get using Eq. (2•5•1J) 

Es =-E0 sin~ (k0 a)3 k0 (e:r-1) sin e je-jk0 r 
t+> jme: r sin e Ce +2) wu o r · 

=-E0 sin".!> (k0 a)J (er-1) e-jkor 
mr 1~10e~ (e:=;+zJ 

To find H: we use Eqs. (B-26) and (2• 5• 14) to get 

HS = e 1 ---· r sin e 
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from which we get using Equation (2•5•13) 

s Similarly for ~ using Equations (B-27) and (2• 5• 14) we have, 

fror:i which 1rre get using Equation (2• 5• 13) 

• e -jkr 

Now we have determined the required fields components 

for the evaluation of P8 , but before doing this let us cx-
s s amino the scattered electric field co1~1ponents Ee end Et;; 

From Equntion (2°6°3) we have 

At a particular frequency L(a, f) is a consta.nt and equal to 

T.ne above equn.tion for the far field m8gni tude jE~ I 
shoirn that this m::ignitude vo.ries sinusoidally uith ens Hell 



29 

as cp. Thus for fixed value of e and r the maximum vnl ue of 

IE~ I occui·s for r.p = 0 and it is zero when m = rr/2. Similarly 

IE~I for fixed value of rand rp, the va.lue of 0 reaches rne.Xit1um 

value when e = 0 and reaches zero i;-;hen e = rr/2. Of course 

the max imwn value occurred when e = ro = 0. 'I'his is shown in 

Figure (2.1). 

The Figure shows the V8rj.ation of the magni tucle of the 

e component of the scattered electric field with e for fixed 
0 0 6 0 values of ro = 0 , ro = 45 and w = 0 , at a fixed value of r. 

A similar figure ce~n be drmm for the vo.ria tion of 

with ~D for fixed values of e and r. 

For the variation of I E; I with e and cµ, we have from 

Equg,tion (2•6•4) 

I F~ I = !o~~i· }~~;<:J~;ii'r u_ = L (0.t.f) ___ §_in_~ft 
r 

L(a,f) is the same constant used for IE:1 above, 

s 
In this cs.se the magnj.tude of E4'> does not depend on 

e but varies sinusoidally 1·ri th ro. As sho·wn in Figm.·e (2. 2) 

the maximum value of 

for ro = 0. · Thus tho 
I F8 / OCCUL'S "'hen r"' i:o " .v 

magnitude of E8 is 
(i) 

ma."'.: irnum and vice verse.. 

~ rr and it is zero ·i 
zero when IE~ I is 

Similarly, we mny n:::>w find·H~ and H~o From Equation 

( 2. 6 e .5) ·we;; have , 

£J.:!l..!i;. 
r 



JO 

0 CV= Go 
r == constant 
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r = constant 

Fig. (2. 2) Variation of I I~~ I 1'75.th 41 
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At a particular frequency N(a, f) is a constant and equD.1 to 

therefore, /H~I does not depend on 9 but varies sinusoidally 

with co. From Equation ( 2• 6• 6) we have, 

~~os ep cos e (k0 a) 3 (E:r-1 t = 
tl.lUO r Cer+2) 

N cos co q2s e 
r 

therefore, 

with e and 

varies ·with {p in the same manner I E8 I varies r.o 
varies ui th e Hncl ro in the SBJne me.nne1 .. jE~ I 

var ics ivi th e and rp. 
S ~• r 

T fi d P determine (E..., H8 .. - E8 H89 ... ) therefore, o n s w·e 0 r:f) ~ 

IJC-jkr N 1 2 jkr s n 'D e 
~··-;r-

Substituting this expression into Equation (2•6•1) we set, 

== LN rr 2rr 2 2 lo ]0 (sin e cos 2-n cos 0 + sin e sin ~I')) d""l de 
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= rrLN [/: cos 2 e sin 9 dO + f~ sin e d9J 

=8rrr~N 

3 

Substituting for L and N into EquEi.tiol'il (2•6•7) we have 

From Equations (2•6•2) and (2.6.7) ·we have, 

0 8 = 8rr (!Ji) 'l'1 
3 E2 o 

0 

therefore, 

therefore, 

In the frequency r2.nc;e of interest, er ::::: 78 >> 1 [?] and 

which may be expressecl in terms of square wave len['.'.:ths 
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O's 
r~ 6 "s ::: i (k0 a) -z Jrr ~ 

-;:- K 6 
(~) 

A 

where K = (?:. 7) (TT5) = 1.29 x 10 4 
J 

Os :::: as '='= 1.29 x 10 4 {£L) 12 Ao 0 

From the previous equation we see that the scattering cross 

sectional area 0 8 varies as the sixth power of the radius, a; 

1. e,, for two drops of water one of radius "a1 11 and the other 

with a radius of u2a1° we see that the scattered power varies 

from P s to 6~,p s re spec ti vely. So the sea ttered power is very 

sensitive to the size of the drop. 

Concerning the effect of the frequency ve_r la tion we 

see that the scattered poi:·rcr from a given drop VB,ries as r4 

or the 4,th power of frequency, In other words increasing 

the frequency by a factor of t1:10 increases the sea ttered 

poi;·rer by a factor of 16, for a given droplet size. 

Note also that the scattered power is more sensi tivc 

to the radius of the drop than to the frequency of the inci-

dent plane polarized wave. 

