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On the Use of Uncalibrated Digital Phased Arrays for Blind Signal
Separation for Interference Removal in Congested Spectral Bands

Lauren O. Lusk

(ABSTRACT)

With usable spectrum becoming increasingly more congested, the need for robust, adaptive

communications to take advantage of spatially-separated signal sources is apparent. Tradi-

tional phased array beamforming techniques used for interference removal rely on perfect

calibration between elements and precise knowledge of the array configuration; however, if

the exact array configuration is not known (unknown or imperfect assumption of element

locations, unknown mutual coupling between elements, etc.), these traditional beamforming

techniques are not viable, so a blind beamforming approach is required.

A novel blind beamforming approach is proposed to address complex narrow-band interfer-

ence environments where the precise array configuration is unknown. The received signal

is decomposed into orthogonal narrow-band partitions using a polyphase filter-bank chan-

nelizer, and a rank-reduced version of the received matrix on each sub-channel is computed

through reconstruction by retaining a subset of its singular values. The wideband spec-

trum is synthesized through a near-perfect polyphase reconstruction filter, and a composite

wideband spectrum is obtained from the maximum eigenvector of the resulting covariance

matrix.The resulting process is shown to suppress numerous interference sources (in special

cases even with more than the degrees of freedom of the array), all without any knowledge

of the primary signal of interest. Results are validated with both simulation and wireless

laboratory over-the-air experimentation.



On the Use of Uncalibrated Digital Phased Arrays for Blind Signal
Separation for Interference Removal in Congested Spectral Bands

Lauren O. Lusk

(GENERAL AUDIENCE ABSTRACT)

As the number of devices using wireless communications increase, the amount of usable ra-

dio frequency spectrum becomes increasingly congested. As a result, the need for robust,

adaptive communications to improve spectral efficiency and ensure reliable communication

in the presence of interference is apparent. One solution is using beamforming techniques on

digital phased array receivers to maximize the energy in a desired direction and steer nulls

to remove interference. However, traditional phased array beamforming techniques used

for interference removal rely on perfect calibration between antenna elements and precise

knowledge of the array configuration. Consequently, if the exact array configuration is not

known (unknown or imperfect assumption of element locations, unknown mutual coupling

between elements, etc.), these traditional beamforming techniques are not viable, so a beam-

forming approach with relaxed requirements (blind beamforming) is required. This thesis

proposes a novel blind beamforming approach to address complex narrow-band interfer-

ence in spectrally congested environments where the precise array configuration is unknown.

The resulting process is shown to suppress numerous interference sources, all without any

knowledge of the primary signal of interest. Results are validated with both simulation and

wireless laboratory experimentation conducted with a two-element array, verifying that pro-

posed beamforming approach achieves a similar performance to the theoretical performance

bound of receiving packets in AWGN with no interference present.
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With the increased demand on robust and reliable wireless communications links, open

spectrum bands are becoming more and more scarce, particularly as spectrum sharing so-

lutions become more prevalent. Spectrum sharing solutions are especially of interest in

the industrial, scientific, and medical (ISM) bands. Historically, these bands are reserved

for industrial, scientific, and medical use (hence the name) for devices such as microwave

ovens and shortwave medical heating devices. However, since the Federal Communications

Commission (FCC) opened the bands to unlicensed users in 1985 [1], a growing number of

both licensed and unlicensed users attempt to share the available spectrum. Many of the

unlicensed users are short-ranged, low-power wireless communication systems that take ad-

vantage of the unlicensed spectrum to cut costs. These unlicensed devices include Bluetooth,

contactless smart cards, wireless microphones, garage door openers, RFID tags, Wi-Fi, and

other devices associated with the Internet of Things (IoT). Although they are permitted to

transmit in the bands, unlicensed devices are not allowed to interfere with the transmission

of licensed devices and must accept a certain amount of interference. As the number of

devices using the ISM bands increases, the amount of interference a device must contend

with also increases.

Furthermore, as shared spectrum bands incorporate more and more disparate signal types

1



and waveforms, new solutions need to account not only for the interference they receive,

but also the interference they impart on existing users. For the general problem of robust

wireless communications in congested spectrum environments, reliability can be achieved in

several different ways:

• which generally distribute the information rate dis-

proportionately across the bandwidth so as to minimize the statistical impact of inter-

ference,

• which seeks to iteratively remove interference through

estimation and subtraction,

• methods which attempt to locate (and possibly predict)

which frequency bands are available, often using non-contiguous spectrum waveforms,

and

• which include a entire array of techniques to provide spatial

diversity

Combinations of the above can also be used to improve reliability and mitigate interference;

however, the combined techniques are often still restricted by the limitations of the under-

lying techniques. Spread-spectrum techniques impart a performance degradation on both

the legacy and secondary users. Successive interference cancellation methods are computa-

tionally intense and rely heavily on the correct estimation of parameters to operate while

white space estimation requires waveform re-definition, and multi-antenna methods tradi-

tionally require precise calibration to produce accurate beams (e.g. nulls in the direction of

interference sources).

The potential benefit in spatial diversity afforded by multi-antenna systems is substantial



in its ability to simultaneously null interference while providing gain in the direction of a

desired signal. In particular, digital phased-array systems provide substantial benefits over

their analog counterparts, including the ability to process simultaneously occuring distinct

beams and apply any number of signal processing techniques for multi-spatial signal separa-

tion. Traditional digital phased-array processing, however, is expensive and requires precise

calibration of antenna spacing to properly steer beams. The calibration issue becomes in-

creasingly complex when modern platforms are taken into account. Many modern platforms

are often already overloaded with existing diverse and possibly heterogeneous antennas, and

have little to no space to incorporate a large array. As such, an optimal solution would be to

treat the existing antennas as a digital array; however, the calibration between the existing

antennas might not be precise enough to utilize traditional beamforming algorithms. Ad-

ditionally, narrow-band interfering signals may be too numerous for the degrees of freedom

afforded by the array to null—this is particularly true for recovering a wide-band carrier in

congested frequency bands. The discussion on beamforming methods is continued in Section

2.2.

