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(ABSTRACT)

This investigation is concerned with effective state estimation of a system
driven by an unknown nonGaussian input with additive white Gaussian noise, and
observed by measurements containing feedthrough of the same nonGaussian input
and corrupted by additional white Gaussian noise. A Gaussian sum (GS) approach
has previously been developed [6-8] which can cope with the nonGaussian nature of
the input signal. Due to a serious growing memory problem in this approach, a
modified Gaussian sum (MGS) estimation technique is developed that avoids the
growing memory problem while providing effective state estimation. Several
differences between the MGS and GS algorithms are examined. An MGS adaptive
filter is derived for a general system and a modal system, with simulation examples
performed using a nonGaussian input signal. The modal system simulation results
are compared to those produced from an augmented Kalman filter based on an
augmented modal system model assuming a narrowband Gaussian input signal. A
necessary condition for effective MGS estimation is derived. Alternate estimation
procedures are developed to compensate for situations when this condition is not
met. Several configurations are simulated and their performance results are
analyzed and compared. Two methods of monitoring and updating key parameters
of the MGS filter are developed. Simulation results are analyzed to investigate the

performance of these methods.
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1.0 INTRODUCTION

This investigation is concerned with effective state estimation of a system
driven by an unknown nonGaussian input with additive white Gaussian noise, and
observed by measurements containing feedthrough of the same nonGaussian input
and corrupted by additional white Gaussian noise. The motivation behind this
work is the problem of robust modal control of large, multiple input multiple
output (MIMO), heavily damped structures. The scope of the problem involves
system identification of the system parameters, optimal estimation of the system
states, and robust control of the heavily damped modes of the system. This
investigation will deal specifically with the state estimation portion of the problem.

In an earlier study [1], Kalman filter estirhation techniques [2], [3] are
developed for a lightly damped, simply supported plate. The input forcing function
is assumed to be narrowband Gaussian, which is adequately modeled by passing
white Gaussian noise through a linear, time-invariant filter. Thus, knowledge of
the power spectral density of the narrowband process is sufficient for the design of
an adequate estimator. Since the plant and measurement equations for this system
are linear, and the inputs and plant and measurement disturbances are Gaussian,

the Kalman filter will provide the optimum minimum mean-square error estimate

INTRODUCTION 1



of the system states [4].

Although the Gaussian assumption for modeling many types of inputs and
noise processes is valid in a wide range of applications, in practice it may not be a
good assumption for some signal models. For instance, also considered in [1] are
large, heavily damped structures modeled by a plant with complex modes. The
input to the plant is unknown, but its frequency characteristics are known and the
input is always present. The signal model chosen to represent this input is a
stochastic FM signal, generated by frequency modulating a sinusoid with a
Gaussian process. This stochastic FM signal has a highly nonGaussian probability
density function. The power spectral density of a signal of this type appears
similar to that of a Gaussian narrowband signal. An estimator design based solely
on the power spectral density of a nonGaussian signal assumed to be a Gaussian
narrowband signal may provide very poor estimates.

Estimation techniques need to be developed that can cope effectively with the
nonGaussian nature of certain signals. One such approach is the Gaussian sum
technique, developed by Alspach [6-8]. The density function of each nonGaussian
process of the system is approximated by a weighted sum of Gaussian density
functions. The conditional density of the state given the available measurement
sequence, necessary in the Kalman filter development, is updated using the
Gaussian sum approximations and Bayes’ rule.

A serious limitation in Alspach’s approach is that the number of Gaussian
terms used to approximate the density functions increases at each time iteration.
A modified approach is required to alleviate this limitation. A modified estimation
structure is developed based on an adaptive Kalman filter scheme first presented
by Magill [16], and extended by Moose [23]. Essentially, a parameter vector is used

to uniquely describe each Gaussian term in the estimator. The parameter vector is

INTRODUCTION 2



restricted to be randomly chosen from the same finite set of known values at each
iteration. By using a nonGaussian signal model in conjunction with the modified
formulation of the Gaussian sum estimator, the number of Gaussian terms at each
iteration of the estimator will be fixed, thereby avoiding the growing memory
problem.

The modified estimation algorithm is termed the modified Gaussian sum
adaptive filter and forms the basis for the nonGaussian state estimation in this
investigation. An algorithm similar to this one that does not make reference to the
Gaussian sum characteristic is known in the literature as the parallel processing
algorithm [4], or the multiple model algorithm [5]. Both the Gaussian sum and
modified Gaussian sum algorithms have been implemented in a variety of
important engineering applications such as phase and frequency estimation [36],
geophysical field navigation [37], maneuvering target tracking [24], and specification
of route widths for air traffic controllers [20].

Several contributions to the field of applied estimation theory are made from

this investigation. These include:

1. The development of a modified Gaussian sum algorithm with nongrowing
memory based on a nonGaussian signal model with a Gaussian sum
probability density function. Parameters from this model are used directly in

the modified Gaussian sum adaptive filter structure.
2. A comparison between the Gaussian sum (GS) filter of [6] and the modified

Gaussian sum (MGS) adaptive filter. The two are similar, but the comparison

shows the MGS adaptive filter to be a good improvement to the GS filter.
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3. An examination of a necessary condition for effective MGS estimation. This
condition provides a simple test to determine if the MGS adaptive filter will

work properly for a given system.

4. An alternate configuration of the MGS adaptive filter when the necessary
condition of 3 above is not met. This configuration is applied in several ways,

and each is evaluated on a performance basis.

5. Two methods of monitoring and updating key parameters of the MGS
adaptive filter. These allow the estimator to react to changes in the input
signal level which cause the signal to be nonstationary over long periods of

time.

The dissertation begins with a literature review in Chapter 2. This chapter
covers previous work and applications in the areas of Gaussian sum estimation,
adaptive Kalman filtering, and nonGaussian estimation. Chapter 3 begins with the
development of the Gaussian sum estimator. Then, a detailed description of the
nonGaussian signal model and the alternate formulation of the Gaussian sum
density approximation is given. A curve fitting procedure used to find the initial
modified Gaussian sum parameter vector is outlined. The MGS adaptive filter is
developed for a general system and a simulation example is given. Several
differences between the MGS and GS algorithms are examined. Chapter 4
describes the modal system, the nonGaussian input model, and the MGS adaptive
filter based on this system. A simulation example using the MGS adaptive filter is
given and the results are compared to those produced from an augmented Kalman

filter based on an augmented system model assuming a narrowband Gaussian input
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signal. A necessary condition for effective MGS estimation is derived. Alternate
estimation procedures are developed to compensate for situations when this
condition is not met. Several configurations are simulated and their performance
results are analyzed and compared. Chapter 5 discusses two methods of monitoring
and updating key parameters of the MGS adaptive filter. Simulation results are
analyzed to investigate the performance of these methods. Finally, Chapter 6 gives

the conclusions and outlines suggested directions for future investigations.
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2.0 PREVIOUS RESEARCH AND RELATED WORK

This chapter presents a review of the literature relevant to this investigation.
It begins with a discussion of the Gaussian sum estimation technique. Many
examples of its use in a wide range of applications are given. Next, an adaptive
Kalman filtering method is outlined along with several modifications. Several
examples of the various applications of this method are presented. Finally, an

overview of alternate nonGaussian filtering and its applications is discussed.

2.1 Gaussian Sum Estimation

An estimation technique, applicable to both linear systems with nonGaussian
inputs and nonlinear systems with Gaussian inputs, has been developed by Alspach
[6-8]. In the case of linear systems, the noise processes associated with the plant
and measurement are assumed known and nonGaussian. The probability density
function of each noise process is approximated by a Gaussian sum; that is, a
weighted sum of Gaussian density functions. The Gaussian sum approximation is

written as
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Pas(z) = éa;N[u.a o?) (2.1.1)

where
dYoa;=1; ;20 fori=12,..,.M (2.1.2)

and

L A
N[y;, 0% = Bro, e 2\ i | (2.1.3)
For sufficiently large M, any density function can be closely approximated by a
Gaussian sum. As long as condition (2.1.2) holds, the Gaussian sum is always a
valid density function.

The basic filtering problem is to estimate the state x; of the system from the
current measurement sequence Z; = {zy,2,,...,2x_1,2}. Lhe “best” estimate Z; is
found by minimizing or maximizing a particular performance criterion, such as
minimizing the mean-square error between z; and ;. In the Bayesian approach to
estimation, this requires the use of the a posteriori, or conditional, density function
p(ze | Z4).

The Gaussian sum estimator [6-8] is briefly described here and is more fully
developed in chapter 3. The density functions of the initial state, the plant noise
process, and measurement noise process are approximated by Gaussian sum
densities of the form of (2.1.1). These densities are then directly used to form the
conditional density function p(z;|Z;) as a sum of Gaussian densities. An
unfortunate consequence of using these Gaussian sum densities is that the number

of Gaussian terms that forms p(z; | Z;) increases at each stage of the estimator.
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This growing memory problem is a serious limitation in Alspach’s development. In
chapter 3, a nonGaussian signal model is developed and used in conjunction with a
modified Gaussian sum adaptive filter that avoids the growing memory problem.

Alspach has applied the Gaussian sum technique to a wide variety of
applications. In conjunction with Sorenson, he applies the technique to linear
systems with nonGaussian noise [7], and to nonlinear systems with Gaussian noise
[8]. In [9], [10], and with Scharf and Abiri in [11], he addresses the problem of
linear systems with Gaussian noise processes having unknown covariances. Joint
identification, tracking, and prediction in a multi-target, multi-sensor environment
is considered in [13], and with LaGrotta in [12]. Alspach and Sorenson [14] use the
Gaussian sum technique in conjunction with proving the validity of the separation
theorem for linear, nonGaussian, optimal control problems. Alspach extends this
work in [15] to nonlinear systems. Here he does not use the separation theorem,
but certainty equivalence control instead, producing a suboptimal control algorithm
useful for off-line investigations.

Other researchers have used the Gaussian sum approach in their work. Tam
and Moore [36] developed a Gaussian sum estimator using extended Kalman filters
in the problem of angle demodulation. Dmitriev and Shimelevich [37] applied the
technique in determining the coordinates of a moving vehicle from geophysical field
measurements. Sirisena and Brown [38] applied the algorithm to probabilistic and
stochastic load flow problems. Namera and Stubberud [39] used the Gaussian sum
approach in solving nonlinear fixed-point prediction problems. Gauvrit [40]
developed a Gaussian sum filter to track targets in clutter with unknown noise
variances. Tanaka and Katayama [41] devised a robust Kalman filter that consists
of the Kalman filter plus MAP estimates of the selection parameters that specify

noises from the Gaussian sum densities. Their filter is actually a smoother applied
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to a linear system with Gaussian sum noises. Kitagawa [42] modeled sudden
changes of trend or seasonal components due to the structural changes of the
economic system by the presence of outliers by a nonGaussian model. He used

Gaussian sum approximations of the nonGaussian densities.

2.2 Adaptive Kalman Filtering

In a typical application, the various parameters that describe the system are
assumed to be known. Even if they are time-varying, the variation is assumed to
be known. The parameters are then used in the Kalman filter design as the true
model of the system. For many physical problems, the parameters may not be
known exactly or may change at unknown times. In such cases, it is highly
desirable to design the filter to be self-learning, so that it can adapt itself to the
particular situation at hand.

One solution to this problem was formulated first by Magill [16]. He
considered the problem of estimation of a Gaussian random process when some
parameters of the process are initially unknown and remain constant with time.
The parameters are assumed to come from a finite set of known values. The
optimal adaptive estimate is a weighted sum of conditional estimates, which are
formed by a bank of Kalman filters. Each Kalman filter is based on a particular
parameter set. The weighting coefficients are determined by a nonlinear function
of the measurement residuals of the filters. The measurement residual of the filter
possessing the parameter set that matches the actual set will have the smallest
expected value (typically, zero mean). The residuals of all the mismatched filters

will be biased. Under the Gaussian assumption, the probability of the matched
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filter will be the largest among all the filters.

Along similar lines, Ackerson and Fu [17] developed an adaptive state
estimator for a linear system operating in a switching environment. The noise
affecting the system comes from a group of Gaussian densities acting one at a time.
The transitions from one noise source to the next is determined by a Markov
transition probability matrix. This effort differed from that of Magill in that the
parameter set describing the noise source does not remain constant with time, but
is allowed to switch from one set to another at random intervals. The adaptive
estimator has the same growing memory problem as that of Alspach, and
consequently a suboptimal finite memory estimator was proposed.

Following Ackerson and Fu, Jaffer and Gupta [18] developed an adaptive
estimator with a fixed number of filters for the problem of signal estimation under
conditions of intermittent failure in the observations. Fujita and Fukao [19]
established the validity of the separation theorem for the problem of determining
an overall optimal control policy for a linear system with interrupted observations.
Bruckner, Scott, and Rea [20] extended the adaptive algorithm of [17] to the
switching of plant parameters in an air traffic control system.

A slightly different version of the adaptive filter was introduced by Moose [23].
He modeled the variations in the switching plant or switching environment by a
semi-Markov process. Briefly stated, a semi-Markov process is a probabilistic
system that makes its state transitions according to the transition probability
matrix of a conventional Markov process. However, the amount of time spent in
state 7 before the next transition to state j is a random variable [21], [22]. By
incorporating the semi-Markov statistics into the learning portion of the adaptive
filter, the problem of growing memory is completely eliminated.

This technique was successfully used by Moose and Wang [24] in the switching
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plant problem. Other applications include: modeling large scale depth variations of
submarines, Moose [25]; modeling accelerations of a maneuvering target in three-
dimensional space using spherical observations of noisy radar data, Gholson and
Moose [26]; incorporating a correlated acceleration model in an airborne target
tracking system, Moose, VanLandingham, and McCabe [27]; passive underwater
tracking using polar coordinates, McCabe and Moose [28]; using the correlated
acceleration model in the passive underwater range tracking problem, Moose and
Dailey [29]; extending the algorithm to passive underwater depth tracking, Moose
and Godiwala [30]; modeling unknown biases in measurement devices, Moose,
Sistanizadeh, and Skagfjord [31]; and incorporating a nonlinear system block in an
underwater tracking system which decouples the bearing and range estimators,
Moose [32].

Many others have contributed to the field of adaptive state estimation and
multiple model filtering. Tugnait and Haddad [33], [34] studied state estimation in
linear systems with random Markovian noise statistics. The noise comes from a
group of Gaussian distributions with different means and covariances. The
transitions are determined by an unknown Markov transition probability matrix.
Akashi and Kumamoto [35] devised an adaptive filter in which the overall estimate
is calculated using a relatively small number of individual conditional estimates
sampled at random from a larger set of individual conditional estimates.

Maybeck and Suizu [46] and Tobin and Maybeck [47] used multiple model
filtering in the problem of accurately tracking the azimuth and elevation of a
highly maneuverable airborne target, using outputs from a forward-looking infrared
sensor as measurements. Blom and Bar-Shalom [48] described a method of timing
the merging of various individual filters in an adaptive estimator to overcome the

growing memory problem. Bar-Shalom, Chang, and Blom [49] used the multiple
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model filter in the problem of input estimation, providing estimates of the
magnitude and onset time of the input. Emre and Seo [50] presented a global
modeling approach to data association of multiple targets and maneuver
detection/estimation of single targets. These two problems are solved
simultaneously using system identification techniques, which leads to a multiple

model estimator with a finite number of terms.

