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(ABSTRACT) 

Active control of noise and vibration has been previously demonstrated in fi- 

nite and infinite systems undergoing single and multiple-frequency excitations. Con- 

trol of broadband noise and vibration has also been reported, but it tends to be lim- 

ited to infinite and semi-infinite systems. Here, four new adaptive feedforward con- 

trol algorithms were developed for attenuating the response generated by finite struc- 

tural systems. The algorithms are based on the filtered-X Least Mean Square (LMS) 

adaptive algorithm. A system identification of the plant control loop is required to 

implement this algorithm. An autoregressive moving-average (ARMA) model was 

used for the system identification since it provides the most computationally-efficient 

means of representing the frequency response function (FRF) of a lightly-damped 

structure. In the first control system, an adaptive finite impulse response (FIR) or 

nonrecursive filter was used as the compensator. A second control approach was 

realized by employing a recursive compensator. These two algorithms were modi- 

fied using an equation error minimization technique to form two additional control 

systems, which eliminate certain stability requirements of the ARMA system iden- 

tification. Each algorithm was simulated and then demonstrated experimentally.



Lastly, an analysis of control system causality was developed to determine 

the importance of this topic with regard to controlling finite structural systems. A 

exemplary parametric study of one of the four control systems presented, will demon- 

strate the analytical tool by examining the effects of system damping, compensator 

order, and a time delay in the control path, which is responsible for acausal control 

solutions. It was determined that control is always achievable, despite a delay in 

the control path, and also that control system performance can be improved by 

increasing the order of the control compensator. Both of these results were verified 

experimentally.
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Chapter 1 

Introduction 

Over the past decade, active control methods have become recognized as a viable 

means of attenuating structural vibration and its associated sound radiation. The 

principle behind active control is adding “secondary” controlled source(s) in order 

to cancel the response generated by the “primary” or disturbance input. There are 

two basic control approaches: feedback and feedforward as shown in Figure 1.1. The 

error signal, e,, in either system is formed from the superposition of the responses, 

d, and y,, from the disturbance and control inputs, respectively. Note that T,,. in 

Figures 1.1(a) and (b) represents the plant transfer function between the distur- 

bance input and the error sensor. Likewise, TJ, represents the transfer function of 

the control loop from the plant. Feedback control (Figure 1.1(a)) is characterized 

by feeding one or more measured or estimated system states back through a com- 

pensator, G., to form the control signal, u; (1, 2, 3]. An augmentation of the system 

natural properties allows control of both transient and steady-state disturbances. 

In feedforward control, the control input, u,, is computed by passing a reference 

signal which is coherent to the disturbance signal through a compensator, G,, and
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Figure 1.1: Schematic diagram of two basic control approaches: a) feedback only 
and b) adaptive feedforward.



into the structure (Figure 1.1(b)). The compensator is typically a linear digital 

filter which is typically designed by minimizing a quadratic cost function formed by 

squaring the error signal and taking its expectation. Often, as shown by the dashed 

arrow in Figure 1.1(b), the error signal is used in a recursion equation to adapt the 

coefficients of the compensator (in real time) until the minimum mean square error 

(MSE) is found. The sum of the mean-square values of the output of a number of 

sensors can also be used as the cost function in multi-input multi-output (MIMO) 

systems. Adaptive feedforward algorithms have proven successful for applications 

in which the disturbance is stationary such as single and multiple frequencies, and 

random inputs. 

Initial application of feedforward control was to one-dimensional acoustics 

fields as summarized in the review article by Warnaka [4]. More recently the tech- 

nique has been extended to multi-dimensional acoustic acoustic fields [5] as well as 

control of structurally radiated noise [6]. Feedforward least-mean-square (LMS) and 

recursive-least-mean-square (RLMS) adaptive algorithms have been applied on ac- 

tive control of bending motion in infinite or semi-infinite thin beams [7, 8, 9, 10, 11]. 

Recently, the simultaneous control of flexural and extensional waves in beams has 

been demonstrated by a multi-channel LMS approach, in conjunction with spe- 

cialized piezoceramic transducers [12]. Most theoretical and experimental studies 

consider only single and multiple sinusoidal excitations. Applications of feedforward 

control for broad-band excitation are much more scarce and restricted for attenu- 

ating noise in ducts [13, 14, 15] and enclosures [16]. Broadband structural control 

has been demonstrated with feedback and state-space methods, where designs are 

typically based on damping augmentation (direct velocity feedback) or wave ab-



sorption [8]. Reports of feedforward, broadband structural control are scarce and 

are characterized using infinitely long structures that have no reflected power which 

occurs from boundary conditions [9]. Consequently, the response to the disturbance 

can be measured at a location on the structure before the error sensor, providing 

exact, apriori knowledge of the error signal to be cancelled. In addition, the previous 

implementations of feedforward, broadband controllers for noise and structural vi- 

bration have transfer functions between the control input and the error sensor which 

are relatively flat in magnitude response, allowing them to be easily represented by 

a fairly low-order finite impulse response (FIR) filter. 

Here, four new adaptive single-input, single-output (SISO) feedforward con- 

trol configurations for the active control of broad-band vibration for a finite struc- 

ture are developed and investigated. Each control system is based on the filtered-X 

LMS algorithm where an autoregressive moving-average (ARMA) model is used for 

the system identification of the control loop. An ARMA model, often referred to 

as an infinite impulse response (IIR) digital filter, was used because its pole-zero 

structure provides the most compact means of representing a structural frequency 

response function (FRF), but it complicates the control system because IIR filters 

have certain stability requirements which must be met [17, 18]. The parameters of 

the ARMA model were found by forming a least-squares (LS) solution combined 

with a variation of the recursive least mean square (RLMS) algorithm [17, 19, 20]. 

In the first control system, an adaptive finite impulse response (FIR) (or 

nonrecursive) filter was used as the compensator. A second control structure differed



by using a recursive (IIR) filter for the compensator. Alternate configurations of 

these two systems provide two more control approaches which provide a means of 

eliminating the stability requirements of the ARMA system identification. These 

systems are based on the equation error minimization technique, {17, 19] where the 

error signal is filtered before minimizing it. 

One important topic of broadband feedforward control is system causality. 

From Figure 1.1(b), an ‘acausal’ control system can result when the propagation time 

of the reference signal, z,, through the compensator G, and the control-loop T,,. ex- 

ceeds the propagation time of z, through the disturbance loop, T,,. [16, 21, 22, 23]. 

In this text, the system will be referred to as ‘acausal’ since the optimal control 

filter will have an output which is dependant upon future inputs, rendering the 

unit sample response [24] to be acausal. The delay or wave propagation time in 

the control response, y;, will depend on the locations of the control actuator and 

error sensor, the signal processing time in G,, and the dynamics of the additional 

control hardware (e.g. power amplifiers, filters, etc.). The delay in the disturbance 

response, d;, will be dependent on the physics of T,.. By careful selection of the 

sensor/actuator locations in order to delay the disturbance input with respect to the 

reference signal, a causal control system can often be achieved. Achieving causality 

is often difficult in active vibration control (AVC) because: 1) physical dimensions 

are usually limited, 2) Often the exact source of the disturbance is unknown, and 

3) propagation times of the signals are extremely fast compared to acoustic waves 

in air. Early experiments suggested that causality was not a critical issue for finite 

structures since sufficient levels of control were achieved with a causal approxima- 

tion of an acausal controller. An analytical tool was developed to investigate the 

effects of acausality of feedforward control systems applied to finite elastic systems.



Results from a numerical study on one of the control systems which investigated 

system damping, the order of the control compensator, and the effects of delaying 

the control signal input (simulating an acausal system) will be presented and com- 

pared to experimental observations. 

The controllers were implemented in a digital signal processing (DSP) board 

and experimental results for a simply-supported beam are presented. The delay 

times through the disturbance and control paths to the error output were measured 

so that an additional delay could be introduced into the disturbance path, if needed, 

to guarantee that the controller would be causal. The control performance of the 

Filtered-X LMS Control Configuration was evaluated for different size adaptive FIR 

filters. The same analysis was repeated for an acausal control system, where the 

disturbance-path delay was removed. 

This document is organized with the theoretical development of the control 

algorithms located in the first few chapters followed by the experimental investi- 

gations and causality analysis. Chapter 2 contains the theory of adaptive signal 

processing and how it is expanded to plant control using the filtered-X LMS algo- 

rithm. A simulation of each proposed control algorithm is also presented. Chapter 3 

discusses the system identification of the control loop using a least-squares (LS) so- 

lution for an autoregressive moving-average (ARMA) model to model the plant. 

In chapter 4, the experimental design is presented along with a description of the 

test rig, followed by the experimental results which are contained in chapter 5. An 

analysis of control system causality was carried out in chapter 6 to determine the



influence of a control-path delay. A parametric study of various system parameters 

will be compared with observed experimental behavior. Finally, the conclusions 

from this research can be found in chapter 7 along with recommendations for im- 

provement and further research of this topic. Information about how the plant and 

control algorithms were simulated is contained in Appendix A. Appendix B is in- 

cluded to provide detailed information on the integration of the transfer functions 

that comprise the causality analysis in chapter 6.



Chapter 2 

Adaptive Signal Processing and 

Control 

The availability of fast, affordable, digital signal processing (DSP) chips over the 

past decade has made applications using adaptive signal processing feasible. Adap- 

tive signal processing has been applied in filter syntheses, plant modelling, noise 

cancellation and adaptive control [17]. The technique adds flexibility to a system 

by allowing it to respond or ‘adapt’ to changing conditions, making it beneficial for 

control applications where the operating environments and disturbances may change 

with time. 

2.1 Adaptive FIR filters 

Figure 2.1(a) shows a single-input, single-output (SISO) adaptive linear combiner, 

which is essentially a finite impulse response (FIR) filter with adaptable coefficients. 

The output of the filter u, can be written as convolution of the unit sample response



of the filter, w,, and the input sequence z; as follows [24] 

Up = WEe*¥TE = LE * Wy (2.1) 

where the * operator denotes a convolution. The filter sample response is a fi- 

nite, right-handed sequence such the equation (2.1) can be written as the following 

convolution sum [24] 

N 
Up = SS wite-i (2.2) 

i=0 

This convolution sum can also be conveniently written in terms of vectors as 

ue = {W}{X},= {WHA}, (2.3) 

where 

N = order of the filter 

{W}F = { wo, W1, We, 22+) WN-1; wn} 

{X}F = {x,, Lp—1)TK—-2) +++ > Lk-N+15 rp_n} 

If the adaptive filter is of adequate order, its output can closely match the desired 

signal, d,, when there is high coherence function between the filter input z, and 

d, in Figure 2.1(b). In fact, the maximum achievable reduction of the error signal 

power is related to the coherence between x; and d, as follows [25] 

Max.Reduction(dB) = 10 log(/——_) (2.4) 

where 2, is the coherence between the reference signal, z,, and desired signal d,. 

The reader should note that the filter required to meet the upper performance limit 

specified by equation (2.4) may not be physically realizable [25]. 

9
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Figure 2.1: a) Adaptive FIR filter, b) Adaptive FIR configuration used to produce 
desired response, d, from coherent input, x, and drive the error, e; to zero. 
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The error signal from Figure 2.1(b) can be written in terms of the desired 

response and the filter output as follows 

€e = dy —yt (2.5) 

e, = d, —{W}*{X}, (2.6) 

which goes to zero when the filter output matches the desired response. Assuming 

a stationary signal, the optimal weight vector, W*, which minimizes the error signal 

can be found by first squaring equation (2.6) and taking the expected value to form 

a quadratic cost function, C, in terms of the filter weights 

= Ele}] (2.7) 
C = EBl(d, — {WH} {X},)"] (2.8) 

where E| | denotes the expected value operator. An example of the performance 

surface for a two variable system described by equation (2.8) is shown in Figure 2.2 

as a paraboloid. This function has a unique minimum which can be found by taking 

the partial derivative of equation (2.8) with respect to the weight vector and equating 

the result with zero 

aC 0 

aw) = wy Elid — {W}"{X}«)”] (2.9) 

We now assume e,; to be stationary, allowing the partial to be moved inside the 

expectation operator 

seury = BMX) + XIE e210 
0 —{P} + [R]{W} (2.11) 

il



where 

{P} = the cross correlation vector between the filter input and output 

[R] = the input autocorrelation matrix 

Equation (2.11) can now be solved for the optimal filter vector that will minimize 

the error signal 

{W}* = [R]"{P} (2.12) 

Solving the linear system of equations in equation (2.12) can be computationally 

intensive, making a real-time implementation impractical. One solution is to create 

a recursion equation that will minimize the error signal, such as the method of 

steepest descent [17, 26]. Here, the filter weights are adapted by marching a small 

step along the negative gradient of the performance surface (like the one shown in 

Figure 2.2), until the minimum is found. That is, 

{Wh(k+1) = {W}(k)-pVC (2.13) 

where 

k = discrete time step 

VC = gradient vector of the cost function 

pt = step size 

The step size, 4, controls the stability and convergence rate of the update 

equation (2.13). The stability limits on » can be computed from the largest eigen- 

value of the input correlation matrix of equation (2.11). Therefore, a good estimate 

12
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�=� �2�E�l�e�{ ��X�}�,�]� �(�2�.�1�5�)� 

�~�  ��2�e�,�{�X�}�,� �(�2�.�1�6�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�1�6�)� �i�n�t�o� �e�q�u�a�t�i�o�n� �(�2�.�1�3�)� �y�i�e�l�d�s� �t�h�e� �f�i�n�a�l� �f�o�r�m� �o�f� �t�h�e� �w�e�i�g�h�t� 

�u�p�d�a�t�e� �e�q�u�a�t�i�o�n�,� �k�n�o�w�n� �a�s� �t�h�e� �W�i�d�r�o�w�-�H�o�f�f� �L�M�S� �a�l�g�o�r�i�t�h�m� �[�2�6�,� �2�8�]� 

�{�(�W�}�(�k�+�1�)� �=� �{�W�}�(�k�)� �+� �2�u�e�{�X�}�,� �(�2�.�1�7�)� 
�o�r� �f�o�r� �a� �s�i�n�g�l�e� �c�o�e�f�f�i�c�i�e�n�t�,� �w�,�,� 

�w�i�(�k�+�1�)� �=� �w�y�i�(�k�)� �+� �2�p�e�p�r�e�_�;� �(�2�.�1�8�)� 

�T�h�e� �s�e�c�o�n�d� �t�e�r�m� �o�f� �e�q�u�a�t�i�o�n� �(�2�.�1�8�)�,� �2�e�,�2�,�4�-�;�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�h�a�n�g�e� �i�n� �t�h�e� �7 �� �f�i�l�t�e�r� 

�c�o�e�f�f�i�c�i�e�n�t�,� �é�6�w�;�.� �N�o�t�e� �t�h�a�t� �é�6�w�;� �b�e�c�o�m�e�s� �s�m�a�l�l�e�r� �a�s� �t�h�e� �m�i�n�i�m�u�m� �i�s� �a�p�p�r�o�a�c�h�e�d� 

�b�e�c�a�u�s�e� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �i�s� �d�i�m�i�n�i�s�h�i�n�g�.� �F�o�r� �a� �c�o�n�s�t�a�n�t� �r�a�t�e� �o�f� �c�o�n�v�e�r�g�e�n�c�e�,� �4� �s�h�o�u�l�d� 

�i�n�c�r�e�a�s�e� �a�s� �e�x� �d�e�c�r�e�a�s�e�s�.� 

�1�4



�2�.�2� �A�d�a�p�t�i�v�e� �I�I�R� �F�i�l�t�e�r�s� �U�s�i�n�g� �E�q�u�a�t�i�o�n� �E�r�r�o�r� 
�M�i�n�i�m�i�z�a�t�i�o�n� 

�O�f�t�e�n� �F�I�R� �f�i�l�t�e�r�s� �o�f� �p�r�a�c�t�i�c�a�l� �l�e�n�g�t�h� �d�o� �n�o�t� �p�r�o�v�i�d�e� �a�n� �a�d�e�q�u�a�t�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� 

�f�o�r� �t�h�e� �j�o�b� �a�t� �h�a�n�d�.� �T�h�e� �s�o�l�u�t�i�o�n� �i�s� �t�o� �u�s�e� �i�n�f�i�n�i�t�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �(�I�I�R�)� �f�i�l�t�e�r�s� �l�i�k�e� 

�t�h�e� �o�n�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�3�,� �w�h�i�c�h� �h�a�s� �b�o�t�h� �a� �f�e�e�d�f�o�r�w�a�r�d� �a�n�d� �a� �f�e�e�d�b�a�c�k� �s�e�c�t�i�o�n�.� 

�I�I�R� �f�i�l�t�e�r�s� �a�r�e� �a�l�s�o� �r�e�f�e�r�r�e�d� �t�o� �a�s� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �m�o�v�i�n�g�-�a�v�e�r�a�g�e� �o�r� �A�R�M�A� �m�o�d�e�l�s�.� 

�S�i�n�c�e� �t�h�e� �f�i�l�t�e�r� �o�u�t�p�u�t� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �i�n�p�u�t� �s�e�q�u�e�n�c�e� �a�s� �w�e�l�l� �a�s� �t�h�e� �p�a�s�t� �f�i�l�t�e�r� �o�u�t�p�u�t� 

�v�a�l�u�e�s�,� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �w�i�l�l� �b�e� �i�n�f�i�n�i�t�e� �i�n� �d�u�r�a�t�i�o�n�.� �T�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� 

�o�f� �a�n� �I�I�R� �f�i�l�t�e�r� �i�s� �m�o�r�e� �e�a�s�i�l�y� �s�h�a�p�e�d� �b�e�c�a�u�s�e� �i�t� �c�o�n�t�a�i�n�s� �b�o�t�h� �p�o�l�e�s� �a�n�d� �z�e�r�o�s�.� �A�s� 

�l�o�n�g� �a�s� �t�h�e� �s�y�s�t�e�m� �o�r�d�e�r� �i�s� �k�n�o�w�n�,� �a�n� �I�I�R� �f�i�l�t�e�r� �c�a�n� �c�o�m�p�a�c�t�l�y� �a�n�d� �e�f�f�i�c�i�e�n�t�l�y� �m�o�d�e�l� 

�t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �h�a�v�i�n�g� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �s�h�a�r�p� �r�e�s�o�n�a�n�c�e�-�p�e�a�k�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�l�i�g�h�t�l�y�-�d�a�m�p�e�d� �s�t�r�u�c�t�u�r�e�s�.� �W�h�a�t� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �w�i�t�h� �o�n�l�y� �a� �f�e�w� �c�o�e�f�f�i�c�i�e�n�t�s� 

�i�n� �a�n� �I�I�R� �f�i�l�t�e�r� �w�i�l�l� �o�f�t�e�n� �t�a�k�e� �h�u�n�d�r�e�d�s� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �a�n� �F�I�R� �[�1�8�]�,� �m�a�k�i�n�g� �t�h�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �o�v�e�r�h�e�a�d� �i�m�p�r�a�c�t�i�c�a�l�.� �T�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �u�s�i�n�g� �I�I�R� �f�i�l�t�e�r�s� �i�s� �t�h�a�t� 

�t�h�e�y� �h�a�v�e� �a� �c�e�r�t�a�i�n� �s�t�a�b�i�l�i�t�y� �r�e�q�u�i�r�e�m�e�n�t� �w�h�i�c�h� �m�u�s�t� �b�e� �m�e�t�.� �T�h�i�s� �p�r�o�b�l�e�m� �w�i�l�l� �b�e� 

�a�d�d�r�e�s�s�e�d� �a�f�t�e�r� �t�h�e� �f�i�l�t�e�r� �e�q�u�a�t�i�o�n�s� �a�r�e� �d�e�v�e�l�o�p�e�d�.� 

�T�h�e� �f�i�l�t�e�r� �o�u�t�p�u�t�,� �y�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �i�n�p�u�t� �x�,� �a�n�d� �t�h�e� �f�i�l�t�e�r� 

�c�o�e�f�f�i�c�i�e�n�t�s� �6�;� �a�n�d� �a�;� �t�h�a�t� �c�a�n� �b�e� �s�e�e�n� �i�n� �F�i�g�u�r�e� �2�.�3�(�a�)�.� 

�y�k� �=� �(�Q�o� �t�a�j�y�z�7�*�4�+�.�.�.�4� �a�n�z�~�)�a�x�,� �+� �(�b�z� �+�.�.�.�4�+� �b�y�e�z� !"� �)�y�,� �(�2�.�1�9�)� 

