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Adaptive control of a DDMR with a Robotic Arm

Rishabh S. Chaure

(ABSTRACT)

Robotic arms are essential in a variety of industrial processes. However, the dexterous
workspace of a robotic arm is limited. This limitation can be overcome by making the robotic
arm mobile. Such robots, which comprise a robotic manipulator installed on a wheeled mobile
platform, are called OO0 DO0O0D. A mobile manipulator can attain a position in space which
a robotic arm with fixed base may not be able to reach otherwise. To be applicable to a
variety of scenarios, these robots need to meet user-defined margins on their trajectory
tracking error, irrespective of the payload transported, faults, and failures. In this thesis,
we study the dynamics of mobile manipulator comprising both a differential-drive mobile
robot (DDMR) and a robotic arm. Thus, we design a model reference adaptive controller
(MRAC) for this mobile manipulator to regulate this vehicle and guarantee robustness to
uncertainties in the robot’s inertial properties such as the mass of the payload transported

and friction coefficients.



Adaptive control of a DDMR with a Robotic Arm

Rishabh S. Chaure

(GENERAL AUDIENCE ABSTRACT)

Humans are able to perform tasks effectively owing to their extraordinary sense of per-
ception and due to their ability to easily grasp things. Although humans are well-suited to
perform any process, within an industrial context, a variety of tasks might pose danger to
humans, like dealing with hazardous materials or working in extreme environments. More-
over, humans may suffer from fatigue while performing repetitive tasks. These considerations
gave rise to the idea of robots which could do the work for humans and instead of humans.
Mobile manipulators are a kind of robot that is well-suited for performing a variety of tasks
such as collecting, manipulating, and deploying objects from multiple locations. In order to
make robots perform a user-specified task, we need to study how the robot reacts to external
forces. This knowledge helps us derive a mathematical model for the robotic system. This
dynamical model would then be essential in controlling the motion of the robot. In this the-
sis, we study the dynamics of a mobile manipulator, which comprises a two-wheeled ground
platform and a five degrees-of-freedom robotic arm. The dynamical model of this mobile
robot is then employed to design a controller that guarantees user-defined margins of error

despite uncertainties in some properties, such as the mass of the payload transported.
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DDMR Differential-Drive Mobile Robot
MRAC Model Reference Adaptive Control
L Lagrangian function

Xa; Ya coordinates of the center, A, of the track of robot in the inertial reference frame

q vector of the generalized coordinates
r radius of the wheels
w Distance between center of axle to the wheels

Xa;Ya coordinates of the center, A, of the track of robot in the Robot reference frame
L angular displacement of the left wheel
r  angular displacement of the right wheel
pitch angle
roll angle
yaw angle
Ok | Zero matrix in R¥ !

1 Identity matrix in RK K

x1
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Automation is the manifestation of the idea to reduce human involvement in processes
or tasks, which ultimately gave birth to the idea of machines performing these tasks instead
of humans. The first instance of robots being used instead of humans was in the indus-
tries. Robots were thought to replace only the repetitive, tedious and injury-prone jobs [1].
Now, robots have been used for a broad spectrum of applications. In industrial setting or
construction sites, it is true that we do not need to and we even can not replace humans
with robots in each and every aspect, but some tasks, such as transporting objects from a
location to another, can definitely be performed without human intervention. Additional
examples of tasks in which autonomous mobile robots may replace humans include detecting
explosives, removing radioactive wastes and nuclear fuel pellets, exploring other planets or
natural satellites, hazardous environments or the seabed, or checking patients affected by an
unknown virus. If we need robots to perform human-like tasks then the robots need to be
able to think and act intelligently. This establishes the need to study the robots and design

control algorithms able to execute complex tasks autonomously.

In this thesis, we study the dynamical model of a decoupled system of mobile manipu-
lators, that is, a five-link robotic arm installed on a differential-drive mobile robot (DDMR),
such as the one shown in Figure 1.1 and obtained by merging a TurtleBot3 DDMR and a
WidowX200 robotic arm. In particular, we derive its equations of motion, and design adap-

tive controllers to make the mobile manipulator follow a desired trajectory, assuming that



the effects coupling the DDMR/’s and the robotic arm’s dynamics are negligible.

