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(ABSTRACT) 

This dissertation addresses the task of updating finite element models with 

frequency response data acquired in a structural dynamics test. Standard statistical 

techniques are used to generate statistically qualified data, which is then used in a 

Bayesian statistics regression formulation to update the finite element model. The 

Bayesian formulation allows the analyst to incorporate engineering judgment (in the 

form of prior knowledge) into the analysis and helps ensure that reasonable and 

realistic answers are obtained. The formulation includes true statistical weights 

derived from experimental data as well as a new formulation of the Bayesian 

regression problem that reduces the effects of numerical ill-conditioning. 

Model updates are performed with a simulated free-free beam, a simple steel 

frame, and a cantilever beam. Improved finite element models of the structures are 

obtained and several statistical tests are used to ensure that the models are improved.
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Chapter 1: Introduction 

1.1 MODEL UPDATING 

When accounting for the dynamic behavior of a structure in engineering design, it 

is helpful to have a finite element model of the structure available for prediction 

purposes. This enables the designer to determine the effects of changes made to the 

structure without having to actually build a modified structure. Indeed, this is one of 

the main objectives of using the finite element method. 

However, finite element models of structures do not always accurately predict the 

behavior of the structure. This can happen if there are modeling errors present in the 

finite element model. Examples of such errors include the use of inaccurate estimates 

of material properties, the use of poor thickness or dimension estimates, or improper 

modeling of the boundary conditions of the system. If errors are present in the model, 

then errors will be present in predictions made by the model. The model will not be 

suited for quantitative behavior prediction; at best, it can only be used for qualitative 

behavior prediction. In extreme cases, it may not even be good for qualitative predic- 

tion purposes. 

Unfortunately, it is not easy for the analyst to create a sufficiently accurate finite 

element model of a given structure. This is especially true when there is considerable 

uncertainty present in the modeling parameters used to build the finite element. For 

example, the elastic modulus of the structure material may not be precisely known, or 

Chapter 1: Introduction 2



the boundary condition model that should be used to model a clamp holding the struc- 

ture may not be known. 

One method of dealing with these difficulties is to update the modeling parameters 

using data from a structural dynamics test. An effective model update procedure will 

cause the revised model to better predict the experimental data acquired in the test. 

Additionally, the model update procedure should provide evidence that the model has 

genuinely been improved, as opposed to having been manipulated to fit only the 

specific set of data used to perform the model update. 

Using Bayesian Statistics with frequency response data is a particularly suitable 

framework for performing such model updates. Bayesian statistics provides a formal 

methodology for incorporating prior knowledge about a system into the model update 

process, and it also provides a framework for describing how good the results of the 

model update process are. These considerations help ensure that reasonable and 

realistic changes are made to the finite element model. 

A significant amount of research has been dedicated to this problem in the past, 

but most of it has been oriented around approaches utilizing the results of experiment- 

al modal analysis. An overview of relevant literature on the FE update problem is 

presented in Chapter 2. While most of the techniques in the literature work with 

modal test data, the use of frequency response data lends itself more easily to a 

formal statistical analysis, as will be shown in Part II of the dissertation. 
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1.2 RESEARCH GOALS 

The primary goal of the research presented in this dissertation is to substantially 

improve the predictive capability of a finite element model by updating the model with 

frequency response data acquired in a structural dynamics test. However, the process 

of updating a model with test data is not simple, and there are a number of questions 

that must be addressed. A list of these questions is given in Table 1.1. 

Table 1.1: Key Questions for Model Updating 

  

How can the test data be used most effectively? 

How can the quality of the model update be described? 

Is there a way to compensate for highly variable noise levels in the data? 

How can “engineering judgement” be included? 

Is there a way to ensure that the predictive capabilities of the model go beyond 
simply predicting the specific data set used to update the model? 

Does the model update procedure provide unique/consistent answers? 

Does the model update reflect physical reality?     
  

The issues of Table 1.1 comprise the secondary goals of this dissertation. If the 

answers to these questions are incorporated into the model update process, the analyst 

will be much more confident that the model has been truly improved. 

1.3 RESEARCH HYPOTHESIS 

The fundamental hypothesis of this research is that analytical models of structures 

can be effectively updated if the update problem is formulated as a Bayesian regres- 

sion problem in which estimates of modeling parameters are updated. Comparisons 

are made directly between frequency response measurements and analytical predic- 
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tions of those same measurements, with statistical weights being used to make the 

comparison as efficient as possible (minimizing errors in the final parameter esti- 

mates). Prior information concerning the design parameters is also incorporated, 

helping ensure that parameter estimates are reasonable and realistic. The Bayesian 

formulation also provides a framework for describing the quality of the updated 

parameter estimates and for performing statistical tests that help ensure the validity of 

the model update. 

1.4 RESEARCH OBJECTIVES 

In order to meet the goals of this research, a number of objectives must be 

achieved. The bulk of the work is oriented around the model update problem formula- 

tion with a Bayesian statistics framework. Also, consideration is given to the para- 

meter selection and modeling process. 

Identify Design Parameters 

The identification of erroneous modeling parameters is perhaps the most important 

part of the model update process. These modeling parameters typically concern struc- 

ture size and shape, material properties, and boundary conditions. Unfortunately , 

there are no simple guidelines for selecting the parameters to be updated, and the 

issue must be addressed on a case-by-case basis. 

Comparing Test Results to Analysis 

The method used to compare test data to finite element model predictions is the 

defining characteristic of a model update algorithm. In this research, Bayesian statis- 
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tical theory is used to develop a weighted sum-of-squares error term that represents 

the differences between the test and analysis. The resulting formulation for estimating 

modeling parameter values is called a Bayesian regression formulation. 

incorporate Sources of Uncertainty 

The model update formulation will be most effective if it accounts for as many 

sources of uncertainty into the process as possible. These sources include variable 

noise levels on the data and uncertainty in parameter estimates used to generate the 

initial model. Statistical tools such as the multivariate delta method are used to gener- 

ate estimates of mean and variance for the data, while Bayesian priors contain esti- 

mates of the mean and variance of the initial parameter estimates used to generate the 

model. A lack-of-fit analysis is used to compensate for sources of uncertainty that 

may have been neglected, such as miscalibration errors or model form errors. 

Describe Quality of Results 

The Bayesian regression formulation provides standard methods for computing 

confidence intervals and correlation matrices for the updated parameter estimates. 

Visualization techniques are also developed in order to demonstrate how well the 

model predicts the shape and amplitude of the dynamic response of the structure. 

Verify Results 

Methods of verifying the model update include performing data quality tests and 

cross-validation tests. Specifically, time-invariance tests are performed before the 

model update to ensure that the data used is valid. Cross-validation techniques are 
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used after the model update to ensure that the updated mode is capable of fitting other 

data sets beyond the specific set used to perform the model update. Parameter consist- 

ency checks are also performed after the model update to help ensure that reasonable 

and realistic parameter estimates have been obtained. 

Perform Model Updates on Actual Problems 

The Bayesian regression formulation developed in this dissertation is used on three 

different model update problems. The first problem is a simulated beam in which 

boundary condition parameters are updated. The second is a steel frame in which joint 

stiffness and beam cross-section parameters are updated. The third problem is a 

cantilever beam in which boundary condition parameters representing a clamp are 

updated. 

1.5 SCOPE OF RESEARCH 

The potential scope of research involving model updating is very broad. However, 

the research performed for this dissertation was strategically restricted in order that 

the most relevant research items could be investigated thoroughly. 

Structure complexity 

The test articles used in this research were of relatively simple geometry, i.e., 

beams or simple frames. Updating a finite element model of a more complex structure 

would have been more interesting and intellectually satisfying, but for purposes of 

testing a new model update methodology, it was best to start with simple and well- 

understood problems. 
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Modeling technique 

The only modeling technique used in this research was the finite element method. 

Transfer matrix methods or Rayleigh-Ritz methods could also have been used, but the 

basic model update formulation would not have changed. 

Testing methodology 

Data was obtained from the test structures using broad-band FRF testing (accomp- 

lished with an impact from a modal test hammer) and single frequency sine-dwell 

testing (accomplished with a sinusoidally driven electromagnetic shaker). Other testing 

techniques such as swept-sine testing or burst-random testing could have been used, 

but these would not have changed the model update formulation. 

Transducer types 

Data was acquired from structures using either accelerometers or a scanning laser- 

Doppler vibrometer (SLDV). Other types of experimental data, such as strain gauge 

measurements, could have been incorporated but were not due to time considerations. 

Parameter types 

The update parameters included isotropic material properties, beam cross-section 

properties, and structural damping coefficients. Boundary condition parameters were 

also included. While this is a fairly complete list, most of these parameters focus on 

global properties of the structure. An element-by-element model update (requiring one 

or more parameters for each element) would be very useful for damage detection pur- 

poses, as would a thickness-profiling study based on spline control-point parameters, 
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but these problems are large and complex enough to be addressed in dissertations of 

their own. They are not addressed here. 

1.6 CONTRIBUTIONS OF RESEARCH 

Development of a True Bayesian Statistics Formulation 

The Bayesian statistics regression formulation has appeared in numerous papers in 

the literature. However, many of these methods are done only in a Bayesian statistics 

“style” rather than in a true Bayesian formulation. Specifically, the Bayesian statistics 

approach requires weighting matrices for both data and prior information. In much of 

the literature, arbitrary weighting matrices such as W=J are used, or the issue of 

weighting matrices is ignored entirely. In this research, the data weighting matrix 

comes from the initial signal processing done on the raw time signals, while the 

weighting matrix for the Bayesian priors comes from variance estimates describing the 

initial quality of the parameters used to model the system under study. Other measure- 

ments taken from the system can also be incorporated into the analysis. | 

Using a data-based weighting matrix is statistically optimal in the sense that it uses 

the data as efficiently as possible, providing minimum variance parameter estimates. 

Additionally, it allows the analyst to use data with highly variable noise levels without 

user intervention. This capability is particularly useful with working with scanning 

laser-Doppler vibrometer (SLDV) data and shaker-based FRF data. In the case of 

SLDV data, time-domain response signal drop-outs can be a problem, while 
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frequency-domain force autospectrum drop-outs can be a problem in shaker-based 

FRF data. 

Statistics for Multi-Frequency Sine-Dwell Data 

A second major contribution of this work is the development of statistically 

qualified response coefficients that are used to describe time-series data coming from 

a structural dynamics test in which multiple excitation frequencies are used. Prior 

work has focused on cases in which only a single excitation frequency is used. 

Reformulation of the Bayesian Statistics Problem 

In order to implement the Bayesian regression formulation on a computer, the 

problem has to be reformulated to alleviate the effects of ill-conditioning. This is 

accomplished with the use of modern matrix decompositions and a reformulation of 

the Bayesian regression problem that makes it numerically equivalent to an ordinary 

least-squares problem. 

Development of a Lack-of-fit Testing and Compensation 

A third contribution of the work presented in this dissertation is the lack-of-fit 

test. This test provides a statistically rigorous method of determining whether or not it 

is possible to better fit the data. If the test statistic comes out as insignificant, the 

analyst can conclude that the model fits the model as well as can possibly be expect- 

ed, and that there is no point in trying to further refine the model. However, a signifi- 

cant test statistic indicates that there may still be a model that better matches the data. 
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Additionally, it is possible to downweight data residuals in the Bayesian regression 

formulation to compensate for the presence of lack-of-fit. This ensures that the prior 

information provided by the analyst still has an effect in the analysis and that 

unrealistically small confidence interval sizes are not computed. This is particularly 

important in evaluating the model in cases where the number of data points over- 

whelmingly outnumbers the number of pieces of prior information. 

Model Update Verification Procedures 

A fourth area of contribution includes two model verification tests used to ensure 

that the model update is valid. The first test is a time-invariance test performed on the 

test data before the model update, which helps ensure that the data are valid. The 

second is a cross-validation test performed after the model update to ensure that the 

model has predictive capabilities that go beyond the specific data set used to update 

the model. 

1.7 STRUCTURE OF THE DISSERTATION 

This dissertation is broken into five major parts: (I) introduction and literature 

review; (II) basic statistical theory used to update models; (III) issues concerning 

“quality control,” including computer implementation issues and statistical techniques 

used to verify the model update; (IV) model update case studies, both simulated and 

experimental; and (V) conclusions and recommendations. 

Part I of the dissertation consists of Chapter 1 (this introductory chapter) and 

Chapter 2, the literature review. In the literature review, an overview of the many 
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model update algorithms that exist is presented. Particular attention is paid to those 

algorithms that address statistical issues. | 

Part II deals with the basic statistical theory used to update finite element models. 

Specifically, Chapter 3 provides an introduction to the use of Bayesian statistics in 

regression problems, which is the basic framework on which this dissertation is 

based. Chapter 4 provides an explanation of the update parameters typically used in a 

model update approach based on Bayesian statistics. This chapter also explains what 

statistical priors are and how they are obtained. Chapter 5 discusses how time-series 

data from a sine-dwell test is processed to generate statistically-qualified (having both 

mean and variance information available) frequency response data to be used by the 

model update algorithm. Chapter 6 presents similar results for broad-band frequency 

response function (FRF) data. Finally, Chapter 7 discussed how the finite element 

method is used to compute analytical predictions of the test data along with parameter 

sensitivities of the predictions. 

Part III of the dissertation deals with “quality control” issues, both numerical and 

Statistical. Chapter 8 discusses a number of computational and numerical concerns 

relating to the computer-based implementation of the Bayesian statistics model update 

formulation. Chapter 9 presents a number of statistics-based tools for testing the 

quality of the input data and for determining whether or not the updated model has 

been improved. Finally, Chapter 10 presents a number of visualization statistics that 

help provide insight into the changes made to the model. 
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Part IV of the dissertation presents three case studies, one using simulated data 

and two using experimental data. Chapter 11 presents a simulated study in which 

boundary condition parameters are estimated using sine-dwell data. A Monte Carlo 

study is also performed to confirm variance estimates. Chapter 12 presents an 

experimental study in which joint stiffness parameters used in a finite element model 

of a frame are updated using both sine-dwell data and FRF data. Chapter 13 presents 

an experimental study in which boundary condition parameters representing the effects 

of a steel clamp on a cantilever beam are estimated using sine-dwell data. This study 

is more complete than the steel frame study of Chapter 12, as more of the statistical 

tests of Chapter 9 are used here. 

Part V, consisting of only Chapter 14, provides a brief summary of conclusions 

and a list of recommendations for future work. 
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Chapter 2: Literature Review 

INTRODUCTION 

The subject of updating finite element models using experimental test data is well 

represented in the literature, with hundreds of papers being available on the subject. 

In this chapter, a general overview of these various model update techniques is pre- 

sented, followed by a more detailed discussion concerning recent work in this area. 

The chapter concludes with references to other works relating to the research present- 

ed in this dissertation. 

2.1 MODEL UPDATE CATEGORIZATION 

The numerous model update procedures discussed in the literature can be categor- 

ized according the type of algorithms used. Specifically, there are three basic charac- 

teristics that can be used to categorize a model update algorithm: (1) the type of test 

data used; (2) the means by which test data are compared to analysis; and (3) the 

methodology used to updating the finite element (FE) model. The primary options for 

each of these selections is shown below in Figure 2.1. Highlighted in gray are the 

options used in this disseration. 
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Figure 2.1: Categories of Model Updating Algorithms 
    

  

Types of Test Data 

Modal test data, typically coming in the form of the modal parameters w, (natural 

frequency), € (viscous damping ratio), and o,, (mode shape) are perhaps the most 

common type of data used in model updating. Modal parameters are usually obtained 

from a polynomial-based fit of FFT-based frequency response function (FRF) data. 

Many other model update algorithms work directly with the FRF data. Finally, a few 

algorithms work directly with raw time-series data. This last category of algorithms is 

much less common and is typically restricted to problems found in controls. 

Test-Analysis Comparison Techniques 

If the data to be used in the model update is comprised of modal parameters, there 

are a number of options for comparing the model to the test data. An older technique 

(less commonly used now except for visualization purposes) is the cross-orthogonality 

matrix Z given in Eq. (2.1). If the test and analysis match perfectly, the matrix Z 
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�d�e�t�e�c�t�i�o�n� �p�u�r�p�o�s�e�s�.� �T�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�x�p�e�n�s�e� �i�s� �i�n�c�r�e�a�s�e�d�,� �b�u�t� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �e�a�s�i�e�r� 

�t�o� �u�n�d�e�r�s�t�a�n�d�.� 

�A� �f�i�n�a�l� �a�p�p�r�o�a�c�h� �t�o� �u�p�d�a�t�i�n�g� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �i�s� �t�o� �u�p�d�a�t�e� �m�o�d�e�l�i�n�g� �p�a�r�a�-� 

�m�e�t�e�r�s� �s�u�c�h� �a�s� �m�a�t�e�r�i�a�l� �m�o�d�u�l�u�s� �o�r� �t�h�i�c�k�n�e�s�s�.� �M�a�n�y� �d�i�f�f�e�r�e�n�t� �a�l�g�o�r�i�t�h�m�s� �f�o�r� �p�a�r�a�-� 

�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �e�x�i�s�t�,� �b�u�t� �m�o�s�t� �i�n�v�o�l�v�e� �t�h�e� �u�s�e� �o�f� �a�n� �o�p�t�i�m�i�z�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �o�r� �a� 

�r�e�g�r�e�s�s�i�o�n� �a�l�g�o�r�i�t�h�m� �t�o� �s�o�l�v�e� �a� �l�e�a�s�t�-�s�q�u�a�r�e�s� �t�y�p�e� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�.� �T�h�e�r�e� �a�r�e� 

�t�h�r�e�e� �t�y�p�e�s� �o�f� �l�e�a�s�t�-�s�q�u�a�r�e�s� �f�o�r�m�u�l�a�t�i�o�n�s� �p�o�s�s�i�b�l�e�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�2�,� �w�i�t�h� �t�h�e� 

�r�e�s�e�a�r�c�h� �c�h�o�i�c�e�s� �u�s�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n� �b�e�i�n�g� �h�i�g�h�l�i�g�h�t�e�d� �i�n� �g�r�e�y�.� 
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� � � � � 

� � 

�(� �O�r�d�i�n�a�r�y� �L�e�a�s�t�-�S�q�u�a�r�e�s� �]� �[� �W�e�i�g�h�t�e�d� �L�e�a�s�t�-�S�q�u�a�r�e�s� �}� �(�B�a�y�e�s�i�a�n� �a�r�e�s�.�,�)� 
�n�o� �v�a�r�i�a�n�c�e� �i�n�f�o� �u�s�e�d� �d�a�t�a� �v�a�r�i�a�n�c�e� �i�n�f�o� �u�s�e�d� �d�a�t�a� �v�a�r�i�a�n�c�e� �i�n�f�o� �u�s�e�d� 

�P�r�i�o�r� �i�n�f�o� �o�n� �p�a�r�a�m�e�t�e�r�s� �u�s�e�d� 
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�W�e�i�g�h�t�i�n�g� �M�a�t�r�i�x� �m�a�d�e� 

�u�p� �b�y� �A�n�a�l�y�s�t� � � � � � 
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� � 

�P�r�i�o�r�s� �m�a�d�e� �u�p� 

�b�y� �A�n�a�l�y�s�t� 

�F�i�g�u�r�e� �2�.�2�:� �R�e�g�r�e�s�s�i�o�n� �A�n�a�l�y�s�i�s� �C�h�o�i�c�e�s� 
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� � 

�O�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �h�a�s� �b�e�e�n� �u�s�e�d� �a� �n�u�m�b�e�r� �o�f� �t�i�m�e�s� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�,� �b�u�t� �a� 

�w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �a�n�a�l�y�s�i�s� �c�a�n� �b�e� �u�s�e�d� �i�f� �d�a�t�a� �v�a�r�i�a�n�c�e� �i�n�f�o�r�m�a�t�i�o�n� �(�n�e�c�e�s�s�a�r�y� �f�o�r� 

�C�h�a�p�t�e�r� �2�:� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �1�8



�c�o�m�p�u�t�i�n�g� �w�e�i�g�h�t�s�)� �i�s� �a�v�a�i�l�a�b�l�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�f� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �a�v�a�i�l�a�b�l�e� �f�o�r� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s� �b�e�i�n�g� �e�s�t�i�m�a�t�e�d�,� �a� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �a�n�a�l�y�s�i�s� �c�a�n� �b�e� �u�s�e�d�.� 

�2�.�2� �R�E�C�E�N�T� �W�O�R�K� �I�N� �T�H�E� �L�I�T�E�R�A�T�U�R�E� 

�O�v�e�r�v�i�e�w�s� �o�f� �M�o�d�e�l� �U�p�d�a�t�i�n�g� 

�I�m�r�e�g�u�n� �a�n�d� �V�i�s�s�e�r� �[�1�]� �p�r�e�s�e�n�t�e�d� �a�n� �e�x�t�e�n�s�i�v�e� �o�v�e�r�v�i�e�w� �o�f� �m�o�d�e�l� �u�p�d�a�t�i�n�g� �t�h�a�t� 

�b�e�g�a�n� �w�i�t�h� �c�o�m�m�o�n� �c�o�m�p�a�r�i�s�o�n� �t�e�c�h�n�i�q�u�e�s� �s�u�c�h� �a�s� �t�h�e� �m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� 

�(�M�A�C�)� �[�2�]� �a�n�d� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� �(�C�O�M�A�C�)� �[�3�]�,� �a�l�o�n�g� �w�i�t�h� 

�d�i�f�f�e�r�e�n�t� �m�o�d�e�l� �r�e�d�u�c�t�i�o�n� �a�n�d� �d�a�t�a� �e�x�p�a�n�s�i�o�n� �t�e�c�h�n�i�q�u�e�s�.� �D�i�r�e�c�t� �F�E� �m�a�t�r�i�x� �u�p�d�a�t�e� 

�m�e�t�h�o�d�s� �w�e�r�e� �d�i�s�c�u�s�s�e�d�,� �f�o�l�l�o�w�e�d� �b�y� �m�e�t�h�o�d�s� �u�s�i�n�g� �f�o�r�c�e� �r�e�s�i�d�u�a�l�s� �a�n�d� �o�r�t�h�o�g�o�n�a�l�i�t�y�,� 

�a�n�d� �t�h�e�n� �b�y� �s�e�n�s�i�t�i�v�i�t�y�-�b�a�s�e�d� �p�a�r�a�m�e�t�e�r� �u�p�d�a�t�e� �m�e�t�h�o�d�s�.� �A� �p�r�e�f�e�r�e�n�c�e� �f�o�r� �F�R�F�-�b�a�s�e�d� 

�p�a�r�a�m�e�t�e�r� �u�p�d�a�t�e� �a�p�p�r�o�a�c�h�e�s� �w�a�s� �i�n�d�i�c�a�t�e�d�,� �s�i�n�c�e� �t�h�e� �F�R�F� �c�o�n�t�a�i�n�s� �i�n�f�o�r�m�a�t�i�o�n� �o�n� 

�o�u�t�-�o�f�-�b�a�n�d� �m�o�d�e�s� �a�n�d� �t�h�e� �l�e�n�g�t�h�y� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �p�r�o�c�e�d�u�r�e� �i�s� �e�l�i�m�i�n�a�t�e�d�.� 

�B�a�k�e�r� �[�4�]� �p�r�e�s�e�n�t�e�d� �a�n� �o�v�e�r�v�i�e�w� �t�h�a�t� �i�n�c�l�u�d�e�d� �t�e�s�t�-�a�n�a�l�y�s�i�s� �c�o�m�p�a�r�i�s�o�n� �t�e�c�h�n�i�q�u�e�s�,� 

�m�o�d�e�l� �r�e�d�u�c�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�,� �d�i�r�e�c�t� �m�a�t�r�i�x� �u�p�d�a�t�e� �a�l�g�o�r�i�t�h�m�s�,� �a�n�d� �p�a�r�a�m�e�t�e�r� �u�p�d�a�t�e� 

�a�l�g�o�r�i�t�h�m�s�.� �T�h�e� �b�u�l�k� �o�f� �t�h�e� �m�e�t�h�o�d�s� �d�i�s�c�u�s�s�e�d� �i�n�v�o�l�v�e� �t�h�e� �u�s�e� �o�f� �m�o�d�a�l� �d�a�t�a�,� �b�u�t� 

�r�e�f�e�r�e�n�c�e� �w�a�s� �a�l�s�o� �m�a�d�e� �t�o� �m�e�t�h�o�d�s� �u�s�i�n�g� �F�R�F� �d�a�t�a�.� �T�h�e� �p�a�p�e�r� �c�o�n�c�l�u�d�e�d� �w�i�t�h� �a� 

�n�u�m�b�e�r� �o�f� �p�r�a�c�t�i�c�a�l� �s�u�g�g�e�s�t�i�o�n�s� �f�o�r� �p�e�r�f�o�r�m�i�n�g� �m�o�d�e�l� �u�p�d�a�t�e�s� �w�i�t�h� �m�o�d�a�l� �t�e�s�t� �d�a�t�a� 

�a�n�d� �r�e�c�o�m�m�e�n�d�e�d� �t�h�a�t� �m�o�d�e�l� �u�p�d�a�t�e�s� �b�e� �u�s�e�d� �w�i�t�h� �s�i�m�p�l�e�,� �r�a�p�i�d�l�y�-�s�o�l�v�e�d� �m�o�d�e�l�s� 

�r�a�t�h�e�r� �t�h�a�t� �l�a�r�g�e�,� �d�e�t�a�i�l�e�d� �m�o�d�e�l�s�.� 

�M�o�t�t�e�r�s�h�e�a�d� �a�n�d� �F�r�i�s�w�e�l�l� �[�5�]� �p�r�o�v�i�d�e�d� �a� �v�e�r�y� �e�x�t�e�n�s�i�v�e� �s�u�r�v�e�y� �o�f� �m�o�d�e�l� �u�p�d�a�t�i�n�g� 

�t�h�a�t� �i�n�c�l�u�d�e�d� �d�i�r�e�c�t� �m�a�t�r�i�x� �u�p�d�a�t�e�s� �a�n�d� �v�a�r�i�o�u�s� �l�e�a�s�t�-�s�q�u�a�r�e�s� �t�y�p�e� �a�n�a�l�y�s�e�s� �f�o�r� �u�s�e� 

�w�i�t�h� �b�o�t�h� �m�o�d�a�l� �a�n�d� �F�R�F� �d�a�t�a� �(�i�n�c�l�u�d�i�n�g� �t�h�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �a�p�p�r�o�a�c�h�)�.� �T�h�e� 

�C�h�a�p�t�e�r� �2�:� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �1�9



�s�u�r�v�e�y� �a�l�s�o� �i�n�c�l�u�d�e�d� �d�i�s�c�u�s�s�i�o�n�s� �o�f� �e�r�r�o�r� �l�o�c�a�l�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�,� �w�h�i�c�h� �a�r�e� �u�s�e�d� �t�o� 

�i�d�e�n�t�i�f�y� �e�r�r�o�n�e�o�u�s� �p�a�r�a�m�e�t�e�r�s� �o�r� �r�e�g�i�o�n�s� �i�n� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�:� �i�n�c�o�m�p�l�e�t�e�n�e�s�s� 

�i�s�s�u�e�s�,� �w�h�e�r�e� �e�f�f�e�c�t�i�v�e� �l�i�n�e�a�r� �d�e�p�e�n�d�e�n�c�i�e�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �d�a�t�a� �c�a�n� �i�n�t�e�r�f�e�r�e� �w�i�t�h� 

�e�f�f�e�c�t�i�v�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n�;� �a�n�d� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�c�e�s� �t�o� �b�e� �u�s�e�d� �i�n� �w�e�i�g�h�t�e�d� �a�n�d� 

�B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e�s�.� �T�h�e� �p�a�p�e�r� �e�n�d�e�d� �w�i�t�h� �r�e�c�o�m�m�e�n�d�a�t�i�o�n�s� �t�h�a�t� �m�o�r�e� 

�r�e�s�e�a�r�c�h� �b�e� �p�e�r�f�o�r�m�e�d� �w�i�t�h� �l�a�r�g�e�r�,� �c�o�m�p�l�e�x� �m�o�d�e�l�s�,� �a�l�o�n�g� �w�i�t�h� �m�o�r�e� �r�e�s�e�a�r�c�h� 

�c�o�n�c�e�r�n�i�n�g� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �a�  ��m�o�s�t� �s�u�i�t�a�b�l�e �� �i�n�i�t�i�a�l� �m�o�d�e�l� �f�r�o�m� �a� �s�e�t� �o�f� �c�a�n�d�i�d�a�t�e� 

�m�o�d�e�l�s�.� �A� �s�l�i�g�h�t� �p�r�e�f�e�r�e�n�c�e� �f�o�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �a�p�p�r�o�a�c�h�e�s� �t�h�a�t� �u�t�i�l�i�t�i�z�e� 

�r�e�g�u�l�a�r�i�z�a�t�i�o�n� �a�n�d� �e�r�r�o�r� �l�o�c�a�l�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �w�a�s� �i�n�d�i�c�a�t�e�d�.� 

�L�i�n�k� �[�6�]� �p�r�o�v�i�d�e�d� �a�n� �e�x�t�e�n�s�i�v�e� �l�i�s�t� �o�f� �p�o�s�s�i�b�l�e� �s�o�u�r�c�e�s� �o�f� �e�r�r�o�r� �i�n� �m�o�d�e�l� �u�p�d�a�t�e� 

�p�r�o�c�e�d�u�r�e�s�.� �E�x�p�e�r�i�m�e�n�t�a�l� �e�r�r�o�r�s� �c�a�n� �a�r�i�s�e� �f�r�o�m� �w�r�o�n�g� �m�e�a�s�u�r�e�m�e�n�t�s� �(�p�e�r�h�a�p�s� �c�a�u�s�e�d� 

�b�y� �d�e�f�e�c�t�i�v�e� �o�r� �m�i�s�c�a�l�i�b�r�a�t�e�d� �t�r�a�n�d�u�c�e�r�s�)�,� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�e�s�t� �e�q�u�i�p�m�e�n�t� �o�n� �r�e�s�u�l�t�s� 

�(�s�u�c�h� �a�s� �t�r�a�n�d�u�c�e�r� �m�a�s�s�-�l�o�a�d�i�n�g� �e�f�f�e�c�t�s�)�,� �i�n�a�c�c�u�r�a�t�e� �m�e�a�s�u�r�e�m�e�n�t�s� �(�c�a�u�s�e�d� �b�y� �r�a�n�d�o�m� 

�n�o�i�s�e�)�,� �a�n�d� �i�n�c�o�m�p�l�e�t�e� �m�e�a�s�u�r�e�m�e�n�t�s� �(�t�y�p�i�c�a�l�l�y� �c�a�u�s�e�d� �b�y� �i�n�s�u�f�f�i�c�i�e�n�t� �s�p�a�t�i�a�l� �D�O�F� �o�r� 

�e�x�c�i�t�a�t�i�o�n� �f�r�e�q�u�e�n�c�i�e�s�)�.� �M�o�d�e�l�i�n�g� �e�r�r�o�r�s� �c�a�n� �a�r�i�s�e� �f�r�o�m� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �e�r�r�o�r�s�,� �i�n�v�a�l�i�d� 

�e�l�e�m�e�n�t� �c�o�n�n�e�c�t�i�v�i�t�y�,� �i�m�p�r�o�p�e�r� �m�o�d�e�l�i�n�g� �o�f� �a� �n�o�n�-�l�i�n�e�a�r� �s�y�s�t�e�m� �a�s� �l�i�n�e�a�r�,� �p�h�y�s�i�c�a�l� 

�m�o�d�e�l�i�n�g� �e�r�r�o�r�s� �(�s�u�c�h� �a�s� �i�n�c�o�r�r�e�c�t� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �i�n�e�r�t�i�a�s�,� �a�n�d� �s�t�i�f�f�n�e�s�s�e�s�)�,� �a�n�d� 

�m�i�s�m�a�t�c�h�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �t�e�s�t� �a�n�d� �t�h�e� �m�o�d�e�l�.� �A�l�l� �o�f� �t�h�e�s�e� �p�r�o�b�-� 

�l�e�m�s� �m�u�s�t� �b�e� �e�l�i�m�i�n�a�t�e�d� �i�f� �g�o�o�d� �r�e�s�u�l�t�s� �a�r�e� �t�o� �b�e� �o�b�t�a�i�n�e�d�,� �a�n�d� �s�t�a�t�i�s�t�i�c�s� �t�e�c�h�n�i�q�u�e�s� 

�c�a�n� �d�e�a�l� �o�n�l�y� �w�i�t�h� �r�a�n�d�o�m� �n�o�i�s�e� �i�n� �m�e�a�s�u�r�e�m�e�n�t�s� �a�n�d� �p�h�y�s�i�c�a�l� �m�o�d�e�l�i�n�g� �e�r�r�o�r�s�.� 

�D�a�s�c�o�t�t�e� �[�7�]� �d�i�s�c�u�s�s�e�d� �s�o�m�e� �o�f� �t�h�e� �i�s�s�u�e�s� �t�h�a�t� �m�u�s�t� �b�e� �a�d�d�r�e�s�s�e�d� �i�n� �u�p�d�a�t�i�n�g� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �m�o�d�e�l�s� �u�s�i�n�g� �m�o�d�a�l� �t�e�s�t� �d�a�t�a�.� �T�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �m�a�t�c�h�i�n�g� �m�o�d�e� �s�h�a�p�e�s� �f�r�o�m� 

�C�h�a�p�t�e�r� �2�:� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �2�0



�t�e�s�t� �a�n�d� �a�n�a�l�y�s�i�s� �w�a�s� �s�t�r�e�s�s�e�d�.� �A� �p�r�e�f�e�r�e�n�c�e� �f�o�r� �m�o�d�e�l� �u�p�d�a�t�e� �m�e�t�h�o�d�s� �t�h�a�t� �u�s�e� �d�e�s�i�g�n� 

�p�a�r�a�m�e�t�e�r�s� �i�n�s�t�e�a�d� �o�f� �d�i�r�e�c�t� �m�a�t�r�i�x� �u�p�d�a�t�e�s� �w�a�s� �a�l�s�o� �i�n�d�i�c�a�t�e�d�,� �a�s� �t�h�e�s�e� �m�e�t�h�o�d�s� 

�p�r�o�v�i�d�e� �m�o�r�e� �p�h�y�s�i�c�a�l� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �c�h�a�n�g�e�s� �m�a�d�e�.� �I�t� �w�a�s� �a�l�s�o� �r�e�c�o�m�m�e�n�d�e�d� �t�h�a�t� 

�s�e�n�s�i�t�i�v�i�t�y� �a�n�a�l�y�s�e�s� �b�e� �p�e�r�f�o�r�m�e�d� �w�i�t�h� �t�h�e� �m�o�d�e�l�i�n�g� �p�a�r�a�m�e�t�e�r�s� �i�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� 

�w�h�i�c�h� �p�a�r�a�m�e�t�e�r�s� �s�h�o�u�l�d� �b�e� �e�x�c�l�u�d�e�d� �f�r�o�m� �t�h�e� �m�o�d�e�l� �u�p�d�a�t�e� �p�r�o�c�e�s�s�.� 

�N�a�t�k�e� �[�8�]� �p�r�e�s�e�n�t�e�d� �a�n� �o�v�e�r�v�i�e�w� �o�f� �m�o�d�e�l� �u�p�d�a�t�e� �t�e�c�h�n�i�q�u�e�s� �b�a�s�e�d� �o�n� �B�a�y�e�s�i�a�n� 

�s�t�a�t�i�s�t�i�c�s�.� �D�a�t�a� �t�y�p�e�s� �i�n�c�l�u�d�e�d� �F�R�F� �d�a�t�a�,� �F�R�F�-�b�a�s�e�d� �d�y�n�a�m�i�c� �f�o�r�c�e� �r�e�s�i�d�u�a�l�s�,� �m�o�d�a�l� 

�t�e�s�t� �d�a�t�a�,� �a�n�d� �m�o�d�e�-�b�a�s�e�d� �d�y�n�a�m�i�c� �f�o�r�c�e� �r�e�s�i�d�u�a�l�s�.� �T�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �h�a�v�i�n�g� 

�S�t�a�t�i�s�t�i�c�a�l� �w�e�i�g�h�t�s� �w�a�s� �s�t�r�e�s�s�e�d�,� �b�u�t� �n�o� �d�i�s�c�u�s�s�i�o�n� �o�f� �w�h�e�r�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�c�e�s� �m�i�g�h�t� 

�c�o�m�e� �f�r�o�m� �w�a�s� �i�n�c�l�u�d�e�d�.� �Z�h�a�n�g� �[�9�]� �s�h�o�w�e�d� �h�o�w� �u�p�d�a�t�e� �m�e�t�h�o�d�s� �b�a�s�e�d� �o�n� �d�i�r�e�c�t� 

�c�o�m�p�a�r�i�s�o�n�s� �o�f� �m�o�d�a�l� �d�a�t�a� �o�r� �F�R�F� �d�a�t�a� �c�a�n� �b�e� �f�o�r�m�u�l�a�t�e�d� �s�i�m�i�l�a�r�l�y�,� �a�n�d� �h�o�w� �o�t�h�e�r� 

�a�p�p�r�o�a�c�h�e�s� �b�a�s�e�d� �o�n� �d�y�n�a�m�i�c� �f�o�r�c�e� �r�e�s�i�d�u�a�l�s� �a�n�d� �o�r�t�h�o�g�o�n�a�l�i�t�y� �c�o�e�f�f�i�c�i�e�n�t�s� �c�a�n� �a�l�s�o� 

�b�e� �f�o�r�m�u�l�a�t�e�d� �i�n� �a� �c�o�n�s�i�s�t�e�n�t� �f�a�s�h�i�o�n�.� 

�D�e�g�r�e�e�-�o�f�-�F�r�e�e�d�o�m� �M�a�t�c�h�i�n�g� 

�A�l�t�h�o�u�g�h� �t�h�e� �r�e�s�e�a�r�c�h� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n� �d�o�e�s� �n�o�t� �u�t�i�l�i�t�i�z�e� �a� �d�e�g�r�e�e�-�o�f�-� 

�f�r�e�e�d�o�m� �(�D�O�F�)� �m�a�t�c�h�i�n�g� �t�e�c�h�n�i�q�u�e�,� �m�a�n�y� �m�o�d�e�l� �u�p�d�a�t�e� �a�l�g�o�r�i�t�h�m�s� �d�o� �a�n�d� �t�h�e�y� �a�r�e� 

�t�h�u�s� �d�i�s�c�u�s�s�e�d� �h�e�r�e�.� �D�O�F� �m�a�t�c�h�i�n�g� �t�y�p�i�c�a�l�l�y� �i�s� �n�e�e�d�e�d� �f�o�r� �a�l�g�o�r�i�t�h�m�s� �u�t�i�l�i�z�e� �c�r�o�s�s�-� 

�o�r�t�h�o�g�o�n�a�l�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �o�r� �d�y�n�a�m�i�c� �f�o�r�c�e� �r�e�s�i�d�u�a�l�s�,� �a�s� �m�e�n�t�i�o�n�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� 

�s�e�c�t�i�o�n�.� �T�h�e� �D�O�F� �m�a�t�c�h�i�n�g� �t�e�c�h�n�i�q�u�e�s� �c�a�n� �b�e� �b�r�o�k�e�n� �i�n�t�o� �t�w�o� �c�a�t�e�g�o�r�i�e�s�:� �(�1�)� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �m�o�d�e�l� �r�e�d�u�c�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�,� �a�n�d� �(�2�)� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e� �s�h�a�p�e� �e�x�p�a�n�s�i�o�n� 

�t�e�c�h�n�i�q�u�e�s�.� 

�C�h�a�p�t�e�r� �2�:� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �2�1



�M�o�d�e�l� �r�e�d�u�c�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �g�e�n�e�r�a�t�e� �r�e�d�u�c�e�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�a�t�r�i�c�e�s� �t�h�a�t� �a�r�e� 

�c�a�l�l�e�d� �t�e�s�t�-�a�n�a�l�y�s�i�s� �m�o�d�e�l�s� �(�T�A�M�s�)�,� �r�e�f�e�r�r�i�n�g� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �r�e�d�u�c�e�d� �m�o�d�e�l� �h�a�s� 

�d�e�g�r�e�e�s�-�o�f�-�f�r�e�e�d�o�m� �t�h�a�t� �c�o�r�r�e�s�p�o�n�d� �e�x�a�c�t�l�y� �w�i�t�h� �t�h�e� �t�e�s�t�.� �T�h�e� �o�l�d�e�s�t� �m�o�d�e�l� �r�e�d�u�c�t�i�o�n� 

�m�e�t�h�o�d� �i�s� �t�h�e� �s�t�a�t�i�c� �T�A�M�,� �d�e�v�e�l�o�p�e�d� �b�y� �G�u�y�a�n� �[�1�0�]�.� �T�h�i�s� �m�e�t�h�o�d� �p�r�o�d�u�c�e�s� �e�x�a�c�t� 

�r�e�s�u�l�t�s� �f�o�r� �s�t�a�t�i�c� �l�o�a�d�s�,� �b�u�t� �e�r�r�o�r�s� �a�r�e� �g�e�n�e�r�a�t�e�d� �f�o�r� �d�y�n�a�m�i�c� �l�o�a�d�s�.� �K�a�m�m�e�r� �[�1�1�]� 

�d�e�v�e�l�o�p�e�d� �t�h�e� �m�o�d�a�l� �T�A�M�,� �i�n� �w�h�i�c�h� �t�h�e� �a�n�a�l�y�s�t� �p�i�c�k�s� �m�o�d�e� �s�h�a�p�e�s� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� 

�a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �t�h�a�t� �t�h�e� �r�e�d�u�c�e�d� �m�o�d�e�l� �w�i�l�l� �m�a�t�c�h� �e�x�a�c�t�l�y�.� �K�a�m�m�e�r� �l�a�t�e�r� �u�p�d�a�t�e�d� �t�h�e� 

�m�o�d�a�l� �T�A�M� �t�o� �a�c�c�o�u�n�t� �f�o�r� �m�o�d�e� �s�h�a�p�e�s� �n�o�t� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �r�e�d�u�c�e�d� �m�o�d�e�l� �b�y� �i�n�c�l�u�d�-� 

�i�n�g� �m�o�d�e� �s�h�a�p�e�s� �f�r�o�m� �t�h�e� �s�t�a�t�i�c� �T�A�M� �[�1�2�]�.� �O ��C�a�l�l�a�h�a�n� �[�1�3�]� �d�e�v�e�l�o�p�e�d� �t�h�e� �i�m�p�r�o�v�e�d�-� 

�r�e�d�u�c�e�d� �s�y�s�t�e�m� �(�I�R�S�)� �T�A�M�,� �w�h�i�c�h� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �s�t�a�t�i�c� �T�A�M� �b�u�t� �i�n�c�l�u�d�e�s� �c�o�r�r�e�c�-� 

�t�i�o�n� �t�e�r�m�s� �t�h�a�t� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �i�n�e�r�t�i�a�l� �e�f�f�e�c�t�s� �o�f� �t�h�e� �m�i�s�s�i�n�g� �D�O�F�.� �G�o�r�d�i�s� �[�1�4�]� 

�s�t�u�d�i�e�d� �t�h�e� �I�R�S� �T�A�M� �a�n�d� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �i�t� �w�a�s� �m�o�s�t� �e�f�f�e�c�t�i�v�e� �w�h�e�n� �t�h�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �o�m�i�t�t�e�d� �D�O�F� �a�r�e� �h�i�g�h�e�r� �t�h�a�n� �t�h�o�s�e� �o�f� �t�h�e� �D�O�F� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� 

�r�e�d�u�c�e�d� �m�o�d�e�l�.� 

�F�r�e�e�d� �a�n�d� �F�l�a�n�i�g�a�n� �[�1�5�]� �c�o�m�p�a�r�e�d� �t�h�e� �s�t�a�t�i�c�,� �m�o�d�a�l�,� �h�y�b�r�i�d�,� �a�n�d� �I�R�S� �T�A�M�s� �u�s�i�n�g� 

�t�w�o� �n�u�m�e�r�i�c�a�l� �a�n�d� �t�w�o� �e�x�p�e�r�i�m�e�n�t�a�l� �c�a�s�e� �s�t�u�d�i�e�s�.� �T�h�e�y� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �I�R�S� �a�n�d� 

�h�y�b�r�i�d� �T�A�M�s� �w�o�r�k� �b�e�s�t�,� �a�c�h�i�e�v�i�n�g� �a�c�c�u�r�a�c�y� �a�n�d� �r�o�b�u�s�t�n�e�s�s� �m�o�r�e� �o�f�t�e�n� �t�h�a�n� �t�h�e� �o�t�h�e�r� 

