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Essays on Contest Theory Experiments and Revealed Time Preference Models

Kevin Zou

(ABSTRACT)

In this series of essays, we study the influence of weight and group size in the sequential

multi-battle contest with laboratory experiences (Chapter 2 and Chapter 3). We then de-

velop an empirical method to model perceptual present and time inconsistency (Chapter 4).

Chapter 2 examines how the weight and the ordered weights in battles affect the behavior

in sequential multi-battle contests with an experiment. We find robustly that the weight

of the current battle consistently influences contestants’ efforts. Additionally, we discover

the math-point-oriented behavior despite differences in history. In other words, the weight

effect is expressed in two ways: influencing the effort of the current battle and transferring

a contest to the next battle with a designated intensity.

Chapter 3 explores the group size effect and how the contest success functions influence

the group size effect in sequential multi-battle contests with an experiment. We capture the

negative group size effect on the leaders’ efforts, participation and dropout rates; contrarily,

the positive effect on the non-leaders’ efforts. Compared to the Tullock lottery, the all-pay

auction intensifies the group size effect of the high effort in the initial battle. It also enlarges

the observed group size effects of the effort gaps between the leaders and the non-leaders.

Chapter 4 develops the quasi-hyperbolic discounting model into the general beta-delta

model to parametrically detect and measure the inconsistency in revealed time preference.

This method empirically classifies time preference into four categories, i.e., time consistent,

present bias, future bias, and mixed inconsistent. Then we applied this method to the convex

time budget data of seven experiments, including 3670 subjects. We discover empirical evi-

dence supporting perceptual differences in the present-future threshold. Traditional present

bias models may interpret the time preference imprecisely.



Essays on Contest Theory Experiments and Revealed Time Preference Models

Kevin Zou

(GENERAL AUDIENCE ABSTRACT)

Competition and Time are two essential aspects of life. Many decisions are made in a

competitive environment. Some other decisions are made when time serves as a critical

factor. We divide this dissertation into two parts. In the first part, we study strategic

behavior in competitions. Specifically, we examine how (1) the importance of each round

(weight), (2) the number of competitors, and (3) the ambiguity of the rule affect the result of

a multi-round competition. In the second part, we study people’s subjective understanding

of time, generally the personal beliefs and preferences of the present and future.

In part one (Chapter 2 and Chapter 3), first, we find people are very responsive about

the importance of a round in a multi-round competition. When a round is more important,

people make more effort in such round. People are also sensible about the competition’s

current status (leading, behind, or tied) rather than the history. Second, at the beginning

of a competition, we find an increase in the participation rate when fewer competitors exist.

Suppose there are more competitors; the leading position players compete more brutally;

on the contrary, the non-leading players are discouraged more. Third, people spend more

energy when the rule is less ambiguous in a multi-round competition.

In part two (Chapter 4), We find a very diversified subjective belief in the word “present.”

The concept of “now” lasts longer than we conventionally thought. When the subjective

“present” is captured at the individual level, we find the immediate now is not necessarily

the best way to represent the “average present” for the population.
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We focus our studies on two following economic aspects. First is the sequential multi-

battle contest, where contestants compete for a prize with costly efforts in a dynamic setting.

Second is the revealed time preference, where individuals make consumption decisions on a

time horizon; usually, this process involves a trade-off between sooner and later.

Contest theory (Konrad, 2009) is a rich topic in game theory research. The theory work

has been developed in three different models, the all-pay auction (Hillman and Samet, 1978),

the Tullock lottery (Tullock, 1980), and the rank-order tournament (Lazear and Rosen, 1981).

These models are applied to study real-world scenarios such as patent race, R&D, wars,

sports events, rent-seeking, political debates and campaigns, college admissions, etc. We

study a specific type of contest called race (Konrad and Kovenock 2009) or sequential multi-

battle contest (SMBC), where the players have to compete with costly effort in a sequence

of independent battles, and the first to reach a threshold wins the prize. The examples we

can give for the SMBC can be the US primary election, Formula One, NASCAR, Tour de

France, triathlon, biathlon, decathlon, heptathlon, college admission in the US, graduate

school admission in China, the Apple-Samsung patent race.

The theoretical work of SMBC starts with Klumpp and Holborn (2006; using the Tullock

lottery) and Konrad and Kovenock (2009; using the all-pay auction). Later development

includes Mego et al. (2013; with intermediate prize), Gelder (2014; adding penalty), Doğan

et al. (2018, increasing the group size). Our work compares theory prediction and empirical

1
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behavior in laboratory experiments.

Experimental studies in SMBC have been emerging in recent years. Zizzo (2002) first

tested the theory in a protracted contest. Mego et al. (2013) discussed the intermediate prize

and the decisiveness parameter (Hirshleifer, 1995). Mago and Sheremeta (2017 and 2019)

separately tested all-pay and Tullock lottery in best-of-three games. Mago et al. (2019)

extended the current literature into heterogeneities in the opponent’s gender. In Descamps

et al. (2022), they studied the possible source of observed momentum.

Our experimental research in SMBC mainly contributes to the research field in three di-

rections, i.e., weighted battles, group size, and CSF. Currently, the asymmetrically weighted

battles are only modeled in the Colonel Blotto game (Theory: Friedman, 1958; Duffy and

Matros, 2015. Experiments: Duffy and Matros, 2017; Chowdhury et al., 202). The Blotto

games model a resources allocating process in a simultaneous mechanism. In Chapter 2, we

brought the idea of unequally weighted battles into SMBC and examined the weight and

order of weight effect in contest experiments. A reach body of literature studies the group

size effect in the contest (Theory: Baye et al., 1996; Doğan et al., 2018. Experiment: Har-

bring and Irlenbusch, 2003; Orrison et al., 2004; Gneezy and Smorodinsky 2006; Amaldoss

and Rapoport; 2009; Sheremeta, 2011; Morgan et al., 2012; Ernst and Thöni, 2013; Lim et

al., 2014; Booseya et al., 2017; List et al., 2020; Nelson, 2020; Hudja, 2021; Fallucchi et al.,

2021; Peeters et al., 2021). All existing experiments study the group size of the contest in

a one-shot sense. In Chapter 3, we study the group size effect in SMBC. There is no ex-

perimental study yet to compare all-pay and Tullock in SMBC (Mego et al., 2013 compared

different decisiveness parameters but not for all-pay auction). In chapter 3, we provide a

side-by-side comparison of the all-pay auction and the Tullock lottery in a dynamic setting.