2.3 Alternate NonGaussian Filtering

Several alternatives to the Gaussian sum and adaptive Kalman filter
algorithms have been proposed for systems containing nonGaussian inputs.
Masreliez [43] introduced an approximate nonGaussian filtering method for linear
systems. Instead of approximating the densities using Gaussian sums, he used a
nonlinear score function of the measurement residuals to produce the Kalman filter
equations. The technique works best however when only some of the random
processes are nonGaussian, with the rest being Gaussian. Masreliez and Martin [44]
extend this approximate nonGaussian filtering method by applying an influence
function of min-max robustness theory to replace the previously used score
function. Tsai and Kurz [45] devised a robust Kalman filter based on an m-interval
polynomial approximation method for unknown nonGaussian noise. As the score
function of [43] is partitioned into m segments, each is better approximated with a
low-order polynomial function which is easier to implement and adapt to the
density function of the residual process.

Other robust estimation techniques are used by Kirlin and Moghaddamjoo for

systems with unknown inputs and nonGaussian measurement errors. In [51] the
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input forcing function and measurement bias are estimated using a moving data
window median calculation. The plant and measurement noise covariances are
found using biweights and rank correlation. In [52] they discussed adaptive
estimation of unknown inputs and measurement noise covariance using a running
window curve-fitting algorithm. Estimation of the plant noise covariance is
accomplished using an independent technique, based on the residuals and a

stochastic approximation method.
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3.0 NONGAUSSIAN ESTIMATION

This chapter discusses the mathematical details of the Gaussian sum approach
to nonGaussian signal estimation. It begins with an outline of Alspach’s
development of the Gaussian sum estimation technique [6-8]. A major problem
with this technique is indicated which necessitates a modified approach. Next, a
detailed description of the nonGaussian signal model is given which leads to an
alternate formulation of the Gaussian sum density approximation. The initial
parameter vector describing the density approximation is found using a curve
fitting procedure. A modified Gaussian sum adaptive filter is developed for a
general discrete-time system and a simulation example is given. Finally, key
differences between the Gaussian sum and modified Gaussian sum algorithms are

examined.

3.1 Gaussian Sum Estimation Technique

As previously stated in chapter 2, an estimation technique, applicable to both

linear systems with nonGaussian inputs and nonlinear systems with Gaussian
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inputs, has been developed by Alspach [6-8]. The basic problem is to estimate the
state z; of a discrete-time system from the current measurement sequence
Z, = {21,?2a~-~,2k-1,2k}~ The “best” or optimal estimate Z; of the system state z;
is chosen as that estimate which minimizes the mean-square error between z; and

Zi. This results in the conditional mean estimate
Bo=Eloel Zi= | aplen| Z)) do (3.1.1)

where p(z; | Z;) is the conditional density function of the state given the current
measurement sequence.
The Gaussian sum estimator is developed by Alspach using the following

system model

.'l'k = @kxk_l + wk_l (312)
Zk:szk+vk (313)

where the initial state has a Gaussian sum density of the form

Zao P’O v (314)

=1

Assume that the plant and measurement noise processes, w; and v, are
statistically independent, nonGaussian, white noise sequences with Gaussian sum

densities

q
w) =3 Be Nlwe, @] (3.1.5)

n=1
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and

Tk
Pe) = D Yy N[Vkps Ric,) (3.1.6)
m=1

The key idea of Gaussian sum estimation is to use (3.1.4)-(3.1.6) in the
approximation of p(z;|Z;) as a sum of Gaussian densities. Using Bayes’ rule, this

conditional density function can be determined recursively [7] from

_ (@i | Zi_1)p(2x | 71)
p(zi| Z,) = 2Cr ] Z1) k (3.1.7)
p(zp | Zko1) = Jio P(Tx_y | Zior)P(2h | Tpoy)d TRy (3.1.8)

where the normalizing constant p(z; | Z,_;) in (3.1.7) is given by

Pl Zin) = | plo] Zi)p(eiloddae (3.0.9)

The density p(z;|z;) in (3.1.7) is determined by the measurement noise density
p(vi) of (3.1.6) and the measurement equation (3.1.3). Similarly, the density
p(zy | zx—1) in (3.1.8) is determined by the plant noise density p(w;) of (3.1.5) and
the plant equation (3.1.2). Knowledge of p(z | zi), p(zx | x—1), and the initial'state
density p(zq) of (3.1.4) determines p(z; | Z;) for all k. Alspach [6], [7] derives two
additional theorems which are briefly stated here. The measurement update
theorem provides passage of p(z;|Zi_;) to p(zi|Z;), while the time update

theorem provides passage of p(z | Zy) to p(zx4y | Zi)-

Measurement Update Theorem

Suppose that the k** stage prediction density function is
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£k
p(ai| Zioy) = Y ok, Nk, Py ] (3.1.10)

=1
Then the k'* stage filtering density is given by

€k

j=1

where the mean and covariance terms are found from the Kalman filter

measurement update equations

HPr; = M, + I{k]'(zk - Hkﬂ;c,- ~ Vi) (3.1.12)
Ky, = Pl H(HP, Hy + Ry,)" (3.1.14)

The filtering density (3.1.11) is the result of a double sum formed by the
product of the prediction density (3.1.10) and the measurement noise density

(3.1.6). The double sum is rewritten as a single sum with upper summation limit

€k = &7 (3.1.15)

produced by the product of upper summation limits ¢, of (3.1.10) and ry, of (3.1.6).
As a result, the number of terms of the filtering Gaussian sum density grows
geometrically at each measurement update with a ratio equal to the number of
Gaussian sum terms of the measurement noise.

The oy ; term of (3.1.11) is found from

'
_ akﬂkmwk 5
[ ’
7 &k
Z a;cz'}'kakJ

i=1

(3.1.16)

1273
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where the index of summation j is defined as

i=1,...,&
m .

j:i'*'(m_l)é;c =1,...,7r;

The ij term of (3.1.16) is the Gaussian probability density function
Wy, = N[Hkmc,»'i'ukmaHkP;c,-Hz‘i'ka] (3.1.17)

with terms that are readily found from measurement update equations (3.1.12) and
(3.1.14). The ay; term (3.1.16) is a nonlinear function of the current measurement
data, with its denominator acting as a scale factor so that the oy ; terms remain

bounded between 0 and 1 at each iteration.

Time Update Theorem

Given that the k** stage filtering density function is

Ek
p(zr| Z4) = Zaij[ij,ij] (3.1.18)

=
Then the k'* stage prediction density is given by

€kp1
P(Teyr | Zi) = Z alk+1iN[ﬂ;c+1iaP;c+1i] (3.1.19)

=1

where the mean and covariance terms are found from the Kalman filter time

update equations

N;c+1i = (I’k-q-lﬂkj + Wi, (3.1.20)
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Py, = 4’k+1ij¢'§+1 + @k, (3.1.21)

The prediction density (3.1.19) is the result of a double sum formed by the
product of the filtering density (3.1.18) and the plant noise density (3.1.5). The

double sum is rewritten as a single sum with upper summation limit

k1 = Extx - (3.1.22)

produced by the product of upper summation limits £, of (3.1.18) and ¢ of (3.1.5).
As a result, the number of terms of the prediction Gaussian sum density grows
geometrically at each time update with a ratio equal to the number of Gaussian
sum terms of the plant noise.

The 41, term of (3.1.19) is found from

a;‘“i = akjﬁkn (3.1.23)
where the index of summation ¢ is defined as

J=1.56

i=j+(n—1) n=1,.,q

Alspach’s two theorems show that for the system defined by (3.1.2) - (3.1.6)
the Gaussian sum form repeats itself from one stage to the next so that (3.1.10)
and (3.1.11) are the general forms for an arbitrary stage. The measurement update
equations (3.1.12) - (3.1.14) and time update equations (3.1.20) and (3.1.21)
comprise a bank of Kalman filters operating in parallel. Using the Gaussian sum

approximation of the conditional density function (3.1.11), the overall state
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estimate Z; is found as a weighted sum of the individual conditional mean values

from each filter
€k
B = Elay | Z4] = ) on i, (3.1.24)
7=1

The corresponding conditional covariance is

&k
Py = El(zp— &)(ze— &) | 2] = Z;akj[ij + (& — )8k — )] (3.1.25)

It is evident from (3.1.15) and (3.1.22) that the number of Gaussian terms
increases at each stage of the estimator. This growing memory problem is a serious
limitation in Alspach’s development. A modified approach is required to alleviate

this limitation.

3.2 NonGaussian Signal Model Development

Let u be a random noise process or random input signal with a nonGaussian
density function. It can be modeled as the sum of two statistically independent

random processes

u=b+n (3.2.1)
The first term, b, is a semi-Markov process with state transitions governed by the
transition probability matrix of a conventional Markov process. Markov processes

have the property that a transition is made at every time instant. The transition
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may return the process to the state it previously occupied, but a transition occurs
nevertheless. However, in the semi-Markov case, the amount of time between
transitions is a random variable [22]. The value of b is randomly selected from a

fixed set of discrete values, characterized by a delta probability density function

()= 3 P85 ~b) (3.2.2)

=1
with

M
ZP,-zl; P, >0 for:=1,2,...M (3.2.3)

This process can be thought of as a randomly-switching bias, each bias value b;
having probability P;.
The second term, n, is a zero mean white Gaussian process with variance o?.

With both densities known, the density function of v can be found using the

convolution relationship between u, n, and b [53]

P = [~ pau—b)ps)dd (3.2.4)

where p,(u — b) is the Gaussian density with n =u —b

1fu—=>b
pa(u—0) = 1 e—i( Tn ) (3.2.5)

Substituting (3.2.2) and (3.2.5) into the convolution integral (3.2.4) gives

o) -1 ‘l_l:_b ¥ M
1 _ ¢ i In ) Y " P;6(b—b;)db (3.2.6)

—oN27 0, =

p(u) = J
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Interchanging integration and summation

M 0o C1fu—b\? '
p(u) = ZP»“ L e {7 )6(b—b,~)db (3.2.7)

= —oN2T 0,

Using the sifting property of the delta function [54]
fla) = j ” f(@)8(z — a)dz (3.2.8)

the integral of (3.2.7) is evaluated as

p(u) = %P,- 1 e—;(ua;"bi) (3.2.9)

=1 27{0‘71

or

p(u) = %PiN[b;, o] (3.2.10)
=

Thus, the nonGaussian density function of u can be modeled as a Gaussian sum.
The weight P; of each Gaussian term is the probability of the i** bias term. The
bias term b; is restricted to be randomly selected from the same fixed set of bias
values at each iteration. Using this model in conjunction with the modified
Gaussian sum adaptive filter developed in the next section avoids the growing

memory problem of Alspach’s development.
Selecting the parameters P;, b;,, and o, in (3.2.10) to obtain the “best”
approximation pgg to some actual nonGaussian density function p, is

accomplished by means of minimizing the L* norm
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pa(u)— iP,—N[b,-,af,] du (3.2.11)

k o0
|[Pa— Pgs| = J

This curve fitting exercise can be done off-line using several values of M until a
suitable trade-off between minimum norm and minimum M is obtained. Alspach
[6], [7] performed this curve fitting procedure using L' and L? norms for a uniform
density and a Gamma density. It was found that minimizing the L? norm resulted
in many fewer terms in the Gaussian sum and a considerably better looking
approximation for both densities compared to minimizing the L' norm.

Figure 1 compares a Gamma density with a four-term Gaussian sum density
approximation minimizing the L? norm. The Gaussian sum curve is shown to fit

the Gamma curve reasonably well. The Gamma density used is

u g u>0
p(U)={ 0 v <0 (3.2.12)

Each term of the Gaussian sum has a fixed value of o, =1. Table 1 lists the

values of P; and b; used in the Gaussian sum.

Table 1.

Gaussian sum P;, b; values, o, = 1.

1 0.081 2.537

2 0.432 2.533
3 0.356 | 4.555
4 0.131 6.933
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Figure 1. Gamma and Gaussian sum probability density functions.
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3.3 Modified Gaussian Sum Adaptive Filtering

A modified Gaussian sum adaptive filter is now developed for a linear system

with a deterministic input signal and nonGaussian plant and measurement noise.

The system is modeled in standard discrete-time state-space form as

where Thiq
Uk

Wy

23

U

3T, 0 H

Thyy = B2y + Ty + Py (3.3.1)
Wy = ag + My (3.3.2)
zp=Hzp+ v (3.3.3)
v = b+ 1y (3.3.4)

1s the state vector

is a known deterministic input

is the vector Gaussian sum signal model of the actual
nonGaussian plant noise process, comprised of semi-
Markov bias vector a;, and zero mean white Gaussian
noise my, with covariance ¢

is the measurement vector

is the vector Gaussian sum signal model of the actual
nonGaussian measurement noise process, comprised of
semi-Markov bias vector b, and zero mean white Gaussian
noise n;, with covariance R

are the respective constant transition matrices

and the random quantities z;, a;, my, by, n, are assumed to be mutually

statistically independent.
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The optimal estimate Z,,, of the state vector is found by minimizing the
mean-square error between z;., and Z;,;. This results in the conditional mean

estimate

£k+1 = E[-Tk+1 l Zk+1] = J _ $k+1p(3’k+1 | Zk+1) d$k+1 (3-3-5)

where Z,_, is the current measurement sequence {zy,2,,...,2;4,}. The conditional
density function of (3.3.5) can be written as the ratio of the corresponding joint and
marginal densities

_ P(Tis15Z41)
p($k+1 | Zk+1) = p(Zk+1) (3-3'6)

The two bias vectors a and b are explicitly brought into (3.3.6) by considering the
joint  density  p(®44q,Zry;) to be a marginal density found from

P(Tr41y Zky1,a = a;,b = b;) by summing over the a and b terms

N M
Z Zp($k+lvzk+ha =a;b= bg)

Tpry | Zpsy) = 2122 3.3.7
P( k+1| k+1) P(Zk+1) ( )

Expanding (3.3.7) and wusing  p(2441,Z441,0;,b;) as  shorthand  for

p(xk+1aZk+laa =a;b= b]) gives

N M
Z ZP(%-H | Z441,00,05)P(Z1 41,05 b;)

z Z ===
P( k+1| k+1) p(Zk+1)
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' P($k+1 | Zk+1aavb1) (a,-, bj | Zk+1)P(Zk+1)
z Z =
P( k+1| k+1) P(Zk+1)

-
|
~

~
1]
-

M=
Mk

and finally

N M
P($k+1 | Zk+1 Z ZP Tkl | Zk-}-lvanb]) (a.’s bj | Zk+1) (3-3-8)

=1 j=

—

Substituting (3.3.8) into the conditional mean (3.3.5) results in

oo N M
Ty = J $k+1|:2 Zp(mk+1 | Zis15 25 J)P(an J | Zk+1)] dTpyq (3.3.9)

i=1 j=1
Interchanging integration and summation gives

N M
T = ZZU Ty 11 P(Tkt1 | Zry150irb5) dwk+l}P( aiyb;| Zryr) (3.3.10)

=1 j=1

The bracketed integral in (3.3.10) is the conditional mean estimate of z;,, given

that a = a; and b = b;, denoted by

57-3;1 = J $k+1p($k+1 IZk+1,% bj) dfck+1 (3-3-11)

In effect, 7i’,, represents the estimate for the i;j** density combination from the
two Gaussian sums. A set of N X M (NM) estimators is needed to provide all the

individual £}, estimates. The overall estimate from (3.3.10) and (3.3.11),

N M
Ty = Zzzk+1p nb |Zk+1) (3.3.12)

i=1 j3=1
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is a weighted sum of the NM individual estimates. The weighting factor
p(a;b;| Zyyy) is the probability that a=a; and b=b5, given the current
measurement sequence.

