
Fluid-Structure Interaction Modeling of a Flexible-Inflatable
Heaving Wave Energy Converter Through Generalized Modes

Corbin Robert Lenderink

Thesis submitted to the Faculty of the

Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

Master of Science

in

Mechanical Engineering

Lei Zuo, Chair

Danesh Tafti

Muhammad Hajj

May 3, 2024

Blacksburg, Virginia

Keywords: Renewable Energy Generation, Wave Energy Converter, Fluid-Structure

Interaction, Generalized Modes, Finite Element Analysis, Boundary Element Method

Copyright 2024, Corbin Robert Lenderink



Fluid-Structure Interaction Modeling of a Flexible-Inflatable Heav-
ing Wave Energy Converter Through Generalized Modes

Corbin Robert Lenderink

(ABSTRACT)

The point absorber, one of the most popular types of ocean wave energy converter (WEC),

usually consists of a rigid body buoy that can be efficiently modeled using existing WEC

simulation tools. However, new wave energy technologies have looked to utilize flexible buoy

structures to decrease costs, improve power generation, and increase portability. In addition

to replacing rigid body designs, the combination of multiple renewable energy sources is an-

other area that shows promising potential for increasing WEC power generation. With these

concepts in mind, this work considers a new WEC design that features a flexible-inflatable

buoy, an ocean current harvesting turbine, and a buoy shape that has been optimized for

simultaneous wave and current energy harvesting. For this device, conventional modeling

techniques cannot be used due to the highly nonlinear hydrodynamic interactions that result

between the flexible buoy and the ocean waves. As a result, a Fluid-Structure Interaction

(FSI) model must be used to determine how the flexibility of the buoy will influence the

device’s power generation. Currently, high-fidelity FSI modeling approaches are computa-

tionally expensive and unsuitable for early design decisions. As a result, this thesis utilizes a

mid-fidelity method, the generalized modes modeling approach, to accurately and efficiently

model the FSI of a WEC’s flexible buoy. The resulting flexible buoy model was then com-

pared to a rigid design to determine the performance differences between a rigid and flexible

buoy, with a complex, optimized shape.



Fluid-Structure Interaction Modeling of a Flexible-Inflatable Heav-
ing Wave Energy Converter Through Generalized Modes

Corbin Robert Lenderink

(GENERAL AUDIENCE ABSTRACT)

The ocean is a vast potential energy resource with a variety of different sources of renewable

energy. Of these sources, ocean waves and ocean currents are two potentially massive power

reserves present in many coastal areas. To capture energy from these sources, this work

discusses the development of a device that can harvest energy from ocean waves and ocean

currents simultaneously. In addition to harvesting energy from multiple sources, this device

also features a flexible-inflatable buoy, with a shape that has been optimized for this unique

application. However, since this device utilizes flexible materials, traditional modeling tech-

niques used for rigid body designs would not be applicable. As a result, this work looks to

model the interaction between the flexible buoy and the ocean waves to accurately predict

the power generation of this device’s wave energy converter.
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In this work, a Fluid-Structure Interaction (FSI) model will be considered for a flexible-

inflatable, hybrid wave and current energy harvesting device. To fully understand the mod-

eling of the device, it is first necessary to give some background on several topics concerning

the proposed system. In this section, an introduction of renewable energy, wave energy

harvesting, hybrid wave and current energy harvesting, and flexible body wave energy con-

verters is provided. Following this introduction, the design of the wave and current energy

harvesting device detailed in this work is discussed along with the modeling challenges as-

sociated with the system. This will serve as sufficient background before introducing the

remainder of this work in the final section.

In recent decades, advancements in technology and the rapid growth of the global population

have led to an exponential growth in energy demand around the globe [30]. As a result of

this growth in demand, our world has developed a dependency on fossil fuels that has been

the direct cause of serious environmental impacts. Fossil fuels are not only a limited resource

but also the direct source of harmful carbon emissions which have been shown to cause severe

health issues and climate change [31]. In recent years, global greenhouse gas emissions have

risen to levels about 59% and 44% higher than in the years 1990 and 2000, respectively [32].
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Without significant changes in all areas of energy use, the present trend of greenhouse gas

emissions will result in severe health problems, rising sea-levels, and weather changes around

the world [30].

Figure 1.1: Global greenhouse gas emissions by country and region [32]

To combat this issue, governments around the globe have begun the transition to renewable

energy sources in a variety of sectors [30]. Renewable energy sources can be defined as any

resource that can produce energy without depletion. Additionally, many of these resources

have the added benefit of meeting energy demand with zero, or almost zero, emission of air

pollutants or greenhouse gasses [33]. In the United States today, renewable energy sources

generate about 20% of all US electricity through established sources like wind, hydropower,

solar, biomass, and geothermal energy [12].

In addition to these mainstream renewable energy technologies, there are several newer

technologies that have shown great promise for countering greenhouse gas emissions and

air pollution. To name a few, marine energy, concentrated solar photovoltaics, enhanced

geothermal energy, cellulosic ethanol, and artificial photosynthesis all have shown the poten-
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Figure 1.2: Total electricity production in 2022 among the types of renewable power [29]

tial to contribute significantly in the near future [12]. Of the many exciting technologies that

are being developed, marine energy, also known as ocean energy, is one of the most promis-

ing renewable energy sources. Oceans cover about 71% of the earth, and many techniques

have been developed for extracting energy from this vast resource [12]. These techniques

include devices designed to harvest power from ocean waves, tidal currents, ocean currents,

and more [19].

Of the many potential resources in the ocean, one of the most promising areas of development

is ocean wave energy harvesting. Compared to more mainstream forms of renewable energy,

like solar, wave energy has been shown to be more predictable, more consistent throughout

the day and night, and have a significantly higher energy density [24]. Of the benefits of

wave energy, the main area that makes wave energy stand out is its energy density. While
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commercial wind and photovoltaic sources have peak energy densities of around 1 KW/m2,

wave energy in San Francisco was shown to have an energy density of 25 KW/m [4].

Figure 1.3: Wave energy power density compared to other renewable energy sources [4]

Due to this high energy density, the world’s theoretical wave power resource is estimated at

approximately 2.11 TW. This power is present in areas all over the globe; however, increased

wave activity is found between the latitudes of 30 and 60 degrees on both hemispheres [9].

Figure 1.4 demonstrates the annual mean wave power density, which ranges between 10-100

KWh in most locations.

Figure 1.4: Map of global mean power density for ocean waves [9]
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To capture the vast potential energy of ocean waves, devices known as wave energy convert-

ers, or WECs, have been proposed as early as the 1700s. Due to the vast potential of ocean

wave energy, it is not surprising that more than 1000 WEC patents were registered by 1980,

with a considerable number more filed in recent years [36]. Unlike wind turbines, which are

fairly similar in structure, WECs come in all shapes and sizes due to the many different ways

energy could be harvested by waves [6]. Due to the different types of WECs, these devices

are classified by Falcao, a well-known pioneer in the field of wave energy, according to their

working principle. According to Falcao, the three main categories of WECs can be defined

as: oscillating water column devices, oscillating bodies, and overtopping devices [6].

Figure 1.5: Categories of wave energy converter designs [6]
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The first category, oscillating water column (OWC) devices, represents the most common

first-generation design for a WEC. This device, which is composed of a partly submerged

structure that is open below the water’s surface, harnesses energy from air trapped above

the water inside the device. Inside the structure, the oscillating motion of the free surface,

caused by the incoming waves, results in air flowing through a turbine that drives an electrical

generator [6]. For most OWC prototypes, an axial-flow Wells turbine, which was invented in

the 1970’s, is used due to its ability to rotate continuously in the same direction regardless

of the direction of airflow. The resulting device can therefore harvest energy from both the

rising and falling of the incident wave as air is forced in and out of the vertical column.

Figure 1.6: Example of an oscillating water column WEC [6]

While most OWC designs are fixed to the sea bottom, or a rocky cliff near the shore, the first

OWC prototypes deployed in the sea were floating devices deployed in Japan in the 1960s and

1970s. One example of a floating OWC, the Backward Bent Duct Buoy (BBDB), featured

an OWC duct that was bent in the opposite direction of the incident waves. For this design,

the length of the water column could be designed large enough to achieve resonance without

the draft of the structure falling outside of acceptable limits. This design was successful and

was used to power one thousand navigation buoys in Japan and China [6].
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Figure 1.7: Backward Bent Duct Buoy: floating oscillating water column WEC [6]

Despite the historical success of floating OWC devices, the most common deployment of this

category is still the fixed, near-shore design. As a result of this common deployment type,

most OWC WECs have shown the advantages of easier installation and maintenance but

also the drawback of being located in a less-energetic wave climate at the shoreline [6].

In addition to OWC devices, oscillating body WECS are another frequently used design

concept. When compared to the previous category, the main benefit of these devices is that

they can be deployed offshore to exploit the more powerful waves available in deep water.

