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The Algebra of Systems Biology

Alan A. Veliz-Cuba

ABSTRACT

In order to understand biochemical networks we need to know not only how their parts
work but also how they interact with each other. The goal of systems biology is to look
at biological systems as a whole to understand how interactions of the parts can give rise
to complex dynamics. In order to do this efficiently, new techniques have to be developed.
This work shows how tools from mathematics are suitable to study problems in systems
biology such as modeling, dynamics prediction, reverse engineering and many others. The
advantage of using mathematical tools is that there is a large number of theory, algorithms
and software available. This work focuses on how algebra can contribute to answer questions
arising from systems biology.
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Chapter 1

Introduction

1.1 Mathematical View of Systems Biology

1.1.1 Systems Biology

In order to understand biochemical networks we need to know not only how their parts work
but also how they interact with each other. The reductionist approach has been successful in
revealing the parts of such systems and it is the goal of systems biology to look at the system
as a whole to understand how the way the parts work with each other (usually in a nonlin-
ear manner) can give rise to complex dynamics. Therefore, an understanding of the design
principles of biochemical networks, such as gene regulatory, metabolic, or intracellular sig-
naling networks is a central concern of systems biology. In particular, the intricate interplay
between network topology and resulting dynamics is crucial to our understanding of such
networks, as is their presumed modular structure. Features that relate network topology
to dynamics may be considered “robust” in the sense that their influence does not depend
on detailed quantitative features such as exact flux rates. Topological features of interest in
this context are feed-forward, positive and negative feedback loops. There is broad consensus
that feedback loops have a decisive effect on dynamics, which has been studied extensively
through the analysis of mathematical network models, both continuous and discrete. Indeed,
it has long been appreciated by biologists that positive and negative feedback loops play a
central role in controlling the dynamics of a wide range of biological systems. Thomas et
al. [111] conjectured that positive feedback loops are necessary for multistationarity whereas
negative feedback loops are necessary for the existence of periodic behavior. Proofs for dif-
ferent partial cases of these conjectures have been given, see, e.g., [31; 86; 103]. Feed-forward
loops, on the other hand, can cause delay or acceleration in activation or inhibition [4; 72].

1
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1.1.2 Mathematical Modeling

Many mathematical models of biological systems are given as systems of differential equa-
tions which are appropriate for understanding mechanisms. However, for many networks,
the available data quantity and quality is not sufficient to build detailed quantitative models,
which require many parameters that are frequently unknown. On the other hand, in Boolean
models of biological networks, each variable can only attain two values (0/1 or “on/off”);
these values represent whether a gene is being expressed, or the concentration of a protein
is above a certain threshold. When detailed information on kinetic rates of protein-DNA or
protein-protein interactions is lacking, and especially if regulatory relationships are strongly
sigmoidal, such models are useful in theoretical analysis, because they serve to focus atten-
tion on the basic dynamic characteristics while ignoring specifics of reaction mechanisms,
see [3; 16; 61; 63]. Furthermore, there is increasing evidence that the architecture of gene
regulatory networks has a strong effect on their dynamics. In [3] it is shown with the help of
a Boolean network model that the dynamics of the segment polarity network in Drosophila
melanogaster is determined by the topology of the wiring diagram and the transcriptional
logic of the genes involved rather than the specific kinetics of the system. Also, discrete
models can capture key dynamic features of biological networks and can be used successfully
for hypothesis generation [69; 76; 92]. Another advantage of discrete models is that quali-
tative networks eliminate the need to estimate kinetic parameters, thereby reducing model
complexity. They also tend to be more intuitive and easily accessible to life scientists. There-
fore, discrete modeling frameworks (Boolean and multistate) are receiving more attention in
systems biology.

1.1.3 Example

Systems biology is about how the parts of a biological system work together, whereas the
reductionist approach is about how each part works. From a mathematical point of view,
the way they complement each other can be illustrated by the following example. Consider a
system, f , with four nodes (or genes), x1, x2, x3, x4. Now, suppose that using the reductionist
approach we have found out that the update rules (using a Boolean model) for these genes are:
f1 = f1(x2, x3) = x2∧x3, f2 = f2(x1, x4) = x1∧¬x4, f3 = f3(x2) = x2 and f4 = f4(x3) = ¬x3,
where ∧,¬ are the logical operators AND, NOT, respectively. The AND operator indicates
that all activators have to be present and all repressors (given by the NOT operator) have
to be absent to activate a gene (remember that 0 ∧ 0 = 1 ∧ 0 = 0 ∧ 1 = 0, 1 ∧ 1 = 1,¬0 = 1
and ¬1 = 0). This system has two steady states (states where fi(x1, . . . , xn) = xi for all
i), namely (0, 0, 0, 1) and (1, 1, 1, 0): if (x1, x2, x3, x4) = (0, 0, 0, 1) then f1 = 0 ∧ 0 = 0,
f2 = 0∧¬1 = 0, f3 = 0 and f4 = ¬0 = 1, hence (0, 0, 0, 1) is in fact a steady state. Similarly
it follows that (1, 1, 1, 0) is a steady state. Therefore, this system is bistable.

From a reductionist point of view the information we have can be summarized in Figure 1.1.
Furthermore, Figure 1.2 shows systems that at first sight should behave similar to f . Notice
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that for all these systems, x1 has two activators, x2 has one activator and one repressor, x3

has one activator and x4 has one repressor.

x1

x2 x3

x2

x1 x4

x3

x2

x4

x3

Figure 1.1: Nodes of the system f with the corresponding activators/repressors. A normal
arrow indicates activation and a circle indicates inhibition.

x2 x4

x2

x1 x4 x2

x3

x3

x1 x4

x2 x3

x2

x1 x4 x4

x3

x3

x1 x4

x2 x3

x2

x1 x4 x2

x3

x2

x1 x4

x2 x3

x2

x1 x3 x4

x3

x3

x1 x4

x2 x3

x2

x1 x4 x2

x3

x3

x1 x4

x2 x3

x2

x3 x4 x1

x3

x1

x1 x4

Figure 1.2: Systems that have similar “local” features as f .

However, Table 1.1 shows that the number of steady states is not the same for all systems.
This means that knowing the “parts” of the system is not enough to understand its behavior.
It is the role of systems biology to understand the way the parts interact with other influences
the dynamics of the system.

Now, if we look at the systems from a systems biology point of view we can see that their
wiring diagrams are different. That is, it is not the rules that are different (all systems have
the same type of rules), but how they are connected. Figure 1.3 shows the wiring diagram
(also known as connectivity or dependency graph) of the systems given in Figure 1.2.

We can see that the bistable systems share a common property, they all have positive feedback
loops only (closed circuits where the product of the signs is positive) and the other systems
have a negative feedback loop. In fact, this is not a coincidence as there is a theorem which



Alan A. Veliz-Cuba Chapter 1. Introduction 4

Table 1.1: Number of steady states for the systems in Figure 1.2.

2 2
1 2
0 0

x1

x3

x2

x4

x1 x2

x3 x4

x1

x3 x4

x2 x1 x2

x4x3

x1 x2

x4x3

x1

x3 x4

x2

Figure 1.3: Wiring diagram of the systems in Figure 1.2.

guarantees that if a system has positive feedback loops only, then it must have at least two
steady states. Also, another theorem states that if a system has two steady states, then it
must have at least one positive feedback loop.

This is an example of how mathematics can contribute to systems biology, by providing
theorems, algorithms and software that allow the elucidation of the role of network topology
on the dynamics of biological systems. Also, a more complicated example can be obtained
by replacing the nodes x1, x2, x3, x4 by systems and showing that knowing the parts is not
enough to understand the whole system.
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1.2 Polynomial Dynamical Systems

1.2.1 Definition of Polynomial Dynamical Systems

A Boolean network or model is a function f defined over {0, 1}n, that is, f : {0, 1}n → {0, 1}n.
The coordinate functions of f , f1, f2, . . . , fn are functions fi : {0, 1}n → {0, 1} that indicate
what the future value of a node or gene i is in terms of its regulators. For example, in Section
1.1 we have f : {0, 1}4 → {0, 1}4 given by f(x1, x2, x3, x4) = (x2 ∧ x3, x1 ∧ ¬x4, x2,¬x3).

More generally, we consider models of biological systems, such as molecular networks, with n
interacting molecular species whose states can be described by an n-tuple with entries from
a finite set F. The model consists of a set of rules that allow the system to evolve from one
state to the next, so that it can be represented as a finite dynamical system f : Fn −→ F

n.

If we consider f only as a set function, then there are few mathematical tools that can help
analyze f . One way to introduce mathematical structure, and thereby mathematical tools
to study f , is by imposing the algebraic structure of a number system on F, akin to the
introduction of a coordinate system in affine space, which gives access to analytical methods
in geometry. It is worth pointing out that this algebraic structure is used heavily in the
case of Boolean networks. The evaluation of Boolean functions uses the fact that F = {0, 1}
is equipped with an addition, where 0 is the additive identity, and with a multiplication,
where 1 is the multiplicative identity. The two are connected through the rule 1 + 1 = 0.
For example, the algebraic representation of the Boolean function in Section 1.1 becomes
f(x1, x2, x3, x4) = (x2x3, x1 +x1x4, x2, 1+x3) (we can obtain the algebraic representation by
using the identities a ∧ b = ab, a ∨ b = a + b + ab and ¬a = 1 + a).

Once F carries such a structure, we can make use of a fundamental property of finite
fields: Let h : Fn → F be a function, where F is a field with p elements. Then, h can
be written as a polynomial. One can find the polynomial form of h using the formula
h(x) =

∑
c∈Fn h(c)

∏n
j=1 (1 − (xj − cj)

p−1), where the right-hand side is computed modulo
p.

Thus, we can represent f via its coordinate functions: f = (f1, . . . , fn) : Fn −→ F
n, where

each fi is a polynomial function, so that evaluation and analysis of f can be done using
polynomial arithmetic over F. We shall call f a polynomial dynamical system (PDS) over F
of dimension n. That is, a PDS is a function f : Fn → F

n, where F is a finite field.

Example 1.2.1 Consider the PDS f : F2 → F
2 where F = F3 = {0, 1, 2} (the field with 3

elements) and f(x1, x2) = (x1 + x2
2 + x2, x1x2 + 1). Its wiring diagram is shown in Figure

1.4.

The advantage of looking at a discrete model as a PDS is that any problem arising from
biology has an algebraic counterpart. For example, computing the steady states of a discrete
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x1

x2

Figure 1.4: Wiring diagram of f .

model becomes the algebraic problem of solving a system of polynomial equations :

f1 − x1 = 0 , f2 − x2 = 0 , . . . , fn − xn = 0.

For example, the steady states of the PDS in Example 1.2.1 are given by:

x1 + x2
2 + x2 − x1 = 0 , x1x2 + 1 − x2 = 0.

or
x2

2 + x2 = 0 , x1x2 + 1 − x2 = 0.

which has the unique solution (2, 2).

1.2.2 Simulation of Polynomial Dynamical Systems

The evolution of a PDS (or any finite dynamical system), f , is given by the equation

x(t + 1) = f(x(t))
x(0) = x0

A trajectory of a PDS is a “solution” to the equation above. That is, a trajectory is the
sequence {x0, f(x0), f

2(x0), . . . , f
i(x0), . . .}, also denoted x0 → f(x0) → f 2(x0) → . . . →

f i(x0) → . . .

Example 1.2.1 (cont.) Consider

f(x1, x2) = (x1 + x2
2 + x2, x1x2 + 1)

x(0) = (2, 0)

Then, the trajectory is (2, 0) → (2, 1) → (1, 0) → (1, 1) → (0, 2) → (0, 1) → (2, 1) → . . .

The state space of a PDS is made up of all trajectories and it can be represented as a graph,
given by Figure 1.5 (This graph was generated using DVD [55]).
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 0 0

 0 1

 2 1

 1 0

 0 2

 1 1

 1 2

 2 0

 2 2

Figure 1.5: State space of f .

An attractor or limit cycle of length t is the trajectory with t elements x0 → f(x0) →
f 2(x0) . . . → f t−1(x0) such that f t(x0) = x0, where t is minimal. An attractor of length 1
(f(x0) = x0) is called a steady state or a fixed point. Since the state space is finite, it follows
that every trajectory must end in an attractor. For our example we have one limit cycle of
length 1 and one of length 5. We can denote this symbolically by CS(f) = C1 + C5.

1.3 Organization of the Thesis

Chapter 2: Algebraic Models

A Boolean model can be constructed by writing biological information in terms of Boolean
operators (e.g. AND, OR, NOT). For example, when two proteins have to bind for activa-
tion to occur or when promoter regions are not independent, then the AND operator would
be used; on the other hand, when a gene has multiple promoter regions and they are inde-
pendent, then the OR operator can capture this property. Also, negative regulation can be
represented by the NOT operator.

In this chapter we include an example of a biological system, the lac operon in E. coli, and
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show how a Boolean model, and therefore a PDS, is constructed. Also, we show how that
although the Boolean model is a coarse representation of the biological system, it can explain
bistability as well as an ODE model. This means that bistability in the lac operon is caused
not by the kinetics of the system, but by the intrinsic topological structure. Furthermore,
we show that even a smaller model is capable of explaining bistability. This further supports
that bistability is produced by the structure of the wiring diagram. This chapter is based
on a paper written in collaboration with Brandilyn Stigler. My contributions to the paper
were the construction of the model and reduced model as well as their analysis.

Chapter 3: Prediction of Dynamics from Network Structure

After one has a model, the next step is to analyze it. In particular, steady states and limit
cycles are of great interest. One way to analyze a PDS is through simulation; however,
since the size of the state space grows exponentially with respect to the number of nodes,
simulation quickly becomes unfeasible. Another way to analyze the model is to identify key
features of the wiring diagram that constraint the dynamics. For example, it is known that
positive feedback loops are necessary in order to have multistability. On the other hand, it
has been conjecture that negative feedback loops are responsible for periodic behavior.

Section 1 of this chapter is about the role of negative feedback loops on the dynamics
of Boolean networks. We define a measure (PF-distance) that determines how far from
monotone a network is. Since it is believed that networks far from monotone are chaotic, we
made a computational study to determine the effect of increasing the distance to monotone
on the number and length of attractors. The results indicate that networks close to monotone
have more attractors which have short length whereas networks that are far from monotone
have few attractors which have large length. Since the larger an attractor is, the less robust it
becomes to fluctuations, our results show that networks far from monotone tend to be more
chaotic. This section is based on a published paper written in collaboration with Eduardo
Sontag, Reinhard Laubenbacher and Abdul Salam Jarrah: The effect of negative feedback
loops on the dynamics of Boolean networks. Biophysical Journal, 95:518-526, 2008. My
contributions to the paper were the design of the experiments, algorithms, coding and the
analysis of the results.

The next step in our goal to understand the role of network topology on the dynamics is to
find formulas for the number of limit cycles. Since the general problem is unfeasible (even
determining the existence of fixed points is NP-complete, [121] ), we focused on the family
of conjunctive Boolean networks. Conjunctive networks correspond to systems where genes
are activated by the synergistic action of its regulators. It is important to mention that the
work done for linear systems ([27; 46]) and our work for conjunctive networks (which are
nonlinear networks) cover the two extremes of type of networks.

Section 2 of this chapter is about the role of the wiring diagram on the dynamics of Boolean
networks made up of the AND operator, called conjunctive Boolean networks. We define a
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measure of the connectivity of modules of the wiring diagram, namely, the loop number of the
strongly connected components and show that for networks with strongly connected wiring
diagram the loop number has all the information needed to determine the number of attrac-
tors of any given length. Furthermore, we provide formulas for the number of attractors.
In the case where the wiring diagram has more than one strongly connected component, we
provide lower and upper bounds for the number of attractors. These bounds are given in al-
gebraic terms of the connectivity of the strongly connected components (the poset structure)
and the attractors of strongly connected components. This section is based on a published
paper written in collaboration with Abdul Salam Jarrah and Reinhard Laubenbacher: The
dynamics of conjunctive and disjunctive Boolean network models. Bull. Math. Bio., 2010.
My contributions to the paper where the statements and proofs of the main results.

Finally, our goal is to generalize the results about conjunctive networks to networks that
allow negative regulations and to any finite field. Our recent work shows that the formulas
for the number of limit cycles of conjunctive networks is also valid for “conjunctive” networks
over any finite set. Also, we have shown that finding the number of steady states of a “signed”
conjunctive network can be transformed to the problem of counting maximal independent
sets in a graph.

Chapter 4: Model Reduction and Inference

Another way to analyze a model is to reduce it and use the reduce model to make predic-
tions about the original model. For example, the quasi-steady-state assumption has been
successfully used to reduce and analyze continuous systems.

Section 1 of this chapter is about the reduction of Boolean networks. We give a reduction
algorithm that not only reduces the size of a network but also elucidates the role of the wiring
diagram on the dynamics. In particular, we prove that topological features are preserved
and that the number of steady states remains unchanged after reduction. Our algorithm
is based on a discrete version of the quasi-steady-state assumption for continuous systems.
Furthermore, we use the reduction method to study a model of Th differentiation and show
that the reduced network can explain the steady states and other properties of the original
model.

When there is not enough information about a regulatory network to construct a model, one
has to consider the problem of reverse engineering a model or features of the model (such
as the wiring diagram) from data. Using tools from algebra we can give this problem a
mathematical formulation.

Section 2 of this chapter is about a reverse engineering method for regulatory networks. Our
method is a generalization of the algorithm proposed in [53]. Given some data set from a
network, we define in algebraic terms the set of all possible signed wiring diagrams that are
compatible with such data. Then, we use tools from algebraic geometry, namely the primary
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decomposition of an ideal, to find the wiring diagrams that are “minimal”. We apply our
results to an ODE system and show that it performs better that the algorithm in [53].

Chapter 5: Polynomial Form of Other Discrete Frameworks

Since there are many different discrete frameworks capable of modeling regulatory networks,
we studied how they compare to our algebraic framework and whether or not they were
compatible. We considered logical models and Petri nets, which cover the vast majority of
discrete models.

In this chapter we show that logical models and Petri nets can be written as PDSs and
that tools from polynomial algebra can be used to analyze their dynamical properties. This
means that our results can be applied to a large number of discrete models. This section is
based on apublished paper written in collaboration with Abdul Salam Jarrah and Reinhard
Laubenbacher: Polynomial algebra of discrete models in systems biology, Bioinformatics,
26:1637-1643, 2010. My contributions to the paper were the algorithms and coding to
transform logical models and Petri nets to PDSs.



Chapter 2

Algebraic Models

The lac operon in Escherichia coli has been studied extensively and is one of the earliest
gene systems found to undergo both positive and negative control. The lac operon is known
to exhibit bistability, in the sense that the operon is either induced or uninduced. Many
dynamical models have been proposed to capture this phenomenon. While most are based
on complex mathematical formulations, it has been suggested that for other gene systems
network topology is sufficient to produce the desired dynamical behavior.

We present a Boolean network as a discrete model for the lac operon. Our model includes
the two main glucose control mechanisms of catabolite repression and inducer exclusion. We
show that this Boolean model is capable of predicting the ON and OFF steady states and
bistability. Further we present a reduced model which shows that lac mRNA and lactose form
the core of the lac operon, and that this reduced model exhibits the same dynamics. This
work suggests that the key to model qualitative dynamics of gene systems is the topology of
the network and Boolean models are well suited for this purpose.

This chapter is based on a paper written in collaboration with Brandilyn Stigler. My contri-
butions to the paper were the construction of the model and reduced model as well as their
analysis.

2.1 The Lac Operon

The lac operon in the bacterium Escherichia coli has been used as a model system of gene
regulation since the landmark work by Jacob and Monod in 1961 [52]. This system of
genes is responsible for the metabolism of lactose in the absence of glucose. Its study has
led to numerous insights into sugar metabolism, including how the presence of a substrate
could trigger induction of its catabolizing enzyme, yet in the presence of a preferred energy
source, namely glucose, the substrate is rendered ineffective. Originally termed the “glucose

11
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effect”, catabolite repression became known as one of the mechanisms by which glucose
regulates the induction of sugar-metabolizing operons. A second glucose-dependent control
mechanism was also identified through analysis of the lac operon. This mechanism, called
inducer exclusion, refers to the suppression of the lac permease protein in the presence of
extracellular glucose, thereby preventing the transport of lactose into the cell. Early work
on the lac operon led to the discovery that transcription of an operon’s genes is subject
to positive (activator proteins initiate transcription) or negative (repressor proteins prevent
transcription) control via induction (inducer molecules bind to regulatory proteins to initiate
transcription) or repression (corepressors are used to prevent transcription). The lac operon
is one of the earliest examples of a inducible system of genes being under both positive and
negative control.

Now we describe the components and features of the lac operon which we include in the
model. This description is summarized largely from the material provided in the online
book [39] (additional citations are given as necessary).

The lac operon contains three structural genes, lacZ, lacY, and lacA, and is a negative
inducible system: the repressor protein LacI prevents transcription of the lac genes, and the
operon is induced by allolactose, an isomer of lactose. Extracellular lactose is thought to be
readily available, but can diffuse into the cell at low concentrations. Once in the cell, lactose
can induce the operon, though with lower probability than allolactose. Transcription of the
lac genes produces a single mRNA, whose translation gives rise to the following proteins:
β-galactoside permease (LacY), a membrane-bound protein which transports lactose into
the cell; β-galactosidase (LacZ), an intracellular protein which cleaves lactose into glucose
and its stereoisomer galactose, and in a separate reaction converts lactose into allolactose;
and β-galactoside transacetylase (LacA) which transfers an acetyl group from acetyl-CoA to
β-galactosides.

Glucose is thought to regulate the lac operon through two key mechanisms: catabolite
repression and inducer exclusion. In the absence of glucose, the catabolite activator protein
CAP (also known as CRP for cAMP receptor protein) forms a complex with cAMP which
binds to a site upstream of the lac promoter region. Binding of the cAMP-CAP complex
makes a conformational change in the DNA, thereby allowing RNA polymerase to bind
to the DNA and enhancing transcription of the lac genes. Transcription continues until
extracellular glucose is available. However, when glucose is abundant, cAMP synthesis is
inhibited [117] and the repressor protein LacI can bind to the operator region of the operon,
preventing transcription of the lac genes. Furthermore, the transport of lactose into the cell
by permease is inhibited by external glucose, a mechanism referred to as inducer exclusion.
Finally, the presence of (sufficient amounts of) intracellular glucose shuts off the operon, a
phenomenon referred to as catabolite repression.
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2.2 Model of the Lac Operon

There are many formulations modeling the behavior and interaction of the lac genes. The
first model was proposed by Goodwin two years after the discovery of the lac operon [37].
Since then there has been a steady flow of models following the advances in biological insight
of the system, with the majority describing operon induction using artificial nonmetaboliz-
able compounds such as IPTG and TMG [84; 96; 113; 114]. The first model to consider
catabolite repression and inducer exclusion with cells grown in both glucose and lactose and
lactose used as the inducer was presented by Wong et al. [117]. Their model consisted of up
to 13 ordinary differential equations involving 65 parameters. Further Santillán and coau-
thors have presented mathematical models and analysis purporting bistability in that the
operon is either induced or uninduced [94–96; 119], which has been observed experimentally
[83; 84]. These findings have given rise to the analogy of the lac operon acting as a biological
switch [43; 84].

Most mathematical models of the lac operon, as well as other genetic systems, are given
as systems of differential equations which are appropriate for understanding mechanisms.
However, discrete modeling frameworks are receiving more attention in systems biology for
their use in analyzing entire state spaces and facilitating global-level predictions. In fact
it has been argued that network topology and interaction type (activation/inhibition) are
sufficient for capturing dynamics of gene networks (see [3; 76] for proofs of concept in other
model organisms). A consequence of this observation is that the use of qualitative networks
eliminates the need to estimate parameters, thereby reducing model complexity.

Finite dynamical systems (FDSs, which can be seen as PDSs), provide a computational ad-
vantage in that entire state spaces can be computed and explored analytically using methods
such as generalized logical analysis [76; 111], in contrast to continuous modeling frameworks.
The advantage of having the state space given explicitly is that features such as steady states
and limit cycles can be essentially read from the state space. Such predictions, as well as
others provided by FDSs, are often easier to verify experimentally than their continuous
counterparts, due to their qualitative description; that is, precise experimental conditions
are not required to verify qualitative predictions. Boolean networks (BNs), a special class
of FDSs, permit an intuitive, yet formal mathematical description of network dynamics by
encoding network topology and interaction type in Boolean expressions (see [23] for exam-
ples).

Currently few discrete models of the lac genes exist. Gianchandani and coauthors introduced
a Boolean model of the lac operon, excluding the regulatory effects of glucose and lactose
and demonstrated that an alternate method for identifying all steady states using a matrix
representation of the Boolean model [32]. Setty et al. defined a logical function, a special-
ization of FDSs, for the transcription of the lac genes in terms of the proteins regulating
the operon, namely CRP and LacI [98]. Although the authors initially aimed to construct a
simple Boolean function to mimic the switching behavior of the operon, they discovered that
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AND-like and OR-like expressions could not reproduce the complexity that the lac genes
exhibited. Instead they found that a logical function on 4 states (as opposed to 2 states -
0 and 1) was more biologically relevant. Mayo et al. tested and showed that this logical
function was robust with respect to point mutations, that is, given the formulation in [98],
the operon is still functional after point mutations [73]. One limitation in both models is
that they do not predict bistability.

We propose a logical model for the lac operon which predicts bistability and includes the two
main control mechanisms of glucose, namely catabolite repression and inducer exclusion. In
order to facilitate interpretation, we have added variables so as to present the model as a BN.
We are able to show that the model has only two steady states, corresponding to the operon
being either ON or OFF (induced or uninduced) and that the model exhibits bistability.

An important question is to identify the key players in a network, in this case for the
purpose of determining the drivers of the dynamics. Aguda and Goryachev provided a
systematic approach for reducing a network derived from literature to a subnetwork which
can be thought of as the core of the essential qualitative behavior [1]. Albert and Othmer
[3] showed that the topology and interaction type are the determining factors in producing
the steady-state behavior. We corroborate these findings by considering a reduced Boolean
model involving only the lac genes and lactose. We show that the dynamics of the reduced
model matches that of the full model. Our results further support the hypothesis that the
topology is the key to dynamical properties.

2.2.1 Modeling Background

A Boolean network (BN) f = (f1, . . . , fn) on n variables is a tuple of functions defined over
the set {0,1} such that for each i = 1, . . . , n, the function fi determines the next state of
variable i and is written in terms of the Boolean operators ∨,∧,¬ (logical OR, AND, and
NOT, respectively). The values 0 and 1 are the states of the variables.

“Network topology” refers to the connectivity structure of a network and is typically repre-
sented as a directed graph. For a BN, a wiring diagram is a directed graph on the variables
of the system (in this case, mRNA, proteins, and sugars) with edges defined in the following
way: there is a directed edge from variable xi to xj if the function fxj

for xj depends on
xi. An edge from xi to xj has a circle at its head xj if NOT xi, denoted by ¬xi, appears
in fxj

(we consider this edge to correspond to an inhibitory interaction); otherwise, edges
have arrows at their heads. We call directed cycles feedback loops. The parity of a feedback
loop (or a path) can be either +1 or -1 and is calculated as follows: assign -1 to an edge if
it is inhibitory and +1 otherwise. The parity of a feedback loop is the product of the signs
on the edges of the loop. If the parity of a feedback loop is +1, we call the loop positive;
otherwise, it is negative.

