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Ecosystem Models in a Bayesian State Space Framework

John William Smith Jr.

(ABSTRACT)

Bayesian approaches are increasingly being used to embed mechanistic process models used

into statistical state space frameworks for environmental prediction and forecasting appli-

cations. In this study, I focus on Bayesian State Space Models (SSMs) for modeling the

temporal dynamics of carbon in terrestrial ecosystems. In Chapter 1, I provide an intro-

duction to Ecological Forecasting, State Space Models, and the challenges of using State

Space Models for Ecosystems. In Chapter 2, we provide a brief background on State Space

Models and common methods of parameter estimation. In Chapter 3, we simulate data

from an example model (DALECev) using driver data from the Talladega National Ecosys-

tem Observatory Network (NEON) site and perform a simulation study to investigate its

performance under varying frequencies of observation data. We show that as observation

frequency decreases, the effective sample size of our precision estimates becomes too small

to reliably make inference. We introduce a method of tuning the time resolution of the

latent process, so that we can still use high-frequency flux data, and show that this helps to

increase sampling efficiency of the precision parameters. Finally, we show that data cloning

is a suitable method for assessing the identifiability of parameters in ecosystem models. In

Chapter 4, we introduce a method for embedding positive process models into lognormal

SSMs.



Our approach, based off of moment matching, allows practitioners to embed process models

with arbitrary variance structures into lognormally distributed stochastic process and obser-

vation components of a state space model. We compare and contrast the interpretations of

our lognormal models to two existing approaches, the Gompertz and Moran-Ricker SSMs.

We use our method to create four state space models based off the Gompertz and Moran-

Ricker process models, two with a density dependent variance structure for the process and

observations and two with a constant variance structure for the process and observations.

We design and conduct a simulation study to compare the forecast performance of our four

models to their counterparts under model mis-specification. We find that when the ob-

servation precision is estimated, the Gompertz model and its density dependent moment

matching counterpart have the best forecasting performance under model mis-specification

when measured by the average Ignorance score (IGN) and Continuous Ranked Probability

Score (CRPS), even performing better than the true generating model across thirty different

synthetic datasets. When observation precisions were fixed, all models except for the Gom-

pertz displayed a significant improvement in forecasting performance for IGN, CRPS, or

both. Our method was then tested on data from the NOAA Dengue Forecasting Challenge,

where we found that our novel constant variance lognormal models had the best performance

measured by CRPS, and also had the best performance for both CRPS and IGN for one and

two week forecast horizons. This shows the importance of having a flexible method to embed

sensible dynamics, as constant variance lognormal SSMs are not frequently used but per-

form better than the density dependent models here. In Chapter 5, we apply our lognormal

moment matching method to embed the DALEC2 ecosystem model into the process compo-

nent of a state space model using NEON data from University of Notre Dame Environmental

Research Center (UNDE). Two different fitting methods are considered for our difficult prob-

lem: the updated Iterated Filtering algorithm (IF2) and the Particle Marginal Metropolis

Hastings (PMMH) algorithm. We find that the IF2 algorithm is a more efficient algorithm

than PMMH for our problem. Our IF2 global search finds candidate parameter values in



thirty hours, while PMMH takes 82 hours and accepts only .12% of proposed samples. The

parameter values obtained from our IF2 global search show good potential for out of sample

prediction for Leaf Area Index and Net Ecosystem Exchange, although both have room for

improvement in future work. Overall, the work done here helps to inform the application

of state space models to ecological forecasting applications where data are not available for

all stocks and transfers at the operational timestep for the ecosystem model, where large

numbers of process parameters and long time series provide computational challenges, and

where process uncertainty estimation is desired.



Ecosystem Models in a Bayesian State Space Framework

John William Smith Jr.

(GENERAL AUDIENCE ABSTRACT)

With ecosystem carbon uptake expected to play a large role in climate change projections,

it is important that we make our forecasts as informed as possible and account for as many

sources of variation as we can. In this dissertation, we examine a statistical modeling frame-

work called the State Space Model (SSM), and apply it to models of terrestrial ecosystem

carbon. The SSM helps to capture numerous sources of variability that can contribute to the

overall predictability of a physical process. We discuss challenges of using this framework

for ecosystem models, and provide solutions to a number of problems that may arise when

using SSMs. We develop methodology for ensuring that these models mimic the well defined

upper and lower bounds of the physical processes that we are interested in. We use both real

and synthetic data to test that our methods perform as desired, and provide key insights

about their performance.
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Chapter 1

Introduction

In their seminal paper on ecological forecasting, Clark et al. [24] define ecological forecasts

as “projections of the state of ecosystems, ecosystem services, and natural capital, with fully

specified uncertainties”. Since that publication, the importance of fully specifying different

sources of uncertainty in ecological applications has been echoed by many others [see 88, 35,

for two examples]. Thorough quantification of different components that contribute to the

overall uncertainty has become a necessity to help understand the systems that we study,

bridge knowledge gaps between our hypotheses about their behavior and what we observe

in practice, and increase the confidence and trust in our predictions from stakeholders and

policy makers [35].

To account for multiple sources of uncertainty, State Space Models (SSMs) are becoming

increasingly popular in ecology, where they have been used in applications such as animal

tracking [111], fisheries [98], disease ecology [62], population dynamics [33] and terrestrial

ecosystem modeling [145]. SSM frameworks treat the underlying process as latent (unob-

served), and use noisy observations to make inference about the latent process and its pa-

rameters. This allows SSMs to explicitly distinguish between the process stochasticity that

is propagated through time and the measurement error in the observations that are avail-

able. Additionally, we can fit these models from a Bayesian perspective to provide robust

estimates of parameter uncertainty alongside the estimates of process stochasticity, measure-

ment error, and initial condition uncertainty that SSMs offer. The Bayesian paradigm offers

a number of fitting methods for SSMs based on Markov Chain Monte Carlo [MCMC; 126],

1



including Gibbs sampling [22] and particle filter based MCMC [3, 42]. The use of Bayesian

methods also allow us to carefully incorporate our knowledge about the system using prior

distributions [9], and provides a natural setting for us to make probabilistic forecasts with

fully specificed uncertainties.

In this work, I focus on state space modeling of ecosystems. Ecosystems models are typically

fit using mechanistic process based models that describe interactions between different com-

ponents of the ecosystem. Our study focuses on modeling the storage and transfer of carbon

in terrestrial ecosystems using two process based models, the DALECev model [154, 43] and

the DALEC2 model [12]. While statistical frameworks using process based models have been

widely used to model terrestrial ecosystem carbon [see 143, 93, 117, 13, 43, 139, 154, 155, 70,

for some examples], they are not frequently fit as SSMs. Incorporating these process based

models into SSM frameworks come with their own set of challenges. First, they both have a

large number of parameters that govern the process. The absence of proper data to constrain

all of these parameters can lead to problems of identifiability [129]. Non-identifiable param-

eters can result in poor forecast performance, and requires practitioners to have access to

methods to assess identifiability of their process parameters. Second, many ecosystem pro-

cesses have well defined biological upper and lower bounds. A number of analytic fitting

methods such as the Kalman filter [71], some Gibbs sampling approaches [22], and approxi-

mations to the Kalman filter [e.g. 69, 23] rely in-part on a normality assumption, but these

well defined biological bounds are not usually captured by the Gaussian distribution. This

requires us to seek alternative fitting methods, and can lead to trade-offs between ecological

realism and computational complexity. The final challenge we discuss here is when measure-

ments are available at resolutions that are much more coarse than the operational timestep

of the process model. Combined with the fact that many process based ecosystem models

run on a daily timestep, these infrequent measurements of the carbon stocks can make it

difficult to find suitable fitting methods. To investigate the consequences of these challenges

and find sensible ways to overcome them, this work uses a combination of simulation studies,

2



field data from the National Ecosystem Observatory Network (NEON; [28]), and two process

based models: the DALECev model [154, 43] and the DALEC2 model [12]

The layout of the remainder of this dissertation is summarized as follows. In Chapter 2 I

give background information on SSMs. In Chapter 3 I introduce methods for Gaussian error

structures through the lens of ecosystem carbon models, using meteorological driver data

from the Talladega National Forest NEON site. I discuss details of data cloning and how to

change the process time resolution. In Chapter 4 I introduce methodology for embedding

process and observation models into non-linear, non-Gaussian state space models using log-

normal stochastic evolution and observation functions. In Chapter 5 I return to ecosystem

carbon models, leveraging data available from NEON to create a carbon budget at University

of Notre Dame Environmental Research Center using the lognormal SSMs from Chapter 4.

In Chapter 6 I summarize the methods proposed here and provides additional discussion. In

Chapter 7 (Appendix A) I provide additional mathematical details and derivations.
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Chapter 2

Background

2.1 State Space Models

State Space Models (SSMs), sometimes referred to as Dynamic Linear Models (DLMs) or

Hidden Markov Models (HMMs), are a broad class of models used to track the states of a

system (some unobserved process x1:T ) through a set of observations y1:T [53]. An SSM has 3

components – the state component, the observation component, and additional parameters.

The state component consists of an unobserved Markov process, x1:T , where the state at

time t + 1 is generated by an “evolution function”, f(xt+1|xt,Θ), that uses the previous

state (xt) and all of the parameters to output a value for the state process at the next

time. The implication of x1:T following a Markov process is that the past and the future

are independent conditional on the current timepoint xt [137]. The observation component

consists of noisy observations of the latent process, y1:T , that are related to the latent states

through an observation density function, g(yt|xt,Θ). These observations are assumed to be

independent of one another conditional on the latent states x1:T . The parameter component,

Θ, contains the parameters that govern the evolution function and observation function. A

visualization of an SSM can be seen in Figure 2.1, where a given latent state at time t is

only related to the observation at time t and the latent states at time t− 1 and t+ 1.

The flexibility of State Space Models is one of their greatest strengths, and they have been

applied to an array of problems ranging from chemical production scheduling [144] to animal

population dynamics [111, 115, 135] to American Football scores [47].
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Figure 2.1: Visualization of a state space model, with boxes (xt’s) representing latent states
and ovals (yt’s) representing observations. Latent states are moved through time by an
evolution function, f(·). When observations are available, they provide information about
the latent states.

.

2.2 Parameter Estimation in SSMs

When performing inference in applications involving SSMs, we are usually interested in two

things: estimating parameters of the process and observation models, and reconstruction of

the unobserved latent states. In the case of the Linear Gaussian State Space Model, Kalman

Filtering techniques [71] and Gibbs sampling techniques [22] can be used to estimate latent

states. These methods are preferred as they give exact samples from the target latent state

distribution and are computationally efficient. These latent state estimation methods can be

augmented with parameter estimation methods to simultaneously estimate both parameters

and latent states. For example, the Expectation Maximization algorithm [EM; 30] can be

used in Kalman filtering applications to estimate unknown parameters [see 58, for a thorough

treatment], and Metropolis-Hastings steps [99, 54] can be used to estimate parameters in

Bayesian frameworks that use Gibbs sampling to update the latent states.

Extensions of the Kalman filter have been used in an effort to relax assumptions of linearity,

increase scalability, or increase robustness [e.g. 150, 63, 69, 41, 23] while still providing a

framework for estimation of parameters and latent states. The Ensemble Kalman Filter

(EnKF) of Evensen [41] is a recursive filter that uses empirical estimates of the covariance

matrices between different ensemble members in place of the Kalman gain matrix. This
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makes it better suited problems with large latent state dimensionality such as numerical

weather prediction and other geophysical applications, where it has been previously used

[148]. Arguably the most restrictive assumption of the Kalman filter is that the system is

linear. Approaches such as the Extended Kalman filter [EKF; 69] and the Unscented Kalman

filter [UKF; 150] have been applied in an attempt to capture non-linear dynamics while still

using a Gaussian distribution. While these extensions provide approximate samples of the

latent states and are computationally efficient, they are generally inflexible because they

require the noise and support to be accurately captured by a Gaussian distribution.

For non-linear, non-Gaussian SSMs, analytic approaches like the Kalman filter are not avail-

able in general. Instead, many application rely on a set of techniques called Sequential Monte

Carlo [SMC; 36]. Sequential Monte Carlo methods and particle filtering [3, 37, 21] provide

flexible frameworks for estimating latent states and parameters. Some examples of these

methods include maximum likelihood based approaches using iterated filtering [61, 62, 60]

and Bayesian approaches using Markov Chain Monte Carlo [e.g. 3, 42, 138]. Particle filtering

methods involve generating an ensemble of members (called particles) that evolve stochasti-

cally using a simulator for the forwards evolution and weighted using the observations. The

weights of these particles are then used to compute an estimate of the marginal log likeli-

hood [37]. The use of a forward simulator instead of an analytic Markov transition density,

a property sometimes called “plug-and-play” [16, 55], allows particle filtering methods to

be used for inference on problems without analytically tractable likelihoods. The trade off

for this flexibility comes in the form of computational intensity associated with simulating

Monte Carlo iterates of the particles.

While there are many existing methods for estimating latent states, these methods need to

be tailored for the nuances of ecosystem models. Long data gaps between observations make

latent state estimation difficult, and low data availability can make it infeasible to constrain

all of the process parameters that govern the evolution through time. The methods detailed

in this dissertation attempt to make these techniques accessible for ecosystem models.
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Chapter 3

Methods for Gaussian Error

Structures

3.1 Introduction

Many ecological prediction and forecasting applications use mechanistic process-based mod-

els to simulate the dynamics of ecosystems [95]. These process models are typically dis-

cretizations of ordinary or partial differential equations describing how the system dynamics

evolve over time and space. Further they are often linearly conditioned on the value at the

previous time step. These models are especially important in applications where available

data limit the use of empirical models or predictions are being made for novel conditions not

captured in existing data. However, process-based models can be challenging to calibrate due

to the large numbers of parameters, and thus robust uncertainty estimation is also difficult

[96].

While the importance of quantifying uncertainty in process models is recognized [35], it can

be challenging to fully account for all important sources of uncertainty. Research to date has

largely focused on estimating and reducing uncertainty that arises from initial conditions,

parameters, and observational noise, usually through data integration techniques [see 65, 152,

10, for examples]. Estimating and propagating these sources of uncertainty without process

uncertainty assumes that the process model perfectly describes the temporal evolution of

the ecosystem up to error in the collection of observations. To estimate process uncertainty,

7



state space modeling frameworks [53, 40] are increasingly used to account for stochastic

elements in the system evolution. Since many ecosystem process models already account

for initial condition uncertainty, parameter uncertainty, and observational uncertainty, it

is straightforward to convert them into a state space framework by adding an uncertainty

structure to the underlying process model.

The Bayesian state space paradigm is a well-suited approach to estimate distributions of pa-

rameters and latent states (model states that are not directly observed) in ecosystem models

using observations [6]. As a result it has seen a growing use in ecological forecasting appli-

cations [see 145, 39, for examples]. State space models treat all forecast terms as probability

distributions and allow for more effective quantification, partitioning, and propagation of un-

certainty in models. Prior distributions on parameters allow ecosystem scientists to enforce

strict upper and lower bounds on parameters and incorporate biological information into the

modeling process in a principled way. This focus on uncertainty and process precision esti-

mation prompted us to choose a Bayesian framework over a point estimate focused method.

The parameter and latent state posterior distributions in Bayesian state space models are

often estimated using Markov Chain Monte Carlo (MCMC).

The added flexibility of the state space model does come with drawbacks. Analyzing ecosys-

tem models as state space models increases the number of parameters that require estimation

(i.e., parameters describing the distribution of the process uncertainty) and adds the require-

ment to estimate latent states for each ecosystem model state. The addition of latent state

estimation can add anywhere from tens to hundreds of thousands of additional parameters

to estimate because ecosystem models commonly use a daily time step that requires an ad-

ditional parameter per state for each day of the simulation. Additionally, a parameter is

required for describing the process variance for each of the states in the model. Finally,

data for ecosystem models may only be available at timescales that are less frequent than

the model timestep (i.e., annual or greater). These large gaps between observed data may

present a challenge to constraining both the latent states and process variances.

8



Furthermore, identifiability (or equifinality [96]) is a common concern when estimating pa-

rameters in ecosystem process models, which often have many highly correlated parameters.

Although problems with parameter identifiability do not necessarily impair latent state or

process variance estimation, these parameters correspond to properties of ecosystems and

often have important physical interpretation. Therefore, it is crucial to ensure that they can

be successfully identified and estimated.

Data cloning (DC) has been used to assess identifiability of parameters in phylogenetic

models [122] and for estimation in ecological models [84]. DC is done by applying Bayesian

inference to a dataset that is constructed by duplicating the initial dataset r times. As

r increases, the resulting posterior parameter estimates approach the maximum likelihood

estimate. Data cloning can used to determine whether parameters are non-estimable or

unidentifiable through a visual investigation of posterior plots with increasing values of r

[122]. Parameters are said to be non-estimable when there exist different parameter values

θ1, θ2, . . . , θn such that L(θ1|X) = L(θ2|X) = ... = L(θn|X) = argmaxΘL(θ|X), i.e. there are

multiple sets of parameter values that maximize the likelihood function [85, 129, 122, 26].

Ponciano et al. [122] introduce terminology for various situations where we have parameters

in the model that are not estimable: non-separability, lack of information, nonidentifiable,

and identifiable but not estimable. We use Ponciano et al. [122]’s definitions for these terms

throughout the remainder of this paper and so we introduce them here. Non-separability

occurs when the model is structured such that it is not possible to separate parameters

from one another, and may be due to parameter redundancy [see also 26]. Parameters

that are non-estimable due to non-separability are referred to as nonidentifiable (NI). Lack

of information occurs when the dataset does not contain sufficient information about the

parameters to estimate them, resulting in wide posterior distributions that have not been

properly constrained by observed data. Parameters that are nonestimable due to lack of

information are referred to as INE (identifiable but not estimable). A combination of data

cloning and effective sample size (ESS) estimation leads to a thorough analysis procedure
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for ecosystem state space models that has not commonly been applied.

To address challenges estimating latent states and parameters when applying Bayesian state

space modeling frameworks to ecosystem models, we present a simulation study using a

forest ecosystem state space model that predicts carbon cycling among multiple states (a.k.a.

“stocks” in the carbon cycling model). Using synthetic data with introduced data gaps, we

address four questions focused on estimating precision parameters, latent states, and process

parameters. 1) Under what temporal gaps in data does it become difficult to estimate process

precisions? 2) Is it possible to recover true latent states under different temporal gaps in

data and under scenarios for availability of data describing the transfers between states (i.e.,

fluxes)? 3) Can we increase the sampling efficiency for the precision of latent states in these

cases by disconnecting the time step of the latent states from the time step of the model?

and 4) Can we determine when model parameters are identifiable using data cloning? Our

study is designed to help inform the application of ecosystem state space models to ecological

forecasting applications where process uncertainty estimation is desired, and where data are

not available for all stocks and transfers at the ecosystem model operational time-step (i.e.,

a daily time-step), such as data collected through the U.S. National Ecological Observatory

Network (NEON).

3.2 Methods

3.2.1 Process Model

We used the Data Assimilation Linked Ecosystem Carbon model designed for simulating

forests composed of evergreen trees [DALECev, 154]. It is a simple model describing carbon

dynamics (Figure 3.1) and is similar to other ecosystem models used in carbon stock fore-

casting applications, for example PnET [1], 3PG [82], and TECOS [155]. The model can

be written as a set of equations that are approximately linear and autoregressive in time.
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While DALECev has been widely used [154, 139, 43, 12] it is not traditionally fit as a state

space model as we do here.

Figure 3.1: A schematic of the DALECev model with boxes denoting stocks of carbons and
arrows denoting fluxes of carbon.

DALECev models the amount of carbon stored in five components within an evergreen for-

est ecosystem at a daily time step, t. These five components, called stocks, include: carbon

stored in foliage, C(t)
f ; carbon stored in woody stems and coarse roots, C(t)

w ; carbon stored in

fine roots, C(t)
r ; carbon stored in litter, C(t)

lit ; and carbon stored in soil organic matter C(t)
som.

The DALECev model includes 11 process parameters, pi, for i ∈ 1 . . . 11, each representing

the daily rate of an ecological process (e.g., turnover, decomposition, or soil organic matter

mineralization), an allocation of a particular flux (transfer rate between stocks), or a pa-

rameter used in the calculation of a flux. Information on the physical interpretations of the

process parameters, bounds, units, and values used during simulations is in Table 7.1.

Fluxes represent a number of physical processes that move carbon through the ecosystem, in-

cluding respiration (R), photosynthetic allocation (A), turnover (L), and transfer to another

stock (D). The model uses a submodel, the Aggregated Canopy Model (ACM) from [153], to

simulate the input of carbon through gross photosynthetic production (GPP; G in Eqns. 5.14

11



Param. Description Lower Upper Units Sim. Value
p1 Scaled daily decomposition rate 1.1e-05 0.11 day−1 .002
p2 Fraction of GPP respired 0.2 0.7 unitless .27
p3 Fraction of NPP allocated to foliage 0.01 0.5 unitless .15
p4 Fraction of NPP after foliage allocation allocated to roots 0.01 0.5 unitless .33
p5 Daily turnover rate of foliage 1e-04 0.1 day−1 .00137
p6 Daily turnover rate of wood 1e-06 0.01 day−1 1.1e-04
p7 Daily turnover rate of roots 1e-06 0.01 day−1 .00137
p8 Scaled daily mineralisation rate of litter 1e-06 1 day−1 .1
p9 Daily mineralisation rate of soil organic matter 1e-06 0.01 day−1 1.096e-05
p10 Parameter for temperature dependent rate parameter 0.05 0.2 ◦C −1 .1725
p11 Nitrogen use efficiency parameter 1 20 (gN gC−1 d−1)−1 3

Table 3.1: Information on the physical interpretations, upper and lower bounds, units, and
values used for simulation for each of the eleven process parameters in DALECev. Parameter
descriptions are taken from the REFLEX project supplemental material [43]. Simulation
values were chosen such that stock data, leaf area index (LAI) and NEE were reflective of
what we expect at the simulation site.

