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A Theoretical and Experimental Study of Nonlinear Dynamics of Buckled Beams

Samir A. Emam

(ABSTRACT)

We investigate theoretically and experimentally the nonlinear responses of a clamped-clamped
buckled beam to a variety of external harmonic excitations and internal resonances. We assume
that the beam geometry is uniform and its material is homogeneous. We initially buckle the
beam by an axial force beyond the critical load of the first buckling mode, and then we apply
a transverse harmonic excitation that is uniform over its span. The beam is modeled according
to the Euler-Bernoulli beam theory and small strains and moderate rotation approximations are
assumed. We derive the equation of motion governing the nonlinear transverse planar vibrations and
associated boundary conditions using the extended Hamilton’s principle. The governing equation
is a nonlinear integral-partial-differential equation in space and time that possesses quadratic and
cubic nonlinearities. A closed-form solution for such equations is not available and hence we seek

approximate solutions.

We use perturbation methods to investigate the slow dynamics in the neighborhood of an
equilibrium configuration. A Galerkin approximation is used to discretize the nonlinear partial-
differential equation governing the beam’s response and obtain a set of nonlinearly coupled ordinary-
differential equations governing the time evolution of the response. We based our theory on a
multi-mode Galerkin discretization. To investigate the large-amplitude dynamics, we use a shooting

method to numerically integrate the discretized equations and obtain periodic orbits. The stability



and bifurcations of these periodic orbits are investigated using Floquet theory.

We solve the nonlinear buckling problem to determine the buckled configurations as a function of
the applied axial load. We compare the static buckled configurations obtained from the discretized
equations with the exact ones. We find out that the number of modes retained in the discretization

has a significant effect on these static configurations.

We consider three cases: primary resonance, subharmonic resonance of order one-half of the
first vibration mode, and one-to-one internal resonance between the first and second modes. We
obtain interesting dynamics, such as phase-locked and quasiperiodic motions, resulting from a Hopf

bifurcation, snapthrough motions, and a sequence of period-doubling bifurcations leading to chaos.

To validate our theoretical results, we ran an experiment, which is a modified version of the
experiment designed by Kreider and Nayfeh. We find that the obtained theoretical results are
in good qualitative agreement with the experimental results. In the case of one-to-one internal
resonance, we report, theoretically and experimentally, energy transfer between the first mode,

which is externally excited, and the second mode.
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Chapter 1

Introduction

1.1 Background and Motivation

The demand for engineering structures is continuously increasing. Aerospace vehicles, bridges, and
automobiles are examples of these structures. Many aspects have to be taken into consideration
in the design of these structures to improve their performance and extend their life. One aspect
of the design process is the dynamic response of structures under a variety of excitations. Real
problems are complex and hard to solve. As a result, one needs a bridge through which he or she
can simplify the actual problem. This bridge is the mathematical model. The more accurate the
mathematical model is, the closer we are to the actual problem. In many cases, it is not easy to
develop such a mathematical model for real structures, but a significant amount of insight could
be gained by investigating simpler similar structures. For instance, the dynamics of typical simple

structures, such as beams, plates, and shells, are of great importance to build such insight.

In this study, we investigate the nonlinear response of a buckled beam to transverse harmonic
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excitations. The beam is buckled by a static axial load above the first critical load and below the
second critical load. The buckled beam is assumed to be shallow. This type of structure exists in

reality in the form of an actual buckled beam or a structure with an imperfection.

The dynamics of continuous or distributed-parameter systems, such as beams, plates, and shells,
are governed by nonlinear partial-differential equations in space and time. These partial-differential
equations and associated boundary conditions form an initial boundary-value problem. In general,
it is hard to find exact or closed-form solutions for this class of problems. Consequently, one seeks

approximate solutions of the original problem.

There are two classes of approximating solutions of initial boundary-value problems: numeri-
cal methods and analytical methods. Numerical methods (e.g., finite differences, finite elements,
and boundary elements) replace the initial boundary-value problem by a set of nonlinear algebraic
equations, which are solved by using a variety of techniques. Analytical methods can be divided
into two categories: direct and discretization techniques. For weakly nonlinear systems, direct tech-
niques, such as perturbation methods, are used to attack directly the nonlinear partial-differential
equations and associated boundary conditions. In discretization methods, one assumes the solution

in the form

N
w(z,t) =Y én(z) gu(t) (1.1)

n=1

where N is an integer. Then, one either assumes the temporal functions g, (t), time discretization,
or the spatial functions ¢, (z), space discretization. With time discretization, the g, (t) are usually
taken to be harmonic and the method is called the method of harmonic balance. The result
is a set of nonlinearly coupled ordinary-differential equations, in space, for the ¢,. With space

discretization, the ¢, (x) are assumed and used in a variational or weighted-residual method. The
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result is a set of nonlinearly coupled ordinary-differential equations, in time, for the g,. In the
method of weighted residuals (e.g., Galerkin, collocation, least squares), one works directly with
the differential equations and associated boundary conditions. In the variational methods (e.g.,
Rayleigh-Ritz), one uses a functional related to the differential equations and associated boundary
conditions and works with the problem in a weak form. A functional is defined as an operator
that maps a function into a scalar or loosely speaking a functional is a function of functions, such
as the integration operator. Variational methods are not applicable to all problems and thus lack

generality.

In this study, we use the Galerkin method to discretize the nonlinear partial-differential equation
and associated boundary conditions governing the nonlinear vibrations of buckled beams into a set
of nonlinearly coupled ordinary-differential equations in time only. The Galerkin procedure is

discussed in more details in a later section.

Most of the literature dealing with the nonlinear vibrations of buckled beams uses a single-
mode discretization; and hence they offer no measure of how the obtained solution approximates
the exact solution. Moreover, the contribution of the neglected modes to the total response cannot
be estimated when using a single-mode discretization. Similar studies on shallow structures, such
as suspended cables and shallow shells, show that using a single-mode discretization leads to quan-
titative as well as qualitative errors in the predicted responses (e.g., Alhazza and Nayfeh 2001).
Kreider and Nayfeh (1998) observed experimentally nonlinear responses of clamped-clamped buck-
led beams, which cannot be explained with a single-mode discretization. One of the objectives of
this study is to investigate the nonlinear responses of buckled beams using a multi-mode Galerkin

discretization and determine the number of modes needed to accurately predict the actual dynam-
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ics. Thus, we investigate the contributions of the modes that are not directly or indirectly excited
on the total response under a variety of harmonic excitations. The obtained theoretical results are

compared with the experimental results and a good qualitative agreement is achieved.

1.2 Sources of Nonlinearity

Nonlinear systems are characterized by the fact that the superposition principle does not apply. In
general, nonlinearities in structural mechanics arise in many different ways and take on different

forms; they include material, geometric, inertia, and friction nonlinearities.

Material nonlinearities exist in systems which exhibit nonlinear stress-strain relationships, such
as the elasto-plastic behavior. Geometric nonlinearities arise from nonlinear strain-displacement
relationships. This type of nonlinearity is most commonly treated in the literature. Sources of this
type of nonlinearity include midplane stretching, large curvatures of structural elements, and large
rotation of elements. Inertia nonlinearities arise as a result of concentrated or distributed masses.
This type of nonlinearities is represented in the governing equations in terms of time derivatives
of the displacements. Friction nonlinearities, which are highly nonlinear, arise, for example, from
dry friction, stick-slip, and hysteresis. The aforementioned nonlinearities appear in the governing

differential equations.

Another nonlinearity is due to the boundary conditions, which might be in the form of nonlinear
equalities or inequalities. An example of the second type is the contact between elastic bodies, where
the relative displacement of the contacting points in the direction of contact must be less than or

equal to the initial gap between these points in order to satisfy the no-penetration condition.
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1.3 Systems with Quadratic and Cubic Nonlinearities

In this study, we investigate the nonlinear response of a clamped-clamped buckled beam to trans-
verse harmonic excitations. Because of the midplane stretching, the governing equation possesses
quadratic and cubic nonlinearities. Suspended cables, arches, and shells also possess quadratic and
cubic nonlinearities. Many researchers have investigated the dynamics of cables, arches, shells, and
buckled beams. In the following section, we review some of the works related to the dynamics of

buckled beams.

It is appropriate to define some of the terminology used in the literature concerning nonlinear
resonances. Consider a distributed-parameter system of natural frequencies w,, where n is the
number of modes, which is subjected to an external harmonic excitation of frequency 2. A primary
resonance of the nth mode occurs if the excitation frequency is close to the natural frequency of that
mode (i.e., Q@ ~ wy,). A subharmonic resonance of order 1/k of the nth mode occurs if Q ~ kwy,
where k£ is an integer. On the other hand, a superharmonic resonance of order k of the nth
mode occurs if Q & w,/k. Other nonlinear resonances include external and internal combination
resonances. An external combination resonance occurs if the external excitation frequency 2 is a
linear combination of two or more of the natural frequencies of the system; that is, ) ~ Efv k; w;,
where the k; are integers. An internal combination resonance may occur when two or more of
the natural frequencies of the system are commensurate; that is, va k; w; = 0 where the k; are
integers. Two frequencies wy, and w,, are said to be commensurate if w,, /wy, is a rational number.
Finally, there is a zero-to-one internal resonance characterized by energy transfer from high- to
low-frequency modes, if the frequencies of two modes are widely spaced (i.e., w, > wy,), where n

and m are integers.
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1.4 Review of Previous Work

To classify the previous work, we broadly divide the available literature into two main categories:
the first category includes studies that deal with free and forced vibrations of buckled beams using
a single-mode discretization; the second category includes studies based on multi-mode discretiza-

tions. In both categories, simply supported or clamped-clamped boundary conditions are used.

Burgreen (1951) investigated the free vibrations of a simply supported buckled beam using
a single-mode discretization. He pointed out that the natural frequencies of buckled beams de-
pend on the amplitude of vibration. He experimentally obtained results that validated his theory.
Eisley (1964a, 1964b) used a single-mode discretization to investigate the forced vibrations of
buckled beams and plates. He considered both simply supported and clamped-clamped boundary
conditions. For a clamped-clamped buckled beam, he used the first buckling mode in the dis-
cretization procedure. He obtained similar forms of the governing equations for simply supported
and clamped-clamped buckled beams. Holmes (1979) investigated the lateral vibrations around
the buckled configuration of a simply supported beam. Using a Lyapunov function, he proved
global stability of the motion for small and large values of the excitation amplitude. He gener-
alized his model to apply for any situation in which the undamped system possesses two stable
equilibria separated by a saddle point. Moon (1980) and Holmes and Moon (1983) investigated
chaotic motions of buckled beams under external harmonic excitations. They used a single-mode
approximation to predict the onset of these chaotic motions. Abu-Ryan et al. (1993) investigated
the nonlinear dynamics of a simply supported buckled beam using a single-mode approximation
to a principal parametric resonance. They obtained a sequence of supercritical period-doubling

bifurcations leading to chaos and snapthrough motions. Abhyankar et al. (1993) investigated the
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nonlinear vibrations of a simply supported buckled beam under a lateral harmonic excitation using
a finite-difference method and a single-mode Galerkin discretization approach. They obtained a
series of period-doubling bifurcations leading to chaos in both approaches. Ramu et al. (1994) used
a single-mode approximation to study the chaotic motion of a simply supported buckled beam.
They reported that using a single-mode approximation is quite accurate for such analysis. Ji and
Hansen (2000) investigated experimentally the postbuckling behavior of a clamped-sliding beam
subjected to an axial harmonic excitation. They used a single-mode approximation representing
a nonlinear oscillator with parametric excitation. Both fundamental and subharmonic resonances
were considered. In the case of subharmonic resonance, they obtained a series of period-doubling
bifurcations leading to chaos. In the case of primary resonance, they observed windows of period-
three and period-six motions embedded within the chaotic region. Furthermore, they observed a
sequence of period-demultiplying bifurcations coming out of chaos. Lestari and Hanagud (2001)
studied the nonlinear vibrations of buckled beams with elastic end constraints. They considered
the beam to be subjected simultaneously to axial and lateral loads without first statically buckling
the beam. They used a single-mode approximation in the analysis. Using elliptic functions, they
obtained a closed-form solution for the free vibration problem. They used a multi-mode approxi-
mation in the form of a Fourier-sine series to analyze the nonlinear vibrations of a buckled beam

with elastic constraints.

Eisley and Bennett (1970) investigated the validity of using a single-mode approximation for
a simply supported buckled beam by forcing one mode and determining the stability of the other
modes in both the prebuckling and postbuckling regions. They used the method of harmonic

balance to determine the amplitude-frequency relations. They concluded that using a single-mode
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approximation is not valid in the region where higher modes are unstable.

McDonald (1955) investigated the free vibrations of a simply supported buckled beam whose
ends are axially constrained. He represented the response by a series of sinusoidal functions. He
reported that the natural frequencies of the buckled beam change with the amplitude of vibration.
Tseng and Dugundji (1971) considered a two-mode approximation for a clamped-clamped beam
using a linear combination of the first two linear buckled modes. It is important to note that
the second mode, which is asymmetric, does not contribute to the response unless it is activated
by the first mode through an internal resonance. Away from the crossover region at which the
two frequencies of the first and second modes are close to each other, the result is similar to
that obtained using a single-mode approximation. Min and Eisley (1972) investigated the free
and forced vibrations of simply supported, axially restrained, buckled beams. They used a multi-
mode discretization to investigate the stability of all modes retained in the discretization under the
excitation of one mode. They considered two types of motions: one-side motions, which they called
unsymmetric, and snapthrough motions, which they called symmetric. Tang and Dowell (1988)
extended the analysis of Moon (1980) and Holmes and Moon (1983). They investigated the effect
of higher modes on the chaotic oscillations of a buckled beam under an external excitation. They
reported that it is generally necessary to consider the effects of higher modes on the response. They
obtained good quantitative agreement between theory and experiment when a sufficient number
of modes is included in the theoretical model. Reynolds and Dowell (1996a, 1996b) studied the
chaotic motion of a simply supported buckled beam under a harmonic excitation using a multi-mode
Galerkin discretization. They used Melnikov theory in their analysis. They noted the importance

of higher modes in determining the onset of chaos. For the range they considered, the contributions
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of the fifth and higher modes are insignificant.