“Dynamics” refers to the state transitions of the network as a whole. To generate the
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dynamics of a BN f on n variables, we evaluate its functions on all possible combinations of
0/1 n-tuples. The dynamics can be viewed as a directed graph, called the state space of f .
In this graph each node is an n-tuple, called a state of the system f ; there is a directed edge
from a to b if f evaluated at the current state a gives state b; that is, if f(a) = b. Hence, b
represents that next state of the system. Directed cycles are called limit cycles. If length of
the cycle is 1, then it is called a fixed point. In the context of scientific applications, fixed
points are also referred to as steady states, which we use in this discourse. We draw the state
space using the visualization software DVD [55].

2.2.2 Boolean Network

In this subsection we present the Boolean network (BN) for the lac operon that models gene
regulation such as the two main control mechanisms of glucose, namely catabolite repression
and inducer exclusion. The BN consists of variables and functions, each representing mRNAs,
proteins and sugars. We assume that each biomolecule can be either 0 or 1 (absent/inactive
or present/active). In order to perform a comparison with an ODE model we considered that
extracellular lactose can be in three states (low/0, medium/1, high/2) which model using the
variables Le and Lem; they indicate high concentration and medium concentration of extra
cellular lactose, respectively. (Le, Lem) = (0, 0), (0, 1), (1, 1) means that the concentration of
extracellular lactose is low, medium and high, respectively. The same was done for lactose,
allolactose and the repressor protein.

The Boolean variables are labeled as follows:

• M = lac mRNA

• P, B = lac permease and β-galactosidase, respectively

• C = catabolite activator protein CAP

• R = repressor protein LacI

• Rm = (at least) medium concentration of repressor protein LacI

• L, A= lactose and allolactose (inducer), respectively

• Lm, Am = (at least) medium concentration of lactose and allolactose, respectively

• Le, Ge= extracellular lactose, glucose, respectively

• Lem= (at least) medium concentration of extracellular lactose.
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Deriving Boolean Networks

Here we illustrate how to derive a Boolean function for mRNA based on the information
in Section 2.1. The operator ∧ indicates that both variables need to be present, that is,
activation occurs by the synergistic action of its regulators; on the other hand, the operator
∨ indicates that either variable is enough for activation to occur, that is, activation occurs
independently of the other variable. The operator ¬ indicates that the variable is a repressor
and that it has to be absent for activation to occur. For any variable a, the function Fa

determines the value of a after one time unit.

Boolean function for M : To have mRNA being transcribed we need the activator protein
(CAP), but also the repressor to be absent. That is, the future Boolean value of M is given
by the presence of C AND the ABSENCE of R AND the ABSENCE of Rm. Hence, the
Boolean function for M is FM = C ∧ ¬R ∧ ¬Rm.

Boolean functions for P, B: To have the lac proteins being produced we need mRNA. Hence,
the Boolean function for P, B are FP = FB = M .

Boolean function for C: To have CAP in high concentrations we need glucose to be absent.
That is, the future Boolean value of C is given by the ABSENCE of Ge. Hence, the Boolean
function for C is FC = ¬Ge.

Boolean function for R: The repressor will be active as long as there is no allolactose. That
is, the future Boolean value of R is given by the ABSENCE of A AND the ABSENCE of
Am. Hence, the Boolean function for R is FR = ¬A ∧ ¬Am.

Boolean function for Rm: The repressor will be active at (at least) a medium level as long
as there is no allolactose or if the repressor was active to begin with. That is, the future
Boolean value of Rm is given by {the ABSENCE of A AND the ABSENCE of Am} OR the
presence of R. Hence, the Boolean function for R is FRm

= (¬A ∧ ¬Am) ∨ R.

Boolean function for A: To have allolactose in high concentrations we need both, β-galactosidase
and lactose to be present. That is, the future Boolean value of A is given by the presence of
B AND L. Hence, the Boolean function for A is FA = B ∧ L.

Boolean function for Am: To have allolactose in medium concentrations we need lactose to
be present in at least a medium concentration (it will be transformed to allolactose by a
basal number of β-galactosidase molecules which we are not including in the model). That
is, the future Boolean value of Am is given by the presence of L OR Lm. Hence, the Boolean
function for Am is FAm

= L ∧ Lm.

Boolean function for L: To have lactose in high concentrations we need both, permease
and extracellular lactose to be present, but also glucose to be absent. That is, the future
Boolean value of L is given by the presence of P AND Le and the ABSENCE of Ge. Hence,
the Boolean function for L is FL = P ∧ Le ∧ ¬Ge.

Boolean function for Lm: To have lactose in medium concentrations we need extracellular
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lactose to be present in at least a medium concentration together with permease, or extra-
cellular lactose to be present in concentrations high enough so that it will enter the cell (by
diffusion or a basal number of permease molecules which we are not including in the model);
we also need glucose to be absent. That is, the future Boolean value of Lm is given by the
{{presence of Lem AND P} OR the presence of Le} AND the ABSENCE of Ge. Hence, the
Boolean function for Lm is FLm

= ((Lem ∧ P ) ∨ Le) ∧ ¬Ge.

Therefore, the BN is given by:

FM = C ∧ ¬R¬Rm , FP = M
FB = M , FC = ¬Ge

FR = ¬A ∧ ¬Am , FRm
= (¬A ∧ ¬Am) ∨ R

FA = L ∧ B , FAm
= L ∨ Lm

FL = P ∧ Le ∧ ¬Ge , FLm
= ((Lem ∧ P ) ∨ Le) ∧ ¬Ge

where Le and Ge (lactose and glucose) are considered as fixed parameters in the model. We
use F to refer to the model consisting of this BN.

Network Topology

The wiring diagram for the model F is shown in Figure 2.1 (Le, Lem are shown as a single
node, as well as R, Rm, A, Am and L, Lm). We can identify topological features such as
the feedback loops in F . We see that there are positive feedback loops involving M , e.g.
M → P → L → A → R → M . Also, we can see positive paths from Le to M and negative
paths from Ge to M . Note that there are no negative feedback loops.

M

P

LAR

B

C

Ge Le

Figure 2.1: Wiring diagram of F .
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Dynamics and Bistability

The dynamics of F can be computed by evaluating the functions on all possible combina-
tions of vectors (M, P, B, C, R, Rm, A, Am, L, Lm) with 0-1 entries (see Section 2.2.2 for more
details). We say that the operon is OFF when the value of the triple (M,P,B) is (0, 0, 0)
and ON when (M,P,B) = (1, 1, 1). For simplicity we will focus on the steady states.

When glucose is high (Ge = 1) we have the unique steady state (0, 0, 0, 0, 1, 1, 0, 0, 0, 0)
corresponding to the lac operon being OFF (all initializations eventually reach this steady
state). On the other hand if glucose is low (Ge = 0) we have the following cases:

1. For low/0 extracellular lactose (that is, Le = Lem = 0), there is only one steady
state, (0,0,0,1,1,1,0,0,0,0), that corresponds to the operon being OFF (all of the 210

initializations eventually reach this steady state).

2. For medium/1 extracellular lactose (that is, Le = 0, Lem = 1), there are two steady
states, (0,0,0,1,1,1,0,0,0,0), that corresponds to the operon being OFF and (1,1,1,1,0,0,0,1,0,1),
that corresponds to the operon being ON (all of the 210 initializations eventually reach
one of the steady states). That is, the model is bistable.

3. For high/2 extracellular lactose (that is, Le = Lem = 1), there is only one steady
state, (1,1,1,1,0,0,1,1,1,1), that corresponds to the operon being ON (all of the 210

initializations eventually reach this steady state).

In summary, the model predicts that the lac operon is OFF when extracellular glucose is
available. When glucose is not available, the model predicts that the operon is OFF, bistable
or ON when extracellular lactose is low, medium or high, respectively. This is consistent
with the reports of bistability, see for example [84; 94]. The comparison of our Boolean
model with ODE models can be illustrated with the bifurcation diagram shown in Figure
2.2. This figure shows that both models have the same qualitative behavior.

Experiments

We also performed experiments similar to those in [84]. In order to do this we considered a
stochastic version of our model and we considered glucose to be absent (Ge = 0):

FM = C ∧ ¬R¬Rm FP = M
FB = M FC = 1
FR = ¬A ∧ ¬Am FRm

= (¬A ∧ ¬Am) ∨ R
FA = L ∧ B FAm

= L ∨ Lm

FL = P ∧ Le FLm
= (Lem ∧ P ) ∨ Le
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low medium high

ODE

0
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0 1 2

BN

M M

inducer inducer

Figure 2.2: Bifurcation diagram of our Boolean network and a typical bifurcation diagram
showing bistability of an ODE (two saddle-node bifurcation).

where extracellular lactose is given as the discretization of a random variable, Le ∼ N(µ, σ)
taken from a normal distribution with mean µ and variance σ2. Then, extracellular lactose
(Le) is given as a function of Le defined by

Extracellular lactose =





low/0 (i.e. Le = Lem = 0), if Le < 1

medium/1 (i.e. Le = 0, Lem = 1), if 1 ≤ Le < 2

high/2 (i.e. Le = Lem = 1), if 2 ≤ Le

The results of our experiments are in Figure 2.3. We can see the same qualitative behavior
of the experiments performed in [84, Figure 2.b]. We can see that as we decrease the
concentration of the inducer (top panel) the population of cells start turning their operon
OFF; also, as we increase the concentration of the inducer (bottom panel) the population of
cells start turning their operon ON.

2.2.3 Core Subnetworks

An important question is whether the dynamical properties of the model is a direct conse-
quence of its topology and the type of interactions in the model. If network topology and
interaction type are sufficient for maintaining certain dynamical properties, we expect a re-
duced model to have dynamics equivalent to the original model. This would suggest that the
qualitative dynamical properties of the lac operon are dependent on intrinsic characteristics
such as topological features and interaction type and not on extrinsic characteristics such as
the specific proteins, sugars involved or the size of the network. This in turn implies that
in order to obtain an accurate qualitative description of the lac operon we need to focus
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Figure 2.3: Discrete version of the experiments performed in [84] for our Boolean network.

on using the correct network topology and interaction type. The importance of network
topology and interaction type has been proposed by Albert and Othmer [3], among others,
and studied by Aguda [1]. Alternatively, if the dynamics of the model is highly dependent
on the size, the model would not be useful to study the dynamics of the biological system:
changing the size of the network could significantly alter the predictions.

We provide a reduced network that retains topological features, such as feedback loops,
present in the original model. Since many existing models with bistable behavior include
glucose and lactose, we will construct a reduced model using M, L, Le, Ge only. We denote
the reduced model by f .

Boolean function for M : To have mRNA being transcribed we need the activator protein
(CAP) which will be present if glucose is absent; we also need the repressor to be absent
which will happen if there is lactose in the cell. That is, the future Boolean value of M
is given by the ABSENCE of Ge AND {the presence of Lm OR L}. Hence, the Boolean
function for M is fM = ¬Ge ∧ (L ∨ Lm).

Boolean function for L: To have lactose in high concentrations we need both, permease
(which means we need mRNA) and extracellular lactose to be present, but also glucose to
be absent. That is, the future Boolean value of L is given by the presence of P AND Le and
the ABSENCE of Ge. Hence, the Boolean function for L is fL = M ∧ Le ∧ ¬Ge.

Boolean function for Lm: To have lactose in medium concentrations we need extracellular
lactose to be present in at least a medium concentration together with permease (which
means we need mRNA), or extracellular lactose to be present in concentrations high enough
so that it will enter the cell; we also need glucose to be absent. That is, the future Boolean
value of Lem is given by the {{presence of Lem AND M} OR the presence of Le} AND the
ABSENCE of Ge. Hence, the Boolean function for Lm is fLm

= ((Lem ∧ M) ∨ Le) ∧ ¬Ge.
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Therefore, the reduced BN is given by:

fM = ¬Ge ∧ (L ∨ Lm)
fL = M ∧ Le ∧ ¬Ge

fLm
= ((Lem ∧ M) ∨ Le) ∧ ¬Ge

Network Topology

The wiring diagram for the model f is shown in Figure 2.4 (Le, Lem are shown as a single node,
as well as L, Lm). From the reduced model, we can clearly see the roles of the parameters
on the core subnetwork whose size is 30% of that of F . We can see that the paths from Ge

and Le to M are still present in the model; also, the signs of these paths have not changed.
Ge inhibits M and L (catabolite repression and inducer exclusion, respectively) whereas Le

activates L. Furthermore, we still have a positive feedback loop involving M .

M

LGe Le

Figure 2.4: Wiring diagram of f .

Dynamics

The dynamics of f can be computed by evaluating the functions on all possible combinations
of vectors (M, L, Lm) with 0-1 entries. We say that the operon is OFF when the value of M
is 0 and ON when M = 1.

When glucose is high (Ge = 1) we have the unique steady state (0, 0, 0) corresponding to the
lac operon being OFF (all initializations eventually reach this steady state). On the other
hand if glucose is low (Ge = 0) we have the following cases:

1. For low/0 extracellular lactose, there is a single steady state, (0,0,0), that corresponds
to the operon being OFF (all initializations eventually reach this steady state).

2. For medium/1 extracellular lactose, there are two steady states, (0,0,0), that corre-
sponds to the operon being OFF and (1,0,1), that corresponds to the operon being
ON (all initializations eventually reach one of the steady states). That is, the model
is bistable.
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3. For high/2 extracellular lactose, there is a single steady state, (1,1,1), that corresponds
to the operon being ON (all initializations eventually reach this steady state).

In summary, the model predicts that the lac operon is OFF when extracellular glucose is
available. When glucose is not available, the model predicts that the operon is OFF, bistable
or ON when extracellular lactose is low, medium or high, respectively. Hence, the reduced
network has the same dynamics as the full network. We observe that the reduced model has
only one positive feedback loop, whereas the model F has several more. Since the reduced
model still exhibits bistability, this suggests that it does not depend on the number of positive
feedback loops but simply on the existence of such a loop.

It is important to notice that the state space of the reduced model has 23 states which is
about 0.8% of the size of the state space of F , that is, 210 states. We also considered models
with different numbers of variables, ranging from 4 to 9 vertices (plus 2 parameters), and
obtained the same results. Hence, we conclude that the dynamical properties of the model
are independent of its size.

2.2.4 Alternative Models

Since it has been argued that inducer exclusion is not necessary for bistability [113], we
considered alternative models without inducer exclusion and without catabolite repression
(Figure 2.5) and bistability was also observed.

Model without inducer inclusion

FM = C ∧ ¬R¬Rm FP = M
FB = M FC = ¬Ge

FR = ¬A ∧ ¬Am FRm
= (¬A ∧ ¬Am) ∨ R

FA = L ∧ B FAm
= L ∨ Lm

FL = P ∧ Le FLm
= (Lem ∧ P ) ∨ Le

Model without catabolite repression

FM = C ∧ ¬R¬Rm FP = M
FB = M FC = 1
FR = ¬A ∧ ¬Am FRm

= (¬A ∧ ¬Am) ∨ R
FA = L ∧ B FAm

= L ∨ Lm

FL = P ∧ Le ∧ ¬Ge FLm
= ((Lem ∧ P ) ∨ Le) ∧ ¬Ge

Furthermore, their reduced versions (Figure 2.6) also showed bistability.

Reduced model without inducer inclusion

fM = ¬Ge ∧ (L ∨ Lm)
fL = M ∧ Le

fLm
= (Lem ∧ M) ∨ Le
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Figure 2.5: Wiring diagram of the model without inducer inclusion and without catabolite
repression.

Reduced model without catabolite repression

fM = L ∨ Lm

fL = M ∧ Le ∧ ¬Ge

fLm
= ((Lem ∧ M) ∨ Le) ∧ ¬Ge

M

LGe Le

M

LGe Le

Figure 2.6: Wiring diagram of the reduced model without inducer inclusion and without
catabolite repression.

2.3 Discussion

Many authors have studied the problem of inferring dynamical properties of a system from
the network structure [56; 100]. Furthermore, for special classes of BNs and ODEs it has
been proven that the network structure contains all the information needed to determine
certain dynamical properties [43; 56]. On the other hand, it has been claimed that network
topology and sign of interactions are more important than quantitative functionality of the
components of a system [3]. To test this hypothesis, we applied the ideas in [3] to lactose
metabolism.

The contributions in this work are twofold. First, we proposed a BN as a discrete model
for the lac operon and included the glucose control mechanisms of catabolite repression and
inducer exclusion. We showed that our model exhibits the ON/OFF switching dynamics and
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that bistability is also observed, in accordance with the work of Santillán and coauthors [84;
94–96; 119]. Since it has been argued that inducer exclusion is not necessary for bistability
[113], we considered alternative models without inducer exclusion and bistability was also
observed.

Second, we presented a reduced model which shows that lac mRNA and lactose form the
core of the lac operon, and that this reduced model also exhibits the same dynamics. This
result suggests that the presence of positive feedback loops is a better indicator of dynamics
than the individual constituents that comprise the feedback loops. Taken together, this work
supports the idea that topology is the driver of dynamics [3; 76].

A future work may be to extend this model to a multi-state framework, which has the
potential to provide a more refined qualitative description of the lac operon. Such a frame-
work may allow for inclusion of other features of the operon, such as multiple promoter and
operator regions.



Chapter 3

Prediction of Dynamics from Network
Structure

3.1 Effect of Negative Feedback Loops on the Dynam-

ics of BNs

Feedback loops play an important role in determining the dynamics of biological networks.
Moreover, it is widely believed [101] that an abundance of negative loops should result in
the existence of “chaotic” behavior in the network. This section provides strong evidence
in support of this latter conjecture. In order to study the role of negative feedback loops,
we introduce the notion of “distance to positive feedback (PF-distance)” which in essence
captures the number of “independent” negative feedback loops in the network, a property
inherent in the network topology. We focus here on Boolean network (BN) models, a popular
model type for biochemical networks, initially introduced by S. Kauffman [58]. In particular,
we study BN models in which each directed edge can be characterized as either an inhibition
or an activation. Through a computational study it is shown that PF-distance has a strong
influence on network dynamics and correlates very well with the number and length of limit
cycles in the phase space of the network. To be precise, it is shown that, as the number
of independent negative feedback loops increases, the number (length) of limit cycles tends
to decrease (increase). These conclusions are consistent with the fact that certain natural
biological networks exhibit generally regular behavior and have fewer negative feedback loops
than randomized networks with the same numbers of nodes and connectivity.

Boolean networks constructed from monotone Boolean functions (i.e. each node or “gate”
computes a function which is increasing on all arguments) are of particular interest, and have
been studied extensively, in the electronic circuit design and pattern recognition literature
[33; 78], as well as in the computer science literature; see e.g. [8; 9; 34] for recent references.
For Boolean and all other finite iterated systems, all trajectories must either settle into

25
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equilibria or to periodic orbits, whether the system is made up of monotone functions or
not, but monotone networks have always somewhat shorter cycles. This is because periodic
orbits must be anti-chains, i.e. no two different states can be compared; see [33; 99]. An
upper bound may be obtained by appealing to Sperner’s Theorem ([5]): Boolean systems on
n variables can have orbits of period up to 2n, but monotone systems cannot have orbits of

size larger than
(

n
⌊n/2⌋

)
≈ 2n

√
2

nπ
; these are all classical facts in Boolean circuit design [33]. It

is also known that the upper bound is tight [33], in the sense that it is possible to construct
Boolean systems on n variables, made up of monotone functions, for which orbits of the
maximal size

(
n

⌊n/2⌋

)
given by Sperner’s Theorem exist. This number is still exponential in

n. However, anecdotal experience suggests that monotone systems constructed according to
reasonable interconnection topologies and/or using restricted classes of gate functions, tend
to exhibit shorter orbits [38; 112]. One may ask if the architecture of the network, that is,
the structure of its wiring diagram, helps ensure shorter orbits. In this direction, the paper
[8] showed that on certain graphs, called there “caterpillars”, monotone networks can only
have cycles of length at most two in their phase space.

We ask the even more general question of whether networks that are not necessarily made
up from monotone functions, but which are “close to monotone” (in a sense to be made
precise, roughly meaning that there are few independent negative loops) have shorter cycles
than networks which are relatively farther to monotone.

In [101], it was conjectured that “smaller distance to monotone” should correlate with more
ordered (less “chaotic”) behavior, for random Boolean networks. A partial confirmation of
this conjecture was provided in [66], where the relationship between the dynamics of random
Boolean networks and the ratio of negative to positive feedback loops was investigated,
albeit only for the special case of small Kauffman-type NK and NE networks, and with
the additional restriction that all nodes have the same function chosen from AND, OR, or
UNBIAS. Based on computer simulations, the authors of [66] found a positive (negative)
correlation between the ratio of fixed points (other limit cycles) and the ratio of positive
feedback loops. Observe that this differs from our conjecture in two fundamental ways: (1)
our measure of disorder is related to the number of “independent” negative loops, rather
than their absolute number, and (2) we do not consider that the number of positive loops
should be part of this measure: a large number of negative loops will tend to produce large
periodic orbits, even if the negative to positive ratio is small due to a larger number of
positive loops.

Thus, in the spirit of the conjecture in [101], our goal is to study of the effect of independent
negative feedback loops on network dynamics, based on an appropriately defined measure of
distance to positive-feedback. We study the effect of this distance on features of the network
dynamics, namely the number and length of limit cycles. Rather than focusing on the
number of negative feedback loops in the network, as the characteristic feature of a network,
we focus on the number of switches of the activation/inhibition character of edges that need
to be made in order to obtain a network that has only positive feedback loops. We relate
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this measure to the cycle structure of the phase space of the network.

There are three different motivations for posing the question that we ask in this section.
The first is that most biological networks appear to have highly regular dynamical behavior,
settling upon simple periodic orbits or steady states. The second motivation is that it appears
that real biological networks such as gene regulatory networks and protein signaling networks
are indeed close to monotone [21; 71; 102]. Thus, one may ask if being close to monotone
correlates in some way with shorter cycles. Unfortunately, as mentioned above, one can
build networks that are monotone yet exhibit exponentially long orbits. This suggests that
one way to formulate the problem is through a statistical exploration of graph topologies,
and that is what we do here. A third motivation arises from the study of systems with
continuous variables, which arguably provide more accurate models of biochemical networks.
There is a rich theory of continuous-variable monotone (to be more precise, “cooperative”)
systems. These are systems defined by the property that an inequality a(0) < b(0) in initial
conditions propagates in time so that the inequality a(t) < b(t) remains true for all future
times t > 0. Note that this is entirely analogous to the Boolean case, when one makes the
obvious definition that two Boolean vectors satisfy the inequality a = (a1, . . . , an) ≤ b =
(b1, . . . , bn) if ai ≤ bi for each i = 1, . . . , n (setting 0 < 1). Monotone continuous systems have
convergent behavior. For example, in continuous-time (ordinary differential models), they
cannot admit any possible stable oscillations [42; 49; 50], and, when there is only one steady
state, every bounded solution converges to this unique steady state (monostability), see [20].
When, instead, there are multiple steady-states, the Hirsch Generic Convergence Theorem
[47–49; 99] is the fundamental result; it states, under an additional technical assumption
(“strong” monotonicity) that generic bounded solutions must converge to the set of steady
states. For discrete-time strongly monotone systems, generically also stable oscillations are
allowed besides convergence to equilibria, but no more complicated behavior. In neither
case, discrete-time or continuous-time continuous monotone systems, one observes “chaotic”
behavior. It is an open question whether continuous systems that are in some sense close
to being monotone have more regular behavior, in a statistical sense, than systems that
are far from being monotone, just as for the Boolean analog considered in this section.
The Boolean case is more amenable to computational exploration than continuous-variable
systems, however. Since long orbits in discrete systems may be viewed as an analog of chaotic
behavior, we focus on lengths of orbits.

This section is based on a published paper written in collaboration with Eduardo Sontag,
Reinhard Laubenbacher and Abdul Salam Jarrah [100]. My contributions to the paper were
the design of the experiments, algorithms, coding and the analysis of the results.

3.1.1 Distance to positive-feedback

One can proceed in several ways to define precisely the meaning of distance to positive
feedback. One associates to a network made of unate (definition below) Boolean functions
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a signed graph whose edges have signs (positive or negative) that indicate how each vari-
able affects each other variable (activation or inhibition). The first definition, explored in
[21; 51; 101; 102] starts from the observation that in a network with all monotone node func-
tions there are no negative undirected cycles. Conversely, if the dependency graph has no
undirected negative parity cycles (a “sign-consistent” graph), then a change of coordinates
(globally replacing a subset of the variables by their complements) renders the overall system
monotone. Thus, asking what is the smallest number of sign-flips needed to render a graph
sign-consistent is one way to define distance to monotone. This approach makes contact
with areas of statistical physics (the number in question amounts to the ground energy of an
associated Ising spin-glass model), as well as with the general theory of graph-balancing for
signed graphs [120] that originated with Harary [44]. It is also consistent with the generally
accepted meaning of “monotone with respect to some orthant order” in the ODE literature
as a system that is cooperative under some inversion of variables.

A second, and different, definition, starts from the fact that a network with all monotone
node functions has, in particular, no negative-sign directed loops. For a strongly connected
graph, the property that no directed negative cycles exist is equivalent to the property
that no undirected negative cycles exist. However, for non-strongly connected graphs, the
properties are not the same. Thus, this second property is weaker. The second property
is closer to what biologists and engineers mean by “not having negative feedbacks” in a
system, and hence is perhaps more natural for applications. In addition, it is intuitively
clear that negative feedbacks should be correlated to possible oscillatory behavior. (This is
basically Thomas’ conjecture. See [102] for precise statements for continuous-time systems;
interestingly, published proofs of Thomas’ conjecture use the first definition, because they
appeal to results from monotone dynamical systems.) Thus, one could also define distance
to monotone as the smallest number of sign-flips needed to render a graph free of negative
directed loops. To avoid confusion, we will call this notion, which is the one studied in this
section, distance to positive-feedback, or just “PF-distance”.

We give here the basic definitions of the concepts relevant to the study.

Definition 3.1.1 Let k = {0, 1} be the field with two elements. We order the two elements
as 0 < 1. This ordering can be extended to a partial ordering on kn by comparing vectors
coordinate-wise in the lexicographic ordering.

1. A Boolean function h : kn −→ k is monotone if, whenever a ≤ b coordinate-wise, for
a,b ∈ kn, then h(a) ≤ h(b). Equivalently, a Boolean function is monotone if it can
written using only the operators ∧ and ∨.

2. A Boolean function h is unate if, whenever xi appears in h, the following holds: Either

(a) For all a1, . . . , ai−1, ai+1, . . . , an ∈ k,
h(a1, . . . , ai−1, 0, ai+1, . . . , an) ≤ h(a1, . . . , ai−1, 1, ai+1, . . . , an) (that is, xi increases
the value of h or is an activator), or
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(b) For all a1, . . . , ai−1, ai+1, . . . , an ∈ k,
h(a1, . . . , ai−1, 0, ai+1, . . . , an) ≥ h(a1, . . . , ai−1, 1, ai+1, . . . , an) (that is, xi decreases
the value of h or is an inhibitor).

The definition of unate function is equivalent to requiring that whenever ai appears in h,
then it appears either everywhere as ai or everywhere as ¬ai := 1 + ai. Also, every unate
function, h, is of the form h(x1, . . . , xn) = f(s1x1, . . . , snxn) where f is a monotone function
and sixi = xi (and we say that xi is a positive input or an activator) or sixi = ¬xi (and we
say that xi is a negative input or an inhibitor).

