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CHAPTER I

INTRODUCTION AND NOTATION

1.1 Introduction

In this paper we develop an approximation scheme
for application to a class of partial functional
differential equationsn - (PFDEs> af hyperbolic type.
Equations of this type often aricse in models that describe
the motion of materials which exhibit "fading-memory"
behavior. In the underlying constitutive equations for
these modele, the cstress is assumed to be a function of the
past history of the strain. Viscoelastic materials, for
example, have this property.

The basic theme of our approach is to pose the
problem abstractly in & Hilbert space setting, the
so-called state <space formulation. Thie leade to an
infinite dimensional problem, for which the dynamics are
governed by an abstract Cauchy problem. In this setting,
semigroup techniques are used to address quecstions of
well-posedness and convergence of approximation schemes.

For example, the abstract linear quadratic cost

optimal control problem is to minimize the cost functional

T
J(zo,u) = J ({Rz{e),z{(=)> + <(Rulsd,uls?>dds, (1.1.12
0



subject to dynamics governed by an abstract Cauchy problem

of the form

2Ct) = Az(t) + Bu(t) (1.1.2)
z(0) = z,
in a Hilbert space H. Here A is the .infinitesimal
generator of a Co—semigroup TC(t> on H. Typically
uct) ¢ R and B ¢ LCR™, HY The optimal control is

characterized by a feedback law associated with the

solution of an operator Riccati equation inveolving both the

operator A and its adjoint A*. A fundamental result due to
Gibson [11] is that in order to approximate the feedback

gain for (1.1.1)-C(1.1.2>, one must approximate both T(t)

and T*¢t) in the strong operator topo]ogy.

In chapter two, we review the relevant results on
approximation from linear semigroup theory, including &
more detailed discussion of Gibson’s results on
approximation of abstract optimal control problems. ke
also survey the application of these ideas to control
problems governed by ordinary functional differential
equations (FDEs). In the last section of chapter two, we
Qive new resulte on & general frameworkK for constructing
satisfactory approximation <schemes for these abstract

problems.



In chapter three, we study a class of PFDEs of
hyperbolic type. In particular, we develop a state cpace
formulation to which the previously developed theory may be
applied. The state space formulation is <chown to be
well-posed, an approximation scheme is developed, and
convergence recsults are established for this scheme.

In Chapter IV we present the results of <csome
numerical experiments for the viscoelastic system described

in Chapter I1II.



1.2 Notation
The following notation will be used throughout
the text. The norm of a linear space X will be denoted by

H-Hx, while <-,->X shall denote an inner product on X. The

norm and inner product will be written Ill-ll and <« >
respectively, when the associated space and particular
inner product are clear from the context. The space of all
bounded linear operators from X to a linear space ¥ will be
denaoted L(X,Y). For -wf{ag{bg{w, the space of all operator
valued functions B(t):(a,b) — L(X,Y) which are bounded on
(a,b) is denoted by B(a,bi;X,Y). For a Hilbert space 2, the
space of all square integrable functions defined on (a,b?

or [a,bl with values in 2 will be denoted Lz(a,b;Z). The

space of absolutely continuous functions feLz(a,b;Z) with

Jth derivative f(J).absolutely continuous for j=1,2,...,K~-1

£ (KO

and eLo(a,bj2) is denoted by H ¢a,b;2). When z=R" and

the space is clear from the context, we shall write ina,b)
and Hk(a,b) for Lz(a,b;R”) and Hk(a,b;mu), respectively,

We will denote by Lg(a,b;m) the subspace of Lz(a,bgm) of

functions with integral mean equal to zero, i.e.
0 b
LoCa,b) = {feL (a,b): fi{x)dx = 0.
2 z a

Furthermore, when an interval is not <cpecified for one of

the above function cpaces, the interval is assumed to be



the interval [a,bl. That is, L2 = Lz(a,b), Hl(-r,O;LE)

Hl(—r,O;Lz(a,b)), etc. For a function x:[-r,ct)—X, r,x>0,
the symbol X4 for tel0O,x> will represent the function
Xyt [-r,0)—X defined by xt(s) = x(t+s). We will not use

the subscript notation for partial differentiation, thus

our use of X4 to denote the above defimed translation

function should not cause confusion. By & ¢ G(M,p> we
shall mean that the operator A is the infinitesimal
generator of a Co-semigboup T(t> on a Hilbert <cpace 2
satisfying HT(t)Hz £ Meﬁt, t>0. The symbaols
N s N w

zZ = z and z© —~ z are used to denote <ctrong and weak

convergence, respectively.



Chapter 11

APPROXIMATION

2.1 The Cauchy Problem

In this section, we discuse a method for
approximating an abstract Cauchy problem by a sequence of
finite-dimensional OQODEe. Included in this discussion is
the statement of one version of the . Trotter—-Kato Theorem, a
semigroup approximation result which is used as a standard
tool for proving convergence results in this framework.

Let € be & Hilbert space and assume that an

operator A generates a Co—semigroup T(t) on 2. We shall

consider the Cauchy problem

z(t) = Az(t) + F(B) t>0

z¢(

Zg - (2.1.1)

The ascsociated homogeneous problem (f20) is well-posed in 2

it and only if A is the infinitesimal generator of a
Co-semigroup on 2. In thie case, a mild solution of

(2.1.1> i=s qgiven by the variation of constants formulsx

t
zCt) = Tz, + J T(t-=)f{sdds, t30. (2.1.2)
0



Under suitable assumptions on f and Zgs (2.1.1) is

equivalent to (2.1.2) <(see [15]1, [18] for a complete
discussion of this Cauchy problem).

The approximation problem ies to construct a
convergent sequence of systems of differential equations
which can be <colved numerically and whose solutions
approximate the <solution of (2.1.1). One proceede in

standard fashion by constructing an approximation scheme

consisting of (typically Ffinite-dimensicnal) subspaces

ZNCZ, corresponding projections PN:2—42N {(often PN is an

orthogonal projection), and operators AN:B(AN)C2—+ZN. e

shall denote such an approximation scheme by {ZN, PN, AN},
N=1,2,... . Consider now the problem
MNey = aNNewr + PNecty 10 (Z.1.3)
Necoy = N

20

on the space ZN. When 2N is finite-dimensional, this CODE

is equivalent to the variation of constants formula

t
MNeyy = TN<t>PNzn + J ™(t-2yPNecerde (Z.1.4)
0

N
where TN(t) = etA ie the semigroup generated by AN on ZN.



If the approximation scheme {ZN, PN, AN} has the property
that ZN approximates 2 and AN approximates A, in the sense

that PNz—z for all zeZ and TN(t)EqT(t) {(uniform in t for t
in compact intervals), then the right-hand side of (2.1.4)
converges to the right-hand side of (2.1.1). In this case,
solutions of (2.1.3) converge to solutions of (2.1.1).

In this framework, a Trotter-Kato type of theorem
ie the tool which is often used to show the desired

™ty to the

converqence 0? the approximating csemigroups
semigroup T(t)., The version of the theorem which we shall

employ ic given below (see [181).

THEOREM 2.1.! Let AeG(M,B> be the infinitesimal generator

of a Co-semigroup T{(t> on a Hilbert space Z and suppose

Hi> &N e GeM,p) for N=1,2,...,

H2) ANz—aéz for zeB, I a dense subset of 2,

H3> there exists 20 with Re(ko)}ﬁ such that
(ﬁ-kol)ﬁ is & dense subset of 2.

If TN(t) denotes the Co-aemigraup generated by AN, then

TN(t)z — T(t2z for ewvery zel, t30, and the convergence is

uniform in compact t—intervals. a

We remark that the concept of dissipativeness

together with the Hilkert <space inner product often



facilitate the proof that the approximation scheme

satisfies the stability hypothesis)H1> of the theorem.
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2.2 T linear quadratic optimal control problem

In this <cection, we discuss the approximation
theory for linear quadratic optimal control problems in =z
Hilbert space csetting. We are particularly concerned with
the problem of approximating the feedback law which
determines the solution to these problems. Qur approach is
to use a sequence of finite dimensional control problems
which ‘"converges" to the original infinite dimensional
problem. For a further discussion on the approximation
theory presented here, see [4], [10], and [111].

Let 2 and U be real Hilbert spaces. Assume that

the operator A is the infinitesimal generator of &
Co-semigroup of bounded linear operators T(t) on 2. Assume

that Bel¢(U,2> and QeL(Z2,2), with 0 self-adjcint and
nonnegative, and that ReL(U,U) is a self-adjoint operator
which catisfies R 3 cI > 0 for some positive real number
c.

The quadratic coet optimal control problem is to

find a ueLz(O,T;U) which minimizes
T

J(zo,u) = Ir(<az(s),z(s)> + <Ruf{ed,u(s)’>>ds, (2.2.1)
il

where z(t) iz the mild solution to (1.1.2), i.e.

zCt) = T(tyz, + {T(t—msuw)dn. (Z.2.2)
JU
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It is Known (see [111) that under the abcve assumptions on

@ and R, the optimal control u(t) exists and is given in

feedback form‘by

alt) = -R7IBFncerz(n (2.2.3)

where the operator N(t) is defined on [0,T] by the Riccati

integfal equation
T* -1 %
ntrz = ItT (- IA-N(PBEBR "B "N IT(n—-t>zdy. (2.2.4)

The operator NM(t) is uniformly bounded and self-adjcint on

[o,71. The qperator R-IB*H(t) is called the gain

operator.

tet 2N, PN,aN3,  N=1,2,... be a  sequence
consisting of cubspaces ZNCZ, the corresponding orthogonal
projections PN of 2 onto ZN, and operators QN which
generate a <sequence of Cu-semigroups {TN(t)}“’=1 on ZN,

satisfying TV IgMe™t for N=1,2,... . We assume that the

operators BYeL<U,zNy and aMeL¢zMN,zNy are uniformly bounded

in N, with each QN celf-adjoint and nonnegative, and that
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™ctypN = T¢t) uniformly on [0,T3 (2.2.5)

™*ctreN =5 T*¢t) uniformly on [0,T] (2.2.6)

Ny — Bu (2.2.7)

BN® g%, (z.2.9)
and

aVeNz — @z (2.2.9)

as N — o for all zeZ and uel.
The Nth approximate control problem is to find u

which minimizes

NNz Juy = J;((QNZN(S),ZN(5)>
+ <Ruds),u(s)>)ds, (2.2.100
where
Moy = aMNee + Moy o (2.2.11)
Neoy = Mz,

N

The cptimal control Uty far (2.2.100-¢2.2.11) is qiven in

fecedback form byr



1 N N

aNeey = -r7IBN* nNceyzNc ey (2.2.12)

where HN(t) ie the unique solution to the Riccati équations

for the Nth approximate problem. We now recall a

fundamental convergence result (see Gibson [111).

