
Quantum Information Processing with Color Center Qubits:
Theory of Initialization and Robust Control

Wenzheng Dong

Dissertation submitted to the Faculty of the

Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

in

Physics

Sophia Economou, Chair

Edwin Barnes

Vito Scarola

Vinh Nguyen

April 15, 2021

Blacksburg, Virginia

Keywords: Quantum Information, Quantum Computing, Spin Qubits, Color Centers, NV

Centers, Diamond, Monovacancy, Silicon Carbide, Dynamical Decoupling, Geometric

Phase, Holonomic Quantum Computation, Dynamically Corrected Gates

Copyright 2021, Wenzheng Dong



Wenzheng Dong

Quantum information technologies include secure quantum communications and ultra pre-

cise quantum sensing that are significantly more efficient than their classical counterparts.

To enable such technologies, we need a scalable quantum platform in which qubits are con-

trollable. Color centers provide controllable optically-active spin qubits within the coher-

ence time limit. Moreover, the nearby nuclear spins have long coherence times suitable for

quantum memories. In this thesis, I present a theoretical understanding of and control pro-

tocols for various color centers. Using group theory, I explore the wave functions and laser

pumping-induced dynamics of V color centers in silicon carbide. I also provide dynamical

decoupling-based high-fidelity control of nuclear spins around the color center. I also present

a control technique that combines holonomic control and dynamically corrected control to

tolerate simultaneous errors from various sources. The work described here includes a the-

oretical understanding and control techniques of color center spin qubits and nuclear spin

quantum memories, as well as a new platform-independent control formalism towards robust

qubit control.
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Quantum information technologies promise to offer efficient computations of certain algo-

rithms and secure communications beyond the reach of their classical counterparts. To

achieve such technologies, we must find a suitable quantum platform to manipulate the

quantum information units (qubits). Color centers host spin qubits that can enable such

technologies. However, it is challenging due to our incomplete understanding of their physi-

cal properties and, more importantly, the controllability and scalability of such spin qubits.

In this thesis, I present a theoretical understanding of and control protocols for various color

centers. By using group theory that describes the symmetry of color centers, I give a phe-

nomenological model of spin qubit dynamics under optical control of V color centers in

silicon carbide. I also provide an improved technique for controlling nuclear spin qubits with

higher precision. Moreover, I propose a new qubit control technique that combines two meth-

ods - holonomic control and dynamical corrected control - to provide further robust qubit

control in the presence of multiple noise sources. The works in this thesis provide knowl-

edge of color center spin qubits and concrete control methods towards quantum information

technologies with color center spin qubits.
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�Q�T�i�B�+���H �T�m�K�T�B�M�;�- �U�B�B�B�V �H�m�K�B�M�2�b�+�2�M�+�2 �i�Q �Q�` �7�`�Q�K �i�?�2 �[�m�#�B�i �b�i���i�2 �i�?���i �p���`�B�2�b �#�v �[�m�#�B�i �b�m�#�@�H�2�p�2�H

�B�M �b�Q�K�2 �/�B�7�7�2�`�2�M�i�B���#�H�2 �r���v�- �U�B�p�V �Q�T�i�B�+���H �i�`���M�b�B�i�B�Q�M�b �i�?���i ���/�/�`�2�b�b �i�?�2 �[�m�#�B�i �/�Q �M�Q�i �B�M�i�`�Q�/�m�+�2

�B�M�i�2�`�7�2�`�2�M�+�2 �7�`�Q�K �i�?�2 �2�H�2�+�i�`�Q�M�B�+ �b�i���i�2�b �Q�7 �i�?�2 �?�Q�b�i�- ���M�/ �U�p�V �#�Q�m�M�/ �b�i���i�2�b ���`�2 �r�2�H�H �b�2�T���`���i�2�/

�B�M �2�M�2�`�;�v �i�Q ���p�Q�B�/ �i�?�2�`�K���H �2�t�+�B�i���i�B�Q�M�X �h�?�B�b �Q�T�2�M�b �i�?�2 �/�Q�Q�` �i�Q �i�?�2 �b�2���`�+�?�B�M�;�- �/�2�b�B�;�M�B�M�;�- ���M�/

�R



�k �+�Ñ�ž�ÿ���¶�� �S�Y �+�ñ�ã�ñ�� �+�¶�é���¶���� �ž�� �b�ÿ�Ô�é �[���ª�Ô���� �Ô�é �[���ž�é�����è �B�é�Å�ñ���è�ž���Ô�ñ�é �b�«�Ô�¶�é�«�¶

�6�B�;�m�`�2 �R�X�R�, �a�+�?�2�K���i�B�+ �Q�7 �7�Q�m�` �H�2���/�B�M�; �+�Q�H�Q�` �+�2�M�i�2�`�b�, �M�B�i�`�Q�;�2�M �p���+���M�+�v �U�L�o�V ���M�/ �b�B�H�B�+�Q�M
�p���+���M�+�v �U�a�B�o�V �B�M �/�B���K�Q�M�/�- �/�B�p���+���M�+�v �U�o�a�B�@�*�V ���M�/ �K�Q�M�Q�p���+���M�+�v �U�o�a�B�V �B�M �b�B�H�B�+�Q�M �+���`�#�B�/�2�X

�7���#�`�B�+���i�B�M�; �b�Q�H�B�/�b�@�#���b�2�/ �b�T�B�M �[�m�#�B�i�b�- �r�?�B�+�? �?���p�2 �i�?�2 �#�2�b�i �Q�p�2�`�H���T �r�B�i�? �q�2�#�2�`�ö�b �+�?�2�+�F�H�B�b�i�X

�h�?�2�`�2 ���`�2 �p���`�B�Q�m�b �i�v�T�2�b �Q�7 �+�Q�H�Q�` �+�2�M�i�2�`�b�- �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �/�2�i���B�H�b �Q�7 �/�2�7�2�+�i�b ���M�/ �?�Q�b�i �K���@

�i�2�`�B���H�b�X �h�?�2 �H�2���/�B�M�; �7�Q�m�` ���`�2 �U�R�V �L�o �U�M�B�i�`�Q�;�2�M�@�p���+���M�+�v�V �+�2�M�i�2�` �B�M �/�B���K�Q�M�/ �(�d�-�3�)�- �U�k�V �a�B�o

�U�b�B�H�B�+�Q�M�@�p���+���M�+�v�V �+�2�M�i�2�` �B�M �/�B���K�Q�M�/ �(�N�-�R�y�)�- �U�j�V �/�B�p���+���M�+�v �U�o�a�B�@�*�V �+�2�M�i�2�` �(�R�R�-�R�k�) �B�M �b�B�H�B�+�Q�M�@

�+���`�#�B�/�2 �U�a�B�*�V �(�R�j�-�R�9�-�R�8�)�- ���M�/ �U�9�V �o�a�B�U�K�Q�M�Q�p���+���M�+�v�V �(�k�-�R�e�) �B�M �a�B�*�X �h�?�2�b�2 �7�Q�m�` �+�Q�H�Q�` �+�2�M�i�2�`�b

���`�2 �b�?�Q�r�M �B�M �6�B�;�X�R�X�R�X �1�p�2�M �i�?�Q�m�;�? �/�B�7�7�2�`�2�M�i �+�Q�H�Q�` �+�2�M�i�2�`�b �?���p�2 �/�B�7�7�2�`�2�M�i ���/�p���M�i���;�2�b �Q�p�2�`

�Q�i�?�2�`�b�- �L�o �+�2�M�i�2�`�b ���`�2 �i�?�2 �K�Q�b�i�@�b�i�m�/�B�2�/ ���M�/ �2�M���#�H�2 �p���`�B�Q�m�b ���T�T�H�B�+���i�B�Q�M�b �B�M �[�m���M�i�m�K �+�Q�K�@

�T�m�i���i�B�Q�M�- �[�m���M�i�m�K �+�Q�K�K�m�M�B�+���i�B�Q�M�- ���M�/ �[�m���M�i�m�K �b�2�M�b�B�M�;�X

�h�?�2 �?�Q�b�i �K���i�2�`�B���H�- �/�B���K�Q�M�/�- �+���M �#�2 ���+�?�B�2�p�2�/ �i�?�`�Q�m�;�? �i�?�2 �+�?�2�K�B�+���H �p���T�Q�` �/�2�T�Q�b�B�i�B�Q�M �U�*�o�.�V

�K�2�i�?�Q�/ �(�R�d�-�R�3�)�X �h�?�2 �+�Q�H�Q�` �+�2�M�i�2�`�b �+���M �#�2 �+�`�2���i�2�/ �B�M �i�r�Q �/�B�7�7�2�`�2�M�i �r���v�b�, �U�R�V �A�`�`���/�B���i�B�Q�M �Q�M

�i�?�2 �b���K�T�H�2�b �+�`�2���i�2�b �/�2�7�2�+�i�b �B�M �i�?�2 �?�Q�b�i �K���i�2�`�B���H�b�X �a�m�+�? �B�`�`���/�B���i�B�Q�M �+�Q�m�H�/ �#�2 �2�H�2�+�i�`�Q�M�@�#���b�2�/

�Q�` �M�2�m�i�`�Q�M�@�#���b�2�/�X �U�k�V �A�Q�M �B�K�T�H���M�i���i�B�Q�M �Q�M �i�?�2 �b���K�T�H�2�b�X �A�b�Q�i�Q�T�B�+ �T�m�`�B�7�B�+���i�B�Q�M �(�R�N�) �B�b �m�b�2�/

�i�Q �`�2�/�m�+�2 �M�m�+�H�2���` �b�T�B�M �B�K�T�m�`�B�i�B�2�b �/�m�`�B�M�; �7���#�`�B�+���i�B�Q�M �#�2�+���m�b�2 �i�?�2�v �?���p�2 �M�Q�M�x�2�`�Q �?�v�T�2�`�7�B�M�2

�+�Q�m�T�H�B�M�;�b �i�Q �i�?�2 �L�o �+�2�M�i�2�`�b�X �6�Q�` �2�t���K�T�H�2�- �i�?�21:1�W ���#�m�M�/���M�+�2 �Q�713�* �+���M �#�2 �H�Q�r�2�`�2�/ �i�Q