However, these devices are often more complex to design and offer additional challenges for

mooring, maintenance, and installation [6]. Under this category, some of the most common

design types include point absorber WECs, pitching devices, and wave surge devices.

For this category, the device body, either floating or submerged, harvests energy from the

oscillatory movement of the ocean wave. As the body is driven by the wave, the kinetic energy

of the body is transferred into electrical energy through a hydraulic motor, linear generator,
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Figure 1.8: Common oscillating body WEC designs

or hydraulic turbine. Within this category, oscillating body devices can be broken down

further. First, oscillating bodies can easily be separated by whether the device is floating

on the ocean surface or submerged beneath the water. Additionally, oscillating bodies can

be further separated by whether the device harvests energy from the heaving motion of the

waves or another mode of motion, such as surge or pitch [6].

In Figure 1.8, two examples of oscillating bodies are shown. First, the image on the left

shows an example of one of the most popular WEC prototypes: the point absorber. In the

case of the point absorber, the device’s float, or buoy, harvests energy from the heaving

motion of the wave as it moves relative to either the ocean floor or a second body [6]. Next,

in the right image, a wave surge device is shown. For this WEC design, an oscillating flap

is used to harvest energy from the surge motion of the wave. This is an example of a device

that is both submerged and harvests energy from a different mode of motion compared to a

point absorber [7]. Despite having very different designs, both devices harvest energy from

the oscillatory movement of the wave which results in them being placed under the same

category.
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Overtopping devices, the final WEC category, harvest the wave energy in a different way. In

these designs, water that is close to the wave crest is harvested when it spills over the top of

the device into a reservoir. Then, since the stored water is at a higher level than the free-

surface, the potential energy of the stored water is converted into useful electricity through

a conventional, low-head hydraulic turbine [21]. Unlike the other two WEC categories, the

hydrodynamics of overtopping devices is strongly non-linear and cannot be addressed by

linear wave theory [6].

Figure 1.9: Example of an overtopping WEC device [21]

While prototypes in each of these design categories have shown promise, there currently is a

lack of convergence concerning the best method for harvesting wave energy [5]. As a result,

WECs are still in the development phase with different designs considered for each unique

application. When considering which design to choose for a particular application, design

complexity, mooring, maintenance, performance modeling, and many other factors must be

considered.

In addition to harvesting energy from ocean waves, ocean tidal and current energy are two

additional energy sources that can be harvested from the ocean. For example, a 2021 report

from the National Renewable Energy Lab stated that U.S. marine energy resources have
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the potential to produce up to 2300 TWh/year. This estimate included approximately 1400

TWh/year of ocean wave energy and 269 TWh/year of tidal and current energy [19]. While

ocean current and tidal energy make up a smaller portion of the total energy available,

turbine technology is more mature than the current state of WEC devices [17]. Additionally,

marine current energy could offer an advantage over wave energy due to its regular and

predictable nature [27].

Figure 1.10: Overview of marine energy sources in the US [20]

In literature, many examples of ocean current and tidal turbines have been shown to have

great potential. Myers and Bahaj designed a current energy farm that utilized arrays of

horizontal-axis turbines [27]. In addition to horizontal-axis turbines, Patel and Prabhu in-

vestigated the hydrodynamic performance of a Savonius, vertical axis turbine and provided a

methodology for performance prediction [34]. Finally, simulation methods, such as computa-

tional fluid dynamics and blade element momentum modeling, have been used to accurately

predict the performance of ocean current turbines [17]. In Figure 1.11, a rendering of an

example ocean current turbine is shown.

While ocean waves and current energy have large potential on their own, there are many

locations that contain both of these resources simultaneously. For example, the west coast

of the United States [24], the Egyptian [2], and the Mediterranean [43] regions are rich in

both of these resources. Additionally, in many near-shore locations, ocean tides offer an

additional source of energy that could be harvested during specific hours of the day and

night. By using a WEC or current harvesting turbine alone, traditional devices cannot make
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Figure 1.11: Example design of an ocean current harvesting turbine [38]

use of coexisting forms of ocean energy.

To capitalize on multiple energy sources, Jiang et al. introduced the concept of a hybrid

ocean wave-current energy converter (HWCEC) that was designed to harvest both ocean

waves and current. To harvest this energy simultaneously, this device combines a two-body,

point absorber WEC and a horizontal-axis, current turbine. While combining these devices

may appear straightforward, the HWCEC requires a specialized power take-off design. First,

the hybrid power take-off utilizes two one-way clutches to convert the bi-directional heaving

motion of the WEC into unidirectional rotation of a generator. Then, an additional one-way

clutch is used to couple the turbine with the same generator. This unique gearbox, named

the hybrid mechanical motion rectifier (HMMR), was shown to increase the output power

of the device between 24% and 89% over either a current turbine or WEC acting alone [17].
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Figure 1.12: Hybrid wave and current energy harvesting device [38]

While hybrid renewable energy devices offer distinct advantages, they are not the only current

breakthrough in this field. In the conventional WEC prototypes explored thus far, rigid

body systems have been used to harvest energy from the waves. However, over the last

decade, there has been an increased interest in the use of flexible bodies for WECs. Unlike

rigid body WECs, which are large, heavy, and over-engineered to meet reliability standards,

flexible WECs are significantly lighter [3]. As a result, flexible WECs have been shown to

provide increased portability while reducing shipping weight and structural costs. These

benefits have opened up new applications for WECs, such as disaster relief scenarios, where

industrial scale vessels are not available [18]. Within the new field of flexible body WECs,

there have been a variety of WEC implementations which utilize flexible membranes within

the device’s primary mover, power take-off (PTO), or other sub-assembly systems [3].

The first implementation area for flexible body WECs is the use of a flexible structure in the
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Figure 1.13: Flexible membrane WEC examples

device’s primary mover. For a WEC, the primary mover is defined as the interface between

the device and waves, which converts the wave energy into useful mechanical motion [3]. For

this work, this area of implementation is the most relevant since the proposed device will

use a flexible-inflatable membrane as the device’s primary mover. Two established examples

of devices that utilize this design are the pneumatic cell pressure differential and floating

airbag point absorber WECs. These devices are shown in Figure 1.13.

The first device, the pneumatic cell pressure differential WEC, utilizes the external hydrody-

namic pressure from the waves to deform a flexible membrane and push the air out of the cell.

This pressurized air is typically captured by an air turbine and recycled in a closed loop to

re-inflate the membrane before the next wave [3]. This device represents a new subcategory

of WECs, called pressure differential WECs, which harvest energy from pressure differences

rather than wave motion. Alternatively, the floating airbag point absorber WEC simply

replaces the buoy in a point absorber with an inflatable airbag. Due to the compressibility

of the airbag, this device was observed to have a longer heave resonance period than that of

a rigid device of the same shape and size [22]. As a whole, these devices have been shown

to offer unique advantages over rigid body WECs and represent an exciting new area of the
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renewable energy field.

In this work, a new WEC design will be considered that takes advantage of the technological

advancements discussed in this introduction. First, rather than harvesting energy from only

one source, the design features both a point absorber WEC and an efficient underwater

tidal turbine. Second, rather than incorporating a heavy rigid body buoy, this device will

feature a flexible-inflatable buoy that will drastically reduce the weight of the system. Third,

the shape of this flexible-inflatable buoy will be optimized to maximize the power output

of the WEC while limiting the drag experienced by the system, as a result of underwater

currents. Finally, to take full advantage of using a flexible buoy, the device was designed to

be fully portable. This will allow the device to be transported to regions where industrial

scale vessels are not available. This will make the system ideal for disaster relief scenarios,

powering small-scale coastal areas, and even potential military power applications. However,

despite these advantages, the flexible buoy design will open up new modeling challenges that

will be discussed in this work.