�t�w�o�.� �T�h�e� �t�o�p�i�c� �o�f� �t�e�s�t�-�a�n�a�l�y�s�i�s� �m�o�d�e�l�s� �w�a�s� �s�t�u�d�i�e�d� �f�u�r�t�h�e�r� �b�y� �A�v�i�t�a�b�i�l�e� �a�n�d� �F�o�s�t�e�r� 

�[�1�2�]�,� �w�h�o� �i�n�v�e�s�t�i�g�a�t�e�d� �t�e�s�t�-�a�n�a�l�y�s�i�s� �m�o�d�e�l�s� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �p�e�r�f�o�r�m�i�n�g� �c�o�m�p�a�r�i�s�o�n�s� 

�w�i�t�h� �t�h�e� �M�A�C�,� �C�O�M�A�C�,� �e�n�h�a�n�c�e�d� �C�O�M�A�C� �[�1�6�]�,� �a�n�d� �c�r�o�s�s�-�o�r�t�h�o�g�o�n�a�l�i�t�y� �m�a�t�r�i�x�.� 

�A�n� �a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h� �t�o� �m�o�d�e�l� �r�e�d�u�c�t�i�o�n� �i�s� �m�o�d�e� �s�h�a�p�e� �e�x�p�a�n�s�i�o�n�,� �w�h�e�r�e� �t�h�e� 

�D�O�F� �o�f� �t�h�e� �t�e�s�t� �d�a�t�a� �a�r�e� �e�x�p�a�n�d�e�d� �t�o� �m�a�t�c�h� �t�h�o�s�e� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�.� �L�i�e�v�e�n� 

�C�h�a�p�t�e�r� �2�:� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �2�2



�a�n�d� �E�w�i�n�s� �[�1�7�]� �d�i�s�c�u�s�s�e�d� �t�h�r�e�e� �e�x�p�a�n�s�i�o�n� �t�e�c�h�n�i�q�u�e�s�:� �(�1�)� �u�s�i�n�g� �c�u�b�i�c� �s�p�l�i�n�e�s� �f�o�r� 

�i�n�t�e�r�p�o�l�a�t�i�o�n�;� �(�2�)� �m�o�d�e�l�i�n�g� �t�h�e� �t�e�s�t� �m�o�d�e�s� �a�s� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �F�E�M� �m�o�d�e�s�;� �a�n�d� 

�(�3�)� �i�n�v�e�r�t�i�n�g� �t�h�e� �s�t�a�t�i�c� �r�e�d�u�c�t�i�o�n� �p�r�o�c�e�s�s�.� �T�h�e� �i�n�v�e�r�t�e�d� �s�t�a�t�i�c� �r�e�d�u�c�t�i�o�n� �p�r�o�c�e�s�s� �p�r�o�v�e�d� 

�m�o�s�t� �e�f�f�e�c�t�i�v�e�.� �O ��C�a�l�l�a�h�a�n� �e�t� �a�l� �[�1�8�]� �l�a�t�e�r� �d�e�v�e�l�o�p�e�d� �t�h�e� �S�y�s�t�e�m� �E�q�u�i�v�a�l�e�n�t� �R�e�d�u�c�t�i�o�n� 

�E�x�p�a�n�s�i�o�n� �P�r�o�c�e�s�s� �(�S�E�R�E�P�)�,� �w�h�i�c�h� �i�s� �a� �m�o�r�e� �g�e�n�e�r�a�l�i�z�e�d� �p�r�o�c�e�d�u�r�e� �t�h�a�t� �c�a�n� �b�e� �u�s�e�d� 

�f�o�r� �e�i�t�h�e�r� �d�a�t�a� �e�x�p�a�n�s�i�o�n� �o�r� �m�o�d�e�l� �r�e�d�u�c�t�i�o�n�.� �T�h�e� �p�r�o�c�e�s�s� �w�a�s� �l�a�t�e�r� �e�x�t�e�n�d�e�d� �s�u�c�h� 

�t�h�a�t� �e�x�p�a�n�d�e�d� �m�o�d�e� �s�h�a�p�e�s� �w�e�r�e� �s�m�o�o�t�h�e�d� �c�o�n�s�i�s�t�e�n�t�l�y� �[�1�9�]�.� 

�U�p�d�a�t�e� �M�e�t�h�o�d�s� �u�s�i�n�g� �M�o�d�a�l� �D�a�t�a� 

�M�o�d�e�l� �u�p�d�a�t�e� �t�e�c�h�n�i�q�u�e�s� �w�h�i�c�h� �u�s�e� �m�o�d�a�l� �t�e�s�t� �d�a�t�a� �a�r�e� �t�h�e� �m�o�s�t� �c�o�m�m�o�n�.� �E�a�r�l�i�e�r� 

�t�e�c�h�n�i�q�u�e�s� �p�e�r�f�o�r�m�e�d� �d�i�r�e�c�t� �u�p�d�a�t�e�s� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s�,� 

�r�e�s�u�l�t�i�n�g� �i�n� �v�e�r�y� �e�f�f�i�c�i�e�n�t� �a�l�g�o�r�i�t�h�m�s� �t�h�a�t� �o�f�t�e�n� �m�a�t�c�h�e�d� �t�h�e� �t�e�s�t� �d�a�t�a� �p�e�r�f�e�c�t�l�y�.� �B�a�r�u�c�h� 

�a�n�d� �B�a�r� �I�t�z�h�a�c�k� �[�2�0�]� �d�e�v�e�l�o�p�e�d� �o�n�e� �o�f� �t�h�e� �e�a�r�l�i�e�s�t� �d�i�r�e�c�t� �m�a�t�r�i�x� �u�p�d�a�t�e� �a�l�g�o�r�i�t�h�m�s�,� 

�w�h�i�c�h� �d�i�d� �n�o�t� �p�r�e�s�e�r�v�e� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �F�E� �m�a�t�r�i�c�e�s�.� �K�a�b�e� �[�2�1�]� �d�e�v�e�l�o�p�e�d� 

�a�n� �i�m�p�r�o�v�e�d� �t�e�c�h�n�i�q�u�e� �t�h�a�t� �p�r�e�s�e�r�v�e�d� �t�h�e� �c�o�n�n�e�c�t�i�v�i�t�y� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �b�u�t� 

�s�o�m�e�t�i�m�e�s� �r�e�s�u�l�t�e�d� �i�n� �a� �l�o�s�s� �o�f� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e�n�e�s�s� �i�n� �t�h�e� �F�E� �m�a�t�r�i�c�e�s�.� �O ��C�a�l�l�a�h�a�n� 

�[�2�2�]� �p�r�e�s�e�n�t�e�d� �f�o�u�r� �d�i�f�f�e�r�e�n�t� �d�i�r�e�c�t� �m�a�t�r�i�x� �u�p�d�a�t�e� �t�e�c�h�n�i�q�u�e�s� �w�h�i�c�h� �u�p�d�a�t�e�d� �m�a�s�s� �a�n�d� 

�s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� �b�a�s�e�d� �o�n� �v�a�r�i�o�u�s� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �m�o�d�e� �s�h�a�p�e� �a�n�d� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� 

�d�a�t�a�.� �A�i�a�d� �e�f� �a�l� �[�2�3�]� �u�s�e�d� �s�i�m�u�l�a�t�e�d� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �m�o�d�e� �s�h�a�p�e�s� �a�n�d� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s� �t�o� �p�e�r�f�o�r�m� �g�l�o�b�a�l� �u�p�d�a�t�e�s� �o�f� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�a�t�r�i�c�e�s�.� �C�o�n�t�i� �a�n�d� �B�r�e�t�l� �[�2�4�]� 

�d�e�v�e�l�o�p�e�d� �a� �d�i�r�e�c�t� �m�a�t�r�i�x� �u�p�d�a�t�e� �a�p�p�r�o�a�c�h� �f�o�r� �u�s�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �d�a�t�a� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �r�i�g�i�d�-�b�o�d�y� �p�r�o�p�e�r�t�i�e�s� �i�n� �a�d�d�i�t�i�o�n� �t�o� �m�o�u�n�t� �s�t�i�f�f�n�e�s�s�e�s�.� �A� �m�o�r�e� �r�e�c�e�n�t� 

�C�h�a�p�t�e�r� �2�:� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �2�3



�w�o�r�k� �b�y� �A�h�m�a�d�i�a�n� �e�t� �a�l� �[�2�5�]� �u�t�i�l�i�z�e�d� �a� �f�o�r�m�u�l�a�t�i�o�n� �t�h�a�t� �p�r�e�s�e�r�v�e�s� �t�h�e� �c�o�n�n�e�c�t�i�v�i�t�y� 

�b�e�t�w�e�e�n� �n�o�d�e�s� �a�n�d� �r�e�t�a�i�n�s� �t�h�e� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e�n�e�s�s� �o�f� �t�h�e� �F�E� �s�y�s�t�e�m� �m�a�t�r�i�c�e�s�.� 

�A�n�a�l�y�s�t�s� �u�s�i�n�g� �o�r�t�h�o�g�o�n�a�l�i�t�y�-�b�a�s�e�d� �m�o�d�e�l� �u�p�d�a�t�e� �a�p�p�r�o�a�c�h�e�s� �i�n�c�l�u�d�e� �N�i�e�d�b�a�l� �a�n�d� 

�L�u�b�e�r� �[�2�6�]�,� �w�h�o� �c�o�m�b�i�n�e�d� �o�r�t�h�o�g�o�n�a�l�i�t�y� �p�r�o�d�u�c�t�s� �a�n�d� �e�n�e�r�g�y� �m�e�t�h�o�d�s� �w�i�t�h� 

�s�u�b�s�t�r�u�c�t�u�r�i�n�g� �t�e�c�h�n�i�q�u�e�s� �t�o� �p�e�r�f�o�r�m� �m�o�d�e�l� �u�p�d�a�t�e�s�.� 

�A�n�a�l�y�s�t�s� �u�s�i�n�g� �l�e�a�s�t�-�s�q�u�a�r�e�s� �t�y�p�e� �a�n�a�l�y�s�e�s� �(�s�o�m�e�t�i�m�e�s� �c�a�l�l�e�d� �i�n�v�e�r�s�e� 

�e�i�g�e�n�s�e�n�s�i�t�i�v�i�t�y� �t�e�c�h�n�i�q�u�e�s�)� �i�n�c�l�u�d�e� �J�u�n�g� �a�n�d� �E�w�i�n�s� �[�2�7�]�,� �w�h�o� �u�p�d�a�t�e�d� �d�e�s�i�g�n� 

�p�a�r�a�m�e�t�e�r�s� �u�s�i�n�g� �d�i�r�e�c�t� �e�i�g�e�n�v�a�l�u�e� �a�n�d� �e�i�g�e�n�v�e�c�t�o�r� �c�o�m�p�a�r�i�s�o�n�s�.� �L�a�d�e�v�e�z�e� �e�t� �a�l� �[�2�8�]� 

�u�s�e�d� �a� �s�i�m�i�l�a�r� �a�p�p�r�o�a�c�h�,� �e�x�c�e�p�t� �t�h�a�t� �t�h�e� �r�e�s�i�d�u�a�l�s� �w�e�r�e� �d�o�w�n�w�e�i�g�h�t�e�d� �b�y� �r�e�s�p�o�n�s�e� 

�m�a�g�n�i�t�u�d�e�s�.� �N�o�b�a�r�i� �a�n�d� �E�w�i�n�s� �[�2�9�]� �d�i�s�c�u�s�s�e�d� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �u�s�i�n�g� �o�n�l�y� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s� �i�n� �a� �l�e�a�s�t�-�s�q�u�a�r�e�s� �t�y�p�e� �a�n�a�l�y�s�i�s� �r�a�t�h�e�r� �t�h�a�n� �u�s�i�n�g� �b�o�t�h� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� 

�a�n�d� �m�o�d�e� �s�h�a�p�e� �i�n�f�o�r�m�a�t�i�o�n�.� �L�i�n�d�h�o�l�m� �a�n�d� �W�e�s�t� �[�3�0�]� �u�s�e�d� �o�n�l�y� �m�o�d�e� �s�h�a�p�e� �~� 

�i�n�f�o�r�m�a�t�i�o�n� �i�n� �a�n� �o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �c�o�n�t�e�x�t� �t�o� �d�e�t�e�r�m�i�n�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� 

�p�a�r�a�m�e�t�e�r�s�.� 

�F�a�r�h�a�t� �a�n�d� �H�e�m�e�z� �[�3�1�]� �u�s�e�d� �a� �l�e�a�s�t�-�s�q�u�a�r�e�s� �t�y�p�e� �a�n�a�l�y�s�i�s� �w�i�t�h� �m�o�d�e�-�b�a�s�e�d� 

�d�y�n�a�m�i�c� �f�o�r�c�e� �r�e�s�i�d�u�a�l�s�.� �F�E� �m�o�d�e�l�s� �w�e�r�e� �u�p�d�a�t�e�d� �u�s�i�n�g� �a�n� �e�l�e�m�e�n�t�-�b�y�-�e�l�e�m�e�n�t� 

�a�p�p�r�o�a�c�h� �d�e�s�i�g�n�e�d� �f�o�r� �d�a�m�a�g�e� �d�e�t�e�c�t�i�o�n� �p�u�r�p�o�s�e�s�.� �H�e�m�e�z� �[�3�2�]� �l�a�t�e�r� �u�p�d�a�t�e�d� �t�h�e� 

�a�p�p�r�o�a�c�h� �t�o� �u�s�e� �F�R�F� �d�a�t�a�,� �a�n�d� �t�h�e�n� �e�x�t�e�n�d�e�d� �t�h�e� �a�p�p�r�o�a�c�h� �f�u�r�t�h�e�r� �[�3�3�]� �t�o� �a�l�s�o� �i�n�c�l�u�d�e� 

�S�t�a�t�i�c� �t�e�s�t� �d�a�t�a�.� 

�B�a�y�e�s�i�a�n� �A�p�p�r�o�a�c�h�e�s� �u�s�i�n�g� �M�o�d�a�l� �D�a�t�a� 

�A�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�2�,� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �t�h�e� �o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� 

�f�o�r�m�u�l�a�t�i�o�n� �i�s� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n�,� �w�h�i�c�h� �i�s� �s�o�m�e�t�i�m�e�s� �c�a�l�l�e�d� �e�x�t�e�n�d�-� 

�C�h�a�p�t�e�r� �2�:� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �2�4



�e�d� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s�,� �r�e�g�u�l�a�r�i�z�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s�,� �o�r� �m�a�x�i�m�u�m� �a� �p�o�s�t�e�r�i�o�r� �e�s�t�i�m�a�-� 

�t�i�o�n�.� �H�a�s�s�e�l�m�a�n� �[�3�4�]� �p�r�o�v�i�d�e�d� �a�n� �e�x�p�l�a�n�a�t�i�o�n� �o�f� �t�h�e� �p�h�i�l�o�s�o�p�h�y� �b�e�h�i�n�d� �B�a�y�e�s�i�a�n� 

�s�t�a�t�i�s�t�i�c�s� �i�n� �a�d�d�i�t�i�o�n� �t�o� �p�r�o�v�i�d�i�n�g� �d�e�t�a�i�l�e�d� �g�u�i�d�e�l�i�n�e�s� �f�o�r� �i�n�t�e�r�p�r�e�t�i�n�g� �t�h�e� �r�e�s�u�l�t�s� �o�f� �a� 

�B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�a�l� �a�n�a�l�y�s�i�s�.� �T�o�p�i�c�s� �d�i�s�c�u�s�s�e�d� �i�n�c�l�u�d�e�d� �m�o�d�e�l� �i�m�p�r�o�v�e�m�e�n�t� �v�s�.� 

�m�a�n�i�p�u�l�a�t�i�o�n�,� �u�n�i�q�u�e�n�e�s�s� �o�f� �s�o�l�u�t�i�o�n�s�,� �a�n�d� �q�u�a�l�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l� �f�o�r� �f�u�t�u�r�e� �u�s�e�.� 

�B�e�l�i�v�e�a�u� �[�3�5�]� �p�r�o�v�i�d�e�d� �f�o�r�m�u�l�a�t�i�o�n�s� �f�o�r� �u�s�i�n�g� �B�a�y�e�s�i�a�n� �S�t�a�t�i�s�t�i�c�s� �w�i�t�h� �m�o�d�a�l� �d�a�t�a�,� 

�F�R�F� �d�a�t�a�,� �a�n�d� �r�a�w� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a�.� �S�e�n�s�i�t�i�v�i�t�y� �r�e�s�u�l�t�s� �w�e�r�e� �d�e�v�e�l�o�p�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� 

�d�a�t�a� �t�y�p�e�s�.� �L�i�n�k� �[�3�6�]� �d�i�s�c�u�s�s�e�d� �s�o�m�e� �i�s�s�u�e�s� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� 

�f�o�r�m�u�l�a�t�i�o�n�,� �i�n�c�l�u�d�i�n�g� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �e�r�r�o�r�s�,� �f�a�u�l�t�y� �m�o�d�e�l�i�n�g� �a�s�s�u�m�p�t�i�o�n�s�,� �a�n�d� 

�i�n�c�o�n�s�i�s�t�e�n�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �D�a�s�c�o�t�t�e� �e�t� �a�l� �[�3�7�]� �p�r�e�s�e�n�t�e�d� �a� �n�u�m�b�e�r� �o�f� �d�i�f�f�e�r�e�n�t� 

�o�p�t�i�o�n�s� �f�o�r� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�c�e�s� �t�o� �u�s�e� �i�n� �a� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �s�t�y�l�e� �f�o�r�m�u�l�a�t�i�o�n�.� 

�H�a�s�s�e�l�m�a�n� �a�n�d� �C�h�r�o�s�t�o�w�s�k�i� �[�3�8�]� �u�s�e�d� �t�h�e� �S�t�r�u�c�t�u�r�a�l� �S�y�s�t�e�m� �I�d�e�n�t�i�f�i�c�a�t�i�o�n� �(�S�S�I�D�)� 

�c�o�d�e� �(�d�e�v�e�l�o�p�e�d� �a�t� �S�a�n�d�i�a� �N�a�t�i�o�n�a�l� �L�a�b�o�r�a�t�o�r�i�e�s� �t�o� �u�p�d�a�t�e� �m�o�d�e�l�s� �w�i�t�h� �a� �B�a�y�e�s�i�a�n� 

�S�t�a�t�i�s�t�i�c�s� �f�o�r�m�u�l�a�t�i�o�n� �[�3�9�]�)� �t�o� �p�e�r�f�o�r�m� �m�o�d�e�l� �u�p�d�a�t�e�s� �w�i�t�h� �m�o�d�a�l� �t�e�s�t� �d�a�t�a� �c�o�m�i�n�g� 

�f�r�o�m� �a� �l�a�r�g�e� �s�p�a�c�e� �t�r�u�s�s�.� �M�a�r�t�i�n�e�z� �e�t� �a�l� �[�4�0�]� �d�i�s�c�u�s�s�e�d� �t�h�e� �u�s�e� �o�f� �d�i�f�f�e�r�e�n�t� �o�p�t�i�m�i�z�a�-� 

�t�i�o�n� �a�l�g�o�r�i�t�h�m�s� �w�i�t�h�i�n� �S�S�I�D� �t�o� �p�e�r�f�o�r�m� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �u�s�i�n�g� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s�.� 

�O�t�h�e�r� �w�o�r�k� �u�s�i�n�g� �t�h�e� �S�S�I�D� �c�o�d�e� �w�a�s� �p�e�r�f�o�r�m�e�d� �b�y� �N�e�f�s�k�e� �a�n�d� �S�u�n�g� �[�4�1�]�,� �w�h�o� 

�u�p�d�a�t�e�d� �j�o�i�n�t� �s�t�i�f�f�n�e�s�s� �p�a�r�a�m�e�t�e�r�s� �i�n� �a� �m�o�d�e�l� �o�f� �a�n� �e�n�g�i�n�e� �c�r�a�d�l�e�.� 

�A�n�t�o�n�a�c�c�i� �a�n�d� �V�e�s�t�r�o�n�i� �[�4�2�]� �u�s�e�d� �t�h�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �a�p�p�r�o�a�c�h� �t�o� �u�p�d�a�t�e� 

�l�u�m�p�e�d�-�m�a�s�s� �m�o�d�e�l�s� �o�f� �c�i�v�i�l� �e�n�g�i�n�e�e�r�i�n�g� �s�t�r�u�c�t�u�r�e�s�.� �L�i�n�k� �e�t� �a�l� �[�4�3�]� �u�p�d�a�t�e�d� �a� �b�r�i�d�g�e� 

�m�o�d�e�l� �u�s�i�n�g� �a� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �f�o�r�m�u�l�a�t�i�o�n� �w�i�t�h� �m�o�d�a�l� �t�e�s�t� �d�a�t�a�.� �A�l�v�i�n� �[�4�4�]� 

�g�e�n�e�r�a�l�i�z�e�d� �t�h�e� �e�l�e�m�e�n�t�-�b�y�-�e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �F�a�r�h�a�t� �a�n�d� �H�e�m�e�z� �[�3�1�]� �t�o� �a� 
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�B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �p�a�r�a�m�e�t�e�r� �u�p�d�a�t�e� �a�p�p�r�o�a�c�h�.� �V�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�e�s� �o�n� �t�h�e� �o�r�i�g�i�n�a�l� 

�m�o�d�a�l� �d�a�t�a� �w�e�r�e� �c�a�r�r�i�e�d� �t�h�r�o�u�g�h� �t�h�e� �m�o�d�a�l� �e�x�p�a�n�s�i�o�n� �p�r�o�c�e�d�u�r�e� �a�n�d� �t�r�a�n�s�f�o�r�m�e�d� �t�o� 

�d�e�t�e�r�m�i�n�e� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�e�s� �f�o�r� �t�h�e� �c�o�m�p�u�t�e�d� �d�y�n�a�m�i�c� �f�o�r�c�e� �r�e�s�i�d�u�a�l�s�.� 

�U�p�d�a�t�e� �M�e�t�h�o�d�s� �u�s�i�n�g� �F�R�F� �D�a�t�a� 

�A�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�1�,� �F�R�F� �d�a�t�a� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �m�o�d�e�l� �u�p�d�a�t�i�n�g� �i�n�s�t�e�a�d� �o�f� 

�m�o�d�a�l� �t�e�s�t� �d�a�t�a�.� �A�u�t�h�o�r�s� �u�s�i�n�g� �d�i�r�e�c�t� �F�E� �m�a�t�r�i�x� �u�p�d�a�t�e�s� �w�i�t�h� �F�R�F� �d�a�t�a� �i�n�c�l�u�d�e� 

�L�a�r�s�s�o�n� �a�n�d� �S�a�s� �[�4�5�]�,� �w�h�o� �u�s�e�d� �a� �r�e�d�u�c�e�d� �m�o�d�e�l� �t�o� �g�e�n�e�r�a�t�e� �a� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�x� �(�D�S�M�)� �w�h�i�c�h� �w�a�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �i�n�v�e�r�s�e� �o�f� �a�n� �F�R�F� �m�a�t�r�i�x� �g�e�n�e�r�a�t�e�d� �f�r�o�m� 

�m�u�l�t�i�-�f�r�e�q�u�e�n�c�y� �F�R�F� �d�a�t�a�.� �K�r�i�t�z�e�n� �a�n�d� �K�i�e�f�e�r� �[�4�6�]� �u�s�e�d� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� 

�w�i�t�h� �F�R�F� �d�a�t�a� �t�o� �l�o�c�a�l�i�z�e� �e�r�r�o�r�s� �i�n� �t�h�e� �F�E� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s�.� �A� �m�o�r�e� �r�e�c�e�n�t� 

�d�i�r�e�c�t� �m�a�t�r�i�x� �u�p�d�a�t�e� �m�e�t�h�o�d� �p�r�e�s�e�n�t�e�d� �b�y� �Z�i�m�m�e�r�m�a�n� �e�t� �a�l� �[�4�7�]� �u�s�e�s� �r�a�n�k�-�o�n�e� �m�o�d�i�-� 

�f�i�c�a�t�i�o�n�s� �o�f� �t�h�e� �F�E� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �f�o�r� �p�u�r�p�o�s�e�s� �o�f� �d�a�m�a�g�e� �d�e�t�e�c�t�i�o�n�.� 

�B�e�r�g�e�r� �e�t� �a�l� �[�4�8�]� �u�s�e�d� �d�y�n�a�m�i�c� �f�o�r�c�e� �r�e�s�i�d�u�a�l�s�,� �a�s� �g�i�v�e�n� �i�n� �E�q�.� �(�2�.�3�)�,� �w�i�t�h� 

�e�x�p�a�n�d�e�d� �m�o�d�e� �s�h�a�p�e�s� �t�o� �l�o�c�a�l�i�z�e� �a�n�d� �c�o�r�r�e�c�t� �e�r�r�o�r�s� �i�n� �s�u�b�s�t�r�u�c�t�u�r�e�s�.� �M�i�s�s�i�n�g� �D�O�F� �i�n� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �w�e�r�e� �f�i�l�l�e�d� �i�n� �u�s�i�n�g� �s�t�a�t�i�c� �d�e�f�l�e�c�t�i�o�n�s� �i�n� �a�n� �e�x�p�a�n�s�i�o�n� �a�p�p�r�o�a�c�h� 

�s�i�m�i�l�a�r� �t�o� �a�n� �i�n�v�e�r�s�e� �o�f� �K�a�m�m�e�r ��s� �h�y�b�r�i�d� �T�A�M� �[�1�2�]�.� �A�l�s�o� �u�s�i�n�g� �F�R�F�-�b�a�s�e�d� �f�o�r�c�e� 

�r�e�s�i�d�u�a�l�s� �w�e�r�e� �Y�a�n�g� �a�n�d� �B�r�o�w�n� �[�4�9�]�,� �w�h�o� �u�s�e�d� �a� �m�o�d�e�l� �r�e�d�u�c�t�i�o�n� �t�e�c�h�n�i�q�u�e� �t�o� �s�t�u�d�y� 

�d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �o�f� �r�e�d�u�c�i�n�g� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �m�o�d�e�l� �u�p�d�a�t�e� �p�r�o�c�e�s�s� �t�o� �t�h�e� 

�p�r�e�s�e�n�c�e� �o�f� �d�a�m�p�i�n�g� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �w�h�i�c�h� �i�s� �o�f�t�e�n� �d�i�f�f�i�c�u�l�t� �t�o� �m�o�d�e�l� �a�c�c�u�r�a�t�e�l�y�.� 

�S�c�h�u�l�z� �e�t� �a�l� �[�5�0�]� �u�s�e�d� �d�y�n�a�m�i�c� �f�o�r�c�e� �r�e�s�i�d�u�a�l�s� �c�o�m�i�n�g� �f�r�o�m� �F�R�F� �d�a�t�a� �i�n� �a� �w�e�i�g�h�t�e�d� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �f�o�r�m�u�l�a�t�i�o�n� �t�o� �u�p�d�a�t�e� �a� �m�o�d�e�l� �o�f� �a� �t�r�u�s�s�.� �A� �s�i�m�i�l�a�r� �f�o�r�m�u�l�a�t�i�o�n� �w�a�s� 

�p�r�e�s�e�n�t�e�d� �b�y� �S�c�h�u�l�z� �e�t� �a�l� �(�5�1�]� �f�o�r� �p�u�r�p�o�s�e�s� �o�f� �s�t�r�u�c�t�u�r�a�l� �d�a�m�a�g�e� �d�e�t�e�c�t�i�o�n�.� 
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�F�r�i�s�w�e�l�l� �a�n�d� �P�e�n�n�y� �[�5�2�]� �u�s�e�d� �F�R�F� �d�a�t�a� �w�i�t�h� �t�h�e� �K�a�m�m�e�r ��s� �m�o�d�a�l� �T�A�M� �i�n� �a� 

�w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m� �i�n� �w�h�i�c�h� �d�a�m�p�i�n�g� �a�n�d� �j�o�i�n�t� �s�t�i�f�f�n�e�s�s� �p�a�r�a�m�e�t�e�r�s� �w�e�r�e� 

�u�p�d�a�t�e�d�.� �A� �s�i�m�i�l�a�r� �t�e�c�h�n�i�q�u�e� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �C�o�n�t�i� �a�n�d� �D�o�n�l�e�y� �[�5�3�]�,� �w�h�o� �u�s�e�d� �a� 

�T�A�M� �w�i�t�h� �F�R�F� �d�a�t�a� �t�o� �d�e�v�e�l�o�p� �a� �l�i�n�e�a�r� �l�e�a�s�t�-�s�q�u�a�r�e�s� �m�o�d�e�l� �u�p�d�a�t�e� �f�o�r�m�u�l�a�t�i�o�n�.� 

�I�m�r�e�g�u�n� �[�5�4�]� �c�o�m�p�a�r�e�d� �m�o�d�e�l� �u�p�d�a�t�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �m�o�d�a�l� �t�e�s�t� �d�a�t�a� �(�u�s�i�n�g� 

�t�h�e� �i�n�v�e�r�s�e� �e�i�g�e�n�s�e�n�s�i�t�i�v�i�t�y� �t�e�c�h�n�i�q�u�e� �o�f� �Z�h�a�n�g� �e�t� �a�l� �[�5�5�]�)� �t�o� �m�o�d�e�l� �u�p�d�a�t�e� �r�e�s�u�l�t�s� 

�o�b�t�a�i�n�e�d� �w�i�t�h� �F�R�F� �d�a�t�a� �(�u�s�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �f�o�r�c�e� �r�e�s�i�d�u�a�l� �m�e�t�h�o�d� �o�f� �V�i�s�s�e�r� �a�n�d� 

�I�m�r�e�g�u�n� �[�5�6�]�)�.� �T�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �e�a�c�h� �m�e�t�h�o�d� �w�a�s� �d�e�p�e�n�d�e�n�t� �o�n� �w�h�i�c�h� �m�o�d�e�s� �o�r� 

�F�R�F� �l�i�n�e�s� �w�e�r�e� �s�e�l�e�c�t�e�d� �f�o�r� �u�s�e� �a�s� �d�a�t�a�.� �H�y�b�r�i�d� �a�p�p�r�o�a�c�h�e�s�,� �i�n� �w�h�i�c�h� �o�n�e� �t�e�c�h�n�i�q�u�e� 

�w�a�s� �u�s�e�d� �t�o� �f�i�n�d� �p�r�e�l�i�m�i�n�a�r�y� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �f�o�r� �t�h�e� �o�t�h�e�r�,� �w�e�r�e� �a�l�s�o� �i�n�v�e�s�t�i�-� 

�g�a�t�e�d�.� �T�h�e� �a�p�p�r�o�a�c�h� �w�a�s� �e�x�p�a�n�d�e�d� �b�y� �I�m�r�e�g�u�m� �e�f� �a�l� �[�5�7�]� �t�o� �u�t�i�l�i�z�e� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� 

�F�R�F� �d�a�t�a� �i�n� �a�n� �e�l�e�m�e�n�t�-�b�y�-�e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �a�n�d� �w�a�s� �t�e�s�t�e�d� �b�y� �I�m�r�e�g�u�m� �e�f� �a�l� �[�5�8�]� �i�n� 

�a� �j�o�i�n�t� �s�t�i�f�f�n�e�s�s� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m�.� 

�C�o�g�a�n� �e�t� �a�l� �[�5�9�]� �p�r�e�s�e�n�t�e�d� �a� �l�e�a�s�t�-�s�q�u�a�r�e�s� �a�p�p�r�o�a�c�h� �t�o� �u�p�d�a�t�i�n�g� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�m�o�d�e�l�s� �w�i�t�h� �F�R�F� �d�a�t�a� �i�n� �w�h�i�c�h� �r�e�s�i�d�u�a�l�s� �w�e�r�e� �s�c�a�l�e�d� �b�y� �t�h�e� �o�r�i�g�i�n�a�l� �F�R�F� �m�a�g�n�i�-� 

�t�u�d�e�s�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �a� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �f�o�r�m�u�l�a�t�i�o�n� �i�n� �w�h�i�c�h� 

�n�o�i�s�e� �l�e�v�e�l�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �m�a�g�n�i�t�u�d�e�.� �T�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �h�a�v�i�n�g� �a� 

�g�o�o�d� �i�n�i�t�i�a�l� �m�o�d�e�l� �w�a�s� �p�a�r�t�i�c�u�l�a�r�l�y� �s�t�r�e�s�s�e�d�.� 

�R�e�i�x� �e�t� �a�l� �[�6�0�]� �p�r�e�d�i�c�t�e�d� �g�l�o�b�a�l� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �u�s�i�n�g� �a� �t�w�o�-�s�t�a�g�e�d� �w�e�i�g�h�t�e�d� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �f�o�r�m�u�l�a�t�i�o�n� �t�h�a�t� �d�i�r�e�c�t�l�y� �c�o�m�p�a�r�e�d� �m�e�a�s�u�r�e�d� �F�R�F� �d�a�t�a� �t�o� �t�h�e� �a�n�a�l�y�t�i�c�a�l�l�y� 

�p�r�e�d�i�c�t�e�d� �F�R�F�.� �I�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�,� �g�l�o�b�a�l� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �p�r�o�p�e�r�t�i�e�s� �s�u�c�h� �a�s� �m�o�d�u�l�u�s� 

�a�n�d� �d�e�n�s�i�t�y� �w�e�r�e� �m�a�n�u�a�l�l�y� �u�p�d�a�t�e�d� �t�o� �m�a�k�e� �t�h�e� �m�o�d�e�l� �m�a�t�c�h� �t�h�e� �r�e�s�u�l�t�s� �o�f� �m�o�d�a�l� 
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�p�a�r�a�m�e�t�e�r�s� �f�i�t�t�e�d� �f�r�o�m� �t�h�e� �F�R�F�.� �T�h�e� �F�R�F� �d�a�t�a� �w�a�s� �t�h�e�n� �d�i�r�e�c�t�l�y� �u�s�e�d� �i�n� �a� �w�e�i�g�h�t�e�d� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �a�n�a�l�y�s�i�s� �t�o� �o�b�t�a�i�n� �t�h�e� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�B�a�y�e�s�i�a�n� �A�p�p�r�o�a�c�h�e�s� �u�s�i�n�g� �F�R�F� �D�a�t�a� 

�A� �c�o�u�p�l�e� �o�f� �t�h�e� �p�a�p�e�r�s� �u�s�i�n�g� �m�o�d�a�l� �d�a�t�a� �i�n� �a� �B�a�y�e�s�i�a�n� �f�o�r�m�u�l�a�t�i�o�n� �a�l�s�o� �d�i�s�c�u�s�s�e�d� 

�h�o�w� �F�R�F� �d�a�t�a� �w�o�u�l�d� �b�e� �u�s�e�d� �i�n� �a� �B�a�y�e�s�i�a�n� �f�o�r�m�u�l�a�t�i�o�n�.� �T�h�e�s�e� �i�n�c�l�u�d�e�d� �t�h�e� �w�o�r�k�s� �b�y� 

�B�e�l�i�v�e�a�u� �[�3�5�]� �a�n�d� �L�i�n�k� �e�t� �a�l� �[�4�3�]�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �M�o�t�t�e�r�s�h�e�a�d� �a�n�d� �F�o�s�t�e�r� �[�6�1�]� �u�s�e�d� �t�h�e� 

�B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �a�p�p�r�o�a�c�h� �w�i�t�h� �F�R�F� �d�a�t�a� �t�o� �i�m�p�r�o�v�e� �t�h�e� �c�o�n�d�i�t�i�o�n�i�n�g� �o�f� �a� �w�e�i�g�h�t�e�d� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�c�e�s�s� �d�e�v�e�l�o�p�e�d� �t�o� �e�s�t�i�m�a�t�e� �e�l�e�m�e�n�t� �s�t�i�f�f�n�e�s�s�e�s� �i�n� �a� �c�a�n�t�i�l�e�v�e�r� �b�e�a�m�.� 

�U�p�d�a�t�e� �M�e�t�h�o�d�s� �u�s�i�n�g� �T�i�m�e�-�S�e�r�i�e�s� �D�a�t�a� 

�I�b�r�a�h�i�m� �e�t� �a�l� �[�6�2�]� �d�e�v�e�l�o�p�e�d� �a� �m�e�t�h�o�d� �w�h�i�c�h� �u�s�e�d� �d�i�s�p�l�a�c�e�m�e�n�t�,� �v�e�l�o�c�i�t�y�,� �a�n�d� 

�a�c�c�e�l�e�r�a�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�s� �a�t� �a� �f�e�w� �i�n�s�t�a�n�t�s� �i�n� �t�i�m�e� �t�o� �d�i�r�e�c�t�l�y� �u�p�d�a�t�e� �t�h�e� �s�y�s�t�e�m� 

�m�a�t�r�i�c�e�s� �o�f� �t�h�e� �F�E� �m�o�d�e�l�.� �H�a�r�m�o�n�i�c� �e�x�c�i�t�a�t�i�o�n� �i�s� �u�s�e�d� �i�n� �o�r�d�e�r� �t�h�a�t� �v�e�l�o�c�i�t�y� �a�n�d� 

�d�i�s�p�l�a�c�e�m�e�n�t� �d�a�t�a� �c�a�n� �b�e� �d�e�r�i�v�e�d� �d�i�r�e�c�t�l�y� �f�r�o�m� �a�c�c�e�l�e�r�a�t�i�o�n� �d�a�t�a�.� �B�r�o�n�o�w�i�c�k�i� �e�t� 

�a�l� �[�6�3�]� �p�r�o�p�o�s�e�d� �a� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �f�o�r�m�u�l�a�t�i�o�n� �i�n� �w�h�i�c�h� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �w�a�s� 

�d�i�r�e�c�t�l�y� �u�s�e�d� �t�o� �u�p�d�a�t�e� �a� �m�o�d�e�l�.� �E�i�g�e�n�s�o�l�u�t�i�o�n�s� �c�o�m�i�n�g� �f�r�o�m� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� 

�w�e�r�e� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a�.� �K�o�h� �a�n�d� �S�e�e� �[�6�4�]� �u�s�e� �t�h�e� �e�x�t�e�n�d�e�d� �K�a�l�m�a�n� 

�f�i�l�t�e�r� �(�a� �c�o�n�t�r�o�l�s�-�b�a�s�e�d� �t�i�m�e�-�s�e�r�i�e�s� �f�o�r�m�u�l�a�t�i�o�n� �t�h�a�t� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �B�a�y�e�s�i�a�n� 

�S�t�a�t�i�s�t�i�c�s� �f�o�r�m�u�l�a�t�i�o�n� �[�6�5�]�)� �t�o� �e�s�t�i�m�a�t�e� �s�t�r�u�c�t�u�r�a�l� �p�a�r�a�m�e�t�e�r�s� �f�r�o�m� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a�.� 

�T�h�e�i�r� �p�r�o�c�e�d�u�r�e� �i�n�c�o�r�p�o�r�a�t�e�d� �a�n� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r� �t�h�a�t� �a�d�j�u�s�t�e�d� �d�a�t�a� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�e�s� �t�o� 

�e�n�s�u�r�e� �s�t�a�t�i�s�t�i�c�a�l� �c�o�n�s�i�s�t�e�n�c�y� �a�n�d� �t�o� �p�r�e�v�e�n�t� �u�n�d�e�r�e�s�t�i�m�a�t�i�o�n� �o�f� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� 

�s�i�z�e�s�.� 
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�M�o�d�e�l� �U�p�d�a�t�e�s� �w�i�t�h� �O�t�h�e�r� �T�y�p�e�s� �o�f� �D�a�t�a� 

�M�a�h�n�k�e�n� �a�n�d� �S�t�e�i�n� �[�6�6�]� �u�s�e�d� �s�t�r�a�i�n� �m�e�a�s�u�r�e�m�e�n�t�s� �i�n�s�t�e�a�d� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t� 

�m�e�a�s�u�r�e�m�e�n�t�s� �f�o�r� �p�u�r�p�o�s�e�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �v�i�s�c�o�p�l�a�s�t�i�c� �d�a�m�p�i�n�g� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� 

�p�r�o�b�l�e�m� �w�a�s� �i�n�i�t�i�a�l�l�y� �f�o�r�m�u�l�a�t�e�d� �a�s� �a� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m�,� �b�u�t� �r�e�g�u�l�a�r�i�-� 

�z�a�t�i�o�n� �t�e�r�m�s� �w�e�r�e� �t�h�e�n� �a�d�d�e�d� �t�h�a�t� �m�a�d�e� �t�h�e� �p�r�o�b�l�e�m� �e�q�u�i�v�a�l�e�n�t� �t�o� �a� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� 

�f�o�r�m�u�l�a�t�i�o�n�.� 

�2�.�3� �C�O�M�M�E�N�T�S� �O�N� �T�H�E� �L�I�T�E�R�A�T�U�R�E� 

�T�o� �s�u�m�m�a�r�i�z�e�,� �t�h�e�r�e� �a�r�e� �m�a�n�y� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l� �u�p�d�a�t�e� �m�e�t�h�o�d�o�l�o�g�i�e�s� �d�e�s�c�r�i�b�e�d� �i�n� 

�t�h�e� �l�i�t�e�r�a�t�u�r�e�.� �H�o�w�e�v�e�r�,� �t�h�e�r�e� �d�o�e�s� �s�e�e�m� �t�o� �b�e� �a�  ��c�o�m�m�o�n �� �m�o�d�e�l� �u�p�d�a�t�e� �t�e�c�h�n�i�q�u�e� 

�t�h�a�t� �i�s� �u�s�e�d� �m�o�s�t� �o�f�t�e�n�.� �A� �s�c�h�e�m�a�t�i�c� �o�f� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �g�i�v�e�n� �b�e�l�o�w� �i�n� �F�i�g�u�r�e� �2�.�3�.� 

�|� �T�i�m�e�-�S�e�r�i�e�s� �D�a�t�a� �|� �|� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �|� 

�(�F�F�T� �a�n�a�l�y�s�i�s�,� �e�a�s�y�)� �(�e�i�g�e�n�v�a�l�u�e� �a�n�a�l�y�s�i�s�,� �e�a�s�y�)� 

�|� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �D�a�t�a�]� �|� �A�n�a�l�y�t�i�c�a�l� �M�o�d�a�l� �D�a�t�a� �|� 

�\� �(�p�o�l�y�n�o�m�i�a�l� �f�i�t�,� �h�a�r�d�)� �(�T�A�M� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �h�a�r�d�)� �g�o� 

�E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�a�l� �D�O�F�-�m�a�t�c�h�e�d� �A�n�a�l�y�t�i�c�a�l� 
�A�n�a�l�y�s�i�s� �D�a�t�a� �M�o�d�a�l� �D�a�t�a� 

�(�s�t�a�t�i�s�t�i�c�s� �d�i�f�f�i�c�u�l�:� 

�M�o�d�e� �M�a�t�c�h�i�n�g� �v�i�a� 
�C�r�o�s�s�-�O�r�t�h�o�g�o�n�a�l�i�t�y� �o�r� �M�A�C� 

�(�m�a�y� �r�e�q�u�i�r�e� �r�e�d�u�c�e�d� �F�E� �m�a�t�r�i�c�e�s�)� 

�C�o�m�p�a�r�e� �v�i�a� �C�r�o�s�s�-�O�r�t�h�o�g�o�n�a�l�i�t�y�,� 
�F�o�r�c�e� �R�e�s�i�d�u�a�l�s�,� �o�r� �M�A�C� 

�(�S�t�a�t�i�s�t�i�c�s�?�)� �(�r�e�q�u�i�r�e�s� �r�e�d�u�c�e�d� �F�E� �m�a�t�r�i�c�e�s�)� 

�F�i�g�u�r�e� �2�.�3�:� �M�o�d�e�l� �U�p�d�a�t�e�s� �u�s�i�n�g� �M�o�d�a�l� �D�a�t�a� 
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�I�n� �F�i�g�u�r�e� �2�.�3�,� �t�h�e� �t�e�r�m�  ��e�a�s�y �� �m�e�a�n�s� �t�h�a�t� �a� �s�m�a�l�l� �n�u�m�b�e�r� �o�f� �w�e�l�l�-�u�n�d�e�r�s�t�o�o�d� 

�a�l�g�o�r�i�t�h�m�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �r�e�q�u�i�r�e�d�.� �T�h�i�s� �d�o�e�s� �n�o�t� �m�e�a�n� �t�h�a�t� �o�b�t�a�i�n�i�n�g� 
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�u�n�b�i�a�s�e�d� �F�R�F� �e�s�t�i�m�a�t�e�s� �f�r�o�m� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �a�n�d� �c�o�m�p�u�t�i�n�g� �e�i�g�e�n�s�o�l�u�t�i�o�n�s� �f�o�r� 

�m�a�s�s�i�v�e� �F�E� �s�y�s�t�e�m� �m�a�t�r�i�c�e�s� �a�r�e� �t�r�i�v�i�a�l� �t�a�s�k�s�.� �I�n�d�e�e�d�,� �t�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �m�e�t�h�o�d�s� �f�o�r� 

