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Macroeconomic Forecasting: Statistically Adequate, Temporal

Principal Components

Brian Arthur D’Orazio

(ABSTRACT)

The main goal of this dissertation is to expand upon the use of Principal Component Anal-
ysis (PCA) in macroeconomic forecasting, particularly in cases where traditional principal
components fail to account for all of the systematic information making up common macroe-
conomic and financial indicators. At the outset, PCA is viewed as a statistical model derived
from the reparameterization of the Multivariate Normal model in Spanos (1986). To moti-
vate a PCA forecasting framework prioritizing sound model assumptions, it is demonstrated,
through simulation experiments, that model mis-specification erodes reliability of inferences.
The Vector Autoregressive (VAR) model at the center of these simulations allows for the
Markov (temporal) dependence inherent in macroeconomic data and serves as the basis for
extending conventional PCA. Stemming from the relationship between PCA and the VAR
model, an operational out-of-sample forecasting methodology is prescribed incorporating
statistically adequate, temporal principal components, i.e. principal components which cap-
ture not only Markov dependence, but all of the other, relevant information in the original
series. The macroeconomic forecasts produced from applying this framework to several,
common macroeconomic indicators are shown to outperform standard benchmarks in terms

of predictive accuracy over longer forecasting horizons.



Macroeconomic Forecasting: Statistically Adequate, Temporal

Principal Components

Brian Arthur D’Orazio

(GENERAL AUDIENCE ABSTRACT)

The landscape of macroeconomic forecasting and nowcasting has shifted drastically in the
advent of big data. Armed with significant growth in computational power and data collec-
tion resources, economists have augmented their arsenal of statistical tools to include those
which can produce reliable results in big data environments. At the forefront of such tools
is Principal Component Analysis (PCA), a method which reduces the number of predictors
into a few factors containing the majority of the variation making up the original data series.
This dissertation expands upon the use of PCA in the forecasting of key, macroeconomic in-
dicators, particularly in instances where traditional principal components fail to account for
all of the systematic information comprising the data. Ultimately, a forecasting methodol-
ogy which incorporates temporal principal components, ones capable of capturing both time
dependence as well as the other, relevant information in the original series, is established.
In the final analysis, the methodology is applied to several, common macroeconomic and
financial indicators. The forecasts produced using this framework are shown to outperform

standard benchmarks in terms of predictive accuracy over longer forecasting horizons.
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Chapter 1

Introduction

1.1 Background

Principal component analysis (PCA) is one of the most commonly utilized techniques for
reducing the number of dimensions in a dataset, with earliest known applications dating
back to Pearson (1901) and Hotelling (1933). Initially, the use of PCA was quite limited,
as principal components are constructed from the decomposition of the variance-covariance
matrix, which requires the computation of matrix determinants, characteristic polynomials
and eigenvalues/eigenvectors (Anderson, 2003). However, despite initial drawbacks, the
demand for tools which allow for the analysis of many predictors has grown as an increasing
amount of data has become more readily available. Studies which utilize high dimensional
datasets, where the number of predictors exceeds the number of observations, often face
what is referred to as the “curse of dimensionality,” a situation where standard statistical
techniques are rendered ineffective (Bellman, 1961). PCA is especially relevant in these
environments, as reducing the dimensionality of large datasets to a few, key factors is its

main purpose.

In macroeconomics, while the idea of using the common variation among different data series
to create a general index which captures business cycles has existed since Burns and Mitchell
(1946), it was not until the seminal papers Sargent and Sims (1977) and Geweke (1977) that

a formal framework for dynamic factor models (DFM) was created. Since then, the advent

1



2 CHAPTER 1. INTRODUCTION

of “big data” and an increased ease of access to thousands of macroeconomic and financial
data series has spurred a subsection of econometric literature solely dedicated to these models
and their relation to macroeconomic forecasting; see Stock and Watson (2016). However,
principal components remain at the core of the many such models as one of the primary
methods for consistent estimation of the underlying latent factors (Bernanke et al., 2005,
Stock and Watson, 2002b). See Barigozzi et al. (2019) for a recent example of a generalized

dynamic factor model which utilizes dynamic principal components in its estimation.

The focus of this research is to create a formal forecasting framework where principal com-
ponents can capture the characteristics inherent in many macroeconomic time series. Ul-
timately, the fundamental goal of this dissertation is the establishment of a statistically
adequate principal components model, one which takes it account all of the systematic infor-
mation in the dataset. To accomplish this, the traditional definition of principal components
in this dissertation is extended to account for temporal dependence using a link between PCA
and the Normal Vector Autoregressive (VAR) model, following Solat (2018) and Solat and
Tsang (2021). These “temporal” principal components differ from existing Dynamic PCA
found in Barigozzi et al. (2019), Brillinger (1981), which form principal components based
on spectral analysis in the frequency domain. Such dynamic principal components, however,
assume that the series are stationary from the outset, making them largely inapplicable for

macroeconomic data.

1.2 Overview of Chapters

This dissertation is organized as follows. In order to understand the logic behind the temporal
principal components at the end of the dissertation, the remainder of this chapter is dedicated

to shedding light on the traditional definition of principal components and drawing out the
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connection between PCA and the simple, Multivariate Normal model found in Spanos (1986).

Chapter 2 reviews the model-based frequentist approach to inference discussed in Spanos
(2021) and explores the effects of statistical mis-specification in the context of Vector Au-
toregressive (VAR) models. This is particularly relevant, as the temporal principal compo-
nents are derived via a connection to the VAR model. Through simulation, it is shown that
statistical mis-specification of the VAR model can lead to misleading inferences, where the

nominal and actual error probabilities substantially differ.

Chapter 3 formally introduces the Normal, Temporal Principal Components model, where
the estimated principal components capture information on time dependence. A forecasting
methodology emphasizing statistical adequacy is then designed around these principal com-
ponents, and forecasts are estimated for commonly used macroeconomic data series. The
out-of-sample forecasts generated from the statistically adequate model are shown to out-
perform models which neglect statistical adequacy, such as the FAVAR (Bernanke et al.,
2005).

Chapter 4 provides a summary of the dissertation contributions alongside a discussion on

future extensions.

1.3 The Traditional Perspective on Principal Compo-

nents

1.3.1 Multivariate Normal Model Specification

In order to understand the traditional perspective of principal components, one must first

understand and fully describe the Multivariate Normal model; the link between the two will
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become clear when defining principal components. Let {Z;,t € N} be a vector stochastic

process, where each random vector Z; is of length (k x 1). Specifically,

Xy
Xoy

N
I

Xkt

where the random variable X, in this context, will denote the macroeconomic predictor of

interest ¢ at time ¢. Moreover, assume that

E(Xy1)

K,

which is also a vector of length (k x 1). The (k x k) contemporaneous variance-covariance

matrix, Cov(Z;) = E((Zy — p)(Z; — ) 7)), is defined as:

Var(Xi,) Cov(Xy ¢, Xoy)

Cov(Xas, X Var(X.
Con(zy — | (e X0 (X20)

_COU(Xk,t, Xl,t) COU(Xk’t, Xgﬂg)

OOU(XLt, Xk,t)
COU (X27t, Xk,t)

Var(Xy.)

i
t

Note that here it is assumed that the variance-covariance matrix is positive definite. To

illustrate the full model specification of the Multivariate Normal model, complete with a

set of testable model assumptions, this section will utilize the probabilistic reduction (PR)
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approach in Spanos (2019a). This approach first requires the partitioning of the space of
possible statistical models using three, broad categories of assumptions, namely (i) Distribu-
tion, (ii) Dependence, (iii) Heterogeneity. More information on this reduction can be found
in Chapter 2, which delves deeper into the model-based frequentist approach to inference, as
well as the definition and role of the probabilistic reduction approach. For the Multivariate
Normal model, the stochastic process {Z;,t € N} is assumed to be (i) multivariate normal,

(ii) Independent(I), (iii) Identically distributed(ID).

These assumptions ultimately simplify the joint distribution of the sample, D(Zy, Zs, . .., Z,),

as shown below:

n n

D(Zy, 2o, .., T ) = [ [ DuZs ¢) = [ [ D(Zs; 8).

t=1 t=1

For notation clarification, the distribution ‘D’ is a generalization meant to represent either
the probability density function or cumulative distribution function. When deriving the
log-likelihood function in the subsequent section, the notation for the probability density
function will be specified using the conventional notation. Hence, the joint distribution is
simply the product of the distributions of each Z;.! Under normality, the reduction implies

that:

7 " X 00 ...0

Y: NN l_l,y: 7Zy:
Z., m 0 00 >

1n this particular setup, ¢ := (u, X).
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where p, is a vector of length (nk x 1) and X, is a block diagonal matrix of size (nk x nk).
Given the assumptions above, the reduction simplifies to the statistical model in Table 1.1

(Spanos, 1986). In other words, the reduction shows that for ¢t € N, Z, ~ NIID(u, X).

Table 1.1: Multivariate Normal Model

Statistical GM:  Z; = p+u,t € N|
Normality: Z,~ N(.,.)
Constant Mean: E(Z;) = p
Constant Covariance: Cov(Z;) =X

OO

Independence: Z, is an independent process

Note that in Table 1.1, u; ~ N(0,3).

1.3.2 Maximum Likelihood Estimation

To derive the Maximum Likelihood Estimators of ¢ := (u, X), first observe that the proba-

bility density function of Z; from the reduction is assumed to be multivariate normal, i.e.:

CEiayl 1 _
F9) =202l e (-2 - )87 2 ).
Thus, the the likelihood function for the sample takes the form:

T

L Y) o [ £(Zi: ) = [[ 2 5151 e (—%(zt — =z, - m)

t=1

T
1
= 2777 B[ Texp (—5 Y (2 —p)' 2N Z - u)) 7

t=1
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where |X| denotes the determinant of 3. Hence, the log-likelihood function is:

T
logL(: Y) = 2 log(2) —  los(|S3)) - %Zm WS )

> (Zi— ) SN2 — ).

T
=c— —log X)) —

l\')l»—t

Since it is assumed that ¥ is invertible, the log likelihood function can be rewritten as:

Z (Zt ).

t=1

T
logL(v;Y) =c+ —log |3t

N)I»—l

Taking partial derivatives and setting them equal to zero yields the maximum likelihood

estimators:

OlogL(y;Y) _

dlogL(y;Y) T lzT:
ox~t 2 2

T
= Y MLE = Z — foarre)(Ze — farp)”

Thus, the Maximum likelihood estimation reveals that the MLE for ¢ = (u,X) take the

following forms:
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i.e. the sample mean and sample variance, respectively; see Spanos (1986) for further expla-

nation on the derivations.?

1.3.3 The Normal Principal Component Model

The Normal Principal Components model is specified as a re-parameterization of the Multi-
variate Normal model above. Hence, consider the (k x 1) random vector Z; defined during
the discussion of the simple Multivariate Normal model. Reflecting the earlier setup, let
E(Z;) = p and Cov(Z;) = E((Z; — p)(Z; — p) ") = . The primary aim of principal com-
ponents is to reduce the number of dimensions in the dataset while also retaining as much

of the variability in the original dataset as possible (Jolliffe, 2002).

Assuming that the contemporary covariance matrix 3 is positive definite and symmetric, it

follows that the matrix admits a spectral decomposition of the form:

¥ =TAT", (1.1)
where A = diag(Ay > Ay > -+ > A\ > 0) denotes the ranked eigenvalues of ¥ and
I':= (7,79, ---»7e) 18 @ (kK X k) matrix whose columns consist of orthonormal eigenvectors

corresponding to the ranked eigenvalues. One then selects the first p,p < k eigenvectors

to form linear combinations with the demeaned, random vector, i.e., formulates the first p

2The simplification of the MLE for the variance-covariance matrix uses properties of invertible and sym-
metric matrices. As shown in Greene (2018), since it is assumed that X is invertible and symmetric,

dlog|= 71|

C1v—1N\ T
Moreover, it can be shown that:
oxT Ax T
= XX

0A ’

where A is a symmetric matrix and x is a column vector.
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principal components:

C = I‘;(Zt — 1) (1.2)

When normality is imposed:

C; ~ N(0,A,).

Similar to the specification in Solat (2018), the Normal Principal Components model is
described in Table 1.2 below, along with the corresponding probabilistic assumptions. Note
that the error term, denoted as u;, includes the approximation error, which stems from the

exclusion of certain principal components.

Table 1.2: Normal Principal Components Model

Statistical GM: C; = I‘;(Zt — W) + uy,

[1] Normality: C,~ N(,.)

[2] Linearity: E(C,) = I‘;(Zt — ),

[3] Constant Covariance: Cov(C;) = A,

[4] Independence: {C,,t € N} is an independent process
[5] t-invariance: 0 = {p,A,,T',} does not change with ¢

For more information regarding the conventional approach to specifying principal compo-
nents, see Jolliffe (2002) or Anderson (2003). The authors of the respective books thoroughly
discuss the process of defining principal components through the lens of a constrained opti-
mization problem, where the objective function being maximized is the variance of v, (Z;— )

subject to v,/ v, =1, fori =1,... k.
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1.3.4 Estimation of Principal Components

Under the normality assumption, the derivation of the Maximum Likelihood Estimators
(MLE) for the parameters in 6 := {u, A,,T',} is possible because of the invariance of the
MLE to different parameterizations (Spanos, 1986). The definition of parameterization in-

variance is given in Spanos (1986, 2019a):

Definition 1.1 (Parameterization Invariance of MLE). Let 6 be the MLE of 6. If ¢ = h(8)

~ ~

is a Borel function of 6, then the MLE of ¢ exists and is given by: ¢ = h(8).

Given this property, the MLE for @ are derived by simply applying the matrix algebra above

on the MLE of (u,X) obtained from the simple Multivariate Normal model:
~ 1 al ]_ ~ ~ T
o= 2 B==3 (2 — @) (Zi— @) (1.3)

In the context of principal components, the MLE for the eigenvectors and eigenvalues are ob-
tained from applying spectral decomposition, or alternatively singular value decomposition,
on the sample covariance matrix 3. In the case of spectral decomposition, this amounts to

factoring 3 into:

A

3= DAT,

The estimated principal components are then constructed using the first p ordered eigenval-

ues and corresponding eigenvectors:
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Discussion of the sampling distributions for the principal components estimators can be
found in Jolliffe (2002) or Anderson (2003). However, these sampling distributions require
the use of asymptotic results and are not explicitly derived here. For more information

regarding the exact form of these asymptotic sampling distributions, see Anderson (2003).



Chapter 2

Statistical Adequacy and the
Reliability of Inference: Vector

Autoregressive Models

2.1 Introduction

The primary aim of this chapter is to motivate the unreliability of inference that stems
from model mis-specification, specifically within the context of Vector Autoregressive (VAR)
models. In model-based, frequentist inference, reliability emanates directly from the use of
statistically adequate models, i.e. models which capture all of the systematic, statistical
information in the data (Spanos, 2009, 2018, 2019a). Failure to account for all of the rele-
vant information in the data generates discrepancies between the actual and nominal error
probabilities, thereby undermining the trustworthiness of any inferences. This was found to
be the case in earlier works, such as Spanos and McGuirk (2001) and Spanos (2009). The
simulations within this chapter also show that neglecting systematic information has a dev-
astating effect on the sampling distributions of the VAR model estimators and creates gaps
between the actual and nominal error probabilities, extending the results of the previous

studies to include different forms of mean heterogeneity.

12
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2.1.1 Statistical Models in Model-based Frequentist Inference

The foundation for model-based frequentist inference is the pre-specified statistical model

(Spanos, 2021). Following Spanos (2009, 2010a), this takes the form:

Mo(x) ={f(x;0),0 € O}, x € R},0 C R”,n > p, (2.1)

where f(x;0) denotes the joint distribution of the sample X := (X, Xa,...,X,,), x € R}
denotes the sample space, and © C RP signifies the parameter space. The joint distribution in
the definition above encapsulates the probabilistic information characterizing the stochastic
process {Xy, k € N}, which serves as the basis for the data xq := (x1, X3, ...,X;,). Thus, the
statistical model Mg (x) is viewed as a particular parameterization of the stochastic process,
whose probabilistic assumptions are chosen to capture all of the systematic information in
the data (Spanos, 2010a). This view is directly in line with the goal of frequentist inference:
to learn about the true generating mechanism from the data, such that the data xy make up

a typical realization of the stochastic process (2010a).

