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On Integral Quadratic Constraint Theory and Robust Control of
Unmanned Aircraft Systems

Jedediah Micah Fry
(ABSTRACT)

This dissertation advances tools for the certification of unmanned aircraft system (UAS)
flight controllers. We develop two thrusts to this goal: (1) the validation and improvement
of an uncertain UAS framework based on integral quadratic constraint (IQC) theory and
(2) the development of novel IQC theorems which allow the analysis of uncertain systems

having time-varying characteristics.

Pertaining to the first thrust, this work improves and implements an IQC-based robust-
ness analysis framework for UAS. The approach models the UAS using a linear fractional
transformation on uncertainties and conducts robustness analysis on the uncertain system
via IQC theory. By expressing the set of desired UAS flight paths with an uncertainty, the
framework enables analysis of the uncertain UAS flying about any level path whose radius of
curvature is bounded. To demonstrate the versatility of this technique, we use IQC analysis
to tune trajectory-tracking and path-following controllers designed via Hs or H., synthesis
methods. IQC analysis is also used to tune path-following PID controllers. By employing a
non-deterministic simulation environment and conducting numerous flight tests, we demon-
strate the capability of the framework in predicting loss of control, comparing the robustness
of different controllers, and tuning controllers. Finally, this work demonstrates that signal
IQCs have an important role in obtaining IQC analysis results which are less conservative

and more consistent with observations from flight test data.



With regards to the second thrust, we prove a novel theorem which enables robustness
analysis of uncertain systems where the nominal plant and the IQC multiplier are linear
time-varying systems and the nominal plant may have a non-zero initial condition. When
the nominal plant and the IQC multiplier are eventually periodic, robustness analysis can be
accomplished by solving a finite-dimensional semidefinite program. Time-varying IQC multi-
pliers are beneficial in analysis because they provide the possibility of reducing conservatism
and are capable of expressing uncertainties that have unique time-domain characteristics. A
number of time-varying IQC multipliers are introduced to better describe such uncertain-
ties. The utility of this theorem is demonstrated with various examples, including one which

produces bounds on the UAS position after an aggressive Split-S maneuver.



On Integral Quadratic Constraint Theory and Robust Control of
Unmanned Aircraft Systems

Jedediah Micah Fry

(GENERAL AUDIENCE ABSTRACT)

This work develops tools to aid in the certification of unmanned aircraft system (UAS) flight
controllers. The forthcoming results are founded on robust control theory, which allows the
incorporation of a variety of uncertainties in the UAS mathematical model and provides tools
to determine how robust the system is to these uncertainties. Such a foundation provides a
complementary perspective to that obtained with simulations. Whereas simulation environ-
ments provide a probabilistic-type analysis and are oftentimes costly, the following results
provide worst-case guarantees—for the allowable disturbances and uncertainties—and re-
quire far less computational resources. Here we take two approaches in our development of
certification tools for UAS. First we validate and improve on an uncertain UAS framework
that relies on integral quadratic constraint (IQC) theory to analyze the robustness of the
UAS in the presence of uncertainties and disturbances. Our second approach develops novel
IQC theorems that can aid in providing bounds on the UAS state during its flight trajec-
tory. Though the applications in this dissertation are focused on UAS, the theory can be
applied to a wide variety of physical and nonphysical problems wherein uncertainties in the

mathematical model cannot be avoided.
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Ensuring that a flight controller will safely perform its assigned task is a critical part of
airworthiness certification. The accepted standard for software certification of airborne
systems—DO-178C—states that the controller software must meet agreed upon performance
requirements; this includes the requirement that the controller stabilizes the aircraft and
safely tracks commands within some tolerance [3,4]. The Department of Defense is also con-
cerned with these, as flight control systems have been a leading cause of unmanned aircraft
system (UAS) failures [5]. As UAS are designed to be less costly and more modifiable than
manned aircraft, the certification process for a UAS flight controller must also be modular

and economical.

