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(ABSTRACT) 

A pilot-induced oscillation (PIO) is a dynamic coupling between pilot and aircraft that 

produces undesired oscillations as a result of attempted pilot control of the vehicle. 

Present day methods that are intended to predict which aircraft are susceptible to PIO deal 

primarily with the linear dynamics associated with both the pilot and vehicle. These 

methods are incapable of handling multiple dynamic effects. An analysis method that is 

able to handle several dynamic effects simultaneously, including nonlinearities arbitrarily 

located in both the pilot and vehicle models, is offered. The new unified analysis method 

draws from recent advances in pilot modeling, stability robustness analysis, and multivari- 

able describing function analysis to solve the problem of identifying aircraft with PIO 

tendencies. The method handles simultaneous dynamic characteristics as well as nonlinear 

effects. Control surface rate limiting is one nonlinear effect that is known to contribute to 

many PIO occurrences. An example analysis of the M2-F2 lifting body is used to demon- 

strate how several individual dynamic effects can be analyzed simultaneously to predict 

aircraft PIO susceptibility. In this case, the combined effect of five separate nonlinearities 

and two linear parameter variations are studied. While the PIO tendency of the M2-F2 is 

most likely caused by poor flying qualities, a unified PIO analysis shows exactly which 

dynamic elements couple with the pilot dynamics to cause oscillations. The analysis 

results show the PIO amplitude and frequency that occurred during flight testing and 

piloted simulation of the M2-F2 can be accurately predicted assuming a Modified Optimal 

Control Model of the human pilot and simultaneous limiting in the pilot command and roll 

feedback channels.
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1 Introduction 

Since the dawn of manned flight in the early 1900s, the desire has been to design vehi- 

cles that could be controlled by the pilot to meet the objectives of the mission. Mission 

objectives have evolved over the years. The earliest goals were simply to get the craft 

airborne and return it safely to the ground. However, present day objectives have grown 

to include these goals as well as the various precision aerial maneuvers required by mod- 

ern combat aircraft. As the mission objectives have evolved, the dynamics of the aircraft 

and the control system have likewise evolved to a high level of complexity and sophistica- 

tion. 

In the early days of manned flight, many of the successful aircraft (including the 

Wright Flyer of 1903, the World War I vintage Sopwith Camel of Britain, and the JN-4 

“Jenny” of the United States) were aerodynamically unstable both longitudinally and later- 

ally [1]. Aerodynamic instability means that the aircraft will diverge from normal flight in 

the absence of continuous pilot control. The success of these aircraft was then dependent 

on the efforts of the pilot to stabilize the closed-loop pilot/vehicle system. 

However, by the 1930s, a consensus was generally reached within the aerospace 

community that aircraft should be designed to be inherently stable [1]. By this time, flights 

had increased in duration and the demands on the pilot to perform peripheral duties had 

also increased. Because control of an unstable aircraft requires constant pilot control and 

attention, the pilots of earlier unstable aircraft were not as free to perform other necessary 

functions such as navigation. The pilots of unstable aircraft were also more vulnerable to 

fatigue on a long flight. Inherent stability was deemed necessary to reduce pilot workload 

and stress to levels required for safe flight - especially for the commercial airliners devel- 

oped at that time (1930s) [1]. 

While the vehicle itself is now generally designed to exhibit favorable response char- 

acteristics, or “flying qualities,” the dynamic interaction between the pilot and aircraft can, 

in some instances, lead to undesirable oscillations. That is, the pilot, using inappropriate 
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actions, can actually destabilize an otherwise stable aircraft. This phenomenon became 

known as a pilot-induced oscillation. A pilot-induced oscillation (PIO) can then be de- 

fined as an undesirable “sustained or uncontrollable oscillation resulting from the efforts of 

the pilot to control the aircraft” [2]. 

Since both the pilot and aircraft are complex nonlinear dynamic systems, the problem 

of predicting the circumstances under which a PIO is likely to develop can be very diffi- 

cult. Moreover, Reference [3] states that the interface between man and machine has 

evolved in complexity such that “human factors limitations” (including PIO) have become 

the lead cause of aircraft accidents. Therefore, it is becoming increasingly important to 

determine what conditions can lead a pilot to destabilize the closed-loop pilot/aircraft sys- 

tem. 

The existence of PIO phenomena has been recognized since the 1940s [4]. Some of 

the earliest documented PIOs include those during gliding approach and landing of the 

XS-1 in 1947 (piloted by Herbert Hoover) and the X-15 in 1959 (piloted by Scott 

Crossfield) [5]. However, the worst possible result of a PIO is exemplified by the 

attempted speed record run of a McDonnel Douglas F-4H in 1961. During the flight, as 

the aircraft reached Mach 1.1, a longitudinal oscillation developed. In less than 2 seconds, 

as the aircraft moved through three cycles of the oscillation, accelerations of -4 to +14 g 

were reached [3]. The final result was structural break-up of the aircraft in which both the 

vehicle and pilot were lost. 

As a more detailed example, consider the final flight of the M2-F2 in 1969. The M2- 

F2 was a small unpowered low lift-to-drag ratio research vehicle typical of a space shuttle 

configuration. A lateral/directional PIO occurred at the rollout of the turn to final ap- 

proach. The pilot described the scenario as follows [6]: 

“In the final approach, as I went into the final turn, I wasn’t getting the turn rate I 
wanted so I turned the interconnect up to 0.45 and then continued to turn. I was well 

established on my glide, very low angle of attack, picking up my airspeed, and had the 

feeling that I would land just slightly short of the 2-mile point angling across the run- 
way. Everything was going normally with no problems, then suddenly at 5000 to 7000 

feet, with no warning at all, I experienced very high roll accelerations as a divergent 
Dutch roll type of maneuver developed. Roll rates were extremely high, .... This ma- 
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neuver was disorienting, and I pulled back on the stick to increase the angle of attack, 

trying to damp it out. The first thing that entered my mind was that the interconnect 

was too high so, as soon as I was able to get hold of the situation, I checked my inter- 

connect; it was 0.45, about where I wanted it. The corrective action of pulling back on 

the stick damped out the maneuver.” 

The pilot’s comments illustrate PIOs are very alarming and disorienting to the human 

operator. The comments also show that the pilot is usually unaware he/she is actually 

contributing to the oscillation. Instead, the pilot generally thinks the vehicle dynamics 

have changed due to some sort of control system malfunction or mechanical failure. In 

this case, the pilot thought the interconnect ratio (which is a control system gain) had been 

inadvertently increased - though it had actually remained unchanged. 

The changes in vehicle attitude which are typical of a PIO can be seen in Figure 1-1. 

As the vehicle rolls out of the turn from -30 degrees bank angle (@) at time zero, the pilot 

attempts to capture “wings level” (d=0) by initiating negative aileron input (6s) at 2 sec- 

onds. However, the vehicle rolls through zero bank angle slightly and then reverses direc- 

tion. The pilot responds with opposite aileron control at around 5 seconds. At 7 seconds, 

the bank angle and roll rate (p) are seen to be diverging. Recovery is made, 11 seconds 

later, after three very large amplitude oscillations. 

The pilots aileron control is seen to be approximately 180 degrees out of phase with 

the bank angle he is attempting to control. Reference [7] states, “since a PIO is evidence 

of an undamped closed-loop, pilot-vehicle oscillation, then there must exist at least one 

measurable aircraft state that is 180 degrees out of phase with at least one pilot control.” 

An essential ingredient of a PIO is the phase lag of the pilot input with respect to the air- 

craft state he/she is trying to control. Most PIO prediction criteria endeavor to account 

for this important feature in some manner. 

Reference [6] states the actual maximum bank angles reached by the M2-F2 were at 

least +90 and -120 degrees. These values had to be obtained from photographic coverage 

since the flight instrumentation was not considered accurate at bank angles in excess of 45 

degrees. The roll rate is seen to be in excess of 60 degrees per second. The pilot aileron 
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and rudder (gp) inputs are seen to move rapidly from their maximum to their minimum 

values as the pilot tries to control the oscillation. The pilot is unaware that his dynamics 

are contributing to the oscillation. That is, the oscillation would subside if the pilot either 

released the controls or held them fixed. The oscillation damps out as the pilot manages 

to increase the angle of attack (a). 

It is of little surprise that the pilot would find these rapid large amplitude oscillations 

“disorienting.” Furthermore, since these oscillations begin “suddenly” with “no warning at 

all,” it is understandable that a pilot would assume that some sort of malfunction had oc- 

curred that caused the vehicle dynamics to change instantly. In the case of the M2-F2, the 

PIO was attributed to a lightly damped coupled roll-spiral mode that appears at low angles 

of attack [6]. Since the damping of this coupled mode increases as the angle of attack is 

increased, the pilot was able to recover from the oscillation by pulling back on the stick 

thereby increasing the angle of attack 

Another well known, or famous, PIO incident is the “unintentional” first flight of the 

General Dynamics YF-16 in 1974. A high speed taxi test resulted in a PIO of approxi- 

mately 15 seconds in duration. During the event, roll rates in excess of 50 degrees per 

second were commanded, resulting in rate and position limiting of the control surface ac- 

tuators [3]. In order to recover from the PIO, the pilot added power and began to climb 

resulting in the unintended first flight. As the vehicle began to climb, the PIO was suc- 

cessfully eliminated. The vehicle was able to circle the runway and land safely. In this 

case, the PIO was attributed to high pilot gain and control system lag at the high input 

frequencies [3]. 

The PIO encountered during the fifth flight of the “Approach and Landing Tests” 

(ALT-5) of the Space Shuttle Orbiter in 1977 is significant because the extensive coverage 

of the event focused attention on the phenomenon of PIO [5]. The landing was to be 

made at Edwards Air Force Base on a 15,000 ft runway. The touchdown point was ap- 

proximately 5,000 ft beyond the runway threshold. A large crowd of spectators and 

newspeople had gathered near the touchdown point. 
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When the pilot decided he was going to land past the touchdown point, he attempted 

to “spike it on” [3]. A PIO started in pitch seven seconds prior to first touchdown, with a 

lateral PIO starting two seconds later. A more severe lateral PIO was observed after the 

first touchdown and bounce. The elevons were shown to be almost continuously rate lim- 

ited as the Orbiter proceeded to skip and hop in a dramatic fashion until the pilot was fi- 

nally able to gain control. The PIO, in this case, was attributed to excessive effective time 

lag that was aggravated by rate limiting effects [3]. 

Just as the high profile nature of the Space Shuttle ALT-5 incident peaked interest in 

the study of PIOs, recent accidents involving the JAS 39 Gripen in 1989 and 1993 and the 

Lockheed/Boeing YF-22A in 1992 have dramatically renewed interest in the investigation 

of this problem. With the increasing complexity of the modern aircraft comes an increas- 

ing potential of PIO due to the interaction of several dynamic factors. For example, con- 

sider the crash of the YF-22A. According to Reference [8], the landing gear of the air- 

craft were retracted at nearly the same time as the afterburner was ignited to initiate a 

planned go-around. These configuration changes caused significant mode switching in the 

aircraft control laws. The control law changes are usually governed by "transient-free" 

switches that slow the transition of control system gains from landing to up-and-away 

configuration. The pilot, on the other hand, must adapt his control strategy continuously 

and at the same rate as the aircraft dynamics are changing. Therefore, the PIO of the YF- 

22A is an example of several different dynamic elements contributing to the oscillation. 

Since the YF-22A prototype was highly instrumented and the PIO event was captured on 

film, it was possible to deduce the various dynamic interactions that ultimately lead to the 

crash. 

The question is, however, could any of the existing PIO analysis methods have pre- 

dicted the YF-22A PIO before it occurred? Most existing PIO analysis methods and crite- 

ria were developed to address individual dynamic effects. For example, it is usually as- 

sumed that the pilot is only controlling a single axis or moving only one manipulator. 

Most criteria cannot handle nonlinearities and few, if any, can address the combined effect 
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of several dynamic factors as in the YF-22A crash. Consequently, it is unlikely that an 

existing analysis method could have predicted the YF-22A PIO incident. 

The problem of an undesirable coupling between the pilot and aircraft has been perva- 

sive throughout the history of manned flight. The results of a PIO can be at best annoying 

and at worst catastrophic, leading to loss of both pilot and aircraft. Although the problem 

of predicting under what circumstances a PIO is likely to occur is by no means a new one, 

it has become more complicated as the dynamics of the aircraft and control system have 

become more complex. 

1.1 Problem Definition 

The two basic problems that need to be considered when studying PIO can be stated 

as follows: 

1. PIO Prediction: Given a mathematical representation of a piloted vehicle, 
under what conditions, if any, is a PIO likely to occur. 

2. PIO Prevention: The avoidance of the dynamic interactions that are sus- 

pected causes of PIO through the design of the aircraft and/or the control 
system. 

These two problems are closely related. In solving the first problem, insight is generally 

gained that assists in the solution of the second problem. Furthermore, within the scope of 

the PIO prediction problem, the underlying desire is to be able to differentiate between 

those aircraft that are prone to PIO and those aircraft that are resistant to PIO. 

1.1.1 Definition of a PIO 

The military flying qualities specifications [2] define a PIO as, 

“a sustained or uncontrollable oscillation resulting from the efforts of the pilot 

to control the aircraft” 

However, much discussion has been and probably will continue to be fervently pursued on 

a more precise definition of PIO. Such discussions include whether the pilot drives the 
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oscillation or the oscillation drives the pilot. Indeed, the very term “pilot-induced oscilla- 

tion” has been challenged by several researchers with claims that the term places undue 

blame for the event on the pilot. It has been suggested that the term be replaced by “pilot- 

in-the-loop oscillation” which removes the emphasis that the pilot induces the oscillation 

but has the benefit of retaining the PIO acronym. A’Harrah [9 and 10] goes a step further 

in suggesting that the term “aircraft-pilot coupling” (A-PC) should be used noting that it is 

an aircraft deficiency that is the root cause of the problem. While the assertion that the 

problem is indeed an aircraft deficiency is correct, the term PIO is certainly recognized by 

all those who work in the design and flight testing of high performance military as well as 

civil transportation aircraft and therefore will be used throughout this thesis. 

Arguments also continue regarding whether certain oscillation events are PIOs. For 

example, oscillations can occur during air-to-air refueling. However, if we proceed from 

the standpoint that a PIO prone aircraft is undesirable, then any PIO behavior is inherently 

unacceptable. If there are oscillation tendencies due to coupling of the aircraft and pilot 

which have relatively benign characteristics, then these should be dealt with as separate 

handling qualities issues. The term PIO should be reserved for description of an unaccept- 

able coupling between the pilot and aircraft so that it keeps its current day connotations 

and continues to be cause for the greatest concern. 