Let f be a Boolean network with variables x1, . . . , xn, and coordinate functions f1, . . . , fn.
That is, f = (f1, . . . , fn) : kn −→ kn. We can associate to f its dependency graph D(f):
The vertices are v1, . . . , vn, corresponding to the variables x1, . . . , xn, and there is an edge
vi → vj if and only if xi appears in fj . If all coordinate functions fi of f are unate, then the
dependency graph of f is a signed graph. Namely, we associate to an edge vi → vj a “+” if
fj preserves the ordering as in 2(a) of Definition 3.1.1 (that is, if it is an activator) and a “-”
if it reverses the ordering as in 2(b) of Definition 3.1.1 (that is, if it is an inhibitor). For later
use we observe that this graph (as any directed graph) can be decomposed into a collection
of strongly connected components, with edges between strongly connected components going
one way but not the other. (Recall that a strongly connected directed graph is one in which
any two vertices are connected by a directed path.) That is, the graph can be represented by
a partially ordered set in which the strongly connected components make up the elements
and the edge direction between components determines the order in the partially ordered
set.

Definition 3.1.2 Let f be a Boolean network with unate Boolean functions and D(f) be its
signed dependency graph. Then

1. f is a positive-feedback network (PF) if D(f) does not contain any odd parity directed
cycles. (The parity of a directed cycle is the product of the signs of all the edges in the
cycle.)

2. The PF-distance of f is the smallest number of signs that need to be changed in the
dependency graph to obtain a PF network. We denote this number by |D(f)| or simply
|f |.

Notice that for a given directed graph G, different assignments of sign to the edges produce
graphs with varying PF-distance. In particular, there is a maximal PF-distance that a given
graph topology can support.

The dynamics of f are presented in a directed graph, called the phase space of f , which
has the 2n elements of kn as a vertex set, and there is an edge a → b if f(a) = b. It
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is straightforward to see that each component of the phase space has the structure of a
directed cycle, a limit cycle, with a directed tree feeding into each node of the limit cycle.
The elements of these trees are called transient states.

In this section we relate the dynamics of a Boolean network to its PF-distance. The following
is a motivational example that explains the main results.

3.1.2 Example

Example 3.1.3 Let G be the directed graph depicted in Figure 3.1. It is easy to check that
the maximal PF-distance of G is 3.

x1

x2

x3

x4

Figure 3.1: An unsigned directed graph.

Let f = (x3 ∨ ¬x4, x1 ∧ x2, x2 ∧ ¬x4,¬x3) : {0, 1}4 −→ {0, 1}4 and g = (¬x3 ∨ x4, x1 ∧
¬x2, x2 ∧ x4,¬x3) : {0, 1}4 −→ {0, 1}4. It is clear that f and g are sign-modifications of the
same PF network (x3 ∨ x4, x1 ∧ x2, x2 ∧ x4, x3), in particular, they have the same (unsigned)
dependency graph. However, the PF-distance of f is 0 while it is 3 for g. The phase space
of f is depicted in Figure 3.2 and that of g on Figure 3.3. Notice that f has two limit cycles
of lengths 1 and 2, respectively, while g has only one limit cycle of length 4.

For each distance 0 ≤ d ≤ 3, we analyze the dynamics of 10 random unate networks and
their sign modifications of distance d on the directed graph in Figure 3.1. The average of
the numbers (lengths) of limit cycles is computed as in Table 3.1. The best fit-line of the
averages of the number (length) of limit cycles is computed and its slope is reported as in
Fig. 3.4. The details of this analysis are provided in the Supporting Information of [100].

We repeated the experiment in Example 3.1.3 above for many different graphs and observed
that the slope of the best fit-line of the length (respectively, number) of limit cycles is positive
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Figure 3.2: Phase space of f .

Table 3.1: The average of the numbers (lengths) of limit cycles of the networks from Example
3.1.3.

d Av. Num. Av. Len.
0 3.5 1.23
1 2.80 1.25
2 2.50 1.52
3 1.20 3.50

(respectively, negative) most of the time. In the methods section we present the details of the
experiment and the algorithms used in the computations. The results of these experiments
are described next.

3.1.3 Method

The main results of this section relate the PF-distance of Boolean networks with the number
and length of their limit cycles. Specifically, our hypothesis is that, for Boolean networks
consisting of unate functions, as the PF-distance increases, the total number of limit cycles
decreases on average and their average length increases. This is equivalent to saying that for
most or all experiments this slope is negative for the number of limit cycles and is positive
for their length.

To test this hypothesis we analyzed the dynamics of more than six million Boolean networks
arranged in about 130,000 experiments on random graphs with the number of nodes 5, 7,
10, 15, 20, or 100 and maximum in-degree 5 for each node.
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Figure 3.3: Phase space of g.

Random generation of unate functions

We generated a total of more than 130,000 random directed graphs, where each graph has
5,7,10,15, 20, or 100 nodes, with maximum in-degree 5 for each node. The graphs were
generated as random adjacency matrices, with the restriction that each row has at least one
1 and at most five 1’s. For each row, a number 1 ≤ k ≤ 5 is randomly chosen and then, k
numbers are randomly selected from {1, . . . , n}. For each graph directed G, we generated
10 Boolean networks with unate functions and dependency graph G, by using the following
fact.

Lemma 3.1.4 A Boolean function f of n variables is unate if and only if it is of the form
f(x) = g(x+ s), where g is a monotone Boolean function of n variables and s ∈ kn and “+”
denotes addition modulo 2.

Proof. If f is unate, then each variable xi appears in f always as xi or always as ¬xi.
Suppose that all xi appear without negations. Then, f is constructed using ∧ and ∨. Hence
f is monotone. Otherwise, let s ∈ kn be the vector whose i-th entry is 1 if and only if xi

appears as ¬xi in f . Then, g(x) = f(x + s) is a monotone function and f(x) = g(x + s).
The converse is clear. �

So in order to generate unate functions it is sufficient to generate monotone functions.
We generated the set Mi of monotone functions in i variables by exhaustive search for
i = 1, . . . , 5. (For example, M5 has 6894 elements.) Unate functions for a given signed
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Figure 3.4: The best fit-lines of the averages of the numbers (lengths) of limit cycles from
Table 3.1.

dependency graph can then be generated by choosing random functions from Mi and ran-
dom vectors s ∈ kn. The nonzero entries in s for a given node correspond to the incoming
edges with negative sign in the dependency graph. Using this process we generated Boolean
networks with unate Boolean functions.

We then carry out the following steps.

The Experiment

Let G be a random unsigned directed graph on n nodes with a maximal PF-distance t,
and let D ≤ t. Consider 10 unate Boolean networks chosen at random with G as their
dependency graph.

1. For 1 ≤ d ≤ D, let Gd be a signed graph of G of distance d.

(a) For each network f of the ten networks,

i. Let g be a modified network of f such that D(g) = Gd; the signed dependency
graph of g is Gd.

ii. Compute the number and length of all limit cycles in the phase space of g.

(b) Compute the average number N (respectively, average length L) of limit cycles
in the phase spaces of the g′s.

2. Compute the slope sN (respectively, sL) of the best fit-line of the N ′s (respectively,
L′s).
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Computation of PF-distance

Let f be a Boolean network with unate Boolean functions and let |f | be its PF-distance.
The proofs of the following facts are straightforward.

1. Suppose the dependency graph of f has a negative feedback loop at a vertex. Let f ′

be the Boolean network obtained by changing a single sign to make the loop positive.
Then, |f | = |f ′| + 1.

2. Let H1, . . .Hs be the strongly connected components of the dependency graph D(f).
Then, |D(f)| =

∑s
i=1 |Hi|.

The algorithm for computing |D(f)| now follows.

Algorithm: Distance to PF

Input: A signed, directed graph G.
Output: |G|; the PF-distance of G.

Let d = 0.

1. Let G1, . . . , Gr be the collection of
all signed graphs obtained by mak-
ing exactly d sign changes in G.

2. For i = 1, . . . , r
If Gi is PF, then RETURN |G| = d.

3. Otherwise, d := d + 1, Go to Step 1.

In Step 2 above, to check whether a strongly connected graph is PF, it is equivalent to check
whether it has any (undirected) negative cycles, which can easily be done in many different
ways, see, e.g., [102]. This algorithm must terminate, since G has finitely many edges and
hence the PF-distance of G is finite.

If G has m directed edges, then there are 2m possible sign assignments. However, to com-
pute the maximal PF-distance, one does not need to find the PF-distance of such possible
assignments, see Supporting Information of [100] for the algorithm we used to compute the
maximal PF-distance.

3.1.4 Results

In Table 3.2 we present the percentage of experiments that do conform to our hypothesis
for the average of number of limit cycles as well as for the average length of limit cycles.
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It should be mentioned here that a computationally expensive part of an experiment is the
computation of the maximal PF-distance of a given directed graph and becomes prohibitive
for even modest-size graphs, with, e.g., 10 nodes. So unlike in Example 3.1.3, for networks
on more than 5 nodes, we only considered PF-distances that are less than or equal to the
number of nodes in the network. (See the Methods Section for a detailed description of the
experiment.) In fact for graphs with 20 (respectively, 100) nodes, all considered networks
have PF-distance less than or equal to 5 (respectively, 10). We argue below that this is the
reason for the drop in the percentage of experiment that conform to our hypothesis as the
number of nodes increases.

Table 3.2: The percentage of experiments that conform the hypotheses
n Num. of Exp. Av. Num. Av. Len.
5 117000 99.75 99.83
7 5000 97.82 99.92
10 6000 95.70 99.58
15 2921 95.72 98.25
20 331 90.03 94.86
100 659 77.39 93.93

For networks on 5 nodes, we analyzed the dynamics of 4000 experiments by varying the
PF-distance considered in the computations. Table 3.3 shows the number of experiments
that do not conform to our hypothesis as we vary the considered PF-distance.

Table 3.3: The number of experiments that did not conform to our hypothesis for 5-node
networks. We considered PF-distance 25%, 50%,75%, and 100% of the maximal distance .
For each d, we considered 1000 experiments.

D Av. Num. Av. Len. Med. Num. Med. Len.
25% 26 114 29 542
50% 4 16 18 59
75% 0 1 6 3
100% 1 0 2 0

We also present the results in the form of histograms, where the horizontal axis represents
the slope of the lines of best fit and the vertical axis represents the percentage of experiments
that confirm our hypothesis. Figure 3.5 shows the results of the 4000 experiments on 5-node
networks. The histograms, from left to right, show the results when PF-distance of the
network is 25%, 50%, 75% and 100% of the maximal PF-distance. It can be seen in the
right-most figure that almost all experiments show positive slope of the best-fit line, thereby
conforming to the conjecture. Similar results for the average number of limit cycles are
shown in Figure 3.6, demonstrating that if the PF-distance of networks is allowed the whole
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possible range, almost all the experiments conform to our hypothesis as we already noticed in
Table 3.3. However, these histograms show the distribution of slopes over different distances.

Figure 3.5: 5-node networks. Histogram of slopes of best-fit lines to the average length of
limit cycles (horizontal axis) vs. percentage of experiments with a given slope (vertical axis).
The panels include networks with increasing PF-distance, with 25%, 50%, 75%, and 100%
of the maximal distance, respectively.
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We have carried out similar computations for networks with 7 (5000 experiments)and 10
(6000 experiments) nodes; see the Supporting information of [115] for details. The results
there are not quite as clear as for 5 node networks. For instance, for networks with 10 nodes
(and up to 4 incoming edges per node) 31 out of 1000 experiments did not conform to our
hypothesis for networks with PF-distance up to 5. However, as we explained before, this
is likely due to the fact that we “truncated” the experiments before reaching the maximal
PF-distance due to the computational complexity.

In summary, the extensive computations support our hypothesis that, as the PF-distance
increases, the total number of limit cycles decreases on average and their average length
increases. Furthermore, the slopes of the best-fit lines increasingly conform to our hypothesis
the closer the PF-distance of the networks comes to the maximum PF-distance of the network
topology.
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Figure 3.6: 5-node networks. Histogram of slopes of best-fit lines to the average number of
limit cycles (horizontal axis) vs. percentage of experiments with a given slope (vertical axis).
The panels include networks with increasing PF-distance, with 25%, 50%, 75%, and 100%
of the maximal distance, respectively.
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3.1.5 Discussion

Negative feedback loops in biological networks play a crucial role in controlling network
dynamics. The new measure of “distance to positive feedback (PF-distance)” introduced
in this section is designed to capture the notion of “independent” feedback loops. We have
shown that PF-distance correlates very well with the average number and length of limit
cycles in networks, key measures of network dynamics. By analyzing the dynamics of more
than six millions Boolean networks, we have provided evidence that networks with a larger
number of independent negative feedback loops tend to have longer limit cycles and thus
may exhibit more “random” or “chaotic” behavior. Furthermore, the number of limit cycles
tends to decrease as the number of independent negative feedback loops increases.

In general, the problem of computing the PF-distance of a network is NP-complete, as MAX-
CUT can be mapped into it as a special case; see [21; 102] for a discussion for the analogous
problem of distance to monotone. The question of computing distance to monotone has been
the subject of a few recent papers [21; 51]. The first two of these proposed a randomized
algorithm based on a semi-definite programming relaxation, while the last one suggested
an efficient deterministic algorithm for graphs with small distance to monotone. Since a



Alan A. Veliz-Cuba Chapter 3. Prediction of Dynamics from Network Structure 38

strongly connected component of a graph is monotone if and only if it has the PF property,
methods for computing PF distance for large graphs may be developed by similar techniques.
Work along these lines is in progress.

3.2 Dynamics of Conjunctive Networks

There is increasing evidence that the architecture of gene regulatory networks has a strong
effect on their dynamics. In [3] it is shown with the help of a Boolean network model that
the dynamics of the segment polarity network in Drosophila melanogaster is determined by
the topology of the wiring diagram and the transcriptional logic of the genes involved rather
than the specific kinetics of the system. Similarly, the key feature of bistability is established
for the lac operon in E coli through a Boolean network model in [107]. It is also shown there
through a network reduction process that the driver of dynamics is the interplay between
the positive and negative feedback loops in this system. Thomas et al. [111] conjectured
that negative feedback loops are necessary for periodic dynamics whereas positive feedback
loops are necessary for multistationarity. These conjectures have been proven in several
cases [31; 86; 103]. In [100] evidence was provided that biochemical networks are ”close to
monotone” through computational experiments using Boolean networks. The distance to
monotone was measured by the number of “independent” negative feedback loops. Thus,
Boolean network models lends themselves very well to modeling of biological systems.

For these and other reasons, Boolean networks and more general multi-state discrete models,
such as logical models [110], have been used quite extensively to model a variety of biochem-
ical networks, see, e.g., [22; 27; 58; 61; 66]. They are intuitive and are amenable to extensive
computational analysis. There have been several studies, e.g., [87], investigating the classes
of Boolean functions that are particularly well-suited to expressing the logic of gene regu-
lation. One such class is that of so-called nested canalyzing functions (NCF), introduced
in [60]. This class of functions has good dynamic properties, which make them suitable as
models for molecular networks [59; 60]. It has also been shown [45; 60; 82] that in pub-
lished Boolean network models of molecular networks, the majority of functions that appear
are nested canalyzing. Here we consider the subclass consisting of those nested canalyzing
functions that are constructed only with the AND operator, the conjunctive functions. An-
other class for which the results of this section hold is that of disjunctive Boolean networks,
constructed using the OR operator. From the point of view of gene regulation, AND func-
tions correspond to synergistic regulation of a gene by several transcription factors. There
is increasing evidence that this type of mechanism is common in regulatory networks, e.g.,
[41; 77; 81].

When focusing on the role of feedback loops a first step is to consider networks whose wiring
diagram is a directed graph which is strongly connected, that is, in which there is a directed
path between any two vertices. A general wiring diagram can be decomposed into a collection
of strongly connected components that form a partially ordered set, with a strongly connected
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component A less than another one, B, if there are directed edges from A to B (but not the
other way). Any feedback loop has to be contained within a strongly connected component
of the wiring diagram. In the language of biochemical reaction networks, this condition is
referred to as “weakly reversible.” To a strongly connected graph one can associate its loop
number [17], defined as follows. Choose a vertex and consider all directed loops at this
vertex. The loop number is the greatest common divisor of the lengths (number of edges) of
all such loops.

One of the main results in this section (Theorem 3.2.24) is that the loop number completely
controls the long-term behavior of a conjunctive (respectively, disjunctive) Boolean network
with a strongly connected wiring diagram. Precisely, the only lengths of limit cycles that
can appear are divisors of the loop number. If m divides the loop number and m =

∏r
i=1 pki

i

is the prime factorization of m, then the number |A(m)| of periodic states of the network of
period m is given by the formula

|A(m)| =

1∑

i1=0

· · ·
1∑

ir=0

(−1)i1+i2+···+ir2p
k1−i1
1

p
k2−i2
2

...pkr−ir
r . (3.2.1)

Dividing by m, we obtain the exact number of attractors of length m. Thus, in the case
of conjunctive Boolean networks with a strongly connected wiring diagram, we can obtain
complete information about their long-term dynamic behavior from the feedback loops in
the wiring diagram.

The general case is considerably more complicated and depends on subtle topological features
of the connections between the strongly connected components. The effect of a limit cycle
in one strongly connected component can be “killed” by the input from another strongly
connected component. We have established an upper bound on the number of limit cycles
of a given length, which in general is not sharp. However, we are able to give a sharp
lower bound as a polynomial function of the sizes of the different antichains in the partially
ordered set of strongly connected components. These bounds agree for fixed points in general
conjunctive networks, so that we obtain a precise formula for the number of fixed points in
the general case. The way in which the bounds are derived shows that if we are interested
in fixed points, then we may assume that each strongly connected component consists of a
unique directed cycle, and strongly connected components are connected by a single edge.
These results show that in order to understand the dynamics of the entire network it is
very important to consider the effects of one strongly connected component on another one.
An interesting aspect of these bounds is that they are realized by a class of networks that
resemble Boolean networks with so-called frozen regions, introduced by S. Kauffman [62].

This section is based on a published paper written in collaboration with Abdul Salam Jarrah
and Reinhard Laubenbacher [56]. My contributions to the paper where the statements and
proofs of the main results; furthermore, recent work generalizes the results to networks
defined over any finite field.
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3.2.1 Background

Let F2 := {0, 1} be the Galois field with two elements. We view a Boolean network on n
variables as a dynamical system

f = (f1, . . . , fn) : Fn
2 −→ F

n
2 .

Here, each of the coordinate functions fi : Fn
2 −→ F2 is a Boolean function which can be

written uniquely as a polynomial where the exponent of each variable in each term is at most
one [70]. In particular AND(a, b) = ab and OR(a, b) = a + b + ab. We use polynomial forms
of Boolean functions throughout this section.

Two directed graphs are usually assigned to each such system. The dependency graph (or
wiring diagram) D(f) of f has n vertices corresponding to the Boolean variables x1, . . . , xn

of f . There is a directed edge i → j if xi appears in the function fj. That is, D(f) encodes
the variable dependencies in f .

The dynamics of f is encoded by its phase space, denoted by S(f). It is the directed graph
with vertex set Fn

2 and a directed edge from u to v if f(u) = v. For each u ∈ F
n
2 , the

sequence {u, f(u), f 2(u), . . . } is called the orbit of u. If u = f t(u) and t is the smallest such
number, the sequence {u, f(u), f 2(u), . . . , f t−1(u)} is called a limit cycle of length t, and u is
called a periodic point of period t. The height of f , denoted by h(f), to be the least positive
integer s such that f s(u) is a periodic point for all u ∈ F

n
2 . The point u is called a fixed

point if f(u) = u. Since Fn
2 is finite, every orbit must include a limit cycle. A component of

the phase space S(f) consists of a limit cycle and all orbits of f that contain it. Hence, the
phase space is a disjoint union of components. We define the period of f , denoted by p(f),
to be the least common multiple of the lengths of all limit cycles in the phase space of f . If
every limit cycle is of length 1, the system f is called a fixed-point system. We denote the
cycle structure of f in the form of the generating function

C(f) =

∞∑

i=1

C(f)iC
i, (3.2.2)

where C(f)i denotes the number of cycles of length i in the phase space of f . Since the
phase space of f is finite, C(f)i = 0 for almost all i.

Example 3.2.1 The dependency graph of f = (x2x3, x1x3, x2) : F3
2 −→ F

3
2 and its phase

space are in Figure 3.7. The graphs were generated using DVD [55].

In Example 3.2.1, the dependency graph is strongly connected and the greatest common
divisor of the length of all of its loops, the loop number, is 1. from the phase space it is
clear that f has two cycles of length 1 (fixed points) and no limit cycles of any other length,
hence the cycle structure of f is C(f) = 2C1 and its height is h(f) = 4.
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Figure 3.7: The dependency graph(left) and the phase space(right) of f from Example 3.2.1.

Example 3.2.2 Consider the system f = (x2x3, x1, x2, x3x4, x1x6, x3x4x5) : F6
2 −→ F

6
2.

Its dependency graph is in Figure 3.8. After generating the phase space of f using DVD
[55], we can easily see that is has 4 fixed points and one limit cycle of length 2, that is,
C(f) = 4C1 + 1C2, and the height of f is 6.
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1

Figure 3.8: The dependency graph of f from Example 3.2.2.

The main results of this section constrain the structure of the phase space of a network by
its dependency graph. In particular, using formula (3.2.1), Theorem 3.2.24 determines the
exact cycle structure for networks with strongly connected dependency graph.

Next we list some of the main results in the literature about the relationship between the
structure of Boolean networks and their phase space structure.

• When all coordinate Boolean functions are the XOR function (that is, the functions
are linear polynomials), the structure of the phase space is determined completely by
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invariants of a matrix representation. In fact, this is the case for linear systems over
arbitrary finite fields [19; 27; 46]. We have developed and implemented an algorithm
based on [46] to compute the precise cycle structure; see [54].

• For Boolean networks where all coordinate functions are symmetric threshold functions,
it has been shown that all cycles in the phase space are either fixed points or are of
length 2 [35].

• For Boolean cellular automata with the majority rule, the number of fixed points was
determined in [2].

• In [7], the authors studied AND-OR networks (Boolean networks where each local
function is either an OR or AND function) with directed dependency graphs. Formulae
for the maximum number of fixed points are obtained.

• The main result in [6] is an upper bound for the number of fixed points in Boolean
regulatory networks.

In this section we focus on the class of conjunctive, respectively disjunctive, Boolean net-
works, that is, Boolean networks whose coordinate functions use only the AND operator,
respectively the OR operator. The following represent the main previous attempts to math-
ematically analyze this class of Boolean networks.

• A family of this class of networks has been analyzed in [34]. The authors studied
conjunctive Boolean networks (which they called AND-nets) and disjunctive Boolean
networks (OR-nets) on an undirected dependency graph, that is, on graphs in which
each edge is bidirectional and hence the dependency graph consists of cycles of length
two. In particular, the result that OR-nets have only fixed points and possibly a limit
cycle of length two [34, Lemma 1] follows directly from our results as we explain in
Remark 3.2.12.

• In [10], the authors study a smaller family where each edge is undirected and each node
in the network has a self loop. In particular, they showed that disjunctive Boolean net-
works (which they called OR-PDS) have only fixed points as limit cycles [10, Theorem
3.3]; this follows from our results as we show in Remark 3.2.12.

The following result shows that we can focus only on conjunctive Boolean networks, since
for any disjunctive Boolean network there exists a conjunctive Boolean network that has
exactly the same dynamics after switching 0 and 1.

Theorem 3.2.3 Let f = (f1, . . . , fn) : Fn
2 −→ F

n
2 , with fi = xi1 ∨ · · · ∨ xiji

, be a disjunctive
Boolean network. Consider the conjunctive Boolean network g = (g1, . . . , gn) : Fn

2 −→ F
n
2 ,

where gi = xi1 ∧ · · · ∧ xiji
. Then, the two phase spaces S(f) and S(g) are isomorphic as

directed graphs.
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Proof. Let ¬ : Fn
2 −→ F

n
2 be defined by ¬(x1, . . . , xn) = (1 + x1, . . . , 1 + xn). Then, it is

easy to see that f(x1, . . . , xn) = (¬ ◦ g ◦ ¬)(x1, . . . , xn). Thus S(f) and S(g) are isomorphic
directed graphs. �

Remark 3.2.4 Let G be a graph on n vertices such that the in-degree for each vertex is
non-zero (G has no source vertex). Then, there is one and only one conjunctive network f
on n nodes such that D(f) = G. Thus, there is a one-to-one correspondence between the set
of all conjunctive Boolean networks on n nodes where none of the local functions are constant
and the set of directed graphs on n vertices where none of the vertices are a source.

This correspondence was used in [17] to decide when a given Boolean monomial system
(conjunctive Boolean network) is a fixed-point system, as we will recall in the next section.
Next we recall some results from graph theory as well as results about powers of positive
matrices that we will use to obtain upper bounds for the lengths of transients.

Let f : Fn
2 −→ F

n
2 be a conjunctive Boolean network, G = D(f) and A the adjacency matrix

of G. We will assume here and in the remainder of the section that none of the coordinate
functions of f are constant, that is, all vertices of G have positive in-degree.

The Adjacency Matrix

Define the following relation on the vertices of G: a ∼ b if and only if there is a directed
path from a to b and a directed path from b to a. It is easy to check that ∼ is an equivalence
relation. Suppose there are t equivalence classes V1, . . . , Vt. For each equivalence class Vi,
the subgraph Gi with the vertex set Vi is called a strongly connected component of G. The
graph G is called strongly connected if G consists of a unique strongly connected component.
A trivial strongly connected component is a graph on one vertex and no self loop. Since
such components do not influence the cycle structure, throughout this article, we assume all
strongly connected components are non-trivial.

There exists a permutation matrix P that permutes the rows and columns of A such that

PAP−1 =




A1 A12 · · · A1t

0 A2 · · · A2t
...

...
. . .

...
0 0 · · · At


 (3.2.3)

where Ai is the adjacency matrix of the component Gi, and Aij represents the edges from
the component Gi to Gj, see [13, Theorem 3.2.4]. The form in (3.2.3) is called the Frobenius
Normal Form of A.

Remark 3.2.5 The effect of the matrix P on the dependency graph is the relabeling of the
vertices of G such that the diagonal blocks correspond to strongly connected components of
G. In Example 3.2.2 above, the adjacency matrix of the dependency graph is in normal form.
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Example 3.2.2 (Cont.). The dependency graph G in Figure 3.8 has 3 strongly connected
components and their vertex sets are: V1 = {1, 2, 3}, V2 = {4}, and V3 = {5, 6}, see Figure
3.9 (left).

Let Gi be a strongly connected and let hi be the conjunctive Boolean network with depen-
dency graph D(hi) = Gi. Let h : Fn

2 −→ F
n
2 be the conjunctive Boolean network defined by

h = (h1, . . . , ht). That is, the dependency graph of h is the disjoint union of the strongly
connected graphs G1, . . . , Gt. That is, h is obtained from g by deleting all edges between
strongly connected components.

Example 3.2.2 (Cont.). The conjunctive Boolean network h corresponding to the disjoint
union is h : F6

2 −→ F
6
2, given by

h(x1, . . . , x6) = (h1(x1, x2, x3), h2(x4), h3(x5, x6)),

where h1(x1, x2, x3) = (x2x3, x1, x2), h2(x4) = x4, and h3(x5, x6) = (x6, x5).

Now define the following order relation on the strongly connected components G1, . . . , Gt of
the dependency graph D(f) of the network f .

Gi � Gj if there is at least one edge from a vertex in Gi to a vertex in Gj . (3.2.4)

In this way we obtain a partially ordered set P. In this section, we relate the dynamics of f
to the dynamics of its strongly connected components and their poset P.

Example 3.2.2 (Cont.). The poset of the strongly connected components of f is in Figure
3.9 (right).

G

G

G

1

2

3

2

3

4
5

1

6

Figure 3.9: The strongly connected components of f (left) and their poset (right).