THEOREM 2.2.1. If (2.2.5)-(2.2.%) hold, then

mMNeorypNz — netdz for all zez, uniformly in t on [0,T]. @

An important observation to be made is that, for
purposes of approximating the feedback gain operator for an
infinite dimensional control problem, an =zapproximation

N,

N BN ANy chould satisfy both (2.2.5) and (2.2.4).

scheme {2 ,P

N

We remark that if (2.2.3) holde, then TN*(t)P LN S

H

and one can conclude (see [111) that HN(t)PN Y, ncty.
However, in order to get the <strong convergence given in

Theorem 2.2.1, one must also verify ((2.2.8), i.e. that

TN*(t)F‘N 2 T uniformly on compact t—-intervals.

REMARK 2.2.1 In the special cxze that A = :A*, if the
approximation scheme ie chosen so that ZNCB(A) and
Fay

aN = PNapN then ¢2.2.5) implies (2.2.4). However, when

A2 :A*, if the approximation scheme has the property thxt
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4
ZN C B(AY and AN = PNAPN, then it may happen that

ZN ¢ ma* so that PNA*PN is not well-defined. In this
case, (2.2.95) may not imply (2.2.6>, and in fact, (2.2.&)
may not hold. We <hall present an example in Section 2.3

which showes that this situation doecs indeed occur.
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2.3 Hereditary control systems

In this section, we review come of the schemes
which have appeared in the literature for approximation and
control of linear hereditary systems wvia the semigroup
techniques described in Sections 2.1 and 2.2. We consider

an ordinary FDE of the form

. 0
x(t) = on(t) + Alx(t—r) + I D(s)x(t+s)ds + Bou(t) (2.3.1)
-r

xC0) = 1, x(s) = () -r£e<0, (2.3.2)

where AO and Al are nxn matrices, D(:) ¢ L2(-P,O;L(Rnxmn)),

and B0 is an nxm matrix. Let Q@ be a real, symmetric, and

nonnegative nxn matrix, and R =& real, symmetric, and

positive mxm matrix. The optimal control problem is to

find ueLZ(U,T;Rm) which minimizes

. T . '
J{x<0>,u) = jo(<ax(s),x(s)> + {Ru(s),uls)>)ds, {(Z.3.3)

where x{(t) ie the solution to (2.3.1)-¢(2.3.2) corresponding
to ult).,

To develop a state space formulation, define the

Fat
Hilbert <cpace 2 = RnxL2(-r,0;Rn), and the operator

A:BAICZ — 2 an the domain
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B(H) = {n,¢)e2=¢eHl(—r,0), p(0I=n2 (2.3.4>
by

a

AlQCD) ) = (Age(0) + Ap(-r) + I Disdglsdds, ¢). (2.2.5)

-r

It ies well Known (csee [2]1) that A ie the infinitesimal

generator of a Co—semigroup {T(t)}t>0' The problem
7

(2.3.1)-¢(2.3.2) is Fformulated as an abstract evolution

equation on Z by

ZCt) = Az(t) + Bult), (2.2.84)
A
z(0) = zq = Cragd,

[}

where Bu = (BOU,U). Mild solutions of (2.3.5) are given

by
+

20t) = T(tdz, + j’T(t—s)Bu(s)ds. (z.
I

o
~J
o

The <following theorem givee the equivalence of the FDE
(2.3.1)-(2.3.2) and its abstract formulation (2.3.8). The

proof may be found in [2].

THEOREM 2.3.1 Let (q,ped be qgiven. If x(t;u) is the

solution of (2.3.1)0-(2.2.2) +or wuelL,<0,T>, then z{(t>
F=
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defined by (2.3.7) saticsfies

zC(t) = (x(tyud, Xt("U))’ for t30. (2.2.8

Define the operator Q:z — z by

a e
Q= o
where © stands for the appropriate zero operator. The

control praoblem for (2.2.4) is to find ustiﬂ,T) which

minimizes

T
J{z(0),u) = [ (<Qz(s),z(s)> + (Ru(s),uls)>rds, ¢
Jo

h)
)
0
—r

where z(t) is the solution to (2.3.4) corresponding to
uito. It ie straightforward to verify that minimizing
(2.2.9) is equivalent to minimizing (2.3.3>, and hence the
abstract control problem is equivalent to the original
caontrol problem.

It is clear from the above remarkes that the
adjoint syestem plavs a Key rcole in the convergence of
approximation schemes. bWe note that the adjoint of A in £

iz C(see [11]) defined on

BeA®) = ((s,4reZiheH (mr, 00, $(-r) = Algd (2.3.10)
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by

DTCore - .

A¥(e, 4 = (40> + Ale,
Having recalled these facts on the state space

formulation of hereditary control problems, we now turn to

questions on approximation. A standard approach is to

develop an approximation scheme {ZN,PN,AN}, N=1,2,..., and
then to investigate the convergence properties of the

semigroups TN(t) generated by the operators AN on ZN.

the heredi tary control problem under consideration,

caonstructing an appropriate sequence of finite dimensional

subepaces 2N of 2 = RnxLz(—r,O;Rn) involves dizcretizing

LZ(-P,Q;Rn). We shall now briefly review and compare three

of the approximatiaon schemes found in the literature.

These are the so-called AVE scheme <{see [2]), which we

 denote by {ZZ,FE,AQ}, a spline-based scheme <(see [31),

which we denote by CZQ,PQ,AE}, and & new <spline-based

{ el r‘l F, N AN %
m

“ne' ne? -t

scheme, (see [141), which we denaote by

We partition the interval [-r,0] into
subintervals [t?,t?_ll for j=1,2...M, where t? = :éf.
N aractericti : N .M
Let Xj denote the characteristic function on [tj’tj—l)’



19

J=2,3,...4N, and let xT denote the characteristic function

N N
on [t],ty).

The AVE scheme is defined on the finite

dimensional subspaces
N
N N n
= ¢ H = N . . .
2a = {{(n,@lel: ¢ lequJ,vJeR 3
The projections PQ:Z — 22 are defined by

N
N N_N
Fatmee) = (s T @2

J=1 h

where
N
NE oyl .
¢ = 8 th @Csdds, for J=1,2,...,N,
J
The operators A§:2 — Zg are defined by
A N N
N, B N, . N N o r NN N, N _ Ny_N
Axim@) = (Ageg * Agey + Z RPj9 2 TP L RE SR
where
2 P
oy =, o= ?J N DEsdds, 0=1,2,...,M,
] (N
J

We denaote by T
Y X}

(t> the. C_-semigroup generated by

the
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N

cperater A, N=1,2,... .

In order to define the next two schemes, it is
convenient to let &T denote the space of linear splines
(i.e. piecewicee linear continuoue functions) with Knote at

t?. The spline scheme is defined on the finite dimensiconal

subspaces
2N = o) ,9rez: s,
Let Pf be the orthogonal projection of 2 onto ZE, and

define the operators A§:2 — ZE by AE FE&PB. The

Z

operator AY is well-defined since ZWCD(A). Again, Th(t)

1]

=z

will denote the Co-semigroup generated by the operator A

The new spline schems is defined on the finite

dimensional subspaces

Zw = {{n,p(-))el: @g@?} = RnX3T~

Let Pﬁq be the orthogonal projection of 2 onto EE; and
dedine the operators aN_; 2u2l by oN_ 2 EN Z1 N

< € operators A i . BY PR T Tns Z .
where & iz the "formzl extenzion of A" given by
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1

B¢AY = R x H'¢-r,0;RY),

and

~ 0
Aln,p) = (A0n+A1¢(-r) + I D(s)gp(sidds, ¢ + [n—pCQ214 U
-r

Here 60 denotes the Dirac delta impulse at 0. Again
an(t) = e denotes the semigroup agenerated by
N N N

An -L(ch,zns).

We recall some of the properties of these
schemes. In [2) and (111, it is shown that the AVE scheme

has the property that Tgit) 2, T¢tY and TN

unitormly in t on compact intervales. In [31, BankKs and
Kappel introduced the <spline scheme in hopee of obtaining

better convergence rates than those previously establiszhed

<

for the AVE scheme, Banks and Kappel chowed that TE(t) =

T¢td, uniformly on compact t-intervals. Acs expected, the
convergence rates for simulaticon purposes are better for
the spline echeme than for the AVE <cheme. However , when

the <cpline <schems {ZE,PE,AE} iz wused for the optimxl

control problem, numerical results indicate (see [41) only

weak convergence of the approximating feedback operators.

That iz, it does not appear that Thrctd 55 Tty This
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recult is not surprising, since az:A" and the spline scheme

has the property that Z\CH(A) while ZNgB(A™ (recall Remark

2.2.27. Although the pumerical evidence indicates that

TZ*(t) does not converge strongly to T*(t), it has not yet

been established that this ie in fact true. This
interesting question remains unanswered.
One attempt to resolve this problem is to relax

the definition of the finite dimensional subspaces ZN =u]

that ZN containe "sufficiently many" elemente of both B(&)

and A%). The new spline subspaces 22 have this property,

and the new spline scheme {2

and (2.2.48) (see [141).