Furthermore, while the design of new waveforms can partially address this calibration prob-

lem, many legacy systems are inflexible to changes to the physical layer outside the radio

frequency front end (RFFE). As such, this thesis proposes a method capable of operating

on legacy systems operating in new environments, rather than designing a new waveform to

accommodate the specific demands of the user.

With the clear limitations of current approaches for multi-antenna spectrum-sharing solu-

tions in dynamic wireless environments, the work in this thesis provides a solution to this



problem by:

1. providing an assessment of existing beam-forming methods for the purpose of interfer-

ence suppression,

2. introducing a novel beamforming method “SVIRA” that combines polyphase filterbank

(PFB) channelizers with singular value decomposition (SVD) matrix decomposition for

semi-blind signal separation,

3. presenting an objective assessment of parameter trade-space for the proposed algorithm

in a variety of scenarios and configurations,

4. verifying the design on a laboratory testbed in a controlled wireless environment

The remainder of this thesis is organized as follows. Chapter 2 first provides the necessary

background and mathematical foundation for defining the problem space, providing a review

of previous work on this topic. Chapter 3 presents a novel application of almost-perfect recon-

struction polyphase filter-bank channelizers with matrix decomposition methods for applying

sub-band specific beamforming. Chapter 4 provides an overview of parameter selection and

develops an end-to-end simulation for assessing performance of the proposed algorithm en-

hancements in both AWGN and interference environments. Chapter 5 describes verification

of the algorithm in a laboratory environment using software-defined radio hardware. Finally

Chapter 6 provides concluding remarks and a discussion of future work.

Conference papers
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This chapter includes a general problem statement and literature survey of potential solu-

tions. Traditional phased array processing is discussed a well as blind beamforming and a

few non-beamforming techniques.

The general problem of multi-antenna interference suppression involves detecting the pres-

ence of one or more nuisance signals and suppressing their energy while amplifying an in-

tended signal of interest using the spatial separation of sensor elements. Let us first consider

a wide-band signal of interest (SOI), represented as a discrete set of K band-limited linear

modulated symbols at a baud rate 1/T , viz.

s(t) =
K�1X
k=0

akg(t � kT ) (2.1)

where ak 2 A are a set of uncorrelated and unknown data symbols and g(t) is a band-limited

square-root Nyquist pulse-shaping filter. For this problem, it is assumed that all values K,

ak, A, g(t), and T are unknown; however, the power spectral density of s(t) can be assumed

to be reasonably flat, and T is assumed to be reasonably wide.

The receiver is a collection of N sensing antennas with an unknown spatial configuration.

6



The received signal is a delayed version of s(t) with a carrier frequency and phase offset,

channel gain (due to path loss), and distorted by a set of interfering signals. The continuous-

time representation of the received complex baseband signal on sensor i can be represented

as

ri(t) = 
s(t � �)ej�i +
X

p

�p(t)ej�i,p + wi(t); (2.2)

where �p(t) is one of P unknown interfering signals, 
 is an unknown but fixed channel

gain, and wi(t) is a wide-sense stationary random Gaussian process with a power spectral

density (PSD) N0/2. Note that all of the interfering signals are assumed to be narrow-band

and may be spatially separated. Also, SOI is assumed to be uncorrelated with both the

interfering signals and noise. Furthermore, while the exact noise PSD is not known, it can

be estimated. Finally, the received signal from each sensor then passes through a discrete-

time sampler at a rate Fs = 1/Ts. The final discrete-sampled time series on sensor i at time

index n is thus

ri(n) = ri(nTs) (2.3)

The array itself is considered as a set of N digitized sensing elements in three dimensions, each

with x, y, and z coordinates in terms of the carrier wavelength �, viz. n = [a
(x)
n ; a

(y)
n ; a

(z)
n ]T .

Therefore, the array configuration can be conceptualized as a N � 3 matrix representing

the positions of each element’s x, y, and z coordinates, respectively, in terms of the carrier

wavelength �. The complex gain w on sensor n of a signal with an incoming azimuthal angle

� off the x/z plane and an elevation angle � off the x/y plane is the projection of n on the

plane defined by the pointing vector: a real-valued vector indicating the direction in x, y,



and z for the direction in which the array has maximum gain, viz.

(�; �) =
�
cos(�) cos(�); cos(�) sin(�); sin(�)

�T (2.4)

The weighting vector which provides maximum gain in this direction is simply the complex

phase of the vector projection of the pointing vector on each element’s position in 3-D space,

evaluated as

(�; �) = exp
n

�j2� T (�; �)
o

(2.5)

Traditional phased-array processing would treat the combination of SOI and interfering

signals in (2.2) as a linear combination of vectors of length N (which corresponds to the

number of sensors in the array) across time and attempts to maximize the output signal-to-

interference-plus-noise ratio (SINR) by steering a beam in the direction of SOI as it points

nulls in the direction of interferers. An array with N sensors has N � 1 degrees of freedom,

so it is only able to guarantee controlling at most N � 1 nulls, which means the array can

only guarantee to remove at most N � 1 interfering signals. Additionally, since the goal is to

maximize the output SINR, traditional beamformers are unable to distinguish between SOI

and interferers coming from the same or similar direction of arrival (DOA). Thus, creating

situations in which SOI is either suppressed or interference is let through.