This thesis is structured as follows. Chapter 2 discusses the literature related to differ-
ent dynamical models of wheeled robots and robotic manipulators, and the various control
techniques employed to perform user-specific tasks. Chapter 3 explains the dynamics of
DDMRs for planar and non-planar motion and ultimately derives its equations of motion.
Chapter 4 presents a model reference adaptive control (MRAC) architecture to regulate a
DDMR. Chapter 5 solves the forward and inverse kinematic problems of a 5 degrees-of-
freedom (DOF) robotic arm, and presents its equations of motion. Chapter 6 deals with
the design of MRAC for the robotic arm. Chapter 7 shows the results of numerical sim-
ulations and experiments performed on a DDMR equipped with a robotic arm. Finally,
Chapter 8 summarizes the main results produced in this thesis and provides future research

recommendations.



Figure 1.1: The mobile manipulator
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In this thesis, we survey part of the literature related to the dynamics and control of
wheeled mobile robots. In particular, we discuss the different control techniques employed
to maneuver wheeled mobile robots and perform user-specified tasks. This is followed by a
literature review of the dynamics and control of different robotic arms, and mobile manipu-

lators.
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As discussed in [2], in general, there are two types of wheeled ground robots, namely
two-wheeled and four-wheeled robots. Two-wheeled mobile robots, referred as OIIOO000O00
robots, are driven by two independent motors, while four-wheeled or car-like robots have
a single actuator to distribute torque to rear wheels with the help of a differential. The
Hilare-type robots often posses a supporting ball for balance or an unactuated caster wheel.
For these vehicles, the wheels do not have a steering mechanism and rely on their differential
mechanism to turn. Hence, these robots are usually referred as DDMR. This mechanism
enables such robots to negotiate a zero-radius turn. The DDMRs are widely used for indoor
applications due to the ease of controlling hem by regulating the torque exerted by the

wheels.

The kinematic models of the DDMRs considered in most of the literature assume no



slipping at the wheels. Dhaouadi and Hatab [3] derived the dynamical model of a DDMR
based on non-holonomic constraints using the Lagrangian method as well as the Newton-
Euler methodology, and the equations of motion are expressed in terms of the torques inputs
and the angular velocities of the wheels. The authors in Dhaouadi and Hatab [3], however, do
not discuss any particular control technique. The DDMR is an under-actuated mechanical
system, and hence, the problem of designing the control is not straightforward due to the in-
herent nonlinearities characterizing a DDMR’s dynamics. Fan et al. [4] focus on the problem
of trajectory tracking for DDMRs. They observe that proportional-integral-derivative (PID)
controllers are not sufficiently robust to achieve desired tracking, and design a backstepping
controller. Awatef and Mouna [5] present an inverse dynamic control strategy to address
the nonlinearity in the dynamical models of DDMRs. In order to address the nonlinear
and nonholonomic properties, Mallem et al. [6] propose a sliding mode approach to achieve
asymptotical convergence of states along with a PID-governed internal loop and demonstrate

the effectiveness of their approach in simulations.

A key problem in the design of control algorithms for DDMRs for applications of prac-
tical interest is the ability to overcome parametric uncertainties, that is, uncertainties in
the coefficients that characterize the vehicle’s dynamics. In [7], a differentiable and time-
varying controller is designed to regulate the matched disturbances in the kinematic model
of the DDMR based on the non-holonomic constraint of pure rolling and non-slipping. In
particular, a robust tracking controller was designed to achieve globally uniformly ultimately
bounded tracking error. Successively, the control inputs were mapped to the linear and an-
gular DDMR velocities. Elferik and Imran [8] designed an adaptive controller based on an
Immersion and Invariance framework for controlling the linear and angular velocities of the

DDMR.

The design of controller for DDMRs taking into account the wheel slips in the dynami-



cal model is an active research area. Tian and Sarkar [9] designed sharp turning of DDMRs
with the introduction of wheel slips through traction forces. In this work, the wheel slip
was considered to be small, so that the traction forces could be taken as linear functions of
slips. It was further assumed that tire dynamics was faster than DDMR dynamics to model
the respective control law. However, in general, the relation between traction forces and
slips depends on many other factors like the tire dimensions and materials, thread patterns,
camber angle, wheel temperature, surface friction etc. [10] which makes it difficult to formu-
late the traction forces. The Pacejka model [11] or the Magic Formula was employed in [9]
to model traction forces as a function of the slip angle and slip ratios with the assumption
that slip information is available. However, the lateral slip is not a function of the wheel
angular velocity, thus, rendering the DDMR unactuated in the lateral direction. In order
to address this problem, the lateral traction force was taken such that it can be controlled
indirectly by regulating the longitudinal traction forces, which in turn are controlled via the
wheel torques. Based on an Anti-lock Braking system methodology [12] to maximize the
longitudinal traction forces to control wheel slips, a sliding mode-based extremum seeking
control technique was employed that maximizes the lateral traction force so that the turn