Due to the flexibility of the buoy structure, special numerical modeling techniques are needed

to capture interactions between waves and the structural deformation of the device. Since

any deformation of the device will lead to a response from the fluid flow, and vice versa, the

functionality of flexible WECs is based on strongly coupled FSI. As a result, simulations of a

flexible buoy require an exchange of information between the fluid and structural phases not

necessary for a rigid body model [3]. This added complexity requires the consideration of

different FSI modeling techniques to determine an efficient and accurate method for modeling

the flexible device.
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Figure 1.14: Proposed hybrid wave and current energy harvesting design

This work will focus on the development of an efficient FSI model to determine the influ-

ence of using a flexible-inflatable buoy, with a complex shape, in a hybrid wave and current

energy harvesting system. More specifically, this model will focus on this device’s flexible

buoy, alone, to determine whether the use of flexible materials will impact the point absorber

WEC portion of the device. To accomplish this task, the work will begin by providing ap-

propriate theoretical background of the model explored in this work. In this section, the

optimized buoy shape design chosen for this work will be explained as well as the generalized

modes modeling technique used to predict the device performance. Once this background

is provided, the work will detail the setup of the different portions of the generalized modes
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�i�?�2 �b�?���T�2 ���b �� �b�2�i �Q�7 �M�m�K�2�`�B�+���H �p���H�m�2�b�X �h�Q ���+�+�Q�K�T�H�B�b�? �i�?�B�b �i���b�F�- �� �b�i�`���B�;�?�i �+�2�M�i�2�` �H�B�M�2 ���M�/

�b�2�p�2�`���H �i�?�B�`�/�@�Q�`�/�2�` �#�@�b�T�H�B�M�2�b �r�2�`�2 �m�b�2�/ �i�Q �+�Q�M�b�i�`�m�+�i ���M �Q�m�i�2�` �/�2�+�F�- �F�2�2�H�- ���M�/ �b�2�p�2�`���H �`�B�#�b

���H�Q�M�; �i�?�2 �#�m�Q�v�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�R�(�k�8�)�X

�6�B�;�m�`�2 �k�X�R�, �"�m�Q�v �b�?���T�2 �T���`���K�2�i�`�B�x���i�B�Q�M �(�k�8�)

�L�2�t�i�- �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �+�m�#�B�+ �#�@�b�T�H�B�M�2 �+�Q�M�i�`�Q�H �T�Q�B�M�i�b �r�2�`�2 �m�b�2�/ ���b �i�?�2 �T���`���K�2�i�`�B�+ �K�Q�/�2�H�X

�6�Q�` �2�t���K�T�H�2�- �i�?�2 �Q�m�i�2�` �/�2�+�F �Q�7 �i�?�2 �K�Q�/�2�H �r���b �+�?���`���+�i�2�`�B�x�2�/ �m�b�B�M�; �7�B�p�2 �+�Q�M�i�`�Q�H �T�Q�B�M�i�b�- �B�M�+�H�m�/�@

�B�M�; �� �7�B�t�2�/ �p�2�`�i�2�t ���M�/ �7�Q�m�` �T���`���K�2�i�2�`�b �Ux1�-x2�-x3�- ���M�/x4�V�X �a�B�K�B�H���`�H�v�- �i�?�2 �F�2�2�H ���M�/ �`�B�#�b �r�2�`�2

�T���`���K�2�i�2�`�B�x�2�/ �m�b�B�M�; ���/�/�B�i�B�Q�M���H �+�Q�M�i�`�Q�H �T�Q�B�M�i�b �i�Q �;�B�p�2 �i�?�2 �;�2�Q�K�2�i�`�v �B�i�b �b�?���T�2�X �"�v �/�B�b�i�`�B�#�m�i�B�M�;

�i�?�2 �+�Q�M�i�`�Q�H �T�Q�B�M�i�b �2�p�2�M�H�v ���H�Q�M�; �i�?�2 �`�B�#�b�- �Q�m�i�2�` �/�2�+�F�- ���M�/ �F�2�2�H�- �i�?�2 �`�2�b�m�H�i�B�M�; �T���`���K�2�i�`�B�+ �K�Q�/�2�H

���H�H�Q�r�b �7�Q�` �7�H�2�t�B�#�B�H�B�i�v �r�?�B�H�2 �M�Q�i �Q�p�2�`�H�Q���/�B�M�; �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �(�k�8�)�X �h�?�2 �/�2�i���B�H�2�/

�T���`���K�2�i�`�B�+ �K�Q�/�2�H �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�k�X

�P�M�+�2 �i�?�2 �+�Q�M�i�`�Q�H �T�Q�B�M�i�b �r�2�`�2 �m�b�2�/ �i�Q �T���`���K�2�i�2�`�B�x�2 �i�?�2 �K�Q�/�2�H�- �i�?�2 �M�2�t�i �b�i�2�T �r���b �i�Q ���T�@

�T�H�v �+�Q�M�b�i�`���B�M�i�b �i�Q �i�?�2 �K�Q�/�2�H �i�Q �T�`�2�p�2�M�i �m�M�`�2���H�B�b�i�B�+ �#�m�Q�v �b�?���T�2�b �7�`�Q�K ���T�T�2���`�B�M�; �B�M �i�?�2 �:���X



�k�y �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���¶���Ô�«�ž�ã �#�ž�«�á�Ì���ñ���é�²

�6�B�;�m�`�2 �k�X�k�, �U���V �A�b�Q�K�2�i�`�B�+ �p�B�2�r �Q�7 �i�?�2 �#�m�Q�v ���M�/ ���H�H �`�2�[�m�B�`�2�/ �T���`���K�2�i�2�`�b�c �U�#�V �"���+�F �p�B�2�r �Q�7 �i�?�2
�#�m�Q�v ���M�/ �/�2�i���B�H�2�/ �B�M�7�Q�`�K���i�B�Q�M �Q�7 �`�B�# �T���`���K�2�i�2�`�b �(�k�8�)

�h�?�2�b�2 �+�Q�M�b�i�`���B�M�i�b �2�M�b�m�`�2�/ �i�?���i �Q�M�H�v �i�?�Q�b�2 �r�B�i�? �� �?�v�/�`�Q�/�v�M���K�B�+ ���M�/ �b�i�`�2���K�H�B�M�2�/ �/�2�+�F �H�B�M�2

���M�/ �?�m�H�H �b�?���T�2 �r�2�`�2 �+�Q�M�b�B�/�2�`�2�/ �B�M �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �(�k�8�)�X �6�B�;�m�`�2�k�X�j�/�2�K�Q�M�b�i�`���i�2�b �i�?�2 �/�B�7�7�2�`�@

�2�M�+�2 �#�2�i�r�2�2�M �#�m�Q�v �b�?���T�2�b �r�B�i�? �7�2���b�B�#�H�2 ���M�/ �B�M�7�2���b�B�#�H�2 �/�2�b�B�;�M�b ���/�/�`�2�b�b�2�/ �#�v �i�?�2 �+�Q�M�b�i�`���B�M�i

�2�[�m���i�B�Q�M�b�X

�P�M�+�2 �i�?�2 �#�m�Q�v �b�?���T�2 �r���b �T�`�Q�T�2�`�H�v �T���`���K�2�i�2�`�B�x�2�/�- �i�?�2 �M�2�t�i �b�i�2�T �r���b �i�Q �Q�T�i�B�K�B�x�2 �i�?�2 �b�?���T�2�X

�h�Q ���+�+�Q�K�T�H�B�b�? �i�?�B�b �i���b�F�- �B�i �r���b �M�2�+�2�b�b���`�v �i�Q �/�2�`�B�p�2 �2�[�m���i�B�Q�M�b �i�?���i �r�Q�m�H�/ �T�`�Q�p�B�/�2 �i�?�2 �T�Q�r�2�`

���#�b�Q�`�#�2�/ �7�`�Q�K �i�?�2 �?�2���p�2 �K�Q�i�B�Q�M ���M�/ �i�?�2 �+�m�`�`�2�M�i �/�`���; �7�Q�`�+�2 �2�t�T�2�`�B�2�M�+�2�/ �#�v �i�?�2 �/�2�p�B�+�2�X �6�B�`�b�i�-

�� �/�v�M���K�B�+ �K�Q�/�2�H �r���b �M�2�2�/�2�/ �i�Q �T�`�2�/�B�+�i �i�?�2 �/�2�p�B�+�2�ö�b �T�Q�r�2�` �Q�m�i�T�m�i�X �A�M �6�B�;�m�`�2�k�X�9�- �� �7�`�2�2



�l�Y�S�Y �#���ñ�- �b�Ñ�ž�ÿ�¶ �Q�ÿ���Ô�è�Ô�2�ž���Ô�ñ�é �k�R

�U���V �6�2���b�B�#�H�2 �/�2�+�F �H�B�M�2 �U�#�V �A�M�7�2���b�B�#�H�2 �/�2�+�F �H�B�M�2

�6�B�;�m�`�2 �k�X�j�, �1�t���K�T�H�2 �Q�7 �7�2���b�B�#�H�2 ���M�/ �B�M�7�2���b�B�#�H�2 �#�m�Q�v �b�?���T�2�b

�#�Q�/�v �/�B���;�`���K �Q�7 �i�?�2 �T�Q�B�M�i ���#�b�Q�`�#�2�` �T�`�Q�T�Q�b�2�/ �B�M �i�?�B�b �b�i�m�/�v �B�b �b�?�Q�r�M �(�k�8�)�X

�6�B�;�m�`�2 �k�X�9�, �S�Q�B�M�i ���#�b�Q�`�#�2�` �q�1�* �7�`�2�2 �#�Q�/�v �/�B���;�`���K �(�k�8�)

�"���b�2�/ �Q�M �i�?�B�b �K�Q�/�2�H�- �1�[�m���i�B�Q�M�k�X�R�r���b �/�2�`�B�p�2�/ �7�Q�` �i�?�2 �?�2���p�2 �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �i�r�Q�@�#�Q�/�v�-