The following sections discuss traditional digital beamforming techniques as well as their

limitations. Analogue and hybrid beamforming methods are not considered as the array is

presumed to be a digital phased array.



The minimum variance distortionless response (MVDR) beamformer aims to maximize the

SINR in the direction of SOI. Assuming the precise array configuration and DOA of SOI

are known a priori, MVDR is considered an optimal solution [3]. This type of beamforming

creates weights that minimize the amount of interference and noise while maintaining a dis-

tortionless response in the DOA of SOI; thus maximizing the SINR of the output. However,

if the knowledge of SOI’s DOA and the array configuration is incomplete or imprecise, the

performance will degrade as SOI is treated as interference instead of as the desired signal.

Similarly, if either the DOA of SOI or the array configuration is unknown, MVDR cannot

be used.

The algorithm to implement MVDR, as described by [4], is as follows: At any instant k, the

output of the beamformer y(k) can be represented as

y(k) = H (k) (2.6)

where (k) is the received signal at instance k, (�)H indicates the Hermitian transpose, and

is a vector of weights determined by the algorithm. As stated previously, the purpose

of MVDR is to maximize the SINR of the input signal, which is

SINR ,
E

�
j H j2

�
E[j H ( + )j2]

=
�2

s j H (�; �)j2
H

i+n

(2.7)

where (�; �) is the pointing (steering) vector defined in (2.4), �2
s is the power in SOI, and

are the interference and noise vectors respectively, and E [�] signifies the expectation. i+n



is a matrix of the expectation of the covariance of the interference-plus-noise.

i+n , E
h
( (k) + (k))( (k) + (k))H

i
(2.8)

With the SINR as defined, the maximization problem is such that the interference and

noise is minimized and the input signal is fixed. This can be expressed as the following

optimization problem

min H
i+n such that H (�; �) = 1 (2.9)

whose solution is

= � �1
i+n (�; �) (2.10)

where � = 1/ H(�; �) �1
i+n (�; �) and (�)�1 indicates matrix inversion.

While this beamforming method is optimal under certain conditions, it has two main issues:

first, the success of the beamformer is heavily determined by the accuracy of the assumed

array configuration and DOA of SOI; secondly, this method is limited to N � 1 degrees of

freedom with which to successfully null interference. Therefore, if there are more than N �1

interfering sources, additional processing must be used.

To date, most of the literature focuses on mitigating the first issue and suggests different

approaches in order to obtain a more accurate DOA. An approach using Bayesian statistics

is proposed in [5]. This approach derives the posterior probability density function (PDF) of

the DOA of SOI by knowing a priori the PDF of the desired DOA. Afterwards, the weights

are determined using the posterior PDF of the DOA. While this approach is able to produce

better results than the classic MVDR, it is still dependent upon some a priori knowledge of

SOI’s DOA.



On the other hand, some approaches, such as the one proposed by [6], do not require any

knowledge of the DOA. This approach uses fractional Fourier transforms to estimate the

time-frequency curve of the received signal then derives the steering vector from the esti-

mated curve. After obtaining the steering vector, traditional MVDR beamforming is imple-

mented. One of the most popular DOA estimation techniques is multiple signal classifica-

tion (MUSIC).

The MUSIC beamformer is a subspace based algorithm that relies on the eigenvectors of the

covariance matrix of the input signals to separate the signal from the noise subspace and offers

better angular resolution than MVDR. Since beamforming relies on the eigenspace of the

covariance matrix, the performance degrades when any of the received signals are correlated

[7][8][9]. As with MVDR, MUSIC assumes knowledge of the array configuration and is limited

by its degrees of freedom, but unlike MVDR, MUSIC requires knowing the number of signal

sources (including both SOI and interference). The primary drawbacks of MUSIC are that

precise knowledge of the array configuration is required as well as knowledge or an accurate

estimation of the noise-plus-interference covariance matrix. If the array geometry changes or

the assumed knowledge is not accurate enough, the performance degrades. Similarly, if the

statistical properties of the noise or interference changes during transmission, MUSIC will

not be able to form an optimal beam. As such, this method is not considered in this thesis.

Instead, blind beamforming methods are primarily investigated.



Blind beamforming methods assume no knowledge of the DOA of the signals (both the

SOI as well as the interfering signals). Blind methods seek to adapt the beam weights to

isolate the signal of interest whose characteristics may still be unknown; however, the array

configuration and phase alignment of the elements are still known .

Assuming the general direction of SOI is known, a method utilizing a network of frequency-

invariant beamformers is proposed in [10] for receiving wideband signals in multipath envi-

ronments. Each frequency-invariant beamformer points its main beam in a different direction

in such a way that all of the directions of interest are covered by the network. Afterwards, the

output of the network undergoes blind source extraction by applying weights and summing

to get SOI, which is a simplified version of blind source separation in which only SOI is ex-

tracted. While this method does not rely on knowing the exact DOA of SOI, it does require

a general knowledge of SOI’s DOA. Also, in order to successfully extract SOI using blind

source extraction, identifying statistical characteristics of SOI must be known to calculate

the appropriate weights. As such, the computational complexity of this algorithm is variable

as it is determined by how narrow of an area must be covered by the frequency-invariant

beamforming network.

A different blind approach leverages the non-Gaussian distribution of SOI to approximate

its DOA [11]. Afterwards, the resulting weight vector is applied to a minimum power dis-

tortionless response beamformer, which extracts SOI. While effective, this approach will

not work if SOI does have a Gaussian distribution or if the interference has a non-Gaussian

distribution, and it also still relies on perfect knowledge of the array configuration in order

to beamform.