It is not the purpose of this thesis to argue the semantics of the terminology associated 

with PIO. Therefore, for the purposes of this study, the following definition is employed, 

A PIO results when the closed-loop, pilot/vehicle system oscillates due to a loss in 

asymptotic stability. 

Since the analysis methods to be presented here deal primarily with mathematical models 

of the pilot and aircraft, this definition is readily tested. Asymptotic stability of a linear 

system is lost when any pole (or complex pair of poles) move from the left half plane onto 

the imaginary axis. For a nonlinear system, in addition to examining the poles of the cor- 

responding linearized system, the existence of a limit cycle (sustained oscillation) will be 
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taken as a separate measure that precludes the condition of asymptotic stability of the 

closed-loop system. 

In his definition of A-PC, A’Harrah includes the case of pilot/vehicle divergence. Di- 

vergence is a non-oscillatory response in which control inputs and control surfaces are 

generally locked at maximum deflection. However, in this case, the pilot/vehicle system is 

no longer behaving in a closed-loop manner and as such will not be considered in the cur- 

rent analysis. 

1.1.2 Causes of PIO 

Several dynamic factors have been documented as contributing to the occurrence of 

PIO [5]. These can be separated into those that are attributed to the linear dynamics of 

the aircraft and pilot, and those that are nonlinear in nature. Also, it has been noted by 

several researchers that a trigger event is often necessary to excite the PIO. A brief list of 

the causes of PIO and a description of events associated as triggers is given below. 

Linear 

Aspects of the linear dynamics of an aircraft that have been associated with causing 

PIO include: 

e sluggish response modes 

e lightly damped modes 

e low stick force per g 

e sensitive stick gradients 

® unusual coupling responses 

e excessive time lags in the augmented aircraft 

Nonlinear 

Nonlinearities associated with PIO include: 

e surface actuator rate and position limiting 

e nonlinear stick characteristics 

e mode switching 
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Trigger Events 

While trigger events are not causes of PIO per se, they are often needed to excite a 

response of the pilot that will “trigger” or start the oscillation event. A trigger event can 

be something as simple as a gust of wind or something more complicated such as control 

system mode switching, a control system failure, or an aircraft structural failure. In the 

subsequent analysis, closed-loop stability is analyzed in the face of changes in both the 

aircraft and pilot models. In other words, some trigger event has caused the pilot and/or 

aircraft dynamics to change. That is, the post trigger dynamic situation is to be analyzed. 

1.1.3 PIO Classifications 

Given that there are several distinct and diverse causes of PIO, it is desirable to group 

the oscillation events in some useful manner. To this end, McRuer [5] has proposed clas- 

sifying PIOs according to three separate categories. The proposed categories yield a con- 

venient mechanism with which to discuss the current research and are repeated in Figure 

1-2. 

In short, Category I PIOs can generally be described by linear dynamics associated 

with coupling of the pilot and vehicle. Category II PIOs allow the introduction of actua- 

tor rate and/or position limiting as the dominating nonlinearities. Category III PIOs are by 

far the most complicated, allowing completely nonlinear pilot and vehicle dynamics that 

can be in transition during the oscillation. The above categories are intended to differenti- 

ate PIOs on the basis of current modeling and analysis techniques and not on the severity 

of the resulting oscillations. As a matter of interest, it should be noted that severe PIOs 

can occur within each of the categories. 
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Category I - Essentially Linear Pilot-Vehicle System Oscillations: The effective controlled ele- 
iment characteristics are essentially linear, and the pilot behavior is also quasi-linear and time- 

stationary. The oscillations are associated with high open-loop system gain. The pilot dynamic 
behavior mode may be pursuit, compensatory, precognitive, or synchronous. 

Category II _- Quasi-Linear Pilot-Vehicle System Oscillations with Surface Rate or Position 
Limiting: These are severe PIOs, with oscillation amplitudes well into the range where actuator 
rate and/or position limiting in series with the pilot are present as primary nonlinearities. The 

rate-limited actuator modifies the Category I situation by adding an amplitude-dependent lag and 

by setting the limit cycle magnitude. Other simple nonlinearities (e.g. stick command shaping, 

some aerodynamic characteristics) may also be present. These are the most common true limit- 
cycle severe PIOs. 

Category III - Essentially Non-Linear Pilot-Vehicle System Oscillations with Transitions: These 

PIOs fundamentally depend on nonlinear transitions in either the effective controlled element dy- 
namics, or in the pilot’s behavioral dynamics. The shifts in controlled element dynamics may be 
associated with the size of the pilot’s output, or may be due to internal changes in either control 

system or aerodynamic/propulsion configurations, mode changes, etc. Pilot transitions may be 
shifts in dynamic behavioral properties (e.g. from compensatory to synchronous), from modifica- 

tions in cues (e.g. from attitude to load factor), or from behavioral adjustments to accommodate 

task modifications.     
  

Figure 1-2. Proposed PIO Classifications from Reference [5]. 

1.2 Objective 

Several useful PIO criteria currently exist. However, these criteria (almost exclu- 

sively) directly address only the Category I PIO situation. It is the belief of many re- 

searchers that the existing methods adequately predict Category I PIO susceptibility. A 

few have even gone as far as to say PIOs could be eliminated by simply meeting Level 1 

Flying Qualities specifications. Therefore, it is the purpose of this research to begin to 

deal, in a direct and structured manner, with the more complicated Category II and Cate- 

gory III PIOs. In this vein, the current research is not meant to replace the valuable work 

that has preceded and inspired it, but to augment that work instead. 

An analysis method is sought which is capable of handling the combined effects of all 

influencing dynamic elements in a structured fashion. The analysis method should be ca- 

pable of handling any combination of the suspected causes of PIO as described in Section 
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1.1.2. The underlying motivation is to distinguish between PIO prone and PIO resistant 

aircraft. Again, the application of this analysis should yield enough insight into the PIO 

problem to suggest design methods to aid in the avoidance of the dynamic interactions 

responsible for causing PIOs. 

1.3 Approach 

This research deals primarily with computational analysis techniques designed to pre- 

dict PIO susceptibility of modern aircraft. These techniques are intended for use during 

aircraft development or modification prior to flight. Methods to study PIO behavior dur- 

ing flight test and manned simulations will not be discussed. Aircraft and pilot modeling 

will only be addressed to the extent required to utilize the PIO analysis methods. 

The basic premise of this research can be stated as follows: 

A PIO resistant aircraft resists closed-loop pilot dynamic variations in the face 
of nonlinear aircraft behavior. 

That is, if the closed loop pilot/vehicle system remains stable for assumed variations in the 

pilot and aircraft models, the aircraft will be deemed resistant to PIO. It could be argued 

that nonlinear aircraft behavior causes the pilot to change his/her equalization instead of 

vice versa. From an analysis point-of-view, the simultaneous action of the aircraft and 

pilot dynamics can represent either situation. 

The basic premise of this research involves the study of pilot/aircraft stability robust- 

ness and nonlinear system oscillations. Therefore, the proposed analysis method is a com- 

bination of multivariable stability robustness analysis and multivariable describing function 

analysis. These methods were developed specifically to handle multiple dynamic effects 

simultaneously. 

This research effort is comprised of several tasks. The first task consists of the devel- 

opment of the necessary stability analysis software. Existing computational analysis algo- 

rithms have been collected and refined. The MATLAB™ computer-aided engineering 

software package is used as the computational environment in which all analysis is con- 
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ducted. Since other competing packages have similar programming (or macro) features, it 

is expected that translation to other packages can be easily completed. 

The four basic computational tasks that must be carried out are: 

1) Compute the pilot model 

2) Construct the unified block diagram 

3) Perform a structured singular value analysis 

4) Search for limit cycles 

Algorithms already exist (in MATLAB™ form) to compute “optimal control” models of 

the human pilot [11 and 12], and no modification is necessary for use in the current PIO 

analysis. SIMULINK™, an optional program linked to MATLAB™, is used to perform 

the necessary block diagram manipulations and simulations. SIMULINK™ is an excellent 

environment for study of systems with simple isolated nonlinearities of the type generally 

used in PIO investigations. The algorithms to perform the real structured singular value 

analysis and the limit cycle search were also coded within the computational framework of 

MATLAB™. The algorithms are based on those currently available in the open literature. 

The second task was to perform software validation studies. Once all of the analysis 

codes have been implemented and tested, case studies are conducted using existing aircraft 

data. The stability robustness software is exercised utilizing configurations in the database 

of Reference [13]. This database, which was developed to study PIO, has been referred to 

elsewhere [14] as the HAVE PIO database, and that designation is continued here. The 

multivariable limit cycle software is then separately validated using a previous study of 

back-up control system designs for the F-4 aircraft [15]. The original study was intended 

to show the PIO susceptibility of the back-up control systems. This application is par- 

ticularly appealing because both control surface rate and deflection limiting were shown to 

occur simultaneously. 

Finally, the desire is to illustrate the capabilities of the new analysis method as applied 

to a somewhat complicated nonlinear pilot/vehicle system. To this end, the M2-F2 lifting 

body is used to study the effect of combinations of nonlinear dynamic elements. The M2- 
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application illustrates how the unified PIO analysis method can be used to isolate combi- 

nations of dynamic elements that can lead to oscillatory behavior. 

1.4 Organization 

Chapter 2 contains a review of the existing PIO literature. The purpose of this review 

is to highlight the various approaches and show how they form a foundation for the new, 

unified, PIO analysis method. 

The unified PIO analysis method process is then detailed in Chapter 3. Here the analy- 

sis technique is stated as a well structured five step process. The technical details of the 

application of the analysis technique are given. Where appropriate, the supporting 

mathematical algorithms and verification studies are also presented. 

An example of the PIO analysis procedure as applied to the M2-F2 is given in Chapter 

4. The five step process is carried out in detail and the results analyzed as to their relation 

to the PIO characteristics of the vehicle. These results are compared to those available in 

the literature. The final chapter contains a summary of the conclusions that can be drawn 

from this research effort and some suggestions for further work in this area. 
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2 Review of Existing PIO Criteria and Methods 

As with all research, the current effort is intended to build on the base of knowledge 

and experience that has proceeded it. This chapter presents a review of some of the pub- 

lished research dealing with the analysis and prediction of pilot-induced oscillations. 

The research conducted by Hirsch and McCormick [16] is representative of the early 

study efforts into the nature of pilot-induced oscillations. Fixed and moving base simula- 

tions were used to experimentally determine pilot dynamics. PlOs were induced by alter- 

ing the longitudinal dynamics of the aircraft. The analysis consisted of experimental ob- 

servations and simple root locus plots that assumed the pilot dynamics could be repre- 

sented as a pure gain. This work not only showed the importance of including simple pilot 

compensation strategies, but also revealed the importance of considering both visual and 

motion cues in the analysis. 

Most existing PIO analysis methods are, in some way, based on the data collected by 

Neal and Smith [17]. In the early 1970s, Neal and Smith conducted flight test experiments 

investigating the effects of control system dynamics on the longitudinal flying qualities of 

fighter aircraft. They developed a criteria based on the assumption of closed-loop attitude 

control during tight tracking. A lead/lag model of the pilot was incorporated in the analy- 

sis. The form of this model is given as, 

Tst+1 -t4s 
Y, =K, e (2-1) 

T,s5+1 
  

The model consists of a variable gain (K,), a variable first order compensation network (T, 

and T2), and a pilot time delay that is assumed constant (ty ¥ 0.3 sec). 

In the analysis procedure, the pilot model parameters are adjusted to minimize the 

peak resonance of the closed-loop frequency response magnitude subject to attaining a 

specified bandwidth. A constraint is placed on the minimum magnitude at low frequen- 

cies. 
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Figure 2-1 shows the parameter regions that define the Neal-Smith criteria. The pa- 

rameters of the criteria are the resonant peak magnitude (|@/Oclmax) and the phase angle of 

the pilot compensation (Zpc) at the bandwidth frequency. Handling qualities ratings are 

penalized as the pilot model is required to generate lead or lag compensation in order to 

meet the desired bandwidth. Furthermore, if it is not possible to reduce the peak magni- 

tude sufficiently, then handling qualities ratings suffer and a strong PIO tendency is pre- 

dicted. The Neal-Smith criteria emphasize the shape of the closed loop frequency re- 

sponse and illustrate a successful application of pilot modeling techniques to understand- 

ing and predicting the pilot/vehicle interaction. 

One of the most widely recognized and applied PIO analysis methods is that developed 

by R. Smith [18]. In its initial development, Smith made use of McRuer’s crossover pilot 

model [19] to describe the dynamic interaction between the pilot and the vehicle. How- 

ever, as the criteria evolved to become the Smith-Geddes criteria [20], only the vehicle 

attitude-to-stick force transfer function was utilized. The Smith-Geddes criteria, which is 

often referred to as the R. Smith criteria, involves defining a criterion frequency that is 

derived from the magnitude slope of the vehicle frequency response between 1 and 6 

rad/sec. The criterion frequency is given by, 

Oc= 6.0+ 0.248 (rad/sec) (2-2) 

where S is the computed magnitude slope in dB/octave. 

The phase angle is checked at the criterion frequency. If the phase angle is found to be 

less than -180 degrees at the criterion frequency, then the aircraft is predicted to be prone 

to PIO. If the phase angle is found to be between -165 and -180 degrees at the criterion 

frequency, then the aircraft is predicted to be PIO sensitive. The aircraft is predicted PIO 

resistant if the phase angle is greater than -165 degrees. Furthermore, the criterion fre- 

quency is taken as the predicted PIO oscillation frequency. 

Consider application of the Smith-Geddes criteria to two configurations of the HAVE 

PIO database [13]. Figure 2-2 shows the Bode diagram for configurations H2-1 and H2- 

5. The average PIO rating for Configuration H2-1 was 1.0. Configuration H2-5 was 
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Figure 2-2. Bode Plots for HAVE PIO Configurations H2-1 and H2-5. 

given an average rating of 4.4. An aircraft receiving a PIO rating above 2.0 is considered 

susceptible to PIO. Therefore, configuration H2-1 was evaluated to be PIO resistant while 

Configuration H2-5 was found to be PIO prone. 

A large negative amplitude slope reduces the criterion frequency. Since the aircraft 

transfer function phase angle generally becomes more negative at higher frequency, a re- 

duction in criterion frequency naturally leads to a larger phase angle. Therefore, the 

Smith-Geddes PIO criterion tends to identify aircraft configurations having the character- 

istic of large negative magnitude slopes in the frequency range of 1.0 to 6.0 rad/s as PIO 

resistant. Since the Smith-Geddes Criterion phase angle is -180 deg, it is reasonable to 

suggest that configurations with larger phase crossover frequencies (the frequency where 

the phase angle is -180 deg) will be predicted PIO resistant. In addition, an aircraft with a 

shallow phase angle slope in the same frequency range will decrease the phase angle sensi- 

tivity to criterion frequency changes and will likewise be predicted less PIO prone. 
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In the frequency range from 1.0 to 6.0 rad/sec, Configuration H2-5 has a steeper mag- 

nitude slope than Configuration H2-1, but H2-1 exhibits a shallower phase angle slope and 

a larger phase crossover frequency. Although the criterion frequency for H2-5 is lower 

than that for H2-1 (approximately 3 rad/sec as opposed to 4 rad/sec), the phase angle for 

H2-5 is less than -180 deg and the phase angle for H2-1 is greater than -165 deg at their 

corresponding criterion frequencies. Based on the Bode plots of Figure 2-2, application of 

the Smith-Geddes criteria predicts Configuration H2-5 to be more susceptible to PIO than 

Configuration H2-1. 