Remark 2.3.1 In general, when one defines an approximation

scheme with ZNCB(A), then the operators AN cxn be defined

N

A
by & = PNAPN. Furthermore, if A is dissipative, then it

follows immediately that each AN iec dissipative, and hence
the stabkility condition H1Y> of Theorem 2.1.1 .is easily

- . * -
verified., Howewer, if A2+~ , then cN mxy not be x subspace

LB .
of BiA ) and the scheme may not lead to an approximation
{i.e. in the =strong operator topologyd of the adicint

semigroup. I+ one =attempts to aveoid this problem by
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defining an approximation scheme with ZN¢B(A), then PNAPN
ies not well—-defined, and one ics precsented with the problem

N appropriately (the AVE <ccheme

of defining the operators A
falls into this category). In addition, it ie no longer
trivial to verify the stability condition H2) of Thecrem

2.1.1. In the next section, we develop a general framework

for the problem of defining the operators AN so that even
in the non <self-adjoint case, conditions (2.2.5> and

(2.2.é> hold.
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2.4 A general framewcocrk for approximation

As mentioned in the «closing remark of the
previous section, we shall now present some resulte in the
direction of a general framework for constructing
catisfactory approximation schemes for the linear quadratic
cost optimal control problem.

Let A be the infinitesimal generator of =&
Co—aemigroup T(t) on & Hilbert space 2. The problem is to
define an approximation scheme {ZN, PN, AN} which
satisfies

iv PN =4

i1y T™NCOHET, uniformly in compact

t-intervals

i) TV ET*t), uniformly in compact

t-intervals,

N
where TN(t) = etH .

As indicated above, if ﬁ=zA*, then an appropriate approach

to this problem e toa choose approximating subspaces

A
MNeowmary., 1f AN is defined by AN = PNapN, then under

N and PN, condition ¢2.2.5) will

suitable conditions on 2
. K . .
imply (2.2.4). When @A=22A", then (x= is seen Ffor the

hereditary control problemd it is possible that zM 4 Bea™

and (2.2.4) may not hold. Qur approach is to define the
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approximating subspaces ZNCZ S0 that ZN "contains

sufficiently many elements" of both ®(AY and Ba® .,

However, in this case typically 2N¢B(A), so that PNQPN ie

no longer well-defined, and cannot be used to define AN.

Therefore, we will construct a bilinear form oo which

extends & and A" in an appropriate manner, and define AN by

restricting ¢ to the subspaces ZN.. We discuss a technique
for constructing the bilinear form 6.

Assume that V is a real Hilbert space with the
trace property (cee [171); that is,

*

v c z=z* ¢ y¥

and there exists ¥ € L{V,H) so that
r: U ontg H
Here, H is &a Hilbert =pace and 2 iz a pivot space

([11,0171) and is identified with ite dual z*. Assume also

that Ker ¢ = VO, and the inclusione VCZ, UOCZ are dense and
continuous. That is, there are cl,c2>0 so that

xliy € cqlixlly HxeV and lixll; < CEHA”UG-

PROPOGSITION 2.4.1 In the above framework, let A& be &

closed, densely—-defined linear operator in 2 with
DAy = Y, S V. Aszsume that B(A*ICY and there ic a constant

K such that IATull, ¢ Kliull, for a1l ueB(A™ . 1 there is an

w
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operator QeL{V,2) which extends A (i.e. Q U, = A, then
a

there existe éeL(V,H*) so that the bilinear form o on UxV

given by
I}
c(u,v) = <au,u>2 + <7u,5v>H
ie bounded and has the property that
i) clu,v) =~<Au,u>2 for all ueB(A), vel,

1) aCu,v) = <u,ATud, for all uel, veB(A™).

Proof: Since Qel(V,2), it follows that there ics a constant

Kl such that for %11 0 ¢ U

HauHZ € KIHU”U.
Define the operator C: ma®rou—u* by

& #
(Culiluw) = <vu,A u>Z - <au,u>2.

Then C i= bounded <ince

sup .
, * , -
veld {1 Kv i u;q! + ‘aﬂu,u)z ¥

lcull i
' ol =t <

* %
v

. *
¢ clia U”Z + ”aUHZ'”U“?

C(H+K1)HUHU = HE“””U'

o~

Note that 7¢L¢V,HY is onto, and hence ¥ & L{H,U™) is 1-1,

0]

th

and R(Ti) = [Ker 7]1 - u*, Observe that since [Ker T]i i
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. . L .
& Hilbert space with norm -}l x3 then ¥ is a continucus
yr

1

. - . *
linear bijective operator from H onto [Ker #1-. Hence,

(csee Theorem 4.2.3 in [11),

1

(71 e Latker v14,H%.

1

That is, (7*)— UlH £ K4"U"U* for all ueiKer 7]l. Now we

define & on DAa® inte H* by

ICU.

du = (¢~
Note that this is well-defined <cince TR(C)=[Ker ?]l =

1

B((y*)— ). Also, & s bounded <since ('r%)—'1 and C are

bounded. Let & be the extension of & to a bounded operatar

on 11 of VY, and define the bilinear form o on UxY by

Fi
cluy,y) = <au,v>2 + <7u,6v>H.

Froperty i) is clearly catisfied. Tao establish iiJ,
observe that if weBa™), then

<Tu,éu>H = dyu,ly )_1CU}H = (Cvxfur Ffor a1 ueV, The

result follawus,.
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Al though the previocus result provides only the existence of

é, we have the following partial characterization of 4.

LEMMA 2.4.2 I éeL(U,H*) ie &as in Proposition 2.4.1, then

pca® = pa®rnker 4.

Proof. Note that ACQ implies B(AHICBATY. I+ weBia ),

then ch(A*) and for all ueV we have that

0 = o(u,v) = (u,A*u>2 = <7u,éu>H.

Therefore, dv=0. Qrn the other hand, if vedA™INKer & and

ueV, then
U=clu,v)-<u,A v>2 = «au,u>2 = <u,AR u>2,
, A%
and hence veBF(Q ). |
We =zpply these ideas in practice by investigating
ma™) and Ba*) to determine 4, and hence . We then

choose appropriate approximating subspaces ZNCU, and define

the operators QN by restricting ¢ to ZN. That i=, define
ANy 2N 2N
)
<ﬁNu,v>7 = cly,ui 2N for u,ueZ“.
e then must show convergence ot the resulting

approximation schemes. Let us consider an example.
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Example 1.

3

We shall apply these ideas to the delay crste

concsidered in Section 2.3. Recall that the state space is
given by 2 = RnxLz(—r,O). The cstate operator A ies defined
on the domain

BCAY = (Cm,pdeZ: @eH (-r,0), @(0)=n3
by

0

ALY = (Agm + A pl-r) + f DCsdglsdds, ).

-r
The adjoint of A ic defined on the domain

A% = (g, € 2 qeHl om0, yC-rr=aTed

by

a¥(e,4) = (40> + Ale, DTCoOg - P,

For our framework, we need a Hilbert space U satizfying

B(A),B(A*) C Vv C 2, with A bounded in the norm on V. To
this end, let
Vo= Ranl(—r,D)

with

¢ Sl = 2 =
Il.n,q:ullU = ln!Rn + ”¢“;1'

We note that A::A*, and hence we =seeK approximating

subspaces 2N which contain elements of both Be&) and B(AT)Y.

N2 N
“ “ne

A natural choice is as in the <spline <cheme
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developed by Kappel and Salamon [141. They approached the

problem of defining the approximating operators AN by first

formally extending A to an operator A defined on all of V.

A ~ N
Then since Zﬁ C U, AN can be defined by AN = pNZREN e

S

proceed by defining (not formally) a bilinear form o on V.
Then the approximating operators AN are defined by

restricting o to ZN, i.e.

<ANu,u>z = olu,v) for all u,ueZN

To effect this approach, we define the operator 4 which
extends A to V by

(a =V
and

0 .
ACN,@) = (Agn+ad ol-r) + f Disdgpisdds, ).
-r

In order to apply Proposition 2.4.1, we set H=R" and detine
riU—H by r(q,9> = @(0d-1.

Computing the adjcint of Q in 2 leads to
BA®) = ((g,4)eV: $C-rI=aTe, 4C0)=03.
and
A%ce, 4> = CApg, DT COE-).
In wview of Lemma 2.94.2, we define 4&: V—R" by
SCE 40 = 00D,

It follows that o¢:Uxt'—R" should be defined by
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Fay
G ) (& ,)) = <a<ﬂ,¢>,<g,¢)>2 + {(p(O)-7), $COI> ne
R

We are now in & position to define an approximaticn scheme

2N PN ANy et 2, with  2Ncu. Define  the

o N N 2 N .
approximating subspaces 27 by 27 = an (see Section 2.3
and let PN be the orthogonal projection of 2 onto ZN. e

N N

use o to define AN: 2 —Z by

A
@Nu,u>, = otu,vdy  for all u,vezl,
A direct calculation verifies that

<ANu,u> = clu,v) = <Awqu,u>

for all u,veZN. Therefore, when the above framework izs

used to dewelop a spline—-based approximation scheme for the

hereditary control problem, it leads to & scheme (in this
case, the new <spline scheme {Zﬁ =+4) which

caticefies (2.2.9) and (Z2.Z2.4&42.



Chapter 111

PARTIAL FUNCTIONAL -DIFFERENTIAL EQUATIONS

3.1 BState Space Formulation

In this section, we consider the problem of
developing & state space formulation for & PFDE of
hyperbolic type. Well-posedness will be obtained by

showing that the underlying cperator is the infinitesimal

agenerator of & CU—semigroup. First we briefly discuss
several recent and relevant paners (csee [81, [%], [1&],

(2231, [221). In many of these investigaticons, the PFDE is

trexted as an  initial wvalue problem Ffor an betract

DU
DU

ordinary functional differential equation of the form

L] 0
uit) = éou(t) + élu(t-r) + J al(e)Ault+sdds + £t (3.1.17

ullr=s, utsd=qnis) a.2. in [-r,0] (2.1.2%

where A BAICH—H is the infinitesimal generator of an

analytic semigroup in & Hilbert space H and AI,QZEL(DA sHY .
Here, DA =Bi{A,? is endowed with the graph norm.