2.1.2 Reliability of Inference

In Spanos (2010a), Spanos questions where the untrustworthiness in evidence in the field
of economics comes from. As argued in the paper, one of the instigators of untrustworthy
evidence is statistical inadequacy, where statistical inadequacy implies that the modeling
assumptions imposed on the data x¢ := (x1,X2,...,X,) are invalid for the data. The joint
distribution is the conduit through which invalid assumptions affect inferences. Namely,
in order to derive the sampling distributions of estimators, statistics, etc., and hence the

error probabilities; one needs to go through the joint distribution of the sample f(x;8)
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(Spanos, 2019a). If the joint distribution is mis-specified, then any derivation which uses

this distribution will also be mis-specified.

Thus, a statistically adequate model must first be established, such that the selected model
captures all of the chance regularity patterns in the data. To accomplish this requires rigorous
model mis-specification (M-S) testing and respecification. Only once statistical adequacy is
achieved can one move on to inference procedures, such as estimation, testing, and prediction.
Table 2.1 below outlines the stages of the empirical modeling and inference process as found
in Spanos (2019a). After the respecification stage, it is assumed that a statistically adequate
model has been attained.

Table 2.1: Stages in Empirical Modeling and Inference

Specification

Estimation
Mis-specification Testing
Respecification

Modeling

N =

Inference 5. Estimation, testing, prediction, simulation

2.2 Normal VAR(p) Model Specification

2.2.1 The Probabilistic Reduction Approach

To illustrate the probabilistic reduction approach in Spanos and McGuirk (2001), consider
the following example. Let {Z;,t € N} be a vector stochastic process, where Z, is of length
(k x 1). The first step in utilizing the probabilistic reduction approach is to restrict, or

partition, the space of statistical models by imposing probabilistic assumptions based on the
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three broad categories of (i) Distribution, (ii) Dependence, (iii) Heterogeneity.! In this case,
the stochastic process {Z;,t € N} is assumed to be a (i) multivariate normal, (ii) Markov
dependent of order p, and (iii) Covariance Stationary process. A stochastic process is defined

to be covariance, or second-order, stationary if:
E(Zt) = M, COU(Zh Zt—p) = E((Zt - I“l’)(zt—p - l‘l’)T) = E’LJ7 Z7.] = 07 17 Ry 2

Given the assumptions above, the joint distribution of the sample, D(Zy,...,Z,), can be

reduced as follows:

D(Zy,. .., Zn; %) = D(ZF; ) H Dy(Zi|Z}7; ¢,)

t= p+1
M
= D(Z"; ¢,) H Dy( Zt|Zt 1 b,) (2.2)
t= p+1
/
D(Z%; ) H D(Z,|Z;7}; ),
t=p+1

where Z8 = (Z1,Zs,...,Z,) and Zt V= (Z4_1,Z4>,...,Z,_,). Note that the second line
of the reduction comes from assumption (ii) Markov Dependence, and the third line comes
from assumption (iii) Covariance Stationary. Following Hamilton (1994), the first p obser-
vations will be ignored, resulting in the approximate form of the log-likelihood function. See
Appendix G for more insight into the exact form of the log-likelihood function. Also, as was
the case in Chapter 1, the distribution ‘D’ above is a generalization and is in this case meant

to represent the probability density function. Under the assumption that D(Z.|Z. ?; ¢) is

!Restricting the stochastic process based solely on a distributional assumption, such as normality for
example, will not result in a workable statistical model, since the number of dimensions and unknown
parameters will increase with the sample size. To render the model operational, restrictions need to also be
placed on both the dependence and heterogeneity of Z; (Spanos, 2019a) for further examples.
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normal, this implies that distribution of D(Z,|Z!?; ¢) takes the form:

VA © Yoo o1 o2 ... gy
Zt,1 N v’ 7 EIO 211 212 . Elp 7 (23)
| Zs | b B0 B0 Zp oo

where p is the mean vector of Z; and is of vector of length ((p+ 1)k x 1), ¥;; isa k x k
covariance matrix for 7,5 = 0,1,...,p. The VAR(p) model specification stems directly from

this joint distribution. To simplify, first partition p and ¥ as follows (Poudyal, 2012):

Zt, (/{3 X 1) M, (k} X ].) > 200, (/{3 X k) 201, (k X pk?)
7’-1’ = ) = ;
ZI7P (pk x 1) Bois (P % 1) X0, (pk x k) Xy, (pk x pk)

Given this partition, the conditional distribution is derived to be:

D(Z|Zi%:©) ~ N(ag + ATZ! 72, 9), (2.4)

where the © := (ay, A, 2) are:

AT =3, (2.5)

T
ag=p— A ppy (2.6)
Q=35 - X032, (2.7)

In this case, the complete specification, including the model assumptions, takes the form

found in Spanos (1986), found in Table 2.2 below.
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Table 2.2: Normal Vector Autoregressive (VAR(p)) Model

Statistical GM:  Z; = ag + ATZ; } + u,, teN,

[1] Normal: D(Z4|Z;7%: ), for Z;%:=(Z;_,...Z,_,) is Normally distributed,
[2] Linearity: E(Z|o(Z7?) = ag+ ATZ) |,

[3] Homoskedasticity: Var(Z,|o(Z, %)) = Q,

[4] Markov(p): {Z;, teN} is a Markov(p) process,

[5] t-invariance: 0:=(ap, A, Q) are t-invariant.

A =4 — ATIJ’pkﬂ AT =303, 2=y - ZuZ'S

2.2.2 Model Specification: VAR(1) With Mean-Heterogeneity

Suppose that assumption (iii), that the stochastic process {Z;,t € N} is Covariance Sta-
tionary, is relaxed to allow for mean heterogeneity. As a simple example, consider the case

where the mean of the process takes the following form:

E(Zy) = po + mat.

To further simplify the problem, suppose that assumption (ii) is Markov(1) dependent.

Therefore, the distribution D(Z,|Z:"; ¢) is:

el Mot oo o , (2.8)
Zi Ho + iy (t — 1) ElTo DIE}

This setup leads to VAR(1) model specification found in Table 2.3. The key difference

between Table 2.2 and Table 2.3 lies in the parameterization of the constant term ay and
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Table 2.3: Normal Vector Autoregressive (VAR(1)) Model with Mean Heterogeneity

Statistical GM: Z, = ag + 6t + A] Z,_1 +u;, tEN,

[1]  Normal: D(Z;|Z;_1;0), is Normally distributed,
[2] Linearity: E(Zy|o(Zy—1)) = ag + 6t + Al Z,_4,

[3] Homoskedasticity: Var(Zo(Z;—1)) = 2,

[4]  Markov(p): {Z;, teN} is a Markov(1) process,

[5] t-invariance: 0:=(ap,d, A1, Q) are t-invariant.

ao= (I — Al Jpy + A py, § = (L — A )py, A] =SB,
Q=34 - S,

the inclusion of §. The parameterization for these terms is derived as follows:

H(t) - AIN(t - 1) = Py + pyt — AlT(No + oy (t — 1))
= (T = A o + Al py + (T — A gt (2.9)

:a0+5t.

Keep in mind that this particular example only considers the instance where there is a lin-
ear trend in the mean. In reality, however, it is not uncommon to encounter other forms
of mean heterogeneity, all of which can be included in the model specification without too
much difficulty. For example, another instance of mean heterogeneity that is ever-present
in macroeconomic data is seasonality. One way to model seasonality is through the use of

trigonometric polynomials (Ghysels and Osborn, 2001).

Following Spanos (2019a) and Ghysels and Osborn (2001), suppose that the distribution
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D(Z,|Z,7%; ) is:

Z + t b b))
N o + pa (1) 7 00 2401 | (2.10)
Zi Mo + Nl(t - 1) ElTo 3
where
S/2
2kt 2kt
pa(t) = k;%,kcos( 7; )+¢i7ksin(%),i ~1,2,....n (2.11)

Assume for simplicity that S = 4, which is representative of quarterly data. Much like the
linear trend case above, the main difference between this specification and that found in
Table 2.2 above is in the parameterization of ap and the inclusion of new terms capturing

the seasonality. The derivation of these model parameters is:

p(t) — AIM(t — 1) = py + v,cos (?) + P, sin (%) + vy,c08 (2(%4)7#)
)

4

— A/ [.U'o + ~y,cos (M) + 4P, sin (WT_l> + 7408 (%

7t

= (Iz - AlT) Mo + (’71 + A1T¢1) cos (g) + (¢1 - A1T'71) sin (5)
+ (’72 + A1T’72) cos (mt)

t t
=ag + d;cos <%) + dasin <%) + d3cos (mt) .

Note that the fourth seasonal term is omitted since it is equal to zero. Hence, the full VAR(1)

model specification with seasonal mean heterogeneity is provided in Table 2.4.

)
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Table 2.4: Normal VAR(1) Model with Seasonal Mean Heterogeneity (quarterly)

Statistical GM: Z; = ag + dcos (%t) + dy5in (%) + d3cos (mt) + Al Z;_1 + vy, tEN,

[1]  Normal: D(Z,|Z;_1;0), is Normally distributed,

[2] Linearity: E(Z4|0(Zs—1)) = ag + b1cos () + asin (Z) + dscos (wt) + Al Z;_,
[3] Homoskedasticity: Var(Z:|o(Z;—1)) = 2,

[4]  Markov(p): {Z;, teN} is a Markov(1) process,

[5] t-invariance: 0:=(ay, 61, 05,03, A1, Q) are t-invariant.

Ag = (12 - AlT)NOa 0, = (71 + A1T¢1)7 0y = ("7[)1 + A1T')’1)a
95 = (2, + Al 7,), Al =207, Q@ =g — 012 Sy,

2.3 Model Mis-specification in the VAR(1)

Although the model specifications in Tables 2.2, 2.3, and 2.4 are quite similar, neglecting
the specific trends inherent in the data can be catastrophic. As shown in Spanos and
McGuirk (2001), in the context of the Linear Regression model, the omission of key, statistical
information can lead to erroneous inferences. For example, they found that model mis-
specification can lead to major differences between the actual and nominal error probabilities.
These findings were supported in McGuirk and Spanos (2009), where it was shown that the
method of ‘error-fixing’ can produce not only biased and inconsistent estimates, but also
can cause misleading test results. To highlight the impact of model mis-specification on the
reliability of inference in the context of vector autoregressive models, even the instance where

only one of the model assumptions is invalid, consider the following VAR(1) simulation.
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2.4 Simulation Design

The simulation design in this chapter is similar to that found in Spanos and McGuirk (2001),
Spanos (2009), and Spanos (2019a). For this simulation, assume that the joint distribution

given in equation (2.3) takes the form:

3.0 1.3 0.7 0.7 0.5
Y. 6.0 0.7 1.8 04 0.6
Y. 3.0 0.7 04 1.3 0.7

6.0 05 06 0.7 1.8

Then the parameterization for the VAR(1) is given as:

- 0.7 0.5 1.3 0.7 0.4919 0.0865
1 pr— pr—
0.4 0.6 0.7 1.8 0.1622 0.2703
T 1.01
ag= (I — Ay )p=
3.89
- 1.01 0.4919 0.0865
E(Y Y1) =ap+A Y, 4 = + Y.
3.89 0.1622 0.2703
—1
1.3 0.7 0.7 0.5 1.3 0.7 0.7 04 0.912 0.4514

0.7 1.8 04 0.6 0.7 1.8 0.5 0.6 0.4514 1.573
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The statistical GM is therefore:

Y, =ay+ A Y, +u,u ~ NMd(0,9).

Hence, the steps to simulate from Y, are:

1. Specify the true parameter values (done above).
2. Generate the observation Yy, where Y ~ N(p, o).
3. Draw one observation from D(Y5[Y;) ~ N(ag + A Y, Q).

4. Repeat the third step n times, recursively substituting in each new value of Y; as Y;_;

in the next step, for t =3,...,n.

Steps 1-4 are then repeated R times, thus creating R replications. For each replication,
the VAR(1) model is estimated, and the estimated parameters and corresponding standard
errors are recorded to calculate the corresponding sampling distributions. Error probabilities

and power are then calculated for the following set of hypotheses:

HOBZZBZ* VS. Hlﬁz?'éﬁ@*

In this case, the test statistics:

~ A

rolys) = B E s k— 1), Ty = DB

Var(3) Var(3)

St(o;n —k —1),

B B}

where § = =
\ Var(B;)

is the non-centrality parameter and k is the number of predictors, are
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evaluated for each data realization y,,i = 1...,R.* Note that the only reason that it
is possible to calculate the error probabilities is because the actual values for the model

parameters are known; they were assumed from the outset.

2.5 Experiment 1: VAR(1) With Trending (Linear)

Mean

The first mis-specification to be explored is that of a neglected mean heterogeneity, i.e.
assumption [5] in Table 2.2 is invalid, and the correct model specification is that found in
Table 2.3. It is assumed in this case that the true model contains mean heterogeneity in the

form of a linear trend. Let

[ 30405t | [13 07 07 05
Yol o 6.0 + 0.25¢ 0.7 1.8 04 06
Y., 30+05(t—1)| |07 04 1.3 07
6.04+025(t—1)] |05 06 0.7 18]

Then the parameterization for the VAR(1) is given as:

-1

0.7 0.5 1.3 0.7 0.4919 0.0865

=

0.4 0.6 0.7 1.8 0.1622 0.2703

2The estimated standard error is used in place of /Var(3;).
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ap = (I, — Al )y + Ay,

5:(12_A1T)N1
1
1.3 0.7 0.7 0.5 1.3 0.7 0.7 04 0.912 0.4514
0.7 1.8 04 0.6 0.7 1.8 0.5 0.6 0.4514 1.573

where p, = [3,6] and p; = [0.5,0.25]. Therefore:

. 1.27 0.232 0.4919 0.0865
E(Yt|Yt_1) = a0+6t—|—A1 Yt—l = + t+ Yt—l (212)
4.04 0.101 0.1622 0.2703
The statistical GM is thus:
Yt =ag + ot + AIYt—l + U, (213)

where u; ~ NMd(0,), t € N. The simulation procedure is identical to that in the case

with no trend, with the exception that steps 2 and 3 now have an additional term:

1. Specify the true parameter values (done above).
2. Generate the observation Y7, where Y1 ~ N (g + (1), Xq0).
3. Draw one observation from D(Y5[Y;) ~ N(ag +8(2) + A Y, Q).

4. Repeat the third step n times, recursively substituting in each new value of Y, as Y;_;

in the next step, fort =3,...,n.
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2.6 Experiment 2: VAR(1) with Seasonality

The second case explored in this simulation is when there is seasonality that is unaccounted

for in the model. Hence, the true model is that depicted in Table 2.4. Let

3.0 + gy (t) 1.3 0.7 0.7 0.5

Y, N 6.0 + pa(t) 0.7 1.8 0.4 0.6

Y, . 3.0+ (t—1)| 0.7 04 1.3 0.7

6.0+ uo(t —1)| |05 0.6 0.7 1.8

where:
S/2
okt okt
pa(t) = ;%kcos( 7; )—l—z/Ji,ksz'n(WT),z' =1,2

In this case, let S = 4. Given this, let the seasonal parameters be:
Y1 = [11,1, 71,2 = [0.90,0.25]
Y, = [11,%12] = [0.20,0.85]
Yo = [V2.1,72,2) = [0.40,0.65]
Yy = Y11, ¢12] = [0.75,0.45]

and let py = [3,6] (given above). Then the parameterization for the VAR(1) is given as:

0.7 0.5 1.3 0.7 0.4919 0.0865

=

0.4 0.6 0.7 1.8 0.1622 0.2703
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1
1.3 0.7 0.7 0.5 1.3 0.7 0.7 04 0.912 0.4514
0.7 1.8 04 0.6 0.7 1.8 0.5 0.6 0.4514 1.573

t t
E(Y Y1) =ag+ dicos (%) + 0y5in (%) + d3cos (mt) + AlTYt,l,

where the derivation of the constant and trigonometric terms comes from Section 2.2.2 above.

The statistical GM is therefore:

t t
Y, =ay+ d,cos (%) + 0y5in (%) + d3cos (mt) + AlTYt_l + u

1.01 1.07 it —0.264 it 0.653 -
= + cos (5) + sin (?) + cos (mt) + Ay Y1 + uy,
3.89 0.512 0.636 0.891

where u; ~ NMd(0,Q), ¢t € N. As in the case of the linear trend, the simulation procedure is

identical to the original simulation procedure, but now contains the new model parameters:

1. Specify the true parameter values (done above).

2. Generate the observation Y;, where Y; ~ N(p, + v, cos (W(1)> + Pysin <@> +

Yycos (m(1)) , Xoo).