Mitchell and Hoh advocate a PIO criterion that specifies the maximum phase angle 

change after the phase angle crosses -180 degrees [7]. The criterion is specified in terms 

of a phase delay parameter (t,) that is defined by, 

A® - 2-3 
9 (57.3) © seo (2-3) 

where A® is the phase loss from @1g9 to 2@1g9 and @jg0 is the phase crossover frequency. 

An aircraft is considered susceptible to PIO if the phase delay (tp) is greater than or equal 

to .12 sec (.15 sec in landing). 

Small values of the phase delay parameter are required to label an aircraft PIO resis- 

tant using this criterion. Therefore, this criterion will predict as PIO resistant those con- 

figurations with higher phase crossover frequencies and shallower phase angle slopes after 

phase crossover. The phase delay parameters for the two HAVE PIO configurations can 

be calculated from Figure 2-2. The phase delay parameters are found to be 0.04 and 0.24 

for configurations H2-1 and H2-5 respectively. Again, Configuration H2-5 is seen to be 

more prone to PIO than Configuration H2-1. 

One of the most prolific researchers in the area of PIO investigation has been R.A. 

Hess [14, 21, and 22]. Dr. Hess has used much more complex and intricate models of the 

human operator in an effort to more accurately represent the interaction between the pilot 

and the aircraft. Hess's 1991 paper, Reference [14], develops a PIO prediction method 

that limits the bandwidth and slope of the pilot/vehicle open-loop transfer function. The 
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Hess-Kalteis Criterion is shown in Figure 2-3. The boundary limits the minimum gain 

crossover frequency to 2.0 rad/sec. Furthermore, for a pilot/vehicle open-loop frequency 

response with a gain crossover frequency of exactly 2.0 rad/sec, the criterion limits the 

magnitude slope to at least -20 dB/decade in the neighborhood of the gain crossover fre- 

quency. Thus, the criterion tends to identify configurations with steeper magnitude slopes 

in the gain crossover frequency range as PIO resistant. 

The success of Hess's method relies heavily on an accurate model of the human pilot. 

In his PIO studies, Hess uses the Optimal Control Model (OCM) of the human operator. 

This model was developed by Kleinman, Baron, and Levison in 1970 [23]. It has also 

been used by other researchers to develop PIO criteria for different aircraft types and 

flight tasks [24-26]. These researchers have developed criteria using frequency-domain 

representations of either the open- or closed-loop pilot/vehicle transfer function. Closed- 

loop resonant peaking behavior (References [25] and [26]) and open-loop crossover prop- 

erties (References [22] and [24]) have been effective PIO predictors. 

These PIO analysis methods share common features. The Neal-Smith and Hess- 

Kalteis criteria incorporate pilot models to capture the dynamic interaction between the 

pilot and the aircraft. The Neal-Smith criterion examines the magnitude peak resonance of 
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Figure 2-3. Hess-Kalteis PIO Criterion [14]. 
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the closed-loop pilot/vehicle transfer function. The Hess-Kalteis criterion examines the 

open-loop pilot/vehicle transfer function and favors a large negative amplitude slope to 

label an aircraft PIO resistant. 

The Smith-Geddes and phase delay criterion are based on examination of the open- 

loop aircraft transfer function. These two criteria favor large values of the phase cross- 

over frequency and shallow phase angle slope to label an aircraft PIO resistant. Like the 

Hess-Kalteis criterion, the Smith-Geddes criterion favors a large negative amplitude slope 

to label an aircraft resistant to PIO. 

In particular, these criteria deal directly with the shape of the aircraft or pilot/aircraft 

transfer function near where the phase angle is -180 degrees and near where the pi- 

lot/vehicle crossover frequency is likely to occur (1-6 rad/sec). Recall that the goal of 

these criteria is to distinguish those aircraft with PIO tendencies from those resistant to 

PIO. That is, the criteria attempt to determine which aircraft configurations have tenden- 

cies to lose stability under closed-loop pilot control. Furthermore, Anderson shows how 

some of these analysis methods can be motivated by how arbitrary pilot dynamic changes 

can affect closed-loop stability [27]. Therefore, these methods would appear to relate 

directly to stability robustness with respect to variations in the pilot dynamics. 

The phase crossover, or neutral stability, frequency is a critical feature in stability 

analysis. Recall the importance of the phase relationship between the pilot input and the 

vehicle response from the M2-F2 PIO example of Figure 1-1. The stability boundary of 

the closed-loop pilot/vehicle system is sought in PIO analysis. The thesis approach in 

Section 1.3 requires a combination of pilot modeling and stability robustness analysis to 

examine the effect of dynamic variations on closed-loop stability. 

The existing criteria are deficient in handling the significant nonlinearities present in 

the close-loop pilot/vehicle system. The existing criteria directly address only the Cate- 

gory I PIO situation. Graham and McRuer have noted certain PIOs are analogous to the 

limit cycle behavior exhibited in some nonlinear systems [28]. In recent studies, R. Smith 

[29] has been using a nonlinear contactor model of the human pilot and searching for limit 
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cycles as a method of predicting fully developed PIO behavior. However, with the excep- 

tion of Reference [15], little work has been completed to deal with several dynamic varia- 

tions simultaneously. In order to address the nonlinear Category II and Category III 

PIOs, a multivariable describing function technique is considered in the technical ap- 

proach. The technique is used to determine under what conditions the nonlinear pi- 

lot/vehicle system is capable of a producing a self-sustaining oscillation (limit cycle). 
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3 PIO Analysis Process 

The analysis process outlined in this chapter is intended to distinguish between aircraft 

that are PIO prone and aircraft that are PIO resistant. The investigation is based on de- 

termining the stability of the closed-loop pilot/aircraft system in the face of variations in 

the pilot model as well as uncertainties in key aircraft parameters. The process is able to 

account for many of the nonlinearities in both the pilot and aircraft that are known con- 

tributors to PIO behavior. 

3.1 Process Outline 

Because PIO is characterized by a sustained oscillation, the underlying purpose of the 

analysis is to determine under what conditions the pilot/aircraft system is capable of pro- 

ducing such an oscillation. The unified multivariable analysis method consists of five 

steps. The first step is to determine an analytical model of the human pilot that is appro- 

priate for the flying task under study. Any accepted modeling method can be used, al- 

though the resulting criteria may vary. Both crossover and "optimal control" model forms 

are acceptable. A synchronous (constant gain) model is also appropriate for some cases 

although a model with at least a -20 dB/decade high-frequency roll-off characteristic (to 

help attenuate feedback signal superharmonics) is desirable. Nonlinear pilot models, such 

as Smith’s contactor model, can also be used. 

The second analysis step is to identify and isolate the dynamic elements suspected of 

contributing to PIO behavior. Linear and nonlinear elements can be considered simultane- 

ously. As mentioned previously, aerodynamic nonlinearities, control system nonlinearities, 

nonlinear stick gradients, various pilot model parameters, and control surface rate limits 

are of particular interest. 

The third step is construction of a unified analysis diagram. The analysis diagram iso- 

lates those dynamic elements suspected of contributing to PIO. Only a single diagram 

need be constructed for the subsequent stability analysis. From this single diagram, the 
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stability of the closed loop pilot/vehicle system can be analyzed with respect to any combi- 

nation of dynamic variations suspected of contributing to PIO. 

The fourth step is to perform a stability robustness analysis using the structured sin- 

gular value method. This analysis will yield a bound on the largest allowable parameter 

variation before instability is possible. The structured singular value analysis leads to a 

sufficient condition for stability and may be conservative. However, if the closed-loop 

system operates in a fashion such that the predicted bound on the uncertainty is not ex- 

ceeded, then the closed-loop system will remain stable and will not exhibit limit cycle be- 

havior. If the predicted bound is exceeded, the system may or may not be unstable and 

may or may not exhibit limit cycle behavior. 

The final analysis step is to search for limit cycle behavior of the nonlinear pilot/aircraft 

system. A limit cycle is a self-sustained oscillation that is particular to nonlinear systems. 

The limit cycle search is carried out in the frequency domain. Results yield frequency and 

amplitude of the oscillation as well as a prediction of limit cycle stability. In most cases, 

limit cycle predictions can be confirmed using nonlinear time domain simulations. 

3.2 Pilot Modeling 

Advances in the theory of pilot modeling have led to new theories of pilot-induced 

oscillations. A number of different pilot models are suitable for PIO analysis. Early PIO 

criteria involved concepts generated from the crossover model of the human operator 

while more recent research has focused on the optimal control model. 

The crossover model, developed by McRuer [19], is based on the observation that the 

pilot adapts his/her dynamics such that the open-loop pilot/vehicle system can be approxi- 

mated, in the neighborhood of the gain crossover frequency, by 

@,e 
  Y,Y, * (3-1) 

S 

where Y, represents the pilot dynamics, Y, represents the vehicle dynamics, @, is the gain 

crossover frequency, and t, represents the effective time delay due to both the vehicle and 
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pilot dynamics. Therefore, the characteristics of the crossover model for the pilot (Y,) 

will be different for each set of aircraft dynamics (Y.), but the open-loop pilot/vehicle dy- 

namics will be essentially the same. However, the crossover frequency and effective time 

delay will depend on the specific application. 

Kleinman's Optimal Control Model (OCM) of the human operator is based upon Lin- 

ear, Quadratic, Gaussian (LQG) control theory. The model includes a set of state- 

feedback gains that are computed using a special quadratic cost function. The state- 

feedback control law is then augmented with a state estimator and a predictor. The pur- 

pose of the predictor is to model the human's ability to adapt to his/her inherent (reaction) 

time delay. 

A modified version of the Kleinman model has been developed by Davidson and 

Schmidt [30]. The Modified Optimal Control Model (MOCM) replaces the pure time 

delay with a Pade' approximation. The Pade' approximation recommended by Davidson 

and Schmidt is given by a second order form, 

ote 2 l-7,s/2 (eas) G-2) 

l+7,5/2 +(r,5) ks 

where Ty is the human pilot time delay. The principal advantage of the Pade' approxima- 

tion is that its use allows for direct computation of a human operator transfer function. 

Whereas Kleinman's model yields only frequency response information of the human re- 

sponse, the Davidson model provides a finite-dimensional state-space representation and 

detailed information of dominant response modes. Therefore, the interaction between the 

pilot and aircraft can be more readily identified. 

The most common optimal MOCM cost function is assumed to be given by, 

J= [[e*(t) + 05(t)|at (3-3) 
0 

where e(t) is a displayed error signal and 6,(t) is the pilot manipulator command input. 

The control rate weighting p is chosen to achieve the desired neuromuscular time constant 

as described in Reference [23]. Note that the error rate is usually retained in the pilot’s 
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assumed observation vector but is not necessarily weighted in the cost function (3-3). 

Pilot models that minimize other cost functions, such as the H, and H,, transfer function 

norms, have also been recently reported by Anderson [11]. 

Unlike many PIO criteria, the unified PIO analysis method can also handle nonlinear 

pilot models. For example, Smith has described a contactor pilot model for study of fully 

developed PIO behavior [29]. The contactor nonlinearity is a relay that yields a fixed 

positive value for any positive input and a fixed negative value of any negative input. For 

example, if the input to the nonlinearity is +1, the relay output might be +2. For an input 

of +4, the output of the same relay is still +2. This model essentially represents a pilot that 

is manipulating the control so that it is always against either the positive or negative con- 

trol limit. 

3.3 Identify Dynamic Elements Suspected of Contributing to PIO 

With models of the aircraft dynamics and the human pilot defined, the elements sus- 

pected of contributing to PIO must be identified and isolated. The elements of the aircraft 

directly associated with the causes of PIO given in Section 1.1.2 should be considered 

here. 

Since the pilot model plays a key role in the unified analysis, any of the pilot model 

parameters may need to be considered as uncertain elements that can contribute to PIO 

tendency. The underlying concept of the closed-loop analysis is that a PIO resistant air- 

craft will remain stable in the face of variations in the pilot model. At this point, certain 

aspects of the model seem reasonable to consider. The most obvious suspect is the pilot 

gain. Increased pilot gain is often associated with tight tracking tasks such as precision 

approach and landing. Elevated pilot gain can also result when a pilot becomes aggressive 

or excited. Variations in other pilot model parameters (such as pilot time delay or lead 

time constant) are also of interest in the study of PIO. 
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3.4 Construct Unified Analysis Diagram 

Perhaps the most important contribution of the structured singular value method is 

the construction of analysis block diagrams like Figure 3-1. The transfer function matrix 

M(s) in Figure 3-1 does not necessarily represent the aircraft, the pilot, or a series combi- 

nation of feedback loop elements. Instead, M(s) represents the transfer function matrix as 

seen by each model parameter that is considered varying — regardless of where the pa- 

rameter occurs in the feedback loop. For example, a variation due to actuator rate limiting 

can be analyzed in conjunction with a variation in the pilot's loop gain. Consequently, 

model variations from many different sources can be analyzed simultaneously. 

An essential part of the stability robustness analysis is the construction of the M(s) 

matrix shown in Figure 3-1. A first step involves identification of the uncertainties to be 

analyzed. Three basic representations of uncertainty, or parameter variation, will be con- 

sidered herein. Figure 3-2 shows both a multiplicative and an additive uncertainty. The 

variation (6) represents a percentage signal change for the multiplicative uncertainty and 

an absolute change for the additive uncertainty. Since many different uncertainties may be 
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Figure 3-1. Unified Analysis Diagram. 

3 PIO Analysis Process 27



included in the analysis, it will be convenient to scale these variations. Each variation is 

scaled by introducing a scaling gain (k) as shown in Figure 3-2. 

Figure 3-3 illustrates the modeling of a nonlinear saturation by an equivalent, but vari- 

able gain. When the scaled variation (kd) is zero, the equivalent gain is equal to the slope 

(L) of the linear portion of the saturation. In this case, the input to the saturation element 
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Figure 3-2. Representation of Uncertainty. 
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Figure 3-3. Representation of a Nonlinear Saturation Element by an Equivalent but 
Uncertain Gain. 
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is less than the saturation limit and the element is not saturated. As the input to the ele- 

ment increases above the saturation limit, the effective gain is reduced. The reduction in 

the equivalent gain is accomplished by allowing k6 to vary from zero to +1. The element 

is completely saturated when k6 equals +1. That is, the output of the block diagram in 

Figure 3-3 is zero. Therefore, the effective gain is a function of the input to the saturation 

element with k6 being proportional to the percent saturation of the element. 