The constant modulus algorithm (CMA) beamforming process exploits the constant-modulus

properties of SOI that possess modulation schemes such as MSK, and FSK. If SOI does not

have a constant modulus, this method is not as effective. This technique is considered an

adaptive beamformer, which means the weights are iteratively updated and convergence

speed is a concern. The weights are determined by the cost function

min p;q( ) = E
��� H

m

��p
�
�p (2.11)

where is a vector of beamforming weights, is the vector of the input signal, p > 0, q > 0,

and � is the modulus of SOI. Typically, the cost function is minimized through the use of

stochastic gradient descent and the mean squared error, and p = 1 and q = 2 for optimal

convergence [12]. However, while convergence is optimized for classic CMA, the convergence

speed is still relatively slow.

A normalized CMA approach is proposed in [13]. The modified weight update equation

coupled with initializing the weight vector improves the convergence speed as demonstrated

by the simulated results performed by [14] of [13]’s algorithm. Another way to improve the

convergence is to reduce the computational complexity. By employing frequency domain in-

terpolation and spatial domain clustering, [15] is able to reduce the complexity of a recursive

least-squares CMA for orthogonal frequency-division multiplexing (OFDM) signals. A hybrid

approach that combines recursive least-squares (RLS) CMA and least mean-squares (LMS)

CMA is proposed in [16]. This algorithm is optimized for use on a uniform linear array and

attempts to balance the robustness against steering angle error, associated with LMS-CMA,

with the convergence speed and good interference cancellation of the RLS-CMA.



The spectral self-coherent restoral (SCORE) beamformer uses cyclostationary properties of

SOI to create a weight vector that is used to beamform a reference signal. Like CMA,

SCORE is an iterative process, so the initialization of the weight vector is important for

fast convergence. This algorithm is well-liked because the only required knowledge is the

cyclic frequency of SOI, which can be obtained from the symbol rate or carrier frequency.

However, just like CMA, the classic SCORE algorithm is slow to converge. One of the com-

monly used methods with a faster convergence is the Cross-SCORE algorithm, which trades

speedy convergence for higher complexity by solving for the weight vector using eigenvalue

decomposition [17]. Another method, proposed by [18], reduced the complexity of the classic

least-squared SCORE by guaranteeing a real-valued weight vector. In a different approach,

the authors of [19] decided to initialize the weight vector using the dominant mode predic-

tion (DMP) algorithm. By doing so, they were able to increase the convergence speed and

use the multi-target SCORE to extract multiple SOIs in parallel. Although SCORE is a

useful beamforming method, it is not viable if SOI possesses no cyclosationary features or

the features are otherwise removed during transmission.

Another group of blind beamformers is the eigen-based beamformers, which typically assume

that interference is uncorrelated. These types of beamformers decompose a covariance matrix

into its eigenvalues and eigenvectors to identify a composite steering vector (CSV), which

with to steer the beamformer. A basic eigen-based approach is proposed by [20], where the

interference covariance matrix (made of only the interference and noise) is decomposed using

eigenvalue decomposition. The eigenvector corresponding to the largest eigenvalue is then



assigned as the CSV. Afterwards, any traditional beamforming method, such as MVDR,

can be used to form the beam. An eigen-based beamformer is also considered to improve

beamforming for multipath environments in [21].

Instead of decomposing a single interference covariance matrix, this approach categorizes the

interference into strong and mild. Spatial spectrum techniques are used to estimate the co-

variance matrix of the mild interference, and the covariance matrix of the strong interference

is estimated using the eigenvalues of the sample covariance matrix. These estimations are

used to reconstruct the interference-plus-noise covariance matrix, which is then subtracted

from the sample covariance matrix. With the interference and noise removed, the principal

eigenvector of the sample covariance matrix is used as the CSV.

The blind beamformer proposed by [22] performs eigenvalue decomposition on a truncated

version of SVD of the received signal, and using the decomposed eigenvalues and eigenvectors,

all of the signals can be separated. By truncating the SVD, this algorithm is able to reduce

the noise and problem space, which is a principle that the SVIRA proposed in this thesis

attempts as well. Nevertheless, despite not relying upon knowledge of the DOA, most

of the eigen-based beamformers still require knowledge or computation of the interference

covariance matrix. It is also important to note that if coherent signals do exist, this will

reduce the rank of the source covariance matrix, which in turn renders the majority of

the eigen-based beamformers ineffective. In those cases, which can be typical of multipath

environments, additional processing must be employed such as spatial smoothing as seen in

[23]. Finally, all of these beamforming algorithms are still limited to being able to only null

as many interfering signals as there are degrees of freedom.



An additional approach with gaining popularity is using deep learning methods to determine

the optimal beamforming weight vector. A few reasons to account for the growing popularity

includes the ability to run parallel processing to suppress wideband interference, and remov-

ing the reliance on DOA. A convolutional neural network (CNN) is used to compute the

optimal weight vectors in [24] in order to reduce the computational complexity when faced

with a large number of antennas and filter taps. The CNN is able to estimate nearly optimal

weight vectors even with and signal-to-noise ratio (SNR) as low as -5 dB and as low as 400

snapshots of SOI. Another approach bypasses the traditional calculation of MVDR weights

and has a deep neural network determine them instead [25][26]. While these approaches

offer solutions for many issues associated with traditional and blind beamfroming (precise

knowledge of DOA, knowledge of the interference covariance matrix, slow convergence, etc.),

deep learning introduces new concerns such as the development of training data. As such,

deep learning approaches are not considered in this thesis.