Afaneh and Ibrahim (1992) investigated analytically and experimentally the nonlinear response
of a fixed-fixed buckled beam near a 1:1 internal resonance. They used the two modes involved in
the internal resonance in reducing the order of the system. Based on the reduced-order model, they
used the method of multiple scales to derive the equations governing the amplitudes and phases of
the interacting modes. They reported an energy transfer from the first mode, which is externally

excited, to the second mode, which is indirectly excited via the internal resonance.

Lacarbonara et al. (1998) investigated experimentally and analytically the frequency-response
curves of a clamped-clamped buckled beam in the case of primary resonance of its fundamental
vibration mode. They used both a single-mode Galerkin approximation and the direct approach in
which they attacked the integral-partial-differential equation and associated boundary conditions.
They reported that the obtained frequency-response curves using a single-mode approximation
are in disagreement with those obtained by both the direct approach and the experiment. Krei-
der (1995) and Kreider and Nayfeh (1998) investigated experimentally and theoretically the non-
linear vibrations of a clamped-clamped buckled beam. They used a single-mode approximation in
their theory. In one set of the experiments, they observed a sequence of period-doubling bifurcations
of the local attractors (limit cycles) culminating in chaos before snapping through. These responses
can be predicted with a single-mode discretization. In another set, they observed period-three and
period-five motions. Because these responses do not exist within narrow bands embedded within
chaos, they cannot be predicted with a single-mode discretization. In a third set, they observed
responses whose FF'T's consist of peaks corresponding to the excitation frequency and its harmonics

as well as side bands around these peaks. The frequencies associated with the side bands seem to



Samir A. Emam Chapter 1. Introduction 10

be incommensurate with the excitation frequency. Because these side bands cannot be predicted
by their single-mode discretization, they called them ‘unexplained side bands’. In this study, we
show that the latter responses represent quasiperiodic motions, which result from a secondary Hopf
bifurcation that cannot be predicted using a single-mode approximation. A quasiperiodic motion

is a dynamic motion characterized by two or more incommensurate frequencies.

We use the Galerkin procedure to discretize the governing integral-partial-differential equation
and associated boundary conditions using the linear vibration modes as trial functions. As a result,
we obtain a set of nonlinearly coupled second-order ordinary-differential equations in time only. The
number of these equations is equal to the number of modes retained in the discretization. We solve
for the fixed points of the discretized equations to obtain the static postbuckled configurations at
any buckling level. We find that a single-mode approximation is valid only for limited buckling
levels and cannot be justified for higher buckling levels. Moreover, at least three modes should be
retained in the discretization to accurately predict the postbuckling configurations and the dynamic

responses.

1.5 Contributions

We developed a multi-mode Galerkin discretization model that is capable of dealing with systems
possessing quadratic and cubic nonlinearities, such as arches, shells, suspended cables and buckled
beams and plates. This model reduces the governing partial-differential equations in space and
time into a set of nonlinearly coupled ordinary-differential equations in time only. We examined
the validity of reduced-order models and showed their shortcomings. Our theoretical results are

based on a four-mode discretization. Based on these discretized equations, we considered the
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following;:

1. We solved the discretized equations for the buckled configurations and compared the results
with the exact solution of the buckling problem. We found out that using a single-mode
discretization cannot be justified for relatively high buckling levels. Therefore, one should
examine the number of modes needed in the discretization in order to obtain accurate buckled

configurations.

2. We considered the local analysis of buckled beams around one of the equilibrium configura-
tions to a primary-resonance excitation of its first symmetric vibration mode. We used the
method of multiple scales to obtain approximate solutions of the discretized equations and the
governing partial-differential equation and associated boundary conditions, the later is known
as the direct approach. We determined a second-order approximation to the response, includ-
ing the modulation equations governing its amplitude and phase. We found out that using
a single-mode discretization leads to quantitative as well as qualitative errors in the effective
nonlinearity and the frequency-response curves. The frequency-response curves obtained us-
ing a multi-mode discretization are in qualitative agreement with the results obtained using

the direct approach and the experiment.

3. We investigated the global dynamics of buckled beams to a primary-resonance excitation of
its first symmetric vibration mode. We found period-doubling bifurcations, snapthrough, and
quasiperiodic motions, which cannot be predicted using a single-mode discretization. These
quasiperiodic motions are in qualitative agreement with the experimental results obtained by
Kreider and Nayfeh (1998) and our experiments. We investigated the possibility of phase-

locked motions, such as period-three and period-five motions.
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4. We investigated theoretically and experimentally the nonlinear responses of buckled beams
to a subharmonic resonance of order one-half of the first vibration mode. The theoretical

results are in good qualitative agreement with the obtained experimental results.

5. We investigated theoretically and experimentally the nonlinear responses of buckled beams
in the case of one-to-one internal resonance between the first and second modes. We observed
experimentally and obtained theoretically an energy transfer from the first mode, which is

externally excited by a primary resonance, to the second mode.

1.6 Organization

The dissertation consists of eight Chapters. In Chapter 1, we introduce the background and mo-
tivation of this work. Sources of nonlinearities and a brief discussion of systems with quadratic
and cubic nonlinearities are presented. A review of related previous work is summarized, and the

Chapter ends with the significance of our contribution.

In Chapter 2, we use the extended Hamilton principle to derive the governing equation of
motion and associated boundary conditions. We develop solutions for buckling and linear vibration
problems. The Galerkin method, based on a multi-mode discretization, is used to obtain a reduced-

order model for the problem.

In Chapter 3, we solve for the static buckled configurations based on the discretized equations
and compare these solutions with the exact solution of the nonlinear buckling problem. Static

configurations corresponding to the first and third buckling modes are investigated.

In Chapter 4, we present the experimental setup. Precautions and problems encountered while
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performing the experiment are also presented.

The next three Chapters are devoted to the response of buckled beams to a variety of har-
monic excitations. In Chapter 5, we investigate the dynamic responses due to primary-resonance
excitations of the first vibration mode. We carry out a local analysis in the neighborhood of an equi-
librium position using perturbation methods. Large-amplitude dynamics based on a multi-mode

Galerkin discretization are investigated and compared with the experimental results.

In Chapter 6, we investigate the dynamic responses due to subharmonic-resonance excitations
of the first vibration mode. We carry out local and global analysis and compare the latter with the

experimental results.

In Chapter 7, we investigate the dynamic responses of buckled beams in the case of one-to-one
internal resonance between the first and second modes. We report theoretically and experimentally

the energy transfer between the first mode, which is externally excited, and the second mode.

Finally, a summary of our findings and suggestions for future work are presented in Chapter 8.



Chapter 2

Problem Formulation

In this chapter, we derive the equation of motion and associated boundary conditions governing the
nonlinear responses of buckled beams using a variational approach. We solve the exact buckling
problem and obtain the buckled configurations as a function of the applied axial load. Then we
solve the linear vibration problem to obtain the natural frequencies and corresponding mode shapes.
We use the Galerkin procedure to discretize the nonlinear partial-differential equation in space and
time into a set of nonlinearly coupled ordinary-differential equations in time only using the linear

vibration mode shapes as basis functions.

We consider a straight beam of length L, a cross-sectional area A, a moment of inertia I, and
a modulus of elasticity E that is subjected to a constant axial force of magnitude P, as shown
in Fig. 2.1. We assume that the cross-sectional area of the beam is uniform and its material is
homogenous. The axial displacement is denoted by u and the transverse displacement is denoted
by w; both u and w are functions of the spatial coordinate x. The beam is modeled according

to the Euler-Bernoulli beam theory. Planes of the cross sections remain planes after deformation,

14
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Figure 2.1: A schematic of a clamped-clamped beam.

straight lines normal to the midplane of the beam remain normal after deformation, and straight
lines in the transverse direction of the cross section do not change length. The first assumption
ignores the in plane deformation. The second assumption ignores the transverse shear strains and
consequently the rotation of the cross section is due to bending only. The last assumption, which
is sometimes called the incompressibility condition, assumes no transverse normal strains. The last

two assumptions are the basis of the Euler-Bernoulli beam theory.

To derive the equation of motion governing the transverse vibrations of the beam, we consider
a differential element, located at a point P a distance x from the origin, of length dx in the
undeformed beam, as shown in Fig. 2.2 (Johnson, 2000). After deformation, the point P moves to

a new location P* of coordinates «* and y*, where

r=z+u (2.1)

Yt =w (2.2)
The element length ds in the deformed configuration is given by

ds = /dz*? + dy*? (2.3)
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Figure 2.2: A segment of the beam after deformation.

Differentiating Eqgs. (2.1) and (2.2) with respect to z, we obtain

dr* = (1+u)dr and dy* =w'dz

16

(2.4)

where the prime denotes the derivative with respect to the spatial coordinate x. Therefore, the

length of the element in the deformed configuration can be expressed as follows:

ds =+/(1+ )+ w?dx

The elongation of the differential element is given by

e=ds—dx

:[ (1—|—u’)2+w’2—1} dr = [\/1+2u’+U'2+w’2—1] dz

The rotation angle 0 is defined by

. y* w/
0= —
Sin ds /\
cos 0 — de* 1+
ds A
where ) is the stretch ratio defined as
A:EZ (1+u)?+ w'?

dx

(2.9)
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Differentiating Eqgs. (2.7) and (2.8) with respect to z and solving for the rotation gradient ¢’
yields

1+ u’)w” — "

(
6 = =

(2.10)

The curvature of the midplane is given by

@ _dode 0
ds drds /1+2u +u?+w?

(2.11)

Substituting Eq. (2.10) into Eq. (2.11), we obtain

1 AV
o (1+u)w" —u"w (2.12)

[+ 2u/ + u? + w?)?

Expanding Eq. (2.6) in a binomial series yields

1 1
e= {5 [2u'+u’2 +w'2] ~3 [2u’+ul2 +w'2]2 —|—---}da: (2.13)

where the higher-order terms are not included. We retain up to the quadratic terms in the dis-

placement gradient and obtain

1
e = [u/ + iuﬂ] (2.14)

which gives the elongation of the differential element based on the small-strain and moderate-
rotation approximations. Based on this assumption, we keep the linear terms in %’ and its deriva-
tives and up to quadratic terms in w’ and its derivatives. Integrating Eq. (2.14) over the domain,

we obtain the beam’s midplane stretching as

A =u(L) —u(0) + % /OL (2—5)2 dx (2.15)

where u(L) and u(0) are the axial displacements at the ends of the beam. If the ends of the beam

are fixed at an L distance apart, such as in the case of a clamped-clamped beam, the total midplane
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stretching is given by

1 [E/ow)?

The induced axial force due to the midplane stretching can be expressed as follows:

EFA

EA [T [0w\?

where FA/L is the axial stiffness of the beam. Therefore the total compressive force on the beam

is given by

EA [* [ow)?

where P is the external axial compressive load at the ends of the beam.
Expanding Eq. (2.12) in a binomial series yields
k=w"—u"w — 2w v+ (2.19)

According to the small-strain and moderate-rotation approximations, the curvature of the midplane

is given by
k=w" (2.20)
The bending moment M (x) at any location z is given by

M(z)=EI &

= EIw" (2.21)

where ET is the flexural rigidity or the bending stiffness of the cross section.
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The kinetic energy of the differential element is given by

1 ow\?

where m is the mass per unit length of the undeformed beam. Integrating Eq. (2.22) over the

length of the beam yields

1 L/ ow\?

The potential energy due to bending is given by

1 L
Vi, = —/ Mk dx
2 Jo
1 L 52w\ >

The potential energy due to the axial force P is given by

Vo=—-PA

1 L /ow\?

The potential energy due to the midplane stretching is given by

1
Vs—éSA

_ BA
8L

—

2.26)

[y a)

Therefore, the total potential energy can be expressed as follows:

1 L/ 92\ 1 (L fow)? EA

2

/OL (%’)2 d:z:] (2.27)
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2.1 The Extended Hamilton Principle

The extended Hamilton principle is one of the most powerful variational techniques for deriving
the equations of motion and associated boundary conditions for continuous systems. We consider
an elastic body of volume 7 whose external surface I' = I'yUT',,, where I'; and I';, represent the two
parts of I' where the stresses and displacements are specified, respectively. The Hamilton principle
states that, of all the displacements, varied paths, the u; that satisfy the boundary conditions
u; = u; over I'y, Vt > 0 (i.e., du; = 0 over I'},) and that fulfill also the condition du; = 0 at t = tg

and t =ty Vx; € 7, the actual path minimizes the functional

ty
I / (T -V + W) dt (2.98)
t

0
where T' is the kinetic energy, V is the potential energy, and W, is the nonconservative work
done. The condition of minimizing I may be replaced by the condition of the stationarity of I (i.e.,

0I = 0); that is,

ity
/ (0T — 8V + 6W) dt = 0 (2.29)
t

0

The first variation of the kinetic energy can be obtained by integrating Eq. (2.23) by parts

tf tf L 2 tf L
/ orT dt:/ 1) 1m/ (6_w) de|dt=m a—wﬁéw dx dt

ty tr L 92 ty pL 92
=mL 8—w5w —-m 8—w5w dx dt = —m a—w(sw dx dt (2.30)
ot to t0Jo Ot? toJo Ot?

where the first part vanishes by virtue of Hamilton’s principle. Using the same procedure, we obtain
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the first variation of the potential energy as
ty ty L v  0%w EAw (L [ow\?
oV dt = Fl— +P—bF — —— — | dz;dwdxdt
to /tO/O { 8a74+ 0z2 2L 8.1:2/0 ((99:) vowar
L
9w ow Bw ow EAow [F [ow\?
EI—6 Fl— +P— — —— — ) dx| o dt
+/to { 0z <8z> 05 "1 or T 2L 8:1:/0 (83:) o .
(2.31)
and the first variation of the nonconservative forces as

23 ty Hw
/ O Whe dt = / (q dw — c—) dw dt (2.32)
to to 8t

where ¢ is a distributed load in the transverse direction and c is the viscous damping coefficient.