Within the current framework, it is convenient to cast the multivariable describing 

function problem in a form similar to that required for stability robustness analysis. Using 

a standard M-A configuration to define the structure of the nonlinear system brings a 

needed organization to the general problem of predicting the occurrence of limit cycle 

behavior and allows the construction of a single, unified analysis diagram. In the describ- 

ing function case, M(s) represents the transfer function matrix as seen by the nonlinear 

elements and as such can contain parts of the vehicle, control system, and pilot. Whereas 

each 6 represents a bounded parameter variation in the stability robustness analysis, each 5 

will be replaced by a describing function representation of the nonlinear element during the 

search for limit cycle behavior. The analysis diagram is to set up such that the nominal 

system is obtained by setting all the individual 5s to zero. Therefore, the effect of any 

combination of uncertainties can be found by allowing only the corresponding 6s to vary. 

Once the individual uncertainties have been selected for study, the system must be put 

in the M-A form for analysis. While some algorithms exist to aid in the construction of the 

necessary matrix [31], it is suggested that a graphical simulation program like 

SIMULINK™ be used to determine the state-space model for M(s). SIMULINK™ al- 

lows the user to isolate the input and output from any element in the loop and to then line- 

arize the system. To linearize a system, SIMULINK™ inport and outport elements are 

placed around the uncertainties as illustrated in Figure 3-4. This diagram is for multiplica- 

tive uncertainty shown in Figure 3-2(a). Note that a negative sum is needed to generate 

M(s) that is consistent with Figure 3-1. With all the inport/outport pairs in place, a state- 

space model of M(s) is produced using the MATLAB™ Jinmod command. With M(s) 
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Figure 3-4. Model of Uncertainty ina SIMULINK™ Diagram. 

computed, the effect of the modeled uncertainties on system stability is analyzed. Note 

that the system under study can be completely linear (and not need to be linearized per se). 

However, the Jinmod feature of MATLAB™ provides a convenient and useful way to 

form M(s) for complicated block diagrams. | 

Again, M(s) represents the dynamic system as seen by every parameter (5) that is con- 

sidered as an uncertainty (or variation) that may lead to undesired closed-loop pi- 

lot/vehicle oscillations. Since the nominal system is obtained by setting all 5s equal to 

zero, M(s) need only be found a single time. Any particular combination of parameter 

variations can then be considered in either the stability robustness or the describing func- 

tion analysis by considering the proper elements (rows and columns) of the M(s) matrix. 

3.5 Stability Robustness Analysis 

A PIO 1s fundamentally a stability problem. Sustained oscillations only occur in linear 

systems when the dynamics of the system lose damping. An example is an undamped 

spring-mass system that will oscillate from an initial displacement with constant amplitude 

motion. 

Stability robustness analysis is the study of how model parameter variation or 

"uncertainty" affects feedback loop stability. Since the mid 1980's, a resurgence in fre- 

quency-domain analysis methods for stability robustness has occurred. These methods 

have relied on the singular value matrix norm as a "measure" of relative stability. For ex- 

ample, gain and phase margins for multivariable feedback systems can be defined using the 
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singular-value based analysis method [32]. Stability margins defined in such a manner are 

very useful in that they define the gain or phase variation that can occur simultaneously in 

each feedback loop. As a result, an investigation of multiple parameter variations can be 

carried out rather easily. 

Doyle is widely regarded as the key developer of the structured singular value analysis 

method [33]. The structured singular value method allows the research engineer to inves- 

tigate not only simultaneous model parameter variations, but also the effect of multiple 

parameters located arbitrarily throughout the feedback system. Thus, parameter variation 

is not confined to just the feedback loop signals, but can include individual system pa- 

rameters. 

3.5.1 Basic Theory 

Stability of the feedback loop can be investigated from the loop equations represented 

in Figure 3-1, 

y(s) = -A x(s) (3-5) 

x(s) = M(s) y(s) (3-6) 

Solving (3-6) in terms of x(s) yields, 

[I + M(s)A] x(s) = 0 (3-7) 

The matrix [I + M(s)A] is known as the return difference matrix. Stability robustness 

analysis involves finding the size of the (block) diagonal matrix A that satisfies det[I + 

M(j@)A] = 0. Doyle, therefore, defined the structured singular value 1(M,@) as, 

] 

L(M, o) 

where Omax is the largest matrix singular value. 

  = fomax(A) | det{I + MGo)A] = 0} (3-8) 

The structured singular value computation attempts to find the smallest uncertainty 

block A that can destabilize the feedback system. Since the minimization problem of 

Equation (3-8) can be difficult to solve, Doyle derived expressions for upper and lower 

bounds on the structured singular value. Namely, 
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mx p(UM) < u(M,@) < 2 Omax (DMD") (3-9) 

where U is unitary and D is a real scaling matrix such that DAD” = A. The lower bound is 

not generally used as a measure of robustness but is used to determine how close the up- 

per bound approximates the exact value. 

For most practical systems, the upper and lower bounds differ by less than 15%, 

showing the upper bound to be a reasonable approximation [34]. The upper bound is still 

posed as an optimization problem, but it is one that has no non-global minima [35]. This 

optimization involves finding the scaling matrix that minimizes the maximum singular 

value of DMD". The optimum scaling matrix D can be found through standard nonlinear 

optimization techniques, but is often approximated using an iterative method first devel- 

oped by Osborne [36]. Osborne’s technique finds that D which minimizes the Frobenius 

norm of DMD". Because the Frobenius norm acts as an upper bound on the 2-norm 

(maximum singular value), reducing the Frobenius norm helps reduce the 2-norm [35]. 

Since the Frobenius norm is an upper bound on the 2-norm, use of Osborne’s technique to 

select D yields a conservative estimate of the stability margin, but the technique is very 

efficient. 

As given above, the elements of A can be complex. When the parameter variations 

modeled in A are known to be real only, a less conservative upper bound, reported by 

Jones [34], can be found for the structured singular value. This upper bound is given by, 

M(M,0)< "fy C@ Smaxl(DMGo)D1® + (DMGo)D1o)Ty2]}— G-10) 
where D is determined as before. The matrix, ®, is a diagonal matrix contained in the set 

of diagonal matrices that has all possible combinations and permutations of +1 and -1 on 

the diagonal. These matrices represent the possible directions of variation (positive or 

negative) of each of the real uncertainties. Use of the upper bound for real parameter 

variations yields not only the minimum size of A that can destabilize the system, but also 

the “worst case” direction for each individual variation. However, the structured singular 

value for real parameter variations is even with respect to ® (ie. u(®) = u(-—®)). 
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Therefore, the “worst case” direction is subject to interpretation with respect to a scalar 

multiplier of +1. 

The structured singular value analysis method can also be used to study the effect of 

isolated, single-valued nonlinear elements on system stability. If a sector can be drawn 

around the graph of a nonlinear element, then the structured singular value can be used to 

determine if the sector-bounded nonlinearity can destabilize the closed-loop system. Ref- 

erences [37] and [38] describe analysis of nonlinear saturation using structured singular 

value analysis and sector-bounding methods, respectively. 

Whether the matrix A represents linear or sector-bounded nonlinear elements, the 

structured singular value analysis gives only the minimum size of A that can destabilize the 

closed-loop system. Although some frequency information is obtained (since 1, is a func- 

tion of frequency), the method does not reveal the character of the instability that may 

result if the bound on A is exceeded. For example, it is not known whether the resulting 

divergence is purely exponential or oscillatory. 

3.5.2 Numerical Algorithms 

MATLAB™ contains two routines (in the Robust Control Systems toolbox) to calcu- 

late the upper bound on the structured singular value (ssvbode and perron). Both of 

these algorithms compute the structured singular value bound of Equation (3-9) which 

considers complex uncertainties. These algorithms are based on the work of Safonov [39] 

and can yield overly conservative estimates for systems with only real parameter varia- 

tions. 

For the immediate purpose of analyzing pilot/aircraft systems, only real uncertainties 

have been considered. Therefore, an algorithm based on that outlined by Reference [35] 

has been written to calculate the bound of Equation (3-10). The algorithm outline is given 

in Figure 3-5. 

The maximum (real) structured singular value over all frequencies will be denoted i, 

and will be used to define the maximum allowable variation while guaranteed stability is 
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Algorithm to Compute Upper Bound on the 
Structured Singular Value for Real Parameter Variations 

1. Define frequency range of interest, @; < @ < ay. 

2. Set up 21x q matrix (P7) whose rows account for the possible combinations 
and permutations of +1 and -1 (q = number of uncertainties). 

3. Ateacha, 

a) Calculate the transfer function matrix at s = ja, 1.e. M(ja). 

b) Use Osborne’s technique to find D. 

c) For each row ,k, in ®,, 

1) Calculate diagonal ® matrix as 

OD = diag[kth row of @;]. 

2) Find Onax{(DM(ja)D-!® + (DM(ja)D~!@)Ty2]. 
Store result as SV(k). 

d) Find the maximum value in S V(k) calculated above. 

This represents 1,(M,q) at this frequency. 

4. Plot the log(u,(M,@)) versus log(a). 

Figure 3-5. Algorithm for Structured Singular Value Computation. 

maintained. Assuming a diagonal uncertainty matrix (A=diag[6,,53,...,64]), the closed-loop 

system will remain stable as long as the magnitude of each individual uncertainty is less 

than 1/1, (i.e., [8;| < 1/t). 

3.5.3 Verification 

To ensure that the stability robustness algorithms work correctly, an analysis of two 

configurations of the HAVE PIO database [13] was conducted. The flight test database 

given in Reference [13] provides experimental data which can be used to evaluate 

(longitudinal) PIO prediction methods. The experiments were conducted using the 

USAF/Calspan variable stability NT-33 aircraft. The 18 aircraft/flight control system con- 

figurations were evaluated in landing approach tasks. The four baseline configurations 

(H2-1, H3-1, H4-1, H5-1) were chosen to have different short period dynamics that all 

met MIL-F-8785C Level 1 boundaries for Category C landing approach. The phugoid 
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and lateral/directional characteristics, which all met Level 1 requirements, were held con- 

stant. PIO ratings, Cooper-Harper pilot ratings, and pilot comments were obtained. 

For the current purpose, Configurations H2-1 and H2-5 were modified to include a 

first order actuator as shown in Figure 3-6. Table 3-1 gives the vehicle and pilot model 

parameters used in the analysis. The pilot model parameters were chosen using rules from 

the Neal-Smith criteria [2]. 

The two dynamic effects of interest are a simultaneous change in pilot gain and control 

surface actuator rate limiting. The rate limit is modeled by a saturation element in the ac- 

tuator model and is represented by an equivalent, but variable, gain. A representation of 

the SIMULINK™ diagram used to define M(s) is shown in Figure 3-7. The first variation 

represents a percentage change in the pilot gain while the second represents a percentage 

change in the unity gain (L = 1) model of the saturation element. 
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Figure 3-6. HAVE PIO Configuration Model Modified to Include Actuator Dynamics. 

Table 3-1. Vehicle and Pilot Model Parameters for Modified HAVE PIO Configurations. 

  

sp / Gop T2 TR Tp: | Tp2 | tT 
Configuration| (rad/s/-) | (s) | (s) L Kp (s) | (s) | &) 
  

H2-1 2.4/0.64} 0 | 0.05 | 1.0 0.74 | 0.27 0 0.3 
  

                    H2-5 2.4/0.64 | 1.0 | 0.05 1.0 0.52 | 2.37 0 0.3 
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Figure 3-7. SIMULINK™ Diagram Used to Define M(s) for HAVE PIO Configurations. 

Figure 3-8 shows the inverse real structured singular value calculation of Equation (3- 

10) for both configurations. The minimum of the inverse structured singular value plot 

reveals the largest bound on 5, and 6, (from Figure 3-7 ) before instability is possible. 

The minimum value is 0.56 for configuration H2-1 and 0.08 for configuration H2-5. The 

structured singular value calculation of Equation (3-10) also reveals the direction of the 

worst case variation. At the frequency where the minimum is found, the matrix ® that 

maximized (3-10) is ® = diag[-1, +1]. As would be expected, the worst case variation in 

pilot gain is an increase of (1+ 5,) and the worst case gain variation due to rate limiting is 

(1- 6,). Due to symmetry, the same bounds are found with ® = diag[+1, -1]. This case is 

neglected because 5, is known to vary only between zero and +1. 

The stability boundary calculated from the real structured singular value analysis of 

configurations H2-1 and H2-5 are shown in Figures 3-9 and 3-10 respectively. The 

shaded blocks represent values for pilot gain and equivalent gain due to rate limiting for 

which the structured singular value analysis guarantees stability. A direct calculation of 

the system poles yields the stability boundaries shown by the solid curves. The dashed 

lines represent the nominal value of the pilot gain in each case. The nominal value for the 
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Figure 3-8. Inverse Structured Singular Value of M(s). 
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Figure 3-10. Stability Boundary for Configuration H2-5. 

equivalent gain due to rate limiting is L= 1. Figures 3-9 and 3-10 illustrate how well the 

structured singular value approximation fills the stable region in the parameter space. The 

corners of the structured singular value boundaries closely approach the curves separating 

the stable and unstable regions in the parameter space indicating the structured singular 

value is a good approximation to the actual stability boundary. 

Recall, Configuration H2-1 was rated PIO resistant while Configuration H2-5 was 

rated PIO prone. Application of the Smith-Geddes and Mitchell-Hoh criteria in Chapter 2 

correctly predicted the susceptibility of these configurations. The results of the stability 

robustness analysis are consistent with the previous results. Since Configuration H2-1 can 

tolerate greater parameter variations while maintaining closed-loop system stability, it is 

expected to be more PIO resistant than Configuration H2-5. 
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3.5.4 Summary 

When A=0, the transfer function matrix, M(s), represents the nominal system dynam- 

ics. When the uncertain parameters are known to vary over a given range, they are usually 

scaled such that -1 < 6 < 1 encompasses the given variation. With a scaled system and 

1/u, 2 1, the closed-loop system can handle the given variation and remain stable. If 1/p, 

< 1, then the system can tolerate variations up to at least 56 = 1/1, while maintaining system 

stability. For the case of a variation in an equivalent gain representing a saturation ele- 

ment, the value of 1/1, represents the percent saturation of the element. That is, the sys- 

tem can tolerate an input to a nonlinear element up to 100*8/(1-6) percent greater than the 

saturation limit while guaranteed stability is maintained. 