�B�K�T�`�Q�p�2 �i�?�2 �+�Q�?�2�`�2�M�+�2 �Q�7 �+�Q�H�Q�` �+�2�M�i�2�`�b�X



�S�Y�l�Y �2�ã�¶�«�����ñ�é �b�ÿ�Ô�é �[���ª�Ô���� �Ô�é �+�ñ�ã�ñ�� �+�¶�é���¶���� �j

�L�o �a�B�o �o�a�B�@�* �o�a�B

�a�v�K�K�2�i�`�v �*3v �. 3d �*3v

�*3v

�U�+�H�Q�b�2 �i�Q �hd�V

�:�`�Q�m�M�/

�a�T�B�M
1 �R�f�k 1 �j�f�k

T1

> 1�b �U�H�Q�r �h�V �(�d�)

� 5�K�b �U�`�Q�Q�K �h�V �(�k�y�)
300�M�b �(�k�R�) �L�f�� 0:5�K�b �U�`�Q�Q�K �h�V �(�k�)

T2

� 1�b �U�.�.�V �(�k�k�)

> 100� �b �U�`�Q�Q�K �h�V �(�d�)
�R�y�y�M�b �U�H�Q�r �h�V> 1�K�b �(�R�k�) > 80� �b �(�R�e�)

�1�K�B�b�b�B�Q�M

�_���i�2
4�W �(�k�j�) 50�W �(�k�9�) 5�W� 7�W �(�k�8�) �L��

�:�`�Q�m�M�/

�w�6�a
�k�X�3�3�:�>�x 50�:�>�x �R�X�j�:�>�x �(�R�R�)

�d�y�J�>�x �U�F�@�b�B�i�2 �o�k�V

�9�J�>�x �U�?�@�b�B�i�2 �o�R�V

�L�m�+�H�2���`

�a�T�B�M�b

13�* 13�* 13�*�-29�a�B 13�*�-29�a�B

�P�T�i�B�+���H

�q���p�2�H�2�M�;�i�?
�e�j�d�M�K �=�d�y�y�M�K �(�k�9�) �R�R�y�y �M�K �=�3�y�y �M�K �(�R�e�)

�h���#�H�2 �R�X�R�, �*�Q�K�T���`�B�b�Q�M �Q�7 �T�`�Q�T�2�`�i�B�2�b �Q�7 �7�Q�m�` �H�2���/�B�M�; �+�Q�H�Q�` �+�2�M�i�2�`�b�, �M�B�i�`�Q�;�2�M �p���+���M�+�v �U�L�o�V
���M�/ �b�B�H�B�+�Q�M �p���+���M�+�v �U�a�B�o�V �B�M �/�B���K�Q�M�/�- �/�B�p���+���M�+�v �U�o�a�B�@�*�V ���M�/ �K�Q�M�Q�p���+���M�+�v �U�o�a�B�V �B�M �b�B�H�B�+�Q�M
�+���`�#�B�/�2�X

�R�X�k �1�H�2�+�i�`�Q�M �a�T�B�M �Z�m�#�B�i�b �B�M �*�Q�H�Q�` �*�2�M�i�2�`�b

�h�?�2 ���i�Q�K�B�+�@�H�B�F�2 �Q�`�#�B�i���H�b �Q�7 �i�?�2 �+�Q�H�Q�` �+�2�M�i�2�`�b ���`�2 �H�Q�+���H�B�x�2�/ �r�B�i�?�B�M �i�?�2 �#���M�/ �;���T �Q�7 �i�?�2 �?�Q�b�i

�K���i�2�`�B���H�- �K���F�B�M�; �i�?�2�K �b�2�p�2�`���H�@�H�2�p�2�H �[�m���M�i�m�K �b�v�b�i�2�K�b �r�B�i�? �H�Q�M�; �+�Q�?�2�`�2�M�+�2 �i�B�K�2�b�X �A�M �6�B�;�X�R�X�k�-



�9 �+�Ñ�ž�ÿ���¶�� �S�Y �+�ñ�ã�ñ�� �+�¶�é���¶���� �ž�� �b�ÿ�Ô�é �[���ª�Ô���� �Ô�é �[���ž�é�����è �B�é�Å�ñ���è�ž���Ô�ñ�é �b�«�Ô�¶�é�«�¶

�6�B�;�m�`�2 �R�X�k�,�1�M�2�`�;�v �b�T�H�B�i�i�B�M�; �Q�7 �L�o �+�2�M�i�2�` �B�M �/�B���K�Q�M�/�X�_�2�H�2�p���M�i �T���`���K�2�i�2�`�b ���`�2
�B�M�+�H�m�/�2�/ �B�M �i�?�2 �7�B�;�m�`�2�X �U���V �1�M�2�`�;�v �H�2�p�2�H�b �Q�7 �;�`�Q�m�M�/ ���M�/ �2�t�+�B�i�2�/ �b�i���i�2�b ���`�2 �b�2�T���`���i�2�/ �#�v
1:95�2�o�X �.�B�7�7�2�`�2�M�i �;�`�Q�m�M�/ �b�T�B�M �T�`�Q�D�2�+�i�B�Q�M�b �b�2�T���`���i�2�/ �#�v �x�2�`�Q�@�7�B�2�H�/ �b�T�H�B�i�i�B�M�; �U�w�6�a�4�k�X�3�d�:�>�x�V
�+���M �#�2 �+�Q�M�i�`�Q�H�H�2�/ �m�b�B�M�; �J�q �/�`�B�p�B�M�;�X �a�T�B�M �b�B�M�;�H�2�i�b �+���M �#�2 ���+�+�2�b�b�2�/ �i�?�`�Q�m�;�? �B�M�i�2�`�b�v�b�i�2�K
�+�`�Q�b�b�B�M�; �U�/���b�?�2�/ ���`�`�Q�r�b�V�X �U�#�V �:�`�Q�m�M�/ �b�T�B�M �2�M�2�`�;�v �H�2�p�2�H�b ���;���B�M�b�iB �7�B�2�H�/�X



�S�Y�l�Y �2�ã�¶�«�����ñ�é �b�ÿ�Ô�é �[���ª�Ô���� �Ô�é �+�ñ�ã�ñ�� �+�¶�é���¶���� �8

�i�?�2 �b�T�B�M �i�`�B�T�H�2�i�b �b�i���i�2�b �US = 1�V ���M�/ �/�Q�m�#�H�2�i�b �b�i���i�2�b �US = 0�V ���`�2 �b�?�Q�r�M�- ���b �r�2�H�H ���b �i�?�2�B�`

�b�T�H�B�i�i�B�M�; �m�M�/�2�` �2�t�i�2�`�M���H �K���;�M�2�i�B�+ �7�B�2�H�/�X �h�?�2 �;�`�Q�m�M�/ �2�H�2�+�i�`�Q�M �b�T�B�M �B�bS = 1 �7�Q�` �L�o �+�2�M�i�2�`�b�-

�i�?�m�b �r�2 �+���M �+�?�Q�Q�b�2 �i�r�Q �b�T�B�M �T�`�Q�D�2�+�i�B�Q�M�b ���K�Q�M�; �i�?�2 �i�?�`�2�2 �;�`�Q�m�M�/ �H�2�p�2�H�b �i�Q �7�Q�`�K �� �b�T�B�M �[�m�#�B�i�X

�h�?�2 �>���K�B�H�i�Q�M�B���M �Q�7 �� �;�`�Q�m�M�/ �b�T�B�M �+���M �#�2 �/�2�b�+�`�B�#�2�/ �#�v

HNV = DS2
z + g� B BS; �U�R�X�R�V

�r�?�2�`�2 �i�?�2 �7�B�`�b�i ���M�/ �b�2�+�Q�M�/ �i�2�`�K �`�2�T�`�2�b�2�M�i�b �i�?�2 �ó�x�2�`�Q �7�B�2�H�/ �b�T�H�B�i�i�B�M�;�ô ���M�/ �ó�w�2�2�K���M �b�T�H�B�i�i�B�M�;�ô�X

�L�Q�i�B�+�2 �i�?�2 �w�2�2�K���M �b�T�H�B�i�i�B�M�; �B�b �M�2�+�2�b�b���`�v �i�Q �`�2�b�Q�H�p�2mz = � 1 ���M�/ �7�Q�`�K �� �[�m�#�B�i�X �A�i �B�b �+�Q�K�K�Q�M

�i�Q �+�?�Q�Q�b�2mz = 0 ���M�/mz = � 1�U�Q�m̀z = 1�V�X

�R�X�k�X�R �*�Q�M�i�`�Q�H �Q�7 �b�B�M�;�H�2 �2�H�2�+�i�`�Q�M �b�T�B�M

�L�Q�r �r�2 �?���p�2 �i�?�2 �b�T�B�M �[�m�#�B�i�- �r�?�B�+�? �B�b �� �;�Q�Q�/ �b�i���`�i�X �"�m�i �?�Q�r �i�Q �#�m�B�H�/ �i�?�2 �[�m�#�B�i �b�v�b�i�2�K �m�T

���M�/ �K���F�2 �B�i �r�Q�`�F�\ �.�B�o�B�M�+�2�M�x�Q �H�B�b�i�2�/ �+�`�B�i�2�`�B�� �(�k�e�) �7�Q�` �� �[�m���M�i�m�K �+�Q�K�T�m�i�2�` �U�b�B�K�B�H���` �+���M �#�2

�b���B�/ �7�Q�` �+�Q�K�K�m�M�B�+���i�B�Q�M�b ���M�/ �b�2�M�b�B�M�;�V �i�Q �b���i�B�b�7�v�,

�Ç �� �T�?�v�b�B�+���H �b�v�b�i�2�K �r�B�i�? �r�2�H�H �/�2�7�B�M�2�/ �[�m�#�B�i�b�X

�Ç �Z�m�#�B�i�b �+���M �#�2 �B�M�B�i�B���H�B�x�2�/ ���M�/ �`�2���/�Q�m�i�X

�Ç �G�Q�M�; �+�Q�?�2�`�2�M�+�2 �i�B�K�2�X

�Ç �� �ó�m�M�B�p�2�`�b���H�ô �b�2�i �Q�7 �[�m���M�i�m�K �;���i�2�b �r�B�i�? �?�B�;�? �T�`�2�+�B�b�B�Q�M�X