Each estimate (3.3.11) is found from a modified linear state estimator.
Rewriting the measurement sequence as Z;_; = {Z}, 2}, the conditional density

function of (3.3.11) is

) — p(zk+1azk7 zk+1aaiabj)

3.3.13
p(Zkazk«{-laai?bj) ( )

P($k+1 | Zy, Zk+15 44 b,'

Expanding as before gives

P(Zkg1 | Tot1, 00,05 Z1) (T | @05, Zy)
3.3.14
P(Zk+1 | a;, bj7 Zy) ( )

P($k+1 | Zy, Zk+10 %45 bj) =
The first term of the numerator of (3.3.14) is Gaussian since z;,;, a = a;, and
b=1"; are given. The conditional mean value is found by first combining (3.3.3)
and (3.3.4) at time iteration k+1
Zpp = Haop g + by + gy (3.3.15)
and then taking the expected value
mi’;l = E[2k+1 | $k+1aai,b,’, Zk] = H$k+1 + bj + E[”k+1 | wk+1aaiabj’ Zk]
Since n;,, has a mean value of zero, the expected value is

m;-cj+1 = ka-l—l + b] (3316)
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The conditional covariance is found next as

C;.cj-‘}-l = AE[(Zk+1 - m;.c]-.i-l)(zk+1 - m;;:j+1)T ( Tk41s Qi bj’ Zk]

= E[(Htpyy +bpyy + 1y — Hrpyy —05)(2541 — mide,)T | Tt1, @i 05 2]
Knowing that b = b;
Ci1 = Elng g | 241,850, 2] = R (3.3.17)
The conditional density is therefore
P(Zk+1 | Lht1y Qi bja Zy) = N[mﬂ—lsR] = N[H$k+1 + bj’ R] (3.3.18)
The second term of the numerator of (3.3.14) is also Gaussian since a = @; and
b=b, are given. The conditional mean value is found by first combining (3.3.1)
and (3.3.2)
Try1 = By + Tuy + Vap + ¥y, (3.3.19)
and then taking the expected value
Fp1 = B[ty | 6,05, 2] = B[z, | a;,b;, 2] + Ty + Va,; + VE[my | a;,b;, 2]
Since m; has a mean value of zero, the expected value is

i;‘cjj«{-l = @(’i;cj + Fuk + \Ila,- (3.3.20)
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where ¥}, is the prediction at time iteration k+1 given prior measurements up to
only iteration k, while ZY is the previous estimate at iteration k given
measurements up to iteration k.

The conditional covariance is found next as

Mfcjﬂ = E[($k+1 - 5?41)(‘”“1 - ﬁ’h) | a;, ,,Zk]

= E[(®z; + Tuy + Yay + Umy, — B2 — Tuy — Va,)(zpqy — Fpa)" | 0505, 24

Since a = a; and recalling that z; and m; are statistically independent

Mfcj+1 = @E[(mk - ﬁj)(m - ﬂcj)T | a;b 3 Zk]‘I’T + ‘I’E[mkmk , a;b i Zk]"I’T

Letting PY = E[(z — 2¢)(z — 2¢)T | a;,b;, Z;] be the conditional covariance of the

error term x;, — T}/,

P = @PYRT + TQIT (3.3.21)

Since the covariances @ and R are the same for each ij* estimator, the respective
conditional covariances simplify to P}/ = P and M}, = M, and the conditional

density is therefore
P(r41 | aibj, Zy) = N[E 1, My yy] = N[8ZY + Ty + Ta;, 8P 2T + $QTT] (3.3.22)
The least-mean-square (LMS) estimator is found by taking the derivative of
the natural logarithm of (3.3.14) with respect to z;,,, setting the result equal to

zero, and determining the value of z;,; = ¥, that produces this result. Since the
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denominator term of (3.3.14) does not depend on z;,;, it will not play a role in

determining 7}%,;. Now, set
%Hl[ln P(Tkpr | Zgy 241,055 05)] = 0 (3.3.23)
Using (3.3.18) and (3.3.22) in (3.3.14), (3.3.23) becomes
O 1o Nm@,y, R]+1In N[&,;, Myy] - 0] =0

0-’”k+1

'aa_mkﬂ[‘%(zkﬂ - m;;];tl)TR_l(zk+1 - m;cj-i-l) - %(37k+1 - 5;;11)TM1:111(%+1 - 5;:]4.1)] =0

(3.3.24)
Combining (3.3.16) and using a rule of matrix differentiation (if C = C7T)
%(Am +5)TC(Az +b) = 24TC(Az + b) (3.3.25)
the first term of (3.3.24) is arranged in the form of (3.3.25)
%Hl["%(“ﬂxkﬂ + 2k41 = b;) TR (—Hapyy + 2441 — b;)]
with A= —H, b=2;,,—b;, and C = R™'. Applying (3.3.25) results in
—HTR Y (Hzppy — 2141 +b;) (3.3.26)
Similarly, the second term of the derivative (3.2.24) is
—Miti (T — ) (3.3.27)
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Combining (3.3.20), (3.3.26), and (3.3.27) and setting z;,, = &}/,; gives

—HTR™YHzY, — 2341 + b)) — Migh1 (320, — B3¢ — Tuy — ¥a,) = 0
or

(Mily+ H'RT'H)3Y, = HTR (2441 — b;) + M},(92¢ + Tuy + 0a,;)(3.3.28)
Now, define
P =(Mzi,+ H'R'H) (3.3.29)
Using (3.3.29) and solving for #},; in (3.3.28) gives
&y = Pegr HTR (2341 — b)) + Piyy M3, (®3¢ + Tup + Pa;)  (3.3.30)
To rewrite Py, Mj},, first premultiply (3.3.29) by P, ,, giving the identity matrix
I=P. (Mgl +(HTRH) (3.3.31)
then solve (3.3.31) for P, , M5}, and substitute into (3.3.30)
800 = Py HTR (24, —b,) + (I — Py y HTR'H)(®2) 4+ Tuy + Va;) (3.3.32)
Now, let
Ky =P HTR™! (3.3.33)
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be the Kalman gain, and rearrange using (3.3.29) to produce

Kipn= My + H_IRHT_l)HTR—l
= M, HTR™ + H
= (M HY (R + HT Mg H™)
or

Kipy=M  HY(HM  H" + R)™! (3.3.34)

Substituting (3.3.33) into (3.3.32) and rearranging produces the familiar Kalman
filter equation below, with modifications to allow for the two bias terms of the

Gaussian sum densities
£;€J+1 = @f;cj + I‘uk + \I,ai + I{k+1 [Zk+1 — b] - H(q){i;‘;’ + Puk + \Ila")] (3-335)
As a final step, substitute (3.3.33) into (3.3.31) to produce

Pk+1Ml:-}-1 = (I - Kk+1H)
or

Py =(I =Ko H)M, (3.3.36)

With the individual ij** estimate (3.3.35) determined, the next step in

producing the overall estimate (3.3.12) is to find the weighting term p(a;,b; | Zy,,).

Using Z; 1 = {Z,2r41} again, the weighting term becomes

p(zk+1a aiabj7Zk)
P(Zk+1,Zk)

p(aiabj | Zk+1) =
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Using Bayes’ theorem produces

P(2k+1 | %bj, Zk)P(%bj | Zy)
a;, b, Z =
P( J | k+1) P(zk+1 |Zk)

(3.3.37)
The first term of the numerator can be modeled as a Gaussian density if the
bias terms switch slowly compared to the time interval k. This assumption will be
made here and has been validated by extensive simulation and analysis by Moose
and Wang [24]. Combining (3.3.15) and (3.3.19), z;,, is written as
Zk+1 = H(‘I’xk—}-ruk-{-\]?ak—}-\l/mk)-{-bkﬂ +nk+1 (3.338)
Taking the expected value, the conditional mean is
%’734-1 = E[2k+1 | a;, ij Zk]
= H@E[Ik l a,-,bj,Zk] + Hruk + H‘I’a,- + b]
or
%y = H(®2Y + Tug + Pa;) + b; (3.3.39)
The conditional covariance is found next as
R?ﬂ = El(z441 — 'E;.cj-'i»l)(zk+l - E;ZH)T | a;,b, Z] (3.3.40)

Using (3.3.38) and (3.3.39), the z;,, — ¥, term is written as

Zk+1 —E;.cj;’_l = H((I):L'k+ruk + \I’ak + lI’Tle) + bk+l +nk+1 - H(@f;&’-{-ruk <+ \I’ai) —bj

(3.3.41)
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Inserting (3.3.41) into (3.3.40) gives
' ?-H = E[(H{®(z; - ﬂc]) + Uy} + e Nzrg1 — Eiﬂ—l)T | a;, bj’ Zy]
and using (3.3.17) and (3.3.21) produces
Y= HM L HT+ R (3.3.42)

Since the covariances R and MY, = M, are the same for each i;** estimator, the
conditional covariance simplifies to R{,; = Ry, and the conditional density is

therefore

P(Zk+1 | Qg ij Zk) = N[’EL{HaRkﬂ]

The second term of the numerator of (3.3.37) can be rewritten to explicitly

include the time interval for the two bias terms

p(ayb;| Zy) = plagyy = a;,byy = b5 | Zy) (3.3.44)

Using Bayes’ theorem and the definition of marginal densities, (3.3.44) is expanded

into

N M
E:IﬂZ;P(GkH = @y Q) = Ggy b yy = b0 = b, Zy)
a",b : Z = o= =
P( 7 | k) p(Zk)

N M
= Z Z P(ak+1 = aisbk+1 = bj | Qg = Aoy bf = bﬂa Zi)play = ag, by = bﬂ, Zy) (3-3-45)

a=1j3=1
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Recalling that a;,; and b;,, are assumed statistically independent, and given that

Zy, ay = a,, and by = bg are known, (3.3.45) becomes

N M
= Z Zp(ak+1 =a;| ap =a,)p(byr = bj | b = bﬁ)p(ak =g, b = bﬁ | Z¢) (3.3.46)

a=1p=1

The measurement sequence Z, is not needed in the first two terms of (3.3.46) since
a =a, and b, =bg are known at time interval k¥ and are independent of Z;. The

following notation will be used to express the three terms of the sumnation

(3.3.46)
gff' = p(ars1 = a; | ax = a,) (3.3.47)
wgﬁ: P(ak:ambk:bﬂ |Zk) (3349)

The terms (3.3.47) and (3.3.48) are Markov transition probabilities [22]; that
is, 8> is the conditional probability that a =a; at time interval k+1, given that
a=a, at time interval k. The 6f® term is similarly defined. The term (3.3.49) is
of the same form as (3.3.37) and is just the previous weighting term at the previous
time interval k.

The denominator term of (3.3.37) is independent of 5. Therefore it is the
same for each ij*" estimator and becomes a scale factor.

Combining (3.3.43) and (3.3.47) - (3.3.49), the weighting term (3.3.37) is

written as

.. .. N M
wili = pla;, bj | Zk+1) = Cz+1N[E;cJ+1, Rk+1]z Eﬂzaﬁgﬁwﬁﬁ (3-3-50)

a=1 =1

NONGAUSSIAN ESTIMATION 36



where C},, is a scale factor determined at each time interval such that

N M
S wi, =1 (3.3.51)

1=1 =1

guaranteeing that the sum of all the weighting terms (3.3.50) is equal to one. The
mean and covariance of the Gaussian density function are available from the
Kalman filter equation (3.3.35) and Kalman gain (3.3.34).

The equations for the modified Gaussian sum adaptive filter for the system of
(3.3.1) - (3.3.4) are summarized in Table 2. The structure of the overall adaptive
filter is a bank of Kalman filters operating in parallel, with each individual
estimate multiplied by its own corresponding weighting term. The ij** estimator
based on the bias terms that most closely matches the actual bias terms of the
modeled system will have a corresponding weighting term that tends closer to one,
while the weights of the other mismatched estimators will tend towards zero. A
block diagram of the adaptive filter is shown in Figure 2.

A simulation example is presented in the following section.
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Table 2.

Modified Gaussian sum adaptive filter equations.

System: Ty = Pap 4+ Tuy + Yy
Wy = ag + my

Zk=H$k+’Uk

v = b+ 7y
N M
Overall estimate: Ty = Z Z +1P (aib; | Zyyr)

i=1 j=1

Kalman filter equation:

'fi';.c];-l = @f;g + Puk + \I’ai + I{k-i-l [zk+l - b] - H(@.’i;f + Puk + \IICI")]

Kalman gain equations: M, ; = P, 3T + ¥QUT
Kipy = My HY(HM, HT + R)™
Py = - Ky H)M

Weighting term:
.. N M 3
w;c]+1 (a‘n j | Zk+1) CZ+1P(Zk+1 | a;, bja Zk)2;9;°0£"w7;'
o= =1
With p(2k+1 I a,, 49 Zk) = N[H(q)f;cj + Puk + ‘I’a,') + bJ7 HMk+1HT + R]
0 = Gry1 = 0; | O = ag)

p(
p(bk+1 = b] | bk = b,@)
= p(

A = Agy b = ba | Zk)

N M
and scale factor C7,, such that »_ Zwkﬂ =1

i=1 j=1
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Figure 2. Modified Gaussian sum adaptive filter structure.
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3.4 Simulation Example

An example illustrating the modified Gaussian sum estimation technique is
now presented. A first-order system is used, modeled by the following discrete-

time equations

lant: = e—oT —e—oT w

plant: Ty =e g+ (1—e "y, + e (3.4.1)
Wy = ay, + ™my (34:2)

measurement: 2 = T+ Vg (3.4.3)
U = bk + ny (34.4:)

The value of « is 0.6 and the sample time T =1 second. For simplicity, let
the plant noise (3.4.2) be zero mean white Gaussian with variance @ = 1.0.
Therefore, the randomly-switching plant bias term a; =0. The actual
measurement noise, modeled by (3.4.4), has the Gamma density of (3.2.12), with a
mean and variance of 4. The measurement bias term b; can be randomly selected
from the last three bias terms of Table 1, {2.553, 4.555, 6.933}. The first bias term
of Table 1, {2.537}, is not used since it is so close in’ value to the second bias term.
The measurement model noise term n; is zero mean white Gaussian with variance
R =1.0. A deterministic input of u;, =10 is used throughout the simulation.
Figure 3a shows the measurement and state sequences. Note how the measurement
is centered about 14, indicating a mean value for the Gamma density of 4.

The filter is initialized with equally-valued weighting terms
wgz%, for j=1,2,3 (3.4.5)
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A Markov transition probability matrix ©f®, consisting of 6j° elements, is
configured with a high probability that the bias term does not switch from one

value to another, and a low probability that the bias term does switch, such as

95 .025 .025
O =| .025 .95 .025 (3.4.6)
025 .025 .95

The initial value of the state and state estimate is 4 = Z, = 20, and the initial
value of the variance of the error z;,,—2;,; is P,=100. The overall state
estimate and the state are shown in Figure 3b, with the error and overall state
estimate shown in Figure 3c. Note how the error appears to be zero mean, thus
showing that the MGS adaptive filter removes the bias effect of the nonzero mean
Gamma measurement noise.

Figures 4a, b, and ¢ show the weighting terms for each of the b; bias terms. In

order to lessen the noise of the weighting terms, a first-order lowpass filter
Wiy = dwl 4 (1 = Nwiy, (3.4.7)

is used to smooth the weighting terms, where A = 0.7. Figure 4d can be thought of
as the overall measurement bias estimate I;k due to the nonzero mean Gamma
measurement noise. Using (3.3.35) and (3.3.50), this overall bias estimate is part of

the overall state estimate (3.3.12) and is written in this case with a; = 0 as

- M .
b= wibi (3.4.8)

=1

Note how this overall bias estimate approximately models the mean value of 4 of

the Gamma measurement noise.
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Figure 3. (a) Measurement and state simulation, (b) modified Gaussian sum
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NONGAUSSIAN ESTIMATION

42



i — Weight 1
0.8 - b; = 2.553

0.6
0.4
0.2

O 1 L | ! | s |

0 20 40 60 80 100
lteration k
(a)

1
08 I — Weight 3
| by = 6.933
0.6 B

0 20 40 60 80 100
lteration k

(c)

0.8

0.6
0.4

0.2

10

— Weight 2
b, = 4.555

20 40 60 80 100
lteration k

(b)

— Estimate of b

| — P I

0

20 40 60 80 100
lteration k

(d)

Figure 4. (a) Weight 1, (b) weight 2, (c) weight 3,

(d) overall measurement bias estimate.
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3.5 Comparison of Gaussian Sum and Modified Gaussian
Sum Algorithms

The. Gaussian sum (GS) algorithm of Alspach [6], [7] and the modified
Gaussian sum (MGS) algorithm developed in this present work exhibit several
similarities. Among them are using a Gaussian sum density approximation to
model the actual nonGaussian densities, a structure formed by a bank of Kalman
filters operating in parallel, and weighting terms that are nonlinear functions of the
measurement data. However, there are several key differences between the two
algorithms that set them apart.