Time is a foundational aspect of the decision-making process to consider. The standard

way of modeling time preference can be traced back to streams of exponential discounting
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models (Samuelson, 1937; Koopmans, 1960). The two major stream models that capture the

inconsistency from exponential discounting of time in psychology and economics studies are

hyperbolic discounting (Mazur, 1987; Loewenstein and Prelec, 1992) and quasi-hyperbolic

discounting (Phelps and Pollak, 1968; Laibson, 1997). Other attempts at making behavioral

adjustments are proportional discounting (Ainslie and Herrnstein, 1981), power discounting

(Harvey, 1986), and constant sensitivity discounting (Ebert and Prelec, 2007). A more

detailed summary of the time discounting model can be seen in Frederick et al. (2002).

There are several famous approaches to eliciting time preference from experiments, such

as intertemporal choice (Loewenstein, 1988), convex time budget (Andreoni and Sprenger,

2012a), and dynamic choice (Jackson and Yariv, 2014). Additionally, the studies on ax-

iomatically characterizing time preferences are also rich (Koopmans, 1960; Fishburn and

Rubinstein, 1982; Fishburn and Edwards, 1997; Prelec, 2004; Ok and Masatlioglu, 2007;

Halevy, 2008; Bleichrodt et al., 2008, 2009; Attema, 2010; Noor, 2011; Montiel Olea et al.,

2014; Dziewulski, 2018; Echenique et al., 2020). A recent meta-analysis (Imai et al., 2021)

of convex time budget studies points out that the time inconsistency of quasi-hyperbolic

discounting varies according to different categories. Jackson and Yariv (2014) suggest four

basic types of time preference (time consistent, present bias, future bias, mixed inconsis-

tent). We follow the recent trend in the time preference topic concerning “How soon is now”

(Glimcher et al., 2007; DellaVigna, 2018; Ericson and Laibson, 2019; Balakrishnan et al.,

2020). Then in Chapter 4, we developed Laibson’s quasi-hyperbolic discounting model into

a general beta-delta discounting model to find the perceptual present and its corresponding

time inconsistency categories with the convex time budget experimental data.



Kevin Zou, Yichuan Cai, Dongwoo Lee

This paper studies the impact of the weight and the sequence order of the weights in

the sequential multi-battle contest (SMBC) with the all-pay auction as the contest success

function. Theoretically, we can reduce the New Hampshire effect by assigning more relative

weight to the second battle in an SMBC. In the experiment, we compared three treatments

in which the first two battles differed by weight. We find that the assigned weight has a

positive effect on the effort. However, the effect is not long-lasting. Through the process

of the sequential battles, we capture a path-independent strategic momentum. The players’

behavior depends on the match-point-oriented intensity of the current state. Contestants

bid more when the battle gets more intense, despite differences in the contest’s path, ordered

weight, and symmetry.
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�T�`�Q�+�2�b�b �B�M �*�?�B�M���- �i�?�2�`�2 �m�b�m���H�H�v �B�b ���M �B�M�i�2�`�p�B�2�r �T�`�Q�+�2�b�b ���7�i�2�` �i�?�2 �2�t���K�B�M���i�B�Q�M�X �h�?�2 �i�2�b�i ���M�/

�i�?�2 �B�M�i�2�`�p�B�2�r ���`�2 �?�2�H�/ �B�M �b�2�[�m�2�M�i�B���H �Q�`�/�2�`�- ���M�/ �i�?�2 �i�2�b�i �`�2�b�m�H�i �B�b �i�v�T�B�+���H�H�v �r�2�B�;�?�i�2�/ �K�Q�`�2 �i�?���M

�i�?�2 �B�M�i�2�`�p�B�2�r �`�2�b�m�H�i�X �a�B�K�B�H���`�H�v�- �i�?�2 �[�m���H�B�7�v�B�M�; �`���+�2 �B�b �?�2�H�/ �#�2�7�Q�`�2 �i�?�2 �`���+�2 �B�M �6�Q�`�K�m�H�� �P�M�2�-

�/�2�i�2�`�K�B�M�B�M�; �i�?�2 �Q�`�/�2�` �B�M �r�?�B�+�? �� �`���+�2�` �b�i���`�i�b �� �`���+�2�X �h�?�2 �T�Q�b�B�i�B�Q�M �;���B�M�2�/ �B�M �i�?�2 �[�m���H�B�7�v�B�M�;

�`���+�2 �B�b �p�2�`�v �/�2�i�2�`�K�B�M�B�b�i�B�+ �B�M �i�?�2 �`�2�b�m�H�i �Q�7 ���M�v �:�`���M�/ �S�`�B�t�X �A�M ���H�H �Q�7 �i�?�2�b�2 �2�t���K�T�H�2�b�- �i�?�2

�b�2�+�Q�M�/ �#���i�i�H�2 �B�b �r�2�B�;�?�i�2�/ �K�Q�`�2 �i�?���M �i�?�2 �7�B�`�b�i �#���i�i�H�2�X �h�?�2�`�2 ���`�2 ���H�b�Q �K���M�v �2�t���K�T�H�2�b �Q�7