3.6 Multivariable Describing Function Analysis 

Some researchers have noted that PIOs are analogous to limit cycles [28 and 29]. A 

limit cycle is an unforced, self-sustained oscillation of a nonlinear system. The dynamics 

associated with the pilot/aircraft interaction are fundamentally nonlinear. In fact, both the 

pilot and aircraft are very complicated nonlinear systems. Graham and McRuer also note 

that nonlinear friction and hysteresis characteristics of early jet fighter flight control sys- 

tems led to serious PIOs [28]. Thus, methods for predicting limit cycles for nonlinear 

systems are included in the unified PIO analysis method defined herein. 

A useful class of nonlinear systems includes those with nonlinearities isolated as sepa- 

rate entities while the remaining linear elements are represented in lumped-parameter 

form. For this particular class of systems, an analysis based upon quasi-linear harmonic 

approximations is readily completed. The quasi-linear approximations are usually known 

as describing functions [40 and 41]. For PIO analysis, a describing function approach is 

particularly attractive as it has close ties with linear frequency-domain stability analysis. In 

addition, most of the existing PIO analysis methods discussed previously are also based on 

control-theoretic, frequency-domain methods. 
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3.6.1 Basic Theory 

Assume the input to a single-input, single-output nonlinear element is sinusoidal with a 

given amplitude and frequency. The output of the nonlinear element will generally not be 

sinusoidal, but will be periodic with the same period as the input sinusoid. If the output 

wave is analyzed in terms of its Fourier components, the fundamental component can be 

related to the input in familiar terms of an amplitude ratio and a phase angle. The complex 

ratio of the fundamental component of the output to the input is defined as the sinusoidal 

input describing function (SIDF) [41]. 

For a sinusoidal input to the nonlinear element, x(t) = a sin(wt), the output y(t) is ex- 

pressed in terms of its Fourier series. Namely, 

y(t) = a, + >| (a,cos not + b, sin not) (3-11) 
n=1 

where, 

a,=t fr y(t) cos not d(ot) 

b, =+]" y(t) sin nat d(at) 

For a skew symmetric nonlinearity, a9 = 0 and the fundamental component of the output 

becomes, 

y(t) =a, cost + b, sinot (3-12) 

The describing function is then given by, 

N(a,@) = wi 4, 6, = tn-( 2 (3-13) 
j 

where a, and b, are obtained using the integral expressions in (3-11). In general, the de- 

scribing function can depend on both the amplitude and frequency of the input signal. 

However, when the nonlinearity contains no energy storage element, N is a function of 

amplitude only [42]. All simple (single valued) nonlinearities and many complex nonline- 

arities have describing functions which are frequency invariant. Table 3-2 lists four useful 

nonlinearities and their frequency invariant describing functions. 
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Table 3-2. Four Nonlinearities and the Corresponding Sinusoidal Input Describing Func- 
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Figure 3-11 shows an example of replacing a nonlinear element by its SIDF resulting in 

a quasi-linear feedback system. The remnant consists of the higher harmonics of the 

Fourier series of the output (terms with n > 1 in Equation (3-11)). The output of the ac- 

tual nonlinearity is equal to the SIDF, multiplied by the input, plus the remnant. In con- 

sidering only the fundamental harmonic when developing the describing function, it is 

automatically assumed that the remnant has little affect on the system output. This as- 

sumption holds if the linear part of the system is sufficiently low-pass to attenuate the 

higher harmonics introduced by the remnant. Also, the maximum amplitude present in the 

remnant is normally much less than the magnitude of the fundamental harmonic. For the 

case of a saturation nonlinearity and a K/s type plant, Reference [41] states the largest 

term in the remnant (which is the third harmonic) is never more than 28% of the amplitude 

of the fundamental component of the output of the nonlinearity. When attenuated by the 
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Figure 3-11. Replacement of a Nonlinear Element by a Sinusoidal Input Describing Function. 

integrator, the amount of the third harmonic present in the error signal , x(t), as compared 

to the fundamental is not more than 9%. This value is an indication of the error intro- 

duced by ignoring the contribution of the remnant. 

To remain consistent with the concept of a unified analysis diagram that was put forth 

in Section 3.3, the process depicted in Figure 3-11 must be modified. Note that if the de- 

scribing function in Figure 3-11 were set equal to zero, the feedback loop would be bro- 

ken and the nominal system would not be retained. Therefore, it is necessary to represent 

each given nonlinear element as a nominal linear element connected with a new 

“complementary” nonlinear element. For example, the saturation nonlinearity can be re- 

placed by the combination of a linear gain and a dead-zone nonlinearity as depicted in Fig- 

ure 3-12. The nominal linear system is now given by a gain that equals the slope of the 

linear portion of the saturation element. The “complementary” nonlinear portion is taken 
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Figure 3-12. Representation of a Nonlinear Element by a Combination of Complementary 

Elements. 

as a dead-zone. Note the input signal to the dead-zone nonlinear element is the same as 

the input signal to the original saturation element. 

While it is possible to tabulate a set of complementary nonlinear elements, it is entirely 

unnecessary. From a strictly mathematical point-of-view, the describing function for a 

group of nonlinear elements connected in parallel is simply equal to the sum of the de- 

scribing functions for the individual elements [40]. For the purposes of PIO analysis, the 

given nonlinear element will be replaced by a corresponding linear gain connected in par- 

allel with a new complementary nonlinear element, as depicted in Figure 3-13. For this 

situation, the describing function for the complementary nonlinear element is given by, 

Neomp = L - Neiven (3-14) 

It is therefore a rather trivial matter to calculate the correct describing function for use in 

the unified analysis diagram. This replacement not only yields the nominal system when 

Ncomp = 0, but it is also yields a representation of the same form as the equivalent gain rep- 

resentation used previously in stability robustness analysis (Figure 3-3). Also, the input to 

the “complementary” nonlinear element is the same as the input to the original nonlinear 

element so that the results of the describing function analysis are the same as before re- 

placement. 

Although the above discussion considers a single-loop system with a single nonlinear- 

ity, extension to a multi-loop multiple-nonlinearity system is straightforward. Let A from 

Figure 3-1 represent a diagonal matrix of nonlinear elements. In this case, M(s) represents 
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Figure 3-13. Replacement of a Given Nonlinear Element by a Combination of a Linear 

Gain and a Complementary Nonlinear Element. 

the linear part of the system as seen by the nonlinear elements in A. Assume the input 

signal to each nonlinear element in A is sinusoidal and oscillating at the same frequency 

(w). The input signals are given by, 

Xj = oy sin(ot + 8) (3-15) 

To use describing function approximations, the linear part of the system, represented by 

M(s), is assumed to act like a low-pass filter so that superharmonic signal components can 

be neglected in the analysis. Under these assumptions, the nonlinear elements can be re- 

placed by their sinusoidal-input describing functions (SIDF). Namely, 

A—> N(A,o) (3-16) 

where 'A' is a vector containing the amplitudes (a)of the sinusoids entering each nonlinear 

element and N(A,@) is a diagonal matrix of describing functions made up of individual 

elements like those in Table 3-2, as modified by Equation (3-14). 

In order to investigate the stability of the multivariable nonlinear feedback system, 

solutions of the system characteristic equation are considered. Since it is assumed that 

each feedback loop is oscillating at the same frequency, the Laplace operator in (3-7) can 

be replaced with s=j@. Equation (3-7) then becomes, 

[I + MGo)N(A,o)] xQm) = 0 (3-17) 

Equation (3-17) represents the “harmonic-balance” equation for the system. Non-zero 

solutions to (3-17) predict the existence of limit cycles. 
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3.6.2 Numerical Algorithms 

Since x(j@) = 0 represents a trivial solution to (3-17), many researchers have used the 

following determinant to predict limit cycles, 

det [I + M(jo)N(A,@)] = 0 (3-18) 

Alternatively, one could search for values of o and A that yield one or more zero eigen- 

values of [I + M(j@)N(A,@)] or eigenvalues of [M(G@)N(A,@)] equal to -1+j0 [43]. 

There are several computational methods available to aid in the search for limit cycle 

behavior. Besides searching (3-17) or (3-18) directly, Gray and Nakhla use Gershgorin 

bands as an eigenvalue check [44]. Gray and Taylor have developed a search method that 

considers each feedback loop in a sequential order, while systematically eliminating solu- 

tion possibilities throughout the search [45]. Chang, et. al. have recently extended the 

sequential loop method of Gray and Taylor to include a homotopy algorithm with claims 

of global convergence [46]. At about the same time, Pillai and Nelson reported search 

method results based upon Newton-Raphson optimization methods [47]. 

The method of Chang, et. al. warrants further explanation as it is easily extended to the 

current M-A formulation. Also, the use of a linear homotopy to improve the convergence 

of the search algorithm is a desirable feature. When cast in the standard M-A form above, 

the set of nonlinear equations that Chang refers to as “auxiliary characteristic equations” 

reduce exactly to the harmonic-balance equations in (3-17). These equations can be re- 

written as a set of n complex nonlinear equations (one for each nonlinear element) of the 

form, 

f, = x,(jo) + 5M, Go)N,(A,,@) x, (jo) = 0 (3-19) 
k=1 

where x;(jo) is the result of replacing s=jo in the Laplace transform of x;,(t) of Equation (3- 

15). With some straightforward substitutions and cancellations, it can be shown that for 

numerical solution, x;(j@) in the above equation can be replaced by, 

x, (jo) > x(A, ,9;) = Ae™ (3-20) 
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The existence of a limit cycle is then found by solving the system of n complex equations 

given in (3-19), with the substitution of (3-20), for the 2n unknowns (A),@,Ao2,63,...,An,9n). 

The phase angle of the sinusoid entering the first nonlinear element is taken to be zero 

(8,=0) without loss of generality. 

When a good initial guess of the solution is available, the system of nonlinear equa- 

tions can likely be solved by any method normally used for nonlinear systems (e.g., New- 

ton-Raphson). However, since a sufficiently good guess is not always available, a homo- 

topy method of solution is recommended. Define the homotopy H as, 

H(z, t) = (1- t(@-Z,) + tf (3-21) 

where Z=(Aj,@,Az2,02,...,An,9n), t iS an independent, real, scalar homotopy parame- 

ter, Z, represents the initial guess for Z at t=O, and f is defined by (3-19). The solution of 

H = 0 for allt € [0,1] forms a space trajectory. For t = 0, the solution is simply Z = Z,. 

At t = 1, the solution is that desired H =f =0. Therefore, if one can trace the solution 

H = 0 from t = 0 to t =1, a desired solution will have been reached. Multiple solutions 

may exist when f is nonlinear. One way to trace a solution is to integrate the differential 

equation obtained by taking the total derivative of H with respect to t. Namely, 

dH(z, t) _ OH(Z, t) . OH(Z,t) dz _ 0 
  

  

  

  

dt at cz dt (3-22) 
or, 

_ = = a 
dz_ | OH@,t)| OH(,t) 

dt Oz | at (3-23) 

where, 

of of 
oHG,t) a2) aa |% | % 
> = (1-tl+t— =}iov, 
OZ OZ OZ of, of, 

OZ) ~ OZ 

OH(Z, t . 
a ) -_@- 4) +42) 
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The necessary partial derivatives can be computed numerically if desired. When a solution 

for Z is obtained, it indicates the frequency of the resulting oscillation along with the input 

amplitudes and phase angles into each isolated nonlinear element. 

Since the solution of a limit cycle governs the behavior of a dynamic system, it is rea- 

sonable to speak of the stability of the limit cycle. When a system that has fallen into a 

stable limit cycle is perturbed slightly from the limit cycle condition, the system will return 

to the limit cycle. If a system were able to operate at an unstable limit cycle condition and 

was perturbed slightly from that condition, it would not return. The resulting behavior 

could be divergent, asymptotically stable, or could converge to a different (stable) limit 

cycle. For this reason, an unstable limit cycle cannot be observed experimentally. Ac- 

cording to Chang [46], the stability of the limit cycle is determined by considering a real 

perturbation in the limit cycle frequency, s=o+ jo. The limit cycle will be stable as long 

as, 

do/dA, < 0 (3-24) 

Graham [41] further distinguishes between soft and hard self-excitation of a stable 

limit cycle. Soft self-excitation exists when any nonzero initial condition will result in the 

sustained oscillation of the stable limit cycle. Soft self-excitation is common in systems 

where the linear transfer function matrix describes an unstable system. On the other hand, 

hard self-excitation exists when the input and subsequent removal of a certain amplitude 

or waveform signal is required to excite the oscillation. 

3.6.3 Verification 

To ensure the multivariable describing function analysis methods work as desired, an 

analysis based on that of Reference [15] is given. Three alternative longitudinal and lat- 

eral/directional limited authority back-up control systems for the F-4C are considered. 

The research of Reference [15] was undertaken to develop analytical techniques for de- 

termining the minimum levels for the back-up control system parameters. A companion 

project utilized piloted, fixed-base simulation to empirically determine the minimum levels 

for the back-up control system parameters. 
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A PIO analysis is conducted in the reference by applying sinusoidal input describing 

function theory. Susceptibility to initiating an oscillation is investigated by assuming the 

pilot controls the airplane in a normal way except that the amount of lead equalization 

generated by the pilot is reduced. The ability to sustain the oscillation is investigated by 

assuming the pilot behaves in a synchronous manner. The dynamic model contains two 

types of nonlinear elements: 1) actuator rate and displacement limits for a fully powered 

manual control system and 2) direct manual control authority limits determined by pilot 

strength or by control surface travel stops. 

Figure 3-14 shows the block diagram for the longitudinal back-up control system A. 

The shorthand notation used in Figure 3-14 is (a) = (stw). The parameters for the pilot 

loop closures for the configuration in Figure 3-14 are given in Table 3-3. The pilot model 

is used as given in Reference [15] and was originally developed by the authors using tech- 

niques based on the crossover pilot model. 

Figure 3-15 shows the deflection and rate limited actuator model used in the describ- 

ing function analysis. Reference [15] develops a single SIDF for the combination of the 

two nonlinear elements represented in Figure 3-15 and uses graphical means to predict the 

existence of limit cycles. However, the methods introduced in this section can be em- 

ployed to treat the two nonlinear elements as separate entities. The SIMULINK™ dia- 

gram needed to define M(s) is given in Figure 3-16. The first inport/outport pair corre- 

sponds to the actuator rate limit while the second inport/outport pair corresponds to the 

actuator deflection limit. 

Table 3-3. Model Parameters for the F-4C. 