�e�s�t�i�m�a�t�i�n�g� �F�R�F�s� �a�n�d� �s�e�v�e�r�a�l� �a�l�g�o�r�i�t�h�m�s� �f�o�r� �c�o�m�p�u�t�i�n�g� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �l�a�r�g�e� �s�c�a�l�e� 

�m�a�t�r�i�c�e�s�,� �a�n�d� �t�h�e�s�e� �m�u�s�t� �b�e� �u�s�e�d� �p�r�o�p�e�r�l�y�.� �H�o�w�e�v�e�r�,� �a� �c�o�m�p�e�t�e�n�t� �a�n�a�l�y�s�t� �s�h�o�u�l�d� �b�e� 

�a�b�l�e� �t�o� �o�b�t�a�i�n� �c�o�r�r�e�c�t� �r�e�s�u�l�t�s� �f�o�r� �t�h�e�s�e� �p�a�r�t�s� �o�f� �t�h�e� �p�r�o�b�l�e�m� �f�o�r� �a�l�m�o�s�t� �a�n�y� �s�y�s�t�e�m�.� 

�T�h�e�  ��h�a�r�d �� �t�a�s�k�s�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �c�a�n� �b�e�c�o�m�e� �i�n�t�r�a�c�t�a�b�l�y� �d�i�f�f�i�c�u�l�t� �f�o�r� �c�e�r�t�a�i�n� 

�s�y�s�t�e�m�s�.� �E�x�t�r�a�c�t�i�o�n� �o�f� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �i�s� �t�y�p�i�c�a�l�l�y� �p�e�r�f�o�r�m�e�d� �w�i�t�h� �a� �p�o�l�y�n�o�m�i�a�l�-� 

�b�a�s�e�d� �f�i�t�,� �a�n�d� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �a�l�g�o�r�i�t�h�m�s� �e�x�i�s�t� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �p�e�r�f�o�r�m�i�n�g� �t�h�a�t� 

�f�i�t�.� �T�h�e�s�e� �a�l�g�o�r�i�t�h�m�s� �w�o�r�k� �q�u�i�t�e� �w�e�l�l� �f�o�r� �m�a�n�y� �s�y�s�t�e�m�s�,� �b�u�t� �s�y�s�t�e�m�s� �t�h�a�t� �h�a�v�e� �d�e�n�s�e�l�y� 

�p�a�c�k�e�d� �m�o�d�e�s�,� �n�e�a�r�l�y� �c�o�u�p�l�e�d� �m�o�d�e�s�,� �o�r� �h�e�a�v�y�/�n�o�n�-�p�r�o�p�o�r�t�i�o�n�a�l� �d�a�m�p�i�n�g� �c�a�n� �c�a�u�s�e� 

�m�o�d�a�l� �a�n�a�l�y�s�i�s� �a�l�g�o�r�i�t�h�m�s� �t�o� �f�a�i�l�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �o�n�l�y� �a� �f�e�w� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �a�l�g�o�r�i�t�h�m�s� 

�c�a�r�r�y� �t�h�r�o�u�g�h� �t�h�e� �s�t�a�t�i�s�t�i�c�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�s�c�r�i�b�e� �o�f� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �m�o�d�a�l� 

�p�a�r�a�m�e�t�e�r�s� �e�x�t�r�a�c�t�e�d�.� �O�n�e� �a�l�g�o�r�i�t�h�m� �t�h�a�t� �d�o�e�s� �s�o� �w�a�s� �p�r�e�s�e�n�t�e�d� �b�y� �Y�o�s�h�i�m�u�r�a� �a�n�d� 

�N�a�g�a�m�a�t�s�u� �[�6�7�]�.� 

�L�i�k�e�w�i�s�e�,� �p�e�r�f�o�r�m�i�n�g� �e�f�f�e�c�t�i�v�e� �m�o�d�e�l� �r�e�d�u�c�t�i�o�n�s� �o�r� �t�e�s�t� �m�o�d�e� �e�x�p�a�n�s�i�o�n�s� �c�a�n� �b�e� 

�v�e�r�y� �d�i�f�f�i�c�u�l�t� �f�o�r� �r�e�a�l�-�w�o�r�l�d� �s�t�r�u�c�t�u�r�e�s�.� �A� �p�o�o�r�l�y� �i�m�p�l�e�m�e�n�t�e�d� �T�A�M� �c�a�n� �f�a�i�l� �t�o� 

�p�r�e�d�i�c�t� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �m�o�d�e� �s�h�a�p�e�s� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �m�o�d�e�l�;� �i�t� �c�a�n� �e�v�e�n� 

�i�n�t�r�o�d�u�c�e� �s�p�u�r�i�o�u�s� �m�o�d�e�s� �i�n�t�o� �t�h�e� �a�n�a�l�y�s�i�s�.� �T�h�i�s� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �l�i�k�e�l�y� �t�o� �h�a�p�p�e�n� �i�f� �d�a�t�a� 

�i�s� �n�o�t� �a�c�q�u�i�r�e�d� �a�t� �a� �s�u�f�f�i�c�i�e�n�t� �n�u�m�b�e�r� �o�f� �s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n�s� �o�r� �a�t� �i�m�p�r�o�p�e�r� �l�o�c�a�t�i�o�n�s�.� 

�M�o�d�e� �s�h�a�p�e� �e�x�p�a�n�s�i�o�n� �a�l�g�o�r�i�t�h�m�s� �h�a�v�e� �s�i�m�i�l�a�r� �p�r�o�b�l�e�m�s�.� �A� �f�i�n�a�l� �d�i�f�f�i�c�u�l�t�y� �w�i�t�h� �t�h�e� 

 ��c�o�m�m�o�n �� �a�p�p�r�o�a�c�h� �i�s� �t�h�a�t� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �c�a�r�r�y� �s�t�a�t�i�s�t�i�c�a�l� �m�e�a�s�u�r�e�s� �o�f� �q�u�a�l�i�t�y� �a�l�l� �t�h�e� 

�w�a�y� �t�h�r�o�u�g�h� �t�h�e� �u�p�d�a�t�e� �p�r�o�c�e�s�s�.� 

�C�h�a�p�t�e�r� �2�:� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �3�0



�T�h�e� �a�p�p�r�o�a�c�h� �b�e�i�n�g� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n� �i�s� �s�o�m�e�w�h�a�t� �s�i�m�p�l�e�r�,� �a�s� �s�h�o�w�n� 

�i�n� �F�i�g�u�r�e� �2�.�4�.� �T�h�e� �s�t�e�p�s� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �a�n�a�l�y�s�i�s�,� �F�E� �m�o�d�e�l� �r�e�d�u�c�t�i�o�n�,� �a�n�d� 

�m�o�d�e� �m�a�t�c�h�i�n�g� �h�a�v�e� �a�l�l� �b�e�e�n� �e�l�i�m�i�n�a�t�e�d�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �i�t� �i�s� �r�e�l�a�t�i�v�e�l�y� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� 

�t�o� �c�a�r�r�y� �s�t�a�t�i�s�t�i�c�s� �t�h�r�o�u�g�h� �t�h�e� �e�n�t�i�r�e� �a�n�a�l�y�s�i�s�.� 

�|� �T�i�m�e�-�S�e�r�i�e�s� �D�a�t�a�]� �|� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �|� 

�(�F�F�T� �a�n�a�l�y�s�i�s�,� �e�a�s�y�)� �(�d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e�,� �e�a�s�y�)� 

�|� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �D�a�t�a�|� �|� �A�n�a�l�y�t�i�c�a�l� �R�e�s�p�o�n�s�e� �D�a�t�a� �|� 

�(�s�t�a�t�i�s�t�i�c�s� �i�n�c�l�u�d�e�d�)� �(�F�E� �i�n�t�e�r�p�o�l�a�t�i�o�n�,� �e�a�s�y�)� �J� 

�T�r�a�n�s�d�u�c�e�r�-�m�a�t�c�h�e�d� 
�A�n�a�l�y�t�i�c�a�l� �R�e�s�p�o�n�s�e� �D�a�t�a� 

� � 

� � 

� � 

� � � � � � � � 

� � � � 

� � 

� � � � � � 
� � 

�D�i�r�e�c�t� �F�r�e�q�u�e�n�c�y� 
�R�e�s�p�o�n�s�e� �C�o�m�p�a�r�i�s�o�n� 

�(�s�t�a�t�i�s�t�i�c�s� �i�n�c�l�u�d�e�d�)� �(�d�o�e�s� �n�o�t� �r�e�q�u�i�r�e� �r�e�d�u�c�e�d� �F�E� �m�a�t�r�i�c�e�s�)� 

�O�p�t�i� 

� � � � 

�m�i�z�e� 

� � � � � � � � �|� �S�t�a�t�i�s�t�i�c�a�l� �P�o�s�t�-�p�r�o�c�e�s�s�i�n�g� �|� 

�F�i�g�u�r�e� �2�.�4�:� �M�o�d�e�l� �U�p�d�a�t�e�s� �u�s�i�n�g� �F�R�F� �D�a�t�a� 

� � 

� � 

�M�a�n�y� �o�f� �t�h�e� �w�o�r�k�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �l�i�t�e�r�a�t�u�r�e� �r�e�v�i�e�w� �a�l�s�o� �u�t�i�l�i�t�i�z�e� �a� �s�i�m�i�l�a�r� 

�a�p�p�r�o�a�c�h�.� �M�a�n�y� �a�n�a�l�y�s�t�s� �e�v�e�n� �u�s�e� �t�h�e� �s�a�m�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �f�o�r�m�u�l�a�t�i�o�n� �t�h�a�t� �i�s� 

�u�s�e�d� �a�s� �t�h�e� �b�a�s�i�s� �f�o�r� �t�h�e� �w�o�r�k� �o�f� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �n�o�b�o�d�y� �(�t�o� 

�t�h�e� �b�e�s�t� �o�f� �t�h�e� �a�u�t�h�o�r ��s� �k�n�o�w�l�e�d�g�e�)� �h�a�s� �u�s�e�d� �e�s�t�i�m�a�t�e�d� �w�e�i�g�h�t�s� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� 

�u�p�d�a�t�i�n�g� �a� �m�o�d�e�l�,� �t�h�o�u�g�h� �Y�o�s�h�i�m�u�r�a� �a�n�d� �N�a�g�a�m�a�t�s�u� �[�6�7�]� �d�i�d� �u�s�e� �e�s�t�i�m�a�t�e�d� �w�e�i�g�h�t�s� 

�f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �e�s�t�i�m�a�t�i�n�g� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �f�r�o�m� �F�R�F� �d�a�t�a�.� �I�n�d�e�e�d�,� �m�a�n�y� �a�u�t�h�o�r�s� 

�s�i�m�p�l�y� �a�s�s�u�m�e� �W�,�,�,�=�1�,� �w�h�i�l�e� �o�t�h�e�r�s� �d�o� �n�o�t� �a�d�d�r�e�s�s� �t�h�e� �i�s�s�u�e� �a�t� �a�l�l�.� �A� �n�u�m�b�e�r� �o�f� 

�a�u�t�h�o�r�s�,� �s�u�c�h� �a�s� �B�e�l�i�v�e�a�u� �[�3�5�]�,� �D�a�s�c�o�t�t�e� �e�t� �a�l� �[�3�7�]�,� �L�i�n�k� �e�t� �a�l� �[�4�3�]�,� �A�l�v�i�n� �[�4�4�]�,� �S�c�h�u�l�z� 

�C�h�a�p�t�e�r� �2�:� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �3�1



�e�t� �a�l� �[�5�0�]�,� �a�n�d� �K�o�h� �a�n�d� �S�e�e� �[�6�4�]�,� �a�d�d�r�e�s�s� �t�h�e� �i�s�s�u�e� �o�f� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�c�e�s� �i�n� 

�c�o�n�s�i�d�e�r�a�b�l�e� �d�e�t�a�i�l� �a�n�d� �p�r�e�s�e�n�t� �a� �n�u�m�b�e�r� �o�f� �s�c�h�e�m�e�s� �f�o�r� �g�e�n�e�r�a�t�i�n�g� �t�h�e�m�,� �b�u�t� �n�o�n�e� 

�d�e�s�c�r�i�b�e� �h�o�w� �t�o� �e�s�t�i�m�a�t�e� �w�e�i�g�h�t�s� �d�i�r�e�c�t�l�y� �f�r�o�m� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� 

�2�.�4� �O�T�H�E�R� �R�E�L�E�V�A�N�T� �W�O�R�K� 

�A� �k�e�y� �s�t�e�p� �i�n� �o�b�t�a�i�n�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �e�s�t�i�m�a�t�e�d� �w�e�i�g�h�t�s� �i�s� �a� �s�t�a�t�i�s�t�i�c�a�l� �a�n�a�l�y�s�i�s� �o�f� 

�f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a�.� �F�o�r� �s�i�n�e�-�d�w�e�l�l� �d�a�t�a�,� �t�h�i�s� �w�a�s� �a�d�d�r�e�s�s�e�d� �b�y� �M�o�n�t�g�o�m�e�r�y� �a�n�d� 

�W�e�s�t� �[�6�8�]�,� �w�h�o� �d�e�v�e�l�o�p�e�d� �a� �m�e�t�h�o�d� �o�f� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�i�o�n� �f�o�r� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �c�o�m�i�n�g� �f�r�o�m� �a� �s�i�n�e�-�d�w�e�l�l� �t�e�s�t�.� �E�x�c�i�t�a�t�i�o�n� �a�n�d� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l�s� �a�r�e� 

�a�n�a�l�y�z�e�d� �s�e�p�a�r�a�t�e�l�y� �a�n�d� �t�h�e�n� �c�o�m�b�i�n�e�d� �i�n�t�o� �s�t�a�t�i�s�t�i�c�a�l�l�y� �q�u�a�l�i�f�i�e�d� �r�e�l�a�t�i�v�e� �r�e�s�p�o�n�s�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �u�s�i�n�g� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �d�e�l�t�a� �m�e�t�h�o�d�.� �M�o�n�t�g�o�m�e�r�y� �e�t� �a�l� �[�6�9�]� �l�a�t�e�r� �v�e�r�i�f�i�e�d� 

�t�h�e� �r�e�s�u�l�t�s� �u�s�i�n�g� �M�o�n�t�e� �C�a�r�l�o� �s�i�m�u�l�a�t�i�o�n�s�.� �Z�e�n�g� �a�n�d� �W�i�c�k�s� �[�7�0�]� �c�o�m�p�a�r�e�d� �t�h�e� �u�s�e� �o�f� 

�d�i�s�c�r�e�t�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �t�e�c�h�n�i�q�u�e�s� �a�n�d� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e�s� �t�o� �f�i�t� �s�i�n�e�-�d�w�e�l�l� 

�d�a�t�a�.� �L�o�p�e�z� �D�o�m�i�n�g�u�e�z� �[�7�1�]� �a�l�s�o� �s�t�u�d�i�e�d� �t�h�e� �i�s�s�u�e� �o�f� �f�i�t�t�i�n�g� �s�i�n�e�-�d�w�e�l�l� �d�a�t�a�,� �u�s�i�n�g� 

�r�o�b�u�s�t� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e�s� �t�o� �d�e�a�l� �w�i�t�h� �t�i�m�e�-�d�o�m�a�i�n� �d�r�o�p�-�o�u�t�s� �i�n� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� 

�c�o�m�i�n�g� �f�r�o�m� �a� �l�a�s�e�r� �D�o�p�p�l�e�r� �v�i�b�r�o�m�e�t�e�r�.� �A� �t�r�i�g�g�e�r�i�n�g� �s�t�r�a�t�e�g�y� �w�a�s� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� 

�p�h�a�s�e� �a�n�g�l�e� �i�n�f�o�r�m�a�t�i�o�n�.� 

�O�t�h�e�r� �a�u�t�h�o�r�s� �h�a�v�e� �a�d�d�r�e�s�s�e�d� �t�h�e� �i�s�s�u�e� �o�f� �e�s�t�i�m�a�t�i�n�g� �v�a�r�i�a�n�c�e�s� �f�o�r� �F�R�F� �d�a�t�a�.� 

�B�e�n�d�a�t� �[�7�2�]� �d�e�v�e�l�o�p�e�d� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �f�o�r�m�u�l�a�e� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �v�a�r�i�a�n�c�e�s� �f�o�r� �F�R�F� 

�m�a�g�n�i�t�u�d�e�,� �p�h�a�s�e� �a�n�g�l�e�,� �a�n�d� �c�o�h�e�r�e�n�c�e� �f�o�r� �t�h�e� �H�,� �F�R�F� �e�s�t�i�m�a�t�o�r�.� �Y�o�s�h�i�m�u�r�a� �a�n�d� 

�N�a�g�a�m�a�t�s�u� �[�6�7�]� �d�e�r�i�v�e�d� �s�i�m�i�l�a�r� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�o�r�s� �f�o�r� �t�h�e� �1�,� �F�R�F� �e�s�t�i�m�a�t�o�r�,� �t�h�o�u�g�h� 

�o�n�l�y� �f�o�r� �m�a�g�n�i�t�u�d�e�.� �T�h�e� �r�e�s�u�l�t�s� �w�e�r�e� �u�s�e�d� �a�s� �a� �s�o�u�r�c�e� �o�f� �s�t�a�t�i�s�t�i�c�a�l� �w�e�i�g�h�t�s� �i�n� �a� 

�w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� �C�o�b�b� �[�7�3�]� �s�t�u�d�i�e�d� �t�h�e� 

�C�h�a�p�t�e�r� �2�:� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �3�2



�s�t�a�t�i�s�t�i�c�s� �o�f� �a� �t�h�r�e�e�-�c�h�a�n�n�e�l� �F�R�F� �e�s�t�i�m�a�t�o�r� �i�n� �a�d�d�i�t�i�o�n� �t�o� �p�r�o�v�i�d�i�n�g� �g�u�i�d�e�l�i�n�e�s� �o�n� �w�h�e�n� 

�c�e�r�t�a�i�n� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�o�r�s� �b�r�o�k�e� �d�o�w�n�.� �|� �|� 

�D�e�a�t�o�n� �e�t� �a�l� �[�7�4�]� �w�r�o�t�e� �a� �s�i�g�n�i�f�i�c�a�n�t� �w�o�r�k� �o�n� �t�h�e� �u�s�e� �o�f� �e�s�t�i�m�a�t�e�d� �e�r�r�o�r� �v�a�r�i�a�n�c�e�s� 

�i�n� �r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m�s�.� �T�h�e�y� �p�r�o�v�i�d�e�d� �g�u�i�d�e�l�i�n�e�s� �f�o�r� �w�h�e�n� �e�s�t�i�m�a�t�e�d� �w�e�i�g�h�t�s� �s�h�o�u�l�d� 

�b�e� �u�s�e�d� �i�n� �a� �r�e�g�r�e�s�s�i�o�n� �a�n�a�l�y�s�i�s� �a�n�d� �w�h�e�n� �t�h�e�y� �s�h�o�u�l�d� �n�o�t� �b�e� �u�s�e�d�.� �O�t�h�e�r� �w�o�r�k�s� �o�n� 

�t�h�i�s� �s�u�b�j�e�c�t� �i�n�c�l�u�d�e� �p�a�p�e�r�s� �b�y� �W�i�l�l�i�a�m�s� �[�7�5�]� �a�n�d� �J�a�c�q�u�e�z� �a�n�d� �M�o�r�u�s�i�s� �[�7�6�]�.� �B�o�t�h� 

�p�r�o�v�i�d�e� �g�u�i�d�e�l�i�n�e�s� �f�o�r� �u�s�i�n�g� �e�s�t�i�m�a�t�e�d� �w�e�i�g�h�t�s� �i�n� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�b�l�e�m�s�.� 

�O�t�h�e�r� �b�a�s�i�c� �r�e�f�e�r�e�n�c�e�s� �u�s�e�d� �i�n� �t�h�i�s� �w�o�r�k� �i�n�c�l�u�d�e� �a� �r�e�f�e�r�e�n�c�e� �o�n� �b�a�s�i�c� �s�t�a�t�i�s�t�i�c�s� �b�y� 

�W�a�l�p�o�l�e� �a�n�d� �M�y�e�r�s� �[�7�7�]�,� �a� �r�e�f�e�r�e�n�c�e� �o�n� �s�t�a�t�i�s�t�i�c�a�l� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e�s� �b�y� �M�y�e�r�s� 

�[�7�8�]�,� �a� �r�e�f�e�r�e�n�c�e� �o�n� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �b�y� �B�e�c�k� �a�n�d� �A�r�n�o�l�d� �[�7�9�]�,� �a� �r�e�f�e�r�e�n�c�e� �o�n� 

�l�a�r�g�e�-�s�c�a�l�e� �m�a�t�r�i�x� �c�o�m�p�u�t�a�t�i�o�n�s� �b�y� �G�o�l�u�b� �a�n�d� �V�a�n� �L�o�a�n� �[�8�0�]�,� �a� �r�e�f�e�r�e�n�c�e� �o�n� �s�i�g�n�a�l� 

�p�r�o�c�e�s�s�i�n�g� �t�e�c�h�n�i�q�u�e�s� �b�y� �B�e�n�d�a�t� �[�8�1�]�,� �a� �r�e�f�e�r�e�n�c�e� �o�n� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �b�y� �E�w�i�n�s� �[�8�2�]�,� �a� 

�r�e�f�e�r�e�n�c�e� �o�n� �t�h�e� �M�o�n�t�e� �C�a�r�l�o� �m�e�t�h�o�d� �b�y� �R�u�b�i�n�s�t�e�i�n� �[�8�3�]�,� �a�n�d� �r�e�f�e�r�e�n�c�e�s� �o�n� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �m�e�t�h�o�d� �b�y� �P�r�z�e�m�i�e�n�i�e�c�k�i� �[�8�4�]� �a�n�d� �B�a�t�h�e� �[�8�5�]�.� 
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�P�A�R�T� �I�l�:� 

�B�a�s�i�c� �S�t�a�t�i�s�t�i�c�a�l� �T�h�e�o�r�y



�C�h�a�p�t�e�r� �3�:� �B�a�y�e�s�i�a�n� �S�t�a�t�i�s�t�i�c�s� 

�I�N�T�R�O�D�U�C�T�I�O�N� 

�A�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n�,� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n� �i�s� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �t�h�e� �t�a�s�k� �o�f� 

�u�p�d�a�t�i�n�g� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� �M�o�r�e� �s�p�e�c�i�f�i�c�a�l�l�y�,� �m�o�d�e�l�i�n�g� 

�p�a�r�a�m�e�t�e�r�s� �a�r�e� �t�o� �b�e� �u�p�d�a�t�e�d� �u�s�i�n�g� �d�i�r�e�c�t� �c�o�m�p�a�r�i�s�o�n�s� �b�e�t�w�e�e�n� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� 

�a�c�q�u�i�r�e�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a� �a�n�d� �F�E�M�-�b�a�s�e�d� �a�n�a�l�y�t�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�a�t� �s�a�m�e� 

�d�a�t�a�.� �T�o� �t�h�i�s� �e�n�d�,� �t�h�e�r�e� �a�r�e� �t�h�r�e�e� �c�o�m�m�o�n� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e�s� �t�h�a�t� �c�a�n� �b�e� �u�s�e�d� �t�o� 

�o�b�t�a�i�n� �s�t�a�t�i�s�t�i�c�a�l�l�y� �q�u�a�l�i�f�i�e�d� �p�a�r�a�m�e�t�e�r�s� �e�s�t�i�m�a�t�e�s�:� �(�1�)� �o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�-� 

�s�i�o�n�;� �(�2�)� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�i�o�n� �(�w�h�i�c�h� �i�s� �a�l�s�o� �k�n�o�w�n� �a�s� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-� 

�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n�)�;� �a�n�d� �(�3�)� �m�a�x�i�m�u�m� �a� �p�o�s�t�e�r�i�o�r� �e�s�t�i�m�a�t�i�o�n� �(�w�h�i�c�h� �i�s� �a�l�s�o� �k�n�o�w�n� �a�s� 

�B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �o�r� �r�e�g�u�l�a�r�i�z�e�d� �r�e�g�r�e�s�s�i�o�n�)�.� 

�3�.�1� �O�R�D�I�N�A�R�Y� �L�E�A�S�T�-�S�Q�U�A�R�E�S� 

�B�a�s�i�c� �T�h�e�o�r�y� 

�O�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �e�s�t�i�m�a�t�i�o�n� �i�s� �t�h�e� �m�o�s�t� �c�o�m�m�o�n� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e� �u�s�e�d� �i�n� 

�S�t�a�t�i�s�t�i�c�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �m�e�t�h�o�d�o�l�o�g�y� �i�s� �t�o� �f�i�n�d� �t�h�e� 

�v�e�c�t�o�r� �o�f� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �p� �t�h�a�t� �m�i�n�i�m�i�z�e� �a� �s�u�m�-�o�f�-�s�q�u�a�r�e�s� �e�r�r�o�r� �f�u�n�c�t�i�o�n�,� �g�i�v�e�n� �i�n� 

�E�q�.� �(�3�.�1�)� �i�n� �b�o�t�h� �s�c�a�l�a�r� �a�n�d� �v�e�c�t�o�r� �f�o�r�m�.� �T�h�e� �d�a�t�a� �v�e�c�t�o�r� �y� �c�o�m�e�s� �f�r�o�m� �t�h�e� �e�x�p�e�r�i�-� 

�m�e�n�t�,� �a�n�d� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �v�e�c�t�o�r� �¥� �(�a� �f�u�n�c�t�i�o�n� �o�f� �f�)� �c�o�m�e�s� �f�r�o�m� �t�h�e� �F�E� �m�o�d�e�l�.� 

�n�y� 

�S�S�E� �=� �¥�"� �v�,�-�¥�i�)� �=� �0�-�0�-�9�)� �(�3�.�1�)� 
�i�=�]� 
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�C�l�e�a�r�l�y�,� �i�t� �i�s� �p�r�e�f�e�r�a�b�l�e� �t�h�a�t� �t�h�e� �S�S�E� �q�u�a�n�t�i�t�y� �b�e� �s�m�a�l�l� �r�a�t�h�e�r� �t�h�a�n� �l�a�r�g�e�,� �s�i�n�c�e� �t�h�i�s� 

�i�n�d�i�c�a�t�e�s� �l�e�s�s� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �e�x�p�e�r�i�m�e�n�t�a�l� �m�e�a�s�u�r�e�m�e�n�t�s� �a�n�d� �p�r�e�d�i�c�t�i�o�n�s� �b�a�s�e�d� �o�n� 

�t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�.� �T�h�e� �p� �v�e�c�t�o�r� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �t�h�e� �S�S�E� �q�u�a�n�t�i�t�y� �i�s� �k�n�o�w�n� �a�s� �t�h�e� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �e�s�t�i�m�a�t�e�.� 

�T�o� �s�o�l�v�e� �f�o�r� �t�h�i�s� �e�s�t�i�m�a�t�e�,� �t�h�e� �p�a�r�a�m�e�t�e�r� �i�t�e�r�a�t�i�o�n� �o�f� �E�q�.� �(�3�.�2�)� �c�a�n� �b�e� �u�s�e�d�.� �T�h�e� 

�m�a�t�r�i�x� �X� �i�s� �a� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x�,� �w�h�e�r�e� �x�,� �=� �d�y�,�/�d�p�,�.� �G�a�u�s�s�-�N�e�w�t�o�n� �i�t�e�r�a�t�i�o�n� �c�a�n� 

�c�o�n�v�e�r�g�e� �q�u�i�t�e� �q�u�i�c�k�l�y�,� �p�a�r�t�i�c�u�l�a�r�l�y� �i�f� �X� �i�s� �n�e�a�r�l�y� �c�o�n�s�t�a�n�t� �o�r� �i�f� �t�h�e� �i�n�i�t�i�a�l� �g�u�e�s�s� �f�o�r� �p� 

�i�s� �c�l�o�s�e� �t�o� �t�h�e� �m�i�n�i�m�i�z�i�n�g� �l�e�a�s�t�-�s�q�u�a�r�e�s� �e�s�t�i�m�a�t�e�.� 

�A�p� �=� �(�X!"�X�)�"�(�X�"�(�y� �-� �9�)� �(�3�.�2�)� 

�I�f� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �e�r�r�o�r�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �d�a�t�a� �a�r�e� �k�n�o�w�n� �o�r� �a�r�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �k�n�o�w�n�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �m�a�k�e� �i�n�f�e�r�e�n�c�e�s� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �e�s�t�i�m�a�t�e�d� 

�p�a�r�a�m�e�t�e�r�s� �p�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �i�f� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�s� �o�n� �t�h�e� �d�a�t�a� �v�a�l�u�e�s� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� 

�o�f� �e�a�c�h� �o�t�h�e�r� �a�n�d� �c�o�m�e� �f�r�o�m� �a� �c�o�m�m�o�n� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �(�w�i�t�h� �z�e�r�o� �m�e�a�n� �a�n�d� 

�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �0�)�,� �t�h�e�n� �t�h�e� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �V�a�r�|�p�|� �t�h�a�t� �d�e�s�c�r�i�b�e�s� 

�p�o�t�e�n�t�i�a�l� �e�r�r�o�r�s� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �i�s� �g�i�v�e�n� �i�n� �E�q�.� �(�3�.�3�)�.� �T�h�e� �t�r�u�e� �e�r�r�o�r� 

�v�a�r�i�a�n�c�e� �o �� �i�s� �u�s�u�a�l�l�y� �u�n�k�n�o�w�n�,� �b�u�t� �t�h�e� �e�s�t�i�m�a�t�e�d� �e�r�r�o�r� �v�a�r�i�a�n�c�e� �s ��,� �g�i�v�e�n� �i�n� 

�E�q�.� �(�3�.�4�)�,� �c�a�n� �b�e� �u�s�e�d� �i�n� �i�t�s� �p�l�a�c�e�.� 

�V�a�r� �[�p�f�]� �=� �0�?�(�X!"�X�)�"� �(�3�.�3�)� 

�2� �(�3�.�4�)� 
�n�y�-�n�,�)� 
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�T�h�e� �d�i�a�g�o�n�a�l� �e�l�e�m�e�n�t�s� �o�f� �E�q�.� �(�3�.�3�)� �c�o�n�s�i�s�t� �o�f� �v�a�r�i�a�n�c�e�s� �t�h�a�t� �d�e�s�c�r�i�b�e� �t�h�e� �a�m�o�u�n�t� 

�o�f� �p�o�t�e�n�t�i�a�l� �e�r�r�o�r� �i�n� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�.� �T�h�e� �o�f�f�-�d�i�a�g�o�n�a�l� �e�l�e�m�e�n�t�s� �a�r�e� 

�c�o�v�a�r�i�a�n�c�e�s� �t�h�a�t� �d�e�s�c�r�i�b�e� �h�o�w� �m�u�c�h� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�r�r�o�r�s� �a�r�e� �r�e�l�a�t�e�d� �b�e�t�w�e�e�n� �d�i�f�f�e�r�e�n�t� 

�p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s�.� �T�h�e� �d�i�a�g�o�n�a�l� �e�l�e�m�e�n�t�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �c�o�n�f�i�d�e�n�c�e� 

�i�n�t�e�r�v�a�l�s� �f�o�r� �t�h�e� �t�r�u�e� �v�a�l�u�e�s� �o�f� �e�a�c�h� �p�a�r�a�m�e�t�e�r�,� �e�.�g�.�,� �D�,�,�;� �©� �P�;� �+� �1�.�9�6�,�/� �V�a�r�[�p�]�;�,� �f�o�r� 

�s�t�a�n�d�a�r�d� �9�5�%� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �o�n� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �p�a�r�a�m�e�t�e�r�s�.� �C�l�e�a�r�l�y�,� �i�t� �i�s� 

�p�r�e�f�e�r�a�b�l�e� �f�o�r� �t�h�e� �e�n�t�r�i�e�s� �o�f� �V�a�r�(�[�p�]� �t�o� �b�e� �a�s� �s�m�a�l�l� �a�s� �p�o�s�s�i�b�l�e�.� 

�I�t� �i�s� �a�l�s�o� �p�o�s�s�i�b�l�e� �t�o� �g�e�n�e�r�a�t�e� �a� �c�o�r�r�e�l�a�t�i�o�n� �m�a�t�r�i�x� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� 

�b�e�t�w�e�e�n� �t�h�e� �v�a�r�i�o�u�s� �p�a�r�a�m�e�t�e�r�s�.� �T�h�i�s� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �p�r�e�-� �a�n�d� �p�o�s�t�-�m�u�l�t�i�p�l�y�i�n�g� 

�V�a�r�(�[�p�|� �b�y� �a� �d�i�a�g�o�n�a�l� �r�e�s�c�a�l�i�n�g� �m�a�t�r�i�x�,� �@�,� �g�i�v�e�n� �i�n� �E�q�.� �(�3�.�5�)�.� �T�h�e� �r�e�s�u�l�t�i�n�g� 

�c�o�r�r�e�l�a�t�i�o�n� �m�a�t�r�i�x� �i�s� �g�i�v�e�n� �i�n� �E�q�.� �(�3�.�6�)�.� 

�q�;�,� �=� �1�/�,�/� �V�a�r�|�p�]�;� �i�n�j� �=� �9� �(�3�.�5�)� 

�C�o�r�r�[�f�]� �=� �Q�V�a�r�(�[�p�]�O� �(�3�.�6�)� 

�3�.�2� �M�A�X�I�M�U�M�-�L�I�K�E�L�I�H�O�O�D� �E�S�T�I�M�A�T�I�O�N� 

�B�a�s�i�c� �T�h�e�o�r�y� 

�O�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �i�s� �a� �v�e�r�y� �p�o�w�e�r�f�u�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�,� �b�u�t� �i�t� 

�c�a�n� �p�e�r�f�o�r�m� �p�o�o�r�l�y� �w�h�e�n� �t�h�e� �d�a�t�a� �d�o� �n�o�t� �m�e�e�t� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� �o�f� �i�n�d�e�p�e�n�d�e�n�t� �a�n�d� 

�i�d�e�n�t�i�c�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �n�o�r�m�a�l� �e�r�r�o�r�s�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �i�f� �a� �s�u�b�s�e�t� �o�f� �t�h�e� �d�a�t�a� �h�a�s� �e�r�r�o�r�s� 

�t�h�a�t� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �e�r�r�o�r�s� �i�n� �o�t�h�e�r� �d�a�t�a�,� �t�h�e�n� �t�h�e� �o�r�d�i�n�a�r�y� �l�e�a�s�t�-� 

�s�q�u�a�r�e�s� �l�o�s�e�s� �e�f�f�i�c�i�e�n�c�y�,� �m�e�a�n�i�n�g� �t�h�a�t� �p�o�t�e�n�t�i�a�l� �e�r�r�o�r�s� �o�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �p�a�r�a�m�e�t�e�r�s� 

�b�e�c�o�m�e� �l�a�r�g�e�r� �t�h�a�n� �i�d�e�a�l�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �a�b�i�l�i�t�y� �t�o� �a�c�c�u�r�a�t�e�l�y� �e�s�t�i�m�a�t�e� �t�h�e� �v�a�r�i�a�n�c�e�-� 

�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �V�a�r�|�p�|� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �i�s� �a�d�v�e�r�s�e�l�y� �a�f�f�e�c�t�e�d�.� 
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�T�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�i�s� �p�r�o�b�l�e�m� �i�s� �t�o� �u�s�e� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s�.� �A�p�p�e�n�d�i�x� �A� �s�h�o�w�s� 

�h�o�w� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �i�s� �d�e�r�i�v�e�d� �u�s�i�n�g� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �t�h�e�o�r�y�.� �T�h�i�s� �t�h�e�o�r�y� 

�s�h�o�w�s� �t�h�a�t� �a� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �s�h�o�u�l�d� �b�e� �u�s�e�d�,� �a�s� �d�e�f�i�n�e�d� �i�n� �E�q�.� �(�3�.�7�)�,� �w�h�e�r�e� �V�a�r�[�y�|� 

�i�s� �t�h�e� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �d�e�s�c�r�i�b�i�n�g� �e�r�r�o�r�s� �o�n� �t�h�e� �d�a�t�a�.� 

�W�,� �=� �V�a�r �� �[�y�]� �(�3�.�7�)� 

�T�h�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �f�i�t�s� �i�n�t�o� �t�h�e� �s�u�m�-�o�f�-�s�q�u�a�r�e�s� �e�x�p�r�e�s�s�i�o�n�,� �a�s� �s�h�o�w�n� �i�n� 

�E�q�.� �(�3�.�8�)�,� �a�n�d� �f�i�t�s� �i�n�t�o� �t�h�e� �p�a�r�a�m�e�t�e�r� �i�t�e�r�a�t�i�o�n� �p�r�o�c�e�s�s� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�9�)�.� �T�h�e� 

�e�s�t�i�m�a�t�e�d� �p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r� �f� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�i�s� �i�t�e�r�a�t�i�o�n� �i�s� �c�a�l�l�e�d� �t�h�e� �m�a�x�i�m�u�m� 

�l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�e�.� �T�h�e� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �g�i�v�e�n� �i�n� �E�q�.� �(�3�.�1�0�)� �d�e�s�c�r�i�b�e�s� �t�h�e� 

�q�u�a�l�i�t�y� �o�f� �t�h�i�s� �e�s�t�i�m�a�t�e�.� 

� � 

�"�N�y� �f�y� �-�y�\�?� 

�S�S�E� �=�"� �Y� �-� �v�1�)� �Y�e�w� �V�i�f� �=�O� �-�I�F�W�,�0�-�9�)� �(�3�.�8�)� 
�t�=� �v�j� �i�=� 

�A�p� �=� �(�X!"�W�,�X�)�"� �(�X�W�,� �(�y� �-�9�)�)� �(�3�.�9�)� 

�V�a�r�[�p�]�=�(�X�'�W�,�X�)�"� �(�3�.�1�0�)� 

�R�e�g�r�e�s�s�i�o�n� �E�x�a�m�p�l�e� 

�T�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �u�s�i�n�g� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s�,� �t�h�e� �d�a�t�a� �s�e�t� 

�g�i�v�e�n� �i�n� �T�a�b�l�e� �3�.�1� �i�s� �u�s�e�d�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e�s� �i�n� �t�h�i�s� �d�a�t�a� �s�e�t� �a�r�e� 

�n�o�t� �u�n�i�f�o�r�m�,� �w�i�t�h� �t�h�e� �l�a�s�t� �d�a�t�a� �p�o�i�n�t� �h�a�v�i�n�g� �a� �v�a�r�i�a�n�c�e� �1�0�0� �t�i�m�e�s� �a�s� �l�a�r�g�e� �a�s� �t�h�e� 

�v�a�r�i�a�n�c�e� �o�f� �t�h�e� �e�r�r�o�r�s� �i�n� �t�h�e� �o�t�h�e�r� �d�a�t�a�.� 
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�T�a�b�l�e� �3�.�1�:� �D�a�t�a� �f�o�r� �R�e�g�r�e�s�s�i�o�n� �E�x�a�m�p�l�e� 
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�Y� �r�u�e�,� �i� �1� �i� �9� �5�,� 
�7�.�8� �0�.�0� �2�.�6� �0�.�1� 

�1�1�.�6� �1�.�0� �3�.�2� �0�.�1� 

�1�5�.�4� �2�.�0� �3�.�8� �0�.�1� 

�1�9�.�2� �3�.�0� �4�4� �0�.�1� 

�2�3�.�0� �4�.�0� �5�.�0� �0�.�1� 

�2�8�.�0� �5�.�0� �6�.�0� �0�.�1� 

�3�4�.�2� �6�.�0� �7�.�4� �0�.�1� 

�4�0�.�4� �7�.�0� �8�.�8� �0�.�1� 

�4�6�.�6� �8�.�0� �1�0�.�2� �0�.�1� 

�5�2�.�8� �_� �9�.�0� �1�1�.�6� �1�0�.�0� �|� 
� � � � 

�T�h�e� �t�e�n� �d�a�t�a� �p�o�i�n�t�s� �a�r�e� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�w�o� �p�a�r�a�m�e�t�e�r�s� �p�,� �a�n�d� �p�,� �u�s�i�n�g� �b�o�t�h� 

�o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n�.� �T�h�e� �m�o�d�e�l� 

�u�s�e�d� �t�o� �f�i�t� �t�h�e� �d�a�t�a� �i�s� �g�i�v�e�n� �b�e�l�o�w� �i�n� �E�q�.� �(�3�.�1�1�)�,� �w�h�i�c�h� �c�a�n� �a�l�t�e�r�n�a�t�i�v�e�l�y� �b�e� �e�x�p�r�e�s�s�e�d� 

�i�n� �m�a�t�r�i�x� �f�o�r�m� �a�s� �g�i�v�e�n� �i�n� �E�q�.� �(�3�.�1�2�)�.� 

�Y�=� �P�X�,� �;�+� �P�X�)�;� �(�3�.�1�1�)� 

�=� �X�p� �(�3�.�1�2�)� 

� � � � 

�A� �M�o�n�t�e� �C�a�r�l�o� �s�t�u�d�y� �w�a�s� �p�e�r�f�o�r�m�e�d� �w�i�t�h� �t�h�e�s�e� �n�u�m�b�e�r�s�.� �I�n� �e�a�c�h� �t�r�i�a�l�,� �t�h�e� �d�a�t�a� 

�p�o�i�n�t�s� �y�,� �w�e�r�e� �c�r�e�a�t�e�d� �b�y� �a�d�d�i�n�g� �G�a�u�s�s�i�a�n� �r�a�n�d�o�m� �n�u�m�b�e�r�s� �(�w�i�t�h� �z�e�r�o� �m�e�a�n� �a�n�d� 

�v�a�r�i�a�n�c�e� �o�y�)� �t�o� �t�h�e� �t�r�u�e� �s�o�l�u�t�i�o�n�,� �i�.�e�.�,� �y�,�=�y�,�,�,�,�+�N� �[�0�,� �|�.� �T�h�i�s�  ��n�o�i�s�y �� �d�a�t�a� �w�a�s� 

�t�h�e�n� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �p�,� �a�n�d� �p�,�.� �T�h�i�s� �p�r�o�c�e�s�s� �w�a�s� �r�e�p�e�a�t�e�d� �2�0�0�0� 

�t�i�m�e�s�,� �a�n�d� �2�0�0�0� �s�e�t�s� �o�f� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �w�e�r�e� �o�b�t�a�i�n�e�d�.� �E�q�u�a�t�i�o�n�s� �(�3�.�2�)�,� �(�3�.�3�)�,� 
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�a�n�d� �(�3�.�4�)� �w�e�r�e� �u�s�e�d� �f�o�r� �t�h�e� �o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �a�n�a�l�y�s�i�s�,� �w�h�i�l�e� �E�q�s�.� �(�3�.�8�)�,� �(�3�.�9�)�,� 

�a�n�d� �(�3�.�1�0�)� �w�e�r�e� �u�s�e�d� �f�o�r� �t�h�e� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �a�n�a�l�y�s�i�s�.� �|� 

�F�i�g�u�r�e� �3�.�1� �b�e�l�o�w� �s�h�o�w�s� �a� �s�c�a�t�t�e�r� �p�l�o�t� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �o�r�d�i�n�a�r�y� 

�l�e�a�s�t�-�s�q�u�a�r�e�s�.� �T�h�e� �s�c�a�t�t�e�r� �a�r�o�u�n�d� �t�h�e� �t�r�u�e� �s�o�l�u�t�i�o�n� �p�,�,�,� �,� �=� �2�.�0�0� �a�n�d� �p�,�,�,� �.� �=� �3�.�0�0� �i�s� 

�c�a�u�s�e�d� �b�y� �t�h�e� �n�o�i�s�e� �i�n� �t�h�e� �d�a�t�a�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n� �(�p� �-� �p�f�)�!� �V�a�r� �'�[�p�]�(�p� �-� �p�)� �=� �3�.�0�.�9�9� 

�d�e�f�i�n�e�s� �a� �9�9�%� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n� �t�h�a�t� �s�h�o�w�s� �w�h�e�r�e� �t�h�e� �s�c�a�t�t�e�r� �p�o�i�n�t�s� �s�h�o�u�l�d� �b�e� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �V�a�r�[�p�]� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �E�q�.� �(�3�.�3�)�.� �I�t� �c�a�n� �c�l�e�a�r�l�y� �b�e� �s�e�e�n� 

�t�h�a�t� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �e�l�l�i�p�s�e� �d�o�e�s� �n�o�t� �o�v�e�r�l�a�p� �t�h�e� �s�c�a�t�t�e�r� �p�o�i�n�t�s�.� 
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�F�i�g�u�r�e� �3�.�1�:� �O�r�d�i�n�a�r�y� �L�e�a�s�t�-�S�q�u�a�r�e�s� �S�o�l�u�t�i�o�n�s� 