�b�2�H�7�@�`�2���+�i�B�p�2 �T�Q�B�M�i ���#�b�Q�`�#�2�` �b�v�b�i�2�K �B�M �i�?�2 �7�`�2�[�m�2�M�+�v �/�Q�K���B�M�X



�k�k �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���¶���Ô�«�ž�ã �#�ž�«�á�Ì���ñ���é�²

(� ! 2M + i!C + K )Z = F �U�k�X�R�V

�h�?�2 �K���i�`�B�+�2�b �B�M �1�[�m���i�B�Q�M�k�X�R���`�2 �2�t�T�`�2�b�b�2�/ �B�M �1�[�m���i�B�Q�M�b�k�X�k�i�?�`�Q�m�;�?�k�X�8�X

M =

2

6
4

m1 + A11 + me � me

� me m2 + A22 + me

3

7
5 �U�k�X�k�V

C =

2

6
4

c11 + cpto � cpto

� cpto c22 + cpto

3

7
5 �U�k�X�j�V

K =

2

6
4

k1 + kpto � kpto

� kpto k2 + kpto

3

7
5 �U�k�X�9�V

F =

2

6
4

Fe1

Fe2

3

7
5 ; Z =

2

6
4

z1

z2

3

7
5 �U�k�X�8�V

�A�M �i�?�2 ���#�Q�p�2 �b�v�b�i�2�K�- �b�2�p�2�`���H �p���`�B���#�H�2�b ���`�2 �/�2�7�B�M�2�/ �i�Q �`�2�T�`�2�b�2�M�i �i�?�2 �T�Q�B�M�i ���#�b�Q�`�#�2�`�X �6�B�`�b�i�-m1

���M�/m2 ���`�2 �i�?�2 �/�`�v �K���b�b �Q�7 �i�?�2 �7�H�Q���i�B�M�; ���M�/ �b�m�#�K�2�`�;�2�/ �#�Q�/�v�X �a�B�K�B�H���`�H�v�-c11�-c22�-A11�- ���M�/

A22 ���`�2 �/�2�7�B�M�2�/ ���b �i�?�2 �7�`�2�[�m�2�M�+�v�@�/�2�T�2�M�/�2�M�i �`���/�B���i�B�Q�M �/���K�T�B�M�; ���M�/ ���/�/�2�/ �K���b�b�- �`�2�b�T�2�+�i�B�p�2�H�v�-

�Q�7 �i�?�2 �7�H�Q���i�B�M�; ���M�/ �b�m�#�K�2�`�;�2�/ �T�H���i�2�X �L�2�t�i�-Fe1 ���M�/Fe2 �`�2�T�`�2�b�2�M�i �i�?�2 �7�`�2�[�m�2�M�+�v�@�/�2�T�2�M�/�2�M�i

�2�t�+�B�i���i�B�Q�M �7�Q�`�+�2 �Q�7 �i�?�2 �7�H�Q���i�B�M�; ���M�/ �b�m�#�K�2�`�;�2�/ �T�H���i�2�X ���/�/�B�i�B�Q�M���H�H�v�-k1 ���M�/k2 �`�2�T�`�2�b�2�M�i

�i�?�2 �?�v�/�`�Q�b�i���i�B�+ �b�T�`�B�M�; �b�i�B�7�7�M�2�b�b �Q�7 �i�?�2 �7�H�Q���i�B�M�; ���M�/ �b�m�#�K�2�`�;�2�/ �#�Q�/�v�- �r�?�B�H�2me �`�2�T�`�2�b�2�M�i�b �i�?�2

�2�[�m�B�p���H�2�M�i �K���b�b �Q�7 �i�?�2 �b�v�b�i�2�K�X �6�B�M���H�H�v�- �7�Q�` �i�?�2 �b�v�b�i�2�K�ö�b �T�Q�r�2�` �i���F�2�@�Q�7�7�-cpto ���M�/kpto �`�2�T�`�2�b�2�M�i

�i�?�2 �/���K�T�B�M�; �+�Q�2�7�7�B�+�B�2�M�i ���M�/ �b�T�`�B�M�; �b�i�B�7�7�M�2�b�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�l�b�B�M�; �i�?�2 �+�H�Q�b�2�/�@�7�Q�`�K �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2�b�2 �2�[�m���i�B�Q�M�b �m�M�/�2�` �`�2�;�m�H���` �r���p�2 �+�Q�M�/�B�i�B�Q�M�b�- �i�?�2 �T�Q�r�2�`



�l�Y�S�Y �#���ñ�- �b�Ñ�ž�ÿ�¶ �Q�ÿ���Ô�è�Ô�2�ž���Ô�ñ�é �k�j

���#�b�Q�`�#�2�/ �7�`�Q�K �i�?�2 �?�2���p�2 �K�Q�i�B�Q�M �+���M �#�2 �2�t�T�`�2�b�b�2�/ �m�b�B�M�; �1�[�m���i�B�Q�M�k�X�e�X

P =
1
2

! 2cpto jZ1 � Z2j2 �U�k�X�e�V

�A�M ���/�/�B�i�B�Q�M �i�Q �i�?�2 �T�Q�r�2�` �?���`�p�2�b�i�2�/ �#�v �i�?�2 �b�v�b�i�2�K�- �B�i �r���b ���H�b�Q �M�2�+�2�b�b���`�v �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2

�/�`���; ���+�i�B�M�; �Q�M �i�?�2 �#�m�Q�v �?�m�H�H �b�?���T�2�X �A�M �i�?�2 �b�i�m�/�v�- �i�?�2 �/�`���; �r���b �7�Q�`�K�m�H���i�2�/ �#�v �+�Q�M�b�B�/�2�`�B�M�;

�i�?�2 �`�2�b�B�b�i���M�+�2 �2�t�T�2�`�B�2�M�+�2�/ �#�v �i�?�2 �#�m�Q�v�X �A�M �1�[�m���i�B�Q�M�k�X�d�- �i�?�2 �i�Q�i���H �`�2�b�B�b�i���M�+�2 �UFD �V �r���b �7�Q�m�M�/

�i�?�`�Q�m�;�? �� �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2 �r���p�2�@�K���F�B�M�; �`�2�b�B�b�i���M�+�2 �UFW �V ���M�/ �i�?�2 �p�B�b�+�Q�m�b �`�2�b�B�b�i���M�+�2 �UFV �V�X

�h�?�2�b�2 �p���H�m�2�b�- �/�2�i�2�`�K�B�M�2�/ �#�v �>�Q�H�i�`�Q�T ���M�/ �J�2�M�M�2�M�ö�b �K�2�i�?�Q�/�- ���`�2 �/�2�b�+�`�B�#�2�/ ���b�,

FD = FV + FW �U�k�X�d�V

�r�?�2�`�2�- �i�?�2 �7�Q�`�K�m�H���i�B�Q�M�b �Q�7�6�o ���M�/�6�q ���`�2 �(�R�R�)�,

FV =
1
2

�v 2CvS �U�k�X�3�V

FW = r �g � f
�

Fr ;
L
B

; T
�

�U�k�X�N�V

�A�M �1�[�m���i�B�Q�M�k�X�3�-Cv �B�b �/�2�7�B�M�2�/ ���b �i�?�2 �+�Q�2�7�7�B�+�B�2�M�i �Q�7 �i�?�2 �p�B�b�+�Q�m�b �`�2�b�B�b�i���M�+�2 �Q�7 �r���i�2�`�-� �B�b �i�?�2

�/�2�M�b�B�i�v �Q�7 �i�?�2 �r���i�2�`�-v �B�b �i�?�2 �+�m�`�`�2�M�i �p�2�H�Q�+�B�i�v�- ���M�/S �B�b �i�?�2 �i�Q�i���H �m�M�/�2�`�r���i�2�` �b�m�`�7���+�2 ���`�2���X

���/�/�B�i�B�Q�M���H�H�v�- �B�M �1�[�m���i�B�Q�M�k�X�N�-r �B�b �i�?�2 �i�Q�i���H �m�M�/�2�`�r���i�2�` �p�Q�H�m�K�2�-f �`�2�T�`�2�b�2�M�i�b ���M �2�K�T�B�`�B�+���H

�7�m�M�+�i�B�Q�M �7�`�Q�K �>�Q�H�i�`�Q�T ���M�/ �J�2�M�M�2�M�ö�b �K�2�i�?�Q�/�-L �B�b �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �#�m�Q�v�-g �B�b �;�`���p�B�i���i�B�Q�M���H

���+�+�2�H�2�`���i�B�Q�M�-Fr �B�b �6�`�Q�m�/�2�ö�b �M�m�K�#�2�`�-B �B�b �i�?�2 �r�B�/�i�? �Q�7 �i�?�2 �#�m�Q�v�- ���M�/T �B�b �i�?�2 �/�`���7�i �Q�7 �i�?�2