One non-beamforming method for interference suppression is successive interference cancel-

lation (SIC) as described in [27]. Generally speaking, if two or more signals are received

concurrently, the strongest (highest SINR) is demodulated and decoded then subtracted

from the aggregate received signal. The resulting residual only contains the weaker signal

or signals. If there were more than two signals in the aggregate received signal, then the

process is repeated with the residual until only the weakest signal is left. Since this process

is successive, it has the potential to perfectly remove interfering signals; however if one of

the signals is estimated incorrectly, all of the subsequently estimated signals will also be
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�i�?�2 �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K �Q�7 �i�?�2 �b�2�M�b�Q�` ���`�`���v �i�Q �b�m�T�T�`�2�b�b�- ���M�/ �i�?�2 �M�m�K�#�2�` �Q�7 �b���K�T�H�2�b �Q�M �i�?�2

�Q�m�i�T�m�i �B�M �2���+�? �b�m�#�@�#���M�/ �T�`�Q�p�B�/�2�b �b�m�7�7�B�+�B�2�M�i �B�M�7�Q�`�K���i�B�Q�M �7�Q�` �a�o�. �7���+�i�Q�`�B�x���i�B�Q�M�X

�j�X�R�X�k ���M���H�v�b�B�b �S�Q�H�v�T�?���b�2 �6�B�H�i�2�`�#���M�F �*�?���M�M�2�H�B�x�2�`�b

�h�?�2 ���M���H�v�b�B�b �+�?���M�M�2�H�B�x�2�` �i���F�2�b �i�?�2 �`�2�+�2�B�p�2�/ �b�B�;�M���H �7�`�Q�K �i�?�2i �i�? ���M�i�2�M�M�� �2�H�2�K�2�M�ir i (n) ���M�/

�Q�m�i�T�m�i�bM �b�B�;�M���H�bRi (n; m)�- �r�?�2�`�2m �B�b �i�?�2 �+�?���M�M�2�H �#���M�/ �M�m�K�#�2�` �Um = 0; 1; :::; M � 1�V�-
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�+�Q�K�T�Q�M�2�M�i�b �Q�7r i (n)�X �a���v �� �T�Q�H�v�T�?���b�2 �7�B�H�i�2�`�ö�b �B�K�T�m�H�b�2 �`�2�b�T�Q�M�b�2 �B�b ���b �/�2�7�B�M�2�/ �B�M �(�j�j�- �U�R�R�X�R�y�X�R�y�V�)�,
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�.�2�b�B�;�M�B�M�; �� �b�v�M�i�?�2�b�B�b �T�Q�H�v�T�?���b�2 �7�B�H�i�2�` �B�b �� �b�B�K�B�H���` �T�`�Q�+�2�b�b �i�Q �/�2�b�B�;�M�B�M�; ���M ���M���H�v�b�B�b �T�Q�H�v�T�?���b�2

�7�B�H�i�2�` �#�m�i �r�B�i�? ���H�H �Q�7 �i�?�2 �T�`�Q�+�2�b�b�B�M�; �/�Q�M�2 �B�M �`�2�p�2�`�b�2�X �h�?�2 �b�v�M�i�?�2�b�B�b �7�B�H�i�2�` �B�b �b�Q �M���K�2�/ �#�2�+���m�b�2
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�i�?�2 �B�M�p�2�`�b�2 �.�6�h �K�m�b�i �#�2 �i���F�2�M�X �h�?�2�M�- �i�?�2 �b�B�;�M���H�b ���`�2 �m�T�@�b���K�T�H�2�/ �i�?�`�Q�m�;�? ���M �B�M�i�2�`�T�Q�H���i�B�Q�M
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�K���i�?�2�K���i�B�+���H�H�v �B�M �� �m�M�B�7�Q�`�K �.�6�h �+���b�2 ���b �;�B�p�2�M �#�v �(�j�j�- �U�R�R�X�R�y�X�N�V�)
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�i�?�2 �B�M�i�2�`�T�Q�H���i�B�Q�M �7�B�H�i�2�`

g(n; m) = g0(n)ej 2�nm / M �U�j�X�3�V
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���H�i�?�Q�m�;�? �i�?�2 �_���v�H�2�B�;�? �+�Q�K�#�B�M���i�B�Q�M �B�b �b�?�Q�r�M �B�M �6�B�;�X�j�X�j���b �#�2�B�M�; �T�2�`�7�Q�`�K�2�/ �#�2�7�Q�`�2 �b�v�M�i�?�2�b�B�b�-

�B�i �+���M ���H�b�Q �#�2 �T�2�`�7�Q�`�K�2�/ ���7�i�2�` �b�v�M�i�?�2�b�B�b�X �h�?�2 �K�2�`�B�i�b �Q�7 �T�2�`�7�Q�`�K�B�M�; �i�?�B�b �i�v�T�2 �Q�7 �+�Q�K�#�B�M���i�B�Q�M

�#�2�7�Q�`�2 �Q�` ���7�i�2�` �b�v�M�i�?�2�b�B�b �B�b �/�B�b�+�m�b�b�2�/ �B�M �*�?���T�i�2�`�9�X�8�X

�j�X�9 �*�Q�M�7�B�;�m�`���i�B�Q�M �P�`�/�2�`

�h�?�2 �i�?�`�2�2 �K���B�M �+�Q�K�T�Q�M�2�M�i�b���+�?���M�M�2�H�B�x�2�`�- �a�o�. �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M�- ���M�/ �+�Q�K�#�B�M���i�B�Q�M���+���M �#�2 ���`�@