– 5.15). Following Fox et al. [43], all parameters in the ACM submodel were fixed except for

p11. Thus, G is a function of p11 and meteorological driver inputs D(t). Drivers include daily

maximum and minimum temperatures, radiation, and atmospheric carbon dioxide. For the

DALECev model, a given carbon stock Cs at time t can be generically expressed as the car-

bon at time t−1 minus turnover and respiration (carbon lost from the system or transferred

to another stock), plus carbon gained by through the allocation of photosynthesis (carbon

gained from outside the system) or transfer from another stock:

C(t)
s = C(t−1)

s − L(t−1)
s −R(t−1)

s + A(t−1)
s ±D(t−1)

s + ϵt−1,s, ϵt,s ∼ N(0, ϕs). (3.1)

Here ϵt−1,s is process variation that allows normally-distributed stochastic deviations from

the mean system behavior. Thus, the system of equations for stock evolution through time,
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the deterministic skeleton are:

E[C(t)
f ] = C

(t−1)
f − L

(t−1)
f + A

(t−1)
f

= C
(t−1)
f − p5C

(t−1)
f +G(D(t), p11)(1− p2)p3 (3.2)

E[C(t)
r ] = C(t−1)

r − L(t−1)
r + A(t−1)

r

= C(t−1)
r − p7C

(t−1)
r +G(D(t), p11)(1− p2)(1− p3)p4 (3.3)

E[C(t)
w ] = C(t−1)

w − L(t−1)
w + A(t−1)

w

= C(t−1)
w − p6C

(t−1)
w +G(D(t), p11)(1− p2)(1− p3)(1− p4) (3.4)

E[C(t)
lit ] = C

(t−1)
lit −R

(t−1)
lit −D

(t−1)
lit + A

(t−1)
lit

= C
(t−1)
lit −

[p1p8 exp(p10T̄ (t))

2
− p1(1− p8) exp(p10T̄ (t))

2

]
C

(t−1)
lit +

[
p5C

(t−1)
f + p7C

(t−1)
r

]
(3.5)

E[C(t)
som] = C(t−1)

som −R(t−1)
som +D(t−1)

som + A(t−1)
som

= C(t−1)
som − p9

2
exp(p10T̄ (t))C(t−1)

som +
(p1 − p1p8)

2
exp(p10T̄ (t))C

(t−1)
lit + p6C

(t−1)
w , (3.6)

where T̄ (t) is the average temperature for day t. These updates are referred to as the process

model, f(·). For any carbon stock C the process model can be written in the form

E[C(t)|C(t−1)] = f(C(t−1)) = AtC
(t−1) + bt, (3.7)

where At, bt are coefficients that can vary with time. Any stocks that cannot be written in

this way can be approximately written in this form using a linearization.
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The fluxes, the building blocks for Eqns. (5.14) – (5.18) in the DALECev model, are:

R(t)
a = G(D(t), p11)p2 (3.8)

A
(t)
f = G(D(t), p11)(1− p2)p3 (3.9)

A(t)
r = G(D(t), p11)(1− p2)(1− p3)p4 (3.10)

A(t)
w = G(D(t), p11)(1− p2)(1− p3)(1− p4) (3.11)

L
(t)
f = p5C

(t−1)
f (3.12)

L(t)
w = p6C

(t−1)
w (3.13)

L(t)
r = p7C

(t−1)
r (3.14)

R
(t)
lit = .5 exp(p10T̄ (t))p1p8C

(t−1)
lit (3.15)

R(t)
som = .5 exp(p10T̄ (t))p9C

(t−1)
som (3.16)

D
(t)
lit = .5 exp(p10T̄ (t))p1(1− p8)C

(t−1)
lit (3.17)

These fluxes can be combined to form net fluxes. Since some of the individual fluxes, for

example Rlit, are unlikely to be measured directly, net fluxes can provide us with information

on these processes at the cost of having to isolate them from the net process. One important

net flux is net ecosystem exchange (NEE) that is measured using eddy covariance techniques

[7] and deployed in many ecological observation networks [100]. NEE is the net of G and

Eqns. 5.1, 5.10, and 5.11 and is given by:

NEE(t) =R
(t)
lit +R(t)

som +R(t)
a −G(D(t), p11)(1− p2)

=.5 exp(p10T̄ (t))p1p8C
(t)
lit + .5 exp(p10T̄ (t))p9C

(t)
som −G(D(t), p11)(1− p2) (3.18)

Additionally, soil respiration, Sr, is a net flux that is commonly measured in ecosystem

studies. Sr is the net of autotrophic respiration by roots (a component of Equation 5.1) and
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heterotrophic respiration by soil micro-organisms (Eqns. 5.10 and 5.11):

S(t)
r = .5 exp(p10T̄ (t))p1p8C

(t)
lit + .5 exp(p10T̄ (t))p9C

(t)
som − cG(D(t), p11)p2, c ∈ [0, 1] (3.19)

For this study we have fixed the value of c to be 0.3. In practice c must either be specified

or given a very strong prior, as it can be challenging to constrain by other available data.

3.2.2 State Space Model

We estimate the stocks for the DALECev model using a state space model [53, 116, 40, 6]. In

the state space framework, we treat the five carbon stocks as components of the state vector,

and the additional flux data collected on respiration, photosynthetic allocation, turnover, and

transfers as operations on the state vector. Let C denote the vector of carbon stocks from

the model and Cobs denote the observations of the stock, with observations at a subset of

time points I ⊂ {1, ..., T}. Then, Eqn. (5.14) - (5.18) can be written using matrix notation

as:

E[C(t)] =MtC(t−1) + P(t), where (3.20)

C(t) =



C
(t)
f

C
(t)
r

C
(t)
w

C
(t)
lit

C
(t)
som


,Mt =



(1−p5) 0 0 0 0

0 (1−p7) 0 0 0

0 0 (1−p6) 0 0

p5 p7 0 (1− p1

2 Q
(t)) 0

0 0 0 p1(1−p8)
2 Q(t) (1− p9

2 Q
(t))


,P(t) =



G(D(t), p11)ψ1

G(D(t), p11)ψ2

G(D(t), p11)ψ3

0

0


,

with Q(t) = exp(p10T̄ (t)), ψ1 = (1−p2)p3, ψ2 = (1−p2)(1−p3)p4, ψ3 = (1−p2)(1−p3)(1−p4).

To relate our observations for an arbitrary carbon stock C
(t)
s,obs to the latent carbon stock
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C
(t)
s , we assume the following relationship:

C
(t)
s,obs = C(t)

s + ϵobs,t, t ∈ I, ϵobs,t ∼ N (0, τs)

In an ecological context, we are assuming that our observed carbon stock is normally dis-

tributed and unbiased [5], with a center at the true (latent) carbon stock, and a fixed pre-

cision τs. Similar to how adding the process variation term for the DALECev model was an

acknowledgement of imperfect process knowledge, adding an error term for the observations

is an acknowledgement of measurement error in the data that we observe.

The state space model has two key assumptions: the state process is first order Markov, and

the observations is independent conditional on the latent states. Using normally distributed

error terms for the process model and the observations, we can write these assumptions using

the matrix notation above as:

C(t)|C(t−1) ∼ MVN(MtC(t−1) + P(t),Φ), t = 1, . . . , T

C(t)
obs|C(t) ∼ MVN(C(t), τ), t ∈ I, where

Φ =



1/ϕCf 0 0 0 0

0 1/ϕCr 0 0 0

0 0 1/ϕCw 0 0

0 0 0 1/ϕClit 0

0 0 0 0 1/ϕCsom


, τ =



1/τCf 0 0 0 0

0 1/τCr 0 0 0

0 0 1/τCw 0 0

0 0 0 1/τClit 0

0 0 0 0 1/τCsom


with all τ parameters assumed to be known. This assumption is not uncommon in terrestrial

carbon models, as the measurement error is generally well understood. Fixing the measure-

ment error can also lead to better estimation of other precisions, process parameters, and

states [5]. The combination of a linear process model, normally distributed process error, and

normally distributed measurement error means that we are fitting DALECev as a Normal
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Dynamic Linear Model (NDLM) [151].

The fluxes (eq’ns 5.1 - 5.12) are modelled with an observation model. For a given flux Fj,

with flux data collected at a subset Ij ⊂ {1, ..., T} and observation Fj,obs, we assume the

relationship

F
(t)
j,obs|F

(t)
j ∼ N (F

(t)
j , δj), t ∈ Ij, (3.21)

where δj is a known precision. Fluxes are assumed to follow the functional forms given in

Eqns. (5.1) - (5.12), for example R(t)
a |R(t)

a,obs ∼ N (G(D(t), p11)p2, δRa). This specification for

the fluxes assumes that flux observations are unbiased but contain measurement error. Each

flux has different observation time points Ij to account for the fact that fluxes are measured

using different methods, and the methods may work on different timescales, as well as to

give flexibility in the case of data collection failure.

With models assigned for our physical process, observations, and fluxes, we can write the

complete data likelihood for parameters Φ, p1:11, and C1:T as:

L (C(1:T ),Φ, p1:11|D(1:T ), τ, δ1:J ,Cobs,Fobs)

∝
T∏
t=1

MVN(MtC(t) + P(t),Φ)×
∏
t∈I

MVN(C(t), τ)×

(
J∏

j=1

∏
t∈Ij

N (F
(t)
j , δj)

)
(3.22)

Many prior studies using terrestrial carbon models include observational uncertainty, but

does not include process variation [e.g. 65]. The state space approach used here is designed

specifically to help isolate the process uncertainty from observational and parameter uncer-

tainty. This partitioning of uncertainty is critical in understanding the system because no

one source or type of uncertainty is likely to dominate total model uncertainty across all of

ecological applications [35] and these uncertainties influence forecasts in different ways, e.g.,
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process uncertainty propagates from one timestep to another while observation uncertainty

does not. The Bayesian state space paradigm outlined here allows for quantification of mul-

tiple sources of uncertainty (process, initial condition, observation, and parameters) in the

context of temporal gaps in observations, and the state space model gives a natural setting

to leverage observed data with process based models.

3.2.3 Inference for parameters and latent states

We estimate the stocks, process precisions, and process parameters for the DALECev model

using a Bayesian state space model [124, 45]. Parameters and latent states were estimated

using MCMC [126]. MCMC is a flexible method that uses Markov chains to generate sam-

ples of the parameters from their posterior distribution. Parameter uncertainty is usually

inherently included in MCMC methods, and the samples from the posterior can be used to

calculate credible intervals for where the true values of the parameters lie. In addition to the

likelihood (Eqn. 3.22), we need to specify prior distributions for process parameters, process

precisions, and initial conditions for model states. We assume uniform priors for process

parameters with limits informed by the range of values gathered from expert opinion in the

Reflex project supplemental material [43] and adjusted to approximate a site in Talladega

National Forest (see description below). The values for p(L) and p(U) can be found in Table

7.1. Each process precision was given a univariate conjugate Jeffreys prior [64], to allow for

closed form Gibbs sampling of the process precision parameters. Thus the priors are given

by

pi ∼ Unif(p(L)i , p
(U)
i ), i = 1, . . . , 11 (3.23)

C
(0)
k ∼ N (µ

(0)
k , ϕ

(0)
k ), k ∈ {f, r, w, lit, som} (3.24)

π(ϕk) ∝
1

ϕk

, k ∈ {f, r, w, lit, som} (3.25)
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We can derive the full conditional distributions for all latent stocks and precision parameters

from these likelihood and priors. The full condition distribution for latent carbon stocks at

interior (between the initial and final) time steps with observed data are:

π(C
(t)
k |C(t)

−k, C
(t)
k,obs, ·) ∼ N

(ϕk(AtC
(t−1)
k + bt + At+1(C

(t+1)
k − bt+1)) + τkC

(t)
k,obs

ϕk(1 + A2
t+1) + τk

, ϕk(1 + A2
t+1) + τk

)
.

(3.26)

The full condition distributions for latent carbon stocks at interior time steps without ob-

served data at those time points can be written as:

π(C
(t)
k |C(t)

−k, ·) ∼ N
(ϕk(AtC

(t−1)
k + bt + At+1(C

(t+1)
k − bt+1))

ϕk(1 + A2
t+1)

, ϕk(1 + A2
t+1)

)
. (3.27)

The full conditional distributions for the initial latent state and final latent states are:

π(C
(0)
k |·) ∼ N

(
ϕk(A1C

(1)
k − A1b1 + ϕ

(0)
k µ

(0)
k )

ϕkA2
1 + ϕ

(0)
k

, ϕkA
2
1 + ϕ

(0)
k

)
(3.28)

π(C
(T )
k |·) ∼ N

(
ϕk(ATC

(T−1)
k + bt) + 1T∈I(τkC

(T )
k,obs)

ϕk + 1T∈I(τk)
, ϕk + 1T∈I(τk)

)
, (3.29)

where 1T∈I is an indicator function that is 1 if there is an observation for Ck at the final

time point, and 0 otherwise. Finally, the full conditional distributions for the precisions are:

π(ϕk|·) ∼ Γ

(
T

2
,
1

2

T∑
t=1

(C
(t)
k − f(C

(t−1)
k ))2

)
, (3.30)

where Γ is the univariate gamma distribution using the rate parameterization.

We estimated the posterior distributions of the parameters using MCMC in the R program-

ming language [123], specifically the Random Walk Metropolis Hastings (RWMH) ([99]; [54])

with a block updating algorithm. We sampled process parameters using a univariate proposal

distribution during the initial burn-in phase (2,000 iterations). After burn in, we sampled
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parameters for 500 iterations where we jointly sampled highly correlated process parame-

ters using a truncated normal proposal that accounts for their covariance. We recalculated

the empirical covariances used in the block updates every 500 iterations. We updated the

analytic full conditional distributions given in Eqns. (3.26) - (3.30) for the latent states, pro-

cess precisions, and initial conditions using a Gibbs sampler [46]. Process parameters were

updated using the RWMH. Including burn-in, 10,000 total posterior samples were collected.

Initial latent state estimates were generated using piece-wise linear interpolation. More

involved methods for latent state initialization were considered and tested, but our MCMC

routine did not give evidence of being sensitive to the choice of initial latent state estimates.

Thus the piecewise linear interpolation method was preferred for its simplicity.

3.2.4 Simulation study design

We designed a simulation study to evaluate the ability of standard MCMC methods to

estimate process precisions, latent states, and process parameters for the DALECev model,

and to identify and address potential problems that may arise when using these methods

for the types of (sometimes sparse) data that are available. More specifically, we had three

primary objectives. The first was to look at when we can expect precision estimates to have

estimation difficulties, and whether changing the time resolution of the latent states can

help to alleviate issues with estimation. The second was to examine how well the model

recovers the latent carbon stocks with only annual observed data, which is the type of data

that we can expect to collect to parameterize models like DALECev. Third we wanted to

assess parameter identifiability (via data cloning) when fitting the models to different data

that are available and use this information to help inform data collection schemes.

We began by generating a set of synthetic datasets for use in our analysis. Our simulation

study was created to emulate conditions at the Talladega National Forest in Alabama, U.S.A

(32.95046◦ N, -87.39327◦ W). We chose this site for two reasons. First, the site has a
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canopy dominated by evergreen tree species (longleaf pine (Pinus palustris), loblolly pine

(Pinus taeda), and slash pine (Pinus elliotti)) that matches the canopy type expected by the

DALECev model. Second, the site is part of the National Ecological Observatory Network

(NEON) and thus has ongoing data collection that can be used in future applications of

the methods described here. For the synthetic data set, initial conditions and driver data

for the carbon stocks were derived from NEON data [103], with specified initial mean and

initial uncertainty. Process parameter values for simulations were chosen such that carbon

stock data, leaf area index (LAI), and NEE were reflective of what would be expected at

Talladega. Exact values for the process parameters used in the simulations can be found

in Table 7.1. Random initial conditions to generate the simulations were drawn from their

respective prior distributions. At each time step process noise is added to the states, with

observational noise added to the latent states at the end of the model run to create a dataset

of observations. Data gaps for synthetic datasets were created by removing observations

that are not in the analysis time step.

3.2.5 Effects on estimates of precision and the latent states of

varying the state process time resolution

The ability to estimate process precision is crucial in ecosystem models, as that is often the

main source of uncertainty [35, 145]. Poor estimation of process precision may lead to more

uncertainty in estimates of process parameters and of latent states, which can then affect

forecasts and make them unreliable. For models like DALECev, gaps between observations

of the states are commonly greater than 1 year, a much slower time scale than the assumed

process dynamics, resulting in many unobserved states. In order to reliably apply DALECev

in practice, process precision and latent state estimation should be robust to annual or longer

data gaps.

To determine when the estimation of process precision becomes difficult, we examined three
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different observation scenarios: daily state observations, monthly state observations, and

yearly state observations, each with daily flux observations. Initial conditions were drawn

from the prior distributions, and driver data from the site was used to run each model for

two years. We repeated the generation of the synthetic dataset 15 times. For each dataset,

observations were removed to introduce synthetic data gaps that matched the different ob-

servation scenarios.

We evaluate the performance of precision estimation using the effective sample size (ESS)

[127] of the Markov chains for the precision parameters as a metric. Samples from Markov

chains are auto-correlated, meaning that they are correlated with previous samples in the

chain. The ESS gives us a metric for determining how efficiently our chain has estimated

parameters/states, with low ESS informing us that our samples are highly correlated and to

proceed cautiously with using the posterior samples for prediction or interpretation.

To evaluate ESS under different gaps in data, we used MCMC (as described above) to esti-

mate posterior parameter distributions for each dataset and analyzed the process precision

MCMC chains using ESS as a measure of sampling efficiency. We identified the data gaps

where a large degradation in sampling efficiency occurred.

It also can be difficult to obtain information about latent states when there are large gaps

between observed data points. We explored whether changing the latent state time resolution

is a solution for alleviating problems with low effective sample sizes without introducing

estimation problems for process parameters. These problems may arise from differences in

the flux data and observation data likelihoods having different time steps. To analyze these

differences, the model was run with a daily latent state resolution and was compared to the

model being run with a monthly latent state resolution as follows. Consider an NDLM with

daily process resolution for carbon stock C, with process model:

C(t) = AtC
(t−1) + bt. (3.31)
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Let T ∗ = {ti, i = 1, .., I} be a proper subset of the timesteps of the model. For an NDLM

with a process model of the form in Equation (3.31), state transitions can be rewritten as:

C(ti)|C(ti−1) ∼ N

(( ti∏
j=ti−1+1

Aj

)
C(ti−1) +

ti∑
k=ti−1+1

( ti∏
m=k

Am

)
bm + bti ,

ϕs

1 +
∑ti

k=ti−1+1

(∏ti
m=k Am

)).
(3.32)

This allows the stocks of the model to operate on a different time step than the fluxes, so that

daily flux information can be used without requiring estimation of a large number of latent

states that have very little data to constrain them. It also gives the model more flexibility,

allowing models to change time steps for inference purposes, to decrease computational

costs, and to allow for varying time steps across the stocks themselves. For values for A that

are constant or similar through time, like we have here, and approximately uniformly spaced

entries of T ∗, we may treat the precision in Equation (3.32) as a fixed value ϕmonthly. Applying

this approach, we follow the advice given in [6], who say “make simplifying assumptions when

data are limited”.

To examine how sampling efficiency is influenced by changing the time step at which latent

states are estimated, we used two different synthetic datasets. The first synthetic dataset

is a set of 30 synthetic time-series that have monthly carbon stock observations and daily

flux observations. The second synthetic dataset is a set of 30 synthetic time-series that have

annual carbon stock observations and daily flux observations. Each synthetic dataset was

analyzed using both a daily time step and a monthly time step in the state process model

for the two different observation time resolutions. We compared the effective sample sizes of

process precisions between the different observation regimes to assess whether changing the

time step of latent state estimation increases sampling efficiency of process precisions.
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3.2.6 Impact of observation gaps on estimation of latent states

While efficient estimates of process precisions are important, the primary goal of our ecolog-

ical state space model is to accurately track the evolution of the latent states through time.

This involves both latent state estimation and estimation of process parameters. Here we

are especially interested in annual carbon stock availability, as it is the most common case

when working with actual data.

Latent state estimation was assessed by creating synthetic datasets with daily, monthly, and

annual carbon stock data availability. Synthetic datasets were analyzed using both a daily

model time step and the monthly model time step for the latent states. Posterior estimates

of the latent states were generated using MCMC and compared to their true (synthetic)

values. Coverage rates of latent state posterior distributions were assessed to confirm that

they reach roughly the nominal rate by checking if the true latent state values were contained

in the 95% highest posterior density intervals, and taking the average for each stock over

all time steps. We also assessed convergence of process parameters using the Gelman Rubin

Brooks test statistic [17] across four MCMC chains (with different starting conditions) for

each parameter for each synthetic dataset.

3.2.7 Parameter identifiability under differing data availability

Identifiability of parameters was assessed using data cloning [84, 85] to analyze three syn-

thetic datasets with annual carbon stock observations. Each dataset had different levels of

flux data observations: 1) all fluxes observed; 2) only fluxes available from NEON with

GPP data (G,Lf , Lw, Af , Aw, Sr); 3) only fluxes available from NEON with NEE data

(NEE,Lf , Lw, Af ,

Aw, Sr). These were chosen so that we could compare the ideal case to data that would be

more commonly available for terrestrial carbon models. Our MCMC inference proceedure
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was performed on each of the synthetic datasets with r = 1, 5, 25 data cloning replicates, and

posterior distributions of p1, p3, p11 were analyzed across datasets and data cloning replicates.