radius is minimized.
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The dynamics of multi-link robotic arms depends on the types of joints which connect
its links. The Denavit-Hartenberg convention [13] is usually employed to establish reference
frames at each joint of an n-link robotic arm. These reference frames are conveniently
placed to facilitate the derivation of the forward and inverse kinematics for these mechanical

systems, and hence, to deduce their equations of motion. There is a wide range of control



techniques to make the robotic arm follow a user-specified trajectory, some of which are
discussed in [2]. Spong et al. [13] introduce inverse dynamics based robust and adaptive
control algorithms, which account for parametric uncertainties in the robotic arm’s dynamical
model. In order to address joint friction and other parametric uncertainties, Ajwad et al.
[14] propose a sliding mode control for a 6 DOF robotic arm, and compare PID controller. Li

et al. [15] propose employ particle swarm optimization to regulate multi-link robotic arms.
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The study of mobile manipulators is relatively newer than the study of autonomous
ground vehicles and robotic arms, since only recently the miniaturization of electronic de-
vices, such as single-board computers, has allowed merging these two classes of mechanical
systems. For this reason, the literature of autonomous mobile robots is relatively less ex-
plored. The problem of path planning is emphasized in most of the literature. In general,
dynamical models of mobile manipulators can be deduced by considering the ground plat-
form’s and the robotic arm’s dynamics either as coupled or as decoupled. Belda and Rovny
[16] consider a decoupled dynamical model for a system comprising of a 5 DOF robotic
arm and a 4-wheeled skid steered mobile robot, and introduce the predictive control de-
sign concept for motion control. Alternatively, a coupled system of mobile manipulator was
employed by Cholewinski and Mazur [17]. However, in this work, control law is divided
into a kinematic controller to generate reference velocity signals and a dynamic controller to
enforce the mobile manipulator follow these reference signals. Wu et al. [18] demonstrated
the effectiveness of an adaptive sliding mode control to track the desired output trajectory
for a coupled system of DDMR and a two-link manipulator. Li et al. [19] devised an output

feedback controller for a system of under-actuated mobile manipulator where an observer



was set to estimate the states of the system. Mathew and Jisha [20] employed feedback
linearization to design torque-based control law. Chi-wu and Ke-fei [21] applied a robust
compensator to a three-link arm on a platform system and achieved trajectory tracking with

proportinal-derivative feedback.
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This chapter deals with DDMR and the derivation of the equations of motion. These
equations form the base to design the adaptive controller to make the DDMR track a user-
specified trajectory. This chapter is divided into Section 3.1 where we discuss the dynamics
of DDMR in planar scenario and Section 3.2 where non-planar dynamics are discussed. In
each of these sections, the frames of reference and the coordinate transformation are defined,
then the constraint-based kinematic formulation is explained and the equations of motion of

the DDMR are derived using the kinematic constraints.
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The position and the orientation of the DDMR is represented in two coordinate systems,
namely an inertial reference frame and a body reference frame. The inertial frame is denoted
by I , fO;X;Y;Zg , where X;Y;Z 2 R}, kXk = kYk =kzZk =1, X Y = Z, and Z is
aligned with the gravitational force so that the weight of the vehicle is given by Fy =

mgZ, where m > 0 denotes the mass of the DDMR and g > 0 denotes the gravitational