For any non-negative matrix A, the sequence {A, A2, . . . } has been studied extensively,
see, for example, [13; 91]. Next we use the Boolean operators AND and OR to examine
the sequence of powers of A and infer results about the conjunctive Boolean network that
corresponds to the adjacency matrix A.
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Powers of Boolean Matrices

Let A, B be n × n Boolean matrices (all entries are either 0 or 1). Define A ⊗ B such that
(A ⊗ B)ij =

∨n
k=1(Aik ∧ Bkj), where ∨ (respectively, ∧) is the Boolean OR (respectively,

AND) operator.

Proposition 3.2.6 Let A, B be as above and let f, g : Fn
2 −→ F

n
2 be the two conjunctive

Boolean networks that correspond to the adjacency matrices A and B, respectively. That is,
fi = xai1

1 xai2

2 · · ·xain
n and gi = xbi1

1 xbi2

2 · · ·xbin
n for all i. Then, the adjacency matrix corre-

sponding to f ◦ g is A ⊗ B.

Proof. It is easy to see that, for all i,

fi(g1, . . . , gn) = gai1

1 · · · gain
n

= (xb11
1 xb12

2 · · ·xb1n

n )ai1 · · · (xbn1

1 xbn2

2 · · ·xbnn

n )ain

= xai1b11+···+ainbn1

1 · · ·xai1b1n+···+ainbnn

n

= x
Pn

j=1
aijbj1

1 · · ·x
Pn

j=1
aijbjn

n .

Since we are working over F2, for all 1 ≤ k ≤ n, we have xq
k = xk for all positive integers q.

Thus

xk divides fi(g1, . . . , gn) ⇐⇒
n∑

j=1

aijbjk ≥ 1

⇐⇒ aij0bj0k = 1 for some j0

⇐⇒ aij0 ∧ bj0k = 1 for some j0

⇐⇒
n∨

j=1

aij ∧ bjk = 1

⇐⇒ (A ⊗ B)ik = 1.

Thus the matrix (A ⊗ B) is the adjacency matrix of f ◦ g. �

Throughout this section, we use As to denote A ⊗ · · · ⊗ A︸ ︷︷ ︸
s times

.

Corollary 3.2.7 Let f be a conjunctive Boolean network and let A be the adjacency matrix
of its dependency graph D(f). Then, As is the adjacency matrix of f s.

The Loop Number

An invariant of a strongly connected graph, called the loop number, was defined in [17]. We
generalize this definition to any directed graph.
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Definition 3.2.8 The loop number of a strongly connected graph is the greatest common
divisor of the lengths of its simple (no repeated vertices) directed cycles. We define the loop
number of a trivial strongly connected graph to be 0. The loop number of any directed graph
G is the least common multiple of the loop numbers of its non-trivial strongly connected
components.

Remark 3.2.9 Let G be a directed graph and A its adjacency matrix.

1. The loop number of G is the same as the index of cyclicity of G as in [97] and the
index of imprimitivity of A as in [12; 13].

2. The loop number can be computed in polynomial time; see [17] for an algorithm.

3. If the loop number of G is 1, the adjacency matrix A of G is called primitive, see [13].

Example 3.2.2 (Cont.). The loop numbers of V1, V2, V3 are 1,1,2, respectively. See Figure
3.9 (left). In particular, the loop number of G is 2.

Definition 3.2.10 The exponent of an irreducible matrix A with loop number c is the least
positive integer k such that Ak+c = Ak.

The following lemma follows from Proposition 3.2.6 and the definition above.

Lemma 3.2.11 Let f be a conjunctive Boolean network and let A be the adjacency matrix of
its dependency graph D(f). Suppose the loop number of A is c and its exponent is k. Then,
h(f) = k and p(f) divides c. In particular, C(f)i = 0 for every i ∤ c and hence Equation
(3.2.2) becomes

C(f) =
∑

i|c

C(f)iCi, (3.2.5)

Example 3.2.2 (Cont.). The phase space S(f) has 26 vertices, its cycle structure is C(f) =
4C1 + 1C2. In particular, the period of f is 2 which is the same as the loop number of its
dependency graph G.

Remark 3.2.12 It is clear that if xi appears in fi for all i, then the loop number of D(f)
is 1 and hence S(f) has only fixed points as limit cycles, this was shown in [10, Theorem
3.3]. Also if each edge in the dependency graph is undirected, then the dependency graph is
made up of simple cycles of length 2 and hence the loop number of D(f) is either two or
one. Thus S(f) has only fixed points and possibly cycles of length two, which was shown in
[34, Lemma 1].
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For the case when D(f) is strongly connected p(f) = c as was shown in [17, Theorem 4.13];
in particular, S(f) has a simple cycle of length l if and only if l divides c. In general, however,
this is not the case.

Example 3.2.13 Consider the Boolean network f = (x2, x1, x2x5, x3, x4) : F5
2 −→ F

5
2. The

graph D(f) has two strongly connected components with loop numbers 2 and 3 respectively,
and hence the loop number of D(f) is 6. However, it is easy to see, using DVD [55], that
C(f) = 3C1 + 1C2 + 2C3, and hence f has no cycle of length 6.

The exponent has been studied extensively and upper bounds are known, [97, Theorem 3.11]
presents an upper bound for the exponent of any irreducible matrix. Using the lemma above,
we rewrite this upper bound for the height of any Boolean monomial system with a strongly
connected dependency graph.

Theorem 3.2.14 Let f be a conjunctive Boolean network with strongly connected depen-
dency graph D(f), and suppose the loop number of D(f) is c. Then

h(f) ≤





(n − 1)2 + 1, if c = 1;

max{n − 1,
n2 − 1

2
+

n2

c
− 3n + 2c}, if c > 1.

Proof. The proof follows from Proposition 3.2.6 above and [97, Theorem 3.11]. �

Furthermore, [97, Theorem 3.20] also implies an upper bound for the height of any conjunc-
tive Boolean network.

Theorem 3.2.15 Let f be any conjunctive Boolean network on n nodes. Then, h(f) ≤
2n2 − 3n + 2.

Proof. The proof follows from Proposition 3.2.6 above and [97, Theorem 3.20]. �

We close this section with a classical theorem about positive powers of Boolean matrices.
This theorem has the remarkable corollary that almost all conjunctive Boolean networks
have a strongly connected dependency graph and, furthermore, have only fixed points as
limit cycles.

Theorem 3.2.16 [13, Theorem 3.5.11] Let N(n) be the number of conjunctive Boolean
networks on n nodes with strongly connected dependency graph and loop number 1. Then

lim
n→∞

N(n)

2n2
= 1.

In particular, since there are 2n2

different conjunctive Boolean networks on n nodes, as
n → ∞, almost all conjunctive Boolean networks on n nodes have a strongly connected
dependency graph and have only fixed points as limit cycles.
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Although there is a wealth of information about powers of non-negative matrices such as the
transient length or possible cycle length, very little seems to be known about the number of
cycles of a given length in the phase space and that is the main goal of this section. In the
next section we give a complete answer to this problem for conjunctive Boolean networks
with strongly connected dependency graph. For this class of systems, we find the number of
cycles of any possible length in the phase space.

3.2.2 Networks with Strongly Connected Dependency Graph

In this section we give an exact formula for the cycle structure of conjunctive Boolean net-
works with strongly connected dependency graphs. Since ”almost all” conjunctive Boolean
networks have this property by Theorem 3.2.16, one may consider this result as giving a
complete answer for conjunctive Boolean networks in the limit. However, in the next section
we will also consider networks with general dependency graphs and give upper and lower
bounds for the cycle structure.

Before deriving the desired state space results we prove some needed facts about general
finite dynamical systems.

Lemma 3.2.17 Let f : X −→ X be a finite dynamical system, with X a finite set, and let
u ∈ X be a periodic point of period t.

1. If f s(u) = u, then t divides s.

2. The period of f j(u) is t, for any j ≥ 1.

3. If f s(u) = f j(u), then t divides s − j.

Proof. Since t is the period of u and f s(u) = u, by definition s ≥ t. Thus s = qt + r,
where 0 ≤ r < t. Now u = f s(u) = f r(f qt(u)) = f r(u). Since r < t and t is the period of
u, r = 0 and hence t divides s. That proves (1). The proof of (2) is straightforward, since
f t(f j(u)) = f j(f t(u)) = f j(u). Now we prove (3). Suppose s ≥ j. Since f s(u) = f j(u), we
have f s−j(f j(u)) = f s(u) = f j(u). Thus, by (1), the period of f j(u) divides s − j. But the
period of f j(u) is t, by (2). �

Lemma 3.2.18 Let f : X −→ X be a finite dynamical system. Then, p(f) = t and h(f) = k
if and only if t and k are the least positive integers such that fm+t(u) = fm(u) for all m ≥ k
and u ∈ X.

Proof. For all u ∈ X and m ≥ k, fm(u) is a periodic point and hence its period divides t.
Thus fm+t(u) = f t(fm(u)) = fm(u).
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Now suppose t and k are the least positive integers such that fm+t(u) = fm(u) for all m ≥ k
and u ∈ X. We want to show that p(f) = t and h(f) = k. It is clear that fd(u) is periodic
for all u ∈ X and k is the least such positive number. Thus the height of f is k. Also, the
period f is t, since t is the least positive integer such that f t(u) = u for any periodic point
u ∈ X. �

Theorem 3.2.19 Let f : X −→ X and g : Y −→ Y be two finite dynamical systems. Define
the system h : X × Y −→ X × Y by h(u,u′) = (f(u), g(u′)). Then, S(h) = S(f) × S(g).

Proof. This follows from the fact that h(u,u′) = (v,v′) if and only if f(u) = v and
g(u′) = v′ for all u ∈ X and u′ ∈ Y . �

Corollary 3.2.20 Let f , g and h be as in Theorem 3.2.19. Then, the period of h is p(h) =
lcm{p(f), p(g)} and its height is h(h) = max{h(f), h(g)}.

Proof. It is easy to see that a set A ⊂ X × Y is a cycle in S(h) if and only if AX

(respectively, AY ) is a cycle in S(f) (respectively, S(g)), where AX := {u ∈ X : (u,v) ∈
A for some v ∈ Y }. Furthermore, it is clear that the length of the cycle A is the least
common multiple of the lengths of AX and AY . Thus p(h) = lcm{p(f), p(g)}. The proof of
h(h) = max{h(f), h(g)} follows from the definition of height. �

Recall Equation (3.2.2), in particular, that C(f)m is the number of cycles of length m in the
phase space of f , the following corollary follows directly from Theorem 3.2.19.

Corollary 3.2.21 Let f , g and h be as above. Then, the cycle structure of h is C(h) =
C(f)C(g) :=

∑
m|p(h) C(h)mC

m, where

C(h)m =
∑

s|p(f)
t|p(g)

lcm{s,t}=m

gcd{s, t}C(f)sC(g)t. (3.2.6)

That is, the generating function for the cycle structure of h is the product of the generating
functions of f and g, where Cs · Ct = gcd{s, t}Clcm{s,t}.

Let f : Fn
2 −→ F

n
2 be a conjunctive Boolean network. Assume that the dependency graph

D(f) of f is strongly connected with loop number c. For any divisor k of c, it is well-known
that the set of vertices of D(f) can be partitioned into k non-empty sets W1, . . . , Wk such
that each edge of D(f) is an edge from a vertex in Wi to a vertex in Wi+1 for some i with
1 ≤ i ≤ k and Wk+1 = W1. For a proof of this fact see [13, Lemma 3.4.1(iii)] or [17, Lemma
4.7].
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By definition the length of any cycle in the phase space S(f) of f divides c, the period of f .
For any positive integers p, k that divide c, let A(p) be the set of periodic points of period p

and let D(k) :=
⋃

p|k

A(p).

Lemma 3.2.22 The cardinality of the set D(k) is |D(k)| = 2k.

Proof. Let Φ : Fk
2 −→ D(k) be defined by

Φ(x1, . . . , xk) = (x1, . . . , x1︸ ︷︷ ︸
s1 times

, x2, . . . , x2︸ ︷︷ ︸
s2 times

, . . . , xk, . . . , xk︸ ︷︷ ︸
sk times

),

where, without loss of generality, Wi = {vi,1, . . . , vi,si
} for all 1 ≤ i ≤ k. We will show that Φ

is a bijection. First we show that Φ is well-defined. Let z = Φ(x1, . . . , xk), by [17, Theorem
4.10], there exists a positive integer m such that

fmk+j(z) = (xj+1, . . . , xj+1︸ ︷︷ ︸
s1 times

, xj+2, . . . , xj+2︸ ︷︷ ︸
s2 times

, . . . , xj , . . . , xj︸ ︷︷ ︸
sk times

).

In particular, fk(z) = fmk+k(z) = z. Thus z = Φ(x1, . . . , xk) ∈ D(k). Since it is clear that
Φ is one-to one, it is left to show that Φ is onto.

Let z ∈ D(k) which means that fk(z) = z. It is enough to show that zi,h = zi,g for all
1 ≤ h, g ≤ sik and 1 ≤ i ≤ k. Suppose not. Without loss of generality, let zi,h = 1 and
zi,g = 0. Since k divides c, f c(z) = z. But there is a path from vi,h and vi,g of length divides
c, contradiction. Hence Φ is a bijection and |D(k)| = 2k. �

Corollary 3.2.23 If p is a prime number and pk divides c for some k ≥ 1, then

|A(pk)| = 2pk

− 2pk−1

.

Proof. It is clear that |D(1)| = 2. Namely, (0, . . . , 0) and (1, . . . , 1) are the only two
fixed points. Now if p is prime and k ≥ 1, then the proof follows from the fact that
D(pk) = D(pk−1)

⊎
A(pk), where

⊎
is the disjoint union. �

Next we prove Theorem 3.2.24 which gives the exact number of periodic points of any possible
length.

Theorem 3.2.24 Let f be a conjunctive Boolean network whose dependency graph is strongly
connected and has loop number c. If c = 1, then f has the two fixed points (0, 0, . . . , 0) and
(1, 1, . . . , 1) and no other limit cycles. If c > 1 and m is a divisor of c, then the number of
periodic states of period m is |A(m)| as in Equation (3.2.1).
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Proof. The statement for c = 1 is part of the previous corollary. Now suppose that c > 1.
For 1 ≤ j ≤ r, let mj = p

kj−1
j

∏r
i=1,i6=j pki

i . Then, D(m) = A(m)
⊎

(
⋃r

j=1 D(mj)), where
⊎

is
a disjoint union, in particular,

A(m) = D(m) \
r⋃

j=1

D(mj).

The formula 3.2.1 follows from the inclusion-exclusion principle and the disjoint union above.
�

Corollary 3.2.25 If m divides c, then the number of cycles of length m in the phase space

of f is C(f)m =
|A(m)|

m
. Hence the cycle structure of f is

C(f) =
∑

m|c

|A(m)|

m
Cm.

Remark 3.2.26 Notice that the cycle structure of f depends on its loop number only. In
particular, a conjunctive Boolean network with loop number 1 on a strongly connected de-
pendency graph only has as limit cycles the two fixed points (0, 0, . . . , 0) and (1, 1, . . . , 1),
regardless of how many vertices its dependency graph has.

3.2.3 Networks with general dependency graph

Let f : Fn
2 −→ F

n
2 be a conjunctive Boolean network with dependency graph D(f). With-

out loss of generality, the adjacency matrix of D(f) is in the form (3.2.3). Let G1, . . . , Gt

be the strongly connected components of D(f) corresponding to the matrices A1, . . . , At,
respectively. Furthermore, suppose that none of the Gi is trivial (i.e., Ai is the zero matrix).
For 1 ≤ i ≤ t, let hi be the conjunctive Boolean network that has Gi as its dependency
graph and suppose that the loop number of hi is ci. In particular, the loop number of f is
c := lcm{c1, . . . , ct}.

First we study the effect of deleting an edge in the dependency graph between two strongly
connected components. Let G1 and G2 be two strongly connected components in D(f) and
suppose G1 � G2. Let x −→ y be a directed edge in D(f) between a vertex x in G1 and a
vertex y in G2. Let D

′ be the graph D(f) after deleting this edge, and let g be the conjunctive
Boolean network such that D(g) = D

′.

Theorem 3.2.27 Any cycle in the phase space of f is a cycle in the phase space of g. In
particular C(f) ≤ C(g) componentwise.
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Proof. Let C := {u, f(u), . . . , fm−1(u)} be a cycle of length m in S(f). To show that C is
a cycle in S(g), it is enough to show that, whenever the x-value in u is 0, then the y′-value
in u is 0 for all y′ ∈ G2 such that there is an edge from y′ to y. Thus, the value of y is
determined already by the value of y′ and the edge (x, y) does not contribute anything new
and hence C is a cycle in S(g).

Suppose the loop number of G1 (respectively, G2) is a (respectively, b). Now, any path from
x (respectively, y) to itself is of length pa (respectively, qb) where q, p ≥ T and T is large
enough, see [17, Corollary 4.4]. Thus there is a path from x to y of length qa + 1 for any
q ≥ T . Also, there is a directed path from y to y′ of length qb − 1 for any q ≥ T . This
implies the existence of a path from x to y′ of length q(a + b) for all q ≥ T .

Now u = fm(u) = fmk(u), for all k ≥ 1. Choose q, k large enough such that q(a+b) = km ≥
T . Then, the value of y′ in f q(a+b)(u) is 0, since there is a path from x to y′ of length q(a+ b)
and the value of x is 0. Therefore, the value of y′ in u is zero, since u = fmk(u) = f q(a+b)(u).
�

Corollary 3.2.28 Let f and D(f) be as above. For any two strongly connected components
in D(f) that are connected, drop all but one of the edges. Let D

′ be the new graph and let g
be the conjunctive Boolean network such that D(g) = D

′. Then, any cycle in S(f) is a cycle
in S(g). In particular C(f) ≤ C(g) componentwise.

Notice that there are many different possible g one can get and each one of them has the
same poset as f and provides an upper bound for the cycle structure of f . However, we do
not have a polynomial formula for the cycle structure of g. When we delete all edges between
any two strongly connected components we get an easy formula for the cycle structure for
the corresponding system as we describe below. In Section 3.2.6 we will present an improved
upper bound for the cycle structure of f .

Let h : Fn
2 −→ F

n
2 be the conjunctive Boolean network with the disjoint union of G1, . . . , Gt

as its dependency graph. That is, h = (h1, . . . , ht). For h, there are no edges between
any two strongly connected components of the dependency graph of the network. Its cycle
structure can be completely determined from the cycles structures of the hi alone.

Theorem 3.2.29 Let C(hi) =
∑

j|li
ai,jC

j be the cycle structure of hi. Then, the cycle

structure of h is C(h) =
∏t

i=1 C(hi) and the number of cycles of length m (where m|l) in the
phase space of h is

C(h)m =
∑

ji|li
lcm{j1,...,jt}=m

j1 · · · jt

m

t∏

i=1

ai,ji
. (3.2.7)

Proof. This follows directly from Corollary 3.2.21. �



Alan A. Veliz-Cuba Chapter 3. Prediction of Dynamics from Network Structure 53

Corollary 3.2.30 Let f and h be as above. The number of cycles of any length in the phase
space of f is less than or equal to the number of cycles of that length in the phase space of
h. That is C(f) ≤ C(h) componentwise.

Example 3.2.13 (Cont.). Here h = (h1, h2), where h1(x1, x2) = (x2, x1) and h2(x3, x4, x5) =
(x5, x3, x4). It is easy to check that C(h1) = 2C1 + 1C2, and C(h2) = 2C1 + 2C3. By Theorem
3.2.29, C(h) = 4C1 + 2C2 + 4C3 + 2C6. In particular, C(f) ≤ C(h).

3.2.4 Bounds on the cycle structure

Let f , h, G1, . . . , Gt be as above and let ci be the loop number of Gi. Furthermore, let P be
the poset of the strongly connected components. Let Ω be the set of all maximal antichains
in P. For J ⊆ [t] = {1, . . . , t}, let xJ :=

∏
j∈J xj and let J := [t] \ J .

Definition 3.2.31 Let A be a subset of the set of limit cycles of h and let si be the number
of limit cycles of length i in A. Define ‖A‖ by

‖A‖ :=
∑

i

siC
i.

Remark 3.2.32 Using the inclusion-exclusion principle, if A,A1, ...,As are subsets of the
set of limit cycles of h and A =

⋃s
i Ai, then,

‖A‖ =
∑

J⊆[s]

(−1)|J |+1‖
⋂

j∈J

Aj‖.

Definition 3.2.33 For any subset J ⊆ [t], let

J� := {k : Gj � Gk for some j ∈ J}, J� := {k : Gj � Gk for some j ∈ J},

J≺ := {k : Gj ≺ Gk for some j ∈ J}, and J≻ := {k : Gj ≻ Gk for some j ∈ J}.

A limit cycle C in the phase space of f is J0 (respectively, J1) if the Gj component of C is 0
(respectively, 1) for all j ∈ J .

Notice that the sets defined above are closely related to upper and lower order ideals in
posets, see [104, p. 100].

Example 3.2.2 (Cont.). Let J = {2}. Then, J� = {2, 3}, J� = {1, 2}, J≺ = {3}, and J≻ =
{1}.
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Definition 3.2.34 A limit cycle C in S(h) is J−regular if C is both (J≺)0 and (J≻)1, for
some maximal antichain J in P. A limit cycle is called regular if it is J−regular for some
maximal antichain J . That is, an element of a J−regular limit cycle has 0 in all entries
corresponding to strongly connected components lying above components in J and 1 in all
entries corresponding to components lying below components in J .

Lemma 3.2.35 Let J ⊆ Ω be a set of maximal antichains. For J ∈ J , let AJ be the set of
all J−regular limit cycles in the phase space of f . Then,

‖
⋂

J∈J

AJ‖ =
∏

j∈
T

J∈J J

C(hj).

Proof. It is easy to see that a regular limit cycle C ∈
⋂

J∈J AJ if and only if the only non
trivial components of C are in j ∈

⋂
J∈J J . �

3.2.5 A Lower Bound

It is easy to see that a regular cycle is actually a limit cycle in the phase space of f , and
hence the numbers of regular cycles of different length provide lower bounds for the number
of limit cycles of different lengths in the phase space of f . Next we express these numbers
in terms of the cycle structures C(hi) of the strongly connected components.

Lemma 3.2.36 The cycle structure of the regular limit cycles in S(h) is
∑

J⊆Ω

(−1)|J |+1
∏

j∈
T

J∈J J

C(hj). (3.2.8)

Proof. By definition, the set of regular limit cycles is
⋃

J∈Ω AJ . Now, using the inclusion-
exclusion principle and Lemma 3.2.35, it follows that

⋃

J∈Ω

AJ =
∑

J⊆Ω

(−1)|J |+1‖
⋂

J∈J

AJ‖

=
∑

J⊆Ω

(−1)|J |+1
∏

j∈
T

J∈J J

C(hj).

�

Next we derive a sharp lower bound of the number of cycles of all possible lengths.

Theorem 3.2.37 Consider the function

L(z1, . . . , zt) :=
∑

J⊆Ω

(−1)|J |+1
∏

j∈
T

J∈J J

zi.



Alan A. Veliz-Cuba Chapter 3. Prediction of Dynamics from Network Structure 55

Then, for any conjunctive Boolean network f with subnetworks h1, . . . , ht and Ω its set of
maximal antichains in the poset of f , we have

L(C(h1), . . . , C(ht)) ≤ C(f). (3.2.9)

Here, the function L is evaluated using the “multiplication” described in Corollary 3.2.21.
This inequality provides a sharp lower bound on the number of limit cycles of f of a given
length.

Proof. The inequality follows from the previous lemma. Now to show that this lower
bound is sharp, it is enough to present a Boolean monomial dynamical system f such that
C(f) = L(C(h1), . . . , C(ht)).

Let f be such that whenever there is a directed edge from Gi to Gj in the poset P, there
is a directed edge from every vertex in Gi to every vertex in Gj in the dependency graph
of f . It is enough to check that any cycle in the phase space of f is regular. Let C be a
cycle in the phase space of f . Let C(j) be the projection of C on the strongly connected
component Gj . It is clear that C(j) is cycle in the C(hj). Suppose that C(j) is non trivial,
that is, it is not one of the fixed points (0, . . . , 0) or (1, . . . , 1). Now if Gi � Gj, then all
entries corresponding to Gi must be one. On the other hand, if Gi � Gj , then all entries
corresponding to Gi must be zero. Therefore, C is regular. �

Note that the left side of the inequality (3.2.9) is a polynomial function in the variables
C(hi), with coefficients that are functions of the cycle numbers of various lengths of the hi

and the anti-chains of the poset of strongly connected components. That is, the sharp lower
bound is a polynomial function depending exclusively on measures of the network topology.

3.2.6 An Upper Bound

Next we present a polynomial whose coefficients provide upper bounds for the number of
possible limit cycles in the phase space of f . Similar to the lower bound polynomial, this
upper bound polynomial is in terms of the strongly connected components of f and their
poset. However, this upper bound is not sharp. In fact, we will show that it is not possible
to give a sharp upper bound that is in a polynomial form with constant coefficients. First
we prove the following set-theoretic equality which we need in this section.

Lemma 3.2.38 Let {Ai : i ∈ ∆} be a finite collection of finite sets of limit cycles in S(h),
A =

⋂
i Ai, and Bi ⊆ Ai. Then, for K ⊆ ∆,

‖
⋂

k∈K

(Ak \ Bk)‖ =
∑

L⊆K

(−1)|L|‖A ∩
⋂

k∈L

Bk‖.
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Proof. To begin, observe that

⋂

k∈K

(Ak \ Bk) =
⋂

k∈K

(A \ Bk)

= A \
⋃

k∈K

(A ∩ Bk).

Then, using the inclusion-exclusion principle we obtain:

‖
⋂

k∈K

(Ak \ Bk)‖ = ‖A \
⋃

k∈K

(A ∩ Bk)‖

=
∑

L⊆K

(−1)|L|‖
⋂

k∈L

(A ∩ Bk)‖

=
∑

L⊆K

(−1)|L|‖A ∩
⋂

k∈L

Bk‖.

�

Definition 3.2.39 A limit cycle C in S(h) is called admissible if, for any j ∈ [t],

1. If the coordinates of states in C corresponding to component Gj are 0, then C is (j�)0;
and

2. If the coordinates of states in C corresponding to component Gj are 1, then C is (j�)1.

Notice that any limit cycle in the phase space of f is admissible. In particular, we have the
following lemma.

Lemma 3.2.40 The number of admissible limit cycles in S(h) is an upper bound for the
number of limit cycles in S(f).

For J ⊆ [t], let ZJ be the set of all J0 limit cycles and let OJ be the set of all J1 limit cycles.
Let K, L ⊆ [t], then it is easy to see thatZK ∩ ZL = ZK∪L, OK ∩ OL = OK∪L, and the cycle
structure of ZK ∩ OL is

‖ZK ∩ OL‖ = 〈K, L〉
∏

j∈K∪L

C(hj),

where

〈K, L〉 =

{
0, if K ∩ L 6= ∅,

1, if K ∩ L = ∅.
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Theorem 3.2.41 The cycle structure of the admissible limit cycles in S(h) is equal to
∑

I⊆N⊆[t]
J⊆M⊆[t]

(−1)|N |+|M |+|I|+|J |〈IN , JM〉
∏

k∈IN∪JM

C(hk),

where IN = I� ∪ N, JM = J� ∪ M .

Proof. By definition, it follows that the set of admissible limit cycles is

Adm := {limit cycles in S(h)}\
⋃

i,j∈[t]

(Z{i}\Z{i}�) ∪ (O{j}\O{j}�).