�(�a�9� �t�+�a�y�z�-�1� �+�.�.�.� �t�a�y�z�7�%�)� 
�v�e� �=� �=� �C�k� �1 ��(�b�z�7�1� �+�.�.�.� �+� �b�y�e�z ��)� 

�_� �_� �A�(�z�)� 

� � �(�2�.�2�0�)� 

�(�2�.�2�1�)� 
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�i�)� �§� �e�l� �n�g� �L�o� 
�+� 

�B�i� 

�N�i� �'� 
�,� �'� �|� �1�3�K�)� � � � � � � � � � � � � 

�F�i�g�u�r�e� �2�.�3�:� �I�I�R� �f�i�l�t�e�r� �a�)� �S�h�o�w�i�n�g� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �f�e�e�d�f�o�r�w�a�r�d� �a�n�d� �f�e�e�d�b�a�c�k� �s�e�c�t�i�o�n�s� 
�w�i�t�h� �d�e�l�a�y� �t�a�p�s�;� �b�)� �s�i�m�p�l�i�f�i�e�d� �p�o�l�y�n�o�m�i�a�l� �s�t�r�u�c�t�u�r�e�;� �c�)� �A�R�M�A� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� 
�t�h�e� �I�T�R� �f�i�l�t�e�r�.� 
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�E�a�c�h� �r�o�o�t� �o�f� �t�h�e� �f�i�l�t�e�r� �p�o�l�e�s� �m�u�s�t� �l�i�e� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �i�n� �t�h�e� �c�o�m�p�l�e�x� �z�-�p�l�a�n�e� �o�r� 

�t�h�e� �f�i�l�t�e�r� �o�u�t�p�u�t� �w�i�l�l� �n�o�t� �b�e� �b�o�u�n�d�e�d� �f�o�r� �a� �b�o�u�n�d�e�d� �i�n�p�u�t�.� �T�h�e� �f�i�l�t�e�r� �p�o�l�e�s� �c�a�n� �b�e� 

�c�h�e�c�k�e�d� �b�y� �f�a�c�t�o�r�i�n�g� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �(�1�  �� �B�(�z�)�)� �a�n�d� �e�n�s�u�r�i�n�g� �t�h�a�t� �t�h�e� �m�o�d�u�l�u�s� �o�f� 

�e�a�c�h� �r�o�o�t� �i�s� �l�e�s�s� �t�h�a�n� �u�n�i�t�y�.� 

�T�h�e� �L�M�S� �a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� �u�s�e�d� �t�o� �a�d�a�p�t� �r�e�c�u�r�s�i�v�e� �f�i�l�t�e�r�s� �[�1�5�,� �1�7�,� �1�9�,� �2�0�,� �2�9�]�,� 

�b�u�t� �l�e�f�t� �i�n� �t�h�e�i�r� �c�o�n�v�e�n�t�i�o�n�a�l� �f�o�r�m�,� �t�h�e�y� �p�o�s�e� �s�o�m�e� �p�r�o�b�l�e�m�s�.� �F�i�r�s�t�,� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� 

�i�s� �n�o�t� �a� �q�u�a�d�r�a�t�i�c� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�i�l�t�e�r� �w�e�i�g�h�t�s�,� �A�(�z�)� �a�n�d� �B�(�z�)�,� �m�e�a�n�i�n�g� �t�h�a�t� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �s�u�r�f�a�c�e� �m�a�y� �h�a�v�e� �m�o�r�e� �t�h�a�n� �o�n�e� �m�i�n�i�m�u�m�.� �A�l�s�o�,� �a�s� �m�e�n�t�i�o�n�e�d�,� �t�h�e� 

�p�o�l�e�s� �o�f� �t�h�e� �f�i�l�t�e�r� �(�1�  �� �B�(�z�)�)� �m�u�s�t� �r�e�m�a�i�n� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �f�o�r� �t�h�e� �f�i�l�t�e�r� �o�u�t�p�u�t� 

�t�o� �r�e�m�a�i�n� �b�o�u�n�d�e�d�.� �O�n�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e�s�e� �p�r�o�b�l�e�m�s� �i�s� �t�o� �u�s�e� �t�h�e� �e�q�u�a�t�i�o�n� �e�r�r�o�r� 

�m�i�n�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �f�o�r� �a�d�a�p�t�i�n�g� �I�I�R� �f�i�l�t�e�r�s� �[�1�7�,� �2�0�,� �2�9�]�.� �S�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�4� �i�s� 

�a�n� �e�q�u�a�t�i�o�n� �e�r�r�o�r� �a�d�a�p�t�i�v�e� �I�I�R� �f�i�l�t�e�r� �t�h�a�t� �c�a�n� �a�d�a�p�t�i�v�e�l�y� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� 

�o�f� �a�n� �A�R�M�A� �m�o�d�e�l� �f�o�r� �a�n� �u�n�k�n�o�w�n� �p�l�a�n�t�.� �T�h�e� �o�u�t�p�u�t� �e�r�r�o�r� �i�s� �f�i�r�s�t� �f�i�l�t�e�r�e�d� �w�i�t�h� 

�t�h�e� �s�y�s�t�e�m� �p�o�l�e�s�,� �(�1�  �� �B�(�z�)�)�,� �b�e�f�o�r�e� �i�t� �i�s� �m�i�n�i�m�i�z�e�d�,� �a�l�l�o�w�i�n�g� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �o�f� �t�h�e� 

�f�e�e�d�f�o�r�w�a�r�d� �a�n�d� �f�e�e�d�b�a�c�k� �s�e�c�t�i�o�n�s� �o�f� �t�h�e� �f�i�l�t�e�r�.� �E�a�c�h� �s�e�c�t�i�o�n� �i�s� �t�h�e�n� �a�d�a�p�t�e�d� �a�s� 

�i�n�d�e�p�e�n�d�e�n�t� �t�r�a�n�s�v�e�r�s�a�l� �f�i�l�t�e�r�s�,� �e�a�c�h� �h�a�v�i�n�g� �i�t�s� �o�w�n� �q�u�a�d�r�a�t�i�c� �e�r�r�o�r� �s�u�r�f�a�c�e�.� �T�h�e� 

�o�u�t�p�u�t� �e�r�r�o�r� �s�i�g�n�a�l� �i�s� �g�i�v�e�n� �a�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �p�l�a�n�t� �o�u�t�p�u�t� �d�,�,� �a�n�d� �t�h�e� 

�p�r�e�d�i�c�t�e�d� �p�l�a�n�t� �r�e�s�p�o�n�s�e� �f�r�o�m� �t�h�e� �r�e�c�u�r�s�i�v�e� �f�i�l�t�e�r�,� �#�,�.� �T�h�a�t� �i�s�,� 

 ¬�e� �=� �d�e ��y�,� �(�2�.�2�2�)� 
�N�a� �N�e� 

�c�k� �=� �d�y�  ��  �� �A�n�L�k ��n� �+� �b�n�Y�k ��n�)� �(�2�.�2�3�)� 
�n�=�0� �n�=�1� 

�w�h�e�r�e� �(�N�4� �+� �1�)� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �f�e�e�d�f�o�r�w�a�r�d� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �N�g� �i�s� �t�h�e� �n�u�m�b�e�r� 

�o�f� �f�e�e�d�b�a�c�k� �f�i�l�t�e�r� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�a�k�i�n�g� �t�h�e� �z�-�t�r�a�n�s�f�o�r�m� �[�2�4�]� �o�f� �b�o�t�h� �s�i�d�e�s� �o�f� �e�q�u�a�-� 
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�U�n�k�n�o�w�n� 
�P�l�a�n�t� 

�a�)�  �� �A�L� 
�I�n�p�u�t� �1�8� 

�s�i�g�n�a�l� 

�D�e�s�i�r�e�d� �L�A� 
 �� �r�e�s�p�o�n�s�e� �F�i�g� 

�n�k�n�o�w�n� 
�>�)� �P�l�a�n�t� �>� �1�-�B� 

�e�,� �V�+� 
�W�S�,� �k� 

�I�n�p�u�t� �A�l�g�o�r�i�t�h�m� �;� 

�s�i�g�n�a�l� �x� 
 ��_�, ��_ ��_�_�»� �A� 

�L�M�S�,� 

�A�l�g�o�r�i�t�h�m� � � � � � � � � � � � � 

�F�i�g�u�r�e� �2�.�4�:� �S�c�h�e�m�a�t�i�c� �s�h�o�w�i�n�g� �e�q�u�a�t�i�o�n� �e�r�r�o�r� �a�d�a�p�t�a�t�i�o�n� �o�f� �a�n� �I�I�R� �f�i�l�t�e�r� �t�o� �p�r�o�d�u�c�e� 
�a� �d�e�s�i�r�e�d� �r�e�s�p�o�n�s�e�,� �d�,�.� 
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�t�i�o�n� �(�2�.�2�3�)� �y�i�e�l�d�s� 

�N�a� �N�g� 

�Z� �{�e�x�}� �=� �Z�{�d�,�  ��_� �d�y� �A�n�t�h ��n� �+� �d� �b�n� �k ��n�}� �(�2�.�2�4�)� 

�E�(�z�)� �=� �D�(�z�)�-� �O�e� �(�2�.�2�5�)� 

�w�h�e�r�e� �Z�{�}� �i�s� �t�h�e� �z�-�t�r�a�n�s�f�o�r�m� �o�p�e�r�a�t�o�r�.� �M�u�l�t�i�p�l�y�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�2�5�)� �b�y� �t�h�e� �p�o�l�e�s� �o�f� 

�t�h�e� �f�i�l�t�e�r�,� �(�1�  �� �B�(�z�)�)�,� �t�h�e� �d�e�s�i�r�e�d� �f�i�l�t�e�r�e�d� �e�q�u�a�t�i�o�n� �e�r�r�o�r�,� �E�°�(�z�)�,� �b�e�c�o�m�e�s� 

�E�*�(�z�)� �=� �D�(�z�)�(�1�  �� �B�(�z�)�)�  �� �A�(�z�)� �X�(�z�)� �(�2�.�2�6�)� 

�B�y� �t�a�k�i�n�g� �t�h�e� �i�n�v�e�r�s�e� �z�-�t�r�a�n�s�f�o�r�m� �o�f� �e�q�u�a�t�i�o�n� �(�2�.�2�6�)�,� �t�h�e� �t�i�m�e� �d�o�m�a�i�n� �d�i�f�f�e�r�e�n�c�e� 

�e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �e�q�u�a�t�i�o�n� �e�r�r�o�r� �s�i�g�n�a�l� �b�e�c�o�m�e�s� 

�N�e�g� �N�a� 
�e�,� �=� �d�,�  �� �y� �b�,�d�p ��-�n�  �� �D�e� �O�n�i�n� �(�2�.�2�7�)� 

�n�=� �n�=� 

�T�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �t�o� �b�e� �m�i�n�i�m�i�z�e�d� �i�s� �t�h�e� �e�x�p�e�c�t�e�d� �m�e�a�n�-�s�q�u�a�r�e�-�v�a�l�u�e� �(�M�S�V�)� �o�f� �e�f� 

�C�(�a�;�,�b�;�)� �=� �E�l�(�e�g�) ��]� �(�2�.�2�8�)� 
�N�e�g� �N�a� 

�C�(�a�;�,� �b�;�)� �=� �E�|�(�d�;� �_� �2�D� �b�,�d�i ��n� �_� �d� �A�n�Z�,�-�n�) ��]� �(�2�.�2�9�)� 

�E�q�u�a�t�i�o�n� �(�2�.�2�9�)� �c�a�n� �b�e� �r�e�c�o�g�n�i�z�e�d� �a�s� �a� �q�u�a�d�r�a�t�i�c� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�i�l�t�e�r� �c�o�e�f�f�i�c�i�e�n�t�s� 

�f�r�o�m� �b�o�t�h� �t�h�e� �z�e�r�o�s� �a�n�d� �t�h�e� �p�o�l�e�s� �o�f� �t�h�e� �a�d�a�p�t�i�v�e� �I�I�R� �f�i�l�t�e�r�.� �O�n�e� �c�a�n� �n�o�w� �p�e�r�-� 

�f�o�r�m� �a� �g�r�a�d�i�e�n�t� �s�e�a�r�c�h� �t�o� �u�p�d�a�t�e� �t�h�e� �f�i�l�t�e�r� �c�o�e�f�f�i�c�i�e�n�t�s� �a�;� �a�n�d� �6�;� �a�s� �d�e�s�c�r�i�b�e�d� �b�y� 

�e�q�u�a�t�i�o�n� �(�2�.�1�3�)�.� �A�g�a�i�n�,� �t�h�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �a�r�e� �t�a�k�e�n� �w�i�t�h� 

�r�e�s�p�e�c�t� �e�a�c�h� �f�i�l�t�e�r� �w�e�i�g�h�t�.� �T�h�e� �g�r�a�d�i�e�n�t� �a�n�d� �i�t�s� �i�n�s�t�a�n�t�a�n�e�o�u�s� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �6�;� �w�i�l�l� �b�e� 

�0�c� �-� �O�C�;� 
�O�b�;� �=� �2�E�[�e�;� �B�b�,� 

�=� �2�E�l�e�,�( ��d�:�-�:�)�]� 
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�~�  ��2�e�j�,�.�d�,�_�;� �(�2�.�3�0�)� 

�w�h�e�r�e� �e�§� �i�s� �t�h�e� �i�n�s�t�a�n�t�a�n�e�o�u�s� �e�q�u�a�t�i�o�n� �e�r�r�o�r� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�2�7�)� �a�n�d� �d�,�_�;� �i�s� �t�h�e� 

�d�e�s�i�r�e�d� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �f�i�l�t�e�r�.� 

�S�i�m�i�l�a�r�l�y�,� �t�h�e� �g�r�a�d�i�e�n�t� �f�o�r� �t�h�e� �n�u�m�e�r�a�t�o�r� �c�o�e�f�f�i�c�i�e�n�t�s� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �a�s� 

�f�o�l�l�o�w�s� 

�a�C� �-� �O�e�;� 
�D�a�,� �2�E�|�e�;�,� �D�a�,� 

�=� �2�E�l�e�{�( ��z�,�-�:�)�]� 

� � 

�m�e�  ��L�e�p� �r�p�;� �(�2�.�3�1�)� 

�w�h�e�r�e� �x�,� �i�s� �t�h�e� �i�n�p�u�t� �d�i�s�t�u�r�b�a�n�c�e� �s�e�q�u�e�n�c�e� �t�o� �t�h�e� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r� �a�n�d� �d�e�s�i�r�e�d� �p�l�a�n�t�,� 

�w�h�i�c�h� �i�s� �t�y�p�i�c�a�l�l�y� �z�e�r�o�-�m�e�a�n�,� �b�a�n�d�-�l�i�m�i�t�e�d� �w�h�i�t�e� �n�o�i�s�e�.� 

�C�o�n�s�i�d�e�r�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�1�3�)� �w�i�t�h� �e�q�u�a�t�i�o�n�s� �(�2�.�3�0�)�,� �a�n�d� �(�2�.�3�1�)� �w�e� �c�a�n� �c�o�n�-� 

�s�t�r�u�c�t� �t�h�e� �f�i�n�a�l� �f�o�r�m� �o�f� �t�h�e� �W�i�d�r�o�w�-�H�o�f�f� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�s� 

�f�o�l�l�o�w�s� 

�b�(�k�+�1�)� �=� �d�;�(�k�)� �+� �2�u�p�e�p�d�y�;� �(�2�.�3�2�)� 

�a�i�(�k�+�1�)� �=� �a�j�(�k�)� �+� �Q�p�g�e�p�r�g�-�i� �(�2�.�3�3�)� 

�w�h�e�r�e� �y�w�,� �a�n�d� �p�p� �a�r�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �p�a�r�a�m�e�t�e�r�s� �u�s�e�d� �i�n� �u�p�d�a�t�i�n�g� �t�h�e� �n�u�m�e�r�a�t�o�r� 

�a�n�d� �d�e�n�o�m�i�n�a�t�o�r� �c�o�e�f�f�i�c�i�e�n�t�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �m�a�y� �d�i�f�f�e�r� �s�i�n�c�e� �t�h�e� 

�t�w�o� �u�p�d�a�t�i�n�g� �p�r�o�c�e�s�s�e�s� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t�.� 

�2�0



�T�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �u�s�i�n�g� �E�q�u�a�t�i�o�n� �E�r�r�o�r� �m�i�n�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �i�s� �t�h�a�t� 

�m�i�n�i�m�i�z�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �e�r�r�o�r� �d�o�e�s� �n�o�t� �a�l�w�a�y�s� �m�i�n�i�m�i�z�e� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �i�t�s�e�l�f�.� �T�h�e� 

�l�i�t�e�r�a�t�u�r�e� �s�u�g�g�e�s�t�s� �t�h�a�t� �u�s�i�n�g� �a� �f�i�l�t�e�r� �o�f�  ��a�d�e�q�u�a�t�e �� �s�i�z�e� �t�o� �f�i�l�t�e�r� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �w�i�l�l� 

�c�a�u�s�e� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �i�t�s�e�l�f� �t�o� �b�e� �r�e�d�u�c�e�d� �w�h�e�n�e�v�e�r� �t�h�e� �e�q�u�a�t�i�o�n� �o�r� �f�i�l�t�e�r�e�d� �e�r�r�o�r� 

�s�i�g�n�a�l� �i�s� �r�e�d�u�c�e�d� �[�1�7�]�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �r�o�o�t�s� �o�f� �(�1�  �� �B�(�z�)�)� �a�r�e� �n�o�t� �r�e�q�u�i�r�e�d� �t�o� �r�e�m�a�i�n� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� 

�c�i�r�c�l�e� �i�n� �t�h�e� �z�-�c�o�m�p�l�e�x� �p�l�a�n�e� �d�u�r�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �e�r�r�o�r� �a�d�a�p�t�a�t�i�o�n� �p�r�o�c�e�s�s�,� �t�h�e�y� 

�m�u�s�t� �b�e� �s�t�a�b�l�e� �b�e�f�o�r�e� �i�m�p�l�e�m�e�n�t�i�n�g� �t�h�e� �f�i�l�t�e�r� �i�n� �t�h�e� �f�o�r�m� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�3�.� 

�A�n� �u�n�s�t�a�b�l�e� �f�i�l�t�e�r� �c�a�n� �b�e� �r�e�m�e�d�i�e�d� �u�s�i�n�g� �a� �t�e�c�h�n�i�q�u�e� �c�a�l�l�e�d� �r�e�c�i�p�r�o�c�a�t�i�o�n� �[�1�7�]�,� �a� 

�p�r�o�c�e�s�s� �w�h�e�r�e� �e�a�c�h� �u�n�s�t�a�b�l�e� �r�o�o�t� �i�s� �r�e�f�l�e�c�t�e�d� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �b�y� �d�i�v�i�d�i�n�g� �i�t� 

�i�n�t�o� �u�n�i�t�y�.� �T�h�i�s� �p�r�o�c�e�s�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �p�r�e�s�e�r�v�e�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �i�n�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� 

�f�i�l�t�e�r�s� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e�,� �b�u�t� �d�r�a�s�t�i�c�a�l�l�y� �a�l�t�e�r�s� �t�h�e� �p�h�a�s�e� �r�e�s�p�o�n�s�e�.� �S�t�a�b�i�l�i�z�a�t�i�o�n� 

�o�f� �t�h�e� �f�i�l�t�e�r� �i�n� �r�e�a�l�-�t�i�m�e� �c�a�n� �b�e� �a�i�d�e�d� �b�y� �b�r�e�a�k�i�n�g� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �(�1�  �� �B�(�z�)�)� �i�n�t�o� 

�s�e�c�o�n�d� �o�r�d�e�r� �f�i�l�t�e�r� �s�e�c�t�i�o�n�s� �a�n�d� �c�o�n�f�i�g�u�r�i�n�g� �t�h�e�m� �i�n�t�o� �c�a�s�c�a�d�e� �f�o�r�m� �[�2�9�]�.� �T�h�e�n�,� �t�h�e� 

�s�t�a�b�i�l�i�t�y� �o�f� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �f�i�l�t�e�r� �c�a�n� �b�e� �g�u�a�r�a�n�t�e�e�d� �b�y� �r�e�q�u�i�r�i�n�g� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �t�o� 

�r�e�m�a�i�n� �i�n�s�i�d�e� �t�h�e� �r�e�g�i�o�n� �o�f� �s�t�a�b�i�l�i�t�y� �a�s� �s�h�o�w�n� �i�n� �R�e�f�.� �[�1�7�,� �p�p�.�1�6�0�-�1�]�.� �H�o�w�e�v�e�r�,� �t�h�e� 