Substituting Eqs. (2.30)—(2.32) into Eq. (2.29) yields

Otw 2w  EAPw [V [ow Ow
//{ g g P 5 | (%) d“"%*‘f}éwdm

ty 3 L 2 L
—/ {EIa 5(&”) - EI@_w+P8_w_E_A8_w/ (8—“’> d:c] (5w} dt=0 (2.33)
to 8 61: 0

Oz3 dr 2L Oz oz
Because Eq. (2.33) must hold for any arbitrary dw and 0 (2—7:), the integrand should be zero, which

gives the equation of motion governing the transverse vibrations of the beam as

Pu i pe gn EAZ (00
grTe art a2 TSt 2L 9a? J,

2
+El—+P %> dx = q(z,1t) (2.34)

and the boundary conditions

0*w ow
Efw—O or %—0 at =0 and z=1L (2.35)

and

Bw _ow EAow [F[ow\?
EIW—FP%—E%/ (%) dr =0 or w=0 at =0 and z=1L (2.36)

For a clamped-clamped beam, the boundary conditions are given by

w=0 and g—w:O at =0 and xz=1L (2.37)
x
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2.2 Nondimensional Problem

If the beam is subjected to a harmonic excitation of amplitude F and frequency (), the equation

of motion becomes

—~ + E1 + 9%

9w o' 0% 0w FEAw /L ow
m — P — + Cc— — —_—
ot? ozt o0z ot 2L 0% ),

2
) di = F(&) cos Qf (2.38)

subject to the boundary conditions

w=0 and g—lf]:O at =0 and Z=1L (2.39)
z

where the hat denotes dimensional quantities. For convenience, we use the following nondimensional

variables:

2 W . [EI . [mL?
Tow= o2 and =04 2.4
T YT W ™ EI (2.40)

where 7 = /I /A is the radius of gyration of the cross-section. As a result, we rewrite Egs. (2.38)

and (2.39) as follows:

. 1 1
W+ w” + Pw’ + ci — §w”/ w'dz = F(z) cos Ot (2.41)
0

w=0 and w' =0 at =0 and z=1 (2.42)

where the overdot indicates the derivative with respect to time ¢, the prime indicates the derivative

with respect to the spatial coordinate x, and

PL2 eL2 FLA
P=""" = d F=2%
El’ T Umel ™ rEl

are nondimensional quantities.
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2.3 Buckling Problem

The buckling problem can be obtained from Egs. (2.41) and (2.42) by dropping the time derivatives

and the dynamic load. The result is

1
wz‘v + PT/// _ %w// /0 1[/2da: —0 (2.43)

=0 and ¢ =0 at z=0 and z=1 (2.44)

where () is the static configuration associated with the load P.

There are two approaches to solve the buckling problem given by Egs. (2.43) and (2.44). First,
one attacks Eqgs. (2.43) and (2.44) directly to obtain the postbuckling configurations i (z) as a
function of the applied axial load P. The advantage of this approach is that one obtains the critical
buckling loads and the corresponding mode shapes as a byproduct. We note that the integral in

Eq. (2.43) is a constant for a given ¢(x). Hence, we let
b
Q= / Y dx (2.45)
0

where @ is a constant. As a result, Eq. (2.43) reduces to

P+ A =0 (2.46)
where A = /P — %Q The general solution of Eq. (2.46) is given by

Y(z) =c1 + cax + c3 cos Az + ¢4 sin Az (2.47)

where the ¢; are constants. Substituting Eq. (2.47) into Eq. (2.44) yields four algebraic equations
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in the ¢; as follows:

c1+cs=0 (2.48)

o+ Aeys =0 (2.49)

€1 +ca+c3cosh+cygsind=0 (2.50)
c2—AcgsinA+cgAcosA =0 (2.51)

This system of equations represents an eigenvalue problem for A. Equating the determinant of the
coefficient matrix of these equations to zero yields an equation for A. The roots of this equation,
which are the eigenvalues of the coefficient matrix, are the Euler buckling loads P, and the corre-
sponding eigenvectors are the associated buckled mode shapes. As a result, one of the constants ¢;
is arbitrary. Substituting Eq. (2.47) into Eq. (2.45) and satisfying Eq. (2.46), we obtain the value
of this constant. As a result, for a given buckling load P, we obtain exactly the static buckled

configurations ¥ (x).

In the second approach, which is more easier and gives the same results, one solves the linearized
buckling problem for the critical buckling loads P. and corresponding mode shapes. The linearized
buckling problem is given by Eq. (2.46) provided that A = V/P. Solving the eigenvalue problem,
given by Egs. (2.48)—(2.51), yields the buckled mode shaped and their corresponding critical loads.

The first buckled mode shape and its corresponding load are given by

Y(z) == (1 —cos2nz) and P, = 4r> (2.52)

N -

where () is normalized so that ¢(3) = 1. We represent the postbuckling displacement by

ws(x) =beyp(x) = %b (1 — cos2mx) (2.53)
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where b is a nondimensional rise at the midspan of the beam. Substituting Eq. (2.53) into Eq. (2.43),

where () is replaced by ws(z), yields
v’ =4(P - P.) /n° (2.54)

where P is greater than P, for postbuckling and b # 0.

2.4 Vibrations around the Buckled Configuration

To determine the problem governing the nonlinear vibrations around the buckled configuration, we

let

w(z,t) = ws(x) + v(z,t)
1

= §b (1 — cos2nmzx) + v(x,t) (2.55)
where v(z,t) is the dynamic response around the buckled configuration. Substituting Eq. (2.55)
into Egs. (2.41) and (2.42), we obtain

. 1 1 1
b+ o™ + 4n” — 20%73 cos 277&:/ v’ sin 27z dz = b7? cos 27ra:/ v dz + bwv'// v sin 272 dx
0 0 0

1 1
+ 51}'// v"2dx — b + F(x) cos Qt (2.56)
0

v=0 and v =0 at z=0 and z=1 (2.57)

We note that Eq. (2.56) possesses quadratic and cubic nonlinearities. Since there is no restrictions
on v to be small, Eq. (2.56) governs the global dynamics of the buckled beam; that is, the dynamics
that take place around the two buckled configurations. Our global static and dynamic analyses are

based on Eq. (2.56).
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2.5 Linear Vibration Problem

We follow Nayfeh et al. (1995) to determine the linear vibration mode shapes and corresponding
natural frequencies. The linear vibration mode shapes and corresponding natural frequencies can

be obtained by dropping the nonlinear, damping, and forcing terms from Eq. (2.56); that is,
‘ 1
B+ 0" + 4?0 — 26773 cos 27r:r/ v sin2rzdz =0 (2.58)
0
Next, we let
v(z,t) = ¢(x) ™! (2.59)

where ¢(x) is a linear vibration mode shape and w is its corresponding natural frequency. Substi-

tuting Eq. (2.59) into Egs. (2.58) and (2.57) yields

1
¢ + 4w ¢" — 2073 cos 27r:c/ ¢ sin 27z dr — w?p =0 (2.60)
0
$=0 and ¢ =0 at z=0 and z=1 (2.61)

Equation (2.60) can be rewritten as
O + 4n?¢’ — WP = 2?73 cos 2mx (2.62)
where
1
r :/ ¢ sin 2mx dw (2.63)
0

is a constant for a given ¢(x). The general solution of Eq. (2.62) is the superposition of a particular

solution ¢, and a homogeneous solution ¢p; that is,

o(z) = ¢+ dp (2.64)
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The homogenous solution of Eq. (2.62) can be expressed as
¢, = ¢1 Sins1x + ¢o cos s1x + cg sinh sox + ¢4 cosh sox (2.65)
where the ¢; are constants and
1
s1.2 = (127# +\/ant 1 w2> : (2.66)
We seek a particular solution of Eq. (2.62) in the form
bp = 5 oS 2TE: (2.67)
Substituting Eq. (2.64) into Eq. (2.62) and using Eq. (2.67), we obtain
. 1 1
¢y + 47r2¢;’ — w?¢, — 2673 cos 27r1:/ ¢y sin 2mx dx = 2b°73 cos 27r:1:/ ¢ sin2nz dr (2.68)
0 0
There are two possibilities: either
1 1
/ ¢psin2rxdr =0  or / ¢y, sin2rx dx # 0 (2.69)
0 0
and, respectively, we obtain
(b*71% —w?)es =0 (2.70)
or
1
(b?713 — w?) c5 = 2b27r3/ @), sin 2rx dx (2.71)
0

Equation (2.70) implies that c5 = 0 since b?>73 # w?, in general, and hence the mode shapes are
given by the homogeneous solution. This means that these mode shapes and corresponding natural
frequencies do not depend on the buckling level b. These mode shapes are the antisymmetric modes.

If c5 # 0, the general solution is given by

¢(x) = ¢1 sins1x + co cos sy + c3 sinh sox + ¢4 cosh sex + ¢5 cos 2wz (2.72)



Samir A. Emam Chapter 2. Problem Formulation 28

Substituting Eq. (2.72) into Eq. (2.61) yields

cot+cs+e5=0 (2.73)

s1c1+s2c3=0 (2.74)

c1 sin s1 + ¢g cos sy + ¢3 sinh sg + ¢4 coshsg =0 (2.75)

€1 81 Sin sy + ¢g 81 cos 81 + ¢3 89 sinh s9 + ¢4 89 cosh sy =0 (2.76)

Equations (2.73)—(2.76) and either Eq. (2.70) or Eq. (2.71) represent an eigenvalue problem con-
sisting of five algebraic equations in the ¢; and the natural frequency w. Solving this eigenvalue
problem, we obtain the natural frequencies and corresponding mode shapes at a given buckling

level b.

The linear vibration mode shapes are used as basis for the Galerkin discretization and normal-

ized such that

1
/0 ¢i ¢; dx = d;; (2.77)

where ¢;; is the Dirac delta function. Multiplying Eq. (2.60) by ¢ and integrating the result over

the domain yields
1
/ £(4) ¢ dx = w? (2.78)
0
where £ is a linear differential operator given by
. 1
£(¢) = o™ + 4@ — 20*73 cos 277&:/ @' sin 27z dx (2.79)
0

The general form of Eq. (2.78) can be expressed as follows:

/1 £(¢)z) ¢j dr = 6ij w]2- (2.80)
0
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Figure 2.3: Variation of the first seven nondimensional natural frequencies with the nondimensioanl

buckling level.

In Fig. 2.3, we show variation of the lowest seven calculated nondimensional natural frequencies
w with the nondimensional buckling level b. The analytical results are in excellent agreement with

the experimental results obtained by Nayfeh et al. (1995).

Investigating Fig. 2.3, we note that the buckled beam possesses a few internal resonances
depending on the buckling level. A one-to-one internal resonance may be activated between the
first and second modes and between the third and fourth modes when b is near 6.21 and 15.784,

respectively. A two-to-one internal resonance between the first and second modes may be activated
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when b ~ 2.86. A three-to-one internal resonance between the second and third modes and between
the first and third modes may be activated when b is near 9.216 and 20.153, respectively. In
Chapter 7, we investigate the nonlinear response of buckled beams in the case of one-to-one internal

resonance between the first and second modes.

2.6 The Galerkin Method

Reduced-order models are widely used to discretize the equations of motion of distributed-parameter
systems. The discretization techniques replace the distributed-parameter system by a set of nonlin-
early coupled ordinary-differential equations. Usually, the discretized set of equations is truncated
to a finite set. However, some of the neglected modes might affect the predicted response of the
system. Therefore, one should carefully select the number of modes needed in the discretization so

that the neglected modes have a negligible effect on the predicted response.

The Galerkin method, which is one of the best known discretization procedures, belongs to a
family of techniques known as the method of weighted residuals (Langhaar, 1962; Finlayson, 1972).
The theme of weighted-residual methods is briefly summarized next. Assume that the governing

differential equations of a continuous system are given by

L)=0 in A (2.81)

B(v) =0 on I (2.82)

where £ and B are differential operators, v is the unknown response, A is the domain of the problem,
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and I is its boundary. One approximates v as

N
=3 i (2.83)

i=1
where the ¢; are a set of trial functions, which are specified, and the ¢; are constants or functions,

which are chosen to give the best approximation. Therefore, the resulting error is given by
e=v—10 (2.84)
Substituting Eq. (2.83) into Eq. (2.81) yields
£(v) =R (2.85)

where R is the residual, which results from the approximation. If ¥ were the exact solution, the

residual would be zero.

In the method of weighted residuals, the g; are chosen in such a way that the residual is forced
to be zero in an averaged since. The weighted integrals of the residual are set equal to zero; that

is,
<wj, R>=0 (2.86)
where the w; are weighting functions and
<u,v>= /Auv dA (2.87)

is the inner product of u and v. If < u,v >= 0 the functions u and v are orthogonal. The weighting
functions can be chosen in many ways and each choice corresponds to a different criterion of the
method of weighted residuals. In the Galerkin method, the weighting functions w; are chosen to

be the trial functions ¢;. The trial functions must be chosen as members of a complete set of



Samir A. Emam Chapter 2. Problem Formulation 32

functions. A set of functions {¢;} is said to be complete if any function of a given class can be
expanded in terms of the set. Then the series in Eq. (2.83) is capable of representing the exact
solution, provided that enough terms are used. A continuous function is zero if it is orthogonal
to every member of a complete set. Thus the Galerkin method forces the residual to be zero by

making it orthogonal to each member of a complete set of functions.

In the present study, we use the linear vibration mode shapes of the buckled beam, which are
members of a complete set of functions, as trial functions. The weighting functions are the same

as the trial functions according to the Galerkin method.