Revisiting Eqns. (5.2) - (5.4), we see that Ar, Af and Aw give additional information for

p2, p3, and p4, parameters that are highly correlated due to their entanglement in the carbon

update equations. The absence of one or more of these fluxes, like when using NEON data

only, may make these parameters difficult to identify. For scientists, a data cloning analysis

can serve more purposes than just assessing identifiability of parameters. Simulated data can

be used a priori to determine what data is most important to collect in their experiments.

3.3 Results

3.3.1 Estimating process precision under data gaps

As would be expected, we found that increasing the time between observations leads to a

noticeable decrease in MCMC sampling efficiency (Figure 3.2). The criteria we used to assess

whether or not the posterior samples size was large enough for for inference was an ESS of

200 or higher. By this metric, both monthly and annual observation data give ESS’s that are

too low to make credible posterior inference. In particular, yearly observed data produces

precision estimates with very low effective sample sizes. This is particularly concerning,

as annual observations are the most realistic of the three data availability scenarios we

explored. This finding motivates the need to alter the sampling methods in order to increase

the sampling efficiency of these precision parameters.
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Figure 3.2: A plot of log average ESS of estimated precision parameters versus observa-
tion frequency. In each case we used the daily time step model and averaged over fif-
teen MCMC runs of 10,000 iterations of each model configuration. The five precisions,
ϕCf , ϕCw, ϕCr, ϕClit, ϕCsom had their log ESS pooled. The dotted line indicates the cut-off of
a log ESS of 200 (5.30).

3.3.2 Effects on estimates of precision and the latent states of

varying the state process time resolution

The effective sample size for the process precision parameters decreased as the gap between

observations increased. In Figure 3.3 we compare the effective sample size of process preci-

sions, averaged over thirty simulations with different latent time resolutions. We found that

changing the model timestep from daily to monthly improves the estimation efficiency of pro-

cess precision for both monthly and annual data gaps, quantified by ESS. The monthly latent

time resolution model performed substantially better than the daily latent time resolution

model when observations were made monthly or annually.
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Figure 3.3: A plot of log average effective sample sizes for the estimated precision parameters
(inverse variance) vs. observation data time resolution for different observation collection
regimes using the daily step and the monthly step models. In each case we averaged over fif-
teen MCMC runs of each model configuration. The five precisions, ϕCf , ϕCw, ϕCr, ϕClit, ϕCsom

The dotted line indicates the cut-off of a log ESS of 200 (5.30).

An important goal motivating the analysis of ecosystem process models using a state space

framework is to track and predict the evolution of latent states through time. In Figure

3.4 we show posterior latent state estimates for carbon stock data observed annually, with

all flux data observed daily and the model running on a monthly latent time resolution.

Nearly all of the marginal posterior distributions of the process precisions in Figure 3.4

show that the process precisions are being under-estimated. This may come from a trade-

off between model precisions and process parameters, where a particular process parameter

being estimated may be larger than expected because it is includes some of the process

uncertainty, leading to a precision parameter being under-estimated.
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Figure 3.4: (a-e) Estimates for carbon density latent states for a monthly time resolution
with annual data observations (Left) along with histograms of corresponding marginal es-
timated process precision post burn-in (Right). Panels corresponds to a particular carbon
stock: Cf represents foliage carbon, Cw represents wood carbon, Cr represents root carbon,
Clit represents litter carbon, and Csom represents soil organic matter carbon. The poste-
rior medians (M), HPD intervals, and true (simulation) values are: MϕCf

= .013, ϕCf ∈
(.00137, .0311) , ϕCf = .02 ; MϕCw

= 1.96e-04, ϕCw ∈ (2.42e-05, 4.65e-04), ϕCw =
2e-04 ; MϕCr

= .0175, ϕCr ∈ (.00164, .039), ϕCr = .02 ; MϕClit
= .122, ϕClit ∈

(.0176, .337), ϕClit = .25 ; MϕCsom
= .00283, ϕCsom ∈ (3e-04, .00709), ϕCsom = .005.
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Stock variable Avg. Coverage Precision (%)
Cf .966 100
Cw .935 100
Cr .950 100
Clit .990 92.9
Csom .987 100

Table 3.2: Average empirical coverage and percent of precisions contained in the 95% Highest
Posterior Density (HPD) credible interval, averaged over 30 model runs

The coverage rate of posterior credible intervals for the latent states varied by latent state. In

Table 3.2 we show the average performance of the monthly latent time resolution model over

30 different model runs. Coverage rate is used to quantify how well latent states are being

tracked. For each latent variable, the average probability that the true process precision

lies within the 95% credible interval is also given. Cf achieves above the nominal coverage

rate, with Cw achieving below, Cr achieving exactly the nominal coverage rate, and Clit and

Csom achieving well above the nominal coverage rate. While it is difficult to discern why

particular stocks are performing in this manner, the tendency of the stocks to perform well

above the coverage rate may stem from the systematic underestimation of the precisions,

leading to wider credible intervals on the latent processes.

3.3.3 Parameter identifiability under differing data availability

Our analysis of the data cloning results involves three primary considerations. First, for

identifiable parameters, we expect that as r increases the variance of the resulting estimate

decreases. This can be seen when the resulting posteriors grow tighter around the mean as

values of r get larger. Second, identifiable but non-estimable parameters (INE) are param-

eters that may be identifiable, but do not have a necessary amount of data to estimate the

precise values. These are characterized by relatively flat posterior distributions [122]. Third,
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parameters that are non-identifiable (NI) tend to have multi-modal posterior distributions,

with several values of the parameter that produce high values of the likelihood. Functions

of multiple non identifiable parameters can be estimable, but the individual parameters

themselves are not [for a simple example see 122].

We found that data cloning served as an effective way to assess identifiability of parameters.

However, the results of our data cloning analysis demonstrate that NEON flux data with NEE

will require additional flux observations in order to estimate four of the model parameters:

p2, p3, p4 and p11. In Figure 4.3 (top row) we show that the posterior is bimodal as r (the

number of data cloning replicates) increases for parameter p2 for the NEE case – that is,

it is non-identifiable with the observed flux data for the NEE case. For the GPP case, the

posterior distribution for p2 gets more narrow as r increases, indicating that it is identifiable.

For parameter p3, the posterior distributions for both cases narrow as r increases, indicating

that p3 is identifiable in both cases, with posterior estimates falling near the true simulated

value for both NEE and GPP flux data. The parameter p4 is similarly identifiable in both

the NEE and GPP cases. However, in the NEE case, estimates for p4 are not near the

true simulation value, hovering close to the lower boundary, even for the highest r examined

(r = 25). Similarly p11 was identifiable for both the NEE and GPP cases, but in the NEE

case our estimates were not near the true simulation value. The poor estimates of p2, p4 and

p11 may be related for the NEE case, as they appear together in Eqns. (5.3) and (5.4) and

there is insufficient data to identify p2 or estimate p11 well without GPP flux data available.

Our findings illustrate one of the shortfalls of using data cloning: though we are able to

determine whether parameters are estimable or identifiable, we cannot be sure our analysis

is producing good estimates of the parameters.
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Figure 3.5: Marginal posterior distributions of data cloning for selected process parameters
under the two NEON data flux scenarios, with 1 data cloning replicate (r = 1) and 25 data
cloning replicates (r = 25). Blue circular marks on the x axis denote simulation (true) value
of the parameter. Red triangular marks denote the upper and lower bounds of the uniform
priors given to the process parameters.
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3.4 Discussion

Estimating the posterior distributions of parameters in multi-state state space models can

be challenging when observations of the states are not readily available. This is especially

apparent in ecological models where states are often sampled at more coarse intervals than

the model time-step, resulting in many latent states without direct constraint from corre-

sponding observations. Here we introduce a method for changing the time resolution used

for generating latent states in a process model so that it is coarser than the operational

timestep of the process model (i.e., timestep of the difference equations). Our analysis re-

vealed a large increase in the efficiency of estimation for the posterior distributions of the

process precision parameters when using a coarser time-step of latent state estimation, while

still achieving nominal coverage rates. One strength of this approach is that it preserves the

operational time of the process model used to simulate the ecosystem dynamics. As a result,

no adjustments were required to the process model. Another strength is that the equations

used to change the time resolution of the latent states do not require the new time steps to

be equally spaced, giving the flexibility to allow the latent states of the model to operate

on any time scale. However, changes to the latent state time resolution do influence the

interpretation of the process uncertainty parameters because they represent the distribution

of process error that propagates from one latent state to the next – longer time-intervals

between latent states will likely lead to process error distributions with larger variance.

Beyond data gaps in time, gaps in data where particular states and/or fluxes are never ob-

served presents challenges in the ability to estimate the posterior distributions of parameters

(identifiablility). To examine identifiablility in DALECev, we confirmed that we were able

to successfully recover process parameters and process precisions when all states and fluxes

were observed at all time steps and then in the case where there were annual temporal gaps

in the observations of states. This indicates that under ideal data collection the parameters

are identifiable using the approach presented here. However, a lack of identifiability oc-
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curred when a subset of the flux data were not available to constrain model parameters, as

is the case in applications using real observations. In this case, our approach had difficulty

recovering multiple process model parameters in the DALECev model. In particular, p2 was

non-identifiable with NEE data, and p3, and p4 were difficult to estimate without all of the

related fluxes used to constrain them. These parameters govern the proportional allocation

of photosynthesis (GPP) to respiration, foliage, and roots (Eqns. 5.14 – 5.16), thus requiring

observations of their individual production in order to constrain the individual parameters.

Our inference about identifiability of process parameters was based on the application of data

cloning (DC). Other methods of assessing identifiability were considered, including Hessian

methods [149, 89] and symbolic algebra methods [25, 27]. Here we consider long time series,

which would lead to problems with numerical stability when using the Hessian method [20]

and lack of computational resources to perform the symbolic algebra calculations in MAPLE

[25]. Identifiability is a problem that has long plagued ecological and biological modeling

[96], and DC is a simple method that can be used with simulated data prior to the design

of an experiment to assist the design of data collection schemes that mitigate identifiability

challenges, encouraging scientists to elicit data rather than eliciting priors. Our simulation

study used DC with observed flux data that would be available from NEON, and showed that

additional flux data are required to constrain a subset of model parameters. The types of

data measured at a NEON site are not atypical for a terrestrial ecosystem study, particularly

those in the Ameriflux and Fluxnet networks, therefore the results are not specific to a NEON

site. Our analysis also illustrated that while some parameters are shown to be identifiable

through data cloning, they are not necessarily unbiased. With simulation results showing

that some parameters are not identifiable or identifiable but non-estimable, it is crucial that

scientists have access to methods to help them assess whether they can trust the results they

obtain from their modeling framework.

Data cloning has other uses aside from assessing identifiability and aiding in experimental

data collection for ecosystem modelers. A well documented problem with soliciting prior

33



distributions for parameters in Bayesian analyses is that non-informative prior distributions

on one scale may become highly informative prior distributions when transformed (see [86]

and references within for a thorough treatment). These falsely non-informative priors can

lead to biases in parameter estimation and prediction, in turn leading to incorrect decisions

made by stakeholders and policy makers [86]. Data cloning methods can be used to expose

accidental biases introduced through using these priors that are non-informative on one scale,

as the data cloning posterior will approach the maximum likelihood solution as r increases,

and maximum likelihood estimation is invariant to re-parameterizations.

Our study focused on the development and evaluation of methods, and sets the foundation for

future work. First, while simulation studies with data synthesized from the DALEC model is

necessary to test our methods, it is important to test the performance of these methods with

real observations. Second, the results for latent state updates discussed here were for the

univariate case where covariance between states is not considered, though the states can be

updated en bloc with multivariate normal Gibbs updates. Multivariate latent state updates

could be complemented with conjugate Gibbs updates for the covariance matrix, allowing

full estimation of the covariance structure and (potentially) better latent state estimates.

The methods presented here could potentially be extended to non-linear Markovian process

models by linearizing the update equations. Third, the Gibbs updates shown in this paper are

only applicable to state space models where both the observation and process model errors

are normally distributed. While this is a common assumption in terrestrial carbon models

[145], other applications may have error structures that do not meet this assumption. For

example, error structures may be needed to maintain ecological realism, such as positivity

of a particular latent state, and thus require non-normal error structures for values near

zero. More complex error structures or model dynamics require alternative fitting methods,

such as particle methods [see 72, for a thorough review] or Gaussian Process Regression

[147]. Finally, we have shown that it may not be possible to identify or recover process

parameters for the DALECev model under yearly data gaps when using only data available
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from NEON. However, it is likely that integrating additional data not observed by NEON,

such as satellite-derived leaf area index (e.g., MODIS LAI), and incorporating stronger priors

that reflect general ecological principles will help to constrain model parameters further [12].

In conclusion, to address the growing popularity of state space modeling in ecological fore-

casting research [6], we propose methods that help to assess and fix problems with pro-

cess precision estimation and identifiability of process parameters that frequently arise in

ecosystem state space modeling when observations are scarce. The state space framework

augmented with data cloning to assess identifiability of parameters presented here is flexi-

ble enough to be adapted for a broad range of problems including non normal-normal error

structures, non-linear process models, and spatio-temporal models. The methods discussed

here will allow practitioners to more effectively and efficiently address and overcome common

suites of problems that arise when using state space models.
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Chapter 4

Lognormal embeddings for positive

process models

4.1 Introduction

Process based models are mathematical representations of the evolution of biological or

physical systems [18]. These models are often comprised of systems of ordinary or partial

differential equations in time and space, or are discretizations of such systems. Because they

encapsulate known or hypothesized mechanisms of physical or biological systems, process

based modeling approaches have advantages over empirical or phenomenological modeling

approaches, particularly when low data availability limit the ability of empirical models to

accurately represent complex processes or require extrapolation beyond conditions captured

in training data. As a result, process based models remain common in ecological forecast-

ing applications [87]. However process-based modeling approaches have their own sets of

challenges, particularly the quantification of uncertainty in model dynamics and structure

or over-parameterization [96].

Quantifying uncertainty in process based models is one of the most challenging tasks when

using them for forecasting applications that involve uncertainty propagation. Uncertainty

comes from a wide variety of sources, including but not limited to: process, measurement,

initial conditions, driver data/boundary conditions, and estimated parameters [35]. Process

uncertainty (or process stochasticity) is particularly important to address, as it acknowl-
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edges that the modeling framework may contain unknown errors that are best represented

stochastically or contain elements that are known to be non-deterministic and that affect the

dynamics of the biological process. For this reason, the state space modeling (SSM) frame-

work [53, 40, 116, 6] has been used increasingly in ecological applications [see 145, 39, 33,

for examples]. State space models provide a flexible framework, being able to handle miss-

ing data and partition multiple sources of uncertainty [35]. Many existing fitting methods

for ecosystem process based models already estimate initial condition and parameter un-

certainty while accounting for observation uncertainty [see 70, 12, 155, for examples]. By

adding stochastic elements to the process based model they can be analyzed as state space

models.

One of the nuances of including uncertainty/stochasticity in the process model is the trade-off

between simplicity and ecological realism. For example, in forest carbon modeling, Gaussian

error with its positive to negative infinity bounds is commonly assumed for carbon stocks

(pools) [141, 145, 65], despite the biophysical impossibility of an ecosystem having a negative

amount of carbon. In general, biological processes may have well defined lower bounds (and

potentially upper bounds) that are not accurately captured by error structures that have

support over the entire real line. Consequently, models that have biophysically unrealistic

error structures can produce nonsensical predictions as the states approach these well defined

bounds, or if the model has large measurement error that can allow observations with neg-

ative values as the modeled states approach the lower bounds. This is especially relevant in

forecasting applications, where the uncertainty compounds as the forecast horizon increases.

A wealth of probability distributions are available for modeling non-negative processes. The

lognormal distribution has a rich history in ecology [32], and is frequently used in state space

modeling of populations [e.g., 19, 33, 78] and species abundance [e.g, 98, 102]. Two common

formulations for lognormal state space models (SSMs) are the stochastic Gompertz SSM

[49] and the stochastic Moran-Ricker SSM [125, 33]. In their simplest forms, these models

include substantial assumptions that are disguised by writing the models as Gaussian in log
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space - namely the assumptions of density dependent variance and systematic bias in the

process evolution and observation functions. When these assumptions are not feasible for the

problem at hand, we need a mechanism to insert more sensible assumptions about the process

evolution, observation, and variance dynamics. To address challenges with incorporating

ecologically realistic error structures into state space models, we propose a novel lognormal

moment matching approach, to allow users to specify the mean and variance of their process

evolution and observation models.

We fit our lognormal moment matching models from a Bayesian perspective using Markov

Chain Monte Carlo (MCMC). The Bayesian paradigm provides a flexible framework for fit-

ting complex models, and the moment matching approach we introduce here offers a closed

form Markov transition density, which facilitates the use of MCMC instead of alternative

methods such as the particle filter [21, 37]. MCMC also provides a rigorous framework for

quantifying parameter uncertainty and assessing forecast performance. MCMC methods gen-

erate samples from the posterior distribution, allowing practitioners to generate parameter

estimates and build empirical density functions for their forecasts [80]. We can then vali-

date our models by combining out of sample forecast observations with MCMC output and

evaluating them with proper scoring rules [48], such as the Continuous Ranked Probability

Score [CRPS; 97] and the Ignorance score [IGN; 51, 130].

We created four different models using the lognormal moment matching technique presented

here. The four models were all based off of the Gompertz and Moran-Ricker models [49,

33, 125], and were embedded to have unbiased process evolution. We explored two different

variance structures: a density dependent variance [33] for the evolution and observations,

and a constant variance for the evolution and observations. First, we discuss interpretations

of the Gompertz and Moran-Ricker SSMs and contrast them with interpretation of the

models we present here. Next, we design and conduct simulation studies to compare forecast

performance under model mis-specification, and assess estimability of precision parameters.

Finally, we fit and evaluate models using time-series data on dengue fever hospitalizations
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in San Juan, Puerto Rico from [66]. Our analysis of the transformed dengue hospitalization

data was designed to assess the forecasting performance of the six models considered here,

and to identify strengths, weaknesses, and similarities between all of the models fit.

4.2 Motivating Examples

In this section, we motivate the use of biologically realistic error structures in applications

by demonstrating problems that may occur when modeling positive processes with error

distributions that have mass over the entire real line. In particular we demonstrate how

process models produce nonsensical predictions as they approach or exceed well defined

biophysical bounds. First, we consider the following toy dynamical system in time:

Xt|Xt−1 ∼ logN
(
µ∗ = log

(
X2

t−1√
X2

t−1 + σ2

)
, σ2∗ = log

(
1 +

σ2

X2
t−1

))
. (4.1)

Since the stochastic evolution function is lognormally distributed, the process is positive, i.e.

Xt ∈ (0,∞), ∀t = 1, . . . , T . Further the conditional mean and variance are E[Xt|Xt−1] =

Xt−1 and V[Xt|Xt−1] = σ2.

Suppose that the positivity of the dynamical system is ignored and instead the process is

modeled as simple a Gaussian random walk:

Xt|Xt−1 ∼ N (µ∗ = Xt−1, σ
2∗ = σ2). (4.2)

When the system starts sufficiently far from zero the two models are indistinguishable from

each other, producing nearly identical forecast distributions in terms of median estimates

and credible intervals (Figure 4.3, top two panels). When the starting value X0 is chosen to

be close to the biological lower bound, the differences in forecasts become more apparent.

The Lognormal model forecast intervals are now asymmetric and bounded below at zero,
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and quickly reach zero as the forecast horizon increases. The random walk model forecast

intervals retain their symmetry and continue to put considerable forecast mass below zero

as the forecast horizon increases (Figure 4.3, bottom two panels).
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Figure 4.1: Two sample trajectories from the Lognormal dynamical system in Equation
4.1, the top panels start from X0 = 50 and the bottom panels start from X0 = 2. 95 %
credible intervals for 10 day forecast horizons (dotted lines) are created using the Lognormal
equations and the Gaussian equations to generate 10,000 sample prediction trajectories. In
the bottom panels, the Lognormal forecasts (bottom left) are bounded below by zero, the
biological lower bound. In contrast, the Gaussian random walk forecasts (bottom right) put
considerable forecast probability mass below the biological bound.

In this simple example, the negative forecasts are not causing any issues in the process model,

thus only producing unrealistic forecasts. To illustrate an example where issues arise in the

process model, consider the following dynamical system:

Xt|Xt−1 ∼ logN
(
µ∗ = log(|Xt−1|)− a, σ2∗ = log

(
1 +

σ2

|Xt−1|

)2)
. (4.3)
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We note that, formally, absolute values are unnecessary for the evolution of the true model

(since Xt is positive for all t). However they will become necessary when we attempt to find

an analogous Gaussian model with which to forecast.

Computing the conditional mean and variance of the lognormal distribution with the given

values of µ∗ and σ2∗ and using them as the conditional mean and variance of a Gaussian

distribution results in:

Xt|Xt−1 ∼ N (exp
(
µ∗ +

σ2∗

2

)
, (exp(σ2∗)− 1) exp(2µ∗ + σ2∗)). (4.4)

For values sufficiently far from zero, the forecasts from the Lognormal model are nearly

identical to the forecasts from the Gaussian model (Figure 4.2, top two panels). The Log-

normal forecasts (bottom left panel, Figure 2) enforce the lower bound, and produce forecast

distributions with heavy upper tails. However, the Gaussian forecasts when the system ap-

proaches zero (bottom right panel, Figure 2) produce forecast distributions with large upper

credible bounds that march away from zero, and lower credible bounds that first increase and

then move back towards zero. In working on specific applications, predictions like these may

be challenging to analyze because it is easy to associate the dynamics with an inadequate

process model, when in reality the problem lies in having an error structure that can put

probability mass on regions where it should be biologically impossible.