3. Draw one observation from

D(Y,|Y1) ~ N(ag + 81cos (@) + 8ysin (@) + 83c05 (1(2)) + A Y1,9Q).

4. Repeat step three n times, recursively substituting in each new value of Y; as Y;_; in

the next step, for t =3,...,n.
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2.7 Simulation Results

2.7.1 Experiment 1 Results

27

The estimated sampling distributions and Type I error probabilities for Experiment 1 are

given in Table 2.5 below. Note that the empirical sampling distributions of the R = 20000

replication estimates given in Table 2.5 are computed using simple averages.

Table 2.5: Simulation Results Comparison VAR(1) Model with Linear Trend

Adequate Model:

Mis-specified Model:

R = 20,000
True: Z; = ag + AlZy_ 1 + wy True: Z; = g + 6t + AlZ; 1 +wy
Estim: Z; = ag + AlZ;_1 + uy Estim: Z; = oo + AlZ,_ 1 +
n = 100 n = 200 n = 100 n = 200
Parameters Mean SD Mean SD Mean SD Mean SD
doalap = 1.01] 1.092 0.4622 1.046 0.3186 0.2569 0.4085 0.2170 0.2806
do2lape = 3.89] 4.037 0.5934 3.963 0.4183 3.726 0.5347 3.643 0.3723
dl,l[am = 0.492] 0.4636 0.0979 0.4784 0.0677 0.9608 0.0450 0.9635 0.0311
& afan 9 = 0.0865] 0.0864 0.0831 0.0865 0.0575 0.0725 0.0899 0.0716 0.0621
G fan = 0.1622] 0.1568 0.1304 0.1595 0.0891 0.3806 0.0528 0.3748 0.0370
0?2,2[&2_2 = 0,2703] 0.2486 0.1058 0.2596 0.0751 0.2359 0.1042 0.2498 0.0739
t-statistics Mean (a=0.05) Mean (a=0.05) Mean (a=0.05) Mean (a =0.05)
T = ‘@S/'l;:f]’ll) 0.8162 0.0525 0.8047 0.0493 2.095 0.5487 3.138 0.9140
ar(éo,1
T = ‘QS/Q;(QOZ') 0.8056 0.0515 0.8100 0.0511 0.9158 0.0812 1.184 0.1737
ar(bo,2
|61 1—a1,1]
== 0.8221 0.0547 0.8075 0.0515 9.872 1.000 14.35 1.000
T A /AVar(zi1,1)
T= ““VQ%(&“') 0.8042  0.0521  0.7982  0.0514 0.7651  0.0401  0.7722  0.0442
ar(an,2
T= ‘a;l;(azll) 0.8127 0.0546 0.7975 0.0506 3.926 0.9880 5.532 1.000
T = ‘ay;(aml) 0.8053 0.0501 0.8083 0.0500 0.7951 0.0460 0.7988 0.0460
ar(ao,2

A quick glance at the results in Table 2.5 reveals how devastating mis-specification can be for

vector autoregressive models. In the case of the statistically adequate model, the estimated

means of the model parameters are excellent approximations for the true values found in

brackets. Increasing the number of observations in the simulated data set further improves



CHAPTER 2. STATISTICAL ADEQUACY AND THE RELIABILITY OF INFERENCE: VECTOR
28 AUTOREGRESSIVE MODELS

the accuracy of the estimated means. Moreover, the actual Type I error probabilities for
the t-tests, when the estimated model is statistically adequate, approximate the the nominal
error probability (o = 0.05). Once again, increasing the number of observations to n = 200

enhances the accuracy.

Failure to account for mean heterogeneity, as shown under the “Mis-specified Model” in
Table 2.5, causes the estimated means of the model parameter to be highly inaccurate, and
the inaccuracy is further exacerbated when the number of observations increases. This is
indicative of inconsistent estimators. Unlike the statistically adequate model, the actual
Type I error probabilities no longer provide an accurate approximation for the nominal error
probability. The discrepancies between the actual and nominal error probability become

larger as the sample size increases to n = 200.

Given the relationship between the Type I and Type II error probabilities, it is clear that if
the actual and nominal Type I error probabilities differ, so too will the actual and nominal
Type II error probabilities. Thus, a statistically inadequate model will lead to not only
incorrect error probabilities, but also will affect the power of the test to detect discrepancies
from the null hypothesis. To emphasize the effect that model mis-specifcation has on the
power of the t-test, see Figure 1. In the case of the statistically inadequate model, one needs
to use the size adjusted power (McGuirk and Spanos, 2009), evaluated using the actual Type
I error probability. Figure 1 shows the difference between the power and size-corrected power
of the t-test in the case where a trend has been neglected, when n = 200. It is immediately
apparent that disparities exist between the nominal power, which is evaluated at (v = 0.05)
and the size-corrected power. Thus, the power of the test is distorted, and any results

stemming from the t-test are untrustworthy:.
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2.7.2 Experiment 2 Results

The estimated sampling distributions and actual Type I error probabilities for the t-test,
in the case where seasonality is present in the mean, is given in Table 2.6. Note that the

statistically adequate model is identical to the one described in Table 2.5.

Table 2.6: Simulation Results Comparison VAR(1) Model with Seasonality

Adequate Model: Mis-specified Model:
R = 20,000
True: Z; = oo + AJZs 1 + 1y True: Z; = ay + 01cos(5E) + dasin(5) 4 dscos(nt) + AlZi_1 +u,
Estim: Z; = ag + AJZ, 1 +w, Estim: Z, = ag + A]Z, 1 +w,
n = 100 n = 200 n = 100 n = 200
Parameters Mean SD Mean SD Mean SD Mean SD
Qoo = 1.01] 1.092 0.4622 1.046 0.3186 3.235 0.5122 3.176 0.3616
Gpa]apa = 3.89) 4.037 0.5934 3.963 0.4183 5.607 0.6065 5.546 0.4320
G fan; = 0.492] 0.4636 0.0979 0.4784 0.0677 0.4136 0.1025 0.423 0.0724
a1 2] 2 = 0.0865] 0.0864 0.0831 0.0865 0.0575 -0.2451 0.0862 -0.2405 0.0606
G e = 0.1622] 0.1568 0.1304 0.1595 0.0891 0.3090 0.1326 0.3073 0.0915
Gao[ase = 0.2703] 0.2486 0.1058 0.2596 0.0751 -0.0892 0.1136 -0.0781 0.0808
t-statistics Mean (a=0.05) Mean (a=0.05) Mean (o =0.05) Mean (o =0.05)
_ laoa—ao,| =4
T= ) 0.8162 0.0525 0.8047 0.0493 4.480 0.9945 6.209 1.000
_ ldo2—ao,|
T= 7\/@ 0.8056 0.0515 0.8100 0.0511 2.773 0.7914 3.820 0.9718
T= }‘;%I“‘) 0.8221 0.0547 0.8075 0.0515 0.9364 0.0779 1.052 0.1190
ar(én1
_ ldap—ai] 3 565 C 98C 0C
T 7@ 0.8042 0.0521 0.7982 0.0514 3.563 0.9488 4.989 0.9990
— 21021 = = = 2 QC EE
7\‘/@ 0.8127 0.0546 0.7975 0.0506 1.196 0.1689 1.557 0.3120
— _(022—022 = = =
T= Vieaes 0.8053 0.0501 0.8083 0.0500 3.109 0.8729 4.292 0.9893

In the same spirit as Experiment 1, Experiment 2 shows that neglecting seasonality, and
thus violating assumption [5] in Table 2.4, will cause the mean of the estimated parameters
to be extremely inaccurate. Moreover, as was the case in Experiment 1, the estimated means
become even more inaccurate when the number of observations increases to n = 200, which

is indicative that the estimators of the model parameters are inconsistent.

Similarly, the actual Type I error probabilities are not remotely close to the nominal (o =
0.05), and in most cases, the actual error probability approaches one as the number of obser-

vations increases. Thus, the actual and nominal Type I error probabilities are different in the
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presence of neglected seasonality, and this problem remains as the number of observations
increases. Since the actual Type I error probabilities are erroneous, the actual Type II error
probabilities will also be poor approximations of the nominal Type II error probabilities.
Moreover, power of the test will be highly distorted, as shown in Figure 2.2. Note that
the actual power of the test is the size-corrected power, which uses the actual Type I error
probability. Given the extreme differences between the the actual, size-corrected power, and
the nominal power, Figure 2.2 once again demonstrates the unreliability of inference in the

presence of model mis-specification.
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Figure 2.2: Power and Size-Corrected Power: Seasonality (n = 200, v = 196)
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2.8 Discussion

In conclusion, the main purpose of this chapter is to motivate what disasters can occur when
inference is performed on a statistically mis-specified model. The cornerstone of frequentist
statistics is the underlying statistical model, My(x), which contains a set of internally consis-
tent and testable assumptions (Spanos, 2019a). When assumptions are erroneously imposed
on the data, the consequences can be severe. As noted in Spanos (2019a), the only way to
avert the problem in its entirety is to first verify that the model assumptions are valid for the
data. Hence, one must first establish that the statistical model is statistically adequate, i.e.,
My(x) must take into account all of the chance regularity patterns in the data. This can be
accomplished through rigorous model mis-specification testing and respecification (Spanos,

2010a).

Ultimately, the results of the experiments performed above are consistent with those in the
earlier work of McGuirk and Spanos (2009), Spanos (2009) and Spanos and McGuirk (2001).
Violating the underlying model assumptions, in this case assumption [5] in Table 2.2, will
destroy any chance at achieving reliable and trustworthy inferences. This was alarmingly
transparent in the experiments, where not only the estimated sampling distributions were
highly inaccurate for the model parameters, but the actual error probabilities were extremely
poor approximations of the nominal error probabilities. Furthermore, the problems demon-
strated above do not disappear as the number of observations increases; if anything, the
estimates deviate farther from the true values. It is important to note that the only reason
that such an analysis could be performed is because the true parameter values were known
from the outset. In practice, the true parameter values and error probabilities are unknown,
implying that in reality, it is impossible to capture the differences between the actual and
nominal error probabilities. Hence, the only way to avoid such scenarios is to ensure that

the all of the statistical model adequately captures all of the features in the data.
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Another point of consideration is that these simulations only explore the violation of as-
sumption [5] in Table 2.2, namely the assumption that the model parameters are invariant
to changes in time (the index). However, this is not the only potential source of model
mis-specification. Any deviation from assumptions [1]-[5] will result in undependable infer-
ences; see Spanos (2009) for the example of Markov dependence in the context of the Linear
Regression model and McGuirk and Spanos (2009), Spanos and McGuirk (2001) for more

examples.



Chapter 3

Macroeconomic Forecasting using

Temporal Principal Components

3.1 Introduction

Over the last few decades, the number of papers exploring PCA has blossomed into a variety
of directions. One such direction is the estimation of factor models to nowcast and forecast
key macroeconomic data series, which stems from Sargent and Sims (1977) and Geweke
(1977). Moreover, the idea of using indices to capture common behavior between correlated
macroeconomic variables was suggested as early as Burns and Mitchell (1946). The factor
models used today typically utilize principal components as consistent estimators of the
latent factors; see Stock and Watson (2002a,b), Giannone et al. (2008), Stock and Watson

(2016).

The aim of this chapter is to extend the use of PCA to instances where traditional principal
components fail to account for all of the systematic information making up common macroe-
conomic and financial indicators. It was shown in Chapter 2 that statistical mis-specification,
or neglecting important systematic information, can lead to erroneous inferences, even in the
trivial case of omitted trends and seasonality. This became incredibly apparent through the
differences in actual and nominal error probabilities. In the case of traditional principal

components, as defined in Chapter 1, the stochastic process was assumed to independent

34
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and identically distributed. When these probabilistic assumptions are incorrect, however,
the estimated principal components will be mis-specified, and any forecasts produced using
them will be misleading. Thus, temporal principal components are defined to capture the
dependence inherent in macroeconomic time series. These temporal principal components
are then used to augment forecasts from statistically adequate autoregressive models. Ulti-
mately, a baseline framework is established for not only achieving superior forecasts in terms
of accuracy, but also in terms of capturing all of the probabilistic assumptions inherent in

each macroeconomic data series.

3.2 Markov Dependence and the Normal Vector Au-

toregressive Model

Having established the framework for the traditional perspective on principal components
in Chapter 1, as well as the relationship between principal components and the Multivariate
Normal model, the next step is to replace the independence assumption in the Multivariate
Normal model with Markov dependence and the identically distributed assumption with the
assumption that the stochastic process is second-order stationary. To begin, let {Z;,t € N}
be a vector stochastic process, where Z, is of length (k x 1). The notation in this setup is
similar to that used in Chapter 1. Here, Markov dependence of order p and second-order

stationary are defined as follows:

Definition 3.1 (Markov Dependence(p)). Let {Z;,t € N} be a stochastic process. The
process {Z;,t € N} is Markov dependent of order p, p > 1, if Dy(Zy|Zi_1,...,Z1;%p,) =
Dy(Z4|Zy—, ..., 2, 0;). In other words, given Z;_1,...,Z;—p, Z; is conditionally indepen-

dent of Zy_p11, ..., Z; (Spanos, 2019a).
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Definition 3.2 (Second-Order Stationary). Let {Z:,t € N} be a vector stochastic process,
where Z; is of length (k x 1). The process {Z;,t € N} is second-order, or covariance,
stationary if E(Z;) = p and Cov(Zy,Zy—p) = E(Zy — p)(Zy—py — p)") = Xy, for i,j =

0,1,...,p.

This alteration in the probabilistic assumptions results in the Normal Vector Autoregressive
(VAR) model, which is crucial in the establishment and specification of temporal principal
components. As done for the Multivariate Normal model, this section will utilize the prob-
abilistic reduction approach in Spanos and McGuirk (2001) and Spanos (2019a) to provide
a complete specification for the VAR(p) model, including the statistical generating mecha-
nism as well as the model assumptions and parameterizations. Here, the stochastic process
{Z;,t € N} is assumed to be a (i) multivariate normal, (ii) Markov dependent of order p,

and (iii) Covariance Stationary process.

Given the assumptions above, the joint distribution of the sample, D(Zq,...,Z,), can be

reduced as follows:

D(Zi,...,Zu; %) = D(Z; ) || Du(Zd|Z)7: )

t=p+1

N (3.1)
L p(ztie) [[ D@izi:g).

t=p+1
where Z¥ .= (Zy,Zs,...,7Z,) and Z;% := (Z, 1,%; o, ...,Z;_,). Note that the second line
of the reduction comes from assumption (ii) Markov Dependence, and the third line comes
from assumption (iii) Covariance Stationary. As done in previously, the first p observations

are ignored, which will result in the approximate form of the log-likelihood function; see Ap-

pendix G for details on the exact form of the log-likelihood function. Under the assumption
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that D(Z;|Z.~": ¢) is normal, this implies that distribution of D(Z,|Z!"?; ¢) takes the form:

Z, 7 Yoo o1 X2 ... Xgp
Zi_ " DN SIS P >
Y, — t—1 ~ N gy = ,Ey _ 10 11 12 1p 7 (3 2)
= 3 _2;0 DIRN SN S|

where p is the mean vector of Z; and is of vector of length ((p+ 1)k x 1), 3;; is a (k X k)
covariance matrix for i, 7 =0, 1,...,p. To specify the VAR(p) model directly from this joint

distribution, g and ¥ are first partitioned as follows (Poudyal and Spanos, 2022):

Zt, (/{3 X 1) M, (k} X ].) > 200, (/{3 X k) 201, (k X pk?)
7’-1’ = ) = ;
ZI7P (pk x 1) Bois (P % 1) X0, (pk x k) Xy, (pk x pk)

Hence, the conditional distribution is derived to be:

D(Z|ZL1:©) ~ N(ag + ATZ/ 7, ), (3.3)

where the © := (ag, A, Q) are:

AT =3y (3.4)

T
ap=p— A Py (3.5)
Q=3 - TS, (3.6)

In this case, the complete specification, including the model assumptions, takes the form

found in the table below (Spanos, 1986).
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Table 3.1: Normal Vector Autoregressive (VAR(p)) Model

Statistical GM:  Z; = ag + ATZ, ) + u,;, teN,

[1] Normal: D(Z,|Z.7%; ®), for Z\ ":=(Z,_1,...Z,_,) is Normally distributed,
2] Linearity: E(Z|o(Z7?)) = ap+ ATZ,

[3] Homoskedasticity: Var(Z,|o(Z; %)) = 9,

[4]  Markov(p): {Z,, teN} is a Markov(p) process,

[5] t-invariance: ©:=(ay, A, 2) are t-invariant.

ag = M — AT/""ka AT =3, Q=% — T3S,

3.2.1 Estimation of the VAR Model

One way to estimate the VAR(p) model using Maximum Likelihood estimation is to find
the MLE for the parameters of the joint distribution, namely 8 := (u,, %, ). Following the
definitions presented in the first chapter, the distribution ‘D’ in the reduction above is meant
as a generalization either representing the probability density function or the cumulative
distribution function. To make it clear that the density function is being described, the ‘D’
has been replaced with the conventional notation. In this case, Y; follows a multivariate

normal distribution:

_(pt1D)k
2

POV 0) = 20 5 3, e (<Y1 - ) B (Y- ).