For the sr)ecific frequency of o. 3 G llz, and a drop-

let size, a= Oo2 cm; 

1. rn 
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and 

4 -3 6 
JJ8 = 1.29 X 10 •(2 X.1Q ) = 

1 

= 8.25 X 10-9 cm2 

For a smaller droplet, a = 0.1 cm 

/} -3 6 1l~ 2 
0 8 = 1.29 X 10 (,L_~ lQ ) = 1.29 X 10- ' m 

- 1.29 X 10- 10 cm2 

SUJmnar~ 

In section (2. 5) we developed the expressions for the 

scattered f . 1- t E8 E'~ H~ - lis 1 ~ . . - ~ "'10''. . · G. Q COtrponen S · 6' cp' 0 cu cp• These expres-

sions a.re 

From the above scattered field components we derived 

the expression for the scattered power, P8 , as 
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(2•6•7a) 

and from the scattered power, P8 , we developed the expression 

for the scottering cross-sectional area, 0 8 , s.s 

"s = _?_ JTT 

fue above expression for tho scn.ttering cross-sectional 

area shoirn thF-tt this cross-sectional area is propox·tional to 

the sixth power of •1a 11 and that it is inversely proportional 

to the fom·th power of the free space waVGlcngth, A0 • 



CHAPTER III 

ABSORPTION OF A LINEARLY .POLARIZED PLANE WAVE BY A DROPLET OF 

WATER IN THE ATi•!OSPHERE 

3.1 Introduction 

So far we have solved the boundary value problem of 

a spherical rain-drop and we have determined the electric 

and magnetic fields inside and outside the rain drop. 

Outside the rain drop we have found the scattered 

fields that exist due to the incident plane polarized wave. 

Finally we found the scattered power and from this we found 

the scattering cross-sectional area for the dielectric 

sphere of a rain-drop. The following assumptions have been 

made 

(1) k 0 a = 2rra << 1 which is valid for average size 
Ao 

rain drops of radius .. a) throughout the frequen-

cy range of interest [from 10 M Hz. up to JOO 

M Hz. J (see Appendix C). 

(2) We assumed that the rain-drop is a lossless 

dielectric sphere of relative permitttvity ~r; 

this assu'nption as we shall see is valid for 

determining the field distribution. 

The method used here to find the r~~f energy dissi-

pated in a rain drop is the perturbational method. T'fle 

37 
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fields in the rain-drop are found by assuming a lossless 

dielectric. Using the lossless field distribution the loss 

due to the dielectric loss factor and the conductivity of 

water is calculated. If the conductivity loss is small 

compared to the dielectric loss and the dielectric loss 

tangent is very small, ·Vie conclude that our assunption of a 

lossless dielectric is fairly good. In other words we ma..1te 

an assumption and if this assumption leads to sufficiently 

accurate results we conclude that the assunption is valid. 

We have found in section ( 2. 5), the complete ex-

pression for both the magnetic and electric vector potc:n~ 

tials inside the rain drop due to the incident plane pola .. r-

ized wave. These are equations (2·5·15) & (2.5.16) respec-

tively. 

For convenience wG'll repeat equations (2•5•15) and 

,, 
A; ...., Eo. [ __ 9-__ ;-:J_ J Jl (kdr) cos 4> sin e (2•5•15) 

W\..10 2j (2+er 

and 
,. F; - -Eo ( ~--2__) Jl (kdr) sin ro sin e (2•5•16) 

ko 8jcr 

To obtain the po,,;0r 1os'.; due to absorption ·we have 

to find the electric field Co'.::ponents lnsicle the droplet, 

To find E:c' uslnc; Eq. (B 2 ?) ;:c ;;- ~·--
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- 02~ 2 -E = _L_ + kd Ar) r (--
jwe: d or2 

-Subs ti tu ting for ~ from equation (2•5•15) we get 

[It is to be noted that we are following the same assump-

tion of lossless dielectric medium, we determine the fields 

as if the dielectric is lossless, then from these fields 

we'll find the power loss, if this power loss is such that 

the conductivity loss is very small compared with the di-
/ // - I // electric loss and furthermore e:d >> e:d' where e:d - e:d - je:d, 

throughout the frequency ranE;e of interest. We conclude 

that our assumption is reasonable. J 

From equation (B-17) we have 

therefore 

E; = 9 Eo sin e cos w 
-2' / I 2 w µ ( 2+e ) e r ~ o r d 

By a very good approximation, we modify the expression for 
,. 

E; which contains J1 (kdr) to obtain another expression 
A 

which does not contain J 1 (kdr). It will bo shom1 later 

that this approximation is mecessary to solve for the p01·;er 

loss of the rain-·rlrop. 
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j 1 (x) can be expanded in poHer series a.s follows 

... 
(x) (from definition) J1 = .§_in JS_ - cos x 

x 

therefore 

,. 
x3 + x5 - 2 4 6 J1 (x) = 1 (X I e e } (1 - x +x -x + ••• ) 

x Jr TI 21 4! bT 

= !'.~ .. - x~ + x6 - x8 + ••• 
3 30 840 .. SlioX54 

therefore 

therefore 

For 1·mter at the frequency range [10 H Hz ·~ 300 H Hz.], 

c~-::-- 78 at 25°c [7] where c~ = c~1 
co 

theref oro 
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2 
(0.039 E sin e cos ~) • 

0 

Approximating the above result, we get 

The above approximating is valid to an accuracy of more 

than 98.6%, for kda S 0.7. The above expression for jE;j 2 
shows that for kda S 0.7, the variation of IE;j is sinus-

oidal with 0. and al so sinusoidal with cp. 

In other 1"10rds, the value of IE~j is proportional 

to sin O cos w, this means that for e = 0, IE;j = 0, and for 

particular values of cp and r, IE; I reaches its maximtull. value 

for e = rr/2. However for particular values of 9 and r, IE; I 
is maximmn for ~o = Oo Figures (J• 1a) and (3•1b) show· the 

variation of IE; I with w and e. 
-Let us now consider E~)' from equations (2•5•l.}), 

(2'5•15) and (2•5•16), we have 

r ~ 
- j ;~:r J •! cos "' rr1¥+e )" 

1 
Substituting for P 1 (cos EJ) 
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r. = constant 

e ~ constant 

Fig. (3.1a) Variation of jE;J uith ro 

r == constant 

~ -~ constant 

J?j.g. (3.1b) v~rln.tlon Of IE; I Hi th 0 
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therefore 

A A I 
Using approximations for J 1 (kdr) and J 1 (kdr) in terms of 

their power series expansion (These approximations are nec-

essary in finding the power absorbed within the droplet.) 