  

  

  

  

Ku= 30.0 unit thrust/(fit/sec) Kg = -0.393 Kg = -0.244 sec 

Ka= -0.03 deg/ft Ka = -0.0015 deg/(ft/sec) tr= 0.33 sec 

1; = 0.2 sec @n= 10 rad/sec @2= 0.5 rad/sec 

3= 10 rad/sec 4= 2.25 rad/sec         
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The results of applying the limit cycle search algorithms given in Section 3.6.2 are 

presented in Tables 3-4 and 3-5. Also shown in the tables are the results from the given 

reference. A dash in a column indicates that no limit cycle is predicted for the corre- 

sponding configuration. The tables show results for all configurations studied in Refer- 

ence [15] though only longitudinal back-up control system A has been presented in any 

detail here. The results found with the current method agree extremely well with those 

given in the reference. The newly calculated amplitudes vary by less than 5% from those 

given except for lateral/direction system C which varied by 10%. The predicted frequen- 

cies vary by less than 3% from those given in the reference. Since the amplitudes have 

been scaled such that values greater than unity indicate limiting of the saturation elements, 

it is seen that only lateral/directional system A is simultaneously rate and position limited. 

Table 3-4. Comparison of Limit Cycle Results for the Longitudinal Systems. 

  

  

  

  

  

                    

Reference [15] Multivariable Analysis 

Back-up Ts Kg Rate | Deflection o Rate | Deflection o Phase Difference 

System | (sec) | (sec) | Amp. Amp. | (rad/s) | Amp. | Amp. | (rad/s) (deg) 

A 02; 0 | 12.3 - 1.1 | 12.2 | 0.79 1.07 -90 

A 0 0 | 10.0 - 12 | 10.4 | 0.71 1.19 -90 

B 02] 0 - 1.3 1.4 - 1.30 1.43 - 

B 0 0 - - - - - - -     
  

Table 3-5. Comparison of Limit Cycle Results for the Lateral/Directional Systems. 

  

  

  

  

                    

Reference [15] Multivariable Analysis 

Back-up Ta Kg Rate | Deflection o Rate | Deflection wo Phase Difference 
System (sec) | (sec) Amp. Amp. (rad/s) | Amp. Amp. (rad/s) (deg) 

A 02} 0 | 15.0 1.0 0.14 | 14.3 1.01 0.14 -4 

B 02 | 0 - 43 0.13 - 44 0.13 - 

C 0.2 | 0 - 5.0 0.23 - 4.5 0.23 -     
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Figure 3-17 shows time response simulation results for longitudinal control system A, 

with the effective pilot delay t, = 0.2. The resulting amplitudes, frequency, and phase 

agree with those predicted by the multivariable analysis. Figures 3-18 and 3-19 show the 

altitude-altitude rate phase plane for the same configuration as Figure 3-17 for small and 

large initial conditions respectively. The resulting closed curves on the phase plane are 

characteristic of stable limit cycles and it is noted that the same closed curve is obtained 

for both initial conditions. 

While Equation (3-19) can be searched directly using a nonlinear equation solver, of- 

ten times a good initial guess is necessary to ensure convergence. For this reason, the 

homotopy method as described above is used as the first solution technique. Since the 

homotopy algorithm can be slow to converge when using numerical partial derivatives, 

and since nonlinear equation solvers can be quite rapid when in the neighborhood of a 

—— Input Signal to Rate Limiter - ee: 
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Figure 3-17. Simulation Results for F-4C. 
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Figure 3-18. Altitude-Altitude Rate Phase Plane (Small Initial Condition). 

10 

Oo
 

NM
 

A
 

DD
 

@
 

iN 

Al
ti

tu
de

 
Ra

te
 

(f
t/

se
c)

 

6 

-8 

-10 

-10 8 6 4 2 0 2 4 6 8 10 

Altitude (ft) 

Figure 3-19. Altitude-Altitude Rate Phase Plane (Large Initial Condition). 
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solution, a combination of the two methods proved to be useful in obtaining the desired 

solution. A suitable initial guess is obtained from examining the stability robustness re- 

sults. The homotopy equations are then integrated using a low tolerance to yield a new 

initial guess. Finally, the nonlinear equation solver is employed to yield a more accurate 

solution. 

3.6.4 Summary 

Describing function analysis provides more information about instability than struc- 

tured singular value analysis because more information is known about how the model 

parameters vary. The structured singular value calculation yields a bound on the largest 

parameter variation or the largest sector bound of a nonlinearity. The describing function 

analysis, on the other hand, yields the magnitude and phase of resulting oscillations. 

However, the describing function analysis requires a fairly sophisticated search for solu- 

tions whereas computationally efficient approximations to the structured singular value are 

well-known. As a result, these two analysis methods are very complementary to the study 

of system stability (including pilot-induced oscillations). 

Also, the existence of hard self-excitations may help explain why certain aircraft ex- 

hibit acceptable flying qualities for some pilots and yield severe PIOs for others. Recall, 

hard self excitation describes the condition where a certain amplitude or waveform of an 

input signal is necessary to excite the limit cycle. It is possible that the unlucky pilot just 

happened to input the necessary amplitude and waveform signal needed to excite the limit 

cycle behavior. 
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4 Unified PIO Analysis of the M2-F2 

In order to fully exercise the unified PIO analysis method, it is desired to use the tech- 

niques to analyze an aircraft that has experienced in-flight PIOs. For the analysis to be 

meaningful, sufficient vehicle modeling data along with flight time histories of the oscilla- 

tion events needs to be available. For these reasons, the M2-F2 lifting body vehicle is 

chosen as an example case study. All information for the M2-F2 is taken from Reference 

[6]. 

The M2-F2 is a half cone lifting body designed as part of the manned lifting body flight 

test program conducted in the 1960s. Basic research was being conducted at that time on 

manned reentry vehicles designed to maneuver and land unpowered at a specified location. 

The M2-F2 had a conventional fighter aircraft type cockpit with aerodynamic control be- 

ing provided by upper elevon flaps, a lower flap, and twin rudders. A three view repre- 

sentation of the M2-F2 taken from Reference [6] is given in Figure 4-1. The upper elevon 

flaps provided coarse longitudinal trim and were deflected differentially (aileron deflec- 

tion) to provide roll control. Because adverse yawing moment was produced by aileron 

deflection, a mechanical aileron-to-rudder interconnect was provided. The interconnect 

ratio was adjustable by the pilot. A stability augmentation system was used to improve 

damping in the pitch, roll, and yaw axes. 

The M2-F2 was dropped from a B-52 at an altitude of 45,000 feet and a Mach number 

of about 0.6. Flight test maneuvers were performed during the unpowered descent to 

assess the handling characteristics of the vehicle. As a result of training on a six-degree- 

of-freedom fixed base simulator, the pilots were thoroughly familiar with the flight plan 

and predicted handling qualities of the research vehicle. The M2-F2 exhibited good han- 

dling qualities longitudinally, but the lateral/directional characteristics were consistently 

rated much lower; due largely to the appearance of a coupled roll spiral mode at low an- 

gles of attack. 
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Figure 4-1. Three-View Drawing of the M2-F2. Dimensions in meters (feet) [6]. 

The vehicle experienced severe lateral/directional oscillations during three of its six- 

teen flights. Each of the oscillations occurred when the pilot was attempting to closely 

control the bank angle at slightly negative angles of attack. The PIO incident during the 

final flight contributed to a gear-up landing in which the vehicle was extensively damaged 

[6]. As the result of the accident, a center fin was added to the vehicle to improve the 

lateral/directional dynamics. The slightly redesigned vehicle was designated the M2-F3. 

4.1 Develop Pilot Model 

The task under consideration is the tight control of the bank angle and will be modeled 

as a compensatory tracking task. A Modified Optimal Control Model (MOCM) of the 

human pilot will be considered for this example. The pilot model is designed based on the 

linear transfer function of the controlled system. For simplification, and comparison to 

Reference [6], only the pilots aileron input is considered. This restriction should not pose 

a problem since piloted simulation analysis in Reference [6] indicated PIO for the situation 

of aileron only input as well as for coordinated aileron/rudder input during turn to final 

approach. A simplified block diagram of the situation under consideration is given in Fig- 

ure 4-2. The MOCM code of Reference [12] was used to compute the pilot model. The 

parameters used in the MOCM model are shown in Table 4-1. The values are based on 

those given in Reference [48] for the roll axis. 
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Figure 4-2. Block Diagram for Single Axis Tracking Task. 

Table 4-1. MOCM Pilot Model Parameters. 
  

  

  

  

  

      

Parameter Value 

time delay 0.2 sec 

neuromuscular time constant 0.1 sec 

observation noise-to-signal ratio 0.01 

neuromotor noise-to-signal ratio 0.003 

command disturbance filter 13.31/(s?+2(0.7)(0.5)s+(0.52))     
The optimal MOCM cost function is assumed to be given by, 

J= {[o2. +d? |dt (4-1) 

where @eror is the bank angle error signal and 6, is the pilot aileron command input. The 

control rate weighting, p, is chosen to achieve the desired neuromuscular time constant as 

described in Reference [23]. Note that the error rate is retained in the observation vector 

but is not weighted in the cost function (4-1). 
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4.2 Identify Dynamic Elements Suspected of Contributing to PIO 

The next step in the closed-loop analysis is to identify those elements of the aircraft 

and stability augmentation system that are suspected of contributing to the potential for 

PIO. A block diagram of the M2-F2 lateral/directional flight control system is given in 

Figure 4-3. Since actuator rate limiting has been identified as a contributing factor in 

many previous PIO events, the rate limits of both the aileron and rudder actuators are con- 

sidered in the analysis. Command authority limits were placed on the pilot input as well as 

both the roll and yaw SAS commands. These command limits, together with the actuator 

rate limits, comprise a total of five nonlinear elements that are considered possible con- 

tributors to PIO. The rate and command limits are given in Table 4-2. 

Furthermore, since a mechanical aileron-to-rudder interconnect 1s needed to provide 

acceptable lateral/directional characteristics, it also poses a potential problem in terms of 

oscillation tendencies. This threat was recognized during the NASA fixed base simula- 

tions as depicted in Figure 4-4. Along with the aileron-to-rudder interconnect ratio, 

variations in the roll and yaw SAS gains are considered as linear elements of the vehicle 

suspected of contributing to undesirable oscillations. 

In addition to elements of the aircraft and SAS, variations in the pilot model parame- 

ters are also considered. The underlying concept of the closed-loop analysis is that a PIO 

resistant aircraft will remain stable in the face of variations in the pilot model. Since in- 

creased pilot gain is often associated with the occurrence of PIO, variations in the pilot 

gain are considered in the analysis. While variations in other pilot model parameters (such 

as pilot time delay) could be examined, only a variation in pilot gain is included in the 

analysis of the M2-F2. 
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Figure 4-3. Block Diagram of M2-F2 Lateral/Directional Control System. 
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Figure 4-4. Simulator Predicted Regions of Lateral Control Problems as a Function of 
Angle of Attack and Aileron-to-Rudder Interconnect Ratio [6]. 
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Table 4-2. M2-F2 Actuator Rate and Command Authority Limits. 

  

Actuator Rate Limit 

Aileron 30 deg/sec 

Rudder 22 deg/sec 

Command Authority Limit 

Pilot Aileron +10 deg 

Roll SAS +5.0 deg 

Yaw SAS +4.2 deg 

4.3 Construct Unified Analysis Diagram 

Those elements identified as possible contributors to PIO in Section 4.2 will now be 

isolated in a unified analysis diagram. The linear elements will be considered to have a 

multiplicative uncertainty as shown in Figure 3-2. The linear elements are the pilot gain 

(Kpitot), the roll SAS gain (K,), the yaw SAS gain (K,), and the interconnect ratio (Kj). 

The nonlinear elements (the three command limits and the two actuator rate limits) will be 

modeled with the equivalent gain representation of Figure 3-3 for the stability robustness 

analysis and with the complementary describing function representation of Figure 3-13 for 

the limit cycle analysis. The SIMULINK™ diagram used to define M(s) is given in Figure 

4-5. 

In the stability robustness analysis, the variation associated with the pilot and the 

variations associated with the roll and yaw SAS feedback channels can be considered as 

either linear variations in the pilot and feedback gains or as variations due to the saturation 

of the command limiters. The representation of the variations is identical in either case. 

Indeed, it is even possible to define a relationship in which the single variation can be con- 

sidered as a combination of a variation in the linear gain combined with a variation in the 

equivalent gain due to limiting of the nonlinear element - although that possibility will 
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Table 4-3. Inport/Outport Pairs for Unified PIO Analysis. 
  

  

  

  

  

  

    

Inport/Outport Pair Description of Dynamic Element 

1 Aileron Rate Limit 

2 Rudder Rate Limit 

3 Pilot Gain/Aileron Command Limit 

4 Roll SAS Gain/Command Limit 

5 Yaw SAS Gain/Command Limit 

6 Interconnect Ratio     
  

not be explored here. Instead, only the net effect of the variation in gain will be addressed 

regardless of whether the variation represents a linear or nonlinear effect. 

Associated with each uncertainty is an inport/outport pair. The inport/outport pairs 

and the corresponding dynamic elements under consideration are listed in Table 4-3. 

When the /inmod command 1s issued, a state-space representation of M(s) is returned 

having 6 inputs and 6 outputs. If it is desired to consider only a subset of the defined un- 

certainties, one need only to extract the relevant portions of the state-space model. If, for 

example, only the combined effect of an uncertain pilot gain in conjuncture with rate lim- 

iting of the aileron actuator is to be considered, then only the first and third inputs and 

outputs of the system M(s) are needed. 

4.4 Stability Robustness Analysis 

With the M-A construction complete, the structured singular value can be used to cal- 

culate the pertinent stability margins. As stated previously, when bounds are known to 

exist on a given variation, the corresponding uncertainty should be scaled to reflect this 

variation. If, for example, the roll SAS gain is known to vary by no more than 10% from 

the nominal value, then the scaling gain of 0.1 should be applied to the corresponding in- 

port/outport. This scaling ensures that as 6 varies from +1 to -1, the corresponding SAS 

gain ((1+.15)Kp) varies from (1- .1)Kp to (1 +.1)Kp; a variation of +10% from the nomi- 

nal gain. However since no such information is given for the M2-F2, an alternate ap- 
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proach is used. With all the scaling gains set to unity, the structured singular value for real 

parameter variations is used to estimate the single uncertainty stability margins for each of 

the six uncertainties. | 

The results of this single-variable analysis are presented in Table 4-4. A +1 or-lina 

column represents the “worst case” variation leads to an increase (+1) or decreases (-1) in 

the corresponding gain. A zero indicates the gain was not allowed to vary. The minimum 

of the structured singular value inverse (min(1/u,)) represents the size of the real parame- 

ter variation necessary before instability is possible. The frequency at which this minimum 

occurs is denoted @min. Also given in the table are the exact uncertainties (Sexact) necessary 

to cause instability and the corresponding critical frequency (@exact). AS in section 3.5.3, 

exact values are determined by computing the eigenvalues directly. The estimated stability 

margins are between 93% and 98% of the exact values. 