�c�a�s�c�a�d�e� �f�o�r�m� �r�e�s�u�l�t�s� �i�n� �a� �m�u�c�h� �m�o�r�e� �c�o�m�p�l�e�x� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �w�i�t�h� 

�a�n� �a�s�s�o�c�i�a�t�e�d� �s�i�g�n�i�f�i�c�a�n�t� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�o�r�t�.� 

�2�.�3� �F�i�l�t�e�r�e�d�-�X� �L�M�S� �A�d�a�p�t�i�v�e� �C�o�n�t�r�o�l� 

�W�h�e�n�e�v�e�r� �L�M�S� �a�l�g�o�r�i�t�h�m� �i�s� �a�p�p�l�i�e�d� �i�n� �c�o�n�t�r�o�l� �a�p�p�l�i�c�a�t�i�o�n�s�,� �s�u�c�h� �a�s� �d�i�s�t�u�r�b�a�n�c�e� 

�r�e�j�e�c�t�i�o�n� �i�n� �s�t�r�u�c�t�u�r�e�s�,� �t�h�e� �f�i�l�t�e�r�i�n�g� �e�f�f�e�c�t� �o�f� �t�h�e� �c�o�n�t�r�o�l�l�e�d� �p�l�a�n�t� �m�u�s�t� �b�e� �t�a�k�e�n� �i�n�t�o� 

�2�1



�a�c�c�o�u�n�t� �b�e�f�o�r�e� �t�h�e� �g�r�a�d�i�e�n�t� �o�f� �e�q�u�a�t�i�o�n� �(�2�.�1�3�)� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d�.� �T�h�e� �n�e�t� �r�e�s�u�l�t�,� �a�s� 

�w�i�l�l� �b�e� �s�e�e�n� �l�a�t�e�r�,� �i�s� �t�h�a�t� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l�-�p�a�t�h� �m�u�s�t� �b�e� �e�s�t�i�m�a�t�e�d� 

�b�e�f�o�r�e� �i�m�p�l�e�m�e�n�t�i�n�g� �t�h�e� �a�d�a�p�t�i�v�e� �c�o�n�t�r�o�l�l�e�r�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �a�l�g�o�r�i�t�h�m� �f�o�r� �p�l�a�n�t� �c�o�n�-� 

�t�r�o�l� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �F�i�l�t�e�r�e�d�-�X� �L�M�S� �a�l�g�o�r�i�t�h�m� �[�1�7�,� �3�0�]�.� �T�h�i�s� �a�l�g�o�r�i�t�h�m� �i�s� �t�h�e� 

�b�a�s�i�s� �o�f� �t�h�e� �f�o�u�r� �p�r�e�v�i�o�u�s�l�y�-�m�e�n�t�i�o�n�e�d� �c�o�n�t�r�o�l� �a�l�g�o�r�i�t�h�m�s�.� �I�n� �s�e�c�t�i�o�n� �2�.�3�.�1�,� �t�h�e� �t�w�o� 

�c�o�n�t�r�o�l� �s�y�s�t�e�m�s� �w�h�i�c�h� �i�n�c�o�r�p�o�r�a�t�e� �a� �n�o�n�r�e�c�u�r�s�i�v�e� �c�o�m�p�e�n�s�a�t�o�r� �w�i�l�l� �b�e� �d�e�v�e�l�o�p�e�d�,� 

�f�o�l�l�o�w�e�d� �b�y� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �r�e�c�u�r�s�i�v�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s� �i�n� �s�e�c�t�i�o�n� �2�.�3�.�2�.� 

�2�.�3�.�1� �N�o�n�r�e�c�u�r�s�i�v�e� �F�I�R� �C�o�m�p�e�n�s�a�t�o�r� 

�2�.�3�.�1�.�1� �C�o�n�v�e�n�t�i�o�n�a�l� �F�i�l�t�e�r�e�d�-�X� �L�M�S� �C�o�n�f�i�g�u�r�a�t�i�o�n� 

�A� �t�y�p�i�c�a�l� �b�l�o�c�k� �d�i�a�g�r�a�m� �o�f� �a� �S�I�S�O� �f�i�l�t�e�r�e�d�-�x� �L�M�S� �c�o�n�t�r�o�l� �s�t�r�u�c�t�u�r�e� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �2�.�5�.� �T�h�e� �p�l�a�n�t� �o�u�t�p�u�t� �d�e�n�o�t�e�d� �a�s� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l�,� �e�,�,� �i�s� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� 

�t�h�e� �r�e�s�p�o�n�s�e� �d�u�e� �t�o� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �i�n�p�u�t�,� �x�,�,� �a�n�d� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t�,� �u�,�.� �T�h�a�t� �i�s�,� 

�e�&� �=� �d�y� �+� �Y�k� �(�2�.�3�4�)� 

�w�h�e�r�e� �t�h�e� �s�u�b�s�c�r�i�p�t� �k� �i�n�d�i�c�a�t�e�s� �a� �s�i�g�n�a�l� �s�a�m�p�l�e� �a�t� �t�i�m�e� �t�,�.� �T�h�e� �r�e�s�p�o�n�s�e� �d�u�e� �t�o� �t�h�e� 

�c�o�n�t�r�o�l� �i�n�p�u�t� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�3�4�)� �c�a�n� �b�e� �r�e�p�l�a�c�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� �s�e�q�u�e�n�c�e� �u�,� 

�a�s� 

�e�e� �=� �d�e�t� �T�e�e�(�k�)� �*� �U�E� �(�2�.�3�5�)� 

�w�h�e�r�e� �T�.�,�(�k�)� �i�s� �t�h�e� �u�n�i�t� �s�a�m�p�l�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �c�o�n�-� 

�t�r�o�l� �i�n�p�u�t� �a�n�d� �i�t�s� �r�e�s�p�o�n�s�e� �a�t� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r�,� �y�,�.� �T�,�-�(�k�)� �r�e�p�r�e�s�e�n�t�s� �a� �c�a�u�s�a�l�,� 

�s�h�i�f�t�-�i�n�v�a�r�i�a�n�t� �s�y�s�t�e�m� �s�u�c�h� �t�h�a�t� �t�h�e� �c�o�n�v�o�l�u�t�i�o�n� �c�a�n� �b�e� �f�o�u�n�d� �f�r�o�m� �t�h�e� �f�o�l�l�o�w�i�n�g� 
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�c�o�n�v�o�l�u�t�i�o�n� �s�u�m� �[�2�4�]� 

�T�e�e�(�k�)� �¥�U�R� �=� �3� �T�e�e�(�N�)�U�K ��n� �(�2�.�3�6�)� 
�n�=�0� 

�T�h�e� �c�o�n�t�r�o�l� �s�e�q�u�e�n�c�e�,� �u�;�,�,� �i�s� �o�b�t�a�i�n�e�d� �h�e�r�e� �b�y� �f�i�l�t�e�r�i�n�g� �a� �r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l� �t�h�a�t� 

�i�s� �c�o�h�e�r�e�n�t� �t�o� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �s�i�g�n�a�l� �t�h�r�o�u�g�h� �a�n� �a�d�a�p�t�i�v�e� �F�I�R� �f�i�l�t�e�r�.� �I�t� �i�s� �a�s�s�u�m�e�d� 

�t�h�r�o�u�g�h�o�u�t� �t�h�i�s� �d�o�c�u�m�e�n�t� �t�h�a�t� �t�h�e� �r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l� �i�s� �o�b�t�a�i�n�e�d� �b�y� �d�i�r�e�c�t�l�y� �t�a�p�p�i�n�g� 

�f�r�o�m� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �s�i�g�n�a�l� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�5�.� �T�h�u�s�,� �t�h�e� �c�o�n�t�r�o�l� �s�e�q�u�e�n�c�e� 

�b�e�c�o�m�e�s� 

�U�p� �=� �W�E�T�,� �(�2�.�3�7�)� 

�N� 

�U�e� �=� �D�>� �W�e�e�n� �(�2�.�3�8�)� 
�n�=�0� 

�R�e�p�l�a�c�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�3�7�)� �i�n�t�o� �e�q�u�a�t�i�o�n� �(�2�.�3�5�)�,� �t�h�e� �e�r�r�o�r� �o�u�t�p�u�t� �i�s� �g�i�v�e�n� �a�s� 

�c�e�.� �=� �d�;�,� �+� �T�o�e�(�k�)� �*� �W�E� �*� �L�E� �(�2�.�3�9�)� 

�A�g�a�i�n�,� �t�h�e� �L�M�S� �a�l�g�o�r�i�t�h�m� �a�d�a�p�t�s� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �w�;�(�2� �=� �0�,�1�,�.�.�.�,�N�)� �i�n� �o�r�d�e�r� �t�o� 

�m�i�n�i�m�i�z�e� �a� �q�u�a�d�r�a�t�i�c� �c�o�s�t� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �p�l�a�n�t� �r�e�s�p�o�n�s�e�.� �T�h�e� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �i�s� 

�d�e�f�i�n�e�d� �a�s� 

�C�(�w�;�)� �=� �E�l�e�]� �(�2�.�4�0�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n�s� �(�2�.�3�8�)� �a�n�d� �(�2�.�3�9�)� �i�n�t�o� �e�q�u�a�t�i�o�n� �(�2�.�4�0�)� �g�i�v�e�s� 

�C�(�w�i�)� �=� �E�l�{�d�g� �+� �T�o�e�(�k�)� �*� �(�w�i�e�)� �}�7�]� �(�2�.�4�1�)� 
�t�=�0� 

�T�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n�,� �a�n�d� �t�h�u�s� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l�,� �i�s� �a�g�a�i�n� �m�i�n�i�m�i�z�e�d� �u�s�i�n�g� �a� 
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� � 

�I�n�p�u�t� 
�s�i�g�n�a�l� �X� � � 

� � 
� � 

� � � � � � 

� � � � 

�!� �k� 
�'� �|� �n�e� 

�R�e�f�e�r�e�n�c�e� �!� 

�s�i�g�n�a�l� �U� �!� �,� 
� � 

� � � � � � � � � � � � � � � � � � 
� � � � 

�e�C� �E�r�r�o�r� 

�>� �W�i�z�)� �T�e�e� �O�-�y �� �s�i�g�n�a�l� 

�F�i�l�t�e�r�e�d� �X� �!� �y�,� �|� 

�C�e� �A�l�g�o�r�i�t�h�m� � � � � � � � � � � � � � � � � 

�F�i�g�u�r�e� �2�.�5�:� �S�c�h�e�m�a�t�i�c� �o�f� �t�h�e� �F�i�l�t�e�r�e�d�-�X� �L�M�S� �a�d�a�p�t�i�v�e� �c�o�n�t�r�o�l� �a�l�g�o�r�i�t�h�m�.� 
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�g�r�a�d�i�e�n�t� �d�e�s�c�e�n�t� �t�e�c�h�n�i�q�u�e�.� �D�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�4�0�)� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �a� �s�i�n�g�l�e� �w�e�i�g�h�t�,� �w�,�;�,� �p�r�o�d�u�c�e�s� 

� � 
�o�C� �O�e�,� 

�=� �2�E�[�e�,�T�.�e�(�k�)� �*� �L�e�i�]� �(�2�.�4�3�)� 

�P�e� �Q�e�p�d�y�;� �(�2�.�4�4�)� 

�w�h�e�r�e�,� �f�o�r� �a� �s�h�i�f�t�-�i�n�v�a�r�i�a�n�t� �s�y�s�t�e�m� �[�2�4�]� 

�L�h�;� �=� �T�o�e�(�k�)� �*� �T�p�;� �(�2�.�4�5�)� 

�u�s�i�n�g� �t�h�e� �r�i�g�h�t�-�s�h�i�f�t� �t�h�e�o�r�e�m� �[�3�1�]�.� �T�h�e� �s�e�q�u�e�n�c�e� �2�,� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �f�i�l�t�e�r�e�d� �-� 

�x� �s�i�g�n�a�l�,� �a�n�d� �i�s� �g�e�n�e�r�a�t�e�d� �b�y� �f�i�l�t�e�r�i�n�g� �t�h�e� �r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l�,� �z�,�,� �b�y� �a�n� �e�s�t�i�m�a�t�e� �o�f� 

�t�h�e� �c�o�n�t�r�o�l� �l�o�o�p� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�,� �T�.�.�(�z�)�.� �T�h�e� �f�i�n�a�l� �u�p�d�a�t�e� �f�o�r� �t�h�e� �f�i�l�t�e�r�e�d�-�X� �L�M�S� 

�a�l�g�o�r�i�t�h�m� �i�s� 

�w�,�(�k� �+� �1�)� �=� �w�;�i�(�k�)� �_� �2�e�n� �L�e�;� �~�=�1�,�.�.�.�,�N� �(�2�.�4�6�)� 

�w�h�e�r�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �p�a�r�a�m�e�t�e�r� �y�z� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �f�r�o�m� �t�h�e� �p�o�w�e�r� �o�f� �t�h�e� �f�i�l�t�e�r�e�d� 

�r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l�,� �2�;� �[�2�7�,� �1�7�]�.� 

�F�o�r� �t�h�e� �a�d�a�p�t�i�v�e� �l�i�n�e�a�r� �c�o�m�b�i�n�e�r� �p�r�e�s�e�n�t�e�d� �e�a�r�l�i�e�r�,� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� �a�d�a�p�t�i�v�e� 

�f�i�l�t�e�r� �w�a�s� �s�u�b�t�r�a�c�t�e�d� �f�r�o�m� �t�h�e� �d�e�s�i�r�e�d� �r�e�s�p�o�n�s�e� �t�o� �f�o�r�m� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l�.� �I�n� �c�o�n�t�r�a�s�t�,� 

�t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �f�o�r� �t�h�e� �F�i�l�t�e�r�e�d�-�X� �L�M�S� �c�o�n�t�r�o�l� �i�s� �f�o�r�m�e�d� �b�y� �t�h�e� �s�u�m�m�a�t�i�o�n� �o�f� �t�h�e� 

�d�e�s�i�r�e�d� �r�e�s�p�o�n�s�e� �w�i�t�h� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r� �a�f�t�e�r� �h�a�v�i�n�g� �b�e�e�n� �f�i�l�t�e�r�e�d� �b�y� 

�t�h�e� �p�l�a�n�t� �c�o�n�t�r�o�l� �l�o�o�p�,� �7�.�.�.� �T�h�i�s� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �m�u�s�t� �b�e� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t� �f�o�r� 

�t�h�e� �r�e�f�e�r�e�n�c�e� �s�e�q�u�e�n�c�e�,� �x�;�,� �t�o� �b�e� �c�o�r�r�e�c�t�l�y� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l�,� �e�,�,� �i�n� �t�h�e� 
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�c�o�e�f�f�i�c�i�e�n�t� �u�p�d�a�t�e� �e�q�u�a�t�i�o�n� �(�2�.�4�6�)� �[�1�7�]�.� �O�t�h�e�r�w�i�s�e�,� �t�h�e� �c�o�r�r�e�c�t� �g�r�a�d�i�e�n�t� �o�f� �t�h�e� �c�o�s�t� 

�f�u�n�c�t�i�o�n� �w�i�l�l� �n�o�t� �b�e� �c�o�m�p�u�t�e�d�.� �A�n� �o�f�f�-�l�i�n�e� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l�-�p�a�t�h� 

�w�a�s� �p�e�r�f�o�r�m�e�d� �f�o�r� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s�.� �T�h�e� 

�s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �f�u�r�t�h�e�r� �i�n� �c�h�a�p�t�e�r� �3�.� 

�S�i�n�c�e� �t�h�e� �p�l�a�n�t� �i�s� �a� �l�i�n�e�a�r�,� �t�i�m�e�-�i�n�v�a�r�i�a�n�t� �s�t�r�u�c�t�u�r�e� �w�i�t�h� �l�i�g�h�t� �d�a�m�p�i�n�g�,� �t�h�e� 

�t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �T�,�.� �c�a�n� �b�e� �m�o�s�t� �e�f�f�i�c�i�e�n�t�l�y� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a�n� �A�R�M�A� �m�o�d�e�l�.� �S�u�c�h� 

�a� �m�o�d�e�l� �c�a�n� �b�e�s�t� �r�e�p�r�e�s�e�n�t� �t�h�e� �r�e�s�o�n�a�n�c�e�s� �a�n�d� �a�n�t�i�-�r�e�s�o�n�a�n�c�e�s� �t�y�p�i�c�a�l� �o�f� �t�h�i�s� �t�y�p�e� 

�o�f� �s�t�r�u�c�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �b�e�c�a�u�s�e� �i�t� �h�a�s� �b�o�t�h� �p�o�l�e�s� �a�n�d� �z�e�r�o�s� 

�T�h�e� �A�R�M�A� �m�o�d�e�l� �i�s� �i�m�p�l�e�m�e�n�t�e�d� �a�s� �a�n� �I�I�R� �d�i�g�i�t�a�l� �f�i�l�t�e�r� �o�f� �t�h�e� �f�o�r�m� 

� � �i� �(�>�r�)� �=� �A�(�z�)� �_� �Y�(�)� �T�c�e�(�2�)� �G�B�)� �>� �U�z�)� �(�2�.�4�8�)� 

�.� �N� �A�g�a�?� �T�.�e�(�z�)� �=�  ��t�e�0�t� �e�e� �_�_�_� �(�2�.�4�9�)� 
�(�Q�-�D�R� �B�;�2�-�5�)� 

�w�h�e�r�e� �A�(�z�)� �a�n�d� �B�(�z�)� �a�r�e� �p�o�l�y�n�o�m�i�a�l�s� �i�n� �t�h�e� �c�o�m�p�l�e�x� �v�a�r�i�a�b�l�e� �z�.� �T�h�e� �c�o�n�v�o�l�u�t�i�o�n� 

�s�u�m� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�e� �i�n�v�e�r�s�e� �z�-�t�r�a�n�s�f�o�r�m� �o�f� �e�q�u�a�t�i�o�n� �(�2�.�4�8�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�N�a� �N�g� 

�U�k� �=� �>� �G�n�U�k ��n� �b�n� �Y�k ��n� �(�2�.�5�0�)� 
�n�=�0� �n�=�1� 

�N�o�t�e� �t�h�a�t� �t�h�e� �i�n�f�i�n�i�t�e� �s�u�m�m�a�t�i�o�n� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�3�6�)� �c�a�n� �b�e� �b�e� �a�c�h�i�e�v�e�d� �b�y� �a� �f�i�n�i�t�e�,� 

�c�o�m�p�a�c�t� �s�u�m�m�a�t�i�o�n� �w�h�e�n� �u�s�i�n�g� �a�n� �I�I�R� �d�i�g�i�t�a�l� �f�i�l�t�e�r�.� 

�N�o�w�,� �s�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n�s� �(�2�.�3�8�)� �a�n�d� �(�2�.�5�0�)� �i�n�t�o� �e�q�u�a�t�i�o�n� �(�2�.�3�9�)�,� �t�h�e� �e�r�r�o�r� 

�s�i�g�n�a�l� �b�e�c�o�m�e�s� 

�N�a� �N� �N�g� 

�C�k� �=� �d�y� �+� �S� �a�n� �>� �W�m�l�k�-�n ��-�m� �+� �»� �b�n� �U�k ��n� �(�2�.�5�1�)� 
�n�=�l� �n�=�0� �m�=�0� 
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�F�o�r� �t�h�e� �f�i�l�t�e�r�e�d�-�x� �s�i�g�n�a�l�,� �Z�,�,� �t�o� �b�e� �b�o�u�n�d�e�d� �s�u�c�h� �t�h�a�t� �t�h�e� �c�o�n�t�r�o�l� �a�l�g�o�r�i�t�h�m� 

�w�i�l�l� �b�e� �s�t�a�b�l�e�,� �t�h�e� �m�e�a�s�u�r�e�d� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�,� �T�.�e�(�z�)�,� �m�u�s�t� �b�e� �s�t�a�b�l�e�.� �T�h�e� �s�t�a�b�i�l�-� 

�i�t�y� �o�f� �t�h�i�s� �f�i�l�t�e�r� �i�s� �g�u�a�r�a�n�t�e�e�d� �i�f� �a�l�l� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �p�o�l�e�s�,� �g�i�v�e�n� �b�y� �t�h�e� �r�o�o�t�s� �o�f� 