�2�[�m���H�H�v�@�r�2�B�;�?�i�2�/ �#���i�i�H�2�b �B�M �a�J�"�*�- �b�m�+�? ���b �L�"�� �7�B�M���H�b �U�#�2�b�i �Q�7 �b�2�p�2�M�V ���M�/ �i�?�2 �;�2�M�2�`���H �`�m�H�2�b

�B�M �i�2�M�M�B�b �i�Q�m�`�M���K�2�M�i�b�X

�A�M �b�2�[�m�2�M�i�B���H �K�Q�p�2�K�2�M�i �;���K�2�b�- �i�?�2 �Q�M�H�v �i�?�2�Q�`�v �r�Q�`�F �r�?�B�+�? ���b�b�B�;�M�b �/�B�7�7�2�`�2�M�i �r�2�B�;�?�i�b �i�Q

�2���+�? �K�Q�p�2 �U�M�Q�i �� �#���i�i�H�2�V �B�b �>���`�`�B�b ���M�/ �o�B�+�F�2�`�b �U�R�N�3�8�V�X �A�M �� �K�Q�`�2 �+�Q�K�T�H�2�t �K�Q�/�2�H�- �a�+�?�r���#�2



�l�Y�k�Y �i�Ñ�¶�ñ���¶���Ô�«�ž�ã �7���ž�è�¶�'�ñ���á �N

�U�k�y�R�8�V �T�`�Q�p�2�/ �i�?�2 �+���M�/�B�/���i�2�b �K�B�;�?�i �/�`�Q�T �Q�m�i �#�2�7�Q�`�2 �a�m�T�2�` �h�m�2�b�/���v �/�m�2 �i�Q �Q�p�2�`�b�T�2�M�/�B�M�;

�B�M �i�?�2 �T�`�2�p�B�Q�m�b �#���i�i�H�2�X �>�Q�r�2�p�2�`�- �i�?�B�b �r�Q�`�F �B�b �M�Q�i �� �+�Q�M�p�2�M�i�B�Q�M���H �a�J�"�*�X �A�M �i�?�B�b �T���T�2�`�- �r�2

�+�Q�M�/�m�+�i�2�/ �� �H���#�Q�`���i�Q�`�v �2�t�T�2�`�B�K�2�M�i �i�Q �b�i�m�/�v �i�?�2 �r�2�B�;�?�i�b ���M�/ �b�2�[�m�2�M�i�B���H �Q�`�/�2�` �Q�7 �i�?�2 �r�2�B�;�?�i�b

�B�M �a�J�"�*�X �P�m�` �`�2�b�2���`�+�? �+�Q�M�i�`�B�#�m�i�2�b �i�Q �+�m�`�`�2�M�i �`�2�b�2���`�+�? �B�M �i�?�2 �+�Q�M�i�2�b�i �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�`�2�2

�r���v�b�X �6�B�`�b�i�- �r�2 �2�t�i�2�M�/ �i�?�2 �r�2�B�;�?�i�2�/ �+�Q�K�T�Q�M�2�M�i �7�`�Q�K �i�?�2 �b�B�K�m�H�i���M�2�Q�m�b �;���K�2 �i�Q �� �b�2�[�m�2�M�i�B���H

�K�2�+�?���M�B�b�K�X �a�2�+�Q�M�/�- �r�2 �i�2�b�i�2�/ �?�Q�r �i�?�2 �Q�`�/�2�` �Q�7 �i�?�2 �b�2�[�m�2�M�i�B���H �r�2�B�;�?�i�b ���7�7�2�+�i�b �i�?�2 �+�Q�M�i�2�b�i�X

�q�?�2�M �b�i�m�/�v�B�M�; ���b�v�K�K�2�i�`�B�+���H �p���H�m�2�b �B�M �#���i�i�H�2�b�- �r�2 �2�t���K�B�M�2 �+�Q�b�i�H�v �2�7�7�Q�`�i �B�M�b�i�2���/ �Q�7 �m�b�2�@�B�i�@�Q�`�@

�H�Q�b�2�@�B�i �B�M �i�?�2 �"�H�Q�i�i�Q �;���K�2�X

�k�X�j �h�?�2�Q�`�2�i�B�+���H �6�`���K�2�r�Q�`�F

�k�X�j�X�R �� �:�2�M�2�`���H �J�Q�/�2�H

�h�?�2�`�2 ���`�2 �k �`�B�b�F�@�M�2�m�i�`���H �T�H���v�2�`�b �B�M �i�?�2 �T�H���v�2�` �b�2�iN = t 1; 2u �Ui P N �V �r�?�Q �+�Q�K�T�2�i�2 �7�Q�` ��

�+�Q�K�K�Q�M�H�v �F�M�Q�r�M �B�M�/�B�p�B�b�B�#�H�2 �T�`�B�x�2 �p���H�m�2�/V �B�M �� �b�2�`�B�2�b �Q�7 �#���i�i�H�2�b�X

�h�?�2 �T�H���v�2�` �r�?�Q �`�2���+�?�2�b �b�i���i�2�4�j �7�B�`�b�i �r�B�M�b �i�?�2 �+�Q�M�i�2�b�i�X �q�2 �+���H�H �i�?�2 �`�2�[�m�B�`�2�/ �b�i���i�2 �7�Q�`