9



acceleration [22]. The body reference frame is denoted by J() , FA(); x();y();z()g, where
X;y;Z:[0; 1) ¥ R3 kx(k = ky(t)k = kz(t)k = 1, and x (t)y(t) = z(t). In this thesis, we
assume that a reference frame fixed on the surface of the Earth is inertial. Although this
assumption is incorrect, since the Earth rotates about its axis and around the Sun, the error
made by considering an Earth fixed reference frame as inertial is insignificant considering
the low speed of the robots [22]. Indeed, the robots addressed in this work are characterized
by translational velocities in the order of tens of meters per second or less. The DDMR has
two wheels, one on each side and the yaw rate of the robot depends on the angular velocities
of the wheels. If the DDMR rotates, then it is convenient to describe its orientation about
the center of the axle, A. The position of A is denoted by (Xa;Ya) in the reference frame I,

and (Xa;Yya) in the reference frame J(). The yaw angle is defined as [23]

8
tan 1 AG Xa(t) O
+tan ! ;i((tt)) 7 Ya() 0 Xa(t) <O
+tan T 220 -y, (1) < 0; Xa(t) < 0;
® . A (3.1)

- undefined; Ya(t) =0; Xa(t) =0:

Since the DDMR moves in the plane containing the X and Y axes, in this section, the
displacement along the Z axis is neglected. Moreover, it is assumed the DDMR does not
rotate about the X and y axes. Thus, the position and the orientation of the DDMR can
described by the vector [Xa(t); Ya(t); (t)]” in the reference frame I, and [Xa(t); ya(t); (O]

in the reference frame J().
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Figure 3.1: Schematic diagram of DDMR: Top view

The DDMR’s complete configuration is denoted by the vector of generalized coordinates

g, [Xa Ya SR (3.2)

where ; g 2 R denote the angular displacement of the left and right wheels, respectively.

The rotation matrix that transforms the body reference frame to the inertial frame is

2 3
oS sin 0
0oc) ., §sin cos Oéi 21[0;2 ): (3.3)
0 0 1

Since OY( )O( ) = 13, it follows that

07C @O )+0°C YO ))=03 5 t O (3.4)



This implies that OY( (£))E( (t)) is skew-symmetric for all t 0 and hence, we introduce

the DODDI00 0000000 000000 1 2 [0; ) ¥ R® such that 1(t) = [1(t); 1,(t); 1,(t)]° and

P () . 0°C o O): (3.5)

From (3.3) and (3.5), it follows that

2 3
0 () 0
NOES g ) 0 02 t o (3.6)
0 0 0
so that the angular velocity is
1(t)=[0 0 ()] (3.7)

OoooiD  Oi0o0ODoot toOoottooog

In this thesis, we model the wheels of the DDMR as rigid bodies and the contact between
any wheel and the ground is assumed to be at a single point. Also, the wheels are assumed
to undergo pure rolling, that is, there is no slipping at the point of contact with the ground;
this means the instantaneous velocity of the point of contact is zero. The velocity of the

center of right wheel can be computed as

2 3

(@)
Xa()
Vio(t) §YA(t)§ + [( (t))g! (t)

0 0
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where W > 0 denotes the half width of the axle. Similarly, for the left wheel

2 3 O 2 31

Xa(t) 0
Vio(t) gvA(t)§+D( (t))g! (t)g"ég; t O (3.9)

0 0

The velocity of the point on the right wheel instantaneously in contact with the ground can

be computed as

o 2 31

1 0
O
Var(t) » Vo () + O (t))g 1O+ 0 s 0 goéé; t 0 (3.10)

r

where r > 0 denotes the radius of each wheel, and similarly for the left wheel

O 2 31

1 0
0
Vi (t) 5 Vio(t) + 0( (t))g M+ 0 (1) 0 go%g (3.11)

r

Equating (3.10) and (3.11) to impose a no-slip condition, we deduce the kinematic constraints

Xa(t) +w_(t)cos () r_r({t)cos (t)=0; t O (3.12)
Ya(t) +w_(t)sin (t) r_gr(t)sin (t) =0; (3.13)
Xa) w_(t)cos () r_p(t)cos (t)=0; (3.14)

Ya() w_(Osin (1) r_()sin (t) =0 (3.15)



Multiplying (3.12) by cos (t), t 0, and (3.13) by sin (t) and adding the resulting equa-

tions yields

Xa(t)cos (D) +Ya(®)sin O+w-() r =0t O (3.16)

and multiplying (3.14) by cos (t) and (3.15) by sin (t) and adding the resulting equations
yields
Xa(t)cos () +Ya(t)sin () w-(t) r_ (t)=0: (3.17)

Multiplying (3.12) by sin (t) and (3.13) by cos (t) and adding the resulting equations
yields
Xa(t)sin  (t) + Ya(t)cos (1) =0; t O (3.18)

and similarly multiplying (3.14) by sin (t) and (3.15) by cos (t) and adding the resulting

equations yields the same equation as (3.18).