�T�h�i�s� �d�i�s�c�r�e�p�a�n�c�y� �c�a�n� �b�e� �q�u�a�n�t�i�f�i�e�d� �b�y� �d�e�t�e�r�m�i�n�i�n�g� �a�  ��m�e�a�s�u�r�e�d �� �v�a�r�i�a�n�c�e�-� 

�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �f�r�o�m� �t�h�e� �M�o�n�t�e� �C�a�r�l�o� �t�r�i�a�l�s� �[�8�3�]�,� �w�h�i�c�h� �c�a�n� �b�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� 

�e�s�t�i�m�a�t�e� �C�o�m�p�u�t�e�d� �u�s�i�n�g� �E�q�.� �(�3�.�3�)�.� �A�s� �s�h�o�w�n� �i�n� �E�q�s�.� �(�3�.�1�3�)� �a�n�d� �(�3�.�1�4�)�,� �t�h�e� �e�s�t�i�m�a�t�e� 

�d�o�e�s� �n�o�t� �m�a�t�c�h� �t�h�e� �r�e�s�u�l�t�s� �p�r�o�v�i�d�e�d� �b�y� �t�h�e� �M�o�n�t�e� �C�a�r�l�o� �s�t�u�d�y�.� �I�n�d�i�v�i�d�u�a�l� �e�n�t�r�i�e�s� �i�n� 

�t�h�e� �m�a�t�r�i�x� �o�f� �E�q�.� �(�3�.�1�4�)� �a�r�e� �o�f�f� �b�y� �m�o�r�e� �t�h�a�n� �a� �f�a�c�t�o�r� �o�f� �f�i�v�e�.� 
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�I�f� �a� �w�e�i�g�h�t�e�d� �r�e�g�r�e�s�s�i�o�n� �a�n�a�l�y�s�i�s� �i�s� �u�s�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�3�.�9�)�,� �d�i�f�f�e�r�e�n�t� �r�e�s�u�l�t�s� 

�a�r�e� �o�b�t�a�i�n�e�d�.� �A� �s�c�a�t�t�e�r� �p�l�o�t� �o�f� �w�e�i�g�h�t�e�d� �r�e�g�r�e�s�s�i�o�n� �s�o�l�u�t�i�o�n�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2�.� 

�I�t� �i�s� �a�p�p�a�r�e�n�t� �t�h�a�t� �t�h�e� �s�c�a�t�t�e�r� �a�r�o�u�n�d� �t�h�e� �t�r�u�e� �s�o�l�u�t�i�o�n� �p�,�,�,� �,� �=� �2�.�0�0� �a�n�d� �p�,�_�,� �,� �=� �3�.�0�0� 

�h�a�s� �b�e�e�n� �s�u�b�s�t�a�n�t�i�a�l�l�y� �r�e�d�u�c�e�d�.� �T�h�i�s� �i�s� �i�n�d�i�c�a�t�i�v�e� �o�f� �a�n� �i�m�p�r�o�v�e�d� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s�.� 

�A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �9�9�%� �c�o�n�f�i�d�e�n�c�e� �e�l�l�i�p�s�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �V�a�r�(�p�]� �f�r�o�m� 

�E�q�.� �(�3�.�1�0�)� �o�v�e�r�l�a�p�s� �t�h�e� �s�c�a�t�t�e�r� �p�o�i�n�t�s�.� 
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�F�i�g�u�r�e� �3�.�2�:� �W�e�i�g�h�t�e�d� �L�e�a�s�t�-�S�q�u�a�r�e�s� �S�o�l�u�t�i�o�n�s� 

�A�s� �w�i�t�h� �t�h�e� �o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �s�o�l�u�t�i�o�n�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �a�  ��m�e�a�s�-� 

�u�r�e�d �� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �u�s�i�n�g� �t�h�e� �M�o�n�t�e� �C�a�r�l�o� �t�r�i�a�l�s�,� �w�h�i�c�h� �c�a�n� �b�e� 
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�c�o�m�p�a�r�e�d� �t�o� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �E�q�.� �(�3�.�1�0�)�.� 

�E�q�u�a�t�i�o�n�s� �(�3�.�1�5�)� �a�n�d� �(�3�.�1�6�)� �b�e�l�o�w� �p�r�o�v�i�d�e� �t�h�e� �r�e�s�u�l�t�i�n�g� �c�o�m�p�a�r�i�s�o�n�.� �H�e�r�e�,� �t�h�e� 

�e�s�t�i�m�a�t�e�d� �m�a�t�r�i�x� �m�a�t�c�h�e�s� �t�h�e�  ��m�e�a�s�u�r�e�d �� �m�a�t�r�i�x� �t�o� �n�e�a�r�l�y� �t�h�e� �f�o�u�r�t�h� �d�e�c�i�m�a�l� �p�l�a�c�e�.� 
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�C�l�e�a�r�l�y�,� �u�s�i�n�g� �w�e�i�g�h�t�e�d� �r�e�g�r�e�s�s�i�o�n� �p�r�o�v�i�d�e�d� �a� �s�u�b�s�t�a�n�t�i�a�l� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� 

�o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �i�n� �t�h�i�s� �c�a�s�e�.� �T�h�e� �l�a�r�g�e�r� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �1�0�"� �d�a�t�a� �p�o�i�n�t� �o�f� 

�T�a�b�l�e� �3�.�1� �c�a�u�s�e�d� �a� �n�o�t�i�c�e�a�b�l�e� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� 

�o�b�t�a�i�n�e�d� �u�s�i�n�g� �o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s�,� �w�h�i�c�h� �c�a�n� �b�e� �c�l�e�a�r�l�y� �s�e�e�n� �w�h�e�n� �F�i�g�u�r�e� �3�.�1� �i�s� 

�c�o�m�p�a�r�e�d� �t�o� �F�i�g�u�r�e� �3�.�2�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �p�a�r�a�m�e�t�e�r� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �c�o�m�-� 

�p�u�t�e�d� �u�s�i�n�g� �E�q�.� �(�3�.�3�)� �w�a�s� �i�n�c�o�r�r�e�c�t�,� �m�e�a�n�i�n�g� �t�h�a�t� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �1�0�"� �p�o�i�n�t� �v�a�r�i�a�n�c�e� 

�w�e�r�e� �n�o�t� �e�v�e�n� �p�r�o�p�e�r�l�y� �a�c�c�o�u�n�t�e�d� �f�o�r�.� 
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�A�n� �a�d�d�i�t�i�o�n�a�l� �i�m�p�r�o�v�e�m�e�n�t� �t�h�a�t� �c�a�n� �b�e� �m�a�d�e� �t�o� �w�e�i�g�h�t�e�d� �r�e�g�r�e�s�s�i�o�n� �i�s� �t�h�e� 

�i�n�c�l�u�s�i�o�n� �o�f� �p�r�i�o�r� �k�n�o�w�l�e�d�g�e� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� �W�h�e�n� �t�h�i�s� �i�s� �d�o�n�e�,� �t�h�e� 

�p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� �b�e�c�o�m�e�s� �a� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �p�r�o�b�l�e�m�,� �w�h�i�c�h� �p�r�o�v�i�d�e�s� 
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�t�h�e� �u�p�d�a�t�e� �p�r�o�c�e�s�s� �c�a�u�s�e�d� �b�y� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g�;� �a�n�d� �(�3�)� �r�e�d�u�c�e�d� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 
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�T�o� �u�s�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s�,� �t�h�e� �a�n�a�l�y�s�t� �m�u�s�t� �h�a�v�e� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �c�o�n�c�e�r�n�i�n�g� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s�.� �S�t�r�i�c�t�l�y� �s�p�e�a�k�i�n�g�,� �t�h�i�s� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �c�o�m�e�s� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �p�r�o�b�a�b�i�l�-� 

�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n�,� �b�u�t� �f�o�r� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �p�a�r�a�m�e�t�e�r�s� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �c�a�n� 

�b�e� �s�u�m�m�a�r�i�z�e�d� �w�i�t�h� �a�n� �e�s�t�i�m�a�t�e�d� �m�e�a�n�s� �a�n�d� �v�a�r�i�a�n�c�e�s�,� �w�h�i�c�h� �t�o�g�e�t�h�e�r� �a�r�e� �c�a�l�l�e�d� 

�p�r�i�o�r�s�.� �I�n� �s�o�m�e� �c�a�s�e�s� �t�h�e� �a�n�a�l�y�s�t� �m�a�y� �k�n�o�w� �l�i�t�t�l�e� �o�r� �n�o�t�h�i�n�g� �a�t� �a�l�l� �a�b�o�u�t� �t�h�e� �l�i�k�e�l�y� 

�v�a�l�u�e� �o�f� �s�o�m�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� �I�n� �t�h�i�s� �c�a�s�e�,� �n�o�n�-�i�n�f�o�r�m�a�t�i�v�e� �p�r�i�o�r�s� �s�h�o�u�l�d� �b�e� �u�s�e�d� 

�f�o�r� �t�h�e� �p�o�o�r�l�y� �u�n�d�e�r�s�t�o�o�d� �p�a�r�a�m�e�t�e�r�s�,� �m�e�a�n�i�n�g� �t�h�a�t� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�s�t�i�m�a�t�e�s� �o�f� 

�v�a�r�i�a�n�c�e� �a�r�e� �s�e�t� �t�o� �i�n�f�i�n�i�t�y�.� 

�T�h�e� �S�S�E� �q�u�a�n�t�i�t�y� �f�o�r� �a� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �a�n�a�l�y�s�i�s� �i�s� �g�i�v�e�n� �b�e�l�o�w� �i�n� �E�q�.� �(�3�.�1�7�)�.� 

�T�h�e� �d�a�t�a� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �i�s� �d�e�f�i�n�e�d� �a�s� �W�,�=� �V�a�r�[�y�] �� �a�n�d� �t�h�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �f�o�r� 

�t�h�e� �v�e�c�t�o�r� �o�f� �p�r�i�o�r�s� �p�,� �i�s� �W�,� �=� �V�a�r�|�[�P�o�|� �T�h�e� �i�t�e�r�a�t�i�o�n� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �S�S�E� �i�s� �g�i�v�e�n� �i�n� 

�E�q�.� �(�3�.�1�8�)�.� �T�h�e� �e�s�t�i�m�a�t�e�d� �p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r� �f� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�i�s� �i�t�e�r�a�t�i�o�n� �i�s� �c�a�l�l�e�d� �t�h�e� 

�m�a�x�i�m�u�m� �a� �p�o�s�t�e�r�i�o�r� �e�s�t�i�m�a�t�e�,� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� �A�p�p�e�n�d�i�x� �A�.� �T�h�e� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� 

�m�a�t�r�i�x� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�i�s� �e�s�t�i�m�a�t�e� �i�s� �g�i�v�e�n� �i�n� �E�q�.� �(�3�.�1�9�)�.� �B�o�t�h� �d�a�t�a� �a�n�d� 

�p�r�i�o�r�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �c�o�m�e� �f�r�o�m� �m�u�l�t�i�v�a�r�i�a�t�e� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�s�.� 
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�R�e�g�r�e�s�s�i�o�n� �E�x�a�m�p�l�e� 

�I�n� �t�h�i�s� �r�e�g�r�e�s�s�i�o�n� �e�x�a�m�p�l�e�,� �t�h�e� �d�a�t�a� �o�f� �T�a�b�l�e� �3�.�1� �i�s� �u�s�e�d� �a�g�a�i�n� �a�l�o�n�g� �w�i�t�h� �p�r�i�o�r� 

�k�n�o�w�l�e�d�g�e� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �t�w�o� �p�a�r�a�m�e�t�e�r�s�.� �T�a�b�l�e� �3�.�2� �p�r�o�v�i�d�e�s� �t�h�e� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� 

�e�s�t�i�m�a�t�e�s� �t�h�a�t� �s�u�m�m�a�r�i�z�e� �t�h�e� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n�s�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �c�a�n� �a�l�s�o� 

�b�e� �e�x�p�r�e�s�s�e�d� �u�s�i�n�g� �t�h�e� �v�e�c�t�o�r�/�m�a�t�r�i�x� �n�o�t�a�t�i�o�n� �o�f� �E�q�.� �(�3�.�2�0�)�.� 

�T�a�b�l�e� �3�.�2�:� �P�r�i�o�r�s� �f�o�r� �R�e�g�r�e�s�s�i�o�n� �E�x�a�m�p�l�e� 
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�p�a�r�a�m�e�t�e�r� �m�e�a�n� �.� �v�a�r�i�a�n�c�e� �c�o�n�f�i�d�e�n�c�e� �b�o�u�n�d�s� 
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�=� �V� �=� �(�3�.�2�0�)� 

�P�o� �s�e�l� �a�r�l�P�o�l�"�|� �g�o� �s�o�m�o� 

� � � � 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �p�r�i�o�r� �e�s�t�i�m�a�t�e�s� �p�,� �d�o� �n�o�t� �m�a�t�c�h� �t�h�e� �t�r�u�e� �s�o�l�u�t�i�o�n� 

�P�r�u�e�,� �=� �2�-�0�0� �a�n�d� �p�,�,�,� �.� �=� �3�.�0�0�.� �T�h�i�s� �w�i�l�l� �u�s�u�a�l�l�y� �b�e� �t�h�e� �c�a�s�e�.� �I�f� �t�h�e� �p�r�i�o�r� �k�n�o�w�l�e�d�g�e� 

�w�a�s� �a�l�w�a�y�s� �p�e�r�f�e�c�t�,� �t�h�e�r�e� �w�o�u�l�d� �b�e� �n�o� �p�o�i�n�t� �i�s� �u�s�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �t�o� �o�b�t�a�i�n� �n�e�w� 

�e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �m�o�d�e�l�i�n�g� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �f�i�r�s�t� �p�l�a�c�e�.� 

�F�i�g�u�r�e� �3�.�3� �b�e�l�o�w� �s�h�o�w�s� �r�e�s�u�l�t�s� �f�r�o�m� �a� �s�i�n�g�l�e� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� 

�a�n�a�l�y�s�i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �E�q�s�.� �(�3�.�9�)� �a�n�d� �(�3�.�1�0�)�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s�,� �g�i�v�e�n� �i�n� �E�q�.� 

�(�3�.�2�1�)�,� �d�o� �n�o�t� �m�a�t�c�h� �t�h�e� �t�r�u�e� �s�o�l�u�t�i�o�n�,� �w�h�i�c�h� �i�s� �n�o�t� �u�n�e�x�p�e�c�t�e�d� �s�i�n�c�e� �t�h�e�r�e� �i�s� �n�o�i�s�e� 

�p�r�e�s�e�n�t� �i�n� �t�h�e� �d�a�t�a�.� �A� �9�9�%� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n� �i�s� �a�g�a�i�n� �d�e�f�i�n�e�d� �b�y� �t�h�e� �e�x�p�r�e�s�s�i�o�n� 

�(�P� �r�u�e� �~� �P�)�'� �V�a�r� �[�6� �|�(�P� �y�e� �-� �P�)� �=� �X�2�,�0�9�9�-� �N�o�t�e� �t�h�a�t� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �e�l�l�i�p�s�e� �i�n� �F�i�g�u�r�e� �3�.�3� 

�i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�a�t� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2�,� �a�n�d� �t�h�a�t� �t�h�e� �t�r�u�e� �a�n�s�w�e�r� �d�o�e�s� �l�i�e� �w�i�t�h�i�n� �t�h�e� 

�e�l�l�i�p�s�e�.� 
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�A� �s�i�m�i�l�a�r� �e�l�l�i�p�s�e� �c�a�n� �b�e� �p�l�o�t�t�e�d� �f�o�r� �t�h�e� �p�r�i�o�r�s� �u�s�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �V�a�r� �[�P�o�|� �f�r�o�m� 

�T�a�b�l�e� �3�.�2�.� �T�h�i�s� �e�l�l�i�p�s�e�,� �p�l�o�t�t�e�d� �a�l�o�n�g� �w�i�t�h� �t�h�e� �e�l�l�i�p�s�e� �g�e�n�e�r�a�t�e�d� �f�r�o�m� �t�h�e� �w�e�i�g�h�t�e�d� 

�r�e�g�r�e�s�s�i�o�n� �r�e�s�u�l�t�s�,� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�4�.� 
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�I�n� �F�i�g�u�r�e� �3�.�4�,� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �r�e�g�i�o�n� �w�h�e�r�e� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n� 

�b�a�s�e�d� �o�n� �t�h�e� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n� �o�v�e�r�l�a�p�s� �t�h�e� �e�s�t�i�m�a�t�e�d� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n� 

�c�o�m�i�n�g� �f�r�o�m� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �r�e�s�u�l�t�s�.� �T�h�e� �t�r�u�e� �a�n�s�w�e�r� �l�i�e�s� �w�i�t�h�i�n� �t�h�i�s� �o�v�e�r�l�a�p� �r�e�g�i�o�n�.� 

�I�f� �a� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �s�o�l�u�t�i�o�n� �i�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �E�q�s�.� �(�3�.�1�8�)� �a�n�d� �(�3�.�1�9�)�,� �t�h�e� 

�r�e�s�u�l�t�s� �o�f� �E�q�.� �(�3�.�2�2�)� �a�r�e� �o�b�t�a�i�n�e�d�.� �I�t� �i�s� �w�o�r�t�h� �n�o�t�i�n�g� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e�s� �a�r�e� �m�u�c�h� 

�s�m�a�l�l�e�r� �a�n�d� �t�h�a�t� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e� �i�s� �m�u�c�h� �c�l�o�s�e�r� �t�o� �t�h�e� �t�r�u�e� �s�o�l�u�t�i�o�n� �t�h�a�n� �e�i�t�h�e�r� 

�t�h�e� �p�r�i�o�r� �e�s�t�i�m�a�t�e� �o�r� �t�h�e� �e�s�t�i�m�a�t�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �a�l�o�n�e�.� �T�h�i�s� �i�s� 
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�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�5�.� 
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�l�a�p�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�e� �i�s� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �b�o�t�h� �t�h�e� �p�r�i�o�r� �i�n�f�o�r�m�a�-� 

�t�i�o�n� �a�n�d� �t�h�e� �d�a�t�a�-�b�a�s�e�d� �i�n�f�o�r�m�a�t�i�o�n� �c�o�m�i�n�g� �f�r�o�m� �t�h�e� �w�e�i�g�h�t�e�d� �r�e�g�r�e�s�s�i�o�n� �a�n�a�l�y�s�i�s�.� 

�C�o�n�c�l�u�s�i�o�n�s� 

�C�l�e�a�r�l�y�,� �u�s�i�n�g� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �c�a�n� �b�e� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �e�v�e�n� �w�e�i�g�h�t�e�d� 

�l�e�a�s�t�-�s�q�u�a�r�e�s�,� �p�a�r�t�i�c�u�l�a�r�l�y� �i�f� �t�h�e�r�e� �i�s� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g� �p�r�e�s�e�n�t� �i�n� �t�h�e� �p�r�o�b�l�e�m�.� �I�l�l�-� 

�c�o�n�d�i�t�i�o�n�i�n�g� �c�a�n� �b�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �c�o�m�p�u�t�i�n�g� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �t�h�e� 

�c�o�r�r�e�l�a�t�i�o�n� �m�a�t�r�i�x� �o�f� �E�q�s�.� �(�3�.�5�)� �a�n�d� �(�3�.�6�)�.� �A� �h�i�g�h� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �i�n�d�i�c�a�t�e�s� �t�h�e� 

�p�r�e�s�e�n�c�e� �o�f� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g� �i�n� �t�h�e� �p�r�o�b�l�e�m�,� �w�h�i�c�h� �t�e�n�d�s� �t�o� �i�n�f�l�a�t�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e� 

�v�a�r�i�a�n�c�e�s�,� �a�s� �s�e�e�n� �i�n� �E�q�.� �(�3�.�2�1�)�.� �I�t� �i�s� �a�l�s�o� �t�h�e� �s�o�u�r�c�e� �o�f� �t�h�e� �h�i�g�h� �d�e�g�r�e�e� �o�f� �e�c�c�e�n�-� 

�t�r�i�c�i�t�y� �s�e�e�n� �i�n� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n� �e�l�l�i�p�s�e� �o�f� �F�i�g�u�r�e� �3�.�3�.� 

�F�o�r� �t�h�e� �w�e�i�g�h�t�e�d� �r�e�g�r�e�s�s�i�o�n� �e�x�a�m�p�l�e�,� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �t�u�r�n�e�d� �o�u�t� �t�o� �b�e� 

�1�0�9�.�1�,� �w�h�i�c�h� �i�s� �q�u�i�t�e� �h�i�g�h� �f�o�r� �a� �t�w�o�-�p�a�r�a�m�e�t�e�r� �p�r�o�b�l�e�m�.� �F�o�r� �t�h�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� 

�a�n�a�l�y�s�i�s�,� �h�o�w�e�v�e�r�,� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �i�s� �o�n�l�y� �8�.�9�,� �w�h�i�c�h� �r�e�s�u�l�t�e�d� �i�n� �t�h�e� �s�u�b�s�t�a�n�-� 

�t�i�a�l�l�y� �r�e�d�u�c�e�d� �v�a�r�i�a�n�c�e�s� �o�f� �E�q�.� �(�3�.�2�2�)� �a�n�d� �t�h�e� �l�e�s�s� �e�c�c�e�n�t�r�i�c� �e�l�l�i�p�s�e� �o�f� �F�i�g�u�r�e� �3�.�5�.� 

�3�.�4� �A�D�D�I�T�I�O�N�A�L� �C�O�M�M�E�N�T�S� �O�N� �S�T�A�T�I�S�T�I�C�S� 

�D�a�t�a� �a�n�d� �P�a�r�a�m�e�t�e�r� �S�c�a�l�i�n�g� 

�A� �m�a�j�o�r� �a�d�v�a�n�t�a�g�e� �o�f� �u�s�i�n�g� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �i�s� �t�h�a�t� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�c�e�s� �m�a�k�e� �t�h�e� 

�e�n�t�i�r�e� �f�o�r�m�u�l�a�t�i�o�n� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �d�a�t�a� �a�n�d� �p�a�r�a�m�e�t�e�r� �s�c�a�l�i�n�g�.� �T�h�u�s�,� �s�w�i�t�c�h�i�n�g� �f�r�o�m� 

�S�.�I�.� �u�n�i�t�s� �t�o� �E�n�g�l�i�s�h� �u�n�i�t�s� �w�o�u�l�d� �h�a�v�e� �n�o� �e�f�f�e�c�t� �o�n� �t�h�e� �a�n�a�l�y�s�i�s�,� �n�o�r� �w�o�u�l�d� �s�c�a�l�i�n�g�s� 

�u�s�e�d� �t�o� �c�o�n�v�e�r�t� �f�r�o�m� �a�c�c�e�l�e�r�a�t�i�o�n� �d�a�t�a� �t�o� �v�e�l�o�c�i�t�y� �d�a�t�a� �h�a�v�e� �a�n�y� �e�f�f�e�c�t� �o�n� �t�h�e� �a�n�a�l�y�s�i�s�.� 

�A�l�s�o�,� �t�h�e� �u�s�e� �o�f� �s�t�a�t�i�s�t�i�c�a�l� �w�e�i�g�h�t�s� �p�r�o�v�i�d�e�s� �t�h�e� �p�r�o�p�e�r� �b�a�l�a�n�c�e� �b�e�t�w�e�e�n� �d�a�t�a� �a�n�d� 
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�p�r�i�o�r�s�.� �W�i�t�h�o�u�t� �t�h�e� �w�e�i�g�h�t�s�,� �t�h�e� �a�n�a�l�y�s�t� �w�o�u�l�d� �h�a�v�e� �t�o� �a�s�s�i�g�n� �a� �s�c�a�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �t�o� 

�t�h�e� �r�e�s�i�d�u�a�l�s� �f�r�o�m� �t�h�e� �p�r�i�o�r�s� �t�o� �e�n�s�u�r�e� �t�h�a�t� �t�h�e�y� �i�n�f�l�u�e�n�c�e� �t�h�e� �a�n�a�l�y�s�i�s� �s�u�f�f�i�c�i�e�n�t�l�y�.� 

�N�o�r�m�a�l�i�t�y� �o�f� �D�a�t�a� 

�I�n� �a�l�l� �t�h�r�e�e� �t�y�p�e�s� �o�f� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �(�o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s�,� �w�e�i�g�h�t�e�d� 

�r�e�g�r�e�s�s�i�o�n�,� �a�n�d� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n�)�,� �t�h�e� �e�r�r�o�r�s� �o�n� �t�h�e� �d�a�t�a� �a�r�e� �a�s�s�u�m�e�d� �t�o� �c�o�m�e� 

�f�r�o�m� �a� �m�u�l�t�i�v�a�r�i�a�t�e� �n�o�r�m�a�l� �(�G�a�u�s�s�i�a�n�)� �d�i�s�t�r�i�b�u�t�i�o�n�.� �I�f� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n� �i�s� �n�o�t� �m�e�t�,� �i�t� 

�d�e�c�r�e�a�s�e�s� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s� �a�n�d� �r�e�n�d�e�r�s� �t�h�e� �p�a�r�a�m�e�t�e�r� �v�a�r�i�a�n�c�e�-� 

�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �e�s�t�i�m�a�t�o�r�s� �o�f� �E�q�s�.� �(�3�.�3�)�,� �(�3�.�1�0�)�,� �a�n�d� �(�3�.�1�9�)� �i�n�a�c�c�u�r�a�t�e�.� �R�a�r�e�l�y� �d�o� 

�w�e� �h�a�v�e� �a�n�y� �g�u�a�r�a�n�t�e�e�s� �t�h�a�t� �t�h�e� �e�r�r�o�r�s� �o�n� �r�a�w� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �m�e�e�t� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n�.� 

�H�o�w�e�v�e�r�,� �i�f� �a� �l�a�r�g�e� �a�m�o�u�n�t� �o�f� �d�a�t�a� �i�s� �a�v�a�i�l�a�b�l�e� �(�a�s� �i�s� �t�h�e� �c�a�s�e� �w�i�t�h� �s�t�r�u�c�t�u�r�a�l� 

�d�y�n�a�m�i�c�s� �t�e�s�t�i�n�g� �r�e�s�u�l�t�s�)�,� �t�h�e� �c�e�n�t�r�a�l� �l�i�m�i�t� �t�h�e�o�r�e�m� �[�7�7�]� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �s�t�a�t�i�s�t�i�c�a�l� 

�q�u�a�n�t�i�t�i�e�s� �b�a�s�e�d� �o�n� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �t�h�e� �d�a�t�a� �w�i�l�l� �a�p�p�r�o�a�c�h� �n�o�r�m�a�l�i�t�y�,� �e�v�e�n� �i�f� 

�e�r�r�o�r�s� �o�n� �t�h�e� �d�a�t�a� �a�r�e� �n�o�t� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�.� �T�y�p�i�c�a�l�l�y�,� �3�0� �o�r� �m�o�r�e� �d�a�t�a� �p�o�i�n�t�s� 

�m�u�s�t� �b�e� �u�s�e�d� �f�o�r� �t�h�i�s� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �h�o�l�d�.� 

�A�s� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �i�n� �l�a�t�e�r� �c�h�a�p�t�e�r�s�,� �t�h�e� �d�a�t�a� �u�s�e�d� �i�n� �t�h�e� �m�o�d�e�l� �u�p�d�a�t�e� �p�r�o�c�e�d�u�r�e� 

�d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n� �a�r�e� �n�o�t� �a�c�t�u�a�l�l�y� �r�a�w� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a�,� �b�u�t� �a�r�e� �r�a�t�h�e�r� �t�h�e� 

�r�e�s�u�l�t�s� �o�f� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �p�e�r�f�o�r�m�e�d� �o�n� �t�h�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a�.� �I�n� �t�h�i�s� �s�i�g�n�a�l� �p�r�o�c�e�s�s�-� 

�i�n�g�,� �a� �l�a�r�g�e� �a�m�o�u�n�t� �o�f� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �i�s� �c�o�n�d�e�n�s�e�d� �i�n�t�o� �a� �f�e�w� �n�u�m�b�e�r�s� �t�h�a�t� �e�f�f�e�c�t�i�v�e�-� 

�l�y� �d�e�s�c�r�i�b�e� �t�h�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a�.� �F�o�r� �l�o�w� �n�o�i�s�e� �l�e�v�e�l�s�,� �t�h�i�s� �d�a�t�a� �c�o�n�d�e�n�s�a�t�i�o�n� �p�r�o�c�e�s�s� 

�i�s� �e�f�f�e�c�t�i�v�e�l�y� �l�i�n�e�a�r�,� �m�e�a�n�i�n�g� �t�h�a�t� �t�h�e� �r�e�s�u�l�t�s� �o�f� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �b�e�c�o�m�e� �n�o�r�m�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d�.� �T�h�i�s� �n�o�r�m�a�l�i�t�y� �o�f� �t�h�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �a� �s�u�m�-�o�f�-� 

�s�q�u�a�r�e�s� �e�r�r�o�r� �i�s� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �q�u�a�n�t�i�t�y� �t�o� �u�s�e� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �p�u�r�p�o�s�e�s�.� 
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�O�t�h�e�r� �M�e�a�s�u�r�a�b�l�e� �Q�u�a�n�t�i�t�i�e�s� 

�T�y�p�i�c�a�l�l�y�,� �t�h�e� �d�a�t�a� �u�s�e�d� �f�o�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �c�o�n�s�i�s�t�s� �o�f� �p�r�o�c�e�s�s�e�d� �d�y�n�a�m�i�c� 

�r�e�s�p�o�n�s�e� �d�a�t�a�.� �H�o�w�e�v�e�r�,� �t�h�e�r�e� �m�a�y� �b�e� �o�t�h�e�r� �m�e�a�s�u�r�a�b�l�e� �q�u�a�n�t�i�t�i�e�s� �t�h�a�t� �c�a�n� �b�e� 

�i�n�c�l�u�d�e�d� �a�s� �w�e�l�l�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e� �m�a�s�s� �o�f� �t�h�e� �t�e�s�t� �s�t�r�u�c�t�u�r�e� �i�s� �k�n�o�w�n� �t�o� �w�e�i�g�h� 

�1�5�.�0�5� �+� �0�.�0�5� �k�g�,� �t�h�e�n� �t�h�e� �F�E� �m�o�d�e�l� �s�h�o�u�l�d� �p�r�e�d�i�c�t� �a� �w�e�i�g�h�t� �w�i�t�h�i�n� �t�h�a�t� �r�a�n�g�e�.� �S�t�r�a�i�n� 

�g�a�u�g�e� �m�e�a�s�u�r�e�m�e�n�t�s� �c�o�u�l�d� �b�e� �u�s�e�d� �a�s� �w�e�l�l�.� �T�h�e�s�e� �a�d�d�i�t�i�o�n�a�l� �q�u�a�n�t�i�t�i�e�s�,� �z� �,� �c�a�n� �b�e� 

�i�n�c�l�u�d�e�d� �i�n� �t�h�e� �p�r�o�b�l�e�m� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�2�3�)�.� �T�h�e� �d�a�t�a� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �i�s� �d�e�f�i�n�e�d� 

�b�y� �W�,�=� �V�a�r�"�'�[�y�]�,� �t�h�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �f�o�r� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �d�e�f�i�n�e�d� �b�y� 

�W�i� �V�a�r�"�'�[�P�o�|� �,� �a�n�d� �t�h�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �f�o�r� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �m�e�a�s�u�r�e�m�e�n�t�s� �i�s� �d�e�f�i�n�e�d� 

�b�y� �W�,� �=� �V�a�r�"�[�z�]�.� 

�n�y� 
� � � � � � 

�_�w�\�2� �2 �� �_�w� �l�t� �%� �_�s� �\� 
�S�S�E�=�¥�°� �Y�i�~�Y�;� �+�y� �P�o�m� �~� �P�o� �y�e� �2�-�2� �m� 

�i�z�i�|� �o�y� �m�=�1�\� �9�%�,� �k�=�1�|� �(�3�.�2�3�)� 

� � � � � � 

�=�(�y� �-�9�)�'�W�,�(�y� �-� �9�)� �+� �(�P�y� �-�B�)�'�W�,� �(�P�o� �-�P�)� �+� �(�z� �-� �2�)� �W�,� �(�2�-�2�)� 

�O�f� �c�o�u�r�s�e�,� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �q�u�a�n�t�i�t�i�e�s� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �s�i�m�p�l�y� �a�s� �a�d�d�i�t�i�o�n�a�l� 

�d�a�t�a�,� �a�s� �t�h�e� �y� �v�e�c�t�o�r� �d�o�e�s� �n�o�t� �h�a�v�e� �t�o� �b�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �r�e�s�u�l�t�s�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �z� �v�e�c�t�o�r� �c�a�n� �b�e� �a�p�p�e�n�d�e�d� �t�o� �t�h�e� �y� �v�e�c�t�o�r�,� �a�n�d� �t�h�e� �W�,� �m�a�t�r�i�x� �c�a�n� �b�e� 

�a�p�p�e�n�d�e�d� �t�o� �t�h�e� �W�,�,� �f�o�r�m�i�n�g� �a� �g�e�n�e�r�a�l�i�z�e�d� �y� �v�e�c�t�o�r� �a�n�d� �W�,� �m�a�t�r�i�x� �p�a�i�r� �a�s� �s�h�o�w�n� �i�n� 

�E�q�.� �(�3�.�2�4�)�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �E�q�.� �(�3�.�1�7�)� �c�a�n� �b�e� �u�s�e�d� �i�n� �p�l�a�c�e� �o�f� �E�q�.� �(�3�.�2�3�)�.� 

�y� �V�a�r�l�y�]� �0� 
�V�e�i�n�s�  ��|�"�}� �V�a�t�)� �p�e�n�n�"� �;� �v�a�t�e� �(�3�.�2�4�)� 
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�C�o�m�p�a�r�i�n�g� �D�i�f�f�e�r�e�n�t� �M�o�d�e�l�s� 

�T�h�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �s�o�l�v�i�n�g� �r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m�s� �i�s� �a�l�s�o� �w�e�l�l�-� 

�s�u�i�t�e�d� �f�o�r� �c�o�m�p�a�r�i�n�g� �h�o�w� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s� �f�i�t� �t�h�e� �s�a�m�e� �d�a�t�a�.� �T�h�i�s� �c�a�n� �b�e� �a�c�c�o�m�-� 

�p�l�i�s�h�e�d� �b�y� �s�i�m�p�l�y� �d�e�t�e�r�m�i�n�i�n�g� �w�h�i�c�h� �m�o�d�e�l� �p�r�o�v�i�d�e�s� �t�h�e� �s�m�a�l�l�e�s�t� �S�S�E� �v�a�l�u�e�,� �a�s� 

�d�e�f�i�n�e�d� �i�n� �E�q�.� �(�3�.�1�7�)�.� �T�h�e� �m�o�d�e�l� �w�i�t�h� �t�h�e� �s�m�a�l�l�e�s�t� �S�S�E� �v�a�l�u�e� �w�i�l�l� �b�e� �t�h�e� �m�o�d�e�l� �t�h�a�t� 

�b�e�s�t� �f�i�t�s� �t�h�e� �d�a�t�a�.� 

�3�.�5� �T�H�E� �C�O�R�E� �E�Q�U�A�T�I�O�N�S� 

�T�o� �s�u�m�m�a�r�i�z�e� �t�h�i�s� �c�h�a�p�t�e�r�,� �t�h�e�r�e� �a�r�e� �f�o�u�r� �e�q�u�a�t�i�o�n�s� �t�h�a�t� �d�e�s�c�r�i�b�e� �t�h�e� �B�a�y�e�s�i�a�n� 

�S�t�a�t�i�s�t�i�c�s� �a�p�p�r�o�a�c�h� �f�o�r� �u�p�d�a�t�i�n�g� �p�a�r�a�m�e�t�e�r�s� �i�n� �a� �m�o�d�e�l�.� �A�s� �m�e�n�t�i�o�n�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�1�,� 

�t�h�e� �F�E�M�-�b�a�s�e�d� �9� �d�a�t�a� �p�r�e�d�i�c�t�i�o�n� �v�e�c�t�o�r� �i�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e� 

�v�e�c�t�o�r� �f�.� �A� �v�e�c�t�o�r� �f� �o�f� �f�o�r�c�e� �a�m�p�l�i�t�u�d�e�s� �(�t�o� �b�e� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r�s� �5� �a�n�d� �6�)� �i�s� �a�l�s�o� 

�r�e�q�u�i�r�e�d�.� �E�q�u�a�t�i�o�n� �(�3�.�1�7�)� �g�i�v�e�s� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�h�a�t� �i�s� �t�o� �b�e� �m�i�n�i�m�i�z�e�d�.� 

�E�q�u�a�t�i�o�n� �(�3�.�1�8�)� �p�r�o�v�i�d�e�s� �t�h�e� �b�a�s�i�c� �i�t�e�r�a�t�i�o�n� �t�h�a�t� �i�s� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �f�u�n�c�t�i�o�n� 

�m�i�n�i�m�i�z�a�t�i�o�n�/�p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n�.� �E�q�u�a�t�i�o�n� �(�3�.�1�9�)� �g�i�v�e�s� �t�h�e� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� 

�m�a�t�r�i�x� �t�h�a�t� �d�e�s�c�r�i�b�e�s� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s�.� 

�A�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �e�a�c�h� �c�h�a�p�t�e�r� �i�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �t�h�e�s�e� �f�o�u�r� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �b�e� �l�i�s�t�e�d� 

�a�g�a�i�n�,� �a�l�o�n�g� �w�i�t�h� �a� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �w�h�i�c�h� �v�e�c�t�o�r�s�/�m�a�t�r�i�c�e�s� �h�a�v�e� �a�l�r�e�a�d�y� �b�e�e�n� �d�e�r�i�v�e�d�,� 

�w�h�i�c�h� �o�n�e�s� �a�r�e� �b�e�i�n�g� �d�e�r�i�v�e�d� �i�n� �t�h�a�t� �p�a�r�t�i�c�u�l�a�r� �c�h�a�p�t�e�r�,� �a�n�d� �w�h�i�c�h� �o�n�e�s� �r�e�m�a�i�n� �t�o� �b�e� 

�d�e�r�i�v�e�d� �i�n� �l�a�t�e�r� �c�h�a�p�t�e�r�.� 
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�C�h�a�p�t�e�r� �4�:� �U�p�d�a�t�e� �P�a�r�a�m�e�t�e�r�s� 

�T�H�E� �C�O�R�E� �E�Q�U�A�T�I�O�N�S� 

� � 

�d�a�t�a� �v�e�c�t�o�r�:� 

�I�=�I�W�D�S�)� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�:� 

�S�S�E� �=� �(�y� �-� �§�)�"� �W�y� �-�9�)� �+� �(�P�o� �-� �D�B�)�"� �W�,� �(�P�o� �-�P�)� 

�i�t�e�r�a�t�i�o�n� �f�o�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n�:� 

�A�p� �=�(�X�T�W�,�X�+�W�,�)�(�X�'�W�,�(�y� �-�9�)� �+� �W�,� �(�P�o� �-� �B�)� 

�v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �f�o�r� �p�a�r�a�m�e�t�e�r�s�:� 
�_� �{�y�t� �-�1� �V�a�r�[�p�]� �=� �(�X�'�W�,�X�+�W�,�)� � � 

� � 

�T�o� �b�e� �d�e�r�i�v�e�d� �h�e�r�e�:� �P�p� �_�u�p�d�a�t�e�d� �p�a�r�a�m�e�t�e�r�s� �e�s�t�i�m�a�t�e�s� 
�P�)� �_� �P�r�i�o�r� �e�s�t�i�m�a�t�e�s� �o�f� �p�a�r�a�m�e�t�e�r�s� 
�W�,� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �f�o�r� �p�r�i�o�r�s� 

�R�e�m�a�i�n�i�n�g� �t�o� �b�e� �d�e�r�i�v�e�d�:� �=� �y� �d�a�t�a� �v�e�c�t�o�r� 
�f� �e�x�c�i�t�a�t�i�o�n� �v�e�c�t�o�r� 
�W�,� �d�a�t�a� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� 
�y� �F�E� �p�r�e�d�i�c�t�i�o�n� �o�f� �d�a�t�a� �v�e�c�t�o�r� 
�X� �_� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x� �o�f� �F�E� �p�r�e�d�i�c�t�i�o�n� �v�e�c�t�o�r� 

�4�.�1� �M�O�D�E�L� �U�P�D�A�T�E� �P�A�R�A�M�E�T�E�R�S� 

�A�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �C�h�a�p�t�e�r� �1�,� �t�h�e� �s�u�b�j�e�c�t� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �i�s� �a� 

�p�a�r�a�m�e�t�e�r�-�b�a�s�e�d� �m�e�t�h�o�d�o�l�o�g�y� �f�o�r� �u�p�d�a�t�i�n�g� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �(�F�E�)� �m�o�d�e�l�s� �w�i�t�h� �f�r�e�q�u�e�n�c�y� 

�r�e�s�p�o�n�s�e� �d�a�t�a�.� �T�h�e� �p�r�i�m�a�r�y� �a�d�v�a�n�t�a�g�e� �o�f� �u�s�i�n�g� �a� �p�a�r�a�m�e�t�r�i�c� �a�p�p�r�o�a�c�h� �i�s� �t�h�a�t� �t�h�e� 

�U�p�d�a�t�e� �P�a�r�a�m�e�t�e�r�s� �5�1



�u�p�d�a�t�e�d� �p�a�r�a�m�e�t�e�r�s� �p�r�o�v�i�d�e� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �c�h�a�n�g�e�s� �m�a�d�e� �t�o� �t�h�e� �m�o�d�e�l�.� �C�l�e�a�r�l�y�,� �o�n�e� 

�o�f� �t�h�e� �m�a�i�n� �t�a�s�k�s� �t�h�e� �a�n�a�l�y�s�t� �i�n�i�t�i�a�l�l�y� �h�a�s� �(�i�n� �a�d�d�i�t�i�o�n� �t�o� �b�u�i�l�d�i�n�g� �t�h�e� �i�n�i�t�i�a�l� �F�E� �m�o�d�e�l�)� 

�i�s� �t�o� �p�i�c�k� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �a�r�e� �t�o� �b�e� �u�p�d�a�t�e�d�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �v�e�c�t�o�r� �p� �c�o�n�t�a�i�n�s� �o�n�e� 

�e�n�t�r�y� �f�o�r� �e�a�c�h� �p�a�r�a�m�e�t�e�r� �t�o� �b�e� �u�p�d�a�t�e�d�.� �T�h�e� �u�p�d�a�t�e�d� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �t�h�a�t� �c�o�m�e� 

�f�r�o�m� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �a�n�a�l�y�s�i�s� �a�r�e� �d�e�s�i�g�n�a�t�e�d� �p�f�,� �w�i�t�h� �t�h�e�  ��h�a�t �� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �t�h�e�y� �a�r�e� 

�e�s�t�i�m�a�t�e�d� �q�u�a�n�t�i�t�i�e�s�.� 

�S�i�n�c�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �m�o�d�e�l� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �s�y�s�t�e�m�s�,� �t�h�e�r�e� 

�a�r�e� �v�i�r�t�u�a�l�l�y� �n�o� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �w�h�a�t� �c�o�n�s�t�i�t�u�t�e�s� �a� �v�a�l�i�d� �p�a�r�a�m�e�t�e�r�,� �a�s�i�d�e� �f�r�o�m� �t�h�e� �f�a�c�t� 

�t�h�a�t� �t�h�e�y� �m�u�s�t� �b�e� �i�n�d�e�p�e�n�d�e�n�t�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e� �a�n�a�l�y�s�t� �i�s� �m�o�d�e�l�i�n�g� �a� �b�e�a�m� �w�i�t�h� �a� 

�s�o�l�i�d� �r�e�c�t�a�n�g�u�l�a�r� �c�r�o�s�s�-�s�e�c�t�i�o�n�,� �h�e� �c�a�n�n�o�t� �s�e�l�e�c�t� �w�i�d�t�h� �b�,� �t�h�i�c�k�n�e�s�s� �h� �,� �a�n�d� �c�r�o�s�s�-� 

�s�e�c�t�i�o�n� �a�r�e�a� �A�,� �s�i�n�c�e� �A� �=� �b�h�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�i�s� �l�a�c�k� �o�f� �i�n�d�e�p�e�n�d�e�n�c�e� �w�i�l�l� �n�o�t� 

�a�l�w�a�y�s� �b�e� �o�b�v�i�o�u�s� �t�o� �t�h�e� �a�n�a�l�y�s�t�.� 

�A�d�d�i�t�i�o�n�a�l�l�y�,� �i�t� �i�s� �p�r�e�f�e�r�a�b�l�e� �t�h�a�t� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �c�o�n�s�i�s�t� �o�f� �v�a�l�u�e�s� �t�h�a�t� �a�r�e� �e�a�s�i�l�y� 