The likelihood for the sample of size T, i.e. Y1,Ys,..., Y7 is therefore:

T T
_(ptDk 1 1 _
LO; Y, Yo, Yr) o [ F(Ye0) = [[ 272 2] Zexp (—§<Yt — ) 2 (Y - uy>)

t=1 t=1

_ (p+ DT T 1 _
=27 2 |Ey 2 exp <_§ Z(Yt - /‘l’y)—rzy 1(Yt - H’y)
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Hence, the log-likelihood is:

T
T
logL(0;Y1,Y2,....,Y7)=c+ Elog ]E Z —u,) TE (Yt—uy).

t=1

l\')lr—t

Taking derivatives with respect to the parameters in 0 yields the same maximum likelihood
estimators as those found in the Multivariate Normal specification, only now there is a
temporal component which must be taken into consideration. Given the MLE for p, and
3, one can then apply the parameterization in Table 3.1 to derive the MLE for the VAR(p)

model.

As an alternative MLE formulation, following similar notation to that found in Hamilton
(1994), suppose that the objective is to estimate the VAR(p) found in Table 3.1 above. The

statistical generating mechanism can be expanded to:

Ze=ao+ A Zi 1+ + Ay Zp +uy,

where u; ~ NIID(0,€2). As done in Hamilton (1994), the equation above can again be

rewritten into a compact form. To do so, let

1 ao
2,y Ay
X, = Zi_ 5| ; B = A,

Zi_, A,

Here, X; is a vector of size ((kp + 1) x 1) and B is a ((kp + 1) x k) matrix. Thus, the

conditional, D(Z,|Z."%:®), obtained from the probabilistic reduction approach above, can
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be written as

(Z:|Z7%; ) ~ N(B'X,, Q).
Under a multivariate normal distribution, this implies that

_ k1 1 _
f(Z,Z:7: @) = 21 ’5|Q| 2exp (—é(zt -B'X,)'Q7 (2, - BTXt)) .

As in the case of the Multivariate Normal, the likelihood function for the sample is propor-

tional to the product of the individual conditional probability density functions, i.e.

T
) 1
L©®:;Y,Ys,....Yr) = H27r-%|m—aexp (—é(zt ~-B'X)"Q Yz, - BTXt))
t=1
T

1
=217 Q| Zexp (-5 > (Z-B'X) Q7 (Z: - BTXt)>

t=1

Therefore, the log-likelihood function is given as:

T
-=> (z,-B'X,)'Q ' (Z - B'X,).

t=1

T
logL(©;Y1,Ys,....Y7) =c+ Elog Q!

l\DI»—

Taking partial derivatives of the log-likelihood function with respect to B:!

OlogL(©;Y1,Ys,...,Yr) RS -1 T T
5 :-5229 (Z, — B'X,)X,

Setting this equal to zero yields the MLE for the matrix of coefficients with the constant

INote that for a vector x and a vector a:

ox'a
=a'.
ox
This property is particularly useful in computing the partial derivative of the log-likelihood with respect
to B.
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included:

OlogL(©;Y1,Ys,...,Yr) RS ~1 T T
=—=2» O (Z;,-B X)X, =0
OB 2 ; (2. X,

=B =

T
> zX/ ]

Hence,
-

T T -1
By = [Z Z,X/ ] [Z XX, ]
t=1 t=1

As shown in both Hamilton (1994) and Liiketpohl (2005), the maximum likelihood estimates
for the VAR(p) model coefficients, when normality is imposed, will be identical to those
found using multivariate least squares. Essentially, one can estimate the VAR(p) model via
OLS equation-by-equation, regressing the elements of Z; on the constant and the p lags; see

Hamilton (1994) for verification. Similarly,

AlogL(©®:Y1,Ys,....Y T 1<
g ( 8;2_12 T) _ 5 . 5 Z(Zt o BTXt)(Zt o BTXt)T — O
t=1
A 1 r . T . T T
= Quie = = (Zt - BMLEXt)<Zt - BMLEXt)

Defining &, = Z, — BT X,, the expression above can be reduced to:
1z
A _ 4 A AT
Qure = T ;Etet )

which is again analogous to the multivariate OLS results.
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3.2.2 Time Dependent ‘Temporal’ Principal Components

To establish a statistically adequate forecasting framework centered around PCA, it is first
necessary to establish principal components which capture the time dependence inherent
in most macroeconomic data series. In other words, the goal is to create ‘temporal’ prin-
cipal components which reflect the underlying probabilistic structure of the original data.
Much like the traditional principal components and their relationship to the Multivariate
Normal model, the temporal principal components in this chapter hold a relationship with
the VAR(p) model. Here, principal components are constructed from the temporal variance-

covariance matrix. Recall the joint distribution resulting from the probabilistic reduction of

the VAR(p):
Z, 7 Yoo o1 X2 ... Xgp
Zi DTN YD S >
Y, = t—1 N = H ,Ey _ 10 11 12 1p 7
= 3 S0 Zn B o S

From this point, the objective is to construct principal components from the temporal co-
variance matrix 3. First, note that this covariance matrix is a positive definite, symmetric
matrix. Therefore, the previous discussion on the derivation of principal components applies
here. Hence, the temporal covariance matrix can be decomposed using spectral decomposi-

tion:

3, =VDV',
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where V := (vi,Va, ..., Vpyk) is the (p+ 1)k x (p + 1)k matrix whose columns are eigen-
vectors, and the diagonal matrix D = diag(A; > Ay--+ > A1)k = 0) denotes the ranked

eigenvalues of the temporal covariance matrix.

As done with the traditional principal components, the first r, » < (p+ 1)k, eigenvectors are
chosen to form linear combinations with the demeaned data vector, now augmented with

the first p lags:

F,=V/(Y,—p,), teN.

Note that V, denotes the r columns, or eigenvectors, of the matrix V that correspond to

the r largest eigenvalues. This equation can be expanded to:

Z,
7.
v |7 P ] e

Since it has been assumed that Y, is assumed to follow a multivariate normal distribution,
ie. Yy~ N(p,,3,), additional meaning can be given to the principal components. Namely,
it follows that:

F, ~ N(0,D,),

where D, is the (r x r) diagonal matrix containing the largest r eigenvalues, ordered by
magnitude. This leads to the Normal, Temporal Principal Components Model found in Table
3.2. As was the case in the traditional specification, the error term, denoted as u;, includes
the approximation error, which stems from the exclusion of certain principal components.
Discussion on methods for choosing which principal components to retain can be found in

the following sections.
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Table 3.2: Normal, Temporal Principal Components Model

Statistical GM: Ft = V:(Yt — /J/y) + wy, Yt = [Zt, Zt—l; ceey Zt_p]T

[1] Normality: F, ~ N(.,.)

[2] Linearity: EF,) =V (Yi—n,),

[3] Constant Covariance: Cov(F;) = D,.,

[4]  Markov: {Z;,t € N} is an Markov(p) process

[5] t-invariance: 0 = {p,,D,,V,} does not change with ¢

As stated above, the aim of of the methodology presented in this chapter is to expand
upon the traditional definition of principal components to account for all of the systematic
information in the data. Specifically, the goal is to create a framework in which principal
components can capture the dependence information inherent in many macroeconomic time
series via the probabilistic reduction approach. To this end, it would be a mistake not
to mention how the ‘temporal’ principal components defined here differ from those used
in the present-day dynamic factor models. In summary, the key difference between the
‘temporal’ principal components and the dynamic principal components is that the former
are derived directly from their relationship with a vector autoregressive model in the time
domain, whereas the latter is formulated using spectral analysis in the frequency domain
(Brillinger, 1981). Furthermore, dynamic principal components are not applicable for the

macroeconomic data, since they initially assume stationarity.

3.2.3 Estimation of Temporal Principal Components

Given the normality assumption, the density function for Y;,Ys, ..., Y is:

T
_ (prDT T 1 _
FOY1. Yo, Yri0) =21~ "% |8, Texp <—§ S (Y — )T N(Y - u))

t=1
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From the discussion on the simple Multivariate Normal model above, the MLE for ® :=
(1, %) equal:

T

N 1 A 1 . N

Hy = T ZYt, Xy, = T Z(Yt — i) (Y — Ny)T7
t=1

t=1

Thus, the MLE for the temporal covariance matrix is merely the sample covariance matrix
of the original variables plus the lags of those variables. Using the property that the MLE
are parameterization invariant, as discussed in Chapter 1, the MLE for D, V come from the

spectral decomposition of the extended covariance matrix:

The estimated principal components are then constructed using the r largest eigenvalues and

the corresponding eigenvectors.

3.3 Forecasting Framework

3.3.1 Step 1: Determining the Number Trends and Lags

It is standard practice to first center the data columns before using principal components
(Jolliffe, 2002). While demeaning the data often is accomplished by subtracting the sam-
ple mean, this can lead to issues when the data is trending. Moreover, one can take first
differences of the natural logarithms of the macroeconomic variables to not only eliminate
any lingering trends, but to also avoid lingering effects from unit roots (Stock and Watson,
2002b). In this case, however, the primary interest is the forecasting of the original pre-
dictors, not the changes in those predictors. Hence, mean heterogeneity is modeled directly

through estimated trend polynomials and trigonometric polynomials for seasonality. The
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number of lags necessary to capture the dependence are subsequently determined through
the estimation of an autoregressive model on each of the predictors and a vector autoregres-

sive model.

Modeling Seasonality through Trigonometric Polynomials

Seasonal variables are constructed using trigonometric functions. Let S denote the season
of interest. As shown in Ghysels and Osborn (2001), estimating seasonal variables amounts

to estimating the following equations:

/2

2wkt 2rkt
nykcos( 7; )+wk5in(%), (3.7)
k=1

where t denotes the time variable. In the case where the data is quarterly, i.e. S = 4, this

amounts to estimating:

2
2mkt . 2mkt

Zﬂykcos( 1 )+¢ksm(T). (3.8)

k=1

Modeling Mean-heterogeneity through Trend Polynomials

Time variables used in the autoregressive model are constructed using the method discussed
in Michaelides and Spanos (2020). This is done to avoid near-multicollinearity caused from
the inclusion of high degrees of time polynomials and the misleading statistical results that
ensue. Namely, as mentioned in Michaelides and Spanos (2020), the inclusion of trend
polynomials to capture mean-heterogeneity can lead to unstable estimates due to an ill-
conditioned matrix in the OLS estimation; see Spanos and McGuirk (2002) and Spanos

(2019b) for more discussion on the near-multicollinearity. To combat this, the authors pro-
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pose first re-scaling the time variable to numbers within the range [-1,1] using the equation:

_2t—n—1

L
n—1

, (3.9)

where t is the original time index, and n is the total number of observations. When the
number of trend terms is large, say greater than the sixth or seventh power (Michaelides
and Spanos, 2020), scaling proves to be insufficient to eliminate the near-multicollinearity
problem. However, employing orthogonal polynomials, in addition to the re-scaling, was
found to have reduced the evidence of ill-conditioning. Thus, the second step is to compute

the Chebyshev polynomial of the first kind, via:

d
dt,

(=1)"2"(k)!

th(t,) = (1= )2 ()1 =) 72k >0 (3.10)

Note that other orthogonal polynomials can be considered, as shown in Michaelides and
Spanos (2020), but the choice will depend on the range of the time variable. Here, in order
to use the Chebyshev polynomials, the time variable must take values within the range [-1,1].
From this point onward, the notation for the scaled Chebyshev polynomial is simplified to

t* where k is the degree of the trend.

Choosing the Number of Trends and Lags

Once the trend polynomials and seasonality terms have been constructed, the Normal, AR(p)
model with mean heterogeneity (Spanos, 2019a), given in Table 3.3 below, is estimated for

each data series.

Note that, in Table 3.3, Xi:ll’ = (Xt,l, e ,Xt,p>. Additionally, the constant term in

Table 3.3, ag(t) contains all of the added seasonal and trend polynomials as well as potential
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Table 3.3: Normal, Autoregressive (AR(p)) Model with Mean Heterogeneity

Statistical GM: X, = ap(t) + >0, i Xe—; +uy, t €N,
[1] Normality: (Xe, X1, .., Xup) ~ N(., )

[2] Linearity: E (XJO'(X;:&D)) =ap(t) + >0 0 Xy,
[3] Homoskedasticity: Var <Xt o (Xi:’f ) ) = o2,
[4]  Markov: {X;,t € N} is Markov of order p

[5] t-invariance: (ao(t), Ay ey Qp, a%) does not change with ¢

dummy variables for outliers.? The number of lags and trends are selected based on statistical
adequacy of the models. Here, the notion of statistical adequacy follows from the discussion
in Section 2.1.2. Simply put, a statistically adequate model is one which encapsulates all of
the chance regularity patterns in the data (Spanos, 2019a). To test for departures from the
model assumptions imposed on the data, auxiliary regressions are conducted on the residuals
of each data series, see Spanos (2018) for details on such auxiliary regressions. An example
of these auxiliary regressions where the dependent variable is the natural log of GDP can be
found in Appendix D. After thoroughly testing for potential mis-specification, the models

are then re-specified to account for the information not captured in the current version.

Once a statistically adequate autoregressive model has been estimated for each predictor, a
vector autoregressive model VAR(L) is estimated to jointly determine the number of lags and
trends. It is important to clarify that the number of trends and lags determined in this model
may differ from that found in the AR(p) model estimation, hence the distinction between
p and L. The specification of the VAR(L) model with trending and seasonal means can be

respectively found in Tables 2.3 and 2.4. Moreover, the estimation of the VAR(L) is carried

2Observations are only considered to be outliers if they significantly affect the other model estimates
during their inclusion or omission.
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out using OLS for each equation separately. This way, the model mis-specification testing can
be conducted on the residuals of each equation separately. The minimum number of trends
and lags that establish statistical adequacy for all of the VAR(L) equations is recorded and

then used for the construction of temporal principal components.

How/Why this Method Differs

The aforementioned method for determining the number of trends and lags stands in stark
contrast to other, popular methods utilized in papers such as Stock and Watson (2002a) and
Bok et al. (2018). As seen in Bok et al. (2018), data downloaded from the FRED database is
typically seasonally-adjusted prior to analysis. This seasonal adjustment often uses the X-13
ARIMA-SEATS Seasonal Adjustment program, which is available on the U.S. Census Bureau
website.> As the name suggests, X-13 ARIMA-SEATS utilizes ARIMA models to subtract
out the seasonal component of a dataset. Modeling the seasonality directly is therefore seen
as unnecessary and therefore omitted from the analysis, as the downloaded data is assumed
to have taken seasonal cycles into account. Implicitly, however, this procedure assumes that
the ARIMA model is statistically adequate for the data. If there is model mis-specification,
then the subtracted seasonal component will be erroneous, as will any inferences/forecasts

which use the adjusted data.