Equations (3.18), (3.16), and (3.17) can be combined in matrix form as

AQQ®)a® =0, t 0 (3.19)
where 2 3
sin  cos 0 0 O
A@@) =8 cos sin w r 0 éi q2R> (3.20)
coS sin w 0 r

Constraints of the form (3.19) are called DI000000 D0O00CO0COC [24, Chapter 1] or, equiv-

alently, non-holonomic velocity constraints as they are not integrable. Since rankA(q) = 3,

g 2 R®, it is always possible to find a matrix S(q) 2 R® ? of rank 2 such that the columns



of S(q) consist of linearly independent vector fields spanning the null space of A(q) or

A@S@) =03, q2R% (3.21)

From (3.19) and (3.21), it follows that q() can be expressed in terms of a linear combination

of the columns of S(q) as
q(t) =S@®)_(1); t O (3.22)

where (t) 2 R? is to be defined.

The kinematics of the robot are derived with respect to the origin A() of the reference
frame J('). The relation between the rotation of each wheel with the translational speed of
point A() can be considered in following way. If only one wheel spins then the robot will
pivot about the other wheel and the speed of A() will be half of that of the spinning wheel.

So, the speed of A() in the reference frame J() when both wheels spin is

r_r®)+r_o(1),
5 ;

Xa(t) = t O: (3.23)

The DDMR cannot move sideways. Hence,

ya(t) =0; t O: (3.24)

Now, consider that, if only the right wheel moves forward, then the DDMR will rotate
clockwise along the arc of radius equal to the length of its axle, 2w and that for only the left
wheel spinning, it will rotate counter-clockwise. Thus, the DDMR yaw rate is

_rr® r_.(®.
B 2w ’

_(t)

t O (3.25)
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where Jy,(q); Ji,(q) 2 R® ®° are the linear and angular manipulator Jacobian matrices, re-

spectively.

The robotic arm consists of five links, all of which have revolute joints. In this case, it

follows that, for the i*" link, the j™ column of the linear Jacobian matrix, Jy,(q), is given by

2 0, oo, :8i j
(5.33)
- 034 ;81 >1;

where ZJQ 1 2 R® denotes the third axis of the (j 1)'[h reference frame expressed with
respect to the base frame, Dgi 2 R® denotes the coordinates of the center of mass of the ith
link expressed with respect to the base frame, and D}) 1 2 R® denotes the coordinates of the

origin of the (j 1)™ frame with respect to the base frame Spong et al. [13, chap. 4]. For

the it" link, the j™ column of the angular Jacobian matrix, Jy,(q), is given by
I = (534

Using (5.33) and (5.34), we get five linear Jacobian matrices and five angular Jacobian

matrices. The overall kinetic energy, T : R> R® ¥ R, of the robotic arm is given by
(A ) #
n_ 10 X u] 0 . . 5 5.
T =39 midy; @y, (@) + 1idy (@) (@) @ (2R R% (535)
i=1
where m; > 0 denotes the mass of the i link, and I; > 0 denotes the moment of inertia

about an axis through the center of mass of link i parallel to the zj-axis. The overall potential



energy of the robotic arm, U : R® ¥ R, is given by
X
U@=  mi@z)’0%;  q2R% (5.36)
i=1

where g > 0 denotes the gravitational acceleration. The OUUIOOOIOO function for the robotic
arm is given by

LG =T@a U@ @D2RrR R (5.37)
The Euler-Lagrange equations of motion for the robotic arm can be written as
M@)g+C@aa+K@=; q0)=d;  9(0) = do; (5.38)

where M(q) denotes the 000000000 OOO0 OOOCID, C(g; @) denotes the DOOIDICOIOC DOD OO0ICMD
000000 , K(q) denotes the 0000000000000 [0000 matrix, and 2 R® denotes the input vector

comprising of torques such that

" #
X
M(@) . midy, @y, (@) + 1iIr, (@I (@) (5.39)
i=1
eU (@)
K y ———, 5.40
@ - 5, (5.40)
and the (k;j)th element of the matrix C(q; Q) is defined as
1 X eMy; . @My  OM;;
Cki » = + i 5.41
92 . e By GG ° (54