�m�e�a�s�u�r�e�d� �o�r� �i�n�t�e�r�p�r�e�t�e�d�.� �P�a�r�a�m�e�t�e�r�s� �s�u�c�h� �a�s� �t�h�e�s�e� �i�n�c�l�u�d�e� �m�a�t�e�r�i�a�l� �p�a�r�a�m�e�t�e�r�s� �s�u�c�h� �a�s� 

�d�e�n�s�i�t�y� �a�n�d� �e�l�a�s�t�i�c� �m�o�d�u�l�u�s�,� �g�l�o�b�a�l� �g�e�o�m�e�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �s�u�c�h� �a�s� �l�e�n�g�t�h� �a�n�d� �t�h�i�c�k�n�e�s�s�,� 

�a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �v�a�l�u�e�s� �s�u�c�h� �a�s� �e�f�f�e�c�t�i�v�e� �m�a�s�s� �a�n�d� �e�f�f�e�c�t�i�v�e� �s�t�i�f�f�n�e�s�s�.� �A�n� 

�e�x�a�m�p�l�e� �o�f� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �a�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �m�e�a�s�u�r�e� �o�r� �i�n�t�e�r�p�r�e�t� �a�r�e� �i�n�d�i�v�i�d�u�a�l� �e�n�t�r�i�e�s� 

�i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s�.� 

�T�r�a�d�e�-�o�f�f�s� �c�a�n� �s�o�m�e�t�i�m�e�s� �b�e� �m�a�d�e� �b�e�t�w�e�e�n� �p�a�r�a�m�e�t�e�r� �e�a�s�e�-�o�f�-�u�s�e� �a�n�d� �i�n�t�u�i�t�i�v�e�-� 

�n�e�s�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �w�h�e�n� �w�o�r�k�i�n�g� �w�i�t�h� �a� �r�e�c�t�a�n�g�u�l�a�r� �c�r�o�s�s� �s�e�c�t�i�o�n� �o�f� �a� �b�e�a�m� �(�w�i�t�h� �a� 

�f�i�x�e�d� �w�i�d�t�h�)�,� �i�t� �i�s� �e�a�s�i�e�r� �t�o� �w�o�r�k� �w�i�t�h� �t�h�e� �a�r�e�a� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �J� �,� �s�i�n�c�e� �t�h�e� �F�E� 

�s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �i�s� �l�i�n�e�a�r� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �J�]�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �m�o�r�e� �i�n�t�u�i�t�i�v�e� �t�o� �w�o�r�k� �w�i�t�h� 
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�t�h�i�c�k�n�e�s�s� �¢� �a�n�d� �w�i�d�t�h� �w�,� �s�i�n�c�e� �t�h�e�s�e� �a�r�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �t�h�e� �a�n�a�l�y�s�t� �c�a�n� �a�c�t�u�a�l�l�y� 

�m�e�a�s�u�r�e� �a�n�d� �a�r�e� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �t�h�a�t� �w�o�u�l�d� �b�e� �m�o�d�i�f�i�e�d� �i�n� �a� �d�e�s�i�g�n� �c�h�a�n�g�e�.� �P�a�r�a�m�e�t�e�r�s� 

�t�h�a�t� �r�e�q�u�i�r�e�d� �r�e�m�e�s�h�i�n�g� �o�f� �t�h�e� �F�E� �m�o�d�e�l� �s�h�o�u�l�d� �b�e� �a�v�o�i�d�e�d�,� �s�i�n�c�e� �r�e�p�e�a�t�e�d�l�y� �r�e�m�e�s�h�-� 

�i�n�g� �t�h�e� �F�E� �m�o�d�e�l� �g�r�e�a�t�l�y� �i�n�c�r�e�a�s�e�s� �t�h�e� �e�x�p�e�n�s�e� �o�f� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �m�o�d�e�l� �u�p�d�a�t�e�.� �I�n� 

�t�h�e� �r�e�s�e�a�r�c�h� �o�f� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�,� �c�h�o�i�c�e�s� �b�e�t�w�e�e�n� �i�n�t�u�i�t�i�v�e�n�e�s�s� �a�n�d� �e�a�s�e�-�o�f�-�u�s�e� �w�e�n�t� 

�b�o�t�h� �w�a�y�s�.� 

�I�d�e�a�l�l�y�,� �t�h�e� �s�e�t� �o�f� �p�a�r�a�m�e�t�e�r�s� �w�i�l�l� �b�e� �a�s� �s�m�a�l�l� �a�s� �p�o�s�s�i�b�l�e�,� �w�h�i�l�e� �b�e�i�n�g� �c�o�m�p�l�e�t�e� 

�e�n�o�u�g�h� �t�o� �i�n�c�l�u�d�e� �t�h�e� �d�o�m�i�n�a�n�t� �s�o�u�r�c�e�s� �o�f� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �m�o�d�e�l�.� �T�h�u�s�,� �w�h�e�n� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s� �a�r�e� �p�r�o�p�e�r�l�y� �u�p�d�a�t�e�d�,� �t�h�e� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �m�o�d�e�l� �w�i�l�l� �h�a�v�e� �b�e�e�n� �s�i�g�n�i�f�i�-� 

�c�a�n�t�l�y� �r�e�d�u�c�e�d� �a�n�d� �t�h�e� �p�r�e�d�i�c�t�i�v�e� �c�a�p�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�o�d�e�l� �w�i�l�l� �h�a�v�e� �b�e�e�n� �i�m�p�r�o�v�e�d�.� 

�4�.�2� �B�A�Y�E�S�I�A�N� �P�R�I�O�R�S� 

�A�n� �a�d�d�i�t�i�o�n�a�l� �b�e�n�e�f�i�t� �o�f� �u�s�i�n�g� �d�e�s�i�g�n� �p�a�r�a�m�e�t�e�r�s� �i�s� �t�h�a�t� �t�h�e� �u�p�d�a�t�e� �p�r�o�b�l�e�m� �c�a�n� �b�e� 

�f�o�r�m�u�l�a�t�e�d� �a�s� �a� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �p�r�o�b�l�e�m�.� �I�n� �t�h�i�s� �s�t�a�t�i�s�t�i�c�a�l� �f�r�a�m�e�w�o�r�k�,� �a�n�y� �p�r�i�o�r� 

�k�n�o�w�l�e�d�g�e� �t�h�e� �a�n�a�l�y�s�t� �h�a�s� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� 

�f�o�r�m�a�l�l�y� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �u�p�d�a�t�e� �p�r�o�c�e�s�s�.� �T�h�i�s� �k�n�o�w�l�e�d�g�e�,� �u�s�u�a�l�l�y� �c�o�n�s�i�s�t�i�n�g� �o�f� 

�i�n�d�e�p�e�n�d�e�n�t� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �t�h�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s�,� �i�s� �c�a�l�l�e�d� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n�.� 

�I�n� �t�h�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �a�p�p�r�o�a�c�h�,� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �a� �p�r�i�o�r�i� 

�p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n� �(�P�D�F�)�.� �T�h�i�s� �P�D�F� �i�s� �t�y�p�i�c�a�l�l�y� �s�u�m�m�a�r�i�z�e�d� �w�i�t�h� �e�s�t�i�-� 

�m�a�t�e�s� �o�f� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� �f�o�r� �p�a�r�a�m�e�t�e�r�s� �c�o�m�i�n�g� �f�r�o�m� �a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e� 

�e�s�t�i�m�a�t�e�d� �m�e�a�n� �a�n�d� �v�a�r�i�a�n�c�e� �t�o�g�e�t�h�e�r� �a�r�e� �c�a�l�l�e�d� �a� �p�r�i�o�r�.� 

�I�f� �t�h�e� �u�p�d�a�t�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �s�e�l�e�c�t�e�d� �p�r�o�p�e�r�l�y�,� �p�r�i�o�r�s� �c�a�n� �b�e� �e�a�s�i�l�y� �o�b�t�a�i�n�e�d�.� �F�o�r� 

�e�x�a�m�p�l�e�,� �i�f� �o�n�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �i�s� �t�h�i�c�k�n�e�s�s�,� �t�h�e� �a�n�a�l�y�s�t� �c�a�n� �m�e�a�s�u�r�e� �t�h�e� �t�h�i�c�k�n�e�s�s� 
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�w�i�t�h� �a� �r�u�l�e�r�,� �p�e�r�h�a�p�s� �o�b�t�a�i�n�i�n�g� �a� �p�r�i�o�r� �o�f� �0�.�2�5� �+� �0�.�0�3� �i�n�.� �(�a�s�s�u�m�i�n�g� �t�h�a�t� �m�e�a�s�u�r�e�-� 

�m�e�n�t�s� �a�r�e� �a�c�c�u�r�a�t�e� �t�o� �t�h�e� �n�e�a�r�e�s�t� �h�a�l�f� �i�n�c�r�e�m�e�n�t� �o�n� �t�h�e� �m�e�a�s�u�r�i�n�g� �d�e�v�i�c�e�)�.� �A�l�t�e�r�n�a�-� 

�t�i�v�e�l�y�,� �t�h�e� �a�n�a�l�y�s�t� �c�o�u�l�d� �m�e�a�s�u�r�e� �t�h�e� �t�h�i�c�k�n�e�s�s� �w�i�t�h� �a� �m�i�c�r�o�m�e�t�e�r�,� �o�b�t�a�i�n�i�n�g� �a� �m�u�c�h� 

�m�o�r�e� �a�c�c�u�r�a�t�e� �p�r�i�o�r� �o�f� �0�.�2�6�0�5� �+� �0�.�0�0�0�5� �i�n�.�.� �M�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �p�r�i�o�r�s� �c�a�n� �s�o�m�e�t�i�m�e�s� 

�b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �r�e�f�e�r�e�n�c�e� �b�o�o�k�s�.� 

�I�n� �c�a�s�e�s� �i�n�v�o�l�v�i�n�g� �e�s�t�i�m�a�t�i�o�n� �o�f� �j�o�i�n�t� �s�t�i�f�f�n�e�s�s� �o�r� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �p�a�r�a�m�e�t�e�r�s�,� 

�t�h�e� �a�n�a�l�y�s�t� �m�a�y� �k�n�o�w� �l�i�t�t�l�e� �o�r� �n�o�t�h�i�n�g� �a�t� �a�l�l� �a�b�o�u�t� �t�h�e� �l�i�k�e�l�y� �v�a�l�u�e� �o�f� �a� �p�a�r�a�m�e�t�e�r�.� �I�n� 

�t�h�i�s� �c�a�s�e�,� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �n�o�t� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �f�o�r� �t�h�e� �p�a�r�a�m�e�t�e�r�.� �T�h�i�s� �c�a�n� 

�a�l�t�e�r�n�a�t�e�l�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a� �n�o�n�-�i�n�f�o�r�m�a�t�i�v�e� �p�r�i�o�r�,� �w�h�i�c�h� �i�s� �a� �p�r�i�o�r� �h�a�v�i�n�g� �a� �v�a�r�i�a�n�c�e� 

�e�s�t�i�m�a�t�e� �o�f� �i�n�f�i�n�i�t�y�.� 

�T�h�e� �a�c�t�u�a�l�]� �q�u�a�n�t�i�t�i�e�s� �u�s�e�d� �i�n� �t�h�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �a�n�a�l�y�s�i�s� �a�r�e� �t�h�e� �v�e�c�t�o�r� �o�f� 

�i�n�i�t�i�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �p�,� �a�n�d� �t�h�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �W�,� �t�h�a�t� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �q�u�a�l�i�t�y� 

�o�f� �t�h�e� �i�n�i�t�i�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s�.� �W�,�,� �i�s� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� 

�V�a�r� �[�P�o�|� �t�h�a�t� �d�i�r�e�c�t�l�y� �d�e�s�c�r�i�b�e�s� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �p�o�t�e�n�t�i�a�l� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s�.� 

�T�a�b�l�e� �4�.�1� �b�e�l�o�w� �s�h�o�w�s� �a�n� �e�x�a�m�p�l�e� �o�f� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �f�o�r� �t�h�r�e�e� �p�a�r�a�m�e�t�e�r�s�:� 

�t�h�i�c�k�n�e�s�s� �¢� �,� �w�i�d�t�h� �w�,� �a�n�d� �j�o�i�n�t� �s�t�i�f�f�n�e�s�s� �k�.� �I�n� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �e�x�a�m�p�l�e�,� �t�h�e� �f�i�r�s�t� �t�w�o� 

�p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� �m�e�a�s�u�r�e�d� �d�i�r�e�c�t�l�y� �t�o� �o�b�t�a�i�n� �t�h�e� �p�r�i�o�r�s�,� �b�u�t� �n�o� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �i�s� 

�a�v�a�i�l�a�b�l�e� �o�n� �t�h�e� �t�h�i�r�d�.� �I�t� �i�s� �t�h�u�s� �e�x�p�r�e�s�s�e�d� �a�s� �a� �n�o�n�-�i�n�f�o�r�m�a�t�i�v�e� �p�r�i�o�r�.� 

�T�a�b�l�e� �4�.�1�:� �E�x�a�m�p�l�e� �o�f� �P�r�i�o�r� �I�n�f�o�r�m�a�t�i�o�n� 
� � � � � � 
� � 

� � � � � � 

�p�a�r�a�m�e�t�e�r� �m�e�a�n� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� 

�t� �0�.�0�5�0� �m� �+�0�.�0�0�2� �m� 

�w� �1�.�2�0�0� �m� �+�0�.�0�2�0� �m� 

�k� �?�?� �?�?� 
� � 
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�I�f� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �a�r�e� �i�n�t�e�r�p�r�e�t�e�d� �a�s� �9�5�%� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �o�n� �n�o�r�m�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �v�a�r�i�a�b�l�e�s�,� �t�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �f�o�r� �p�a�r�a�m�e�t�e�r� �p�,� �c�a�n� �b�e� 

� � �c�o�m�p�u�t�e�d� �a�s� �a�,� �=�  ��=� �[�7�7�]�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �o�,� �=� �0�.�0�0�1� �m� �a�n�d� �a�,� �=�0�.�0�1�0� �m�.� 

�S�i�n�c�e� �n�o� �p�r�i�o�r� �v�a�l�u�e� �i�s� �a�v�a�i�l�a�b�l�e� �f�o�r� �k� �,� �a� �v�a�l�u�e� �s�h�o�u�l�d� �a�r�b�i�t�r�a�r�i�l�y� �b�e� �a�s�s�i�g�n�e�d� �t�o� �i�t�,� 

�s�u�c�h� �a�s� �k� �=� �1�.�0� �x� �1�0�°� �N�/�m�.� �T�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �a�s�s�i�g�n�e�d� �t�o� �i�t� �s�h�o�u�l�d� �b�e� �m�u�c�h� 

�l�a�r�g�e�r�,� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �v�a�l�u�e� �a�s�s�i�g�n�e�d� �t�o� �t�h�e� �p�a�r�a�m�e�t�e�r� �i�s� �v�e�r�y� �u�n�c�e�r�t�a�i�n�.� 

�P�e�r�h�a�p�s� �o�,� �=� �1�.�0� �x� �1�0�°� �N�/�m� �c�o�u�l�d� �b�e� �u�s�e�d�.� 

�A�t� �t�h�i�s� �p�o�i�n�t�,� �t�h�e� �v�e�c�t�o�r� �p�,� �a�n�d� �m�a�t�r�i�x� �V�a�r�|�P�o�|� �s�h�o�u�l�d� �b�e� �a�s�s�e�m�b�l�e�d�.� �E�q�u�a�t�i�o�n�s� 

�(�4�.�1�)� �a�n�d� �(�4�.�2�)� �p�r�o�v�i�d�e� �t�h�e�s�e� �q�u�a�n�t�i�t�i�e�s� �f�o�r� �t�h�e� �s�a�m�p�l�e� �d�a�t�a� �g�i�v�e�n� �i�n� �T�a�b�l�e� �4�.�1�.� �T�h�e� 

�w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �W�,� �g�i�v�e�n� �i�n� �E�q�.� �(�4�.�3�)� �i�s� �s�i�m�p�l�y� �t�h�e� �i�n�v�e�r�s�e� �o�f� �V�a�r�|�D�o�|�-� 

�N�g� �0�.�0�2�0� �m� 
�P�o�=� �L�y� �|�=� �1�.�2�0�0� �m� �(�4�.�1�)� 

�k�y� �1�.�0� �x� �1�0�°� �N�/�m� 

�%� �9� �O�f� �[�1�9�x�%�1�0�%� �m�2� �0� �0� 
�V�a�r�[�p�]�=�|�0� �o�,� �0�|�=� �0� �1�.�0�x� �1�0 �� �m�?� �0� �(�4�.�2�)� 

�0�0�6� �0� �0� �1�.�0� �x� �1�0�'�°� �N�?�/�m�?� 

�1�.�0� �x� �1�0�6� �m� �0� �0� 
�W�,� �=� �V�a�r�"�'�[�p�y�|�=� �0� �1�.�0�x� �1�0�*� �m� �*� �0� �(�4�.�3�)� 

�0� �0� �1�.�0�x� �1�0�°� �m�?�/�N�?� 
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� � 

�d�a�t�a� �v�e�c�t�o�r�:� 

�¥� �=�I�.�)� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�:� 

�S�S�E� �=� �(�y� �-�§�)�'�W�,�(�y� �-�9�)� �+� �(�P�y� �-� �B�)�'� �W�,�,� �(�P�o� �-�P�)� 

�i�t�e�r�a�t�i�o�n� �f�o�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n�:� 

�A�p� �=�(�X�"�W�,�X�+�W�,�)�'�(�X�"�W�,�(�y� �-�9�)� �+� �W�,� �(�P�o� �-� �8�)� 

�v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �f�o�r� �p�a�r�a�m�e�t�e�r�s�:� 

�-� �{�y�r� �-�1� �V�a�r�[�p�]�=�(�X�'�W�,�X�+�W�,� �)� 
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�T�o� �b�e� �d�e�r�i�v�e�d� �h�e�r�e�:� 
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�F�E� �p�r�e�d�i�c�t�i�o�n� �o�f� �d�a�t�a� �v�e�c�t�o�r� 
�s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x� �o�f� �F�E� �p�r�e�d�i�c�t�i�o�n� �v�e�c�t�o�r� 

�R�e�m�a�i�n�i�n�g� �t�o� �b�e� �d�e�r�i�v�e�d�:� 
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�5�.�1� �S�I�N�E�-�D�W�E�L�L� �T�E�S�T� �D�A�T�A� 

�T�h�i�s� �c�h�a�p�t�e�r� �d�i�s�c�u�s�s�e�s� �h�o�w� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� 

�e�l�e�m�e�n�t�s� �o�f� �t�h�e� �d�a�t�a� �v�e�c�t�o�r� �y� �a�n�d� �h�o�w� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �d�e�l�t�a� �m�e�t�h�o�d� �i�s� �u�s�e�d� �t�o� 

�g�e�n�e�r�a�t�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �W�,�.� �T�h�e� �c�h�a�p�t�e�r� �c�o�n�c�l�u�d�e�s� �w�i�t�h� �a� 

�C�h�a�p�t�e�r� �5�:� �S�i�n�e�-�D�w�e�l�l� �S�t�a�t�i�s�t�i�c�s� �5�6� 

� 



�d�i�s�c�u�s�s�i�o�n� �o�f� �w�h�e�n� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �d�e�l�t�a� �m�e�t�h�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �b�r�e�a�k�s� �d�o�w�n�,� �a�l�o�n�g� 

�w�i�t�h� �t�h�e� �a�c�c�e�p�t�a�n�c�e� �c�r�i�t�e�r�i�o�n� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �o�r� �n�o�t� �a� �d�a�t�a� �p�o�i�n�t� �s�h�o�u�l�d� �b�e� 

�i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �m�o�d�e�l� �u�p�d�a�t�e� �a�n�a�l�y�s�i�s�.� 

�S�i�n�e�-�d�w�e�l�l� �t�e�s�t�i�n�g� 

�S�i�n�e�-�d�w�e�l�l� �t�e�s�t�i�n�g� �i�s� �a� �t�e�c�h�n�i�q�u�e� �o�f�t�e�n� �u�s�e�d� �i�n� �s�t�r�u�c�t�u�r�a�l� �d�y�n�a�m�i�c�s� �t�e�s�t�i�n�g�.� �I�n� �t�h�i�s� 

�t�e�c�h�n�i�q�u�e�,� �a� �s�i�n�u�s�o�i�d�a�l�l�y� �a�p�p�l�i�e�d� �e�x�c�i�t�a�t�i�o�n� �f�o�r�c�e� �i�s� �a�p�p�l�i�e�d� �a�t� �a� �s�p�e�c�i�f�i�c� �f�r�e�q�u�e�n�c�y� �t�o� 

�t�h�e� �s�t�r�u�c�t�u�r�e�,� �u�s�u�a�l�l�y� �w�i�t�h� �a�n� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �s�h�a�k�e�r�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �r�e�s�p�o�n�s�e� �(�e�i�t�h�e�r� �a� 

�d�i�s�p�l�a�c�e�m�e�n�t�,� �v�e�l�o�c�i�t�y�,� �o�r� �a�c�c�e�l�e�r�a�t�i�o�n�)� �i�s� �t�h�e�n� �m�e�a�s�u�r�e�d� �a�t� �o�n�e� �o�r� �m�o�r�e� �p�o�i�n�t�s� �o�n� �t�h�e� 

�s�t�r�u�c�t�u�r�e�.� �I�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �e�x�h�i�b�i�t�s� �J�i�n�e�a�r� �b�e�h�a�v�i�o�r�,� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �w�i�l�l� 

�a�l�s�o� �b�e� �s�i�n�u�s�o�i�d�a�l�.� �S�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �f�r�o�m� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l� �e�(�t�)� �a�n�d� �r�e�s�p�o�n�s�e� 

�s�i�g�n�a�l� �r�(�t�)� �a�r�e� �s�h�o�w�n� �b�e�l�o�w� �i�n� �F�i�g�u�r�e� �5�.�1�.� 
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�F�r�o�m� �F�i�g�u�r�e� �5�.�1�,� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �f�o�r�c�e� �s�i�g�n�a�l� �h�a�s� �a�n� �a�m�p�l�i�t�u�d�e� �o�f� �a�b�o�u�t� 

�2�.�1� �u�n�i�t�s� �z�e�r�o�-�t�o�-�p�e�a�k�,� �w�h�i�l�e� �t�h�e� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l� �h�a�s� �a�n� �a�m�p�l�i�t�u�d�e� �o�f� �a�b�o�u�t� �0�.�7� �u�n�i�t�s� 

�z�e�r�o�-�t�o�-�p�e�a�k�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l� �l�a�g�s� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l� �b�y� �a� �6�0�°� 

�p�h�a�s�e� �a�n�g�l�e�,� �o�r� �a�b�o�u�t� �2�.�5� �t�i�m�e� �u�n�i�t�s�.� 

�S�i�n�g�l�e� �F�r�e�q�u�e�n�c�y� �T�i�m�e�-�S�e�r�i�e�s� �M�o�d�e�l�i�n�g� 

�T�h�e� �s�t�a�t�i�s�t�i�c�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �o�f� �t�h�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �i�s� �a� �k�e�y� 

�p�a�r�t� �o�f� �u�p�d�a�t�i�n�g� �m�o�d�e�l�i�n�g� �p�a�r�a�m�e�t�e�r�s� �u�s�i�n�g� �a� �p�r�o�p�e�r� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �a�n�a�l�y�s�i�s�,� �a�s� 

�t�h�e�y� �a�r�e� �t�h�e� �s�o�u�r�c�e� �o�f� �t�h�e� �d�a�t�a� �a�n�d� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�c�e�s� �u�s�e�d� �i�n� �t�h�e� �r�e�g�r�e�s�s�i�o�n� 

�f�o�r�m�u�l�a�t�i�o�n�.� �E�q�u�a�t�i�o�n�s� �(�5�.�1�)�,� �(�5�.�2�)�,� �a�n�d� �(�5�.�3�)� �s�h�o�w� �t�h�e� �e�q�u�a�t�i�o�n�s� �u�s�e�d� �t�o� �m�o�d�e�l� �t�i�m�e�-� 

�s�e�r�i�e�s� �d�a�t�a� �f�r�o�m� �s�i�n�g�l�e�-�f�r�e�q�u�e�n�c�y� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l� �e�(�t�)�,� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l� �r�(�t�)�,� �a�n�d� 

�r�e�l�a�t�i�v�e� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l� �r�,�,�(�t�)�.� �A�l�l�o�w�a�n�c�e�s� �f�o�r� �D�C� �o�f�f�s�e�t� �a�r�e� �i�n�c�l�u�d�e�d�.� �T�h�e� �r�e�a�l�-� 

�v�a�l�u�e�d� �s�c�a�l�a�r�s� �c�,� �a�n�d� �c�,� �a�r�e� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �o�f� �a� 

�c�o�m�p�l�e�x�-�v�a�l�u�e�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�y�s�t�e�m�.� �M�e�a�s�u�r�e�d� 

�t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �b�l�o�c�k�s� �e�,� �r�,� �a�n�d� �r�,�,�,� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �e�q�u�a�l� �t�o� �t�i�m�e� �s�a�m�p�l�e�s� �o�f� �t�h�e� 

�t�r�u�e� �s�i�g�n�a�l�s� �p�l�u�s� �r�a�n�d�o�m� �e�r�r�o�r�s� �c�o�m�i�n�g� �f�r�o�m� �a� �G�a�u�s�s�i�a�n� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �u�n�k�n�o�w�n� 

�v�a�r�i�a�n�c�e�.� 

�C�i�e� �(�t�)� �=� �A�g�+� �A� �C�O�S�(�W�t�-� �b�y�)� �=� �a�y�+� �a�,� �C�O�S�(�W�t�)� �+� �a�,� �s�i�n� �(�W�t�)� �(�5�.�1�)� 

�T�m�u�e�(�t�)� �=� �D�y�+� �B�C�O�s�(�w� �t�~� �y�-� �,�,�,�)� �=� �b�y�+� �b�,� �c�o�s� �(�w�t�)� �+� �b�,�s�i�n� �(�w�t�)� �(�5�.�2�)� 

�T�r�e�t� �m�u�e�(�t�)� �=� �p�+� �C�C�0�S�(�w�t�-�,�)� �=� �c�y�+� �c�,� �c�o�s� �(�w�t�)� �+�c�,�s�i�n�(�w�?�)� �(�5�.�3�)� 

�C�h�a�p�t�e�r� �5�:� �S�i�n�e�-�D�w�e�l�l� �S�t�a�t�i�s�t�i�c�s� �5�8



�M�u�l�t�i�-�f�r�e�q�u�e�n�c�y� �T�i�m�e�-�S�e�r�i�e�s� �M�o�d�e�l�i�n�g� 

�T�h�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �E�q�s�.� �(�5�.�1�)�,� �(�5�.�2�)�,� �a�n�d� �(�5�.�3�)� �c�a�n� �b�e� �e�x�p�a�n�d�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� 

�m�u�l�t�i�p�l�e� �f�r�e�q�u�e�n�c�y� �c�o�m�p�o�n�e�n�t�s� �i�n� �t�h�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a�.� �T�h�i�s� �a�l�l�o�w�s� �t�h�e� �a�n�a�l�y�s�t� �t�o� �t�e�s�t� 

�f�o�r� �h�a�r�m�o�n�i�c� �d�i�s�t�o�r�t�i�o�n� �i�n� �a� �s�i�n�g�l�e� �f�r�e�q�u�e�n�c�y� �e�x�p�e�r�i�m�e�n�t�,� �o�r� �p�e�r�h�a�p�s� �t�o� �a�c�q�u�i�r�e� �d�a�t�a� 

�m�o�r�e� �q�u�i�c�k�l�y� �b�y� �u�s�i�n�g� �s�e�v�e�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �i�n� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l� �s�i�m�u�l�t�a�n�e�o�u�s�l�y�.� 

�E�q�u�a�t�i�o�n�s� �(�5�.�4�)�,� �(�5�.�5�)�,� �a�n�d� �(�5�.�6�)� �s�h�o�w� �h�o�w� �t�h�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �(�e�x�c�i�t�a�t�i�o�n� �a�n�d� 

�r�e�s�p�o�n�s�e�)� �i�s� �m�o�d�e�l�e�d� �f�o�r� �a� �s�i�g�n�a�l� �c�o�n�t�a�i�n�i�n�g� �n�,� �t�o�t�a�l� �h�a�r�m�o�n�i�c�s�.� 

�n�,� �n�,� 
�C�m�u�e�(�t�)� �=�4�y�+� �)�A�;�C�O�S�(�W�;�t�-� �Y�o� �;�)� �=� �A�g�+�)� �@�p�;�_�,�C�O�S�(�W�,�t�)� �+� �a�,�,�S�i�n�(�w�,�t�)� �(�5�.�4�)� 

�i�=�]� �i�=�]� 

�n�h� �n�,� 
�T�i�m�e� �(�t�)� �=� �D�y�+� �Y� �B�;�C�O�S�(�W�,�t�~� �O�p� �;�~� �D�y�e�s� �;�)� �=� �D�g� �+� �Y�-� �b�y�;�-�1�C�0�8�(�w�;�t�)� �+� �b�,�,�8�i�n�(�w�,�t�)� �(�5�-�5�)� 

�i�=�]� �i�=�l� 

�n�p� �n�y� 
�r�e�t� �m�u�e�(�t�)� �=�  ¬�9�+� �¥�,� �C�,�C�O�S�(�w�,�t�-� �1� �;�)� �=� �C�o�+� �¥�.� �C�a�;�-�1�C�O�8�(�W�,�t�)�+�C�,�,�S�i�n�(�w�,�t�)� �(�5�.�6�)� 

�i�=�l� �i�=�l� 

�O�f� �c�o�u�r�s�e�,� �t�h�e�  ��p�e�r�f�e�c�t �� �t�i�m�e� �s�i�g�n�a�l�s�,� �e�,�_�(�¢�)� �a�n�d� �r�,�(�t�)�,� �a�r�e� �n�o�t� �a�v�a�i�l�a�b�l�e� �i�n� �a�n� 

�a�c�t�u�a�l� �e�x�p�e�r�i�m�e�n�t�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �t�h�e� �t�r�u�e� �c�o�e�f�f�i�c�i�e�n�t� �v�a�l�u�e�s� �c�a�n�n�o�t� �b�e� �o�b�t�a�i�n�e�d�.� 

�H�o�w�e�v�e�r�,� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� �f�o�u�n�d� �u�s�i�n�g� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�-� 

�n�i�q�u�e�s�.� �T�h�e� �e�s�t�i�m�a�t�e�d� �c�o�e�f�f�i�c�i�e�n�t� �v�e�c�t�o�r� �¢� �=� �{�C�o�s� �C�1�9� �C�a�y� �o�y� �C�o�n�,�}� �(�a�l�o�n�g� �w�i�t�h� �a� �v�a�r�i�a�n�c�e�-� 

�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �V�a�r�|�¢�|� �d�e�s�c�r�i�b�i�n�g� �i�t�s� �q�u�a�l�i�t�y�)� �b�e�c�o�m�e�s� �t�h�e� �d�a�t�a� �f�o�r� �t�h�e� �B�a�y�e�s�i�a�n� 

�r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �F�E� �m�o�d�e�l� �u�p�d�a�t�e�.� 

�T�o� �o�b�t�a�i�n� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �¢� �a�n�d� �V�a�r�|�é�]� �(�o�n�e� �s�e�t� �f�o�r� �e�a�c�h� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �d�a�t�a� 

�a�c�q�u�i�s�i�t�i�o�n� �l�o�c�a�t�i�o�n�,� �f�u�n�d�a�m�e�n�t�a�l� �e�x�c�i�t�a�t�i�o�n� �f�r�e�q�u�e�n�c�y�,� �a�n�d� �e�x�c�i�t�a�t�i�o�n� �l�o�c�a�t�i�o�n�)�,� �t�h�e� 

�e�x�c�i�t�a�t�i�o�n� �a�n�d� �r�e�s�p�o�n�s�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �m�u�s�t� �f�i�r�s�t� �b�e� �a�n�a�l�y�z�e�d� �s�e�p�a�r�a�t�e�l�y� �u�s�i�n�g� 

�C�h�a�p�t�e�r� �5�:� �S�i�n�e�-�D�w�e�l�l� �S�t�a�t�i�s�t�i�c�s� �5�9



�o�r�d�i�n�a�r�y� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �e�a�c�h� �a�n�a�l�y�s�i�s� �a�r�e� �t�h�e�n� �c�o�m�b�i�n�e�d� �t�o�g�e�t�h�e�r� 

�u�s�i�n�g� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �d�e�l�t�a� �m�e�t�h�o�d�,� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �5�.�2�.� 

�5�.�2� �R�E�L�A�T�I�V�E� �R�E�S�P�O�N�S�E� �S�T�A�T�I�S�T�I�C�S� 

�I�n�d�i�v�i�d�u�a�l� �T�i�m�e� �S�i�g�n�a�l� �A�n�a�l�y�s�i�s� 

�T�o� �o�b�t�a�i�n� �e�s�t�i�m�a�t�e�s� �o�f� �¢� �a�n�d� �V�a�r�[�é�]�,� �t�h�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �b�l�o�c�k�s� �a�c�q�u�i�r�e�d� �f�r�o�m� 

�e�x�c�i�t�a�t�i�o�n� �a�n�d� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l�s� �(�e�a�c�h� �o�f� �l�e�n�g�t�h� �n�,�)� �m�u�s�t� �f�i�r�s�t� �b�e� �a�n�a�l�y�z�e�d� �i�n�d�i�v�i�d�u�a�l�l�y�.� 

�T�h�i�s� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �u�s�i�n�g� �o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s�,� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �3�.� �T�h�i�s� 

�p�r�o�v�i�d�e�s� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�e�c�t�o�r�s� �@� �=� �{�d�o�,� �d�,�,�4�,�,� �~�»�o�,�,�}� �a�n�d� �5� �=� �{�b�o� �b�y�,� �B�a�,� �«�5� �B�o�n�}� 

�r�e�p�r�e�s�e�n�t�i�n�g� �e�x�c�i�t�a�t�i�o�n� �a�n�d� �r�e�s�p�o�n�s�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�l�o�n�g� �w�i�t�h� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� 

�m�a�t�r�i�c�e�s� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�e�c�t�o�r�s�.� 

�T�o� �p�e�r�f�o�r�m� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �f�o�r� �n�,� �h�a�r�m�o�n�i�c�s�,� �t�h�e� �r�e�g�r�e�s�s�o�r� �m�a�t�r�i�x� �X� �i�s� �f�i�r�s�t� 

�d�e�f�i�n�e�d� �a�s� �g�i�v�e�n� �i�n� �E�q�.� �(�5�.�7�)�.� �S�i�n�c�e� �t�h�e� �p�r�o�b�l�e�m� �i�s� �l�i�n�e�a�r�,� �t�h�e� �i�t�e�r�a�t�i�o�n� �o�f� �E�q�.� �(�3�.�2�)� �i�s� 

�n�o�t� �r�e�q�u�i�r�e�d�.� �V�e�c�t�o�r�s� �a� �a�n�d� �b� �c�a�n� �b�e� �d�i�r�e�c�t�l�y� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �E�q�s�.� �(�5�.�8�)� �a�n�d� �(�5�.�9�)� 

�u�s�i�n�g� �e�x�c�i�t�a�t�i�o�n� �d�a�t�a� �v�e�c�t�o�r� �e� �a�n�d� �r�e�s�p�o�n�s�e� �d�a�t�a� �v�e�c�t�o�r� �r� �,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�1� �c�o�s�(�W�,�t�,�)� �s�i�n�(�@�,�t�,�)� �.�.� �C�O�s�(�@�,�,�,� �£�1�)� �s�i�n�(�@�,� �£�,�)� 

�y�-� �1� �c�o�s�(�@�,�t�,�)� �s�i�n�(�@�,�t�,�)� �.�.�.� �C�o�s� �(�W�,�,�,� �£�5�)� �s�i�n�(�,�,�t�2�)� �(�5�.�7�)� 

�1� �C�O�S� �(�1�,� �)� �s�i�n�(�©�,�t�,�,� �)� �-�-� �C�O�S�(�O�,�,� �f�,� �|� �s�i�n�(�©�,�,� �t�,�,�)� 

�a�,� �e�(�t�,�)� 

�i�,� �m�e�-�t�y�|� �&�(�E�2�)� �1� 
�G� �=� �=� �(�X!"�X�)�'�X� �a� �(�X!"�X�)� �'�X�e� �(�5�.�8�)� 

�G�o�n�,� �e�(�,� 

�C�h�a�p�t�e�r� �5�:� �S�i�n�e�-�D�w�e�l�l� �S�t�a�t�i�s�t�i�c�s� �6�0
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�e�n�t�r�i�e�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �s�i�n�e�-�d�w�e�l�l� �s�t�a�t�i�s�t�i�c�s� �a�n�a�l�y�s�i�s� �i�n� �c�a�s�e� �t�h�e�r�e� �i�s� �a� �D�C� �o�f�f�s�e�t� 

�i�n�t�r�o�d�u�c�e�d� �b�y� �t�h�e� �t�e�s�t� �e�q�u�i�p�m�e�n�t� �u�s�e�d� �t�o� �a�c�q�u�i�r�e� �t�h�e� �d�a�t�a�.� 

�5�.�3� �I�s� �S�I�N�E�-�D�W�E�L�L� �D�A�T�A� �N�O�R�M�A�L�L�Y� �D�I�S�T�R�I�B�U�T�E�D�?� 

�P�r�e�l�i�m�i�n�a�r�y� �D�i�s�c�u�s�s�i�o�n� 

�F�o�r� �t�h�e� �s�u�m�-�o�f�-�s�q�u�a�r�e�s� �e�r�r�o�r� �f�o�r�m�u�l�a�t�i�o�n� �p�r�e�s�e�n�t�e�d� �i�n� �C�h�a�p�t�e�r� �3� �t�o� �b�e� �v�a�l�i�d�,� �t�h�e� 

�e�r�r�o�r�s� �o�n� �t�h�e� �d�a�t�a� �(�c�o�m�p�o�s�e�d� �o�f� �¢� �v�e�c�t�o�r�s�)� �m�u�s�t� �c�o�m�e� �f�r�o�m� �a� �m�u�l�t�i�v�a�r�i�a�t�e� �n�o�r�m�a�l� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� �I�f� �t�h�e� �e�r�r�o�r�s� �d�o� �n�o�t�,� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �b�e�c�o�m�e�s� �n�o�n�-�o�p�t�i�m�a�l� �a�n�d� �g�e�n�e�r�a�t�e�s� 

�p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �w�i�t�h� �h�i�g�h�e�r� �v�a�r�i�a�n�c�e�s�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �b�i�a�s� �e�r�r�o�r� 

�b�e�c�o�m�e�s� �p�o�s�s�i�b�l�e�,� �a�n�d� �p�a�r�a�m�e�t�e�r� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�o�r�s� �b�e�c�o�m�e� �i�n�a�c�c�u�r�a�t�e�.� 

�T�h�e� �C�e�n�t�r�a�l� �L�i�m�i�t� �T�h�e�o�r�e�m� 

�T�o� �a�d�d�r�e�s�s� �t�h�i�s� �i�s�s�u�e�,� �t�h�e� �c�e�n�t�r�a�l� �l�i�m�i�t� �t�h�e�o�r�e�m� �[�7�7�]� �i�s� �u�s�e�d�.� �I�t� �s�t�a�t�e�s� �t�h�a�t� �a� �l�i�n�e�a�r� 

�c�o�m�b�i�n�a�t�i�o�n� �(�u�s�u�a�l�l�y� �a� �s�u�m�)� �o�f� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �o�f� �a�m�y� �d�i�s�t�r�i�b�u�t�i�o�n� �w�i�l�l� �a�p�p�r�o�a�c�h� �a� 

�n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �i�n�c�r�e�a�s�e�s�.� 

�N�o�r�m�a�l�l�y�,� �3�0� �o�r� �m�o�r�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �a�r�e� �r�e�q�u�i�r�e�d�.� �T�h�i�s� �t�h�e�o�r�e�m� �c�a�n� �b�e� �u�s�e�d� �t�o� 

�d�e�m�o�n�s�t�r�a�t�e� �t�h�a�t� �t�h�e� �v�e�c�t�o�r�s� �¢� �a�n�d� �6� �h�a�v�e� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �e�r�r�o�r�s�.� 

�S�i�n�c�e� �t�h�e�s�e� �t�w�o� �v�e�c�t�o�r�s� �a�r�e� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �d�a�t�a� �v�e�c�t�o�r� �e� �a�n�d� 

�t�h�e� �r�e�s�p�o�n�s�e� �d�a�t�a� �v�e�c�t�o�r� �r� �,� �a�s� �s�h�o�w�n� �i�n� �E�q�s�.� �(�5�.�8�)� �a�n�d� �(�5�.�9�)�,� �t�h�e�y� �c�a�n� �b�e� �t�r�e�a�t�e�d� �a�s� 

�n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �d�a�t�a�,� �e�v�e�n� �i�n� �c�a�s�e�s� �w�h�e�r�e� �e� �a�n�d� �r� �c�o�n�t�a�i�n� �e�r�r�o�r�s� �t�h�a�t� �a�r�e� �n�o�t� 

�n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�.� �T�h�e� �v�e�c�t�o�r�  ¬�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�s� �a� �n�o�n�-�l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� 

�t�h�e� �d�a�t�a� �v�e�c�t�o�r�s� �e� �a�n�d� �r� �(�v�i�a� �v�e�c�t�o�r�s� �@� �a�n�d� �6�)�.� �F�o�r� �t�h�e� �v�e�c�t�o�r� �¢� �t�o� �b�e� �n�o�r�m�a�l�l�y� 
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�d�i�s�t�r�i�b�u�t�e�d�,� �t�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n�s� �u�s�e�d� �i�n� �E�q�.� �(�5�.�1�7�)� �a�n�d� �(�5�.�1�9�)� �m�u�s�t� �b�e� �v�a�l�i�d�.� �T�o� �t�e�s�t� �t�h�e� 

�v�a�l�i�d�i�t�y� �o�f� �t�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n�,� �a� �M�o�n�t�e� �C�a�r�l�o� �s�t�u�d�y� �w�a�s� �p�e�r�f�o�r�m�e�d�.� 

�T�h�e� �M�o�n�t�e� �C�a�r�l�o� �S�t�u�d�y� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �M�o�n�t�e� �C�a�r�l�o� �s�t�u�d�y� �i�m�p�l�e�m�e�n�t�e�d� �h�e�r�e� �i�s� �t�o� �c�o�m�p�a�r�e� �e�s�t�i�m�a�t�e�s� 

�o�f� �V�a�r�/�¢�]� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �d�e�l�t�a� �m�e�t�h�o�d� �t�o� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �V�a�r�|�¢�|� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �M�o�n�t�e� �C�a�r�l�o� �t�r�i�a�l�s� �i�n� �w�h�i�c�h� �¢� �v�e�c�t�o�r�s� �a�r�e� �g�e�n�e�r�a�t�e�d�.� �I�n� �e�a�c�h� �t�r�i�a�l�,� 

�G�a�u�s�s�i�a�n� �n�o�i�s�e� �o�f� �a� �k�n�o�w�n� �a�m�p�l�i�t�u�d�e� �i�s� �a�d�d�e�d� �t�o� �p�e�r�f�e�c�t� �d�a�t�a� �v�e�c�t�o�r�s� �e� �a�n�d� �r�.� �T�h�e� 

�v�e�c�t�o�r�s� �@� �a�n�d� �6� �a�r�e� �c�o�m�p�u�t�e�d� �f�o�r� �e�a�c�h� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �b�l�o�c�k� �u�s�i�n�g� �E�g�s�.� �(�5�.�8�)� �a�n�d� 

�(�5�.�9�)�,� �a�n�d� �t�h�e� �v�e�c�t�o�r� �¢� �i�s� �g�e�n�e�r�a�t�e�d� �u�s�i�n�g� �(�5�.�1�4�)�.� 

�I�n� �t�h�e� �e�x�a�m�p�l�e� �g�i�v�e�n� �h�e�r�e�,� �b�o�t�h� �e�x�c�i�t�a�t�i�o�n� �a�n�d� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l�s� �h�a�v�e� �o�n�l�y� �a� �s�i�n�g�l�e� 

�f�r�e�q�u�e�n�c�y� �c�o�m�p�o�n�e�n�t� �w�i�t�h� �a�m�p�l�i�t�u�d�e� �1�.�0� �a�n�d� �r�e�l�a�t�i�v�e� �p�h�a�s�e� �a�n�g�l�e� �o�f� �6�0�°�.� �A� �t�o�t�a�l� �o�f� 