In order to wus

Ldg

semigroup technigues, it is
argued that 2.1.10-(2,1.2) is well-posed with initial datsa

from =ome

1}

pace & = X x Lo¢-r,03¥). A szoclution semigroup

-

T<(t) is then defined on 2 and the infinitesimal generzator A

32
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of T¢(t) is characterized. This approach is used in [?] to
ctudy the stability of (3.1.1)-(3.1.2) via the spectral
properties of A.

An  important problem in this approach is the
prescription of appropriate initial data =3u] that
(3.1.1)-(3.1.2) is well-posed. Kunisch and Schappacher
have shown in [14) that if one makes the natural assumption

that (&,m) € H x Ly(-r,03H), then (3.1.10-¢3.1.2) s

generally not well-pocsed: It has been <chown that the

appropriate choice for initial data is

(g,m> € F x L2(-r,O;DA0),

where F is & suitable interpolation space between Dﬁ and H
0

(see [7] and [81).
However, when considering PFDEse of hyperbolic
t¥pe, one does not have recourse to these well-posedness

results for the corresponding abstract FDE. This i<

because in the hyperbolic case the operator A, in the
corresponding abstract FDE typicxlly is not the generator

of an analytic semigroup. Since we wish to use semigrou

n
=
o

techniques for approximation =and control of hyperbolic
PFDEs, we will use & different approach than that mentionsd
abave. That is, we do not use the well-posedness of the

abstract FDE to define a solution Semigroup. Father, we
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conjecture an equivalent state space formulation of the

form

z = Az(t) + FCE)

z(O) = zg

on a ctate space 2. The operator A is constructed using
the dynamices of the PFDE. The above-mentioned results of
‘Kunisch and Schappacher [14] indicate that we must make a
Judicious choice of the <ctate <cspace in order that the
problem be well-posed. Recall that the above pfoblem is
well-poced it and only if A is the infinitesimal generataor

of a Co—semigroup on 2.

With thi= in mind, we consider the Ffollowing

hyperbolic PFDE which arises in viscoelasticity:

22 a2 L a2
p—=y(t,x) = cc—my(t,x) + J g(s)i—zy(t+s,x)di (3.1.3

at= ax*= -r ax
y(t,ad = 0 = »(t,b) (3.1.47
Y = ey d vy — ) L . =
y(O,x) = s(x), yTy(U,x; = vix) for agxfb C3.1.50
y{t,x) = hit,x> for -rtgo. (23.1.40

ble assume that gsHI(—r,G? and that there existes EO>U and &

continucous function g :R 4R satisfyring
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go(s)<0 for -r<{sg0

and such that:

i) g(s){gﬂ(s) for -r<dsg0

ii eo$e, where ¢ is defined by
]
€ 2 o« + J gts)ds
-r

iiil é%g(s)&ugo(s) for -r{s{0, for some p>0.

The existence of €q follows +from general properties of
elastic moduli. Condition iii» is &a "decaying memory"
assumption. For & further discussion of the physical bacsis
for these assumptions, cee [13] and [24].

Throughout the rest of this chapter, we shall
often wuse the symbol ¢ to denote differentiation with
respect to the x wvariable. We now pose the abowve
viscoelastic problem in the state space

Z=L.Ca,b) % L9¢a,b) x Loc-r,05L8¢a, b0y, ¢z,
& & Fa

0
—
|

with norm defined by

" b 2 a . D t' -
= J CpgT+edTddu - J g(s)f wTdxds.
Y -r a

q;l
. ‘.

w

Z
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The operator A is defined on the domain

_1{® ol RTINS DU _
BlAI={{yleZpeHy,heH yweH (=r O03H ) qwl0)=4
w (

by
¢ o, L, | o , , dw}T - .
A[i] = [5¢ + Ef_rg(s)w (s)ds,q 3| (2.1.8)

dw
. de
where
o d,
« 0§
=[5+ = *
wf - B -le o)
and
Loczy 0
G(e) = lmg" .
Q Q)

We <hall establish that A generates zx Co-semigroup on

However, it is important to note that there are many
passible state Zpace formulaticons of the system

(2.1.2)-(2,1.&). Walker [24] concstructed a different state
space model axnd used his model for & stzability

analysis.

We shall mak

hd

use of Walker‘s recults; thue it s
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worthwhile to recall Walker‘’s formulation. Let Zw be

space

2, = Hy x Lo x LoC=r,03H3)

with norm given by

2 b 0

b
= J [e(¢’)2+p¢2]dx —I g(s)f (w’)zdxds.
a -r

w ?

2

The operator Aw ie defined on the domain

_ ¢] ) e+ _ 10 ’
A = (4] € 2,0 v e Hg f - Ef_rg<s>w (=)ds

m
I

w ¢ Hic-r,03nl)y, weor=o0],

e’
]
-
<
~
Dlm
-é‘\
|
|
0
Eal
n
~
£
N
~
n
N
a
U1}
[}
~

dw., T
S) .

Walker showed that A, generates a contraction semigroup

™

w

semigroup. The difference between these two formulaxtion

ie the choice of "state" wvarizable. Ecszentially, this

due to the fact that there are two waye to formulzate

second order PODE x2= an equivalent first order system.

the

5| g (Z.1.11)

on

and discussed the &symptotic properties of this

W

"

2

For
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example, the equation

2

3}
]

d7u u
- . (S.1.12
at< ax
may be written as
au 0 3 du
) ax ax Fx
R3] du = % 1] Ay (3.1.13
It 3T
or
u 0 1 u
7 2
| ) 2y (3.1.14)

¥t (3] T 52 ) \FE
The formulation (3.1.7)-(3.1.8) corresponds to (3.1.13) and

a state variable

S
c

z(t) ~

|l 2 A

(ut)

2

3
whereas (3.1.10)-¢(3.1.11) corresponde to (2.1.14) and =a

state variable

u

~ |8u
Zw(t) 1&—{ .

U=y

Bezides the presence of lower order spatial derivatives in

[0}

[
-+

cur state operator A, a major motivation for our choice
state =pace formulation ie the anticipated application to
feedback control problems. For example, in the control of
a ¥lexible. beam it is often desirable ta feed back =a

measurement of strain. Thus 2 "matural" state would be the
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azu

strain 8x2 . When one applies our state space formulation

to the problem of controlling a flexible beam, the strain
is part of the state, which ie not the case for other
formulations. Besides this feature, another advantage of
the formulation (3.1.72-(3.1.9> is that the operator and
state space structure is analogous to that for ordinary
functional differential equations. Indeed, after
discretizing the <spatial wvariable in (2.1.7)-(3.1.9), we
are led to a familiar FDE operator. Thie will be useful
for approximation.

In the remainder of this section, we address the
question of well-pocsedness of our state space focimulation,
That is, we show that A& is the infinitesimal generator of =2

Co-aemigroup. We will make reference to come results in

ISJ, where a state space formulation is developed for &

etrari

L

PFDE of parabolic type. DiBlasio, Kunisch and Sin
showed that the underlying cperator is the infinitesimal

generator of =& Cn—semigroup. We will wuse this fact to

prove <similar recults for the operator A. Theretore,

consider the cperator B on Lz(a,b} defined by

1

BB) = HAMH)

and
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Let DB = B(B) be endowed with the graph norm, and define

the spxce 2l by

1

2, = Ho(a,b)xLz(—r,O;DB> .

1

The norm on 21 is the usual product space norm

I " = “4”21 * "W“Ez<-r,o;oa>

Define the operator Al: B(AI)C21421 on the domain

e
*
HA,) = [w]€21= weH! (=r,03Dg), wiDd=y,
/
4 1 1 .]
EBw + E‘_rgxs)Ew&s)dseHo(a,be
by
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The following result can be found in [8].

LEMMA 3.1.1 The operator Al is closed, densely defined,

and R(I—A1)=Zl. n

Let Ze=2 denote the Hilbert cspace 2 endowed with the norm

defined by

G b 0 b .

“i‘ = j (¢2+¢2)dx + J J wedxds
e a -ra

n@ﬁf £ 0gnE e wwi? o
2 2 2¢r, 0550

Note that H-He and H-Hz are equivalent norms on 2.
Heuristically, the relationship between Ay and A
ie that él arises from x parabclic PFDE and & arises from =

hyperbalic PFDE. With this relationehip in mind, we now

1

state and prowve & ceries of lemmas which will be used to

show that A is the infinitesimal generator of

o

Co-aemigraup.
LEMMS 3.1.2. The domain of A is dense in Ze.
Proof: We show that for an arbitrary (7,5,z)eze and €30,

there exists (@,4,w)eB{A) such that
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HC@y4ywd=C7, 8,201 < e,
Let €>0 and (v,p,z)eZ_. Since Ly(-r,0;H'ALD) is dense in
Lo¢-r,03L9), we can choose zel.(—r,0;HINLY) such that
2 sUibaly choose zel, ,03 2) =uc

Nz-z1% 0. <
LoC-r,05L0)

uim

Also, since Hé is dense in L2, there exists meHé such that
Ne-rie < E.
L2 3

X

If we define By and z, by ﬁ1=fxﬁ and zl={ 2, respectively,
a . J

&
then (ﬁ1,21>e21. The domain of Al ies dence and hence there

exists (¢1,w1)58(él) such that

e
Zy

NGy sw I =Cpy a2 y) <

I’_'j ™

If y=4; and w=w;, then (@,4,w)eB(A) and
2
Bl awd =y pyzolly

-~ AN ’ s
g=rIlE +lUg=F NE +lw, -z, 1€
N Lz 71 P LU e ol

<

-~
+lHz- o
FS S

which establishes the lemma. : |
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LEMMA 2.1.3. The range of I-A is dence in Ze.