The ref ore 

IE~l 2 :::: ((1,68) 2 E0 
2 ~ cos2 "' cos2 9 f 1 - ~ (kdr) 2 } + 

(0,043) 2 k! E~ r 2 cos2 © f 1 - ~~r> 2}J 

Note that kd is eq u.al to w Jµ ei 0 d in all our calculations in 

this chapter of absorption, €~ >> €~ for water in the fre-

interest at 0 quency range of 25 c. 
Looking at equation (3•2•J) we see that JE~j is a 

function of cos~ for particular values of rand e, 1.e., 

for given values of rand e, the value of jE~jis maximum at 

q> = 0, as shm·m in figure (3.2). However the variation of 

IE~ J with respect to e is not exactly sinusoidal because 

one term of Eq. ( J• 2• J), 1. e., the term 

does not depend on e. 2 
Tne above approximation for IE~ I is 



r :::: cons tw.1 t 

e = cons ton t 
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We n01'l need only to find eJ1 expression for jE; 12 • 

Let us no1·1 evaluate the cp-componen t of tho elec trio field 
-inside the droplet of water; 1. e • , E us ing Eq • ( B- 2 4) co 

Using equations (2•5•15) and (2·5·16) for ~and F; respec-

tively we get, 

A ,. I 
we approximate J 1 (kdr) and J 1 (kdr) after 

expanding them in power series, using this approximation we 

get, 

The above exp1·ession for IE: I shows that jE; I ic proportional 

to sin co for pnrt:i.cular values of r ru1d 0, in other words 

the maximum value for jr.:; I for particular va.lues of r ai'1cl e · 
occurs for (!) = lI• and for cp == 0 the val uc of 1E-1 is zero. 

2 I w 
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This is shom1 in Figure (J. J) 

The variation of jE; I with respect to e is not ex-

actly sinusoidal because the second term of equation (J•2•.5), 

1.e., the term 

does not depend on e. So far we have determined the electric 

field components inside the rain a.i~op, assuming that water 

is approxj_mately a lossless medium. 

To fine the.power absorbed by a droplet of water, 

we [B J1rnow that the po1-mr dissipated within the spherical 

droplet is the real par\ of (a + jme d)J J J IE 12 d<:: pl us the 

real part of jwudJJ/ jHI d~ 

Since µd = µ 0 therefore the real part of 

Tnis gives, 

where the integration is talrnn over the volume of the drop-

let. Tfle pouer absorbed can be cli vicled in to two components 1 

(1) cr/// IEl 2 di: which is the loss due to condnctiv-

ity of water. 

(2) r1i/~f /f JEj 2 dt: which is the dielectric loss. 
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r == constant 

0 = cons to.n t 
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// At the frequency of interest, o <<wed which enables us to 

write Pa. as 

therefore 

where 
-,2 la. /r /2 rr I E - I 2 2 

I1 = J f 1 I Er d-c· = r sin o dr de c1q) o o o r 

- 2 2 
!2 ::: ff! jE0l r sin O dr dO &+1 

and 

I3 = !If IE;l 2 r 2 sin O dr dO d~ 

_ 2 I _12 I _ 2 
We use the approximate expressions for !Erl, Ee and Ecol 
to evaluate the preceding integrals, Substituting equation 

(3•2•2) into the expression for I1 'ltre get, 

I1 ~-· (6,35 X 10-3) a3 a5 kd2 (- - ~-) 
3 2.5 

Substituting equation (3.2.l}) jnto the expression for 12 

we get, 
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Similarly, substituting equation (3•2•6} into the expression 

of r3, we get, 

Note that r1 , I 2 and r3 are proportional to the components 

of power loss associated with the individual spherical-

coordinate components of the electric field inside the drop-

let of water; E;, E~ and E~ respectively. 

Subs ti tu ting the above values of Il' r2 and r3 in to 

equation (3• 2· 7}, we get the power loss due to absorption 

as 
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or = (k a) /€' o r 

Equa.tion (3• 2• 8) gives the power loss due to absorption in 

terms of the nagnitude of the incident electric field, fre-

quency and re.dius of the droplet. 

Evaluation of the Absorptio~ Cross-Sectional area ~ -

The definition of the absorption cross-sectional area is 

similar to the definition of the scattering cross sectional 

area with the scattered poHer replaced by the power absorbed. 

Thus, 

Substituting for Pa from equation (3•2•8), we get 

Note that Oa varies as the third power of the radius 0 a 0 • 

As an example, e~ = 1.25 [?] and e~ = 75;.5 at a frequency 
0 of 300 H Hz and tcDperature 25 c. For a= 0.2 cm at the 

given frequency, kd =-~ 55 and kda =-~ 0.11. 
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Since kda < 0.7 and the given frequency= 300 M Hz, 

we use equation (3•2•8) to find Pa' this gives 

Note that the conductivity, cr, of water is neglected because 
I/ a <<wed in the frequency of 300 M Hz. 

Let us consider the same example and reduce "a" to 

one half; i.e., a= 0.1 cm, then 

'lbus reducing "a" to one half its original value decreases 

the power loss due to absorption to one eighth. 

At the high frequency range (see next section), the 

most important electric-field-component that contributes to 

the power loss due to absorption is the 9-component. 