Besides flight tests, there are two methodologies which guide the flight controller certification
procedure: simulating the controlled UAS and using control theory to prove stability and
performance characteristics of the UAS [6,7]. Simulation environments typically sample
uncertainties within an uncertainty space, conduct numerous simulations, and provide an
estimate on the probable performance of the UAS in physical flight [8]. Though this approach
provides useful information, simulation environments oftentimes predict better performance
than experienced in flight and require considerable resources (time, computational effort,
and money). When applying control theory for certifying the UAS controller, the engineer
typically assumes a simplified model of the UAS and draws from a suite of theoretic tools

(Lyapunov theory, Bode plots, input-output theory, etc.) to obtain a rigorous stability or



2 Chapter 1. Introduction

performance guarantee [9,10]. However, once these simplifying assumptions are removed,
as is the case for a physical UAS, such theoretical guarantees are lost, and the theory is

incapable of providing a rigorous proof or the mathematical argument must be re-derived.

This dissertation develops tools to aid in the certification of UAS flight controllers. Its
contributions can be divided into two themes. The first theme looks strictly at the appli-
cation of integral quadratic constraint (IQC) theory [11] to the UAS. Though the uncertain
UAS framework was originally derived in [12], the results given therein were only validated
by simulation environments. The following results demonstrate how it can be applied to
a physical UAS, and provide validation of the uncertain UAS framework via simulations
and flight tests [13]. We furthermore improve this framework by parameterizing the set
of trim-points about which the UAS operates, thus allowing the IQC analysis framework
to apply to a UAS flying arbitrary level paths with bounds on the radius of curvature.
An exhaustive series of flight tests also accompany this improvement to the framework,
demonstrating its utility on a variety of flight controller schemes (path-following/trajectory-
tracking and H../Hs/PID) [14]. The second theme develops novel IQC-based robustness
analysis theorems. By building from dissipativity-based arguments demonstrated in [15], we
show how IQC analysis can be applied when there may be uncertain initial conditions and
the nominal system G and/or the IQC multiplier — are time-varying. When both systems
are eventually-periodic, a finite-dimensional semidefinite program (SDP) may be solved to

conduct robustness analysis.

000 otdboioo oU boobobbio 00U iuododooo

Chapters 3 and 4 implement a framework based off robustness analysis and IQCs to aid in the

certification and design of UAS flight controllers. The full six-degrees-of-freedom (6-DOF)
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equations of motion are used to model the UAS, with uncertainties included to account for
modeling inaccuracies and the effect of removing simplifying assumptions from the analy-
sis. By modeling the system as a linear fractional transformation (LFT) on uncertainties,
IQC analysis is capable of determining an upper bound on the worst-case performance of
the UAS, thereby providing a conservative perspective. This complements the oftentimes
optimistic results seen from uncertain simulation environments. Because IQC theory is well-
suited for a large suite of uncertainty types, this framework provides assessments on a closer
approximation of the physical system and can flexibly include or remove uncertainties in the
analysis. These tools empower engineers in rigorously understanding the effect of multiple

uncertainties and their interactions on the system’s stability and performance.

We select IQC analysis to measure robust performance because it is capable of both consider-
ing numerous types of uncertainties and specifying characteristics of the system’s exogenous
disturbances [16,17]. Although the first point is well recognized and explored in the academic
community, unfortunately the latter point is not often investigated. Our results indicate the
importance of characterizing disturbances in both obtaining consistent predictions for phys-

ical flight and achieving less conservative robust performance results.

Similar to IQC analysis, -analysis can provide robustness assertions for uncertain systems
[18,19]. Though -analysis can be less computationally demanding than IQC analysis,
it cannot incorporate the wide variety of uncertainties that IQC analysis can. Not only
can IQC analysis incorporate static and dynamic time-invariant uncertainties, but it can
consider time-varying (rate-bounded and arbitrarily fast) uncertainties, nonlinear (sector-
bounded, norm-bounded, slope-restricted, and passive) uncertainties, and a variety of delay

uncertainties [11,20].