�#�m�Q�v�X

�G�Q�Q�F�B�M�; ���i �i�?�2 ���#�Q�p�2 �2�[�m���i�B�Q�M�b�- �B�i �r���b �/�2�i�2�`�K�B�M�2�/ �i�?���i �+�?���M�;�2�b �B�M �i�?�2 �#�m�Q�v �?�m�H�H �b�?���T�2 �r�Q�m�H�/

�?���p�2 �� �K�B�M�B�K���H �B�K�T���+�i �Q�M �i�?�2 �p�B�b�+�Q�m�b �`�2�b�B�b�i���M�+�2�X �h�?�B�b �K�B�M�B�K���H �B�K�T���+�i �r���b �� �`�2�b�m�H�i �Q�7 �i�?�2



�k�9 �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���¶���Ô�«�ž�ã �#�ž�«�á�Ì���ñ���é�²

�b�K���H�H �p���`�B���i�B�Q�M�b �b�2�2�M �B�M �i�?�2 �+�Q�2�7�7�B�+�B�2�M�i �Q�7 �p�B�b�+�Q�m�b �`�2�b�B�b�i���M�+�2 ���M�/ �m�M�/�2�`�r���i�2�` �b�m�`�7���+�2 ���`�2���X

���/�/�B�i�B�Q�M���H�H�v�- �b�B�M�+�2 �T���`���K�2�i�2�`�b�- �b�m�+�? ���b �i�?�2 �b�?�B�T �/�2�T�i�?�- �6�`�Q�m�/�2 �M�m�K�#�2�`�- �i�Q�i���H �m�M�/�2�`�r���i�2�`

�p�Q�H�m�K�2�- ���M�/ �H�2�M�;�i�? �Q�7 �i�?�2 �#�m�Q�v �`�2�K���B�M�2�/ �+�Q�M�b�i���M�i�- �i�?�2 �i�Q�i���H �`�2�b�B�b�i���M�+�2 �r���b �T�`�B�K���`�B�H�v ���7�7�2�+�i�2�/

�#�v �p���`�B���i�B�Q�M�b �B�M �i�?�2 �#�m�Q�v �r�B�/�i�?�X �h�Q �+�Q�M�7�B�`�K �i�?�B�b �Q�#�b�2�`�p�2�/ �i�`�2�M�/�- �k�y �#�m�Q�v �?�m�H�H �b�?���T�2�b �r�B�i�?

�p���`�v�B�M�; �r�B�/�i�?�b �r�2�`�2 �K�Q�/�2�H�2�/ �m�b�B�M�; �+�Q�K�T�m�i���i�B�Q�M���H �7�H�m�B�/ �/�v�M���K�B�+�b �b�Q�7�i�r���`�2�X �h�?�2 �b�B�K�m�H���i�B�Q�M

�`�2�b�m�H�i�b�- �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�8�- �/�2�K�Q�M�b�i�`���i�2�/ �i�?���i �i�?�2 �/�`���; �Q�M �i�?�2 �#�m�Q�v �b�?�Q�r�2�/ �� �b�i�`�Q�M�;

�T�`�Q�T�Q�`�i�B�Q�M���H �`�2�H���i�B�Q�M�b�?�B�T �i�Q �i�?�2 �r�B�/�i�?�X

�6�B�;�m�`�2 �k�X�8�, �.�`���; �K�Q�/�2�H�B�M�; �`�2�b�m�H�i�b �7�Q�` �i�?�2 �Q�T�i�B�K�B�x�2�/ �#�m�Q�v �b�?���T�2 �(�k�8�)

�"���b�2�/ �Q�M �i�?�2�b�2 �`�2�b�m�H�i�b�- �� �b�B�K�T�H�2 �H�B�M�2���` �7�m�M�+�i�B�Q�M �r���b ���/�Q�T�i�2�/ �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �/�`���; �`�2�H���i�B�Q�M�b�?�B�T�X

�h�?�2 �H�B�M�2���` �7�m�M�+�i�B�Q�M �r���b �2�t�T�`�2�b�b�2�/ ���b�,

FD = �B � � �U�k�X�R�y�V

�r�?�2�`�2�-� �4 �j�R�k�X�8�3 ���M�/� �4 �j�R�X�j�N �B�M �i�?�B�b �b�i�m�/�v�X



�l�Y�S�Y �#���ñ�- �b�Ñ�ž�ÿ�¶ �Q�ÿ���Ô�è�Ô�2�ž���Ô�ñ�é �k�8

�A�M �Q�`�/�2�` �i�Q �+���H�+�m�H���i�2 �i�?�2 �T�Q�r�2�` ���#�b�Q�`�#�2�/ �7�`�Q�K �i�?�2 �r���p�2�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �?�v�@

�/�`�Q�/�v�M���K�B�+ �T���`���K�2�i�2�`�b �b�2�2�M �B�M �1�[�m���i�B�Q�M�b�k�X�k���M�/�k�X�j�X �h�v�T�B�+���H�H�v�- �i�?�2�b�2 �7�`�2�[�m�2�M�+�v �/�2�T�2�M�/�2�M�i

�i�2�`�K�b �K�m�b�i �#�2 �Q�#�i���B�M�2�/ �i�?�`�Q�m�;�? �i�?�2 �m�i�B�H�B�x���i�B�Q�M �Q�7 �� �#�Q�m�M�/���`�v �2�H�2�K�2�M�i �K�2�i�?�Q�/ �b�Q�H�p�2�`�- �b�m�+�?

���b �q���J�A�h �Q�` ���L�a�u�a ���Z�q���X �>�Q�r�2�p�2�`�- �i�?�2 �i�B�K�2 �7�Q�` �i�?�2�b�2 �b�B�K�m�H���i�B�Q�M�b �+���M �p���`�v �7�`�Q�K ���b

�H�B�i�i�H�2 ���b �j�y �b�2�+�Q�M�/�b �i�Q �Q�p�2�` �R�8 �K�B�M�m�i�2�b �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �K�2�b�? �b�B�x�2 ���M�/ �i�?�2 �7�`�2�[�m�2�M�+�v �B�M�i�2�`�p���H

�+�?�Q�b�2�M�X �.�m�2 �i�Q �i�?�B�b �H�2�M�;�i�?�v �b�B�K�m�H���i�B�Q�M �i�B�K�2�- �� �M�2�m�`���H �M�2�i�r�Q�`�F �K�Q�/�2�H �r���b �i�`���B�M�2�/ �i�Q �b�2�`�p�2

���b �� �`�2�T�H���+�2�K�2�M�i �7�Q�` �i�?�2 �"�1�J �b�Q�H�p�2�` �r�?�2�M �Q�T�i�B�K�B�x�B�M�; �i�?�2 �b�?���T�2 �Q�7 �i�?�2 �#�m�Q�v�X �h�?�2 �M�2�m�`���H

�M�2�i�r�Q�`�F �i���F�2�b �� �T���`���K�2�i�2�` �p�2�+�i�Q�`�-s�- �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �i�?�2 �b�?���T�2 �Q�7 �i�?�2 �#�m�Q�v ���M�/ �Q�m�i�T�m�i�b

�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �?�v�/�`�Q�/�v�M���K�B�+ �T���`���K�2�i�2�`�b�X �q�B�i�? �T�`�Q�T�2�` �i�`���B�M�B�M�;�- �i�?�B�b �K�2�i�?�Q�/ �+���M �/�2�H�B�p�2�`

�Q�m�i�T�m�i�b �r�B�i�?�B�M �K�B�H�H�B�b�2�+�Q�M�/�b�X

�� �7�2�2�/�@�7�Q�`�r���`�/ �M�2�m�`���H �M�2�i�r�Q�`�F�- �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�e�- �r���b ���T�T�H�B�2�/ �i�Q �+���H�+�m�H���i�2 �i�?�2 �?�v�/�`�Q�@

�/�v�M���K�B�+ �T���`���K�2�i�2�`�b�X �h�?�2 �K�Q�/�2�H �+�Q�M�b�B�b�i�b �Q�7 �K�m�H�i�B�T�H�2 �+�Q�K�T�Q�M�2�M�i�b�- �B�M�+�H�m�/�B�M�; ���M �B�M�T�m�i �H���v�2�`

�M�Q�i�2�/ ���bx�- �b�2�p�2�`���H �?�B�/�/�2�M �H���v�2�`�b �M�Q�i�2�/ ���bhn �- ���M �Q�m�i�T�m�i �H���v�2�` �M�Q�i�2�/ ���by�- ���M�/ �� �i���`�;�2�i

�p���H�m�2 �H���v�2�` �M�Q�i�2�/ ���bt�X �h�?�2 �B�M�T�m�i �H���v�2�` �r���b �/�2�b�B�;�M�2�/ �i�Q �B�M�+�H�m�/�2 �i�?�2 �#�m�Q�v �b�?���T�2 �?�m�H�H �T���`���K�@