On the basis of the above example, the absorption 

cross-sectional area is calculated. 

f = JOO M Hz, a = O. 2, ·we get 

4 -7 2 aa = 7. 2 X 10 m 

For the second case; i.e., a== 0.1 cm, we get 

-8 2 "'a = 9. 3 X 10 m 
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Summary 1 

In this section we developed expressions for the 

electric field components inside the water droplet. These 

expressions are Eqs. (3•2°1), (3.2.3) a.nd (3·2~5) 

and 

From the above expressions for the electric field components, 

we have approximate expressions for jE;j 2, /E0j2 andjE;j 2, 
the approximation used is valid for kda S 0.7 and the error 

involved in these expressions is less than 1.4%. Tnese ex-

. 2 -4 E2 sin2 e 2 (kdr) 2], /E; I •v 15.2 x [1 - (3•2•2) = 10 0 cos CJ) 

5 

IE~ 12 f(1.68) 2 E2 
I 2 cos2 {1 - ~ (kdr)2l 

..... Cd cos CD e + 
0 

µo 
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and 

IE~l 2 ; (0.043) 2 (kdr) 2 E; sin2 ~ cos2 e [1 - (kdr) 2J + 
5 

From these expressions for jE;1 2 , 1Eel2 and 1E;12 , we devel-

oped the expression for the po11er absorbed inside the drop-

let Eq.((3•2•8)]. 

-1.i- 2 ,,,2) J 1.11 X 10 kd n 

from 1·rhich the expression for the absorption cross-sectional 

area has been obtained as, 

3 11 r 2 6 -3 2 
CT = 'n a WC L 0 • 6 J 9 X 10- + J • 8 X 10 kd -a ''o d 
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J, J Compa.ri§..Q!l of the ~ b.gss ~ to Sea ttering illh 
~ due to Absorption, 

The power scattered by a water droplet was found to 

be 

'A.2 6 2 
p = ..£. (k0 a) Eo 

s 0 )TT 110 

(J.8 x 10-33) E2 f 4 6 
(3.3.1) = a 0 

The power absorbed within the droplet of water is 

In deriving the above two expressions for P8 and Pa 

we have assumed that water is approximately lossless, At 
0 25 C this condition is only satisfied in the frequency ran~e, 

10 M Hz. up to JOO MHz; [7li,e., in this frequency range 
// I I/ 

o << we:d and e:d >> e:d. Furthermore kda S o. 7 for average 

rain-drops or condensed droplets. Thus the lO't·T frequency 

limit is 10 M Hz whne the high frequency limit is the fre-

quency. the.t makes kda = o. 7 or JOO M Hz· whichever is smaller. 

For kd S 12 o 9; 1. e. , f = 70 H Hz, the term 

(kda) 2 [3.59 X 103+ 0,1;65 X 10-3 k~} 1n the expression for 

Pa can be neglected and we have the following express ion for 
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Pa in the frequency range 10 MHz• to 70 MHz. 

P ,...._ 2 J I/ ( 6 - 2 6 - 3 2} a _ E0 a we: d l 0. 39 X 10 + J. 8 X 10 k d 

Using the relation kd = wjµ 0 ed_ where e:~ = 73[7J as 

e~ = 78 e 0 , we have 

In the low frequency range ( 10 M Hzo up to 70 M Hz·), 

the ratio (Pa/P8 ) is 

+ 2.18 edX 1017 

a3f 

Thus as the radius of the droplet increases, the 

above ratio decreases. However this ratio is very large 

even for the largest drop size (a= 0.01 meter). 

We conclude that in the low frequency range the 

power absorbed by the droplet of water is much greater than 

the seat tered power and the ratio of the sea ttered power to 

the absorbed power vari0s approximately as the ratio (L) 
e: r 

in the frequency range Li-o N Hz up to 70 M Hz. This ratio 

increases with frequency. 7 

'Inc expression for poi·rer absorbed within the droplet 

in the high frequency range is 
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k~ a 2 X 4,65 X to-4) 

(3·3·3) 
where the high frequency range is defined as the frequency 

range 70 M Hz up to the frequency that makes kda = 0. 7 or 

300 M Hz whichever is the smaller. 

The ratio (Pa) in the high frequency range is 
Ps 

smaller than that in the low frequency range because the term 

is subtracted from the term 

in the expression for Pa in the high frequency range. Tne 

ratio ~ in the high frequency range is 
Ps 

Pa= 2.18 ed_ X 1017 _ 8.9 X 102 f e~ 
Ps a3r a 

Thus as the radius "a" of the droplet increases, (Pa/P 8 ) 

decreases and also c:'a) decreases with the incre~se of the 
Ps 

frequency, this means that the smallest ratio of (Pa) occurs 
Ps 

at the highest frequency and the largest radius. At 

kda = 0. 7, the power absorbed with j_n the droplet of water 

is 
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which makes the ratio 

Thus the ratio (p~) is very large even for the highest fre-
Ps 

quency and the largest radius of rain-drops (a= 0.01 meter), 

We conclude that the po1·rer absorbed is much greater than 

the scattered power in the frequency range 10 M Hz up to 

the frequency that makes kda = 0.7 or 300 N Hz. whichever 

is the smaller. 

In this section we divided the frequency range of 

interest (10 M Hz. to JOO H Hz.) into two ranges, [The con-

ditions of validity of these relations are (1) 1he electric 

conductivity "o" is much 
// 

smaller than (wed) in this freq mm-

cy range. ( 2) k 0 a << 1. ( 3) kda < 0. 7 .J 'Ihese tw·o ran6es 

arc: 

(1) The low-frequency range (10 MHz. to 70 H Hz.). 

In this range the power absorbed "Pa" was found 

to be 

Pa~ E~ a3 E~ X 10-3 (40f + 8.3 X 10-J f3) 

(3•3•2) 
(2) The high-frcqrn:mcy range (70 H Hz to 300 M Hz) 

and the po·wer absorbed 1.n this range, P , "1·1.s,s a 
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found to be 

In the entire frequency range ( 10 M Hz. to JOO N Hz.) 

the power absorbed within the droplet was found to be much 

greater than the power scattered, 

3.4 D~termination of the .Attenuation Conste.nt of a 
Homqgene0llgf51str Tb"u t:Lq_n. of Bili DrOPle ts - -

The total power loss from a radio frequency field 

caused by the presence of a rain-drop is the sum of the 

pow-er scattered and the power absorbed by the rain-drop; 

i.e., Pt= PS+ Pa. 