A variety of works have utilized IQC analysis to provide robustness assertions for aircraft

flight controllers. Most of these have focused on analyzing simplified longitudinal aircraft
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models: in [21] the authors consider the longitudinal dynamics of an ONERA fighter aircraft
with uncertainties in the aerodynamics, flight envelope, and model parameters; [22] analyzes
the robustness of the NASA HL-20 longitudinal model in the presence of aerodynamic,
parametric, actuator, and time-delay uncertainties; [23] studies the short period pitch model
of a Cessna Citation 500 parameterized by altitude and airspeed; [24] considers the short
period dynamics of the NASA Generic Transport Model. Other groups have investigated
the application of IQC analysis to understand the stability properties of aeroelastic vehicles:
[25] studies the stability of an aeroelastic aircraft with freeplay in the elevator actuation;
the aeroelastic longitudinal dynamics of the B-1 Lancer gridded by altitude and airspeed
are analyzed in [26]; the work in [27] studies the stability of the aeroelastic longitudinal
dynamics with parametric uncertainties and freeplay. The work herein differs from the
previously cited works in that it studies robustness properties of the UAS 6-DOF equations of
motion with uncertainties and/or nonlinearities in the aerodynamic, dynamic, and actuator
models. Furthermore, we provide validation of this framework by conducting numerous
flight tests and comparing results against predictions from the IQC-based framework and a

non-deterministic simulation environment.

Building off the work in [12], Chapter 3 discusses the uncertain UAS framework imple-
mented and validated herein. Uncertainties inherent to the UAS aerodynamics, actuation
and control, and dynamics are characterized, quantified, and expressed in the UAS model.
To clearly attribute the content in this dissertation, all the derivations in Section 3.2 are
first developed in [12]. However, they were not applied to the Senior Telemaster Plus, whose
nominal model is detailed in Chapter 2. Applying the uncertain UAS framework to the Se-
nior Telemaster Plus is a contribution of the current author. As an additional contribution,
we demonstrate the application of model reduction techniques (specifically the coprime fac-

tors reduction method [28]) in Section 3.2.3 to obtain a computationally tractable model of
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the uncertain UAS. The expression of the uncertain UAS framework in Section 3.2 appears
for completeness, and—except for the aerodynamic uncertainty bounds in Section 3.2.1 and
the model reduction technique in Section 3.2.3—-should be understood to originate from the
work in [12]. Further details on the derivations of these uncertainties and how they are

incorporated can be found in [13].

The approach is shown to effectively identify the system’s sensitivities to uncertainties,
compare controllers’ performance, and tune H., controllers. Despite the successes demon-
strated therein, additional work was needed in improving and exhibiting the capabilities and
consistency of the method. Chapter 4 augments the framework by incorporating flight char-
acteristics of the uncertain UAS when operating at a variety of trim points. In other words,
Chapter 4 broadens the robustness certificate to flight about any level path whose radius of
curvature is bounded. This stands in contrast to Chapter 3, whose results pertained only to

flight about a predetermined trim point.

Additionally, we develop an original description of UAS path-following dynamics. Although
the work in [29] develops an approach to path-following control that is supported by flight
tests (see also [1]), the dynamic equations given therein assume that the angle of attack and
sideslip angle are negligible, which is not the case in the presence of significant wind. In
Chapter 4, we develop an accurate description of the UAS path-following dynamics without

these assumptions.

The framework is shown to tune and compare trajectory-tracking Ho, (TTH), trajectory-
tracking Hy (TTH,), path-following H., (PFH), path-following Hs (PFH;), and path-
following PID (PFpid) controllers. Trajectory-tracking controllers seek to regulate the UAS
state with explicit timing constraints, whereas path-following controllers may not have an
explicit timing constraint. By conducting numerous simulations and flight tests for a variety

of controllers, we show that the uncertain system’s robust performance is the most consistent
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measure in predicting and comparing controller performance in physical flight. With the
acquired simulation and flight test data, the approach is shown to reliably indicate when a
controller is insufficiently robust and may lead to loss of control. Furthermore, with IQC
analysis, simulations, and flight tests, the merits of path-following over trajectory-tracking
control are manifest. This supports the theoretical arguments respecting the superiority of
path-following control [30]. We also observe that our H., and Hy controllers provide better

performance than our PID controller.

The proposed framework is not used to rigorously provide bounds on the worst-case perfor-
mance for the physical system. Rather, it is a fast, inexpensive, and additional metric in
understanding a system’s sensitivities to uncertainties, comparing robustness of controllers,
and tuning controllers. Moreover, simulation and flight test data demonstrate it is a U000

metric, capable of predicting loss of control when non-deterministic simulations may not.