One difference is that the GS algorithm produces an exponentially increasing
number of Gaussian terms at each iteration, while the MGS algorithm produces
only a fixed number of Gaussian terms. As a result, the GS algorithm requires an
exponentially increasing number of individual Kalman filters operating in parallel,
which is impossible to implement for any practical purpose. The MGS algorithm
avoids the increasing computational and storage requirements of the GS algorithm.

This leads to a second difference between the two. The GS algorithm is
optimal while the MGS algorithm is suboptimal. Tugnait [55] and Raisch [56]

point out that in order for the state estimate

N M
L1 = E[$k+1 | Zk+1] = Z Zﬂ’ﬂ p(a;, bj [ Zk+1) (3.5.1)

=1 j=1

to be optimal, the full exponentially increasing number of individual Kalman filters

is required. This leads, in turn, to the condition that the individual ij!* estimate

53;3+1 = J 33k+1p(i€k+1 | Zk+1aai7 bj) d33k+1 (3-5-2)
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is optimal only if the denmsity p(z;.;|Zs4;,a;0;) is conditioned on the full
measurement sequence Z,, = {zy,25,...,2;4;} and the full switching-parameter
bias term sequences Ajp1 = {ag, a9y yag ) and By = {b},by,..., b1} of present
and past bias values for this particular ij** estimate. Therefore, (3.5.2) would be

written as
.. w . .
T = J $k+1p($k+1 | Zk+laA;c+17B77c+l) d$k+1 (3-5-3)
— o0

and the overall state estimate (3.5.1) would be

) Nk+1Mk+1AH . ,
Lry1 = Z Z T P(A%+1,Bi+1 | Zk+1) (3.5.4)

=1 j=1

The weighting term p(A,;, Bl;1 | Zx41) is also now a function of the full bias term
sequences. The upper limits on the summations are no longer fixed constants, but
are now functions of the time iteration. At each iteration, a is randomly selected
from a fixed set of N discrete values. This produces N*+! possible A4}, sequences
at iteration k41, with ¢ running from 1,2,...,N**!.  Similarly, b is randomly
selected from a fixed set of M discrete values, producing M**! possible Bj,,
sequences, with j running from 1,2,..., M*+!,

Rewriting the measurement sequence as Z;,; = {2341, 2}, and the bias term
sequences as Aj.; = {aj,y,A4}} and Bi,, = {b],,,Bi}, the density of (3.5.3) is
expanded as

i i1 . N,N,N,N
p(mk+1 ‘ Zk+1,Zk, ak+1’Ak9bi+17B£) = W (355)

where
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Ny = p(zi4 | $k+1aai+1aAia bi+1,BZaZk)
Ny = P(a2+1 | $k+17AZ’b£+1’B£aZk)

Ny = P(b£+1 ‘ $k+1’A;;:a Bi,Zk)
Ny=p(Tip | Aj, BLZk)

D, = p(zip1 |ai+1=A2ab£+1vBia Zy)

D, = P(afcﬂ | Ak b£+1aBivzk)

D, P(bi+1 | A, B, Zy)

The N, term can be reduced to the Markov transition probability N, = p(a}, | a})
since the A}, is a semi-Markov sequence. The N, D,, and D can be reduced in

a similar fashion, producing

N, = P(a;.c+1 ' a};), N;= P(biﬂ l bi)
D, = P(ai+1 [ ‘1;;)’ D, = P(bZH | bi)

Since N, = D, and N5 = D, they each cancel out in (3.5.5) leaving

p($k+1 ' zk+1aZkv a;.c-{-laAL b£+la Bic) =

p(zlc+l I xk+1s a;;-&-l: A;n b£+1a. Bia Z‘k)p‘(wk+1 | a};, A;.c—h bf:a Bi—la Zk)
p(zk+1 I a;c+17A;c7 b£+lvBi7 Zk)

(3.5.6)

The density function of (3.5.2) used in the MGS algorithm is an approximation to
(3.5.6), since it eliminates the past bias term sequences in (3.5.6). Using a similar
development, the weighting term of (3.5.1) used in the MSG algorithm is an
approximation to the weighting term of (3.5.4), since the past bias term sequences

are eliminated here also. The MGS algorithm uses only the information contained
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in the present bias values, thereby leading to a suboptimal state estimate (3.5.1).
Even though the GS algorithm produces an optimal state estimate, it can
never be found in practice since the number of GS terms increases exponentially

from one iteration to the next according to (3.1.15) and (3.1.22), combined below

Eer1 = Ui (3.5.7)

In order to reduce this growing number to some prescribed fixed number = at each
iteration, Alspach [6] proposes a suboptimal estimate based on observed
mechanisms that allow terms to be neglected or combined. At iteration k, he drops
weighting terms (3.1.16) and (3.1.23) that fall below some prescribed threshold. He
also combines several GS terms of (3.1.11) into one term if their means (3.1.12) and
variances (3.1.13) have become approximately equal. These two operations are
used until only ¢, =Z significant terms remain. Then, at iteration k+1, the
number of GS terms grows again to the larger number ¢;, according to (3.5.7), is
reduced by eliminating and combining terms until ¢;,, = =, and the cycle repeats
for all subsequent iterations. This method results in a substantial reduction in the
number of GS terms with a negligible effect on the p(z,,,|Z;,,) density
approximation.

On the surface, it appears that Alspach’s suboptimal Gaussian sum (SGS)
algorithm can achieve performance equal to that of the MGS algorithm, since only
a fixed number of terms is used to produce the state estimate. However, in order
for the SGS algorithm to produce the fixed number of terms =', the larger number
of terms ¢,r,= must first be generated, requiring ¢,r,= parallel filters. The MGS
algorithm requires only =’ filters at each iteration to produce a =  term state

estimate. The computational savings of the MGS algorithm is considerable. Even
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if the plant and measurement noise processes (3.1.5) and (3.1.6) were approximated
using the minimum number of two terms each (g =r; =2), the SGS algorithm
would require a number of filters ¢,r, = 4 times greater than the MGS algorithm.

A third difference is that the GS algorithm must always use time-varying
Kalman gains while the MGS algorithm allows the use of steady-state Kalman
gains. The growing memory problem of the GS algorithm prevents steady-state
Kalman gains to be calculated off-line before running the state estimator. The SGS
algorithm must also use time-varying gains because the elimination and
combination of terms is performed at each iteration. Therefore, the Kalman gains
could never be computed in advance. The MGS algorithm uses the same fixed
number of filters at each iteration. With constant covariances @@ and R of the
plant noise (3.3.2) and measurement noise (3.3.4) used in the gain equations for
each ij** filter, steady-state Kalman gains could be calculated off-line. Even if Q
and R were different for each ijt* filter, they would then be modeled as semi-
Markov processes, with values randomly selected from fixed sets of discrete values.
Since all the covariance values would be known in advance, steady-state Kalman
gains could again be calculated off-line.

A fourth difference between the two algorithms is the use of Markov transition
probabilities in the weighting term of the MGS algorithm, restated here for

convenience

. . N M
Wiy = CRaN[Zy, Rl Y 29;"‘%%%3 (3.5.8)

a=1 ﬂ:l
The weighting term of the GS algorithm at iteration k+1 is

!
C%4-1,.”71c+1,,,vvk+1j

(3.5.9)

Ay =27
S

Z a§c+1ﬂk+1ka+1 .
=1

2
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Define the scale factor as

’\Z+1 = E;c+l 1 (3.5.10)

Q] Wit
?::1 k41, Tht1, Y k1

Using the definition of the Qjy1, term
Oeyr, = A B, (3.5.11)

and (3.5.10) in (3.5.9) results in

Okt1; = /\Z+1Wk+1j['/k+1mﬁk,,]ak, (3.5.12)

The GS weighting term (3.5.12) now has a similar recursive form as the MGS
weighting term (3.5.8), with A,; and C3%,, being the respective scale factors, and
va+1j and N[%{,,, Ry,,] being the respective Gaussian density functions based on
the measurement data. The main difference between the two weighting terms is
the Markov transition probabilities in (3.5.8) and the v, By, factor in (3.5.12).
The Markov probabilities govern the chances that a bias term is going to switch
from one value to another. The v,,, B, factor is formed from the weighting
terms of the Gaussian sum approximations of the nonGaussian densities (3.1.5) and
(3.1.6), and has no meaning similar to the Markov probabilities. Of course, the
current number of g1 terms is larger than the previous number of oy, terms at

the each iteration, while the number of w}/,, terms remains fixed at each iteration.
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40 APPLICATION TO A MODAL SYSTEM

The modified Gaussian sum (MGS) adaptive filtering technique of chapter 3 is
now applied to a modal system problem. Large, heavily damped structures
modeled by a plant with complex modes are considered in [1]. The input to the
plant is unknown, but its frequency characteristics are known and the input is
always present. The nonGaussian nature of the input signal is modeled using the
signal model of chapter 3, and the MGS adaptive filter for this system is developed.
A simulation example using the MGS adaptive filter is given and the results are
compared to those produced from an augmented Kalman filter based on a system
model assuming a narrowband Gaussian input signal. A necessary condition for
effective estimation is derived. Alternate estimation procedures are developed to
compensate for situations when this condition is not met. Several configurations

are simulated and their performance results are analyzed and compared.

4.1 Modal System and Filter Development

The MGS algorithm is applied to a modal system with a nonGaussian input
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signal and Gaussian plant and measurement noise. The theoretical foundation for
this system, which serves as a model for large, heavily damped structures, is found
in [1] and briefly outlined in appendix A. Using a zero-order-hold model, the

resulting discrete-time system equations with added noise terms are

Tpyq = Pxp + Tuy + Ty, (4.1.1)
zp = Hzp + Dug + vy, (4.1.2)
Up = bk + g (413)
where T,y 1s the state vector

z; 1s the measurement vector

w, 1is a zero mean white Gaussian plant noise process with
covariance )

v 1s a zero mean white Gaussian measurement noise process
with covariance R

& T, U H,D are the respective constant transition matrices

u 1s the vector Gaussian sum (GS) signal model of the actual
nonGaussian input signal, comprised of semi-Markov bias
vector by, and zero mean white Gaussian noise n; with

semi-Markov covariance S},

and the random quantities =z, wy, v, b, and n; are assumed to be mutually
statistically independent.

There are two important differences between the modal system of (4.1.1) -
(4.1.3) and the general system of chapter 3, (3.3.1) - (3.3.4). The first difference is

that in the modal system, the signal u; is an input not only to the plant, but is also
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fed through to the measurement z;. Inserting (4.1.3) into (4.1.1) and (4.1.2)

produces modified plant and measurement equations

Ty = Pz + Ty + Twy, (4.14)
2 = Hzy + Dby + v} (4.1.5)
where
w, = Ty + D, (4.1.6)
v = Dng + vy, (4.1.7)

Because n; appears in both (4.1.6) and (4.1.7), w} and v} are correlated Gaussian
random processes. At first glance, this correlation may seem to be an obstacle in
developing the Kalman filter equations for this model, since the Kalman filter
development requires that the plant and measurement noise processes be
uncorrelated. However, what is really necessary in this situation is for wj}_, and v}

to be uncorrelated [57]. Rewriting (4.1.4) for z; gives

.'L'k = @xk_l + Pbk—l + lIl'l,l);c_l (418)

and substituting (4.1.8) into (4.1.5) gives

zp = H(®zp_y + Thp_; + Ywi_,) + Dby + v} (4.1.9)

thereby showing that any covariance calculations involving (4.1.9) will involve the

correlation between wj_; and v}, and not between wj and vj. The correlation

between wj_, and v} is given b
k—1 k
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Elwi_yvi ]| = E[(Trg_y + Twy_, )(Dny + vi)7]
= TE[n,_yni|DT + TE[n;_,vi] + YE[wy_ni|D" + VE[w_,vi] (4.1.10)
=0

since wy, vy, and n; are assumed to be mutually statistically independent.

The second difference is that the covariance S, of the GS signal model is no
longer constant, but can vary with time. The bias vector b; and covariance S, are
both semi-Markov processes with state transitions governed by a single Markov
transition probability matrix. That is, values of b, and S, will be paired together
and will randomly switch from one pair to another. The switching covariance can
be thought of as changing the power of the Gaussian process.

As in chapter 3, the optimal estimate Z,,, of the state vector is found by
minimizing the mean-square error between z;,, and Z;,,. This results in the

conditional mean estimate

§k+1 = E[xk-}-l ‘ Zk+1] = J fL‘k+1P(~’5k+1 | Zk+1) d$k+1 (4-1-11)

where Z,; ,, is the current measurement sequence {2;,2,,...,2;,;}. The conditional
density function of (4.1.11) can be written as the ratio of the corresponding joint
and marginal densities

P($k+1aZk+1)
T Z =" ~F_ 4.1.12
P( k+1 l k+1) P(Zk_H) ( )

The bias vector b, and covariance matrix S are explicitly brought into (4.1.12) by
considering the joint density p(z;,;,Z;,,) to be a marginal density found from

P(Thy1, Zrpq, b = b;, S, = S,;) by summing over the b; and S terms

APPLICATION TO A MODAL SYSTEM 53



M

l
—

p(xk+1,Zk+1, by =b,5, = S.‘)
T A =43
P( k+1| k+1) P(Zk+1)

(4.1.13)

After some additional algebraic manipulation, the optimal estimate of (4.1.11)

becomes

M
Tpp1= Zﬁcﬂp(bh Sl Zis1) (4.1.14)
=1

where §;c+1 is the conditional mean estimate of x; ., given that b, = b, and S, = 5,

denoted by

i;;-#l = J T4 1P(Thgr | Ziy1, 05 Si) dTpepy (4.1.15)
and the weighting factor p(b;,S;|Z;,,) is the probability that b, =b; and S; = S;
given the current measurement sequence. The overall estimate of (4.1.14) is then a

weighted sum of M individual estimates, each based on a particular pair of

parameters b; and S;.
Each individual estimate (4.1.15) is found by a modified Kalman filter. Using

the same method in chapter 3, the Kalman filter equation for (4.1.15) is
Tiy1 = B2 + b, + K 11[2k41 — Db; — H(®Z}, + Tb;)] (4.1.16)
with covariance and gain equations

My =OP@" + TS I7 + 0QT” (4.1.17)
Kiy =M, H(HM; H*+ DS, D" + R)™* (4.1.18)
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Note that (4.1.17) - (4.1.19) are now dependent on §; so that an individual set of
these equations has to be computed for each i* estimator (4.1.16), whereas in
chapter 3 only one set was computed and used for all individual estimators.