Using Eqs. (2°6°8) and (3•2•8), we find 

2 4 6 3 // Ii 10- 2 + pt = E0 [ 1. 22 X 10 a + a w e: d lo. 639 x 
'}.4 x 120n 0 

3,86 x 10-3 k2 - 2 {3o59 X 10- 3 + 
d (kda) 

-3 2 -4 2 2 )J o.465 x 10 kd + 1.11 x 10 kd a ) 

We can no·w fl:nd the attenuat:ton constant in decibels 

(db) per meter in the presence of rain fall:Lng at the rate 
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of p mm per hour with a particular rain-drop size. The at-

tenuation constant "a" is given by 

a: in db = 

10 log10 'l'ota.l po11_rer loss in a_cube of vg_lrnne one cubic meter 
Incident pow-er density 

Thus we have to find the total power loss in a volume of one 

cubic meter. The radius "a" of each drop enables us to find 

the terminal falling velocity of the drop using the relation, 

Drag force = weight of the drop 

which gives 

J \) V TT d -· J2 Jn 

where m is the mass of the drop, d = 2a, v is the viscosity 
0 

of air which is equal to 0.18 kt::&.::"..§S::C. at 70 F and v is the 
m2 

terminal velocity from which we get 

where a is in meter and v is 111 meter per second. In other 

words, the terminal velocity ts proportional to the sq uarc 

of the radius of the rain-drop. 

Tne rain drops in a volume 

the ground af to1· 1 seconds f i.e. , 
v 

of one meter cube reaches 
_/J, 

10 · seconds. From this 3:9 a 2 
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period we gc t the volume of re.in drops within a vol rune of 

one cubic meter as 

3 p m 
3.9 a 2 X 360 

From (3•4•1) we get the number of rain drops within the given 

volume of one cubic meter by dividing Eq. (3.4.1) by the vol-

ume of one drop, uhich yields 

n -- 1.7 x 10-12 n d i t I 3 ..L:.- rop e s m 
a5 

where 11p" is the rainfall rate in :mm per hour and "a" is in 

meter. From Eqs. (J•4•1), (3•4•2) and {J•l},l.J-) we get the 

attenuation constant "a '1 as 

a = 10 log10 6.4 p X 10-10 [we~ {0.639 X 10- 2 + 
a.2 

3.86 X 10- 3 k! - (kda) 2 (3.59 X 10-3 + 

0,465 X 10-J k: + 1,11 X 10-4 k! a 2)} + 

4 
1.!..?2-~-lS-P"' J db loss per meter distance 

120 TT A 
0 

Summar~;r 

In this section we developed the attenuation con-

stant 11 a 11 [ Eq. J• lh 5 J for a particular rainfall rate nnd 
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particular radius of the rain-drops. From this expression 

for the attenuation constant we see that "a" increases very 

rapidly with frequency. Also for a particular rainfall rate 

and at particular frequency, the attenuation constant de-

creases as fast as 1 with the increase of the size of the 
a2 

drops because the term corresponding to the scattered power 

in Eq. (3•4•5); i.e., 

. 4 
[ 1 • 22_~_J£,--g J 

120 rr A.0 

is very small compared with that of the power absorbed by 

the rain-drops. 



CHAPTER IV 

SUMMARY 

In this thesis we derived the expressions for the 

incident vector potentials using the expressions for the 

incident field. These are Eqs. (2.J.4) and (2.J.5); i.e., 

Ai = Ai u 
r r 

where 

cos "O 

UJUO 

-n 
an = j l_~n+1 L 

n n+1) 

and 

(2.J.4) 

.Also we derived the expressions for the scattered 

vector potentials and the vector potentials outside the drop-

let of water, these are Eqs. (2.4.1), (2.4.2), (2.4.J) and 

(2.4.l.i-). 

s = Eo 
00 " ( 2) 1 

Ar cos".!> l: bn Hn (k0 r) P (cos e) ' 
tilU n=l n 

0 

(2.4.1) 

s = Eo 
00 ~(2)(k ) pl F sin co " (cos e ) , L, 0 n n or r 

ko 
n=1 n (2.4.2) 
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A; 00 " H~2 ) (k0 r)J p1 = ~o cos co /.: [an Jn (kor) + b (cos e) n=l n n wµ 0 (2·4·J) 

and 
+ E 00 ;. " ( 2) p1 F = .....2.. sin r.o z [an Jn (kor) + c ~- (k0 r) J (cos e) r 

ko n=1 n n 
(2•4•4) 

We developed the expressions for the vector poten-

tials inside the droplet of water, these are Eqs, (2•5•1) 

00 "' p1 
~ = ~o cos i:o l: d11 Jn(kdr) (cos e) 

n=l n wµo 

and 
co "' p1 F- = Eo sin q> z en Jn(kdr) (cos e) r - n=1 n 

ko 

The values of the constants bn, en, ~ and en were 

found from the boundary conditions. 'Ihese cons tan ts were 

eva.l ua ted on the assumption that k0 a << 1 in the frequency 

range considered in this thesis [roughly fron 10 M Hz. to 

300 MHz~, i.e., 

0 
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Eq. (2•5•12a) reduces Eqs. (2•4•1), (2•4•2), (2•5•1) and 

(2•5•2) to Eqs. (2•5•13), (2•5•14), (2•5•15) and (2•5·16) 

s r-.- E COS CD (k0 a).3 (e:r-1]. 
"(2) 

(k0 r) e ~ = 0 H1 sin 
UJUO (e: r +2} 

(2•5•13) 

s "-
F = 0 r 

,. 
~ ~ _Eo cos Cl) sin e [---2--~] J1 (kdr) 

UJUO .2j (2+er -

and 
,. 