where My; denotes the (k;j)th element of M(Q); the expressions for M(), C(; ), and K()

for the five-link robot shown in Figure 5.1 are omitted for brevity.
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In this chapter, the forward and inverse kinematics for the five-link robotic arm are
derived with the help of DH parameters in Section 5.1. Then, in Section 5.2, we derived the

equations of motion for the robotic arm.
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In this chapter, we design an adaptive controller for robotic arms, such as a five-link
robotic arm. As discussed in Chapter 5, the equations of motion of the robotic arm are

captured by
2 3 2 3

0
M(q()a(t) + C(a(); a()a®) + K@G®) = (1); ﬁqzozgzﬁq"%; t 0 (6.1)
g do

In order to design a nonlinear feedback control law for this system, we use the inverse
dynamics control approach. However, for this methodology to be implemented, we need to
have complete knowledge of the system parameters, and, as discussed in Section 4.1, there are
uncertainties in the parameters. Therefore, we use the estimates of the nominal parameter
values to design an inverse dynamics control law and add an adaptive term to account for

the resulting uncertainties. We choose the control input as
(1) = M@®)a® + Cam: aOvO +R@®) Ko O+ a®; t 0 (62)

where MI(), €(), and R() denote the user-defined estimates of M(), C(), and K(), re-
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spectively,

V() 5 gm(t)  Kae(t); (6.3)
a(t) , qun(t)  Kqe(t) = v(b); (6.4)
(0 . a) v(t) =&+ Kqa(t); (6.5)

Ko and K; 2 R® 5 are user-defined, diagonal, and positive-definite, &(t) , q(t)  gu(t),
Qo ¢ [0; L) ¥ R® denotes the twice continuously differentiable reference trajectory, and

a:[0; 1) ¥ R® denotes the adaptive term.

Using the definitions (6.3), (6.4), and (6.5), it follows from (6.1) and (6.2) that

M((D) _(t)J;]C(Q(t);Q(t)) (1) + Ko (1) ]
1
= a(t)+ MI(g(t)a(t) + &ac); gv)v(r) + R@() ; 0= o t 05 (66)

where

MI@@) , M(@) M(@); (@Q2R° RS (6.7)
&a;q) - C(@:0) C(q9); (6.8)
R() . R@ K(Q): (6.9)

Since mechanical systems are linear in their parameters, we can write
Mi(g)a+ &g Qv+ R(Q) = Y(v;ia;q;0)€;  (via;;q) 2R° R® R® R% (6.10)

where Y :R® R® R® R® ¥ R®> ¥ and € 2 R™ for a five-link robotic arm, and thus,



M(q(t)) _(t) + C(a(t); a(®)) (1) + Ko (1)

= a(t) + Y (v(t); a(t); q(t); a(t) &; 0= o t 0 (611)
Now, the adaptive term is chosen as

a(t) = Y(v(t);at);q);a®) " @®); t 0 (6.12)

where " [0; 1) ¥ R can be considered as the estimate of €.

It follows from (6.11) and (6.12) that

M(a(t)) _(t) + C(a(t);a(®) (1) + Ko (1) = Y (v(D);a®);q(®);a®) (1);
©0) = o t 0; (6.13)

where  (t) , € "(b).

In order to find () such that () is uniformly bounded for all initial conditions ¢ 2 R"

and (t) ¥ Oast ¥ 1, consider the Lyapunov function candidate
.ony 1 0 1 4 : A 5 5 14,
V(ql ’ ) » 2 M(Q) +q' I<1|<0q”-|- 2 ' (q'l ' ) 2R R R y (6].4)
where 2 R¥ 1 is symmetric and positive-definite. Differentiating (6.14) yields

V@O O )= TMEO) O+ MO®) O+20Kikea® T 2O

= "IY(v@;a®;a®m;a®)  ©® C@®miaw) O Ko (1]

+2 OM@D) O+ 27KaKos® A

= ¢ 'Kot(t) & KiKoK(t)



h i
+  DoySwya)asa) 0 t@® ;0 t 00 (6.15)

We observe that if we select the adaptive law
M= Yov@amiamia®) @ "O="0 t 0 (6.16)
then it follows from (6.15) and (6.16) that