2.6.1 Multi-Mode Galerkin Discretization

According to the multi-mode Galerkin discretization, one assumes that

N
(@) =) ule) a(t) (2.88)

where N is the number of retained modes, the ¢, (z) are the linear vibration mode shapes of the
buckled beam, and the ¢, (t) are generalized coordinates. Substituting Eq. (2.88) into Eq. (2.56),
multiplying by ¢, integrating the result over the domain, and using Egs. (2.77) and (2.80) yields

the set of equations

N N
Gm +w3nqm =—Ccgm+0b ZAmij q;i q; + ZBmi]‘inqj'Qk + fmcosQt, m=1,2,....N (2.89)
i7j i7j7k

where

1 1 1 1
Apij = 7 (/0 CoS 27T Py, da:) </0 b; & d:r) + (/0 sin 27z ¢ dx) (/0 O da:) (2.90)
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and

1 1
Brijk = % (/0 ¢; bm dw) (/0 O B dw) (2.91)

are the coefficients of the quadratic and cubic nonlinearities, and

1
fm = / F(x) ¢m dx (2.92)
0
is the projection of the distributed force F(z) onto the mth mode.

The single-mode approximation can be obtained from Eq. (2.89) by letting N equal to one.

The result is
j+wlq=—ci+bas@®+aszq®+ fcosQt (2.93)

where

Qg = 72 (/01 c0827r:1:¢>d:1:) (/Ol(qb')Qd:L') +7 (/01¢>¢” dac) (/Olsin27r33¢ daz) ,
0= (/Olw” dm) (/01<¢’>2dm) - (/01<¢’>2dz) ,

f—/olF(fc)Mx,

and ¢ is the shape of the mode retained in the discretization.



Chapter 3

Static Analysis

In this chapter, we use the discretized equations to predict the static buckled configurations and

compare them with the exact buckled configurations discussed in Section 2.3.

3.1 Governing Equations

According to the multi-mode Galerkin discretization, the dynamic response v(z,t) is given by

N
v(@,t) =) ¢n(@)qn(t) (3.1)
n=1
Substituting Eq. (3.1) into Eq. (2.55) yields the total deflection
1 N
w(z,t) = 5b(1 — cos2mz) + Y _ dn()gn(t) (3.2)
2 n=1

where the ¢; are given by

N N
Gn +UJ3LQ7L =—cqg,+b ZAnij Qi q; + ZBnijqu'Qj qr + frncosQt, n=12,...,N (3.3)
%,J 1,5,k

34
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and Ap;j, Bpiji, and f,, are given by Egs. (2.90), (2.91), and (2.92), respectively.

The static buckled configurations can be obtained from Eq. (3.3) by letting ¢; independent of ¢.
We solve for the equilibrium solutions or the fixed points of the discretized equations using single-
and multi-mode approximations to determine the number of modes that needs to be retained in

order to obtain accurate buckled configurations under different buckling levels.

To determine the equilibrium configurations of Eq. (3.3), we set the time derivatives and the
forcing term equal to zero. Then, the resulting discretized equations governing the static buckled

configurations are given by

N N
b ZAm'jQin +ZBm‘jqu‘Qij ~w2g, =0, n=12,...,N (3.4)
i7j i’j’k

Solving Egs. (3.4) for the generalized coordinates ¢, at a given buckling level b, beyond the
first buckling load and below the second buckling load, gives three solutions corresponding to the
equilibrium configurations: the two wells and the unstable straight position. We compare these
results with the exact buckled configurations obtained in Section 2.3. We measure the displacement
from the upper position of the buckled beam as noted in Eq. (3.2). We note that, at a given rise
b, the total deflection at the midspan of the beam are 0, —1, and —2, where the total deflection is
normalized with respect to b. The two wells are stable centers and the unstable straight position

is a saddle.

3.2 Buckled Configurations

The total deflection at the midspan calculated from the single- and multi-mode discretizations for

different buckling levels are shown in Fig. 3.1. We note that, at relatively low buckling levels, the
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single-mode discretization provides a good approximation to the buckled configurations. As the

buckling level is increased, the saddle gets closer and closer to the lower center until they collide

and destroy each other. Below the buckling level corresponding to this saddle-center bifurcation,

the two centers are unsymmetric. This shortcoming in the static analysis points out to the fact

that the accuracy of a single-mode discretization depends strongly on the buckling level. On the

other hand, using a multi-mode approximation provides accurate static configurations for higher

buckling levels. This motivated us to carry out the analysis using a multi-mode discretization.

0.5

I
o
ol

Total deflection at the midpoint
- |
3 =

Upper Center

N=2 or more

Lower Center

| |

25 3
Buckling level, b

3.5 4

4.5

Figure 3.1: Total deflection at the midspan obtained with different number of modes at different

buckling levels.

In Fig. 3.2(a), we show the approximate buckled configurations, the dotted lines, obtained

using a single-mode approximation compared with the exact configurations.

We note that, at
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this buckling level, the single-mode solution does not give a good approximation to two of the
equilibrium configurations. Consequently, discrepancy in the dynamics of the beam is expected
as will be shown. Adding more modes in the discretization improves the solution; in Fig. 3.2(b),
we show the results obtained using two modes in the discretization. The approximate equilibrium

configurations obtained using three modes are indistinguishable from the exact ones.

To determine the robustness of the multi-mode Galerkin discretization, we consider an axial
load beyond the second critical load of the symmetric buckling modes. In the previous case, where
only the first buckling mode can be activated, we obtained three solutions from the nonlinear
discretized equations. When two buckling modes can be activated, we obtain five solutions: three
of them give the static configurations corresponding to the first buckling mode shape, as before,
and the other two solutions give the static configurations corresponding to the other buckling
mode shapes. Figures 3.3(a) and 3.3(b) show the static configurations of the first two symmetric
buckling mode shapes, respectively, for b = 8 using a two-mode approximation. Adding a third
mode improves significantly the static configurations for the first two symmetric buckling modes,
as shown in Figs. 3.4(a) and 3.4(b). Using a four-mode approximation gives good results for the
equilibrium configurations. Therefore, one should check how many modes need to be retained in

the discretization to obtain reasonable static and dynamic results.
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Figure 3.2: Comparison of the buckled configurations obtained using discretization with the exact

configurations.
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shapes using a two-mode approximation with the exact solutions.
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Chapter 4

Experimental Setup

One of the motivations behind this work is the experimental results obtained by Kreider and
Nayfeh (1998). They investigated experimentally the nonlinear responses of a clamped-clamped
buckled beam in the case of primary-resonance excitations. For the theory, they used a single-mode
approximation. The experimental setup used in this dissertation is a modified version of that used
by Kreider and Nayfeh (1998). We consider a fixed-fixed beam subject to a harmonic force that
is uniform over its span. To simulate these conditions, we mounted a clamping apparatus to an
aluminum slab, which has then attached to an electrodynamic shaker. This arrangement is depicted

in Fig. 4.1.

One part of the clamping apparatus is the aluminum slab to which the clamps are mounted. The
dimensions of this slab are as follows: 3" in thickness, 15” in width, and about 20" in length. There
are three aspects involved in the design of this slab. First, the length and the width are chosen to
allow a beam of about 11” to be clamped on the surface. Second, the thickness is required to prevent

the corners that hang over the edges of the shaker table from flapping around. Last, aluminum
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Figure 4.1: A picture of the experimental setup.

is used to provide enough mass to minimize feedback to the shaker without severely limiting the
output amplitude capabilities of the shaker. The other part of the clamping apparatus is the clamps
themselves. At this point, it is helpful to define the physical requirements of appropriate clamps.
Successful clamps generally provide boundary conditions that enable a meaningful comparison of
experimental data to a theoretical model. For a vibrating beam with fixed ends, physical clamps
allow some nonzero slopes as well as axial and transverse deflections at the boundaries of the beam.
Small nonzero slopes and small transverse deflections at the boundaries are acceptable. Axial
deflections due to the elastic behavior of the clamps are also acceptable. Other axial motions of
the clamps, such as slipping, change the dynamics of the system. The reason is that the natural
frequencies of the buckled beam depend on the static deflection and the beam length, which change
as a result of the slipping. The final design of the clamps that prevents the slipping of the ends

and consequently satisfies the fixed-fixed boundary conditions is shown in Fig. (4.2).



Samir A. Emam Chapter 4. Experimental Setup 44
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Figure 4.2: A three-dimensional view of the clamps in the experiment.
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To describe the instrumentation, we first consider a harmonic input to the beam. A Ling
Dynamic Systems (LDS) model V722 shaker provides the excitation. This shaker is powered by an
LDS model PA2000 linear amplifier to allow a maximum output force of 922 Lbf over a range of
5-4000 Hz. We monitored the frequency contents of the excitation and response by using a Hewlett

Packard 35670A dynamic signal analyzer.

To measure the base acceleration, we used a PCB model 308 B02 accelerometer mounted on the
slab. Kreider and Nayfeh (1998) used a laser Doppler velocitometer to measure the velocity at the
midspan of the beam. Lacarbonara and Nayfeh (1998) used a Philtec Series 88, type D fiber-optic
displacement sensor to measure the displacement at the midspan of the beam. The advantage
of using any of these techniques is that they are noncontacting sensors and as a result they do
not affect any of the modal parameters of the beam. One of the concerns that should be taken
into consideration when using such techniques is that the sensor must be oriented perpendicular
to the target in order to obtain accurate measurements, which represents a disadvantage of these
techniques. Since the antisymmetric modes have nodes at the midspan of the beam, these techniques
fail to detect such modes and the only modes that can be measured are the symmetric modes. To
overcome this shortcoming, we used a strain gage away from the midspan to measure the response

whether the excited modes are symmetric or antisymmetric.

Some considerations have to be noted before ending this chapter. Using the final clamp design,
that has been used in this dissertation, yielded consistent results. However, we still observed a
small decrease in the buckled deflection at the midspan and the natural frequencies during and
after a dynamic test. We observed a heat generation by the electrodynamic shaker, which might

affect the length of the beam between the clamps enough to affect significantly the static buckled
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deflection and the natural frequencies. In order to evaluate the effects of slipping and temperature
changes, we used the natural frequencies of the beam as a measure of the beam’s state. We used
a fan to minimize heat generating by the shaker and hence to keep isothermal conditions as much
as possible. By doing this, the natural frequencies of the beam before and after each run were

consistent.

Turning to the test specimen, we tested a blue-tempered spring steel beam with a thickness of
about 0.02", a width of about 0.5”, and a hardness of nearly 45 on the Rockwell C scale (441 Vick-

ers).



Chapter 5

Primary-Resonance Excitations

In this chapter, we investigate the nonlinear responses of a buckled beam to a primary-resonance
excitation of its first symmetric vibration mode. We assume that the transverse harmonic exci-
tation, whose frequency is near the natural frequency of the first vibration mode, is uniform over
the length of the beam. For the local analysis, we use the method of multiple scales to obtain
an approximation, including the modulation equations of the amplitude and phase, to the nonlin-
ear response in the vicinity of one of the buckled configurations. We derive an expression for the
effective nonlinearity and generate frequency-response curves. In the subsequent sections, we inves-
tigate the global dynamics that take space in the whole phase space using a multi-mode Galerkin
discretization and compare, qualitatively, the obtained theoretical results with the experimental

results obtained by Kreider and Nayfeh (1998) and our experimental results.
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5.1 Local Analysis

In this section, we discuss the slow dynamics that take place in the vicinity of an equilibrium
configuration. We carried out a perturbation analysis, using the method of multiple scales, on both
the partial-differential equation and associated boundary conditions and the discretized equations
to obtain an approximate solution, including the modulation equations governing the amplitude

and phase of the excited mode.

5.1.1 Direct Approach

We apply the method of multiple scales directly to the integral partial-differential equation and
associated boundary conditions, Eqgs. (2.56) and (2.57), to determine a second-order approximate
solution of the response, including the modulation equations governing its amplitude and phase.
Details of the method of multiple scales can be found in Nayfeh (1973, 1981). We introduce the
time scales Ty = t, T1 = et, and T = €*t, where € is a bookkeeping parameter such that € < 1 and,

as a result, we obtain

0
&:Do—FEDl—FEQDQ-F"' (5.1)

where D,, = %. We seek an approximate solution for Egs. (2.56) and (2.57) in the form
3 .
v(x,t;e) = Ze’vi(a:,To,Tg) (5.2)
i=1
where the dependence of v(w,t;€) on Ti is not included because secular terms arise at O(e?).
Moreover, we scale ¢ and f as €2c and €2 f in order that the effects of damping and forcing balance

the effect of nonlinearity. Substituting Egs. (7.1) and (7.2) into Egs. (2.56) and (2.57) and equating
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coefficients of like powers of €, we obtain

Order e:
1
£(v1) = DEvy + vV + 4n%0] — 26773 cos 27r:1:/ v} sin 2rxdr = 0 (5.3)
0
Order ¢2:
1 1
£(vg) = brvf / v} sin 2rxde + br? cos 2mx / vidz (5.4)
0 0
Order ¢3:

1 1
£(v3) = — 2Dy Dyv; — cDyvy + 2brw? cos 27r:z/ vivhdr + bwvi’/ vh sin 2rxdz
0 0
1 1 1
+ brrvy /0 v} sin 2rzdr + 51}’1’ /0 vidx + F(z) cos Ot (5.5)
The boundary conditions for all orders are
v; =0 and v}zO at =0 and z=1 for j=1,2,3 (5.6)
For a primary-resonance excitation of the nth mode, the solution of the first-order problem,
Egs. (7.3) and (7.6), is expressed as follows:
v1(z, To, o) = An(Ts)pn(x)e™nT0 + cc (5.7)

where cc stands for the complex conjugate of the preceding terms and the complex-valued function
A, (T,) is determined by eliminating the secular terms in the third-order problem. Substituting

Eq. (7.7) into Eq. (7.4) yields
£(vg) = hy(x)AZe?nTo 1 p, (2)A, A, + cc (5.8)
where the overbar denotes the complex conjugate (i.e., A, is the complex conjugate of A,) and

hn(x) = brep! / ¢! sin 2w zdx + b’ cos27r:r/ 2 dx (5.9)
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The solution of Eq. (7.8) subject to the boundary conditions, Eq. (7.6), can be expressed as follows:

va(z, Ty, Tp) = Tip(x)A2e2nT0 4 Ty (2) A, Ay + ce
where the I's are the solutions of the following boundary-value problems:

M[[ip(2); 2wy] = hp(x)

M[Ton(2); 0] = hn(z),
and the operator M(I';w) is defined by
‘ 1
M(T,w) =T% 4+ 47°T" — T — 2b%73 cos 27r33/ [V sin 2rzxdz
0
The boundary conditions on all I's are given by

I'=0 and I'=0 at z=0 and z=1

Substituting Egs. (7.7) and (7.11) into Eq. (7.5), we obtain
N 1 .
£(v3) = [—iwy (2D2 A, + cAp)dn(z) + x1n(2) A2 A,] etnTo 4 §F(m)eZQTo +cc+ NST
where
1 1
xin(z) =br (T, + 2I'%,) / @), sin 2rxdz + b / (T, + 2Ty, sin 2rzda
0
1
+ 2br? cos 27r:z/ ¢, (T, + 2I,) dz + ¢ / P2da
0
and N ST stands for terms that do not produce secular or small-divisor terms.
To express the nearness of ) to wy,, we let

Q=w, + o

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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where o is a detuning parameter. Since the homogeneous problem of Egs. (7.18) and (7.6) has a
nontrivial solution, these equations have solution only if a solvability condition is satisfied. The
solvability condition demands that the right-hand side of Eq. (7.18) be orthogonal to every solu-
tion of the adjoint homogenous problem, (Nayefh 1981). Demanding that the right-hand side of

Eq. (7.18) be orthogonal to ¢, (x)exp(—iw,Ty) and using Eq. (5.17), we obtain
. / 1 27 1 10T
2iwy, | Ay, + §cAn — 8Sun Ay Ay — §fne 2 - (5.18)
where S,,,, and f,, are given by

1
S&W:iA;nMxWMwﬂ$ (5.19)

1
fa= / F(m)(bndx (520)
0
and the prime denotes the derivative with respect to the slow time scale T5.
Next, we introduce the polar transformation

1 .
Anzi%a% (5.21)

where a,(73) and (,(T%) are the amplitude and phase of the nth mode. Substituting Eq. (7.23)

into Eq. (5.18) and separating the result into its real and imaginary parts, we obtain

1 : 1
a, = mfn sin(oTy — Bn) — 5¢an (5.22)
1
anf3y, = ety — 5— fncos(oTs = By) (5.23)
Wn,
where ae = —Sy,, /wy, is the effective nonlinearity. Equations (5.22) and (5.23) represent a nonau-

tonomous system for a,, and §,. To make it autonomous, we let

Tn = ols — ﬂn (524)
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Substituting Eq. (5.24) into Egs. (5.22) and (5.23) yields

1 . 1
a, = ﬂfn s — 5Can (5.25)

n

1
Vi = n 0 = Ol + 5 fn COS I (5.26)
n

Equations (5.25) and (5.26) are the modulation equations governing the amplitude and phase of
the nth mode; that is, how the amplitude a, and phase ~, evolve with the slow time scale T5. In
the next section, we carry out similar analysis on the discretized equations and compare the results

with those obtained in this section.

5.1.2 Discretization Approach

In this section, we apply the method of multiple scales to the discretized equations to obtain an
approximation to the response, including the modulation equations governing its amplitude and
phase. We compare the results obtained for the effective nonlinearity and the frequency-response
curves with those obtained using the direct approach in Section 5.1.1. We seek an approximate
solution to the discretized equations, Eqs. (2.89), which are repeated here for convenience.

Gm + @ Gm == Cm+b Y Amij iy + Y Bmijk 6 4j Gk + frncosQt, m=12,...,N (5.27)

i,j ig.k

Since the beam is subjected to a primary resonance of its nth vibration mode, we assume that the
contribution of the nth mode is of lower order of magnitude than the contributions of the other

modes. Hence, we seek a solution in the form

Qn(t;e) = €dn1 +€2(Jn2 +€3Qn3 + -

Gm(t;€) = € Gma + € gma + -+, m#n (5.28)
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Substituting Eq. (5.28) into Eq. (5.27) and equating coefficients of like powers of €, we obtain

Order e:
Dign1 + wign1 =0 (5.29)
Order ¢2:
D gm32 + Whgm2 = b Amnn 43 (5.30)
Order ¢3:

N
Diqm3 + wigms = — 2 DDy g1 — ¢ Do gn1 + b Z Amnj 451 G52

j=1
N
+b > Amjn Gn1 ¢j2 + Burnnn @1 + fm cos QT (5.31)
j=1
The general solution of Eq. (5.29) can be expressed as
gnl (T(), Tg) = An(Tg)eiw”TO + cc (532)

where A, (T3) is a complex-valued function that is determined by eliminating the secular terms in

the third-order problem. Substituting Eq. (5.32) into Eq. (5.30) yields
D(Q)Qm2 + WEanZ = bAmnnA% e%wnTO + AnAn + cc (533)

The solution of Eq. (5.33) is given by

1 _ A2 .
am2(To, T2) = bApmnn (w—2AnAn 4+ ZiwnTo 4 cc) (5.34)

2 2
m Wm — 4wn

Substituting Eqs. (5.32) and (5.34) into Eq. (5.31), we obtain

2 1 ,
i — twnTo
w?  w?— 4w%]

N
D%qmg + wfnqmg = — 2iwnA;Ie“"”T° + bZAif_ln Z (Amnj + Amjn) Ajnn e
j=1

. . 1 )
— icwn Ape®“nT0 4 3B A2 A et nTo 3 fme T 4 cc+ NST (5.35)
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As in the preceding Section, we express the nearness of ) to w, as
Q=w,+e0 (5.36)
Eliminating the secular terms in Eq. (5.35), we obtain
. ! 1 27 1 ioT:
2iwn (A;, + §cAn) + 8wpaeAn Ay — §fne 2=0 (5.37)

where the effective nonlinearity o, is given by

N
1 1.9 2 1
Qe = — Son [b 2 (Apnj + Anjn) Ajnn (w—JQ + m) + 3Bnnnn:| (5.38)

We note that Eq. (5.37) has the same form as Eq. (5.18).

Figure 5.1 shows variation of the effective nonlinearity a. with the buckling level b using the
direct and discretization approaches. We note that, below the critical buckling level b =~ 15.2, the
effective nonlinearity obtained using any number of modes in the discretization is negative; however,
there are quantitative differences. This means that the frequency-response curves have the same
qualitative behavior, softening, but with some quantitative differences. Above this critical buckling
level, the effective nonlinearity obtained with a single-mode approximation changes sign, indicating
that the predicted frequency-response curves are qualitatively different from those predicted with
a multi-mode approximation. Increasing the number of modes retained in the discretization, we

find that the obtained effective nonlinearity approaches that obtained using the direct approach.

Based on the discretized equations, the solution to the second approximation can be expressed

as follows:

N
1 . 1 1 )
ce) = Z i(Qt—n) 2 , ) _ 2i(Qt—yn)
w(z, t;€) =ws(z) + 2¢n(m)ane + € ba;, [ ;_1 &i(x) Ainn, (%2 o 4w%e ) }

+ cc+ O(e?) (5.39)
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Figure 5.1: Variation of the effective nonlinearity o, with the buckling level b obtained with the

direct and discretization approaches.

where the amplitude and phase a,, and -, are governed by Egs. (5.25) and (5.26).

It follows from Eq. (5.39) that periodic motions of the beam correspond to the equilibrium
solutions of Egs. (5.25) and (5.26). Setting a,, and ~,, equal to zero in Egs. (5.25) and (5.26) and

eliminating ~, from the resulting equations, we obtain the frequency-response equation

1
4w?

1
fEL = ZC2 agL —|—agL o? —|—ag ag —20 Q. ai (5.40)

Solving this equation for o, we obtain

1
o=a’o. + = s — 2 (5.41)
n
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Figure 5.2(a) shows frequency-response curves obtained for a buckling level below the critical value
using the direct and discretization approaches. We note that using one-mode, two-mode, and
three-mode approximations lead to quantitative errors in the predicted frequency-response curves.
However, using one-mode and two-mode approximations at a buckling level which is beyond the crit-
ical value lead not only to quantitative errors, but also to qualitative errors, as shown in Fig. 5.2(b).
We note that one-mode and two-mode approximations predict a hardening-type behavior rather
than the correct softening-type behavior predicted using the direct approach and a four-mode

discretization.

5.2 Global Analysis

In this section, we investigate the global dynamics that take place in the whole phase space and
compare the obtained theoretical results with the experimental results obtained by Kreider and

Nayfeh (1998) and our experimental results.

5.2.1 Experimental Results

Kreider and Nayfeh (1998) reported six runs and in each case the natural frequencies were measured
before and after the experiment to ensure that they did not change during the run. In two of these
runs, run #1 and run #2, they obtained classical supercritical period-doubling bifurcations of
the local attractors. By local attractors we mean limit cycles, which take place around one of
the buckled configurations. On the other hand, we refer to large-amplitude motions, including a
snapthrough motion between the two wells as a global attractor. The power spectra of the responses

obtained for three excitation levels during run #2 are shown in Fig. 5.3. It shows period-one, period-
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two, and period-four motions. These motions can be predicted using a single-mode discretization.
In runs #3 and #4, they obtained side bands, which have a common spacing of about one-fifth and
one-third of the excitation frequency, respectively. Consequently, they concluded that these motions
are period-five and period-three, respectively, as shown in Figs. 5.4 and 5.5. Since these motions do
not exist in narrow windows embedded within chaotic responses, these motions cannot be predicted
using a single-mode discretization. In runs #5 and #6, period-one, period-two, and quasiperiodic
motions are observed, as shown in Fig. 5.6. The period-one and period-two motions can be predicted
using a single-mode discretization. However, the quasiperiodic motion, consisting of peaks at the
excitation frequency and its harmonics and side bands whose frequencies are incommensurate with
the excitation frequency, cannot be predicted using a single-mode discretization. Therefore, they

called the side bands in Fig. 5.6 unexplained side bands.

Using a multi-mode Galerkin discretization, we are able to explain the mechanism by which
these side bands are created. By using two or more modes in the discretization, we obtained a
classical supercritical period-doubling bifurcation followed by a secondary Hopf bifurcation, result-
ing in a quasiperiodic motion. This secondary Hopf bifurcation creates a new frequency, which is,
in general, incommensurate with the excitation frequency. The power spectrum of such a motion
is similar to those obtained by Kreider and Nayfeh (1998) in run #b5, as shown in Fig. 5.6. If
the new frequency created by the secondary Hopf bifurcation is commensurate with the excitation
frequency, a phase locking of the motion takes place, resulting in a large-period periodic motion.
In run #3, the new frequency seems to be one-fifth of the excitation frequency, and as a result a
period-five motion was created. Similarly, in run #4, the new frequency seems to be one-third of

the excitation frequency, and as a result a period-three motion was created. In the next section,
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we present numerical results supporting this mechanism.

5.2.2 Numerical Results

In this section, we numerically integrate the discretized equations to investigate the global dynamics.
We use a shooting method to compute periodic orbits, limit cycles, and investigate their stability
and bifurcations using Floquet theory (Nayfeh and Mook, 1979; Nayfeh and Balachandran, 1995;

Troger and Steindl, 1991).

Having showed the influence of the number of modes retained in the discretization on the
static configurations, one needs to determine the number of modes needed to provide a good
approximation to periodic responses in investigating the global dynamics of buckled beams for a
various of buckling levels. One measure of the accuracy is the symmetry of the predicted periodic
responses around the two buckled configurations. In other words, the dynamics that take place
around the upper buckled configuration must be the same as the dynamics that take place around
the lower buckled position before snapping through. To this end, we calculate the motion around
the buckled configurations using an increasing number of modes. We excite the beam with a
uniform harmonic excitation whose frequency is near the frequency of the first vibration mode. In
Fig. 5.7(a), we present limit cycles, at the midspan of the beam, around the buckled configurations.
The buckled configurations are normalized with respect to the rise at the midspan of the beam such
that the upper and lower buckled positions are given by 1 and —1, respectively, and the unstable
straight position is given by 0. We note from Fig. 5.7(a) that using a single-mode approximation
results in unsymmetric limit cycles around the buckled positions, which themselves are unsymmetric

as predicted by the static analysis. Using a two-mode discretization improves significantly the
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dynamic solutions, as shown in Fig. 5.7(b). Adding more modes gives the required symmetry of
the limit cycles around the buckled positions, as shown in Figs. 5.7(c) and 5.7(d). Therefore, we
use a four-mode discretization to investigate the global dynamics of the beam. We note that the
number of modes has a significant effect on the limit cycles take place around the lower buckled
configuration, which is represented by —1. This is because we carried out the analysis around the
upper buckled configuration and as a result discrepancies are expected to appear around the other

well.