�(�1�  �� �B�(�z�)�)� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�4�8�)�,� �r�e�m�a�i�n� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �i�n� �t�h�e� �c�o�m�p�l�e�x� �z�-�p�l�a�n�e�.� 

�2�.�3�.�1�.�2�.� �E�q�u�a�t�i�o�n� �E�r�r�o�r� �C�o�n�t�r�o�l� �C�o�n�f�i�g�u�r�a�t�i�o�n� 

�T�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �p�o�l�e�s� �o�f� �t�h�e� �s�y�s�t�e�m� �r�e�p�r�e�s�e�n�t� �g�l�o�b�a�l� �s�y�s�t�e�m� �p�r�o�p�e�r�t�i�e�s� �c�a�n� �b�e� 

�t�a�k�e�n� �a�d�v�a�n�t�a�g�e� �o�f� �t�o� �d�e�v�e�l�o�p� �a� �s�e�c�o�n�d� �c�o�n�t�r�o�l� �c�o�n�f�i�g�u�r�a�t�i�o�n� �t�h�a�t� �w�i�l�l� �e�l�i�m�i�n�a�t�e� �t�h�e� 

�s�t�a�b�i�l�i�t�y� �r�e�q�u�i�r�e�m�e�n�t�s� �i�n�t�r�o�d�u�c�e�d� �b�y� �t�h�e� �I�I�R� �f�i�l�t�e�r� �u�s�e�d� �i�n� �t�h�e� �F�i�l�t�e�r�e�d�-�X� �L�M�S� �C�o�n�-� 

�t�r�o�l� �C�o�n�f�i�g�u�r�a�t�i�o�n�.� �A�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�6�,� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� �p�l�a�n�t� �i�s� �f�i�r�s�t� �f�i�l�t�e�r�e�d� 

�b�y� �t�h�e� �m�e�a�s�u�r�e�d� �p�o�l�e�s� �o�f� �t�h�e� �s�y�s�t�e�m�,� �(�1�  �� �B�(�z�)�)�,� �a�n�d� �t�h�e�n� �t�h�e� �L�M�S� �a�l�g�o�r�i�t�h�m� �i�s� 

�u�s�e�d� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �f�i�l�t�e�r�e�d� �e�r�r�o�r� �s�i�g�n�a�l� �r�a�t�h�e�r� �t�h�a�n� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �i�t�s�e�l�f�.� �S�u�c�h� �a� 

�f�i�l�t�e�r�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �i�s� �o�f�t�e�n� �r�e�f�e�r�r�e�d� �t�o� �a�s� �e�q�u�a�t�i�o�n� �e�r�r�o�r�,� �h�e�n�c�e� �t�h�e� 

�n�a�m�e� �E�q�u�a�t�i�o�n� �E�r�r�o�r� �F�i�l�t�e�r�e�d�-�x� �L�M�S� �C�o�n�t�r�o�l� �C�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�y�p�i�c�a�l�l�y�,� �e�q�u�a�t�i�o�n� 

�e�r�r�o�r� �f�o�r�m�s� �a�r�e� �u�s�e�d� �t�o� �c�o�u�n�t�e�r� �c�o�n�v�e�r�g�e�n�c�e� �p�r�o�b�l�e�m�s� �o�f� �a�d�a�p�t�i�v�e� �I�I�R� �f�i�l�t�e�r�s� �a�s� �d�i�s�-� 

�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�2�.� 

�T�h�e� �n�e�w� �e�r�r�o�r� �s�i�g�n�a�l� �t�o� �b�e� �m�i�n�i�m�i�z�e�d� �i�s� �m�o�s�t� �e�a�s�i�l�y� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �z�-� 

�d�o�m�a�i�n�.� �T�a�k�i�n�g� �t�h�e� �z�-�t�r�a�n�s�f�o�r�m� �o�f� �e�q�u�a�t�i�o�n� �(�2�.�3�9�)� �y�i�e�l�d�s� 

�E�(�z�)� �=� �[�D�(�z�)� �+� �T�e�e�(�z�)�W�(�z�)�]�X�(�z�)� �(�2�.�5�2�)� 

�T�h�e� �e�q�u�a�t�i�o�n� �e�r�r�o�r� �s�i�g�n�a�l� �c�a�n� �n�o�w� �b�e� �f�o�r�m�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�5�2�)� �b�y� �t�h�e� 
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�"�W�O� �o�e� �P�O� 
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�F�i�g�u�r�e� �2�.�6�:� �S�c�h�e�m�a�t�i�c� �d�i�a�g�r�a�m� �o�f� �t�h�e� �f�i�l�t�e�r�e�d�-�x� �L�M�S� �e�q�u�a�t�i�o�n� �e�r�r�o�r� �c�o�n�t�r�o�l� �c�o�n�f�i�g�-� 
�u�r�a�t�i�o�n� 

�2�8



�e�s�t�i�m�a�t�e�d� �p�o�l�e�s� �o�f� �t�h�e� �s�y�s�t�e�m�,� �(�1�  �� �B�(�z�)�)� 

�E�*�(�z�)� �=� �[�1�  �� �B�(�z�)�]�[�D�(�z�)� �+� �T�e�e�(�z�)�W�(�2�)�]�X�(�2�)� �(�2�.�5�3�)� 

�T�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �n�o�i�s�e� �o�r� �d�i�s�t�u�r�b�a�n�c�e� �s�i�g�n�a�l� �z�r�,� �a�n�d� �i�t�s� �r�e�s�p�o�n�s�e� 

�d�;�,� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�C�(�z�)� 
�T�n�e�(�2�)� �(�1 �� �B�i�z�)� �(�2�.�5�4�)� 

�T�h�u�s�,� �e�q�u�a�t�i�o�n� �(�2�.�5�3�)� �c�a�n� �b�e� �a�l�s�o� �w�r�i�t�t�e�n� �a�s� 

�E�(�z�)� �=� �(�1�-�B�(�z�)�)� �|� �C�®� �+� �4�4� �w�e�y�]� �x� �(�2�.�5�5�)� � � 

�1�-�B�(�z�)� �1�-�B�(�z�)� 

�I�f� �a�n� �e�x�a�c�t� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �p�o�l�e�s� �i�s� �a�s�s�u�m�e�d� �e�q�u�a�t�i�o�n� �(�2�.�5�5�)� �s�i�m�p�l�i�f�i�e�s� 

�t�o� 

�E�*�(�z�)� �=� �[�C�(�z�)� �+� �A�(�z�)�W�(�z�)�]� �X�(�z�)� �(�2�.�5�6�)� 

�w�h�i�c�h� �h�a�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�r�e�t�e�-�t�i�m�e� �d�i�f�f�e�r�e�n�c�e� �e�q�u�a�t�i�o�n� �w�h�e�n� �t�h�e� �i�n�v�e�r�s�e� �z�-� 

�t�r�a�n�s�f�o�r�m� �i�s� �t�a�k�e�n� 

�N�e� �N�a� �N� 
�=� �>� �a�k�o�n� �t� �D�0� �O�n� �Y�D�)� �W�m� �E�k ��n ��m� �(�2�.�5�7�)� 

�n�=�0� �n�=�1� �m�=�0� 

�w�h�e�r�e� �(�N�c� �+� �1�)� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �C�(�z�)�.� �D�u�e� �t�o� �n�o�i�s�e� �i�n� �t�h�e� �m�e�a�-� 

�s�u�r�e�m�e�n�t� �a�n�d� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �s�y�s�t�e�m ��s� �p�r�o�p�e�r�t�i�e�s�,� �i�n� �p�r�a�c�t�i�c�e� �e�x�a�c�t� �c�a�n�c�e�l�l�a�t�i�o�n� �o�f� 

�p�o�l�e�s� �a�n�d� �z�e�r�o�s� �i�s� �r�a�r�e�l�y� �p�o�s�s�i�b�l�e�.� �H�o�w�e�v�e�r�,� �a�c�c�o�r�d�i�n�g� �t�o� �K�u�o� �[�3�2�]�,� �t�h�e� �t�r�a�n�s�i�e�n�t� 

�r�e�s�p�o�n�s�e� �o�f� �t�h�e� �c�o�m�p�e�n�s�a�t�e�d� �s�y�s�t�e�m� �w�i�l�l� �h�a�r�d�l�y� �b�e� �a�f�f�e�c�t�e�d� �b�y� �r�e�s�i�d�u�a�l�s� �l�e�f�t� �f�r�o�m� 

 ��i�n�e�x�a�c�t �� �c�a�n�c�e�l�l�a�t�i�o�n� �o�f� �t�h�e� �p�o�l�e�s� �a�n�d� �z�e�r�o�s�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e�r�e� �w�a�s� �n�o� �q�u�a�n�t�i�f�i�c�a�-� 

�t�i�o�n� �o�f� �h�i�s� �s�t�a�t�e�m�e�n�t�.� �H�o�w�e�v�e�r�,� �t�h�e� �a�d�a�p�t�i�v�e� �L�M�S� �a�l�g�o�r�i�t�h�m� �w�a�s� �s�h�o�w�n� �t�o� �t�o�l�e�r�a�t�e� 

�e�r�r�o�r�s� �i�n� �t�h�e� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �f�o�r� �h�a�r�m�o�n�i�c� �c�o�n�t�r�o�l� �[�3�0�,� �3�3�]� �a�n�d� �s�i�m�i�l�a�r� �e�r�r�o�r� 
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�t�o�l�e�r�a�n�c�e� �w�a�s� �o�b�s�e�r�v�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �w�h�e�n� �o�p�e�r�a�t�i�n�g� �t�h�e� �b�r�o�a�d�b�a�n�d� �c�o�n�t�r�o�l�l�e�r�.� 

�I�t� �w�a�s� �o�b�s�e�r�v�e�d� �e�m�p�i�r�i�c�a�l�l�y� �t�h�a�t� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �T�e� �m�u�s�t� �b�e� �a�c�c�u�r�a�t�e�l�y� 

�r�e�p�r�e�s�e�n�t�e�d� �w�i�t�h�i�n� �5�%� �t�o� �c�o�n�t�r�o�l� �t�h�a�t� �p�a�r�t�i�c�u�l�a�r� �m�o�d�e�,� �w�h�e�r�e� �p�h�a�s�e� �i�n�f�o�r�m�a�t�i�o�n� 

�w�a�s� �n�o�t� �i�m�p�o�r�t�a�n�t�.� �T�h�i�s� �b�e�h�a�v�i�o�r� �i�s� �a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e� �r�o�b�u�s�t� �n�a�t�u�r�e� �o�f� �t�h�e� �L�M�S� 

�a�l�g�o�r�i�t�h�m�.� �E�q�u�a�t�i�o�n� �(�2�.�5�6�)� �s�h�o�w�s� �t�h�a�t� �b�y� �f�o�r�w�a�r�d� �f�i�l�t�e�r�i�n�g� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� �p�l�a�n�t� 

�w�i�t�h� �(�1�  �� �B�(�z�)�)�,� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �s�y�s�t�e�m� �p�o�l�e�s� �a�r�e� �c�a�n�c�e�l�l�e�d� �i�n� �t�h�e� �s�i�g�n�a�l� �e�f�.� �T�h�e� 

�r�e�a�d�e�r� �s�h�o�u�l�d� �n�o�t�i�c�e� �t�h�a�t� �t�h�i�s� �c�o�n�t�r�o�l� �s�t�r�u�c�t�u�r�e� �i�s� �o�n�l�y� �p�o�s�s�i�b�l�e� �b�e�c�a�u�s�e� �a�g�a�i�n�,� �t�h�e� 

�p�o�l�e�s� �(�1�  �� �B�(�z�)�)� �r�e�p�r�e�s�e�n�t� �g�l�o�b�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�y�s�t�e�m� �(�i�.�e�.� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� 

�a�n�d� �m�o�d�a�l� �d�a�m�p�i�n�g�)�.� 

�T�h�e� �u�p�d�a�t�e� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r� �c�o�e�f�f�i�c�i�e�n�t�s� �i�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� 

�s�a�m�e� �p�r�o�c�e�s�s� �a�s� �b�e�f�o�r�e�,� �e�x�c�e�p�t� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �i�s� �c�r�e�a�t�e�d� �f�r�o�m� �t�h�e� �f�i�l�t�e�r�e�d� �e�r�r�o�r� 

�s�i�g�n�a�l� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�5�6�)�.� 

�C�(�w�i�)� �=� �E�l�(�e�) ��]� �(�2�.�5�8�)� 

�D�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�5�8�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �w�e�i�g�h�t�,� �w�;�,� �a�n�d� �c�o�n�s�i�d�e�r�i�n�g� �e�q�u�a�-� 

� � � � 

�t�i�o�n� �(�2�.�5�6�)� 

�o�C� �-� �0�e�%�,� �j�u�s� �=� �2�E� �[�e�e� �F�u� �(�2�.�5�9�)� 

�=� �2�E�[�e�,�a�p�¥�*�r�, ��;�]� �(�2�.�6�0�)� 

�w�h�e�r�e� 

�L�h�-�i� �=� �a�y� �*� �p�i� �(�2�.�6�1�)� 

�i�s� �t�h�e� �f�i�l�t�e�r�e�d�-�x� �s�i�g�n�a�l� �r�e�q�u�i�r�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �g�r�a�d�i�e�n�t� �a�n�d� �a�,� �i�s� �t�h�e� �u�n�i�t� �s�a�m�p�l�e� 

�3�0



�r�e�s�p�o�n�s�e� �o�f� �t�h�e� �f�e�e�d�f�o�r�w�a�r�d� �p�o�r�t�i�o�n� �o�f� �t�h�e� �f�i�l�t�e�r� �T�.�.�(�z�)�.� �T�h�i�s� �s�i�g�n�a�l� �i�s� �o�b�t�a�i�n�e�d� �b�y� 

�f�i�l�t�e�r�i�n�g� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �s�i�g�n�a�l� �w�i�t�h� �o�n�l�y� �t�h�e� �z�e�r�o�s� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� 

�o�f� �T�.�e�(�z�)�.� �T�h�e�n�,� �u�s�i�n�g� �i�n�s�t�a�n�t�a�n�e�o�u�s� �v�a�l�u�e�s� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e�s� �o�f� �t�h�e� 

�g�r�a�d�i�e�n�t�,� �t�h�e� �u�p�d�a�t�e� �e�q�u�a�t�i�o�n� �f�o�r� �w�;� �n�o�w� �b�e�c�o�m�e�s� 

�W�i�k�+�1�)� �=� �W�,�(�k�)�  �� �2�p�e�g�z�y�-�;� �2�=�1�,�.�.�.�,�N� �(�2�.�6�2�)� 

�T�h�e� �m�a�i�n� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �t�h�a�t� �t�w�o� �i�n�h�e�r�e�n�t�l�y�-�s�t�a�b�l�e� �F�I�R� �f�i�l�t�e�r�s� 

�a�r�e� �u�s�e�d� �t�o� �r�e�p�l�a�c�e� �t�h�e� �p�o�t�e�n�t�i�a�l�l�y� �u�n�s�t�a�b�l�e� �I�I�R� �f�i�l�t�e�r� �u�s�e�d� �f�o�r� �T�,�,�(�z�)� �i�n� �t�h�e� �C�o�n�-� 

�v�e�n�t�i�o�n�a�l� �F�i�l�t�e�r�e�d�-�X� �L�M�S� �c�o�n�t�r�o�l�l�e�r�.� �T�h�u�s�,� �t�h�e� �s�t�a�b�i�l�i�t�y� �r�e�q�u�i�r�e�m�e�n�t�s� �o�f� �t�h�e� �s�y�s�t�e�m� 

�i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�r�e� �r�e�m�o�v�e�d� �s�i�n�c�e� �t�h�e� �f�i�l�t�e�r�e�d�-�X� �s�i�g�n�a�l� �z�,� �w�i�l�l� �a�l�w�a�y�s� �b�e� �b�o�u�n�d�e�d�,� 

�e�v�e�n� �w�h�e�n� �s�o�m�e� �o�r� �a�l�l� �o�f� �t�h�e� �p�o�l�e�s� �o�f� �T�.�,�(�z�)� �a�r�e� �o�u�t�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e�.� �S�u�c�h� �a� 

�r�e�s�u�l�t� �i�s� �u�s�e�f�u�l� �f�o�r� �s�y�s�t�e�m�s� �t�h�a�t� �a�p�p�l�y� �a� �s�i�m�u�l�t�a�n�e�o�u�s� �o�n�-�l�i�n�e� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� 

�a�n�d� �c�o�n�t�r�o�l�.� �O�n�-�l�i�n�e� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �i�s� �c�a�r�r�i�e�d� �o�u�t� �b�y� �i�n�j�e�c�t�i�n�g� �a�n� �a�d�d�i�t�i�o�n�a�l�,� 

�u�n�c�o�r�r�e�l�a�t�e�d� �r�a�n�d�o�m� �s�i�g�n�a�l� �i�n�t�o� �t�h�e� �c�o�n�t�r�o�l� �p�a�t�h� �w�h�i�l�e� �o�p�e�r�a�t�i�n�g� �a�n� �L�M�S� �o�r� �R�L�M�S� 

�a�l�g�o�r�i�t�h�m� �i�n� �a� �t�y�p�i�c�a�l� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�r�r�a�n�g�e�m�e�n�t� �[�2�1�,� �3�4�,� �3�5�]�.� �A�f�t�e�r� �u�p�d�a�t�i�n�g� 

�t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �T�,�.�(�z�)�,� �t�h�e�y� �a�r�e� �c�o�p�i�e�d� �t�o� �t�h�e� �L�M�S� �a�l�g�o�r�i�t�h�m� �a�n�d� �u�s�e�d� �t�o� �c�r�e�a�t�e� 

�t�h�e� �f�i�l�t�e�r�e�d�-�x� �s�i�g�n�a�l�.� �S�t�a�b�i�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �r�e�c�u�r�s�i�v�e� �f�i�l�t�e�r� �c�o�e�f�f�i�c�i�e�n�t�s� �i�s� �n�o�t� �r�e�q�u�i�r�e�d� 

�w�h�e�n� �e�m�p�l�o�y�i�n�g� �t�h�e� �E�q�u�a�t�i�o�n� �E�r�r�o�r� �C�o�n�t�r�o�l� �C�o�n�f�i�g�u�r�a�t�i�o�n�,� �r�e�d�u�c�i�n�g� �b�o�t�h� �t�h�e� �s�y�s�-� 

�t�e�m� �c�o�m�p�l�e�x�i�t�y� �a�n�d� �c�o�m�p�u�t�a�t�i�o�n�a�l� �o�v�e�r�h�e�a�d�.� 

�A�g�a�i�n�,� �t�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �d�i�s�a�d�v�a�n�t�a�g�e�d� �b�e�c�a�u�s�e� �a� �f�i�l�t�e�r�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� 

�e�r�r�o�r� �s�i�g�n�a�l� �i�s� �m�i�n�i�m�i�z�e�d� �i�n�s�t�e�a�d� �o�f� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �i�t�s�e�l�f�.� �H�o�w�e�v�e�r�,� �a�c�c�o�r�d�i�n�g� �t�o� 

�r�e�f�e�r�e�n�c�e� �[�1�7�]� �i�f� �t�h�e� �f�i�l�t�e�r� �(�1�  �� �B�(�z�)�)� �i�s� �o�f� �a�d�e�q�u�a�t�e� �s�i�z�e�,� �t�h�e�n� �m�i�n�i�m�i�z�i�n�g� �e�f� �a�l�s�o� 

�m�i�n�i�m�i�z�e�s� �e ¬�,�.� 
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�2�.�3�.�2� �R�e�c�u�r�s�i�v�e� �I�I�R� �C�o�m�p�e�n�s�a�t�o�r� 

�T�a�k�i�n�g� �a�n�o�t�h�e�r� �l�o�o�k� �a�t� �F�i�g�u�r�e� �2�.�5�,� �t�h�e� �z�-�t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� �p�l�a�n�t� �e�r�r�o�r� �s�i�g�n�a�l� �c�a�n� �b�e� 

�w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�n�d� �t�h�e� �z�-�t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� �i�n�p�u�t� �s�i�g�n�a�l�,� 

�X�(�z�)� �a�s� �f�o�l�l�o�w�s� 

�E�(�z�)� �=� �[�T�n�e�(�z�)� �+� �W�(�z�)�T�e�e�(�z�)�|�X� �(�z�)� �(�2�.�6�3�)� 

�B�e�c�a�u�s�e� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �i�s� �q�u�a�d�r�a�t�i�c� �a�n�d� �h�a�s� �o�n�l�y� �a� �s�i�n�g�l�e� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �m�i�n�-� 