Using the inclusion-exclusion principle, it follows that

‖Adm‖ =
∏

k∈[t]

C(hk) +
∑

N⊆[t]
M⊆[t]

N∪M 6=∅

(−1)|N |+|M |‖
⋂

i∈N

(Z{i}\Z{i}�) ∩
⋂

j∈M

(O{j}\O{j}�)‖. (3.2.10)

On the other hand, since
⋂

i∈N Z{i} = ZN ,
⋂

j∈M O{j} = OM , Zi ⊆ Z{i}� and Oj ⊆ O{j}� it
follows from Lemma 3.2.38 that

‖
⋂

i∈N

(Z{i}\Z{i}�) ∩
⋂

j∈M

O{j}\O{j}�)‖

=
∑

I⊆N
J⊆M

(−1)|I|+|J |‖(ZN ∩ OM) ∩ (
⋂

i∈N

Z{i}� ∩
⋂

j∈M

O{j}�)‖

=
∑

I⊆N
J⊆M

(−1)|I|+|J |‖(ZN ∩ OM) ∩ (ZS

i∈N{i}� ∩ OS

j∈M{j}�)‖

=
∑

I⊆N
J⊆M

(−1)|I|+|J |‖ZN ∩ OM ∩ ZI� ∩ OJ�‖

=
∑

I⊆N
J⊆M

(−1)|I|+|J |‖ZN∪I� ∩ OM∪J�‖

=
∑

I⊆N
J⊆M

(−1)|I|+|J |‖ZIN
∩ OJM‖

=
∑

I⊆N
J⊆M

(−1)|I|+|J |〈IN , JM〉
∏

k∈IN∪JM

C(hk).
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Equation (3.2.10) then becomes

‖Adm‖ =
∏

k∈[t]

C(hk) +
∑

N⊆[t]
M⊆[t]

N∪M 6=⊘

(−1)|N |+|M |
∑

I⊆N
J⊆M

(−1)|I|+|J |〈IN , JM〉
∏

k∈IN∪JM

C(hk)

=
∏

k∈[t]

C(hk) +
∑

I⊆N⊆[t]
J⊆M⊆[t]
N∪M 6=⊘

(−1)|N |+|M |+|I|+|J |〈IN , JM〉
∏

k∈IN∪JM

C(hk)

=
∑

I⊆N⊆[t]
J⊆M⊆[t]

(−1)|N |+|M |+|I|+|J |〈IN , JM〉
∏

k∈IN∪JM

C(hk).

�

By Lemma 3.2.40 we now have an upper bound for the number of cycles of any given length.
This upper bound is clearly not sharp, since it is easy to find admissible limit cycles in the
phase space of h that are not cycles in the phase space of f . The advantage of this upper
bound, however, is that it is a polynomial in terms of the strongly connected components
and their poset. Furthermore, we will show next that this bound gives the exact number of
fixed points.

Theorem 3.2.42 Let f be a conjunctive Boolean network. Then, any admissible fixed point
is regular and hence the number of fixed points C(f)1 in the phase space of f is

C(f)1 =
∑

J⊆Ω

(−1)|J |+1 2|
T

J∈J J |. (3.2.11)

Proof. It follows from the definitions that any admissible fixed point is regular, and hence
U(2C1, . . . , 2C1) = L(2C1, . . . , 2C1). In particular, the number of fixed points C(f)1 is the
coefficient of C1 in L(2C1, . . . , 2C1). By Equation (3.2.8), we get

L(2C1, . . . , 2C1) =
∑

J⊆Ω

(−1)|J |+1
∏

j∈
T

J∈J J

2C1

=
∑

J⊆Ω

(−1)|J |+1 2|
T

J∈J J |C1.

�

An example

Each system g from Corollary 3.2.28 has the same poset as f and the cycle structure of each
g is an upper bound for the cycle structure of f . However, using the poset alone, or using
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the cycle structure of the strongly connected components alone, one can not expect to find
a polynomial form with constant coefficients that would provide a sharp upper bound, as we
now show.

Let P be the poset on two nodes G1 and G2 where G1 � G2. Let f be a conjunctive Boolean
network with a dependency graph that has only two strongly connected components which
are connected by one edge. Let F be the set of all such systems. We will show that there
is no polynomial W (x1, x2) =

∑
i,j aijx

i
1x

j
2 such that, for all f ∈ F , W (C(h1), C(h2)) = C(f),

where h1 and h2 are the conjunctive Boolean networks corresponding to the two strongly
connected components of f .

Suppose the loop number of h1 is 1 and that of h2 is q where q is prime. Then, C(h1) = 2C1

and C(h2) = 2C1 +
2q − 2

q
Cq. It is easy to check that C(f) = 3C1 +

2q − 2

q
Cq. Since C(f) =

W (C(h1), C(h2)), we have

3C1 +
2q − 2

q
Cq = W (2C1, 2C1 +

2q − 2

q
Cq)

=
∑

i,j

aij(2C
1)i(2C1 +

2q − 2

q
Cq)j

=
∑

i,j

2iaij(2C
1 +

2q − 2

q
Cq)j

=
∑

i,j

2iaij [2
jC1 + [(2 +

2q − 2

q
)j − 2j]Cq]

=
∑

i,j

2i+jaijC
1 +

∑

i,j

2iaij [(2 +
2q − 2

q
)j − 2j]Cq.

Equating coefficients, for any q, we have 2q−2
q

=
∑

i,j 2iaij[(2+ 2q−2
q

)j−2j]. Therefore, aij = 0

for all i, j ≥ 1 and hence W (x1, x2) must be of the form W (x1, x2) = a11x1x2+a10x1+a01x2−
a00.

Now suppose the loop number of h1 is p and that of h2 is q. Then, any cycle in the phase
space of f is regular and hence it is easy to check that C(f) = C(h1) + C(h2) − C1. In
particular, a11 = 0 and hence W (x1, x2) = a10x1 + a01x2 − a00.

However, for the case when the loop number of h1 is 4 and that of h2 is 6, we have C(f) =
3C1+3C2+2C3+4C4+11C6+2C12, C(h1) = 2C1+C2+3C4 and C(h2) = 2C1+C2+2C3+9C6.
In particular, C(f) 6= W (C(h1), C(h2)).
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3.2.7 Discussion

Discrete models have been used effectively to separate the roles of kinetics and network
topology in biochemical reaction networks, in particular gene regulation networks. An im-
portant feature of the network topology is the collection of interacting feedback loops. In
this section we studied the question of how the feedback loops in the wiring diagram of the
network affect the dynamics for the class of conjunctive Boolean network models that have
been identified as useful models for gene regulatory networks. They are constructed from
certain types of nested canalyzing functions for which it is possible to precisely answer this
question.

For conjunctive Boolean networks it is the partially ordered set of strongly connected com-
ponents of the wiring diagram and their loops numbers which control the dynamics of the
network in precise ways. This insight allows far-reaching conclusions about network dynam-
ics from its topology, an important step toward an understanding of the design principles
of biochemical networks. The next step toward this goal is to generalize the work in this
section to networks with positive and negative edges. For this, a numerical measure like the
loop number is required which takes into account the network topology and the signs of the
feedback loops.



Chapter 4

Model Reduction and Inference

4.1 Reduction of Boolean Networks

Boolean networks have been successfully used in modeling gene regulatory networks such as
the Drosophila segment polarity network [3], the yeast cell-cycle network [68] and the Th
regulatory network [76]. Boolean networks provide a nice theoretical framework that allows
for simulation, control theory and reverse engineering.

However, their analysis is not a trivial task. For example, the problem of finding steady states
has been shown to be NP-complete [121]. One way to overcome these kind of problems is
to develop mathematical and computational tools [36; 53; 55; 88]. While these tools allow
to answer some questions, such as what the steady states are, it is often not intuitive why
such answers were obtained. Another way is to reduce the network while keeping the main
features; a reduced network is easier to analyze and could not only help answering questions,
but can also give insight of why such answers were obtained. This in turn, provides a better
understanding of the problem that is being studied.

In this section a reduction method for Boolean networks is proposed. The reduction method
can make the analysis easier and can also elucidate the role of network topology on the
dynamics. We will focus on the existence, number and type of steady states.

4.1.1 Reduction Method

Reduction Steps

We now provide the reduction steps to reduce a Boolean network and its corresponding wiring
diagram. The idea behind the reduction method is simple: the wiring diagram and Boolean
functions should reflect direct regulation and hence nonfunctional edges and variables should

61
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be removed; also, vertices can be deleted, without losing important information, by allowing
its functionality to be “inherited” to other variables.

1. We simplify the Boolean functions and wiring diagram:

(a) Reduce Boolean expressions using Boolean algebra. This will delete variables that
are not functional.

(b) Delete edges that do not correspond to Boolean expressions. That is, we delete
edges that are non functional.

2. We delete vertices with no self loop, that is, vertices whose Boolean function does not
depend on it. Let xi be a vertex such that fxi

does not depend on xi.

(a) For all vertices xi → y, that is, for all vertices whose Boolean function depends on
xi, replace the Boolean function for y, fy(x1, . . . , xi, . . . , xk), by fy(x1, . . . , fxi

, . . . , xk).

(b) Replace edges y → xi → z by y → z and delete xi (and edges from/to xi)

We will see that these steps give rise to a reduced network that keeps features of the wiring
diagram and dynamical properties of the original network.

Reduction Algorithm

We present an algorithm to simplify Boolean functions and their wiring diagram (S); and an
algorithm to eliminate a vertex x (R).

Algorithm S

Input: f = (f1, . . . , fn) and the adjacency matrix, A.
For i = 1, . . . , n:

1. Simplify fi using Boolean algebra

2. Construct A corresponding to variables appearing in fi

Output: (Simplified) f = (f1, . . . , fn) and A.

Example 4.1.1 Consider the Boolean network given by f = (f1, f2, f3) = ((x2 ∧ x3) ∨
x2, (x1 ∧ x3) ∨ ¬x2,¬x1) with wiring diagram given in Figure 4.1. Algorithm S gives as an
output f = (f1, f2, f3) = (x2, (x1 ∧ x3) ∨ ¬x2,¬x1) with wiring diagram given in Figure 4.1.
We can clearly see that Algorithm S detected that the although the variable x3 appears in
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f1, it is not functional; hence x3 is removed from f1 (using Boolean algebra) and the edge
x3 → x1 is deleted as well. That is, after using S, we obtain an accurate representation of f
and its wiring diagram.

x1 x2

x3

x1 x2

x3

Figure 4.1: Wiring diagram of f before (left) and after (right) using Algorithm S. Arrows
indicate positive paths and circles indicate negative paths.

If we say that a variable z depends on x, we mean that fz depends on x. Also, if we
write fi = fi(xi1 , . . . , xik), we are saying that we are considering the function fi in terms of
xi1 , . . . , xik , even if fi does not depend on some of the xij ’s; however, it does mean that fi

does not depend on the other variables. This convention will make some of the definitions
and proofs simpler.

Algorithm R

Input: f = (f1, . . . , fn), the adjacency matrix (A), and a vertex x that does not depend on
itself.

1. Find the variables that depend on x: z1, . . . , zr

2. For i = 1, 2, . . . , . . . , r
Replace fzi

= fzi
(x, . . .) by fzi

= fzi
(fx, . . .)

3. Let f [x] = (f1, . . . , f̌x, . . . , fn) (where f̌x means that fx is omitted) and simplify it using
S.

4. Let A[x]=adjacency matrix of the wiring diagram of f [x]

Output: f [x] and A[x].

Example 4.1.2 Consider the Boolean network given by f = (f1, f2, f3) = (x2, (x1 ∧ x3) ∨
¬x2,¬x1), with wiring diagram given in Figure 4.2. After using algorithm R we obtain the
network f [x3] = h = (h1, h2) = (x2, (x1 ∧ ¬x1) ∨ ¬x2) = (x2,¬x2) with wiring diagram in
Figure 4.2. We can see that the functionality of x3, that is, “being ¬x1”, is inherited to x2

and simplified using S.
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x1 x2

x3

x1 x2

Figure 4.2: Wiring diagram of f before (left) and after (right) using algorithm R to eliminate
x3.

The Boolean network obtained by eliminating vertices xi1 , . . . , xik is denoted by f [xi1
,...,xik

]

with wiring diagram A[xi1
,...,xik

]. The following proposition states that the order in which
variables are eliminated is not important.

Proposition 4.1.3 Using the notation of Algorithm R we have the following: f [xi,xj ] =
f [xj ,xi] and A[xi,xj ] = A[xj ,xi]

Proof. Without loss of generality we can assume xi = x1 and xj = xn.

Let g′ = (g′
1, . . . , g

′
n−1) = f [xn], g = (g2, . . . , gn−1) = g′[x1] = f [xn,x1], h′ = (h′

2, . . . , h
′
n) = f [x1],

h = (h2, . . . , hn−1) = h′[xn] = f [x1,xn]. We consider 4 cases.

Case 1. xn and x1 do not depend on each other.

Then, since f1 does not depend on xn (nor itself), we have f1 = f1(x2, . . . , xn−1) and since
fn does not depend on x1 (nor itself) we have fn = fn(x2, . . . , xn−1).

Then, g′
1 = f1(x1, x2, . . . , xn−1) and g′

i = fi(x1, x2, . . . , xn−1, fn(x2, . . . , xn−1)) for i = 2, . . . , n−
1. Then, for i = 2, . . . , n − 1 we have

gi = g′
i(g

′
1, x2, . . . , xn−1)

= fi(g
′
1, x2, . . . , xn−1, fn(x2, . . . , xn−1))

= fi(f1(x2, . . . , xn−1), x2, . . . , xn−1, fn(x2, . . . , xn−1))

Similarly, it follows that hi = fi(f1(x2, . . . , xn−1), x2, . . . , xn−1, fn(x2, . . . , xn−1)) for i =
2, . . . , n − 1. Hence, gi = hi for i = 2, . . . , n − 1 and g = h.

Case 2. xn depends on x1 but x1 does not depend on xn.

Then, since fn depends on x1 (and not on xn), we have fn = fn(x1, . . . , xn−1) and since f1

does not depend on xn (nor x1), we have f1 = f1(x2, . . . , xn−1).

Then, g′
1 = f1(x2, . . . , xn−1) and g′

i = fi(x1, . . . , xn−1, fn(x1, . . . , xn−1)) for i = 2, . . . , n − 1.
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Then, for i = 2, . . . , n − 1 we have

gi = g′
i(g

′
1, x2, . . . , xn−1)

= fi(g
′
1, x2, . . . , xn−1, fn(g

′
1, x2, . . . , xn−1))

= fi(f1(x2, . . . , xn−1), x2, . . . , xn−1, fn(f1(x2, . . . , xn−1), x2, . . . , xn−1))

On the other hand, h′
i = fi(f1(x2, . . . , xn−1), x2, . . . , xn) for i = 2, . . . , n − 1 and h′

n =
fn(f1(x2, . . . , xn−1), x2, . . . , xn−1). Then, for i = 2, . . . , n − 1 we have

hi = h′
i(x2, . . . , xn−1, h

′
n)

= fi(f1(x2, . . . , xn−1), x2, . . . , xn−1, h
′
n)

= fi(f1(x2, . . . , xn−1), x2, . . . , xn−1, fn(f1(x2, . . . , xn−1), x2, . . . , xn−1))

Hence, gi = hi for i = 2, . . . , n − 1 and g = h.

Case 3. x1 depends on xn but xn does not depend on x1. It is analogous to Case 2.

Case 4. x1 and xn depend on each other.

Then, since fn depends on x1 (and not on xn), we have fn = fn(x1, . . . , xn−1) and since f1

depends on xn (and not on x1), we have f1 = f1(x2, . . . , xn).

Then, g′
1 = f1(x2, . . . , xn−1, fn(x1, . . . , xn−1)) and g′

i = fi(x1, . . . , xn−1, fn(x1, . . . , xn−1)) for
i = 2, . . . , n − 1. Then, for i = 2, . . . , n − 1 we have

gi = g′
i(g

′
1, . . . , xn−1)

= fi(g
′
1, x2, . . . , xn−1, fn(g′

1, . . . , xn−1))

= fi(f1(x2, . . . , xn−1, fn(x1, . . . , xn−1)), x2, . . . , xn−1, fn(f1(x2, . . . , xn−1, fn(x1, . . . , xn−1)), x2, . . . , xn−1

On the other hand, h′
n = fn(f1(x2, . . . , xn), x2, . . . , xn−1) and h′

i = fi(f1(x2, . . . , xn), x2, . . . , xn)
for i = 2, . . . , n − 1. Then, for i = 2, . . . , n − 1 we have

hi = h′
i(x2, . . . , xn−1, h

′
n)

= fi(f1(x2, . . . , h
′
n), x2, . . . , xn−1, h

′
n)

= fi(f1(x2, . . . , xn−1, fn(f1(x2, . . . , xn), x2, . . . , xn−1)), x2, . . . , xn−1, fn(f1(x2, . . . , xn), x2, . . . , xn−1))

Notice that f1(x2, . . . , xn−1, fn(x1, . . . , xn−1)) does not depend on x1 and fn(f1(x2, . . . , xn), x2, . . . , xn−1)
does not depend on xn (g = g′[x1] and h = h′[xn] would be undefined otherwise). Then, for
i = 2, . . . , n − 1

gi = fi(f1(x2, . . . , xn−1, fn(x1, . . . , xn−1)), x2, . . . , xn−1, fn(f1(x2, . . . , xn−1, fn(x1, . . . , xn−1)), x2, . . . , xn−1

= fi(f1(x2, . . . , xn−1, fn(x1, . . . , xn−1)), x2, . . . , xn−1, fn(f1(x2, . . . , xn−1, xn), x2, . . . , xn−1))

= fi(f1(x2, . . . , xn−1, fn(f1(x2, . . . , xn), . . . , xn−1)), x2, . . . , xn−1, fn(f1(x2, . . . , xn−1, xn), x2, . . . , xn−1))

= hi
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Hence, g = h. �

The Boolean network obtained by eliminating all variables that can be eliminated (variables
that do not have a self loop) is denoted by fR with wiring diagram AR. From Proposition
4.1.3, it follows that fR and AR are independent of the order chosen to eliminate vertices
(but they do depend on the choice of variables to be eliminated). Also, it may be the case
that fR and AR are empty; in the case they are not empty, each vertex has a self loop.

Example 4.1.4 Consider the Boolean network f defined by:

f1 = x9 ∨ x11 f7 = x4

f2 = ¬x7 ∧ x12 f8 = x5

f3 = 0 f9 = x6 ∧ ¬x12

f4 = x1 ∧ ¬x10 f10 = x7 ∨ x11

f5 = x2 ∧ ¬x10 f11 = (x7 ∨ x11) ∧ ¬x12

f6 = x3 ∧ ¬x8 f12 = x8 ∧ ¬x11

This Boolean network corresponds to the logical model for Th-lymphocyte differentiation pre-
sented in [89]. It turns out that we can eliminate the variables x1, x2, x3, x4, x5, x6, x7, x8, x9, x10.
Then fR = h = (h11, h12) = (x11 ∧ ¬x12,¬x11 ∧ x12) . Notice that each vertex in the wiring
diagram of the reduced network has a self loop.

4.1.2 Properties of the Reduction Method

Reduction Method and Dynamical Properties

We now show that the original and reduced network share important dynamical properties.
The next theorem states that the reduction method does not create nor destroy steady states.

Theorem 4.1.5 Let f be a Boolean network and g = f [xi1
,xi2

,...,xik
] with k < n. Consider

the projection π : {0, 1}n → {0, 1}n−k defined by
π(x1, . . . , xn) = (x1, . . . , xi1−1, x̌i1 , xi1+1, . . . , xik−1, x̌ik , xik+1 . . . , xn). Then, π defines a one
to one correspondence between the set of steady states of f and the set of steady states of g.

Proof. We only need to prove the theorem for k = 1; the general case follows by induction.
Without loss of generality we can assume that g = (g1, . . . , gn−1) = f [xn].

If z = (z1, . . . , zn) is a steady state of f , that is, f(z) = z, or fi(z) = zi for i = 1, . . . , n,
we want to show that π(z) = (z1, . . . , zn−1) is a steady state of g, that is, g(π(z)) = π(z) or
gi(π(z)) = zi for i = 1, . . . , n − 1. On the other hand, if z̃ = (z1, . . . , zn−1) is a steady state
of g, that is, gi(z̃) = zi for i = 1, . . . , n − 1, we want to show that there is a unique steady
state of f , z, such that π(z) = z̃.
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Without loss of generality, suppose xn depends on xi for i = 1, . . . , xr; and xi for i =
s, . . . , n − 1 are the variables that depend on xn. Notice that it may be the case that r = 0
or s = n; in that case xn would depend on no variables or no variable would depend on
xn. Then, fn = fn(x1, . . . , xr); also, for i = s, . . . , n − 1 we have fi = fi(xi1, xi2, . . . , xn).
Then, for i = 1, . . . , s − 1 we have gi(π(x)) = fi(x) and for i = s, . . . , n − 1 we have
gi = fi(xi1, xi2, . . . , fn(x1, . . . , xr)).

Let z be a steady state of f . Then, for i = 1, . . . , s − 1 we have gi(π(z)) = fi(z) = zi; for
i = s, . . . , n − 1, gi(π(z)) = fi(zi1, zi2, . . . , fn(z1, . . . , zr)) = fi(zi1, zi2, . . . , zn) = zi. Then,
g(π(z)) = π(z).

Let z̃ be a steady state of g. Define z = (z̃, fn(z1, . . . , zr)), that is, zn = fn(z1, . . . , zr);
we claim that z is a steady state of f . Notice that π(z) = z̃. For i = 1, . . . , s − 1
we have that fi(z) = gi(π(z)) = gi(z̃) = zi; also, for i = s, . . . , n − 1 we have that
fi(z) = fi(zi1, zi2, . . . , zn) = fi(zi1, zi2, . . . , fn(z1, . . . , zr)) = gi(π(z)) = zi; also, fn(z) =
fn(z1, . . . , zr) = zn. This shows that z = (z̃, fn(z1, . . . , zr)) is a steady state of f . We now
show that z is unique. Let z′ = (z′1, . . . , z

′
n) be another steady state of f such that π(z′) = z̃;

it follows that z′ = (z̃, z′n). Since z′n = fn(z′) = fn(z′1, . . . , z
′
r) = fn(z1, . . . , zr) = zn, then,

z = (z̃, zn) = z′. Hence, the steady state is unique. �

Corollary 4.1.6 Let f be a Boolean network and g = fR not empty. Then, there is a one
to one correspondence between the set of steady states of f and the set of steady states of g.

Corollary 4.1.7 Let f be a Boolean network and g = fR. If g is empty, then f has a unique
steady state.

Proof. Suppose g is empty. Without loss of generality, suppose x1 is the last variable to
be eliminated. That is, h = f [x2,...,xn] and g = h[x1]. Since the wiring diagram of h : {0, 1} →
{0, 1} has only the vertex x1 and it cannot have a self loop, it follows that h cannot be
the Boolean function h(x1) = x1 or h(x1) = ¬x1. Then, h has to be the Boolean function
h(x1) = 0 or h(x1) = 1 and hence it has a single steady state (x1 = 0 or x1 = 1, respectively).
�

Corollary 4.1.8 Let f be a Boolean network and g = f [xi1
,xi2

,...,xik
] with k < n. Then, f

is a oscillatory system (the only attractors it has are periodic orbits) if and only if g is a
oscillatory system.

Proof. f is an oscillatory system if and only if f does not have any steady state if and only
if g does not have any steady state if and only if g is an oscillatory system. �
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Reduction Method and Topological Properties

We now show that the original and reduced network share topological properties. The next
theorem states that the reduction method does not create new paths nor it changes their
signs.

Theorem 4.1.9 Let f be a Boolean network and g = f [xi1
,xi2

,...,xik
] with k < n. Then, if

there is path from y to z in the wiring diagram of g, there is also a path from y to z in the
wiring diagram of f (or equivalently, if there is no path from y to z in the wiring diagram
of f , there is no path from y to z in the wiring diagram of g). Furthermore, if all paths
involved in the reduction from y to z in the wiring diagram of f are positive (negative), the
corresponding paths from y to z in the wiring diagram of g are positive (negative).

Proof. We only need to prove the theorem for k = 1; the general case follows by induction.
Without loss of generality we can assume that g = (g1, . . . , gn−1) = f [xn]. Suppose there is
a path from y to z in the wiring diagram of g. Without loss of generality we can suppose
the path is y = x1 → x2 → . . . → xr−1 → xr = z. It follows that gi depends on xi−1 for
i = 2, . . . , r.

We claim that there is a path from x1 to x2 in the wiring diagram of f . If x2 depends on
xn, g2 = f2(xj1, . . . , xjt

, fn). Then, since g2 depends on x1, it follows that x1 is one of the
xjl

’s or fn depends on x1; then, it follows that there is a path from x1 to x2 in the wiring
diagram of f . If, on the other hand, x2 does not depend on xn, g2 = f2(xj1, . . . , xjt

). Then,
since g2 depends on x1, it follows that x1 is one of the xjl

’s; then, there is a path from x1 to
x2 in the wiring diagram of f . Similarly, it follows that there is a path from xi−1 to xi for
i = 2, . . . , r in the wiring diagram of f and hence, there is path from y = x1 to z = xr in the
wiring diagram of f .

Now, to conclude the proof of the theorem it is enough to show that if the paths xn−2 → xn−1

and xn−2 → xn → xn−1 in the wiring diagram of f = (f1, . . . , fn) are positive, so is the
path x1 → x3 in the wiring diagram of g = (g1, . . . , gn−1). Since fn(x) = fn(. . . , xn−2)
and fn−1(x) = fn−1(. . . , xn−2, xn), then gn−1(. . . , xn−2) = fn−1(. . . , xn−2, fn(. . . , xn−2)). To
show that the path xn−2 → xn−1 in the wiring diagram of g is positive, we need to show
that gn−1(. . . , 0) ≤ gn−1(. . . , 1). Since the paths xn−2 → xn−1 and xn−2 → xn → xn−1 in
the wiring diagram of f are positive, then fn−1(. . . , 0, fn(. . . , 0)) ≤ fn−1(. . . , 0, fn(. . . , 1)) ≤
fn−1(. . . , 1, fn(. . . , 1)). Hence, gn−1(. . . , 0) ≤ gn−1(. . . , 1). Then, the last part of the theorem
follows by induction. �

Corollary 4.1.10 Let f be a Boolean network and g = fR. Then, if there is a path from y
to z in the wiring diagram of g, there is also a path from y to z in the wiring diagram of f .

Corollary 4.1.11 Let f be a Boolean network and g = f [xi1
,xi2

,...,xik
] with k < n. Then, if

there is a feedback loop at y in the wiring diagram of g, there is also a feedback loop at y in
the wiring diagram of f .
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Corollary 4.1.12 Let f be a Boolean network and g = fR. Then, if there is a self loop at
y in the wiring diagram of g, there is also a feedback loop at y in the wiring diagram of f .

Example 4.1.13 The next example shows how the reduction method can allow to detect
nonfunctional paths. Consider the Boolean network:
f = (f1, f2, f3, f4) = (¬x1, x3 ∨ ¬x4, x1, x1) with wiring diagram shown in Figure 4.3. If we
reduce the network by deleting vertices x3, x4 we obtain f [x3,x4] = g = (g1, g2) = (¬x1, 1).
We can clearly see that the reduced network does not have any path from x1 to x2. Also, the
reduced network does not have any steady state; hence, by Theorem 4.1.5, f does not have
steady states.

x1 x1x2 x2

x3

x4

Figure 4.3: Wiring diagram of the full (left) and reduced (right) network for Example 4.1.13.