�2�i�2�`�b�- �r�?�B�H�2 �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �T���`���K�2�i�2�`�b �Q�#�i���B�M�2�/ �7�`�Q�K �i�?�2 �b���K�T�H�2 �/���i���b�2�i�- �b�m�+�? ���b �i�?�2

�7�`�2�[�m�2�M�+�v�@�/�2�T�2�M�/�2�M�i ���/�/�2�/ �K���b�b�- �`���/�B���i�B�Q�M �/���K�T�B�M�;�- ���M�/ �2�t�+�B�i���i�B�Q�M �7�Q�`�+�2�b�- �r�2�`�2 �b�i�Q�`�2�/ �B�M

�i�?�2 �i���`�;�2�i �p���H�m�2 �H���v�2�`�X

���b �K�2�M�i�B�Q�M�2�/ �T�`�2�p�B�Q�m�b�H�v�- �i�?�2 �;�Q���H �Q�7 �i�?�B�b �T���T�2�` �r���b �i�Q �B�/�2�M�i�B�7�v �i�?�2 �K�Q�b�i �2�7�7�B�+�B�2�M�i �#�m�Q�v �b�?���T�2

�7�Q�` �� �?�v�#�`�B�/ �r���p�2 ���M�/ �+�m�`�`�2�M�i �2�M�2�`�;�v �?���`�p�2�b�i�B�M�; �/�2�p�B�+�2�X �h�Q ���+�+�Q�K�T�H�B�b�? �i�?�B�b �i���b�F�- �i�?�2 �:�� �r���b

�+�?�Q�b�2�M �i�Q �Q�T�i�B�K�B�x�2 �i�?�2 �#�m�Q�v �b�?���T�2�X �6�Q�` �i�?�B�b �:���- ���M �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�- �1�[�m���i�B�Q�M�k�X�R�k�- �r���b

�7�Q�`�K�m�H���i�2�/ �i�?���i �b�m�K�K���`�B�x�2�b �i�?�2 �M�Q�`�K���H�B�x�2�/ �i�Q�i���H �T�Q�r�2�` ���#�b�Q�`�T�i�B�Q�M ���M�/ �i�?�2 �M�Q�`�K���H�B�x�2�/ �/�`���;�X

�l�b�B�M�; �i�?�B�b �7�m�M�+�i�B�Q�M�- �� �b�+�Q�`�2 �r���b �+���H�+�m�H���i�2�/ �i�?���i �i���F�2�b �B�M�i�Q ���+�+�Q�m�M�i �i�?�2 �`�2�H���i�B�p�2 �B�K�T�Q�`�i���M�+�2 �Q�7

�#�Q�i�? �T�Q�r�2�` ���M�/ �/�`���; �r�B�i�? �i�?�2 �r�2�B�;�?�i�b �#�2�B�M�; �+�Q�M�i�`�Q�H�H�2�/ �#�v �i�?�2 �m�b�2�`�X �h�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M

�B�b �b�m�K�K���`�B�x�2�/ �B�M �1�[�m���i�B�Q�M�b�k�X�R�R���M�/�k�X�R�k�X



�k�e �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���¶���Ô�«�ž�ã �#�ž�«�á�Ì���ñ���é�²

�6�B�;�m�`�2 �k�X�e�, �6�2�2�/�@�7�Q�`�r���`�/ �M�2�m�`���H �M�2�i�r�Q�`�F �/�B���;�`���K �(�k�8�)

f 1 =
P(s) � Pmin

Pmax � Pmin

f 2 =
Dmax � D(s)

Dmax � Dmin

�U�k�X�R�R�V

maximize J = w1f 1 + (1 � w1) f 2 �U�k�X�R�k�V

�A�M �1�[�m���i�B�Q�M�b�k�X�R�R���M�/�k�X�R�k�- �C �`�2�T�`�2�b�2�M�i�b �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �b�+�Q�`�2�- �S �B�b �i�?�2 �M�Q�`�K���H�B�x�2�/

�T�Q�r�2�`�- �. �B�b �i�?�2 �M�Q�`�K���H�B�x�2�/ �/�`���;�-w1 �B�b �i�?�2 �r�2�B�;�?�i �Q�7f 1�- �S�U�b�V �B�b �i�?�2 �r���p�2 �T�Q�r�2�` �2�t�i�`���+�i�B�Q�M�-

�6�U�b�V �B�b �i�?�2 �i�Q�i���H �+�m�`�`�2�M�i �/�`���; �7�Q�`�+�2�- �b �B�b �i�?�2 �b�?���T�2 �p�2�+�i�Q�`�÷Pmax ���M�/Pmin ���`�2 �i�?�2 �K���t�B�K�m�K

���M�/ �K�B�M�B�K�m�K �T�Q�r�2�` �p���H�m�2�b �B�M �i�?�2 �b�2���`�+�? �b�T���+�2�÷ ���M�/Dmax ���M�/Dmin ���`�2 �i�?�2 �K���t�B�K�m�K ���M�/

�K�B�M�B�K�m�K �/�`���; �p���H�m�2�b �B�M �i�?�2 �b�2���`�+�? �b�T���+�2�X �� �7�H�Q�r �+�?���`�i �Q�7 �i�?�2 �:�� �Q�T�i�B�K�B�x���i�B�Q�M �B�b �b�?�Q�r�M �B�M

�6�B�;�m�`�2�k�X�d�X

�l�b�B�M�; �i�?�2 �:�� �/�2�i���B�H�2�/ ���#�Q�p�2�- �i�?�2 �Q�T�i�B�K���H �#�m�Q�v �b�?���T�2 �B�b �b�Q�H�p�2�/ ���7�i�2�` �8�y�y �B�i�2�`���i�B�Q�M�b�X �h�Q

�p���H�B�/���i�2 �i�?�2 �`�2�b�m�H�i�b�- �i�?�2 �/�`���; �7�Q�`�+�2 ���M�/ �T�Q�r�2�` �`�2�b�m�H�i�b �r�2�`�2 �+�Q�K�T���`�2�/ �i�Q �/�B�`�2�+�i �b�B�K�m�H���i�B�Q�M



�l�Y�S�Y �#���ñ�- �b�Ñ�ž�ÿ�¶ �Q�ÿ���Ô�è�Ô�2�ž���Ô�ñ�é �k�d

�6�B�;�m�`�2 �k�X�d�, �:�2�M�2�i�B�+ ���H�;�Q�`�B�i�?�K �Q�T�i�B�K�B�x���i�B�Q�M �7�H�Q�r �+�?���`�i �(�k�8�)

�`�2�b�m�H�i�b �m�b�B�M�; ���L�a�u�a �6�G�l�1�L�h ���M�/ ���Z�q���X �A�M �i�?�2 �2�M�/�- �i�?�2 �/�`���; �7�Q�`�+�2 ���M�/ �T�Q�r�2�` �`�2�b�m�H�i�b

�b�?�Q�r�2�/ �/�B�7�7�2�`�2�M�+�2�b �Q�7 �R�y�W ���M�/ �R�W�- �`�2�b�T�2�+�i�B�p�2�H�v�- �r�?�B�+�? �r���b �r�B�i�?�B�M ���+�+�2�T�i���#�H�2 �H�B�K�B�i�b�X �l�b�B�M�;

�i�?�B�b �Q�T�i�B�K�B�x���i�B�Q�M �K�2�i�?�Q�/�- �i�?�2 �`�2�b�m�H�i�b �/�2�K�Q�M�b�i�`���i�2�/ �i�?���i �i�?�2 �Q�T�i�B�K���H�- �#�Q���i�@�b�?���T�2�/ �#�m�Q�v

�`�2�/�m�+�2�/ �i�?�2 �+�m�`�`�2�M�i �/�`���; �Q�7 �i�?�2 �b�v�b�i�2�K �#�v �e�3�X�d�W�- �r�?�B�H�2 �K���B�M�i���B�M�B�M�; �T�Q�r�2�` �Q�m�i�T�m�i�- �r�?�2�M

�+�Q�K�T���`�2�/ �i�Q �� �+�v�H�B�M�/�2�`�@�b�?���T�2�/ �#�m�Q�v�X ���/�/�B�i�B�Q�M���H�H�v�- �r�?�2�M �+�Q�K�T���`�2�/ �i�Q �� �i�?�B�M�@�b�?���T�2�/ �#�m�Q�v�-

�i�?�2 �T�Q�r�2�` ���#�b�Q�`�T�i�B�Q�M �r���b �B�M�+�`�2���b�2�/ �#�v �9�e�X�R�W �r�?�B�H�2 �i�?�2 �/�`���; �B�M�+�`�2���b�2 �r���b �Q�M�H�v �j�j�X�j�W�X �h�?�2

�i�?�`�2�2 �#�m�Q�v �b�?���T�2�b �+�Q�K�T���`�2�/ �B�M �i�?�2�b�2 �`�2�b�m�H�i�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�3
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�b�i�`�m�+�i�m�`���H ���M���H�v�b�B�b �B�b �M�2�+�2�b�b���`�v �i�Q �/�2�i�2�`�K�B�M�2 �?�Q�r �b�i�`�m�+�i�m�`���H �/�2�7�H�2�+�i�B�Q�M�b �r�B�H�H �B�M�7�H�m�2�M�+�2 �i�?�2