�`���M�;�2�/ �B�M �/�B�7�7�2�`�2�M�i �+�Q�M�7�B�;�m�`���i�B�Q�M�b �i�Q �K���F�2 �m�T �a�o�A�_���X �h�?�B�b �b�2�+�i�B�Q�M �/�2�i���B�H�b �i�r�Q �+�Q�M�7�B�;�m�`���i�B�Q�M�b��

�+�Q�K�#�B�M���i�B�Q�M ���7�i�2�` �b�v�M�i�?�2�b�B�b ���M�/ �+�Q�K�#�B�M���i�B�Q�M �#�2�7�Q�`�2 �b�v�M�i�?�2�b�B�b�����b �r�2�H�H ���b �� �+�?���M�M�2�H�B�x�2�` �p�2�`�@

�b�B�Q�M �Q�7 �J�o�.�_�- �r�?�B�+�? �B�b �m�b�2�/ �H���i�2�` ���b �� �T�Q�B�M�i �Q�7 �+�Q�K�T���`�B�b�Q�M �B�M �*�?���T�i�2�`�9�X



�j�X�9�X�R �*�Q�K�#�B�M���i�B�Q�M ���7�i�2�` �a�v�M�i�?�2�b�B�b

�h�?�B�b �+�Q�M�7�B�;�m�`���i�B�Q�M �B�b �+�?���`���+�i�2�`�B�x�2�/ �#�v �+�Q�K�#�B�M�B�M�; �i�?�2 �b�2�M�b�Q�` �/���i�� ���7�i�2�` �b�v�M�i�?�2�b�B�b ���M�/ �B�M�i�2�`�@

�7�2�`�2�M�+�2 �`�2�K�Q�p���H�X �h�?�2 �;�2�M�2�`���H �T�`�Q�+�2�/�m�`�2 �7�Q�` ���MN �@�b�2�M�b�Q�` ���`�`���v �B�b ���b �7�Q�H�H�Q�r�b�,

�R�X�h�?�2 �/���i�� ���`�2 �T���b�b�2�/ �i�?�`�Q�m�;�?N �B�/�2�M�i�B�+���H �S�6�" ���M���H�v�b�B�b �7�B�H�i�2�` �#���M�F�b �r�B�i�?M �+�?���M�M�2�H�b�X

�k�X�1���+�? �Q�7 �i�?�2M �7�B�H�i�2�`�2�/ �Q�m�i�T�m�i�b ���+�`�Q�b�b �i�?�2N �b�2�M�b�Q�`�b ���`�2 �i�?�2�M �T�`�Q�+�2�b�b�2�/ �m�b�B�M�; �a�o�.

�`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �i�Q �`�2�K�Q�p�2 �i�?�2 �B�M�i�2�`�7�2�`�2�M�+�2�X

�j�X�h�?�2 �`�2�b�m�H�i�B�M�; �/���i�� ���`�2 �b�v�M�i�?�2�b�B�x�2�/ �m�b�B�M�; �� �#���M�F �Q�7M �b�v�M�i�?�2�b�B�b �7�B�H�i�2�`�b�X

�9�X�6�B�M���H�H�v�- �i�?�2 �/���i�� ���`�2 �+�Q�K�#�B�M�2�/ ���+�`�Q�b�b �b�2�M�b�Q�`�b �m�b�B�M�; �i�?�2 �_���v�H�2�B�;�? �[�m�Q�i�B�2�M�i�X

�� �#�H�Q�+�F �/�B���;�`���K �Q�7 �i�?�2 �;�2�M�2�`���H �T�`�Q�+�2�/�m�`�2 �B�b �Q�m�i�H�B�M�2�/ �B�M �6�B�;�X�j�X�k�#�- �r�?�2�`�2 �i�?�2 �#�2���K�7�Q�`�K�B�M�;

�#�H�Q�+�F �+�Q�M�i���B�M�b �i�?�2 �a�o�. �_�2�+�Q�M�b�i�`�m�+�i�B�Q�M �"�H�Q�+�F �7�`�Q�K �6�B�;�X�j�X�j�X

�� �K�Q�`�2 �/�2�i���B�H�2�/ �2�t�T�H���M���i�B�Q�M �Q�7 �i�?�2 �T�`�Q�+�2�b�b �B�b ���b �7�Q�H�H�Q�r�b�,

�R�X�h�?�2 �+�Q�K�T�H�2�t �p���H�m�2�/ �K���i�`�B�t�_ �?���b �i�?�2 �/�B�K�2�M�b�B�Q�M�bN � k�- �r�?�2�`�2N �B�b �i�?�2 �M�m�K�#�2�` �Q�7

���M�i�2�M�M�� �2�H�2�K�2�M�i�b �U�Q�` �b�2�M�b�Q�`�b�V�- ���M�/k �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �b���K�T�H�2�b �B�M �i�?�2 �#�m�7�7�2�`�X

�k�X�h�?�2 �K���i�`�B�t�_ �B�b �7�B�H�i�2�`�2�/ �i�?�`�Q�m�;�? ���M ���M���H�v�b�B�b �7�B�H�i�2�` �#���M�F �/�2�7�B�M�2�/ �#�v ��M �@�#���M�/ �+�?���M�M�2�H�@

�B�x�2�`�- �r�?�Q�b�2 �Q�m�i�T�m�i �B�b �Q�p�2�`�b���K�T�H�2�/ �#�v �� �7���+�i�Q�` �Q�7 �k�X �h�?�B�b �T�`�Q�+�2�b�b �Q�m�i�T�m�i�b �� �b�2�[�m�2�M�+�2 �Q�7

�K���i�`�B�+�2�b�* m �7�Q�m̀ = 0; 1; 2; :::; M � 1�- �r�?�2�`�2m �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �#���M�/ �M�m�K�#�2�`�X �1���+�?