l,p
Proof: Let &= [¢)EZ : @EHé(a,b),weLﬁ(—r,O;Hl) . Obcserve
w e 2

that S ie dense in 2e and therefore it csuffices to <show

that SCR(I-A). Let <(¥,p,z2€S, and €>0 be arbitrary. We

will use the densenecss of B(Al) in 21 to find (¢ ,¥¢,w)eBF{A

such that H(I-A)<¢,¢,w>-(w,ﬁ,z)ug < e Since
(7+I?5,I:z)€21,'tﬁere exists (¢1,w1)eB(A1) such that

H(I—Al)(+l,w1) ; (7+I J L)Hd ¢ €. Define @,4, and w by
¢=f:(¢-ﬁ), ¢=+;, and w=w1, respectively, and note that
C@yd wieZ . Furthermcre, it follows that ¢EH1, ¢eH1,

b b
@¢z2)=0, and ¢(b>=j v - J B = 0. Moreover, (g, wdeBia)
2 2

because weHl(—r,O;Hl), and w(0)} = wI(G) = w; $. Finally,

we have the estimate

HCT=A) (@ wd=C7 6,20 112
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a
— w1 W — e ® 2
= iy - Zyy H[_Pg(s)w (srds) — (y + (aﬁ)"Lg
dw .
1,7 Xy p2
+ Hlw, - Y = ¢tz |l
1 ds Ja LyC=r,035L0)
¢ Ny, = Sygo = 1I0 aledw" (erds) - (r + fxﬁ>n2
\ als - b~ - - -
1 prl PJ-r & H1
a0
+1I¢ W, X212
w - - z .
= ICI-A D 4y awy) = (7 + Jxa,fxz>u§
a a 1
L €.
LEMMA Z2.1.4. The coperator & is clased.
FROGF: #Assume that the sequence {un,¢n,wn} satisfies
Cpp by W) eBlAD, I 3
(@ abp sW 0y hyw) in 2, (301,160
and
A(@n,¢n,wn)+(v,ﬁ,z) in 2_. (2.1.175
ke must show that (p,d,wdeBiAY and Alp,dw) = (¥ F,zd. e

deduce from (2.1.14) and (2.1.17) that
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weH! (=, 0500 (3.1.18)
and

RN (3.1.19)
Thise implies that W W in Hl(—r,O;Lg) and Yo = wn(0)4wi0)

in Lg. However, (3.1.15) impliecs that Yt in Lg, and

hence
w(l)=qy. | (Z.1.202

Similarly, (3.1.14) implies that

0 0
o 1 - o, 1 ; a
F*ﬁ + E[_Pg(s)wn(s)db — E.;.+EJ‘_Pg(s)w(s)ds in L2

and (3.1.17) yields

7 U

1 ‘ - .
bt EI_PQ(S)NH(S)d‘ — B in L2'

?IR
=

Consequently, we conclude that

and

(2.1.22)

~
|
-~
+
il
—_—
] D
-
i
n
£
-~
n
~
L
i
[
]
™
~
0Dy
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Again, & similar argument yields

¢eH (3.1.22)
and
=y . (3.1.245

The identities, (3.1.1&), ¢3.1.17) and (3.1.24) together
imply that @ +¢ in H!, which implies that

@lar=0=¢p(b). (3.1.25)
Combining (3.1.18, (3.1.20>, (3.1.21>, «(3.1.23), and
(2.1.25) it follows that (g, 4w eBAY., Alsco (3,1.1%),
(23.1.22 and (3.1.24) imply that Al wd)=(r B, z).

Therefore, A is closed. a

We note that A does not satisfy a dissipative
tvpe of inequality on 2. We introduce a dissipative

cperator A which is similar to A, and use the

ro

dissipativenees of A& and ite similarity to A to facilitate

praoving some of the following resulte, including those on

3]

0y

approximation in Section
With thi= in mind, define the coperator LelL(Z,2)

by

)
—
(2]
Ix)

” »
L i ‘I,] = [ o+ ] . ¢
AR, O
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Note that L-1=L, and L is bijective. We <hall need the

following results.

LEMMA 2.1.5 Let H be a Hilbert space and let LeL{(H,H) be a

bijective operator satisfying L=L-1. Suppose B is &

closed, densely defined operator in H and R{wI-B) H. I+
the cperator B ic defined on the domain

B(B) = {xeH: LxeB(B)32

~ b ~ ——
by 8 = L7!BL = LEL, then B is closed and R(wI-E) = H.
Proof: To show that B is closed, assume that xneBié),
n=1{,2,..., &and X — X and gxn — . It followe that

aneB(B), n=1{,2,..., and Lx, — Lx and BLx_  — Lv¥.
Therefore, since B is closed, LxeB(BE) and BLx = Ly. Hence,

x eDCR) and Bx = ¥y, which proves that B iz closed.

To show that R(wl-B) = H, let xeH and e>0 be
arbitrary. Since TRiwl-B» = H, there existe yeB(B> <cuch

that N{wI-B)y - LxHH < Wéﬂ' Consequently Lyané), and

NwI-BdLy - xil = HL{wI-Edy - LLxII

& HNLHel{wI-BYy - Lxl < € . |
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LEMMA 3.1.6 Assume that the hypothesese of the previous

lemma hold. If B-) is dissipative for some A<w, then B is

the infinitesimal generator of a Co-semigroup SCt
satisfying NSCHON ¢ nLnZe®t,

Proof: 1 B-) is dissipative, then (wI-B>™! ie a closed,
bounded coperator, and it follows that R(wl-Br=H.
Therefore, B(B) is dense <(see [181). - Hence by the

Lumer-Phillips Theorem B is the infinitesimal generator of

wt

& Cu-semigroup SCt) satisfying HSCe { e Therefare,

-1

L™'8¢t)L is also a Cy-semigroup, which we denote by S(t).

Clearly HSCEXN ¢ WLNZe®Y, and a straightforward calculaticn

cshows that

L™1ELz = B.

lim S¢t)z-z _y |vim ScrLz-Lz
L = tjo T ¢

Thus, B is the infinitesimal generator of S{(t), and the

result follows. s ]

In order to apply thesze results to our problem, we define

the operator A on
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o ‘
= ([¢]e2: peH), yen!, weHl(—r,O;Hl),w(0)=0J,
W

I
| >

by & 2 L7!aL. 1In particular, it follows that

~f P e - 170 e -
A(¢} = (E¢ -Hf—rg(s)w (s)ds,q¢ ¢ -gg’-

We now show that A is dissipative and hence generates =z

Co-semigroup of contractions.

LEMMA 3.1.7. The operator A generates a Cy-semigroup on

z.

‘p ~
Proof: I+ {%]EB(A), then
W,

b 0 . b
=2{ [ey’ - j aled)w’ (srdsledx + zf £’
=3 -r 2
o b
.. ’ dw
-2 g(a){ Lo + judxds
JLeof e &
.0 E
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2

0 b
w (e)dxds

0 b
3 2, d
-j ggrj a¢s)wl(s)dxlds + j_ agg(s)J
-r a r a2

0 b
é%g(s)j wz(s)dxds
-r

EaN

-3

0 b
uf go(s)f w2(s)dxds ¢ O.

s

and the result follows. ]

2

The next result ic an immediate consequence of Lemma 3.1.&
q

and Lemma 3.1.7.

Theorem ‘3.1.8 The operator A defined by (2.1.8) ies the

infinitesimal generator of a Co semigroup T(t) catisfying

HTCtX N g HLHZ. a

We have therefore chown that our state space
formulation (2.1.7)-(3.1.9) is well—poéed. We turn our
attention in the next section to the problem of

constructing an approximation scheme for this formulation.
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.2 An zpproximation scheme

()]

In this <section, we develop an approximation
scheme for the state space formulation of the viscoelastic
problem given in the previocus section. Recall that for

thie formulation, the state space 2 is given by

(a,b) x LY

2 =1 >

5 (a,b) x L2(—P,G;Lg(a,b)), (3.2.1)

with norm defined by

= I (pe“ + €4Sddx - j g(s){ wcdxds.
-r

=3 J R

im
¥
XY

The state operator A is defined on the domain

. 5 1 1 1 1 1
BCAY = {l¢ €Z: @eHg, YeH™, weH”, weH (-r,03H" ), wil) = 4z,
w
by
.'(.F' i 0 - s 7 s T o~ —
The operator @& is  the infinitesimal generator of &

Co-semigroup Tty and may be written in the form
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<
@ ¥
fo m %ol
’ CP"

It can be <shown that the operator A* ic defined on the

domain
# _ ¢ 1 1 1, ool o
B(AT) = {[{4] € 2: weHO, beH"y, weH {-p,0;H"), wl(-rd>=02
W,
by

£

d < <
_ ag[g( Sl s) J]T

_€,, _«_, _ al .,
{ gV T Sy 9 gl(sy

g
a* b
W

We chall often use the norm on L2 X Lg defined by

& b o 2
= J (pp + €4 )dx.

=t

2
191 o

Similarly, we wuse the norm oan LZC—P,G;Lg) defined by

">
o

Hw"2 0 J-
LaC=r,0;L-) -r

Betore giving detaxiled resulte, we shall briefly
outline our approxch. We proceed by first discretizing the

spatial warizble. That iz, we define finite dimenszionxl
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N

subspaces SN, SO of Lz(a,b), Lo{a,b>, respectively. We can

Mo

then define approximating subspaces ZNCZ by

2N = N xS x Loc-r 058t

To define the approximating operators AN, we nate that the
action of the operator A -on the spatial wvariable is

determined by the operator AO' Hence, we shall define an

approximating operator Ag, and then define the operator AN

by

The reader will note that for each N, the

operator AN and state space ZN have the same structure =xs=s

the operator and state spaasscociated with a standard FDE on

Rk' (k=dimension (SN) + dimension (SE}). Therefore, the

delay wvariable can be discretized according to kKnown
approximation schemes, <such as those discuscsed in Section
2.3,

For purposes of this paper, we shall wuse the
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averaging approximation scheme (AVED to dicscretize

M

Lz(-r,O;SE). Therefore, let & denote the finite

dimensional subspace of L2(—P,O;SE) constructed using the

SN, M

AVE <ccheme, and let denote the finite dimensional

subspaces of 2 defined by

a

SN,M 2 N

N
S x SO

XAM.