Another point worth mentioning is that information criterion, such as the commonly used
Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) (Akaike,
1973, Schwarz, 1978) are not considered when determining the number of trends and lags.
As shown in Spanos (2010b), these types of model selection procedures can be unreliable,
especially when in the presence of model mis-specification. If, for example, the statistically

adequate model is not in the set of possible models being considered, the AIC and BIC will

3https://www.census.gov/data/software/x13as.html
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select a mis-specified model. Moreover, Spanos (2010b) finds that even if a statistically ade-
quate model is in the possible set, the information criterion may select a different model. To
avoid the possibility that these model selection procedures will select statistically inadequate
autoregressive and vector autoregressive models, this forecasting framework instead employs
the alternative proposed in Spanos (2010b). That is, achieving statistical adequacy is the
lone criterion for selecting the number of trends and lags in the autoregressive and vector

autoregressive models.
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3.3.2 Step 2: Detrending and De-seasonalizing the Data

Having determined a statistically adequate autoregressive model for each predictor, where
the predictor ¢ at time ¢ is denoted as X;; (1 = 1,...,k),(t = 1,...,T), the data is then
detrended and de-seasoned using the estimated trends and lags. Hence, detrending and

de-seasonalizing amounts to estimating®:

wi(t)
7 "\ Y

S/2

it
Zt—ozo—l—Z(St“’—l—Z%cos +¢j in( 5;7)+ut, (3.11)

where p;(t) is the mean of predictor 7. Subtracting out the estimated mean yields the

detrended predictor, X;(d):

Xio(d) = X0 — fui(t). (3.12)

3.3.3 Step 3: Sample Variance-Covariance Matrix

A new dataset containing both the detrended data series and their lags is formulated based
on the number of trends and lags for the system determined via the statistically adequate
vector autoregressive model. Let Z;(d) = [X14(d), Xo4(d), ..., Xzs(d)]T denote the (k x 1)

detrended random vector. Following notation similar to that when defining the Vector

4While the estimation of each autoregressive model was conducted separately for all of the data series,
and this will be an integral part of the methodology prescribed below, the choice of the number of lags and
included trend variables is the same across all of the predictors. These results come from the estimated
vector autoregressive model. To reiterate, the number of lags and trends may differ between the two models.
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Autoregressive model, let

where L is the number of lags. The newly constructed data matrix contains the detrended
and therefore demeaned data columns, i.e. it is assumed that E(Z,(d)) = 0 and therefore
E(Y(d)) = 0. Thus, after constructing the detrended data matrix with lags included, the

sample covariance matrix is computed via:

R 1< R N
Xy = T ;[Yt(d)”Yt(dﬂ

Note that 3, is a (L 4 1)k x (L + 1)k matrix. There are two important considerations
regarding the sample temporal covariance matrix to keep in mind at this point. First, the
inclusion of the lagged variables in the original dataset poses the problem of missing values
when computing the covariance matrix. One solution to this problem is to simply omit the
first few rows of the data matrix where the missing values occur. However, in doing so, the
assumption that the means of each column is zero is no longer valid.® The second method,
which is used here, involves adding the estimated constant term in each trend equation back
to the respective data column. This will not change the covariances, since the variance of a

constant term has no bearing.

Moreover, units of measurement will have a major impact on the contribution of each predic-
tor to the principal components. In the case where units of measurement differ among the

predictors, it is common practice to first standardize the covariance matrix, i.e. to generate

®Note that, in Python, the libraries numpy (Harris et al., 2020) and pandas (Wes McKinney, 2010) will
produce slightly different covariance matrices for this exact reason. Pandas will attempt to fill the missing
values using the sample mean of the data column, whereas numpy will drop the rows of the matrix containing
missing values.
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the correlation matrix; see Jolliffe (2002), Jolliffe and Cadima (2016) for more information
on standardization of principal components. Here, this is accomplished by pre and post
multiplying the covariance matrix by the inverse of the square-root of the diagonal entries of
the covariance matrix, or the inverse of the standard deviation of each data column. To sum-
marize, let S denote a diagonal matrix containing the square root of the diagonal elements

of 3. Tt follows that the correlation matrix, Corr(Yy(d)), equals:

3.3.4 Step 4: Estimating the Temporal Principal Components

Assuming that the units of measurement differ among the data series necessitates the use of
the standardized correlation matrix, Corr(Yt(d)), to estimate principal components. Spec-
tral decomposition is first applied to correlation matrix to obtain its eigenvalues and corre-

sponding eigenvectors:

Corr(Y:(d)) = VDV

Having completed this step, the temporal principal components defined in Table 3.2 are then

estimated:

~

B, =V (Y, —j1) =V (Yi(d)

As mentioned above, the second equals sign follows from the assumption that E(Y,(d)) = 0,

which implies that the data has been demeaned correctly.
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3.3.5 Step 5: Selecting Principal Components

There exists a degree of subjectivity when selecting which principal components to keep and
which to drop; this stems from the diversity of methods for principal component selection.
Methods used to choose the number of principal components include ad-hoc rules such as
the scree plot, tests based on distributional assumptions, and other methods such as boot-
strapping, permutation and cross validation (Jolliffe, 2002, Josse and Husson, 2012). In Bai
and Ng (2002), the authors determine the number of factors to use in approximate factor
models based on a developed information criterion. Newer methods, such as sparse principal
component analysis, utilize variable selection algorithms like the ridge and lasso regressions
to not only reduce dimensionality, but to also shrink the number of components utilized

(Zou et al., 2006).

This framework uses follows a combination of distributional assumptions, scree plot, and
statistical significance to select both the number of principal components and which of these
principal components to keep in the final forecasting model. The first method to select the
number of principal components to keep is the traditional method for determining the cutoff

via the proportion of total variance, 7., explained by the included r principal components:

Mt At A _22:1)%

(3.13)

Ty

Here, one specifies a threshold for the percentage of variance explained, such as 95%, and
selects the r eigenvectors corresponding to the r eigenvalues whose summation reaches this
threshold. This method of selecting principal components can be fully integrated into a
hypothesis testing framework (Anderson, 2003). Namely, suppose the question of interest is
whether the last (L+1)k—r principal components can be ignored based on their contribution

to the total variance. As stated in Anderson (2003), in this case, the null hypothesis can be



3.3. FORECASTING FRAMEWORK 55

formulated as:

(L+1)k )
HO . f(A) _ ZZ:T—‘rl

= 3.14
trace(X2,) ~ “ (3:14)

where c is the pre-specified threshold for the percentage of variance explained. Under equality
in 3.14, Anderson shows that the asymptotic variance of f(X), where X is the vector of

estimated eigenvalues, equals (2003):°

1—c¢ 2
)) W+ + )‘%L+1)k>‘
y

Var(f(3) —— 2 ( czy)>2(>\§+...+Ai) +2 (M
(3.15)

trace(

Therefore, the null hypothesis in 3.14 is rejected if
(L+D)k A
VT Lz M) )| < za\/Var(f(N)),
trace(X,)

where z, denotes the a-significance level critical point of the standard normal distribution,
and the MLE have been substituted in the asymptotic variance in 3.15. For brevity, the
theorems and intermediate steps have not been fully illustrated here; see Anderson (2003)
for a more complete picture on the procedure.” Other than the proportion of total variance
explained, this chapter uses a scree plot is also used to indicate which components to keep.
Finally, after estimating the subsequently defined FAR(p,L) model, only principal compo-
nents which are significantly (statistically) related to the variable of interest are kept for use

in the forecasts.

6This follows from Theorem 4.2.3 in Anderson (2003).
7 Alternatively, Anderson shows that one can also test whether the sum of the smallest roots, i.e. the sum
of the smallest variances of the last principal components is less than a pre-specified threshold.
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3.3.6 Step 6: Estimating the Dynamic Factor-Augmented Autore-
gressive Model (FAR(p,L))

Given that the aim of this line of research is to incorporate the dependence information
depicted in the VAR(L) model into the the autoregressive models (AR(p)) via estimated
principal components, a new model specification that captures all of the assumptions needs to
be transcribed. Thus, the specification needs to include conditioning information from both
the original autoregressive model and the temporal principal components, which were derived
from the VAR(L) model. The culmination is the Dynamic Factor-Augmented Autoregressive
model (FAR(p,L)), which is contained in Table 3.4 below.

Table 3.4: Dynamic Factor Augmented Autoregressive Model (FAR(p,L))

Statistical GM: Xt = ao(t) + Zle 5iXt—i + Z;Zl 5jfj,t + Uy, tGN, r S (L + 1)1{3

[1] Normal: (X, X1y oo, Xeepy ity - - fre) s Normally distributed,

[2] Linearity: E(Xi|lo(W{_))) = ao(t) + >0, BiXe—i + > im1 03 fits

[3] Homoskedasticity: Var(X;|o(W}_,)) = w?,

[4]  Markov: {X,teN} is a Markov(p) process, {Z;, t€N} is a Markov(L) process
[5] t-invariance: 0:=(ao(t), Biy- .-, Bp, 01, ..., 0,,w?) are t-invariant.

Zt = [Xl,t7X2,t7 s 7Xk,t]T7 Xt S {Xl,ta X2,t7 s an,t}v
Yt = [thla Zt727 R thL]Ta Ft = V:(Yt - l*l’y)a
Ft = (fl,ta f2,t7 s 7f7“7t)a W?—l = (Xt—h s 7Xt—pa Zt—la SR Zt—L)

Note that the information contained in W?_; depends on the data availability and frequency
of release. In practice, it may very well be the case that lower frequency data, such as monthly
and quarterly data, will not be available at the time of forecasting. It is for this reason that
the temporal covariance matrix used to construct the temporal principal components may

not contain the contemporaneous matrix with those variables included. Ultimately, in terms
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of forecasting, the omission or inclusion of such variables should not impact the results

significantly, due to the nature of principal components.

Moreover, this formulation of the FAR(p,L) model should not be confused with the FAVAR
model proposed in Bernanke et al. (2005), which is based on the dynamic factor model. The
main difference is that the FAR(p,L) model is based on the reduction of the joint distribution
of the sample based on the imposed probabilistic assumptions inherent in the AR(p) and
VAR(L) models (Spanos, 1986). For more information on FAVAR models as well as their
relation to structural dynamic factor models, see Bernanke et al. (2005) and Stock and
Watson (2016). Moreover, the FAVAR model will be used as a benchmark for the FAR(p,L).

Details regarding the model and benchmark are found in Appendix I.

3.3.7 Step 7: Model Mis-specification Testing of the FAR(p,L)

Model

Model mis-specification testing is conducted on the estimated residuals from the FAR(p,L)
in order to ensure that adding the estimated principal components does not affect the statis-
tical adequacy of the original autoregressive model. Auxiliary regressions on the estimated
residuals, as shown in Spanos (2018, 2019a), detect departures from the probabilistic as-
sumptions invoked in the model. For example, in the context of the normal, FAR(p,L)

model with cubic trends, auxiliary regressions could take the following form:

original specification
7\

e (5] (2] [4]

3 ‘ r p e, P P A ~
Uy = ap + Z oity, + Z Vifie + Z VmYe—m + a1ty + agtd + B197 + Batts_1 + Batls_o +v;

i=1 j=1 m=1
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(5] (3] (4]

A

~2 1 2 W2 T a0 a9
Ut = (50 + 51t* + (52t* + ’l/}lyt + f)/luti]_ + 72ut72 +,Ut

Table 3.4 shows the null hypotheses for testing each assumption explicitly. Note that these
mis-specification tests detect departures from the probabilistic assumptions by testing the

additional terms, not the terms from the original model specification.

Table 3.4: M-S Tests: Factor Augmented Autoregression

Assumptions Null Hypothesis

Joint (Regression Function) Hy: a1 =ays =01 =02 =03=0
Linearity Hy: 1 =0

Dependence (Mean) Hy: By =p3=0

1st t-invariance Hy: a1 =a,=0

Joint (Skedastic Function)  Hy: 61 =ds =91 =1 =72 =0
Heteroskedasticity Hy: Y1 =0

Dependence (Variance) Hy: v1 =79 =0

2nd t-invariance Hy: 01 =0,=0

3.3.8 Step 8: Constructing Out-of-Sample Forecasts

The main focus of this chapter is to find out how the modelling methodology described in
Steps 1-7 can be used to forecast macroeconomic variables. Hence, in the final step, out-of-
sample forecasts are conducted for each of the predictors to find out whether the addition
of principal components increases forecasting accuracy. First, a training dataset and testing

dataset are established; here, the last twelve quarters of each predictor make up testing
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dataset, i.e. Q1 2017 through Q4 2019.

Forecasts are then constructed recursively from the estimated equation. Namely, forecasts
are iteratively computed one quarter ahead over the forecasting horizon using the statis-
tical generating mechanism. Consider, without loss of generality, the simple yet relevant
benchmark AR(1) model. The estimated equation takes the following form:

Ui = Qo + a1y
To forecast the next time period, i.e. time ¢ 4 1, one can use the estimated value from the
previous time period:

Yrr1 = Qo + Q10
This process is repeated to then forecast h periods ahead, where h is defined to be the
forecasting horizon. Ultimately, the forecast at time ¢ 4+ h would then be:

Yt+h = Qo + Q1Yt4h-1-

In the context of the FAR(p,L) model, the forecasting follows a similar recursive proce-
dure. Using the statistical generating mechanism defined in Table 3.4, for a FAR(1,3), the

estimated equation from the training set is given as:

gr = do(t) + dage—1 + Z 5jfj,t
j=1

Like the benchmark model above, forecasting h steps ahead amounts to plugging in the
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estimated values into the statistical generating mechanism:

P T
Jren = Go(t + h) + Z Qilrh—i + Z 0iljten

i=1 j=1

A few things to note about this setup. Firstly, in this framework, the FAR(p,L) model utilizes
principal components which have been constructed from the full sample. When forecasting
in practice, however, observations whose dates are beyond the training set, in other words
the out-of-sample observations, will generally be unknown to the modeller at the time the

forecasts are created.

3.3.9 Summary of Forecasting Steps

To summarize, the forecasting framework is given in the following steps:

Step 1. Determine the number of trends and lags via statistically adequate AR(p) and
VAR(L) models.

Step 2. Detrend and de-seasonalize the data using the estimated trends from the statis-

tically adequate VAR(L) model.

Step 3. Estimate the sample, temporal (with lags) covariance matrix from the VAR(L)

model.

Step 4. Estimate the temporal principal components using spectral decomposition or

SVD.

Step 5. Choose which components to keep based on statistical significance, scree plot,

etc.
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Step 6. Estimate the Dynamic Factor-Augmented Autoregressive Model (FAR(p,L)).
Step 7. Check the statistical adequacy of the FAR(p,L) using M-S testing.

Step 8. Construct out-of-sample forecasts iteratively over the forecast horizon.
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3.4 Data

Predictors

This chapter utilizes twelve widely used macroeconomic and financial data series, includ-
ing both leading and lagging indicators, to demonstrate the amenability of this principal
components method to forecasting economic data, see Bok et al. (2018) for an example of
macroeconomic nowcasting using these predictors. Moreover, while at the outset twelve data
series will not likely constitute a “big data” problem, or rather an issue with dimensionality
(Bellman, 1961), macroeconomic data series often display various forms of dependence which
require the inclusion of lagged variables. Stacking these lags with the original data set will
ultimately increase the number of dimensions in the data series. Furthermore, the aim of this
chapter is to present a methodology for the general forecasting of macroeconomic variables.

As such, it is simple to include more data series into the set of predictors.

The macroeconomic data in this analysis was primarily sourced from the FRED database,
which is maintained by the Federal Reserve Bank of St. Louis ®. Since the data frequency
varies between quarterly and monthly observations, the monthly data series are aggregated to
a quarterly frequency. Although current macroeconomic nowcasting techniques use smooth-
ing methods, such as the application of the Kalman Filter, smoothing the data imposes re-
strictions that may lead to model mis-specification.” Aggregation can also be accomplished
through a variety of methods including averages and interpolation, but these methods risk
running into similar restrictions on the data. Thus, quarterly variables are constructed using
the end-of-quarter value for each predictor. Seasonal data on real GDP only reaches as far

back as Q1 2002. Therefore, the more readily available nominal GDP with seasonality is

8https://fred.stlouisfed.org/
9 Aggregation does lead to the loss of some information, but since the goal here is to ensure that the
forecasting model is statistically adequate, this loss is less relevant.
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transformed to real GDP using the GDP deflator.'®

After variable transformations and adjustments, quarterly data from Q1 1992 to Q4 2019
remain for the analysis. Figure 3.1 below shows the time series plots of the original data.
Note that the version of the data without the seasonal cycles subtracted out were chosen
when available, as seasonality is directly modeled using trigonometric polynomials. This is
further expanded upon when establishing the forecasting methodology. See Appendix C for

more details on each data series.