�L�Q�r �r�2 �#�`�B�2�7�H�v �/�B�b�+�m�b�b �?�Q�r �+�Q�H�Q�` �+�2�M�i�2�` �b�T�B�M �[�m�#�B�i�b �+���M �#�2 �B�M�B�i�B���H�B�x�2�/ ���M�/ �K���M�B�T�m�H���i�2�/�X

�A�M�B�i�B���H�B�x���i�B�Q�M�,�h�?�2jg; mz = 0i �T�`�Q�D�2�+�i�B�Q�M �B�M �i�?�2 �;�`�Q�m�M�/ �K���M�B�7�Q�H�/ �+���M �#�2 �B�M�B�i�B���H�B�x�2�/ �i�?�`�Q�m�;�?
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�`�2�T�2���i�2�` �;�`���T�? �b�i���i�2�X
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�h�?�2 �?�B�;�?�H�v �2�M�i���M�;�H�2�/ �T�?�Q�i�Q�M�B�+ �`�2�b�Q�m�`�+�2�b �7�Q�` ���H�H�@�T�?�Q�i�Q�M�B�+ �[�m���M�i�m�K �`�2�T�2���i�2�`�b ���`�2 �+���H�H�2�/ �`�2�@

�T�2���i�2�` �;�`���T�? �b�i���i�2�b �U�_�:�a�b�V �(�9�d�)�X �h�?�2 �;�`���T�?�B�+ �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �_�:�a�b �b�?���`�2�b �i�?�2 �b���K�2 �T�`�B�M�@

�+�B�T�H�2 �r�B�i�? �i�?�2 �+�H�m�b�i�2�` �b�i���i�2�X �1���+�? �_�:�a �+���M �#�2 �r�`�B�i�i�2�M ���bR[4m] �r�?�2�`�2 �B�M�i�2�;�2�`m �/�2�i�2�`�K�B�M�2�b

�i�?�2 �b�B�x�2 �Q�7 �i�?�2 �_�:�a�- �i�?���i �B�b�- �9m �T�?�Q�i�Q�M�b �B�M �i�Q�i���H�X �h�?�2R[4m] �?���b �i�r�Q �H���v�2�`�b �Q�7 �T�?�Q�i�Q�M�b�,

�i�?�2 �B�M�M�2�` �H���v�2�` �+�Q�M�i���B�M�b2m �7�m�H�H�v �+�Q�M�M�2�+�i�2�/ �T�?�Q�i�Q�M�b�- ���M�/ �2���+�? �B�M�M�2�` �T�?�Q�i�Q�M �+�Q�M�M�2�+�i�b �i�Q �D�m�b�i

�Q�M�2 �T�?�Q�i�Q�M �B�M �i�?�2 �Q�m�i�2�` �H���v�2�`�X �L�Q�i�2 �i�?���i �i�?�2�`�2 �B�b �M�Q �2�M�i���M�;�H�2�K�2�M�i ���K�Q�M�;2m �Q�m�i�@�H���v�2�`�2�/

�T�?�Q�i�Q�M�b�- ���M�/ �2���+�? �Q�7 �i�?�2�K �Q�M�H�v �2�M�i���M�;�H�2�b �i�?�2�B�` �K�Q�i�?�2�` �T�?�Q�i�Q�M �B�M �i�?�2 �B�M�M�2�` �H���v�2�`�X �a�2�2 ���M �2�t�@

���K�T�H�2 �Q�7R[16] �Um = 4�V �B�M �6�B�;�X�R�X�d�X �h�?�22m �Q�m�i�2�` �T�?�Q�i�Q�M�b �7�H�v �i�Q �i�?�2 �M�2���`�#�v �[�m���M�i�m�K �M�Q�/�2�b
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�6�B�;�m�`�2 �R�X�N�,�.�B���;�`���K �/�2�T�B�+�i�b �i�?�2 �;�2�M�2�`���i�B�Q�M �Q�7 �� �`�2�T�2���i�2�` �;�`���T�? �b�i���i�2�X�U���V �1�M�i���M�;�H�2
�� �[�m���M�i�m�K �2�K�B�i�i�2�` �U�T�m�`�T�H�2 �b�T�B�M�V ���M�/ �Q�M�2 �Q�T�i�B�+���H�H�v�@�B�M���+�i�B�p�2 �M�m�+�H�2���` �b�T�B�M �U�#�H���+�F �b�T�B�M�V ���M�/
���T�T�H�v �G�B�M�/�M�2�`�@�_�m�/�Q�H�T�? �T�m�K�T�B�M�; �i�r�B�+�2 �i�Q �;�2�M�2�`���i�2 �i�r�Q �T�?�Q�i�Q�M�b �i�?���i �7�Q�`�K �� �H�B�M�2���` �+�H�m�b�i�2�`
�b�i���i�2 �+�?���B�M�X �U�#�V ���T�T�H�v ��Z �K�2���b�m�`�2�K�2�M�i �Q�M �i�?�2 �[�m���M�i�m�K �2�K�B�i�i�2�` �i�Q �/�B�b�2�M�i���M�;�H�2 �B�i �7�`�Q�K
�i�?�2 �`�2�b�i�c �i�?�2 �M�m�+�H�2���` �b�T�B�M �B�b �H�2�7�i �?�Q�H�/�B�M�; �� �+�H�m�b�i�2�` �b�i�`�B�M�;�X �U�+�V �l�b�2 ��CZ �;���i�2 �i�Q �2�M�i���M�;�H�2 �i�?�2
�2�K�B�i�i�2�` ���M�/ �/���`�F �b�T�B�M ���;���B�M�- ���M�/ �i�?�2 �ó�2�K�B�i�i�2�`�@�M�m�+�H�2���` �b�T�B�M�b�ô ���`�2 �`�2���/�v �7�Q�` �i�?�2 �M�2�t�i �`�Q�m�M�/
�Q�7 �G�B�M�/�M�2�`�@�_�m�/�Q�H�T�? �T�m�K�T�B�M�;�X �U�/�V �_�2�+�m�`�b�B�p�2�H�v �/�Q �b�i�2�T�b �U���@�+�V �b�B�t �i�B�K�2�b �i�Q �+�`�2���i�2 �b�B�t ���`�K�b �Q�7
�+�H�m�b�i�2�` �b�i���i�2 �+�?���B�M�b �?�2�H�/ �Q�M �i�?�2 �M�m�+�H�2���` �b�T�B�M�X �>�Q�r�2�p�2�`�- �i�?�2 �M�m�+�H�2���` �b�T�B�M ���M�/ �i�?�2 �B�M�M�2�`�@�H���v�2�`
�T�?�Q�i�Q�M�b ���`�2 �M�Q�i �b�i�`�B�+�i�H�v �B�M �i�?�2j+ i �b�i���i�2�X �U�2�V �ó�G�Q�+���H �+�Q�K�T�H�2�K�2�M�i���i�B�Q�M�ô �B�b ���T�T�H�B�2�/ �i�Q �2�M�7�Q�`�+�2
�i�?�2 �2�M�i���M�;�H�2�/ �b�i���i�2 �i�Q �#�2 �� �T�`�Q�T�2�` �;�`���T�? �b�i���i�2�X �U�7�V �h�?�2 �+�Q�K�T�H�2�i�2�H�v �+�Q�M�M�2�+�i�2�/ �;�`���T�? �b�i���i�2�X
�U�;�V �q�B�i�? ��Z �K�2���b�m�`�2�K�2�M�i �i�Q �`�2�K�Q�p�2 �i�?�2 �M�m�+�H�2���` �b�T�B�M�- �i�?�2 �T�?�Q�i�Q�M�b ���`�2 �B�M �� �`�2�T�2���i�2�` �;�`���T�?
�b�i���i�2�X
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�h���#�H�2 �k�X�k�, �A�_�b �Q�7 �1 ���M�/ �11/2 �7�Q�` �Q�`�#�B�i���H ���M�/ �b�T�B�M �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K�- �`�2�b�T�2�+�i�B�p�2�H�v�X� E1/2
(R)

�B�b �;�B�p�2�M �r�B�i�?� = ei 2� /3 �X

�i�?�2 �i�`���+�2 �Q�7 �i�?�2 �K���i�`�B�t �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �;�`�Q�m�T �Q�T�2�`���i�B�Q�M�- �B�i �/�Q�2�b �M�Q�i �/�B�`�2�+�i�H�v �;�B�p�2 �i�?�2

�7�m�H�H �/�2�i���B�H�b �Q�7 �?�Q�r �i�?�2 �b�v�b�i�2�K �i�`���M�b�7�Q�`�K�b �7�Q�` �/�B�K�2�M�b�B�Q�Md > 1�X �h�?�2 �K���i�`�B�t �`�2�T�`�2�b�2�M�i���i�B�Q�M

�Q�7 �A�_�4E �B�b �H�B�b�i�2�/ �B�M �h���#�H�2�k�X�k�X �h�?�2 ���#�Q�p�2�@�K�2�M�i�B�Q�M�2�/ �*�j�p �T�Q�B�M�i �;�`�Q�m�T �Q�M�H�v �B�M�+�H�m�/�2�b �i�?�2

�;�2�Q�K�2�i�`�B�+ �M���i�m�`�2 �Q�7 �i�?�2 �/�2�7�2�+�i�- �r�?�B�+�? �;�B�p�2�b �i�?�2 �b�T���i�B���H �Q�`�#�B�i���H�b�- �#�m�i �M�Q�i �i�?�2 �b�T�B�M �M���i�m�`�2 �Q�7

�2�H�2�+�i�`�Q�M�b�f�?�Q�H�2�b�- �r�?�B�+�? ���`�2 �/�2�b�+�`�B�#�2�/ �#�vSU(2)�X �A�M �i�?�B�b �`�2�;���`�/�- �r�2 �b�?�Q�m�H�/ �m�b�2 �i�?�2 �*�j�p �/�Q�m�#�H�2