Let OM:ZN—azN’M be the operator constructed according to
the AVE scheme, and define the operator
Al M

:Z—AZN’M

by

A
ANGM 2 MeN

aNsM

The cperators and subcspaces ZN’M form the basie of cur

approximation scheme.

Let wus now be more specific in defining our
approximation scheme . For  any positive integer M,
partition the interval [a,b)l into subintervals [x?,xw+13,

where x? = a + Jé—ﬁi;, i=0,1,2,...,M. Define the familiar
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"hat" functions h (x) to be piecewise linear functions on

[a,bl] with Knots at x?, J=0,1,...,N, and satisfying‘h?(xw)
= 6iJ’ where 6iJ is the KronecKer delta (éiJ=1 if i=j, 5ij

=0 if i#j). Define the finite dimensional subspace SN of

LyCa,b) by

N B

= epan (hhlex) N2l

S |—1.

Note that SNCHé(a,b). Aleso define the +finite dimencsional

subspace SN ot Lc\a,b) by

&
s = epan ¢ ZnlMleo ot

él PR PEVEN

Nate that ies a step function. For convenience in

the ensuing discussion, we shall use the shorthand notation

ho=hNexo and n) = SoMao. Therefore, SN = span ¢h oNZ
and Sg = span {hf.?_i We now define the subspaces ZNCZ
by
a .
N o= N el Locer,0pElh (3.2.%)

Deftine PN to be the orthogonal projection of 2 onto 27,
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’

¢
For {¢)EZ, we have
W

where mi,¢iem and wi(s)eLz(-r,O) are determined by the

equations

N-1 .k b ‘

Z¢;| hih; =j whj J = 1,2,...,N-1, (3.2.5)
i=1 & : a

N-1 b, , b, |

T4 nin’ = J‘ whi o= 1,2,0.0, N-T, (..
i=1 & j -3

and

N-1 b, ., b ,

iglwi<s>Lhth = Jaw(s)hj J = 1,250.4,N-1, (R.Z.7)

recspectively,.

We dencte by P? the orthogonal projection of L2<a,b) anto

SN, by F‘r%‘. the orthogonzl projection of Lg onto =M and by

~t U 3
N ) . . . R
P the or-thogonal projection of sz—r,U;Lq) cnto

LE(—F,G;Sﬁ). Therefore, we may write the praojection M 2=
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N

g -
w Fa¥
Pgw

Next we define operators Ag on SN % SE which "approximate"

N

the operator AO. Since §  x Sg ¢ U(AG), we cannot define

~Qﬁ by restricting AO to SN X SN. However, wusing the

framework of Section 2.4 (which in this case ie similar to

the finite element method), we define the bilinear form o,

1 1]
on H x L2 by
P17 P2 b - b .
“ob{e |2 {eal) T 'fa pfzty * fa¢1*2'

N

The operator Ay is defined as a restriction of cq to s

=N )
bo by

fa
<A§u,v> = oclu,v) for u,ueSN X Sg.

Next, define the operator AN:B(AN}CZN—AZN on the domxin

q:l
maty = {t¢]ezN: weH!(=r 038ty | weoy = 43, (2. 2.8
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S

@
N AE[ ] f G(S)ANl ]ds
A l¢ = . (3.2.9)
U]

dw
de

As mentioned above, for each N the operator AN has the same
structure as _the reduced evolution operators associated
N

3

with FDEs on RX. Therefore, each A N=1,2,... is the

infinitesimal generator of a Co-semigroup TN(t) an ZN (cee

[S], [191), and we can use the AVE approximation ideas.

For each positive integer, M, partition the
interval [-r,01 inta subintervals [tT,tM 1J for

i=1,2,...,M, where tT = -1t Let x?eL2<—r,0.5§> dencte the

[ trl M

l_1) for

characteristic function oaon the interval

? dencte the charactericstic function

J=2,3,.:..,M, and let ¥x
on [t” tgl. Define the finite dimensional subspaces $M of

Lo<=r, 03580 by

M
M= pelgt-r,058 g = 'quvxq’ Meshls
B I VS

and define the finite dimensional subspaces
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2.1

(93]
X
X
o
X
be
7~
('J

SN_, 5N M

Next define the operators QM:

. M a
N ¢} M N( ]
) A + 0T TaNT "M
M{(p] = ¢ [4.' J=1 M ¢ WJ

M (3.2.112

—Z by

5 M<WJ - M)x

where

Ay ot
gl="MN I J=lacerde for j=1,2,...,M.

J r M

1y

J

Define the operators QN’M:Z—qu’M by

A
ANGM 2 MEN o 12

(2.2.1

REMARK 3.2.1 Our goal is to show that the subspaces z+M

and operators &M

approximate the space 2 and operator &
in the <cense that the hypotheces of the Trotter-Kato
Thearem are <catisfied. In particular, this requires

proving that as N and M —

ez~ mzn — 0

for 211 z in some dense subset of Bidd. From the triangle
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inequality, we see that

N Mzoazi ¢ ndPNz - aNENzi + 1eNPNz-azin = s ¢ s .
Elementary spline estimates imply that 82 — 0 as N — «w

for each z, but convergence of the AVE scheme implies only

that 81 — 0 as M—e for each fixed N and z. In

particular, the rate of convergence in M of AN’M to AN is
bounded by HAEH. Al though AU is an unbounded operator, we

will show that HAEH=®(N) (Lemma 3.2.3). We muset then

choose the index M s & function of N so that the

convergence in M dominates the unbounded behavior of HAEN.

W

This will require the somewhat detxiled error estimate

found in the rest of this section. |

Let feCla,b). For each N, we denote the unique

cantinuoue piecewise linear interpoclate of f by ¥T(x) .

That is, (x> = f(x;> for i = 0,1,...,N, and f§Go s

linear on =ach interval [xi_l,xi] for i = 1,2,...,N. e

recall the following well-Known convergence result for

interpolating linear splines (csee [21], Theorem 2.5,

THEOREM 2.2.1 There exist fixed constants KI’KZ such that
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i f(x>eC%Ca,b>, then

el - ¢ Ly ugien (3.2.13)
1 Lyca,by € 72 ==fl e
and
d, N 1, , d? .
I 1P ca,by € RK2IS2F 1 20 ) - (2.2.14)
3

The following lemma ie an immediate consequence of the

Schmidt inequality (cee [21], page 7).

LEMMA 3.2.2. There exists a constant K3, independent of M,

such that if fesN, then Hf’HLz ¢ KNI .

Progotf: Since feSN, ¥ is linear on each interval [xi_l,xil,

i={,2,...,N., Hence the Schmidt inequality applies on each

interval and we have

b N . -
neene = [sa12= s [THs17
Ly ; 1

A i=

= 12N2H¥Hfﬁ,

and the result follows. i |
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Let us now recall

projection PT defined above.

LEMMA S.2.3 If felo, then

PN¢=€1l, — 0 as N —o.

If geHl, then

uP';'g'—g'uL2 — 0

and

nerllgy - g7l — 0 as N — .

Procof: See, for example, [3] or [14],.

LEMMA 3.2.4 i) I fetlia,monLlca,b), then

N 1 d
el fI < NkzuagfuLz.

ii) 1§ weC¢-r,03c!nLly, then

HPQw—wH - o, — 0 as N — .
- L2<—P,U;L2)

Proof: Since Pg ie the orthogonal projection of
onta SN, it follows that for $:L0¢a,b)
o Sp : 5 Y o flotla,bl,
WENf—£11 = min Nu=fll
2 kg M Lz’

ueSG

some convergence rates for

Loca,m

th

e



63

Y

& Wx
Define F(x)> = f f(s)ds., Since the spline interpolate of F

satisfies F(FIh e s, it follows that

N, _ d Ny ey d o eN_ 1., ,.d
el fHLZ $ IR =g R F)HL2 $ R k2n3§+HL2

where the last inequality follows from <(3.2.14). The
recult ii> follows from i) and the dominated convergence
theorem. Thus the lemma is proved. a

LEMMA 2.2.5 I1f @eCnC) and yec!nLl, then

pN

1¥ @
N
N
n F1¥ N-1 N-1
Prooct: Let A = = ah., > b.h. From the
Q PN TR T
Fa¥ A= = /
definition of &Y it fallows that
N-1 b b, .
Ta [ hh =-& I Plyoh
i=1 a ' Fla <
b
—I-( s
3 Ja"hJ
« It‘
= % J $ hoy for all j=1,2,...,N-1.

N-1 T
Hence, X aihi = P1(5¢’). It follows also from the
1=
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definition of Ag that

N-1

T b, I - I NI
i=1 a
N_.. N
Therefore, since (P1¢) € G’ it follows that
N-1
‘ N
igl b, h; = (Fyg
Hence,
FT¢
N ~ {¥),2
Ag 1 N Ag 4 Il a
Fad /o Laxls
N 2 N 2
= Py (7Y = 7l + WCPd” = gl
1 1 L
Lo 2
which converges to 0 by Lemma 3.2.3.
LEMMA 3.2.4 1f geCncl and yeclnLl, then
N . 2" .
A £ KN . + el{N)
0 pN ¥ ph

Fad szL% 1 szLg

where 2(N) — 0 as N — o, and K is independent of ¢.4.