�r�B�M�M�B�M�; ���b �i�?�2 �r�B�M�M�B�M�; �i�?�`�2�b�?�Q�H�/T = 3�X

�q�2 �m�b�2 �� �#���i�i�H�2 �M�Q�/�2t �U�#���i�i�H�2t�V �i�Q �b�T�2�+�B�7�v �2���+�? �T�H���v�2�`i �ö�b �+�m�`�`�2�M�i �b�i���i�2(s1t ; s2t )�- �r�?�2�`�2

t = t 1; 2:::m:::u ���M�/sit = 0 ; 1 or 2�X

�h�?�2 �b�i���i�2 �Q�7 �r�B�M�M�B�M�; �#���i�i�H�2 �M�Q�/�2t �B�b �/�B�b�i�B�M�;�m�B�b�?�2�/ �#�v �i�?�2 �r�2�B�;�?�i �Q�7 �i�?�2 �#���i�i�H�2� t �X �h�?�2

�+�Q�M�i�2�b�i �B�b �i�2�`�K�B�M���i�2�/ ���i �#���i�i�H�2 �M�Q�/�2m �r�?�2�Msim = T�X �q�2 �/�2�M�Q�i�2 �i�?�2 �i�Q�i���H �`�2�p�2���H�2�/ �r�2�B�;�?�i

���i �#���i�i�H�2t ���b
°

� t = s1t + s2t �- �r�?�2�`�25 ¥
°

� t ¥ T�X

���i �2���+�? �#���i�i�H�2t �- �T�H���v�2�`i �+�?�Q�Q�b�2 �� �+�Q�b�i�H�v �2�7�7�Q�`�ieit P[0; 8 ) �i�Q �2�t�2�`�i�8�B�M �Q�`�/�2�` �i�Q �r�B�M �i�?�2

�#���i�i�H�2 �M�Q�/�2t�X �*�Q�M�b�B�/�2�` �i�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �2�7�7�Q�`�ieit �B�b �H�B�M�2���` �U�1�[�X �U�k�X�R�V�c �E�H�m�K�T�T ���M�/



�R�y �+�Ñ�ž�ÿ���¶�� �l�Y �M�¶�' �?�ž�è�ÿ���Ñ�Ô���¶ �ñ�� �b���ÿ�¶�� �i���¶���²�ž�-�. �/�ñ�¶�� ���Ñ�¶ �r�¶�Ô�Ì�Ñ�� �K�ž�����¶���]

�S�Q�H�#�Q�`�M�- �k�y�y�e�c �E�Q�M�`���/ ���M�/ �E�Q�p�2�M�Q�+�F�- �k�y�y�N�c �J���;�Q �2�i ���H�X�- �k�y�R�j�c �:�2�H�/�2�`�- �k�y�R�9�c �.�Q�4���M �2�i ���H�X�-

�k�y�R�3�V�,

c(eit ) = eit �U�k�X�R�V

�q�2 ���T�T�H�B�2�/ �i�?�2 ���H�H�@�T���v ���m�+�i�B�Q�M �U�1�[�X �U�k�X�k�V�c �>�B�H�H�K���M ���M�/ �a���K�2�i�- �R�N�3�d�c �>�B�`�b�?�H�2�B�7�2�` ���M�/ �_�B�H�2�v�-

�R�N�d�3�c �L���H�2�#�m�7�7 ���M�/ �a�i�B�;�H�B�i�x�- �R�N�3�j�c �.���b�;�m�T�i�� ���M�/ �J���b�F�B�M�- �R�N�3�e�c �>�B�H�H�K���M ���M�/ �_�B�H�2�v�- �R�N�3�N�c �"���v�2

�2�i ���H�X�- �R�N�N�e�V ���b �i�?�2 �+�Q�M�i�2�b�i �b�m�+�+�2�b�b �7�m�M�+�i�B�Q�M�- �r�?�B�+�? �b�2�`�p�2�b ���b �i�?�2 �`�m�H�2 �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �T�H���v�2�`

i �ö�b �#���i�i�H�2t�ö�b �r�B�M�M�B�M�; �T�`�Q�#���#�B�H�B�i�vpit �,

pit =

$
''''''&

''''''%

�R �B�7eit ¡ ejt

�(�y�-�R�) �B�7eit = ejt

�y �B�7eit   ejt

�U�k�X�k�V

�h�?�2 �T���v�Q�7�7 �7�Q�` �T�H���v�2�`i �B�b�,

� i =

$
'''&

'''%

V �
m̧

t=1

eit �B�7 �T�H���v�2�`i �r�B�M�b �i�?�2 �+�Q�M�i�2�b�i

�
m̧

t=1

eit �Q�i�?�2�`�r�B�b�2
�U�k�X�j�V

�k�X�j�X�k �1�[�m�B�H�B�#�`�B�m�K �S�`�2�/�B�+�i�B�Q�M�b

�h���#�H�2 �k�X�R�, �q�2�B�;�?�i�b �B�M �.�B�7�7�2�`�2�M�i �"���i�i�H�2�b

�"���i�i�H�2 �R �"���i�i�H�2 �k �"���i�i�H�2 �j �"���i�i�H�2 �9 �"���i�i�H�2 �8

�q�2�B�;�?�i �R�,�R� 1 = 1 � 2 = 1 � 3 = 1 � 4 = 1 � 5 = 1
�q�2�B�;�?�i �R�,�k� 1 = 1 � 2 = 2 � 3 = 1 � 4 = 1
�q�2�B�;�?�i �k�,�R� 1 = 2 � 2 = 1 � 3 = 1 � 4 = 1

�8�A�M �i�?�2 �2�t�T�2�`�B�K�2�M�i�b�- �T���`�i�B�+�B�T���M�i�b ���`�2 ���H�H�Q�r�2�/ �i�Q �#�B�/ �� �r�?�Q�H�2 �M�m�K�#�2�` �#�2�i�r�2�2�M �y ���M�/ �R�y�y�y�X �h�?�2 �K�B�M�B�K�m�K �B�b �y �i�Q�F�2�M�b�- ���M�/
�i�?�2 �K���t�B�K�m�K �B�b �R�y�y�y �i�Q�F�2�M�b�X
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�h�Q �b�i�m�/�v �?�Q�r �r�2�B�;�?�i �U� �V ���M�/ �i�?�2 �Q�`�/�2�` �Q�7 �i�?�2 �r�2�B�;�?�i�b �U� t �V ���7�7�2�+�i �i�?�2 �L�2�r �>���K�T�b�?�B�`�2