A periodic solution, which is a period-one motion, and its corresponding FFT are shown in
Figs. 5.8(a) and 5.8(b). As the excitation amplitude is increased, a supercritical period-doubling
bifurcation occurs; the period-two motion and its corresponding FFT obtained at F' = 440 are
shown in Figs. 5.9(a) and 5.9(b). As we increase the excitation amplitude further, a sequence of
supercritical period-doubling bifurcations takes place. Figures 5.10(a) and 5.11(a) show period-four
and period-eight motions at F' = 475.1 and F' = 479.3, respectively. The corresponding FFTs of
the period-four and period-eight motions are shown in Figs. 5.10(b) and 5.11(b), respectively. This
sequence of supercritical period-doubling bifurcations of the local attractors culminates in chaos.
Beyond chaos, the response is given by a global attractor, which coexists with the local attractors
for a wide range of excitation amplitudes, as shown in Figs. 5.12(a) and 5.13(a). These global

attractors are of period one; their corresponding FFTs are shown in Figs. 5.12(b) and 5.13(b)

Increasing the excitation amplitude at the same frequency results in an interesting dynamics
corresponding to a quasiperiodic motion at F' = 6165 where two complex-conjugate Floquet multi-
pliers exit the unit circle away from the real axis, indicating a Hopf bifurcation. This quasiperiodic

motion cannot be obtained by using a single-mode discretization. We note that at least two modes
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are required to obtain this type of motion. We examined the robustness of this quasiperiodic
motion qualitatively as the number of modes retained in the approximation is increased to three,
four, and five. We obtained qualitatively the same results with minor quantitative changes. The
Hopf bifurcation creates a new frequency, which is, in general, incommensurate with the excitation
frequency. The result is a two-period quasiperiodic motion. If this new frequency is commensurate
with the excitation frequency, a phase locking of the motion occurs, resulting in a larger-period pe-
riodic motion. These results are qualitatively in agreement with the responses observed by Kreider
and Nayfeh. Their unexplained side bands correspond to two-period quasiperiodic motions, which
result from a Hopf bifurcation where the new created frequency is incommensurate with the excita-
tion frequency. Their period-three and period-five motions are again created by a Hopf bifurcation
where the new created frequency is commensurate with the excitation frequency. A Poincaré map
of the torus is shown in Fig. 5.14(a). As the excitation amplitude is increased, the torus deforms,
as shown in Figs. 5.14(b) and 5.14(c). A torus-breakdown bifurcation occurs approximately at

F = 6186, as shown in Fig. 5.14(d), leading to chaos.

Next, we investigate the nonlinear responses when the excitation amplitude is kept fixed while
the excitation frequency is varied around the resonance frequency. Since the nonlinearity is of
the softening type, we carry out a backward sweep. We start with a frequency that is below the
natural frequency and obtain a limit cycle, which is period-one motion, as shown in Figs. 5.15(a) and
5.15(b). Decreasing the excitation frequency results in a supercritical period-doubling bifurcation.
Figures 5.16(a) and 5.16(b) show the period-two motion and its corresponding FFT, respectively.
Decreasing the excitation frequency further results in a sequence of period-doubling bifurcations

culminating in chaos. Period-four and period-eight motions and their corresponding FFTs are
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shown in Figs. 5.17(a), 5.18(a), 5.17(b), and 5.18(b). Beyond chaos, the response is given by the

snapthrough motion.
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Chapter 6

Subharmonic-Resonance Excitations

In this chapter, we investigate theoretically and experimentally the nonlinear responses of buckled
beams to subharmonic resonances of order one-half of the first vibration mode. Since the governing
equation of the beam possesses a quadratic nonlinearity, an excitation frequency that is twice or one-
half of the natural frequency of a given mode is a resonance frequency. We carry out a local analysis
based on the discretized equations using the method of multiple scales to obtain an approximation
to the nonlinear response, including the modulation equations governing its amplitude and phase.
Next, we use a shooting method to compute some of the periodic orbits which occur around the
buckled configurations. We investigate the stability and bifurcations of these periodic orbits using
Floquet theory. We obtain good qualitative agreement between the numerical and experimental

results.
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6.1 Local Analysis

In this section, we use the method of multiple scales to obtain an approximate solution of Egs. (2.89),
including the modulation equations governing its amplitude and phase. Since the nth vibration
mode is directly excited, we assume that its amplitude is of a lower order of magnitude than the
other modes. We consider a subharmonic resonance of order one-half of the nth vibration mode.

Hence, we seek an approximate solution in the form

Qn(t;€) = €gn1(To, T2) + € qna(To, Tz) + € qn3(To, To) + - - -

G (t;€) = € @2 (To, To) + € g3 (To, To) + -+ -, m=1,2,....,N, m#n (6.1)
where Ty = t and T, = €2t. Hence,

%—D0+6D1+62D2+--- (6.2)

where D; = aiTj. Moreover, we scale ¢ and f as €3¢ and €2f in order that the effects of damping
and forcing balance the effect of nonlinearity. Substituting Eqgs. (6.1) and (6.2) into Eq. (2.89) and

equating coefficients of like powers of €, we obtain

Order e€:
D3gn1 + w2gn1 =0 (6.3)
Order €%
D2Gma + W2 Gma = b Appn @21 + frm cosQt (6.4)
Order €.
N

D(Q)Qm?) + wganZi =-2 DOD2 dnl — CDO qn1 + b Z(Amm + Amzn) an1 Qi2 + annn q;ﬁ (65)
=1
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The general solution of Eq. (6.3) can be expressed as
an1 (T, o) = Ap(T2)e™"™0 + cc (6.6)

where A, (T3) is a complex-valued function, which is determined by eliminating the secular terms
at third order, and cc denotes the complex conjugate of the preceding terms. Substituting Eq. (6.6)

into Eq. (6.4) yields
. _ 1 )
D3qm2 + w2ama = b Apnn (A2 2010 1+ A, A,) + 3 Frme™ 0 4 cc (6.7)

where the overbar denotes the complex conjugate. A particular solution of Eq. (6.7) can be ex-

pressed as
1 A A’I2’L () fm %
Qm2(TO,T2) = bAmnn (@Anfln + m62 "T()) + B (0)7%1 — 92)6 Qo + cc (68)
Substituting Eqs. (6.6) and (6.8) into Eq. (6.5), we obtain
D%qmg + W,?nqmg =— 2iwnA;Lei“’"T° — icwnAneiw”TO + 3BmmnAi/fnei””T°
al 2 1
2 2 7 iwn T
+b [; (A’mnz + Amzn) AznnAnAn(w_ZQ + wiz — 4w721)] e 0
N f
A 1 1(Q—wn )Tt
+bA, { (Amni + Amin) m] ell o 4 cc+ NST (6.9)
=1 7

where NST stand for terms that do not produce secular or small divisor terms. For a subharmonic

resonance of order one-half of the nth vibration mode, we let
Q=2w, +eo (6.10)

where € is the excitation frequency and ¢ is a detuning parameter that indicates the nearness of (2

to 2wy,. Using Eq. (6.10) and eliminating the terms that produce secular terms on the right-hand
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side of Eq. (6.9), we obtain
1 _ o
2wy, (A;L + §CAn) + aeA%An + fe Ane“TTz =0 (6.11)

where the prime denotes the derivative with respect to 75. The effective nonlinearity a. is given

by

N

2 1

2

Qe = —b Z (Anm + Amn) Aznn <F + m) - SBnnnn (612)
i=1 ? ? n

and the effective forcing f. is given by

fi

N
e — — Annz Anln w7 9 oy
fo = 7 2 Uonict Au) 55—

=1

(6.13)

We note that, in the case of subharmonic resonance, the number of retained modes in the
discretization affects not only the effective nonlinearity a., but also the effective forcing amplitude
fe. This effect depends strongly on the pattern of the distribution of the excitation. Figure 6.1
shows variation of the effective forcing amplitude with the buckling level for F' = 200 cos 2rx. We

note that there is quantitative error resulting from using a single-mode discretization.

Next, we introduce the polar transformation
1 Bn (T2)
A, = 2an(22)e nAS2 (6.14)

where a,, and (3, are the amplitude and phase of the response. Substituting Eq. (6.14) into Eq. (6.11)
and separating real and imaginary parts, we obtain the following modulation equations governing

the amplitude and phase of the nth mode:

1 1
a, = —=Cap — =— fe ansin(cTy — 26,) (6.15)
2wy,

1 1
!/ - 3 - o
anf3, = 8o aea, + o feancos(cTy, —20,) (6.16)
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Figure 6.1: Variation of the effective force with the buckling level.

These equations specify how the amplitude and phase evolve with the slow time scale T5. Equa-

tions (6.15) and (6.16) represent a nonautonomous system. To make it autonomous, we let

Yo =0T — 20, (6.17)

Substituting Eq. (6.17) into Egs. (6.15) and (6.16) yields

1 1 .
a, = —§can — mfe G SIN Yy, (6.18)
/ 1 3 1
anYp = an 0 — Eaean - w_fe Qn, COS Yn (619)
n n

To the second approximation, the perturbation solution can be written in terms of circular functions
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as follows:
1
v(x,t;€) = andn(x) cos [— (Qt — fyn)]

1 1 9
{Z¢z |: 22_92 cos Qt + bAmna <—3+WCOS(Q?5—’)/”)>:|}+O(€)

(6.20)
where the amplitude and phase a,, and ~,, are governed by Egs. (6.18) and (6.19). It follows from
Eq. (6.20) that the fixed points or equilibrium solutions of Egs. (6.18) and (6.19) correspond to
periodic solutions of the original system. Letting a, = 0 and ~,, = 0 in Egs. (6.18) and (6.19) leads

to the frequency-response equation

2
a2 (o — Loz a2 | = —82 —?)ad? (6.21)
" do, ") w2 " '

Hence,

. 2 4wy, 62 9
either a, =0 or a’ = CF 4<% —c (6.22)
For a real solution, f. should be greater in magnitude than w,c.

We note from Eq. (6.20) that the period of the first part is twice that of the excitation and the
period of the second part is the same as that of the excitation. At low excitation amplitudes, the
first part of the solution is dominant, and hence the response is a period-two motion. The total

response w(z,t), to the second approximation, is given by
1
w(z, t;e) = 56(1 —cos2mx) +v(x, t;€) (6.23)

Figure 6.2 shows a comparison between the periodic orbit of the total response obtained with the
perturbation analysis and that obtained numerically around the upper buckled configuration for

the same excitation conditions. Again, the displacement is normalized with respect to the rise at
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the midspan of the beam so that the upper and lower buckled positions at the midspan are given

by 1 and —1, respectively.

25 T

— - Perturbation
— Shooting

Velocity
o

,25 L L L L L L L L
0.8 0.85 0.9 0.95 1 1.05 11 115 12 125
Displacement

Figure 6.2: A comparison between the periodic orbits obtained with the perturbation and numerical

solutions at the same excitation conditions.

6.2 Global Analysis

We investigate the global dynamics by numerically integrating the discretized equations, based
on a four-mode approximation, and using a shooting method to locate periodic orbits around the
buckled configurations. The stability and bifurcations of these periodic orbits are investigated
using Floquet theory. We investigate the local attractors, which are limit cycles around one of the
buckled configurations, and the global attractors, which are large-amplitude vibrations including

snapthrough motions. We excite the beam with a uniform transverse force, whose frequency is twice
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the frequency of the first vibration mode, and increase the excitation amplitude while the excitation
frequency is kept fixed. We obtain a phase-locked motion resulting from a Hopf bifurcation where
the new frequency is commensurate with the excitation frequency. Also, we obtain a sequence of
period-doubling bifurcations and snapthrough motions. In the following, we show these bifurcations

in details.

As determined from the perturbation solution, at low excitation levels, the periodic orbits,
which are local attractors around one of the buckled configurations, are of period two. The period
here is referred to the excitation period 27/€). A two-dimensional projection of the periodic orbit
obtained at F' = 1950 around the upper buckled configuration and its corresponding FF'T are shown

in Figs. 6.3(a) and 6.3(b), respectively.

As we increase the excitation amplitude, two of the Floquet multipliers exit the unit circle away

from the real axis, indicating a Hopf bifurcation. In general, if the new frequency w generated as

n
m’

a result of the Hopf bifurcation is incommensurate with the excitation frequency € (i.e, § #
where n and m are integers), we obtain a two-period quasiperiodic motion. If the new frequency is
commensurate with the excitation frequency, the resulting motion is a phase-locked motion. In our
case, we find that the new frequency is one-sixth of the excitation frequency, resulting in a phase-
locked motion, which is a period-six motion. The period-six motion and its corresponding FFT
obtained at F' = 1960 are shown in Figs. 6.4(a) and 6.4(b), respectively. Increasing the excitation
amplitude further, we find a sequence of supercritical period-doubling bifurcations starting at F' =
2012 and culminating in chaos. Beyond chaos, the beam response is given by the global attractor,

which is a snapthrough motion coexisting with the local attractors for a wide range of excitation

amplitudes. The global attractor, which is of period three, and the coexisting local attractors
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obtained at F' = 200 are shown in Fig. 6.5(a). The Poincaré section of the global period-three

motion is shown in Fig. 6.5(b).

Increasing the excitation amplitude further results in a sequence of supercritical period-doubling
bifurcations, resulting in period-six and period-twelve motions, as shown in Figs. 6.6(a) and 6.6(b),
respectively. Another global attractor of period two, which coexists with the other global attrac-
tor for a wide range of excitation amplitudes, and its corresponding FFT obtained at F' = 3000
are shown in Figs. 6.7(a) and 6.7(b), respectively. This global attractor undergoes a supercritical
period-doubling bifurcation as the excitation amplitude is increased. The period-four global attrac-
tor and its corresponding FFT and the period-eight global attractor and its corresponding FFT

are shown in Figs. 6.8(a), 6.8(b), 6.9(a), and 6.9(b), respectively.

Summarizing the obtained theoretical results, we note that, at low excitation amplitudes, the
response is a period-two motion around one of the buckled configurations. Increasing the excitation
amplitude while keeping its frequency fixed results in a Hopf bifurcation. This Hopf bifurcation
generates a new frequency that is commensurate with the excitation frequency, resulting in a phase-
locked motion. Increasing the excitation amplitude further results in a sequence of period-doubling
bifurcations leading to chaos. Beyond chaos, the response is given by the global attractor, which
is a snapthrough motion. In the next section, we present the obtained experimental results; they

are in good qualitative agreement with the theoretical results.
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Figure 6.3: A two-dimensional projection of the periodic orbit and its corresponding FFT for the

period-two motion.
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Figure 6.4: A two-dimensional projection of the periodic orbit and its corresponding FFT for the

period-six motion.
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Figure 6.5: Two-dimensional projections of the periodic attractors and the Poincaré section of the

global attractor.
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Figure 6.6: Two-dimensional projections of the global attractors.
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Figure 6.7: A two-dimensional projection of the global attractor and its corresponding FFT.
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Figure 6.8: A two-dimensional projection of the global attractor and its corresponding FFT.
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Figure 6.9: A two-dimensional projection of the global attractor and its corresponding FFT.
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6.3 Experimental Results

We carry out three runs and in each run we excite the beam with a uniform harmonic excitation
whose frequency is near twice the frequency of the first vibration mode. We perform amplitude
sweeps with the excitation frequency being kept fixed and frequency sweeps with the excitation
amplitude being kept fixed. In each case, the response starts as a period-two motion as we ob-
tained from the perturbation analysis and the numerical simulation. Sweeping either the excitation
amplitude or the excitation frequency, we obtain a Hopf bifurcation. This Hopf bifurcation, as in-
dicated earlier, generates a new frequency, which is, in general, incommensurate with the excitation
frequency. In runs #1 and #2, the generated frequency is commensurate with the excitation fre-
quency, resulting in a phase-locked motion. In run #3, the generated frequency is incommensurate
with the excitation frequency, resulting in a two-period quasiperiodic motion. Next, we discuss

these results in more details.