�i�m�u�m�,� �t�h�e� �o�p�t�i�m�a�l� �c�o�m�p�e�n�s�a�t�o�r� �W�(�z�)�*� �w�h�i�c�h� �w�i�l�l� �m�a�k�e� �e�q�u�a�t�i�o�n� �(�2�.�6�3�)� �e�q�u�a�l� �t�o� 

�z�e�r�o� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �i�n�s�p�e�c�t�i�o�n� �a�s� 

�W�z�)� �=�  ��2�e�e�l�2�)� �(�2�.�6�4�)� � � 

�S�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n�s� �(�2�.�4�8�)� �f�r�o�m� �p�a�g�e� �2�6� �a�n�d� �(�2�.�5�4�)� �f�r�o�m� �p�a�g�e� �2�9� �i�n�t�o� �e�q�u�a�-� 

�t�i�o�n� �(�2�.�6�4�)� �y�i�e�l�d�s� 

�C�(�z�)� 
�W�(�z�)�*� �~� �A�)� � � �(�2�.�6�5�)� 

�s�i�n�c�e� �t�h�e� �p�o�l�e�s� �a�r�e� �c�o�m�m�o�n� �t�o� �b�o�t�h� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�n�d� �t�h�e�y� �c�a�n�c�e�l�.� �W�h�a�t� �e�q�u�a�-� 

�t�i�o�n� �(�2�.�6�5�)� �r�e�v�e�a�l�s� �i�s� �t�h�a�t� �o�p�t�i�m�a�l� �f�i�l�t�e�r� �s�o�l�u�t�i�o�n� �h�a�s� �a�n� �A�R�M�A� �s�t�r�u�c�t�u�r�e� �w�h�i�c�h� �c�o�u�l�d� 

�o�n�l�y� �b�e� �c�r�u�d�e�l�y� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �t�h�e� �l�o�w�-�o�r�d�e�r� �F�I�R� �c�o�m�p�e�n�s�a�t�o�r� �i�n� �s�e�c�t�i�o�n� �2�.�3�.�1�.� 

�F�u�l�l� �a�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �i�s� �p�o�s�s�i�b�l�e� �w�i�t�h� �a�n� �I�I�R� �c�o�m�p�e�n�s�a�t�o�r� �p�r�o�v�i�d�e�d� �i�t� 

�i�s� �o�f� �a�d�e�q�u�a�t�e� �o�r�d�e�r� �(�o�f� �e�q�u�a�l� �o�r� �g�r�e�a�t�e�r� �o�r�d�e�r� �o�f� �C�(�z�)� �a�n�d� �A�(�z�)� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�6�5�)�)� 

�a�n�d� �a�l�l� �o�f� �t�h�e� �z�e�r�o�s� �o�f� �A�(�z�)� �a�r�e� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e�.� 

�F�i�g�u�r�e� �2�.�7� �s�h�o�w�s� �a� �d�i�a�g�r�a�m� �o�f� �t�h�e� �f�i�l�t�e�r�e�d�-�X� �L�M�S� �a�l�g�o�r�i�t�h�m� �w�h�i�c�h� �u�s�e�s� 

�a�n� �a�d�a�p�t�i�v�e� �r�e�c�u�r�s�i�v�e� �c�o�m�p�e�n�s�a�t�o�r�,� �h�a�v�i�n�g� �p�o�l�e�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �p�o�l�y�n�o�m�i�a�l� 
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�(�1�  �� �Q�(�z�)�)�.� �T�h�e�r�e� �a�r�e� �m�a�n�y� �p�r�o�b�l�e�m�s� �c�o�n�n�e�c�t�e�d� �w�i�t�h� �a�d�a�p�t�i�n�g� �t�h�e� �p�o�l�e�s� �o�f� �I�I�R� 

�f�i�l�t�e�r�s� �t�h�a�t� �w�o�u�l�d� �d�e�t�e�r� �o�n�e� �f�r�o�m� �u�s�i�n�g� �t�h�e�m�.� �F�i�r�s�t�,� �l�e�f�t� �i�n� �t�h�e�i�r� �c�o�n�v�e�n�t�i�o�n�a�l� �f�o�r�m� 

�I�I�R� �f�i�l�t�e�r�s� �p�r�o�d�u�c�e� �a� �n�o�n�q�u�a�d�r�a�t�i�c�,� �m�u�l�t�i�-�m�o�d�a�l� �c�o�s�t� �f�u�n�c�t�i�o�n� �o�f� �w�h�i�c�h� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� 

�t�o� �f�i�n�d� �t�h�e� �g�l�o�b�a�l� �m�i�n�i�m�u�m�.� �A�l�s�o�,� �t�h�e� �p�o�l�e�s� �m�u�s�t� �b�e� �f�a�c�t�o�r�e�d� �a�n�d� �c�h�e�c�k�e�d� �f�o�r� �s�t�a�b�i�l�-� 

�i�t�y� �w�h�i�c�h� �r�e�q�u�i�r�e�s� �s�i�g�n�i�f�i�c�a�n�t� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�o�r�t�.� �F�u�r�t�h�e�r�,� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �t�e�n�d�s� 

�t�o� �b�e� �m�o�r�e� �s�e�n�s�i�t�i�v�e� �t�o� �n�o�i�s�e� �i�n� �t�h�e� �g�r�a�d�i�e�n�t�.� �T�h�e� �e�q�u�a�t�i�o�n� �e�r�r�o�r� �t�e�c�h�n�i�q�u�e� �f�r�o�m� 

�s�e�c�t�i�o�n� �2�.�2� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �a�v�o�i�d� �s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m�s�,� �b�u�t� �t�h�e�r�e� �w�i�l�l� �b�e� �s�o�m�e� �b�i�a�s� 

�e�r�r�o�r� �i�n�t�r�o�d�u�c�e�d� �i�n�t�o� �t�h�e� �s�o�l�u�t�i�o�n�.� �H�o�w�e�v�e�r�,� �a�n�o�t�h�e�r� �i�n�s�p�e�c�t�i�o�n� �o�f� �e�q�u�a�t�i�o�n� �(�2�.�6�5�)� 

�r�e�v�e�a�l�s� �t�h�a�t� �a�n� �I�I�R� �c�o�m�p�e�n�s�a�t�o�r� �w�i�t�h� �a�d�a�p�t�a�b�l�e� �p�o�l�e�s� �c�o�u�l�d� �b�e� �a�v�o�i�d�e�d� �s�i�n�c�e� �t�h�e� 

�p�o�l�y�n�o�m�i�a�l� �A�(�z�)� �i�s� �t�h�e� �z�e�r�o�s� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �T�,�,�(�z�)� �a�n�d� �t�h�e�y� �a�r�e� �m�e�a�s�u�r�e�d� 

�b�e�f�o�r�e� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �i�s� �i�m�p�l�e�m�e�n�t�e�d�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �p�o�l�e�s� �o�f� �t�h�e� �c�o�m�p�e�n�s�a�t�o�r� �s�h�o�u�l�d� 

�b�e� �a�s�s�i�g�n�e�d� �s�u�c�h� �t�h�a�t� 

�1�- ��Q�(�z�)� �«� �A�(�z�)� �(�2�.�6�6�)� 

�w�h�i�c�h� �c�a�n� �b�e� �a�c�h�i�e�v�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� 

� � 

�N� �a�:� 

�Q�(�z�)� �=� �a� �(�2�.�6�7�)� 

�Q�(�z�)� �=� �a�  ��1� �(�2�.�6�8�)� 

�1�-�Q�@�)� �=�  ��I�A�G�)�]� �(�2�.�6�9�)� 

�B�y� �a�s�s�i�g�n�i�n�g� �t�h�e� �p�o�l�e�s� �o�f� �t�h�e� �c�o�m�p�e�n�s�a�t�o�r� �t�o� �b�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �A�(�z�)�,� �t�h�e� �p�r�o�b�l�e�m�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a�d�a�p�t�i�n�g� �I�I�R� �f�i�l�t�e�r�s� �a�r�e� �a�v�o�i�d�e�d�.� �T�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �h�a�s� �o�n�l�y� �a� �s�i�n�-� 

�g�l�e� �L�M�S� �a�l�g�o�r�i�t�h�m� �w�i�t�h� �m�u�c�h� �n�i�c�e�r� �c�o�n�v�e�r�g�e�n�c�e� �p�r�o�p�e�r�t�i�e�s� �t�h�a�n� �w�o�u�l�d� �b�e� �p�o�s�s�i�b�l�e� 
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� � 

�W�h�i�t�e� �n�o�i�s�e� �e�e� 

� � 

� � 

�T� 

�n�e� � � � � � � 
�R�e�f�.� 

�s�i�g�n�a�l� �i� 

�U� 

 � ��>�!� �w�e� �q�o� �T�y�g� �P�O�P� 
�'� �y� �|� 

�|� �Q�i� �!� �k� �!� 

�N�a� �L�M�S� 

�(�1� �B�e�)� �(�t�-�C�l�a�)� 

� � 
� � 

� � � � � � � � � � 

� � � � � � � � � � � � 

� � � � � � � � � � 

� � � � � � � � � � � � � � � � � � 
�F�i�g�u�r�e� �2�.�7�:� �S�c�h�e�m�a�t�i�c� �s�h�o�w�i�n�g� �t�h�e� �f�i�l�t�e�r�e�d�-�X� �L�M�S� �a�d�a�p�t�i�v�e� �p�l�a�n�t� �c�o�n�t�r�o�l� �u�s�i�n�g� �a� 
�r�e�c�u�r�s�i�v�e� �f�i�l�t�e�r� �a�s� �a� �c�o�m�p�e�n�s�a�t�o�r�.� 
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�w�i�t�h� �a�n� �R�L�M�S� �a�l�g�o�r�i�t�h�m�.� �T�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e� �r�o�o�t�s� �o�f� �A�(�z�)� 

�m�u�s�t� �a�l�l� �l�i�e� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �f�o�r� �t�h�e� �c�o�m�p�e�n�s�a�t�o�r� �o�u�t�p�u�t� �t�o� �b�e� �b�o�u�n�d�e�d�.� �I�f� �t�h�e� 

�z�e�r�o�s� �o�f� �T�.�.�(�z�)�,� �o�r� �t�h�e� �r�o�o�t�s� �o�f� �A�(�z�)�,� �a�r�e� �a�l�l� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e�,� �t�h�e�n� �t�h�e� �s�y�s�t�e�m� 

�i�s� �s�a�i�d� �t�o� �b�e� �a� �m�i�n�i�m�u�m�-�p�h�a�s�e� �s�y�s�t�e�m�,� �a�n�d� �a� �s�t�a�b�l�e� �i�n�v�e�r�s�e� �e�x�i�s�t�s�.� �N�o�n�m�i�n�i�m�u�m�-� 

�p�h�a�s�e� �s�y�s�t�e�m�s� �o�c�c�u�r� �n�a�t�u�r�a�l�l�y� �i�n� �c�a�s�e�s� �w�h�e�r�e� �a�c�t�u�a�t�o�r� �a�n�d� �s�e�n�s�o�r� �a�r�e� �n�o�t� �c�o�l�o�c�a�t�e�d�.� 

�A� �n�o�n�m�i�n�i�m�u�m�-�p�h�a�s�e� �s�y�s�t�e�m� �m�a�y� �a�l�s�o� �r�e�s�u�l�t� �f�r�o�m� �d�i�s�c�r�e�t�i�z�i�n�g� �a� �m�i�n�i�m�u�m�-�p�h�a�s�e� 

�p�l�a�n�t� �f�o�r� �d�i�g�i�t�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �a�n�d� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �s�a�m�p�l�i�n�g� �r�a�t�e� �[�3�6�]�.� �F�o�r� 

�t�h�e� �a�n�a�l�y�s�i�s�,� �i�t� �w�i�l�l� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �T�,�.�(�z�)� �i�s� �a� �m�i�n�i�m�u�m�-�p�h�a�s�e� �t�r�a�n�s�f�e�r� �f�u�n�c�-� 

�t�i�o�n�.� 

�T�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �i�n� �F�i�g�u�r�e� �2�.�7� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s� 

�e�e� �=� �a�t�+�y� �(�2�.�7�0�)� 

�=� �I� �z� �W�z�)� �z� �*� �2� �a� �=� �2�1� �t�u�l�s�)� �+� �e�o� �r�a�(�e�)�)�h� �a�n� �@�.�7�1�)� 
�w�h�e�r�e� �Z ��'�{�}� �d�e�n�o�t�e�s� �t�h�e� �i�n�v�e�r�s�e� �z�-�t�r�a�n�s�f�o�r�m�.� 

�2�.�3�.�2�.�1� �C�o�n�v�e�n�t�i�o�n�a�l� �F�i�l�t�e�r�e�d�-�X� �L�M�S� �C�o�n�f�i�g�u�r�a�t�i�o�n� 

�T�h�e� �q�u�a�d�r�a�t�i�c� �c�o�s�t� �f�u�n�c�t�i�o�n� �i�n� �W�(�z�)� �i�s� �c�r�e�a�t�e�d� �b�y� �s�q�u�a�r�i�n�g� �t�h�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� �e�;�,� 

�a�n�d� �t�a�k�i�n�g� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e� 

�C� �=� �E�l�l�e�s�) �� �(�2�.�7�2�)� 
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�C�o�m�p�u�t�e� �t�h�e� �g�r�a�d�i�e�n�t� �o�f� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �b�y� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�a�d�a�p�t�i�v�e� �w�e�i�g�h�t�,� �w�;� 

� � � � 
�o�C� �_� �O�e�;� 
�d�u�,� �=� �2�B�l�e�r�a� �|� �(�2�.�7�3�)� 

�_� �T�.�e�(�z�)�2�7�%� �_� �1� �=� �2�E�l�e�,�Z� �e�e�s�  �� �O�(�a�)� �*� �L�p�]� �(�2�.�7�4�)� 

�~�~� �2�6�,� �L�k� �(�2�.�7�5�)� 

�w�h�e�r�e� 

�A�a� �_� �T�.�-�(�z�)� �= ��1� �_ ��_� �1�p� �_� �O�N� �s� �a�t� �T�p�-�~� �=� �Z�z� �{�7�  �� �Q�(�z�) �� �}� �*� �r�p� �(�2�.�7�6�)� 

�i�s� �t�h�e� �f�i�l�t�e�r�e�d�-�X� �s�i�g�n�a�l� �r�e�q�u�i�r�e�d� �t�o� �u�p�d�a�t�e� �t�h�e� �f�i�l�t�e�r� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �W�(�z�)� �w�i�t�h� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �W�i�d�r�o�w�-�H�o�f�f� �L�M�S� �u�p�d�a�t�e� �e�q�u�a�t�i�o�n� 

�w�,�(�k� �+� �1�)� �=� �w�;�(�k�)� �_� �Q�u�e�n� �L�E�;� �(�2�.�7�7�)� 

�(�2�.�7�8�)� 

�B�y� �e�x�a�m�i�n�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�6�3�)�,� �t�h�e� �o�p�t�i�m�a�l� �c�o�m�p�e�n�s�a�t�o�r� �t�h�a�t� �w�i�l�l� �m�a�k�e� �t�h�e� �e�r�r�o�r� 

�s�i�g�n�a�l� �z�e�r�o� �i�s� 

�W�(�z�)�"� �=� �a�o� �(�2�.�7�9�)� 

�a�n�d� �c�o�n�s�i�d�e�r�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�6�9�)�,� �i�f� �p�e�r�f�e�c�t� �c�a�n�c�e�l�l�a�t�i�o�n� �o�f� �p�o�l�e�s� �a�n�d� �z�e�r�o�s� �i�s� �a�s�s�u�m�e�d�,� 

�t�h�e� �n�u�m�e�r�a�t�o�r� �w�i�l�l� �a�d�a�p�t� �t�o� 

�W�(�z�)�"� �=� �k�C�(�z�)� �(�2�.�8�0�)� 

�w�h�e�r�e� �k�,� �=� �=� �i�s� �a� �c�o�n�s�t�a�n�t�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �z�e�r�o�s� �o�f� �t�h�e� �c�o�m�p�e�n�s�a�t�o�r� �a�d�a�p�t� �t�o� �t�h�e� 

�z�e�r�o�s� �o�f� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �l�o�o�p�,� �T�,�,�.�(�z�)�,� �d�i�f�f�e�r�i�n�g� �o�n�l�y� �b�y� �a� �c�o�n�s�t�a�n�t�.� �N�o�w�,� �t�h�e� �o�n�l�y� 
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�r�e�q�u�i�r�e�m�e�n�t�s� �t�o� �r�e�d�u�c�e� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �t�o� �z�e�r�o� �i�s� �f�o�r� �(�1�  �� �Q�(�z�)�)� �t�o� �b�e� �s�t�a�b�l�e� �a�n�d� 

�t�h�a�t� �t�h�e� �a�d�a�p�t�i�v�e� �n�u�m�e�r�a�t�o�r� �o�f� �t�h�e� �c�o�m�p�e�n�s�a�t�o�r�,� �W�(�z�)�,� �b�e� �o�f� �t�h�e� �s�a�m�e� �o�r� �g�r�e�a�t�e�r� 

�o�r�d�e�r� �t�h�a�n� �C�(�z�)�.� 

�2�.�3�.�2�.�2� �E�q�u�a�t�i�o�n� �E�r�r�o�r� �C�o�n�f�i�g�u�r�a�t�i�o�n� 

�U�s�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �e�r�r�o�r� �m�i�n�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�2�,� �t�h�e� 

�f�i�l�t�e�r�e�d�-�x� �f�i�l�t�e�r� �c�a�n� �a�g�a�i�n� �b�e� �r�e�d�u�c�e�d� �t�o� �a�n� �F�I�R� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�8�.� �T�h�e� �e�r�-� 

�r�o�r� �s�i�g�n�a�l� �c�a�n� �b�e� �f�i�l�t�e�r�e�d� �w�i�t�h� �b�o�t�h� �t�h�e� �c�o�m�p�e�n�s�a�t�o�r� �a�n�d� �p�l�a�n�t� �p�o�l�e�s� �t�o� �p�r�o�d�u�c�e� 

�E�*�(�z�)� �=� �[�1 ��-� �B�(�z�)�]�[�1�  �� �Q�(�z�)�]�E�(�z�)� �(�2�.�8�1�)� 

�N�o�w� �s�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n�s� �(�2�.�4�8�)�,� �(�2�.�5�4�)�,� �a�n�d� �(�2�.�6�3�)� �i�n�t�o� �e�q�u�a�t�i�o�n� �(�2�.�8�1�)� �a�n�d� �s�i�m�-� 

�p�l�i�f�y�i�n�g� 

�E�t�e�)� �=� �[�C�(�z�)�(�1�  �� �Q�(�z�)�)� �+� �A�(�z�)�W�(�z�)�]�X�(�z�)� �(�2�.�8�2�)� 

�w�h�i�c�h� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�=� �[�e�g�  �� �c�e� �*� �q�e� �+� �5�q� �*� �W�E�]� �*� �T�E� �(�2�.�8�3�)� 

�w�h�e�n� �t�h�e� �i�n�v�e�r�s�e� �z� �-� �t�r�a�n�s�f�o�r�m� �i�s� �t�a�k�e�n�,� �w�h�e�r�e� �q�,� �i�s� �t�h�e� �u�n�i�t� �s�a�m�p�l�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� 

�p�o�l�e�s� �o�f� �t�h�e� �c�o�m�p�e�n�s�a�t�o�r�.� �N�o�w�,� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �b�e�c�o�m�e�s� 

�C� �=� �E�l�e�) �� �(�2�.�8�4�)� 
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�F�i�g�u�r�e� �2�.�8�:� �E�q�u�a�t�i�o�n� �e�r�r�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �w�i�t�h� �a� �r�e�c�u�r�s�i�v�e� �c�o�m�p�e�n�-� 
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�C�o�m�p�u�t�i�n�g� �t�h�e� �g�r�a�d�i�e�n�t� �o�f� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �b�y� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�a�d�a�p�t�i�v�e� �w�e�i�g�h�t�,� �w�;� 

� � 
�o�C� �-� �O�e� 

�=� �2�E�l�e�%�a�,� �+� �z�y�_�;�]� �(�2�.�8�6�)� 

�o�n� �Z�e�,� �L�j� �(�2�.�8�7�)� 

�w�h�e�r�e� 

�L�k�-�i� �=� �a�k� �*� �T�p�;� �(�2�.�8�8�)� 

�i�s� �t�h�e� �f�i�l�t�e�r�e�d�-�X� �s�i�g�n�a�l� �u�s�e�d� �i�n� �t�h�e� �i�n�s�t�a�n�t�a�n�e�o�u�s� �g�r�a�d�i�e�n�t� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �t�h�e� 