�6�4� �t�i�m�e�-�s�e�r�i�e�s� �s�a�m�p�l�e�s� �a�r�e� �t�a�k�e�n� �a�t� �a� �r�a�t�e� �o�f� �1�6� �s�a�m�p�l�e�s� �p�e�r� �w�a�v�e�f�o�r�m�.� �F�i�g�u�r�e� �5�.�2� 

�b�e�l�o�w� �s�h�o�w�s� �M�o�n�t�e� �C�a�r�l�o� �r�e�s�u�l�t�s� �f�o�r� �o�,�=�0�.�1� �a�n�d� �o�,�=�0�.�3�.� 
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�I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�u�r�e� �5�.�2� �t�h�a�t� �t�h�e� �e�l�l�i�p�s�e� �p�r�e�d�i�c�t�e�d� �f�r�o�m� �E�q�.� �(�5�.�1�9�)� �m�a�t�c�h�e�s� 

�t�h�e� �s�c�a�t�t�e�r� �p�o�i�n�t�s� �g�e�n�e�r�a�t�e�d� �i�n� �t�h�e� �M�o�n�t�e� �C�a�r�l�o� �s�i�m�u�l�a�t�i�o�n� �w�e�l�l�.� �I�n�d�e�e�d�,� �i�f� �a� �v�a�r�i�a�n�c�e�-� 

�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �V�a�r�(�¢�]� �i�s� �c�o�m�p�u�t�e�d� �f�r�o�m� �t�h�e� �M�o�n�t�e� �C�a�r�l�o� �t�r�i�a�l�s�,� �i�t� �c�a�n� �b�e� �s�e�e�n� 

�f�r�o�m� �E�q�s�.� �(�5�.�2�0�)� �a�n�d� �(�5�.�2�1�)� �t�h�a�t� �t�h�e� �r�e�s�u�l�t�s� �m�a�t�c�h� �t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �E�q�.� �(�5�.�1�9�)� �t�o� 

�a�l�m�o�s�t� �f�i�v�e� �d�e�c�i�m�a�l� �p�l�a�c�e�s�.� �B�e�c�a�u�s�e� �t�h�e� �m�a�t�r�i�x� �V�a�r�/�¢�]� �c�a�n� �b�e� �p�r�e�d�i�c�t�e�d� �a�c�c�u�r�a�t�e�l�y�,� 

�t�h�e� �d�a�t�a� �h�e�r�e� �i�s� �s�u�i�t�a�b�l�e� �f�o�r� �u�s�e� �i�n� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n�.� 

� � 

�y� �C�y� �+�0�.�0�0�3�0�6�  ��c�a�m�e�r� �(�5�.�2�0�)� 
�a�r� �=� �°� 

�C�5� �-�0�.�0�0�0�1�3� �+�0�.�0�0�2�8�7� 
�M�o�n�t�e� �C�a�r�l�o� 

�y� �C�y� �+�0�.�0�0�3�0�5� �e�e�l� �6�.�2�1�)� 
�a�r� �=� �.� 

�C�,� �-�0�.�0�0�0�1�3� �+�0�.�0�0�2�8�9� 
�D�e�l�t�a� �M�e�t�h�o�d� 

� � � � 

�H�o�w�e�v�e�r�,� �i�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l� �i�s� �v�e�r�y� �n�o�i�s�y� �(�0�,� �=� �0�.�6�)�,� �w�h�i�l�e� �t�h�e� �r�e�s�p�o�n�s�e� 

�s�i�g�n�a�l� �i�s� �m�u�c�h� �l�e�s�s� �n�o�i�s�y� �(�0�,� �=� �0�.�0�1�)�,� �t�h�e�n� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �d�e�l�t�a� �m�e�t�h�o�d� �a�p�p�r�o�x�i�m�a�-� 

�t�i�o�n� �c�a�n� �b�e� �s�h�o�w�n� �t�o� �b�r�e�a�k� �d�o�w�n�.� �F�i�g�u�r�e� �5�.�3� �b�e�l�o�w� �s�h�o�w�s� �t�h�a�t� �t�h�e� �p�r�e�d�i�c�t�e�d� �e�l�l�i�p�s�e� 

�c�o�m�i�n�g� �f�r�o�m� �E�q�.� �(�5�.�1�9�)� �d�o�e�s� �n�o�t� �m�a�t�c�h� �t�h�e� �s�c�a�t�t�e�r� �p�o�i�n�t�s� �g�e�n�e�r�a�t�e�d� �i�n� �t�h�e� �M�o�n�t�e� 

�C�a�r�l�o� �s�i�m�u�l�a�t�i�o�n�s�.� �T�h�e�r�e� �i�s� �s�o�m�e� �c�u�r�v�a�t�u�r�e� �p�r�e�s�e�n�t� �i�n� �t�h�e� �M�o�n�t�e� �C�a�r�l�o� �r�e�s�u�l�t�s�,� �w�h�i�c�h� 

�i�s� �a� �s�t�r�o�n�g� �i�n�d�i�c�a�t�i�o�n� �o�f� �n�o�n�-�n�o�r�m�a�l� �e�r�r�o�r�s� �i�n� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �¢�.� 
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�I�n� �p�r�a�c�t�i�c�e�,� �t�h�e� �e�a�s�i�e�s�t� �w�a�y� �t�o� �e�l�i�m�i�n�a�t�e� �a� �p�o�i�n�t� �f�r�o�m� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �a�n�a�l�y�s�i�s� �i�s� �t�o� 

�a�s�s�i�g�n� �i�t� �a� �w�e�i�g�h�t� �o�f� �z�e�r�o�.� �T�h�i�s� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �v�a�r�i�a�n�c�e� �o�f� �i�n�f�i�n�i�t�y� �a�n�d� �e�f�f�e�c�t�i�v�e�l�y� 

�r�e�m�o�v�e�s� �t�h�e� �p�o�i�n�t� �f�r�o�m� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �a�n�a�l�y�s�i�s�.� 

�5�.�4� �A�S�S�E�M�B�L�I�N�G� �S�I�N�E�-�D�W�E�L�L� �D�A�T�A� 

�A�s�s�e�m�b�l�i�n�g� �t�h�e� �D�a�t�a� �V�e�c�t�o�r� �a�n�d� �W�e�i�g�h�t�i�n�g� �M�a�t�r�i�x� 

�T�h�e� �p�r�e�c�e�d�i�n�g� �a�n�a�l�y�s�i�s� �d�e�s�c�r�i�b�e�s� �h�o�w� �t�o� �a�n�a�l�y�z�e� �a� �b�l�o�c�k� �o�f� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� 

�r�e�p�r�e�s�e�n�t�i�n�g� �e�x�c�i�t�a�t�i�o�n� �a�n�d� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l�s�.� �T�h�i�s� �d�a�t�a� �w�o�u�l�d� �c�o�m�e� �f�r�o�m� �a� �s�i�n�g�l�e� 

�s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �u�s�i�n�g� �a� �s�i�n�g�l�e� �s�e�t� �o�f� �e�x�c�i�t�a�t�i�o�n� �f�r�e�q�u�e�n�c�i�e�s� �a�t� �a� �s�i�n�g�l�e� 

�e�x�c�i�t�a�t�i�o�n� �l�o�c�a�t�i�o�n�,� �a�n�d� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �d�a�t�a� �w�i�l�l� �y�i�e�l�d� �a� �s�i�n�g�l�e�  ¬� �v�e�c�t�o�r� �a�n�d� 

�V�a�r�[�é�]� �m�a�t�r�i�x�.� �A� �f�u�l�l� �s�t�r�u�c�t�u�r�a�l� �d�y�n�a�m�i�c�s� �t�e�s�t�,� �h�o�w�e�v�e�r�,� �w�i�l�l� �o�f�t�e�n� �f�e�a�t�u�r�e� �m�u�l�t�i�p�l�e� 

�d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �l�o�c�a�t�i�o�n�s�,� �m�u�l�t�i�p�l�e� �e�x�c�i�t�a�t�i�o�n� �l�o�c�a�t�i�o�n�s�,� �a�n�d� �m�u�l�t�i�p�l�e� �e�x�c�i�t�a�t�i�o�n� 

�f�r�e�q�u�e�n�c�y� �s�e�t�s�.� �T�h�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n� �m�u�s�t� �b�e� 

�p�e�r�f�o�r�m�e�d� �o�n� �e�a�c�h� �s�e�t� �o�f� �d�a�t�a� �c�o�m�i�n�g� �f�r�o�m� �a�l�l� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� 

�l�o�c�a�t�i�o�n�,� �e�x�c�i�t�a�t�i�o�n� �l�o�c�a�t�i�o�n�,� �a�n�d� �e�x�c�i�t�a�t�i�o�n� �f�r�e�q�u�e�n�c�y�.� 

�T�o� �g�a�t�h�e�r� �a�l�l� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �d�a�t�a� �i�n�t�o� �a� �s�i�n�g�l�e� �p�l�a�c�e�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �c�o�n�c�a�t�e�n�a�t�e� 

�a�l�l� �o�f� �t�h�e�  ¬� �v�e�c�t�o�r�s� �i�n�t�o� �a� �s�i�n�g�l�e� �y� �v�e�c�t�o�r�.� �I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �t�h�e�s�e� �s�i�n�e�-�d�w�e�l�l� 
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�a�r�e� �p�l�a�c�e�d� �o�n� �t�h�e� �d�i�a�g�o�n�a�l� �o�f� �t�h�e� �m�a�i�n� �m�a�t�r�i�x�,� �f�o�r�m�i�n�g� �a� �v�e�r�y� �l�a�r�g�e� �b�l�o�c�k� �d�i�a�g�o�n�a�l� 

�m�a�t�r�i�x�,� �w�i�t�h� �e�a�c�h� �b�l�o�c�k� �h�a�v�i�n�g� �d�i�m�e�n�s�i�o�n�s� �(�2�n�,�)�x�(�2�n�,�\�.� �I�t� �i�s� �a�l�m�o�s�t� �e�s�s�e�n�t�i�a�l� �t�h�a�t� 

�s�o�m�e� �f�o�r�m� �o�f� �s�p�a�r�s�e� �o�r� �b�a�n�d�e�d� �m�a�t�r�i�x� �s�t�o�r�a�g�e� �s�c�h�e�m�e� �b�e� �u�s�e�d� �h�e�r�e�,� �a�s� �W�,�,� �h�a�s� 
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�A�s�s�e�m�b�l�i�n�g� �t�h�e� �E�x�c�i�t�a�t�i�o�n� �V�e�c�t�o�r� 

�A�s�s�e�m�b�l�i�n�g� �t�h�e� �g�l�o�b�a�l� �e�x�c�i�t�a�t�i�o�n� �a�m�p�l�i�t�u�d�e� �v�e�c�t�o�r� �f� �i�s� �d�o�n�e� �d�i�f�f�e�r�e�n�t�l�y� �t�h�a�n� 

�a�s�s�e�m�b�l�i�n�g� �t�h�e� �g�l�o�b�a�l� �r�e�s�p�o�n�s�e� �v�e�c�t�o�r� �y� �.� �T�h�e� �r�e�a�s�o�n� �t�h�i�s� �i�s� �d�o�n�e� �i�s� �t�h�a�t� �e�x�c�i�t�a�t�i�o�n� 
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�p�o�r�t�i�o�n� �o�f� �t�h�e� �t�e�s�t�.� 

�C�h�a�p�t�e�r� �5�:� �S�i�n�e�-�D�w�e�l�l� �S�t�a�t�i�s�t�i�c�s� �7�1



�T�h�e�r�e�f�o�r�e�,� �i�n�s�t�e�a�d� �o�f� �u�s�i�n�g� �a�n� �A� �v�e�c�t�o�r� �f�r�o�m� �e�a�c�h� �e�x�c�i�t�a�t�i�o�n� �l�o�c�a�t�i�o�n�/�f�r�e�q�u�e�n�c�y� 

�s�e�t�/�d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �l�o�c�a�t�i�o�n� �c�o�m�b�i�n�a�t�i�o�n�,� �i�t� �i�s� �b�e�s�t� �t�o� �t�a�k�e� �a�n� �a�v�e�r�a�g�e� �o�f� �t�h�e� �4� 

�v�e�c�t�o�r�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a�l�i� �d�a�t�a� �m�e�a�s�u�r�e�m�e�n�t� �l�o�c�a�t�i�o�n�s� �f�o�r� �e�a�c�h� �e�x�c�i�t�a�t�i�o�n� �l�o�c�a�t�i�o�n�/� 

�f�r�e�q�u�e�n�c�y� �s�e�t� �c�o�m�b�i�n�a�t�i�o�n�.� 

�A� �s�i�m�p�l�e� �a�r�i�t�h�m�e�t�i�c� �a�v�e�r�a�g�e� �c�a�n� �b�e� �u�s�e�d� �h�e�r�e�,� �b�u�t� �i�t� �i�s� �s�o�m�e�w�h�a�t� �m�o�r�e� �r�o�b�u�s�t� �t�o� 

�t�a�k�e� �a� �w�e�i�g�h�t�e�d� �a�v�e�r�a�g�e� �o�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �a�m�p�l�i�t�u�d�e�s�,� �p�a�r�t�i�c�u�l�a�r�l�y� �i�n� �r�e�s�o�n�a�n�c�e� 

�s�i�t�u�a�t�i�o�n�s� �w�e�r�e� �f�o�r�c�e� �a�m�p�l�i�t�u�d�e�s� �a�r�e� �v�e�r�y� �l�o�w�.� �T�h�e� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �f�i�n�d�i�n�g� �t�h�i�s� 
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�A�n� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �d�i�s�c�r�e�t�e� �f�r�e�q�u�e�n�c�y� �s�i�n�e�-�d�w�e�l�l� �t�e�s�t�i�n�g� �i�s� �b�r�o�a�d�-�b�a�n�d� �f�r�e�q�u�e�n�c�y� 
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�t�e�c�h�n�i�q�u�e�s� �a�n�d� �s�t�a�n�d�a�r�d� �F�R�F� �e�s�t�i�m�a�t�o�r�s� �a�r�e� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �F�R�F� �d�a�t�a� 

�v�e�c�t�o�r� �§� �a�n�d� �h�o�w� �a� �s�t�a�t�i�s�t�i�c�a�l� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �F�R�F� �e�s�t�i�m�a�t�e� �i�s� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� 
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�F�R�F� �a�l�o�n�g� �w�i�t�h� �a� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �t�h�a�t� �d�e�s�c�r�i�b�e�s� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �F�R�F� �(�8�1�,� �8�2�]�.� 

�A�s� �w�i�t�h� �t�h�e� �s�i�n�e�-�d�w�e�l�l� �r�e�s�u�l�t�s�,� �t�h�e� �F�R�F� �a�n�d� �m�e�a�s�u�r�e�s� �o�f� �i�t�s� �q�u�a�l�i�t�y� �b�e�c�o�m�e� �t�h�e� �d�a�t�a� 

�f�o�r� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �u�p�d�a�t�i�n�g� �m�o�d�e�l�s�.� 

�B�a�s�i�c� �F�R�F� �S�i�g�n�a�l� �P�r�o�c�e�s�s�i�n�g� 

�W�h�e�n� �a�c�q�u�i�r�i�n�g� �d�a�t�a� �f�o�r� �F�F�T�-�b�a�s�e�d� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g�,� �a� �n�u�m�b�e�r� �o�f� �b�l�o�c�k�s� �o�f� 

�t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �(�n�,� �=� �3�0�+�)� �a�r�e� �n�o�r�m�a�l�l�y� �t�a�k�e�n� �s�u�c�h� �t�h�a�t� �a�v�e�r�a�g�e�s� �c�a�n� �b�e� �c�o�m�p�u�t�e�d�.� 

�E�q�u�a�t�i�o�n�s� �(�6�.�1�)�,� �(�6�.�2�)�,� �(�6�.�3�)�,� �a�n�d� �(�6�.�4�)� �s�h�o�w� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �a�u�t�o�-� 

�a�n�d� �c�r�o�s�s�-�s�p�e�c�t�r�a� �e�s�t�i�m�a�t�e�s�,� �F�R�F� �e�s�t�i�m�a�t�e�s�,� �a�n�d� �c�o�h�e�r�e�n�c�e� �e�s�t�i�m�a�t�e�s� �a�t� �f�r�e�q�u�e�n�c�y� 

�f� �=�(�j�-�1�)�A�t�/�n�,� �(�A�t� �=� �t�i�m�e� �s�a�m�p�l�e� �i�n�t�e�r�v�a�l�,� �n�,� �=� �b�l�o�c�k� �s�i�z�e� �o�f� �F�F�T�)� �[�8�1�]�.� 

�X�,� �a�n�d� �F�,� �a�r�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �k!"� �s�p�e�c�t�r�a�l� �l�i�n�e� �o�f� �F�F�T� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� 

�r�e�s�p�o�n�s�e� �d�a�t�a� �v�e�c�t�o�r� �r� �a�n�d� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �d�a�t�a� �v�e�c�t�o�r� �e� �,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �G�y� �k�e� �G�y� �k�e� 

�C�h�a�p�t�e�r� �6�:� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �F�u�n�c�t�i�o�n� �S�t�a�t�i�s�t�i�c�s� �7�4



�G�e�e�k� �9� 

�T�h�e� �H�,� �F�R�F� �e�s�t�i�m�a�t�o�r� �i�s� �i�n�t�e�n�d�e�d� �f�o�r� �u�s�e� �w�i�t�h� �t�e�s�t� �d�a�t�a� �i�n� �w�h�i�c�h� �u�n�c�o�r�r�e�l�a�t�e�d� �c�o�n�t�e�n�t� 

�a�n�d� �G�,�,� �,� �a�r�e� �a�u�t�o�-� �a�n�d� �c�r�o�s�s�-�s�p�e�c�t�r�a� �e�s�t�i�m�a�t�e�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �F�F�T� �r�e�s�u�l�t�s�.� 

�i�s� �p�r�e�s�e�n�t� �o�n�l�y� �o�n� �t�h�e� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l�,� �w�h�i�l�e� �t�h�e� �H�,� �F�R�F� �e�s�t�i�m�a�t�o�r� �i�s� �i�n�t�e�n�d�e�d� �f�o�r� �u�s�e� 

�w�i�t�h� �d�a�t�a� �i�n� �w�h�i�c�h� �u�n�c�o�r�r�e�l�a�t�e�d� �c�o�n�t�e�n�t� �i�s� �p�r�e�s�e�n�t� �o�n�l�y� �o�n� �t�h�e� �f�o�r�c�e� �s�i�g�n�a�l�.� �T�h�e� �t�e�r�m� 

�y�*� �r�e�p�r�e�s�e�n�t�s� �c�o�h�e�r�e�n�c�e�,� �a� �c�o�r�r�e�l�a�t�i�o�n�-�b�a�s�e�d� �m�e�a�s�u�r�e� �o�f� �q�u�a�l�i�t�y� �o�f� �t�h�e� �F�R�F� �e�s�t�i�m�a�t�e� 

�t�h�a�t� �c�a�n� �h�a�v�e� �v�a�l�u�e�s� �b�e�t�w�e�e�n� �z�e�r�o� �a�n�d� �o�n�e�.� �O�t�h�e�r� �F�R�F� �e�s�t�i�m�a�t�o�r�s� �i�n�c�l�u�d�e� �t�h�e� �H�,� 

�e�s�t�i�m�a�t�o�r� �[�8�6�]�,� �w�h�i�c�h� �i�s� �a� �w�e�i�g�h�t�e�d� �a�v�e�r�a�g�e� �o�f� �t�h�e� �H�,� �a�n�d� �H�,� �e�s�t�i�m�a�t�o�r�s�,� �a�n�d� �t�h�e� �H�.� 

�e�s�t�i�m�a�t�o�r� �[�8�7�]�,� �w�h�i�c�h� �u�s�e�s� �a� �t�h�i�r�d� �c�o�r�r�e�l�a�t�e�d� �s�i�g�n�a�l� �t�o� �e�l�i�m�i�n�a�t�e� �t�h�e� �n�e�e�d� �f�o�r� �c�o�m�p�u�t�-� 

�i�n�g� �p�o�t�e�n�t�i�a�l�l�y� �b�i�a�s�e�d� �a�u�t�o�s�p�e�c�t�r�a� �e�s�t�i�m�a�t�e�s�.� 

�F�,�,�=�k!"� �s�p�e�c�t�r�a�l� �l�i�n�e� �o�f� �F�F�T�(�e�)� �o�f� �m!"� �t�i�m�e� �s�e�r�i�e�s� �b�l�o�c�k� 
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�t�h� �.� �t�h� �a�:� �.� �(�6�.�1�)� 
�X�,�=�k�"!"� �s�p�e�c�t�r�a�l� �l�i�n�e� �o�f� �F�F�T�(�r�)� �o�f� �m�"!"� �t�i�m�e� �s�e�r�i�e�s� �b�l�o�c�k� 

�C�p�a� �d�o� �F�n� �F�i� �C�i� �=� �m�x� 
�(�6�.�2�)� 

�G�a�y� �F�X� �G�o� �=� �m�k� 

�G� �G� 
�H�,�,�= ��2�*� �=� �H�,�,�= ��z�#� �(�6�.�3�)� �1�,�k� �G�e�y� �2�,�k� �G�r�y� 

�y�p�=� �e�s�S�a�e� �-� �A�i� �(�6�.�4�)� 
�G�e� �G�u�r� �A�h�,� 

�6�.�2� �F�R�F� �S�T�A�T�I�S�T�I�C�S� 

�M�a�g�n�i�t�u�d�e�s� �a�n�d� �P�h�a�s�e� �A�n�g�l�e�s� 

�O�f� �c�o�u�r�s�e�,� �t�o� �u�s�e� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n�,� �v�a�r�i�a�n�c�e�s� �o�f� �t�h�e� �F�R�F� 

�e�s�t�i�m�a�t�e�s� �m�u�s�t� �b�e� �a�v�a�i�l�a�b�l�e� �a�s� �w�e�l�l�.� �B�e�n�d�a�t� �[�7�2�]� �a�n�d� �Y�o�s�h�i�m�u�r�a� �a�n�d� �N�a�g�a�m�a�t�s�u� �[�6�7�]� 

�C�h�a�p�t�e�r� �6�:� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �F�u�n�c�t�i�o�n� �S�t�a�t�i�s�t�i�c�s� �7�5



�e�a�c�h� �d�i�s�c�u�s�s�e�d� �t�h�i�s� �p�r�o�b�l�e�m� �i�n� �d�e�t�a�i�l�,� �b�u�t� �t�h�e� �a�n�s�w�e�r�s� �t�h�e�y� �p�r�o�v�i�d�e� �a�r�e� �d�i�f�f�e�r�e�n�t�.� 

�B�e�n�d�a�t� �o�b�t�a�i�n�e�d� �e�x�p�r�e�s�s�i�o�n�s� �b�a�s�e�d� �o�n� �a� �d�e�r�i�v�a�t�i�o�n� �t�h�a�t� �y�i�e�l�d�e�d� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �H�,� 

�m�a�g�n�i�t�u�d�e� �e�s�t�i�m�a�t�e� �s�q�u�a�r�e�d� �a�s� �a�n� �i�n�t�e�r�m�e�d�i�a�t�e� �r�e�s�u�l�t�,� �i�.�e�.�,� �V�a�r�{�|�H�,� �i�f�]�.� �E�q�u�a�t�i�o�n� 

�(�6�.�5�)� �p�r�e�s�e�n�t�s� �t�h�e� �f�i�n�a�l� �r�e�s�u�l�t�s� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�o�n�.� 

� � 

�1�-� �¥� �i�-� �v� 

�V�a�r�y�,� �j�=� �&� �e�a�l� �a� �V�a�r�[�,�]�=� �N�E� �e�°�)� 

�Y�o�s�h�i�m�u�r�a� �a�n�d� �N�a�g�a�m�a�t�s�u� �d�e�r�i�v�e�d� �a� �d�i�f�f�e�r�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �b�a�s�e�d� �o�n� �t�h�e� �e�i�g�e�n�v�a�l�u�e� 

�a�n�a�l�y�s�i�s� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �H�,�,� �w�h�i�c�h� �y�i�e�l�d�s� �t�h�e� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� �i�n� �E�q�.� �(�6�.�6�)�.� 

�T�h�e�s�e� �r�e�s�u�l�t�s� �w�e�r�e� �s�t�a�t�e�d� �t�o� �b�e� �v�a�l�i�d� �f�o�r� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r� �a�l�s�o�.� �T�h�e� �f�o�r�m�u�l�a�s� �d�i�f�f�e�r� 

�f�r�o�m� �B�e�n�d�a�t ��s� �b�y� �a� �f�a�c�t�o�r� �o�f� �t�w�o� �i�n� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �a�n�d� �t�h�e� �u�s�e� �o�f� �(�n�,� �-� �1�)� �i�n�s�t�e�a�d� �o�f� 

�(�n�,�)�.� �T�h�e� �i�s�s�u�e� �o�f� �p�h�a�s�e� �a�n�g�l�e� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�e�s� �w�a�s� �n�o�t� �d�i�s�c�u�s�s�e�d�.� 

�V�a�r�j�H�,�,�j�=� �O�N�E� �v�a�r�y� �j�=� �O�H� �(�6�.�6�)� �¥�;�,�(�"�,�~� �1�)� �¥�;�,�(�"�,�-�1�)� 

�T�o� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �f�o�r�m�u�l�a� �w�a�s� �c�o�r�r�e�c�t�,� �M�o�n�t�e� �C�a�r�l�o� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� 

�p�e�r�f�o�r�m�e�d�.� �I�n� �t�h�e�s�e� �s�i�m�u�l�a�t�i�o�n�s�,� �s�y�n�t�h�e�t�i�c� �d�a�t�a� �w�a�s� �g�e�n�e�r�a�t�e�d� �f�o�r� �a� �5�1�2�-�f�r�e�q�u�e�n�c�y� 

�F�R�F� �o�n� �a� �t�w�o�-�m�o�d�e� �s�y�s�t�e�m� �u�s�i�n�g� �H�,�,�,� �,� �g�i�v�e�n� �i�n� �E�q�.� �(�6�.�7�)�.� �T�h�e� �f�o�r�c�e� �i�n�p�u�t� �i�n�t�o� �t�h�e� 

�s�y�s�t�e�m� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �p�s�e�u�d�o�-�r�a�n�d�o�m� �w�h�i�t�e� �n�o�i�s�e�.� 
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�n�t� �a� �7� �I�T� �2� �(�6�.�7�)� 
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�G�a�u�s�s�i�a�n� �n�o�i�s�e� �w�a�s� �a�d�d�e�d� �t�o� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �s�i�g�n�a�l� �a�n�d�/�o�r� �t�h�e� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l�.� �T�h�e� 

�F�R�F� �e�s�t�i�m�a�t�i�o�n� �f�o�r�m�u�l�a�s� �g�i�v�e�n� �i�n� �S�e�c�t�i�o�n� �6�.�1� �w�e�r�e� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �F�R�F� �e�s�t�i�m�a�t�e�s�.� 

�C�h�a�p�t�e�r� �6�:� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �F�u�n�c�t�i�o�n� �S�t�a�t�i�s�t�i�c�s� �7�6



�T�h�i�s� �w�a�s� �p�e�r�f�o�r�m�e�d� �f�o�r� �2�0�0�0� �t�r�i�a�l�s�,� �f�r�o�m� �w�h�i�c�h� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �F�R�F� �w�e�r�e� 

�d�e�t�e�r�m�i�n�e�d� �[�8�3�]�.� 

�T�h�e� �f�o�r�m�u�l�a� �g�i�v�e�n� �b�y� �Y�o�s�h�i�m�u�r�a� �a�n�d� �N�a�g�a�m�a�t�s�u� �o�v�e�r�e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e�s� �b�y� �a� 

�f�a�c�t�o�r� �o�f� �2�,� �w�h�i�l�e� �t�h�e� �f�o�r�m�u�l�a�s� �g�i�v�e�n� �b�y� �B�e�n�d�a�t� �s�l�i�g�h�t�l�y� �u�n�d�e�r�e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e�s� 

�w�h�e�n� �f�e�w�e�r� �t�h�a�n� �3�0� �b�l�o�c�k�s� �o�f� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �w�e�r�e� �u�s�e�d� �f�o�r� �a�v�e�r�a�g�i�n�g�.� �C�o�r�r�e�c�t� 

�f�o�r�m�u�l�a�s� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �F�R�F� �v�a�r�i�a�n�c�e�s� �a�r�e� �g�i�v�e�n� �i�n� �E�q�.� �(�6�.�8�)�.� �I�n� �t�h�e�s�e� �e�x�p�r�e�s�s�i�o�n�s�,� 
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�s�i�m�p�l�e� �r�e�s�c�a�l�i�n�g�,� �a�n�d� �t�h�u�s�,� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �C�o�v�/�|�H�,�|�,� �$�,�|�=�0� �i�s� �p�r�o�b�a�b�l�y� �n�o�t� �t�r�u�e� 

�f�o�r� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r�.� 

�T�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �v�a�l�i�d� �f�o�r� �i�n�f�o�r�m�a�t�i�o�n� �c�o�m�i�n�g� �f�r�o�m� �a� �s�i�n�g�l�e� �s�p�e�c�t�r�a�l� �l�i�n�e� �o�f� �t�h�e� 

�F�R�F�.� �I�t� �i�s� �a�l�s�o� �d�e�s�i�r�a�b�l�e� �t�o� �s�h�o�w� �t�h�a�t� �t�h�e�r�e� �a�r�e� �n�o� �c�o�r�r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �r�e�s�u�l�t�s� �c�o�m�i�n�g� 

�f�r�o�m� �d�i�f�f�e�r�e�n�t� �s�p�e�c�t�r�a�l� �l�i�n�e�s�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �s�h�o�w�i�n�g� �t�h�a�t� �t�h�e� �b�a�s�i�c� �F�F�T� �a�l�g�o�r�i�t�h�m� �i�s� 

�e�q�u�i�v�a�l�e�n�t� �t�o� �a� �o�r�t�h�o�g�o�n�a�l� �l�e�a�s�t�-�s�q�u�a�r�e�s� �f�i�t� �o�f� �s�i�n�e� �a�n�d� �c�o�s�i�n�e� �t�e�r�m�s� �(�s�e�e� �A�p�p�e�n�d�i�x� �B�)�,� 

�w�h�i�c�h� �i�n� �t�u�r�n� �i�m�p�l�i�e�s� �t�h�a�t� �e�r�r�o�r�s� �i�n� �t�h�e� �F�F�T� �r�e�s�u�l�t�s� �a�r�e� �u�n�c�o�r�r�e�l�a�t�e�d� �f�r�o�m� �o�n�e� �s�p�e�c�t�r�a�l� 

�l�i�n�e� �t�o� �t�h�e� �n�e�x�t�.� 

�I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �h�e�r�e� �t�h�a�t� �t�h�e�s�e� �F�R�F� �s�t�a�t�i�s�t�i�c�s� �a�r�e� �v�a�l�i�d� �o�n�l�y� �f�o�r� �s�i�g�n�a�l� 

�p�r�o�c�e�s�s�i�n�g� �p�e�r�f�o�r�m�e�d� �w�i�t�h� �a� �r�e�c�t�a�n�g�u�l�a�r� �w�i�n�d�o�w�.� �I�f� �o�t�h�e�r� �d�a�t�a� �w�i�n�d�o�w�s� �(�s�u�c�h� �a�s� �t�h�e� 

�H�a�n�n�i�n�g�)� �a�r�e� �u�s�e�d�,� �i�t� �i�s� �l�i�k�e�l�y� �t�h�a�t� �t�h�e� �s�t�a�t�i�s�t�i�c�s� �o�f� �t�h�e� �p�r�o�b�l�e�m� �w�i�l�l� �b�e� �a�l�t�e�r�e�d�.� �U�s�i�n�g� 

�p�s�e�u�d�o�-�r�a�n�d�o�m� �o�r� �p�e�r�i�o�d�i�c� �c�h�i�r�p� �e�x�c�i�t�a�t�i�o�n� �w�o�u�l�d� �e�l�i�m�i�n�a�t�e� �t�h�e� �n�e�e�d� �f�o�r� �w�i�n�d�o�w�i�n�g�.� 

�T�h�e� �e�f�f�e�c�t�s� �o�f� �l�e�a�k�a�g�e� �o�n� �F�R�F� �s�t�a�t�i�s�t�i�c�s� �a�r�e� �a�l�s�o� �u�n�k�n�o�w�n�.� 

�C�h�a�p�t�e�r� �6�:� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �F�u�n�c�t�i�o�n� �S�t�a�t�i�s�t�i�c�s� �8�0



�6�.�3� �I�s� �F�R�F� �D�A�T�A� �N�O�R�M�A�L�L�Y� �D�I�S�T�R�I�B�U�T�E�D�?� 

�P�r�e�l�i�m�i�n�a�r�y� �D�i�s�c�u�s�s�i�o�n� 

�A�s� �w�i�t�h� �t�h�e� �s�i�n�e�-�d�w�e�l�l� �d�a�t�a� �o�f� �C�h�a�p�t�e�r� �5�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �e�s�t�a�b�l�i�s�h� �t�h�a�t� �e�r�r�o�r�s� �i�n� 

�t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �d�a�t�a� �v�e�c�t�o�r� �y� �c�o�m�e� �f�r�o�m� �a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�i�s� �i�s� 

�a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �e�x�a�m�i�n�i�n�g� �E�q�s�.� �(�6�.�1�)� �t�h�r�o�u�g�h� �(�6�.�3�)�.� �I�f� �e�r�r�o�r�s� �o�n� �t�h�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� 

�t�h�e�m�s�e�l�v�e�s� �a�r�e� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� �t�h�e�n� �X�,� �a�n�d� �F�,� �o�f� �E�q�.� �(�6�.�1�)� �w�i�l�l� �h�a�v�e� �n�o�r�m�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �e�r�r�o�r�s�,� �s�i�n�c�e� �t�h�e� �F�F�T� �o�p�e�r�a�t�i�o�n� �i�s� �a� �l�i�n�e�a�r� �o�p�e�r�a�t�i�o�n�.� �L�i�n�e�a�r� �o�p�e�r�a�t�i�o�n�s� 

�p�e�r�f�o�r�m�e�d� �o�n� �n�o�r�m�a�l� �d�a�t�a� �p�r�e�s�e�r�v�e� �t�h�e� �n�o�r�m�a�l�i�t�y�.� 

�E�v�e�n� �i�f� �t�h�e� �e�r�r�o�r�s� �o�n� �t�h�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �a�r�e� �n�o�t� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� �t�h�e� 

�s�u�m�m�a�t�i�o�n� �o�f� �E�q�.� �(�6�.�2�)� �w�i�l�l� �c�a�u�s�e� �e�r�r�o�r�s� �o�n� �t�h�e� �a�u�t�o�-� �a�n�d� �c�r�o�s�s�-�s�p�e�c�t�r�a� �e�s�t�i�m�a�t�e�s� 

�G� �G� �f�e�,�k�?� �x�x�,�k�?� �G� �f�k�?� �a�n�d� �G�y� �,� �t�O� �a�p�p�r�o�a�c�h� �n�o�r�m�a�l�i�t�y� �f�o�r� �3�0� �a�v�e�r�a�g�e�s� �o�r� �m�o�r�e� �a�s� 

�p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �c�e�n�t�r�a�l� �l�i�m�i�t� �t�h�e�o�r�e�m� �[�7�7�]�.� �I�f� �e�r�r�o�r�s� �o�n� �t�h�e�s�e� �a�u�t�o�-� �a�n�d� �c�r�o�s�s�-�s�p�e�c�t�r�a� 

�t�e�r�m�s� �a�r�e� �s�m�a�l�l� �e�n�o�u�g�h�,� �t�h�e� �n�o�n�-�l�i�n�e�a�r� �d�i�v�i�s�i�o�n� �o�p�e�r�a�t�i�o�n� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �H�,�,� �o�f� 

�E�q�.� �(�6�.�3�)� �c�a�n� �e�f�f�e�c�t�i�v�e�l�y� �b�e� �l�i�n�e�a�r�i�z�e�d� �(�v�i�a� �a� �T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n�)�.� �T�h�i�s� �m�e�a�n�s� 

�t�h�a�t� �e�r�r�o�r�s� �o�n� �t�h�e� �F�R�F� �e�s�t�i�m�a�t�e� �w�i�l�l� �b�e� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� �a�s� �t�h�e�y� �a�r�e� �e�f�f�e�c�t�i�v�e�l�y� 

�l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �t�h�e� �e�r�r�o�r�s� �o�n� �t�h�e� �a�u�t�o�-� �a�n�d� �c�r�o�s�s�-�s�p�e�c�t�r�a� �e�s�t�i�m�a�t�e�s�.� 

�D�a�t�a� �A�c�c�e�p�t�a�n�c�e� �C�r�i�t�e�r�i�a� 

�C�o�b�b� �[�7�3�]� �p�e�r�f�o�r�m�e�d� �a�n� �e�x�t�e�n�s�i�v�e� �s�t�u�d�y� �o�f� �t�h�e� �s�t�a�t�i�s�t�i�c�s� �o�f� �F�R�F� �e�s�t�i�m�a�t�o�r�s�,� �n�o�t�i�n�g� 

�t�h�a�t� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �[�F�Y� �«�|� �a�p�p�r�o�a�c�h�e�s� �t�h�e� �R�a�y�l�e�i�g�h� �d�i�s�t�r�i�b�u�t�i�o�n� �(�t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� 

�z�=� �\�x�r� �+�x�?� �,� �w�h�e�r�e� �x�,� �a�n�d� �x�,� �a�r�e� �G�a�u�s�s�i�a�n� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �w�i�t�h� �m�e�a�n� �z�e�r�o� �a�n�d� 

�v�a�r�i�a�n�c�e� �O�n�e�)� �a�s� �v�a�r�i�a�n�c�e� �l�e�v�e�l�s� �i�n�c�r�e�a�s�e� �o�n� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �o�f� �t�h�e� �F�R�F� 

�e�s�t�i�m�a�t�e�.� �I�n� �h�i�g�h� �n�o�i�s�e� �c�a�s�e�s�,� �t�h�i�s� �c�a�u�s�e�s� �t�h�e� �F�R�F� �e�s�t�i�m�a�t�e�s� �t�o� �e�x�h�i�b�i�t� �n�o�n�-�n�o�m�m�a�l�i�t�y� 

�C�h�a�p�t�e�r� �6�:� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �F�u�n�c�t�i�o�n� �S�t�a�t�i�s�t�i�c�s� �8�1



�a�n�d� �c�a�u�s�e�s� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �u�s�e�d� �i�n� �c�o�m�p�u�t�i�n�g� �E�q�.� �(�6�.�5�)� �t�o� �b�r�e�a�k� �d�o�w�n�.� �T�h�e� �F�R�F� 

�d�a�t�a� �w�i�l�l� �n�o�t� �b�e� �p�r�o�p�e�r�l�y� �s�u�i�t�e�d� �f�o�r� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �C�h�a�p�t�e�r� �3� 

�a�n�d� �s�h�o�u�l�d� �n�o�t� �b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�.� 

�T�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �o�r� �n�o�t� �d�a�t�a� �f�r�o�m� �a� �p�a�r�t�i�c�u�l�a�r� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �l�o�c�a�t�i�o�n�/� 

�e�x�c�i�t�a�t�i�o�n� �l�o�c�a�t�i�o�n�/�s�p�e�c�t�r�a�l� �l�i�n�e� �c�o�m�b�i�n�a�t�i�o�n� �i�s� �v�a�l�i�d�,� �t�h�e� �c�r�i�t�e�r�i�o�n� �o�f� �E�q�.� �(�6�.�1�2�)� �m�u�s�t� 

�b�e� �m�e�t�.� �V�a�r�|�|�H� �«�|� �s�h�o�u�l�d� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �E�q�.� �(�6�.�8�)�.� �T�h�e� �a�c�c�e�p�t�a�n�c�e� �c�r�i�t�e�r�i�o�n� �a�l�t�e�r�-� 

�n�a�t�i�v�e�l�y� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�6�.�1�3�)�,� �w�h�i�c�h� �c�a�n� �b�e� �d�e�r�i�v�e�d� �b�y� �p�l�u�g�g�i�n�g� 

�E�q�.� �(�6�.�8�)� �i�n�t�o� �E�q�.� �(�6�.�1�2�)�.� �T�h�u�s�,� �f�o�r� �n�,� �=� �3�0�,� �v�e� �w�o�u�l�d� �h�a�v�e� �t�o� �h�a�v�e� �a� �v�a�l�u�e� �o�f� �a�t� 

�l�e�a�s�t� �0�.�6�3� �f�o�r� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �k �� �f�r�e�q�u�e�n�c�y� �b�i�n� �t�o� �b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �B�a�y�e�s�i�a�n� 

�r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �u�p�d�a�t�i�n�g� �F�E� �m�o�d�e�l�s�.� 
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�6�.�4� �A�S�S�E�M�B�L�I�N�G� �F�R�F� �D�A�T�A� 

�A�s�s�e�m�b�l�i�n�g� �t�h�e� �D�a�t�a� �V�e�c�t�o�r� �a�n�d� �W�e�i�g�h�t�i�n�g� �M�a�t�r�i�x� 

�A�s� �w�i�t�h� �t�h�e� �s�i�n�e�-�d�w�e�l�l� �d�a�t�a�,� �t�h�e� �F�R�F� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �a�t� �d�i�f�f�e�r�e�n�t� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� 

�l�o�c�a�t�i�o�n�s� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� �e�x�c�i�t�a�t�i�o�n� �l�o�c�a�t�i�o�n�s� �m�u�s�t� �b�e� �a�s�s�e�m�b�l�e�d� �i�n�t�o� �a� �s�i�n�g�l�e� �d�a�t�a� 

�v�e�c�t�o�r� �y�.� �H�e�r�e�,� �h�o�w�e�v�e�r�,� �t�h�e� �b�a�s�i�c� �u�n�i�t� �o�f� �d�a�t�a� �c�o�m�e�s� �i�n� �m�u�c�h� �l�a�r�g�e�r� �p�i�e�c�e�s�,� �a�s� �t�h�e� 

�F�R�F� �c�o�n�t�a�i�n�s� �a� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �f�o�r� �e�a�c�h� �o�f� �n�,� �s�p�e�c�t�r�a�l� �l�i�n�e�s�.� �T�h�e�s�e� �s�u�b�s�e�t�s� �o�f� 

�d�a�t�a� �a�r�e� �a�s�s�e�m�b�l�e�d� �i�n�t�o� �a� �g�l�o�b�a�l� �y� �v�e�c�t�o�r� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�3�.� 
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�e�x�c�i�t�.� �l�o�c� �#�1� �m�e�a�s�.� �l�o�c� �#�1� �s�p�e�c�t�r�a�l� �l�i�n�e� �#�1� �r�e�a�l� �r�e�s�p�o�n�s�e� 

�e�x�c�i�t�.� �l�o�c� �#�2� �m�e�a�s�.� �l�o�c� �#�2� �s�p�e�c�t�r�a�l� �l�i�n�e� �#�2� �i�m�a�g� �r�e�s�p�o�n�s�e� 

�e�x�c�i�t�.� �l�o�c� �#�3� �m�e�a�s�.� �l�o�c� �#�3� �s�p�e�c�t�r�a�l� �l�i�n�e� �#�3� 

�e�x�c�i�t�.� �l�o�c� �#�n�,� �m�e�a�s�.� �l�o�c� �#�n�,�,� �s�p�e�c�t�r�a�l� �l�i�n�e� �#�n�,� 

�F�i�g�u�r�e� �6�.�3�:� �S�a�m�p�l�e� �y� �V�e�c�t�o�r� �f�r�o�m� �F�R�F� �d�a�t�a� 

�W�i�t�h� �F�R�F� �e�s�t�i�m�a�t�e�s�,� �a�s�s�e�m�b�l�i�n�g� �t�h�e� �d�a�t�a� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �W�,� �i�s� �v�e�r�y� �s�t�r�a�i�g�h�t�-� 

�f�o�r�w�a�r�d�.� �S�i�n�c�e� �r�e�s�u�l�t�s� �i�n� �d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�i�e�s� �b�i�n�s� �h�a�v�e� �u�n�c�o�r�r�e�l�a�t�e�d� �e�r�r�o�r�s� �a�n�d� �s�i�n�c�e� 

�e�r�r�o�r�s� �i�n� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �a�r�e� �a�l�s�o� �u�n�c�o�r�r�e�l�a�t�e�d� �(�a�t� �l�e�a�s�t� �f�o�r� �H�,�)�,� �t�h�e� 