F- -;: -Eo sin ro sin e <--?--) Jl (kdr) r 
ko 8Je:r 

Using Eq s. ( 2 • 5 • 13) , ( 2 • 5 .14) , ( B- 23) , ( B-26) and ( B-27) we 

derived the scattered field col".lponents, E~, Et~' H~ and H~, 

·required to find the scattered power and the scattering 

cross-sectional area; i.e., 

Es = E0 (k0 a)3 ( e: r-1) e- jkor cos i:p cos e (2·6·J) e wr /µoe:o- e:r+2 

s 
= :.~o (~a)3 (; r:._1:.) c-jkor sin i:o (2·6·4) E cp wr Juoe:o er+2 

HS = EQ (kq~2 ( r-1.) o- jkor sin i:o (2·6°5) e 
UJUO r e: +2 r 

HS Eo_ (koa) 3 ( _:: r-1) ·· jk0 r cos e (2$6 .. 6) - e cos co 
CD wuo r e:r+2 
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From these components the expression for the scattered power 

has been developed, 

2 ( 6 2 p s = 8 rr EO k 0 a) (er-~) 

)JJ 2µo /t.ioE:o er+2 

and the scattering cross-sectional area 

The above expression for the scattering cross-

sectional area shows that this cross-sectional area is pro-

portional to the s L"\: th power of "a" and that it is inversely 

proportional to the fourth power of the free space wavelength, 

Us ing Eq s • ( 2 • 5 • 15 ) , ( 2 • 5 • 16) , ( B- 2 2 ) , ( B- 2 3 ) and 

(B-24) the expressions for the electric field components 

inside the droplets have been derived 

- .. 
E = 9 E0 sin 0 cos cp J1(kdr) (J·2·1) r ·2 

( 2+E:~) I 2 
UJ Uo E:d r 

"I - 9 E9 Ji (J{cEl + 9 cos w cos e J1 (kdr) Ee = COS CD 
8j k0 r €/ -2 (2+e~) kdr r 

(J•2•3) 

and 
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From Eqs. (3•2•1), (J•2•J) and (J•2•5) approximate expres-

sions for jE;j 2, I Ee/ 2 and jE;j 2 have been derived, the 

approximation used is valid for kda S. 0.7 and the error in-

volved in these approximations is less than 1.4%, these are 

equations (J•2•3), (3•2•4) and (3.2.6). From these expres-

sions for jE;j 2 , !Eel 2 andjE;I 2 the expression for the pow-

er absorbed inside the droplet has been derived, i.e., 

and from it the absorption cross-sectional area, aa 

A comparison between the power absorbed by the drop-

let of ·water and the sea ttered power sh01rn that the power 

absorbed within the droplet is much greater than the power 

scattered because of the presence of a water droplet in the 
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atmosphere in the frequency range ( 10 M Hz. to 300 M Hz. ) , 

In this frequency range the value of we~ >> o and e:~ >> c~, 

i.e., water is considered a lossless medium for the purpose 

of determining the field components inside the droplet of 

water, 

At the end of the thesis an expression for the at-

tenua tion constant 11 0:" he.s been developed in the case of 

rainfall at a ps.rticular rate "p" and a particular rain-

drop size. This is F,q. ( 3• 4• 5) 

0: = 10 log10 6.4 p X 10- 10 [ r.uc~ fo.639 x 
-a2 L 

10-2 + 

J. 86 x 10-3 k2 - 2 (3.59 x 10-3 + (kda) d 

o.J.J.65 x 10-3 k2 -4 2 a2)] + + 1.11 x 10 k d d 

h£2 x 4 fl] db loss per meter distance (3·4·5) 1. 0 
4 120 TT },. 
0 

From equa.tion (3•4•5) we conclude that for a par-

ticular rainfall rate and particular radius of the rain-

drops the attenuation constant "a. 0 increases very rapidly 

with frequency. Also for a particular rainfall rate 2J1d at 

particular frequency, the attenuation constant decreases as 

fast as 1 with the increase of the size· of the drops be--z a 
cause the term corresponding to the sea ttered power in Eq. 

I+ 
( J• 4o 5); i.e.' (L.2:.2 .. Jf_)Q__g) is very small compared 1-"Ti th 

120 IT A~ 
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that of the power absorbed by the rain-drops. 



* APPENDIX A 

Solution of the ScalRr Helmholtz ~guatipJ:l _ (9' 2 + k2) 'I' - O 
in SpheriQal-CsrnrrlinR.te §ystc·m-· 

In spherical coordinates the scalar Helmholtz equa-

tion is 

.1.. L cr2 a'!'_) + 1 g_ (Sin e ()'±') + 
r2 or or r2 sin e oe oe 

1 (\ 2i;r + k2v - 0 
r 2 sin2e ocp2 

(A-1) 

where 'i' is a wave potential function. T11e solution of equa-

tion (A-1) is possible using the method of separation of 

variables and letting 

'¥ = R ( r) e ( e) <i Ceo) (A-2) 

Substituting this into Eq. (A-1), dividing by'!' and multi-

plying by r 2 sin2 e, we ·obtain 

2 s.L er .9-Il) + ILiU g_ csin e d~.) + 
dr dr 8 d9 dO 

1. a. 2 1~ + k 2 r 2 sin2 e = o ( A-1a) 
·} cl!J> 2 

The material covered in Appendix A and that in Appendix 
B is the same as that presented in Harrington "'I'imc Harmonic 
Elec tromagnc tlc Fields". It is presented here for reader 
convenience. 

69 
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'Ihe co dependence is now separated out, and we let 

2 -m (A-3) 

where m is constant. Substituting Eq. (A-3) into Eq. {A-1a) 

and dividing by sin2 e gives 

1 !L cr2 dfi) + _1__ iL csin e d0..) -
R dr dr 8 sin e dO d9 

{A-1b) 

This separates the r and e dependence. P:rJ. apparently strange 

choice of separation constant n is mo.de according to 

1 g._ { s in e de ) e sin.-·9· de de 
r•_m~- = -n{n + 1) 
sin2 e 

{A-h) 

because the properties of the e functions depend upon wheth-

er or not n is an integer. With this choice Eq., (A-1b) 

becomes 

{A-5) 

which completes the separation procedure. 