For those uncertainties with min(1/1,) < 1, the scaling gains are now set equal to the 

single uncertainty stability margin estimates. For example, the scaling gain on the pilot 

gain uncertainty import is set to k=0.6088 because the first row of Table 4-4 indicates 

min(1/u,) equal to 0.6088. This manipulation results in scaling the uncertainties to their 

single loop equivalent stability margins, with the exception of the uncertainties in the roll 

Table 4-4. Single Uncertainty Stability Margins for the M2-F2. 

  

  

  

  

  

  

    

Pilot | Aileron | Rudder | Roll | Yaw | Interconnect | Minimum |  Sexact min Wexact 
Gain| Rate | Rate | SAS|SAS Ratio (1/1) (tad/sec) | (rad/sec) 

] 0 0 0 0 0 .6088 .6315 5.55 5.92 

0 -1 0 0 0 0 857] 9032 | 4.11 2.93 

0 0 -1 0 0 0 6848 .7285 2.65 2.28 

0 0 0 -1 ) 0 1.7883 |1.9050 | 4.78 431 

0 0 0 0 | -1 0 1.0485 |1.0516 | 2.75 2.70 

0 0 0 0 0 -] 1325 1357 | 3.30 3.44                   
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and yaw SAS gains that are left at unity. Now, the effect of varying many parameters 

simultaneously can be considered with increased accuracy. 

The results of the stability robustness analysis for scaled parameter variations are given 

in Table 4-5. The stability margins given in this table represent margins that are subordi- 

nate to the single loop margins. Consider the case of varying pilot gain and the intercon- 

nect ratio simultaneously (row 5). The margin is given as 0.6586. This result means that 

the closed-loop system is guaranteed to remain stable as long as variations in both pa- 

rameters remain below 66% of the their corresponding single loop instability values. As- 

suming all other uncertainties are zero, if the pilot gain does not increase by more than 

0.6586*0.6088=40% and the interconnect ratio does not decrease by more than 

0.6586*0.1325=9%, the closed-loop system will remain stable. 

It is obvious that stability margins calculated for multiple uncertainties are greatly af- 

fected by the scaling gains. Therefore, when bounds on the model parameter variations 

are not known, this analysis can only be used to determine relative stability due to various 

combinations of uncertainties. Other researchers have used similar methods to reduce 

conservatism in structured singular value calculations [49]. With this reasoning, the re- 

sults of Table 4-5 can be viewed as a sensitivity analysis. 

Based upon a percentage from nominal and from the single uncertainty margins of 

Table 4-4, the interconnect ratio distinguishes itself as the parameter to which stability of 

the closed-loop system is by far the most sensitive. The pilot gain is a distant second. 

Since we are primarily interested in examining the stability of the system with respect to 

variations in the pilot model, all of the multiple uncertainty margins given in Table 4-5 

include a variation in the pilot gain. The first 5 rows of Table 4-5 show the results for 

varying only two parameters. Again, stability of the system is strongly affected by varia- 

tions in the pilot gain and the interconnect ratio (row 5). However, closed-loop stability is 

most sensitive to simultaneous variations in pilot gain and roll SAS gain (row 3). The next 

six rows (rows 6-11) show the results for varying three parameters simultaneously while 
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Table 4-5. Multiple Uncertainty Stability Margins for the M2-F2. 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Row | Pilot | Aileron | Rudder | Roll | Yaw | Interconnect | Minimum | Opin 

# |Gain |} Rate Rate | SAS | SAS Ratio (1/u,) (rad/sec) 
1 1 -1 0 0 0 0 6894 5.12 
2 1 0 -] 0 0 0 8196 6.30 

3 1 0) 0 -1 0 0 .6298 5.24 

4 1 0 0 0 -1 0 .6736 5.81 

5 1 0 0 0 0 -1 6586 3.01 

6 1 -] -1 0 0 0 6566 5.62 

7 1 | 0 -1 0 0 5235 5.06 

8 1 0 -1 0 -1 0 5506 2.88 

9 1 0 0 -] -1 0 4893 5.55 

10 ] -1 0 0 1 0 .3559 451 

11 1 0 -1 -] 0 0 .3879 5.62 

12 ] -1 0 0 0 1 .5539 3.79 

13 ] 0 -1 0 0 1 .5076 3.30 

14 ] 0 0 -1 0 -1 .4961 5.36 

15 1 0 0 0 -1 ] 4525 3.12 

16 1 -] 0 -\| 0 -1 4351 5.24 

17 1 -] -1 0 0 1 4662 3.34 

18 l 0 -] 0 | ] 3696 3.05 

19 1 -1 -1 -] -1 1 3277 3.08                     
  

keeping the interconnect ratio at its nominal value. The remaining rows show the results 

for varying pilot gain, interconnect ratio and selected combinations of other parameters. 

The results for varying pilot gain, aileron rate limit, and roll SAS gain (row 7) as com- 

pared with varying pilot gain, rudder rate limit, and yaw SAS gain (row 8) for the cases of 

constant (rows 7 and 8) and varying (rows 16 and 18) interconnect ratios are noteworthy. 

When the interconnect ratio is held constant, system stability is more sensitive to varia- 

tions in the aileron rate limit and roll SAS gain (min(1/u,) = 0.52 as opposed to 0.55). 

System stability is more sensitive to variations in the rudder rate limit and the yaw SAS 

gain when the interconnect ratio is allowed to vary (min(1/y,) = 0.37 compared to 0.44). 

Since the pilot command affects the rudder only through the interconnect ratio, this switch 

in sensitivity is understandable. Note also, the “worst case” direction of variation of the 

interconnect ratio is different for the two cases. 
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Another trend that can be found in Table 4-5 is that an increase in the interconnect 

ratio causes a decrease in the corresponding frequency. This trend is easily seen in com- 

paring the first four rows to rows 12 through 15. A last trend to note is perhaps the most 

obvious. Namely, the stability margins decrease as any single parameter is added to an 

already existing combination. The stability margin for varying pilot gain, aileron rate limit, 

and roll SAS gain (0.5235) is less than the stability margin for varying only pilot gain and 

aileron rate limit (0.6894), or only pilot gain and roll SAS gain (0.6298). 

4.5 Multivariable Describing Function Analysis 

The stability robustness analysis of the previous section produced guaranteed stability 

bounds. That is to say, as long as the given parameters stay within the bounds, the closed- 

loop system will remain stable and will not limit cycle. However, the structured singular 

value analysis yields little information about the behavior of the instability when the 

bounds are breached. Also, since the variations of the equivalent gains representing the 

nonlinearities are input amplitude dependent, it is more difficult to ascertain if these 

bounds will be breached by the operating pilot/aircraft system. To provide further insight 

into the system behavior, a describing function analysis is performed to identify the exis- 

tence of any limit cycles. A limit cycle can only exist when either the pilot, aircraft, or 

both include nonlinear elements. For the M2-F2 example, the pilot is assumed to be rep- 

resented by the linear MOCM pilot while the aircraft is assumed to contain the five iso- 

lated saturation nonlinearities listed in Table 4-2. 

With the system cast in the standard M-A form, the numerical methods of Section 

3.6.2 can be used to search for the existence of limit cycles. The limit cycle search is a 

search for the input signals to the nonlinear elements of the form of equation (3-15) that 

solve the harmonic balance equation (3-17). This search can include many of the same 

variations as the stability robustness analysis. The results of considering all five nonline- 

arities in conjunction with a variation in pilot gain and a variation in the interconnect ratio 

will be presented here. The pilot gain and interconnect are suspected of contributing to 
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the oscillation tendencies as indicated by the results of the stability robustness analysis of 

the previous section. The results of the initial limit cycle search are given in a set of three 

tables. Each table contains limit cycle solutions over a range of pilot gains for a single 

value of the interconnect ratio. 

In addition to the input signals to the nonlinear elements, which are a direct result 

of the solution of Equation (3-17), the magnitudes and phases of the other signals in the 

feedback loop may be of interest. In the case of the M2-F2, the bank angle response () is 

a good indicator of oscillation severity. When other such signals are desired, they may be 

approximated by standard block diagram manipulation. Figure 4-6 shows the relationship 

between the bank angle response and the input signals to the actuator rate limiting non- 

linearities. With the input signals represented by, 

x, (t) = a sin(ot + 6.) (4-2) 

x, (t) = a sin(ot + 9) (4-3) 

The steady state bank angle output is given by, 

o(t) = a,|G, Go)|sin(ot +6, + ZG, G@)) +o, 

= a,sin(ot + 8,) 

  G, (o)|sin(ot +8, + ZG, (j@))   (4-4) 

where G, and G, are as indicated in Figure 4-6, and the magnitudes and phases are to be 

calculated at the limit cycle solution. N, and N, are SIDF representations of the satura- 

tion nonlinearity (ot the complementary dead-zone nonlinearity). The bank angle output 

phase and amplitude can then be given as, 

G 
6, = an( : 

G, 

        
sin(®, + ZG,) +a, 

cos(9, + ZG,) +a, 

Q, 
  

G,|sin(0, + =) (4-5) 
G,| cos(@, + ZG_)       a, 

G,|sin(@, + ZG,)+a, 

sind, 

cos(8, + ZG,) +a, 

cosO, 

G,|sin(8, + ZG,)         Qa, 
  

(4-6) 
    

cos(8, + ZG_) 
  G,   _ Qa, G, 
  

The bank angle results, as calculated above, are also included in the tables. 
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Figure 4-6. Steady-State Bank Angle Output Due to Sinusoidal Inputs. 

Table 4-6 gives the results for the nominal interconnect ratio of 0.45. The table shows 

that limit cycle solutions exist for the given range of pilot gains. These solutions are char- 

acterized by a high degree of aileron saturation. The input to the aileron rate limiter has 

an amplitude between five and nine times the limit value. The only other limited saturation 

element is the pilot’s aileron command. The commanded input is between one to two 

times the command limit. The remaining elements are not saturated. The solutions all 

oscillate at a frequency of approximately 4 rad/sec. The limit cycle solutions are predicted 

to be stable (do/dA;<0) for pilot gains greater than or equal to 1.5 times the nominal gain. 

The solutions are predicted unstable at lower pilot gains. For this nominal value of the 

interconnect ratio, the bank angle amplitude of the predicted limit cycles is seen to be on 

the order of two degrees. 

From the stability robustness analysis, the gain margin for varying pilot gain only was 

found to be 1.6. The stable limit cycles predicted in Table 4-6 exhibit soft self-excitation 

for pilot gains greater than this margin and hard self-excitation for pilot gains below the 

margin. In fact, all stable limit cycles found for the M2-F2 with MOCM pilot models 
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follow this trend. Namely, soft self-excitation is observed when the parameters are set 

such that the stability margins of the linear system representation are violated. 

The effect of varying interconnect ratio on the predicted limit cycle can be seen in Ta- 

bles 4-6 through 4-8. As shown in Table 4-7, lowering the interconnect ratio to 0.375 

causes the bank angle amplitude and the frequency of the oscillation to increase slightly. 

Stable limit cycle solutions are predicted for lower pilot gains than with the nominal inter- 

connect ratio. As the ratio is increased to 0.525 (Table 4-8), the predicted bank angle 

amplitude increases to approximately 10 degrees and the frequency decreases to under 3 

rad/sec. For the increased interconnect ratio, stable limit cycles are predicted for the en- 

tire range of pilot gains. 

A graphical representation of the limit cycle solutions for varying interconnect ratio 

and a fixed pilot gain of twice the nominal gain is given in Figures 4-7 and 4-8. Figure 4-7 

shows the frequency of the oscillation decreases slightly as the interconnect ratio is in- 

creased. The bank angle amplitude is seen to be a minimum at the nominal interconnect 

ratio of 0.45. The bank angle amplitude increases slightly as the interconnect ratio is de- 

creased from its nominal value. As the interconnect ratio is increased from the nominal 

value, the bank angle amplitude grows rapidly. Recall, these trends were also exhibited in 

the stability robustness analysis. 

The corresponding input amplitudes to the nonlinear elements are shown in Figure 4-8. 

The input amplitudes are scaled such that values greater than unity indicate saturation of 

the limiters. The input amplitude to the yaw SAS command limiter and the input ampli- 

tude to the rudder rate limiter are always less than unity; indicating that these elements are 

not saturated during the limit cycles. The input amplitude to the aileron command limiter 

and the input amplitude to the aileron rate limiter are always greater than unity; indicating 

that these elements are saturated during the limit cycles. The input amplitude to the ai- 

leron rate limiter generally decreases with increasing interconnect ratio. The input ampli- 

tude to the aileron command limiter is a minimum at the nominal interconnect ratio and 

follows the same trend as the bank angle amplitude. 

4 Unified PIO Analysis of the M2-F2 71



 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

  
  

  
  

  
  

 
 

  

L100 
L67l 

SOI 
€ 

9 oll 
6S1 

0 
O9EI- 

| 
O8S'0 

0°9L- 
OIOT 

|
 

¢ 
BLT 

|
 
PLLO 

|
 
6884 

|
 

9F09 
| 

ODOT 

Tt00 
SIE 

L882 
Vcll 

ssl 
0 

6cet- 
|
 
Sooo 

T¢l- 
6
0
0
 T 

| 
TLLT 

|
 
€8L0 

| 
[96h 

| 
9619 

| 
OTT 

700 °0 
Leet 

0692 
¢ SO! 