�;�`�Q�m�T�X �h�?�2 �/�Q�m�#�H�2 �;�`�Q�m�T �7�Q�` �� �b�T�B�M1
2 �B�b �/�2�M�Q�i�2�/ ���b� E1/2

�- �K�2���M�B�M�; �B�i �B�b �7�Q�` �A�_= E1/2 �X �6�Q�`

�B�i�b �K���i�`�B�t �`�2�T�`�2�b�2�M�i���i�B�Q�M�- �Q�M�2 �+���M �m�b�2D 1
2
�X �� �7�m�H�H �;�`�Q�m�T �b�v�K�#�Q�H �+���M �#�2 �r�`�B�i�i�2�M ���b �� �T�`�Q�/�m�+�2

�Q�7 �i�?�2 �b�T���i�B���H ���M�/ �b�T�B�M �T���`�i�b�,� = � o 
 � E1/2
�- �r�?�2�`�2 �óo�ô �B�b �7�Q�` �i�?�2 �A�_ �Q�7 �i�?�2 �Q�`�#�B�i���H �i�?�2

�T���`�i�B�+�H�2 �Q�+�+�m�T�B�2�b�X �1�t�i�2�M�/�B�M�; �i�Q �i�?�2 �*�j�p �/�Q�m�#�H�2 �;�`�Q�m�T �M�2�+�2�b�b�B�i���i�2�b �/�Q�m�#�H�B�M�; �Q�7 �;�`�Q�m�T�ö�b �Q�`�/�2�`

�U�/�B�K�2�M�b�B�Q�M�V�- �r�?�B�+�? �H�2���/�b �i�Q �i�?�2 �2�K�2�`�;�2�M�+�2 �Q�7 �M�2�r �A�_�b�X �_�2�T�`�2�b�2�M�i���i�B�Q�M �K���i�`�B�+�2�b �Q�7 �A�_�b �r�B�i�?

�/�B�K�2�M�b�B�Q�M� �R ���`�2 �;�B�p�2�M �B�M �h���#�H�2�k�X�j�X

�L�Q�r �r�2 �`�2�p�B�2�r �i�?�2 �b�v�K�K�2�i�`�v �Q�T�2�`���i�B�Q�M ���M�/ �i�?�2 �T�`�Q�D�2�+�i�Q�` �Q�7 �i�?�2 �*�j�p �/�Q�m�#�H�2 �;�`�Q�m�T �#���b�2�/

�Q�M �i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �B�M�7�Q�`�K���i�B�Q�M�X �6�Q�` �� �`�2�T�`�2�b�2�M�i���i�B�Q�M� n j �r�?�2�`�2n �H���#�2�H�b �i�?�2 �A�_ �B�M�/�2�t

���M�/j �H���#�2�H�b �i�?�2 �+�Q�K�T�Q�M�2�M�i �Q�` �T���`�i�M�2�` �Q�7 �i�?�2 �A�_ �U�7�Q�` �A�_�4A1; A2�-j = 1 �c �7�Q�` �A�_�4E�-j = 1 �Q�`

2�V�X �q�2 �+���M �i�?�2�M �/�2�7�B�M�2 �� �b�2�i �Q�7 �#���b�B�b �p�2�+�i�Q�`�b �/�2�M�Q�i�2�/ �#�vj� n j i �X �h�?�2�b�2 �#���b�B�b �p�2�+�i�Q�`�b �`�2�H���i�2



�l�Y�l�Y �K���ã���Ô�A�T�ž�����Ô�«�ã�¶ �r�ž�&�¶ �7���é�«���Ô�ñ�é�� �ª�ž���¶�² �ñ�é ���Ñ�¶ �b�-�è�è�¶�����- �ñ�Å �+�ñ�ã�ñ�� �+�¶�é���¶�����k�j

�1 �*+
3 �* �

3 � � 1 � � 2 � � 3 E C+
3 C �

3 � � 1 � � 2 � � 3

�� 1 �R �R �R �R �R �R �R �R �R �R �R �R
�� 2 �R �R �R �@�R �@�R�@ �R�R �R �R �@ �R�@ �R�@ �R
�1 �k �@�R�@�R �y �y �y �k �@�R �@�R �y �y �y

E1/2 �k �R �R �y �y �y �@�k �@�R �@�R �y �y �y
1E3/2 �R �@�R�@ �R �B �B �B �@ �R�R �R �@�B �@�B �@�B
2E3/2 �R �@�R�@ �R�@�B �@�B �@�B�@ �R�R �R �B �B �B

�h���#�H�2 �k�X�j�, �*�?���`���+�i�2�` �i���#�H�2 �7�Q�`C3v �b�v�K�K�2�i�`�v �/�Q�m�#�H�2 �;�`�Q�m�T �r�?�2�`�2 �i�?�2 �+�H���b�b�2�b ���`�2 �m�M�7�Q�H�/�2�/�X
�l�T �U�#�Q�i�i�Q�K�V �i�?�`�2�2 �`�Q�r�b �B�M�/�B�+���i�2�b �A�_�b �Q�7 �b�T���i�B���H �U�b�T�B�M�V �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K�X

�i�?�2 �b�v�K�K�2�i�`�v �Q�T�2�`���i�Q�`PR �r�B�i�? �B�i�b �K���i�`�B�t �`�2�T�`�2�b�2�M�i���i�B�Q�M �/�2�M�Q�i�2�/ ���bD � n (R) �i�?�`�Q�m�;�? �i�?�2

�`�2�H���i�B�Q�MPR j� n � i =
P

j D � n (R) j� j� n j i �X �"���b�B�b �p�2�+�i�Q�`�bj� n j i ���`�2 �b�i���#�B�H�B�x�2�/ �#�v �i�?�2 �T�`�Q�D�2�+�i�B�Q�M

�Q�T�2�`���i�Q�`�b �U�Q�` �T�`�Q�D�2�+�i�Q�`�b�VP � n
kl �, P � n

kl j� n l i � +1 j� nki �X �h�?�2 �T�`�Q�D�2�+�i�Q�` �B�b �2�t�T�H�B�+�B�i�H�v �;�B�p�2�M �B�M

�i�2�`�K�b �Q�7 �i�?�2 �b�v�K�K�2�i�`�v �Q�T�2�`���i�Q�`�b �7�Q�` �i�?�2 �;�`�Q�m�T �#�v �i�?�2 �`�2�H���i�B�Q�M�,

P � n
kl =

ln
h

X

R

D � n (R)�
kl PR ; �U�k�X�R�V

�r�?�2�`�2ln ���M�/h ���`�2 �i�?�2 �/�B�K�2�M�b�B�Q�M �Q�7� n ���M�/ �i�?�2 �`���M�F �Q�7 �i�?�2 �;�`�Q�m�T�- �`�2�b�T�2�+�i�B�p�2�H�v�X �a�Q�H�p�B�M�; �i�?�2

�+�Q�M�b�i�`�m�+�i�2�/ �T�`�Q�D�2�+�i�Q�` �;�B�p�2�b �i�?�2 �b�v�K�K�2�i�`�v�@���/���T�i�2�/ �r���p�2 �7�m�M�+�i�B�Q�M�b�X

�q�2 �7�B�`�b�i ���T�T�H�v �i�?�2 �T�`�Q�D�2�+�i�Q�` �@�1�[�X �U�k�X�R�V�@ �i�Q �Q�#�i���B�M �i�?�2 �K�Q�H�2�+�m�H���` �Q�`�#�B�i���H�b �U�J�P�b�V�- �r�?�B�+�? ���`�2

�H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M�b �Q�7 ���i�Q�K�B�+ �Q�`�#�B�i���H�b �U�G�*���P�b�V�X �q�2 �+���M �B�;�M�Q�`�2 �i�?�2 �b�T�B�M �T���`�i �b�B�M�+�2 �r�2 �7�Q�+�m�b

�Q�M �� �b�B�M�;�H�2 �T���`�i�B�+�H�2 �b�B�i�m���i�B�Q�M�- ���M�/ �i�?�2 �b�T�B�M �m�T�f�/�Q�r�M ���i�i���+�?�2�/ �i�Q �i�?�2 �Q�`�#�B�i���H �B�b �i�`�B�p�B���H�X �a�Q �r�2

�Q�M�H�v �M�2�2�/ �i�?�2 �b�B�M�;�H�2 �*�j�p �;�`�Q�m�T�X �l�b�B�M�; �i�?�2 �7�Q�m�` ���i�Q�K�B�+ �Q�`�#�B�i���H�bf a; b; c; dg �Ua; b; c ���`�2 �#���b���H



�k�9 �+�Ñ�ž�ÿ���¶�� �l�Y �;���ñ���ÿ �i�Ñ�¶�ñ���-�A�ª�ž���¶�² �b�����²�- �ñ�Å �+�ñ�ã�ñ�� �+�¶�é���¶����

�Q�`�#�B�i���H�b�V �b�?�Q�r�M �B�M �6�B�;�X�k�X�R���b ���M �2�t���K�T�H�2�- �r�2 �+���M �?���p�2 �7�Q�m�` �J�P�b�- �2���+�? �r�B�i�? �� �/�2�7�B�M�B�i�2 �A�_�,

A1 : u =
1

p
3

(a + b+ c);

A1 : v = d;

Ex : ex =
1

p
2

(a � b);

Ey : ey =
1

p
6

(2c � a � b):

�U�k�X�k�V

�A�i �B�b �2���b�v �i�Q �+�?�2�+�F �i�?���i �i�?�2�v ���`�2 �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b �r�B�i�? �+�Q�K�K�Q�M+1 �2�B�;�2�M�p���H�m�2 �Q�7 �i�?�2 �T�`�Q�D�2�+�i�Q�`

�r�B�i�? �T�`�Q�T�2�` �A�_�X �L�Q�i�2 �i�?���i �Q�M�+�2 �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �B�M �6�B�;�X�k�X�R�+�?���M�;�2�- �i�?�2 �A�_ �K���i�`�B�+�2�b ���M�/

�i�?�2 �J�P�b �r�B�H�H �+�?���M�;�2 ���+�+�Q�`�/�B�M�;�H�v�- �r�?�B�H�2 �i�?�2 �+�?���`���+�i�2�`�b ���`�2 �T�`�2�b�2�`�p�2�/ �m�M�/�2�` �b�m�+�? �b�B�K�B�H���`�B�i�v