As in chapter 3, the next step in producing the overall estimate (4.1.14) is to
find the weighting term p(b;,S;| Z;,,). Using Bayes’ theorem, and writing Z;, as

{Z}, 2141}, the weighting term becomes

P(2k+1 l b;,S;, Zk)p(bi’si | Zk)
P(2k41 | Z1)

p(bi,Si| Zpyy) = (4.1.20)
The denominator term is independent of ¢ and is a scale factor that ensures that
the sum of the weights (4.1.20) at each iteration is equal to one. The first term of
the numerator can be modeled as a Gaussian density if the bias and covariance
terms switch slowly compared to the sample interval k. This is the same

assumption made in chapter 3. This conditional density is

P(zk4110:,5;, Z;,) = N[H(®%} + Tb;) + Db;, HM ,,H" + DS, D"+ R]  (4.1.21)

The mean and covariance of (4.1.21) are readily available from the Kalman filter
equation (4.1.16) and the Kalman gain (4.1.18).
The second term of the numerator can be rewritten to explicitly include the

sample time for the bias and covariance terms

p(b;,Si1 Zi) = p(biyr = by Se1 = Si | Z4) (4.1.22)
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Using Bayes’ rule and the definition of marginal densities, (4.1.22) is expanded into

M
p(b,-,Si | Zk) = Zp(bk+1=bi35k+1:’5’i | bk:bj7 Sk_—'S])p(bk:bJ,Sk:SJ l Zk) (4123)

J=1

As in chapter 3, the following notation is used to express the terms of (4.1.23)

045 = p(byyr = b5, Sk = Si 10, =0;,5,=5)) (4.1.24)
wl = p(be =b;5,=5,1Z4) (4.1.25)

The term (4.1.24) is a Markov transition probability [22]; that is, 8}% is the
conditional probability that b=05b;, and S =5, at time k+1, given that
b="b; and § =5, at time k. The term (4.1.25) is of the same form as (4.1.20) and
is just the previous weighting term at the previous time interval k.

Combining (4.1.21), (4.1.24), and (4.1.25), the weighting term (4.1.20) is

written as

w;;+1 = p(b;,Si | Ziy1) = C21P(2k41 | bis Snzk)iefﬂéwi (4.1.26)
where C%,, is a scale factor determined at each time interval such that the sum of
all the weighting terms (4.1.26) is equal to one.

The equations for the modified Gaussian sum adaptive filter for the system of
(4.1.1) - (4.1.3) are summarized in Table 3. The structure of the overall adaptive
filter is again a bank of Kalman filters operating in parallel, with each individual

h estimator

estimate multiplied by its own corresponding weighting term. The
based on the bias and covariance pair that most closely matches the actual bias

and covariance pair of the modeled system will have a corresponding weighting
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term that tends closer to one, while the weights of the other mismatched

estimators will tend towards zero. A block diagram of the MGS adaptive filter for
this modal system is shown in Figure 5.

Table 3.

Modified Gaussian sum adaptive filter equations for a modal system.

System: Ty = Pap + Tuy + Py,

Zk:ka—*'Duk‘*'Uk

U = by +ny

Overall estimate:

Mo
Tpy1 = kaﬁp(bf,si | Zr41)
1=1

Kalman filter equation: £, = ®%} + b, + K} ;1[2441 — Db; — H(®Z} + Tb;)]

Kalman gain equations: ke1 = ®PL®T+ TS, IT + ¥QUT
;;'+l = M;;+1HT(HM;'¢+1HT + DS;D* + R)_l
Pi+1 = - I{i+1H)M§c+1

. Mo
Weighting term: Wiy1 = p(b;, S, Zk+1) = C41P(%k41 | 5;, S5 Zk)Z%’swi
7=1
with P(2py1 8555 2Z) = N[H((Iﬁ)c +T'b,) + Db;, HM;'H_IHT + DS, DT + R]
93’5 = P(bk+1 =b;,Sk41=5; | b = bj,Sk = 51)
w;’; = p(b = bj7Sk = Sj | Z&)

Mo
and scale factor C3,, such that Y wji,; =1

=1
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Figure 5. Modified Gaussian sum adaptive filter structure for a modal system.
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4.2 Simulation Example

An example applying the MGS algorithm to a modal system with a
nonGaussian input signal is now presented. The results are compared to those
produced from an augmented system model assuming that the input signal is

Gaussian. A second-order system is used, modeled by the transfer function

st +es+d
G(s) = Tt asth (4.2.1)

and in continuous-time state space form as

z(t) = Az(t) + Bu(t) (4.2.‘2)
y(t) = Cz(t) + Du(t) (4.2.3)

The system matrices are defined by

A:{_Ob ja} B=[ (1)} C:[d—b c—a | D=[1] (4.2.4)

where the resonant frequency of the system is f,=20 Hz and the damping

coefficient is {, = 0.1 so that
a=2(,2rf,) b=(2rf,)) c=5a d=25b (4.2.5)

Using a zero-order-hold model with a sample time of T = g5 second, the equivalent

discrete-time system with added noise terms becomes
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$k+1 = (I)(I:k+]:‘uk+qlwk (4-2.6)
Zp = H.Tk+Duk+Uk (427)

where

. —0.3271  0.0057 - 0.0001 - 1
| —89.2411 —0.4691 | 0.0057 | 100

H=[63165 100.53] D:[l]

(4.2.8)

The plant noise wy, is zero-mean white Gaussian with covariance Q = 1071%, and is
uncorrelated with measurement noise vg, which is also zero-mean white Gaussian
with covariance R = 1072,

The nonGaussian input signal is a stochastic FM signal generated by frequency

modulating a sinusoid with a Gaussian process. The form of the signal is
u(t) = A, sin(2n f t + kuj;m(r)dr) (4.2.9)

where the amplitude is A, = 5, the carrier frequency is f,, =2 Hz, the modulation
index is k, =10, and m(¢) is zero-mean white Gaussian noise with variance 1.
Figure 6a shows the FM signal u(t) for 1 second. The probability density function
of u(t) has the form [58]

1
lul< A,
) = W\IAi—uz u 4210
PE=1 ul> A4, (4210

Figure 6b shows a plot of the density function of (4.2.10), while Figure 6c shows a

normalized histogram of a 10 second sample of u(t). Note how closely the
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Figure 6. (a) Stochastic FM signal u(t), (b) probability density function of u(t),
(c) normalized histogram of u(t).
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histogram matches the actual density function.
The nonGaussian input signal u(t) of (4.2.9) will be modeled in discrete-time

using the Gaussian sum (GS) signal model described in section 4.1
Uk:bk+nk (4.2.11)
with GS density approximation described in chapter 3

plu) = ﬁPiN[bi,Si] (4.2.12)

i=1

Figure 7 compares the nonGaussian density function (4.2.10) of the stochastic FM
input signal with a three-term GS density approximation (4.2.12) minimizing the
L? norm (3.2.11). Table 4 lists the values of P;, b, and S, used in the Gaussian

sum approximation and the MGS adaptive filter.

Table 4.

Gaussian sum P;, b;, and S; values.

i P, b, S,
1 0.1 | —50 | 004
2 | 01 50 | 0.04

3 0.8 0.0 4.28

It is assumed that the nonGaussian input signal u(t) is much larger than both
the Gaussian plant noise w; and the Gaussian measurement noise v,. However,

allowing the power of u(t) to be larger than the power (covariance @) of w; and
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Figure 7. Stochastic FM signal and Gaussian sum probability density functions.
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power (covariance R) of v, is not enough to ensure good MGS simulation results.
The nonGaussian input signal u(t) is modeled by wu; (4.2.11), which will take on
different b;, S; pairs at various times. The lowest value of S; from Table 4 is
S, =0.04. | From covariance equation (4.1.18) and Kalman gain (4.1.19), repeated

here for convenience

Mi,, = ®Pid™ + TS,I7 + UQUT
Kip = M H'(HM,H" + DS, D" + R)™

it is apparent that for good MGS simulation results, covariances € and R must be
selected such that the elements of T'S,I'T are larger than the elements of YQU™, and
the elements of DS; D' are larger than the elements of R. This specification is met

using S; = 0.04, @ =1071°, R = 1072, and T, ¥, and D from (4.2.8), giving

PS"FT -

1.0x107® 1.0x107°

28x%x1071° 19x10°® -
_s 6 Qv
1.9x10 1.3x10

[ 1.0x10-10 1.0x10-8

DS,DT =004 R =001

For comparison purposes, the nonGaussian input signal u(t) of (4.2.9) will also
be modeled as a narrowband Gaussian signal, generated by passing white Gaussian
noise through a linear, time-invariant filter. This shaping filter is designed using
the frequency characteristics of u(t). Figure 8 shows the power spectral density of
u(t) and the power spectral density of a second-order shaping filter, modeled by the

transfer function

N"bS

= T (4.2.13)

an(s)
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Figure 8. Stochastic FM signal and shaping filter power spectral densities.
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and in continuous-time state space form as

inb(t) = Anbxnb(t) + Bnbwnb(t) (4214)
unb(t) = Cnb‘rnb(t> (4215)

The system matrices are defined by
0 1 0
A,,,,:{ } B,,,,:{ } C,,,,:[ 0 1 ] (4.2.16)
—bnp —0p 1
with resonant frequency f,, = 2 Hz and damping coefficient (,;, = 5= such that
Ay =227 f ) =4 by = (27f )% = 157.91 (4.2.17)
and w,, is zero-mean white Gaussian noise with variance N2, = (120)%.
The Gaussian input model wu,,(t) of (4.2.15) is now assumed to model the
stochastic FM input u(t) of (4.2.9) by augmenting the system equations (4.2.2) and

(4.2.3) with the shaping filter equations (4.2.14) and (4.2.15), giving

"‘ba(t) = Aaxa(t) + Bawnb(t) (4218)
Yalt) = Camy(t) (4.2.19)

The system matrices of (4.2.18) and (4.2.19) are defined by
t A BC 0
e=| | 4= " B = c. :[ c Dc,,,,] (4.2.20)
wnb(t) 0 Anb Bnb
Using a zero-order-hold model with a sample time of T' = & second, the equivalent
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discrete-time augmented system with added noise terms becomes

2,1 = 0,78 + wit 4+ Ty (4.2.21)
2% = H z§} + v, (4.2.22)
where
[ 03271 00057 —0.00009 0.00008 | [ ]
o | —S02411 —04601 00120 000524 o | 100
¢ 0 0 09786  0.0160 0
0 0 _25275  0.9146 0
(4.2.23)
HG:[ 63165 100.53 0 1 ]

The first plant noise term wj® is the discrete-time version of the continuous-time

plant noise w,,(t) of (4.2.14), with new covariance found from [5] as

T T

A

Qup = J' e a"B_ N2, BF eda” dr
0

or

0.00002  0.0024 0.0047 0.0374
0.0024 0.0329 0.0564 55.85
0.0047 0.0564 1.048 92.22
0.0374 55.85 92.22 11194

Qup = (4.2.24)

The second plant noise term w, and the measurement noise v, are the same as
those found in (4.2.6) and (4.2.7). The three processes wi®, wy, and v, are assumed

to be mutually statistically independent.

APPLICATION TO A MODAL SYSTEM 67



The Kalman filter based on the augmented system (4.2.21) and (4.2.22), is

given by

B = BaZi + K2k — HoBo2 (4.2.25)

with covariance and gain equations

Mgy = Q.Pp2, + Qi + ¥,QY; (4.2.26)
Ky =M Hi(H M HL + R)™ (4.2.27)
k= (I — K Ho )M (4.2.28)

Note that in (4.2.25) the measurement z; produced from (4.2.6) and (4.2.7) using
the actual nonGaussian input signal (4.2.9) is used instead of the measurement z§
from the augmented system (4.2.21) and (4.2.22).

The MGS filter is initialized with equally-valued weighting terms
wh = % for j=1,2,3 (4.2.29)
A Markov transition probability matrix ©}%, ¢onsisting of 6i% elements, is

configured with a high probability that the bias term does not switch from one

value to another, and a low probability that the bias term does switch, such as

95 .025 .025
0i5=| .025 .95 .025 (4.2.30)
025 .025 .95

The initial values of the state, state estimate, and error covariance for the

MGS adaptive filter are
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0 . 0.0004 10000 O
0 0.0135 0 10000

and for the augmented Kalman filter are

o | " 0.0004 | 10000 0 0 0 |
0 {00135 0 10000 0 0O
28 = ze = pe= (4.2.32)
0 0 0 0 10000 0
o | 0 0 0 0 10000

Figure 9a shows the first state z;,; and the overall state estimate Z},, from the
MGS adaptive filter, while Figure 9b shows the first state zj,, and the overall
state estimate Zf, from the augmented Kalman filter. Figure 10a and 10b show
similar estimation results for the second state zi,,. The MGS adaptive filter
performs very well, with its estimates tracking the states almost exactly. The
augmented Kalman filter however introduces considerable delay in its estimates.
Table 5 shows a normalized mean-square-error percentage measure for the state

estimates produced by

E|(z — )]
g X100 (4.2.33)

mse % =
The mse percentages for the augmented Kalman filter are considerably higher than
the mse percentages for the MGS adaptive filter due to the delay in the augmented
Kalman filter estimates. Figure 1la shows the weighting terms for each of the
three b,;, S, pairs. Figure 11b compares the three weighting terms with the
stochastic FM input signal, showing how the weights switch according to the

amplitude of the input signal.
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Figure 9. (a) State 1 and MGS adaptive filter estimate,

(b) state 1 and augmented Kalman filter estimate.

APPLICATION TO A MODAL SYSTEM 70



0.04

0.02

-0.02

-0.04

0.04

0.02

-0.02

-0.04

APPLICATION TO A MODAL SYSTEM

— State 2
- MGS estimate

IR T o 1 g
0 0.5 1 1.5 2
Time (kT)
(a)
— State 2
_* - AKF estimate

Figure 10. (a) State 2 and MGS adaptive filter estimate,

(b) state 2 and augmented Kalman filter estimate.




Table 5.

Normalized mean-square-error percentage for state estimates.

State MGS Augmented
filter filter
1.85 14.76
2 3.35 227.67
_ E[(z-3)"
mse % = _W]_- x 100
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Figure 11. (a) Weighting terms, (b) weighting terms compared
with stochastic FM signal.
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4.3 Necessary Condition for Effective Estimation

The conditional density (4.1.21), which appears in the weighting term (4.1.27)
is of prime importance in determining whether or not the MGS adaptive filter will
work properly for a given system. As previously stated, the i** estimator (4.1.16)
based on the bias and covariance pair that most closely matches the actual bias
and covariance pair of the modeled system will have a corresponding weighting
term that tends closer to one, while the weights of the other mismatched
estimators will tend towards zero. The bias and covariance pairs influence the
weighting terms through the conditional density (4.1.21), rewritten here as the

n-dimensional (z;,; is an n x 1 vector) Gaussian conditional density

-1

iT )
—%rk+1Rk+1rk+1 (4.3.1)

P(zk41 | 6555 Z¢) = (27r)"/2 llR;-CHll/z €
where
Ri,,=HM; H" +DS,D"+R (4.3.2)
is defined as the i** measurement covariance from Kalman gain (4.1.18) and
Tip1 = 2k41 — Db, — H(®3; + T'b)) (4.3.3)

is defined as the i** measurement residual from Kalman estimator (4.1.16).
Essentially, the measurement residual of the matched filter (with the bias and
covariance pair that most closely matches the actual pair of the modeled system)

will have the smallest expected value, typically zero mean. The residuals of all the
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other mismatched filters will be biased. Under the Gaussian assumption, the
probability of the matched filter will be the largest among all the filters.