£91 
0 

COEI- 
| 

T
E
S
 oO 

v @L- 
8
0
0
 T 
|
 
8SLT 

| 
p6L0 

|
 
CTOS 

|
 

CHES 
| 

OCT 

060 
0- 

T 9OET 
B
E
L
T
 

€ 
POl 

PLI 
0 

T
L
é
I
-
 
|
 
P
e
s
o
 

¢°89- 
9
6
0
 T 

|
 

8 SLT 
|
 
C
0
8
0
 
|
 

S0O6h 
|
 
O
2
E
L
 
|
 

OET 

8LT 
0- 

eLel 
C1672 

6 901 
6L1 

0 
6 ScI- 

|
 
I
s
s
 0 

6 $9- 
PSTT 

|
 
9OLT 

| 
1080 

| 
19Lb 

|} 
IS@8 

| 
OFT 

0£€7 0- 
8 LEI 

866 
Z 

T3801 
T810 

CScI- 
| 

6¢¢9°0 
9'79- 

v
s
e
 tT |

 
69LT 

| 
0080 

|
 
c69b 

|
 

OFLB8 
| 

OST 

897 
0- 

T 8&1 
CCO'E 

0
6
0
1
 

£
8
1
0
 

8 Prcl- 
|
 
9
S
 0 

8 £9- 
0
S
 

I 
TLLT 

|
 
0
0
8
0
 
|
 
8
h
9
 bh 
|
 

T
S
O
6
 
|
 

OOT 

6672 
0- 

Py 8el 
C60 

€ 
¢ 601 

pst 
oO 

O'pcl- 
| 

LOGO 
c £9" 

O79OT 
|
 
ELLT 

|
 
6620 

| 
LI9P 

|
 

8876 
| 

OLI 

¥cE 
0- 

C8El 
9CIE 

OOrT 
C810 

brcl- 
|
 
O
L
S
 0 

Lt9- 
c
e
l
 t |

 
bLLI 

|
 

6620 
|
 
6
S
 Ph |

 
OLHS 

| 
O8T 

Cre 
0- 

LS8el 
OST 

E 
PF Oll 

C
8
1
0
 

C bcl- 
CLS 

0 
€79- 

v
r
s
 I 

|
 

SLLI 
8
6
L
0
 
|
 

S
Z
S
r
 
|
 

S
1
9
6
 
|
 

O6T 

£9€ 
0- 

8 8el 
OLTE€ 

90IT 
9810 

Lpzi- 
| 

Pleo 
1 79- 

p
s
6
 1 

| 
OLLI 

| 
8620 

|
 
O
9
8
 F | 

TELE 
| 

002 

(0 > J 
>194e1S) 

(#p) 
(2p) 

(32p) 
opnitidury 

(2p) 
apnatjdury 

(2p) 
oprutdury 

(82p) 
opratdury 

| 
(99sypei) 

| 
spnotjdury 

'VP/OP 
oseud 

apraydury 
aveud 

P2Te9S 
aseyg 

Prye2s 
aseud 

P2229 
aseug 

prqeos 
Aouanba1j 

pajeos 

ANTIqeIS 
asuodsay 

JOU] 
SVS 

JWUNT 
SVS 

| 
JowuNy] 

pueunuoy | 
soy] 

e
y
 

JomUNT 
yey 

|
 

uTeH 
p
o
o
r
p
a
l
g
 

o
|
s
u
y
 
y
u
R
g
 

M
P
 
X 

0} 
ynduy 

O
y
 

03 
n
d
u
y
 

JO]Ig 
0} 

ynduy 
J
o
p
p
n
y
 

0} 
jnduy 

|
 
u
o
i
s
r
y
 

0} 
n
d
u
y
 
|
 

J
O
T
I
 

  
  

  
  

  
  

    
 
 

(
S
L
E
 

O= 
NM) 

O
R
Y
 

DoUUODIAJUT 
pasesId9q 

JO} 
SUOIINJOS 

a]94z_ 
W
U
]
 

*L-p 
9IqUT, 

72 4 Unified PIO Analysis of the M2-F2



 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

  
  

  
  

  
  

 
 

    660 
0- 

0 £9 
ELE 

8 
9 

1PC 
8I1 

0 
¢S6l- 

|
 

07060 
b v6" 

Icec 
|
 
OSLT 

|
 
LH8O 

|
 

PO8T 
|
 
0
9
9
 F 
| 

ODOT 

cOI 
O- 

¢ C9 
9188 

6 
EPC 

611 
0 

8S6I- 
|
 
9660 

Leo- 
|
 
O
O
 

|
 
GLLI 

|
 
8
8
0
 
|
 
69Lc 

|
 
cSOS 

|
 

OTT 

LOI 
0- 

Tc9 
8116 

b oPC 
611 

0 
[T96T- 

|
 

[860 
€ €67 

C
9
6
 C 
|
 
SLLI 

|
 

8P8O 
|
 

OFLC 
| 

EIES 
|
 

OCI 

801 
0- 

619 
9EE6 

€ OPC 
0cI 

0 
€96I- 

|
 

8660 
0 £6- 

COTE 
|
 
SLLI 

|
 
8P8O 

| 
T
E
L
 
|
 

86F¢S 
|
 

OFT 

061 
0- 

8 19 
[6 

6 
CLEC 

OcI 
0 

b96I- 
|
 

OLOT 
6 C6" 

p
o
s
 € 
|
 
LLLI 

|
 

8¥80 
|
 
OTL? 

|
 

OC9'S 
|
 

OFT 

0¢c 
0- 

L 19 
+096 

8 LPC 
OCT 

0 
¢96I- 

|
 
610T 

L C6" 
Orse 

|
 
LLLI 

|
 
8
8
0
 
|
 

CILZ 
|
 

ECOL S 
|
 

OST 

60€ 
0- 

¢ 19 
c69 

6 
C 8bC 

0cI 
0 

C96I- 
|
 
97OT 

9°76" 
cclb 

|
 
LLLI 

|
 

8P80 
|
 
9OLC 

|
 

POLS 
|
 

O9T 

LOE 
0- 

¢ 19 
€9L 

6 
C
8
7
 

Oz1 
0 

996I- 
|
 

cEOT 
¢ C6" 

cope 
|
 
LLLI 

|
 

8h80 
|
 

1OLC 
|
 

II8¢ 
|
 

OLT 

CCP O- 
b 19 

0
8
 

6 
8 8PC 

OcI 
0 

996I- 
|
 
9E0T 

¢ C6- 
6L9b 

|
 
LLLI 

|
 

8h80 
|
 

L697 
|
 

6FBS 
|
 

OFT 

C8 
0- 

p19 
L986 

LT 6r7 
0cI 

0 
996I- 

|
 

OVOT 
v 76" 

9c6b 
|
 
DLLT 

|
 
8
8
0
 
|
 
F697 

|
 

GLEE 
|
 

O6T 

cpo 
0- 

€ 19 
L066 

C OFC 
O21 

0 
L96I- 

|
 

eroTl 
¥ C6" 

l€c¢ 
|
 
OLLI 

|
 
8h80 

|
 

1697 
|
 

S06¢S 
|
 
007 

(o> 
st 19S) 

(20p) 
(#2p) 

(32p) 
oprayduny 

(32p) 
opratdury 

(32p) 
apriyjdury 

(32p) 
sprayduny 

| 
(oas/pez) 

|
 

sprordury 
‘vP/OP 

eseud 
|
 

epnatdury 
ostud 

pajeos 
aselid 

pareog 
oseyd 

pejeos 
oneud 

pajess 
| 

Aouanbasy | 
paieas 

ANTIGEIS 
asuodsoy 

J
o
u
]
 

SVS 
JoyUNn’y 

SVS 
JOMUN'] 

PuUeUTWOT) 
J
O
U
]
 

97k Y 
JOWUN'T] 

9eY 
ure) 

p
o
p
e
 

g[suy 
yueg 

M
B
X
 

O} 
ynduy 

[Oy 
0} 

ynduy 
JO[Ig 

0} 
Induy 

Joppny 
0} 

jnduy 
| 

uossry 
0} 

nduy 
| 

joTIg 
  

  
  

  
  

    
 
 

‘(SZS O= yD 
O
N
Y
 

JODUUODIOIU] 
pasea1dU] 

JOJ 
SUOTNJOS 

9[9AD 
HUNT 

“g-p 
9[qUL 

73 4 Unified PIO Analysis of the M2-F2



  
  

14.0 1 

|| —v— Frequency (rad/sec) /| 

12.0-| _.— Bank Angle Amplitude (deg) 
  

    
  

  10.0- 

  8.0 

  6.0- 

  

4.0 - ———   

Fr
eq

ue
nc

y 
an
d 

Ba
nk

 
An

gl
e 

  2.0 

            0.0 q q ¥ r 7 T ' t J qT ' ‘ 

0.35 0.40 0.45 0.50 0.55 

interconnect Ratio 
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Figure 4-8. Predicted Input Amplitudes to the Saturation Elements. 
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All predicted limit cycles indicate rate limiting of the aileron actuator as well as limit- 

ing of the pilot’s command input. The only other limiting observed was that of the roll 

SAS command when the interconnect ratio was increased above 0.52. This analysis 

shows the importance of the aileron rate limit and the pilot’s command authority limit on 

predicted oscillation events. From this analysis, it would seem reasonable that the non- 

linearities associated with the rudder rate limit and the yaw SAS could have been ne- 

glected. 

The preceding analysis reveals the existence of limit cycles as solutions to the har- 

monic balance equation. Computer simulation of the closed-loop pilot/vehicle system can 

then be used to verify the results when stable limit cycles are predicted. Figure 4-9 shows 

the bank angle response for the three interconnect ratios given in Tables 4-6 through 4-8. 

The pilot gain in each case set to twice its nominal value. This plot generally confirms the 

predicted frequency and amplitude data given in the tables. However, for the larger inter- 

connect ratio, the bank angle amplitude is almost twice that predicted. Keeping in mind 

that the describing function analysis is an approximation, and remembering the bank angle 

amplitude begins to increase sharply at large interconnect ratios, the discrepancy is under- 

standable. Figure 4-10 shows the closed curve on the bank angle-bank angle rate phase 

plane that is characteristic of a stable limit cycle. 

For a given set of parameter values, there may be more than one limit cycle solution. 

Table 4-9 shows another set of solutions for varying pilot gain while maintaining the 

nominal interconnect ratio. Figure 4-11 shows a comparison of the fréquencies and bank 

angle amplitudes for the alternate solution set of Table 4-9 and the initial solution set of 

Table 4-6. The alternate solution set is characterized by large bank angle amplitudes (80 

degrees) and low frequencies (1.2 rad/sec). Also, the alternate solution set shows a criti- 

cal path of pilot command limiting and roll SAS limiting. Recall that the initial solution set 

indicates limiting of the pilot command and the aileron rate signals. 
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Solid Lines = Initial Solution Set, Dotted Lines = Alternate Solution Set 
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Figure 4-11. Comparison of Limit Cycle Solutions. 

The alternate solution values agree much better with the flight data that indicates bank 

angle amplitudes greater than 50 degrees at a frequency of approximately 1.6 rad/sec. The 

NASA six-degree-of-freedom simulation data for aileron only pilot control indicates bank 

angle amplitudes near 80 degrees at a frequency of 1.3 rad/sec [6]. These values were 

also confirmed in pilot-in-the-loop simulations at Virginia Tech. While these values agree 

well with those in Table 4-9, a computer simulation of this predicted limit cycle could not 

be confirmed using an analytical pilot model. The phenomena of hard self-excitation is the 

suspected culprit. 
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4.6 Summary 

The stability robustness analysis of the M2-F2 confirmed that the interconnect ratio, 

aileron rate limit, and pilot gain have a significant affect on the closed-loop system stabil- 

ity. The analysis also indicates rudder rate limiting has an impact. However, no pilot rud- 

der input is considered and therefore, it is unlikely that the rudder rate limit will be 

reached. In particular, it was shown that closed-loop stability is very sensitive to the value 

of the interconnect ratio. 

The describing function analysis shows that self-sustaining oscillations of the pi- 

lot/aircraft system are possible for parameter variations within the range of interest. Fur- 

thermore, the character of these oscillations changes when the parameters are varied. 

These trends were established through both the stability robustness and the limit cycle 

analyses. The predicted oscillations that could be confirmed in unmanned simulations (i.e., 

computer simulations containing analytical pilot models) do not agree well with those ex- 

perienced in flight. However, an alternative set of harmonic balance solutions, that could 

not be confirmed using unmanned simulations, did result in characteristics very close to 

those experienced in flight and in manned simulation studies at NASA and at VPI. 
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5 Conclusions and Recommendations 

The most significant contribution of this research is the unification of stability robust- 

ness and multivariable describing function analysis methods to examine the stability of 

closed-loop systems with isolated nonlinear elements. A structured approach is developed 

that allows the limit cycle behavior of a nonlinear system to be examined based on the 

unified analysis diagram. This method has strong ties with the well established framework 

of stability robustness methods. When applied to the study of PIO, this analysis theory 

shows significant promise and warrants continued development. It can handle many si- 

multaneous dynamic effects in a systematic way and can be used to isolate any combina- 

tion of dynamic elements that are suspected contributors to the occurrence of PIO. 

The M2-F2 example demonstrates how several individual dynamic effects can be ana- 

lyzed simultaneously. In this case, the combined effect of five separate nonlinearities and 

two linear parameter variations are studied. While the PIO tendency of the M2-F2 is most 

likely caused by poor flying qualities, a unified PIO analysis shows exactly which dynamic 

elements of the aircraft couple with the pilot dynamics to cause oscillations. The analysis 

results show the PIO amplitude and frequency that occurred during flight testing and pi- 

loted simulation of the M2-F2 can be accurately predicted assuming a MOCM pilot model 

and simultaneous limiting in the pilot command and roll SAS feedback channels. 

However, two distinct families of limit cycle solutions were obtained using the MOCM 

pilot model. The lower frequency (1.2 rad/sec) solution family agrees well with the flight 

test and piloted simulation data. However, only the higher frequency (4 rad/sec) solution 

family could be confirmed with unmanned computer simulations. The oscillation frequen- 

cies for the two families differ by a factor of approximately three. That is, one family ap- 

pears to be a supetharmonic of the other. It is possible that modification to the MOCM 

model, or use of a different pilot model, might predict a single set of limit cycle solutions 

that can be duplicated in unmanned simulations and that agree well with the flight test and 

piloted (manned) simulation data. Furthermore, the resulting behavior of a system for 
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which more than one stable limit cycle solution is predicted should be considered in future 

research. The use of alternate describing functions, such as the two sinusoid input de- 

scribing function (TSIDF), may yield some insight into understanding the behavior of sys- 

tems for which the SIDF predicts multiple stable limit cycle solutions [40]. 

Another remaining research question, possibly related to the issue of multiple limit 

cycle solutions, focuses on the existence of soft and hard self-excitations of predicted limit 

cycles. A hard self-excitation requires application and removal of an external input to 

yield a sustained oscillation. Although both random and deterministic input signals of 

various waveforms were employed, none of the limit cycle solutions that agreed with the 

flight test data could be confirmed in unmanned simulations. Continued investigation of 

the hard self-excitation phenomenon is also important because it might shed light on the 

fact that some PIOs occur even after the aircraft has been in the fleet for several years. 

A final remaining research question relates to the study of which pilot model parame- 

ters should be varied and to what degree they should be varied. Although not reported 

here, variations in pilot gain, time delay, and lead/lag time constants were studied during 

the course of this research. While pilot gain variations seemed to provide the best PIO 

predictions, there is sufficient evidence to warrant further investigation of other parame- 

ters. At this point, it seems logical that variations in pilot gain and time delay will figure 

prominently in future analyses. However, more research needs to be conducted to deter- 

mine extent of the variations to consider. 

Since acceptable ranges of the parameter variations have not yet been established, it 

would be premature at this point to make any concrete assertion as to PIO proneness of 

any single vehicle based on the current analysis. Analysis of other known PIO-resistant 

and PlO-prone aircraft is needed to establish more definite design guidelines. Unfortu- 

nately, there is no adequate database of the Category IJ and Category III PIOs at which 

this research is aimed. 
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