�i�`���M�b�7�Q�`�K���i�B�Q�M�b�X �h�?�2 �7�Q�m�` �J�P�b ���`�2 �H�Q�+���H�B�x�2�/ �#�2�i�r�2�2�M �i�?�2 �+�Q�M�/�m�+�i�B�Q�M ���M�/ �p���H�2�M�+�2 �#���M�/�b�-

�b�?�Q�r�M �B�M �6�B�;�X�k�X�R�U�+�V�X �h�?�2�`�2 ���`�2 �� �i�Q�i���H �Q�7 �2�B�;�?�i �Q�`�#�B�i���H�b �Q�M�+�2 �i�?�2 �b�T�B�M �/�2�;�`�2�2 �Q�7 �7�`�2�2�/�Q�K �B�b

�B�M�+�H�m�/�2�/�X

�L�Q�r �r�2 �2�t�i�2�M�/ �i�Q �i�?�2 �K�m�H�i�B�@�T���`�i�B�+�H�2 �b�B�i�m���i�B�Q�M�X �L�Q�i�2 �i�?���i �B�M �L�o �+�2�M�i�2�`�b�- �i�?�2u �Q�`�#�B�i���H �B�b

���H�r���v�b �7�B�H�H�2�/�- �b�Q �i�?�2�`�2 ���`�2 �Q�M�H�v �b�B�t �Q�`�#�B�i���H�b �Uf ex ; ey; vg 
 f" ; #g�V �7�Q�` �i�?�2 �`�2�b�i �7�Q�m�` �2�H�2�+�i�`�Q�M�b �i�Q

�7�B�H�H�X �h�?�2 �i�r�Q�@�?�Q�H�2�b �b�v�K�K�2�i�`�v �Q�T�2�`���i�B�Q�M �B�b

PR(�k �?�Q�H�2�b) = f (� E 
 � 1/2 ) � (� A1 
 � 1/2 )g
 2
: �U�k�X�j�V

�P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �i�?�2 �i�?�`�2�2�@�?�Q�H�2�b �b�v�K�K�2�i�`�v �Q�T�2�`���i�B�Q�M �7�Q�` �i�?�2 �o�a�B�- �r�?�2�`�2 �2�B�;�?�i �Q�`�#�B�i���H�b

�Uf ex ; ey; v; ug 
 f" ; #g�V ���`�2 ���p���B�H���#�H�2�- �B�b

PR(�j �?�Q�H�2�b) = f (� E 
 � 1/2 ) � (� A1 
 � 1/2 ) � (� A1 
 � 1/2 )g
 3
: �U�k�X�9�V

�a�Q�H�p�B�M�; �i�?�2 �b�v�K�K�2�i�`�v �Q�T�2�`���i�B�Q�M�b �;�B�p�2�b �m�b �i�?�2 �K�m�H�i�B�@�T���`�i�B�+�H�2 �r���p�2 �7�m�M�+�i�B�Q�M�b ���/���T�i�2�/ �i�Q �i�?�2

�b�v�K�K�2�i�`�v �Q�7 �i�?�2 �/�2�7�2�+�i�b�X



�l�Y�l�Y �K���ã���Ô�A�T�ž�����Ô�«�ã�¶ �r�ž�&�¶ �7���é�«���Ô�ñ�é�� �ª�ž���¶�² �ñ�é ���Ñ�¶ �b�-�è�è�¶�����- �ñ�Å �+�ñ�ã�ñ�� �+�¶�é���¶�����k�8

�k�X�k�X�R �>���K�B�H�i�Q�M�B���M �i�?�2�Q�`�v �#���b�2�/ �Q�M �;�`�Q�m�T �i�?�2�Q�`�v

�h�?�2 �>���K�B�H�i�Q�M�B���M �/�2�b�+�`�B�#�B�M�; �� �+�Q�H�Q�` �+�2�M�i�2�` �K�m�b�i �Q�#�2�v �i�?�2 �b�v�K�K�2�i�`�v �Q�7 �b�m�+�? �� �+�Q�H�Q�` �+�2�M�i�2�`�X

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 ���M���H�v�x�2 �i�?�2 �b�T�B�M�@�Q�`�#�B�i �+�Q�m�T�H�B�M�; ���M�/ �b�T�B�M�@�b�T�B�M �B�M�i�2�`���+�i�B�Q�M �#���b�2�/ �Q�M �i�?�2

C3v �b�v�K�K�2�i�`�v�X

�h�?�2 �b�T�B�M�@�Q�`�#�B�i �+�Q�m�T�H�B�M�; ���M�/ �b�T�B�M�@�b�T�B�M �B�M�i�2�`���+�i�B�Q�M �B�M�p�Q�H�p�2 �Q�T�2�`���i�Q�`�b �i�?���i ���+�i �Q�M �/�B�7�7�2�`�2�M�i

�>�B�H�#�2�`�i �b�T���+�2�b�X �6�`�Q�K �i�?�2 �;�`�Q�m�T �i�?�2�Q�`�v �T�2�`�b�T�2�+�i�B�p�2�- �i�?�B�b �i�`���M�b�H���i�2�b �i�Q �� �i�2�M�b�Q�` �T�`�Q�/�m�+�i �Q�7 �A�_

�K���i�`�B�+�2�b�X �h�Q ���M���H�v�x�2 �i�?�2�b�2 �i�r�Q �B�M�i�2�`���+�i�B�Q�M�b�- �r�2 �M�2�2�/ �i�Q �`�2�p�B�2�r �i�?�2 �*�H�2�#�b�?�@�:�Q�`�/���M �2�t�T���M�b�B�Q�M

���M�/ �i�?�2 �q�B�;�M�2�`�@�1�+�F���`�i �i�?�2�Q�`�2�K �(�e�j�)�X

�6�Q�` �� �/�B�`�2�+�i �T�`�Q�/�m�+�i �Q�7 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �Q�7 �� �;�B�p�2�M �;�`�Q�m�T�- �i�?�2 �*�H�2�#�b�?�@�:�Q�`�/���M �2�t�T���M�b�B�Q�M �/�B�+�@

�i���i�2�b �?�Q�r �i�Q �/�2�+�Q�K�T�Q�b�2 �� �`�2�/�m�+�B�#�H�2 �T�`�Q�/�m�+�i �`�2�T�`�2�b�2�M�i���i�B�Q�M �/�Q�r�M �i�Q �� �b�m�K�K���i�B�Q�M �Q�7 �b�2�p�2�`���H

�A�_�b�X �h�?�2 �/�B�`�2�+�i �T�`�Q�/�m�+�i �b�v�K�K�2�i�`�v �Q�T�2�`���i�Q�` �i�`���M�b�7�Q�`�K�b �i�?�2 �#���b�B�b ���b �(�e�9�)�,

P (� � � )
R e(� )

i e(� )
k := PRe(� )

i 
 PRe(� )
k =

X

jl

D (� )
ji (R)D (� )

lk (R)e(� )
j e(� )

l =
X

jl

D (� � � )
jl;ik (R)e(� )

j e(� )
l ;

�U�k�X�8�V

�r�?�2�`�2 �i�?�2 �#���b�B�b �B�bf e(�� )
ij g = f e(� )

i e(� )
j ji = 1; ::::; d� ; j = 1; ::::; d� g�X �A�7D (� ) ���M�/D (� ) ���`�2

�B�`�`�2�/�m�+�B�#�H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b�- �i�?�2�MD (� � � ) �B�b �B�M �;�2�M�2�`���H �� �`�2�/�m�+�B�#�H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�X �A�7 �r�2 �/�2�7�B�M�2

(�� j
 ) ���b �i�?�2 �*�H�2�#�b�?�@�:�Q�`�/���M �+�Q�2�7�7�B�+�B�2�M�i �U�*�:�*�V�- �i�?�2 �*�:�*�b �+���M �#�2 �/�2�i�2�`�K�B�M�2�/ �#�v

X

s

0

B
@

� � 
; s

i k m

1

C
A

0

B
@

� � 
; s

j l n

1

C
A

�

=
d


g

X

R

D (� )
ij (R)D (� )

kl (R)D (
 )
mn (R)� : �U�k�X�e�V

�a�Q�H�p�B�M�; �i�?�2 ���#�Q�p�2 �2�[�m���i�B�Q�M �;�B�p�2�b �i�?�2 �*�:�* �i���#�H�2 �7�Q�`C3v �- �r�?�B�+�? �B�b �b�?�Q�r�M �B�M �h���#�H�2�k�X�9�X �h�?�2

�`�2�b�m�H�i�b �?�2�`�2 ���`�2 �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �T�`�2�p�B�Q�m�b �`�2�b�m�H�i�b �(�e�8�-�e�e�)�X �h�?�2 �q�B�;�M�2�`�@�1�+�F���`�i �i�?�2�Q�`�2�K �(�e�d�)

�/�2�+�Q�K�T�Q�b�2�b �i�?�2 �K���i�`�B�t �2�H�2�K�2�M�i �r�B�i�? �A�_ ���M�/ �b�m�#�@�B�M�/�B�+�2�b �H���#�2�H�2�/ �B�M�i�Q �i�?�2 �T�`�Q�/�m�+�i �Q�7 �i�?�2 �*�:�*



�k�e �+�Ñ�ž�ÿ���¶�� �l�Y �;���ñ���ÿ �i�Ñ�¶�ñ���-�A�ª�ž���¶�² �b�����²�- �ñ�Å �+�ñ�ã�ñ�� �+�¶�é���¶����

�
A1 A1 A1

1 1 1

�
= 1

�
E E A1

j k 1

�
= 1p

2

�
1 0
0 1

�

�
A1 A2 A2

1 1 1

�
= 1

�
E E A2

j k 1

�
= 1p

2

�
0 1

� 1 0

�

�
A2 A2 A1

1 1 1

�
= 1

�
A1 E E
1 j k

�
=

�
1 0
0 1

� �
A2 E E
1 j k

�
=

�
0 1

� 1 0

�

�h���#�H�2 �k�X�9�, �*�H�2�#�b�+�?�@�:�Q�`�/���M �+�Q�2�7�7�B�+�B�2�M�i�b �Q�7C3v �B�`�`�2�/�m�+�B�#�H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �B�M �*���`�i�2�b�B���M �+�Q�Q�`�@
�/�B�M���i�2�b�X