�m�a�t�r�i�x� �V�a�r�/�y�|� �b�e�c�o�m�e�s� �d�i�a�g�o�n�a�l� �w�h�e�n� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r� �i�s� �u�s�e�d�.� �T�h�i�s� �i�n� �t�u�r�n� �i�m�p�l�i�e�s� 

�t�h�a�t� �W�,� �=� �V�a�r�"�'�|�y�]� �i�s� �d�i�a�g�o�n�a�l�.� �T�h�e� �w�e�i�g�h�t�s� �l�o�c�a�t�e�d� �o�n� �t�h�e� �d�i�a�g�o�n�a�l� �c�o�m�e� �f�r�o�m� �t�h�e� 

�r�e�c�i�p�r�o�c�a�l�s� �o�f� �t�h�e� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�e�s� �g�i�v�e�n� �i�n� �E�q�.� �(�6�.�1�1�)�.� �T�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�i�s� �m�a�t�r�i�x� 

�m�a�k�e�s� �i�t� �e�a�s�y� �t�o� �u�s�e� �i�n� �a� �c�o�m�p�u�t�e�r�-�b�a�s�e�d� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� 

�f�o�r�m�u�l�a�t�i�o�n�.� 

�A�s�s�e�m�b�l�i�n�g� �t�h�e� �E�x�c�i�t�a�t�i�o�n� �V�e�c�t�o�r� 

�T�h�e� �e�x�c�i�t�a�t�i�o�n� �v�e�c�t�o�r� �f� �t�h�a�t� �i�s� �a�s�s�e�m�b�l�e�d� �f�o�r� �F�R�F� �t�e�s�t�i�n�g� �l�o�o�k�s� �t�h�e� �s�a�m�e� �a�s� �i�t� 

�d�o�e�s� �f�o�r� �s�i�n�e�-�d�w�e�l�l� �t�e�s�t�i�n�g�,� �w�i�t�h� �t�h�e�r�e� �b�e�i�n�g� �a� �s�i�n�g�l�e� �f�o�r�c�e� �a�m�p�l�i�t�u�d�e� �f�o�r� �e�a�c�h� �e�x�c�i�t�a�-� 

�t�i�o�n� �l�o�c�a�t�i�o�n�/�d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �l�o�c�a�t�i�o�n� �c�o�m�b�i�n�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �s�i�n�c�e� �F�R�F�s� �a�r�e� �b�y� 

�d�e�f�i�n�i�t�i�o�n� �n�o�r�m�a�l�i�z�e�d�,� �a�m�p�l�i�t�u�d�e�s� �a�r�e� �a�l�w�a�y�s� �o�n�e�.� �F�i�g�u�r�e� �6�.�4� �s�h�o�w�s� �h�o�w� �f� �i�s� 

�a�s�s�e�m�b�l�e�d� �f�o�r� �F�R�F� �d�a�t�a�.� 
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�T�H�E� �C�O�R�E� �E�Q�U�A�T�I�O�N�S� 

� � 

�d�a�t�a� �v�e�c�t�o�r�:� 

�¥� �=�F�)� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�:� 

�S�S�E� �=� �(�y� �-�§�)�"�W�,�(�y� �-� �9�)� �+� �(�P�y�)� �-�B�)�'�W�,�,� �(�P�p� �-�B�)� 

�i�t�e�r�a�t�i�o�n� �f�o�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n�:� 

�A�p� �=� �(�X�"�W�,�X�+� �W�,�)� �(�X�W�,� �-�J�)�*� �W�,�(�P�o� �-�P�)�)� 

�v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �f�o�r� �p�a�r�a�m�e�t�e�r�s�:� 
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�T�o� �b�e� �d�e�r�i�v�e�d� �h�e�r�e�:� �F�E� �p�r�e�d�i�c�t�i�o�n� �o�f� �d�a�t�a� �v�e�c�t�o�r� 
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�R�e�m�a�i�n�i�n�g� �t�o� �b�e� �d�e�r�i�v�e�d�:� �<�n�o�n�e�>� 

�7�.�1� �F�I�N�I�T�E� �E�L�E�M�E�N�T� �M�O�D�E�L�I�N�G� 

�A�s� �s�t�a�t�e�d� �i�n� �C�h�a�p�t�e�r� �1�,� �t�h�e� �m�a�i�n� �p�u�r�p�o�s�e� �o�f� �t�h�e� �w�o�r�k� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n� 

�i�s� �t�o� �u�p�d�a�t�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �(�F�E�)� �m�o�d�e�l�s� �u�s�i�n�g� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a� �s�u�c�h� �t�h�a�t� �t�h�e� 

�C�h�a�p�t�e�r� �7�:� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �P�r�e�d�i�c�t�i�o�n�s� �8�5� 

� 



�p�r�e�d�i�c�t�i�v�e� �c�a�p�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�o�d�e�l� �i�s� �i�m�p�r�o�v�e�d�.� �T�o� �t�h�i�s� �e�n�d�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �b�e� �a�b�l�e� 

�t�o� �c�o�m�p�u�t�e� �a� �r�e�s�p�o�n�s�e� �p�r�e�d�i�c�t�i�o�n� �v�e�c�t�o�r� �§� �(�w�h�i�c�h� �i�s� �o�f� �t�h�e� �s�a�m�e� �f�o�r�m� �a�s� �t�h�e� �y� 

�v�e�c�t�o�r�s� �o�f� �C�h�a�p�t�e�r�s� �5� �a�n�d� �6�)� �a�l�o�n�g� �w�i�t�h� �a� �r�e�s�p�o�n�s�e� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x� �X� �.� �W�i�t�h� �l�i�n�e�a�r� 

�F�E� �m�o�d�e�l�s� �(�c�o�m�p�o�s�e�d� �o�f� �t�h�e� �m�a�s�s�,� �d�a�m�p�i�n�g�,� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� �M�,� �C�,� �a�n�d� �K�)�,� �a� 

�d�i�r�e�c�t� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �t�h�i�s� �t�a�s�k�.� 

�E�q�u�a�t�i�o�n�s� �(�7�.�1�)� �b�e�l�o�w� �g�i�v�e�s� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �c�o�m�i�n�g� �f�r�o�m� �a� 

�l�i�n�e�a�r� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�.� �I�f� �t�h�e� �s�y�s�t�e�m� �i�s� �e�x�c�i�t�e�d� �h�a�r�m�o�n�i�c�a�l�l�y� �a�t� �a� �s�i�n�g�l�e� �e�x�c�i�t�a�t�i�o�n� 

�f�r�e�q�u�e�n�c�y� �w�,� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�y�s�t�e�m� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �f�r�e�q�u�e�n�-� 

�c�y� �d�o�m�a�i�n� �b�y� �m�o�d�e�l�i�n�g� �t�h�e� �F�E� �f�o�r�c�e� �v�e�c�t�o�r� �F�,�(�t�)� �a�s� �F�e�'�® �� �a�n�d� �t�h�e� �F�E� �r�e�s�p�o�n�s�e� 

�v�e�c�t�o�r� �U�,�(�t�)� �a�s� �u�e�'�® ��.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �t�h�e� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n� �f�o�r�m�u�l�a�-� 

�t�i�o�n� �o�f� �E�q�.� �(�7�.�2�)�.� �M�a�n�y� �a�n�a�l�y�s�t�s� �i�n�c�l�u�d�e� �a� �s�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �y� �i�n� �t�h�e� 

�f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n� �f�o�r�m�u�l�a�t�i�o�n� �a�s� �w�e�l�l�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�7�.�3�)�.� �S�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g� �i�s� 

�u�s�e�d� �t�o� �m�o�d�e�l� �e�n�e�r�g�y� �l�o�s�s�e�s� �t�h�a�t� �a�r�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �d�i�s�p�l�a�c�e�m�e�n�t� �r�a�t�h�e�r� �t�h�a�n� �v�e�l�o�c�i�t�y�.� 

�T�h�e� �v�i�s�c�o�u�s� �d�a�m�p�i�n�g� �m�a�t�r�i�x� �C� �a�l�o�n�e� �c�a�n�n�o�t� �m�o�d�e�l� �t�h�e�s�e� �t�y�p�e�s� �o�f� �e�n�e�r�g�y� �l�o�s�s�e�s�.� 

�M�i�i�,� �(�t�)� �+� �C�u�,�(�t�)� �+� �K�u�,�(�t�)� �=� �F�(�t�)� �(�7�.�1�)� 

�(�-�w�?�M�+�i�w�C�+�K�)�u�=�F� �(�7�.�2�)� 

�(�-�w�?�*�M� �+�i�w�C� �+�(�1�+�i�y�)�K�)�u�=�F� �(�7�.�3�)� 

�T�o� �s�o�l�v�e� �f�o�r� �w�u�,� �a� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �u�s�e�d�.� �T�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�x� �K�,�,� �i�s� �d�e�f�i�n�e�d� �b�e�l�o�w� �i�n� �E�q�.� �(�7�.�4�)�,� �w�h�i�c�h� �i�s� �t�h�e�n� �u�s�e�d� �t�o� �s�o�l�v�e� �f�o�r� �u� �(�a�s�s�u�m�i�n�g� 
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�l�o�c�a�t�e�d� �a�t� �F�E� �n�o�d�e� �#�3�)�.� �A�l�l� �o�f� �t�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �c�o�m�p�i�l�e�d� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� �n�o�d�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t�s�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�7�.�9�)�,� �y�i�e�l�d�i�n�g� �a� �f�i�n�a�l� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �s�u�b�s�e�t� �o�f� �y�.� 
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�I�m� �(�-� �0�.�8�6�6� �(�i�w� �x�,� �)� �-� �0�.�5�0�0�(�0�)� �+�0�)�,� �.� �,� � � � � 
�I�f� �d�a�t�a� �w�e�r�e� �a�c�q�u�i�r�e�d� �a�t� �n�o�n�-�n�o�d�a�l� �p�o�i�n�t�s� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� �w�o�u�l�d� �h�a�v�e� �t�o� �b�e� �u�s�e�d� �t�o� �f�i�n�d� �{�u�,�;� �u�y�,� �u�,�}� �a�t� �e�a�c�h� �m�e�a�s�u�r�e�m�e�n�t� 

�l�o�c�a�t�i�o�n�.� �T�h�i�s� �w�o�u�l�d� �m�o�d�e�r�a�t�e�l�y� �i�n�c�r�e�a�s�e� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �p�r�o�b�l�e�m�,� �b�u�t� �i�t� �w�a�s� 

�n�o�t� �n�e�c�e�s�s�a�r�y� �i�n� �t�h�i�s� �w�o�r�k� �s�i�n�c�e� �a�l�l� �d�a�t�a� �w�a�s� �a�c�q�u�i�r�e�d� �a�t� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �n�o�d�e�s�.� 

�T�h�i�s� �¥�-�s�u�b�s�e�t� �a�s�s�e�m�b�l�y� �p�r�o�c�e�d�u�r�e� �w�o�u�l�d� �h�a�v�e� �t�o� �b�e� �r�e�p�e�a�t�e�d� �f�o�r� �e�a�c�h� �f�r�e�q�u�e�n�c�y� 

�(�o�r� �h�a�r�m�o�n�i�c�)� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�e�t�,� �y�i�e�l�d�i�n�g� �a� �l�a�r�g�e�r� �s�u�b�s�e�t� �o�f� �t�h�e� �y� �m�a�t�r�i�x�.� �T�h�e� 

�l�a�r�g�e�r� �¥�-�s�u�b�s�e�t� �a�s�s�e�m�b�l�y� �p�r�o�c�e�d�u�r�e� �w�o�u�l�d� �t�h�e�n� �b�e� �r�e�p�e�a�t�e�d� �f�o�r� �a�l�l� �e�x�c�i�t�a�t�i�o�n� 

�l�o�c�a�t�i�o�n�/�f�r�e�q�u�e�n�c�y� �s�e�t� �c�o�m�b�i�n�a�t�i�o�n�s�,� �y�i�e�l�d�i�n�g� �a� �g�l�o�b�a�l� �p�r�e�d�i�c�t�i�o�n� �v�e�c�t�o�r� �y�.� 
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�I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �¥� �m�a�t�r�i�x�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �c�o�m�p�u�t�e� �a� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x� �X�,� 

�w�h�i�c�h� �h�a�s� �e�n�t�r�i�e�s� �x�,�,� �=� �(�d�y�;�/�d�p� �,�)�.� �O�n�e� �m�e�t�h�o�d� �o�f� �c�o�m�p�u�t�i�n�g� �t�h�i�s� �m�a�t�r�i�x� �i�s� �t�o� �u�s�e� �t�h�e� 

�f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d�.� �E�q�u�a�t�i�o�n� �(�7�.�1�0�)� �b�e�l�o�w� �s�h�o�w�s� �h�o�w� �t�h�i�s� �m�a�t�r�i�x� �w�o�u�l�d� �b�e� 
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�v�e�c�t�o�r�,� �w�h�e�r�e� �p�,� �i�s� �r�e�p�l�a�c�e�d� �w�i�t�h� �(�p�,�-� �A�p�,�)�.� �T�h�e� �t�e�r�m� �¥�,�,�,�,� �;� �w�o�u�l�d� �b�e� �c�o�m�p�u�t�e�d� 
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�T�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d� �i�s� �s�i�m�p�l�e� �a�n�d� �r�o�b�u�s�t�.� �T�h�e� �o�n�l�y� �i�n�p�u�t� �r�e�q�u�i�r�e�d� �b�y� �t�h�e� 

�a�n�a�l�y�s�t� �i�s� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �s�t�e�p�s� �A�p�,�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �f�i�n�i�t�e� �|� 

�d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d� �i�s� �a�l�s�o� �e�x�p�e�n�s�i�v�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y�,� �m�a�k�i�n�g� �i�t� �w�o�r�t�h�w�h�i�l�e� �t�o� �s�e�e�k� �a�n� 

�a�l�t�e�r�n�a�t�i�v�e� �f�o�r� �c�o�m�p�u�t�i�n�g� �X�.� 

�T�h�i�s� �o�t�h�e�r� �a�l�t�e�r�n�a�t�i�v�e� �i�s� �t�o� �c�o�m�p�u�t�e� �a�n�a�l�y�t�i�c�a�l� �d�e�r�i�v�a�t�i�v�e�s�.� �T�h�e� �b�a�s�i�c� �t�h�e�o�r�y� �f�o�r� 

�t�h�i�s� �a�n�a�l�y�s�i�s� �c�o�m�e�s� �d�i�r�e�c�t�l�y� �f�r�o�m� �E�q�.� �(�7�.�3�)�.� �I�f� �t�h�i�s� �e�q�u�a�t�i�o�n� �i�s� �d�i�f�f�e�r�e�n�t�i�a�t�e�d� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �p�,�,� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �o�f� �E�q�.� �(�7�.�1�1�)�,� �o�r� �a�l�t�e�r�n�a�t�i�v�e�l�y�,� �E�q�.� �(�7�.�1�2�)�,� �r�e�s�u�l�t�s�.� 

�S�i�m�p�l�y� �p�r�e�m�u�l�t�i�p�l�y�i�n�g� �E�q�.� �(�7�.�1�2�)� �b�y� �K�,� �y�i�e�l�d�s� �t�h�e� �d�e�s�i�r�e�d� �e�x�p�r�e�s�s�i�o�n� �o�f� �(�o�u�/�o�p� �i�)� 
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�O�f� �c�o�u�r�s�e�,� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �(�o�u� �/�o�p�;�)� �i�s� �n�o�t� �p�r�e�c�i�s�e�l�y� �w�h�a�t� �i�s� �n�e�e�d�e�d� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� 

�X� �m�a�t�r�i�x�;� �r�a�t�h�e�r�,� �(�d�y� �/�a�p� �i�)� �i�s� �r�e�q�u�i�r�e�d�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �u�s�e� �t�h�e� �e�n�t�r�i�e�s� �o�f� 

�e�a�c�h� �(�d�u�/�d�p�;�)� �v�e�c�t�o�r� �t�o� �c�o�m�p�o�s�e� �(�o�¥�/�o�p�;�)�,� �j�u�s�t� �a�s� �t�h�e� �e�n�t�r�i�e�s� �o�f� �u� �w�e�r�e� �u�s�e�d� �t�o� 

�c�o�m�p�o�s�e� �y�.� �T�h�i�s� �i�n�c�l�u�d�e�s� �s�e�l�e�c�t�i�n�g� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �D�O�F� �a�n�d� �m�a�k�i�n�g� �c�o�r�r�e�c�t�i�o�n�s� �f�o�r� 

�s�e�n�s�o�r� �o�r�i�e�n�t�a�t�i�o�n�,� �j�u�s�t� �a�s� �w�a�s� �s�h�o�w�n� �i�n� �E�g�s�.� �(�7�.�7�)�,� �(�7�.�8�)�,� �a�n�d� �(�7�.�9�)�.� 

�F�i�n�d�i�n�g� �e�x�p�r�e�s�s�i�o�n�s� �s�u�c�h� �a�s� �(�0�K�/�d�p�;�,�)� �i�s� �h�i�g�h�l�y� �d�e�p�e�n�d�e�n�t� �o�n� �h�o�w� �t�h�e� �p�r�o�b�l�e�m� �i�s� 

�f�o�r�m�u�l�a�t�e�d�.� �F�o�r� �c�e�r�t�a�i�n� �s�y�s�t�e�m�s�,� �t�h�e� �F�E� �s�y�s�t�e�m� �m�a�t�r�i�c�e�s� �c�a�n� �b�e� �f�a�c�t�o�r�e�d� �i�n�t�o�  ��e�l�e�-� 

�m�e�n�t�a�r�y �� �m�a�t�r�i�c�e�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �K� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a� �s�u�m� �o�f� �t�h�e� �m�a�t�r�i�c�e�s� �K�)�,� 

�K�,�,� �a�n�d� �K�,�,�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�7�.�1�4�)�,� �t�h�e�n� �m�a�t�r�i�x� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �c�a�n� �b�e� �f�o�u�n�d� 

�q�u�i�t�e� �e�a�s�i�l�y� �a�s� �d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �E�q�.� �(�7�.�1�5�)�.� 
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�T�h�i�s� �t�y�p�e� �o�f� �F�E� �m�a�t�r�i�x� �f�o�r�m�u�l�a�t�i�o�n� �a�l�l�o�w�s� �t�h�e� �F�E� �m�a�t�r�i�c�e�s� �K� �a�n�d� �M� �(�a�n�d� �d�e�r�i�v�a�-� 

�t�i�v�e�s� �o�f� �t�h�e�s�e� �m�a�t�r�i�c�e�s�)� �t�o� �b�e� �c�a�l�c�u�l�a�t�e�d� �e�a�s�i�l�y� �a�n�d� �q�u�i�c�k�l�y�.� �H�o�w�e�v�e�r�,� �i�f� �t�h�e� �f�o�r�m�u�l�a�-� 

�t�i�o�n� �o�f� �t�h�e� �F�E� �s�y�s�t�e�m� �m�a�t�r�i�c�e�s� �i�s� �m�o�r�e� �c�o�m�p�l�e�x�,� �i�t� �m�a�y� �b�e� �n�e�c�e�s�s�a�r�y� �t�o� �p�e�r�f�o�r�m� �t�h�e� 

�d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �a�t� �t�h�e� �m�a�t�r�i�x� �e�n�t�r�y� �l�e�v�e�l�.� �T�h�i�s� �c�a�n� �b�e� �s�u�b�s�t�a�n�t�i�a�l�l�y� �m�o�r�e� �e�x�p�e�n�s�i�v�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l�l�y�,� �a�t� �w�h�i�c�h� �p�o�i�n�t� �t�h�e� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d� �m�a�y� �b�e�c�o�m�e� �t�h�e� �m�o�r�e� 

�a�t�t�r�a�c�t�i�v�e� �a�l�t�e�r�n�a�t�i�v�e�.� 
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�7�.�4� �C�O�N�C�L�U�D�I�N�G� �R�E�M�A�R�K�S� 

�W�i�t�h� �t�h�e� �c�o�m�p�l�e�t�i�o�n� �o�f� �t�h�i�s� �d�i�s�c�u�s�s�i�o�n� �o�n� �¥� �a�n�d� �X�,� �a�l�l� �p�a�r�t�s� �o�f� �t�h�e� �B�a�y�e�s�i�a�n� 

�r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �h�a�v�e� �b�e�e�n� �d�e�f�i�n�e�d�,� �a�n�d� �t�h�e� �b�a�s�i�c� �t�h�e�o�r�y� �o�f� �t�h�e� �m�o�d�e�l� �u�p�d�a�t�e� �i�s� 

�c�o�m�p�l�e�t�e�.� �T�h�i�s� �w�o�r�k� �i�n�c�l�u�d�e�d� �t�h�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�a�l� �t�h�e�o�r�y� �u�s�e�d� �t�o� �f�o�r�m�u�l�a�t�e� �t�h�e� 

�r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m�,� �t�h�e� �s�o�u�r�c�e�s� �o�f� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n� �u�s�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�,� �t�h�e� �s�i�g�n�a�l� 

�p�r�o�c�e�s�s�i�n�g� �n�e�c�e�s�s�a�r�y� �t�o� �g�e�n�e�r�a�t�e� �s�t�a�t�i�s�t�i�c�a�l�l�y� �q�u�a�l�i�f�i�e�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a�,� �a�n�d� 

�t�h�e� �u�s�e� �o�f� �a� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �f�o�r�m�u�l�a�t�i�o�n� �t�o� �q�u�i�c�k�l�y� �a�n�d� �e�f�f�e�c�t�i�v�e�l�y� �g�e�n�e�r�a�t�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �d�a�t�a�.� 

�I�n� �t�h�e� �n�e�x�t� �p�a�r�t� �o�f� �t�h�e� �d�i�s�s�e�r�t�a�t�i�o�n�,� �P�a�r�t� �I�I�I�,� �a� �n�u�m�b�e�r� �o�f�  ��q�u�a�l�i�t�y� �c�o�n�t�r�o�l �� �i�s�s�u�e�s� 

�a�r�e� �d�i�s�c�u�s�s�e�d�,� �i�n�c�l�u�d�i�n�g� �c�o�m�p�u�t�a�t�i�o�n�a�l� �i�s�s�u�e�s�,� �u�p�d�a�t�e� �v�e�r�i�f�i�c�a�t�i�o�n� �s�t�a�t�i�s�t�i�c�s�,� �a�n�d� �v�i�s�u�a�l�-� 

�i�z�a�t�i�o�n� �S�t�a�t�i�s�t�i�c�s�.� 
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�P�A�R�T� �I�l�l�:� 

 ��Q�u�a�l�i�t�y� �C�o�n�t�r�o�l �� �I�s�s�u�e�s� 

�9�4



� � 

�C�h�a�p�t�e�r� �8�:� �C�o�m�p�u�t�a�t�i�o�n�a�l� �I�s�s�u�e�s� 

�T�H�E� �C�O�R�E� �E�Q�U�A�T�I�O�N�S� 

� � 

�d�a�t�a� �v�e�c�t�o�r�:� 

�I�=�I�D�.�f�)� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�:� 

�S�S�E� �=� �(�y� �-�§�)�"�W�,�(�y� �~�9�)� �+� �(�P�y�)� �-�B�)�'� �W�,� �(�P�o� �-�B�)� 

�i�t�e�r�a�t�i�o�n� �f�o�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n�:� 

�A�p� �=� �(�X�T�W�,�X�+�W�,�)�'�(�X�"�W�,�(�y� �-�9�)� �+� �W�,� �(�P�B�)� 

�v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �f�o�r� �p�a�r�a�m�e�t�e�r�s�:� 
�_�~� �{�y�t� �-�1� �V�a�r�|�p�]� �=� �(�x� �W�x� �+� �W�,�)� � � 

� � 

�A�l�r�e�a�d�y� �d�e�r�i�v�e�d�:� �p� �u�p�d�a�t�e�d� �p�a�r�a�m�e�t�e�r�s� �e�s�t�i�m�a�t�e�s� 
�P�y�)� �_� �P�r�i�o�r� �e�s�t�i�m�a�t�e�s� �o�f� �p�a�r�a�m�e�t�e�r�s� 
�W�,� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �f�o�r� �p�r�i�o�r�s� 
�y� �d�a�t�a� �v�e�c�t�o�r� 
�f� �e�x�c�i�t�a�t�i�o�n� �v�e�c�t�o�r� 
�W�,� �d�a�t�a� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� 
�y� �F�E� �p�r�e�d�i�c�t�i�o�n� �o�f� �d�a�t�a� �v�e�c�t�o�r� 
�X� �_� �s�e�n�s�i�t�i�v�i�t�y� �m�a�t�r�i�x� �o�f� �F�E� �p�r�e�d�i�c�t�i�o�n� �v�e�c�t�o�r� 

�I�N�T�R�O�D�U�C�T�I�O�N� 

�I�n� �P�a�r�t� �I� �o�f� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�,� �a� �c�o�m�p�l�e�t�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� 

�u�p�d�a�t�i�n�g� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �w�a�s� �p�r�e�s�e�n�t�e�d�.� �I�f� �i�n�f�i�n�i�t�e� �p�r�e�c�i�s�i�o�n� �a�r�i�t�h�m�e�t�i�c� �w�e�r�e� 

�a�v�a�i�l�a�b�l�e� �o�n� �t�h�e� �c�o�m�p�u�t�e�r� �u�s�e�d� �t�o� �i�m�p�l�e�m�e�n�t� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �w�o�u�l�d� 

�C�h�a�p�t�e�r� �8�:� �C�o�m�p�u�t�a�t�i�o�n�a�l� �I�s�s�u�e�s� �9�5



�b�e� �c�o�m�p�l�e�t�e�.� �H�o�w�e�v�e�r�,� �w�i�t�h� �o�n�l�y� �f�i�n�i�t�e� �p�r�e�c�i�s�i�o�n� �a�r�i�t�h�m�e�t�i�c� �a�v�a�i�l�a�b�l�e�,� �s�e�v�e�r�a�l� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �i�s�s�u�e�s� �m�u�s�t� �b�e� �a�d�d�r�e�s�s�e�d�.� �T�h�e�s�e� �i�s�s�u�e�s� �i�n�c�l�u�d�e� �p�r�o�p�e�r� �u�s�e� �o�f� �m�o�d�e�r�n� 

�m�a�t�r�i�x� �d�e�c�o�m�p�o�s�i�t�i�o�n�s�,� �p�a�r�a�m�e�t�e�r� �r�e�s�c�a�l�i�n�g�,� �r�e�f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� �t�o� �u�s�e� 

�m�a�t�r�i�x� �d�e�c�o�m�p�o�s�i�t�i�o�n�s�,� �s�t�e�p� �s�i�z�e� �d�e�t�e�r�m�i�n�a�t�i�o�n�,� �a�n�d� �c�o�n�v�e�r�g�e�n�c�e� �t�e�s�t�i�n�g�.� �T�h�e� �c�h�a�p�t�e�r� 

�c�o�n�c�l�u�d�e�s� �w�i�t�h� �a� �d�i�s�c�u�s�s�i�o�n� �o�f� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e�s�.� 

�8�.�1� �M�A�T�R�I�X� �D�E�C�O�M�P�O�S�I�T�I�O�N�S� 

�T�h�e�r�e� �a�r�e� �t�w�o� �m�o�d�e�r�n� �m�a�t�r�i�x� �d�e�c�o�m�p�o�s�i�t�i�o�n�s� �t�h�a�t� �a�r�e� �u�s�e�d� �i�n� �i�m�p�l�e�m�e�n�t�i�n�g� �t�h�e� 

�B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �C�h�a�p�t�e�r� �3�.� �T�h�e� �f�i�r�s�t� �i�s� �t�h�e� �C�h�o�l�e�s�k�y� �d�e�c�o�m�p�o�s�i�-� 

�t�i�o�n�.� �W�i�t�h� �t�h�i�s� �d�e�c�o�m�p�o�s�i�t�i�o�n�,� �a� �s�y�m�m�e�t�r�i�c� �p�o�s�i�t�i�v�e�-�d�e�f�i�n�i�t�e� �m�a�t�r�i�x� �W�,�,�,�,� �i�s� �r�e�p�r�e�-� 

�s�e�n�t�e�d� �w�i�t�h� �a�n� �u�p�p�e�r� �t�r�i�a�n�g�u�l�a�r� �m�a�t�r�i�x� �C� �w�h�e�r�e� �W�=�C�'�C�.� �T�h�i�s� �d�e�c�o�m�p�o�s�i�t�i�o�n� �i�s� 
�n�x�n�?� 

�o�f�t�e�n� �u�s�e�d� �i�n� �s�o�l�v�i�n�g� �c�e�r�t�a�i�n� �s�y�s�t�e�m�s� �o�f� �s�i�m�u�l�t�a�n�e�o�u�s� �l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �(�s�u�c�h� �a�s� �l�i�n�e�a�r� 

�F�E� �s�t�a�t�i�c�s� �p�r�o�b�l�e�m�s�)� �a�n�d� �h�a�s� �a�p�p�l�i�c�a�t�i�o�n�s� �i�n� �s�t�a�t�i�s�t�i�c�s� �a�s� �w�e�l�l�.� �T�h�i�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� 

�i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �S�e�c�t�i�o�n� �8�.�3�.� 

�T�h�e� �s�e�c�o�n�d� �d�e�c�o�m�p�o�s�i�t�i�o�n� �i�s� �t�h�e� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n�.� �H�e�r�e�,� �t�h�e� �r�e�c�t�a�n�g�u�l�a�r� �m�a�t�r�i�x� 

�X� �x�n� �(�w�i�t�h� �n� �<�m�)� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �o�r�t�h�o�g�o�n�a�l� �m�a�t�r�i�x� �Q� �a�n�d� �t�h�e� �u�p�p�e�r� 
�m�e�n� 

�t�r�i�a�n�g�u�l�a�r� �m�a�t�r�i�x� �R� �w�h�e�r�e� �X�=� �Q�R� �.� �S�i�n�c�e� �Q� �i�s� �o�r�t�h�o�g�o�n�a�l�,� �Q�'�Q�=�T�,�,�.�,�.� �n�x�n�?� 

�E�q�u�a�t�i�o�n�s� �(�8�.�1�)�,� �(�8�.�2�)�,� �a�n�d� �(�8�.�3�)� �s�h�o�w� �h�o�w� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n� �i�s� �u�s�e�d� �t�o� �s�o�l�v�e� �a�n� 

�o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m�.� 

�A�p� �=� �(�X�'�X�)�'�X�"�(�y� �-�¥�)� �=� �(�R�'�O�T�O�R�)� �R�Q�"� �l�y� �-�¥�)� �(�8�.�1�)� 

�A�p� �=� �(�R�T�R�)�'�R�'�Q�"�(�y� �-�§�)� �=� �R�'�R!"�R�'�Q�'�(�y� �-�J�)� �(�8�.�2�)� 

�A�p� �=� �R�'�Q�"�\�y� �-�9�)� �(�8�.�3�)� 
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�P�e�r�f�o�r�m�i�n�g� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �u�s�i�n�g� �t�h�e� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n� �p�r�o�v�i�d�e�s� �s�e�v�e�r�a�l� �n�u�m�e�r�i�c�a�l� 

�b�e�n�e�f�i�t�s�.� �F�i�r�s�t� �a�n�d� �f�o�r�e�m�o�s�t� �i�s� �t�h�e� �f�a�c�t� �t�h�a�t� �R� �c�a�n� �b�e� �i�n�v�e�r�t�e�d� �i�n�s�t�e�a�d� �o�f� �(�X�'�X�)�.� �R� �i�s� 

�c�o�n�s�i�d�e�r�a�b�l�y� �b�e�t�t�e�r� �c�o�n�d�i�t�i�o�n�e�d� �t�h�a�n� �(�X�'�X�)�.� �I�n�d�e�e�d�,� �i�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �c�o�n�d�i�t�i�o�n� 

�n�u�m�b�e�r�s� �o�f� �R� �a�n�d� �(�X�'�X�)� �a�r�e� �r�e�l�a�t�e�d� �b�y� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �C�o�n�d� �(�R�)� �=� �¥�C�o�n�d�(�X�'�X�)�.� �T�h�i�s� 

�r�e�d�u�c�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �s�i�g�n�i�f�i�c�a�n�t� �d�i�g�i�t�s� �r�e�q�u�i�r�e�d� �f�o�r� �m�a�t�r�i�x� �c�o�m�p�u�t�a�t�i�o�n�s� �b�y� �h�a�l�f�.� 

�A�d�d�i�t�i�o�n�a�l�l�y�,� �R� �i�s� �a�n� �u�p�p�e�r� �t�r�i�a�n�g�u�l�a�r� �m�a�t�r�i�x�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �a� �s�i�m�p�l�e� �b�a�c�k�-� 

�s�u�b�s�t�i�t�u�t�i�o�n� �a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� �u�s�e�d� �t�o� �s�o�l�v�e� �f�o�r� �A�p� �i�n�s�t�e�a�d� �o�f� �u�s�i�n�g� �a� �m�o�r�e� �c�o�m�p�l�e�x� 

�a�l�g�o�r�i�t�h�m� �f�o�r� �s�o�l�v�i�n�g� �l�i�n�e�a�r� �s�y�s�t�e�m�s�.� 

�A�n� �a�d�d�e�d� �b�e�n�e�f�i�t� �o�f� �u�s�i�n�g� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n� �i�s� �r�e�d�u�c�e�d� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� �i�n� �c�a�s�e�s� 

�w�h�e�r�e� �m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m�s� �a�r�e� �t�o� �b�e� �s�o�l�v�e�d� �u�s�i�n�g� �t�h�e� �s�a�m�e� �X� �m�a�t�r�i�x�.� �I�n� �t�h�i�s� 

�S�i�t�u�a�t�i�o�n�,� �t�h�e� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �a�n�d� �s�t�o�r�e�d� �a�h�e�a�d� �o�f� �t�i�m�e�,� �t�o� �b�e� 

�u�s�e�d� �w�i�t�h� �a�l�l� �r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m�s� �h�a�v�i�n�g� �t�h�e� �s�a�m�e� �X� �m�a�t�r�i�x�.� �T�h�e� �s�i�n�e�-�d�w�e�l�l� �s�t�a�t�i�s�t�i�c�s� 

�o�f� �C�h�a�p�t�e�r� �5� �w�e�r�e� �i�m�p�l�e�m�e�n�t�e�d� �w�i�t�h� �L�A�P�A�C�K� �[�8�8�]� �u�s�i�n�g� �t�h�i�s� �s�t�r�a�t�e�g�y�.� �T�h�e� �Q�R� 

�d�e�c�o�m�p�o�s�i�t�i�o�n� �i�s� �a�l�s�o� �u�s�e�d� �i�n� �t�h�e� �r�e�f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �p�r�o�c�e�d�u�r�e� 

�d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �8�.�3�.� 

�8�.�2� �P�A�R�A�M�E�T�E�R� �R�E�S�C�A�L�I�N�G� 

�A� �s�e�c�o�n�d� �c�o�m�p�u�t�a�t�i�o�n�a�l� �i�s�s�u�e� �w�h�i�c�h� �m�u�s�t� �b�e� �a�d�d�r�e�s�s�e�d� �i�s� �p�a�r�a�m�e�t�e�r� �r�e�s�c�a�l�i�n�g�.� 

�W�h�e�n� �w�o�r�k�i�n�g� �w�i�t�h� �p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �r�e�p�r�e�s�e�n�t� �e�n�g�i�n�e�e�r�i�n�g� �q�u�a�n�t�i�t�i�e�s�,� �l�a�r�g�e� �v�a�r�i�a�t�i�o�n�s� 

�i�n� �s�c�a�l�e� �s�o�m�e�t�i�m�e�s� �r�e�s�u�l�t�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�n� �C�h�a�p�t�e�r� �1�2�,� �t�h�e� �d�e�n�s�i�t�y� �p�a�r�a�m�e�t�e�r� �p� �h�a�s� �a� 

�v�a�l�u�e� �o�f� �7�.�8�5� �x� �1�0�°� �M�g�/�m�m�?�°� �w�h�i�l�e� �t�h�e� �r�o�t�a�t�i�o�n�a�l� �j�o�i�n�t� �s�t�i�f�f�n�e�s�s� �p�a�r�a�m�e�t�e�r� �k�,� �,� �h�a�s� �a� 

�v�a�l�u�e� �o�f� �2�.�5�3� �x� �1�0�°� �N�-�m�m�.� �T�h�e�s�e� �v�a�l�u�e�s� �d�i�f�f�e�r� �i�n� �s�c�a�l�e� �b�y� �m�o�r�e� �t�h�a�n� �1�6� �o�r�d�e�r�s� �o�f� 

�m�a�g�n�i�t�u�d�e�.� �V�a�r�i�a�t�i�o�n�s� �s�u�c�h� �a�s� �t�h�i�s� �c�a�u�s�e� �e�x�t�r�e�m�e� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g� �i�n� �t�h�e� �X� �m�a�t�r�i�x�.� 
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�E�v�e�n� �a� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n�-�b�a�s�e�d� �r�e�g�r�e�s�s�i�o�n� �a�l�g�o�r�i�t�h�m� �m�a�y� �f�a�i�l� �d�u�e� �t�o� �n�u�m�e�r�i�c�a�l� 

�d�i�f�f�i�c�u�l�t�i�e�s� �i�n� �t�h�i�s� �c�a�s�e�.� �A�n� �a�l�g�o�r�i�t�h�m� �b�a�s�e�d� �o�n� �t�h�e� �i�n�v�e�r�s�i�o�n� �o�f� �(�X�'�X�)� �w�i�l�l� �a�l�m�o�s�t� 

�c�e�r�t�a�i�n�l�y� �f�a�i�l�.� 

�T�o� �d�e�a�l� �w�i�t�h� �t�h�i�s� �p�r�o�b�l�e�m�,� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �m�u�s�t� �b�e� �r�e�s�c�a�l�e�d�.� �O�n�e� �p�o�s�s�i�b�l�e� 

�r�e�s�c�a�l�i�n�g� �w�o�u�l�d� �c�o�n�s�i�s�t� �o�f� �d�i�v�i�d�i�n�g� �a�l�l� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �b�y� �t�h�e�i�r� �n�o�m�i�n�a�l� �v�a�l�u�e�s� �(�t�h�e� 

�p�r�i�o�r� �v�a�l�u�e�s� �o�f� �C�h�a�p�t�e�r� �4�)�,� �w�h�i�c�h� �w�o�u�l�d� �b�e� �p�;� �=� �o� �T�h�e� �s�c�a�l�e�d� �p�a�r�a�m�e�t�e�r�s� �f�p �� �w�o�u�l�d� 

�t�h�e�n� �r�e�p�r�e�s�e�n�t� �t�h�e� �f�r�a�c�t�i�o�n� �c�h�a�n�g�e� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �p�.� 

�A�n� �a�l�t�e�r�n�a�t�i�v�e� �r�e�s�c�a�l�i�n�g� �i�s� �t�o� �u�s�e� �p�a�r�a�m�e�t�e�r�s� �p �� �t�h�a�t� �r�e�p�r�e�s�e�n�t� �t�h�e� �n�u�m�b�e�r� �o�f� 

�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �i�s� �a�w�a�y� �f�r�o�m� �i�t�s� �n�o�m�i�n�a�l� �v�a�l�u�e�.� �T�h�i�s� �r�e�s�c�a�l�i�n�g� �w�a�s� 

�u�s�e�d� �i�n� �t�h�e� �c�o�m�p�u�t�e�r� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �a�l�g�o�r�i�t�h�m�.� �E�q�.� �(�8�.�4�)� 

�g�i�v�e�s� �t�h�e� �f�o�r�m�a�l� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �r�e�s�c�a�l�i�n�g�.� �A� �m�o�r�e� �g�e�n�e�r�a�l� �f�o�r�m�u�l�a�t�i�o�n� �i�s� 

�g�i�v�e�n� �i�n� �E�q�.� �(�8�.�5�)�,� �w�h�e�r�e� �C� �p� �i�s� �t�h�e� �C�h�o�l�e�s�k�y� �d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� 

�p�r�i�o�r� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x�,� �i�.�e�.�,� �C�y�c� �p�=� �W�,�=� �V�a�r�"� �[�P�o�]�-� �E�q�u�a�t�i�o�n� �(�8�.�5�)� �i�s� �o�n�l�y� 

�n�e�c�e�s�s�a�r�y� �i�f� �t�h�e�r�e� �i�s� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �p�r�i�o�r� �e�s�t�i�m�a�t�e�s�,� �w�h�i�c�h� �n�o�r�m�a�l�l�y� �i�s� �n�o�t� �t�h�e� 

�c�a�s�e�.� �W�h�e�n� �V�a�r�"�[�P�o�|� �i�s� �a� �d�i�a�g�o�n�a�l� �m�a�t�r�i�x�,� �t�h�e� �t�w�o� �e�x�p�r�e�s�s�i�o�n�s� �y�i�e�l�d� �i�d�e�n�t�i�c�a�l� �r�e�s�u�l�t�s�.� 

�a�t� �(�P�;� �~� �P�o�.�)� 
�P�;� �o�O� �(�8�.�4�)� 

�p�=� �C� �(�8� �-� �P�o�)� �(�8�.�5�)� 

�W�i�t�h� �t�h�i�s� �r�e�s�c�a�l�i�n�g�,� �t�h�e� �v�e�c�t�o�r� �o�f� �n�o�r�m�a�l�i�z�e�d� �p�r�i�o�r� �e�s�t�i�m�a�t�e�s� �p�j� �(�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� 

�p�r�i�o�r� �e�s�t�i�m�a�t�e� �v�e�c�t�o�r� �p�,�)� �b�e�c�o�m�e�s� �z�e�r�o�.� �T�h�e� �m�a�t�r�i�x� �V�a�r�|�p�o� �|� �b�e�c�o�m�e�s� �a�n� �i�d�e�n�t�i�t�y� 

�m�a�t�r�i�x�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�8�.�6�)�.� 
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�V�a�r�|�p�"�]� �=� �C�,�V�a�r�[�p�]�C�,� �=� �C�,�C�,�C�,�,� �C�h� �=� �I�h� �x�n� �(�8�.�6�)� 

�8�.�3� �B�A�Y�E�S�I�A�N� �R�E�G�R�E�S�S�I�O�N� �R�E�F�O�R�M�U�L�A�T�I�O�N� 

�O�n�e� �p�r�o�b�l�e�m� �w�i�t�h� �u�s�i�n�g� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n� �t�o� �s�o�l�v�e� �r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m�s� �i�s� �t�h�a�t� �i�t� 

�w�a�s� �n�o�t� �d�e�s�i�g�n�e�d� �t�o� �i�n�c�l�u�d�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�c�e�s� �o�r� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n�.� �T�o� �u�s�e� �Q�R� 

�d�e�c�o�m�p�o�s�i�t�i�o�n� �w�i�t�h� �a�l�l� �a�s�p�e�c�t�s� �o�f� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �C�h�a�p�t�e�r� �3�.� 

�S�p�e�c�i�f�i�c�a�l�l�y�,� �t�h�e� �p�r�o�b�l�e�m� �m�u�s�t� �b�e� �r�e�f�o�r�m�u�l�a�t�e�d� �s�u�c�h� �t�h�a�t� �a�n� �o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� 

�a�l�g�o�r�i�t�h�m� �b�a�s�e�d� �o�n� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n� �c�a�n� �b�e� �u�s�e�d�.� �T�o� �t�h�i�s� �e�n�d�,� �a� �n�e�w� �X �� �a�n�d� �y �� �a�r�e� 

�d�e�f�i�n�e�d� �a�s� �g�i�v�e�n� �i�n� �E�q�s�.� �(�8�.�7�)� �a�n�d� �(�8�.�8�)�.� �C�,� �i�s� �t�h�e� �C�h�o�l�e�s�k�y� �d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �t�h�e� 

�d�a�t�a� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �W�,�,� �i�.�e�.�,� �C�,�C�,�=�W�,� �=� �V�a�r�"�[�y�]�,� �a�n�d� �C�,� �i�s� �a�g�a�i�n� �t�h�e� �C�h�o�l�e�s�k�y� 

�d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �p�r�i�o�r� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �W�,�,� �i�.�e�.�,� �c�i�c� �>�=� �W�,�=� �V�a�r!"�"�[�p�o�|�-� 

�c�.�x�c�'�|� �{�c�e� �x�c� 
�x�=�|� �7� �"�I� �;� �,� �(�8�.�7�)� 

�C�C�,� �n�,�X�n�,� 

�C�y�y� �|� �|�C�,�y�|� �I�e� �C�,�y� �|� �|�e� �y�e�}� �7� �f�e�l� �f�e�)� �2�?� �J� �(�8�.�8�)� 
�C�,�C�,�P�o�|� �|� �P�o� �0�  ��I�c� �(�C�o�e� �|� �r� 