�1�7�7�2�+�i �Q�` ���M �a�J�"�* �B�M �;�2�M�2�`���H�- �r�2 �+�Q�M�/�m�+�i �� �H���#�Q�`���i�Q�`�v �2�t�T�2�`�B�K�2�M�i �r�B�i�? �Q�M�2 �+�Q�M�i�`�Q�H ���M�/

�i�r�Q �i�`�2���i�K�2�M�i�b �;�`�Q�m�T�b �U�h���#�H�2�k�X�R�V�X �h�?�2 �+�Q�M�i�`�Q�H �;�`�Q�m�T �B�M �i�?�2 �2�t�T�2�`�B�K�2�M�i �B�b �� �`�2�;�m�H���` �#�2�b�i�@

�Q�7�@�7�B�p�2 �+�Q�M�i�2�b�i �U�J���;�Q ���M�/ �_���x�x�Q�H�B�M�B�- �k�y�R�N�V�X �q�2 ���b�b�B�;�M� 1 = 2 �i�Q �h�`�2���i�K�2�M�i �R ���M�/� 2 = 2 �i�Q

�h�`�2���i�K�2�M�i �k�- �`�2�b�T�2�+�i�B�p�2�H�v�- �i�Q �2�B�i�?�2�` �T�H���+�2 �i�?�2 �`�2�H���i�B�p�2 �H���`�;�2�` �r�2�B�;�?�i�2�/ �#���i�i�H�2 �B�M�i�Q �i�?�2 �7�B�`�b�i �Q�`

�b�2�+�Q�M�/ �T�Q�b�B�i�B�Q�M�b �i�Q �`�2�p�2���H �i�?�2 �`�2�b�m�H�i �B�M �� �b�2�[�m�2�M�i�B���H �K�m�H�i�B�@�#���i�i�H�2 �+�Q�M�i�2�b�i�X �L���K�2�H�v�- �r�2 �+���H�H �i�?�2

�i�`�2���i�K�2�M�i �;�`�Q�m�T �#�v �i�?�2�B�` ���b�b�B�;�M�2�/ �r�2�B�;�?�i �7�Q�` �i�?�2 �7�B�`�b�i �i�r�Q �#���i�i�H�2�b�, �i�?�2 �q�2�B�;�?�i �R�,�R�- �i�?�2 �q�2�B�;�?�i

�R�,�k�- ���M�/ �i�?�2 �q�2�B�;�?�i �k�,�R �7�Q�` �i�?�2 �+�Q�M�i�`�Q�H ���M�/ �i�`�2���i�K�2�M�i �R�- ���M�/ �i�`�2���i�K�2�M�i �k�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�6�B�;�m�`�2 �k�X�R�, �:���K�2 �h�`�2�2

���i �i�?�2 �+�m�`�`�2�M�i �#���i�i�H�2 �M�Q�/�2t(sit ; sjt )�- �r�2 �/�2�7�B�M�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�m�` �M�Q�i�B�Q�M�b�, �/�2�M�Q�i�2zit

���b �i�?�2 ���i�i�`�B�#�m�i�2�/ �T�`�B�x�2 �Q�7 �T�H���v�2�`i �i�Q �r�B�M �i�?�2 �;���K�2 ���i �#���i�i�H�2t�c �/�2�M�Q�i�2vit ���b �i�?�2 �2�t�T�2�+�i�2�/

�T���v�Q�7�7 �B�7 �i�?�2 �;���K�2 �B�b ���i �#���i�i�H�2t�c �/�2�M�Q�i�2pit ���b �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �T�H���v�2�`i �r�B�M�M�B�M�; �#���i�i�H�2t�c

���M�/ �/�2�M�Q�i�2E(eit ) ���b �i�?�2 �2�t�T�2�+�i�2�/ �2�7�7�Q�`�i �i�?���i �T�H���v�2�`i �2�t�2�`�i�b ���i �#���i�i�H�2t�X �h�?�2 �;���K�2 �i�`�2�2 �B�M

�6�B�;�m�`�2�k�X�R�B�H�H�m�b�i�`���i�2�b �i�?�2 �T�H���v�2�`�ö�b �p���H�m�2 �Q�7 �i�?�2 �T�`�B�x�2 �Q�7 �r�B�M�M�B�M�; ���i �2���+�? �#���i�i�H�2 �M�Q�/�2t �U�B�M�+�H�m�/�B�M�;

�i�?�2 �m�M�`�2���+�?���#�H�2 �M�Q�/�2 �7�Q�` �/�B�7�7�2�`�2�M�i �;�`�Q�m�T�b�V�X �A�M �i�?�2�Q�`�v�- �i�?�2 �T�H���v�2�` �r�B�H�H �Q�M�H�v �+�Q�K�T�2�i�2 �B�M �i�?�2

�b�2�T���`���i�B�M�; �#���i�i�H�2 �M�Q�/�2�b ���K�Q�M�; �i�?�2 �7�B�`�b�i �i�r�Q �#���i�i�H�2�b �U�*���B�- �k�y�k�k�V�X �q�2 �/�2�`�B�p�2�/ �i�?�2 �2�[�m�B�H�B�#�`�B�m�K