���M�/ �� �`�2�/�m�+�2�/ �K���i�`�B�t �2�H�2�K�2�M�i �i�?���i �B�b �Q�M�H�v �A�_ �H���#�2�H�2�/�,

h � f

k0 j O� o
p j � i

k i =

0

B
@

� i � o � f

k p k0

1

C
A

�

h � f jjO� o jj  � i i : �U�k�X�d�V

���b �r�2 �?���p�2 �B�M�+�H�m�/�2�/ �� �b�v�b�i�2�K���i�B�+ �r���v �i�Q �+���H�+�m�H���i�2 �i�?�2 �*�:�*�b�- �K���M�v �K���i�`�B�t �2�H�2�K�2�M�i�b �+���M �#�2

�`�2�/�m�+�2�/ �i�Q �+�Q�K�T�m�i�B�M�; �i�?�2 �+�Q�M�i�`���+�i�B�Q�M �i�2�`�K �Q�M �i�?�2 �`�B�;�?�i �B�M �i�?�2 ���#�Q�p�2 �2�[�m���i�B�Q�M�c ���M�/ �i�?�2 �`���i�B�Q

���K�Q�M�; �K���i�`�B�t �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �b���K�2 �Q�T�2�`���i�Q�` �r�B�i�?�B�M �i�?�2 �b���K�2 �A�_ �i�v�T�2�b �+���M �#�2 �/�2�i�2�`�K�B�M�2�/

�2�t�T�H�B�+�B�i�H�v�X

�a�2�H�2�+�i�B�Q�M �`�m�H�2�b �b�i���i�2 �i�?���i �7�Q�` �� �;�2�M�2�`���H �Q�T�2�`���i�Q�`O0 �r�B�i�? �b�v�K�K�2�i�`�v �i�v�T�2� 0 ���M�/ �b�i���i�2�bji i ���M�/

jf i �r�B�i�? �b�v�K�K�2�i�`�v �i�v�T�2� (f ) ���M�/� (i ) �`�2�b�T�2�+�i�B�p�2�H�v�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�H���i�B�Q�M �?�Q�H�/�b�,

� 0 
 � (f ) 6� � (i ) �4) h i j O0jf i � 0: �U�k�X�3�V

�h�?�B�b �`�2�H���i�B�Q�M �K�2���M�b �7�Q�` �� �M�Q�M�x�2�`�Q �K���i�`�B�t �2�H�2�K�2�M�ihi j O0jf i �- �i�?�2 �A�_ �Q�7O0 �K�m�b�i �H�B�2 �r�B�i�?�B�M

�i�?�2 �A�_ �T�`�Q�/�m�+�i �Q�7 �i�r�Q �b�i���i�2�b �B�i ���+�i�b �Q�M�X �h�?�2 �b�2�H�2�+�i�B�Q�M �`�m�H�2�b �7�Q�` �2�H�2�+�i�`�B�+ �7�B�2�H�/�b ���K�Q�M�;C3v

�;�`�Q�m�T �b�i���i�2�b ���`�2 �H�B�b�i�2�/ �B�M �h���#�H�2�k�X�8�X �h�?�2 �i�2�M�b�Q�` �T�`�Q�/�m�+�i �i���#�H�2 �7�Q�` �i�?�2C3v �;�`�Q�m�T �B�b �;�B�p�2�M �B�M

�h���#�H�2�k�X�e�X



�l�Y�l�Y �K���ã���Ô�A�T�ž�����Ô�«�ã�¶ �r�ž�&�¶ �7���é�«���Ô�ñ�é�� �ª�ž���¶�² �ñ�é ���Ñ�¶ �b�-�è�è�¶�����- �ñ�Å �+�ñ�ã�ñ�� �+�¶�é���¶�����k�d

� S = 0 A1 A2 E
A1 k �y ?
A2 k ?
E ? ; k

�h���#�H�2 �k�X�8�, �a�2�H�2�+�i�B�Q�M �`�m�H�2�b �#�2�i�r�2�2�M �K�m�H�i�B�T�H�2�i�b �B�M �i�?�2C3v �b�v�K�K�2�i�`�v �;�`�Q�m�T�X

C3v 
 C3v �� 1 �� 2 �1 �11
2

�R�13
2

�k�13
2

�� 1 �� 1 �� 2 �1 �11
2

�R�13
2

�k�13
2

�� 2 �� 2 �� 1 �1 �11
2

�k�13
2

�R�13
2

�1 �1 �1 A1 � A2 � E E 1
2

� 1E 3
2

� 2E 3
2

�11
2

�11
2

�11
2

�11
2

�11
2

E 1
2

� 1E 3
2

� 2E 3
2

A1 � A2 � E �1 �1

�R�13
2

�R�13
2

�k�13
2

�11
2

�1 A2 A1

�k�13
2

�k�13
2

�R�13
2

�11
2

�1 A1 A2

�h���#�H�2 �k�X�e�, �.�B�`�2�+�i �T�`�Q�/�m�+�i �i���#�H�2 �Q�7 �i�?�2C3v �b�v�K�K�2�i�`�v �;�`�Q�m�T�X

�h�?�2 �>���K�B�H�i�Q�M�B���M �7�Q�` �i�?�2 �b�T�B�M�@�Q�`�#�B�i �+�Q�m�T�H�B�M�; �U�a�P�*�V �B�b �;�B�p�2�M ���b�,

HSOC =
X

j

~l j � ~sj ; �U�k�X�N�V

�r�?�2�`�2 �i�?�2~l ���M�/~s ���`�2 �Q�`�#�B�i���H�f�b�T�B�M ���M�;�m�H���` �K�Q�K�2�M�i�m�K �Q�T�2�`���i�Q�`�b ���M�/ �i�?�2 �b�m�K�K���i�B�Q�M �B�M�/�2�t

�ój �ô �B�b �Q�M �/�B�7�7�2�`�2�M�i �T���`�i�B�+�H�2�b�X �h�?�2 �;�`�Q�m�T �b�v�K�K�2�i�`�v �i�v�T�2 �Q�7 �Q�`�#�B�i���H �U�b�T�B�M�V ���M�;�m�H���` �K�Q�K�2�M�i�m�K

�Q�T�2�`���i�Q�`�b ���`�2 �`�2�H���i�2�/ �i�?�`�Q�m�;�?�,(lx ; ly; sx ; sy) 7! E ���M�/(lz; sz) 7! A2�X �h�?�2 �q�B�;�M�2�`�@�1�+�F���`�i

�i�?�2�Q�`�2�K �B�b �+�Q�K�K�Q�M�H�v �m�b�2�/ �i�Q �+�Q�K�T���`�2 �i�?�2 �`�2�H���i�B�p�2 �b�i�`�2�M�;�i�? �#�2�i�r�2�2�M �i�r�Q �K���i�`�B�t �2�H�2�K�2�M�i�b�X

�h�?�2�`�2�7�Q�`�2�- �r�?�2�M ���T�T�H�v�B�M�; �i�?�2 �a�P�* �Q�M ���M�v �i�r�Q �b�v�K�K�2�i�`�v ���/���T�i�2�/ �r���p�2 �7�m�M�+�i�B�Q�M�b�- �Q�M�2 �+���M

�m�b�2 �i�?�2 �q�B�;�M�2�`�@�1�+�F���`�i �i�?�2�Q�`�2�K �i�Q �`�2�/�m�+�2 �i�?�2 �+���H�+�m�H���i�B�Q�M�X



�k�3 �+�Ñ�ž�ÿ���¶�� �l�Y �;���ñ���ÿ �i�Ñ�¶�ñ���-�A�ª�ž���¶�² �b�����²�- �ñ�Å �+�ñ�ã�ñ�� �+�¶�é���¶����

�h�?�2 �b�T�B�M�@�b�T�B�M �B�M�i�2�`���+�i�B�Q�M �B�b �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �/�B�T�Q�H�2�@�/�B�T�Q�H�2 �b�T�B�M �B�M�i�2�`���+�i�B�Q�M�,

Hss = �
� 2

0g2� 2

4�r 3
[3(~s1 � r̂ )( ~s2 � r̂ ) � ~s1 � ~s2]

=
� 2

0g2� 2

4�
(~� � �D � ~� ):

�U�k�X�R�y�V

�"�v �/�2�7�B�M�B�M�;r̂ = ( �+�Q�b� �+�Q�b�; �+�Q�b� �b�B�M�; �b�B�M� ) = ( x; y; z)�- �r�2 �+���M �2�t�T�`�2�b�b �i�?�2 �b�2�+�Q�M�/�@�`���M�F �i�2�M�b�Q�`

�D ���b� 3
r 3

0

B
B
B
B
@

� 1
3 + x2 yx zx

xy � 1
3 + y2 zy

xz yz � 1
3 + z2

1

C
C
C
C
A

�X ���b �i�?�2 �b�T�B�M�@�b�T�B�M �B�M�i�2�`���+�i�B�Q�M �B�b �� �i�r�Q�@�#�Q�/�v

�B�M�i�2�`���+�i�B�Q�M�- �i�?�2 �+�Q�M�i�`���+�i�2�/ �`�2�b�m�H�i ���7�i�2�` �?���M�/�H�B�M�; �i�?�2 �b�T�B�M �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K �b�?�Q�m�H�/ �Q�M�H�v

�B�M�p�Q�H�p�2 �i�r�Q �Q�`�#�B�i���H�b �i�?���i ���`�2 �`�2�7�H�2�+�i�2�/ �B�M �i�2�M�b�Q�`�D �X �h�?�2�D �Q�7C3v �b�v�K�K�2�i�`�v �B�b �/�2�i���B�H�2�/ ���b

�7�Q�H�H�Q�r�b�,

DA 1 =
� 2

0g2� 2

16� jr j3
(1 � 3z2);

