4.0 Alternative Formulations of the Static O-D Problem

4.1 Introduction

Entropy maximization and information minimization techniques have been used to solve
a number of transportation problems (Wilson 1970). The application of the entropy
maximization principles to the static O-D estimation problem was initially proposed by

Willumsen (1978). Willumsen demonstrated that by maximizing the entropy, the most

likely trip matrix could be estimated subject to a set of constraints.

This section describes two formulations that were proposed by Willumsen and Van
Zuylen (1980) to solve the static O-D problem. Furthermore, this section describes the

assumptions that were made in order to solve the problem analytically.

4.2 Trip Formulation and Assumptions

Let the total number of O-D trips equal T and the number of trips traveling between
origin i and destination j equal;. TThen the number of ways (defined as entropy) in
which T trips can be divided into groups of Trips (without replication) can be
computed using Equation 4.1, subject to Equations 4.2a and 4.2b. All variables are

described in the list of symbols, placed after the list of tables.

Maximize: Z(T;) =[] EI” E:% (4.1)

Subject To:
V.=V T.pd Oa (4.2a)
Z | )
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T, 20 O i, ] (4.2b)
Where:
T, Number of trips available in tHeckell of a px p O-D matrix.

k=n-1

T,=T- ZTk Total no. of trips available to be considered in seledjrtgps.
T=T,

2.
k=i+(j-1)xp

The T values that maximize the entropy function represent the most likely solution
(highest probability of occurring). By taking the natural logarithm of the entropy
function, the product terms are substituted for addition terms which simplifies the

computation, as demonstrated in Equation 4.3.

Maximize: Z(T;) = LnD—D— Ln(T!) - Z Ln(T; ) (4.3)

i

Stirling (Donald, 1976) proposed an approximation forxPn{vhen x is large, as
demonstrated in Equation 4.4. The details of the approximation are provided in Appendix
A.

Ln(x) = xLnx— x (4.4)

Applying Stirling’s approximation to Equation 4.3, the objective function is simplified to
Equation 4.5.

Maximize: Z(T, )=TLnT-T - 5 (T,LnT, -T,) (4.5)
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Willumsen (1984) makes the further assumption That constant. It must be noted that

this assumption is not valid for all network and traffic characteristics. Based on this
assumption, the first two terms can be dropped and the formulation becomes the objective
function as defined in Equation 4.6, subject to the constraints of Equations 4.7a and 4.7b.

Maximize: Z(T; )= - (T, LnT, -T,) (4.6)
T
Subject To:
V,=STp2 Oa (4.7a)
Z /]
T,20  0i) (4.70)

In the case where a prior matrix (seed mattjxjs available, the entropy function is
defined using Equation 4.8. Equation 4.8 is very similar to Equation 4.1 except that an
additional term is added which includes the probability of a trip being between an
origin/destination pair for each of the tripg The constraints defined in Equations 4.9a
and 4.9b are identical to those defined in Equations 4.1a and 4.1b.

. T! Hti‘ Hv
Maximize: Z(T, t, )= a[1Ge0 @48)
rl(Tij et o
i O O
Subject To:
V. = ZTU p; Oa (4.9a)
[
T 20 O ij (4.9b)
Where:

T=%T,
]

The above function can be simplified to Equation 4.10.
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i

Maximize: Z(Tu,t”) —H(W ij (t“.)

T

i (4.10)

Given thatl is the summation of; andt is the summation df;, the objective function is
simplified to Equation 4.11.

Maximize: Z(T; ,t, )= T!(tfl 16 ) (4.11)

[

Based on Willumsen’s (1984) assumption of constant total number of trip$ érelt

are constants), Equation 4.11 can be simplified to Equation 4.12.

Maximize: Z(‘I’IJ " ) ”ﬁ(ﬁy 4.12)

By taking the natural logarithm of Equation 4.12 and expanding Equation 4.12 using

Stirling’s approximation, the objective function is simplified to Equation 4.13.

Maximize:Z T t BI' LnBTl T (4.13)

ij 2 % 4 H'J B[U H E]

Subject To:

V,=SVT.p* Oa (4.14a)
Z /]

T,20 0] (4.14b)

Where:
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T:Zn
t:Ztij

Willumsen (1981, 1984) subtracted a constant term from the objective function
(summation oftj), as demonstrated in Equation 4.15. This constant term does not alter

the solution; however, it simplifies the objective function, as will be demonstrated later.

Maximize:Z 'I'Il ,tIJ EI’U LnE:T]E_Ti +i; E (4.15)

Substituting the Taylor series for )(whenx=0.5 (Equation 4.16) into Equation 4.15
and only including the first two terms assuming thats sufficiently close td; (Tj/tj =

1) results in Equation 4.17. After simplifying Equation 4.17, the problem becomes a
minimization problem, as demonstrated in Equation 4.20 subject to a number of
constraints (Equations 4.21a, 4.21b, and 4.21c; Willumsen and Van Zuylen, 1980).

Y= T U R U o T O (4.16)
OX O 20x O 30X O

3 g -4f Eﬂlé

m, DED%

I_DIJI:JI:JI:JIZI_|

Maximize:Z (T, .t, )= > [jz[r?—g ~T, 4, (4.17)
QHHH d4 O
] M _4F a
U T, Ot H U

Maximize:Z(T, t, )= - O, -t, +—- 5= =T, +t, O (4.18)
ro’ 2pli p 0
: g4 B :
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Maximize:Z(T; t, )= z =t +2Ti(T” -t P -T, +tijE (4.19)

] 1 Ij
ij

Minimize: Z(T; ,t, ) = ¥ L@ -y, )2@ (4.20)
] ij
Subject To:
V,=VTp Oa (4.21a)
Z /|
T,20  Oij (4.21b)
Where:
T

i

t.