V() (1,7 ®)= ¢7Koa(t) & KiKoKqe(t)

0: t O

(6.17)

along all trajectories of (6.13), (6.16), and (6.5). Therefore, &(t);t  0; (t), and " (t) are
bounded. Therefore, it follows from (6.3) and (6.4) that v(t);t 0, and a(t) are bounded.
Furthermore, we note that Y(; ; ;) is continuously differentiable and hence, it follows
from (6.13) that _(t);t 0, is bounded and hence, V (&(t); (1); (1) = & Koa(t)
g~ K KoK 16(t) is bounded, which implies that \ () is uniformly continuous. Lastly, it follows
from Barbalat’s lemma [see 28, Lemma 8.2] that lim¢w 1 (t) = 0 and lim¢w 1 Kq(t) quu(t)k =
0, and it follows from (6.5) that lim¢w 1 kq(t) gum(t)k = 0.

In conclusion, we have proven that the trajectory q() of mechanical system (6.1) can
be steered to follow the reference trajectory qum() with () given by (6.2), a() given by

(6.12), and adaptive gain (), so that (6.16) is verified.
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In this thesis, we validate the control laws presented in Chapters 4 and 6 by considering
a mobile manipulator comprising a DDMR and a five-degrees-of-freedom robotic arm. The
dynamics of the DDMR and the robotic arm are considered to be decoupled and hence, their
controllers are designed individually. We begin with computation of the desired trajectories
for the DDMR and the robotic arm respectively in Section 7.1, followed by plots of the

simulation results in Section 7.2, and experimental results in Section 7.3.

Qo0 bfobbbbb tbuboobbot pooobooiod

In order to perform numerical simulations and experiments, we need to derive twice
continuously differentiable reference trajectories for the DDMR in the reference frame . We
model the desired trajectory such that the DDMR moves in a straight line with a constant
speed vip(t) > 0; t 0, and we also model the desired trajectory so that the DDMR moves
along a square with turns of radius Rqy > 0, as illustrated in Figure 7.1. This twice con-
tinuously differentiable desired trajectory of the DDMR is then used to derive the reference

system as discussed in Section 4.2.

For the robotic arm, we choose the reference trajectory directly. We want the trajectory
for the robotic arm to be twice continuously differentiable and it should pass through a

sequence of configurations or waypoints, which are chosen as follows. The robotic arm starts
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Figure 7.1: Schematic diagram of DDMR desired trajectory

with some initial configuration at t = tp, then it moves so as to align the z2 2 R® axis with
the xJ 2 R? axis at t = t;. After this, the robotic arm rotates along its zJ 2 R® axis with
a constant angular velocity to traverse an angle of % at t = ty, followed by rising up and
traversing angle of % with same angular speed at t = t3. Thus, the reference trajectory
has 4 waypoints at to;ty; tp; t3, respectively. At each waypoint, we specify the position of
the end-effector p? 2 R3, that is, third axis of the gripper Zg;i 2 RS, and its orientation

5i 2 [0;2 ), and then using the inverse kinematics from Section 5.1.2; we obtain the desired
joint variables Qq:j at the waypoints. We also specify the angular velocities Qq.j. The segment
of the reference trajectory between the times t = tj and t = t; 1; 1 = 1;:::;3, for the

constraints

Qoo(ti 1) = daii 1 (7.1)

Qoo(ti 1) = dai 1 (7.2)



Qoo (ti) = Qi (7.3)

Qo (ti) = Qai; (7.4)

is computed by the cubic polynomial
Ge(t) =bo +be(t i 1) +by(t i )*+bs(t i 1) ti. Ut (7.5)

where
bo = da;i 1; (7.6)
b1 = da;i 1; (7.7)
_ 3¢ i 1) (20aii 1+ dai)(ti 1),
= G ti1)? ’ (78)
2(a;i Yai 1) + (@i 1+ )G 1)

by = ' ’ ’ ’ ; 7.9
’ ti 4 1)3 (7:9)

The polynomial in (7.5) is referred to as 100000000000 0OIDODOMOL Clearly, this poly-
nomial is twice continuously differentiable. Moreover, the trajectory obtained using this
method of waypoints can easily be appended with a sequence of moves by using the end

conditions of the last move as the initial condition for the subsequent move, and so on.