DEx ;1 =
� 2

0g2� 2

32� jr j3
3(x2 � y2); DEy ;1 = �

� 2
0g2� 2

32� jr j3
6(xy);

DEx ;2 =
� 2

0g2� 2

16� jr j3
3(zx); DEy ;2 = �

� 2
0g2� 2

16� jr j3
3(zy):

�U�k�X�R�R�V

�a�m�+�? �� �/�B�T�Q�H�2�@�/�B�T�Q�H�2 �B�M�i�2�`���+�i�B�Q�M �/�2�b�+�`�B�#�2�b �i�?�2 �B�M�i�2�`���+�i�B�Q�M �#�2�i�r�2�2�M ���M �L�o �b�T�B�M ���M�/ �� �M�m�+�H�2���`

�b�T�B�M13�* �b�i�m�/�B�2�/ �B�M �a�2�+�i�B�Q�M�j�X�k�X

�k�X�j �a�T�B�M �S�Q�H���`�B�x���i�B�Q�M �h�?�`�Q�m�;�? �A�M�i�2�`�@�a�v�b�i�2�K �*�`�Q�b�b�B�M�;

�J�2�+�?���M�B�b�K �B�M �i�?�2 �a�B�H�B�+�Q�M �o���+���M�+�v �Q�7 �a�B�H�B�+�Q�M �*���`�@

�#�B�/�2

�h�?�B�b �b�2�+�i�B�Q�M �B�b �#���b�2�/ �Q�M �i�?�2 �T�m�#�H�B�b�?�2�/ �T���T�2�` ���b�,�q�2�M�x�?�2�M�; �.�Q�M�;�- �J�X �q�X �.�Q�?�2�`�i�v�- ���M�/

�a�Q�T�?�B�� �1�X �1�+�Q�M�Q�K�Q�m �ó�a�T�B�M �T�Q�H���`�B�x���i�B�Q�M �i�?� �̀Q�m�;�? �B�M�i�2�`�b�v�b�i�2�K �+� �̀Q�b�b�B�M�; �B�M �i�?�2 �b�B�H�B�+�Q�M �p���+���M�+�v
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�p�ž�«�ž�é�«�- �ñ�Å �b�Ô�ã�Ô�«�ñ�é �+�ž���ª�Ô�²�¶ �k�N

�Q�7 �b�B�H�B�+�Q�M �+���`�#�B�/�2�ô �(�j�y�)�X

�_�2�m�b�2 �r�B�i�? �T�2�`�K�B�b�b�B�Q�M �7�`�Q�K �i�?�2 ���K�2�`�B�+���M �S�?�v�b�B�+���H �a�Q�+�B�2�i�v�X �*�Q�T�v�`�B�;�?�i �U�k�y�k�y�V �#�v �i�?�2 ���K�2�`�@

�B�+���M �S�?�v�b�B�+���H �a�Q�+�B�2�i�v�X

�"���b�2�/ �Q�M �i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �;�`�Q�m�T �i�?�2�Q�`�v �F�M�Q�r�H�2�/�;�2�- �r�2 �T�`�2�b�2�M�i �� �/�2�i���B�H�2�/ �i�?�2�Q�`�2�i�B�+���H

���M���H�v�b�B�b �Q�7 �i�?�2 �B�M�i�2�`�b�v�b�i�2�K �+�`�Q�b�b�B�M�; �K�2�+�?���M�B�b�K ���M�/ �i�?�2 �/�v�M���K�B�+�b �Q�7 �o�a�B�m�M�/�2�` �Q�T�i�B�+���H �/�`�B�p�2�X
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�A�M�i�2�`�b�v�b�i�2�K �+�`�Q�b�b�B�M�; �U�A�a�*�V �B�b �� �M�Q�M�@�`���/�B���i�B�p�2 �K�2�+�?���M�B�b�K �Q�7 �i�`���M�b�B�i�B�Q�M �#�2�i�r�2�2�M �2�H�2�+�i�`�Q�M�B�+

�b�i���i�2�b �r�B�i�? �/�B�7�7�2�`�2�M�i �b�T�B�M �M�m�K�#�2�`�b�X �6�Q�` �i�?�2 �o�a�B�B�M �a�B�*�- �i�?�2 �i�Q�i���H �b�T�B�M �B�b �2�B�i�?�2�`S = 3
2 �U�b�T�B�M

�[�m���`�i�2�i�b�V �Q�`S = 1
2 �U�b�T�B�M �/�Q�m�#�H�2�i�b�V ���b �b�?�Q�r�M �B�M �6�B�;�X�k�X�k�U���-�#�V�X �P�T�i�B�+���H �T�m�K�T�B�M�; ���H�Q�M�2 �+���M�M�Q�i

�`�2���H�B�x�2 �A�a�*�- ���b �B�i �/�Q�2�b �M�Q�i �+�Q�m�T�H�2 �b�i���i�2�b �r�B�i�? �/�B�7�7�2�`�2�M�i �i�Q�i���H �b�T�B�M �Q�` �b�T�B�M �T�`�Q�D�2�+�i�B�Q�M�X �h�?�2

�b�i�`�Q�M�;�2�b�i �b�T�B�M �+�?���M�;�B�M�; �K�2�+�?���M�B�b�K �B�b �a�P�* �U�b�T�B�M�@�b�T�B�M �B�M�i�2�`���+�i�B�Q�M�b ���`�2 �r�2���F�2�` ���M�/ �r�B�H�H �#�2

�M�2�;�H�2�+�i�2�/ �B�M �Q�m�` �+���H�+�m�H���i�B�Q�M�V�X �h�?�2 �a�P�* �M�Q�i �Q�M�H�v �K�B�t�2�b �r���p�2 �7�m�M�+�i�B�Q�M�b �r�B�i�?�B�M �i�?�2 �b�m�# �K���M�B�@

�7�Q�H�/�- �#�m�i ���H�b�Q�- �B�K�T�Q�`�i���M�i�H�v�- �+�Q�m�T�H�2�b �r���p�2 �7�m�M�+�i�B�Q�M�b �7�`�Q�K �[�m���`�i�2�i�b ���M�/ �/�Q�m�#�H�2�i�b�X �h�Q �`�2�T�`�2�b�2�M�i

�i�?�2 �+�Q�m�T�H�B�M�; �b�i�`�2�M�;�i�?�- �#�v �m�b�B�M�; �i�?�2 �q�B�;�M�2�`�@�1�+�F���`�i �i�?�2�Q�`�2�K �i�Q �`�2�/�m�+�2 �i�?�2 �`�2�b�m�H�i�- �r�2 �+���M �b�B�K�@
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�P�`�#�B�i���HmS(X ) � � o 
 � s �b�v�K�K�2�i�`�v�@���/���T�i�2�/ �r���p�2 �7�m�M�+�i�B�Q�M�b�U�a�41
2 �V �G���#�2�H

e3

+ 1
2 E1/2

E 
 E1/2

jj x �xy + iy �yxi /
p

2 	 1
d1

� 1
2 E1/2 jj �xx �y � i �yy�xi /

p
2 	 2

d1
� 1

2 �RE3/2 jj (x �xy � iy �yx) � i (�xx �y � i �yy�x)i /2 	 3
d1

� 1
2 2E3/2 jj (x �xy � iy �yx) + i (�xx �y � i �yy�x)i /2 	 4

d1

ve2 + 1
2 E1/2 A2 
 E1/2 jj vx�y + v�xy � 2�vxyi /

p
6 	 1

d2

� 1
2 E1/2 A2 
 E1/2 jj �v�xy + �vx�y � 2v�x �yi /

p
6 	 2

d2

ve2 � 1
2

1E3/2

E 
 E1/2

jj (vx�y � v�xy) � i (�v�xy � �vx�y) + i (vx�x � vy�y) � (�v�xx � �v�yy)i /2
p

2 	 1
d3

2E3/2 jj (vx�y � v�xy) + i (�v�xy � �vx�y) + i (vx�x � vy�y) + (�v�xx � �v�yy)i /2
p

2 	 2
d3

E1/2 jj (vx�y � v�xy) � i (vx�x � vy�y)i /2 	 3
d3

E1/2 jj (�v�xy � �vx�y) + i (�v�xx � �v�yy)i /2 	 4
d2

ve2 �Y1
2 E1/2 A1 
 E1/2 jj vx�x + vy�yi /

p
2 	 1

d4

�@12 E1/2 A1 
 E1/2 jj �v�xx + �v�yyi /
p

2 	 2
d4

v2e

+ 1
2 E1/2

E 
 E1/2

jj v�vx � iv �vyi /
p

2 	 1
d5

� 1
2 E1/2 jj �vv�x + �vv�yi /

p
2 	 2

d5
� 1

2 1E3/2 jj (v�vx + iv �vy) + i (�vv�x � �vv�y)i /2 	 3
d5

� 1
2 2E3/2 jj (v�vx + iv �vy) � i (�vv�x � �vv�y)i /2 	 4

d5

uve

+ 1
2 E1/2

E 
 E1/2

jj i (uv�x + u�vx � 2�uvx) + ( uv�y + u�vy � 2�uvy)i /2
p

3 	 1
d6

+ 1
2 E1/2 jj i (�uvx + uv�x � 2u�vx) + (�uvy + uv�y � 2u�vy)i /2

p
3 	 2

d6

� 1
2 E1/2 jj � i (�uv�x + �u�vx � 2u�v�x) + (�uv�y + �u�vy � 2u�v�y)i /2

p
3 	 3

d6

� 1
2 E1/2 jj � i (u�v�x + �u�vx � 2�uv�x) + ( u�v�y + �u�vy � 2�uv�y)i /2

p
3 	 4

d6

ue2 + 1
2 E1/2 A2 
 E1/2 jjux �y + u�xy � 2�uxyi /

p
6 	 1

d7

� 1
2 E1/2 A2 
 E1/2 jj �u�xy + �ux �y � 2u�x �yi /

p
6 	 2

d7

ue2 � 1
2

1E3/2

E 
 E1/2

jj (ux �y � u�xy) � i (�u�xy � �ux �y) + i (ux �x � uy�y) � (�u�xx � �u�yy)i /2
p