Example 4.1.14 The next example shows how the reduction method can allow to detect
nonfunctional feedback loops. Consider the Boolean network:
f = (f1, f2, f3, f4) = (x2, x3 ∨ x4, x1,¬x1) with wiring diagram shown in Figure 4.4. We
can see that there are two feedback loops (one positive and one negative). If we reduce the
network by deleting vertices x3, x4 we obtain f [x3,x4] = g = (g1, g2) = (x2, 1). We can clearly
see that the reduced network does not have any feedback loop. Also, it is easy to see that g
has a unique steady state, (1,1); hence, by Theorem 4.1.5 f has a unique steady state.

x1 x1x2x4

x3

x2

Figure 4.4: Wiring diagram of the full (left) and reduced (right) network for Example 4.1.14.
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4.1.3 Application

We now consider the Boolean model presented in [89]. It is a model for Th-lymphocyte dif-
ferentiation. Its wiring diagram is given in Figure 4.5. The variables and Boolean functions
of the model are given as follows:

variable Boolean function
x1=INF-γ f1 = x9 ∨ x11

x2=IL-4 f2 = ¬x7 ∧ x12

x3=IL-12 f3 = 0
x4=IFN-γ R f4 = x1 ∧ ¬x10

x5=IL-4R f5 = x2 ∧ ¬x10

x6=IL-12R f6 = x3 ∧ ¬x8

x7=STAT1 f7 = x4

x8=STAT6 f8 = x5

x9=STAT4 f9 = x6 ∧ ¬x12

x10=SOCS1 f10 = x7 ∨ x11

x11=T-bet f11 = (x7 ∨ x11) ∧ ¬x12

x12=GATA-3 f12 = x8 ∧ ¬x11

T−bet GATA3

IL4IFN−g

STAT4

STAT6

IL−4R

IL−12R

STAT1

IFN−gR

IL−12SOCS1

Figure 4.5: Wiring diagram for the Th-Lymphocyte differentiation network.

Notice that this Boolean network has 212 = 4096 states.
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In Example 4.1.4 we observed that the reduction method gives the following reduced model
with wiring diagram given in Figure 4.6:

variable Boolean function
x11=T-bet h11 = x11 ∧ ¬x12

x12=GATA-3 h12 = ¬x11 ∧ x12

T−bet GATA3

Figure 4.6: Wiring diagram for the reduced network of the Th-Lymphocyte differentiation
network.

Notice that the reduced network has only 22 = 4 states which is about 0.1% of the number
of states of the full network. It is important to mention that our reduction method collapsed
the positive feedback loop GATA-3→ IL4→ IL4-R→ STAT6→ GATA-3 to a single self loop
at a vertex. It is easy to see that there are 3 steady states: (0, 0), (0, 1), (1, 0). Further-
more, we can explain the nature of the steady states: if x12 =GATA-3=0, then x11 =T-bet
can be 0 or 1 for (x11, x12) to be a steady state; on the other hand, if x12 =GATA-3=1,
then x11 =T-bet must be 0. Since the reduced network has 3 steady states, by Theorem
4.1.5, the larger network has also 3 steady states: s1 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), s2 =
(0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 0, 1), s3 = (1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0). In the reduced network, the
existence of the self loops at GATA3, T-bet and the positive feedback loop T-bet⇄ GATA3
suggests that they are the key to the dynamical properties; this in turn suggests that the
corresponding feedback loops in the larger network are determining factors on the dynamics.

Now, let us see how the reduced network can help us understand the larger network. For the
reduced network, it is not difficult to see that deleting one or both of the loops at GATA3
or T-bet results in the loss of the steady state (0,0). On the other hand, deleting one of
the edges T-bet→ GATA-3, GATA-3→ T-bet does not change the steady states; however,
if we delete both edges, a fourth steady state (1,1) is created. It is important to notice that
this information can be easily obtained. We can expect that the larger network has similar
properties; to check this we study the effect of deleting edges: deleting the loop at T-bet and
other edges so that we do not have a feedback loop at T-bet, or any edge in the feedback
loop [IL-4,IL-4R, STAT6,GATA-3] results in the loss of the steady state s1 that corresponds
to (T-bet,GATA3)=(0,0). On the other hand, deleting one of the edges T-bet→ GATA-3,
GATA-3→ T-bet does not change the steady states; however, deleting both edges and other
edges so that we do not have a path from T-bet to GATA3 and GATA3 to T-bet, results
in the creation of a fourth steady state corresponding to (T-bet,GATA3)=(1,1). All these
properties of the larger network are consistent with those of the reduced network that only



Alan A. Veliz-Cuba Chapter 4. Model Reduction and Inference 72

has 0.1% of the number of states. In summary, the reduction method generated a small
network that allowed to easily study the existence and type of steady states and the role of
the feedback loops on the dynamics.

4.1.4 Discussion

Boolean networks have been successfully used in modeling; they provide a theoretical frame-
work that allows for simulation, control theory and reverse engineering. Since their analysis
is not a trivial task, many mathematical and computational tools have been developed.

In this section we have proposed a reduction method that although simple, it can make
the analysis of Boolean networks easier. In particular, we applied the reduction method
to analyze the steady states of a Boolean model for Th-lymphocyte differentiation. The
reduction method was not only able to make the analysis of steady states easier but was also
able to explain the role of feedback loops.

Future work is to study how the reduction method can help in the analysis of limit cycles
of a Boolean network. Also, another future project is the generalization of the reduction
method to general finite dynamical systems.

4.2 Reverse Engineering of Regulatory Networks

Due to the limited information and data for some regulatory networks, one often encounters
the problem of wanting to choose one (or “few”) model from a large family of models. An
example of this is the process of estimating parameters of an ODE; where one is basically
reverse-engineering the value of the parameters from some data. In this type of problems
one assumes that the system has certain form which is reflected in the terms that show up
in the ODE.

However, in cases where there is not enough information about the structure of a regulatory
network, one has to consider the problem of reverse engineering a model or features of the
model (such as the wiring diagram) entirely from data. This problem has been studied from
a continuous and discrete point of view by several authors [53; 67; 118]. In this section we
propose a method for reverse engineering finite dynamical systems and show that it can be
applied to continuous systems as well.

Our method is a generalization of the method proposed in [53]. Their method is based on
defining all possible wiring diagrams that are compatible with some data set (using monomi-
als ideals) and using mathematical tools from algebraic geometry to find the minimal wiring
diagrams (given by the primary decomposition of the monomial ideals). Our method is based
in the same mathematical tools but differs in the fact that it can be used to recover “signed”
dependencies. Given that most biological interactions are of an activatory or inhibitory type,
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this additional property of our method is important.

We can illustrate the difference between the methods in the following example.

Example 4.2.1 Consider a function (e.g. the rules under which a gene depends on other
genes or the environment), h, which depends potentially on 3 variables and suppose we
have the following (Boolean) data set (corresponding to, say, experiments in four different
environments):

Table 4.1: Data set for function h(x).

inputs output
x1 x2 x3 h(x)
0 0 1 0
1 0 1 1
0 1 1 1
1 1 0 0

Notice that there are inputs for which we have no information: (x1, x2, x3) = (0, 0, 0) ,(1, 0, 0),
(0, 1, 0), (1, 1, 1).

The method proposed in [53] consists in comparing the inputs that gave different outputs and
identifying the possible variables that caused the difference. For example, the input (0, 0, 1)
produces an output of 0, whereas the input (1, 0, 1) produces an output of 1. Since the only
difference in the input is x1, we conclude that the change in the output was due to x1, which
means that the function does depend on variable 1. By making all possible comparisons we
have that h depends on variables: 1 and 2 and {2 or 3} and {1 or 3}. Then, since the primary
decomposition of the monomial ideal is < x1, x2, x2x3, x1x3 >=< x1, x2 >, we obtain that
the (in this case unique) minimal set of variables that can explain the data is {x1, x2} and
furthermore, a polynomial that fits the data is Q(x) = x1 + x2. It is easy to check that this
polynomial in fact reproduces the table; however, from a biological point of view it has the
following drawback: Since Q(0, 0) = 0 and Q(1, 0) = Q(0, 1) = 1 we should conclude that x1

and x2 are activators for this function and by having both activators equal to 1 we should
also have Q(1, 1) = 1; however, Q(1, 1) = 1 + 1 = 0 (arithmetic modulo 2). This implies
that x1,x2 are not activators for this function; in fact, it is impossible to assign signs to the
variables (Figure 4.7, right).

On the other hand, our method not only keeps track of possible variables that cause differences
in outputs, but also whether the variables went up or down, that is, their sign. For example,
the input (0, 0, 1) produces an output of 0, whereas the input (1, 0, 1) produces an output of
1. Since the only difference in the input is x1 and it went from 0 to 1, we conclude that
the change in the output was due to a positive change in x1, which means that the function
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does depend on variable 1 positively (or 1+). By making all possible comparisons we have
that h depends on variables: 1+ and 2+ and {2− or 3+} and {1− or 3+}. Then, according
to our method the (in this case unique) minimal set of variables that can explain the data is
{1+, 2+, 3+} and furthermore, a polynomial that fits the data is Q(x) = (x1 + x2 + x1x2)x3

(we will see the details later). It is easy to check that this polynomial in fact reproduces the
table; furthermore, we can assign signs to the variables (already given by our method), in
this case all variables are activators (Figure 4.7, left).

x2x1 x3

h

x2x1 x3

h

Figure 4.7: Wiring diagram for h obtained using our method (left) and current methods
(right). Note: the diagram on the right is unsigned.

We can see that although both methods produce minimal sets, our method can produce
signed minimal sets.

4.2.1 Preliminaries

Let h be a function on n variables (not necessarily Boolean), x1, . . . , xn.

We say that h depends on xi or that xi is a non trivial variable of h if there exist a, b such that
h(x1, . . . , xi−1, a, xi+1) 6= h(x1, . . . , xi−1, b, xi+1) for some values x1, . . . , xi−1, xi+1, . . . , xn.
That is, there is an instance where changing the value of xi changes the output of h.

We say that h depends positively on xi or that xi is an activator of h, if h depends on xi

and h(x1, . . . , xi−1, a, xi+1) ≤ h(x1, . . . , xi−1, b, xi+1) for all values x1, . . . , xi−1, xi+1, . . . , xn,
a ≤ b. That is, increasing the value of xi increases the output of h.

We say that h depends negatively on xi or that xi is an inhibitor of h, if h depends on xi

and h(x1, . . . , xi−1, a, xi+1) ≥ h(x1, . . . , xi−1, b, xi+1) for all values x1, . . . , xi−1, xi+1, . . . , xn,
a ≤ b. That is, increasing the value of xi decreases the output of h.

A function where each non trivial variable is an activator is called a monotone function.
A function where each non trivial variable is an activator or an inhibitor is called a unate
function (this is a generalization of unate Boolean functions in 3.1). Equivalently, h is unate
if there is a partition of {1, . . . , n}, P, N such that xP ≤ yP and xN ≥ yN imply that h(x) ≤
h(y). Denote UN = {h : h is unate} and UN(P, N) = {h : h is unate such that xP ≤
yP and xN ≥ yN imply that h(x) ≤ h(y)}.
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Suppose we have partial information about a function; for example, that we know that the
function satisfies h(si) = vi for all i = 1, . . . , m. That is, our data set is D = {(si, vi) : i =
1, . . . , m}. Denote UN(P, N ; D) = {h : h ∈ UN(P, N), h(s) = v for all (v, s) ∈ D}. What
we want is a unate function h such that h(s) = v for all (s, v) ∈ D; furthermore, we want the
function to depend on the least number of variables, P, N . That is, we want P, N minimal
such that UN(P, N ; D) is not empty. There may be many such P, N and our algorithm finds
all of them. We will refer to the sets M = P ∪ N as minimal sets (P, N will be called a
minimal pair).

The following theorem states that when the data set has “unate properties” we can guarantee
that a unate function that fits the data exists.

Theorem 4.2.2 Suppose we have a data set, D. Let P, N be a partition of {1, . . . , n}. If
sP ≤ tP and sN ≥ tN imply that v ≤ w for all (s, v), (t, w) ∈ D then UN(P, N ; D) is not
empty. Furthermore, if h(x) ∈ UN(P, N ; D) then L(x) ≤ h(x) ≤ U(x) for all x, where
L(x) = max{v : sP ≤ xP , sN ≥ xN , (s, v) ∈ D} and U(x) = min{v : xP ≤ sP , xN ≥
sN , (s, v) ∈ D}.

Proof. It follows from the definition of L(x), U(x) that that L(s) = U(s) = v for all
(s, v) ∈ D and that L(x) ≤ U(x) for all x. Now we show that L(x), U(x) ∈ UN(P, N ; D):
If xP ≤ yP and xN ≥ yN then it is not difficult to show that {v : sP ≤ xP , sN ≥ xN , (s, v) ∈
D} ⊆ {v : sP ≤ yP , sN ≥ yN , (s, v) ∈ D} and {v : sP ≤ xP , sN ≥ xN , (s, v) ∈ D} ⊆ {v :
sP ≤ yP , sN ≥ yN , (s, v) ∈ D}, therefore L(x) ≤ L(y) and U(x) ≤ U(y). That is, the
activators, inhibitors of L(x) (and U(x)) are in {xk : k ∈ P}, {xk : k ∈ N}, respectively.
Hence, L(x), U(x) ∈ UN(P, N ; D).

Now, suppose h(x) ∈ UN(P, N ; D). For any x and (s, v) ∈ D we have that if sP ≤ xP and
sN ≥ xN then v = h(s) ≤ h(x); it follows that L(x) ≤ h(x). Also, for any x and (s, v) ∈ D
we have that if xP ≤ sP and xN ≥ sN then h(x) ≤ h(s) = v; it follows that h(x) ≤ U(x).
�

The following theorem states that when the data set has unate properties with respect to
some variables then we can guarantee that a unate function that fits the data exists.

Corollary 4.2.3 Suppose we have a data set, D. Let P, N be disjoint subsets of {1, . . . , n}
(P ∪N is not necessarily equal to {1, . . . , n}). If sP ≤ tP and sN ≥ tN imply that v ≤ w for
all (s, v), (t, w) ∈ D then UN(P, N ; D) is not empty. Furthermore, if h(x) ∈ UN(P, N ; D)
then L(x) ≤ h(x) ≤ U(x) for all x, where L(x) = max{v : sP ≤ xP , sN ≥ xN , (s, v) ∈ D}
and U(x) = min{v : xP ≤ sP , xN ≥ sN , (s, v) ∈ D}.

Proof. The proof follows from restricting the data set to the variables in P∪N and applying
the theorem above. �
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4.2.2 Algorithm

In this section we present the algorithm to find minimal wiring diagrams of finite dynamical
systems (not necessarily Boolean systems).

Suppose we have a data set, D with m elements. Let R = F2[x1, . . . , xn, y1, . . . , yn] be a ring
with 2n variables (xi will represent i+ and yi will represent i−).

For (s, v), (t, w) ∈ D such that v < w define

P (s, t) =
∏

si<ti

xi

∏

sj>tj

yj

For example, if s = (0, 2, 0, 4, 1, 0), t = (3, 0, 0, 4, 0, 1) then P (si, sj) = x1x6y2y5. This means
that according to this comparison the unate function depends on the variables 1+ or 2− or
5− or 6+.

Consider the set W = {P (s, t) : (s, v), (t, w) ∈ D, v < w} and let I be the square-free
monomial ideal generated by W .

Theorem 4.2.4 Let P, N be disjoint subsets of ⊆ {1, . . . , n}. UN(P, N ; D) 6= ∅ if and only
if I ⊆< xi, yj : i ∈ P, j ∈ N >.

Proof. Suppose h ∈ UN(P, N ; D). Let P (s, t) be one of the generators of I, we have that
(s, v), (t, w) ∈ D and v < w; then h(s) = v < w = h(t). Since h(s) < h(t) it follows that
si < ti for some i ∈ P or sj > tj for some k ∈ N . Then, P (s, t) ∈< xi, yj : i ∈ P, j ∈ N >
(one factor of P (s, t) is in the ideal). This implies that I ⊆< xi, yj : i ∈ P, j ∈ N >.

Now suppose that I ⊆< xi, yj : i ∈ P, j ∈ N >, then P (s, t) ∈< xi, yj : i ∈ P, j ∈ N > for
all (s, v), (t, w) ∈ D such that v < w; that is, P (s, t) has as a factor xi for some i ∈ P or yj

for some j ∈ N . Then, for (s, v), (t, w) ∈ D such that v < w it follows that si < ti for some
i ∈ P or sj > tj for some j ∈ N . Hence, it follows that for all (s, v), (t, w) ∈ D, sP ≤ tP and
sN ≥ tN imply that v ≤ w. By Corollary 4.2.3 we have that UN(P, N ; D) 6= ∅. �

This means that the ideal I encodes all possible sets that are compatible with the data. Let
I1, . . . , Ir be the ideals in the primary decomposition of I, I = I1 ∩ I2 ∩ . . . ∩ Ir. It turns
out that Ij are generated by set of the form {xk1

, . . . , xkl
}; that is, the generators are single

variables. Denote by Mk the set of generators of Ik

The following corollary states that the sets Mk give the minimal sets such that there is a
function for which it is possible to assign a sign to the inputs (each variable is either an
activator or an inhibitor). The proof follows from the theorem above.

Corollary 4.2.5 The minimal P, N such that UN(P, N ; D) 6= ∅ are given by Mk where
P = {i : xi ∈ Mk} and N = {j : yj ∈ Mk} are disjoint.
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Example 4.2.1 (cont.) From Table 4.1 we obtain that W = {x1, x2, y2x3, y1x3}. The
primary decomposition of the ideal is I =< x1, x2, x3 > ∩ < x1, x2, y1, y2 >. Then, the
generators are {x1, x2, x3} for the first and {x1, x2, y1, y2} for the second. Therefore, we have
the (unique) minimal set {1+, 2+, 3+}.

Example 4.2.6 Consider the data S = {(0, 1, 2, 1, 0), (0, 1, 2, 1, 1), (0, 1, 2, 1, 4), (3, 0, 0, 0, 0),
(1, 1, 1, 1, 3)}, V = {0, 0, 1, 3, 4}. Then W = {x5, x1y2y3y4, x1y3x5, x5, x1y2y3y4y5, x1y3x5,
x1y2y3y4y5, x1y3y5, y1x2x3x4x5}.

The primary decomposition of the monomial ideal generated by W is I =< x1, x5 > ∩ <
x5, y3 > ∩ < x5, y2, y5 > ∩ < x5, y4, y5 >. Therefore, the minimal sets are {1+, 5+} and
{3−5+}. Notice that in [53] the minsets found were {1, 5}, {2, 5}, {3, 5},{4, 5}; however, we
have shown that only two of those admit a sign assignment.

4.2.3 Application to Continuous Data

One way to apply our algorithm to continuous data is to discretize it (see [25] for an ex-
ample of a discretization method) and apply it to the discretized data set. However, this
is prone to errors or overfitting due to discretization thresholds. To overcome this we de-
veloped a method to apply our algorithm to continuous data while maintaining the use of
discretization/thresholds to a minimum.

Suppose we have a data set, D with m elements. Now the elements of D are continuous;
that is, s ∈ Rn,v ∈ R for all (s, v) ∈ D. Let R = F2[x1, . . . , xn, y1, . . . , yn] be a ring with 2n
variables, as before.

Let Θ = (θ1, θ2, . . . , θn) ∈ Rn, θ ∈ R be thresholds.

For (s, v), (t, w) ∈ D such that θ < w − v define

P (s, t) =
∏

θi<ti−si

xi

∏

−θj>tj−sj

yj

Consider the set W = {P (s, t) : (s, v), (t, w) ∈ D, θ < w − v} and let I be the square-free
monomial ideal generated by W . The other steps of the algorithm remain unchanged.

Notice that our method is in essence discretizing the differences ti − si (and w− v), whereas
a typical discretization method would compare the discretization of ti with the discretization
of si. That is, our method performs about half the number of discretizations and, therefore,
it is less prone to errors. Furthermore, the thresholds can be chosen based on how how much
noise or stochasticity the system has.
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4.2.4 Reverse Engineering Systems

Given a dynamical system (continuous or discrete) in n variables, a typical data set consists
of one or more time series T = {s1 → s2 → . . . sk = (sk1, . . . , skn) . . . → sm} (each sk has n
entries), which is data obtained by taking measurements at different times. From the time
series, we can obtain the data set for function k by considering: S = {s1, s2, . . . , sm−1},
V = {s2k, s3k, . . . , smk}; that is, we consider all input vectors and the k-th entry of the
corresponding output. Then, we can apply our method to D = {(si, si+1k) : i = 1, . . . , m−1}.

Remark 4.2.7 In applications it may be of interest to preprocess the time series before
applying our method. For example, if we want to reverse engineer the rate of change (i.e.
from an ODE model) dxk

dt
= h(x), we may want to modify the set V to represent not the

current value of the system but the rate of change of the system. That is, V = {(s2k−s1k)/ △1

, (s3k − s2k)/ △2, . . . , (smk − sm−1k)/ △m−1}, this would provide a better representation of the
problem in question (other approximations of the rate of change could be used as well).

Remark 4.2.8 In applications it may be of interest to leave some variables “free”, in the
sense that we should not require them to be neither activators or inhibitors. For example,
due to decay or degradation our method might interpret that a variable is its own repressor.
This is better seen in a ODE, dxk

dt
= h(x) − rxk; our method might interpret the data caused

by the decay term −rxk as a negative regulation. We can do this by slightly modifying the
algorithm to

P (s, t) =
∏

θi<ti−si,i6=k

xi

∏

−θj>tj−sj ,i6=k

yi

∏

θk<|tk−sk|

xk

That is, we disregard the sign of xk.

4.2.5 Example

We applied our algorithm to reverse engineer the ODE system consisting of 5 nodes presented
in [24, Chapter 6]:

dG1

dt
= f(G1(t))h(G3(t)) − G1(t)

dG2

dt
= f(G1(t))h(G3(t)) − G2(t)

dG3

dt
= h(G1(t))h(G3(t))h(G5(t)) − G3(t)

dG4

dt
= h(G3(t)) − G4(t)

dG5

dt
= f(G1(t))f(G3(t)) − G5(t)

where f(G) = 1 + G
0.01+G

corresponds to activation, h(G) = 0.01
0.01+G

corresponds to inhibi-
tion and −Gi(t) corresponds to decay. Notice that f and h are increasing and decreasing,
respectively. The wiring diagram of the ODE is shown in Figure 4.8.
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G1

G3

G4 G5G2

Figure 4.8: Wiring diagram of the ODE system.

We considered two initializations, G(0) = (G1(0), G2(0), G3(0), G4(0), G5(0)) = (0, 0, 0, 0, 0)
and G(0) = (1, 1, 1, 1, 1). We considered wild type (the original ODE) and five knockout

time courses (ODE obtained by making
dGj

dt
= Gj(0) = 0). Each time course consists of

measurements of the system at t = 0, 2, 4, . . . , 20; that is, we have a total of 12 time courses
of length 10 each.

The result of our algorithm is shown on Figure 4.9 (left). We chose a threshold of 5% of
the range of the corresponding variable (e.g. if variable j varies between 0 and 3.5 then the
threshold is θj = 3.5 × 0.05). For comparison purposes we also show the wiring diagram
obtained without requiring the unate properties (as in [53; 67] and [24, Chapter 6]), Figure
4.9 (right).

Our method performed better in two aspects (because of Remark 4.2.8 we will disregard
self regulation for the comparison): First, we were able to detect all interactions, whereas
the other wiring diagram missed one (G5 → G3); furthermore, we also recovered the correct
signs, whereas the other wiring diagram does not give such information. In particular, there
were no false negatives. Second, even the false positives can be explained. For example, the
edge G1 → G4 is consistent with the fact that G1 is an inhibitor for G3 and G3 is an inhibitor
for G4, then we have that G1 regulates G4 as an indirect activator. It is not difficult to show
that all false positives have this property.

The reason for indirect regulations to show up as direct is simple: the time elapsed from
one measurement to the next allows indirect regulations to appear in a single time step; for
example, an increase in G1 decreases G3 which increases G4; so unless the time intervals
are small enough, we will see that an increase in G1 caused an increase in G4. This implies
that after using our method (or any reverse-engineering method) it is possible to improve
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G1

G3

G4 G5G2

G1

G3

G4 G5G2

Figure 4.9: Reverse engineered wiring diagram using our method (left) and previous methods
(right). Note: the edges on the right are unsigned.

the wiring diagram by taking into consideration these topological features; for example, if
we have an edge i → j and a path i → k → j, it is possible that the i → j is simply an
artifact of the algorithms and therefore could be deleted.

4.2.6 Discussion

Due to the limited information about regulatory networks many reverse engineering methods
have been proposed for different mathematical frameworks [53; 67; 118]. For these type of
problems, discrete models are a good choice because they focus on qualitatively features and
can capture important features of the system (see Chapter 2., also [3]). Previous methods
[53; 67] have the draw back that they only look for unsigned interactions.

Our method has the advantage that it can detect signed interactions and it can be applied
to continuous data, not relying on any discretization method. We have seen in 4.2.5 that our
method performed better than current methods and that even the existence of false positives
could be explained and corrected.

Future work is to study how our method performs with real systems and with noisy/stochastic
systems. Also, the fact that false positives may be detected can provide new ideas on how to
reduce a wiring diagram to produce a minimal network. On the other hand, since Corollary
4.2.3 characterizes all functions corresponding to any minimal set, our method also has the
potential to produce minimal models.



Chapter 5

Polynomial Form of Other Discrete
Frameworks

Finite dynamical systems, that is, discrete dynamical systems with a finite state space, have
been used extensively in systems biology to model a variety of biochemical networks, such as
metabolic networks, gene regulatory networks, and signal transduction networks. Boolean
networks and their generalization, the so-called multistate logical models [109; 110], are
the main types of finite dynamical systems that have been used successfully in modeling
biological networks (see, e.g., [3; 11; 28; 29; 68; 75; 92; 93]). Petri nets have also been shown
to be a good modeling paradigm for this field (see, e.g., [15; 30; 40; 64]). Together, these
model types represent a large class of discrete models in systems biology that are capable of
simulating deterministic as well as stochastic processes.

Several tools and techniques have been developed to simulate and analyze discrete models.
For logical models the open-source software GINsim (http://gin.univ-mrs.fr) is available, and
for Petri nets, the user has access to a wide variety of software. The laboratory of M. Heiner
provides software with a particular focus on applications to systems biology (http://www-
dssz.informatik.tu-cottbus.de/). Analysis tools for logical models, including Boolean net-
works, are described in [80]. In addition to a variety of simulation and visualization tools,
other graph theoretic analysis tools are available for the identification of steady states and
strongly connected components of the regulatory graph. There are algorithms to compute
dead states (steady states), as well as T-invariants and P-invariants, which can be computed
via linear algebra methods. A survey of the use of Petri nets in systems biology is [85].

In this chapter we describe how PDS can be used to study these types of models and
make accessible a broad range of mathematical tools for model analysis. The fundamental
observation underlying this framework is that logical models and k-bounded Petri nets are
particular instantiations of what we shall call “algebraic models,” that is, time-discrete
dynamical systems

f = (f1, . . . , fn) : Fn −→ F
n

81
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where each coordinate function fi is a function of the n variables x1, . . . , xn, each of which
takes on values in a finite set F with algebraic structure, and each fi is a polynomial. Aside
from the mathematical simplicity of their definition, an important feature of polynomial
dynamical systems is that one can employ a number of mathematical tools for their anal-
ysis. For our purposes, the principal tool is the capability to symbolically solve systems of
nonlinear polynomial equations quite efficiently. This can be used, for instance, to compute
the steady states and other features of an algebraic model.