In the previous simulation examples of chapters 3 and 4, this method of
calculating the conditional measurement probabilities (4.3.1) and #** estimator
weighting terms (4.1.26) works very well, producing very accurate state estimates.
However, in the case of the force to acceleration modal system described in [1] and
by (A.5) of appendix A, this method did not perform well. Upon analysis of
several simulations, it appeared that the statistical steady-state value (that is, the
steady-state value of the expected value) of the measurement residual of each i*®
filter converged to zero. Only the correctly matched filter is supposed to have a
statistical steady-state (SSS) value of zero, while the residuals of the mismatched
filters are supposed to be biased. Yet, in this case, none of the residuals were
biased. Therefore, the MGS algorithm could not detect which filter possessed the
correct bias and covariance pair, and the weights of all the filters converged to the
same value.

Upon investigation, it has been determined that the SSS value of the i'*
measurement residual (4.3.3) is not only a function of the bias term b;, but is also a

function of the dc gain of the system transfer function from v to z;

G(2)| _, =Gu=HI-2)T+D (4.3.4)
The dc gains of the systems used in the previous simulations of chapters 3 and 4
are nonzero, producing different SSS residual values due to the different bias and
covariance pairs. As shown in appendix A, the dc gain of the force to acceleration
modal system is zero, producing equal SSS residual values despite differences in the

bias and covariance pairs.
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In order to show the dependency of the SSS residual value upon the system dc

gain, first rearrange the i** Kalman filter equation (4.1.16) as

& = (I = Kb H)(®3, 4 T6) + Kipo(2141 — Db) (4.3.5)

and take the expected value

E[@ﬂ] = - I{2+1H)(¢E[§i] +T%;) + K;;:+1(E[Zk+1] — Db;) (4.3.6)

Equation (4.3.6) requires the expected value of the measurement model (4.1.2) at

iteration k+1, given as

E[zk+1] = HE[xk-f-l] + Duk+1 + E[Uk+1] (437)

with u;,, being the actual input signal, assumed known for this development.

Substituting the plant model (4.1.1) for ;. in (4.3.7) gives
Elz}4,] = HE[®z} + Tt + Ywi] + Dugyy + Efvgs]
= H®E[z] + HTw; + HYE[wi] + Dugyy + Elvgq]
since wy, and vy, are each zero mean. Substituting (4.3.8) into (4.3.6) produces
E[#i41] = (I - Ki 1 H)(QE[] 4 T,) + K}y (HOE[2] + HTwy + Duyyy — Db,)  (4.3.9)

Now, let (4.3.9) reach steady-state with E[Z},,] = E[#}] = 3%, and wugy, = u; = u.
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The SSS value of (4.3.9) is then
#,=(I-K: H)®z.,+Tb)+ K ,(H®z,,+ HTu+ Du— Db,)
To find 2

887

Elz)41] = @E[zi] + Tug + VE[wy]
= (I’E[.’L'k] + Fuk

and let Elz; ] = E[z;] = z,, and u; = u at steady-state

z,, = Pz, +Tu

Solving for z,, gives

z,,=(I—®) 'Tu

and substituting (4.3.11) into (4.3.10) produces

#,=(I-K: H)®z,+Tb,)+ K, H®(I — ®)"'Tu+ K ,(HT'u + Du— Db;)

Now, the ®(I — ®)™! term of (4.3.12) can be rewritten as the identity

I - 1=(I-3)1-1

since post-multiplying both sides of (4.3.13) by (I — ®) shows the equality

APPLICATION TO A MODAL SYSTEM
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the SSS value of the state model (4.1.1), first find the expected value
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HI—-B) NI -3)=I -3 I-3)—(I—3)
d=1-T+%
o=0

Substituting (4.3.13) into (4.3.12) and expanding gives

#o=(I-K H)®z# +(I-K HTIb,+ K ,H(I—-®) 'Tu
— K HTu + Ki HTu + K ,Du — K'_Db,

#,=(I-K,H®z +(I-K.,Hb,+ K. H(I—-®) 'Tu
+ K:,Du— K Db,

&, = - K H)®%, + (I — Ki H)Tb, — I,Db, + K* [H(I — ®)"'T + Dlu
[I—(I-Ki HW®,=(-K HT— K\,D)b; + Ki [H(I — ®)~'T + Dlu
or
&, =[I—(I - Ki,H)®]"Y{[T - K (HT + D)Jb, + Ki [H(I — ®)~'T + Dlu} (4.3.14)
With z,, (4.3.11) and 7, (4.3.14) known, the SSS value of the 7** measurement
residual (4.3.3) can now be found. Taking the expected value of (4.3.3) and using

(4.3.8) produces

E[ri,,] = H®E[z;] + HTuy + Duy,, — Db; — HOE[zi] — HTb;  (4.3.15)
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Letting (4.3.15) reach steady-state, with E[ri ;] =ri, and us,; = u; = u, the result

is
ri = H®z, 4+ HTu + Du— Db, — H®z! — HTb, (4.3.16)
Using (4.3.11) and (4.3.13), H®z,, is rewritten as
H®z,,= H®(I —®) 'Tu= H(I—®)'Tu— Hlu (4.3.17)
Substituting (4.3.17) into (4.3.16) produces a cancellation of terms
ri, = H(I —®)"'Tu— HTu + H'u + Du — Db, — H®%, — HTb,
= H(I — ®)~'Tu + Du — Db, — H®%',— HTb,
=[H(I —®)"'T'+ DJu— (HT + D)b, — H®z:, (4.3.18)

Using (4.3.14) in (4.3.18) gives

ri,=[H(I-®)™'T + Dju—(HT + D)b;
~H¥[I-(I-K, H® [ -K.(HT +D)b;+ K: [H(I -®)7'T + Du} (4.3.19)

The dc gain G4, (4.3.4) appears in two places in (4.3.19) rewritten as

ri, = Gyu—(HT + Db, — HY[I - (I - K, H)®]"{[[' = Ki (HT + D)b, + K% ,Gy.u}
(4.3.20)

However, (4.3.20) can be simplified further using additional algebraic manipulation.
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The HT 4+ D term can be rewritten by combining the dc gain (4.3.4) and the

identity (4.3.13) as

Gy =H[®I-®)'+IT+D
=H®I-®)"'T+HT+D

so that

HT + D =Gy, — H®(I — ®)-T (4.3.21)

Substituting (4.3.21) into (4.3.20) and rearranging terms gives

rhe = Ggu—(Ggo — HO®(I — ®)7'T)},
-HY[I-(I- I(i,H)@]'l{[I‘ - I{:J(Gdc — HY(I - ‘I))—ll")]b,- + K;sGdcu}

7':3 = Gdcu - Gdcbi + H@(I - @)—1rbi
_H®[I - (I - K, H)®] " Tb,— K, G y.b + K, HO(I — B)'Th, + K' G 4u}

Tis = Gdc(u - b,) + H@(I - ‘I))—lrb,-
_HO[I—(I- Ki HY® (I + K}, HO(I - &)\ Tb, + K, Gp(u—b)}  (4.3.22)

Next, the [I — (I — K!,H)®]™! term can be rearranged as
[[—(I—KiH)®" =[] -&)+ K H]" (4.3.23)

and factoring out an (I — ®) term produces
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(I-®)+ K, HO ' =[I+ K\, H®I—-®) (I -®)]! (4.3.24)
Using the identity
(AB)™'=B"1A!

if A and B are nonsingular square matrices, setting A = I + K H®(I —®)™! and

B = (I—-®), (4.3.24) is equal to
(I + K H(I—-®) (I -®)] ' =(I-@) (I + K, HP(I - ®)7!)~" (4.3.25)
Combining (4.3.23) - (4.3.25) therefore results in
I-(I-K{,H)d'=(I-®)(I+K: HI—-d) ) (4.3.26)
Substituting (4.3.26) into (4.3.22) gives

ris = Gdc(u — bz) -+ H(P(I— @)_lrbi
~HO(I-9) I+ K HYI-®) )y Y[I+ K HYI-®)'I'b; + K:,Gy.(u—-b,)}

and multiplying through gives a cancellation of terms
= Gy (u-b;)+ HO(I - ®)"'Tb, - H®(I — ®)~'Tb,
—HO(I-®) M I+ K, HYI-®) ) 'K!Gy(u-b,)
= Golu=b) - HO(I ~8) ™I + K, HO(I - ®)" ) LKL, G u~b)

= [I - HO(I - ®)~}(I + Ki , HO(I - &))" K% |Gy (u—b,) (4.3.27)
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Substituting (4.3.26) into (4.3.27), r%, becomes finally

ri, =1 -HOI—(I - K, H) "K' |Gy (u—b) (4.3.28)

The i** SSS residual value (4.3.28) is clearly a function of the dc gain G, as
well as the bias term b,. It also is a function of the covariance term S; through the
steady state Kalman gain K!. As a result, a nonzero dc system gain becomes a
necessary condition for effective estimation.

If G,, is nonzero, then r!, will be different for each bias and covariance pair.
The filter with the matched pair that causes r:, to be the smallest will also cause
Ti41 (4.3.3) to have the smallest expected value of all the filters. The probability
(4.3.1) of this matched filter will then be the largest among all the filters, and will
produce the largest weighting term (4.1.26). If G, is zero, then ri, is also zero for
all the filters. The differences between the bias and covariance pairs are masked,
causing the probabilities (4.3.1), and therefore the weighting terms (4.1.26), of all
the filters to converge to the same value. At this point, the MGS algorithm

becomes an ineffective estimation scheme. However, the alternate estimation

procedures described in the next section may provide a solution to this problem.

4.4 Alternate Estimation Procedures

A possible solution to the problem of zero dc system gain is to determine if an
alternate measurement provides a nonzero dc gain. For example, if in a particular
zero dc gain system acceleration measurements are taken, changing to velocity

measurements may provide a nonzero dc gain. If the actual sensors producing
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these measurements cannot be changed, integrating the acceleration measurement
data to produce approzimate-velocity measurement data may allow the MGS
algorithm to work effectively.

As shown in [1] and by (A.5) of appendix A, the force to acceleration modal
system produces acceleration measurement data at sensor grid points and has a
zero dc gain. This system is termed the acceleration modal system, or AMS.
Changing this AMS to produce velocity measurement data at sensor grid points
results in a new transfer function with a nonzero dc gain. This new system is
termed the velocity modal system, or VMS. Typically, changing the actual system
cannot be done in practice. However, given a large enough signal to noise ratio
between the input signal u; and measurement noise v, a good approximation of
the velocity measurement data can be generated by integrating the acceleration
measurement data from the AMS using a discrete-time integrator. Redesigning the
" measurement covariance (4.3.2) and residual (4.3.3) to be based on the VMS
while actually wusing the integrated acceleration (approzimate-velocity)
measurement data from the AMS produces proper weighting terms (4.1.26) that
allow the MGS algorithm to work effectively.

In order to illustrate this alternate estimation procedure, the system and filter
equations for the VMS are developed below. Using a zero-order-hold model for the
continuous-time force input to velocity output system described by (A.6) of

appendix A, the resulting discrete-time system with added noise terms is

Ty = Pzp + Tuy + Ty, (4.4.1)
Y = Huzk + 'Uz (442)
Uy = bk + Ty (443)
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where Ty, 18 the state vector
Y, 1s the velocity measurement vector
wy 1s a zero mean white Gaussian plant noise process with
covariance @}
vy is a zero mean white Gaussian measurement noise process
with covariance R,

371,80 H

» are the respective constant transition matrices
ug is the vector GS signal model of the actual nonGaussian
input signal, comprised of semi-Markov bias vector b, and

zero mean white Gaussian noise n; with semi-Markov

covariance S,

and the random quantities zy, wy, v}, b;, and n; are assumed to be mutually
statistically independent. The state model (4.4.1) is exactly the same as the model
used previously (4.1.1), so that the states of the new VMS are exactly the same as
the states of the previous AMS. The Gaussian sum signal model (4.4.3) is also the
same as the model used previously (4.1.3). The measurement model (4.4.2) is
different than (4.1.2) because y; is a velocity measurement while z; is an
acceleration measurement. Other differences in (4.4.2) include a new transition
matrix H, and a new measurement noise process v with new covariance R,,.
Following the same procedures in section 4.1, the MGS algorithm is applied to

the system of (4.4.1) - (4.4.3), producing the overall state estimate
~. M ~1e
Zey = D 35p(05 Si | YViss) (4.4.4)
=1
where Y, is the current velocity measurement sequence {y,ys,. .., Yis1}, and Zpy,
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is given by the Kalman filter equation

£y = BEY + Tb, + K [yiys — H (837 +Tb,) (4.45)

with covariance and gain equations

v = ®PYeT + IS TT 4+ UQUT (4.4.6)
Kz‘+1 k+1HT(H k+1HT +R,)™ (4.4.7)
v = (I = K3 H )M (4.4.8)
and weighting terms
: M
wz'li-l = p(bb S,‘ | Yk-l-l) = C;c)'+1p(yk+l | b", SI" Yk)zabswzj (449)
J:
with
P(ykys 165,55 Y ) = N[H,(®3y' +Tb;), H M, Hy + R,] (4.4.10)
8% = P(bryr = b5y kg1 = Si|bp = ;5 = 5)) (4.4.11)
wy’ = plbe =055, =5;|Y) (4.4.12)

where C}, is the scale factor determined at each time interval such that the sum
of all the weighting terms (4.4.9) is equal to one.

The conditional density (4.4.10) of the VMS is a function of the i** velocity

measurement covariance
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and the ** velocity measurement residual

Tty = Yeyr — H(B2Y +Th;) (4.4.14)

which requires velocity measurement data y,,,. This data is not available, since
the actual system being simulated is the AMS which produces acceleration
measurement data z;,;. In order to generate the proper probabilities (4.4.10)
needed by the weighting terms (4.4.9) for effective MGS estimation, approzimate-
velocity measurement data %, ,, generated from the integral of z; , of the AMS, is

used in place of y;, in (4.4.14) and (4.4.5). This requires a new Kalman filter

By = ®FY + Tb; + K [Yiyr — H (DT +TH,)] (4.4.15)

and new weighting terms

~. ~ ~ ~ Mo o
wiys = P(b Si | Yiya) = CipaP(Yyr | b,-,S,-,Yk)ZGZ,’SwZ’ (4.4.16)
1=1
requiring
Pk 15555, Y1) = N[H (92 +Tb;), H, MY\ H} + R, (4.4.17)

The Kalman gain and covariance equations (4.4.6) - (4.4.8) and Markov
probabilities (4.4.11) can be used without modification since they are not
dependent on the approzimate-velocity measurement data ;.

The overall estimate can be calculated by three different methods. The first
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method produces
Rog M ~1 ad
Zier = ) Thp1p(05Si| Yipr) (4.4.19)
i=1

where %}, is the i'* state estimate (4.1.16) from the AMS. There was never a
problem in calculating these AMS state estimates. It was the problem in
calculating the weighting terms that necessitated an alternate estimation scheme.
However, (4.4.19) requires two separate parallel banks of Kalman filters: one using
(4.1.16) to calculate Zi,,, and a second using (4.4.15) to calculate
w}fil = p(b;,S; | 17ic+1)-

The second method produces
A~ M A~. o~
Ty = le'iﬁ-lp(b;, Si1Y ) (4.4.20)
=1

where 52'4-1 is the ¢'* state estimate (4.4.15) using approzimate-velocity
measurement data with the VMS. This overall state estimate (4.4.20) requires
only one bank of parallel Kalman filters using (4.4.15) to calculate both fEM and
wﬁ,l = p(b;,S; | ?k +1)- This provides good computational savings over calculating
(4.4.19). However, (4.4.19) uses the actual AMS measurement data z; to calculate
£} 41, while (4.4.20) never uses z; in its direct form.