1]

Given that Equation 4.20 is based on the assumptiojtiet;, the T; term in the
denominator can be replaced withto generate a simple second-degree minimization
problem, as defined in Equation 4.22 subject to the constraints 4.23a and 4.23b. The final
formulation presented in Equation 4.22 is not provided in the literature; instead it is
proposed here. The advantage of this formulation is that the denominatortjersn (
known a priori, unlike the formulation of Equation 4.20 in which the denominator
includes variables being solved fdkjY. Consequently, unlike in the case of Equation
4.20, Equation 4.22 does not require an iterative type of algorithm in order to find the

optimum solution.

The objective function presented in Equation 4.22 represents a weighted regression in
which the squared error about the seed matrix is minimized. For a uniform seed, the
termst; all become equal, and the objective function becomes a standard regression

problem.

Minimize: Z(Tu,t”) ZEZI_”( ) a0 (4.22)
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Subject To:

V.=>Typj Oa (4.23a)
]

T, 20 O] (4.23b)

Where

L

Using Lagrangian Multiplier, the problem can be transformed from a constrained
optimization to an unconstrained optimization, as demonstrated in Equation 4.24. The
objective function includes additional terms equivalent to the number of links for which
observed flows are available. These terms are multiplied by varidh)ebdt are solved

for. However, due to the fact that flow continuity does not necessarily exist in most
practical applications, Equation 4.24 is not necessarily solvable. Consequently, the
formulation that is presented in Equation 4.25 is proposed. In this formulation, the
objective function is to minimize a weighted combination of the link flow and trip
squared error. A constant weighting factor is applied to the link flow error term. This
formulation (Equation 4.25) is easily solved using standard regression tools

(spreadsheets) and most importantly, provides a unigue solution.

minimize:2'(T, 4, )= 5 EL- (T, —tu)ZE*zAa%a—zn p?% (4.24)

Minimize: Z"('I'U,t”) ZBZ” ( -1, )ZEH\ZE/ 3T p“E (4.25)

In summary, the initial formulation (Equation 4.8 with constraints 4.9a and 4.9b)
provides the most likely O-D matrix subject to constraints of flow continuity and non-
negativity. Applying Stirling’s approximation and taking the natural logarithm of the
objective function, the objective function is simplified (Equation 4.15). By expanding the
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terms of Equation 4.15 using a Taylor series and based on the assumption that the
estimated O-D table is close to the seed O-D tahje=(tj), the formulation can be
further simplified (Equation 4.20 with constraints 4.21a and 4.21b). Furthermore, it is
proposed in this paper that the tefinin the denominator be replaced by the téym
allowing the problem to be solved using regression (Equation 4.22 with constraints 4.23a
and 4.23b).

4.3 Volume Formulation and Assumptions

An alternative approach to solving the O-D problem is to formulate the problem in terms
of the link volumes instead of O-D trips. The volume formulation was proposed by
Willumsen and Van Zuylen (1980), as demonstrated in Equations 4.30, 4.31a, 4.31b and
4.31c. However, a systematic comparison of the two approaches has not been undertaken
to date. The approach followed by Van Zuylen (1978) is based on Brillouin’s measure of
information. This formulation is similar to the volume formulation (Equation 3.3) in

Chapter 3. The difference being in the interpretation of the formulation.

The information contained in a set of N observations where the state k has been observed

Nk times is defined by Brillouin (1956) as:

| = —LnEw! i E‘%% (4.26)

where q is the a priori probability of observing state k. If the observations are counts on
a particular link then one can define statas the state in which the vehicle observed has

been travelling between origin i to destination j. So,

n® =T p? (4.27)

ij ij Mij
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We can also express the a priori probability of observing state ij on link a as a function of

a priori information about the O-D matrix as:

t. p2
g =P (4.28)

Zt" Py

where § is the a priori number of trips between i and j. The information contained in V

counts on link is then:

g/ I i pi? aij i E
110y O
p=-bn—— = [ (4.29)
' (he;) O
O ij 0
H H
Now the objective function becomes:
QJ' g b
e _ [ v ij H Va H B
Mlnlmlze.Z(Tij e )— > Lng o) O (4.30)
g LIRS o
o 0
W L
Subject To:
V.=V T p Oa (4.31a)
Z ] Y
vV, = ti' pi‘f’l Oa (431b)
Z |
T, =0 O] (4.31¢)

As was the case with the trip formulation, using Stirling’s approximation, the objective

function is simplified to Equation 4.36.
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Minimize: Z(T t; ) ZLn

Ij’

Minimize: Z(‘I’IJ ,t”) z%/ Ln(v,)-V, + ZT'J p;Ln

Minimize: Z(T, .t, )= ZEZ i piLn(v,) -V, + ST, piLn
a I

atij E
El i Va

Minimize: Z(T t; )

ij 2 i

z Z T; pjLn

Minimize: Z(Tu,t”) > > Tipg LnBT”—alE
a

4.4 Summary

In this Chapter we have seen the derivations of the various trip and volume formulations
as well as their assumptions. In the following Chapter, two different approaches to obtain
the most likely O-D trip table, taking into account the lack of flow continuity at nodes
due to inconsistencies in data is explored. The first approach tries to solve the problem by
effectively dividing the problem into two sub problems, and then integrating the output of
the first to be a part of the input in the second and solving the second part. The other

Vaty
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IJ p'l B—I— z p“

n
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I

approach is to effectively solve the problem in one pass.

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)
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