Proof: The same calculation used in Lemma Z.2.5 yields

N oM,
N PI@ FP Cdp?
Pog N T N

qul.} qu_n)

Hence, we have the estimate
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N PT¢ i o N 2
fo | N ol + [l<FYer]
Pa¥) L =Ly

¢ zcfgee |*+ e

[ cpliy - * %‘*"PT‘*’>“2*'

Now apply Lemma 3.2.2 to the firet two terms, and Lemmx

23.2.3 to the last two terme, and the result follows. a

Since g € Hl, it follows from standard arguments
{i.e. see the proof of Corollary 3.1 in [2]1) that there is

a constant K{(g? such that

0 M ¢
f L T gt eer-aceriZas ¢ K.
-r i=1 M<
Consequently, for each N 3} 0 there is an MI(N) = Ml such
that
0 MMy M
limN J | T o 'y “4sy-gis)l®ds = 0 (5.2.15)
MN—o -r i=1 i i

It ie important to note that if M, N> = NP for F¥1,y then

1
(2.,2.15) follows from the previous ecstimate and MI(N) — @

as M — w. UOn the other hand, for cspecial forms of gliel,
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MI(N) does not have to be unbounded. For example, if gl{s?

= ¢, then MI(N) = | suffices to ensure (3.2.15).

LEMMA 3.2.7 There exist constants M,p <such that for i1

M,M satisfyring M;Ml(N)

nT™ Moy ngmeft,

Prcof: By Lemma 3.1.5, it is <cufficient to show that

- @
LANMLz 25¢gnzi? for 211 zeZ. Therefore, let (¢}ez and
W

N
P
PN[¢} = *N
w N *
Consequently we have the equality

N

weaNMz 2 = <«adPNiz, PNz

b ., b,
J‘ (pN“‘Nl"ej. f-PN[ I’N —‘ Q(S)'&'Nk.r)d =] dx

+
.
M=

‘t' s
PaMpE e
HGJ‘3¢N[WN L S

b/s

v‘ .
- M. .M _ J MM, <ds
f g(:) al ﬁ F[“¢N wN)J—l de WN ] qud ds

M

b [ Moty 0 .
= f Py iél[tm ngan)d: - ‘_Pguu)wN(s)d: dx

J

C I
P - | 3 M yM M
- gis) R QT =Yy = ]) ]u\dx
J-r Ja{ngr[ N N J- N NI N

2
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An argument analogous to the one used in the proof of Lemma
3.6 in [2], (in which the AVE scheme is shown to satisfy
the stability hypotheses H1 of the Trotter—-Kato Thecrem),

vields

1 2 1, 12 - .
TS §n¢NuL2 < ?u¢uL2. (3.2.14)

Concsidering the term S1 we have
s ® '[ o [ g M Ma¢ >] (s>d ]d
g, = @ a.x;-ql(s){w, (sd>ds{dx
1 fa N j_r SN N
The Cauchy-Schwarz inequality yields

0 M
MM_ ooy . .
| E ajxgmetedl - ey ds.

S, ¢ Nyl . J q
1% TINTL, - =19

Since M 3 M1<N), it follows from Lemma 2.2.2, the

Cauchy-Schwarz inequality, and the inequality ab ¢ %(a2+b2)

that

/ G, 2 ]1/2
C KN« g - b lj_ (e 12 _ds
< r ra B

E<aN

0
) Coyn2 172
clanu<f_inN«s)uL )

0 2

Cotrllgylls + J llwy C=2 1l ds)
-r 2

L

NN - e
NPRwCsd D E ¢ ¢
- -~

= Cot PN ® + J

P
-
-
(X1

.
[ Al
—
J
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The squations (3.2.18) and (3.2.17) yield the result. a

In order to prove the remaining hypotheses of the

Trotter-Katao Theorem, define the dence csubset D of B(A) by

Y 1 ) 2 1 1, n.,0 . o
D= {{yl € BAY: ¢eH", JeH , wel™( P,U,LZ)}. (3.2.18&>2
w

Clearly D js dense in B(AY, hence in 2. The next lemma

shows that the consistency condition H2) i=s satisfied.

LEMMA 3.2.8 Define the index M{(N) csuch that

0

)
4)
-

MIN> 3 M, (ND (

M(N) — @ as N — .

/-.
[
b
[
D]

If D is defined by ¢2.2.18), then abMNY o L v 2o Nosw

t'q'.'
Froof: I+ z = l¢ € D, then
Ui
HAN’M(N)Z - Az“z
=N ,
P g o 2
N 14 X [¥]
{ A - A
il
+

™ ] 0 2
| oo r;;] ((]n

- dw“L-d‘

1
—
] D
-
]
n
e
—
2N=
—
~
'n
.L
3
—
™~
)
[IX P2
=
l-—l
;___J
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=5 + 8, + S,

Lemma 3.2.5 implies Sl — 0 as N — . For the term 82, e

have that
s, = "Jg Ml f 71 Pl - I?PG(SSAO[z)ds"EZ
0, ¥ MM ﬂ ‘
PP 1 E s I (H) s
0 0, 0\ .
f JfPIG(s)I . "AQ(Paw(S)' - A [w(g)]”cds
= Fy + Fo.

The dominated convergence theorem and Lemma 3.2.5 imply

that F2 — 0 as N — o. For the term Fl’ applying first

the Cauchy-Schwarz inequality and then Lemma 3.2.4 yields

0 M N - zf
Fy € K I,EIQJ . r(s)( ds| + N t“WN" + e(N)}

where e(N) — 0 as N — w». Hence, by (3.2.15> F1 — 0 as M
— w», from which we conclude that 82 — 0 as N — . For

the term 83, we have the estimxte

S§ - I‘PQ(S)H';lrl[P”w]I - [Fww]”] X a—lF w]" de

- J qie) lld[F”w-lezds
-r
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Observing that 9PNy = PN[SW! | ecrma 3.2.4 implies that EZ
9 ds 3 3|d=

— 0 as N — . For the term El’ we follow the argument

used by BankKs and Burne in the procf of Corollary 3.1 in
[2]. Thie leads to

Eq ¢ r + { sup < 52

M
+
1<J(M ‘ Jj 1

hiw

where -

M _ d N . _ | dgN . M M .
T; = sup {"(BEPSW]\G) [EEPSW](T)“' e, 7&[ fJ 1}}

¢ sup cu[g§<e> - gﬂ<r>]"L : G,Te[tT,t?_l]}

and
K= sup ([|For|: eecr-r 012
Since N — o~ implies that M(N) — «, it follows from the
dw

uniform continuity of on [-r,0] that E;, — 0 as N — .
ds 1

Therefore, S3 — 0 as N — w and the lemma is proved, a

The next lemma  shows that hypothesis  H3D of the

Trotter-Kato Theorem ie csatisfied.

LEMMA 2.2.9 I+ D is defined by (2.2.18), then there exizt:

& real number % such that R{A-2)D is dense in Z.
Proof: Since A is the infinitesimal aqenerator of =z

Cu—semigroup, there exists real number 2 cuch that given

o
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(24
(ﬁ]ez, the equation

()
o (3
W

¢
has a unigue solution l¢] € DA,

W
If [

@
in 2>, then the soclution l¢} € B(A) of (2.2.21) satisfies

o
ﬁ] (3.2.20)
z

& 14, 0 1 0
€ 8§ = CCa,b) x C ﬁL2 x H (—P,O;LE) (which is dense
/2

MR

w
« 1 0
=$7 + = aledw’/(s)ds - X ¢ = « (2.2.22
[y P y—pr”
@ = Ay = P (3.2.23)
9~ =z, (2.2.24)

Since ¢ ¢ H' and p e cl, (3.2.23) implies that gec®.
. . 1, 0, _ Loe oy Oy cmom ma
Simialrly, since weH k—F,D;Lz) and zeH (—r,u);Lz), (2.2.29>

implies that weCl¢-r,05L2). Aleo, ¢3.2.22) implies that

1

@
veH and hence [¢} € D. Therefaore, the range of A-X
i

contains the dense subset S, and the result follows. a

The previous lemmas imply that our approximation schem

L

satisfies the hypotheses of the Trotter-Kato Theorem. e

summarize the result in the following theorem,

THEOREM 2.2.10 Lzt the index M{(N)> be defined <o that
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(3.2.19) and (3.2.20)> hold. I¥f the <cequence of cperators

N

aN: 2 o 2N,M(N)

A
ie defined by aN = AN’M(N), then the

hypotheses of the Trotter—-Kato Theorem hold; that is,
™ty & T,
uniformly on compact t intervals, where ?N(t) ie the

semigroup generated by QN. a

N,PN,QN} and index

Assuming that the approximation scheme (2
M{(N> are defined as in Theorem 2.2.10, let us consider the

corresponding adjoint approximation scheme {ZN, Fy

since NTN®¢ton = nt™cto>n, it follows from Lemmzx 2.2.7 that

hypothesis H1) of the Trotter—-Kato Theorem iz satisfied by

the adjoint approximation scheme. We note that <ince.
A = -all, it follows that the estimates in Lemma 3.2.4
apply to Ag*. Combining thise observation with the

convergence rates for the azpproximating adiocint operxtors
in the AVE schemes <{csee [111), it follows that

QN*Z — ﬁ*z

for 211 zeD™. Here D* ie the dencse subset of B(A*) detined
N

¢
3 Y] )
o* C‘¢{EB(A*): peH
W

)

1

. ¢€H1, el (—P,O;Lg)}.

Arqguments completely analogous to those wused in the proof
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of Lemma 3.2.9 yield that hypothesies H3) holds for the
adjoint approximation <echeme. From thecse observations we

conclude the follawing.

Corollary 3.2.11 I the approximation scheme (zN,FPN,aVy i<
defined as in Thecrem 3.2.10 then

TN¥eey 5, T*cty,
uniformly in compact intervals. a

Therefore, we conclude (see Section 2.2) that cur
approximation scheme should praove reasonable for
approximating the optimal controcl problem associated with
the wviscoelastic system (2.1.32)-(3.1.4). In the next
chapter we discuss some of our numerical resulte +or this

prcblem.