�K�Q�/�2�H�B�M�; �`�2�b�m�H�i�b�X

�A�M �K�Q�b�i �+���b�2�b�- �b�i�`�m�+�i�m�`���H ���M�/ �?�v�/�`�Q�/�v�M���K�B�+ ���M���H�v�b�B�b ���`�2 �T�2�`�7�Q�`�K�2�/ �b�2�T���`���i�2�H�v �b�B�M�+�2 �i�?�2

�2�B�;�2�M�7�`�2�[�m�2�M�+�B�2�b �Q�7 �b�i�`�m�+�i�m�`���H �/�2�7�H�2�+�i�B�Q�M�b ���`�2 �b�m�#�b�i���M�i�B���H�H�v �?�B�;�?�2�` �i�?���M �i�?�2 �7�`�2�[�m�2�M�+�B�2�b �Q�7

�7�B�`�b�i�@�Q�`�/�2�` �r���p�2 �H�Q���/�b �(�k�3�)�X �q�?�B�H�2 �i�?�B�b ���T�T�`�Q���+�? �B�b ���T�T�`�Q�T�`�B���i�2 �7�Q�` �K�Q�b�i �b�i�B�7�7 �b�i�`�m�+�i�m�`�2�b�-

�7�H�2�t�B�#�H�2 �b�i�`�m�+�i�m�`�2�b ���`�2 �K�Q�`�2 �H�B�F�2�H�v �i�Q �2�t�T�2�`�B�2�M�+�2 �2�H���b�i�B�+ �/�2�7�Q�`�K���i�B�Q�M�b �i�?���i �7���H�H �r�B�i�?�B�M �i�?�2

�b�T�2�+�i�`�m�K �Q�7 �r���p�2 �H�Q���/�b�X ���b �� �`�2�b�m�H�i�- �7�H�2�t�B�#�H�2 �b�i�`�m�+�i�m�`�2�b �`�2�[�m�B�`�2 �i�?�2 �+�Q�m�T�H�B�M�; �Q�7 �b�i�`�m�+�i�m�`���H

���M�/ �?�v�/�`�Q�/�v�M���K�B�+ ���M���H�v�b�B�b �i�Q ���+�+�Q�m�M�i �7�Q�` �r���p�2 �`���/�B���i�B�Q�M �B�M �i�?�2 ���M���H�v�b�B�b �(�k�3�)�X

�A�M �b�i�`�m�+�i�m�`���H ���M���H�v�b�B�b�- �B�i �B�b �+�Q�K�K�Q�M �i�Q �/�2�7�B�M�2 �� �b�2�i �Q�7 �M���i�m�`���H �K�Q�/�2 �b�?���T�2�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q

�i�?�2 �2�H���b�i�B�+ �/�2�7�H�2�+�i�B�Q�M�b �Q�7 �� �#�Q�/�v�X �6�Q�` �7�H�2�t�B�#�H�2 �b�i�`�m�+�i�m�`�2�b�- �i�?�2�b�2 �K�Q�/�2 �b�?���T�2�b ���`�2 ���7�7�2�+�i�2�/ �#�v

�i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �T�`�2�b�b�m�`�2 �7�B�2�H�/ ���M�/ ���`�2 �/�B�7�7�B�+�m�H�i �i�Q �/�2�7�B�M�2 �B�M ���/�p���M�+�2�X �>�Q�r�2�p�2�`�- ���+�+�Q�`�/�B�M�;

�i�Q �L�2�r�K���M�- �i�?�B�b �/�B�7�7�B�+�m�H�i�v �+���M �#�2 �Q�p�2�`�+�Q�K�2 �B�7 �i�?�2 �+���H�+�m�H���i�2�/ �K�Q�/�2 �b�?���T�2�b ���`�2 �;�2�M�2�`���H ���M�/

�+�Q�K�T�H�2�i�2 �2�M�Q�m�;�? �i�Q �`�2�T�`�2�b�2�M�i �i�?�2 �T�?�v�b�B�+���H �K�Q�i�B�Q�M �Q�7 �i�?�2 �b�v�b�i�2�K �(�k�3�)�X �6�Q�` �2�t���K�T�H�2�- �i�?�2

�b�i�`�m�+�i�m�`���H �/�2�7�H�2�+�i�B�Q�M�b �Q�7 �� �7�H�Q���i�B�M�; �b�H�2�M�/�2�` �b�?�B�T �+���M �#�2 �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �r�2�i �#�2�M�/�B�M�; �K�Q�/�2�b

�Q�7 �i�?�2 �?�m�H�H �B�M �r���i�2�`�- �i�?�2 �/�`�v �#�2�M�/�B�M�; �K�Q�/�2�b �Q�7 �i�?�2 �b���K�2 �b�i�`�m�+�i�m�`�2�- �Q�` �b�B�K�T�H�v �i�?�2 ���M���H�v�i�B�+���H

�K�Q�/�2�b �Q�7 �� �m�M�B�7�Q�`�K �#�2���K �(�k�3�)�X �A�M ���/�/�B�i�B�Q�M �i�Q �i�?�2 �`�B�;�B�/ �#�Q�/�v �K�Q�/�2�b �/�B�b�+�m�b�b�2�/ �T�`�2�p�B�Q�m�b�H�v�-

�L�2�r�K���M �T�`�Q�T�Q�b�2�/ �i�?�2 �B�M�+�H�m�b�B�Q�M �Q�7 �i�?�2�b�2 ���/�/�B�i�B�Q�M���H �ó�;�2�M�2�`���H�B�x�2�/ �K�Q�/�2�b�ô �i�Q �/�2�b�+�`�B�#�2 �i�?�2

�b�i�`�m�+�i�m�`���H �/�2�7�Q�`�K���i�B�Q�M �Q�7 �� �#�Q�/�v�X

�h�Q �B�M�+�H�m�/�2 �i�?�2 �b�i�`�m�+�i�m�`���H �/�2�7�Q�`�K���i�B�Q�M �B�M �� �?�v�/�`�Q�/�v�M���K�B�+ �K�Q�/�2�H�- �i�?�2 �/�2�7�Q�`�K���i�B�Q�M �B�b �/�B�b�@

�+�`�2�i�B�x�2�/ �B�M�i�Q �L �M���i�m�`���H �K�Q�/�2�b �r�B�i�? �� �+�Q�`�`�2�b�T�Q�M�/�B�M�; �K�Q�/���H �K���b�b ���M�/ �b�i�B�7�7�M�2�b�b�X �"�v ���/�/�B�M�;

�i�?�2�b�2 ���/�/�B�i�B�Q�M���H �K�Q�/�2�b �i�Q �i�?�2 �e �`�B�;�B�/ �#�Q�/�v �K�Q�/�2�b�- �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �T�`�Q�#�H�2�K �+���M �#�2 �2�t�@

�i�2�M�/�2�/ �7�`�Q�K �Q�M�2 �r�B�i�? �e �`�B�;�B�/ �#�Q�/�v �K�Q�/�2�b �i�Q �Q�M�2 �r�B�i�? �e �Y �L �K�Q�/�2�b �(�R�8�)�X �A�M �i�?�B�b �r�Q�`�F�-



�j�k �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���¶���Ô�«�ž�ã �#�ž�«�á�Ì���ñ���é�²

�i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ ���M���H�v�b�B�b �B�b �T�2�`�7�Q�`�K�2�/ �m�b�B�M�; �i�?�2 �i�?�`�2�2�@�/�B�K�2�M�b�B�Q�M���H �`���/�B���i�B�Q�M ���M�/ �/�B�7�7�`���+�@

�i�B�Q�M �+�Q�/�2 �q���J�A�h�X �h�?�B�b �+�Q�/�2 �?���b �i�?�2 �+���T���#�B�H�B�i�v �i�Q �B�M�+�H�m�/�2 �i�?�2�b�2 �;�2�M�2�`���H�B�x�2�/ �K�Q�/�2�b �Q�7 �#�Q�/�v

�K�Q�i�B�Q�M�- �r�?�B�+�? �2�t�i�2�M�/ �#�2�v�Q�M�/ �i�?�2 �M�Q�`�K���H �b�B�t �/�2�;�`�2�2�b �Q�7 �`�B�;�B�/ �#�Q�/�v �i�`���M�b�H���i�B�Q�M ���M�/ �`�Q�i���i�B�Q�M�X

�q�B�i�?�B�M �q���J�A�h�- �i�?�2�b�2 ���/�/�B�i�B�Q�M���H �K�Q�/�2�b �Q�7 �K�Q�i�B�Q�M �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v �b�T�2�+�B�7�v�B�M�; �/�B�b�i�`�B�#�m�@