�W�i�d�r�o�w�-�H�o�f�f� �a�l�g�o�r�i�t�h�m�:� 

�w�i�(�k�+�1�)� �=� �w�,�(�k�)�  �� �Q�w�e�f�z�,�-�_�;� �(�2�.�8�9�)� 

�(�2�.�9�0�)� 

�I�n� �t�h�e� �e�v�e�n�t� �t�h�a�t� �7�,�-�(�z�)� �i�s� �a� �n�o�n�m�i�n�i�m�u�m�-�p�h�a�s�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�,� �s�o�m�e� �o�f� �t�h�e� 

�p�o�l�e�s� �o�f� �t�h�e� �c�o�m�p�e�n�s�a�t�o�r�,� �(�1 ��@�Q�(�z�)�)� �a�s� �f�o�r�m�e�d� �b�y� �e�q�u�a�t�i�o�n� �(�2�.�6�7�)� �w�i�l�l� �l�i�e� �o�u�t�s�i�d�e� �t�h�e� 

�u�n�i�t� �c�i�r�c�l�e�,� �m�a�k�i�n�g� �t�h�e� �c�o�m�p�e�n�s�a�t�o�r� �o�u�t�p�u�t� �u�n�b�o�u�n�d�e�d�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �p�o�l�y�n�o�m�i�a�l� 

�(�1 ��Q�(�z�)�)� �m�u�s�t� �b�e� �f�a�c�t�o�r�e�d� �t�o� �d�i�s�c�o�v�e�r� �t�h�e� �u�n�s�t�a�b�l�e� �r�o�o�t�s� �i�n� �o�r�d�e�r� �t�o� �s�t�a�b�i�l�i�z�e� �t�h�e�m�.� 

�A� �s�i�m�u�l�a�t�i�o�n� �o�f� �s�u�c�h� �a� �n�o�n�m�i�n�i�m�u�m�-�p�h�a�s�e� �s�y�s�t�e�m� �w�a�s� �p�e�r�f�o�r�m�e�d� �a�n�d� �t�h�e� �u�n�s�t�a�b�l�e� 

�p�o�l�e�s� �w�e�r�e� �f�o�u�n�d�.� �U�s�i�n�g� �t�h�e� �r�e�c�i�p�r�o�c�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �f�r�o�m� �s�e�c�t�i�o�n� �2�.�2� �t�o� �r�e�f�l�e�c�t� �t�h�e� 

�u�n�s�t�a�b�l�e� �p�o�l�e�s� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �p�r�o�d�u�c�e�d� �a� �s�t�a�b�l�e� �c�o�n�t�r�o�l�l�e�r�,� �b�u�t� �i�t� �d�i�d� �n�o�t� 

�m�i�n�i�m�i�z�e� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l�.� �O�n�e� �c�a�n� �s�e�e� �f�r�o�m� �e�q�u�a�t�i�o�n�s� �(�2�.�7�9�)� �a�n�d� �(�2�.�8�0�)� �t�h�a�t� �i�f� �a�n�y� 

�o�f� �t�h�e� �u�n�s�t�a�b�l�e� �p�o�l�e�s� �w�e�r�e� �r�e�c�i�p�r�o�c�a�t�e�d�,� �t�h�e� �a�d�a�p�t�i�v�e� �n�u�m�e�r�a�t�o�r� �w�o�u�l�d� �t�h�e�n� �n�e�e�d� �t�o� 
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�c�o�n�v�e�r�g�e� �t�o� 

�C�(�z�)� �T�i�a� �(�2� �-� �+�)� �W�O�)� �=� �b�e�a�)� �(�2�.�9�1�)� � � 

�f�o�r� �m� �u�n�s�t�a�b�l�e� �r�o�o�t�s�,� �z�;�.� �T�h�e� �d�i�s�c�r�e�p�a�n�c�y� �b�e�t�w�e�e�n� �b�e�i�n�g� �a�b�l�e� �t�o� �s�u�c�c�e�s�s�f�u�l�l�y� �s�t�a�b�i�-� 

�l�i�z�e� �t�h�e� �i�d�e�n�t�i�f�i�e�d� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �T�,�-�(�z�)� �a�n�d� �u�n�s�u�c�c�e�s�s�f�u�l�l�y� �s�t�a�b�i�l�i�z�i�n�g� �(�1�  �� �Q�(�z�)�)� 

�r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �r�o�o�t�s� �o�f� �(�1�  �� �Q�(�z�)�)� �b�e�i�n�g� �m�u�c�h� �f�u�r�t�h�e�r� �o�u�t�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �t�h�a�t� 

�t�h�e� �r�o�o�t�s� �o�f� �(�1 ��_�B�(�z�)�)�.� �A�n�o�t�h�e�r� �a�t�t�e�m�p�t� �t�o� �s�o�l�v�e� �t�h�e� �s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m� �w�a�s� �t�o� �c�a�n�c�e�l� 

�o�n�l�y� �t�h�e� �s�t�a�b�l�e� �z�e�r�o�s� �o�f� �A�(�z�)� �w�i�t�h� �(�1�  �� �Q�(�z�)�)�,� �b�u�t� �t�h�i�s� �t�e�c�h�n�i�q�u�e� �a�l�s�o� �f�a�i�l�e�d� �t�o� �y�i�e�l�d� 

�a�n�y� �c�o�n�t�r�o�l� �o�f� �t�h�e� �p�l�a�n�t� �r�e�s�p�o�n�s�e� �i�n� �s�i�m�u�l�a�t�i�o�n�s�.� �U�s�i�n�g� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �p�r�a�c�t�i�c�e� 

�o�f� �r�e�p�r�e�s�e�n�t�i�n�g� �7�.�,� �a�s� �a� �r�a�t�i�o�n�a�l� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �i�n� �z� �(�e�q�u�a�t�i�o�n� �(�2�.�4�7�)�)� �w�i�l�l� �a�l�w�a�y�s� 

�y�i�e�l�d� �a�n� �u�n�s�t�a�b�l�e� �i�n�v�e�r�s�e� �f�o�r� �n�o�n�m�i�n�i�m�u�m�-�p�h�a�s�e� �s�y�s�t�e�m�s�.� �P�e�r�h�a�p�s� �t�h�i�s� �p�r�o�b�l�e�m� 

�c�o�u�l�d� �b�e� �s�o�l�v�e�d� �b�y� �u�s�i�n�g� �a�n�o�t�h�e�r� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �f�o�r� �t�h�e� �p�l�a�n�t� �i�n�v�e�r�s�e� �s�u�c�h� �a�s� �a�n� 

�a�r�t�i�f�i�c�i�a�l� �n�e�u�r�a�l� �n�e�t�w�o�r�k� �(�A�N�N�)� �o�r� �o�t�h�e�r� �f�e�e�d�f�o�r�w�a�r�d� �s�t�r�u�c�t�u�r�e� �t�h�a�t� �i�s� �i�n�h�e�r�e�n�t�l�y� 

�s�t�a�b�l�e�.� 

�2�.�3�.�3� �R�e�m�a�r�k�s� �o�n� �B�r�o�a�d�b�a�n�d� �V�e�r�s�u�s� �H�a�r�m�o�n�i�c� �C�o�n�t�r�o�l� 

�M�o�s�t� �o�f� �t�h�e� �r�e�s�e�a�r�c�h� �i�n� �a�d�a�p�t�i�v�e�,� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �h�a�s� �b�e�e�n� �f�o�r� �h�a�r�m�o�n�i�c� �d�i�s�t�u�r�-� 

�b�a�n�c�e�s�,� �d�u�e� �i�n� �p�a�r�t� �t�o� �t�h�e� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �a�p�p�l�i�c�a�t�i�o�n�s� �a�n�d� �p�a�r�t�l�y� �b�e�c�a�u�s�e� �o�f� �t�h�e� 

�s�i�m�p�l�i�c�i�t�y�.� �I�f� �a� �s�t�r�u�c�t�u�r�e� �i�s� �u�n�d�e�r�g�o�i�n�g� �a� �h�a�r�m�o�n�i�c� �e�x�c�i�t�a�t�i�o�n�,� �t�h�e� �r�e�s�p�o�n�s�e� �i�s� �a�l�s�o� 

�h�a�r�m�o�n�i�c� �i�n� �t�h�e� �s�a�m�e� �f�r�e�q�u�e�n�c�y�,� �b�u�t� �t�y�p�i�c�a�l�l�y� �w�i�t�h� �a� �c�h�a�n�g�e� �i�n� �p�h�a�s�e� �a�n�d� �m�a�g�n�i�t�u�d�e�.� 

�T�h�i�s� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �v�e�r�t�i�c�a�l� �l�i�n�e� �o�n� �t�h�e� �s�a�m�p�l�e� �f�r�e�q�u�e�n�c�y� 

�r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �(�F�R�F�)� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�9�.� �T�h�e� �m�e�a�s�u�r�e�d� �s�t�r�u�c�t�u�r�a�l� �t�r�a�n�s�f�e�r� 

�f�u�n�c�t�i�o�n�,� �T�(�z�)�,� �f�o�r� �a� �h�a�r�m�o�n�i�c� �e�x�c�i�t�a�t�i�o�n� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �w�i�t�h� �a� �t�w�o�-�w�e�i�g�h�t� 
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�F�I�R� �f�i�l�t�e�r� �c�a�p�a�b�l�e� �o�f� �c�h�a�n�g�i�n�g� �t�h�e� �t�w�o� �d�e�g�r�e�e�s�-�o�f�-�f�r�e�e�d�o�m�,� �p�h�a�s�e� �a�n�d� �m�a�g�n�i�t�u�d�e�.� 

�W�h�e�n� �b�r�o�a�d�b�a�n�d� �v�i�b�r�a�t�i�o�n� �i�s� �c�o�n�t�r�o�l�l�e�d�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �i�n�f�o�r�m�a�t�i�o�n� �f�o�r� 

�t�h�e� �p�l�a�n�t� �c�o�n�t�r�o�l� �l�o�o�p�,� �T�,�.�(�z�)�,� �i�s� �n�e�e�d�e�d� �a�c�r�o�s�s� �a� �w�i�d�e� �b�a�n�d�w�i�d�t�h� �o�f� �f�r�e�q�u�e�n�c�i�e�s�.� 

�A�g�a�i�n�,� �t�h�i�s� �p�o�i�n�t� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�9�.� 

�A�n�o�t�h�e�r� �p�o�i�n�t� �o�f� �i�n�t�e�r�e�s�t� �t�h�a�t� �c�a�n� �b�e� �i�n�f�e�r�r�e�d� �f�r�o�m� �s�e�c�t�i�o�n� �2�.�3�.�2� �i�s� �t�h�a�t� �s�i�n�c�e� 

�t�h�e� �o�p�t�i�m�a�l� �c�o�n�t�r�o�l� �c�o�m�p�e�n�s�a�t�o�r� �i�s� �a�n� �A�R�M�A� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �c�o�n�t�r�o�l� �c�o�m�p�e�n�s�a�t�o�r� 

�w�i�l�l� �n�e�e�d� �t�o� �b�e� �e�i�t�h�e�r� �a�n� �I�T�R� �o�f� �l�o�w� �b�u�t� �s�u�f�f�i�c�i�e�n�t� �o�r�d�e�r� �o�r� �a� �v�e�r�y� �h�i�g�h� �o�r�d�e�r� �F�I�R� 

�f�i�l�t�e�r�.� �I�n� �c�o�n�t�r�a�s�t�,� �a� �s�i�n�g�l�e� �h�a�r�m�o�n�i�c� �t�o�n�e� �c�a�n� �a�g�a�i�n� �b�e� �c�a�n�c�e�l�l�e�d� �b�y� �a� �t�w�o�-�w�e�i�g�h�t� 

�F�I�R� �f�i�l�t�e�r� �w�h�i�c�h� �i�s� �c�a�p�a�b�l�e� �o�f� �c�h�a�n�g�i�n�g� �p�h�a�s�e� �a�n�d� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� 

�r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l� �u�n�t�i�l� �i�t� �c�a�n�c�e�l�s� �t�h�e� �r�e�s�p�o�n�s�e� �d�u�e� �t�o� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �a�t� �t�h�e� �e�r�r�o�r� 

�s�e�n�s�o�r� �l�o�c�a�t�i�o�n�.� 

�2�.�4� �S�i�m�u�l�a�t�i�o�n� �o�f� �C�o�n�t�r�o�l� �A�l�g�o�r�i�t�h�m�s� 

�E�a�c�h� �o�f� �t�h�e� �f�o�u�r� �c�o�n�t�r�o�l� �a�l�g�o�r�i�t�h�m�s� �p�r�e�s�e�n�t�e�d� �e�a�r�l�i�e�r� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e�r�e� �s�i�m�u�l�a�t�e�d� 

�o�n� �a� �c�o�m�p�u�t�e�r� �u�s�i�n�g� �t�h�e� �M�a�t�l�a�b� �s�o�f�t�w�a�r�e� �b�y� �M�a�t�h�W�o�r�k�s� �[�3�7�]�.� �A� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� 

�s�t�e�e�l� �b�e�a�m� �w�i�t�h� �d�i�m�e�n�s�i�o�n�s� �3�8�0� �x� �4�0� �x� �0�.�2� �m�m� �w�a�s� �c�h�o�s�e�n� �f�o�r� �t�h�e� �p�l�a�n�t�.� �T�h�e� �m�a�s�s� 

�w�a�s� �c�h�o�s�e�n� �t�o� �b�e� �0�.�2�3�2� �k�g� �a�n�d� �t�h�e� �d�a�m�p�i�n�g� �r�a�t�i�o� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �1�%� �f�o�r� �e�a�c�h� 

�m�o�d�e�.� �T�h�e� �b�e�a�m� �a�n�d� �a�c�t�u�a�t�o�r� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �r�e�a�l� �b�e�a�m� �t�o� �b�e� 

�u�s�e�d� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�a�l�y�s�i�s� �d�e�s�c�r�i�b�e�d� �i�n� �c�h�a�p�t�e�r� �4�.� �F�i�g�u�r�e� �4�.�2� �i�n� �o�n� �p�a�g�e� �6�3� 

�i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �a�n�d� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �p�a�t�c�h�e�s� �u�s�e�d� �a�s� 

�t�h�e� �s�e�n�s�o�r� �a�n�d� �a�c�t�u�a�t�o�r�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�n� �e�q�u�i�v�a�l�e�n�t� �l�o�a�d�i�n�g� �d�i�a�g�r�a�m� �i�s� �a�l�s�o� �s�h�o�w�n� 

�a�t� �t�h�e� �b�o�t�t�o�m� �o�f� �t�h�a�t� �f�i�g�u�r�e�.� �T�h�e� �e�r�r�o�r� �s�e�n�s�o�r� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �l�o�c�a�t�e�d� �2�3�8�m�m� 

�4�2



�f�r�o�m� �t�h�e� �l�e�f�t� �e�d�g�e� �o�f� �t�h�e� �b�e�a�m�.� �A� �p�a�i�r� �o�f� �l�i�n�e� �m�o�m�e�n�t�s�,� �1�5�0� �a�n�d� �1�8�8�m�m� �f�r�o�m� �t�h�e� 

�l�e�f�t� �e�d�g�e� �o�f� �t�h�e� �b�e�a�m�,� �w�e�r�e� �a�p�p�l�i�e�d� �b�y� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �a�c�t�u�a�t�o�r�.� �C�h�a�p�t�e�r� �4� �d�e�s�c�r�i�b�e�s� 

�t�h�e� �a�c�t�i�o�n� �o�f� �p�i�e�z�o� �a�c�t�u�a�t�o�r�s� �i�n� �m�o�r�e� �d�e�t�a�i�l�.� �T�h�e� �c�o�n�t�r�o�l� �m�o�m�e�n�t�s� �w�e�r�e� �a�p�p�l�i�e�d� �2�6�5� 

�a�n�d� �3�0�3�m�m� �f�r�o�m� �t�h�e� �l�e�f�t� �e�d�g�e�.� �A� �G�a�u�s�s�i�a�n� �w�h�i�t�e� �n�o�i�s�e� �s�e�q�u�e�n�c�e� �w�a�s� �u�s�e�d� �f�o�r� �t�h�e� 

�i�n�p�u�t� �s�i�g�n�a�l�.� �T�a�b�l�e� �2�.�1� �l�i�s�t�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �b�e�a�m�,� �t�h�e� �f�i�r�s�t� 

�t�h�r�e�e� �o�f� �w�h�i�c�h� �w�e�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �m�o�d�e�l�.� �A�p�p�e�n�d�i�x� �A� �p�r�o�v�i�d�e�s� �d�e�t�a�i�l�s� �o�n� �h�o�w� �t�h�e� 

�d�i�s�c�r�e�t�e� �m�o�d�e�l� �o�f� �t�h�e� �b�e�a�m� �w�a�s� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �s�i�m�u�l�a�t�i�o�n�s�.� 

�T�a�b�l�e� �2�.�1�:� �A�n�a�l�y�t�i�c�a�l� �N�a�t�u�r�a�l� �F�r�e�q�u�e�n�c�i�e�s� 

�M�o�d�e� �|� �A�n�a�l�y�t�i�c�a�l� �f�,�,� �(�H�z�)� 
�1� �3�1�.�7�3� 

�1�2�7�.�0� 
�2�8�5�.�6� 
�5�0�7�.�8� 
�7�9�3�.�5� 

�1�1�4�2�.�6� 

�1�5�5�5� 
�2�0�3�1� 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

�C
�O

�}
� �3

�1�]�
 �O

�d
�]�

 �O
�u

� �A
�]
� �G

�o
�]�

 
�b

�o
� 

� � � � � � � � 

�T�h�e� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �s�a�m�e� �o�r�d�e�r� �t�h�a�t� �t�h�e� �a�l�g�o�-� 

�r�i�t�h�m�s� �w�e�r�e� �d�e�v�e�l�o�p�e�d�.� �T�h�e� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �C�o�n�v�e�n�t�i�o�n�a�l� �F�i�l�t�e�r�e�d�-�X� 

�F�I�R� �c�o�n�t�r�o�l� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�1�0�.� �T�h�i�s� �p�a�r�t�i�c�u�l�a�r� �s�i�m�u�l�a�t�i�o�n� �u�s�e�d� �a�n� �a�d�a�p�t�i�v�e� 

�f�i�l�t�e�r� �w�i�t�h� �2�0� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a� �c�o�n�v�e�r�g�e�n�c�e� �p�a�r�a�m�e�t�e�r� �o�f� �4� �=� �l�e�~�*�,� �a�n�d� �a� �s�a�m�p�l�e� �r�a�t�e� 

�o�f� �2�0�0�0� �H�z�.� �A�l�t�h�o�u�g�h� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �w�a�s� �n�o�t� �c�o�m�p�l�e�t�e�l�y� �m�i�n�i�m�i�z�e�d�,� �a� �r�e�d�u�c�t�i�o�n� �o�f� 

�1�3� �d�B� �i�n� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �p�o�w�e�r� �w�a�s� �o�b�s�e�r�v�e�d�.� �S�i�m�i�l�a�r� �r�e�s�u�l�t�s� �w�e�r�e� �o�b�s�e�r�v�e�d� �f�o�r� �t�h�e� 

�E�q�u�a�t�i�o�n� �E�r�r�o�r� �F�I�R� �C�o�n�t�r�o�l�,� �u�s�i�n�g� �2�0� �a�d�a�p�t�i�v�e� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a� �s�a�m�p�l�i�n�g� �f�r�e�q�u�e�n�c�y� 

�3� �o�f� �2� �k�H�z�,� �a�n�d� �a� �c�o�n�v�e�r�g�e�n�c�e� �p�a�r�a�m�e�t�e�r� �o�f� �3�e�~�°�.� �T�h�e� �u�n�c�o�n�t�r�o�l�l�e�d� �a�n�d� �c�o�n�t�r�o�l�l�e�d� 
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�B�e�a�m� �R�e�s�p�o�n�s�e� �W�i�t�h�o�u�t� �C�o�n�t�r�o�l� 
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�T�i�m�e� �(�5�)� 
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�C�o�n�v�e�n�t�i�o�n�a�l� �F�i�l�t�e�r�e�d�-�x� �L�M�S� �C�o�n�t�r�o�l� �w�i�t�h� �F�I�R� �c�o�m�p�e�n�s�a�t�o�r� 
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�T�i�m�e� �(�5�)� 