�p���H�m�2�b �7�Q�` �i�?�2 �i�?�`�2�2 �i�`�2���i�K�2�M�i �;�`�Q�m�T�b ���M�/ �b�m�K�K���`�B�x�2�/ �i�?�2�K �B�M �h���#�H�2�k�X�k�X
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�h���#�H�2 �k�X�k�, �1�[�m�B�H�B�#�`�B�m�K �o���H�m�2�b

�q�2�B�;�?�i �R�,�R �q�2�B�;�?�i �R�,�k �q�2�B�;�?�i �k�,�R

zit
V �- �B�7sit = sjt

0�- �Q�i�?�2�`�r�B�b�2
V �- �B�7sit = sjt

0�- �Q�i�?�2�`�r�B�b�2
V �- �B�7(sit ; sjt ) = (1 ; 2); (2; 1); (2; 2)
0�- �Q�i�?�2�`�r�B�b�2

vit

V �- �B�7sit ¡ sjt

0�- �B�7sit   sjt

0�- �B�7sit = sjt

V �- �B�7sit ¡ sjt

0�- �B�7sit   sjt

0�- �B�7sit = sjt

V �- �B�7(sit ; sjt ) = (2 ; 1)
0�- �Q�i�?�2�`�r�B�b�2

pit

1�- �B�7sit ¡ sjt

0�- �B�7sit   sjt

:5�- �B�7sit = sjt

1�- �B�7sit ¡ sjt

0�- �B�7sit   sjt

:5�- �B�7sit = sjt

1�- �B�7(sit ; sjt ) = (2 ; 1)
0�- �B�7(sit ; sjt ) = (1 ; 2)
:5�- �Q�i�?�2�`�r�B�b�2

E(eit )
:5V �- �B�7sit = sjt

0�- �Q�i�?�2�`�r�B�b�2
:5V �- �B�7sit = sjt

0�- �Q�i�?�2�`�r�B�b�2
:5V �- �B�7(sit ; sjt ) = (1 ; 2); (2; 1); (2; 2)
0�- �Q�i�?�2�`�r�B�b�2

�k�X�9 �h�?�2 �G���#�Q�`���i�Q�`�v �1�t�T�2�`�B�K�2�M�i

�k�X�9�X�R �1�t�T�2�`�B�K�2�M�i���H �>�v�T�Q�i�?�2�b�2�b

�A�M �i�?�2�Q�`�v�- �r�2 �+���M �b�?�Q�r �i�?���i �r�?�2�M �i�?�2 �7�B�`�b�i �#���i�i�H�2�ö�b �r�2�B�;�?�i �B�b �H���`�;�2 �2�M�Q�m�;�?�- �B�M�+�`�2���b�B�M�;

�K�Q�`�2 �r�2�B�;�?�i �i�Q �#���i�i�H�2 �R �r�B�H�H �M�Q�i �+�`�2���i�2 �K�Q�`�2 �b�i�`���i�2�;�B�+ �K�Q�K�2�M�i�m�K�X �h�?�2�`�2 �r�B�H�H �#�2 �M�Q �b�i�`���i�2�@

�;�B�+ �K�Q�K�2�M�i�m�K �r�?�2�M �i�?�2 �7�B�`�b�i �#���i�i�H�2�ö�b �r�2�B�;�?�i �B�b �`�2�H���i�B�p�2�H�v �b�K���H�H�X �"���b�2�/ �Q�M �i�?�2 �i�?�2�Q�`�2�i�B�+���H

�T�`�2�/�B�+�i�B�Q�M�- �Q�m�` �`�2�b�2���`�+�? �r�B�H�H �T�`�B�Q�`�B�i�B�x�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�B�p�2 �K���B�M �?�v�T�Q�i�?�2�b�2�b�,

�>�v�T�Q�i�?�2�b�B�b �R�X�h�?�2 �2�7�7�Q�`�i�b �B�M �#���i�i�H�2 �R �B�M �r�2�B�;�?�i �k�,�R ���M�/ �r�2�B�;�?�i �R�,�k �i�`�2���i�K�2�M�i�b ���`�2 �2�[�m���H

���M�/ �;�`�2���i�2�` �i�?���M �B�M �i�?�2 �r�2�B�;�?�i �R�,�k �i�`�2���i�K�2�M�i�X

�>�v�T�Q�i�?�2�b�B�b �k�X�h�?�2 �/�B�7�7�2�`�2�M�+�2 �B�M �#���i�i�H�2 �R �2�7�7�Q�`�i�b �#�2�i�r�2�2�M �r�B�M�M�2�` ���M�/ �H�Q�b�2�` �B�b �b�K���H�H�2�` �B�M

�r�2�B�;�?�i �R�,�k �i�`�2���i�K�2�M�i �i�?���M �B�M �r�2�B�;�?�i �R�,�R ���M�/ �r�2�B�;�?�i �k�,�R �i�`�2���i�K�2�M�i�b�X

�>�v�T�Q�i�?�2�b�B�b �j�X�S�H���v�2�`�b �#�2�?���p�2 �2�[�m���H�H�v �B�M ���H�H �2�[�m���H�H�v �r�2�B�;�?�i�2�/ �b�v�K�K�2�i�`�B�+ �#���i�i�H�2 �M�Q�/�2�b�X

�h�?�2�`�2 �B�b �M�Q �i�`�2���i�K�2�M�i �2�7�7�2�+�i �7�Q�` �2�[�m���H�H�v �r�2�B�;�?�i�2�/ �b�v�K�K�2�i�`�B�+ �#���i�i�H�2 �M�Q�/�2�b�X

�>�v�T�Q�i�?�2�b�B�b �9�X�S�H���v�2�`�b �#�2�?���p�2 �2�[�m���H�H�v �B�M ���H�H �2�[�m���H�H�v �r�2�B�;�?�i�2�/ ���b�v�K�K�2�i�`�B�+ �#���i�i�H�2 �M�Q�/�2�b�X