� � � � � � � � � � � � � � � � � � � � 

�I�f� �t�h�e�s�e� �e�x�p�r�e�s�s�i�o�n�s� �a�r�e� �p�l�u�g�g�e�d� �i�n�t�o� �t�h�e� �s�t�a�n�d�a�r�d� �o�r�d�i�n�a�r�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �i�t�e�r�a�t�i�o�n� 

�s�h�o�w�n� �i�n� �E�q�.� �(�8�.�9�)�,� �i�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�e� �p�r�o�c�e�s�s� �i�s� �m�a�t�h�e�m�a�t�i�c�a�l�l�y� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� 

�B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �i�t�e�r�a�t�i�o�n� �s�h�o�w�n� �i�n� �E�q�.� �(�3�.�1�8�)� �o�f� �C�h�a�p�t�e�r� �3�.� �T�h�i�s� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� 

�i�n� �E�q�s�.� �(�8�.�1�0�)� �t�h�r�o�u�g�h� �(�8�.�1�4�)�.� �T�h�e� �e�x�p�a�n�s�i�o�n� �J� �=� �C�,� �C�5�C�,�C�,� �i�s� �u�s�e�d� �a�s� �a� �p�a�r�t� �o�f� �t�h�i�s� 

�d�e�r�i�v�a�t�i�o�n�.� 

�A�p� �=�(�X� �T�X� �X�T� �(�y�*� �-�¥�*�)� �(�8�.�9�)� 
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�-� �-� �~�]� �-� �T� 

�C�,�A�p�=� �(�C�,� �X�'�C�,�C�,�X�C�,� �+�I�)� �(�C�,�X�"�C�,�C�,�(�y� �-� �9�)� �+�C�,� �(�D�9� �-� �p�)�)� 

�C�,�A�p�=�(�C�,�X�"�C�\�C�,�X�C�,� �+�(�C�,� �C�,�C�,�C�,� �\�"� 

�(�C�y� �X!"�C�,�C�,�(�y� �-�9�)� �+� �(�C�p� �C�,�C�,�C�y� �)�C�,�(�P�y� �-� �B�)�)�}� 

�C�,�A�p�=�[�C�,�'�(�X�7�C�,�C�,�X�+�C�5�C�,�)�C�,� �|�"� 
�C�p� �[�A�C�C� �-�9�)� �+� �C�C�,� �(�P�o� �B�)� 

�C�,� �A�P� �=�C�,�(�X�'�W�,�X�+�W�,�)�'�C�,�C�,� �(�X�W�,� �(�y� �-� �9�)� �+� �W�,� �(�P�o� �-�B�)�)� 
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�b�e�e�n� �g�r�e�a�t�l�y� �r�e�d�u�c�e�d�.� 

�g�i�v�e�n� �b�e�l�o�w� �i�n� �E�q�s�.� �(�8�.�1�5�)� �a�n�d� �(�8�.�1�6�)�.� 

�p�=� �C�r� �+� �P�o� 
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�C�h�a�p�t�e�r� �8�:� �C�o�m�p�u�t�a�t�i�o�n�a�l� �I�s�s�u�e�s� 

�(�8�.�1�0�)� 

�(�8�.�1�1�)� 

�(�8�.�1�2�)� 

�(�8�.�1�3�)� 

�(�8�.�1�4�)� 

�N�o�t�e� �t�h�a�t� �t�h�e� �f�i�n�a�l� �r�e�s�u�l�t�,� �s�h�o�w�n� �i�n� �E�q�.� �(�8�.�1�4�)�,� �i�s� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �s�t�a�n�d�a�r�d� 

�B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �i�t�e�r�a�t�i�o�n� �g�i�v�e�n� �i�n� �E�q�.� �(�3�.�1�8�)� �a�n�d� �i�n� �t�h�e� �c�o�r�e� �e�q�u�a�t�i�o�n�s�,� �w�h�i�c�h� �i�s� 

�t�h�e� �d�e�s�i�r�e�d� �r�e�s�u�l�t�.� �T�h�e� �r�e�f�o�r�m�u�l�a�t�e�d� �X �� �a�n�d� �y�*� �s�h�o�u�l�d� �b�e� �u�s�e�d� �w�i�t�h� �Q�R� �d�e�c�o�m�p�o�s�i�-� 

�t�i�o�n� �t�o� �o�b�t�a�i�n� �Q ��R �� �=�X�"�.� �T�h�e� �i�t�e�r�a�t�i�o�n� �A�p �� �=� �R�*�'�Q�"�'�(�y�*� �-� �y�*�)� �c�a�n� �t�h�e�n� �b�e� �u�s�e�d� �t�o� 

�o�b�t�a�i�n� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e� �v�e�c�t�o�r� �p �� �a�n�d� �a�n� �e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� 

�V�a�r�|�p�"� �|�=�(�R�*!"�R ��)�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �e�f�f�e�c�t�s� �o�f� �n�u�m�e�r�i�c�a�l� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g� �w�i�l�l� �h�a�v�e� 

�A�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �t�r�a�n�s�f�o�r�m� �b�a�c�k� 

�t�o� �t�h�e� �o�r�i�g�i�n�a�l� �p�a�r�a�m�e�t�e�r�s� �p�.� �E�x�p�r�e�s�s�i�o�n�s� �f�o�r� �f� �a�n�d� �i�t�s� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �a�r�e� 

�(�8�.�1�5�)� 

�(�8�.�1�6�)� 

�1�0�0



�8�.�4� �S�T�E�P� �S�I�Z�E� �D�E�T�E�R�M�I�N�A�T�I�O�N� 

�T�h�e� �f�i�n�a�l� �c�o�m�p�u�t�a�t�i�o�n�a�l� �i�s�s�u�e� �t�h�a�t� �m�u�s�t� �b�e� �a�d�d�r�e�s�s�e�d� �i�s� �t�h�a�t� �o�f� �i�t�e�r�a�t�i�o�n� �c�o�n�v�e�r�-� 

�g�e�n�c�e�.� �I�f� �t�h�e� �m�a�t�r�i�x� �X�"� �i�s� �c�o�n�s�t�a�n�t� �(�n�o�t� �a� �f�u�n�c�t�i�o�n� �o�f� �p ��)�,� �t�h�e�n� �t�h�e� �i�t�e�r�a�t�i�o�n� �o�f� 

�E�q�.� �(�8�.�1�0�)� �c�o�n�v�e�r�g�e�s� �i�n� �a� �s�i�n�g�l�e� �s�t�e�p� �t�o� �t�h�e� �v�a�l�u�e� �o�f� �p�*� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �S�S�E�.� 

�H�o�w�e�v�e�r�,� �i�f� �X �� �i�s� �n�o�t� �c�o�n�s�t�a�n�t� �(�m�e�a�n�i�n�g� �t�h�a�t� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m� �i�s� �n�o�n�l�i�n�e�a�r�)�,� 

�m�u�l�t�i�p�l�e� �s�t�e�p�s� �w�i�l�l� �b�e� �r�e�q�u�i�r�e�d� �t�o� �r�e�a�c�h� �t�h�e� �m�i�n�i�m�u�m�.� �I�f� �t�h�e� �n�o�n�-�l�i�n�e�a�r�i�t�y� �i�s� �e�x�t�r�e�m�e� 

�e�n�o�u�g�h�,� �t�h�e� �p�*� �v�e�c�t�o�r�s� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �i�t�e�r�a�t�i�o�n� �A�p�*� �=� �R�"!"�!�Q�*�'�(�y�*� �-�y�*�)� �m�a�y� �n�o�t� 

�r�e�d�u�c�e� �t�h�e� �S�S�E� �v�a�l�u�e� �a�t� �a�l�l�,� �i�n� �w�h�i�c�h� �c�a�s�e� �t�h�e� �i�t�e�r�a�t�i�o�n� �w�i�l�l� �f�a�i�l� �t�o� �c�o�n�v�e�r�g�e�.� �I�t� �s�h�o�u�l�d� 

�b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �m�o�d�e�l� �u�p�d�a�t�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �P�a�r�t� �I�I� �o�f� �t�h�e� �d�i�s�s�e�r�t�a�t�i�o�n� �i�s� �n�o�n�l�i�n�e�a�r� 

�d�e�s�p�i�t�e� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �l�i�n�e�a�r�.� �T�h�i�s� �i�s� �c�a�u�s�e�d� 

�b�y� �u�s�e� �o�f� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �K�,� �o�f� �C�h�a�p�t�e�r� �7�.� 

�T�o� �e�n�s�u�r�e� �c�o�n�v�e�r�g�e�n�c�e�,� �o�n�e� �m�u�s�t� �f�i�r�s�t� �n�o�t�e� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �s�t�e�p� �d�e�f�i�n�e�d� �b�y� 

�E�q�.� �(�8�.�1�0�)� �a�l�w�a�y�s� �p�o�i�n�t�s� �i�n� �a� �d�i�r�e�c�t�i�o�n� �(�i�n� �n�o�r�m�a�l�i�z�e�d� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e�)� �t�h�a�t� �r�e�d�u�c�e�s� 

�S�S�E�,� �i�n� �o�t�h�e�r� �w�o�r�d�s�,� �i�t� �i�s� �a� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �d�i�r�e�c�t�i�o�n� �i�s� �o�n�l�y� 

�g�u�a�r�a�n�t�e�e�d� �t�o� �b�e� �a� �d�e�s�c�e�n�t� �d�i�r�e�c�t�i�o�n� �a�t� �t�h�e� �f�°� �a�t� �w�h�i�c�h� �X�°� �i�s� �c�o�m�p�u�t�e�d�.� �I�f� �X�*� �c�h�a�n�g�e�s� 

�e�n�o�u�g�h� �o�v�e�r� �t�h�e� �c�o�u�r�s�e� �o�f� �t�h�e� �s�t�e�p�,� �t�h�e� �S�S�E� �v�a�l�u�e�s� �m�a�y� �r�i�s�e� �i�n�s�t�e�a�d�.� 

�T�h�e�r�e�f�o�r�e�,� �w�h�e�n� �a� �s�t�e�p� �i�s� �g�e�n�e�r�a�t�e�d� �t�h�a�t� �i�n�c�r�e�a�s�e�s� �t�h�e� �S�S�E� �v�a�l�u�e�,� �t�h�e� �s�t�e�p� �s�i�z�e� 

�s�h�o�u�l�d� �b�e� �r�e�d�u�c�e�d�,� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �(�8�.�1�7�)�.� �T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �i�s� �t�h�e� �s�a�m�e� �a�s� �f�o�u�n�d� �i�n� 

�E�q�.� �(�8�.�1�0�)�,� �e�x�c�e�p�t� �t�h�a�t� �a� �s�t�e�p� �s�i�z�e� �m�o�d�i�f�i�e�r� �B� �,� �w�h�i�c�h� �a�l�w�a�y�s� �h�a�s� �a� �v�a�l�u�e� �l�e�s�s� �t�h�a�n� 

�o�n�e�,� �h�a�s� �b�e�e�n� �i�n�c�l�u�d�e�d�.� �S�i�m�i�l�a�r� �r�e�s�u�l�t�s� �a�r�e� �g�i�v�e�n� �f�o�r� �t�h�e� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n� �b�a�s�e�d� 

�i�t�e�r�a�t�i�o�n� �f�r�o�m� �E�q�.� �(�8�.�1�8�)�.� 

�A�p �� �=� �B�(�X!"�X�)� �X�T� �(�y�*� �-�y�)� �(�8�.�1�7�)� 
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�A�p �� �=� �B�R!"�Q�"�(�y�"� �-�y�"�)� �|� �(�8�.�1�8�)� 

�A� �n�u�m�b�e�r� �o�f� �d�i�f�f�e�r�e�n�t� �s�c�h�e�m�e�s� �e�x�i�s�t� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �o�p�t�i�m�a�l� �f� �[�8�9�]�.� 

�H�o�w�e�v�e�r�,� �i�t� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �r�e�p�e�a�t�e�d�l�y� �h�a�l�v�e� �6� �u�n�t�i�l� �t�h�e� �S�S�E� �v�a�l�u�e� �o�b�t�a�i�n�e�d� �h�a�s� �b�e�e�n� 

�d�e�c�r�e�a�s�e�d�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �i�t� �i�s� �s�o�m�e�t�i�m�e�s� �d�e�s�i�r�a�b�l�e� �t�o� �l�i�m�i�t� �t�h�e� �i�n�i�t�i�a�l� �s�t�e�p� �s�i�z�e� �b�e�f�o�r�e� 

�c�h�e�c�k�i�n�g� �t�o� �s�e�e� �i�f� �t�h�e� �n�e�w� �p�*� �y�i�e�l�d�s� �a� �r�e�d�u�c�e�d� �S�S�E� �v�a�l�u�e�.� �T�h�i�s� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �t�r�u�e� �i�n� 

�s�y�s�t�e�m�s� �w�h�e�r�e� �t�h�e� �X �� �m�a�t�r�i�x� �i�s� �i�l�l�-�c�o�n�d�i�t�i�o�n�e�d�,� �w�h�i�c�h� �c�a�n� �p�o�t�e�n�t�i�a�l�l�y� �g�e�n�e�r�a�t�e� �l�a�r�g�e� 

�p�a�r�a�m�e�t�e�r� �c�h�a�n�g�e�s�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n� �g�i�v�e�n� �i�n� �E�q�.� �(�8�.�1�9�)� �p�r�o�v�i�d�e�s� �a� �r�e�s�t�r�i�c�t�i�o�n� �o�n� �t�h�e� 

�i�n�i�t�i�a�l� �s�i�z�e� �o�f� �t�h�e� �s�t�e�p�,� �e�f�f�e�c�t�i�v�e�l�y� �l�i�m�i�t�i�n�g� �t�h�e� �a�v�e�r�a�g�e� �c�h�a�n�g�e� �(�i�n� �a�n� �R�M�S� �s�e�n�s�e�)� �i�n� �a� 

�p�a�r�a�m�e�t�e�r� �t�o� �o�n�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�.� 

�i�f� �(�A�p�*�?� �A�p�*�)� �>� �n�,�,� �t�h�e�n� �f�,� �=�  � ��+� �,� �e�l�s�e� �B�,�=�1� �(�8�.�1�9�)� 
�A�p� �4� 

�8�.�5� �C�O�N�V�E�R�G�E�N�C�E� �T�E�S�T�I�N�G� 

�W�h�e�n� �u�s�i�n�g� �a�n�y� �i�t�e�r�a�t�i�v�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �p�r�o�c�e�d�u�r�e�,� �t�h�e� �a�n�a�l�y�s�t� �s�h�o�u�l�d� �r�u�n� �t�h�e� 

�p�r�o�c�e�d�u�r�e� �m�u�l�t�i�p�l�e� �t�i�m�e�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �i�n�i�t�i�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �(�w�h�i�c�h� �i�s� �n�o�t� �t�h�e� 

�s�a�m�e� �a�s� �d�i�f�f�e�r�e�n�t� �p�r�i�o�r� �e�s�t�i�m�a�t�e�s�,� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �4�)�.� �I�f� �a�l�l� �o�f� �t�h�e� �i�n�i�t�i�a�l� 

�e�s�t�i�m�a�t�e�s� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �s�a�m�e� �f�i�n�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�,� �t�h�e� �a�n�a�l�y�s�t� �c�a�n� �b�e� �c�o�n�f�i�d�e�n�t� 

�t�h�a�t� �t�h�e� �u�n�i�q�u�e� �S�S�E�-�m�i�n�i�m�i�z�i�n�g� �e�s�t�i�m�a�t�e� �h�a�s� �b�e�e�n� �o�b�t�a�i�n�e�d�.� �U�n�i�q�u�e� �i�n� �t�h�i�s� �c�o�n�t�e�x�t� 

�m�e�a�n�s� �u�n�i�q�u�e� �f�o�r� �t�h�e� �B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �w�i�t�h� �a� �p�a�r�t�i�c�u�l�a�r� �s�e�t� �o�f� �d�a�t�a� �a�n�d� 

�s�e�t� �o�f� �p�r�i�o�r� �i�n�f�o�r�m�a�t�i�o�n�.� �I�t� �d�o�e�s� �n�o�t� �m�e�a�n� �t�h�a�t� �a�l�l� �o�t�h�e�r� �m�o�d�e�l� �u�p�d�a�t�e� �f�o�r�m�u�l�a�t�i�o�n�s� 

�a�n�d� �d�a�t�a� �s�e�t�s� �w�o�u�l�d� �g�i�v�e� �i�d�e�n�t�i�c�a�l� �a�n�s�w�e�r�s�.� 

�C�h�a�p�t�e�r� �8�:� �C�o�m�p�u�t�a�t�i�o�n�a�l� �I�s�s�u�e�s� �1�0�2



�I�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e�s� �c�o�n�v�e�r�g�e� �t�o� �t�w�o� �o�r� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �f�i�n�a�l� �p�a�r�a�m�e�t�e�r� 

�e�s�t�i�m�a�t�e�s�,� �t�h�e� �a�n�a�l�y�s�t� �m�a�y� �b�e� �h�a�v�i�n�g� �d�i�f�f�i�c�u�l�t�i�e�s� �w�i�t�h� �l�o�c�a�l� �m�i�n�i�m�a�,� �w�h�i�c�h� �a�r�e� �p�o�i�n�t�s� 

�i�n� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e� �t�h�a�t� �a�p�p�e�a�r� �t�o� �b�e� �e�r�r�o�r�-�m�i�n�i�m�i�z�i�n�g� �s�o�l�u�t�i�o�n�s�,� �b�u�t� �a�r�e� �n�o�t�.� �T�h�e� 

�a�n�a�l�y�s�t� �c�a�n� �c�h�o�o�s�e� �t�h�e� �b�e�s�t� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �s�i�m�p�l�y� �b�y� �p�i�c�k�i�n�g� �t�h�e� 

�o�n�e� �t�h�a�t� �p�r�o�v�i�d�e�s� �t�h�e� �l�o�w�e�s�t� �S�S�E� �v�a�l�u�e�,� �a�s� �g�i�v�e�n� �i�n� �E�q�.� �(�3�.�1�7�)�.� 

�I�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �i�t�e�r�a�t�i�o�n� �n�e�v�e�r� �c�o�n�v�e�r�g�e�s� �t�o� �a� �f�i�n�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�,� �o�r� 

�c�o�n�v�e�r�g�e�s� �t�o� �a� �d�i�f�f�e�r�e�n�t� �e�s�t�i�m�a�t�e� �e�v�e�r�y� �t�i�m�e�,� �t�h�e�n� �t�h�e�r�e� �i�s� �a� �p�r�o�b�l�e�m� �w�i�t�h� �e�i�t�h�e�r� �t�h�e� 

�m�o�d�e�l� �u�p�d�a�t�e� �f�o�r�m�u�l�a�t�i�o�n� �(�t�y�p�i�c�a�l�l�y� �p�o�o�r� �p�a�r�a�m�e�t�e�r� �c�h�o�i�c�e�s�)� �o�r� �a� �d�e�f�e�c�t� �i�n� �t�h�e� �B�a�y�e�s�-� 

�i�a�n� �r�e�g�r�e�s�s�i�o�n� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�r� �t�h�e� �F�E� �m�o�d�e�l�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �a�n�a�l�y�s�t� �m�u�s�t� �r�e�-� 

�e�x�a�m�i�n�e� �e�v�e�r�y�t�h�i�n�g� �c�a�r�e�f�u�l�l�y�.� 

�8�.�6� �C�O�M�P�U�T�A�T�I�O�N� �T�I�M�E� 

�O�n�e� �d�i�s�a�d�v�a�n�t�a�g�e� �t�o� �u�s�i�n�g� �a� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �f�o�r�m�u�l�a�t�i�o�n� �o�v�e�r� �s�o�m�e� �o�t�h�e�r� �m�o�d�e�l� 

�u�p�d�a�t�e� �f�o�r�m�u�l�a�t�i�o�n�s� �(�e�.�g�.�,� �d�i�r�e�c�t� �m�a�t�r�i�x� �u�p�d�a�t�e� �m�e�t�h�o�d�s�)� �i�s� �a� �g�r�e�a�t�l�y� �i�n�c�r�e�a�s�e�d� �n�e�e�d� 

�f�o�r� �c�o�m�p�u�t�i�n�g� �p�o�w�e�r�.� �I�n� �t�h�e�s�e� �i�t�e�r�a�t�i�v�e� �a�p�p�r�o�a�c�h�e�s�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �i�s� �r�e�b�u�i�l�t� �a�n�d� 

�r�e�s�o�l�v�e�d� �r�e�p�e�a�t�e�d�l�y�,� �s�o�m�e�t�i�m�e�s� �h�u�n�d�r�e�d�s� �o�f� �t�i�m�e�s�.� �T�h�i�s� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �t�r�u�e� �w�h�e�n� �t�h�e� 

�d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e� �o�f� �a� �s�t�r�u�c�t�u�r�e� �i�s� �c�o�m�p�u�t�e�d� �a�t� �m�u�l�t�i�p�l�e� �f�r�e�q�u�e�n�c�i�e�s�,� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� 

�C�h�a�p�t�e�r�s� �5� �a�n�d� �6�.� �I�n�d�e�e�d�,� �a� �d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e� �m�u�s�t� �b�e� �c�o�m�p�u�t�e�d� �f�o�r� �e�a�c�h� �f�r�e�q�u�e�n�c�y�.� 

�T�h�i�s� �c�a�n� �r�e�p�r�e�s�e�n�t� �a� �s�i�g�n�i�f�i�c�a�n�t� �a�m�o�u�n�t� �o�f� �c�o�m�p�u�t�a�t�i�o�n�a�l� �w�o�r�k�,� �p�a�r�t�i�c�u�l�a�r�l�y� �w�h�e�n� 

�F�R�F� �d�a�t�a� �i�s� �u�s�e�d�.� 

�O�f� �c�o�u�r�s�e�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �s�i�g�n�i�f�i�c�a�n�t�l�y� �r�e�d�u�c�e� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e�s� �w�i�t�h� �s�t�r�a�t�e�g�i�c� 

�u�s�e� �o�f� �m�a�t�r�i�x� �d�e�c�o�m�p�o�s�i�t�i�o�n�s� �[�8�0�]�.� �A� �m�o�d�a�l� �s�u�m�m�a�t�i�o�n� �a�p�p�r�o�a�c�h� �f�o�r� �F�R�F� �p�r�e�d�i�c�t�i�o�n�s� 

�m�i�g�h�t� �a�l�s�o� �b�e� �w�o�r�t�h� �c�o�n�s�i�d�e�r�i�n�g�.� �I�n� �t�h�i�s� �a�p�p�r�o�a�c�h�,� �a�n� �e�i�g�e�n�s�o�l�u�t�i�o�n� �w�o�u�l�d� �b�e� �c�o�m�-� 

�C�h�a�p�t�e�r� �8�:� �C�o�m�p�u�t�a�t�i�o�n�a�l� �i�s�s�u�e�s� �1�0�3



�p�u�t�e�d� �f�o�r� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�,� �p�r�o�v�i�d�i�n�g� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �m�o�d�e� �s�h�a�p�e�s�.� 

�T�h�i�s� �i�s� �e�x�p�e�n�s�i�v�e� �t�o� �c�o�m�p�u�t�e�,� �b�u�t� �o�n�c�e� �i�t� �i�s� �f�i�n�i�s�h�e�d�,� �s�t�a�n�d�a�r�d� �m�o�d�a�l� �s�u�m�m�a�t�i�o�n� �c�a�n� 

�t�h�e�n� �b�e� �u�s�e�d� �t�o� �q�u�i�c�k�l�y� �p�r�e�d�i�c�t� �F�R�F� �v�a�l�u�e�s� �a�t� �a�s� �m�a�n�y� �f�r�e�q�u�e�n�c�i�e�s� �a�s� �d�e�s�i�r�e�d� �[�8�2�]�.� 

�H�o�w�e�v�e�r�,� �t�h�e�r�e� �a�r�e� �t�h�r�e�e� �d�i�f�f�i�c�u�l�t�i�e�s� �w�i�t�h� �t�h�i�s� �a�p�p�r�o�a�c�h�:� �(�1�)� �m�o�d�a�l� �t�r�u�n�c�a�t�i�o�n� �b�e�c�o�m�e�s� 

�a�n� �i�s�s�u�e�;� �(�2�)� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �F�R�F� �s�e�n�s�i�t�i�v�i�t�i�e�s� �b�e�c�o�m�e�s� �m�o�r�e� �c�o�m�p�l�e�x�;� �a�n�d� �(�3�)� �t�h�e� 

�t�y�p�e�s� �o�f� �d�a�m�p�i�n�g� �m�o�d�e�l�s� �t�h�a�t� �c�a�n� �b�e� �u�s�e�d� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �a�r�e� �r�e�s�t�r�i�c�t�e�d�.� 

�N�o�n�e� �o�f� �t�h�e�s�e� �d�i�f�f�i�c�u�l�t�i�e�s� �i�s� �i�n�t�r�a�c�t�a�b�l�e�,� �b�u�t� �a�l�l� �r�e�p�r�e�s�e�n�t� �d�i�s�a�d�v�a�n�t�a�g�e�s� �o�v�e�r� �t�h�e� �d�i�r�e�c�t� 

�c�o�m�p�u�t�a�t�i�o�n� �o�f� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e�.� �I�n� �c�a�s�e�s� �i�n� �w�h�i�c�h� �s�i�n�e�-�d�w�e�l�l� �d�a�t�a� �e�x�c�i�t�a�t�i�o�n� �i�s� 

�u�s�e�d�,� �i�t� �i�s� �p�r�o�b�a�b�l�y� �n�o�t� �c�o�s�t� �e�f�f�e�c�t�i�v�e� �t�o� �u�s�e� �m�o�d�a�l� �s�u�m�m�a�t�i�o�n�.� 

�8�.�7� �C�O�N�C�L�U�D�I�N�G� �R�E�M�A�R�K�S� �O�N� �N�U�M�E�R�I�C�A�L� �I�S�S�U�E�S� 

�C�l�e�a�r�l�y�,� �t�h�e�r�e� �w�e�r�e� �a� �n�u�m�b�e�r� �o�f� �n�u�m�e�r�i�c�a�l� �c�o�n�c�e�r�n�s� �i�n� �t�h�e� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� 

�f�o�r�m�u�l�a�t�i�o�n� �t�h�a�t� �w�e�r�e� �a�d�d�r�e�s�s�e�d� �i�n� �t�h�e� �c�o�u�r�s�e� �o�f� �p�e�r�f�o�r�m�i�n�g� �t�h�i�s� �r�e�s�e�a�r�c�h�.� �H�o�w�e�v�e�r�,� 

�a�l�l� �o�f� �t�h�e�s�e� �s�t�e�p�s� �w�e�r�e� �n�e�c�e�s�s�a�r�y� �t�o� �e�n�s�u�r�e� �r�a�p�i�d� �a�n�d� �r�e�l�i�a�b�l�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� 

�B�a�y�e�s�i�a�n� �r�e�g�r�e�s�s�i�o�n� �i�t�e�r�a�t�i�o�n�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �r�e�s�c�a�l�i�n�g� �a�n�d� �s�t�e�p� �s�i�z�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �i�n� 

�p�a�r�t�i�c�u�l�a�r� �w�e�r�e� �v�e�r�y� �i�m�p�o�r�t�a�n�t�.� �T�h�e� �u�s�e� �o�f� �t�h�e� �Q�R� �a�n�d� �C�h�o�l�e�s�k�y� �d�e�c�o�m�p�o�s�i�t�i�o�n�s� �w�i�t�h� 

�t�h�e� �r�e�f�o�r�m�u�l�a�t�e�d� �X �� �a�n�d� �y�"� �f�u�r�t�h�e�r� �i�n�c�r�e�a�s�e�d� �s�t�a�b�i�l�i�t�y� �a�n�d� �c�o�m�p�u�t�a�t�i�o�n� �s�p�e�e�d�.� 

�T�h�e� �i�s�s�u�e� �o�f� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �p�r�e�d�i�c�t�i�o�n� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e�s� �w�a�s� �n�o�t� �h�a�n�d�l�e�d� �a�s� 

�w�e�l�l� �i�n� �t�h�i�s� �w�o�r�k�.� �A�l�l� �o�f� �t�h�e� �e�x�a�m�p�l�e�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n� �w�e�r�e� �i�m�p�l�e�m�e�n�t�e�d� 

�i�n� �M�A�T�L�A�B� �[�9�0�]�,� �w�h�i�c�h� �i�s� �a� �h�i�g�h�-�l�e�v�e�l� �p�r�o�g�r�a�m�m�i�n�g� �e�n�v�i�r�o�n�m�e�n�t� �t�h�a�t� �p�r�o�v�i�d�e�s� 

�m�a�n�y� �r�o�u�t�i�n�e�s� �f�o�r� �u�s�e� �w�i�t�h� �g�e�n�e�r�a�l� �m�a�t�r�i�c�e�s�.� �H�o�w�e�v�e�r�,� �M�A�T�L�A�B� �d�o�e�s� �n�o�t� �p�r�o�v�i�d�e� 

�r�o�u�t�i�n�e�s� �f�o�r� �o�p�t�i�m�a�l� �u�s�e� �o�f� �m�a�t�r�i�x� �d�e�c�o�m�p�o�s�i�t�i�o�n�s� �(�e�s�p�e�c�i�a�l�l�y� �r�o�u�t�i�n�e�s� �t�h�a�t� �t�a�k�e� 

�a�d�v�a�n�t�a�g�e� �o�f� �c�e�r�t�a�i�n� �m�a�t�r�i�x� �p�r�o�p�e�r�t�i�e�s�,� �s�u�c�h� �a�s� �s�y�m�m�e�t�r�y�,� �b�a�n�d�e�d�n�e�s�s�,� �o�r� �p�o�s�i�t�i�v�e� 

�C�h�a�p�t�e�r� �8�:� �C�o�m�p�u�t�a�t�i�o�n�a�l� �i�s�s�u�e�s� �1�0�4



�d�e�f�i�n�i�t�e�n�e�s�s�)�.� �A�n� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �t�h�a�t� �u�s�e�d� �a� �m�o�d�e�r�n� �m�a�t�r�i�x� �c�o�m�p�u�t�a�t�i�o�n� �l�i�b�r�a�r�y� �s�u�c�h� 

�a�s� �L�A�P�A�C�K� �[�8�8�]� �w�o�u�l�d� �r�u�n� �f�a�s�t�e�r� �a�n�d� �p�r�o�v�i�d�e� �m�o�r�e� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s�.� �H�o�w�e�v�e�r�,� �t�h�e� 

�a�m�o�u�n�t� �o�f� �p�r�o�g�r�a�m�m�i�n�g� �a�n�d� �d�e�b�u�g�g�i�n�g� �r�e�q�u�i�r�e�d� �w�o�u�l�d� �b�e� �g�r�e�a�t�l�y� �i�n�c�r�e�a�s�e�d� �a�s� �w�e�l�l�.� 

�C�h�a�p�t�e�r� �8�:� �C�o�m�p�u�t�a�t�i�o�n�a�l� �I�s�s�u�e�s� �1�0�5



�C�h�a�p�t�e�r� �9�:� �M�o�d�e�l� �U�p�d�a�t�e� �V�e�r�i�f�i�c�a�t�i�o�n� 

�O�n�c�e� �t�h�e� �m�o�d�e�l� �u�p�d�a�t�e� �h�a�s� �b�e�e�n� �a�c�c�o�m�p�l�i�s�h�e�d�,� �i�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�o� �p�e�r�f�o�r�m� �a� �n�u�m�b�e�r� 

�o�f� �t�e�s�t�s� �t�o� �e�n�s�u�r�e� �t�h�a�t� �t�h�e� �u�p�d�a�t�e�d� �m�o�d�e�l� �i�s� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e�.� �T�h�e�r�e� �a�r�e� �f�o�u�r� �d�i�f�f�e�r�e�n�t� �c�a�t�e�g�o�r�i�e�s� �o�f� �t�e�s�t�s� �a�v�a�i�l�a�b�l�e�:� �(�1�)� �d�a�t�a� �s�t�a�t�i�o�n�a�r�i�t�y� 

�t�e�s�t�i�n�g�;� �(�2�)� �l�a�c�k�-�o�f�-�f�i�t� �t�e�s�t�i�n�g� �a�n�d� �c�o�m�p�e�n�s�a�t�i�o�n�;� �(�3�)� �p�a�r�a�m�e�t�e�r� �c�o�n�s�i�s�t�e�n�c�y� �t�e�s�t�i�n�g�;� �a�n�d� 

�(�4�)� �c�r�o�s�s�-�v�a�l�i�d�a�t�i�o�n� �t�e�s�t�i�n�g�.� �T�h�e�s�e� �t�e�s�t�s� �i�n�c�r�e�a�s�e� �c�o�n�f�i�d�e�n�c�e� �t�h�a�t� �d�a�t�a� �w�a�s� �a�c�q�u�i�r�e�d� 

�c�o�r�r�e�c�t�l�y�,� �t�h�a�t� �t�h�e� �m�o�d�e�l� �f�i�t�s� �t�h�e� �d�a�t�a�,� �t�h�a�t� �t�h�e� �u�p�d�a�t�e�d� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s� �m�a�k�e� �s�e�n�s�e�,� 

�a�n�d� �t�h�a�t� �t�h�e� �m�o�d�e�l� �i�s� �c�a�p�a�b�l�e� �o�f� �p�r�e�d�i�c�t�i�n�g� �o�t�h�e�r� �d�a�t�a� �s�e�t�s� �b�e�s�i�d�e�s� �t�h�e� �s�p�e�c�i�f�i�c� �s�e�t� �u�s�e�d� 

�t�o� �u�p�d�a�t�e� �t�h�e� �m�o�d�e�l�.� 

�9�.�1� �T�I�M�E�-�I�N�V�A�R�I�A�N�C�E� �T�E�S�T�I�N�G� 

�T�h�e�r�e� �a�r�e� �t�w�o� �i�m�p�l�i�c�i�t� �a�s�s�u�m�p�t�i�o�n�s� �t�h�a�t� �a�r�e� �m�a�d�e� �w�h�e�n�e�v�e�r� �a� �m�o�d�e�l� �u�p�d�a�t�e� �i�s� 

�p�e�r�f�o�r�m�e�d� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�:� �(�1�)� �t�h�e� �d�a�t�a� �i�s� �a�c�q�u�i�r�e�d� �c�o�r�r�e�c�t�l�y�;� �a�n�d� �(�2�)� �t�h�e� 

�d�y�n�a�m�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�/�t�e�s�t� �a�p�p�a�r�a�t�u�s� �d�o� �n�o�t� �c�h�a�n�g�e� �o�v�e�r� �t�h�e� �c�o�u�r�s�e� �o�f� 

�t�e�s�t�i�n�g�.� �E�n�s�u�r�i�n�g� �t�h�a�t� �d�a�t�a� �i�s� �o�b�t�a�i�n�e�d� �c�o�r�r�e�c�t�l�y� �i�s� �b�e�s�t� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �u�s�i�n�g� �p�r�o�p�e�r� 

�e�x�p�e�r�i�m�e�n�t�a�l� �t�e�c�h�n�i�q�u�e�.� �I�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �d�o�e�s� �n�o�t� �c�h�a�n�g�e� �o�v�e�r� �t�h�e� �c�o�u�r�s�e� �o�f� �t�e�s�t�i�n�g�,� 

�t�h�e� �d�a�t�a� �s�h�o�u�l�d� �b�e� �t�i�m�e�-�i�n�v�a�r�i�a�n�t�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� 

�d�a�t�a� �d�o� �n�o�t� �c�h�a�n�g�e� �o�v�e�r� �t�i�m�e�.� �A�n� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �t�e�s�t� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �a�s� �a� �t�e�s�t� �o�f� 

�t�h�i�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �[�7�7�]�.� 
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�S�p�e�c�i�f�i�c�a�l�l�y�,� �i�f� �d�a�t�a� �i�s� �a�c�q�u�i�r�e�d� �i�n� �a� �s�e�q�u�e�n�t�i�a�l� �f�a�s�h�i�o�n� �d�u�r�i�n�g� �a� �d�i�s�c�r�e�t�e�-�f�r�e�q�u�e�n�c�y� 

�t�e�s�t� �(�u�s�u�a�l�l�y� �a� �s�c�a�n�n�i�n�g� �L�D�V� �t�e�s�t�)�,� �a� �l�a�r�g�e� �a�m�o�u�n�t� �o�f� �f�o�r�c�e� �d�a�t�a� �c�a�n� �b�e� �o�b�t�a�i�n�e�d�.� 

�C�l�e�a�r�l�y�,� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�i�s� �f�o�r�c�e� �s�i�g�n�a�l� �s�h�o�u�l�d� �r�e�m�a�i�n� �c�o�n�s�t�a�n�t� �f�o�r� �t�h�e� �e�n�t�i�r�e� 

�d�u�r�a�t�i�o�n� �o�f� �t�h�e� �t�e�s�t�.� �I�f� �i�t� �d�o�e�s� �n�o�t�,� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�r� �t�e�s�t� �e�q�u�i�p�m�e�n�t� �h�a�s� �p�r�o�b�a�b�l�y� 

�e�x�p�e�r�i�e�n�c�e�d� �s�o�m�e� �c�h�a�n�g�e�,� �o�f�t�e�n� �d�u�e� �t�o� �c�h�a�n�g�e�s� �i�n� �t�h�e� �a�m�b�i�e�n�t� �t�e�m�p�e�r�a�t�u�r�e�s� 

�s�u�r�r�o�u�n�d�i�n�g� �t�h�e� �s�y�s�t�e�m� �[�9�1�]�.� 

�T�h�e� �D�u�r�b�i�n�-�W�a�t�s�o�n� �S�t�a�t�i�s�t�i�c� 

�D�u�r�i�n�g� �t�h�e� �c�o�u�r�s�e� �o�f� �a� �l�a�s�e�r�-�D�o�p�p�l�e�r� �v�i�b�r�o�m�e�t�e�r� �t�e�s�t�,� �a� �b�l�o�c�k� �o�f� �e�x�c�i�t�a�t�i�o�n� �d�a�t�a� �i�s� 

�a�c�q�u�i�r�e�d� �w�i�t�h� �e�a�c�h� �b�l�o�c�k� �o�f� �r�e�s�p�o�n�s�e� �d�a�t�a�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �i�f� �a� �b�l�o�c�k� �o�f� �v�e�l�o�c�i�t�y� 

�m�e�a�s�u�r�e�m�e�n�t�s� �i�s� �t�a�k�e�n� �a�t� �e�a�c�h� �o�f� �4�5� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �l�o�c�a�t�i�o�n�s�,� �4�5� �b�l�o�c�k�s� �o�f� �f�o�r�c�e� �d�a�t�a� 

�w�i�l�l� �b�e� �a�v�a�i�l�a�b�l�e� �a�s� �w�e�l�l�.� �4�5� �e�s�t�i�m�a�t�e�s� �o�f� �f�o�r�c�e� �a�m�p�l�i�t�u�d�e� �A�,� �(�e�a�c�h� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� 

�d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �l�o�c�a�t�i�o�n� �(�)� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�5�.�1�2�)�.� 

�T�h�e�s�e� �4�5� �A� �;� �v�e�c�t�o�r�s� �s�h�o�u�l�d� �a�l�l� �b�e� �t�h�e� �s�a�m�e� �(�i�f� �t�h�e� �s�y�s�t�e�m� �i�s� �t�i�m�e�-�i�n�v�a�r�i�a�n�t�)�,� �p�l�u�s� 

�o�r� �m�i�n�u�s� �s�o�m�e� �s�m�a�l�l� �e�r�r�o�r� �c�a�u�s�e�d� �b�y� �n�o�i�s�e� �o�n� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a�.� �A�d�d�i�-� 

�t�i�o�n�a�l�l�y�,� �t�h�e� �e�r�r�o�r�s� �i�n� �t�h�e� �e�s�t�i�m�a�t�e�s� �s�h�o�u�l�d� �b�e� �u�n�c�o�r�r�e�l�a�t�e�d�,� �s�i�n�c�e� �t�h�e� �e�r�r�o�r�s� �p�r�e�s�e�n�t� �i�n� 

�o�n�e� �t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �b�l�o�c�k� �s�h�o�u�l�d� �b�e� �c�o�m�p�l�e�t�e�l�y� �u�n�r�e�l�a�t�e�d� �t�o� �e�r�r�o�r�s� �p�r�e�s�e�n�t� �i�n� �a�n�o�t�h�e�r� 

�t�i�m�e�-�s�e�r�i�e�s� �d�a�t�a� �b�l�o�c�k�.� 

�T�o� �e�s�t�i�m�a�t�e� �t�h�e� �e�r�r�o�r�s� �i�n� �t�h�e� �4�5� �f�o�r�c�e� �a�m�p�l�i�t�u�d�e� �v�e�c�t�o�r�s� �A� �;�»� �t�h�e� �a�v�e�r�a�g�e� �f�o�r�c�e� 

�a�m�p�l�i�t�u�d�e� �v�e�c�t�o�r� �4� �a�g� �i�s� �c�o�m�p�u�t�e�d�,� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �E�q�.� �(�5�.�2�7�)�,� �a�n�d� �t�h�e�n� �s�u�b�t�r�a�c�t�e�d� 

�f�r�o�m� �e�a�c�h� �o�f� �t�h�e� �A�,� �v�e�c�t�o�r�s�.� �I�f� �t�h�e� �t�r�u�e� �f�o�r�c�e� �a�m�p�l�i�t�u�d�e� �i�s� �n�o�t� �c�o�n�s�t�a�n�t�,� �t�h�e�r�e� �w�i�l�l� �b�e� 

�a� �t�r�e�n�d� �t�o� �t�h�e� �r�e�s�i�d�u�a�l�s�.� �T�h�e� �t�o�p� �p�l�o�t� �o�f� �F�i�g�u�r�e� �9�.�1� �s�h�o�w�s� �u�n�c�o�r�r�e�l�a�t�e�d� �e�r�r�o�r�s� �(�w�i�t�h� �n�o� 
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�t�r�e�n�d� �p�r�e�s�e�n�t�)�,� �w�h�i�l�e� �t�h�e� �b�o�t�t�o�m� �p�l�o�t� �s�h�o�w�s� �p�o�s�i�t�i�v�e�l�y� �c�o�r�r�e�l�a�t�e�d� �e�r�r�o�r�s� �(�w�i�t�h� �a� 

�d�o�w�n�w�a�r�d� �t�r�e�n�d� �p�r�e�s�e�n�t�)�.� 
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�F�i�g�u�r�e� �9�.�1�:� �F�o�r�c�e� �A�m�p�l�i�t�u�d�e� �R�e�s�i�d�u�a�l�s� 

�E�q�u�a�t�i�o�n� �(�9�.�1�)� �b�e�l�o�w� �g�i�v�e�s� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �D�u�r�b�i�n�-�W�a�t�s�o�n� �s�t�a�t�i�s�t�i�c� �[�7�8�]� �u�s�e�d� 

�t�o� �t�e�s�t� �f�o�r� �p�o�s�i�t�i�v�e� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �r�e�s�i�d�u�a�l�s�.� �I�t� �i�s� �d�e�s�i�g�n�e�d� �f�o�r� �u�s�e� �w�i�t�h� �s�c�a�l�a�r� 

�r�e�s�i�d�u�a�l�s� �(�i�n� �t�h�i�s� �c�a�s�e�,� �e�,�=�A�,�-�A� �a�g�  ��r�o�m� �s�i�n�g�l�e� �f�r�e�q�u�e�n�c�y�-�e�x�c�i�t�a�t�i�o�n� �r�e�s�u�l�t�s�)�.� �T�h�e� 

�S�t�a�t�i�s�t�i�c� �d� �w�i�l�l� �h�a�v�e� �a� �v�a�l�u�e� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �2� �w�h�e�n� �t�h�e� �r�e�s�i�d�u�a�l�s� �a�r�e� �n�o�r�m�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �a�n�d� �u�n�c�o�r�r�e�l�a�t�e�d�.� 
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�T�a�b�l�e� �9�.�1� �b�e�l�o�w� �s�h�o�w�s� �s�o�m�e� �c�r�i�t�i�c�a�l� �v�a�l�u�e�s� �f�o�r� �t�h�e� �D�u�r�b�i�n�-�W�a�t�s�o�n� �s�t�a�t�i�s�t�i�c� �f�o�r� 

�d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r�s� �o�f� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �l�o�c�a�t�i�o�n�s�.� �I�f� �d� �<�d�,� �,� �t�h�e�n� �t�h�e� �a�n�a�l�y�s�t� �c�a�n� �f�i�r�m�l�y� 

�c�o�n�c�l�u�d�e� �t�h�a�t� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �e�x�i�s�t�s�.� �I�f� �d� �>�d�,�,�,� �t�h�e�n� �t�h�e� �a�n�a�l�y�s�t� �c�a�n� �f�i�r�m�l�y� �c�o�n�c�l�u�d�e� 
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