4.3 Methods

4.3.1 Lognormal SSMs

The Gompertz [49] and Moran-Ricker [125] SSMs are simple discrete density-dependent

state space models with lognormally distributed process and measurement error [33]. The

Gompertz and Moran-Ricker SSMs are popular choices for lognormal state space models
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Figure 4.2: Two sample trajectories from the Lognormal dynamical system in Equation 4.3,
the top panels starting from X0 = 50 and the bottom panels starting from X0 = 2. 95%
credible intervals for 10 day forecast horizons (dotted lines) are created using the Lognormal
equations and the Gaussian equations to generate 10,000 sample prediction trajectories. In
the bottom panels, the Lognormal forecasts (bottom left) are bounded below by zero, the
biological lower bound. In contrast, the Gaussian random walk forecasts (bottom right) put
considerable forecast probability mass below the biological bound.

because they can be easily transformed into Normal Dynamic Models (NDMs), and can

then take advantage of a suite of well studied fitting methods including Kalman filtering

[71], extended Kalman filtering [69], and Gibbs sampling [46, 22, 141], easing computational

difficulties associated with fitting SSMs. The latent process models for the Gompertz model

can be written as:

Xt = Xt−1 exp(a+ b log(Xt−1) + ϵt), ϵt ∼ N (0, ϕ) (4.5)
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The latent process model for the Moran-Ricker model can be written as:

Xt = Xt−1 exp(a+ bXt−1 + ϵt), ϵt ∼ N (0, ϕ) (4.6)

Letting A = exp(a), Equations (4.5) and (4.6), the Gompertz and Moran-Ricker process

equations, can be rewritten in the form

Xt = A(Xt−1)
b+1 exp(ϵt), ϵt ∼ N (0, ϕ) (4.7)

Xt = AXt−1 exp(bXt−1) exp(ϵt), ϵt ∼ N (0, ϕ) (4.8)

More generally, we can think of both the Gompertz and Moran-Ricker process models as

belonging to a class of lognormally distributed process models that have the form:

Xt = f ∗(Xt−1|Θ) exp(ϵt), ϵt ∼ N (0, ϕ), f ∗(Xt−1|Θ) > 0, (4.9)

where f ∗(Xt−1|θ) is the model of choice for non-negative physical process, and the pro-

cess error is governed by a multiplicative zero mean lognormal distribution. Key statistical

properties (conditional mean, conditional variance, and conditional median) of this class of

process models are:

E[Xt|Xt−1] = f ∗(Xt−1|Θ) exp((2ϕ)−1),

V[Xt|Xt−1] = f ∗(Xt−1|Θ)2 exp(ϕ−1),
(

exp(ϕ−1)− 1
)

M [Xt|Xt−1] = f ∗(Xt−1|Θ).

When looking at the conditional expected value, we see that this class of models is unbiased

in terms of median process evolution, but biased in terms of mean process evolution since

exp((2ϕ)−1) > 1 for any ϕ > 0. For this class of process models, the variance of the

latent state is controlled by the value of the process model f ∗(·), with larger values of the
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process assumed to have larger variation than smaller ones. Therefore, in the class of process

models that describe the the Gompertz and Moran-Ricker models, the density dependent

relationship of the latent process variance is assumed to scale with the predicted value of the

process model.

The generalization of the Gompertz and Moran-Ricker process models also hold true for the

observation model. For example, in Dennis et al. [33], the assumed relationship between an

arbitrary observation Yt and the corresponding latent state Xt for the Gompertz model is

given by:

Yt = Xt exp(ϵobs,t), ϵobs,t ∼ N (0, τ) (4.10)

Broadly, the Gompertz and Moran-Ricker observation models belong to the same class of

lognormally distributed observation models in Equation 4.10 that have the form:

Yt = g∗(Xt|Θ) exp(ϵobs,t), ϵobs,t ∼ N (0, τ), g∗(Xt|Θ) > 0, (4.11)

where g∗(Xt|Θ) is now interpreted as the model used to link our observations to their re-

spective latent states, and the measurement error is dictated by a multiplicative zero mean

lognormal distribution. The conditional mean, conditional variance, and conditional median

of this class of observation models are given by:

E[Yt|Xt] = g∗(Xt|Θ) exp((2τ)−1),

V[Yt|Xt] = g∗(Xt|Θ)2 exp(τ−1)
(

exp(τ−1)− 1
)
,

M [Yt|Xt] = g∗(Xt|Θ).

Importantly, while this class of observation models assumes that observations are unbiased

in log space, they assume there is systematic observation bias in their measurement process,

which is given by B(Yt|Xt) = g∗(Xt|Θ)(1− exp((2τ)−1)).
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Though we have only examined the Gompertz and Moran-Ricker models when discussing the

class of lognormal process and observation models presented here, there are many examples

of lognormal modeling frameworks in the animal population modeling literature [see 19, 78,

for examples] and fisheries modeling literature [see 98, 102, for examples] that fall into the

classes we discuss here. Including a term to correct the bias is a common method used

in applications to rectify assumptions of biased process evolution and biased observations

[78, 98, 102] but this bias correction term changes the variance structure, as the lognormal

variance is a function of both µ and σ2.

4.3.2 Lognormal Moment Matching Models

Instead of assuming an unbiased median process evolution and a density dependent vari-

ance structure, a modeler developing a lognormal SSM for their application may want to

specify the mean evolution and the variance structure of the stochastic lognormal process

model. That is, we desire a lognormally distributed stochastic evolution function such that

E[Xt|Xt−1] = f ∗(Xt−1|Θ) and V[Xt|Xt−1] = ϕ−1
t . We can create a process model with these

characteristics by using a moment matching transformation on the mean and precision,

specifically:

µ∗
t = log

( f ∗(Xt−1|Θ)2√
f ∗(Xt−1|Θ)2 + ϕ−1

t

)
, (4.12)

ϕ∗
t = log

(
1 + (f ∗(Xt−1|Θ)2ϕt)

−1
)−1

. (4.13)
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This approach provides a stochastic lognormal process model with the desired properties

(see Appendix A for derivation):

Xt|Xt−1 ∼ Lognormal(µ∗
t , ϕ

∗
t ),

E[Xt|Xt−1] = f ∗(Xt−1|Θ),

V[Xt|Xt−1] = ϕ−1
t .

Thus, there is a framework for embedding the process model f ∗(Xt−1|Θ) such that the

temporal evolution is unbiased, and that allows for a flexible way to model the variance of

the process through time. For example, we can choose ϕt = ϕ to model constant variance

through time, ϕt = ϕ/f ∗(Xt−1|Θ)2 to model density dependent variance, or ϕt = ϕ exp(−t−1)

to model variance that dissipates over time.

The lognormal moment matching approach can be similarly applied to the observation model

to produce a lognormally distributed observation density with the properties E[Yt|Xt] =

g∗(Xt|Θ), V[Yt|Xt] = τt by using the transformation:

µ∗
t,obs = log

( g∗(Xt|Θ)2√
g∗(Xt|Θ)2 + τ−1

t

)
, (4.14)

τ ∗t = log
(
1 + (g∗(Xt|Θ)2τt)

−1
)−1

. (4.15)

With the forms of both the process model and observation model fully specified in this, it is

possible to write a likelihood equation for a model that includes both components, that we

call the Lognormal Moment Matching model (LNM3). Suppose that we have observations
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Y at a subset of time points I ⊂ {1, . . . , T}. Then the likelihood for the LNM3 is given by

L (X1:T ,Θ|Y) =
T∏
t=1

logN
(

log
(

f ∗(Xt−1|Θ)2√
f ∗(Xt−1|Θ)2 + ϕ−1

t

)
, log

(
1 + (f ∗(Xt−1|Θ)2ϕt)

−1
)−1

)

×
∏
i∈I

logN
(

log
(

g∗(Xi|Θ)2√
g∗(Xi|Θ)2 + τ−1

i

)
, log

(
1 + (g∗(Xi|Θ)2τi)

−1
)−1

)
(4.16)

The moment matching method can be used to embed any positive process or observation

model and any variance structure into a stochastic lognormal model, and thus helps to

maintain biophysical realism when modeling positive processes. Fitting these models as

state space models further allows them to easily handle missing data and partition between

process and measurement error. Thus the LNM3 approach provides a framework that is

flexible, biophysically realistic, and statistically coherent.

4.3.3 Model Fitting

Our analysis focused on comparing and contrasting the LNM3 approach to the Gompertz and

Moran-Ricker approaches, two common lognormal SSMs. We estimated the latent states,

precisions, and model parameters for six different models presented here using Bayesian

state space models (SSMs) [53, 40, 116]. The six different models include the Gompertz

SSM, the Moran-Ricker SSM, and four different SSM formulations using the Lognormal

Moment Matching (LNM3) method presented in Equations 4.12 – 4.15. Model parameters,

latent states, and precisions were estimated using Markov Chain Monte Carlo (MCMC) [126].

MCMC is an estimation method that generates samples of parameters from their posterior

distributions using Markov chains. Parameter uncertainty can be quantified using posterior

samples from these Markov chains. All models were fit using JAGS [119] using the rjags

package [120] in R version 4-10 [123].
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Gompertz SSM Fitting

We fit the Gompertz model in log space, by taking the logarithm of the latent states (X1:T )

and observations (Yt∈I), Dt = log(Xt) Fi = log(Yi). Under this transformation, the process

model and observation model can be written as a Normal Dynamic Linear Model (NDLM)

[151]:

Dt = a+ (1 + b)Dt−1 + ϵt, ϵt ∼ N (0, ϕ) (4.17)

Yi = Di + ϵobs,i, ϵobs,i ∼ N (0, τ) (4.18)

If the log observations (F) are available at a subset of time points, I ⊂ {1, . . . , T}, the

likelihood for the Gompertz model can be written as:

L (D1:T , a, b, τ, ϕ|F) ∝
T∏
t=1

√
ϕ exp

(
−ϕ
2
(Dt − a− (1 + b)Dt−1)

2

)
×
∏
i∈I

√
τ exp

(
−τ
2
(Fi −Di)

2
)
. (4.19)

Based on the likelihood for the Gompertz SSM, we need prior distributions for a, b, ϕ, τ , and

the initial latent state X0. Given the interpretation of a and b as the multiplicative constant

and the growth rate in the Gompertz model (Equation 4.7), we used Uniform(−10, 10) priors

for both a and b. There are important considerations when choosing the prior distributions

for ϕ and τ . Though the likelihood in Equation 4.19 can exploit conjugacy and use improper

Jeffreys priors [64] for both ϕ and τ , Gelman [44] show that the posterior is sensitive to

the choice of ϵ when using a Gamma(ϵ, ϵ) prior in JAGS to emulate the improper Jeffreys

prior. Following the advice of Gelman [44] and Polson and Scott [121], we use a central half

Cauchy prior distribution for the precision parameters. We note that though these citations

recommend central half Cauchy priors on variance parameters, under this choice of prior the

inverse variance (precision) is also implied to have a central half Cauchy prior (see Appendix

A for proof). We chose the initial condition prior, π(D0), to be normally distributed, with
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an initial mean of µ0, and an initial precision of ϕ0. Thus the priors are given by:

a ∼ Uniform(−10, 10), (4.20)

b ∼ Uniform(−10, 10), (4.21)

ϕ ∼ HalfCauchy(γ = 100), (4.22)

τ ∼ HalfCauchy(γ = 100), (4.23)

D0 ∼ N (µ0, ϕ0). (4.24)

The full conditional distributions for D1:T in the Gompertz model are analytically tractable,

allowing for Gibbs sampling [46]. For interior latent states (k = 1, 2, . . . , T − 1) the Gibbs

updates are given by:

π(Dk|·) ∼ N

(
ϕ((1 + b)Dk−1 + a+ (1 + b)(Dk+1 − a)) + τFk1k∈I

ϕ(1 + (1 + b)2) + τ1k∈I
, ϕ(1 + (1 + b)2) + τ1k∈I

)
.

(4.25)

The Gibbs updates for the initial latent state and the final latent state are given by

π(DT |·) ∼ N

(
ϕ(1 + (1 + b)DT−1 + a) + τFT1T∈I)

ϕ+ τ1T∈I
, ϕ+ τ1T∈I

)
, (4.26)

π(D0|·) ∼ N

(
µ0ϕ0 + ϕ(1 + b)(D1 − a)

ϕ(1 + (1 + b)2) + ϕ0

, ϕ(1 + (1 + b)2) + ϕ0

)
, (4.27)

where the function 1i∈I is an indicator function that is checking if an observation Fi is

available at time i.

We ran the MC for the Gompertz model for a total of 10,000 iterations, with a burn-in of

2,000 iterations, and an adaptation period (n.adapt in JAGS) of 1,000.
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Moran-Ricker SSM Fitting

We also fit Moran-Ricker model in log space by taking the logarithm of the latent states

(X1:T ) and observations (Yt∈I), Dt = log(Xt), Fi = log(Yi). Under this log transformation,

the process model and observation model can be written as:

Dt = a+Dt−1 + exp(bDt−1) + ϵt, ϵt ∼ N (0, ϕ), (4.28)

Yi = Di + ϵobs,i, ϵobs,i ∼ N (0, τ). (4.29)

Assuming that log observations (F) are available at a subset of time points, I ⊂ {1, . . . , T},

the likelihood for the Moran-Ricker model fit in log space is given by:

L (X1:T , a, b, τ, ϕ|YI) ∝
T∏
t=1

√
ϕ exp

(
−ϕ
2
(Dt − a−Dt−1 − exp(bDt−1))

2

)
,

∏
i∈I

√
τ exp

(
−τ
2
(Fi −Di)

2
)
. (4.30)

Prior distributions for the Moran-Ricker are identical to those chosen for the Gompertz

model (Equations 4.20 – 4.24). a and b were given Uniform(−10, 10), ϕ and τ were given

diffuse half Cauchy priors following recommendations by [44] and [121], and the initial latent

state D0 was given a normal prior centered at an initial mean µ0 with initial precision ϕ0.

Altogether, the prior equations are:

a ∼ Uniform(−10, 10),

b ∼ Uniform(−10, 10),

ϕ ∼ HalfCauchy(γ = 100),

τ ∼ HalfCauchy(γ = 100),

D0 ∼ N (µ0, ϕ0).
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We ran the MC for Moran-Ricker model for a total of 10,000 iterations, with a burn-in of

2,000 iterations and an adaptation period (n.adapt in JAGS) of 1,000.

Lognormal Moment Match SSM Fitting

We explored four different lognormal models using the moment matching approach. These

models include: the Gompertz process model embedded for unbiased mean process evolution

and unbiased observation model with constant variances (LGC), the Moran-Ricker process

model embedded for unbiased mean process evolution and unbiased observation model with

constant variances (LMRC), the Gompertz process model embedded for unbiased mean

process evolution and unbiased observation model with density dependent variances (LGD),

and the Moran-Ricker process model embedded for unbiased mean process evolution and

unbiased observation model with density dependent variances (LMRD). For the remainder of

this paper, we will be referring to the first two models (LGC, LMRC) as the constant variance

models. The term density dependent models will be used to describe the second two models

(LGD, LMRD) as well as the classical Gompertz and Moran-Ricker models. We carefully

chose these four models to embed common assumptions for different SSM formulations.

The unbiased mean process evolution, unbiased observation density function, and constant

variance models (LGC, LMRC) were chosen to mimic the assumptions of homoskedastic

Gaussian SSMs, which are not frequently used in lognormal SSMs. The embeddings for the

LGD and LMRD models were chosen to mimic the variance structure of the Gompertz and

Moran-Ricker models while maintaining an unbiased process evolution function and unbiased

observation density function.

The likelihood for the constant variance models is obtained by substituting the values for

f ∗(Xt−1|Θ), ϕt, g
∗(Xi|Θ) and τi from Table 4.1 into the LNM3 likelihood (Equation 4.16). For

the constant variance models, two of the prior choices were modified from the priors used for

the Gompertz and Moran-Ricker models. First, the prior distribution on a was modified to a
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Model Name f ∗(Xt−1|Θ) ϕt g∗(Xi|Θ) τi
LGC exp(a)(Xt−1)

b+1 ϕ Xi τ
LMRC Xt−1 exp(a+ bXt−1) ϕ Xi τ
LGD exp(a)(Xt−1)

b+1 ϕ(exp(a)(Xt−1)
b+1)−2 Xi τX−2

i

LMRD Xt−1 exp(a+ bXt−1) ϕ(Xt−1 exp(a+ bXt−1))
−2 Xi τX−2

i

Table 4.1: Process evolution functions, process error structure, observation density function,
and observation error structure for the four types of Lognormal Moment Matching SSMs
used. LGC and LMRC represent the Gompertz and Moran-Ricker process functions and
observation functions with constant process and measurement variance. LGD and LMRD
represent the Gompertz and Moran-Ricker process functions and observation functions with
density dependent process and measurement variance.

strictly positive uniform distribution, to reflect the non-negativity of the latent process X1:T .

Second, the prior on the initial condition, X0, was changed from N (µ0, ϕ0) to LogN (µ0, ϕ0)

since the constant variance models are not being fit in log space. Priors for b, ϕ, and τ

(Equations 4.21 - 4.23) were not changed. Altogether, the priors for the constant variance

models are

a ∼ Uniform(0, 10), (4.31)

b ∼ Uniform(−10, 10), (4.32)

ϕ ∼ HalfCauchy(γ = 100), (4.33)

τ ∼ HalfCauchy(γ = 100), (4.34)

D0 ∼ Lognormal(µ0, ϕ0). (4.35)

The density dependent moment matching models were fit in log space, by taking the log of

the latent states and observations; Dt = log(Xt), Fi = log(Yi). The model likelihood in log
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space for the LGD model can be written as:

L (D1:T , a, b, τ, ϕ|F) ∝
T∏
t=1

exp
(
− log(1+ϕ−1)−1

2
(Dt − (a+ (1 + b)Dt−1 − .5 log(1 + ϕ−1)))2

)
√

log(1 + ϕ−1)

∏
i∈I

exp
(
− log(1+τ−1)−1

2
(Fi − (Di − .5 log(1 + τ−1)))2

)
√

log(1 + τ−1)
. (4.36)

Similarly, the model likelihood in log space for the LMRD model can be written as:

L (D1:T , a, b, τ, ϕ|F) ∝
T∏
t=1

exp
(
− log(1+ϕ−1)−1

2
(Dt − (a+Dt−1 + b exp(Dt−1)− .5 log(1 + ϕ−1)))2

)
√

log(1 + ϕ−1)

∏
i∈I

exp
(
− log(1+τ−1)−1

2
(Fi − (Di − .5 log(1 + τ−1)))2

)
√

log(1 + τ−1)
. (4.37)

Priors for these two density dependent moment matching models were chosen to be identical

to those chosen for the Gompertz and Moran-Ricker models (Equations 4.20 – 4.24).

The specification of the density dependent variance as ϕt = ϕf ∗(Xt−1|Θ)2 and the log-linear

nature of the Gompertz curve conveniently lead to closed form full conditional distributions

for the latent states in the LGD model. Similar to the Gompertz model, this allows for

Gibbs sampling to be used to update the latent states, which helps to decrease computation

time. The derivation of the full conditional distributions is involved, and can be found in

the Gibbs Sampling Updates for Certain LNM3 Structures section of the Appendix A.

We ran the MC for each of the four moment matching models for a total of 10,000 iterations,

with a burn-in period of 2,000 iterations, and an adaptation period (n.adapt in JAGS) of

1,000.
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4.3.4 Simulation Study

We designed a simulation study to assess the forecasting performance of the six models

presented here, both under the cases where they are the true generating models and where

the models are mis-specified. Our three primary objectives for the simulation study were:

1) assess forecasting performance of each model when it is the true generating model and

when it is misspecified, when observation precision is being estimated 2) assess forecasting

performance of each model when it is the true generating model and when it is misspecified,

with fixed observation precision; 3) analyze the estimability of precisions for the models

considered in this manuscript.

To assess the forecast performance of our models, we used proper scoring rules [48]. Broadly,

proper scoring rules use information about the predictive distribution coupled with observa-

tions to assign a measure of agreement of the forecast and the observations [80]. Specifically,

Gneiting and Raftery [48] define a scoring rule to be proper if the expected value of the

score is maximized by a draw from the true forecast distribution, and show that both the

Continuous Ranked Probability Score (CRPS) and the Ignorance (IGN) score are proper

scoring rules. For our simulation studies, we consider the ignorance score [51, 130] and the

Continuous Ranked Probability Score [97]. Given a probability density function f(·) and

corresponding cumulative distribution function F (·) for our forecast, and an observation y,

the IGN and CRPS may be written:

IGN(y) = − log(f(y)); (4.38)

CRPS(y) =
∫
R
(F (z)− 1z≥y)

2dz. (4.39)

We use the IGN and CRPS scores to quantitatively compare forecasts, with lower scores

within a scoring rule indicating a better performance. CRPS has support over the pos-

itive real line, [0,∞), while IGN can take values between [− log(f(y∗)),∞), where y∗ =
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argmaxy∈Rf(y).

To analyze the estimability of precisions in each of our six models, we used the empirical

coverage rate of the 95% highest posterior density credible intervals for the precision param-

eters. Auger-Méthé et al. [5] show that SSMs can have difficulties recovering the process and

observation precisions even when the models are linear and Gaussian. To perform a thorough

analysis on the estimability of the precision parameters, we fit each model in two different

ways. The first model fixed the observation precision and estimated the process precision.

The second model estimated both the observation precision and the process precision. This

approach allowed us to assess the estimability by looking at the increase in empirical cover-

age rate for the process precision when the observation precision is fixed compared to when

the observation precision is estimated. By choosing to use coverage and proper scoring rules

to quantify our model performance we follow a common approach used in the literature –

using frequentist concepts to assess Bayesian models [15, 131, 91, 90].

Param. Gomp MR LGC LMRC LGD LMRD

exp(a) .82 1.26 1.21 1.11 1.21 1.11

b -.658 -.034 -.099 -.014 -.099 -.014

ϕ 70.2 51.9 4 4 70.2 70.2

τ 188.7 188.7 4 4 188.7 188.7

Table 4.2: Parameter values used for the six different model formulations to create thirty
synthetic datasets for each generating model.