In run #1, we keep the excitation frequency at twice the natural frequency of the first vibration
mode and increase the excitation amplitude, amplitude sweep. The natural frequency of the first
vibration mode is about 45 Hz. At low excitation levels, the resulting motion is a period-two
motion. The corresponding FFT for the period-two motion obtained at 0.3¢g is shown in Fig. 6.10(a).
Increasing the excitation amplitude results in a Hopf bifurcation, which generates a frequency that
seems to be one-third of the excitation frequency. The resulting motion obtained at 0.45g is a
phase-locked motion, which is of period three, as shown in Fig. 6.10(b). Increasing the excitation
amplitude further results in a supercritical period-doubling bifurcation, and as a result we obtain

a period-six motion. The period-six motion obtained at 0.75¢ is shown in Fig. 6.10(c).
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Figure 6.10: Experimentally obtained FFTs for the response under a variety of excitation ampli-

tudes in run #1.
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In run #2, we also perform an amplitude sweep. The natural frequency of the first vibration
mode is about 33 Hz. At low excitation levels, the resulting motion is a period-two motion. The
corresponding FFT for the period-two motion obtained at 0.6g is shown in Fig. 6.11(a). Increasing
the excitation amplitude, we obtain a Hopf bifurcation, thereby generating a frequency that seems
to be one-half of the excitation frequency. The resulting motion obtained at 1.2¢ is a phase-locked

motion, which is of period four, as shown in Fig. 6.11(b).

In run #3, we vary the excitation frequency while the excitation amplitude is kept fixed,
frequency sweep. The natural frequencies of the first and third modes are approximately 52 Hz
and 165 Hz, respectively. We note that a three-to-one internal resonance exists between these two
modes, and as a result energy transfer between these two modes is expected. At an excitation
amplitude of 1.1g and a frequency of 110 Hz, we obtain a period-two motion. The corresponding
FFT for the period-two motion is shown in Fig. 6.12(a). We note from Fig. 6.12(a) that the peak
at the third harmonic, which is 165 Hz, is larger than the peak at the second harmonic, which is
110 Hz. Since the first and third modes are coupled via a 3 : 1 internal resonance, the third mode
is expected to interact with the first mode. Decreasing the excitation frequency results in a Hopf
bifurcation, which generates a frequency which seems to be incommensurate with the excitation
frequency. The resulting motion is a two-period quasiperiodic motion, as shown in Figure 6.12(b).

The side bands around the excitation frequency and its harmonics indicate a quasiperiodic motion.
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Figure 6.11: Experimentally obtained FFTs for the response under a variety of excitation ampli-

tudes in run #2.
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Chapter 7

One-to-One Internal Resonance

In this chapter, we investigate the nonlinear responses of a buckled beam near a one-to-one internal
resonance between the first and second modes. We excite the first mode, which is symmetric, by
a primary resonance and monitor the response of the second mode. In Section 7.1, we carry out
a perturbation analysis to check whether the first and second modes are nonlinearly coupled. In
Section 7.2, we present numerical results that show the energy transfer between the first and second
modes. We observed experimentally the interactions between these two modes and taped a movie

of the response.

7.1 Local Analysis

We apply the method of multiple scales directly to the integral-partial-differential equation and
associated boundary conditions, Eqgs. (2.56) and (2.57), to obtain the modulation equations gov-

erning the amplitudes and phases of the interacting modes. Symmetric and antisymmetric vibration

99
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modes are orthogonal in the linear sense, and hence energy cannot be transfered unless they are
nonlinearly coupled. Carrying out the perturbation analysis, we find that the first and second

modes are nonlinearly coupled.

We introduce the time scales Ty = t, T} = et, and Tp = €%t, where € is a bookkeeping parameter

such that € < 1, and hence we obtain

0
&:D0+6D1+62D2+"‘ (71)

where D,, = %. We seek an approximate solution for Egs. (2.56) and (2.57) in the form

3
v(x,t;e) = Z e'vi(z, Ty, Ty) (7.2)
i=1

where the dependence of v(z,t;€) on T} is not included because secular terms arise at O(e3).
Moreover, the damping ¢ and forcing f are scaled as €c and € f such that the effects of damping
and forcing balance the effect of nonlinearity. Substituting Eq. (7.2) into Eqgs. (2.56) and (2.57)

and equating coefficients of like powers of €, we obtain

Order e:
‘ 1
£(v)) = D3v; + v + 4n%v] — 20?73 cos 27m;/ v} sin 2rzdr = 0 (7.3)
0
Order €
1 1
£(vg) = brv) / vy sin 2zdx 4 br? cos 27r:1:/ vidx (7.4)
0 0
Order ¢°:

1 1
£(v3) = — 2Dy Dyvy — cDovy + 2bw? cos 27m:/ vivhdz + brv) / vh sin 2mzdz
0 0

1 1
1
+ brrv) / v} sin 2rxdz + 51}1 / vidx + F(z) cos (7.5)
0 0
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The boundary conditions for all orders are

v; =0 and v}zO at =0 and z=1 for j=1,2,3 (7.6)

We assume that the solution of the first-order problem, Egs. (7.3) and (7.6), consists of the two

modes involved in the internal resonance; that is,
v1 (2, To, To) = An(T2)dn(x)e™nT0 4 A, (To) b (x)e™mT0 + cc (7.7)

where the nth and mth modes are the modes being coupled with the internal resonance, cc stands
for the complex conjugate of the preceding terms, and the complex-valued functions A, (72) and

A, (T») are determined by eliminating the secular terms at the third-order problem.

Substituting Eq. (7.7) into Eq. (7.4) yields

£(v2) = hn(2) A%*nT0 4 by (2) A2, 20 4 hyy A Ay + gy A Ary

+ Ry (w)AnAmei(‘”"+“’m)T° + hnm(x)Anflmei(“’"_“’m)To +cc (7.8)
where
1 1
hn(z) = bﬂ'(ﬁ%/ ¢!, sin 2rxdx 4 br? cos 2773:/ P2dx (7.9)
0 0
and
1 1 1
hom(z) = bl / @, sin 2rzdz + by, / ¢!, sin 2rxdx + 2bm? cos 277:7;/ oL dr  (7.10)
0 0 0
The particular solution of Eq. (7.8) subject to the boundary conditions, Eq. (7.6), can be expressed
as follows:
va(z, Tp, Ts) :Fln(a:)A%eQi“’"TO + Flm(:r)Afne%‘”mTO + Fg(w)AnAmei(‘”"+wm)T0

+ Ty A, Apet@n—om)To 4 o AL A, + Do A A + cc (7.11)
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where the I's are the solutions of the following boundary-value problems:

M1 (2); 2wn] = hp(x), (7.12)
M[T3(x);wn + wm] = hpm (), (7.13)
MLy (z);wn — wm] = hpm(z), (7.14)

M([Lon(2); 0] = hn(z), (7.15)

and the operator M(I';w) is defined by
. 1
M(T,w) = T% + 47°T" — T — 2673 cos 27z / I’ sin 2z da (7.16)
0
The boundary conditions for all I's are

'=0 and I"=0 at z=0 and z=1 (7.17)

Substituting Egs. (7.7) and (7.11) into Eq. (7.5), we obtain

£(v3) = = [iwn(24], + cAn)bn(@) = X10(@) A} An = X (2) A Ay Ary] €770
— [iwm (240, + cAp)dm(z) — X1m(2) A2, Ay — Ximn(2) A An Ay, e0mT0
1

+ x6(x) A2 A, et Cem—wn)To oy o (1) A2 A, ! Pwn—wm)To 4 §F(a:)emT° +cc+ NST (7.18)

where N ST stands for terms that do not produce secular or small divisor terms and the functions
xs are given in Appendix A. To express the nearness of w, to w,, and the excitation frequency {2

to either w, or wy,, we let

Whn = Wm + 620'1

Q = ;pwn + 620'2 (719)
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where o1 and o2 are detuning parameters and ¢ is the Dirac delta function. Since the homogenous
problem of Egs. (7.18) and (7.6) has a nontrivial solution, these equations have solutions only if
solvability conditions are satisfied. The solvability conditions demand that the right-hand side of
Eq. (7.18) be orthogonal to every solution of the adjoint homogenous problem. Demanding that
the right-hand side of Eq. (7.18) be orthogonal to ¢, (z)exp(—iw,Tp) and @, (x)exp(—iwy,Tp) and

using Egs. (7.19), we obtain

Qiwn Al = — icwnAp 4 88 A2 A, + 8SnmAn A Ay, + 8Ry A2 A e i1 T2

_ , _ , _ 1 )
+ 8Ry A ApAne T2 L8R3 A% A e7 %112 L SR A% A, 101 T2 1 50in freio22 (7.20)

22wml‘l{m - icwnAn + SSmmAgnlem + SSmnAmAnAn + 8R5A72—L1‘_1n6i01T2

- _ ) _ ) 1 )
+ 8ReAp A A2 18Ry A2 A e T2 L R A% A, ¥ T2 50im fmeio2 T2 (7.21)
where

fie /0 Fl2)didz (7.22)

is the projection of the external force F'(x) onto the ith mode and the S;; and R; are given in
Appendix A. Many of the coefficients R; vanish due to the orthogonality of modes. The numerical
values of these coefficients for m = 1 and n = 2 are given as follows: S11 = 71.3247, Sy = —92.273,
Si2 = 234.861, R3 = Rg = 158.006, and R; = Ry = R4y = Rs = R¢ = R7y = 0. We note that R3

and Rg do not vanish, and hence the first and second modes are nonlinearly coupled.

Next, we introduce the polar transformation

1 .
Ai = —aiezﬂ" (7.23)
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where a;(T%) and (;(T3) are the amplitude and phase of the ith mode. Considering the nonvanishing
coefficients, substituting Eq. (7.23) into Eqgs. (7.20) and (7.21), and separating real and imaginary

parts, we obtain

1 R
ahy = —g5caz — w—zaga% sin 2y (7.24)
1 R 1
a) = —=ca; + —a1a3sin2y + = fysin (6Tp — B1) (7.25)
2 w1 2
1
as By = —W—Z(Sggag + Sy1alas + Ralag cos 2) (7.26)
1
a1fy = —w—l(sllai’ + Si12a3a1 + Rajay cos 2v) (7.27)

where R3 = Rg = R and

v =02~ b1+ 0Ty (7.28)

Equations (7.24)—(7.27) are the modulation equations governing the amplitudes and phases of the
1st and 2nd modes in the case of a one-to-one internal resonance. The fixed points or equilibrium
solutions of Egs. (7.24)—(7.27) correspond to periodic solutions of the original system; that is,
ay =0,a] =0, =0, and 3] = 0. There are two possibilities: either a; # 0 and ag = 0; or a; # 0
and ag # 0. The third possibility where a; = 0 and a2 # 0 is not applicable because the uniform
distribution of the transverse harmonic excitation is orthogonal to the antisymmetric modes, and
as a result its projection onto these modes is zero. Consequently, the antisymmetric modes can
be activated only via internal resonance with one or more of the symmetric modes. In the next

section, we present numerical results supporting the first two cases.
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7.2 Numerical Results

The discretized equations as derived in Section 2.6.1 are given by
N N
Gm +w,%1qm =—cqgn+b ZAmij qiqj + ZBmijk;(hq]’ Gk + fmcosQt, m=1,2,....N (7.29)
i,j i,k
where A.i5, Bmijk, and fp, are given by Egs. (2.90), (2.91) and (2.92), respectively. To inves-
tigate the global dynamics, we use a shooting method to numerically integrate the discretized
equations and obtain periodic solutions. The stability and bifurcations of these periodic solutions
are investigated by using Floquet theory. We excite the beam with a uniform harmonic excitation
whose frequency is equal to that of the first mode. The excitation amplitude is increased while the

excitation frequency is kept fixed, amplitude sweep.

Because the frequencies of the first and second modes for a one-to-one internal resonance are
the same, the FFTs do not show the energy transfer between the interacting modes. Instead, we
present the periodic orbits of the first and second modes to see how these modes are interacting.
The perturbation analysis shows that there are two possibilities: either a; # 0 and ag =0 or a; # 0
and as # 0. Next, we present numerical results that support both cases. For the first case and
by using appropriate initial conditions, we obtain responses where the first mode is only activated.
Figures 7.1(a) and 7.1(b) show the periodic attractors with the contribution of the second mode
being zero. The total response and the corresponding FFT at F' = 500 are shown in Figs. 7.1(c)
and 7.1(d). Again, the displacement of the total response is normalized with respect to the rise at
the midspan of the beam so that the upper and lower buckled positions are given by 1 and —1,

respectively.

Since we are interested in the dynamics due to the one-to-one internal resonance between the
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Figure 7.1: Two-dimensional projections of the periodic orbits of the (a) contribution of the first

mode, (b) contribution of the second mode, (c¢) total response, and (d) the corresponding FFT

obtained at F' = 500 when the first mode is only activated.
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first and second modes, we investigate in more details the case where the two modes are activated.
At the same excitation level and by using different initial conditions, we obtain periodic orbits
with contributions from both modes, indicating that energy is being transfered between the two
modes. Figures 7.2(a) and 7.2(b) show the contributions of the first and second modes at F' = 500.
The total response and its corresponding FFT are shown in Figs. 7.2(c) and 7.2(d). Comparing
Figs.7.1(a) and 7.2(a), we note that the response amplitude of the first mode in the case when only
one mode is activated is larger than that in the case when the two modes are interacting. The
reason is that, in the first case, the first mode possesses all of the energy because the second mode

is not activated, while both modes share the energy in the other case.