We consider models of biological systems, such as biochemical networks with n interacting
molecular species whose states can be described by an n-tuple with entries from a finite set
F. The model consists of a set of rules that allow the system to evolve from one state to
the next, so that it can be represented as a time-discrete dynamical system f : Fn −→ F

n.
Both logical models and k-bounded Petri nets are of this form. In particular, they can be
seen as PDSs. For example, in a model of a gene regulatory network, the set F is {0, 1},
representing the state of a gene as either ON (1) or OFF (0).

In the next sections, we will show that logical models and bounded Petri nets can be repre-
sented as polynomial dynamical systems. One can then use powerful symbolic computation
software, from open source specialty packages such as CoCoA (http://cocoa.dima.unige.it/),
Singular (http://www.singular.uni-kl.de), and Macaulay2 (http://www.math.uiuc.edu/Macaulay2)
to general commercial packages such as Mathematica and Maple. In this section, we will use
Macaulay2 for all computations.

This section is based on a published paper written in collaboration with Abdul Salam Jarrah
and Reinhard Laubenbacher [115]. My contributions to the paper were the algorithms and
coding to transform logical models and Petri nets to PDSs.

5.1 Algorithm for Logical Models

Logical models have been used for modeling biological phenomena and have been useful
for obtaining valuable insight and qualitative information [110]. Such analysis is based on
the topology of the network and the type of regulation of the different interactions in the
network, which are believed to be the key features that determine dynamical properties
[3; 110]. Logical models have the advantage of being intuitive and relatively simple to
construct, even with no information about reaction rates or functionality, and still keeping
qualitative information [3]. However, their analysis is not a trivial task. For example, the
problem of finding the steady states of a logical model is NP-complete (even to determine
the existence of steady states is NP-complete) [121].



Alan A. Veliz-Cuba Chapter 5. Polynomial Form of Other Discrete Frameworks 83

5.1.1 Definition of Logical Models

There are several ways to define logical models [15; 18; 80], and here we use the definition
given in [80].

Definition 5.1.1 A logical model is a triple (V, E ,K), where:

1. V = {v1, . . . , vn} is the set of vertices or nodes. Each vi has a maximum expression
level, mi. The set S = [0, m1] × . . . × [0, mn] (Cartesian product) is called the state
space of the logical model and its elements are called states.

2. E is the set of arcs. The elements of E have the form (vi, vj , θ), where 1 ≤ θ ≤ mi is
called a threshold for (vi, vj). Let I(j) = {v : (v, vj, θ) ∈ E}, called input of vj, be the set
of vertices that have an edge ending in vj. Notice that an arc (vi, vj) is allowed to have
multiplicity corresponding to different thresholds; the number of thresholds is denoted
by mi,j. The thresholds are indexed in increasing order, 1 ≤ θi,j,1 < · · · < θi,j,mi,j

≤ mi;
θi,j,k is the k-th threshold for the arc (vi, vj). By convention we define θi,j,mi,j+1 = mi+1
(actually, θi,j,mi,j+1 can be defined as any number greater than mi) and θi,j,0 = 0. Let
x = (x1, . . . , xn) be a state; we say that the k-th interaction for input vi of vj is active
if θi,j,k ≤ xi < θi,j,k+1; we denote this by Θi,j(xi) = k.

3. K = {Ki :
∏

vj∈I(i) [0, mj,i] → [0, mi], i = 1, . . . n} is the set of parameters.

Consider a state x = (x1 . . . , xn). The future value for node vi, with I(i) = {vi1, . . . , vir}, is
determined as follows: Compute Θi(xi1 , . . . , xir) = (Θi1,i(xi1), . . . , Θ

ir ,i(xir)) = (k1, . . . , kr),
indicating that the kj-th interaction for input vij of vi is active; then compute fi(x) =
Ki(k1, . . . , kr).

This last value determines whether the value of vi tends to increase, decrease or remain the
same. To be precise, the future value of vi is given by:
gi(x) = ρ(xi, fi(x)), where

ρ(t, u) =






t + 1, if u > t

t, if u = t

t − 1, if u < t

With this notation, g = (g1, . . . , gn) : S → S is a finite dynamical system, and so is f =
(f1, . . . , fn) : S → S. Notice that g ensures that each variable changes at most one unit
(continuity), whereas f does not.

The dynamics of a logical model is given by the phase space, defined as the graph S with an
edge from x to y if {i : xi 6= yj} = {j} for some j and yj = gj(x) (asynchronous dynamics)
or as the graph S with an edge from x to y if y = g(x) (synchronous dynamics). Notice that
g may be replaced by f if we do not require continuity.
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An edge i → j is called positive (negative) if increasing the i-th entry of x causes gi(x) to
increase (decrease) (using the natural order on the integer sets [0, mi]. If changing the i-th
entry of x does not cause any change in gi(x), we say that the edge is nonfunctional.

5.1.2 Polynomial Form of Logical Models

Let (V, E ,K) be a logical model as above. Choose a prime number p such that p ≥ mi + 1
for all 1 ≤ i ≤ n ([0, mi] has mi + 1 elements) and let F = Fp = {0, 1, . . . , p− 1} be the field
with p elements. Note that we may consider S ⊆ F

n.

Consider a vertex vi and let gi (or fi if we do not require continuity) be its coordinate
function. Our goal is to represent gi as a polynomial in terms of its inputs, say xi1 , . . . , xir .
That is, we need a polynomial function defined on F

r with values in F. Denote a ∧ b =
min{a, b}, using the natural order on the set F, viewed as integers. To extend the domain
of gi from

∏
vj∈I(i) [0, mj,i] to Fr we define gi(xi1 , . . . , xir) = gi(xi1 ∧ mi1 , . . . , xir ∧ mir) for

(xi1 , . . . , xir) ∈ F
r. The polynomial form of gi : Fr → F is then

gi(x) =
∑

(ci1
,...,cir )∈Fr

gi(ci1 , . . . , cir)
∏

vj∈I(i)

(1 − (xj − cj)
p−1),

where the right-hand side is computed modulo p.

Remark 5.1.2 Many published logical models are Boolean, that is, mi = 1 for all i. In this
case we have gi = fi and can write them explicitly in terms of the parameters:

gi(x) =
∑

J⊆I(i)

Ki(J)
∏

vj∈J

xj

∏

vj∈I(i)\J

(1 − xj).

Example 5.1.3 Consider a Boolean logical model where x2, x3, x4 regulate x1, that is, I(1) =
{2, 3, 4}. Suppose that K1({}) = K1({3}) = K1({4}) = K1({3, 4}) = 1 and K1(J) = 0 in all
other cases. Using Remark 5.1.2, the polynomial form of g1 is
g1(x) = (1 − x2)(1 − x3)(1 − x4) + (1 − x2)x3(1 − x4) + (1 − x2)(1 − x3)x4 + x3(1 − x2)x4,
which simplifies to g1 = 1 + x2.

5.1.3 Functionality of Edges of Boolean Models

For x ∈ F
n
2 and a ∈ F2 we denote xj=a = (x1, . . . , xj−1, a, xj+1, . . . , xn). An edge j → i is

called functional if gi(x
j=a) 6= gi(x

j=b) for some a 6= b ∈ F2 and x ∈ Fn
2 . This means that an

edge is functional if there is an instance where changing xj changes the outcome of gi.

The definition above implies that gi depends on xj and hence any expression of gi must
involve xj . In particular, the following is true.
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Proposition 5.1.4 For a Boolean model with polynomial function g = (g1, . . . , gn), an edge
j → i is functional if and only if gi /∈ F2[x1, . . . , xj−1, xj+1, . . . , xn] (F2[S] denotes the ring
of polynomials with coefficients in F2 and variables in S).

A functional edge j → i is positive (or negative) if gi(x
j=0) ≤ gi(x

j=1) for all x ∈ F
n
2 ( or

gi(x
j=0) ≥ gi(x

j=1) for all x ∈ Fn
2 ).

5.1.4 Functionality of Circuits of Boolean Models

Feedback loops (circuits) are known to be responsible for many dynamical features (e.g.,
steady states and periodic behavior); therefore, the analysis of their functionality is of great
interest. Here we use the polynomial dynamical systems framework to formulate and study
the functionality context of circuits (defined in [79]). An edge j → i is called functional at
x if gi(x

j=0) 6= gi(x
j=1).

Remark 5.1.5 The polynomial gi(x) can be easily written as gi(x) = xjh(x) + k(x); where
h, k are polynomials that do not depend on xj. The polynomial h(x) is commonly called (in
polynomial algebra) the partial derivative of gi with respect to xj at x, denoted by ∂

∂xj
gi(x)

(the square-free form of gi is necessary for this definition to be consistent). With this remark,
the definition above takes on the following algebraic form.

Theorem 5.1.6 An edge j → i is functional at x if and only if ∂
∂xj

gi(x) = 1.

Definition 5.1.7 The functionality context of an edge j → i is defined by

S(j, i) = {x : j → i is functional at x}.

Using Theorem 5.1.6, we have the following equality.

Corollary 5.1.8 The functionality context of an edge j → i is:

S(j, i) = {x :
∂

∂xj
gi(x) = 1}.

Notice that {x : ∂
∂xj

gi(x) = 1} can be computed algebraically by solving the equation
∂

∂xj
gi(x) = 1.

Definition 5.1.9 Let C = {(i1, i2), (i2, i3) . . . (ik, i1)} ⊆ E be a circuit. The functionality
context of C is defined by

SC =
⋂

(i,j)∈C

S(i,j).
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Corollary 5.1.10 From Corollary 5.1.8 we have the following equality:

SC = {x :
∂

∂xi
gj(x) = 1, for all (i, j) ∈ C}.

That is, the functionality context of a circuit can be computed algebraically by solving a
system of polynomial equations.

5.1.5 Functionality of Circuits of Logical Models

Due to the way logical models are usually updated (continuity requirement), the functionality
of circuits and even the sign of an edge (1,-1, or 0) is not as straightforward as for Boolean
models. However, it can still be written in algebraic terms. Let (V, E ,K) be a logical model,
and assume g = (K1 ◦ Θ1, . . . , Kn ◦ Θn) is already in polynomial form (see Section 3.1 and
3.2 in the main paper for a description of Ki and Θi); that is, g : Fn → Fn and S ⊆ Fn. We
will use the definition in [90]. Notice that since the derivative notation in 5.1.4 comes from
algebra and the following notation comes from logical models, they do not necessarily agree.

We define ∂fi

∂xs
j
(x) for s ∈ {+,−} ( or s ∈ {+1,−1} ) as follows: Let x ∈ Fn and ej =

(0, . . . , 0, 1, 0, . . . , 0) (the j-th entry is 1).

If xj ≤ p − 2 we define

∂fi

∂x+
j

(x) =






1, if fi(x) ≤ xi and xi + 1 ≤ fi(x + ej),

−1, if fi(x + ej) ≤ xi and xi + 1 ≤ fi(x),

0, otherwise.

If xj ≥ 1 we define

∂fi

∂x−
j

(x) =





1, if fi(x − ej) ≤ xi − 1 and xi ≤ fi(x),

−1, if fi(x) ≤ xi − 1 and xi ≤ fi(x − ej),

0, otherwise.

∂fi

∂x+

j

(x), ∂fi

∂x−
j

(x) are undefined otherwise.

Now consider the polynomial Q : F2 → F given by
Q(y, z) =

∑
a≤b(1 − (y − a)p−1)(1 − (z − b)p−1). Notice that Q(y, z) = 1 if y ≤ z and

Q(y, z) = 0 otherwise. We now use Q to write the definitions of ∂fi

∂x+

j

(x) and ∂fi

∂x−
j

(x) in an

algebraic way.
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∂fi

∂x+
j

(x) =





1, if Q(fi(x), xi)Q(xi + 1, fi(x + ej)) = 1,

−1, if Q(fi(x + ej), xi)Q(xi + 1, fi(x)) = 1,

0, otherwise.

Hence, ∂fi

∂x+

j

(x) = Q(fi(x), xi)Q(xi + 1, fi(x + ej)) − Q(fi(x + ej), xi)Q(xi + 1, fi(x)).

∂fi

∂x−
j

(x) =






1, if Q(fi(x − ej), xi − 1)Q(xi, fi(x)) = 1,

−1, if Q(fi(x), xi − 1)Q(xi, fi(x − ej)) = 1,

0, otherwise.

Hence, ∂fi

∂x−
j

(x) = Q(fi(x), xi)Q(xi + 1, fi(x + ej)) − Q(fi(x + ej), xi)Q(xi + 1, fi(x)).

Finally, for ε ∈ {−1, +1}n and x ∈ Fn we have ∂f(x, ε) = ( ∂fi

∂x
εj
j

(x)). Using the polynomial

form we can write the concepts of functionality of circuits in an algebraic way as in Section
5.1.4. Notice that since fi(x) depends on the thresholds of the edges to i, so does Q; and
therefore ∂fi

∂x±
j

(x) depends on the threshold of j → i. This implies that the functionality

context of a circuit depends on the thresholds of its interactions.

It is important to mention that, depending on the definition of functionality used, one may
have to modify the way the algebraic framework is used; for example, for Boolean models
vs. logical models or for circuits with vs. without shortcuts.

5.2 Examples

5.2.1 Logical Model of the Core Lambda Switch

This example is based on the simplified logical model presented in [108] for the core Lambda
switch. The logical model is defined by the network shown in Figure 5.1 and Table 5.1. The
maximum levels of expressions are m1 = 1 and m2 = 2.

Table 5.1: Parameters for the Core Lambda Switch.

target parameter
x1=CI K1(∅) = 1, K1(1, 1) = 1, K1(2, 1) = 0, K1((1, 1), (2, 1)) = 0
x2=Cro K2(∅) = 2, K2(2, 2) = 0, K2(1, 1) = 0, K2((1, 1), (2, 2)) = 0

If we choose the prime number p = 3, the functions defined over F2
3 are:
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CroCI

Figure 5.1: The network for the core Lambda switch. An arrow (circle) indicates activation
(repression).

x1 =CI, x2 =Cro g1(x) g2(x)
00 1 1
01 0 2
02 0 1
10 1 0
11 0 0
12 0 1
20 1 0
21 0 0
22 0 1

Now we can find the polynomial form of g1:
g1(x) = (1 − x2

1)(1 − x2
2) + (1 − (x1 − 1)2)(1 − x2

2) + (1 − (x1 − 2)2)(1 − x2
2), simplifying we

have g1(x) = 1 + 2x2
2. Similarly, we obtain g2(x) = 1 + 2x2

1 + 2x2 + 2x2
1x2 + 2x2

2.

To find the steady states we solve the system of algebraic equations:

1 + 2x2
2 − x1 = 0,

2 + x2
1 + x2 + 2x2

1x2 + 2x2
2 + x2

1x
2
2 − x2 = 0.

We use Macaulay2 to find the Gröbner basis of the ideal I =< fi(x) − xi : i = 1, . . . , n >.
First we define the ring of polynomials (i1), then we define the ideal generated by the
polynomials that we want to be zero (i2), and finally we find the generators of the Gröbner
basis of this ideal (i3). Since we chose the lexicographic order, the generators define an
equivalent system that allows for backward substitution.
Macaulay2 code:

i1 : R=ZZ/3[x1,x2,MonomialOrder => Lex]/ideal (x1^3-x1, x2^3-x2);

i2 : I=ideal (1+2*x2^2-x1,2+x1^2+x2+2*x1^2*x2+2*x2^2+x1^2*x2^2-x2);

o2 : Ideal of R

i3 : gens gb I

o3 = | x2 x1-1 |
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That is, the equivalent system that allows for backward substitution is:

x1 − 1 = 0,

x2 = 0.

We can easily see that the only solution to this system is (1,0) as reported in [15].

5.2.2 Logical Model of the Drosophila Cell Cycle

This example is based on a simplified model for the Drosophila cell cycle first presented in
[14]. The Boolean logical model is given in Figure 5.2 and Table 5.2.

Weel

MPF String

Fizzy

Figure 5.2: A network for the Drosophila cell cycle [14].

Table 5.2: Nonzero parameters for the Drosophila cell cycle model.
Target Parameter
MPF KM , KM,WS, KM,S, KM,W

Fizzy KF,M

Wee1 KW

String KS,M

Let x1 = MPF , x2 = Fizzy, x3 = Wee1, x4 = String. By Remark 5.1.2, we can easily
write the Boolean functions for x1, x2, x3, x4 in polynomial form (we only include non zero
parameters in the sum):

g1(x) = (1 − x2)(1 − x3)(1 − x4) + x3x4(1 − x2) + x4(1 − x2)(1 − x3) + x3(1 − x2)(1 − x4),
which simplifies to g1(x) = 1 + x2. Similar calculations for the other nodes yield:

g1(x) = 1 + x2

g2(x) = x1

g3(x) = 1 + x1

g4(x) = x1
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It follows that Wee1 → MPF and String → MPF are nonfunctional edges; that is, changes
in Wee1 or String do not affect MPF . Hence the network has only one functional (negative)
circuit (see the Supporting Information of [115] for a formal definition of functional circuit),
rather than the three assumed in [14]. In the transition from the complete model to the
simplified model some functionality may be lost and the algebraic framework can easily
detect this. This is important because in order to deduce dynamical properties from the
network structure it is necessary to have the correct wiring diagram.

In Property 10 in [14] it is shown that the logical model has no steady states (this was
done by proving that an equivalent Petri net is deadlock free). Algebraically, however, this
corresponds to solving the system of equations:

1 + x2 − x1 = 0,

x1 − x2 = 0,

1 + x1 − x3 = 0,

x1 − x4 = 0.

We now use Macaulay2 :

i1 : R=ZZ/2[x1,x2,x3,x4,MonomialOrder => Lex]/ideal (x1^2-x1,

x2^2-x2,x3^2-x3,x4^2-x4);

i2 : I=ideal (1+x2-x1,x1-x2,1+x1-x3,x1-x4);

o2 : Ideal of R

i3 : gens gb I

o3 = | 1 |

That is, the equivalent system is:

1 = 0.

Therefore the system has no solution (we can also see this by observing that the first two
equations imply that x2 = x2 + 1).

5.2.3 Logical Model for Th-Lymphocyte Differentiation

We now use the algebraic framework to analyze the logical model for the regulation of Th-
lymphocyte differentiation presented in [89], where the authors used a Petri net framework to
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study functionality of edges and circuits. We will make the same analysis using the algebraic
framework.

The logical model is defined by the network shown in Figure 5.3 and Table 5.3; the table
shows the parameters that are not zero. The polynomial functions are:

T−bet GATA3

IL4IFN−g

STAT4

STAT6

IL−4R

IL−12R

STAT1

IFN−gR

IL−12SOCS1

Figure 5.3: The regulatory network for Th-Lymphocyte differentiation.

g1(x9, x11) = x9 + x11 + x9x11,

g2(x7, x12) = (1 − x7)x12,

g3( ) = 0,

g4(x1, x10) = x1(1 − x10),

g5(x2, x10) = x2(1 − x10),

g6(x3, x8) = x3(1 − x8),

g7(x4) = x4,

g8(x5) = x5,

g9(x6, x12) = x6(1 − x12),

g10(x7, x11) = x7 + x11 + x7x11,

g11(x7, x11, x12) = (x7 + x11 + x7x11)(1 − x12),

g12(x8, x11) = x8(1 − x11).
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Table 5.3: The nonzero parameters for the Th-Lymphocyte differentiation network.

target parameter
x1=INF-γ K1(9),K1(11),K1(9, 11)
x2=IL-4 K2(12)
x3=IL-12

x4=IFN-γ R K4(1)
x5=IL-4R K5(2)
x6=IL-12R K6(3)
x7=STAT1 K7(4)
x8=STAT6 K8(5)
x9=STAT4 K9(6)
x10=SOCS1 K10(7),K10(11),K10(7, 11)
x11=T-bet K11(7),K11(11),K11(7, 11)

x12=GATA-3 K12(8)

Regulatory Circuits

Let us analyze the functionality of C=[IL-4,IL-4R, STAT6, GATA-3]=[2,5,8,12].

- First we find ∂
∂x2

g5 = 1 − x10;
∂

∂x5
g8 = 1; ∂

∂x8
g12 = 1 − x11;

∂
∂x12

g2 = 1 − x7.

- Then, we solve the following system of equations





1 − x10 = 1,
1 = 1,
1 − x11 = 1,
1 − x7 = 1,

which has the solution x7 = x10 = x11 = 0.

- Finally, SC = {x : x7 = x10 = x11 = 0}.

Hence, the functionality context of the circuit is the set of states for which STAT1, SOCS1
and T-bet are inactive as reported in [89].
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Steady States

In order to find the steady states, we have to solve the following system of equations:

x9 + x11 + x9x11 = x1,

(1 − x7)x12 = x2,

0 = x3,

x1(1 − x10) = x4,

x2(1 − x10) = x5,

x3(1 − x8) = x6,

x4 = x7,

x5 = x8,

x6(1 − x12) = x9,

x7 + x11 + x7x11 = x10,

(x7 + x11 + x7x11)(1 − x12) = x11,

x8(1 − x11) = x12.

We now use Macaulay2 :

i1 : R=ZZ/2[x1,x2,x3,x4,x5,x6,x7,x8,x9,x10,x11,x12,MonomialOrder =>

Lex]/ideal (x1^2-x1, x2^2-x2, x3^2-x3, x4^2-x4, x5^2-x5, x6^2-x6,

x7^2-x7, x8^2-x8, x9^2-x9, x10^2-x10, x11^2-x11, x12^2-x12);

i2 : I=ideal (x9+x11+x9*x11-x1, (1-x7)*x12-x2, 0-x3, x1*(1-x10)-x4,

x2*(1-x10)-x5, x3*(1-x8)-x6, x4-x7, x5-x8, x6*(1-x12)-x9,

x7+x11+x7*x11-x10, (x7+x11+x7*x11)*(1-x12)-x11, x8*(1-x11)-x12);

o2 : Ideal of R

i3 : gens gb I

o3 = | x11x12 x10+x11 x9 x8+x12 x7 x6 x5+x12 x4 x3 x2+x12 x1+x11 |
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That is, the equivalent system that allows for backward substitution is:

x1 + x11 = 0,

x2 + x12 = 0,

x3 = 0,

x4 = 0,

x5 + x12 = 0,

x6 = 0,

x7 = 0,

x8 + x12 = 0,

x9 = 0,

x10 + x11 = 0,

x11x12 = 0.

We can easily see that the solutions of this system (as reported in [89]) are:

S1 = (000000000000),

S2 = (010010010001),

S3 = (100000000110).

5.3 Algorithm for K-Bounded Petri Nets

5.3.1 Definition of Petri Nets

A k-bounded Petri net is a 4-tuple (S, T, F, W ), where:

1. S = {s1, . . . , sn} is the set of places.

2. T = {t1, . . . , tm} is the set of transitions.

3. F ⊆ (S×T )∪(T ×S) is the set of “regular” arcs. F− ⊆ (S×T ) is the set of inhibitory
arcs.

4. W : F → N gives the arc weights of the regular arcs. W− : F− → N gives the arc
weights of the inhibitory arcs.

For a transition t, define:

•t = {s ∈ S : (s, t) ∈ F}, t• = {s ∈ S : (t, s) ∈ F}, t = {s ∈ S : (s, t) ∈ F−}.
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The incidence matrix A = (ats)t∈T,s∈S (or A = (aij)
m,n
i,j=1) is an m × n matrix given by

ast = W (t, s) − W (s, t) (we consider W (e) = 0 when e /∈ F ). We denote by At the column
of AT (or the row of A) corresponding to a transition t ∈ T . Notice that At = AT Ut, where
the entry of Ut corresponding to t is 1 and all others are 0.

An assignment x = (xs)s∈S ∈ Nn (or x = (x1, . . . , xn)) for all places is called a marking.
Let x be a marking; a transition t is said to be enabled if W (s, t) ≤ xs for all s ∈ •t and
xs ≤ W−(s, t) − 1 for all s ∈ t. Consider the function Ct(x), defined by

Ct(x) =

{
1, if W (s, t) ≤ xs for s ∈ •t and xs < W−(s, t) for s ∈ t,

0, otherwise.

Thus, a transition t is enabled for x if Ct(x) = 1.

The evolution of the Petri net is given by firing transitions; by firing an enabled transition
t, we update the value of the places with regular arcs from/to t. The phase space of the
Petri net is obtained by firing transitions in an asynchronous manner. Let x be a marking:
If a transition t is enabled, then firing t results in the marking x + At. This implies that
for any marking x and any transition t, the Petri net can always evolve from x to ft(x) =
x + Ct(x)At = x + CtA

T Ut (If Ct(x) = 0, then ft(x) = x; but if Ct(x) = 1, then ft(x) =

x + At = x + AT Ut). In the case where x 6= y = ft(x) we write x
t
−→ y. Denote by fT

the function obtained by composing ft1 ◦ · · · ◦ ftl , where t1, . . . , tl are the elements of T . A

trajectory is a path x
t1−→ y

t2−→ · · · and denoted by x
T
−→. For any trajectory x

T
−→ y we have

y = x + AT
∑

t∈T Ut. The reachability graph for a marking x is the graph made up of all
trajectories starting at x. The reachability graph of a set of markings S is the graph made
up of all reachability graphs of all the elements of S.

We say that (X1, . . . , Xm) > 0 if Xi ≥ 0 and at least for one i we have Xi > 0. A P -invariant
is an integer solution, X > 0, of AX = 0. A T -invariant is an integer solution, Y > 0, of
AT Y = 0. A marking x is dead if no transition is enabled, that is, if Ct(x) = 0 for all t ∈ T ;
this is equivalent to ft(x) = x for all t ∈ T .

A marking is k-bounded if the value of each place is at most k. The Petri net is k-bounded if
any reachable marking (obtained by firing some sequence of transitions) from any k-bounded
marking is also a k-bounded marking, that is, if {x : xi ≤ k} contains the vertices of its
reachability graph, which is equivalent to ft([0, k]n) ⊆ [0, k]n for all transitions t. Examples
of 1-bounded Petri nets are Boolean regulatory Petri nets, presented in [14; 89; 105; 106].
When each place has its own “k”, we have a more general definition: for K = (k1, . . . , kn), a
Petri net is K-bounded if ft([0, k1]× · · · × [0, kn]) ⊆ [0, k1]× · · ·× [0, kn] for all transitions t.
Examples of such Petri nets are multi-level regulatory Petri nets, presented in [15; 18]. Our
framework is applicable to K-bounded Petri nets (including k-bounded Petri nets).

For a given Petri net, the analysis of its dynamics, checking for dead markings and the type
of liveness are some of the typical questions that can be viewed as algebraically as we will
see next. Also, when modeling biological systems, there is not a unique marking that is
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of interest, but a whole family of markings corresponding to different initial states of the
biological system. By looking at a Petri net as a polynomial dynamical system we can study
all those markings at the same time.

5.3.2 Polynomial Form of K-Bounded Petri nets

Since the algebraic framework relies on finite fields, we consider K-bounded Petri nets and
focus on the analysis of markings in S = [0, k1]×· · ·× [0, kn]. Let p be a prime number such
that ki + 1 ≤ p for all i and let F = Fp. Then, for all t ∈ T , ft : S ⊆ F

n → F
n.

We need to extend the functions ft to all of Fn and determine their polynomial form. It
suffices to give algebraic structure to the function Ct : S → [0, 1] (since ft(x) = x +Ct(x)At,
the polynomial form of Ct will automatically give the polynomial form of ft). In order to do
this, consider the function c[a,b](z) = 1 if a ≤ z ≤ b and c[a,b](z) = 0 otherwise (that is, c[a,b] is
the characteristic function of [a, b]). Since Ct(x) =

∏
s∈•t c[W (s,t),ks](xs)

∏
s∈t c[0,W (s,t)−1](xs),

we only need to give algebraic structure to c[a,b] (the polynomial form of Ct will be given
by the product of the polynomial forms of its factors). It is not difficult to see that the
polynomial function

∑
a≤r≤b(1 − (z − r)p−1) is equal to 1 if a ≤ z ≤ b and 0 otherwise.