Oi0 O 0000l 04d fooboon 0ob fftobdoobiod boboogd

In their seminal paper [11], Megretski and Rantzer place the fulcrum of IQC theory on a
bounded, self-adjoint operator . Therein, it is demonstrated that if, among other hypothe-
ses, G* | G* 1 =< — 1 ( > 0), then robustness assertions can be made on an
associated interconnection. Verifying the aforementioned operator inequality is perhaps the
most burdensome task in IQC theory and becomes tractable when G € RH, and € RL.

Chapter 5 demonstrates that G and  can be in a broader class of operators while affording

a computational method for checking the previous operator inequality.

This work is not the first to treat IQC theory where G or may be time-varying. To date,
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8X9XR "QmM/b QM i?2 | abii2 7i2° aTHBi@a K M2mp

g2 rBHH TTHv *@XQ®iE®H MvHvx2 | a 7HB;?i +QMi"QHH2 X AM KQ/2
r2 KQbiHv 7QHHQr i?2 /2 ' Bp iBQMb2IBRIMI BN 2 Pi2?B+H2 Q7 BMi2"
>Q##Vv 1tT 2bb e@7QQi CmNEXQ bhiZ2BdKR b iRTH2 r b /2p2HQT2/ T 2pB(
rQ F BM *? jFiRIQi HH i?2 mM+2 i BMiB2b /2b+ B#2/i?2 2BM 2 BM

/B ;> KQ7i?21 arBi? 2tQ;2MQmb /Bbim # M+2b M/ mM+2'i BMiB
6B;m8X§ h?Qm;? i?2 +Q277B+B2Mib M/ +QMbi Mib /[B7?217a QK i?Ql
KQ/2H Bb bi'm+inkXX b BM U

h> D2+iQ v- GBM2 "Bx iBQM- M/ *QMi"QHH2"

h?2i° D2+iQ v +QMbB/2°2/ Bb aTHBi@a K M2mp2 X Ai Bb Q#i BM?2
a KmHiBTH2 iBK2b M/ 2+Q /BM; i?2 +QMi 'QH ?BbiQ B2b Q7 2 +?
+QMi"QH ?BbiQ B2b Bb i?2M +QKK M/2/iQ bBKmH i2/1 a BMBiB HF



Rk3 *2 Ti2° 8X _Q#mbiM2bb M HvbBb 7Q"° Gho bvbi2Kb rBi? Gl

6B;m 2 8Xj, | aKQ/2H M/ mM+2'i BMiB2b

6B;m 2 8X9, aTHBi@ai D2+iQW U,; T?B+ + 2/Bi (



8X9X TTHB+ iBQMb Q7 AZ*i?2Q 2K RkN

cc C C C Cun G
@N1@] @QR1@k @91@k @81@] @kl@k @kl1@]
'l di@j R1@k 91@k 81@] kl1@k kl@j
, | @R1@k @Kk1@Kk @81@k @81@] @j1@k @91@]
| R1@k N1@j 81@k 81@] kl@k kl@]

h #H2 8XR, 2 °Q/vM KB+ +Q277B+B2Mi 2 Q" #QmM/b

h?2 "2bmHIBM; bi iX%YE2H® ¥QKK MU?BDAR #2+QK2b i?2 i° D2+iQ
#Qmi r?B+? i?2 1 a Bb HBM2 "Bx2/ M/ /Bb+ 2iBx2/iQ 7Q K i?2 QT
b KTHBM; iBK2 Q7 yXy8 b2+QM/b-i?2 iQi Hi  D2+iQ v Q++m b BM
i? i K2 [0;119]X h?22 2 °Q  bi i2 M/ 2 'Q *x@KK M/ MR=u u’X
6QHHQ;@BM/m+2/ MQ K +QMi ' QHH2NRQpB?@ K2i?7Q/K M+2 QmiTmi

e= 0:1py; 0:1q,; O:1rp; 0:03up; 0:4; 0:4; 0:4; 0:03X; 0:03Y ;0:03n;0:4 £;0:2 ;05 R;2 1 T

Bb mb2/iQ bvMi?2bBx2 M R3 bi i2 7BMBi2 2Q BxQM /BAYRR-i2@iBK?2
BK(k)-CX (k) -DK(k) M/ 7BMBi2 ?Q BXOMOK2BMi?2" /2i BHb QM + 2 iBM
i° D2+iQ v- HBM2 "BxBM; i?2 TH Mi- M/ bvMi?2bBxBaXi?2 +QMi QH