�F�i�g�u�r�e� �2�.�1�0�:� �S�i�m�u�l�a�t�i�o�n� �o�f� �C�o�n�v�e�n�t�i�o�n�a�l� �F�i�l�t�e�r�e�d�-�X� �F�I�R� �C�o�n�t�r�o�l� �a�l�g�o�r�i�t�h�m� �w�h�e�n� 
�a�p�p�l�i�e�d� �t�o� �t�h�e� �d�i�s�c�r�e�t�e�-�t�i�m�e� �m�o�d�e�l� �o�f� �a� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �b�e�a�m�.� 

�4�4



�t�i�m�e� �h�i�s�t�o�r�i�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �i�n� �F�i�g�u�r�e� �2�.�1�1�,� �w�h�e�r�e� �t�h�e� �p�o�w�e�r� �o�f� �t�h�e� �c�o�n�t�r�o�l�l�e�d� �e�r�r�o�r� 

�s�i�g�n�a�l� �i�s� �8� �d�B� �l�e�s�s� �t�h�a�n� �t�h�e� �u�n�c�o�n�t�r�o�l�l�e�d� �p�l�a�n�t� �r�e�s�p�o�n�s�e�.� �A�l�t�h�o�u�g�h� �t�h�e� �l�a�r�g�e�s�t� �s�i�g�n�a�l� 

�o�s�c�i�l�l�a�t�i�o�n�s� �a�r�e� �a�t�t�e�n�u�a�t�e�d�,� �c�o�n�t�r�o�l� �i�s� �g�e�n�e�r�a�l�l�y� �n�o�t� �a�s� �g�o�o�d� �a�s� �t�h�a�t� �o�b�s�e�r�v�e�d� �f�o�r� �t�h�e� 

�C�o�n�v�e�n�t�i�o�n�a�l� �F�I�R� �C�o�n�t�r�o�l�l�e�r�.� 

�F�o�r� �t�h�e� �s�i�m�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �F�i�l�t�e�r�e�d�-�X� �a�l�g�o�r�i�t�h�m�s� �i�n�c�o�r�p�o�r�a�t�i�n�g� �a� �r�e�c�u�r�s�i�v�e� 

�c�o�m�p�e�n�s�a�t�o�r�,� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n� �w�a�s� �m�o�v�e�d� �t�o� �c�o�r�r�e�s�p�o�n�d� �w�i�t�h� �t�h�e� �c�e�n�t�e�r� �o�f� 

�t�h�e� �c�o�n�t�r�o�l� �a�c�t�u�a�t�o�r�,� �2�8�5�m�m� �f�r�o�m� �t�h�e� �l�e�f�t� �e�d�g�e�.� �T�h�e� �c�o�l�o�c�a�t�i�o�n� �o�f� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r� 

�a�n�d� �c�o�n�t�r�o�l� �a�c�t�u�a�t�o�r� �p�r�o�v�i�d�e�d� �a� �m�i�n�i�m�u�m�-�p�h�a�s�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �f�o�r� �t�h�e� �c�o�n�t�r�o�l� 

�l�o�o�p�.� �S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �C�o�n�v�e�n�t�i�o�n�a�l� �F�i�l�t�e�r�e�d�-�X� �I�I�R� �C�o�n�t�r�o�l�l�e�r� �c�a�n� �b�e� 

�f�o�u�n�d� �i�n� �F�i�g�u�r�e� �2�.�1�2�.� �H�e�r�e�,� �t�h�e� �a�d�a�p�t�i�v�e� �c�o�m�p�e�n�s�a�t�o�r� �h�a�s� �o�n�l�y� �6� �c�o�e�f�f�i�c�i�e�n�t�s�,� �o�n�e� 

�o�r�d�e�r� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �o�r�d�e�r� �o�f� �n�u�m�e�r�a�t�o�r� �o�f� �T�,�,�-�(�z�)�.� �A�s� �a�n�t�i�c�i�p�a�t�e�d�,� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� 

�a�l�m�o�s�t� �c�o�m�p�l�e�t�e�l�y� �d�i�m�i�n�i�s�h�e�d�,� �w�i�t�h� �a�n� �a�t�t�e�n�u�a�t�i�o�n� �o�f� �2�3� �d�B�.� �S�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �f�r�o�m� 

�t�h�e� �E�q�u�a�t�i�o�n� �E�r�r�o�r� �r�e�c�u�r�s�i�v�e� �a�l�g�o�r�i�t�h�m� �s�h�o�w� �a� �2�7� �d�B� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �a�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�1�3�.� �A�g�a�i�n�,� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �w�a�s� �a�l�m�o�s�t� �d�r�i�v�e�n� �t�o� �z�e�r�o�.� �T�h�e� �s�a�m�e� 

�s�a�m�p�l�i�n�g� �r�a�t�e� �a�n�d� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r� �o�r�d�e�r� �a�s� �a�b�o�v�e� �w�e�r�e� �u�s�e�d�,� �a�l�o�n�g� �w�i�t�h� �a� �c�o�n�v�e�r�g�e�n�c�e� 

�p�a�r�a�m�e�t�e�r� �o�f� �5�e�7�°�.� 

�T�w�o� �a�d�d�i�t�i�o�n�a�l� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �u�s�i�n�g� �t�h�e� �r�e�c�u�r�s�i�v�e� �c�o�n�t�r�o�l�l�e�r�.� 

�F�i�r�s�t�l�y�,� �t�h�e� �m�o�d�u�l�i� �o�f� �a�l�l� �t�h�e� �c�o�m�p�e�n�s�a�t�o�r� �p�o�l�e�s� �w�e�r�e� �p�e�r�t�u�r�b�e�d� �b�y� �1�0�%� �t�o� �d�e�-� 

�t�e�r�m�i�n�e� �h�o�w� �t�h�e� �e�r�r�o�r�s� �i�n� �e�s�t�i�m�a�t�i�n�g� �T�.�.�(�z�)� �w�o�u�l�d� �a�f�f�e�c�t� �c�o�n�t�r�o�l� �p�e�r�f�o�r�m�a�n�c�e�.� �T�h�e� 

�e�r�r�o�r� �s�i�g�n�a�l� �w�a�s� �s�t�i�l�l� �m�i�n�i�m�i�z�e�d� �a�l�m�o�s�t� �c�o�m�p�l�e�t�e�l�y�,� �a�l�t�h�o�u�g�h� �c�o�n�v�e�r�g�e�n�c�e� �w�a�s� �s�l�o�w�e�r�.� 

�S�e�c�o�n�d�l�y�,� �t�h�e� �s�a�m�e� �a�n�a�l�y�s�i�s� �w�a�s� �r�e�p�e�a�t�e�d� �w�i�t�h� �2�0�%� �e�r�r�o�r� �i�n� �t�h�e� �p�o�l�e�s�.� �C�o�m�p�l�e�t�e� 

�a�t�t�e�n�u�a�t�i�o�n� �w�a�s� �n�o� �l�o�n�g�e�r� �p�o�s�s�i�b�l�e�,� �b�u�t� �a� �v�e�r�y� �s�i�g�n�i�f�i�c�a�n�t� �r�e�d�u�c�t�i�o�n� �w�a�s� �o�b�s�e�r�v�e�d�.� 

�T�h�e� �r�o�b�u�s�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �L�M�S� �a�l�g�o�r�i�t�h�m� �a�l�l�o�w�e�d� �t�h�e� �u�n�c�o�n�v�e�n�t�i�o�n�a�l� �p�r�a�c�t�i�c�e� �o�f� 

�4�5



� � 

�A
�c

�c
�e

�l
�e

�r
�a

�t
�i
�o

�n
� 

� � 

� � � � � � 

�T�i�m�e� �(�S�)� 

�E�q�u�a�t�i�o�n� �E�r�r�o�r� �F�i�l�t�e�r�-�x� �L�M�S� �C�o�n�t�r�o�l� �W�i�t�h� �F�I�R� 
� � 

� � 

�A
�c

�c
�e

�l
�e

�r
�a

�t
�i
�o

�n
� 

� � � � � � 

�T�i�m�e� �(�s�)� 
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�C�h�a�p�t�e�r� �3� 

�S�y�s�t�e�m� �I�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� 
�C�o�n�t�r�o�l�-�l�o�o�p� �T�r�a�n�s�f�e�r� �F�u�n�c�t�i�o�n� 

�I�t� �w�a�s� �s�h�o�w�n� �i�n� �s�e�c�t�i�o�n� �2�.�3� �t�h�a�t� �a� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l� �l�o�o�p� �m�u�s�t� �b�e� 

�p�e�r�f�o�r�m�e�d� �b�e�f�o�r�e� �f�i�l�t�e�r�e�d�-�X� �L�M�S� �a�d�a�p�t�i�v�e� �c�o�n�t�r�o�l� �c�a�n� �b�e� �i�m�p�l�e�m�e�n�t�e�d�.� �T�h�e� �s�y�s�-� 

�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �c�a�n� �b�e� �i�m�p�l�e�m�e�n�t�e�d� �e�i�t�h�e�r� �o�n�-�l�i�n�e� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �w�i�t�h� �c�o�n�t�r�o�l� �o�r� 

�o�f�f�-�l�i�n�e�,� �a�s� �w�a�s� �d�o�n�e� �f�o�r� �t�h�i�s� �r�e�s�e�a�r�c�h�.� �O�n�c�e� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �i�s� �k�n�o�w�n�,� �i�t� �c�a�n� 

�b�e� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �c�o�n�t�r�o�l� �l�o�o�p� �w�h�e�n� �e�x�c�i�t�e�d� �b�y� �t�h�e� �r�e�f�e�r�e�n�c�e� 

�s�i�g�n�a�l�.� �T�h�i�s�  ��f�i�l�t�e�r�e�d�-�X� �s�i�g�n�a�l �� �i�s� �t�h�e�n� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �m�e�a�s�u�r�e�d� �e�r�r�o�r� �s�i�g�n�a�l� �s�o� 

�t�h�a�t� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �g�r�a�d�i�e�n�t� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �f�o�r� �t�h�e� �L�M�S� �c�o�e�f�f�i�c�i�e�n�t� �u�p�d�a�t�e� �(�e�.� 

�g�.� �e�q�u�a�t�i�o�n�s� �(�2�.�4�6�)� �a�n�d� �(�2�.�6�2�)�.� �S�e�c�t�i�o�n� �2�.�3�.�3� �d�i�s�c�u�s�s�e�d� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �s�y�s�t�e�m� 

�i�d�e�n�t�i�f�i�c�a�t�i�o�n� �w�h�e�n� �b�r�o�a�d�b�a�n�d� �d�i�s�t�u�r�b�a�n�c�e�s� �a�r�e� �p�r�e�s�e�n�t� �a�s� �o�p�p�o�s�e�d� �t�o� �h�a�r�m�o�n�i�c� �e�x�-� 

�c�i�t�a�t�i�o�n�s� �o�f� �a� �s�y�s�t�e�m�.� 

�A� �l�i�n�e�a�r� �d�y�n�a�m�i�c� �s�y�s�t�e�m� �c�a�n� �b�e� �i�d�e�n�t�i�f�i�e�d� �b�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� 

�b�o�t�h� �a� �s�p�e�c�t�r�a�l�l�y�-�r�i�c�h� �i�n�p�u�t� �n�o�i�s�e� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�l�a�n�t� �r�e�s�p�o�n�s�e�.� �F�i�g�u�r�e� �3�.�1� 

�s�h�o�w�s� �a�n� �u�n�k�n�o�w�n� �s�y�s�t�e�m� �a�n�d� �t�h�e� �r�e�s�p�o�n�s�e�,� �y�;�,�,� �a�n�d� �t�h�e� �w�h�i�t�e� �n�o�i�s�e� �i�n�p�u�t�,� �z�,�.� �A�n� 

�5�0



�a�l�t�e�r�n�a�t�i�v�e� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2� �w�h�e�r�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �a� 

�s�y�s�t�e�m� �m�o�d�e�l� �a�r�e� �a�d�a�p�t�e�d� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �o�u�t�p�u�t� �e�r�r�o�r�.� �T�h�e� �p�l�a�n�t� �i�s� �i�d�e�n�t�i�f�i�e�d� 

�w�h�e�n� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �i�s� �d�r�i�v�e�n� �t�o� �z�e�r�o�.� �W�i�t�h� �e�i�t�h�e�r� �m�e�t�h�o�d� �o�f� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�,� 

�a� �p�r�o�p�e�r�-�o�r�d�e�r� �s�y�s�t�e�m� �m�o�d�e�l� �m�u�s�t� �f�i�r�s�t� �b�e� �r�e�a�l�i�z�e�d� �b�e�f�o�r�e� �t�h�e� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s� 

�a�r�e� �e�s�t�i�m�a�t�e�d�.� �T�h�e� �c�o�n�c�l�u�s�i�o�n� �o�f� �s�e�c�t�i�o�n� �2�.�3�.�3� �w�a�s� �t�h�a�t� �a�n� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �m�o�v�i�n�g�-� 

�a�v�e�r�a�g�e� �(�A�R�M�A�)� �m�o�d�e�l� �w�i�l�l� �m�o�s�t� �e�f�f�i�c�i�e�n�t�l�y� �m�o�d�e�l� �a� �l�i�g�h�t�l�y� �d�a�m�p�e�d� �s�t�r�u�c�t�u�r�a�l� 

�p�l�a�n�t�.� �A�R�M�A� �m�o�d�e�l�s�,� �w�h�i�c�h� �a�r�e� �s�y�n�o�n�y�m�o�u�s� �w�i�t�h� �I�I�R� �f�i�l�t�e�r�s�,� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� 

�w�i�t�h� �a� �h�i�g�h�-�o�r�d�e�r� �M�A� �m�o�d�e�l� �[�1�8�]� �a�n�d� �h�a�v�e� �t�h�e� �a�d�v�a�n�t�a�g�e� �t�h�a�t� �t�h�e�y� �a�r�e� �a�l�w�a�y�s� 

�s�t�a�b�l�e�.� �B�e�f�o�r�e� �a�n� �A�R�M�A� �f�i�l�t�e�r� �w�a�s� �u�s�e�d� �f�o�r� �t�h�e� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�n� �F�I�R� �(�M�A� 

�m�o�d�e�l�)� �f�i�l�t�e�r� �w�i�t�h� �4�0� �c�o�e�f�f�i�c�i�e�n�t�s� �w�a�s� �f�i�r�s�t� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �b�e�a�m�.� 

�T�h�e� �F�I�R� �f�i�l�t�e�r� �p�r�o�d�u�c�e�d� �u�n�s�a�t�i�s�f�a�c�t�o�r�y� �r�e�s�u�l�t�s� �a�n�d� �a� �f�i�l�t�e�r� �o�f� �a�n�y� �l�a�r�g�e�r� �o�r�d�e�r� �w�a�s� 

�d�e�e�m�e�d� �u�n�d�e�s�i�r�a�b�l�e�.� 

�3�.�1� �L�e�a�s�t�-�S�q�u�a�r�e� �S�o�l�u�t�i�o�n� �o�f� �A�R�M�A� �M�o�d�e�l� 

�R�e�c�u�r�s�i�v�e� �f�i�l�t�e�r�s� �r�e�p�r�e�s�e�n�t�i�n�g� �p�l�a�n�t�s� �w�i�t�h� �b�o�t�h� �p�o�l�e�s� �a�n�d� �z�e�r�o�s� �a�s� �s�h�o�w�n� �i�n� �e�q�u�a�-� 

�t�i�o�n� �(�2�.�4�7�)� �a�r�e� �o�f�t�e�n� �r�e�f�e�r�r�e�d� �t�o� �a� �a�u�t�o�r�e�g�r�e�s�s�i�v�e�-�m�o�v�i�n�g� �a�v�e�r�a�g�e� �(�A�R�M�A�)� �m�o�d�e�l�s�.� 

�A� �t�i�m�e� �s�e�r�i�e�s� �A�R�M�A� �m�o�d�e�l� �o�f� �o�r�d�e�r� �N� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�N� �N� 

�y�k� �=� �D�l�a� �t�+� �D�o� �b�y�y�e�-�;� �(�3�.�1�)� 
�#�=�0� �j�=�l� 

�w�h�e�r�e� �y�;� �i�s� �t�h�e� �f�i�l�t�e�r� �o�u�t�p�u�t�,� �z�,� �i�s� �t�h�e� �i�n�p�u�t� �s�e�q�u�e�n�c�e�,� �a�;� �a�n�d� �}�;� �a�r�e� �r�e�s�p�e�c�t�i�v�e�l�y� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �M�A� �a�n�d� �A�R� �p�o�r�t�i�o�n�s� �o�f� �t�h�e� �I�I�R� �f�i�l�t�e�r�.� 

�M�u�l�t�i�p�l�y�i�n�g� �e�a�c�h� �s�i�d�e� �o�f� �e�q�u�a�t�i�o�n� �(�3�.�1�)� �c�o�n�s�e�c�u�t�i�v�e�l�y� �b�y� �e�a�c�h� �e�l�e�m�e�n�t� �f�r�o�m� 
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�P�l�a�n�t� � � � � � � 

� � � � � � 

�F�i�g�u�r�e� �3�.�1�:� �S�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �o�f� �a�n� �u�n�k�n�o�w�n� �s�y�s�t�e�m� 
�t�h�r�o�u�g�h� �t�i�m�e� �d�o�m�a�i�n� �a�n�a�l�y�s�i�s�.� 
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�F�i�g�u�r�e� �3�.�2�:� �S�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �a� �p�l�a�n�t� �v�i�a� �a�n� �a�d�a�p�t�i�v�e� �m�o�d�e�l�.� 
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�t�h�e� �s�e�q�u�e�n�c�e�s� �{�x�z�}� �a�n�d� �{�y�;�}� �(�e�.�g�.� �{�2�4�,�2�4�-�1�,�.�-�-�)�L�k�-�N�y� �Y�k�-�1�)�+�-�-�)� �Y�k�-�N�}�)� �a�n�d� �t�a�k�i�n�g� 

�t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �l�i�n�e�a�r� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �r�e�s�u�l�t�s� 

�{� �t�a�c�)� �}� �=� �[�a�c�s�]� �{�2�h�}� �9� 
�T�h�e� �c�o�m�p�o�n�e�n�t�s� �i�n� �t�h�i�s� �e�q�u�a�t�i�o�n� �a�r�e� �d�e�f�i�n�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �a�u�t�o� �a�n�d� �c�r�o�s�s� �c�o�r�r�e�l�a�-� 

�t�i�o�n� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �s�e�q�u�e�n�c�e�s� �{�z�;�,�}� �a�n�d� �{�y�;�,�}� �a�s� 
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�R�,�-�(�0�)� �R�e�r�z�( ��1�)� �u�e� �R�z�2�( ��-�N�)� 

�R�o�e�)� �=� �S�R� �B�O�E�R�N�E� �8�8�)� 
�R�e�z�(�N�)� �R�e�e�(�N ��-�1�)� �-�:�:� �R�z�2�(�0�)� 

�R�z�y�( ��1�)� �R�y�y�{ ��2�)�  ��e�e� �R�z�y�( ��N�)� 

�[�R� �_� �R�e�y�(�0�)� �R�e�y�( ��1�)� �a�n� �R�e�y�( ��N� �+� �1�)� �(�3�.�6�)� 

�R�z�,�(�N� �-� �1�)� �R�e�y�(�N�  �� �1�)� �A� �R�e�y� �(�1�)� 

�R�y�z�(�1�)� �R�y�z�(�0�)�  ��+�+� �R�y�g�(�1 �� �N�)� 
�[�R� �_� �R�y�e�(�2�)� �R�y�z�(�1�)�  ��s�*� �R�y�z�(�2� �~� �N�)� �(�3�.�7�)� 
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�R� �(�0�)� �R�y�y�(� �1�)� �7�"� �R�y�(�-�N� �+�1�)� 
�R� 

�v�y� �~� 
�1� �0�  ��-�N�+�1� �n�y� �=� �|�P�a�®� �B�a�l� �M�N�D� �|� �g�y� 

�R�y�y�(�N� �~� �1�)� �R�y� �(�N� �~� �1�)� �i� �R�y�,� �(�0�)� 

�w�h�e�r�e� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� �a�n�d� �s�o�m�e� �o�f� �t�h�e�i�r� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �d�e�f�i�n�e�d� �a�s� 