Note that descriptive statistics, such as the sample mean and sample variance, are highly
misleading when the data series are not independent and identically distributed (IID). Tt
is clear from the Figure 3.1 that the predictors considered are not 11D, and exhibit trends,
dependence, and seasonality. Hence, these descriptive statistics are excluded from this anal-

ysis.

3.5 Results

3.5.1 Detrending and De-seasonalizing Results

The first step in the forecasting procedure amounts to the detrending and de-seasonalizing
of each predictor. As mentioned in Section 3.3.2. above, this is accomplished through the
estimation of autoregressive models for each predictor. See Appendix D for the estimated

autoregressive equations and mis-specification testing results for the natural log of GDP.

After estimating the autoregressive equations for each series, the data series is modeled

10Both the GDP deflator and CPI were considered for this conversion. However, since the CPI is already
included as a predictor, the GDP deflator was selected. Selecting the CPI to use for the conversion did not
significantly change the preliminary results below. Moreover, it is important to note that the GDP deflator
was seasonally adjusted. This adjustment had very little effect on the results.
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Figure 3.1: Time Series Plots: Original Predictors

together via a VAR model. As described in the forecasting methodology section, the number
of trends and lags in the VAR(L) model are determined via statistical adequacy. Based on
the testing methodology outlined in Poudyal and Spanos (2022), three lags and third degree
trends were selected for the estimation of the ‘temporal’ principal components.!’ At the
heart of the prescribed joint M-S tests for the VAR(L) model lies the following auxiliary

regressions estimated for each equation:

"Performing the M-S testing on each equation separately might reveal that different equations require
a distinct combination of trends and number of lags to achieve statistical adequacy. Therefore, in order
to achieve statistical adequacy for the system of equations, the minimum trend degree and number of lags
which render all of the equations statistically adequate is selected.
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(2] [4] (5]

A\

~ T R — 4 5
U = ap + B10e + By + Bstu—1 + Paty—o + 11t + Y2l +v1,

51 3] 4

~2 1 2 ~2 ~2 ~2
Uy~ = 0 + 01t, + 0ot + w1yt +wWily_1 + Wally_o +v2 ;.

Note that in this case, the fitted values are used in lieu of the original specification in order
to save on degrees of freedom. Because the data is aggregated to the quarterly frequency,
and the number of observations is reduced, the total number of degrees of freedom are
limited. Hence, including the original specification will rapidly consume degrees of freedom
and produce questionable results. For robustness, various forms of the auxiliary regressions

were explored for each of the auxiliary regressions, as done in Poudyal and Spanos (2022).

Table 3.5 summarizes the joint M-S tests in terms of the assumptions being tested and
corresponding null hypotheses. Also, observe that regardless of the form of the auxiliary
regression being selected, all five of the model assumptions for the VAR(L) model, which

can be found in Table 3.1, are being tested; see Spanos (2018) for more details.

Importantly, the assumptions of normality and dynamic heteroskedasticity are not examined
here, but can be analyzed using the Student’s ¢ VAR(L) model; see Poudyal and Spanos
(2022) for details. F-statistics and corresponding p-values resulting from the joint mis-
specification tests are given in Table 3.6. Here, each column represents an individual equation
in the VAR(3) system. Statistically significant test results, evaluated at the av = 0.01 level,

are given in bold font.!?

The results in Table 3.6 indicate that the VAR(3) model with cubic trends and trigonometric

L2Following Spanos (2014) and Poudyal and Spanos (2022), the significance level is chosen to be a = 0.01
due to the number of observations available. Ultimately, there is an inverse relationship between the number
of observations and the p-value; as the number of observations increases, the p-value shrinks. Thus, the power
of the test to detect tiny discrepancies from the null hypothesis increases with the number of observations.
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Table 3.5: M-S Tests: Normal VAR(3) Model

Assumptions Null Hypothesis

Joint (Regression Function) Hy: fo=03=0,=71=72=0
Linearity Hy: B2 =0

Markov(3) Hy: B3 =04=0

1st t-invariance Hy: v =7 =0

Joint (Skedastic Function) Hy: 61=0 =9 =w; =wy =0
Homoskedasticity Hy: Y1 =0

Dynamic Heteroskedasticity Hy: wi = wy =0

2nd t-invariance Hy: 91 =905=0

polynomials for seasonality is statistically adequate. Hence, the extended sample covariance

matrix, including three lags for each predictor, will be used to formulate the temporal prin-

cipal components.



Table 3.6: M-S Test Results for VAR(3) Model

Equation Ingdp; Innonfarm,;  Inretail, Inepiy Inhp, Inhs,
Joint (regression) 0.42[.8318]  0.21[.9562] 0.14[.9827] 0.12[.9870] 0.38[8607] 0.91[.4779]
Linearity 0.00[.9969]  0.37[.5446] 0.56[.4561] 0.17[.6790] 0.00[.9667] 3.76[.0553]
Dependence (Mean) 1.01[.3695]  0.16[.8544]  0.02[.9836] 0.12[.8838] 0.80[.4525] 0.47[.6250]
1st t-invariance 0.05[.9482]  0.12[.8829]  0.04[.9577] 0.18[.8382] 0.15[.8645] 0.50[.6071]
Joint (skedastic) 2.56[.0318]  2.68[.0255]  1.33[.2565] 0.69[.6343] 1.67[.1489] 0.53[.7527]
Homoskedasticity 1.88[.1729]  0.80[.3725]  0.42[.5175] 0.17[.6818] 0.09[.7674] 0.12[.7272]
Dependence (Variance) 2.31[.1045] 4.80[.0102]  2.48[.0888] 0.53[.5892] 2.90[.0598] 1.08[.3422]
2nd t-invariance 1.85[.1620]  3.26[.0424]  1.11[.3341] 1.38[.2574] 0.55[.5814] 0.31[.7335]
Equation [nip; {ninv, Inspb00;, outlook; cap.utily ury
Joint (regression) 0.07[.9963] 0.09[.9944] 0.25[.9406] 0.06[.9972] 0.12[.9888] 0.53[.7552]
Linearity 0.00[.9681] 0.00[.9966] 0.06].8147] 0.11[.7386] 0.09[.7706] 0.36[.5513]
Dependence (Mean) 0.11[.8993] 0.18[.8396] 0.59[.5589] 0.10[.9079] 0.01[.9911] 1.15[.3199]
1st t-invariance 0.09[.9240] 0.03[.9671] 0.02[.9808] 0.01[.9894] 0.12[.8839] 0.02[.9822]
Joint (skedastic) 1.14[.3465] 1.40[.2291] 0.73[.6022] 1.07[.3838] 0.64[.6731] 0.77[.5743]
Homoskedasticity 2.56[.1124] 0.19[.6635] 1.72[.1926] 0.39[.5319] 0.27[.6031] 0.82[.3687]
Dependence (Variance) 1.29[.2797] 3.35[.0389] 0.82[.4430] 0.29[.7481] 0.43[.6488] 0.84[.4357]
2nd t-invariance 2.13[.1246] 0.14[.8723] 0.82[.4446] 1.89[.1560] 1.41[.2494] 1.21[.3011]
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In summary, the estimated autoregressive equations and VAR model equations suggest the
use of three lags, the first three scaled, Chebyshev polynomials, the seasonal trigonometric
polynomial, as well as dummies for the outliers at Q3 2008 and Q4 2008 (D67 and D68,
respectively) to capture the trends and dependence.'® Using this information, each series is
detrended according to the methodology prescribed above; plots of the detrended series can
found in Figure 3.2. After subtracting out the trends, the lags of the detrended data series

are added back into the dataset.

3.5.2 Principal Components via the Covariance Matrix

Principal components are formed for both the estimated covariance matrix, f]y, and the
estimated standardized correlation matrix, Corr(Y,(d)) following the steps outlined in the
methodology section. Here, the threshold for total explained variance is set to 95%. However,
this level of explained variance is subject to change, as higher thresholds increase the number
of components needed.'* Scree plots and plots for percentage of variance explained at this

threshold are given in Figure 3.3.

The proportion of total variance explained and the scree plots above indicate that the first
9 eigenvalues and corresponding eigenvectors should be retained to form principal compo-
nents when using the covariance matrix, whereas the standardized correlation matrix utilizes
the first 14 eigenvalues and corresponding eigenvectors. Note that in the case of the stan-

dardized correlation matrix, the number of principal components needed to achieve the same

13Qutliers were only considered if they were statistically significant and affected the number of trends and
lags for the system. For example, although the autoregressive model for the natural log of GDP indicated
that the observation dummy during the 2008 financial crisis was unnecessary, the dummy was kept because
there was an effect in other equations. Moreover, in the forecasting stage, the dummy variables were removed
entirely, since omitting the effects from observations unnecessarily will unduly affect forecast performance;
Lenza and Primiceri (2022) serves as a recent example on how removing the observations from the COVID-19
pandemic period caused underestimation of uncertainty.

4Various thresholds will be considered in the results that follow.
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percentage of total variance explained will be higher than the number needed when using the

covariance matrix; see Jolliffe (2002) for details. Principal components are then calculated

via the method described in Section 3.2.2.

Since the units of measurement for the various predictors were different, the principal com-

ponents derived from the covariance matrix were dominated by the predictor with the largest

sample variance (Jolliffe, 2002). In this case, it was the Philly Manufacturing Survey which

had the largest variance, resulting in a strong correlation between this predictor and the first

few principal components. Hence, from this point forward, this chapter only considers the
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Figure 3.3: Scree Plots and Explained Variance Plots for Covariance and Correlation Matri-
ces at 95% Threshold

standardized correlation matrix when units of measurement vary. The differences between
the principal components derived from the covariance matrix and those derived from the

standardized correlation matrix are clearly depicted in Figure 3.4.

3.5.3 Dropping Insignificant Principal Components

Next, these principal components are used as the explanatory variables in the dynamic factor
augmented autoregressive model described above, where the dependent variable is the data
series to be predicted. Principal components are kept if the p-value from the two-sided test
indicates that the corresponding coefficient is statistically significant at the 2.5% level.'® For
the remainder of this chapter, the target variable will be the natural log of GDP, but the

framework can be applied to all of the variables in the system. In the case of the natural

15Qther significant levels could be selected depending on how strict one desires the threshold and cutoff
to be.
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Figure 3.4: Time Series Plots of Principal Components

log of GDP, Table 3.6 and Table 3.7 show how altering the threshold for explained variance

affects which principal components should be dropped.

The results in these tables indicate that, at the 2.5% significance level, various principal

components are dropped for both the covariance matrix and the standardized correlation
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Table 3.7: FAR(1,3) Dropping Statistically Insignificant Principal Components: Covariance
Matrix

Threshold Number of PCs Needed Dropped PCs (2.5% Level)

70% 2 PC2

75% 3 PC2, PC3

80% 4 PC2, PC3, PC4

85% 5 PC2, PC3, PC4, PC5
90% 7 PC3

95% 9 PC3, PCS, PCY

Table 3.8: FAR(1,3) Dropping Statistically Insignificant Principal Components: Correlation
Matrix

Threshold Number of PCs Needed Dropped PCs (2.5% Level)

70% 3 PC1, PC3
75% 4 PC1, PC2, PC3, PC4
80% 5 PC3, PC4
85% 6 PC3, PC4
90% 9 PC3, PC4, PC6, PCS

—_
>~

95% pPC4, PC6, PCS, PC11, PC14

matrix. As mentioned above,however, since the units of measurement differ, the standardized
correlation matrix should be considered. Moreover, these results imply that the statistically
significant principal components, i.e. the ones which remain, will differ depending on the

threshold for explained variance.

Predicted values and the corresponding residual plots for the cases where statistically in-
significant principal components are dropped are shown in Figure 3.5, in the case where the
threshold for explained variance is 95%. Moreover, plots have been included below to empha-
size the impact that different thresholds for explained variance have on the fitted values and
corresponding residuals in the case where principal components have been dropped. Note
that the thresholds for the proportion of explained variance are the same as those included

when dropping principal components in Table 3.6 and Table 3.7.
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FAR(1,3) Model Fitted Values: Correlation Matrix
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Figure 3.5: Fitted Values and Residuals using Factor Augmented Autoregressive FAR(1,3)

Model: Insignificant Principal Components Omitted

A comparison of fitted values and residuals across the different thresholds for total variance

explained is given in Figure 3.6. The figure only contains the results for the standardized

correlation matrix and is enlarged to highlight the differences in each scenario.
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FAR(1,3): Fitted Values Correlation Matrix
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Figure 3.6: FAR(1,3) Forecasting Results by Proportion of Variance Explained

The comparisons in Figure 3.6 show that although the fitted values do not appear to change
drastically from one threshold to the next, minor differences are observed in the residuals.
This indicates that the autoregressive model is capturing slightly different information when

the threshold for explained variance changes. Whether this presents an issue in terms of



3.5. REsuLTS 75

statistical adequacy requires extensive M-S testing as described in Section 3.3.7 in the fore-
casting methodology. Moreover, Figure 3.7 illustrates the impact that dropping principal
components has on the estimated residuals. In the end, these plots demonstrate that the
estimated model, and subsequently the forecasts, will be affected by the decision of which
principal components to retain in the model; different methodologies for selection will alter

the final forecasting results.
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Figure 3.7: FAR(1,3) Residual Comparisons: Dropping Principal Components vs. Not Drop-
ping, 95% Threshold

3.5.4 M-S Testing Results

Now that the FAR(1,3) has been estimated, M-S testing is conducted on the residuals via
auxiliary regressions to ensure that the inclusion of the temporal principal components have
not introduced any model mis-specification. The probabilistic assumptions being tested are

those found in Table 3.9. Moreover, M-S tests results are displayed for two different cases:
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the case where principal components from the correlation matrix are not dropped, and the
case where principal components from the correlation matrix are dropped based on statistical
significance. The auxiliary regressions for the FAR(1,3) model residuals for the statistically
significant principal components formed from the standardized correlation matrix at the 95%

threshold are:

original specification
7\

Ve

3 2 14
Uy = ag + Z oitl + Z(%COSz‘t + Bisin) + 1 D67 + 1, D68 + Z Yifie + Culngdp;
i—1 =1 i=1,i#4,6,8,11.14

(5] (2] [4]

- 5, A2, A —
+ait, + ast] + B31); + Batly—y + Bsli—o +v1y

(5] 3] (4]
2 ol 2, 2 A2 T a0 A a2
U~ = 0o + 01ty + 0oty + 17y + ity + Yally_o +V2y

Here, PC4, PC6, PC8, PC11 and PC14 are dropped from the model, as these terms were
insignificant in the previous specification; see Table 3.8. Alternatively, to reduce the number
of terms included in the testing equation, one can estimate the first auxiliary regression
equation using fitted values as shown Poudyal and Spanos (2022) in the context of the

Student’s t Vector Autoregressive model:

2] 4 5]
~ N R, - — 4 5
U = oo + B0 + Bay; + Bsti—1 + Batly—2 + art, + ast; +v1

The subsequent testing will utilize the abbreviated approach, i.e. it will use the fitted
values, in order to reduce the number of terms in the auxiliary regression. Table 3.9 below
summarizes the M-S tests in terms of the assumptions being tested and the explicit null

hypothesis. Note that the third column shows the null hypothesis when the fitted values
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in the mean equation are substituted in for the original specification, and that the second
variance auxiliary regression equation remains unchanged in both instances.

Table 3.9: M-S Tests: Factor Augmented Autoregression, Correlation Matrix

Assumptions Null Hypothesis Null Hypothesis (Fitted Values)
Joint (Regression Function) Hy: a1 =ay=3=01=0=0 Hy: ay=as=po=P3=0:=0
Linearity Hy: ps=0 Hy: B2 =10
Dependence (Mean) Hy: By=p8B5=0 Hy: B3 =04=0
1st t-invariance Hy: a1 =a,=0 Hy: a1 =0a,=0
Joint (Skedastic Function) Hy: 0y =0 = =791=7%=0 Hy:d1=0h=0F=1=7%=0
Heteroskedasticity Hy: /1 =0 Hy: g1 =0
Dependence (Variance) Hy: y1 =7 =0 Hy: i =7=0
2nd t-invariance Hy: 6,=0,=0 Hy: 0, =6, =0

F-statistics and corresponding p-values are given in Table 3.10 below for the cases of both
dropping and not dropping insignificant principal components. This is done for three differ-
ent thresholds for the proportion of variance explained: 75%, 85%, and 95%. Bold values are
those which are significant at the 2.5% level or lower. Note that an asterisk by the p-value
indicates that one of the terms in the F-test had a statistically significant t-test result while
the other did not. For example, if the additional time variable probing for mean heterogene-
ity t4 was statistically insignificant but #> was not, then this will be noted as an asterisk in
the table, specifically in the row “1st t-invariance.” Ultimately, the results indicate that the
specification for the factor autoregressive model is statistically adequate. This was true at
the 95% thresholds for standardized correlation matrix. Due to the differing units of mea-
surement, the M-S testing results for the covariance matrix are unreliable, as the principal
components are dominated by the predictor with the largest sample variance. Hence, they

are not included in Table 3.10.