To quantify our three objectives, the simulation study was performed as follows: for each of

the six models, thirty different synthetic datasets of length 575 were generated by simulating

from the underlying process model and observation model, with parameter values taken from

Table 4.2. Parameter values for each model were chosen so that the systems had similar mean

dynamics for each generating model. Each synthetic dataset was fit by each the six models
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discussed here. Models were initially fit with the first 365 days of data, and then forecasts

were computed for days 366 – 372, a seven day forecast horizon. The average IGN and CRPS

for the seven day forecasts horizons were computed using the logs_sample and crps_sample

function from the scoringRules R package [68]. Highest posterior density credible intervals

for the precisions being estimated were also saved. We then re-fit the models with the first

372 days of data, and forecasts were computed for days 373–379. This process was repeated

until the synthetic data was exhausted. Overall, each individual synthetic data set was fit a

total of 12 times – once by each model with observation precision known and once by each

model with observation precision estimated, for a total of 2,160 simulations.

This simulation study design helps us to assess our three objectives. Our first two objectives

were to assess the forecasting performance of each model under model mis-specification; both

in the case of estimated observation precision and in the case of fixed observation precision.

Our simulation study had each model fit each dataset twice: once with observation precision

fixed and once with observation precision estimated. The forecasts for each precision scenario

were evaluated using the CRPS and IGN scores. By using the same synthetic datasets,

we were able to isolate the differences in forecast performance for each precision scenario

and quantify the difference using paired t-tests with a Holm-Bonferroni adjustment [57].

With thirty different synthetic datasets generated by each model and each synthetic dataset

evaluated over thirty forecast horizons by each of the six models, we were able to get a

comprehensive picture of how each model performed under model mis-specification for each

of the precision scenarios. Our third objective was to analyze the estimability of precisions

for the models considered in this manuscript. We used differences between the scores of the

forecasts and coverage rates of the precision credible intervals to determine the severity of

underlying precision estimation problems. In the absence of estimation problems, we expect

that the empirical coverage rates of the precision parameters should achieve close to the

nominal coverage rate of 95%. CRPS and IGN are proper scoring rules, and their expected

scores are maximized by draws from the true forecast distribution [48]. Thus we expect that
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across a large number of simulations, the true generating model should score best in terms

of CRPS and IGN in the absence of estimation problems.

4.3.5 Case Study: San Juan Dengue Fever Hospitalizations

The objective of our case study was to assess the forecasting performance and identify

strengths, weaknesses, and similarities of the six models presented here using real data.

To do this, we used dengue fever hospitalization data collected in San Juan, Puerto Rico

taken from the NOAA dengue forecasting challenge [112, 66]. This dataset contains a time

series of weekly hospitalizations due to dengue fever from 1990 to 2013, for a total of 1196

time points. Our model fitting and evaluation was done on a transformed dataset,

Y∗ =
√

Y + 1, (4.40)

where Y represent the San Juan dengue data on the original scale and Y∗ represent the

transformed data. The square root helps to reduce large peaks that would be difficult to

capture even with a density dependent variance, while the 1 is added under the square root

to push values away from zero, as our lognormal models assume a strictly positive population

and the dataset contains multiple zeros.

We fit the transformed dengue hospitalization data using the same formulations of the Gom-

pertz and Moran-Ricker models used for the simulation study. The Gompertz curve has

previously been used for disease population modeling [see 11, 79, 94, for examples], and

the Moran-Ricker model has seen use in modeling risk of vector-borne disease tranmission

by mosquitoes [133]. The six models fit were identical to the ones used in our simulation

studies: the Gompertz model, the Moran-Ricker model, and the four LNM3 models (LGD,

LMRD, LGC, LMRC). Given that the hospitalization data were confirmed, post-processed

dengue cases, we assumed that the observation precision was large and fixed to allow us
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to still reasonably account for the possibility of false positives and false negatives. For the

density dependent variance models τ ≈ 4167 was used and for the constant variance models

τ ≈ 104.5 was used, giving the density dependent models and the constant variance models

similar observation precision on average. Each model used the same priors for a, b, ϕ, τ, and

D0 as were used in the simulation study.

Our case study analysis was designed to emulate monthly dengue hospitalization forecasts

to be used by hospitals so that they can use previous observations to inform their plans

for resource allocation. Models were initially fit using the first 396 weeks of data. Forecast

distributions were then generated for the next four weeks, and are used alongside observations

to compute CRPS and IGN scores. The model was then re-fit using the new observations

and forecast distributions are generated for the next four weeks. This iterative process was

repeated 200 times in total, until the entire 1196 observation time series was exhausted. We

compared models based on CRPS and IGN performance for one, two, three, and four week

horizons.

4.4 Results

4.4.1 Simulation Study

The first objective of our simulation study was to assess the forecasting performance of

each model under model mis-specification when observation precision is estimated. We ex-

pected that the true generating model would perform best on average for its thirty synthetic

datasets, using the average IGN and CRPS scores over each seven day forecast horizon.

For the case where both the process precision, ϕ, and the observation precision, τ , were

estimated, the Gompertz model (Gomp in Table 4.3) had the best forecasting performance

among the density dependent models (MR, Gomp, LMRD, LGD) for both CRPS and IGN.

The unbiased moment matching analog to the Gompertz, LGD, also had a strong perfor-
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mance, scoring second highest for IGN on all four density dependent variance models, and

scoring second highest for CRPS on three out of the four. For the constant variance models

(LMRC, LGC), the constant variance Moran-Ricker model (LMRC) had the best forecasting

performance for both CRPS and IGN.

Generating Model

Model MR Gomp LMRC LGC LMRD LGD

Average CRPS

MR .8587 .8027 .6496 .6362 .8752 .8970

Gomp .8344 .7773 .5997 .5952 .8279 .8500

LMRC .8356 .7810 .5913 .5889 .8411 .8672

LGC .8375 .7809 .5927 .5900 .8440 .8672

LMRD .8380 .7872 .6181 .6100 .8357 .8585

LGD .8357 .7789 .6080 .6016 .8310 .8517

Average IGN Score

MR 1.816 1.744 1.595 1.557 1.806 1.830

Gomp 1.785 1.710 1.514 1.494 1.751 1.774

LMRC 1.812 1.757 1.456 1.452 1.858 1.915

LGC 1.806 1.750 1.458 1.454 1.840 1.882

LMRD 1.793 1.723 1.537 1.507 1.762 1.790

LGD 1.792 1.714 1.530 1.500 1.755 1.778

Table 4.3: Average CRPS and IGN scores for the simulations where both τ and ϕ are
estimated. Columns represent the generating model for the synthetic datasets and rows
represent the models used to fit the datasets. Scores are averaged over thirty different syn-
thetic datasets and thirty different 7 day forecast horizon for each combination of generating
model and model used to fit the data. Bolded entries represent the lowest score for a given
generating model, and italicized entries represent the second lowest score.

The second objective of our simulation study was to assess the forecasting performance of
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each model under model mis-specification when observation precision was fixed. For the

simulations where the observation precision, τ , was fixed and the process precision, ϕ, was

estimated, we found higher consistency between our scoring rules and the generating model.

For the simulations that estimated both precision parameters (Table 4.3), the Gomp and

LGD models consistently outperformed the other density dependent variance models for

both scoring rules. In contrast, the simulations where τ was fixed and ϕ was estimated

(Table 4.4) showed a more equal representation among the density dependent models. For

the four density dependent generating models, the Moran-Ricker and its unbiased moment

matching counterpart scored the best for CRPS, with each model producing the lowest score

twice. When measuring performance with IGN, the Moran-Ricker and Gompertz models

each scored lowest twice. The density dependent models all scored similarly, agnostic to the

choice of true generating model, both for CRPS (max difference ≈ .0052) and for IGN (max

difference ≈ .006).
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Generating Model

Model MR Gomp LMRC LGC LMRD LGD

Average CRPS

MR .8332 .7770 .5968 .5945 .8230 .8492

Gomp .8358 .7774 .6000 .5954 .8276 .8508

LMRC .8357 .7813 .5911 .5891 .8337 .8619

LGC .8362 .7805 .5929 .5897 .8349 .8603

LMRD .8332 .7766 .5971 .5937 .8233 .8495

LGD .8359 .7777 .5999 .5959 .8282 .8510

Average IGN Score

MR 1.785 1.711 1.502 1.487 1.748 1.775

Gomp 1.788 1.710 1.515 1.494 1.752 1.774

LMRC 1.819 1.764 1.455 1.453 1.848 1.905

LGC 1.813 1.750 1.458 1.453 1.834 1.887

LMRD 1.786 1.712 1.505 1.486 1.752 1.780

LGD 1.788 1.710 1.513 1.494 1.752 1.776

Table 4.4: Average CRPS and IGN scores for the simulations where ϕ is estimated and
τ is known. Columns represent the generating model for the synthetic datasets and rows
represent the models used to fit the datasets. Scores are averaged over thirty different syn-
thetic datasets and thirty different 7 day forecast horizon for each combination of generating
model and model used to fit the data. Bolded entries represent the lowest score for a given
generating model, and italicized entries represent the second lowest score.

Our third objective was to analyze the estimability of precisions for each of the six models we

used. Our first investigation for the estimability of the precision parameters was to quantify

the differences in IGN and CRPS scores between the simulations where the observation, τ was

fixed and the simulations where τ was estimated. This investigation is also intimately related

to the performance of the models under model mis-specification, and therefore provides
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insight for all three of our objectives. To evaluate the impacts statistically, we used a paired

t-test. To do this, we took the average IGN and CRPS scores over each seven day forecast

horizon for the two different scenarios, and treating them as ”before” and ”after”. We justify

this by noting that each precision scenario was fit using identical synthetic datasets, with

the only difference being whether τ was estimated or not. Unsurprisingly, we found that

fixing the observation precision helped to improve forecasting performance for nearly all

models. The LGC and LMRC models performed significantly better in terms of CRPS when

τ was fixed (LGC: p = 4.7e-05; LMRC: p = .0032), but did not perform significantly better

in terms of IGN (LGC: p = .68; LMRC: p = .36). The Moran-Ricker, LMRD, and LGD

models all had statistically significant decreases in IGN (MR: p < 2e-16; LMRD: p = 2.1e-09;

LGD: 2.8e-05) as well as CRPS (MR: p < 2e-16; LMRD: p < 2e-16; LGD: 1.4e-05) when τ

was fixed. Fixing the observation precision did not significantly impact the performance of

the Gompertz model for IGN (p = .84) or CRPS (p = .82).

Our second investigation for the estimability of the precision parameters was to use the

empirical coverage rate of the HPD intervals. The empirical coverage of the highest posterior

density (HPD) credible intervals for ϕ unanimously increased for the simulations where τ

was fixed, and all six models had empirical coverage that falls close to the nominal rate.

For the simulations where both ϕ and τ are estimated, Table 4.5 shows that the Gompertz

model and LGD models produce the best empirical coverage for the precision parameters.

This is likely to be related to their excellent performance in these simulations, where other

models struggled to consistently produce precision estimates that contained the ground truth

in their 95% HPD intervals. The empirical undercoverage of the Moran-Ricker (MR) model

for both ϕ and τ may also explain its poor performance in the forecast results from Table

4.3, where it came in last place for CRPS for all six generating models and last place for

IGN for three out of six generating models, including the case where it was itself the true

generating model.
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Generating Model

Coverage MR Gomp LMRC LGC LMRD LGD

ϕ Cvg 72.3% 89.1% 89.2% 86.9% 85.8% 89%

τ Cvg 74.7% 96.4% 92.1% 91.8% 91.7% 95.3%

ϕ Cvg, τ fixed 95.2% 94.8% 94.1% 93.6% 94.2% 94.9%

Table 4.5: Average empirical HPD credible interval coverage for the precisions of each gen-
erating model, under the scenarios where both ϕ and τ are estimated and when τ is fixed.
Coverage rates are averaged over all thirty synthetic datasets and all thirty forecast horizons,
for a total of 900 samples.

4.4.2 Case Study: San Juan Dengue Fever Hospitalizations

We found clear differences in forecasting performance between the models that had constant

variance (LMRC and LGC in Table 4.6) and the models that had density dependent vari-

ance (MR, Gomp, LMRD, LGD in Table 4.6). The constant variance models had better

performance for one and two week forecast horizons, both when measured by CRPS and by

IGN. For three week forecast horizons, the constant variance models perform similarly to the

density dependent variance models in terms of CRPS, but perform comparatively poorly in

terms of IGN. At the four week forecast horizon, the constant variance models are the worst

performing of the six for both CRPS and IGN.

Similarities were also found in forecasting performance between groups of models. The

Gompertz model (Gomp) and the Gompertz density dependent moment matching model

(LGD) performed very similarly for all forecast horizons, quantified by both CRPS and IGN.

The Moran-Ricker model (MR) and the Moran-Ricker density dependent moment matching

model (LMRD) also displayed similarity in CRPS and IGN forecast performance across all

forecast horizons. These results are not surprising though, as the moment matching models

are structurally similar to their traditional counterparts, with slight modifications to the
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process and observation models to remove bias.

We found that quantifying the overall best performing forecast models across all horizons is

dependent on the metric that we choose – CRPS or IGN. Using CRPS as our metric, the

constant variance Moran-Ricker and constant variance Gompertz (LMRC and LGC) perform

the best overall. Choosing to use IGN as the metric instead, the Gompertz model and the

unbiased density dependent Gompertz model (LGD) have the best overall performance.

Indeed, we see that although both scoring rules used are proper and therefore favor the true

distribution in expectation, we have no guarantee of agreement for finite sample sizes.

Fitting Model

Horizon MR Gomp LMRC LGC LMRD LGD

Average CRPS

One Week .5247 .5197 .4985 .4964 .5244 .5205

Two Week .5976 .5961 .5837 .5818 .5972 .5954

Three Week .7213 .7317 .7247 .7256 .7219 .7321

Four Week .8334 .8446 .8546 .8518 .8330 .8439

Overall .6692 .6730 .6654 .6639 .6691 .6730

Average IGN Score

One Week 1.491 1.472 1.305 1.304 1.490 1.467

Two Week 1.502 1.495 1.491 1.481 1.497 1.495

Three Week 1.631 1.624 1.751 1.719 1.630 1.624

Four Week 1.762 1.752 1.898 1.877 1.764 1.755

Overall 1.597 1.586 1.611 1.595 1.595 1.585

Table 4.6: Average CRPS and IGN scores for models fit on the transformed dengue data.
Scores were computed for one, two, three, and four week horizons, and the entries in the
table are averaged across a total of 200 forecast horizons. Bolded entries represent the lowest
score for a given horizon, and italicized entries represent the second lowest score.
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4.5 Discussion

Although the Gaussian distribution is a common choice in modeling applications, many eco-

logical processes have strict lower bounds that are not accurately captured by using Gaussian

models. These problems are especially exacerbated in forecasting applications, where pro-

cess uncertainty grows as the forecast horizon increases. Embedding assumptions about the

evolution of the latent process and variance dynamics into non-Gaussian SSM frameworks

can be challenging. To remedy this, we proposed a method for embedding non-negative

process and observation models with arbitrary variance structures into lognormal Bayesian

SSMs using moment matching (LNM3). The primary advantage of our method is flexibility:

it allows practitioners to create stochastic lognormal distributions for process and measure-

ment components that are unbiased in terms of their mean evolution and observations, have

a flexible variance that can change through time, and offer a closed form Markov transition

density that allows models to be fit with MCMC software such as JAGS [119].

We used a computationally intensive Monte Carlo approach to assess the forecasting per-

formance of the six models discussed here, using a total of 180 synthetic datasets that were

fit twelve times each: once by each model with the observation precision estimated, and

once by each model with the observation precision fixed. We found that the forecasting

performance of our models under mis-specification was heavily dependent on whether or

not the observation precision was fixed, and also dependent on the metric used for evalu-

ation: CRPS or IGN. With the observation precision estimated, the Gompertz model had

the best average CRPS and IGN scores across all of the synthetic dataset for four out of

the six generating models. With the observation precisions fixed at the true values, we

found that every model except for the Gompertz model had a significant increase in forecast

performance when measured by average CRPS or average IGN. For these simulations, no

one model dominated the others in terms of forecast performance for either metric. The

Gompertz model outperforming the true generating models identifies one of the difficulties
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of using proper scoring rules to evaluate forecast performance. Although the CRPS and IGN

scores should favor the true generating model in expectation, we are unlikely to have access

to the ground truth parameter values and instead have to rely on estimates of parameter

values from our MCMC.

Even simple linear Gaussian SSMs can be prone to estimation problems, especially for pa-

rameters that govern the variance structure of the process and observations [5]. We found

that our models were no exception to this: when both the process precision and observa-

tion precision were estimated, no model came within 5% of the nominal 95% coverage rate

of the process precision HPDs. We also found that estimation of the precision parameters

was closely related to forecasting performance. For the simulation where both observation

and process precision parameters were estimated, the two models with the best performance

(Gompertz and LGD) were also the models that had empirical coverage rates closest to 95%

for the precision parameters. Similarly, the Moran-Ricker model was 20% below the nom-

inal coverage rate for both the observation and process precision parameters, and had the

worst average CRPS scores for every generating model, including itself. For the simulation

studies where the observation precision was fixed, we found that coverage rates for each of

the six models were close to the nominal 95% coverage rate, with the empirical coverage

rates ranging from 93.6% to 95.2%. This supports the findings from Auger-Méthé et al. [5],

who show that fixing the measurement error in linear Gaussian SSMs can help to alleviate

estimation problems.

The six models fit here showed similar overall performance when used to generate iterative

four week forecasts of dengue fever hospitalizations using data from the NOAA Dengue

Forecasting Challenge [112, 66]. For the 200 four week forecasts, the mean CRPS scores

averaged over all forecast horizons differed by .009 between the best and worst performing

model, and the mean IGN scores over all forecast horizons differed by .026. We found that the

constant variance models had the best performance for one and two week forecast horizons

in terms of average CRPS and IGN scores, and also had the best overall performance for
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CRPS averaged across all forecast horizons. The strong near term forecasting performance

of the constant variance LNM3 models lends credence to the power of being able to embed

sensible model dynamics into lognormal SSM frameworks, as although an unbiased process

evolution, observation function, and constant variance is a common structure for Gaussian

SSMs, it is rare to fit lognormal SSMs with these assumptions

Though the methods presented here use the lognormal distribution to represent stochasticity,

the moment matching approach broadly applies to other distributions as well, and provides

opportunities for future directions. For example, the gamma distribution has been considered

for state space modeling [142] and stochastic differential equation modeling [31] applications,

has non-negative support, can be parameterized in terms of its mean and variance using a

moment matching approach, and has lighter tail behavior than the lognormal distribution.

The beta distribution, which is beginning to be used in SSMs [see 113, 34, for examples],

has a useful support for modeling proportions and can also be parameterized in terms of its

mean and variance to allow for moment matching approaches.

In conclusion, to address biological non-realism in models of physical systems, we proposed a

novel lognormal state space modeling framework that preserves positivity of the latent pro-

cess and observations. The methods presented here allow practitioners to embed complex

process models and error dynamics into state space models while ensuring that the forecasts

they get out of the model agree with the constraints of the system. The flexibility of the

moment matching method for representing complex systems along with the variance parti-

tioning of the state space model provide a coherent statistical framework for forecasting, in

terms of biophysical realism, forecast assessment, and uncertainty quantification.
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Figure 4.3: Boxplots of log CRPS and log IGN over all forecast horizons for each of the
six models used to fit the transformed dengue hospitalization data. The log transform was
used for visualization, as its monotonicity preserves the minimum, maximum, and median
information displayed by the boxplots.
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Chapter 5

Ecosystem Carbon Budgets using

Density Dependent Lognormal SSMs

5.1 Introduction

State space models (SSMs) are powerful tools that have been used in a variety of ecological

applications, including population modeling and dynamics [78, 77], animal movement [111,

115, 98] and disease ecology [61, 59]. SSMs allow for uncertainty to be partitioned between

the error in the underlying dynamical system, measurement error, and initial condition error.

This partitioning and propagation of the uncertainty makes SSM frameworks a strong choice

for ecological forecasting applications, due to the importance of quantifying the stochasticity

of numerous sources that contribute to the predictability of a process [24, 35].

While SSMs have seen growing popularity in other ecological applications, they still remain

largely unused in the ecosystem carbon modeling literature. Instead, ecosystem carbon

models are often fit using a Bayesian model data fusion framework (MDF) to combine model

output with observations [see 70, 12, 13, 155, for examples]. There are advantages to these

methods: they are computationally cheap compared to fitting SSMs, and they still provide

quantifications of parameter uncertainty and measurement error. One disadvantage of these

methods is that they do not quantify the uncertainty in the process model itself, instead

assuming that the underlying process model is a perfect simulator of the system dynamics.

With carbon uptake and release by terrestrial ecosystems expected to play a major role
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in climate change projections [75, 132, 83], uncertainty in our process models needs to be

handled meticulously to ensure that our predictions are reliable [74]. In this regard, the state

space modeling approach can help to provide a cohesive statistical framework for uncertainty

quantification in ecosystem carbon forecasts.

When ecosystem carbon models are fit as SSMs, they are typically fit as linear Gaussian

SSMs [see 145, 146, as well as this work, Chapter 3 for examples]. In this paper, we propose

a novel non-linear, non-Gaussian SSM based on the lognormal distribution. Our lognormal

SSM embeds the DALEC2 process model [12] for the unbiased stochastic evolution function,

an unbiased observation model to relate the measurements to the latent states, and uses a

density dependent variance structure [33] for both the latent process and observation models.

Using a lognormal distribution to model the latent process and the observations allows us to

enforce the positivity constraint of the latent states, while the density dependent variance

structure allows the heteroskedasticity of to vary with the magnitude of the latent process.