�h�?�2�`�2 �B�b �M�Q �i�`�2���i�K�2�M�i �2�7�7�2�+�i �7�Q�` ���M�v �B�/�2�M�i�B�+���H ���b�v�K�K�2�i�`�B�+ �#���i�i�H�2 �M�Q�/�2�X



�l�Y�:�Y �i�Ñ�¶ �H�ž�ª�ñ���ž���ñ���- �2�,�ÿ�¶���Ô�è�¶�é�� �R�j

�>�v�T�Q�i�?�2�b�B�b �8�X�h�?�2�`�2 �B�b �M�Q �i�`�2���i�K�2�M�i �2�7�7�2�+�i �Q�M �i�Q�i���H �2�7�7�Q�`�i�X

�k�X�9�X�k �1�t�T�2�`�B�K�2�M�i���H �S�`�Q�+�2�/�m�`�2�b

�q�2 �+�Q�M�/�m�+�i�2�/ ���M �2�t�T�2�`�B�K�2�M�i ���i �h�?�2 �1�t�T�2�`�B�K�2�M�i���H �1�+�Q�M�Q�K�B�+�b �G���#�Q�`���i�Q�`�v �Q�7 �*�*�"�1�6

�U�*�?�B�M�� �*�2�M�i�2�` �7�Q�` �"�2�?���p�B�Q�`���H �1�+�Q�M�Q�K�B�+�b ���M�/ �6�B�M���M�+�2�V ���i �i�?�2 �a�Q�m�i�?�r�2�b�i�2�`�M �l�M�B�p�2�`�b�B�i�v �Q�7

�6�B�M���M�+�2 ���M�/ �1�+�Q�M�Q�K�B�+�b �U�a�q�l�6�1�- �*�?�B�M���V �i�Q �i�2�b�i �i�?�2 �?�v�T�Q�i�?�2�b�2�b ���M�/ �b�i�m�/�v �i�?�2 �r�2�B�;�?�i �2�7�7�2�+�i

�Q�M �/�B�7�7�2�`�2�M�i �i�`�2���i�K�2�M�i �;�`�Q�m�T�b�X �q�2 �?�Q�b�i�2�/ �R�8 �b�2�b�b�B�Q�M�b �Q�7 �B�M�@�T�2�`�b�Q�M �H���#�Q�`���i�Q�`�v �2�t�T�2�`�B�K�2�M�i�b�X

�h�?�2�`�2 �r�2�`�2 �R�k �b�m�#�D�2�+�i�b �7�Q�` �2���+�? �2�t�T�2�`�B�K�2�M�i���H �b�2�b�b�B�Q�M�c �R�3�y �b�m�#�D�2�+�i�b �r�2�`�2 �`�2�+�`�m�B�i�2�/ �i�Q �T���`�i�B�+�B�@

�T���i�2 �B�M �i�?�2 �2�t�T�2�`�B�K�2�M�i�X ���H�H �Q�7 �i�?�2 �b�m�#�D�2�+�i�b �r�2�`�2 �m�M�/�2�`�;�`���/�m���i�2 �b�i�m�/�2�M�i�b �7�`�Q�K �i�?�2 �a�q�l�6�1�X

�q�2 �7�B�t�2�/ �i�?�2 �i�`�2���i�K�2�M�i �7�Q�` �2���+�? �2�t�T�2�`�B�K�2�M�i���H �b�2�b�b�B�Q�M�- ���M�/ �i�?�2 �i�`�2���i�K�2�M�i �r���b �`���M�/�Q�K�H�v

���b�b�B�;�M�2�/ �i�Q �i�?�2 �b�2�b�b�B�Q�M�X

�h�?�2�`�2 �r�2�`�2 �i�r�Q �b�m�#�b�2�+�i�B�Q�M�b �Q�7 �i�?�2 �T�`�Q�;�`���K�X �q�?�2�M ���H�H �T���`�i�B�+�B�T���M�i�b ���`�`�B�p�2�/ ���i �i�?�2 �H���#�-

�r�2 �b�i���`�i�2�/ �i�?�2 �T�`�Q�;�`���K �b�B�K�m�H�i���M�2�Q�m�b�H�v�X �A�M �i�?�2 �7�B�`�b�i �b�m�#�b�2�+�i�B�Q�M�- �b�m�#�D�2�+�i�b �`�2���/ �i�?�2 �B�M�b�i�`�m�+�i�B�Q�M

�K���M�m���H �Q�7 �i�?�2 �+�Q�M�i�2�b�i�X �h�?�2�`�2 �r�2�`�2 �7�Q�H�H�Q�r�@�m�T �[�m�B�x�x�2�b �i�Q �?�2�H�T �i�?�2 �b�m�#�D�2�+�i�b �m�M�/�2�`�b�i���M�/ �i�?�2

�;���K�2�ö�b �`�m�H�2�b�X ���7�i�2�` �i�?�2 �[�m�B�x�x�2�b�- �2���+�? �b�m�#�D�2�+�i �T�H���v�2�/ �k�y �+�Q�M�i�2�b�i�b �r�B�i�? �� �`���M�/�Q�K�H�v ���b�b�B�;�M�2�/

�Q�T�T�Q�M�2�M�i �7�Q�` �2���+�? �;���K�2�X �6�Q�` �2���+�? �#���i�i�H�2�- �b�m�#�D�2�+�i�b �+���M �b�m�#�K�B�i �� �#�B�/ �#�2�i�r�2�2�M �y ���M�/ �R�y�y�y

�i�Q�F�2�M�b�- ���M�/ �i�?�2 �?�B�;�?�2�` �#�B�/ �r�B�M�b �i�?�2 �#���i�i�H�2�X �h�?�2 �+�Q�M�i�2�b�i �r�B�M�M�2�` �U�r�?�Q �`�2���+�?�2�/ �b�i���i�2�4�j �7�B�`�b�i�V