Callee ting the above results, we have these three 

separate equations; 
2- 2 ( 1 ) From Eq. (A- 3) , d ~ + m ~ = 0 

~-2 -
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which gives ~ (~) = h(m-p) (A-6a) 

where h (1r:_p) is the harmonic function and if a 

single-valued 'f in the range 0 to 2rr on ~ is 

desired, we must choose h(m~) to be a linear 

combination of sin(m_p) and cos(rr~), or of 

e jm-J> • and e- jID'~, with m an integer. 

(2) Eq. (A-lf.) can be 'l'rritten as 

1 d (sin e §.8 ) + [ n ( n +1 ) - _m:__ ] e = o 
de de sin2 e sin e 

The solutions of this equation are called 

associated Legendre functions. We denote 
m solutions in general by 11-i (cos e) where 

~ (cos e) are combination of P~ (cos e) 

and Q~ (cos e). P~ (cos e) are the asso-

ciated Legendre functions of the first kind 
m and ~1 (cos e) are the associated Legendre 

functions of the second kind. Note that 

~ (cos e) are infinite at e = 0 and e = rr. 

T'nus, if 'f is to be finite in the range e = O 

or e :::: rr, then n must be an integer and 

1:t~ (cos e) must be P~ (cos 0) and generally 

e < e) = Lm (cos e) n 

(3) From Eq. (A-5) we have 

(A ... 6b) 
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d cr2 .91!) + [Ckr) 2 - n(n+1)] R = o 
dr dr 

This equation is closely related to Bessel's 

equation, Its solutions are called spherical 

Bessel functions, denoted by bn (kr), which 

are related to ordinary Bessel functions by 

b n (kr) = J- B +i (kr) • n '2 

where Bn (kr) are the Bessel's functions, 

Thus 

R(r) = b (kr) n 

bn o~r) is a linear combination of ~n (kr) 

and ~ (kr) where {]n (kr) are the spherical 

Bessel's functions of the first kind and 

~ (l~r) are the spherical Bessel's functions 

of the second kind. Note that the only 

spherical functions finite at r = 0 are 

~n (kr). Thus to represent a finite field 

inside a sphere, b11 (kr) must be ~n (kr). 

It is to be noted that h!2) (kr) represent 

(A-6c) 

an outward-travelling wave, thus to represent 

a finite feild outside of a sphere, bn (kr) 

must be hJ 2) ( kr) , 
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From Equations (A-2), (A-6a), (A-6b) and 

(A~6c) we get 

y = bn (kr) rm 
'n (cos e) h(m:p) 

and generally we have 

00 ()() m 
~ ~ cllli~ b (kr) ~ (cos 0) h(!Cq)) 

n=O ra=O n 

C is a constant nm 

where we have the folloH1ng restrictions on 
ra bn(kr), Ln(cos e) ~ntl h(rr~) 

(a) vn1e11 the field is finite at r = 0, bn(kr) 

must be ~n (kr), if Y is to be single-valued 

in the range 0 to 21T on l'.i)r h(r.:tp) must be 

ed:jm~ with m boing integer, and if the field 
m is to be fi.nite at e = 0 or e = rr, Ln (cos e) 

m must be P11 (cos 0) and 'f takes the form 

c.:i co 
'Y Z E ( ) m ( ) ±jm'.O = n==O Ill=O Cmn -::1 11 kr Pn cos e e 

(b) vnrnn r =-:= oo is considered and the restrictions 

on e and cp arc the same as in case (a.), then 

bn (kr) must be changed to ~2 ) (kr) and "!. 

takes the r;cne:ral form 

(A-7) 

(A=8) 



Y = ~ ~ c h <2 > (kr) Pm( cos e) e±jm:p (A-9) 
n=O m=O mu n n 



.APPENDJX B 

Determination of the Field ~auations in Torm~ of the Vector 
Potentials 

In a homeogeneous source-free isotropic region the 

field satisfies 

-v x E = 
.. 
z H' where 

.. 
z -- j w µ (B-1) 

- (B-2) v 0 H = 0 

A A 

v x rr ::: y E where y = (] + j UJ e (B-J) 

v Cl N == 0 (D..,.l~) 

Since ru1y divergenceless vector may be expressed as 

the curl of some other vector, from Eqo (B=2) we may define 

a magnetic vector potent1.al, A, such that 

(B-5) 

Substituting Eqo (B-5) into Eq. (13=.1), we have 

"' v x CE' + z 'A> :::: o 

Any curl .. froe vector mny be e)tpressccl as the gradient 

of some scalar, thus a scalar potential may be def incd such 

that 

(B-6) 
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To obtain the equatio11 for A, Eqs. (B-5) and (B-6) 

are substituted into Eq. (B-J) giving 

v x v x 'A - k 2 "A = - y v ~ a (B-7) 

.... 
where k is the wave number and = -z y 

A similar equation may be derived in terms of electric 

vector and scalar potentials, 

v x v x F - k 2 'F = - ; v 4 r, (B-8) 

where ~f is a magnetic scalar potential and F is the electric 

vector potential such that 

-vXF=E (B-9) 

and 

By superimposing the values of E and H due to both the mag-

netic and electric vector potentials using Eqs. (B-J), (B~5) 

and (B-9), we get 

E=-vXF+~XH=-v -XF+2._XvX~ (B-10) ,. .. y y 

and using ~ .::.qs. (B 1), (B .5) and (B 9), we have 

(B-11) 
z z 



77 

Equations (B-7) and (B-8) are the general equations for the 

vector potentials while equations (B-10) and (B-11) are the 

field equations in terms of the vector potentials. 