IM+2°i BMiB2b

6Q i?Bb 2t KTH2-r2 +QMbB/2° 2°'Q/vM KB+ mM+2'i BMiB2b M/ +im
/12°Bp2/ BM *PXTh22 #QmM/b QM i?2 +im iQ mM+2 i BMiB2b "2 i?2 |
12" Bp2/- #mi bBM+2 i?2 p2?B+H2 mM/2° M HvbBb BbifB27r#QmMib7  Q k
QM i?2 2°Q/vM KB+ mM+2 i BMiB2b 82M® 772 2Mi Ub22 h #H2

Aib?2QmH/ #2 Q#b2 p2/i? 1i?727Q 2;QBM; mM+2'i BMiB2b "2 HH HBE
II"2bbBM; MQMHBM2 "BiB2b-bm+? b T bbBp2-MQ K@#QmM/2/- M
/[IBiBQM HHv- BM Q /2  iQ 6 2+Qp2 6 i?2 MQMHBM2 "~ bvbi2K #v i?:



Rjy *2 Ti2° 8X _Q#mbiM2bb M HvbBb 7Q"° Gho bvbi2Kb rBi? Gl

Qm:?i iQ #2 KQ/2H mM+2"i BMiB2b BM i?2 GBM2 8§ XXM hRBbH I\ 2 B @b
i BMiv? b MQiv2i #22MBMi'Q/m+2/7Q irQ 2 bQMbX 6B bi-i?2 +QK
MQMHBM2 “i2°K BM i?2 Rk 2[m iBQMb Q7 KQiBQM T Q/m+2b M G6l
iQ #2 +QKTmi iBQM HHvV i® +i #H2X a2+QM/- i?2 mM+2 i BMiB2b :
+QMiBMmMQmb@iBK2 /vM KB+ 2[m iBQMb- M/ Bi Bb +? HH2M;2 iQ .
iBQM i2+?MB[m2 r?B+? bm77B+B2MiHvV T 2b2 p2b i?2 #2? pBQ Q7 i
KQ/2H r?BH2 7Q KmH iBM; M G6h r?B+? Bb MQi Qp2 Hv +QKTH2t M
*2 Ti2]bM/97Q" GhA bvbi2Kb Bb MQi +? HH2M;2/ #v i?2 b2+QM/ TQB
T2 im # iBQMbBMi?2/vM KB+ KQ/2HX b i?Bb 2t KTH2 Bb bBKTHV |
Q7 i?2 T'2pBQmb i?2Q 2iB+ H “2bmHib- i?2 bQHMIBQM iQ i?2b2 Bl
/2/B+ i2/iQ 7Q ' KmH iBM; i?2 mM+2 i BM| a7 K2rQ FX

_2bmHib

M HvbBb Q7 i?2 1 a Bb /QM2r?2°2 T2 7Q K M+2 QmiTmi Bb +?2Qb2M

8

2 0 k< 119
e(k) = USXe3V

7 X(K):Y(K):h(k) T k=119;
LQi2i? ii?2 T2 7Q'K M+2 QmiTmi +?Qb2M 7Q° M HvbBb Bb /B772":
+QMi'QHH2 bvMi?2bBbX Q1 2BNB/MH @K ; TTHVBSX ki€ iIQR H a v
KQ/2H rBi? +im iQ M/ 2°'Q/vM KB+ mM+2'i BMiB2b i?2M b2 p2b b
i72 2M2°;v Q7 i?2 /Bbimd# MM2 BRUEMm@19 M/ i?2 ° /Bmb b[m "2/ Q7 i?:
Im+HB/2 M # HH BM r?B+? i?2 7BM H 2 °Q  BM TQ®hBISBMmMDEB/2Db X
rBi? J hG "iQ 7BM/i?2 QTPRHWBIHMIBQR(K)2[M2KI 428(K)= S i? i
b iBb7v i?2 GJA BM8XEe@MWHi ?Bb 2t KTH2- r2 +QMbB/2" i?2 BMiB H +
| aiQ #2 x2 Q- i?2 2#v "2KQpPBM; i?2 M8 XMIPRIM i § RHNVBM +2QU QH H