�;�Q�i �R�y�y�y �i�Q�F�2�M�b ���b �� �`�2�r���`�/ �K�B�M�m�b �i�?�2 �i�Q�F�2�M�b �i�?�2�v �#�B�/�2�/ �i�?�`�Q�m�;�? �i�?�2 �b�2�[�m�2�M�i�B���H �#���i�i�H�2�b�X �h�?�2

�H�Q�b�2�` �H�Q�b�i ���H�H �i�?�2 �i�Q�F�2�M�b �i�?�2�v �#�B�/�X

�A�M �i�?�2 �b�2�+�Q�M�/ �b�m�#�b�2�+�i�B�Q�M�- �b�m�#�D�2�+�i�b ���M�b�r�2�`�2�/ �`�B�b�F ���p�2�`�b�B�Q�M ���M�/ �H�Q�b�i ���p�2�`�b�B�Q�M �[�m�2�b�i�B�Q�M�b

�U�a�?�m�T�T �2�i ���H�X�- �k�y�R�j�V�X �h�?�2�v �+�?�Q�b�2 �� �T�`�2�7�2�`�`�2�/ �+�?�Q�B�+�2 �#�2�i�r�2�2�M �� ���M�/ �" �7�Q�` ���H�H �R�e �[�m�2�b�i�B�Q�M�b�-

�r�?�B�+�? �r�Q�m�H�/ ���7�7�2�+�i �i�?�2�B�` �7�B�M���H �2���`�M�B�M�;�b�X �� �b�Q�+�B�Q�@�2�+�Q�M�Q�K�B�+ �b�m�`�p�2�v �r���b ���H�b�Q �7�B�H�H�2�/ �Q�m�i ���i �i�?�2�B�`

�Q�r�M �T���+�2�X

�"�v �i�?�2 �2�M�/ �Q�7 �i�?�2 �b�2�b�b�B�Q�M�- �r�2 �T���B�/ �i�?�2 �b�m�#�D�2�+�i�b �i�?�`�Q�m�;�? ���M �2�H�2�+�i�`�Q�M�B�+ �T���v�K�2�M�i �T�H���i�7�Q�`�K
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�#���b�2�/ �Q�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�`�2�2 ���b�T�2�+�i�b�, �7�B�`�b�i�- �R�y �_�J�" �B�b �i�?�2 �T���`�i�B�+�B�T���i�B�Q�M �7�2�2�c �b�2�+�Q�M�/�- �i�r�Q

�`���M�/�Q�K�H�v �b�2�H�2�+�i�2�/ �`�2�b�m�H�i�b �7�`�Q�K �k�y �+�Q�M�i�2�b�i�b�- �Q�7 �r�?�B�+�? �r�2 �+�Q�M�p�2�`�i�2�/ �8�y �i�Q�F�2�M�b �i�Q �R �_�J�"�c

�i�?�B�`�/�- �i�r�Q �`���M�/�Q�K�H�v �+�?�Q�b�2�M �[�m�2�b�i�B�Q�M �Q�m�i �Q�7 �i�?�B�`�i�v�@�i�r�Q �b�m�`�p�2�v �[�m�2�b�i�B�Q�M�b �U�H�Q�b�b ���p�2�`�b ���M�/ �H�Q�b�b

���p�2�`�b�2�V�X �P�M ���p�2�`���;�2�- �2���+�? �b�m�#�D�2�+�i �2���`�M�2�/ �N�8�X�j�k �_�J�" �7�`�Q�K �� �8�y�@�K�B�M�m�i�2 �2�t�T�2�`�B�K�2�M�i���H �b�2�b�b�B�Q�M�X

�k�X�8 �1�t�T�2�`�B�K�2�M�i���H �_�2�b�m�H�i�b

�k�X�8�X�R �:�2�M�2�`���H �*�Q�K�T���`���i�B�p�2 �a�i���i�B�+�b

�h���#�H�2 �k�X�j�, �a�m�K�K���`�v �a�i���i�B�b�i�B�+�b �Q�7 �1�t�T�2�`�B�K�2�M�i �U�L���b�? �2�[�m�B�H�B�#�`�B�m�K�V

�q�2�B�;�?�i �R�,�R �q�2�B�;�?�i �R�,�k �q�2�B�;�?�i �k�,�R

�S�Q�b�B�i�B�Q�M �G�2���/�2�` �L�Q�M�@�H�2���/�2�` �G�2���/�2�` �L�Q�M�@�H�2���/�2��̀G�2���/�2�` �L�Q�M�@�H�2���/�2�`

�a�i���i�2 �U�y�-�y�V �R�y�e�X�j�k �U�8�y�y�V �R�k�k�X�d�R �U�y�V �j�3�e�X�3�N �U�8�y�y�V

�a�i���i�2 �U�R�-�y�V�R�3�9�X�8�R �U�R�V �R�k�N�X�k�8 �U�y�V �8�y�e�X�j�k �U�8�y�y�V �j�e�d�X�R�d �U�8�y�y�V

�a�i���i�2 �U�R�-�R�V �k�y�d�X�N�d �U�8�y�y�V

�a�i���i�2 �U�k�-�y�V�R�8�y�X�N�k �U�R�V �R�k�R�X�d�3 �U�y�V �R�8�8�X�R�8 �U�R�V �R�9�8�X�y�3 �U�y�V

�a�i���i�2 �U�k�-�R�V�k�d�3�X�k�9 �U�R�V �k�9�k�X�y�8 �U�y�V �k�8�d�X�k�N �U�R�V�k�e�8�X�y�R �U�y�V�k�j�k�X�d�k �U�R�V �k�8�d�X�d�k �U�y�V
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