Hence, the polynomial form of c[a,b] is c[a,b](z) =
∑

a≤r≤b(1 − (z − r)p−1). This gives the
polynomial form of Ct(x), which, in turn, gives the polynomial form of ft(x) = x + Ct(x)At,
where ft : Fn → F

n.

Example 5.3.1 Consider a transition t of a 1-bounded Petri net such that •t = {x1, x2}
and t = {x3, x4} (with weights equal to 1). Then Ct(x) = c[1,1](x1)c[1,1](x2)c[0,0](x3)c[0,0](x4).
Since c[0,0](z) = 1 − z and c[1,1](z) = z, it follows that Ct(x) = x1x2(1 − x3)(1 − x4). Hence
the polynomial form of ft is given by ft(x) = x + x1x2(1 − x3)(1 − x4)At.

Now we can state and solve algebraically some Petri net problems. For example, the problem
of finding dead markings becomes the problem of solving polynomial equations, which can
be easily addressed within the algebraic framework, as was the case for logical models. More
precisely, we have the following remark.

Remark 5.3.2 A marking x of a K-bounded Petri net is dead if and only if x ∈ S and
ft(x) = x for all t ∈ T . Let ϕ(x) =

∏n
i=1 c[0,ki](xi). Note that ϕ(x) = 1 if x ∈ S and

ϕ(x) = 0 otherwise. Then, the set of dead markings is given by the solutions of the system
of polynomial equations:

ft1(x) = x , . . . , ftm(x) = x , ϕ(x) = 1.

Remark 5.3.3 If the polynomial form of ft for all transitions t is known, then we can easily
recover A using the equation Ct(x)At = ft(x) − x and hence find the P - and T -invariants.
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5.4 Examples

5.4.1 Petri net for the Drosophila Cell Cycle

Consider the Petri net given in [14] for the Drosophila cell cycle (corresponding to the logical
model in Section 5.2.2): Places: {s1 = M, s2 = F, s3 = W, s4 = S}.
Transitions: {t1 = tM , t2 = tM,FWS, t3 = tM,F , t4 = tM,WS, t5 = tM,FW , t6 = tM,S, t7 = tM,FS,
t8 = tM,W , t9 = tF , t10 = tF,M , t11 = tW , t12 = tW,M , t13 = tS, t14 = tS,W}.
F = { (S, tS), (F, tF ), (tM , M), (tF,M , F ), (M, tF,M), (tF,M , M), (M, tS,M),
(tS,M , M), (tS,M , S), (W, tW,M), (M, tW,M), (tW,M , M), (tW , W ), (F, tM,F ),
(tM,F , F ), (M, tM,F ), (W, tM,W ), (tM,W , W ), (tM,W , M), (tM,S , M), (S, tM,S),
(tM,S, S), (W, tM,WS), (tM,WS, W ), (tM,WS, M), (S, tM,WS), (tM,WS, S), (F, tM,FS),
(tM,FS, F ), (M, tM,FS), (S, tM,FS), (tM,FS, S), (W, tM,FW ), (tM,FW , W ), (F, tM,FW ),
(tM,FW , F ), (M, tM,FW ), (W, tM,FWS), (tM,FWS, W ), (F, tM,FWS), (tM,FWS, F ),
(M, tM,FWS), (S, tM,FWS), (tM,FWS, S)} with W (e) = 1 for all e ∈ F .
The inhibitory arcs are F− = {(W, tM,FS), (W, tW ), (W, tM), (W, tM,F ), (W, tM,S), (F, tM),
(F, tM,WS), (F, tM,W ), (F, tM,S), (F, tF,M), (S, tM,W ), (S, tM), (S, tM,F ), (S, tM,FW ), (S, tS,M),
(M, tM), (M, tS), (M, tF ), (M, tW ), (M, tM,S), (M, tM,W ), (M, tM,WS)} with W−(e) = 1 for
all e ∈ F−. It follows that AT is given by




t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12 t13 t14
M 1 −1 −1 1 −1 1 −1 1 0 0 0 0 0 0
F 0 0 0 0 0 0 0 0 −1 1 0 0 0 0
W 0 0 0 0 0 0 0 0 0 0 1 −1 0 0
S 0 0 0 0 0 0 0 0 0 0 0 0 −1 1




.

This Petri net is 1-bounded (shown in [14]) and therefore we can use the algebraic framework.
Let us compute the polynomial form of ftM . First, notice that c[0,0](z) = 1 − z, c[1,1](z) = z.
Then, CtM (x) = c[0,0](x1)c[0,0](x2)c[0,0](x3)c[0,0](x4) and, therefore, CtM (x) = (1 − x1)(1 −
x2)(1−x3)(1−x4). Since AtM = (1, 0, 0, 0), it follows that ftM (x) = x+(1−x1)(1−x2)(1−
x3)(1−x4)(1, 0, 0, 0); then ftM = (x1 +(1−x1)(1−x2)(1−x3)(1−x4), x2, x3, x4). Similarly:
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ftM = (x1 + (1 − x1)(1 − x2)(1 − x3)(1 − x4), x2, x3, x4),

ftM,F WS
= (x1 + x1x2x3x4, x2, x3, x4),

ftM,F
= (x1 + x1x2(1 − x3)(1 − x4), x2, x3, x4),

ftM,WS
= (x1 + (1 − x1)(1 − x2)x3x4, x2, x3, x4),

ftM,F W
= (x1 + x1x2x3(1 − x4), x2, x3, x4),

ftM,S
= (x1 + (1 − x1)(1 − x2)(1 − x3)x4, x2, x3, x4),

ftM,F S
= (x1 + x1x2(1 − x3)x4, x2, x3, x4),

ftM,W
= (x1 + (1 − x1)(1 − x2)x3(1 − x4), x2, x3, x4),

ftF = (x1, x2 + (1 − x1)x2, x3, x4),

ftF,M
= (x1, x2 + x1(1 − x2), x3, x4),

ftW = (x1, x2, x3 + (1 − x1)(1 − x3), x4),

ftW,M
= (x1, x2, x3 + x1x3, x4),

ftS = (x1, x2, x3, x4 + (1 − x1)x4),

ftS,W
= (x1, x2, x3, x4 + x1(1 − x4)).

Now we can state some Petri net problems algebraically. For example, in order to find the
dead markings, we have to solve the following system of equations (ϕ(x) = 1 for all x):

((1 − x1)(1 − x2)(1 − x3)(1 − x4), 0, 0, 0) = (0, 0, 0, 0),

(x1x2(1 − x3)(1 − x4), 0, 0, 0) = (0, 0, 0, 0),

((1 − x1)(1 − x2)x3x4, 0, 0, 0) = (0, 0, 0, 0),

(x1x2x3(1 − x4), 0, 0, 0) = (0, 0, 0, 0),

((1 − x1)(1 − x2)(1 − x3)x4, 0, 0, 0) = (0, 0, 0, 0),

(x1x2(1 − x3)x4, 0, 0, 0) = (0, 0, 0, 0),

((1 − x1)(1 − x2)x3(1 − x4), 0, 0, 0) = (0, 0, 0, 0),

(0, (1 − x1)x2, 0, 0) = (0, 0, 0, 0),

(0, x1(1 − x2), 0, 0) = (0, 0, 0, 0),

(0, 0, (1− x1)(1 − x3), 0) = (0, 0, 0, 0),

(0, 0, x1x3, 0) = (0, 0, 0, 0),

(0, 0, 0, (1− x1)x4) = (0, 0, 0, 0),

(0, 0, 0, x1(1 − x4)) = (0, 0, 0, 0);
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or the system:

(1 − x1)(1 − x2)(1 − x3)(1 − x4) = 0,

(x1x2(1 − x3)(1 − x4) = 0,

(1 − x1)(1 − x2)x3x4 = 0,

x1x2x3(1 − x4) = 0,

((1 − x1)(1 − x2)(1 − x3)x4 = 0,

x1x2(1 − x3)x4 = 0,

(1 − x1)(1 − x2)x3(1 − x4) = 0,

(1 − x1)x2 = 0,

x1(1 − x2) = 0,

(1 − x1)(1 − x3) = 0,

x1x3 = 0,

(1 − x1)x4 = 0,

x1(1 − x4) = 0.

We now use Macaulay2 :

i1 : R=ZZ/2[x1,x2,x3,x4,MonomialOrder => Lex]/ideal (x1^2-x1,

x2^2-x2,x3^2-x3,x4^2-x4);

i2 : I=ideal ((1-x1)*(1-x2)*(1-x3)*(1-x4),x1*x2*(1-x3)*(1-x4),

(1-x1)*(1-x2)*x3*x4,x1*x2*x3*(1-x4),(1-x1)*(1-x2)*(1-x3)*x4,

x1*x2*(1-x3)*x4,(1-x1)*(1-x2)*x3*(1-x4),(1-x1)*x2,x1*(1-x2),

(1-x1)*(1-x3),x1*x3,(1-x1)*x4,x1*(1-x4));

o2 : Ideal of R

i3 : gens gb I

o3 = | 1 |

Since the Gröbner basis of the ideal is {1}, the system of equations has no solutions; hence
this Petri net does not have any dead markings as reported in [14].

5.4.2 Petri net for the Core Lambda Switch

Consider the Petri net model in [15] for the core lambda switch (corresponding to the logical
model in Section 5.2.1):
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S = {CI, Cro}.
T = {t1 = t+CI , t2 = t−CI,{(CI,1),(Cro,1)}, t3 = t+Cro, t4 = t−Cro,{(Cro,2)}, t5 = t−Cro,{(CI,1)}, t6 =

t−Cro,{(CI,1),(Cro,2)}}.

F = {(t1, CI), (Cro, t1), (CI, t2), (Cro, t2), (t2, Cro), (t3, Cro), (Cro, t4), (t4, Cro), (CI, t5),
(Cro, t5), (CI, t6), (Cro, t6), (t6, Cro)}.
F− = {(CI, t1), (CI, t3), (Cro, t3), (CI, t4), (Cro, t5)}.

W (e) = 2 for e ∈ {(Cro, t4), (Cro, t6)} and W (e) = 1 for the other arcs in F . Also,
W−(e) = 2 for e ∈ {(Cro, t3), (Cro, t5)} and W (e) = 1 for the other arcs in F−.

It follows that AT is given by



t1 t2 t3 t4 t5 t6

CI 1 −1 0 0 0 0
Cro 0 0 1 −1 −1 −1



 .

This Petri net is (1,2)-bounded (see [15]) and therefore we can use the algebraic framework.
Notice that ϕ(x) = c[0,1](x1)c[0,2](x2) = (x1 + 1)2. Let us compute the polynomial form of
ft5 . First, notice that c[0,0](z) = (1 − z)(1 + z), c[1,1](z) = z(2 − z), c[2,2](z) = z(1 − z),
c[1,2](z) = z2 and c[0,1](z) = (1+ z)2. Then, Ct5(x) = c[1,1](x1)c[1,2](x2)c[0,1](x2) which reduces
to Ct5(x) = x1(2 − x1)x2(2 − x2). Since At5 = (0,−1), it follows that ft5(x) = x + x1(2 −
x1)x2(2 − x2)(0,−1) = (x1, x2 − x1(2 − x1)x2(2 − x2)). The polynomial forms for all the
transitions are:

f1(x) = (x1 + (1 − x1)(1 + x1)(1 − x2)(1 + x2), x2),

f2(x) = (x1 − x1(2 − x1)x
2
2, x2),

f3(x) = (x1, x2 + (1 − x1)(1 + x1)(1 + x2)
2),

f4(x) = (x1, x2 − (1 − x1)(1 + x1)x2(1 − x2)),

f5(x) = (x1, x2 − x1(2 − x1)x2(2 − x2)),

f6(x) = (x1, x2 − x1(2 − x1)x2(1 − x2)).

In order to find the dead markings, we have to solve the system:

(1 − x1)(1 + x1)(1 − x2)(1 + x2) = 0,

x1(2 − x1)x
2
2 = 0,

(1 − x1)(1 + x1)(1 + x2)
2 = 0,

(1 − x1)(1 + x1)x2(1 − x2) = 0,

x1(2 − x1)x2(2 − x2) = 0,

x1(2 − x1)x2(1 − x2) = 0,

(x1 + 1)2 − 1 = 0.

The last equation corresponds to the requirement that x ∈ S. Using Macaulay2, we obtain
the marking (1, 0) as the only dead marking as reported in [15].
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5.5 Algebra and Parameters

An important feature of the algebraic framework is the ability to treat the parameters as
variables and study all corresponding models at the same time, which we illustrate with a
small logical model. (The same analysis can be done for Petri nets.)

Suppose, for example, that in the model for the Drosophila cell cycle (Section 5.2) some
parameters are unknown:

Table 5.4: Nonzero and unknown parameters for the Drosophila cell cycle.
Target Parameter
MPF KM , KM,S

Fizzy KF,M

Wee1 KW

String KS,M

unknown
parameters

K1 = KM,W , K2 = KM,WS

K3 = KM,FS

We find the polynomial form of f1. We only include unknown parameters and nonzero
parameters:
f1 = (1 − x2)(1 − x3)(1 − x4) + (1 − x2)(1 − x3)x4 + K1(1 − x2)x3(1 − x4)+
K2(1 − x2)x3x4 + K3x2(1 − x3)x4. The other polynomials can be easily found. Then, the
polynomial form of the logical model is:

f1 = 1 + x2 + x3 + K1x3 + x2x3 + K1x2x3 + K3x2x4 + K1x3x4 + K2x3x4 +

K1x2x3x4 + K2x2x3x4 + K3x2x3x4,

f2 = x1,

f3 = 1 + x1,

f4 = x1.

Now let us focus on finding steady states of this logical model. This model has 3 unknown
parameters, and if we were to analyze each model, we would have to analyze 23 = 8 logical
models, as the complexity grows exponentially with respect to the number of unknown
parameters. However, using the algebraic framework we can treat the parameters K1, K2, K3

as variables and analyze the 8 models at the same time.



Alan A. Veliz-Cuba Chapter 5. Polynomial Form of Other Discrete Frameworks 102

The system of equations that gives the steady states is

x1 = 1 + x2 + x3 + K1x3 + x2x3 + K1x2x3 + K3x2x4 + K1x3x4

+K2x3x4 + K1x2x3x4 + K2x2x3x4 + K3x2x3x4,

x2 = x1,

x3 = 1 + x1,

x4 = x1.

We now use Macaulay2 :

i1 : R=ZZ/2[x1,x2,x3,x4,K1,K2,K3,MonomialOrder => Lex]/ideal

(x1^2-x1, x2^2-x2,x3^2-x3,K1^2-K1,K2^2-K2,K3^2-K3);

i2 : I=ideal {1+x2+x3+K1*x3+x2*x3+K1*x2*x3+ K3*x2*x4+ K1*x3*x4+

K2*x3*x4+ K1*x2*x3*x4+ K2*x2*x3*x4+ K3*x2*x3*x4- x1, x1-x2, 1+x1-x3,

x1-x4};

o2 : Ideal of R

i3 : gens gb I

o3 = | K1K3+K1 x4K3+x4 x4K1+K1 x3+x4+1 x2+x4 x1+x4 |

Then, the equivalent system that allows backward substitution is

x1 + x4 = 0,

x2 + x4 = 0,

x3 + x4 − 1 = 0,

K1(x4 − 1) = 0,

x4(K3 − 1) = 0,

K1(K3 − 1) = 0.

From this system we can obtain valuable information. For example, if x is a steady state,
then x1 = x2 = x4 = x3 − 1; that is, the only possible steady states are (0, 0, 1, 0) and
(1, 1, 0, 1). This is true no matter what the parameters K1, K2, and K3 are.

We can also easily solve this system and see the steady states for any choice of parameters.
For example, consider K1 = 1, K3 = 0. Since they do not satisfy the first equation, there are
no steady states. Consider K1 = K2 = K3 = 0; we have the system
x4 = 0, x3 = 1 − x4, x2 = x4, x1 = x4,
which has the unique steady state x = (0, 0, 1, 0).
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We can also use the system above to determine for which choice of parameters a given
state is a steady state of the system. For example, suppose we are interested in finding the
parameters for which (0, 0, 1, 0) is a steady state, then we have the system K1(K3 − 1) =
0, 0(K3 − 1) = 0, K1 = 0; therefore K1 = 0 and the other parameters are “free.” Hence,
(0, 0, 1, 0) is a steady state for K = (0, K2, K3).

Suppose now we are interested in finding the parameters for which (1, 1, 0, 1) is a steady
state. In this case, we have the system K1(K3 − 1) = 0, K3 − 1 = 0, K1 = 0; that is,
K1 = 0, K3 = 1 and K2 is free. Hence, (1, 1, 0, 1) is a steady state for K = (0, K2, 1) (note
that in this case (0, 0, 1, 0) is a steady state as well).

5.6 Performance

We tested our algorithm to compute steady states of several published models, that is, we
recorded the required time for computing a lexicographic Gröbner basis (which then allows
backward substitution to solve the system of equations f1(x) − x1 = 0, . . . , fn(x) − xn =
0.) The results are shown in Table 5.5. Furthermore, to compute limit cycles (using a
parallel update) of length r, one can compute the lexicographic Gröbner basis for the system
f t

1(x) − x1 = 0, . . . , f t
n(x) − xn = 0, where t = 1, ..., r. It is clear that the solution set for

t = 1 is the set of steady states; the states in the solution set for t = 2, which are not steady
states, are periodic states with period two and so on.

Table 5.5: Timing for the Gröbner basis computations: N=number of nodes, Tr=timings (in
seconds) for f r

1 (x) − x1 = · · · = f r
n(x) − xn=0, where r = 1, . . . , 5. The networks used were:

Fission yeast [22], Budding yeast [68], Th cell differentiation [89], Th cell differentiation [74],
Th cell differentiation [76], T-cell receptor [65], respectively. All networks were Boolean
except the fourth one which had some nodes with 3 states.

N T1 T2 T3 T4 T5
10 .002 .001 .001 .001 .001
12 .003 .041 .526 1.539 .342
12 .001 .003 .002 .004 .009
17 .004 .006 .007 .155 4.95
23 .002 .008 .008 .179 30.276
40 .011 .023 .029 .023 .047

Notice that in Table 5.5 the size of the network does not seem to be correlated to the
computation time. This is due to the fact that polynomial algebra computations depend
more strongly on the complexity of the polynomial equations and not as much on the size
or complexity of the logical model. This means that the method can scale well to large
networks and that it can complement other methods very well. (Typically, the more terms
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the polynomial form of the model has the more complex the Gröbner basis calculation. In
the Boolean case, for instance, a conjunction leads to a polynomial with one term, whereas
a disjunction results in 3 terms.)

5.7 Compatibility of the Algebraic Framework with

Other Frameworks

We have shown that logical models and Petri nets can be seen as polynomial functions.
On the other hand, Petri nets have been used to represent logical models [14]; their method
consists in associating a place in a Petri net to each node in the logical model and to associate
transitions and arcs in the Petri net to interactions between nodes (to avoid inhibitory arcs,
places can be duplicated so that to any inhibitory arc from x to t, there is a regular arc from
x to t). Then, one can ask if there is any relation between the polynomial form of a logical
model and the polynomial form of a Petri net that came from the same logical model. We
now show that these polynomial forms are equivalent. This will show that not only does our
mathematical framework have rich mathematical structure, but it is also compatible with
existing relationships between model types.

Theorem 5.7.1 Let (V, E ,K) be a logical model and S = [0, m1] × · · · × [0, mn]. Then, the
state space of the polynomial model (restricted to S) associated to the logical model is equal
to the state space of the polynomial model (restricted to S) associated to the Petri net that
is associated to the logical model.

Proof. We will restrict the polynomial systems to S. First, note that, by construction, the
state space of the logical model is equal to the state space of the associated polynomial model.
On the other hand, again by construction, the Petri net and the associated polynomial model
have the same state space. Now, since the Petri net and the logical model have the same
state space, it follows that the associated polynomials have the same state space. �

Theorem 5.7.2 Let (V, E ,K) be a logical model. Denote by gi the polynomial function
corresponding to node i associated to this logical model. Denote by ht the polynomial function
corresponding to transition t associated to the Petri net that is associated to the logical model.
Then, when we restrict the functions to S, we have the following functional equalities:

gi = xi +
∑

t∈•i

((ht)i − xi),

where (ht)i denotes the polynomial component of ht corresponding to xi and
•i = {s : there is an arc from s to i}; and

(ht)j = xj

for j 6= i and t ∈ •i.
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Proof. Since we restrict the functions to S, we can use the fact that they correspond to
updating logical models and Petri nets. Notice that node i in the logical model corresponds
to place i in the Petri net (they have the same value); and using a parameter to update a state
in the logical model corresponds to updating a marking using the corresponding transition in
the Petri net. First, if we are at a steady state/dead marking, no parameter/transition would
change the current state/marking and the first equality follows in this case (each term in the
sum is zero). On the other hand, consider a state/marking that is not a steady state/dead
marking. Since only one parameter can be used to update node i, it follows that only one
transition in •i is enabled. Then, it follows that

∑
t∈•i ((ht)i − xi) is the change that occurs

at node i by updating the transition that is enabled in •i. But this is by definition the
change that occurs by updating node i in the logical model. Since this last value is gi − xi,
it follows that

∑
t∈•i ((ht)i − xi) = gi − xi. Then, the first equality follows in this case.

The second part of the theorem follows from the fact that each transition t can only change
the place i for which there is an arc from t to i. This means that other places, j 6= i, remain
unaffected by this transition. �

5.7.1 Example

As an example we will again use the Drosophila cell cycle model presented in [14].

We have already seen that the polynomial model associated to this logical model is given
by:

g1 = 1 + x2,

g2 = x1,

g3 = 1 + x1,

g4 = x1.

On the other hand, the Petri net associated with this logical model was presented in Section
5.4.1. It is given by the polynomials:
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ht1(x1, x2, x3, x4) = (1 + x2 + x1x2 + x3 + x1x3 + x2x3 + x1x2x3 + x4 + x1x4 + x2x4

+x1x2x4 + x3x4 + x1x3x4 + x2x3x4 + x1x2x3x4, x2, x3, x4),

ht1,3
(x1, x2, x3, x4) = (x1 + x3 + x1x3 + x2x3 + x1x2x3 + x3x4 + x1x3x4

+x2x3x4 + x1x2x3x4, x2, x3, x4),

ht1,4
(x1, x2, x3, x4) = (x1 + x4 + x1x4 + x2x4 + x1x2x4 + x3x4 + x1x3x4

+x2x3x4 + x1x2x3x4, x2, x3, x4),

ht1,2
(x1, x2, x3, x4) = (x1 + x1x2 + x1x2x3 + x1x2x4 + x1x2x3x4, x2, x3, x4),

ht1,23
(x1, x2, x3, x4) = (x1 + x1x2x3 + x1x2x3x4, x2, x3, x4),

ht1,24
(x1, x2, x3, x4) = (x1 + x1x2x4 + x1x2x3x4, x2, x3, x4),

ht1,34
(x1, x2, x3, x4) = (x1 + x3x4 + x1x3x4 + x2x3x4 + x1x2x3x4, x2, x3, x4),

ht1,234
(x1, x2, x3, x4) = (x1 + x1x2x3x4, x2, x3, x4),

ht2(x1, x2) = (x1, x1x2),

ht2,1
(x1, x2) = (x1, x1 + x2 + x1x2),

ht3(x1, x3) = (x1, 1 + x1 + x1x3),

ht3,1
(x1, x3) = (x1, x3 + x1x3),

ht4(x1, x4) = (x1, x1x4),

ht4,1
(x1, x4) = (x1, x1 + x4 + x1x4).

Notice that

•1 = {t1, t1,3, t1,4, t1,2, t1,23, t1,24, t1,34, t1,234},

•2 = {t2, t2,1},

•3 = {t3, t3,1},

•4 = {t4, t4,1}.

It is easy to see that the second part of Theorem 5.7.2 holds.

The first part of Theorem 5.7.2 can easily be checked. For example, for node 2, we know
that g2 = x1 and

x2 +
∑

t∈•2

((ht)2 − x2) = x2 + ((ht2)2 − x2) + ((ht2,1
)2 − x2)

= x2 + (x1x2 − x2) + (x1 + x2 + x1x2 − x2)

= x1.
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By observing the polynomial form of the Petri net model we notice that we increased the
complexity of the model but it did not increase the information the model can provide.
The polynomial form retains all the information about the logical model. This is important
because it means that by using the algebraic framework we are not increasing the complexity
of the model, but we are providing additional algebraic structure that allows for a systematic
analysis of the model.

5.8 Discussion

The problem of giving mathematical structure to logical models has been studied by several
authors, e.g., [26]. For the purpose of computation and analysis, the structure proposed here
provides a class of simple and easily defined mathematical objects that can model both logical
models and bounded Petri nets. It has the advantage that it makes accessible the theoretical
concepts, algorithms, and software from polynomial algebra, such as Gröbner basis theory,
which underlies many of the algorithms for solving systems of polynomial equations.

It is important to mention that in this section we focus on finding steady states and dead
markings, not because that is the only application of our framework, but because it can be
translated directly into the algebraic problem of solving polynomial equations without much
difficulty; the framework we propose can be also used to answer other questions. For instance,
theory, algorithms, and software were used in [67] and subsequent papers to give a solution
to the problem of reverse-engineering of gene regulatory networks from experimental time
course data. This allows us to find all logical models that satisfy certain properties as done
by SMBioNet (http://smbionet.lami.univ-evry.fr) with the additional advantage of allowing
a systematic study and classification of such models. One can also solve the reverse problem,
that is, given a family of models, by using our framework, we find properties that they all
satisfy (see Section 5.5). Furthermore, the theory inherent in the algebraic framework can
give rise to theorems. For example, the algebraic structure was used to give an exact formula
for the structure of the phase space of linear systems [27; 46] and lower and upper bounds for
the number of limit cycles of conjunctive and disjunctive Boolean networks [56]. Also, the
family of nested canalizing functions has been shown to have an algebraic structure (toric
variety) that allows their characterization [57]. These functions appear frequently in Boolean
models of regulatory networks and their dynamics have desirable properties. Functionality
of circuits can also be studied within this framework (see the Supporting Information of
[115]).

Polynomial algebra can therefore complement the existing analysis tools for logical models
and Petri nets, and we have shown several examples of its use. It is also worth mention-
ing that Petri nets are a special case of bipartite models, consisting of two sets of nodes,
representing “places” and “events,” respectively, connected by directed edges. More gen-
eral bipartite models are quite common in systems biology, e.g., [116], and they might be
amenable to analysis with similar methods. It is also worth mentioning that, while the ex-
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amples used here are all gene regulatory networks, there are examples of logical/Petri net
models of other kinds of molecular networks, see, e.g. [89], so that the analysis framework
described here is more widely applicable.

A potential disadvantage of the algebraic framework is that it is less intuitive than either
logical models or Petri nets. Even in the Boolean case it is often difficult to give a biological
interpretation to a Boolean function in polynomial form, even if the equivalent Boolean ex-
pression is quite meaningful. However, with appropriate software, the typical user wanting
to analyze a logical model or Petri net does not need to explicitly manipulate polynomial
functions or even be aware that they are used in the analysis. On the other hand, some ques-
tions or aspects of logical models and Petri nets may not currently have a direct counterpart
in the algebraic framework; for example, the asynchronous update commonly used in logical
models does not currently have a direct counterpart in the polynomial algebra framework.
This deserves further investigation.
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