�i�B�Q�M�b �Q�7 �M�Q�`�K���H �p�2�H�Q�+�B�i�v �Q�M �i�?�2 �#�Q�/�v �b�m�`�7���+�2�X �1���+�? �;�2�M�2�`���H�B�x�2�/ �K�Q�/�2 �B�b �/�2�7�B�M�2�/ �#�v �b�T�2�+�B�7�v�B�M�;

�i�?�2 �M�Q�`�K���H �p�2�H�Q�+�B�i�v �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�`�K�X

� jn = nj = uj nx + vj ny + wj nz �U�k�X�R�j�V

�A�M �1�[�m���i�B�Q�M�k�X�R�j�- j �B�b �i�?�2 �B�M�/�2�t �Q�7 �i�?�2 �K�Q�/�2 �r�?�2�`�2j = 1; 2; :::; 6 ���`�2 �`�2�b�2�`�p�2�/ �7�Q�` �i�?�2

�+�Q�M�p�2�M�i�B�Q�M���H �`�B�;�B�/ �#�Q�/�v �K�Q�/�2�b ���M�/j > 6 �`�2�T�`�2�b�2�M�i�b �i�?�2 �;�2�M�2�`���H�B�x�2�/ �K�Q�/�2�b�X �q�B�i�?�B�M �q���J�A�h�-

�i�?�2 �/�B�b�T�H���+�2�K�2�M�i �p�2�+�i�Q�` �Uuj �-vj �-wj �V �B�b �/�2�7�B�M�2�/ �#�v �i�?�2 �m�b�2�` �i�Q �`�2�T�`�2�b�2�M�i �i�?�2 ���T�T�`�Q�T�`�B���i�2 �K�Q�/�2

�b�?���T�2�X �q�B�i�?�B�M �i�?�2 �b�B�K�m�H���i�B�Q�M�- �i�?�B�b �p�2�+�i�Q�` �+���M �#�2 �/�2�7�B�M�2�/ ���b ���M�v �T�?�v�b�B�+���H�H�v �`�2�H�2�p���M�i �7�m�M�+�i�B�Q�M

�Q�7 �i�?�2 �#�Q�/�v�ö�b �+�Q�Q�`�/�B�M���i�2 �b�v�b�i�2�K �(�R�8�)�X

�k�X�k�X�k �6�B�M�B�i�2 �1�H�2�K�2�M�i �J�Q�/���H ���M���H�v�b�B�b

�h�Q �B�M�+�H�m�/�2 ���/�/�B�i�B�Q�M���H �;�2�M�2�`���H�B�x�2�/ �K�Q�/�2�b�- �B�i �B�b �7�B�`�b�i �M�2�+�2�b�b���`�v �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �K�Q�/�2�b �Q�7

�b�i�`�m�+�i�m�`���H �/�2�7�Q�`�K���i�B�Q�M �7�Q�` �i�?�2 �b�i�`�m�+�i�m�`�2 �B�M �[�m�2�b�i�B�Q�M�X ���b �K�2�M�i�B�Q�M�2�/ �T�`�2�p�B�Q�m�b�H�v�- �i�?�2�b�2 �K�Q�/�2

�b�?���T�2�b �+���M �#�2 �/�2�i�2�`�K�B�M�2�/ �B�M �� �M�m�K�#�2�` �Q�7 �r���v�b�X �h�?�2�b�2 �K�2�i�?�Q�/�b �B�M�+�H�m�/�2 �i�?�2 �m�b�2 �Q�7 �r�2�i ���M�/

�/�`�v �#�2�M�/�B�M�; �K�Q�/�2�b�- �b�B�K�T�H�2 ���M���H�v�i�B�+���H �K�Q�/�2�b �Q�7 �� �m�M�B�7�Q�`�K �#�2���K�- �Q�` ���M�v �Q�i�?�2�` �b�m�7�7�B�+�B�2�M�i�H�v

�;�2�M�2�`���H �K�Q�/�2 �b�?���T�2 �(�k�3�)�X �q�B�i�? �i�?�2 �B�K�T�`�Q�p�2�K�2�M�i�b �K���/�2 �B�M �7�B�M�B�i�2 �2�H�2�K�2�M�i ���M���H�v�b�B�b �U�6�1���V�-

�Q�M�2 �+�Q�K�K�Q�M ���T�T�`�Q���+�? �7�Q�` �/�2�i�2�`�K�B�M�B�M�; �i�?�2 �b�i�`�m�+�i�m�`���H �/�2�7�Q�`�K���i�B�Q�M �K�Q�/�2 �b�?���T�2�b �B�b �i�?�2 �m�b�2 �Q�7

�K�Q�/���H ���M���H�v�b�B�b �B�M �6�1���X �h�?�B�b ���M���H�v�b�B�b �H�Q�Q�F�b �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �M���i�m�`���H �7�`�2�[�m�2�M�+�B�2�b ���M�/ �M�Q�`�K���H

�K�Q�/�2�b �Q�7 �� �b�i�`�m�+�i�m�`�2 �i�Q �m�M�/�2�`�b�i���M�/ �B�i�b �+�Q�K�T�H�2�t �/�v�M���K�B�+ �#�2�?���p�B�Q�` �(�3�)�X



�l�Y�l�Y �;�¶�é�¶���ž�ã�Ô�2�¶�² �K�ñ�²�¶�� ���é�ž�ã�-���Ô�� �Q�&�¶���&�Ô�¶�' �j�j

�6�Q�` �� �K�m�H�i�B�@�/�2�;�`�2�2�@�Q�7�@�7�`�2�2�/�Q�K �b�v�b�i�2�K�- �� �H�B�M�2���` �/�v�M���K�B�+ �2�[�m���i�B�Q�M �Q�7 �K�Q�i�B�Q�M �+���M �#�2 �2�t�T�`�2�b�b�2�/

���b�,

[M ]•u + [ C] _u + [ K ]u = f f (t)g �U�k�X�R�9�V

�h�Q �2�t�T�H���B�M �i�?�2 �+�Q�M�+�2�T�i �Q�7 �K�Q�/���H ���M���H�v�b�B�b�- �r�2 �r�B�H�H �+�Q�M�b�B�/�2�` �i�?�2 �7�`�2�2 ���M�/ �m�M�/���K�T�2�/ �H�B�M�2���`

�/�v�M���K�B�+ �2�[�m���i�B�Q�M �Q�7 �K�Q�i�B�Q�M �2�t�T�`�2�b�b�2�/ ���b�,

[M ]•u + [ K ]u = f 0g �U�k�X�R�8�V

�"�v ���b�b�m�K�B�M�; �?���`�K�Q�M�B�+ �K�Q�i�B�Q�M �7�Q�` �2�p�2�`�v �T�Q�B�M�i �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2�- �r�2 �+���M �2�t�T�`�2�b�b �i�?�2 �/�B�b�T�H���+�2�@

�K�2�M�i ���M�/ ���+�+�2�H�2�`���i�B�Q�M �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �?���`�K�Q�M�B�+ �7�Q�`�K���i�,

f ug = f � i g�b�B�M(! i t + � i ) �U�k�X�R�e�V

f •ug = � ! 2
i f � i g�b�B�M(! i t + � i ) �U�k�X�R�d�V

�"�v �b�m�#�b�i�B�i�m�i�B�M�; �i�?�2�b�2 �?���`�K�Q�M�B�+ �2�t�T�`�2�b�b�B�Q�M�b �B�M�i�Q �i�?�2 �7�`�2�2 ���M�/ �m�M�/���K�T�2�/ �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M�-

�i�?�2 �7�Q�H�H�Q�r�B�M�; �2�B�;�2�M�p���H�m�2 �T�`�Q�#�H�2�K �+���M �#�2 �/�2�`�B�p�2�/ �7�Q�` �i�?�2 �2�H�2�K�2�M�i�b �B�M �i�?�2 �6�1�� �b�B�K�m�H���i�B�Q�M�,

([K ] � ! 2
i [M ])f � i g = f 0g �U�k�X�R�3�V

�A�M �i�?�B�b �2�B�;�2�M�p���H�m�2 �T�`�Q�#�H�2�K�- �i�?�2 �M���i�m�`���H �7�`�2�[�m�2�M�+�v ���M�/ �K�Q�/�2 �b�?���T�2�b �+���M �#�2 �7�Q�m�M�/ �#�v �b�2�i�i�B�M�;

�i�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7 �i�?�2 ���#�Q�p�2 �K���i�`�B�t �2�[�m���H �i�Q �x�2�`�Q�- ���b �b�?�Q�r�M �#�2�H�Q�r�,

�/�2�i([K ] � ! 2
i [M ]) = 0 �U�k�X�R�N�V



�j�9 �+�Ñ�ž�ÿ���¶�� �l�Y �i�Ñ�¶�ñ���¶���Ô�«�ž�ã �#�ž�«�á�Ì���ñ���é�²
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