�R�e�z�(�m�)� �=� �E�l�a�p�t�e�i�m�]�)� �=� �R�e�r�( ��m�)� �(�3�.�9�)� 
�R�a�y�(�m�)� �=� �E�l�z�i�y�s�t�m�]� �=� �R�y�e�( ��m�)� 

�T�h�e� �u�n�k�n�o�w�n� �f�i�l�t�e�r� �c�o�e�f�f�i�c�i�e�n�t�s� �a�;� �a�n�d� �6�;� �a�r�e� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �v�e�c�t�o�r�s� 

�A�g� 

�A�,� 
�{�A�}� �=� �.� �(�3�.�1�0�)� 

�A�n� 

�B�y� 
�B� 

�{�B�y�}� �=� �3�)� �0� �(�3�.�1�1�)� 

�B�n� 

�S�o�l�v�i�n�g� �t�h�e� �s�y�s�t�e�m� �i�n� �e�q�u�a�t�i�o�n� �(�3�.�2�)� �w�i�l�l� �p�r�o�d�u�c�e� �a� �l�e�a�s�t� �s�q�u�a�r�e� �(�L�S�)� �s�o�l�u�t�i�o�n� �f�o�r� 

�t�h�e� �I�I�R� �f�i�l�t�e�r� �c�o�e�f�f�i�c�i�e�n�t�s�,� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t� �a� �c�o�m�p�l�e�x� �p�o�l�y�n�o�m�i�a�l� �i�n� �z�.� �T�h�i�s� �t�y�p�e� 

�o�f� �s�o�l�u�t�i�o�n� �p�r�o�v�i�d�e�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �t�h�a�t� �t�h�e� �p�o�l�e�s� �d�o� �n�o�t� �h�a�v�e� �t�o� �b�e� �b�r�o�k�e�n� �i�n�t�o� 

�s�e�c�o�n�d� �o�r�d�e�r� �s�e�c�t�i�o�n�s� �a�n�d� �c�h�e�c�k�e�d� �f�o�r� �s�t�a�b�i�l�i�t�y� �d�u�r�i�n�g� �t�h�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �p�r�o�c�e�s�s� �(�a�s� 

�d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�2�)�.� �R�a�t�h�e�r�,� �t�h�e� �p�o�l�e�s� �c�a�n� �b�e� �f�a�c�t�o�r�e�d� �a�n�d� �s�t�a�b�i�l�i�z�e�d� �a�f�t�e�r� �t�h�e� 

�p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �i�s� �c�o�m�p�l�e�t�e� �a�n�d� �b�e�f�o�r�e� �t�h�e� �f�i�l�t�e�r� �i�s� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �t�h�e� �c�o�n�t�r�o�l� 

�s�y�s�t�e�m�.� 

�T�h�e� �d�e�n�o�m�i�n�a�t�o�r� �p�o�l�y�n�o�m�i�a�l� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�4�7�)� �c�a�n� 
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�b�e� �f�a�c�t�o�r�e�d� �i�n�t�o� �t�h�e� �f�o�r�m� 

�1 ��B�(�z�)� �=� �1 ��b�2�7�! ��b�2�z�7�?�.�.�. ��b�y�2�%� �(�3�.�1�2�)� 

�=� �2�-�N�(�z �� �2�)�(�z�  �� �2�)�(�z�  �� �2�3�)� �+�+�+� �(�2�  �� �z�n�)� �(�3�.�1�3�)� 

�w�h�e�r�e� �z�;�,�(�¢� �=� �1�,�2�,�.�.�.�,�N�)�,� �a�r�e� �t�h�e� �r�o�o�t�s� �o�r� �p�o�l�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e�y� �o�c�c�u�r� �i�n� 

�c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e� �p�a�i�r�s�,� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �s�e�c�o�n�d� �o�r�d�e�r� �s�e�c�t�i�o�n�s� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e�.� �A� �p�o�l�e�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �t�h�e� �f�i�l�t�e�r�,� �i�s� �s�t�a�b�l�e� �w�h�e�n� �i�t�s� �m�o�d�u�l�u�s� �i�s� �l�e�s�s� �t�h�a�n� 

�o�n�e�.� �P�o�l�e�s� �c�a�n� �b�e� �m�a�d�e� �s�t�a�b�l�e� �b�y� �r�e�c�i�p�r�o�c�a�t�i�o�n�,� �a� �p�r�o�c�e�s�s� �w�h�e�r�e� �e�a�c�h� �u�n�s�t�a�b�l�e� �r�o�o�t� 

�i�s� �r�e�f�l�e�c�t�e�d� �i�t� �b�a�c�k� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �[�1�7�]�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �p�r�e�s�e�r�v�e�s� 

�t�h�e� �m�a�g�n�i�t�u�d�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�,� �b�u�t� �a�l�t�e�r�s� �t�h�e� �p�h�a�s�e� �r�e�s�p�o�n�s�e�.� �A�n� 

�a�c�c�u�r�a�t�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �p�h�a�s�e� �c�o�u�l�d� �b�e� �n�e�e�d�e�d� �f�o�r� �r�e�s�p�o�n�s�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l� 

�l�o�o�p� �w�h�e�n� �e�x�c�i�t�e�d� �b�y� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �i�n�p�u�t� �(�g�e�n�e�r�a�t�i�o�n� �o�f� �t�h�e� �f�i�l�t�e�r�e�d�-�x� �r�e�f�e�r�e�n�c�e� 

�s�i�g�n�a�l�)�.� �I�f� �n�e�c�e�s�s�a�r�y�,� �t�h�e� �p�h�a�s�e� �c�o�r�r�u�p�t�i�o�n� �c�a�n� �b�e� �r�e�m�e�d�i�e�d� �b�y� �u�s�i�n�g� �t�h�e� �a�d�a�p�t�i�v�e� 

�I�I�R� �c�o�n�f�i�g�u�r�a�t�i�o�n� �f�o�r� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�s� �e�x�p�l�a�i�n�e�d� �i�n� �s�e�c�t�i�o�n� �3�.�2�.� 

�3�.�2� �A�d�a�p�t�i�v�e� �I�I�R� �F�i�l�t�e�r�s� �A�p�p�l�i�e�d� �t�o� �S�y�s�t�e�m� 
�I�d�e�n�t�i�f�i�c�a�t�i�o�n� 

�T�h�e� �a�d�a�p�t�i�v�e� �I�I�R� �c�o�n�f�i�g�u�r�a�t�i�o�n� �d�i�s�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�2� �c�a�n� �b�e� �u�s�e�d� �t�o� �c�o�r�r�e�c�t� �t�h�e� 

�p�h�a�s�e� �c�o�r�r�u�p�t�i�o�n� �w�h�i�c�h� �m�a�y� �o�c�c�u�r� �d�u�r�i�n�g� �s�t�a�b�i�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �A�R�M�A� 

�s�o�l�u�t�i�o�n� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �3�.�1�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �s�t�a�b�i�l�i�z�e�d� 

�A�R�M�A� �m�o�d�e�l� �p�r�o�v�i�d�e� �t�h�e� �f�i�r�s�t� �g�u�e�s�s� �t�o� �t�h�e� �L�M�S� �s�o�l�u�t�i�o�n� �w�h�e�r�e� �o�n�l�y� �t�h�e� �n�u�m�e�r�a�t�o�r� 

�c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �I�I�R� �f�i�l�t�e�r�,� �a�;�,� �a�r�e� �a�d�a�p�t�e�d� �u�s�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�3�3�)�.� �A� �s�c�h�e�m�a�t�i�c� �o�f� 

�t�h�i�s� �p�r�o�c�e�s�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�3�.� �A� �s�i�m�u�l�a�t�i�o�n� �o�f� �R�L�M�S� �p�h�a�s�e�-�c�o�r�r�e�c�t�i�o�n� �p�r�o�c�e�s�s� 
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�w�a�s� �c�a�r�r�i�e�d� �o�u�t� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�4�.� �A�s� �c�a�n� �b�e� �s�e�e�n� �b�y� �t�h�e� 

�b�o�t�t�o�m� �p�l�o�t�,� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �d�i�m�i�n�i�s�h�e�s� �a�s� �t�h�e� �n�u�m�e�r�a�t�o�r� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�d�a�p�t�e�d�.� 

�C�o�r�r�e�c�t�i�n�g� �t�h�e� �A�R�M�A� �m�o�d�e�l� �w�i�l�l� �b�e� �m�o�r�e� �d�i�f�f�i�c�u�l�t� �i�n� �a� �r�e�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�,� �s�i�n�c�e� 

�t�h�e� �R�L�M�S� �i�s� �m�o�r�e� �s�e�n�s�i�t�i�v�e� �t�o� �n�o�i�s�e�.� �T�h�e� �R�L�M�S� �c�a�n� �a�l�s�o� �i�n�t�r�o�d�u�c�e� �b�i�a�s� �e�r�r�o�r� �i�n�t�o� 

�t�h�e� �e�s�t�i�m�a�t�e� �o�f� �T�.�.�(�z�)�,� �p�o�t�e�n�t�i�a�l�l�y� �w�o�r�s�e�n�i�n�g� �t�h�e� �m�o�d�e�l�.� �I�t� �i�s� �n�o�t� �k�n�o�w�n� �h�o�w� �t�h�e� 

�a�c�c�u�r�a�c�y� �o�f� �T ��,�-�(�z�)� �a�f�f�e�c�t�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �a�n�d� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�s�.� 
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� � � � � � � � � � � � 
�F�i�g�u�r�e� �3�.�3�:� �A�d�a�p�t�i�v�e� �I�I�R� �f�i�l�t�e�r� �u�s�e�d� �t�o� �c�o�r�r�e�c�t� �p�h�a�s�e� �c�o�r�r�u�p�t�i�o�n� �o�f� �s�t�a�b�i�l�i�z�e�d� �A�R�M�A� 
�m�o�d�e�l�.� 
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�T�i�m�e� �(�8�)� 

�F�i�g�u�r�e� �3�.�4�:� �C�o�n�v�e�r�g�e�n�c�e� �p�r�o�c�e�s�s� �w�h�e�n� �t�h�e� �a�d�a�p�t�i�v�e� �p�h�a�s�e�-�c�o�r�r�e�c�t�i�o�n� �s�c�h�e�m�e� �s�h�o�w�n� 
�i�n� �t�h�e� �p�r�e�v�i�o�u�s� �f�i�g�u�r�e� �w�a�s� �e�m�p�l�o�y�e�d�:� �(�t�o�p�)� �p�l�a�n�t� �r�e�s�p�o�n�s�e�,� �(�b�o�t�t�o�m�)� �d�i�f�f�e�r�e�n�c�e� �b�e�-� 
�t�w�e�e�n� �a�c�t�u�a�l� �a�n�d� �e�s�t�i�m�a�t�e�d� �p�l�a�n�t� �r�e�s�p�o�n�s�e� �(�e�;�)�.� 
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�C�h�a�p�t�e�r� �4� 

�E�x�p�e�r�i�m�e�n�t�a�l� �S�e�t�u�p� �a�n�d� 
�P�r�o�c�e�d�u�r�e� 

�T�h�e�o�r�e�t�i�c�a�l� �a�n�a�l�y�s�e�s� �a�n�d� �s�i�m�u�l�a�t�i�o�n�s� �a�r�e� �i�m�p�o�r�t�a�n�t� �t�o�o�l�s� �f�o�r� �t�h�e� �u�n�d�e�r�s�t�a�n�d�i�n�g� �a�n�d� 

�d�e�v�e�l�o�p�m�e�n�t� �o�f� �c�o�n�t�r�o�l�s� �a�n�d� �o�t�h�e�r� �p�r�o�c�e�s�s�e�s�.� �H�o�w�e�v�e�r� �t�h�e�y� �a�r�e� �l�i�m�i�t�e�d� �s�i�n�c�e� �r�e�a�l�-� 

�w�o�r�l�d� �a�p�p�l�i�c�a�t�i�o�n�s� �a�r�e� �p�l�a�g�u�e�d� �b�y� �n�o�i�s�e�,� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�s�,� �n�o�n�s�t�a�t�i�o�n�a�r�i�t�i�e�s� �a�n�d� 

�t�h�e� �l�i�k�e�.� �T�h�e�r�e�f�o�r�e�,� �e�x�p�e�r�i�m�e�n�t�a�l� �d�e�m�o�n�s�t�r�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l� �a�l�g�o�r�i�t�h�m�s� �i�s� �e�s�s�e�n�t�i�a�l� 

�t�o� �s�h�o�w� �t�h�a�t� �t�h�e�y� �w�i�l�l� �b�e� �u�s�e�f�u�l� �f�o�r� �r�e�a�l� �a�p�p�l�i�c�a�t�i�o�n�s�.� �T�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �c�o�n�t�r�o�l� 

�a�l�g�o�r�i�t�h�m�s� �a�r�e� �d�e�m�o�n�s�t�r�a�t�e�d� �w�i�t�h� �a�c�t�i�v�e� �v�i�b�r�a�t�i�o�n� �c�o�n�t�r�o�l� �o�n� �a� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� 

�b�e�a�m�.� �H�o�w�e�v�e�r�,� �t�h�e�s�e� �a�l�g�o�r�i�t�h�m�s� �s�h�o�u�l�d� �b�e� �a�b�l�e� �t�o� �c�o�n�t�r�o�l� �a�c�o�u�s�t�i�c� �r�a�d�i�a�t�i�o�n� �a�s� 

�w�e�l�l� �a�s� �v�i�b�r�a�t�i�o�n�,� �w�i�t�h� �t�h�e� �o�n�l�y� �d�i�f�f�e�r�e�n�c�e� �b�e�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l ��a�c�o�u�s�t�i�c� 

�c�o�u�p�l�i�n�g�.� 

�4�.�1� �T�e�s�t� �R�i�g� 

�A� �s�m�a�l�l�,� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �b�e�a�m� �w�a�s� �u�s�e�d� �i�n� �a�l�l� �o�f� �t�h�e� �b�r�o�a�d�b�a�n�d� �v�i�b�r�a�t�i�o�n� �c�o�n�-� 

�t�r�o�l� �e�x�p�e�r�i�m�e�n�t�s�.� �T�h�e� �b�e�a�m� �i�s� �m�a�d�e� �o�f� �p�l�a�i�n� �c�a�r�b�o�n� �s�t�e�e�l� �a�n�d� �h�a�s� �d�i�m�e�n�s�i�o�n�s� 
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�3�8�0� �x� �4�0� �x� �2� �m�m�.� �T�w�o� �t�h�i�n�,� �f�l�e�x�i�b�l�e� �m�e�t�a�l� �s�h�i�m�s� �c�o�n�n�e�c�t� �t�h�e� �b�e�a�m� �t�o� �a� �h�e�a�v�y� �s�u�p�-� 

�p�o�r�t� �s�t�a�n�d�,� �p�r�o�v�i�d�i�n�g� �t�h�e� �d�e�s�i�r�e�d� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �e�n�d� �c�o�n�d�i�t�i�o�n�s�.� �A� �p�i�c�t�u�r�e� �o�f� �t�h�e� 

�t�e�s�t� �r�i�g� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1�.� �T�a�b�l�e� �4�.�1� �l�i�s�t�s� �t�h�e� �f�i�r�s�t� �s�i�x� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �w�h�i�c�h� 

�w�e�r�e� �o�b�t�a�i�n�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�.� �T�h�e�y� �a�g�r�e�e� �w�i�t�h�i�n� �6�%� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �n�a�t�u�r�a�l� �f�r�e�-� 

�q�u�e�n�c�i�e�s� �l�i�s�t�e�d� �i�n� �T�a�b�l�e� �2�.�1�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �l�i�m�i�t�e�d� �t�o� �c�o�n�t�r�o�l� �o�f� �t�h�e� �f�i�r�s�t� �t�h�r�e�e� 

�b�e�n�d�i�n�g� �m�o�d�e�s� �b�e�c�a�u�s�e� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l� �a�c�t�u�a�t�o�r� �p�a�i�r� �r�e�n�d�e�r�e�d� �t�h�e� �f�o�u�r�t�h� 

�m�o�d�e� �u�n�c�o�n�t�r�o�l�l�a�b�l�e�.� �T�w�o� �s�e�p�a�r�a�t�e� �a�c�t�u�a�t�o�r� �a�n�d� �s�e�n�s�o�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �w�e�r�e� �u�s�e�d� 

�d�e�p�e�n�d�i�n�g� �o�n� �w�h�e�t�h�e�r� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �e�m�p�l�o�y�e�d� �a�n�d� �F�I�R� �o�r� �I�J�R� �c�o�m�p�e�n�s�a�t�o�r� 

�s�i�n�c�e� �t�h�e� �I�I�R� �s�y�s�t�e�m� �r�e�q�u�i�r�e�s� �a� �m�i�n�i�m�u�m�-�p�h�a�s�e� �c�o�n�t�r�o�l�-�l�o�o�p�.� �B�o�t�h� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� 

�i�n� �F�i�g�u�r�e�s� �4�.�2� �a�n�d� �4�.�3� �a�l�o�n�g� �w�i�t�h� �t�h�e�i�r� �e�f�f�e�c�t�i�v�e� �l�o�a�d�i�n�g� �d�i�a�g�r�a�m�s�.� 

�T�a�b�l�e� �4�.�1�:� �E�x�p�e�r�i�m�e�n�t�a�l� �N�a�t�u�r�a�l� �F�r�e�q�u�e�n�c�i�e�s� 

�M�o�d�e� �|� �E�x�p�e�r�i�m�e�n�t�a�l� �f�,�,� �(�H�z�)� 
�1� �3�2�.�9� 

�1�2�6�.�9� 
�2�8�2�.�3� 
�4�9�8�.�6� 
�7�6�8�.�7� 

�1�0�7�7�.�0� 
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�4�.�1�.�1� �C�o�n�f�i�g�u�r�a�t�i�o�n� �1�:� �S�e�t�u�p� �f�o�r� �S�y�s�t�e�m�s� �U�s�i�n�g� �a�n� �F�I�R� 
�C�o�m�p�e�n�s�a�t�o�r� 

�T�h�e� �e�r�r�o�r� �s�e�n�s�o�r� �w�a�s� �a� �B�r�t�i�e�l� �&� �K�j�z�r� �m�i�n�i�-�a�c�c�e�l�e�r�o�m�e�t�e�r� �l�o�c�a�t�e�d� �2�3�8� �m�m� �f�r�o�m� �t�h�e� 

�l�e�f�t� �e�d�g�e� �o�f� �t�h�e� �b�e�a�m�,� �a� �l�o�c�a�t�i�o�n� �c�a�p�a�b�l�e� �o�f� �s�e�n�s�i�n�g� �t�h�e� �m�o�d�e�s� �o�f� �i�n�t�e�r�e�s�t�.� �C�o�n�t�r�o�l� 

�a�c�t�i�o�n� �w�a�s� �a�p�p�l�i�e�d� �b�y� �a� �c�o�-�l�o�c�a�t�e�d� �s�e�t� �o�f� �P�i�e�z�o� �P�r�o�d�u�c�t�s �� �G�1�1�9�5� �p�i�e�z�o�e�l�e�c�t�r�i�c� �s�t�r�i�p�s�.� 
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�F�i�g�u�r�e� �4�.�1�:� �P�i�c�t�u�r�e� �o�f� �t�e�s�t� �r�i�g� �s�h�o�w�i�n�g� �b�e�a�m� �a�n�d� �p�i�e�z�o�-�e�l�e�c�t�r�i�c� �p�a�t�c�h�e�s�.� �T�h�e� �s�q�u�a�r�e� 
�p�i�e�z�o� �p�a�t�c�h� �o�n� �t�h�e� �f�a�r� �r�i�g�h�t� �i�s� �t�h�e� �c�o�n�t�r�o�l� �a�c�t�u�a�t�o�r�,� �t�h�e� �c�e�n�t�e�r�,� �r�e�c�t�a�n�g�u�l�a�r� �p�a�t�c�h� �i�s� 
�t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �a�c�t�u�a�t�o�r�,� �a�n�d� �t�h�e� �f�a�r� �l�e�f�t� �p�a�t�c�h� �w�a�s� �n�o�t� �u�s�e�d� �i�n� �t�h�e�s�e� �e�x�p�e�r�i�m�e�n�t�s�.� 
�T�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �c�a�n� �b�e� �s�e�e�n� �b�e�t�w�e�e�n� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �a�n�d� �c�o�n�t�r�o�l� �p�a�t�c�h�e�s�.� 
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