The third method uses the same state equation (4.4.1) and GS signal model
(4.4.3) as the AMS and VMS, but requires the use of a second new measurement

formed by combining z, (4.1.2) and y; (4.4.2) into

z
= L"} = H .z, + Doy + v} (4.4.21)
k
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where

Hﬁz{gJ Dcz{ﬁ} ”i:ﬁd (4.4.22)

Again, velocity measurement data y; is not available, so approzimate-velocity

measurement data %, is used instead producing

g =| (4.4.23)
Yx
The resulting Kalman filter equation is
5y = ®2F + Tb, + K, [Copy — Deb; — H (D25 +Tb,)] (4.4.24)

with covariance and gain equations (independent of ¥;)

M, = OP{dT 4 TS.TT 4+ UQUT (4.4.25)
P = - K§ H)ME,, (4.4.27)

where the covariance of v§, is given by

R 0
Rcz[ . RJ (4.4.28)

and the resulting weighting terms are

~ ~ ~ ~ ~ M .. ~.
wif{-l = p(b;, S; | %k+1) = Ci+1P(Ck+1 | 5;, 5, By) Zﬂ;,’gwi’ (4.4.29)

7j=1
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where %, ., is the current measurement sequence {(;,(s,...,(i}, 0% is given by

(4.4.11), and

P | 550 Ee) = N[H (2§ + Tb;) + Dby, H MY, HF + DS, DY + R,] (4.4.30)
wyd = plby=b;, 5, = S, | %) (4.4.31)

Forming measurement data (; (4.4.23) allows both the state estimate (4.4.24) and
weighting term (4.4.29) to be influenced by both z; and ¥, at the same time, while
requiring only one parallel bank of Kalman filters. The overall estimate produced

by using this third method is

B =Y 3851050 Si | Ds) (4.4.32)
=1
These alternate estimation procedures will be compared and evaluated in the

next section.

4.5 Comparison of the Alternate Estimation Procedures

The alternate estimation procedures described in the previous section are
compared and evaluated using a simulation example. The overall state estimate
Z},, (4.4.4) based on the VMS using true velocity measurement data y; will also be
calculated as a benchmark for comparison to the three alternate overall state
estimates. For convenience, Table 6 provides a summary of the overall state
estimates used in the comparison. A force input to acceleration output modal

system consisting of three modes serves as the simulation example. The modes are

APPLICATION TO A MODAL SYSTEM 89



calculated using (A.7) - (A.14) of appendix A. The parameter values of ¢;, ZLc;, z,

and f; used in the three mode, six state model are given in Table 7.

Table 6.

Overall state estimates to be compared.

a. | T4y = Zkap by, SilYis1) Benchmark estimate. :** state estimate
and weighting term based on VMS
using true velocity measurement data.

~ M - ~
b. | Tpy = Zi;cﬂp(b,-,s,-[}’k“) " state estimate based on AMS.
= Weighting term based on VMS using
approzimate-velocity measurement data.
~ M . . .
¢ | = Z +1p (b;,5; |Yk+1) " state estimate and weighting term

= based on VMS using approzimate-velocity

measurement data.

~

d. | &4, 1= Zmi L 1p(b;, S l%k +1) i** state estimate and weighting term
=1 based on combined AMS and VMS using
data

approzimate-velocity measurement data.

acceleration measurement and

Table 7
Parameter values for the three mode model.

? o; Zc; (rad) z (m) | f; (Hz)
1.446813 5.686 17.5 95.63
4.934421 0.705 35.0 67.47

3 13.721530 1.598 52.5 28.02
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The system transition matrices are found from appendix A equations (A.5) for

the AMS and (A.6) for the VMS. Using a zero-order-hold model, a sampling time

of T'=0.001 seconds, and the values in Table 7, the discrete-time matrices for the

0
0
0
0

0.9846
—30.6059

—729.65
2099.60

AMS are
[ 08250  0.0009 0 0
—339.2108 0.8223 0 0
. 0 0 0.9118  0.0010
- 0 0 —173.5593  0.9022
0 0 0 0
0 0 0 0
0.0069  0.0033 —0.0015 |
—2.7667 —4.5899 —4.9021
- 0.0014 —0.0040 —0.0071
| —3.0180 —2.5293 —0.5295
—0.0059 0.0023  0.0038
—0.0314 09420 —0.8696
L0 0 0o |
1 0 0
- 0 0 0
0 1 0
0 0 0
0 0 1
[ _2807.66 161818 —5625.67 6.0323
H=| —769342 109286 —5815.17 —5.2798
—10046.6 2.0778 —2530.33 —13.4374 —1278.69
[ 1107665 —45.3759 —166.8950
D=| —45.3759 —166.8950 —41.4010
—166.8950 —41.4010 —55.5049
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0
0.0010
0.9577

—11.5741
2.6883
9.0026

(4.5.1)

(4.5.2)

(4.5.3)

(4.5.4)

(4.5.5)
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The H, transition matrix needed for the VMS is

16.2043  0.0078 6.3411 0.0313 —-10.9321 0.0234
H, =| 109903 0.0213 —4.9605 0.0324 0.8409 —0.0673 (4.5.6)
2.1583 0.0278 —13.2985 0.0141  10.1277  0.0410

The measurement model of the combined AMS and VMS requires H,. and D,
matrices formed using (4.4.22). The plant noise wy of the state model is zero-mean

white Gaussian with covariance

14142 0 0
Q= 0 02828 0 (4.5.7)
0 0 0.0344

and is uncorrelated with AMS measurement noise v, and VMS measurement noise

vi. Both are zero-mean white Gaussian with respective covariances

2636 0 0 0.0264 0 0
R = 0 1977 0 R, = 0 00198 O (4.5.8)
0 0 2041 0 0 0.0204

The measurement noise covariance R, of the combined AMS and VMS is given by
(4.4.28).

The nonGaussian input signal is the stochastic FM signal generated by

u(t) = A, sin(2r f t + kuj';m('r) dr) (4.5.9)
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where the amplitude is A, = 5, the carrier frequency is f, = 10 Hz, the modulation
index is k, =100, and m(¢) is zero-mean white Gaussian noise with variance 1.
Figure 12 shows the FM signal for 0.2 second. The probability density function of
(4.5.9) has the same form as (4.2.10).

The nonGaussian input signal (4.5.9) will be modeled in discrete-time using

the Gaussian sum (GS) signal model described in section 4.1

U = bk + ng (4.5.10)

with GS density approximation (4.2.12). For simplicity, the nonGaussian input

signal is applied only to mode 1.
Three filters are used in each MGS adaptive filter of Table 6. Using the values

of Table 4, the b, and S, parameters for the three filters are

-5 5 0
by=| 0 by=| 0 by=| 0 (4.5.11)
0 0
004 0 0 428 0 0
S;=8,=| 0 004 0 S;=| 0 428 0 | (45.12)
0 0 004 0 0 428

Three of the MGS adaptive filters of Table 6 require approzimate-velocity
measurements. A discrete-time integrator implementing the trapezoidal rule is

used, given by [59]
J =7, +TL 4.5.13
Yee1 = Uit 2(zk+1 + ) (4.5.13)
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Figure 12. Stochastic FM input signal.
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Figure 13a shows the mode 1 acceleration measurement z;, while Figure 13b shows
both the mode 1 actual velocity measurement y, and approzimate-velocity
measurement 7. The two velocity measurements track fairly closely under low
noise conditions.

Each MGS adaptive filter is initialized with equally-valued weighting terms
wj=3 for j=1,23 (4.5.14)
A Markov transition probability matrix ©i%, consisting of 6iL elements, is

configured with a high probability that the bias term does not switch from one

value to another, and a low probability that the bias term does switch, such as

85 .075 .075
0L =| .075 .85 .075 (4.5.15)
075 .075 .85

The initial values of the state, state estimate, and error covariance for each MGS

adaptive filter are

0 0.2 (10000 0 0 0 0 0
0 152 0 10000 0 0 0 O
0 ] 02 0 0 10000 0 0 0
= o | BT e | TT] 0 0 0 10000 0 o0 (4:5.16)
0 0.2 0 0 0 0 10000 O
0 37 0 0 0 0 0 10000
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Figure 13. (a) Mode 1 acceleration measurement z, (b) mode 1 actual velocity

measurement y; and approzimate-velocity measurement ;.
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Each plot in Figure 14 shows the position state from mode 1 and an overall
position state estimate from a particular MGS adaptive filter. Figures 14a, b, c,
and d follow the designations of Table 6: estimator a, Z},,; estimator b, :?EH;
estimator c, fzz +1; estimator d, fcz +1- Each plot in Figure 15 shows the velocity
state from mode 1 and an overall velocity state estimate from a particular MGS
adaptive filter. The states and state estimates are shown for mode 2 in Figures 16
and 17, and for 0.4 seconds of mode 3 in Figures 18 and 19. Apart from benchmark
estimator a, the best estimates appear to come from estimators d and ¢, while
estimator b deviates the most from the actual state.

Figure 20a shows the slightly noisy weighting terms used in estimator a.
Figure 20b shows the weighting terms used in estimators b and ¢, which are
smoother due to the effect of integrating the acceleration measurements. Figure
20c shows the weighting terms used in estimator d, which are also smoother than
those of estimator a, and reach and remain at their peak values more so than those
of estimators b and c.

Table 8 shows a normalized mean-square-error percentage measure for the
state estimators, calculated using (4.2.33). The mse percentages are the lowest for
benchmark estimator a, followed by estimators d, ¢, and a.

Figure 21a shows the three mode 1 residuals (4.2.3) produced from the MGS
adaptive filter using the zero dc gain force to acceleration modal system (A.5) of
appendix A. The three residuals become equal once steady-state is reached.
Figure 21b shows the three mode 1 residuals produced from the MGS adaptive
filter using the nonzero dc gain force to velocity modal system (A.6) of appendix A.

The residuals remain biased throughout the simulation.
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Figure 14. Mode 1 position: (a) State and estimate Z},, (b) statejmd estimate :?:%.,,1,

(c) state and estimate :’E'L_l, (d) state and estimate Zf,,.
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Figure 15. Mode 1 velocity: (a) State and estimate 2}, (b) state and estimate if +1)

(c) state and estimate :ﬁ'i’fﬂ, (d) state and estimate 3§, ;.
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Figure 16. Mode 2 position: (a) State and estimate ZJ,,, (b) state and estimate 3 +h

(c) state and estimate :T:EH, (d) state and estimate &%,
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Figure 17. Mode 2 velocity: (a) State and estimate Z}_,, (b) state and estimate :EEH,

(c) state and estimate §E+1, (d) state and estimate #§;.
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Figure 18. Mode 3 position: (a) State and estimate Z}_,, (b) state :md estimate 3 1

(c) state and estimate Zy +1, (d) state and estimate 3%, .
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Figure 19. Mode 3 velocity: (a) State and estimate 2}, (b) state a nd estimate &,

(c) state and estimate 7} +15 (d) state and estimate 7§,
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Figure 20. (a) Weighting terms, estimator a, (b) weighting terms, estimators b and c,

(c) weighting terms, estimator d.
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Table 8.

Normalized mean-square-error percentage for state estimates.

APPLICATION TO A MODAL SYSTEM

~ State Estimator a | Estimator b | Estimator ¢ | Estimator d

B i i B
Mode 1 position 1.60 3.62 17.04 11.71
Mode 1 velocity 0.87 26.70 6.93 5.93
Mode 2 position 1.02 33.83 15.32 12.20
Mode 2 velocity 1.74 11.21 6.09 4.18
Mode 3 position 0.94 24.73 16.70 13.06
Mode 3 velocity 0.39 39.03 0.34 0.38

_ E[(z — 2)’]
mse % = B[ x 100
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Figure 21. (a) Residuals using the zero dc gain force to acceleration modal system,

(b) residuals using the nonzero dc gain force to velocity modal system.
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5.0 PARAMETER UPDATING METHODS

As described in chapter 4, the input to the modal system is unknown, but its
frequency characteristics are known and the input is always present. It is also not
directly measurable by the sensors. The nonGaussian nature of the stochastic FM
input signal is modeled using the b; and S, parameters of the Gaussian sum signal
model. These parameters are closely related to the amplitude of this signal, due to
the nature of its probability density function (4.2.10). Two of the b; bias terms are
equal to the positive and negative peak amplitudes of the FM signal, with small
corresponding variances. The S; term associated with the b, = 0 bias term has a
value of roughly (24,)? , where A, is the peak value of the input.

The stochastic FM signals used in the simulation examples in chapter 4 had
constant amplitudes. In practice, the amplitude may shift over a period of time.
For good performance under these conditions, the MGS adaptive filter must have
some approximate knowledge of the amplitude of the FM signal in order to update
the b, and S; parameters. Two methods of updating the parameters of the MGS
adaptive filter are described in this chapter. One method involves processing the
measurement residual of the filter incorporating the b; = 0 (zero-bias) term. The

second method involves the use of a Gaussian double-sum to detect a shift in
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amplitude. A simulation example is used to examine the performance of these two

methods.

5.1 Zero-Bias Measurement Residual Method

One method of updating the b; and S; parameters of the MGS adaptive filter
involves processing the measurement residual of the filter in the parallel bank of
Kalman filters incorporating the b; = 0 (zero-bias) term. Using the modal system

model of chapter 4 and the MGS adaptive filter equations of Table 3, the **

measurement residual is

Tht1 = Zkp1 — Db; — H(D%} + Tb;) (5.1.1)

For notational clarity, set :=0 and b, =0 in (5.1.1) to produce the zero-bias

measurement residual

The1 = Zen — HOZ (5.12)

Substituting measurement equation (4.1.2) at time iteration k+1 into (5.1.2) gives

o1 = Happy + Dgyy + vpyy — HEZ, (5.1.3)

and substituting plant equation (4.1.1) into (5.1.3) gives

T2+1 = H(q)mk+ruk+\11wk)+Duk+1 +'Uk+1 —H¢£2 (5.1.4)
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Rearranging (5.1.4) produces

7'2+1 = H@(mk—§2)+HPuk+Duk+l +H\Pwk+vk+1 (515)

Now, assuming that the input signal u; is much larger than both w; and v;; such
that these two terms can be neglected, assuming that the input signal changes
slowly enough such that w; is approximately equal to u;,;, and setting the error of
the zero-bias filter to be €} = (z; — Z}), T34, of (5.1.5) becomes approximately equal

to

rhi1~ HPel + (HT + D)y, (5.1.6)

Premultiplying both sides of (5.1.6) by the inverse of (HI'+ D) if (HI'+ D) is
square, or by its pseudo-inverse if non-square, and taking the expected value, the

zero-bias measurement residual is processed as

Upyr = (HT + D) 'E[r},,] ~ (HT + D) "' HOE[e}] + E[uy] (5.1.7)
Assuming that the expected value of the error is E[e)] =0, and given that
E[u;] = uy, the processed zero-bias measurement residual is approximately equal to
the input signal

ﬁk+1 ~ Up (518)

Information contained in %, is used to periodically update the b; and S,

parameters of the MGS adaptive filter. The zero-bias residual (5.1.2) is computed
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and stored at each iteration. After n iterations, the residual sequence is processed
using (5.1.7), producing (5.1.8). The positive and negative peak values of (5.1.8)
are found from the sequence, and the power of the sequence is calculated. A
combination of these values is used to update the b; and S; parameters in order to
reduce errors related to the assumptions used in the development of (5.1.8). Due
to the sinusoidal nature of the input signal, the b; (negative-bias) and b, (positive-

bias) parameters can be updated using

by =P, —(1-p5)|2P,:, (5.1.9)
b, = BP, +(1 - 8) 2P, (5.1.10)

where P, is the negative peak value of the sequence, P, is the positive peak value

of the sequence, P,;, is the power of the sequence, and (3 is a weighting factor

sin

between zero and one. Once b, (5.1.10) is updated, the S5 (variance of the zero-

bias filter) parameter is updated using

Sy = (0.4b,)? (5.1.11)

After all the parameters are updated, the sequence is’ cleared and a new sequence is
initiated for the next n-sample update.