For this case, since the robotic arm is placed on the DDMR, the reference frame attached
to the base link of the robotic arm is not necessarily inertial. Hence, we transform the position
of the end-effector p° 2 R® in the base frame of reference of the robotic arm in the reference
frame J() of the DDMR as

p’(t) = Op(®)p°(t) + O (7.10)

where Oy 2 R® 3 captures the rotation matrix that transforms the base reference frame of



the robotic arm to the reference frame J( ), and D(J) 2 R? denotes the position of the center of
the base reference frame of the robotic arm expressed in the reference frame J(). Similarly,

(7.10) can again be transformed to the inertial frame | as

p'(t) = OY(®P’ () + [Xa(t) Yalt) Za(®)]"; (7.11)

where [0} 2 R® 3 captures the orientation of the reference frame J() relative to the inertial

frame 1.

00 OiOooooobt boooooo

The reference trajectories derived in Section 7.1 are given as input to the respective
controllers for the DDMR and the robotic arm to generate torques to be given to the wheels
of the DDMR and the arm joints of the robotic arm. The JUJUUD function ode23 was used

to integrate the equations of motion 3.49, 5.38, and the adaptive laws 4.28; 6.16.

For the case of the simulation of control of the DDMR, we deduce the estimated pa-
rameters from the CAD models for a Turtlebot3. The parameters used for these simulation
are provided in Appendix B.1. In order to introduce parametric uncertainties and verify the
effectiveness of the proposed MRAC laws, the actual parameters were taken as multiples of
the estimated parameters. Figure 7.2 shows the trajectories of the DDMR. It can be seen
from Figure 7.2 that the reference trajectory follows the desired trajectory, and the actual

trajectory follows the reference trajectory.

The simulated trajectory and the reference trajectory of the end-effector in the global
frame are shown in Figure 7.3. In Figure 7.3, the end-effector’s initial position is represented

by a green dot and its final position by a red asterisk. The norm of the trajectory tracking
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Figure 7.2: Simulation results involving a DDMR. The blue line denotes the vehicle’s trajec-
tory, the red dotted-line denotes the reference trajectory, and the black dashed-line denotes
the desired trajectory.

error, that is, Kq(t) quu(t)k; t 0, is illustrated in Figure 7.4. In these simulations, the
errors in the system parameters was 90%. The parameters and the control gains are given in
Appendix B.2. At t = 8s, the robotic arm picks a load of 2kg which is reflected in the figure.
Practically, the actuators of the WidowX200 robotic arm cannot be given torques above
the load torque of 3Nm.It appears from Figures 7.3 and 7.4 that, despite the parametric
uncertainties and the error in the robot’s initial conditions, the trajectory tracking error

converges to zero.
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Figure 7.3: End-effector trajectory. The blue line denotes the actual simulated trajectory of
the end-effector of the robotic arm and the black-dashed line denotes its reference trajectory.
The end-effector’s initial position is represented by a green dot and its final position by a
red asterisk.
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For the experiments, we used the TurtleBot3 as a DDMR and the WidowX 200 five-
link robotic arm. For these experiments, all calculations are performed aboard the robot
using an ODroid XU4 [29] single-board computer (SBC). The DDMR and the robotic arm
were connected to the SBC via a USB cable to facilitate the serial communication between
the computer and the motors. The TurtleBot3 uses the XM430-W210-R [30] Dynamixel

motors, and WidowX 200 uses the XM430-W350-R [31] Dynamixel motors. These motors
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Figure 7.4: Error norm for the robotic arm trajectory.

are connected to the SBC through a USB cable with the help U2D2 power hub [32]. The
Dynamixel SDK [33] provides software functions to communicate to and fro the Dynamixel
motors. For the robotic arm and the DDMR, the position and velocity data can be accessed
with the help of appropriate functions in the Dynamixel SDK. A Vicon motion capture
system was employed to obtain the position data of the DDMR and its yaw angle. This
architecture is schematically illustrated in Figure 7.5. The experimental setup with the
DDMR (TurtleBot3) with the robotic arm (WidowX 200) installed on top can be seen in

Figure 1.1.

The experimental results for the DDMR tracking a C-shaped trajectory and a straight
trajectory are shown in Figure 7.6 and Figure 7.7. For the robotic arm, we cannot control the

control the gripper link motor with current control mode. Hence, the experimental results for
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