One of the challenges of choosing to use a non-linear, non-Gaussian SSM is that it denies

us access to analytic approaches such as Gibbs sampling [46, 22], Kalman filtering [71], and

extensions of the Kalman filter [2, 23, 41]. These complex SSMs instead have to rely on a

set of techniques called Sequential Monte Carlo methods [SMC; 36, 37]. Among the most

popular of these SMC techniques is the particle filter [52, 21]. Particle filtering offers a

number of fitting methods for SSMs, including both maximum likelihood based approaches

[61, 62] and Bayesian approaches [42, 3]. The robust parameter uncertainty quantification

and simultaneous estimation of parameters and latent states from Bayesian particle filtering

methods does not come without trade-offs. While results exist for tuning and adapting

proposal distributions [e.g. 4, 128] and theoretical results exist for choosing the number of

particles [38, 136, 118], particle based Markov Chain Monte Carlo (MCMC) methods can

remain difficult to tune in practice. In this paper, we carefully consider the trade-offs of

these types of fitting methods for our difficult problem: a six dimensional dynamical system

with sparse observations and 22 free parameters, run on a daily time step for 1950 days.
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A historical roadblock for constraining complex mechanistic process based modeling ap-

proaches is data: both availability and quality. Long term observation networks such as the

National Ecosystem Observatory Network (NEON) help to ameliorate both of these issues

by providing regular measurements of meteorological driver variables, carbon stocks, and

carbon fluxes with a standardized collection procedure. With 47 different terrestrial NEON

sites sampled over a variety of ecosystem and climate type, long term time series of NEON

data will help to provide insight on the terrestrial carbon budget in the US. In this study,

we fit our SSM using data from the University of Notre Dame Environmental Research

Center (UNDE) NEON site. We use NEON data products to extract a carbon budget for

UNDE, and incorporate two additional data sources: MODIS LAI [29] and atmospheric

carbon measurements from the Scripps project [73].

The study we present here had two objectives. Our primary objective was to identify suitable

methods to fit our data-limited SSM using NEON data from UNDE, and our secondary objec-

tive was to assess the out of sample prediction for Leaf Area Index (LAI) and Net Ecosystem

Exchange (NEE) using our model. We considered two fitting methods, the Iterated Filtering

algorithm of Ionides et al. [62] (IF2) and the Particle Marginal Metropolis Hastings algorithm

of Andrieu et al. [3] (PMMH). Both of these algorithms have shown promising results in other

studies involving complex state space models. For example, iterated filtering algorithms such

as IF2 have facilitated the use of computational likelihood-based methods for complex SSMs

in disease ecology [see 60, and references therein], while PMMH has previously been used

to estimate latent states and parameters for applications that embed mechanistic process

based models into Bayesian hierarchical modeling frameworks [see 67, 114, for examples].

To assess the out of sample prediction for LAI and NEE we used two strictly proper scoring

rules, the Continuous Ranked Probability Score [CRPS; 97] and the Ignorance score [IGN

51]. Strictly proper scoring rules provide a unified framework for comparing probabilistic

predictions, and have been used in a wide variety of fields to assess predictive performance

of modeling approaches [see 48, and references therein for many examples].
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The layout of the remainder of this Chapter is as follows: in Section 2 we discuss the data

extraction process, details of the process and state space models, and background on SMC

and the fitting methods used here. In Section 3 we present results for our SSM estimates of

six different carbon pools, and evaluate out of sample prediction. In Section 4 we provide a

discussion of findings of our study, places for improvement, and future work.

5.2 Methods

5.2.1 Data Collection

We chose the University of Notre Dame Environmental Research Center (UNDE) NEON site

in Wisconsin, U.S.A. (46.23391◦ N, -89.537254◦ W) as the location for our carbon budget

analysis. We used a total of seven NEON data products to create our carbon budget. All

NEON data products were downloaded using the neonstore CRAN package [14].

The process model for our analysis, DALEC2 [12], requires four daily meteorological driver

variables: minimum temperature, maximum temperature, shortwave radiation, and atmo-

spheric carbon. Minimum and maximum temperatures were extracted from NEON’s triple

aspirated air temperature measurements [DP1.00003.001; 109] by taking the minimum and

maximum temperatures from daily subsets of the data. We computed daily shortwave radi-

ation by aggregating 30 minute shortwave radiation measurements from NEON’s shortwave

radiation data product [107] up to a daily timescale, and converting the units to MJm−2d−1.

Missing daily temperature and daily shortwave radiation data were imputed using a linear

interpolation. We obtained a daily time series of atmospheric CO2 using monthly CO2

data from the Scripps project [73] and assigning each day within a given month its monthly

atmospheric CO2 value.

To extract biomass carbon, we first downloaded vegetation structure data from NEON
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[DP1.10098.001; 110]. NEON vegetation structure has data available from tower plots, which

are plots located in the measurement footprint of the flux tower that measures carbon flux

and meteorology, and are usually placed in the most prevalent vegetation type. We found

that three tower plots (UNDE037, UNDE043, UNDE065) had annual biomass measurements

for the past 6 years. Then, we subset the vegetation structure data to consider only these

plots. The subsetted data was cleaned to ensure that: individuals classified as alive were

not previously classified as dead; individuals with genus and species information for some

years that were missing for other years were given the correct genus and species information;

missing stem diameter measurements were linearly interpolated between observations; plants

that go from alive to dead were given turnover flags; plants whose stem diameter measure-

ments increase from one year to the next were given growth flags; plants whose measurement

heights increase to over 130cm for the first time were given ingrowth flags; standing dead

plants were given a standing dead flag. We used the cleaned measurements of stem diameter,

genus, and species information to calculate above-ground biomass using the allodb R pack-

age [50]. Above-ground biomass was converted to above-ground biomass carbon (BiomassC)

by multiplying by %C, the number of grams of carbon per gram of Biomass. For our study,

%C was given a value of .5. To calculate yearly growth, ingrowth, and turnover rates for

each plot, for a given year i and a plant survey set K we used the following formulas:

Growthi =
∑

k∈Survey

1(GrowthFlagk) · (BiomassCi(k)− BiomassCi−1(k)),

Ingrowthi =
∑

k∈Survey

1(IngrowthFlagk) · BiomassCi(k),

Turnoveri =
∑

k∈Survey

1(TurnoverFlagk) · BiomassCi(k).

For each combination of years i and j, j > i, we checked that the following equation holds
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for each of our plots, to ensure that there was no biomass carbon that was unaccounted for:

∆BiomassCj
i =

j∑
i

(Growth + Ingrowth − Turnover).

We extracted yearly biomass measurements, yearly standing dead measurements, and yearly

growth, ingrowth, and turnover rates by taking the average over the three plots.

To extract soil carbon measurements, we downloaded the Megapit soil physical and chemical

properties dataset from NEON [DP1.00096.001; 108]. We computed an estimate of total soil

carbon by summing the product of the layer width, layer bulk density number (ρ), and

%Carbon over each megapit soil horizon:

Soil Carbon ≈
∑

h∈Horzion
(TopDepth(h)− BottomDepth(h)) · ρ(h) · %C.

For root carbon estimates, we downloaded the Root biomass and chemistry data prod-

uct from NEON [DP1.10067.001; 106]. We subset the data to only include the UNDE037,

UNDE043, and UNDE065 tower plots. We obtained root carbon measurements by summing

the root mass divided by its sample area, and then taking the average over the three plots.

For NEE measurements, we first downloaded the bundled eddy covariance data product

from NEON [DP4.00200.001; 104]. To make a time series of daily NEE measurements,

we extracted the 30-minute turbulent CO2 fluxes, and checked to see if at least 50% of

measurements passed NEON’s QAQC for a specific date. If they did, we aggregated them

up to a daily timescale, and converted the units to gCm−2. Otherwise, NEE measurements

for that date were treated as missing.

To obtain data on litterfall, we downloaded the litterfall and fine woody debris production

and chemistry dataset from NEON [DP1.10033.001; 105]. This data product contains in-

formation on samples collected using litter traps. Litter traps are fixed area containers left
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out for a period of time to accumulate litter. Information is available on: dates the traps

were set and collected, area of the trap, amount of litter collected, and location (plotID).

To extract daily rates of litterfall for our three plots of interest, we first subset the litterfall

dataset to contain only litter traps from UNDE037, UNDE043, and UNDE065. Next, for a

given date t, we further subset the litterfall dataset to look at litter traps that were present

during date t. For each plot, we computed:

Litterfall(t) =
∑

i∈Traps

Dry Mass(i)
Duration(i)TrapArea(i) .

Then, we took the average over the plots gave us a time series of approximate daily mea-

surements of the litterfall flux across all littertraps for each of our three tower plots. We

note that these measurements were approximate because they were obtained by taking the

average across each duration of the littertraps in the field.

We obtained a semi-continuous time series of four day NASA MODIS leaf area index (LAI)

estimates at UNDE from a repository of Oak Ridge National Laboratory using their fixed

subset tool [101, 29]. We performed QAQC on the MODIS LAI data by only considering

periods where 80% or more of the measurements were non-missing. Average measurements

for these periods were computed by taking the mean of the non-missing observations.
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Figure 5.1: Diagram describing the different sources of data and tools used to create our
carbon budget at UNDE. Grey boxes denote different data sources and tools that were used,
blue boxes denote downloaded data, and orange ovals denote final curated measurements of
carbon stocks, fluxes, and meteorological driver variables.
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5.2.2 DALEC2 Process Model

To model the carbon dynamics at UNDE, we used the Data Assimilation Linked Ecosystem

Carbon model version two (DALEC2) [12]. DALEC2 combines and generalizes its prede-

cessors, DALEC evergreen (DALECev) and DALEC deciduous (DALECde) [see 43, 154, for

references] to allow for modeling of mixed forest types, which is what we expect to have at

UNDE. In contrast to many previous approaches that use DALEC2 in a model data fusion

(MDF) framework [see 143, 93, 117, 13, for examples], we fit DALEC2 as a state space model

by adding an error structure to the process model equations. This approach allows us to

partition between stochasticity in the evolution of carbon through time and measurement

error associated with field observations.

DALEC2 models the evolution of carbon stored in six different pools of a forest at a daily

time resolution. These pools, also referred to as stocks , include: foliage carbon (C(t)
f ); above

ground woody stem and coarse root carbon (C(t)
w ); fine root carbon (C(t)

r ); litter carbon

(C(t)
lit ); long term soil organic matter carbon (C(t)

som); and rapid turnover soil organic matter

carbon (C(t)
lab). The evolution of these six carbon stocks are governed by 19 different process

parameters. We note that our model differs slightly from the traditional DALEC2 model in

the sense that we have reparameterized components of the soil and litter carbon. We added

an ag2bg parameter to separate the above ground and below ground plant biomass mod-

els, so that above ground biomass can be directly compared to observations. The notation,

interpretations, and units of the parameters are detailed in Table 7.1. In addition to the

process parameters, DALEC2 also requires daily driver variables (D(t)). These driver vari-

ables include daily minimum and maximum temperatures, daily shortwave radiation, and

daily atmospheric CO2. To estimate the gross photosynthetic production (GPP; denoted by

G(·) in subsequent equations), DALEC2 uses the Aggregrated Canopy Model [ACM; 153]

with the daily meteorological drivers. For our ACM calculations we followed the procedure

of [43], and fixed all of the internal ACM parameters except for ceff . This approach differs
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Param. Description Units
f †
a Proportion of GPP allocated to autotrophic respiration unitless
f †
lab Proportion of GPP allocated to labile carbon unitless
f †
f Proportion of GPP allocated to foliage carbon unitless
f †
r Proportion of GPP allocated to fine root carbon unitless
f †
w Proportion of GPP allocated to wood carbon unitless
θw Daily turnover rate of wood day−1

θr Daily turnover rate of roots day−1

θsom Daily turnover rate of soil organic matter day−1

θtot Sum of daily litter turnover and mineralization day−1

θp Proportion of θtot allocated to litter turnover unitless
Θ Parameter for temperature dependent rate parameter ◦C −1

do Start day of leaf regrowth onset unitless
df Start day of leaf fall unitless
ceff Canopy efficiency unitless
clma Leaf mass per area gCm−2

clf Proportion of leaves lost annually unitless
cro Length of labile carbon release period day
crf Length of leaf fall period day
ag2bg Proportion of woody carbon above ground unitless

Table 5.1: Information on the notation, physical interpretations, and units for each of the
nineteen process parameters in our reparameterization of DALEC2. Parameter descriptions
for our reparameterization of DALEC2 are adapted from [12]. † – these parameters obey a
simplex constraint, i.e. fa + flab + ff + fr + fw = 1, with each component non-negative.

slightly from the ACM approach in [12] which estimates both clma and ceff . This was due

to large mismatches in data streams to constrain foliage carbon. We fixed clma at a value of

75, based on empirical results from [134] that were calibrated at UNDE.

In addition to modeling the stocks of carbon components within a forest ecosystem, DALEC2

also models fluxes. Stocks at time t represent the total accumulation of carbon for a com-

ponent, while fluxes at time t represent different ecosystem processes that move carbon into

the system, out of the system, and between different stocks within the system. In DALEC2,

the processes that are modeled by fluxes include photosynthetic allocation (A), transfer to

another stock (D), turnover (L), and respiration (R). The functional forms of the fluxes

included in DALEC2 are:
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R(t)
a = G(D(t), clma, ceff )fa (5.1)

A
(t)
f = G(D(t), clma, ceff )ff (5.2)

A(t)
r = G(D(t), clma, ceff )fr (5.3)

A(t)
w = G(D(t), clma, ceff )fw · ag2bg (5.4)

A
(t)
lab = G(D(t), clma, ceff )flab (5.5)

L
(t)
f = Φf (t, df , crf , clf )C

(t−1)
f (5.6)

L(t)
w = θwC

(t−1)
w (5.7)

L(t)
r = θrC

(t−1)
r (5.8)

L
(t)
lab = Φo(t, do, cro)C

(t−1)
lab (5.9)

R
(t)
lit = θtotθp exp(ΘT̄ (t))C

(t−1)
lit (5.10)

R(t)
som = exp(ΘT̄ (t))θsomC

(t−1)
som (5.11)

D
(t)
lit = θtot(1− θp) exp(ΘT̄ (t))C

(t−1)
lit . (5.12)

T̄ (t) is defined as the average temperature for day t. Φo(·) and Φf (·) are functions that

govern the transfer of labile carbon to foliage carbon during the period of leaf regrowth

(Φo(·)) and the transfer of foliage carbon to litter carbon during the leaf fall period (Φf (·)).

Their definitions are given by:

Φf (t, df , cr, clf ) =

√
2

π
· − log(1− clf )

crf
exp

−

(
sin
(
t− df + ψf

s

) √
2s

crf

)2
 ,

Φo(t, do, cro) =

√
2

π

(
6.9088

cro

)
exp

−

(
sin
(
t− do + .6245cro

s

) √
2s

cro

)2
 ,

where s = 365.25/π and ψf = −
√
W0

(
(2π log(1− clf )2)

−1)/√2, where W0 is the principal

branch of the Lambert W function [81].
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With the functional forms of the fluxes defined (Equations 5.1 – 5.12), we can construct

the update equations for the DALEC2 process model using a first principles approach. A

given carbon stock at time t, C(t)
s , s ∈ {f, w, r, lit, som, lab} can be written as its value at

time t− 1 minus the carbon lost from respiration (carbon leaving the system) or the carbon

transferred to another stock from stock s (carbon remaining in the system but moving to a

different location), plus the carbon gained from photosynthetic allocation (carbon entering

the system) or carbon being transferred to stock s from another stock. This can be written

mathematically as:

E[C(t)
s |C(t−1)] = C(t−1)

s − L(t−1)
s −R(t−1)

s + A(t−1)
s ±D(t−1)

s . (5.13)

Using this process model skeleton combined with Equations 5.1 – 5.12, the set of DALEC2

80



update equations that specify the evolution of carbon through time can be written as:

E[C(t)
f ] = C

(t−1)
f − L

(t−1)
f + A

(t−1)
f

= C
(t−1)
f − Φf (t, df , crf , clf )C

(t−1)
f + Φo(t, do, cro)C

(t−1)
lab +G(D(t), clma, ceff )ff

(5.14)

E[C(t)
r ] = C(t−1)

r − L(t−1)
r + A(t−1)

r

= C(t−1)
r − θrC

(t−1)
r +G(D(t), clma, ceff )fr (5.15)

E[C(t)
w ] = C(t−1)

w − L(t−1)
w + A(t−1)

w

= C(t−1)
w − θwC

(t−1)
w + ag2bg ·G(D(t), clma, ceff )fw (5.16)

E[C(t)
lit ] = C

(t−1)
lit −R

(t−1)
lit −D

(t−1)
lit + A

(t−1)
lit

= C
(t−1)
lit −

[
θtotθp exp(ΘT̄ (t)) + θtot(1− θp) exp(ΘT̄ (t))

]
C

(t−1)
lit

+
[
Φf (t, df , crf , clf )C

(t−1)
f + θrC

(t−1)
r

]
(5.17)

E[C(t)
som] = C(t−1)

som −R(t−1)
som +D(t−1)

som + A(t−1)
som

= C(t−1)
som − θsom exp(ΘT̄ (t)C(t−1)

som +
θwC

(t−1)
w )

ag2bg
+ θtotθp exp(ΘT̄ (t))C

(t−1)
lit (5.18)

E[C(t)
lab] = C

(t−1)
lab − L

(t−1)
lab + A

(t−1)
lab

= C
(t−1)
lab − Φo(t, do, cro)C

(t−1)
lab +G(D(t), clma, ceff )flab. (5.19)

There are two additional quantities of importance that we will now define using the stocks

and fluxes from DALEC2. The first quantity is net ecosystem exchange (NEE), which is

the difference of autotrophic respiration and NPP. NEE is typically measured using eddy

covariance techniques on data collected from flux towers [8, 7]. Since flux towers are taking

measurements of ecosystem exchange processes multiple times per day, these measurements

can be aggregated up to daily measurements. This makes NEE a frequently available data

product for NEON and other ecosystem observation networks [100]. The second quanity

is the leaf area index (LAI). LAI is a dimensionless quantity that measures the amount of
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foliage in the canopy at a particular time. Moderate Resolution Imaging Spectroradiometers

(MODIS) provides semi-continuous time series of reflectance measurements using satellite

imaging. These measurements of reflectance are then used as model input to generate esti-

mates of LAI at four and eight day intervals at 1km resolution [156]. The functional forms

of NEE and LAI are written as:

LAI(t) =
C

(t)
f

clma

(5.20)

NEE(t) = (fa − 1)G(D(t), clma, ceff ) + (θsomC
(t)
som + θtot(1− θp)C

(t)
lit ) exp(ΘT̄ (t)). (5.21)

NEE and LAI are important because their observations come at a much higher frequency than

direct field measurements of the carbon stocks. Time series data of LAI help to constrain

Cf , the most dynamic stock in DALEC2, and also provide additional information on the

parameters that govern the Cf update equation (Equation 5.14). NEE measurements are

a function of the dynamics of all carbon pools [12], but isolating the net process from the

individual components corresponding to these processes is its own challenge.

5.2.3 State Space Model

The six carbon stocks in DALEC2 are fit as a state space model [6, 116, 40]. Let C(t) =

[C
(t)
f , C

(t)
r , C

(t)
w , C

(t)
lit , C

(t)
som, C

(t)
lab]

T denote the vector of carbon stocks at time t. Then, we can

rewrite the DALEC2 process model equations (Equations 5.14 - 5.19) from the previous

section using matrix notation as:

E[C(t)|C(t−1)] =MtC(t−1) + P(t), where (5.22)
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Mt =



(1−Φ
(t)
f ) 0 0 0 0 Φ

(t)
o

0 (1−θr) 0 0 0 0

0 0 (1−θw) 0 0 0

Φ
(t)
f θr 0 (1−β(t)

1 ) 0 0

0 0 θwag2bg
−1 β

(t)
1 (1−β(t)

2 ) 0

0 0 0 0 0 (1−Φ
(t)
o )


,P(t) =



G(D(t), clma, ceff )ff

G(D(t), clma, ceff )fr

G(D(t), clma, ceff )fw ·ag2bg

0

0

G(D(t), clma, ceff )flab


,

(5.23)

where β(t)
1 = θtotθp exp(ΘT̄ (t)) + θtot(1− θp) exp(ΘT̄ (t)) and β2 = θsom exp(ΘT̄ (t).

The first component of our SSM is the initial condition distribution, pθ(C(0)). The initial

condition distribution represents a probability distribution for the starting values of our

process model. We chose a multivariate normal distribution, given by:

C(0) ∼ MVN(µ0,Σ0), (5.24)

µ0 = [C
(0)
f , C(0)

r , C(0)
w , C

(0)
lit , C

(0)
som, C

(0)
lab ]

T

Σ0 = Diag(σ2
f,0(C

(0)
f )2, σ2

r,0(C
(0)
r )2, σ2

w,0(C
(0)
w )2, σ2

lit,0(C
(0)
lit )

2, σ2
som,0(C

(0)
som)

2, σ2
lab,0(C

(0)
lab )

2).

Four of the entries of µ0 were fixed: C(0)
f , C

(0)
r , C

(0)
w , and C

(0)
som. This is because data from

NEON was available to provide good initial guesses for their starting values. The remaining

two entries, C(0)
lit and C

(0)
lab , were estimated. σ2

s,0, where s ∈ {f, r, w, lit, som, lab} are fixed

parameters that govern the variance of the initial condition distribution.