CHAPTER 1V

4.1 A viscoelastic model

In thie chapter, we discuss <some numerical
results +For the modeling of the uviscoelastic eystem
described in Chapter I11. Al though we have conducted =&

number of numericaxl experiments (primarily to test the

i
-
o0e

convergence rates discussed in Chapter III), we 11
present a small sample of thece experiments to iliustrate
typical results,

All of the numerical results precented below are
baxesed on the approximation schemes developed in Chapter II1

for the equatione of wviscoelasticity. In particular, we

considered the equation (for 0{x{1 and t30>

a2 92 0 9
p——?y(t,x)=miL§y(t,x>+I gle)—=y(t+s,x)ds+b(xdult) {(4.1.13
at dx -r dx=
with boundary conditicons
yit,0) = 0 = y(t,1> (3,1.27
and initial datx
. N , 3 , . . _
FOyx) = elxdy = vi0,x) = vix) Cd.1.3)
y{e,x) = hiz,x? —rgedl Ogxdl (4.1.49)

74
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The system parameters are defined to be p=1, «=1, r=1 and
the functions b(x), s(x), v(x)> and h(s,x)> are defined tc be
bi{x>=1, s(x)=sinmx, v(x)=msinmx and h{s,x)=sinmx{cosme
+ sinws), respectively.

The <celection of the function gl(s) ie made to
insure that the assumptione in Section 3.1 holde. We were

particularly interested in the case where gf(e) iz

"eingular" at s=0. However, the assumption that geHl(-r,G)
does not allow for the inclusion of such Kernel functicons,
Therefore, we constructed & function <(depending on =&
parameter p21) that would still satisfy the assumptions
needed to ecstablish the well-posednese and convergence and
vet become "nearly singular" as p—«., In particular, +or

1{p<+e let

L 5 4 e (s> 172 -r{s{-t
g (s) = - e”Fq () = —e"* R
P P : f Yy1/2
E E —-.':.\"c,,"'
W) - 75 e
where M is related to p by
1+£e—5r[2 1/2)/5
M= —l
R —=r (4.1.8)

Condition (4.1.48) implies that
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a

j g, (s)ds<t,
-r

and it is easy to verify that gp(s) satisfies the remaining
assumptions listed in Section 3.1. Moreover, qp(s) — —é:

=S
as p — * and ql(s) is a linear function on [-r,0]. It is

210,

important to note that for p= gp(s) is "numerically

sinqular” and hence the numerical results for this case
should be indicative of a truly singular Kernel.

In Section 4.2, we consider the approximation of
the open-loop szsystem (i.e. the location of the capen-lcop
poles. We conclude this chapter with a short discussion

of plans for future work.
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4.2 The open—-locop system

In this <section we <consider the open-loop

approximating system

: = aNsMacey (4.2.1)

AN M

where ie the approximating operator constructed in

Section 3.2 above. We are interested in the eigenvalues of

aNsM N, M

and in particular, the eigenvalues of A that
correspond to the damping induced on each fundamental
mode .

Recall that it gi{s)=0, then the syetem

(4.1.1)-¢4.1.2) becomes the wave equation with fundamental

frequencies my=kﬂ, k=1,2,... . There i no damping in the

system and for this case, AN’M = AN (there is no history

n

term?> is the ctandard finite element approximation for the
wawe equation. Consequently, one must be aware of the fact
that the error induced by the Ffinite element <schems
increases with w. For example, using 25 linear elements to

estimate the +Ffirst ten frequencies leads to the results
given in Table 4.1. In Table 4.1, w2~ denctes the estimate

for Wy ocbtxined by using 2% linear 2lements.
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TAEBLE 4.1

K wk=k« WZS

1 3.1418 3.1437

2 6.2833 4.29%98

3 ¢.4248 £.4207

4 12.5864 12.4990

S 15.7080 15.9874

é 18.84%4 19.29846

7 21.9911 22.7052

8 25.1327 28,1997

¢ 28.2743 29.7741

10 31.4159 33.4%%2
Obcerve that there ie more than &4 error in the tenth
frequency. This error provides at least a "lower bound" on
the owverall accuracy of the approximate system (4.2.1).
Error estimates for the finite element method are
well-known and we <hall not dwell on this aspect of our

approximation scheme.

Qur major concern is

the nature of

the damping induced by the history term in ¢4.1.1).
BUN 1 For this case we cset p=210 so that gp(s‘ is nearly
singular? and constructed the approximate operator AN’M.

The IMSL routine EIGRF was

used to compute

the eigenualues
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of aNM Recartt that &M e an (N-1>M+2) dimensicnal
square matrix and consequently has (N-1)(M+2) eigenvalues.
Each figure contains only those eigenvalues in the upper

half complex plane. For example, Figure 4.2 provides the

eigenvalue location of %?’8, i=1,2,...30, for only those
eigenvalues with Im(2)30. Moreover, we are mainly

interested in those eigenvalues that determine the damping

of each fundamental Ffrequency. These eigenvalues are

denoted by }N’M(k) and in Figure 4.2 the lccation of these
eigenvalues are noted by M. Therefore, in the remaining
figures we shall display only these eigenvalues.

Figure 4.3 illustrates the behavior of %B’M(M)
for M = 4,8,18,22,44, The interecsting feature here is that
for low values of M the damping curwve predictse near wiscous
damping and as M increases we <see that the curve becomes

quadratic (as to be expected for a "singular Kernel"),

Such results are not unexpected in view of the fact that
the convergence of AN’M to the generator A was established
aonly for N and M(N> 3 MI(N)};.N2 (cee Theorem 3.Z2.10). In

particular, thies scheme does not appear to be

unconditionally stable.

Figure 4.4 illustraxtes the behavior of lN’a(k)

Y
m

M= 4,8,14, Far M:1&, the recsults are identical
{numerically) to the M=148 case. #t high frequencies, the

damping curvee are nearly vertical straight lines, i.e2.



80

KIVNIOVII

: r
00 01

ﬂ
oo'g

N=4
M=8

1
009

0ot

————

o e

00 2

Hy

32 ¢

00’

REAL

FIGURE 4.2



81

AdVNIOVAI

8E" 22

T

95" 31 SL Pl ¥6° 01

ET”

¥ ed

=8

X u

M=16

M=32

M=64

<
N\

1E"E

2

oS

17

@r
L O

o

—

—

Q)
(@)

LN

REAL

"IGURE 4.3

B
&



82

AIdVNIOVWI

7 ) T T T T ==
S 00 Lv 00 ' 6E 00- ﬁm, 00 ¢2 00 51 00 ¢ 00 _@.
&)

g |©

l';-t

o S

X X X X HE® XX® x@ﬁ@nn@ )
&)

No) O

L = -

X @ @
O
o

REAL

FIGURE 4.4



83

representative of pure viscous damping. Again, this

illustrates the nesed to construct an approximate model

aNsM 2

with M(N)}MI(N)}N to insure that the finite

dimensional model accurately predicts the damping produced
by the history term.

RUM 2: The results illustrated in Figures (4.2)-(4.4) are
typical of the many numerical experiments that we conducted

using various parameters and Kernels gp(s) for large p. In

crder to determine the effect of a non-singular Kernel, we

reproduced the N=8, M=44 resulte for the Kernel Ffunction
gzis). Figure 4.5 containe the eigenvalue locations for

this eystem. Again we <cee that the approximate model
predicts purely wviscous damping in the high frequency
modes. This run illustrates the importance of the singular
Kernel in the modeling of <structural damping at high

frequency.
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4.3 Concluding remarks

In this paper, we considered well-posedness and
approximation schemes for a class of functional partial
differential equations of hyperbolic type. Our study was
motivated by the desire to construct state space models and
convergent finite dimencsional approximate models <cuitable
for control design. Therefore, we first developed &
general algorithm for constructing Ffinite dimensional
systems that approximate well-posed Cauchy problems and

their adjoints. We then established the well-posedness of

DJ

the Boltzmann model for wviscoelasticity in the state spac
LZXL%XLZ(—P,D;Lg) and used this model to develop =

convergent numerical scheme. We hzve used this scheme to
simulate the system and to study the effects of the kKernel
on the damping in the system.
Qur numerical results are preliminary, and there
ie much room for further study. For example;
13 We plan to test the approximation scheme on optimal
control problems for the viscoelastic model.
2) We plan to use the "new gpl}neg" for discretizing the
hereditary wvariable in our approximation scheme, as

compared to the "AVE" scheme which we used in this

paper.,
327 We plan to investigate the wuse of higher order
elements {i.e2. cubic splines) =x& a basis for the

spatial discretization in our approximation scheme.
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Preliminary runs indicate superior performance aver
linear splines (Re: Table 4.1),

We are interested in extending our ideas to fourth
order (in the <spatial variable) equations which are
used to model beams. Preliminary applications to =
clamped-clamped beam have been successful.,

In our proof of well-posedness, we  made the

restriction geH1

(-r,0>. This excludes <singular
Kernele, which are impaortant. Thus  we are
{nuestigating well-posedness results which allow for
singular Kernels,

We plan to investigate boundary conditions other than
the Dirichlet boundary conditions. For example, to

model a elewing beam, other boundary conditions must

be considered.
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AFPPROXIMATION OF
INTEGRO-PARTIAL DIFFERENTIAL ERUATICONS
OF HYPERBOLIC TYPFE
by
Richard H. Fabiano, Jr.

(ABSTRACT)

A =tate space model is developed for a class of
integro-partial differential equations of hrperbolic type
which arise in wviscoelasticity. An approximation scheme is
developed based on a spline approximation in the spatial
variable and an averaging approximation in  the delazay
variable. Techniques from linear semigroup theory are used
to.discuaa the well-posedness of the state space model and
the convergence properties of the approximation scheme. We

give numerical results for a sample problem to illustrate

in

ame properties of the approximation scheme.,
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