2 	 1
d8

2E3/2 jj (ux �y � u�xy) + i (�u�xy � �ux �y) + i (ux �x � uy�y) + (�u�xx � �u�yy)i /2
p

2 	 2
d8

E1/2 jj (ux �y � u�xy) � i (ux �x � uy�y)i /2 	 3
d8

E1/2 jj (�u�xy � �ux �y) + i (�u�xx � �u�yy)i /2 	 4
d8

ue2 �Y1
2 E1/2 A1 
 E1/2 jjux �x + uy�yi /

p
2 	 1

d9

�@12 E1/2 A1 
 E1/2 jj �u�xx + �u�yyi /
p

2 	 2
d9

�h���#�H�2 �k�X�3�, �a�v�K�K�2�i�`�v�@���/���T�i�2�/ �r���p�2 �7�m�M�+�i�B�Q�M�b �7�Q�` �b�T�B�M �/�Q�m�#�H�2�i�b�X
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g 	 2

g 	 3
g 	 4

g 	 1
q1 	 2

q1 	 3
q1 	 4

q1 	 01
q2 	 02

q2 	 03
q2 	 04

q2 	 05
q2 	 06

q2 	 07
q2 	 08

q2

	 1
d1 � � ? �R � � ? �R 0 0 � � ? �k � � ? �k 0 0 0 0 0 0 0 0 0 0

	 2
d1 i� ? �R � i� ? �R 0 0 i� ? �k � i� ? �k 0 0 0 0 0 0 0 0 0 0

	 3
d1 0 0 i� ? �Rp

3
� � ? �Rp

3
0 0 i� ? �kp

3
� � ? �kp

3
0 0 0 0 0 0 0 0
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d1 0 0 � i� ? �Rp

3
� � ? �Rp

3
0 0 � i� ? �kp

3
� � ? �kp
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3
p

2
� i� ? �k

3
p

2
0 0 0 i� ? �k

�
p

3
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d2(d7) 0 0 0 0 0 0 0 0 0 0 � � ? �k

3
p

2
� � ? �k

3
p

2
0 0 i� ? �k

�
p

3
0

	 1
d3(d8) 0 0 0 0 0 0 0 0 � i� ? �k � � ? �k 0 0 0 0 0 0

	 2
d3(d8) 0 0 0 0 0 0 0 0 � i� ? �k � � ? �k 0 0 0 0 0 0

	 3
d3(d8) 0 0 0 0 0 0 0 0 0 0 0 0 0

p
2� ? �k

�
p

3
0 0

	 4
d3(d8) 0 0 0 0 0 0 0 0 0 0 0 0

p
2� ? �k

�
p

3
0 0 0

	 1
d4(d9) 0 0 4ip

6
� k(0) 0 0 0 0( 4ip

6
� k) 0 0 0 � � ? �kp

6
� � ? �kp

6
0 0 0 � � ? �k

	 2
d4(d9) 0 0 0 4i

�
p

6
� k(0) 0 0 0 0(� 4ip

6
� k) 0 0 � i� ? �kp

6
� i� ? �kp

6
0 0 � � ? �k 0
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d5 � i� y

? �R � i� y
? �R 0 0 0 0 0 0 0 0 0 0 0 0 0 0

	 2
d5 � y

? �R � � y
? �R 0 0 0 0 0 0 0 0 0 0 0 0 0 0

	 3
d5 0 0 � y

? �Rp
3

i� y
? �Rp
3

0 0 0 0 0 0 0 0 0 0 0 0

	 4
d5 0 0 � � y

? �Rp
3

i� y
? �Rp
3

0 0 0 0 0 0 0 0 0 0 0 0
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d6

p
3

2 � y
? �k

p
3

2 � y
? �k 0 0

p
3

2 � y
? �R

p
3

2 � y
? �R 0 0 0 0 0 0 0 0 0 0
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d6

� y
? �k

� 2
p

3
� � y

? �k

2
p

3
0 0 � y

? �R

2
p

3

� y
? �R

2
p

3
0 0 0 0 0 0

2� k

3 0 0 0

	 03
d6

i
p

3
� 2 � y

? �k
i
p

3
2 � y

? �k 0 0 i
p

3
� 2 � y

? �R
i
p

3
2 � y

? �R 0 0 0 0 0 0 0 0 0 0

	 04
d6

i� y
? �k

2
p

3

� i� y
? �k

2
p

3
0 0 � i� y

? �R

2
p

3

i� y
? �R

2
p

3
0 0 0 0 0 0 0
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3 0 0

�h���#�H�2 �k�X�N�, �a�P�* �#�2�i�r�2�2�M �[�m���`�i�2�i�b ���M�/ �/�Q�m�#�H�2�i�b �U�r�2 �m�b�2�/ �i�?�2 �a�P�* �K�B�t�2�/q2 ���M�/d6�- �H���#�2�H�2�/
���b �T�`�B�K�2�V�X �h�?�2 �a�P�* �r�B�i�?� (� ) �b�B�;�M�b �Q�7	 di (dj ) �`�2�T�`�2�b�2�M�i�b �Y�U�@�V �7�Q�`	 di ���M�/ �@�U�Y�V �7�Q�`	 dj �X

�T�H�B�7�v �i�?�2 �a�P�* �#�2�i�r�2�2�M ���M�v �i�r�Q �r���p�2 �7�m�M�+�i�B�Q�M�b �i�Q �i�?�`�2�2 �T���`���K�2�i�2�`�b� k = � i hE j jOA 2 j jE i �-

� ? ;1 = � ip
2

hA1(v)j jOE j jE i ���M�/� ? ;2 = � ip
2

hA1(u)j jOE j jE i �U�r�?�2�`�2OJ �B�b ���M �Q�T�2�`���i�Q�` �#�2�H�Q�M�;�@

�B�M�; �i�Q �i�?�2J �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7C3v �V �Q�M�H�v�- �r�?�B�+�? ���`�2 �[�m���M�i�B�7�B�2�/ �B�M �(�d�y�)�X �h�?�2 �b�v�K�K�2�i�`�v �Q�7

�Q�`�#�B�i���H ���M�/ �b�T�B�M ���M�;�m�H���` �K�Q�K�2�M�i�m�K �Q�T�2�`���i�Q�`�b ���`�2�,(lx ; ly; sx ; sy) 7! OE ; (lz; sz) 7! OA 2 �X �h�?�2

�a�P�* �#�2�i�r�2�2�M �[�m���`�i�2�i�b ���M�/ �/�Q�m�#�H�2�i�b ���`�2 �B�M �h���#�H�2�k�X�N�X �P�M�2 �b�?�Q�m�H�/ �M�Q�i�2 �i�?���i �B�M �h���#�H�2�k�X�N�r�2

�m�b�2 �i�?�2 �K�B�t�2�/ �r���p�2 �7�m�M�+�i�B�Q�M�b �7�Q�`q2 ���M�/d6 ���M�/ �i�?�2�v �?���p�2 �i�?�2 �T�`�B�K�2 �b�v�K�#�Q�H�b�X �h�?�2 ���+�i�m���H

�i�`���M�b�B�i�B�Q�M �/�v�M���K�B�+�b ���H�b�Q �+�Q�M�i���B�M �i�?�2 �T�?�Q�M�Q�M�@���b�b�B�b�i�2�/ �i�`���M�b�B�i�B�Q�M �U�r�2 �m�b�2 �i�?�2 �i�2�`�K �õ�T�?�Q�M�Q�M�ö

�b�Q�K�2�r�?���i �H�Q�Q�b�2�H�v �B�M �i�?�B�b �r�Q�`�F �i�Q �`�2�7�2�` �i�Q �#�Q�i�? �/�2�H�Q�+���H�B�x�2�/ ���M�/ �H�Q�+���H�B�x�2�/ �p�B�#�`���i�B�Q�M���H �K�Q�/�2�b�V�X

�h�?�2�`�2�7�Q�`�2�- �B�M �i�?�B�b �b�2�+�i�B�Q�M �r�2 �7�Q�+�m�b �Q�M �?�Q�r �T�?�Q�M�Q�M�b �+�Q�m�T�H�2 �i�Q �2�H�2�+�i�`�Q�M�B�+ �i�`���M�b�B�i�B�Q�M�b �B�M �i�?�2

�A�a�* �T�`�Q�+�2�b�b�X �q�2 �7�Q�H�H�Q�r �� �b�B�K�B�H���` ���T�T�`�Q���+�? �i�Q �:�Q�H�/�K���M�2�i ���H�X�(�d�R�-�d�k�)�- �r�?�B�H�2 �r�2 �M�Q�i�2 �i�?���i

�i�?�2 �A�a�* �K�2�+�?���M�B�b�K �B�M �o�a�B�B�b �K�m�+�? �K�Q�`�2 �+�Q�K�T�H�2�t �i�?���M �B�M �i�?�2 �L�o �+�2�M�i�2�` �/�m�2 �i�Q �i�?�2 �H���`�;�2�`

�i�Q�i���H �b�T�B�M �M�m�K�#�2�` ���M�/ �i�?�2 �?�B�;�?�2�` �M�m�K�#�2�` �Q�7 �2�M�2�`�;�v �H�2�p�2�H�b�- �r�?�B�+�? �2�M���#�H�2 �� �H���`�;�2�` �M�m�K�#�2�` �Q�7

�i�`���M�b�B�i�B�Q�M�b�X
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�h�?�2 �a�P�* ���M�/ �T�?�Q�M�Q�M �+�Q�m�T�H�B�M�; �+���M �#�2 �+�Q�K�#�B�M�2�/ �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �A�a�* �i�`���M�b�B�i�B�Q�M �`���i�2�- �i�?�2�`�2�7�Q�`�2

�2���+�? �2�H�2�+�i�`�Q�M�B�+ �b�i���i�2 �B�M �i�?�2 �i�`���M�b�B�i�B�Q�M���H �T�`�Q�+�2�b�b �b�?�Q�m�H�/ �#�2 �;�2�M�2�`���H�H�v �/�`�2�b�b�2�/ �#�v �i�?�2 �p�B�#�`���i�B�Q�M���H
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X

n

j h� 0j� 0
� n

i j 2� (� n � �) ; �U�k�X�R�k�V
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� n
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