Additionally, Table 3.10 shows the summary M-S test results for the FAR(1,3) at the 85%

and 75% proportion of total explained variance, respectively. In general, these results are
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Table 3.10: M-S Test Results for FAR(1,3) - Based on Proportion of Variance Explained (%)

Not Dropping PC Dropping PC
Assumptions 95% 85% 5% 95 % 85 % 75%
Joint (regression) 0.53[.7150] 0.28[.0200] L.50[.1974]  0.55[.7401] 0.58.7189] 0.72[.6087]
Linearity 0.44[.5077] 0.19[.6642] 0.02[.8949]  0.41[.5255] 0.14[.7069] 0.27[.6062]
Dependence (Mean) — 1.25[.2904] 0.31[.7363] 2.45[.0913]  0.81[4475] 0.49[.6138] 1.22[.3010]
1st t-invariance 0.05[.9503] 0.17[.8467] 1.72[.1852] 0.43[.6516] 1.00[.3700] 0.36[.6958]
Joint (skedastic) 1.19[.3202] 1.60[.1682] 0.93[.4665] 0.65[.6596] 1.56[.1771] 0.82[.5354]
Heteroskedasticity 2.22(.1142] 1.44[.2320] 0.17[.6811]  2.40[.1245] 1.48[.2271] 0.09[.758]
Dependence (Variance) 3.09[.0820] 1.84[.1642] 0.68[.5086] 0.25[.7794] 1.63[.2009] 0.27[.7658]
ond t-invariance 0.50[.6066] 1.56[.2144] 0.72[.4808]  1.38[.2570] 1.54[.2198] 1.03[.3598]

consistent with the results for the 95% threshold; namely, there is little evidence of statistical
mis-specification in both cases of retaining all temporal principal components and dropping
statistically insignificant principal components. This comparison is in line with the compar-
ison depicted in Figure 3.6, as changing the proportion of total variance explained did not

appear to majorly alter the residuals of the estimated FAR(1,3) model.

3.6 Forecasting Results

3.6.1 FAR(1,3) Model Forecasts

Having verified the statistical adequacy of the FAR(1,3) model, in the case where the de-
pendent variable is the natural log of GDP, out-of-sample forecasts are conducted using the
model. Here, the forecasts are created via the statistical generating mechanism as shown
in the forecasting methodology section. To illustrate the ability of the model to forecast
over different periods into the future, multiple forecasting horizons are considered. Figure
3.8 below shows the forecast for the natural log of GDP with a forecasting horizon h = 12,

i.e. the last twelve quarters. Note that the dashed lines on the graph refer to forecasts
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where principal components were constructed based on a particular proportion of variance

explained.

Forecasts of Inrgdp Using FAR(L1,3)
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Figure 3.8: FAR(1,3) Forecasting Results by Proportion of Variance Explained

Unsurprisingly, increasing the proportion of variance explained corresponds to forecasts with
improved predictability; forecasting accuracy will formally be evaluated in the subsequent

section.

3.6.2 Benchmark Models: AR(p) Model

The natural choice of benchmark to compare the forecasting results of the FAR(p,L) with
is the AR(p) model. This is due to the inherent relationship between the AR(p) and the
FAR(p,L) model. In the case of the natural log of GDP, the AR(1) model was found to be
statistically adequate in the methodology above; see Appendix D for details on the estimated

model and mis-specification tests. Using Step 8 of the forecasting methodology section, the
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AR(1) forecasts were constructed from the statistical generating mechanism. Figure 3.9

shows the forecasts over the forecasting horizon h = 12.

AR(1) Forecasted Values: Natural Log of Real GDP
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Figure 3.9: AR(1) Benchmark Forecasting Results

3.6.3 Forecasting Accuracy Evaluation

Figure 3.10 illustrates the difference in forecasts between the FAR(1,3) and the benchmark
AR(1) model. From this plot, it is clear that while both models are statistically adequate,
the additional information in provided by the temporal principal components results in a

more accurate forecast over the specified horizon.

More formally, Table 3.11 below shows comparisons between the FAR(1,3) and AR(1) model
in terms of common forecasting accuracy measurements, including mean-squared forecast-
ing error (MSFE), root mean-squared forecasting error (RMSFE), and mean-absolute error

(MAE). In this case each of these metrics is defined as:



3.6. FORECASTING REsuULTS 81

Forecast Comparison: Matural Log of Real GDP
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Figure 3.10: FAR(1,3) Forecasting Results Comparison: FAR(1,3) 95% and AR(1) Bench-
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Other than these common distance metrics, one could also use popular methods, such as
the Diebold-Mariano Test, (Diebold and Mariano, 1995) to compare forecasts. See Buturac

(2022) for more information on prevalent measures used to assess forecasting results.

Once again, Table 3.11 indicates that, in terms of the chosen forecasting metrics, the
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Table 3.11: Natural Log of RGDP Forecast Evaluation

Horizon
FAR(1,3) 75%-80% h=1 h=2 h=41 h =38 h =12
MSFE 2.33E-06 4.11E-05 8.63E-05  0.0003 0.0008
RMSFE 0.0015 0.0064 0.0093 0.0172 0.0287
MAE 0.0015 0.0052 0.0082 0.0151 0.0242
FAR(1,3) 85% h=1 h=2 h=14 h=38 h =12
MSFE 8.88E-06 1.25E-05 1.69E-05 4.85E-05  0.0002
RMSFE 0.0030 0.0035 0.0041 0.0070 0.0136
MAE 0.0030 0.0035 0.0035 0.0058 0.0107
FAR(L,3) 90% h=1 h=2 h=4 h=8 h=12
MSFE 1.58E-05 1.82E-05 2.09E-05 4.53E-05  0.0002
RMSFE 0.0040 0.0043 0.0046 0.0067  0.0129
MAE 0.0040 0.0043 0.0042 0.0059 0.0103
FAR(1,3) 95% h=1 h=2 h=4 h=38 h =12
MSFE 3.60E-05 2.27E-05 1.85E-05 1.61E-05 2.79E-05
RMSFE 0.0060 0.0048 0.0043 0.0040 0.0053
MAE 0.0060 0.0045 0.0041 0.0036 0.0045
Benchmark AR(1) h=1 h=2 h=4 h=38 h =12
MSFE 5.65E-05 3.81E-05 1.61E-05 6.46E-05 4.82E-05
RMSFE 7.52E-03 6.17E-03 4.02E-03 8.04E-03 6.94E-03
MAE 0.0075 0.0049 0.0027 0.0073 0.0062

FAR(1,3) outperforms the benchmark AR(1) model at the 95% threshold. Ultimately, not

only has the dependence information been summarized in the temporal principal components,

but the addition of those temporal principal components has further augmented the forecast-

ing accuracy of the standard autoregressive model. To reiterate, the forecasting methodology

created above can be applied to any of the predictors in the model. For these cases, all that

needs to be done is to switch out the dependent variable and use the statistically adequate

autoregressive model as the baseline. This is due to the fact that the temporal principal

components are constructed from a statistically adequate vector autoregressive model, and
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changing the dependent variable will not have methodological implications.

3.6.4 Benchmark Models: Dynamic Factor Models (DFM) and

the Factor Augmented Vector Autoregressive Model (FAVAR)

The Dynamic Factor model (DFM) was first explored in Sargent and Sims (1977) and Geweke
(1977), extending the classical factor model to cases where the factors evolve over time.
However, as noted in the introduction to this chapter, the use of an index to summarize the
information in several macroeconomic variables was posited as early as Burns and Mitchell
(1946). Recently, the literature on DFMs has expanded, and now, DFMs are widely used to
forecast (Stock and Watson, 2002a,b) and nowcast(Bok et al., 2018, Giannone et al., 2008)
macroeconomic indicators; see Stock and Watson (2016) for a comprehensive summary of
the literature surrounding this model. For this exercise, the second benchmark stems from
an extension of the DFM, the factor augmented VAR model (FAVAR) model defined in
Bernanke et al. (2005). The FAVAR model in Bernanke et al. (2005) is specified in the two

following transition and observation equations:

Xt = Ath + Ay}/; + €t

Here, Y; is a (K x 1) vector denoting the macroeconomic variables which move the economy.
F; denotes an (R x 1) vector of unobserved factors, where R is less than the number of
original data series, and X, is the vector of predictors of length (S x 1) (2005). Moreover,

(L) is a lag polynomial similar to that found in Hamilton (1994) and A/ denotes the factor
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loadings. Estimation in Bernanke et al. (2005) is accomplished in two ways: a two-step
procedure, where the unobserved factors are first estimated via principal components, and
then the estimated factors are used to estimate a VAR model, and a one-step procedure,
where the unobserved factors and the VAR model are estimated simultaneously (pp. 398-
399). The former approach shares similarity with the forecasting methodology in Stock and
Watson (2002b) and is the one considered for the benchmark. For more information on both
the DFM in Stock and Watson (2002b) and the FAVAR in Bernanke et al. (2005), as well as
the method for constructing the benchmark, see Appendix I. Figure 3.11 plots the forecasted

FAVAR values against the seasonally adjusted data.
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Figure 3.11: Benchmark FAVAR: Log-Difference RGDP Forecast

As shown in the plot, the model generally overpredicts, and the deviation between the
forecasts and actual values increases over the forecasting horizon. This is indicative of a
statistically inadequate model, where the model assumptions do not capture characteristics of

the data. To emphasize the difference further, a comparison of FAR(1,3) to both benchmark
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models is provided in Table 3.12.

Table 3.12: Natural Log of RGDP Benchmark Forecast Evaluation

Horizon
FAR(1,3) 95% h=1 h=2 h=4 h=8 h=12
MSFE 3.60E-05 2.27E-05 1.85E-05 1.61E-05 2.79E-05
RMSFE 0.0060 0.0048 0.0043 0.0040 0.0053
MAE 0.0060 0.0045 0.0041 0.0036 0.0045
FAVAR 95% h=1 h=2 h=4 h =38 h =12
MSFE 4.52E-05 2.27E-05 1.39E-05 4.99E-05 7.11E-05
RMSFE 0.0067 0.0048 0.0037 0.0071 0.0084
MAE 0.0067 0.0036 0.0027 0.0056 0.0072
Benchmark AR(1) =1 h=2 h=4 h=38 h =12
MSFE 5.65E-05 3.81E-05 1.61E-05 6.46E-05 4.82E-05
RMSFE 7.52E-03 6.17E-03 4.02E-03 8.04E-03 6.94E-03
MAE 0.0075 0.0049 0.0027 0.0073 0.0062

From the results depicted in the table, it is clear that the FAR(1,3) model produces superior
forecasts in terms of accuracy when compared to the FAVAR model, which demonstrates its
capability to compete and outperform other, commonly utilized models. As the forecasting
horizon expands to twelve quarters, the deviation between the predictions and actual values
increases for the FAVAR model to beyond that for the other two models being compared.
This likely stems from two reasons, which are elaborated upon in more detail in Appendix
I. The first is the seasonal adjustment. Since the purpose of including the FAVAR is to
contrast the forecasting results when statistical adequacy is not taken into account, the
methodology used to construct the FAVAR begins with the subtraction of the seasonal
component, to emulate pre-adjusted data. This is similar to how papers, such as Bok et al.
(2018), often begin their forecasts using data that has already been seasonally adjusted.
Therefore, in terms of the overall results, the FAVAR cannot capture seasonal cycles, whereas

the FAR(1,3) can. Secondly, the results in Table 3.12 indicate that the FAVAR model is
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statistically inadequate. After the forecasting horizon reaches a certain number of quarters,
the forecasting accuracy deteriorates for the FAVAR much more quickly than the base model.
Such deterioration may also be due to the large number of predictors used in the estimation
step; i.e. the VAR model estimation. In the statistically adequate FAR(1,3), a procedure
was outlined for eliminating irrelevant principal components, whereas all of the principal
components needed to reach the desired threshold for explained variance are kept when
estimating the FAVAR. For additional information on the benchmark FAVAR, see Appendix

L.

3.7 Limitations and Future Research

3.7.1 COVID-19 Pandemic and Macroeconomic Forecasts

Although the forecasting results are certainly promising, there are some limitations to the
current model and forecasting framework that should be addressed in future research. First
and foremost, one potential concern when looking at this analysis is that the date range
ends in 2019, conveniently before the first wave of the pandemic in the United States, which
took place in spring 2020. Data after Q4 2019 is omitted due to a few reasons, chief among

16 As acknowledged in Ho (2021), forecasting macroeconomic

them being the pandemic.
variables during and after the start of the pandemic has caused a shift in how macroeconomic
forecasts are developed, with no definitive answer consensus on how to incorporate such

an unprecedented situation. Moreover, as noted in Ng (2021), there have only been two

pandemics since the second world war, and neither one provides much insight on how the

16 Another reason for the exclusion of more data is indirectly related to the pandemic, namely that the
data is pandemic-period economic data is continuously being revised and updated; see the following arti-
cle for a recent example in revisions of employment data: https://fredblog.stlouisfed.org/2022/01/
revisions-to-employment-data-during-2020-and-2021/


https://fredblog.stlouisfed.org/2022/01/revisions-to-employment-data-during-2020-and-2021/
https://fredblog.stlouisfed.org/2022/01/revisions-to-employment-data-during-2020-and-2021/
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shock induced by COVID-19 pandemic affects the macroeconomy.

One suggestion is to simply omit these problematic observations, rendering them effectively
outliers. In Lenza and Primiceri (2022), however, the authors point out that while dropping
the pandemic observations may be fruitful in estimating model parameters, it is ill-suited
for forecasting purposes. Ng (2021) elaborates further on this sentiment, stating that the
argument can be made that the “extreme values are not void of economic content” and
therefore their effects should not be removed. In both of these papers, the authors develop
their own models and methods to augment forecasts to include the pandemic, and thus,
from the emerging methodological literature, it is clear that the incorporation of data from
the pandemic period into macroeconomic models is no simple feat. Treatment of data from
the COVID-19 pandemic has spurred a diverse response from modelers, and the methods
employed are varied. In future research, it would be worthwhile to explore how well the

model predicts the recession induced by the pandemic.

3.7.2 Going Beyond Normality

Another limitation to the current modelling methodology comes from the model assump-
tions themselves. Namely, the Dynamic Factor Augmented Autoregressive model assumes
that the variables are normally distributed. The logical first step in extending the model
beyond normality would be to construct temporal principal components the Student’s ¢
Vector Autoregressive model defined in Poudyal and Spanos (2022), as this extension al-
lows for a heteroskedastic conditional variance. Departures from normality are even further
expanded upon in Solat and Tsang (2021), where the authors introduce the notion of Gen-
eralized Principal Component Analysis. Although not studied in the current version of the

FAR(p,L) model, these additions would be worth investigating in subsequent specifications.
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Appendix H introduces the Student’s VAR model and explores the augmented forecasting

methodology in such cases.

3.7.3 Temporal Principal Component Construction

Finally, another potential concern lies in the construction of the temporal principal com-
ponents. It is a typical assumption for principal components to have be centered, or to
have zero mean. While detrending and demeaning of the original data was accomplished at
the outset of the forecasting methodology, the lagged data columns no longer have a mean
equal to zero. This in turn implies that those data columns are no longer centered for the
principal components. To combat this, a constant was added to each of the data columns
before the covariance matrix was estimated, thereby eliminating the missing value problem.
However, it may be the case that this off-centering will significantly affect the temporal

principal components and thus the forecasting results.