When symmetric modes are the only modes contributing to the response, the motion is sym-
metric around the static buckled configuration. However, when antisymmetric modes are activated
as a result of internal resonances, the symmetry of the total response is broken, and as a result,
the motion becomes asymmetric. We monitor the dynamic configurations through one complete
period and record snap shots of the response at different instances of time. Figure 7.3 shows the
dynamic configurations during one complete period when the first mode is only activated. We start
monitoring the dynamic response by the configuration shown in Fig. 7.3(a) until it comes back to
the same configuration after completing one complete period, as shown in Fig. 7.3(i). We note from

Figs. 7.3(b)-7.3(h) that the motion is simply up and down in a nice symmetric pattern.

When the two modes are being activated, the motion becomes asymmetric. Figure 7.4 shows
the dynamic configurations at different instances of time during one complete period when the two
modes are activated. The motion starts with the configuration shown in Fig. 7.4(a) and it returns

back to the same configuration after a complete period, as shown in Fig. 7.4(f). Figures 7.4(b)—
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7.4(f) show the dynamic configurations through the first half of the period and Figs. 7.4(g)-7.4(k)
show the dynamic configurations through the other half of the period. We note that the motion
is no longer symmetric. This is due to the contribution of the second mode as a result of the

interaction with the first mode via the internal resonance.

We follow the response when the two modes are activated. Increasing the excitation amplitude
leads to an increase in the response amplitude. Contributions of the first and second modes to the
periodic orbit at F' = 1830 are shown in Figs. 7.5(a) and 7.5(b), respectively. The total response
and its corresponding FFT are shown in Figs. 7.5(c) and 7.5(d). Increasing the excitation amplitude
further, we find that one of the Floquet multipliers exits the unit circle through —1 along the real
axis, indicating a period-doubling bifurcation. Contributions of the first and second modes to the
period-two motion are shown in Figs. 7.6(a) and 7.6(b). The total response and its corresponding
FFT are shown in Figs. 7.6(c) and 7.6(d). Increasing the excitation amplitude further leads to
a sequence of supercritical period-doubling bifurcations culminating in chaos. Beyond chaos, the
response is given by the global attractor, which is a snapthrough motion that coexists with the
local attractors for a wide range of excitation amplitudes. Contributions of the first and second
modes to the snapthrough motion are shown in Figs. 7.7(a) and 7.7(b). The total response and its
corresponding FFT are shown in Figs. 7.7(c) and 7.7(d). Increasing the excitation amplitude fur-
ther, we obtain a Hopf bifurcation. The generated frequency is incommensurate with the excitation
frequency and, as a result, we obtain a two-period quasiperiodic motion. The Poincaré sections for
the quasiperiodic motions for different excitation levels are shown in Figs. 7.8(a), 7.8(b), and 7.8(c).
Again, the response becomes periodic beyond the quasiperiodic motion. The Poincaré section of

the new periodic motion is shown in Fig. 7.8(d).
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Figure 7.2: Two-dimensional projections of the periodic orbits of the (a) contribution of the first

mode, (b) contribution of the second mode, (c) total response, and (d) the corresponding FFT

obtained at F' = 500 when the two modes are activated.
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() (h) (i)
Figure 7.3: Dynamic buckled configurations w(zx,t) at different instances of time during one com-

plete period when the first mode is only activated.
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8)) (k) @
Figure 7.4: Dynamic buckled configurations w(zx,t) at different instances of time during one com-

plete period when the two modes are activated.



Samir A. Emam Chapter 7. One-to-One Internal Resonance 112

100 100
80 q 80 B
60 B 60l i
401 7] 40t B
20+ q 20k i
2
Q
S of B
K or i
>
o0k |
ook i
—a0k |
_a0k i
—601 |
“s0} i
8ok |
_gol i
100 . . . . . . |
-2 -15 -1 -05 0 0.5 1 15 2 100 . . . . . . .
Displacement -2 -15 -1 -05 0 05 1 15 2
(a) (b)
100
80 q
03 B
60| B
40t il 0.25F 4
20 q ®
= S 0.2 q
8 o 1 2
T E
>
< 0.15F B
o0k |
_ao- B o1l |
60 |
0.05F q
8ok |
100 . . . . o . . . 1 .
0.25 05 0.75 1 1.25 15 0 0.5 1 15 2 25 3 35 4
Displacement Frequency ratio
(c) (d)

Figure 7.5: Two-dimensional projections of the periodic orbit obtained at F' = 1830 when the two
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when the two modes are activated: (a) contribution of the first mode, (b) contribution of the
second mode, (c) total response, and (d) the corresponding FFT obtained at F' = 1840 when the

two modes are activated.



Samir A. Emam Chapter 7. One-to-One Internal Resonance 114

300

300

200 — 200

100 q 1001

Velocity
o
o

-100 1
-100+ q

-200 il
=200 q

300 | . . . . . . . .
-4 -12 -10 -8 -4 -2 0 2 4 6 300 . . . . . | . I

-6
Displacement -14 -12 -10 -8 -6 -4 -2 0

(a) (b)

25

600

400 -

200

Velocity
o
Amplitude

200

051
—-400

I ! I I I 0 I I I I
1 2 0 05 1 15 25 3 35 4

-600
-4 -3 -2 -1 2
Displacement Frequency ratio

(c) (d)
Figure 7.7: Two-dimensional projections of the global attractor when the two modes are activated:

(a) contribution of the first mode, (b) contribution of the second mode, (c) total response, and (d)

the corresponding FFT obtained at F' = 1842 when the two modes are activated.



Samir A. Emam Chapter 7. One-to-One Internal Resonance 115

80 80
60 H 1 601 ,
a0 , 1 0 . . 1
20 R 20 ' ) R
z of ] z of ]
Z Z
o o
Q Q
> 20 1 > 20 4
,
40 , -a0 B
60| , -60 ,
.
80 1 80+ 1
100 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 100 ‘ ‘ ‘ ‘ ‘ ‘ ‘
17 175 18 185 19 1.95 2 2.05 21 17 175 18 1.85 19 1.95 2 2.05 21
Displacement Displacement
(a) A Poincaré section at F' = 3700 (b) A Poincaré section at F' = 3770
80 80
60 q 60 q
40 e , 40t ,
20 o . 1 20- 1
z o : z o :
Z Z
o o
Q Q
> -20- q > 201 E
40+ — 40 1
60 , -60 ,
-80 , -80 ,
100 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 100 ‘ ‘ ‘ ‘ ‘ ‘ ‘
17 175 18 185 19 1.95 2 2.05 21 17 175 18 1.85 19 1.95 2 2.05 21
Displacement Displacement
(c) A Poincaré section at F' = 3850 (d) A Poincaré section at F' = 3920

Figure 7.8: Poincaré sections for the quasiperiodic and periodic motions.



Chapter 8

Concluding Remarks

8.1 Summary

We investigated theoretically and experimentally the nonlinear responses of a clamped-clamped
buckled beam to a variety of excitations. Mathematically, the beam is modeled by a partial-
differential equation possessing quadratic and cubic nonlinearities. The theory is based on a multi-
mode Galerkin discretization. We compared the theoretical results with the obtained experimental

results and good qualitative agreement is achieved.

We obtained an exact solution to the nonlinear buckling problem and obtained the postbuckled
configuration as a function of the applied axial load. We compared the buckled configurations
based on the discretized equations with the exact ones. We found out that using a multi-mode

discretization is essential for relatively high buckling levels for this set of boundary conditions.

We investigated the nonlinear responses of a buckled beam to primary-resonance excitations.

116
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We carried out a perturbation analysis on the discretized equations to obtain an approximation to
the response, including the equations describing the modulation of its amplitude and phase. We
obtained the effective nonlinearity and generated frequency-response curves. The results are in
good agreement with those obtained by directly attacking the integral partial-differential equation

and associated boundary conditions and the experiment.

We investigated the large-amplitude vibrations by numerically integrating the discretized equa-
tions. We used a shooting method to locate periodic orbits and investigated the stability and
bifurcations of these periodic orbits using Floquet theory. To generate the FFTs and Poincaré
sections, we numerically integrated the discretized equations for a long time using a fourth-order
Runge-Kutta method. At relatively low buckling levels and by sweeping either the amplitude or
the frequency, we obtained a sequence of supercritical period-doubling bifurcations of the local
attractors leading to chaos. Beyond chaos, the response is given by the global attractor, which is
a snapthrough motion. At higher buckling levels, the response goes through a Hopf bifurcation
leading to a quasiperiodic motion before chaos. These theoretical results are in good qualitative

agreement with the obtained experimental results.

We considered the case of a subharmonic resonance of order one-half of the first symmetric
vibration mode. The external harmonic excitation, whose frequency was around twice the frequency
of the first vibration mode, was assumed to be uniform over the span of the beam. Based on the
discretized equations, we carried out local and global analyses. For the local analysis, we used the
method of multiple scales to obtain a second-order approximation to the response, including the
equations describing the modulation of its amplitude and phase. Moreover, we obtained expressions

for the effective nonlinearity, the effective force, and the frequency-response equation, which show
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the significance of using multi modes in the discretization. At low excitation amplitudes, we
obtained period-two motions, which undergo a Hopf bifurcation as a result of sweeping either the
amplitude or the frequency of the excitation. We obtained interesting dynamics, including limit
cycles, snapthrough, and phase-locked motions, and a sequence of supercritical period-doubling

bifurcations leading to chaos.

For the experiment, we performed amplitude and frequency sweeps in three runs. In all of
these runs, the response started as a period-two motion. Sweeping either the amplitude or the
frequency of the excitation, we obtained a Hopf bifurcation that generated a new frequency in
the response. In two of these runs, the new frequencies seemed to be one-third and one-half of
the excitation frequency, and as a result we obtained phase-locked period-three and period-four
motions, respectively. In the third run, the new frequency was incommensurate with the excitation
frequency, and as a result, we obtained a two-period quasiperiodic motion. The experimental results

are in good qualitative agreement with the obtained theoretical results.

We investigated the nonlinear responses of a buckled beam in the case of one-to-one internal
resonance between the first and second modes when the symmetric mode is excited by a primary
resonance. We applied the method of multiple scales directly to the partial-differential equation
and associated boundary conditions and obtained the equations governing the modulation of the
amplitudes and phases of the interacting modes. We found that the first and second mode are

nonlinearly coupled and, as a result, energy transfer between the two modes is expected.

To investigate the nonlinear interactions between the first and second modes for large-amplitude
motions, we numerically integrated the discretized equations. We found responses where the two

modes are activated via internal resonance. Due to the contribution of the second mode, the
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response becomes asymmetric. We observed experimentally similar responses.

8.2 Future Work

The work presented in this dissertation can be expanded and enhanced by undertaking the following

tasks:

1. The nonlinear responses of buckled beams due to other internal and combination resonances,
such as three-to-one internal resonance between the first and third modes. Applying a per-
turbation analysis directly to the partial-differential equation and associated boundary con-
ditions, we proved that there is a nonlinear coupling between the first and third modes in the
case of three-to-one internal resonance. Also, we examined the nonlinear coupling between
the first and second modes due to two-to-one internal resonance and we found out that these

modes are not coupled.

2. A convergence study of the number of terms retained in the discretization is needed for the

static configurations of buckled beams with other boundary conditions.

3. An extension of the present methodology to Micro-Electrical-Mechanical Systems (MEMS)
devices is recommenced. Our theoretical model for the linear vibration problem produces
results in good quantitative and qualitative agreement with the experimental results obtained

for a buckled micro beam.

4. A control strategy to suppress the undesirable vibrations studied in this dissertation is recom-

menced.
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Appendix A

Functions xs, 5;;, and R;

The functions xs in Eq. (7.18) are given by

1 1
x1i(z) =bm (T}; + 2I'y,) / @ sin 2wxdz + b / (T; + 2T%;) sin 2rzdx
0 0

1 1
3
+ 2b7? cos 27ra:/0 &, (T'h + QF'QZ-) dxr + §¢>2 /0 ¢;2d37

1 1
Xij(z) =2bmTy; /0 ¢; sin 2madz + br (5 + Ty) /0 ¢ sin 2 zdx
1 1
+ 2bm ) /0 ’2j sin 2wz + b7r¢;» /0 (T + Ty) sin 2radx

1 1 1
4 2b7? cos 2@ /0 24T, + &) (T + T)] da + & /0 §2dx + 24, /0 o da

1 1
x5(z) =brl,, /0 o, sin 2rxdz + b, /0 [, sin 2rxdz

1 1
1
+ 2br? cos27ra:/0 o, llmdw+§¢/m/o gb’%dw
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1 1
x6(z) =bnl"), / ¢, sin 2rxdz + b, / I, sin 2rxdz
0 0
1 1
+ brl / én, sin 2rxdz + bre), / | sin 2rxdz
0 0
1 1 1 1
+ 2bm? cos 27r:r/0 (¢, + 05, TY) da + ¢;1/0 by Pl dr + §¢lm /0 P2dx (A4)
and x7 can be obtained from xg by interchanging the indices m and n.

The functions S;; and R; in Egs. (7.20) and (7.21) are given by

5= [ xu@o@dn, 85,= [ xo@e @i for i (A5)
&Ry = /0 (@) (2)d,  SR5 — /0 (@) (@) (A6)
SRy — /0 o (@)bn(2)dz,  8Rg — /0 " o (@) (@) (A7)
8Rs = /0 ' o(@)bn(x)dz, SRy — /0 o) bm(2)d (A8)

1 1
SRy — /0 7 (@)6n(2)dz, 8Rs — /0 7 (2) 6o () d2 (A9)
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