Suppose we attempt to construe t the field as a super 

position of two parts, one T.H. to Ur and the either T.E. to 

Ur. For this we choose A = Ur 11r and F = Ur Fr with the 

fields given by Equations (B-10) and (B-11). To determine 

the equations that A and F must satisfy, we return to the r r 
general equations for vector potentials (B-7) and (B-8). 

For the magnetic vector potential we let A = Ur ~ and ex-

pand Eq. (B-7). The 0 and~ components of the resulting 

equation are, respectively, 

Note that the above tt·10 equations are satisfied identically 

if we choose 

,. -a 
-Y~ 

(D-12) 

Substitutinp; this into the r-component of Eq. (B-7), i:-1e have 

(\ 211: ·:- 1 
or2 r2 sln 

~:Ar. + lr2A r - 0 

(D-1J) 



It readily can be shmm that this equatton is 

(B-14) 

So ~r_ is a solution to the scalar Helmholtz equation that 
r 

we obtained in Appendix A. Therefore 

!:I:_ = '¥ or 1'r = r 'i' 
r 

From Equation (A~?) and (B-15) we get 

co 00 

~ - 1 l: - k n:;o l: m=O cmn [ lcr • bn (kr) J ~ 
00 00 "' 

(cos 

Lm = ~ l: G Bh (k1 .. ) (cos e) h {lLp) 
n=O m=O mn n 

(B-15) 

e) h (rll"J)) 

{B-16) 

where Gnm are constants. B11 (lcr) :::: kx • b11 (lee), called 
" the o.ssociated spherical Bessel fTu"'lctionso B11 {kr) satisfies 

the differential equation 

? 2 ,. 
[ L_ + k - p~n..±1J. J Bn (kr) = 0 

dr2 r2 
(B~17) 

which cc.n be obtained by r.rnbsti tuting for b in terms of n 
" Bn in equation (A~.5) noti:ng that R == b11 (kr). For case (a) 

j_n Appcndlx: A, 1.ce P nhen the field is finite at r = 0, ,;c 

get using Eqs.. (B,..15) and {Ar~8) 11 
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co co ,. m .1-j 
Ar L: E G J (kr) P (cos e) e .... m:o = n~o m=O a~ n n 

If the terms corresponding to m = 
that exist, therefore, 

00 A p1 
~ = E Gn Jn ( l::r) (cos e) f cos "'} . n=O l1 sin cp 

and since pl 
0 

(cos e) - o, then 

00 A 1 
A = •l:; Gn Jn (lee) pll (cos e) f cos "'} r n=1 sin cp 

(B-18) 

1 are the only terms 

(g,..19) 

Similarly for cas0 (b) in .Appendlx A we get using equations 

(B-15) and (A-9) 

eo oo 

E E G'""·n 1r1< 2 > (kr) Pmn (cos e) e ±jm+i n=O m==O ll< 1 . 
(B-20) 

Note that this case holds only if vre are considering an out-

ward travelling wave and the point r = oo is included. For 

m = 1, Eq. (B-,20) becomes 

A = ~ G H~ 2 ) (l;;:r) p 1 (co 8 e) f cos q> l 
r n=1 n n ls in cp 

( B-21) 

A dual development applies to the electric vector potential 

P and we get a similar formula for Fr" 

LGttlnG A =: Ur A.i... and F = ~Ur Pr and expandinG Eqs. 
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(B-10) and (B-11), we get 

( 0 2 + k2 
,. 

(B-22) E = 1 A , y = cr+jw c r - ) r ... 
or2 y 

oF~ + 2 
Ee = _:1_ 1 ~: (g..23) 

r sin e aw ~- o ra e yr 

Ecp = 1 ~ + ~-1. __ ~2A~ 
r o a y r sin e o re, c+1 

(B-24) 

H: = 1 ( o 2 + k2) Fr ' r ;"'° ~ z or2 
(B-25) 

R = -1 ~:i;: + .,.--~--
~ r 0 e z r sin e 

(B-27) 

'lhe above six equations arc the basic equations used through-

out this paper. 



JiPPENDIX C 

In the frequency range ( 10 M Hz to 300 M Hz) at a 

temperature of 25°c the value of c~ ~ 7a[7] for water drop-

lets 

-
a in cm P-.cequency in M Hz k0 a = .?JLg kda ~ k0 a p; 

Ao 
0 .. 2 300 0 .. 0125 0.11 

o.4 300 0.025 0.22 

0.5 300 0.031 0.272 

Note that kda ts smaller than 0., 7 for the given drop 

sizes and at a frequency of JOO M Hz. Note also that 

k a << 1 for the same drop sizes. For a frequency, f, be-o 
tween 10 M Hz and 300 M Hz. the value of k0 a S the value of 

k 0 a at frequency 300 H Hz. 
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ATTEND.AT ION OF ELECTROI1AGNETIC RADIATION 

BY WATER DROPLETS IN THE ATMOSPHERE 

by 

Abdel Wahab Fayez Hussein 

ABSTRACT 

This thesis deals with the theoretical analysis of the 

effect of the water droplets in the at:nosphere on the prop-

agation of a linearly polarized plane wave. These effects 

are (1) scattering - it is found that the scattered power 

is proportional to the sixth povrer of the radius of the 

droplet, also the sea ttered power varies as the fourth po1·1er 

of the frequency. (2) Absorption - it is found that the 

dielectric loss is much greater than the conductivity loss 

in the frequency range 10 N Hz. to 300 N Hz. The absorbed 

power is found to be much greater than the scattered power 

in the frequency range 10 M Hz. to 300 M Hz. Multiple 

scattering is neglected because scattered power is very 

small compared with the power absorbed. At the end of the 

thesis an expression for the attenuation constant is derived 

for honogeneous distribution of rain-drops of particular 

size falling at a particular rainfall rate. 
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