�K���i�`�B�t�* m �?���b �i�?�2 �/�B�K�2�M�b�B�Q�M�bN � 2L�- �r�?�2�`�22L �B�b �i�?�2 �#�H�Q�+�F �b�B�x�2 ���7�i�2�` �/�2�+�B�K���i�B�Q�M�X

�j�X�1���+�? �K���i�`�B�t�* m �B�b �r�B�M�/�Q�r�2�/ �#�v �� �T�2�`�B�Q�/�B�+�-L �@�T�Q�B�M�i �>���M�M �r�B�M�/�Q�r �B�M�i�Q �7�`���K�2�/ �b�2�;�@

�K�2�M�i�b�- �r�?�B�+�? �?���p�2 �� �b�2�;�K�2�M�i �Q�p�2�`�H���T �Q�7 �8�y�W ���M�/ �b���K�T�H�2 �H�2�M�;�i�?L �X �h�?���i �B�b �i�Q �b���v�- �7�Q�`

�2�p�2�`�v �b�2�M�b�Q�`ci �r�B�i�? �i�?�2 �B�M�/�B�+�2�b1 : k�- �i�?�2 �M�2�r�H�v �7�`���K�2�/ �+�Q�m�M�i�2�`�T���`�i �B�bcf;i = ci [fL :

(f + 1) L � 1]�- �r�?�2�`�2f �B�b �i�?�2 �7�`���K�2 �B�M�/�2�t�- �r�?�B�+�? �+�Q�M�i�B�M�m�2�b �i�Q �B�i�2�`���i�2 �m�M�i�B�H �B�i �b�2�;�K�2�M�i�b



�U���V �*�Q�K�#�B�M���i�B�Q�M ���7�i�2�` �a�v�M�i�?�2�b�B�b

�U�#�V �*�Q�K�#�B�M���i�B�Q�M �"�2�7�Q�`�2 �a�v�M�i�?�2�b�B�b

�6�B�;�m�`�2 �j�X�k�, �"�H�Q�+�F �/�B���;�`���K �Q�7 �a�o�A�_�� �*�Q�K�#�B�M���i�B�Q�M �"�2�7�Q�`�2 ���M�/ ���7�i�2�` �a�v�M�i�?�2�b�B�b �*�Q�M�7�B�;�m�`���i�B�Q�M�b

�6�B�;�m�`�2 �j�X�j�, �a�o�. �_�2�+�Q�M�b�i�`�m�+�i�B�Q�M �#�2���K�7�Q�`�K�B�M�; �#�H�Q�+�F



�i�?�2 �2�M�i�B�`�2 �K���i�`�B�t�* m �X �h�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �7�`���K�2�b �B�b �?�2���p�B�H�v �/�2�T�2�M�/�2�M�i �m�T�Q�ML ���M�/

�i�?�2 ���K�Q�m�M�i �Q�7 �Q�p�2�`�H���T�X

�9�X�6�Q�` �2���+�? �7�`���K�2�- �i�?�2 �`�2�b�m�H�i�B�M�; �K���i�`�B�t�� m �� �7�Q�` �#���M�/ �M�m�K�#�2�`m = 0; 1; 2; :::; M � 1 ��

�?���b �i�?�2 �b�B�x�2L � N �X ���b �M�Q�i�2�/ �#�v �B�i�b �b�B�x�2�-�� m �+�Q�M�i���B�M�b �i�?�2 �7�`���K�2�/ �/���i�� �7�`�Q�K ���H�HN

�b�2�M�b�Q�`�b�X

�8�X�h�?�2 �K���i�`�B�t�� m �B�b �i�?�2�M �T�`�Q�+�2�b�b�2�/ �� ���M�/ �B�M�i�2�`�7�2�`�B�M�; �b�B�;�M���H�b ���`�2 �`�2�K�Q�p�2�/ �� �m�b�B�M�; �a�o�.

�`�2�+�Q�M�b�i�`�m�+�i�B�Q�M�X

�e�X�h�?�2 �7�`���K�2�b ���`�2 �H�B�M�2���`�H�v �+�Q�K�#�B�M�2�/ �i�Q �`�2�+�Q�M�b�i�`�m�+�i �2���+�?�̂* m �- �r�?�B�+�? �?���b �i�?�2 �b���K�2 �b�?���T�2

���b�* m �UN � 2L�V�X �:�B�p�2�M �i�?�2 �i�v�T�2 �Q�7 �r�B�M�/�Q�r ���M�/ �i�?�2 ���K�Q�m�M�i �Q�7 �Q�p�2�`�H���T�-�* m �r�Q�m�H�/

�#�2 �T�2�`�7�2�+�i�H�v �`�2�+�Q�M�b�i�`�m�+�i�2�/ �B�M �i�?�2 �i�B�K�2 �/�Q�K���B�M �B�7 �b�B�M�;�m�H���` �p���H�m�2�b �?���/ �M�Q�i �#�2�2�M �`�2�K�Q�p�2�/

�7�`�Q�K�� m �X ���b �b�m�+�?�- �i�?�2 �M�2�r�H�v �`�2�+�Q�M�b�i�`�m�+�i�2�/�̂* m �B�b�* m �r�B�i�? �i�?�2 �M�m�B�b���M�+�2 �b�B�;�M���H�b �K�Q�b�i�H�v�-