8X9X TTHB+ iBQMb Q7 AZ*i?2Q 2K RjR

6B:m 2 8X8, ITT2 #QmM/b QM rQ bi@+ b2 T2 7Q K M+2 mM/2  /B77
i BMiB2b

8 X Ke

6B;m8XIB?Qrb i?2 2772+ib Q7 /IB772 2Mi +QK#BM iBQMb Q7 i?2 +QMKh
rQ bi@+ b2T2'7Q°K M+2X aT2+B7B+ HHv-7Q" ;"QmT Q7 mM+2 i E
# iIBQMb i? i TT2 "BMi?2 2°Q/vM KBXKE/ZH-HEZ QIIQH ?Z BMi2 + QN
iBQ® ) 7Q=0;025050751X //IBiBQM H M Hvb2b 7Q mTT2 #QmM/b
QM mMM+2°i BMiv; " QmTbi? i "22MiB'2HvaGhoX 6Q bm+?mM+2"i BI
QM MQMbi iBQM 'vHBM2 " T " K2i2 ' @p RyRBIh PKaBQuY¥/bpb/i2ikb KB |
i?72 +QMb2°p iBp2M2bb Q7 i?2 AZ* M HvbBbX

MmK#2 Q7 bBKmH iBQMb "2 HbQ + B2/ QmiiQ 7m’i?2  +H "B7v
X AM i?2b2 bBKmH iBQMb-i?2 .GhA M/ aGho T2 im # iBQMb 2 Thb
mMbBM;i?2J hG " +QKKMMBE M/ 2bT2+iBp2Hv- HQM; rBi? TT QT B |
AM iQi H- ky /B#ARQ2Mb "2 +°2 i2/- M/#MHXQ+F+8y bBKmH iBQMb
7Q K2/ mbBM; ey /B772 2Mi /Bbim # M+2 bB;M Hb- "2bmHiBM; BM R
/Bbim #dMVB#2 i?2b2 bBKmMH iBQNKHQMDBBibB®7- r?22 2 i?2 rBM/ /B2
iBQM p "B2b #2ir22M bBKmH iBQMb- HQM; rBi? HB;?2i im #mH2M+2 ;



Rjk *2 Ti2° 8X _Q#mbiM2bb M HvbBb 7Q"° Gho bvbi2Kb rBi? Gl

6B;m 2 8Xe, aTHBi@ai D2+iQ B2b7Q° HH mM+2 i Bl

CVI2M im#mH2M+2 KQ/2H M/ x2 ' Q@K2 M- mMBi@p "B M+2- : mbt
+? MM2HbX :Bp2M i?2 7Q 2K2MiBQM2/ /B@®ivQ#EVEMRBX iR22p2° ;2
"2bmHiBM; T?vbB+ H #QmM/b QM i?2 7BM H TQbBiBQM 2 °Q" ° M;2
mMM+2'i BMiB2b iQ jRXR K r?2M HH mM+2'i BMiB2b 2 +QMbB/2 2/X
i° D2+iQ ' B2b Bb /BbTH X2/HEMI6BBi? 222 ;m ~ Mi22/ # HH r?22°2 i?2 |
7BM HHv "2bB/2X

h?2 BKK2/B i2Q#b2 p iBQM Q7 i?2b2 "2bmHibBbi? ii?2]1 aKQ/2H Bl
M KB+ mM+2 i BMiB2bX AM/22/-i?2 T2 7Q K M+2/2;" /| iBQM 7 QK :
rb QMUBW- r?BH2 i?2 T2 7Q K M+2 /2:° / iBQM /m2 iQ 2 °Q/vM KB+
72WX g2 HbQ b22i? ii?2 2bmHiIiBM; T?vbB+ H#QmM/b "2 i?2 H
bvbi2K rBi?Qmi mM+2'i BMiB2b UBM r?B+? + b2 i?2#QmM/ Bb 2[m H
i?2 bi M/ "/ EuS H2KK 7Q GHNoy¥Xbh2BIb obm;;2bibi? ii?2 /2bB;M2/ +(
/Q2b MQi T QpB/2 2t+2HH2Mi T2 7Q K M+2- #mi Bb [mBi2 "Q#mbiiQ

hQ BHHmbi  i2 i?Bb TQBMi- MQi?2  Gho +QMi"QHH2 U*QMi'QHH2"
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