The second component that we need to build our SSM is a stochastic evolution function

fθ(C(t)|C(t−1)) that moves the latent carbon stocks through time given the set of process

parameters (θ). A key assumption about SSMs is that this process evolution must be first

order Markov; the value of the current state should depend only on the value of the state that

directly precedes it. We model the stochastic evolution of our latent carbon states through

time using a multivariate lognormal moment matching approach to embed the DALEC2
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process model (this work, Chapter 4).

f(C(t)|C(t−1)) ∼ MVLN
(
log
(
MtC(t−1) + P(t)

)
− .5 log(11T + Ω)1, log(11T + Ω)

)
, (5.25)

where Mt and P(t) take their values from Equation 5.23, and 1 denotes the 6× 1 one vector,

and Ω = Diag(ω2
f , ω

2
r , ω

2
w, ω

2
lit, ω

2
som, ω

2
lab) is a matrix that governs the density dependent

variance of the process evolution function. Each diagonal component of Ω is estimated. The

resulting distribution has a conditional expectation and conditional variance given by:

E[f(C(t)|C(t−1))] =MtC(t−1) + P(t) (5.26)

V[f(C(t)|C(t−1))] = (MtC(t−1) + P(t))T · Ω · (MtC(t−1) + P(t)). (5.27)

The lognormal moment matching embedding of DALEC2 used here was designed such that

the stochastic evolution is unbiased at each timestep (Equation 5.26) and the density de-

pendent evolution variance scales quadratically with the DALEC2 process model predictions

(Equation 5.27).

The third component that we need to build our SSM is an observation density function gC(·)

to relate our latent carbon stocks to their respective field measurements. Let C(t)
obs be a (possi-

bly incomplete) vector of observations, C(t)
obs = [C

(t)
f,obs, C

(t)
r,obs, C

(t)
w,obs, C

(t)
lit,obs, C

(t)
som,obs, C

(t)
lab,obs]

T .

We construct the observation density function using a multivariate lognormal moment match-

ing approach, which gives us:

gC(C(t)
obs|C(t)) ∼ MVLN

(
log
(
C(t)

)
− .5 log(11T + Σ)1, log(11T + Σ)

)
, (5.28)

where Σ = Diag(σ2
f , σ

2
r , σ

2
w, σ

2
lit, σ

2
som, σ

2
lab) is a fixed matrix that governs the measurement

error of the carbon observations. The conditional expectation and variance of gC(·) are given
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by:

E[gC(C(t)
obs|C(t))] = C(t) (5.29)

V[gC(C(t)
obs|C(t))] = (C(t))T · Σ · (C(t)). (5.30)

Similar to the evolution function, fθ(·), our observation model was embedded into gθ(·) such

that the carbon measurements are unbiased conditioned on the latent states, with a density

dependent measurement error variance that scales quadratically with the value of the latent

states.

The final component of our SSM is defining auxiliary observation functions to relate the

flux observations to the latent states. For LAI, NEE, and Lf , we assume the following

relationships for their observation functions:

LAI(t) ∼ N

(
C

(t)
f

clma

, σ2
f

C
(t)
f

2

c2lma

)
(5.31)

L
(t)
f ∼ N (Φf (t, df , crf , clf )C

(t−1)
f , β0 + σ2

lf (Φf (t, df , crf , clf )C
(t−1)
f )2) (5.32)

NEE(t) ∼ N (µnee, τ
2
nee), with (5.33)

µnee = (fa − 1)G(D(t), clma, ceff ) + exp(ΘT̄ (t))(θtot(1− θp)C
(t)
lit + θsomC

(t)
som)

τ 2nee = (.1 + σnee|µnee|)2,

where σ2
f , β0, σ

2
lf , and σnee are fixed parameters that control the measurement error of LAI,

litterfall, and NEE.

In order to incorporate yearly wood carbon turnover (Lw) and yearly above ground wood

carbon photosynthetic allocation rates (Aw) extracted from NEON data, we introduce two
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accumulator variables so that the first order Markov assumption of the SSM is not violated:

SL(t)
w = SL(t−1)

w + θwC
(t−1)
w , SL(0)

w = 0

SA(t)
w = SA(t−1)

w +G(D(t), clma, ceff )fw · ag2bg, SA(0)
w = 0.

Then, we assume the following relationship between the latent accumulations and the ob-

served accumulations of turnover and allocation:

SL
(t)
w,obs ∼ N (SL(t)

w , ω
2
SL(SL

(t)
w )2) (5.34)

SA
(t)
w,obs ∼ N (SA(t)

w , ω
2
SA(SA

(t)
w )2), (5.35)

where ω2
SL and ω2

SA are fixed parameters that govern the measurement error of the obser-

vations of the turnover and allocation accumulation processes. Then, our full observation

function used to relate the latent carbon stocks to their measurements, gθ(·), is a probability

distribution proportional to the product of Equations 5.29, 5.31, 5.32, 5.33, 5.34, and 5.35.

5.2.4 Sequential Monte Carlo and Particle Filtering

To fit the SSM presented here, we use two different approaches based on Sequential Monte

Carlo techniques [SMC; 36, 21, 37]. In the context of our problem, we use SMC methods to

approximate the probability distribution of the latent carbon stocks during the first t days

given the observations during the first t days. This probability distribution can be written

as pθ(C(1:t)|C(1:t)
obs ), and is referred to as a marginal filtering distribution. The θ subscript

here is used as a reminder that the probability distribution of the latent states given the

observations is dependent on additional process parameters. The sequential aspect comes

into play by using a forwards recursion relation given by:

pθ(C(1:t+1)|C(1:t+1)
obs ) ∝ pθ(C(1:t)|C(1:t)

obs ) fθ(C(t+1)|C(t)) gθ(C(t+1)
obs |C(t+1)). (5.36)
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The distributions in Equation 5.36 do not omit a closed form solution in general. However,

we can use a bootstrap particle filter [52, 21] to generate samples from pθ(C(t)|C(1:t)
obs ). These

samples give us an approximation to the marginal likelihood for a fixed parameter set θ,

Lθ(C(1:T )
obs ). An outline and description for a simple particle filter algorithm for our problem

is given below:

1. Take np draws from the initial condition distribution (Equation 5.24). These draws,

C(0)
k , k = {1, 2, ..., np}, will be referred to as particles for the remainder of the al-

gorithm. These particles become the starting values for the stocks in the DALEC2

process model.

2. Repeat the following process for t = 0 : T :

(a) If an observation C(t)
obs is available, compute the weights for each particle using

the observation density function gθ(·) (Equation 5.29) using the formula:

wk,t = gθ(C(t)
obs|C

(t)
k ).

These weights give us a measure of how likely the carbon measurements are given

each of the np different particles. Next we create a vector of normalized weights,

given by:

pk,t =
wk,t∑np

k=1wk,t

.

If an observation is not available at time t, particles are given uniform weights of

pk,t =
1
np

and step (b) becomes optional.

(b) Use the vector of normalized weights at time t, p1:np,t, to perform a weighted

bootstrap resampling of the particles C(t)
1:np

. The resampled particles are denoted

C(t)∗

1:np
. Gordon et al. [52] show that C(t)∗

1:np
∼ pθ(C(t)|C(1:t)

obs ) using a result from

Smith and Gelfand [140].
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(c) Generate particles for time t+1 by sampling from the stochastic evolution function

fθ(·) (Equation 5.23) using the resampled particles, C(t)∗

1:np
,

C(t+1)
k ∼ fθ(C(t+1)|C(t)∗

k ), k = {1, 2, ..., np}.

These particles, C(t+1)
1:np

, are samples from the distribution p(C(t+1)|C(1:t)
obs ) [52].

Then, we can compute an approximation to the marginal likelihood by factoring it as

Lθ(C(1:T )
obs ) = pθ(C(0)

obs)
∏T

t=1 p(C
(t)
obs|C

(t−1)
obs ) [37]. The individual components of the product

can be rewritten as:

pθ(C(t)
obs|C

(1:t−1)
obs ) =

∫
gθ(C(t)

obs|C(t))fθ(C(t)|C(t−1))pθ(C(t−1)|C(1:t−1)
obs ) dC(t−1)

=

∫
gθ(C(t)

obs|C(t))pθ(C(t)|C(1:t−1)
obs ) dC(t)

= E[gθ(C(t)
obs|C(t))] w.r.t. the measure pθ(C(t)|C(1:t−1)

obs ).

Then, we can use the fact that the resampled particles for time t, C(t)∗

1:np
, are approximate

draws from pθ(C(t)|C(1:t)
obs ). Thus we can approximate the marginal likelihood using the

particle weights as:

L̂θ(C(1:T )
obs ) =

T∏
t=1

(
np∑
k=1

wk,t

np

)
. (5.37)

Our final quantities of interest from SMC methods are the smoothing distributions: pθ(C(t)|C(1:T )
obs ).

In contrast to the marginal filtering distribution, the smoothing distributions represent the

density of the latent carbon stocks at time t given the entire set of measurements. We can

sample from the smoothing distributions entirely using output from the particle filter [see

37, for several algorithms], which allows us to build up full empirical distributions of the

latent state trajectories as we run the particle filter at little additional cost.
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5.2.5 Latent State and Parameter Estimation

The first method that we used to fit our SSM was the IF2 algorithm from Ionides et al.

[62]. The IF2 algorithm uses parameter perturbations alongside an iterative Bayes map to

maximize a surrogate likelihood. We give details of the algorithm below, but first need to

introduce a few pieces of notation borrowed from Ionides et al. [62]. Let ht(θ|σ), t = 0, ..., T

be a collection of densities used to perturb the parameter set θ, and let σ1:niter
be the set of

perturbations.

1. Generate an initial parameter vector for each of the np particles, θ(0)1:np
.

2. Repeat the following for i = 1 : niter

(a) For k = 1 : np, sample a perturbed initial parameter vector from the initial

perturbation density,

θ
(0)
i,k ∼ h0(θ|θ(0)i−1,k, σi).

For k = 1 : np, draw samples from the initial condition distribution (Equation

5.24) conditional on θ
(0)
i,k :

C(0)
i,k ∼ pθi,k(C(0)).

(b) Repeat the following for t = 1 : T :

i. Draw a sample from the tth perturbation density, θ(t)∗i,k ∼ ht(θ|θ(t−1)
i,k , σm), for

each particle.

ii. Using these new parameter perturbations, evolve each particle using its evo-

lution function to obtain, C(t)∗
i,k ∼ f

θ
(t)
i,k
(C(t)|C(t−1)

i,k ).

iii. If an observation is available, compute the weight of each particle using the
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observation density:

wk,t = g
θ
(t)
i,k
(C(t)

obs|C
(t)∗
i,k ).

iv. Compute the normalized weights of each particle, given by:

pk,t =
wk,t∑np

k=1wk,t

.

v. Perform a weighted bootstrap resample of size np of the pairs {θ(t)∗i,k ,C
(t)
i,k∗}

with weights wk,t. These weighted resamples are referred to as θ(t)i,1:np
and

C(t)
i,1:np

, respectively.

(c) Set the parameter vectors for each particle to be their value at the final timestep:

θi,k = θ
(T )
i,k .

3. Final result: θ1:niter,1:np

The output of the IF2 algorithm is a particle swarm of the parameter vector θ, which [62] show

is concentrated around the maximum likelihood estimate for sufficiently small perturbations.

To perform a global optimization using the IF2 algorithm, initial parameter values were

randomly drawn from a hypercube of acceptable values. IF2 was then run for 150 iterations,

using 2,000 particles, and a multivariate normal random walk perturbation density with a

geometric cooling fraction of 0.5. Parameter values at the final IF2 iteration were then used

to compute five particle filter approximations to the marginal log-likelihood, using 10,000

particles each. This process was repeated a total of 600 times, and initial starting values,

time series of the 150 IF2 iterations, and the five marginal likelihood approximations were

saved for each run.

The second method that we used to fit our SSM was Particle Markov Chain Monte Carlo
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[PMCMC; 42, 3], in particular we use the Particle Marginal Metropolis Hastings algorithm

(PMMH) from Andrieu et al. [3]. The PMMH algorithm uses a particle filter to jointly

propose a candidate latent state and parameter set, and then uses a Metropolis-Hastings

step [99, 54] where the evaluation of the likelihood is replaced with the particle filter approx-

imation of the marginal likelihood (Equation 5.37). An outline of the PMMH algorithm is

given below. We introduce the notation q(·) as the proposal distribution, p(θ) as the prior

distribution over the parameter set θ, and niter as the number of PMCMC iterations.

1. Initialize θ0, a vector of starting values for the parameter set θ that will be estimated.

Use an SMC algorithm with np particles to generate a sample C(1:T )
0 . Compute the

initial marginal likelihood estimate for θ0, Lθ0(C
(1:T )
obs ).

2. Repeat the following for i = 1 : niter

(a) Generate a proposed value by sampling θ∗ ∼ q(·|θ(i−1)).

(b) Use an SMC algorithm with np particles to generate a sample C(1:T )
∗ and its

marginal likelihood approximation, Lθ∗(C(1:T )
obs ).

(c) Sample Y ∼ Unif(0, 1). If Y ≤ p(θ∗)Lθ∗ (C
(1:T )
obs )

p(θ(i−1))Lθ(i−1)
(C(1:T )

obs )
· q(θ(i−1)|θ∗)
q(θ∗|θ(i−1))

, set θ(i) = θ∗ and

C(1:T )
(i) = C(1:T )

∗ . Otherwise, set θ(i) = θ(i−1) and C(1:T )
(i) = C(1:T )

(i−1).

Andrieu et al. [3] show that this algorithm converges to sampling from the posterior distri-

bution independent of the number of particles used.

In contrast to standard MCMC methods, which aim to tune the proposal distribution to

increase the efficiency of the algorithm, the PMMH has two items that require tuning: the

proposal distribution and the number of particles. While theoretical results for choosing

the number of particles exist in the literature [e.g. 38, 118, 136], many of them carry heavy

assumptions about the behaviour of L̂θ and do not work well in practice. For our analysis,

we ran ten chains of PMCMC for 10,000 iterations each, with an adaptive normal random
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walk proposal [128], with 4,000 particles. PMMH can be slow to mix for the amount of

computation power it requires [62]. To rectify this, we follow the approach of Ionides et al.

[62], and start our PMCMC chains at the best parameter set obtained from the 600 IF2

runs. This ensures that our chains start in an area of high posterior density, so that we can

make efficient use of computational resources.

The SSM presented here was fit using the pomp package [76] for R [123], using the mif2

and pmcmc functions. To decrease computation time as much as possible, all models were

implemented in C using pomp’s Csnippet functionality.

5.2.6 Prediction Evaluation

To test the predictive performance of our SSM, our model was fit to 1800 days of data

from October 3rd, 2016 to September 6th, 2021. The endpoint, September 6th, was chosen

because it was the day that the final datapoint on Woody carbon was measured. We held

out 150 day time series data of LAI and NEE from September 7th, 2021 to February 2nd,

2022 for prediction validation.

To evaluate our model predictions, we used strictly proper scoring rules [48]. Generally,

scoring rules measure the accuracy of probabilistic forecasts, where lower scores within the

same scoring rule indicate better forecast performance. Scoring rules are proper if their

expected values are maximized by draws from the true predictive distribution, and are said

to be strictly proper if this maximum is unique [48]. We assessed our forecasts with two

different strictly proper scoring rules: the Continuous Ranked Probability Score [CRPS;

97] and the Ignorance score [IGN; 51]. To define CRPS and IGN, we first introduce some

notation. Let f(·) be the probability density function for a forecast event, let F (·) be the

cumulative density function associated with f(·), and let y be a realization of the event.
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Then, the forms of CRPS and IGN are given by:

CRPS(y) =
∫
R
(F (z)− 1z≥y)

2dz; (5.38)

IGN(y) = − log(f(y)). (5.39)

To compute CRPS and IGN scores, we used Monte Carlo output of the smoothing distribu-

tions of the latent states [80], and used the crps_sample and logs_sample functions from

the scoringRules R package [68].

5.3 Results

We performed an IF2 [62] global search to find suitable parameter values. These parameter

values were used to generate estimates of the latent states using a Monte Carlo approach

with the particle filter. We show these results, out of sample predictive validation, and a

discussion of our findings. We found that the PMMH algorithm [3] did not work well for our

problem, and did not generate parameter estimates with a large enough effective sample size

to be used for inference and out of sample predictive validation. We provide a dicussion of

these findings, and why the PMMH algorithm may have performed poorly for our problem.

5.3.1 IF2 Results

To perform a global search on our parameter space, we ran the IF2 algorithm 600 times

from diffuse starting values. To compute Monte Carlo confidence intervals for the six latent

carbon stocks, we took 1,000 draws from the particle smoothing distribution with 10,000

particles using the best set of parameters found during our global IF2 search.

We found that the woody carbon (Cw) (Figure 5.2, top left panel) was relatively well con-
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strained with six observations, where the estimates of the latent above-ground woody biomass

all agreed with observations. The woody carbon is also an excellent demonstration of the

accumulation of uncertainty in between observations. In our density dependent SSM, the ω

parameters that control the process stochasticity have the interpretation of governing the

percent error of the process model at each time step. Despite the IF2 estimate of ωw being

relatively low (ω̂w = .013), and all of the observations being over 7000 gCm−2, the 90%

confidence intervals of the smoothing distributions still predict that woody carbon can drop

as low as 4,500 gCm−2. This accumulation of process variance can also be seen to a larger in

the soil organic matter carbon pool (Figure 5.2, bottom right panel). The soil carbon uncer-

tainty accumulates and grows over the fitting period despite having regular measurements

of NEE to help to constrain it.

While our SSM did a reasonable job of capturing the relationship between foliage carbon

and LAI dynamics, it also predicted large spikes in the latent foliage carbon (Figure 5.2, top

right panel). These spikes occur during the middle of every year, and conincide with the

start of the leaf regrowth period, where Labile carbon (Figure 5.2, bottom right panel) is

transferred to foliage. This is likely because we have no direct data sources to constrain the

labile carbon – it is only indirectly constrained through measurements of LAI, litterfall, and

NEE. The labile carbon (Clab) latent state estimates (Figure 5.2, bottom right panel) also

illustrate the importance of using a density dependent lognormal SSM. The labile carbon

shows a large uncertainty in the fall and winter months, and very little uncertainty in the

summer and spring months. This type of dynamic would not be possible with a constant

variance Gaussian error structure, which either require the process variance to be small in the

fall and winter months, or to be large in the spring and summer months, which runs the risk

producing negative latent state estimates for the labile carbon. Indeed, even Gaussian density

dependent models may produce latent state estimates below zero in the spring and summer

months, depending on the magnitude of the labile carbon process variance parameters.

Litter carbon uncertainty (Figure 5.2, middle left panel) rapidly increased from the initial
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Figure 5.2: Time series plots of the six latent states from our state space model. Means
and 90% highest density intervals were estimated using a Monte Carlo approach, by running
1,000 particle filters using the parameter values obtained from our global IF2 search using
10,000 particles. Blue triangles denote observed measurements of the carbon stocks from
NEON data and MODIS LAI.
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conditions until NEE data streams became available to help constrain it. Once the NEE

data came online, it was able to decrease the uncertainty in the estimates for the latent litter

carbon, despite the high amounts of noise in the NEE observations. The root carbon (Cr)

latent state estimates (Figure 5.2, middle left panel) had a relatively small uncertainty, but

show an unrealistic downwards trajectory. This is not surprising to us, as the root carbon

only had two observation: one used for the initial condition, and one in 2019 that was almost

600 gCm−2 smaller than the initial condition we used, and no additional sources of data to

constrain it. We expect that incorporating additional NEON root carbon measurements in

the future will help improve the unrealistic trajectory that we see here.

A table of final parameter values from the model IF2 global search is included in Appendix

A.

5.3.2 IF2 Prediction Evaluation

The secondary objective of our study was to assess the forecasting performance of our model

for two quantities: LAI and NEE. To do this, we fit the model to 1800 days of data using

the IF2 algorithm, and held out 150 day time series of LAI and NEE for out of sample

validation. Using the parameter estimates obtained from our IF2 global search, we ran the

model forwards using a particle filter and used the observation models to create Monte Carlo

confidence intervals for our predictions.

96



Sep Nov Jan

0
1

2
3

4
5

6

Date

P
re

di
ct

ed
 L

A
I

Mean Prediction
95% HD Interval
Observations

Sep Nov Jan

−
10

−
5

0
5

Date

P
re

di
ct

ed
 N

E
E

Figure 5.3: Predictions of LAI (top) and NEE (bottom) generated by our SSM using the
best parameter values from the IF2 global search. The solid red lines denote the mean from
1,000 draws of the predictive distribution using 10,000 particles, and dashed red lines denote
the bounds of the 95% highest density intervals. Black triangles denote observations of the
held out LAI and NEE data. Prediction dates range from September 7th, 2021 to February
2nd, 2022

We found that our model had good predictive performance on the held out time series of

LAI. The mean predictions of our Monte Carlo estimates are far from the LAI observations

in September, but have large 95% confidence interval bounds due to the large measurement

error associated with the LAI observations. Our mean predictions fall close to the downwards
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trajectory seen in October, and accurately capture the leveling off of the LAI in the winter

months. This is reflected in the evaluation for our predictions (Figure 5.4, top panels),

where the CRPS and IGN scores are large at first and then decrease and level off as the

forecast horizon increases. Our density dependent variance structure for the latent process

and observation models allow the uncertainty of our LAI predictions to grow slowly in the

winter months, where the DALEC2 process model is relatively confident that there will not

be large increases in foliage carbon due to leaf regrowth.
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Figure 5.4: Ignorance scores (triangles; left side) and CRPS scores (triangles; right side) for
the LAI predictions (top) and NEE predictions (bottom). The dashed and solid lines were
used to connect between points in the absence of observations, and were obtained by using
a linear interpolation between realizations of IGN and CRPS scores.