A simulation example illustrating the use of the zero-bias measurement
residual method of updating the b, and §; parameters is now given. A modified

first-order discrete-time system from [60] is used, given by

l‘k+1 :@xk-i—f‘uk-l-\l’wk (51.12)
Zp = Hka'{"Duk"{"Uk (51.13)
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with values
=07 TI'=10 =10 H=05 D=20 (5.1.14)

The plant noise w; is zero-mean white Gaussian with covariance @ = 0.05, and is
uncorrelated with measurement noise vy, which is also zero-mean white Gaussian
with covariance R = 0.05.

The nonGaussian stochastic FM input signal (4.2.9) in this example has an
amplitude of A, =5 for the first 60 iterations and an amplitude of A, =2 for the
remaining 140 iterations. The input is modeled using the Gaussian sum signal

model described in section 4.1
Uk = bk+nk (5115)

Three filters of the form found in Table 3 are used in the simulation. The initial b;

and S; parameters for the three filters are

by=-5 by=5 by =0 (5.1.16)
5,=004 S5,=004 S,=428 (5.1.17)

The MGS adaptive filter is initialized with equally-valued weighting terms
w} =%, for j=1,2,3 (5.1.18)

A Markov transition probability matrix ©}%, consisting of 6% elements, is

configured with a high probability that the bias term does not switch from one
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value to another, and a low probability that the bias term does switch, such as

90 .05 .05
O =| .05 .90 .05 (5.1.19)
05 .05 .90

The initial values of the state, state estimate, and error covariance for the MGS

adaptive filter are

To=0 Z,=16 P,=10000 (5.1.20)

Figure 22 compares the stochastic FM signal with the processed zero-bias
measurement residual (5.1.8). The two are quite similar in appearance. Figure 23a
shows the state r,,, and the state estimate Z;,, without using the parameter
updating method. The initial estimates are good since the parameters are properly
matched to the input. However, after the input switches amplitude from A4, =5 to
A, =2, the estimates degrade since the parameters are now mismatched. Figure
24a shows the state z;,, and the state estimate Z;,, using the parameter updating
method every 30 iterations. The initial estimates track well. Then the estimator
goes through a period of learning a new set of parameter values as the amplitude of
the input changes. Once the correct parameters are found, the estimator tracks
with minimal error. Figure 24a shows the weighting terms of the MGS adaptive
filter with no parameter updating, and Figure 24b shows the weighting terms of the
MGS adaptive filter with parameter updating. Note how only the MGS filter with
parameter updating develops proper weighting terms for the estimates during the

time the signal has an amplitude of 4, = 2.
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Figure 22. Stochastic FM signal and processed zero-bias measurement residual.
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Figure 23. (a) State and state estimate with no parameter updating, (b) state and

state estimate using zero-bias measurement residual parameter updating method.
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Figure 24. (a) Weighting terms with no parameter updating, (b) weighting terms

using zero-bias measurement residual parameter updating method.
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5.2 Gaussian Double-Sum Method

A second method of updating the parameters of the MGS adaptive filter
involves the use of a Gaussian double-sum to detect a shift in amplitude. The
nonGaussian signal model (5.1.12) has a Gaussian sum probability density function

of the form

M
p(u) = ;PiN[b,-,S,-] (5.2.1)

Now, a new nonGaussian input signal model is generated by multiplying the

original model by a constant gain, producing
s=Au=A(b+n) (5.2.2)

The gain A is a semi-Markov process with values randomly selected from a fixed

set of discrete values, characterized by a delta probability density function

N
p(A) = ZP;‘%S(A —Aj) (5.2.3)
7=1
with
N
ZP?=1; PfZO for 7=1,2,...N (5.2.4)
1=1

This process can be thought of as a randomly-switching gain, each gain value A;
having probability Pf. It is assumed that A and u are statistically independent

random processes.

PARAMETER UPDATING METHODS 116



The probability density function of the new nonGaussian input signal model

(5.2.2) is found using a general result from [61]

p)= |~ puds/paA)dA (5.2.5)

substituting (5.2.3) into (5.2.5) gives

[ N
p(s) = J_w n puls/A) Y PHO(A — A;)dA (5.2.6)

Interchanging integration and summation

' J i, |1‘A‘1 Pu(s/A)8(A~ A;)dA (5.2.7)

Using the sifting property of the delta function [54]
fla) = j " f(2)8(c — a)dz (5.2.8)

the integral of (5.2.7) is evaluated as

p(s) = ip;* [Ij—l pu(s/Aj)} (5.2.9)

=

The Gaussian density N[b;,5;] of (5.2.1) has the form

ll:(u—bf]
N[b, S = —L—e L % (5.2.10)
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Solving (5.2.2) for u = s/A; and substituting into (5.2.10) produces

5.
N[b;,$;] = =L ' 1.
[6is 5] 525 (5.1.11)
and rearranging the exponent gives
1{(5 — A, )2}
) —2_
1 435,
N[b,,S;] = 5.2.12
[bi: 5] \127!‘—5‘ € ( )
Combining (5.2.12) and (5.2.1) and substituting into (5.2.9) produces
3 P, 3 P LA 5.2.13
; e 2.
; ; \2 7rA25 ( )
or in abbreviated notation
M N
=Y., P:PIN[AD, A%S)) (5.2.14)

I
—

3 1=1

Thus, the nonGaussian density function of s can be modeled as the Gaussian
double-sum (5.2.14). The A, parameter is used to account for any shift in the
amplitude of the actual nonGaussian input signal. Several values of A; are selected
to cover a range of possible input amplitudes. If the actual amplitude changes, the
MGS algorithm will react by selecting the filters using the most properly matched

A; value. However, a total of MN filters is now required to implement the MGS
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algorithm, rather than only M filters previously required. Following a similar
development given in chapter 3, the modified Gaussian double-sum (MGDS)
adaptive filter equations for a modal system are summarized in Table 9. A block
diagram of the MGDS adaptive filter is shown in Figure 25.

The simulation example of section 5.1 will be used again, this time illustrating
the use of the Gaussian double-sum method of updating the MGS adaptive filter

parameters. Three b; and S, parameter values are used again

bl = "]. b2 = 1 b3 == O (5-2.15)
S, =004 S,=004 S;=0.16 (5.2.16)

In effect, these parameters remain fixed. Choosing the proper A; parameter causes
the MGDS adaptive filter values to change. The S; parameter is set to ()? = 0.16
to allow for the correct scaling when multiplied by A% The S; and S, values are
not scaled by A? since they model the steep peaks at either end of the stochastic
FM probability density function (4.2.10). These two parameters properly model
these peaks for all amplitude values.

Two A; values are used in the MGDS adaptive filter to cover the range of the

input signal amplitudes used in the simulation. They are
Ai=2 A,=35 (5.2.17)
The MGDS adaptive filter is initialized with equally-valued weighting terms

w{,u%, fori=1,2,3 and j=1,2 (5.2.18)
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Table 9.

Modified Gaussian double-sum adaptive filter equations for a modal system.

System: Zpyy = Pz + T'sp 4+ Yy,
zp = Hzp + Ds + v,
sp = Ap(by + 1)
M N .
Overall estimate: Trpr =) Y 2ap(0:, S5 A ] Ziys)
-

i=1j

Kalman filter equation:

i = 020 +TAD + Kz — DA, - H(®2Y +TA;)]

Kalman gain equations: My, = @PY®T + TALS.IT + ¥QUT
K, =My H'(HM} \H" + DA%S,D" + R)™
Ph=(- Ki’}lH)Mﬂl

Weighting term:
. M N 8 ap
w;cj-l-l = p(b‘-, Sia Aj | Zk+1) = Cz+lp(zk+l l bi7 Siv Aj7 Zk)z Ze;fgg?/l wz
a=1 g=1
with
p(Zk+1 ' b", S", AJ’ Zk) = N[H(@f;c‘] + FA]b,) + DAJb“ HM;;J_.*_IHT + DA?SlDT + R]

9?;% = P(bk+1 = b, Sk+1 =5, | by =bo, Sk = Sa)
gﬁﬂ = P(Ak+1 = Aj | A= AB)
wgﬁ = P(bk =0y Sk =S Ar = Aﬁ | Zk)

M N
and scale factor C3,, such that ) E:w}c’+1 =1

i=1 j=1
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Figure 25. Modified Gaussian double-sum adaptive filter structure.
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Two Markov transition probability matrices, ©i% and ©f, are used in the MGS

adaptive filter, given by

90 .05 .05 05 05
Oix=| .05 .90 .05 e0pf=| ' 5.2.1
b3 s [ 05 .95 } (5.2.19)
05 .05 .90

Figure 26a shows the state z;,, and the same state estimate Z,,, generated
previously without parameter updating. Figure 26b shows the state z;,, and the
state estimate Z;,, using the Gaussian double-sum parameter updating method.
The MGDS estimates track well throughout the simulation, without any noticeable
learning time.

Figure 27a shows weighting terms 1-3 of the MGDS adaptive filter with
A; =2, and Figure 27b shows weighting terms 4-6 with A, =5. The input signal
starts out with an amplitude of A, =5, so weighting terms 4-6 initially are in
effect. After the amplitude switches to 4, = 2, weighting terms 1-3 take over, with
one exception. Weight 3 (for b; = 0) should be larger than weight 6 (also for b; = 0)
since A; =2 currently matches the actual input amplitude. ~However, the
measurement residuals for corresponding filters 3 and 6 are equal, because their b,
terms are each zero. This causes the difference in their S; variance terms to be the
deciding factor in calculating the weights. The Gaussian density function in Table
9 used to calculate the weights has a larger variance for weight 6 (A; = 5) than for
weight 3 (A; = 2). Therefore, the probability calculated for weight 6 will be larger
than the probability calculated for weight 3, so that weight 6 governs the overall

state estimate more so than weight 3.
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Figure 26. (a) State and state estimate with no parameter updating, (b) state and

state estimate using Gaussian double-sum parameter updating method.
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Figure 27. (a) Weighting terms 1-3 with A; = 2,
(b) weighting terms 4-6 with A, = 5.
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6.0 CONCLUSIONS

This investigation is concerned with effective state estimation of a system
driven by an unknown nonGaussian input with additive white Gaussian noise, and
observed by measurements containing feedthrough of the same nonGaussian input
and corrupted by additional white Gaussian noise. A Gaussian sum (GS) approach
has previously been developed [6-8] which can cope with the nonGaussian nature of
the input signal. Due to a serious growing memory problem in this approach, a
modified Gaussian sum (MGS) estimation technique is developed that avoids the
growing memory problem while providing effective state estimation. Several
differences between the MGS and GS algorithms are examined, showing the MGS
algorithm to be a better performer.

An MGS adaptive filter is derived for a general system and a modal system,
with simulation examples performed using a nonGaussian input signal. The modal
system simulation results are compared to those produced from an augmented
Kalman filter based on an augmented modal system model assuming a narrowband
Gaussian input signal. The results show that the MGS adaptive filter provides
better estimates than the augmented Kalman filter.

A necessary condition for effective MGS estimation is derived, namely that the
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system must have a nonzero dc gain. Three alternate estimation procedures are
developed to compensate for situations when this condition is not satisfied. The
alternate MGS adaptive filters are simulated and their performance results are
analyzed and compared.

Two methods of monitoring and updating key parameters of the MGS filter
are developed. One is the zero-bias measurement residual method and the second
is the Gaussian double-sum method. Simulation results are analyzed to investigate
the performance of these methods, with the Gaussian double-sum method proving
to be a better performer at the expense of increased computational burden.

Several contributions to the field of applied estimation theory are made from

this investigation. These include:

1. The development of a modified Gaussian sum algorithm with nongrowing
memory based on a nonGaussian signal model with a Gaussian sum
probability density function. Parameters from this model are used directly in

the modified Gaussian sum adaptive filter structure.

2. A comparison between the GS filter of [6] and the MGS adaptive filter. The
two are similar, but the comparison shows the MGS adaptive filter to be a

good improvement to the GS filter.
3. An examination of a necessary condition for effective MGS estimation. This
condition provides a simple test to determine if the MGS adaptive filter will

work properly for a given system.

4. An alternate configuration of the MGS adaptive filter when the necessary
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condition of 3 above is not met. This configuration is applied in several ways,

and each is evaluated on a performance basis.

5. Two methods of monitoring and updating key parameters of the MGS
adaptive filter. These allow the estimator to react to changes in the input
signal level which cause the signal to be nonstationary over long periods of

time.

Some suggested directions for future development include a closer examination
of the assumptions used in the MGS algorithm to alleviate the increasing
computational and storage requirements of the growing memory GS algorithm,
applying the MGS algorithm to a larger variety of nonGaussian input signals, and
examining how to implement the algorithm in the case of nonlinear systems with

nonGaussian inputs.
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APPENDIX A

The transfer matrix from actuator force inputs to sensor acceleration outputs

for the modal model described in [1] is

6l = s3] S8L 4 S8 (A1)

*
i S—A

1=1

where

m s the total number of modeled (complex) modes
is the i** eigenvalue of the transfer matrix
#; is the i*® mode shape vector (eigenvector)

is the ¢** modal participation factor

An equivalent continuous-time state representation of (A.1) has the form

i(t) = Az(t) + Bu(t) (A.2)
y(t) = Cz(t) + Du(?) (A.3)

where
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o =[a) 1) - anlt) an(®)] (A4)

are the modal positions and velocities, u(t) is the m-length vector of actuator input
forces, and y(t) is the m-length vector of accelerations at sensor grid points.

Clearly, the dc gain of (A.1) is zero since for s =0, G(s) = 0. Differentiating
(A.1) once with respect to s removes the s in front of the summation, producing a
new transfer matrix from actuator force inputs to sensor velocity outputs. This
new transfer matrix has a nonzero dc gain. The discrete-time equations (4.1.1) and
(4.1.2) are generated using a zero-order-hold model. Therefore, the discrete-time dc
gain (4.2.4) from u; to z; is equal to the continuous-time dc gain.

The A, B, C, and D matrices of the state space representation of the force to
acceleration transfer matrix are computed as follows. Define

A =diag{A, AT, 5 A Are}
C = diag{cy, €]y - Cons Cra}

8=(61 67 - bm 3]
Then
%

1
A=A, B=ACT, C=&C, D=oCoT (A.5)

The A, B, C, and D matrices of the state space representation of the force to

velocity transfer matrix are

1 1
A=A, B=ACWST, C=¢CA"", D=0 (A.6)
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The A and B matrices of (A.6) are the same as those from (A.5). This allows the
states (A.4) to remain unchanged when either acceleration or velocity outputs are
used.

Numerical values for the parameters in (A.5) and (A.6) are generated using
the algorithm below. In these equations the subscript ¢ represents the
corresponding mode number, and values are generated for :=1,2,...,m. The

eigenvalues are given by

A" - —a,- i jw" (A.7)

where the «; are randomly selected with uniform distributions over three intervals:
[1,2], [2,5], and [5,15], generally with the highest frequency of occurrence in [1,2],
followed by [5,15], and then by [2,5]. The w; are given by

Ww; = 27I'f'~ (AS)
£, =100 e ™Y (A.9)
The eigenfunctions are given by
ejki:r
¢i(z) =5 (A.10)

where z is the m x 1 vector of grid point locations distributed over a length of 70

meters, and

k=i (A.11)
v; = 3000 e~ % (A.12)
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The magnitudes of the modal participation factors are given by

|c;|= 100 e 1=

(A.13)
and the phase angles are

Zc; = random values, uniformly distributed on the interval [0,27] (A.14)

Using the algorithm above, the parameters of (A.5) and (A.6) are completely

specified by «;, z, and Zc¢; for 1 = 1,2,...,m and some positive integer m.
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