�B�7 �M�Q�i �+�Q�K�T�H�2�i�2�H�v�- �`�2�K�Q�p�2�/�X

�d�X�1���+�?̂�* m �B�b �b�v�M�i�?�2�b�B�b�2�/ �i�?�`�Q�m�;�? �B�i�b �Q�r�M �b�v�M�i�?�2�b�B�b �7�B�H�i�2�` �UM �b�v�M�i�?�2�b�B�b �7�B�H�i�2�`�b �B�M �i�Q�i���H�V

�i�Q �T�`�Q�/�m�+�2 �i�?�2 �K���i�`�B�t�̂_�- �r�?�B�+�? �?���b �i�?�2 �b�?���T�2N � k�X

�3�X�h�?�2 �/���i�� �7�`�Q�K ���H�H �Q�7 �i�?�2 �b�2�M�b�Q�`�b �B�M�̂_ �B�b �+�Q�K�#�B�M�2�/�- �m�b�B�M�; �r�2�B�;�?�i�b �/�2�7�B�M�2�/ �#�v �i�?�2 �_���v�H�2�B�;�?

�Z�m�Q�i�B�2�M�i�- �B�M�i�Q �� �b�B�M�;�H�2 �p�2�+�i�Q�`~� �̀- �r�?�B�+�? �B�bk �b���K�T�H�2�b �H�Q�M�;�X

�N�X���M���H�v�x�2 �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �T���+�F�2�i �2�`�`�Q�` �#�v ���i�i�2�K�T�i�B�M�; �i�Q �/�2�+�Q�/�2 �i�?�2 �T���+�F�2�i �B�M~� �̀X

�j�X�9�X�k �*�Q�K�#�B�M���i�B�Q�M �"�2�7�Q�`�2 �a�v�M�i�?�2�b�B�b

���M�Q�i�?�2�` �+�Q�M�7�B�;�m�`���i�B�Q�M �B�b �*�Q�K�#�B�M���i�B�Q�M �"�2�7�Q�`�2 �a�v�M�i�?�2�b�B�b�- �r�?�B�+�? �+�Q�K�#�B�M�2�b ���+�`�Q�b�b �b�2�M�b�Q�`�b �#�2�7�Q�`�2

�m�b�B�M�; �i�?�2 �b�v�M�i�?�2�b�B�b �7�B�H�i�2�` �i�Q �`�2�+�Q�K�#�B�M�2 ���+�`�Q�b�b �7�`�2�[�m�2�M�+�v�X �h�?�B�b �+�Q�M�7�B�;�m�`���i�B�Q�M �7�Q�H�H�Q�r�b �i�?�2 �b���K�2

�;�2�M�2�`���H �T�`�Q�+�2�/�m�`�2 ���b �*�Q�K�#�B�M���i�B�Q�M ���7�i�2�` �a�v�M�i�?�2�b�B�b �m�M�i�B�H �b�i�2�T�e�X �A�M�b�i�2���/�- �i�?�2 �T�`�Q�+�2�/�m�`�2�����b

�/�2�i���B�H�2�/ �B�M �6�B�;�X�j�X�k�����B�b ���b �7�Q�H�H�Q�r�b�,



�e�X�h�?�2 �7�`���K�2�b ���`�2 �H�B�M�2���`�H�v �+�Q�K�#�B�M�2�/ �i�Q �`�2�+�Q�M�b�i�`�m�+�i �2���+�?�̂+m �- �r�?�B�+�? �B�b �M�Q�r �� �p�2�+�i�Q�`�X �:�B�p�2�M

�i�?�2 �i�v�T�2 �Q�7 �r�B�M�/�Q�r ���M�/ �i�?�2 ���K�Q�m�M�i �Q�7 �Q�p�2�`�H���T�-�* m �r�Q�m�H�/ �#�2 �T�2�`�7�2�+�i�H�v �`�2�+�Q�M�b�i�`�m�+�i�2�/

�B�7�* m �?���/ �M�Q�i �#�2�2�M �T�`�Q�+�2�b�b�2�/�X ���b �b�m�+�?�- �i�?�2 �M�2�r�H�v �`�2�+�Q�M�b�i�`�m�+�i�2�/�̂+m �B�b�* m �H�B�M�2���`�H�v

�+�Q�K�#�B�M�2�/ ���+�`�Q�b�b �b�2�M�b�Q�`�b �r�B�i�? �i�?�2 �M�m�B�b���M�+�2 �b�B�;�M���H�b �K�Q�b�i�H�v�- �B�7 �M�Q�i �+�Q�K�T�H�2�i�2�H�v�- �b�m�T�T�`�2�b�b�2�/�X

�d�X�h�?�2 �p�2�+�i�Q�`�b�̂+m ���`�2 �b�v�M�i�?�2�b�B�b�2�/ �i�?�`�Q�m�;�? �i�?�2 �+�?���M�M�2�H�B�x�2�`�ö�b �b�v�M�i�?�2�b�B�b �7�B�H�i�2�` �i�Q �T�`�Q�/�m�+�2

�i�?�2 �p�2�+�i�Q�`~� �̀- �r�?�B�+�? �b�?�Q�m�H�/ �#�22L �b���K�T�H�2�b �H�Q�M�;�X

�3�X���M���H�v�x�2 �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �T���+�F�2�i �2�`�`�Q�` �#�v ���i�i�2�K�T�i�B�M�; �i�Q �/�2�+�Q�/�2 �i�?�2 �T���+�F�2�i �B�M~� �̀X

�j�X�8 �J�o�.�_

���b�b�m�K�B�M�; �i�?�2 ���`�`���v �+�Q�M�7�B�;�m�`���i�B�Q�M ���M�/ �.�P�� �Q�7 �a�P�A ���`�2 �F�M�Q�r�M�- �J�o�.�_ �#�2���K�7�Q�`�K�B�M�; �+���M
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