We found that out model had a difficult time capturing the NEE dynamics at the start

of the prediction period. From the start of the prediction period in September until mid-

way through October, our model consistently underestimated the out of sample NEE data.
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However, our model was able to accurately capture the stabilization of the out of sample

NEE data from November through January. We believe that the underestimation of our

model at the start of the time period may be due to biases in the process parameters. In

the winter months the NEE tends to stay close to zero, since it is a function of the average

temperature. Our observation model for NEE, Equation 5.33, has a variance that is a linear

function of the DALEC2 NEE predictions. This may be encouraging the model to fit the

θsom, θtot, and θp parameters to the NEE data in the winter months, where deviations are

more harshly discouraged by our density dependent variance model.

5.3.3 PMMH Results

We found that the PMMH algorithm did not perform well for our problem. We ran ten

chains of PMMH total, each for 10,000 iterations using 4,000 particles. Each chain took

around 82 hours to run, and our total acceptance rate across the ten chains was .12%. This

left us with effective sample sizes that were too small to reliably use for inference on the

parameters and latent states. However, we acknowledge that this is a very difficult problem

for PMMH. By using the PMMH formulation of particle MCMC, we are effectively proposing

11,722 parameters at once: 1950 latent states for each of the six carbon stocks, and the 22

free parameters for the stochastic formulation of the DALEC2 process model. This type of

high dimensional proposal complexity, combined with our sparse observations and non-linear,

non-Gaussian SSM will likely be a difficult task for any Bayesian MCMC based method.

5.4 Discussion

In ecological applications, uncertainty can be introduced from a wide variety of sources.

A few of these include initial condition uncertainty, parameter uncertainty, measurement

error, and process stochasticity. Different systems exhibit different levels of sensitivity to
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these sources of uncertainty, with no one source of uncertainty carrying the majority of the

weight across all applications [35]. This makes partitioning uncertainty between different

sources a necessary endeavor to learn about our system and make informed predictions about

its future behavior. In this study, we embedded the DALEC2 process model into a novel

non-linear, non-Gaussian state space model that accounted for initial condition uncertainty,

measurement error, and process stochasticity. Our acknowledgement and quantification

of process stochasticity sets us apart from the most common technique in the terrestrial

ecosystem carbon modeling literature: Bayesian MDFs [70, 12, 155].

Our study compared two different approaches for fitting our complex, computationally in-

tensive SSM: PMMH and the IF2 algorithm. We allocated roughly the same amount of

computational resources to PMMH and IF2, with 600 IF2 runs totaling roughly 900 core

hours and ten chains of PMMH with 10,000 iterations totaling approximately 820 core hours.

However, this is not a fair comparison in practice for two reasons. The first reason is that

600 IF2 runs took 30 hours when distributed across 30 cores, while PMMH took 82 hours

to run ten chains in parallel. The second reason is that the PMMH chains were started at

the values obtained from our global IF2 search. If we were to start each chain from dif-

fuse initializations of the parameters, it is likely that these chains would need to be run for

much longer than four days. These findings support the claims of Ionides et al. [62] that

PMMH can be computationally inefficient compared to the IF2 algorithm. We also found

that PMMH did not produce usable estimates of parameter uncertainty for our problem,

accepting only .12% of proposed moves with 4,000 particles. While increasing the number

of particles would help to decrease the variance of the particle filter approximation of the

marginal likelihood and potentially lead to better mixing, the computation time necessary

scales linearly with the number of particles used and would increase our computation time

from the order of days to the order of weeks or months. With that being said, for appli-

cations that hinge on the parameter uncertainty quantification that PMMH offers, several

weeks may not be unreasonable at all. Though we did not apply them here, applications
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that require parameter fully Bayesian parameter uncertainty quantification with limited time

may consider single iteration methods such as the Liu-West filter [92] or single simulation

methods such as Approximate Bayesian Computation [ABC; 138].

We found that while our model had a strong performance for predicting LAI data, there is

room for improvement in predicting NEE fluxes. Our model consistently underestimated the

out of sample NEE data at the start of the prediction period before eventually leveling off and

providing good predictions in the late autumn and early winter months. We hypothesized

that this may be due to parameter biases for θsom, θtot, and θp, but this claim is difficult to

test without additional measurements of soil organic matter carbon to help to constrain the

soil turnover parameter. It is also possible that the underestimation of the out of sample

NEE data is an indication that we need to revisit our observation model. NEE was the

most difficult component to build an observation model for. Our NEE data showed large

measurement error, with differences between successive observations having differences as

large as ±15 gCm−2 in the spring and summer months, but tame behavior in the winter

months when the temperature is low. In an attempt to capture this, we used a density

dependent normal distribution that was a linear function of the DALEC2 NEE predictions,

to still reasonably account for measurement error in the winter months. In future work

we plan to analyze the effects of different NEE observation functions more rigorously, such

as the Laplace distribution approach of Hollinger and Richardson [56], and see if different

choices help to alleviate the underestimation problems that we saw here.

The fitting methods that we applied in this study provide interesting directions for future

work. Both of the fitting methods used in this study relied on the particle filter. One

of the strengths of using a particle filter to approximate the likelihood is that it does not

require evaluation of the evolution function fθ(·), it only requires that we have a mechanism

for simulating from it. While this property, sometimes referred to as ”plug-and-play” [16,

55], is not directly beneficial to the work here, it allows for inference of carbon dynamics

using models with higher complexity than DALEC2 in future work. The fact that we have
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embedded the DALEC2 process model using a lognormal evolution function also means that

we have a closed form Markov transition density, and thus we can seek alternative fitting

methods to the particle filter. For example, since our likelihood can be written in closed

form, we can use standard MCMC algorithms to estimate the parameters and latent states.

This eliminates the number of particles as a tuning parameter, but introduces the need to

create and tune proposal distributions for sampling the latent states.

With ecosystem carbon uptake projected to be a major player in the evolution of climate

in coming decades, we propose the use of non-linear non-Gaussian state space models to

enforce biologically realistic lower bounds and quantify the different sources of uncertainty

in predictions of process based terrestrial ecosystem models. We identified suitable fitting

methods for the sparse, nuanced data that are used to constrain these models, and demon-

strate their efficacy in predicting out of sample data. With regular data streams becoming

available from a number of long term observatory networks across the globe, these models

will become better constrained and help us to bridge gaps in our understanding of carbon

dynamics in terrestrial ecosystems. The methods we discuss here provide a flexible frame-

work for embedding any stochastic carbon model that has a simulative mechanism using

the open source pomp R package, making them accessible to practitioners from a variety of

different backgrounds and interests.

102



Chapter 6

Discussion

The primary focus of this dissertation was to provide a thorough investigation into the diffi-

culties associated with embedding mechanistic process based ecosystem models into statisti-

cal state space modeling frameworks. In this work, three of the problems that we considered

were: identifiability of process parameters; trade-offs between ecological realism/model com-

plexity and computational requirements; and finding suitable fitting methods for the limited

amount of data that we have to constrain these types of models. The SSM framework was a

major thread through out the three main chapters of this dissertation. This was due to the

importance of quantifying the uncertainty in our process based models, which are usually

treated as deterministic. As the importance of quantifying process stochasticity continues

to be acknowledged [35, 88], this work can provide insight and solutions to the practical dif-

ficulties of using ecosystem state space models to quantify multiple sources of uncertainty.

In Chapter 3, we embedded the DALECev terrestrial ecosystem carbon model [43, 154] as

the process model in a Gaussian SSM. This followed the approach of Thomas et al. [145],

who embed a different process model into a Gaussian SSM [the 3PG model of 82]. Using

DALECev, we generated synthetic datasets with varying levels of observation frequency and

flux data available to constrain the processes. We used a simulation study based approach to

diagnose potential problems with using the DALECev process model in an SSM framework.

This simulation based approach gave us access to the ground truth parameter values that

were used generate the synthetic datasets, so that we could compare model estimates of the

latent states and parameters to the results obtained from our SSM. One of our objectives for
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the work done in this chapter was to find a suitable method of assessing the identifiability

of the process parameters. Many existing approaches to assessing identifiability can struggle

with long time series (e.g. the Hessian approaches of Bulla and Berzel [20] or the symbolic

algebra methods of Cole and McCrea [27]) or with many parameters (such as the profile

likelihood methods of Viallefont et al. [149]), and our SSM had both of these. We found

that the data cloning methods of Ponciano et al. [122] and Lele et al. [84] provided an

approach to assessing identifiability that could handle many parameters, long time series

data, and was easy to insert into the Bayesian Markov Chain Monte Carlo framework that

we used to estimate the parameters and latent states. Using data cloning, we showed that

the process parameters of DALECev may be unidentifiable when only using data that is

typically available from the National Ecosystem Observatory Network (NEON).

While Chapter 4 may seem like the odd one out, it provided an important bridge between

the third and fifth chapters. The idea behind embedding positive process models into lognor-

mal distributions was largely motivated by work done in Chapter 3. When starting chains

from diffuse parameter values in order to test for convergence, we found that some starting

parameter values would generate negative latent states. This could create a feedback loop

in the process model and cause the latent states to tend towards negative infinity. A search

for suitable distributions to model positive processes led us to a wealth of literature on log-

normal state space models, such as Dennis et al. [33], Patterson et al. [115], Buckland et al.

[19], Mäntyniemi et al. [102], and acquainted us with the Gompertz [49] and Moran-Ricker

[125] models that served as comparators in our study. The desire to embed an unbiased

process evolution with arbitrary variance structure is what led to the LNM3 method that

we present in Chapter 4. This work tied back to our objectives by examining the trade-off

between model complexity and computation time. Using lognormal distributions instead of

normal distributions allowed us to enforce the positivity constraint of our latent states and

observations, making our models more ecologically realistic. However, this also eliminated

the option of using Gibbs sampling [46] to update our latent states for all but one of our
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LNM3 models. Instead, we had to rely on the random walk Metropolis-Hastings [99, 54]

algorithm to update the latent states and parameters, which led to notable increases in the

computation time when using JAGS [119].

In Chapter 5 we focused on finding suitable fitting methods for real data that is used to

constrain these types of process based modeling approaches. We used data available from

NEON, NASA, and the Scripps project to extract measurements of carbon stocks, mea-

surements of fluxes, and meteorological driver variables at the University of Notre Dame

Environmental Research Center in Wisconsin. We developed a novel lognormal SSM that

embeds the DALEC2 process model [12] in a similar manner to our approach from Chapter

3, but with a density dependent variance structure using the approach from Chapter 4. We

tested two different fitting methods, the Iterated Filtering algorithm of Ionides et al. [62]

(IF2) and the Particle Marginal Metropolis Hastings algorithm of Andrieu et al. [3] (PMMH).

We found that parameter set obtained using the IF2 algorithm had good performance for out

of sample prediction of Leaf Area Index and Net Ecosystem Exchange, although we believe

that there is room for improvement in future work. The PMMH algorithm did not perform

well, accepting only .12% of samples across ten chains. One of the difficulties of using the

IF2 algorithm is that it does not have the robust parameter uncertainty quantification that

Bayesian methods offer. In future work, we plan to continue to seek Bayesian approaches

that work for this problem so that we can provide fully specified uncertainties in forecasting

applications where we plan to use this model.

The work done in this dissertation aims to find solutions to difficulties that arise when using

process based models in state space frameworks, and make the SSM more accessible to prac-

titioners. The work presented here can provide guidance to scientists who desire uncertainty

quantification in their process based ecosystem models, which will become increasingly im-

portant as we continue to ask questions about the future that hinge on the evolution of our

world’s ecosystems. Indeed, while the work we present here was very statistically focused,

we must remember not to lose sight of the forest ecosystem models for all of the trees.
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Chapter 7

Appendix A

7.1 Derivation of NDLM Gibbs Updates

Suppose that x is from a latent process governed by evolution function

xt|xt−1 ∼ N (Atxt−1 + bt, ϕ), t ∈ {1, ..., T}

Suppose for I ⊂ {1, ..., T} there exists observation data yI governed by the observation model

yi|xi ∼ N (xi, τ), i ∈ I

With arbitrary prior on ϕ, a fixed τ , and initial condition prior

x0 ∼ N (µ0, ϕ0),

there exist tractable full conditionals for xt that are derived here to be used with Gibbs

sampling.
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7.1.1 Initial Latent State

π(x0|·) ∝ exp
(
− ϕ

2
(x1 − A1x0 − bt)

2
)

exp
(
− ϕ0

2
(x0 − µ0)

2
)

∝ exp
(

− ϕ

2

(
x21 − 2x1(A1x0 + b1) + (A1x0 + b1)

2
)
− ϕ0

2

(
x20 − 2x0µ0

))

∝ exp
(

− ϕ

2

(
A2

1x
2
0 − 2x0(A1x1 − A1b1)

)
− ϕ0

2

(
x20 − 2x0µ0

))

∝ exp
(

− x20
2

(
ϕA2

1 + ϕ0

)
+ x0

(
µ0ϕ0 + ϕA1(x1 − b1)

))

∼ N

(
µ∗ =

µ0ϕ0 + ϕA1(x1 − b1)

ϕA2
1 + ϕ0

, ϕ∗ = ϕA2
1 + ϕ0

)

7.1.2 Interior Latent States

No observed data

With no observed data at time t, t ̸= 0, t ̸= T , the full conditional can be written:

π(xt|·) ∝ exp
(−ϕ(xt − Atxt−1 − bt)

2

2

)
exp

(−ϕ(xt+1 − Atxt − bt−1)
2

2

)
∝ exp

(
−ϕ
2

(
x2t − 2xt(Atxt−1 + bt) + x2tA

2
t+1 − 2xtAt+1xt+1 + 2At+1bt+1xt

))

∝ exp
(
−ϕ
2

(
x2t (1 + A2

t+1)− 2xt(Atxt−1 + bt + At+1(xt+1 − bt+1))
))

∼ N

(
µ∗ =

Atxt−1 + bt + At+1(xt+1 − bt+1)

1 + A2
t+1

, ϕ∗ = ϕ(1 + A2
t+1)

)
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With observed data

With observed data at time t, t ̸= 0, t ̸= T , the full conditional can be written:

π(xt|·) ∝ exp
(−ϕ(xt − Atxt−1 − bt)

2

2

)
exp

(−ϕ(xt+1 − Atxt − bt−1)
2

2

)
exp

(
− τ

2
(xt − yt)

2
)

∝ exp
(
−ϕ
2

(
x2t − 2xt(Atxt−1 + bt) + x2tA

2
t+1 − 2xtAt+1xt+1 + 2At+1bt+1xt

)
− τ

2
(x2t − 2xtyt)

)

∝ exp
(

− x2t
2

(
ϕ(1 + A2

t+1) + τ
)
+ xt

(
ϕ(Atxt−1 + bt + At+1(xt+1 − bt+1) + τyt

))

∼ N

(
µ∗ =

ϕ(Atxt−1 + bt + At+1(xt+1 − bt+1) + τyt

ϕ(1 + A2
t+1) + τ

) , ϕ∗ = ϕ(1 + A2
t+1) + τ

)

7.1.3 Final Latent State

With no observed data

π(xT |·) ∝ exp
(
− ϕ

2
(xT − ATxT−1 − bt)

2
)

∼ N
(
µ∗ = ATxT−1 + bt, ϕ

∗ = ϕ
)

With observed data

π(xT |·) ∝ exp
(
− ϕ

2
(xT − ATxT−1 − bt)

2
)

exp
(
− τ

2
(xT − yT )

2
)

∝ exp
(

− ϕ

2

(
x2T − 2xT (ATxT−1 + bT )

)
− τ

2

(
x2T − 2xTyT

))

∝ exp
(

− x2T
2

(
ϕ+ τ

)
+ xT

(
ϕATxT−1 + bT + τyT

))

∼ N
(
µ∗ = ATxT−1 + bt, ϕ

∗ = ϕ
)
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7.2 Derivation of NDLM Gibbs Updates with Data-

cloning

Suppose that x is from a latent process governed by evolution function

xt|xt−1 ∼ N (Atxt−1 + bt, ϕ), t ∈ {1, ..., T}

Suppose for I ⊂ {1, ..., T} there exists r identical observation data points yI governed by the

observation model

yi|xi ∼ N (xi, τ), i ∈ I

With arbitrary prior on ϕ, a fixed τ , and initial condition prior

x0 ∼ N (µ0, ϕ0),

there exist tractable full conditionals for xt that are derived here to be used with Gibbs

sampling. Note that for the datacloning case, only full conditionals for timepoints with

observed data are changed. If there is no observation data, the full conditionals remain

unchanged from those derived in Section 8.1.
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7.2.1 Interior Latent States

π(xt|·) ∝ exp
(−ϕ(xt − Atxt−1 − bt)

2

2

)
exp

(−ϕ(xt+1 − Atxt − bt−1)
2

2

)
exp

(
− τ

2
(xt − yt)

2
)r

∝ exp
(−ϕ(xt − Atxt−1 − bt)

2

2
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exp

(−ϕ(xt+1 − Atxt − bt−1)
2

2
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exp

(
− τr

2
(xt − yt)

2
)

∝ exp
(
−ϕ
2

(
x2t − 2xt(Atxt−1 + bt) + x2tA

2
t+1 − 2xtAt+1xt+1 + 2At+1bt+1xt

)
− τr

2
(x2t − 2xtyt)

)

∝ exp
(

− x2t
2

(
ϕ(1 + A2

t+1) + τr
)
+ xt

(
ϕ(Atxt−1 + bt + At+1(xt+1 − bt+1) + τryt

))

∼ N

(
µ∗ =

ϕ(Atxt−1 + bt + At+1(xt+1 − bt+1) + τryt

ϕ(1 + A2
t+1) + τr

) , ϕ∗ = ϕ(1 + A2
t+1) + τr

)

7.2.2 Final Latent State

π(xT |·) ∝ exp
(
− ϕ

2
(xT − ATxT−1 − bt)

2
)

exp
(
− τ

2
(xT − yT )

2
)r

∝ exp
(

− ϕ

2

(
x2T − 2xT (ATxT−1 + bT )

)
− τr

2

(
x2T − 2xTyT

))

∝ exp
(

− x2T
2

(
ϕ+ τr

)
+ xT

(
ϕATxT−1 + bT + τryT

))

∼ N
(
µ∗ = ATxT−1 + bt, ϕ

∗ = ϕ
)

7.3 Derivation of Moment Matching Transformations

7.3.1 Lognormal Moment Matching

Suppose that we are interested in finding a transformation for random variable X, X ∼

Lognormal(µ∗, σ∗2) such that E[X] = µ,V[X] = σ2, with pdf given by:
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f(x|µ, σ) = 1

µσ
√
2π

exp
(

− (log(x)− µ)2

2σ2

)
, µ ∈ R, σ > 0, x ∈ (0,∞)

Then, we have:

E[X] = µ = exp
(
µ∗ +

σ∗2

2

)
V[X] = σ2 =

(
exp(σ∗2)− 1

)
exp(2µ∗ + σ∗2)

Looking at the first equality, we see that σ∗2 = 2(log(µ)− µ∗). We can substitute this into

the second equality to get µ∗ written in terms of known constants,

σ2 =
(

exp(2 log(µ)− 2µ∗)− 1
)

exp(2µ∗ + 2 log(µ)− 2µ∗)

=
(

exp(2 log(µ)− 2µ∗)− 1
)

exp(2 log(µ))

= (µ2 exp(−2µ∗)− 1)µ2

Then, rewriting this equation in terms of exp(−2µ∗),

exp(−2µ∗) =
σ2 + µ2

µ4

− 2µ∗ = log
(σ2 + µ2

µ4

)
µ∗ = −1

2
log
(σ2 + µ2

µ4

)
µ∗ = log

( µ2√
µ2 + σ2

)

Substituting our value for µ∗ back into the relation σ∗2 = 2(log(µ)− µ∗), we have:
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σ∗2 = 2(log(µ)− µ∗)

= 2
(

log(µ)− log
( µ2√

µ2 + σ2

))
= 2 log

(√µ2 + σ2

µ

)
= log

(µ2 + σ2

µ2

)
= log

(
1 +

σ2

µ2

)

Thus our desired transform is µ∗ = log
(

µ2√
µ2+σ2

)
and σ∗2 = log

(
1 + σ2

µ2

)
.

7.4 Gibbs Sampling Updates for Certain LNM3 Struc-

tures

Suppose that we have an LNM3 model such that our desired process model and variance are

given by:

f(xt|xt−1, a
∗, b∗) = a∗(xt−1)

b∗ (7.1)

ϕ = (f(xt|xt−1, a
∗, b∗)2σ2)−1 (7.2)

Similarly, suppose that the desired observation model is given by:

g(yt|xt) = xt (7.3)

τ = (xtω
2)−1 (7.4)

By taking the logarithm of the latent states (X1:T ) and observations (Yt∈I), Dt = log(Xt),

Fi = log(Yi), these have a form identical to the NDLM Gibbs updates of Section 7.1
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7.5 IF2 Parameter Values

Param. Value Fixed Param. Value Fixed

fa .2443 No flab .3976 No

ff .0279 No fr .0402 No

fw .2898 No θw 4.488e-04 No

θr 3.45e-04 No θsom 3.49e-05 No

θtot .0103 No θp .6306 No

Θ .0533 No do 148.1 No

df 275.3 No ceff 38.60 No

clma 75 Yes clf .8573 No

cro 10.04 No crf 20.11 No

ag2bg .792 Yes ωw .0135 No

ωf .0716 No ωlab 2.31e-03 No

ωr 6.37e-03 No ωlit .047 No

ωsom .005 No σw .03 Yes

σf .25 Yes σr .03 Yes

σlit .1 Yes ωsom .0036 No

ωSL .33 Yes ωSA .33 Yes

Cf0 100.2 Yes Cr0 3643 Yes

Cw0 7280 Yes Clit0 513.6 No

Clab0 199.9 No Csom0 13270 Yes

σnee .45 Yes σlf 1 Yes

β0 5 Yes NA NA NA

Table 7.1: Information on the parameter estimates from the IF2 algorithm, including the
parameter name, value from the IF2 global search, and whether or not the parameter was
fixed.
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