3.8 Discussion

In summary, the purpose of this chapter is is to study the use of principal components in the
context of macroeconomic forecasting. To extend the traditional definition of principal com-
ponents to account for not only contemporaneous dependence, but also temporal dependence,
temporal principal components are first defined. These temporal principal components make
up the baseline for the normal Dynamic Factor Augmented Autoregressive model defined in
Table 3.4. Finally, a baseline forecasting methodology is constructed for the implemen-
tation of the model. The prescribed forecasting methodology is then applied to common

macroeconomic and financial variables; the results of which are compared to commonly used
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forecasting benchmarks. Ultimately, the results of this exercise indicate that the statistically
adequate FAR(1,3) model outperforms the benchmark AR(1) and FAVAR (Bernanke et al.,
2005) models in terms of typical forecasting evaluation measures. More specifically, while
it is found that the forecasting error grows as the forecasting horizon increases, this error is

smaller than that in the found in the benchmark models for over longer horizons.



Chapter 4

Conclusion

4.1 Summary

In the context dynamic factor models, Stock and Watson (2017) acknowledges, “there is
some evidence that the parametric restrictions (or priors) that make these methods work
discard potentially important information” (p. 83). This statement directly aligns with the
notion of statistical adequacy brought forth in Spanos (2009, 2018). If the model being used
to forecast macroeconomic variables disregards key, statistical information which produced
the data, then the forecasts will be unreliable in predicting the future. Hence, the role of
this dissertation is to fill a niche, combining the aspects of one of the most popular dimen-
sion reduction techniques with a modeling philosophy that fosters learning from data. More
specifically, the research presented here focuses on the assumptions underpinning the Princi-
pal Components model. Each chapter examines a different facet of modeling macroeconomic

data with PCA, with several contributions to the literature listed below:

o First is the extension of the previous work done on linear regression models in (Spanos
and McGuirk, 2001), Spanos (2009) and McGuirk and Spanos (2009) to Vector Autore-
gressive (VAR) models in cases of various forms of mean heterogeneity. The various
simulations in Chapter 2 demonstrated the devastating impact that neglecting system-

atic information in the data, via a mis-specified model, can have on the reliability of
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inferences. Similar to the results in Spanos and McGuirk (2001), Spanos (2009) and
McGuirk and Spanos (2009), in such cases, it is shown that the actual error probabili-
ties can differ starkly from the nominal error probabilities when failing to model all of

the relevant information in the dataset.

o Another key contribution is the establishment of a baseline forecasting framework for
PCA which achieves superior forecasts in terms of both accuracy and in terms of cap-
turing the probabilistic assumptions inherent in each macroeconomic data series. This
forecasting framework requires statistical adequacy from the outset, which contrasts
with other, widely used models such as the Dynamic Factor models found in Stock
and Watson (2016). In order to create a statistically adequate model using princi-
pal components within this framework, a connection is recognized between PCA and
the Normal VAR using the probabilistic reduction approach. This connection stems
from the estimated joint covariance matrix of the Normal VAR model and forms what
is called the Normal Temporal Principal Components model. Furthermore, the Dy-
namic Factor Augmented Autoregressive model (FAR(p,L)) is defined to incorporate
the temporal Principal Components. This model is fully described with testable model

assumptions.

e The forecasting methodology in Chapter 3 is then applied to a dataset consisting of
commonly utilized macroeconomic indicators, derived from Bok et al. (2018), and it is
found that the statistically adequate models perform better, in terms of forecasting ac-
curacy, than the benchmark autoregressive model and FAVAR model (Bernanke et al.,
2005). Hence, another contribution is to demonstrate how statistical adequacy can
enhance forecast accuracy in the context of principal components and to highlight the
potential consequences of neglecting critical, statistical information when forecasting

macroeconomic data using dimension reduction techniques.
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o Moreover, a similar forecasting framework which connects the Student’s t VAR model
and the Temporal Principal Components model is defined, extending the work of
Poudyal and Spanos (2022) and Solat and Tsang (2021). While this framework needs
to be expanded upon in future research, the initial steps can be found in Appendix H

of Chapter 3.

4.2 Future Expansions

To augment the results given in the chapters above, there are several directions that this
research can be taken in. First and foremost, the methodology discussed in the dissertation
is applied to pre-pandemic data, with ending date to the data being Q4 2019. This was
done intentionally, as the pandemic data lacks both precedent and a consensus as to how
the macroeconomic data should be treated (Ho, 2021). Testing the forecasting methodol-
ogy against an updated vintage would further serve to demonstrate the robustness of the
methodology presented above. Moreover, given the high volatility in macroeconomic vari-
ables surrounding the pandemic, this also would serve as a great example for the Student’s ¢
VAR model forecasting methodology utilized in Poudyal and Spanos (2022), which is elab-

orated upon in Appendix H of Chapter 3.

Another aspect touched upon in Chapter 3 but needs further exploration is the idea of
statistical adequacy in the context of seasonal adjustments. As shown in Ghysels and Os-
born (2001), estimation of seasonal cycles can be achieved through the use of trigonometric
polynomials. These trigonometric polynomials were chosen in the methodology presented in
Chapter 3 to directly estimate the trends and avoid the potential pitfall of selecting an erro-
neous vector autoregressive model. In practice, however, it is often the case that forecasting

either begins with data that has already been seasonally adjusted or data that is adjusted
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using the X-13 ARIMA-SEATS software; see Bok et al. (2018) as an example. At its core, the
X-13 ARIMA-SEATS software estimates a seasonal ARIMA (p,d,q)(P,D,Q) model and then
produces adjusted data omitting seasonal component. While the program requires expertise
of the user to navigate the underpinning model, there is the possibility that the data is
produced using a statistically mis-specified model. Spanos (2010b) showed that the common
model selection procedures of AIC and BIC, which are both a part of the X-13 software, were
unreliable in detecting a statistically adequate model. Therefore, a close examination of the
two seasonal adjustment methodologies in the context methodologies may prove beneficial

in further improving forecast accuracy.

Moreover, while the Dynamic Factor models (DFM) (Geweke, 1977, Sargent and Sims, 1977)
and the Factor Augmented Vector Autoregressive (FAVAR) model (Bernanke et al.;, 2005)
were mentioned in Chapter 3 and the latter was used as a benchmark, more work is required
to delve into the statistical assumptions behind the models using the probabilistic reduction
approach (Spanos, 2019a). These models have become widespread in their use, and the
theory behind them has significantly evolved during the last few decades; see Bai and Ng
(2002), Giannone et al. (2008), Stock and Watson (2002a) for example. Depending on the
specification and type of dynamic factor model, as well as the number of predictors and
observations, principal components can be used in to estimate the latent factors; see Bai
and Ng (2002), Stock and Watson (2002a, 2016). Once the set of statistical assumptions has
been defined for the DFMs and FAVAR, it would be enlightening to contrast these models
and the Dynamic Factor Augmented Autoregressive model (FAR(p,L)) defined in Chapter
3 in terms of the inherent model assumptions. For example, chief among the differences
is the treatment of the latent factors, where it is often assumed that the dynamic factors
evolve according to an autoregressive or a vector autoregessive process (Forni et al., 2009,

Stock and Watson, 2016). In the case of the FAVAR, specifically, although the name of
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the Dynamic Factor Augmented Autoregressive model from Chapter 3 sounds similar to the
FAVAR model, the FAVAR augments a VAR model using the latent factors (Bernanke et al.,

2005), which differs from the procedure outlined above.

To summarize, next steps for this research include:

1. Extending the dataset to forecast the COVID-19 pandemic period.

2. Employing the forecasting methodology to financial data series and exploring how

different types of data changes the framework.

3. Expanding the framework to handle instances where the normality assumption is no
longer valid, e.g. cases where the Student’s ¢ Vector Autoregressive model would be

appropriate.

4. Enhancing the ability of the forecasting framework to capture various forms seasonal-
ity. This includes comparing a statistically adequate de-seasonalizing framework with

conventional seasonal adjustment methods.

5. Further exploring the relationship between this framework and DFMs when viewed

under the probabilistic reduction approach.



Bibliography

Hirotugu Akaike. Information theory and extension of the maximum likelihood principle. In:
Petrov, B.N., Csaki, F. (Eds.), Second International Symposium on Information, pages

267-281, 1973.

Theodore W. Anderson. An Introduction to Multivariate Statistical Analysis. Wiley Series

in Probability and Statistics, third edition, 2003.

Jushan Bai and Serena Ng. Determining the number of factors in approximate factor models.

Econometrica, 70(1):191-221, 2002.

Matteo Barigozzi, Marc Hallin, Stefano Soccorsi, and Rainer von Sachs. Time-varying gen-
eral dynamic factor models and the measurement of financial connectedness. Journal of

Econometrics, 222(1):324-343, 2019.

Richard E. Bellman. Adaptive Control Processes: A Guided Tour. Princeton University
Press, 1961.

Ben S. Bernanke, Jean Boivin, and Piotr Eliasz. Measuring the effects of monetary policy:
a factor-augmented vector autoregressive (favar) approach. The Quarterly Journal of

Economics, 120(1):387-422, 2005.

Brandyn Bok, Daniele Caratelli, Domenico Giannone, Argia M. Sbordone, and Andrea Tam-
balottil. Macroeconomic nowcasting and forecasting with big data. Annual Review of

Economics, 10:615-643, 2018.

David R. Brillinger. Time Series- Data Analysis and Theory. Holden-Day, San Francisco,
1981.

95



96 BIBLIOGRAPHY

Arthur F. Burns and Wesley C. Mitchell. Measuring Business Cycles. NBER Book Series

Studies in Business Cycles, 1946.

Goran Buturac. Measurement of economic forecast accuracy: A systematic overview of the

empirical literature. Journal of Risk and Financial Management, 15(1):1-28, 2022.

Francis X. Diebold and Robert S. Mariano. Comparing forecast accuracy. Journal of Business

& Economic Statistics, (13):253-265, 1995.

Mario Forni, Dominco Giannone, Marco Lippi, and Lucrezia Reichlin. Opening the black

box: Structural factor models with large cross sections. Econometric Theory, (25):1319-

1347, 2009.

John Geweke. The dynamic factor analysis of economic time series. In: Aigner, D.J. and
Goldberger, A.S., Eds., Latent Variables in Socio-Economic Models 1, North-Holland,
Amsterdam, 1977.

Eric Ghysels and Denise R. Osborn. The Econometric Analysis of Seasonal Time Series.

Cambridge University Press, 2001.

Domenico Giannone, Lucrezia Reichlin, and David Small. Nowcasting: The real-time infor-
mational content of macroeconomic data. Journal of Monetary Economics, (55):665-676,

2008.
William H. Greene. Econometric Analysis. Pearson Education Inc., eighth edition, 2018.
James D. Hamilton. Time Series Analysis. Princeton University Press, 1994.

Charles R. Harris, K. Jarrod Millman, Stéfan J. van der Walt, Ralf Gommers, Pauli Vir-
tanen, David Cournapeau, Eric Wieser, Julian Taylor, Sebastian Berg, Nathaniel J.

Smith, Robert Kern, Matti Picus, Stephan Hoyer, Marten H. van Kerkwijk, Matthew



BIBLIOGRAPHY 97

Brett, Allan Haldane, Jaime Fernandez del Rio, Mark Wiebe, Pearu Peterson, Pierre
Gérard-Marchant, Kevin Sheppard, Tyler Reddy, Warren Weckesser, Hameer Abbasi,
Christoph Gohlke, and Travis E. Oliphant. Array programming with NumPy. Na-
ture, 585(7825):357-362, September 2020. doi: 10.1038/s41586-020-2649-2. URL https:

//doi.org/10.1038/s41586-020-2649-2.

Paul Ho. How macroeconomic forecasters adjusted during the covid-19 pandemic. Federal

Reserve Bank of Richmond: Economic Brief, (21-19):645-651, 2021.

Harold Hotelling. Analysis of a complex of statistical variables into principal components.

Journal of Educational Psychology, 24(6):417-441, 1933.
lan T. Jolliffe. Principal Component Analysis. Springer, second edition, 2002.

Ian T. Jolliffe and Jorge Cadima. Principal component analysis: a review and recent devel-

opments. Philosophical Transactions Royal Society, A(374):1-16, 2016.

Julie Josse and Francois Husson. Selecting the number of components in principal component
analysis using cross-validation approximations. Computational Statistic € Data Analysis,

56(6):1869-1879, 2012,

Michele Lenza and Giorgio E. Primiceri. How to estimate a vector autoregression after march

2020. Journal of Applied Econometrics, 10(4):688-699, 2022.
Helmut Liiketpohl. New Introduction to Multiple Time Series Analysis. Springer, 2005.

Anya McGuirk and Aris Spanos. Revisiting error-autocorrelation correction:common factor

restrictions and granger non-causality. Ozford Bulletin of Economics and Statistics, 71

(2):273-294, 2009.

Michael Michaelides and Aris Spanos. On modeling heterogeneity in linear models using

trend polynomials. Fconomic Modelling, 85:74-86, 2020.


https://doi.org/10.1038/s41586-020-2649-2
https://doi.org/10.1038/s41586-020-2649-2

98 BIBLIOGRAPHY
Serena Ng. Modeling macroeconomic variations after covid-19. Columbia University and
NBER Working Paper, 2021.

Karl Pearson. On lines and planes of closest fit to systems of points in space. Philosophical

Magazine, 2(6):559-572, 1901.

Niraj Poudyal. Confronting Theory with Data: the Case of DSGE Modeling. PhD thesis,
Virginia Tech, 2012.

Niraj Poudyal and Aris Spanos. Model validation and dsge modeling. Econometrics, 10(17),
2022.

Thomas J. Sargent and Christopher A. Sims. Business cycle modeling without pretending
to have too much a Prior economic theory. Federal Reserve Bank of Minneapolis: New

Methods in Business Cycle Research, 1977.

Gideon Schwarz. Estimating the dimension of a model. Annals of Statistics, (6):462-464,

1978.
Karo Solat. Generalized Principal Component Analysis. PhD thesis, Virginia Tech, 2018.

Karo Solat and Kwok Ping Tsang. Forecasting exchange rates with elliptically symmetric

principal components. International Journal of Forecasting, 37(3):1085-1091, 2021.

Aris Spanos. Statistical Foundations of Econometric Modeling. Cambridge University Press,

1986.

Aris Spanos. On modeling heteroskedasticity: The student’s t and elliptical linear regression

models. Econometric Theory, 10(2):286-315, 1994.

Aris Spanos. Statistical misspecification and the reliability of inference: The simple t-test in

the presence of markov dependence. The Korean Economic Review, 25(2):165-213, 20009.



BIBLIOGRAPHY 99

Aris Spanos. Statistical adequacy and the trustworthiness of empirical evidence: Statistical

vs. substantive information. Economic Modelling, 27(6):1436-1452, 2010a.

Aris Spanos. Akaike-type criteria and the reliability of inference: Model selection vs. statis-

tical model specification. Journal of Econometrics, (158):204-220, 2010b.

Aris Spanos. Recurring controversies about p values and confidence intervals revisited.

Ecology, 95:645-651, 2014.

Aris Spanos. Mis-specification testing in retrospect. Journal of Economic Surveys, 32(2):

541-577, 2018.

Aris Spanos. Probability Theory and Statistical Inference: Empirical Modeling with Obser-

vational Data. Cambridge University Press, second edition, 2019a.

Aris Spanos. Near-collinearity in linear regression revisited: The numerical vs. statistical

perspective. Communications in Statistics, 48(22):5492-5516, 2019b.

Aris Spanos. Statistical modeling and inference in the era of data science and graphical

causal modeling. Journal of Economic Surveys, 2021.

Aris Spanos and Anya McGuirk. The model specification problem from a probabilistic
reduction perspective. American Journal of Agricultural Economics, 83(5):1168-1176,

2001.

Aris Spanos and Anya McGuirk. The problem of near-multicollinearity revisited: Erratic vs.

systematic volatility. Journal of Econometrics, 108:365-393, 2002.

James H. Stock and Mark W. Watson. Forecasting using principal components from a large
number of predictors. Business Cycles, Indicators and Forecasting, 97(460):1167-1179,
2002a.



100 BIBLIOGRAPHY

James H. Stock and Mark W. Watson. Macroeconomic forecasting using diffusion indexes.

Journal of Business and Economic Statistics, 23(6):405-430, 2002b.

James H. Stock and Mark W. Watson. Chapter 8 - dynamic factor models, factor-augmented
vector autoregressions, and structural vector autoregressions in macroeconomics. Hand-

book of Macroeconomics, 2A:415-525, 2016.

James H. Stock and Mark W. Watson. Twenty years of time series econometrics in ten

pictures. Journal of Economic Perspectives, 31(2):59-86, 2017.

Wes McKinney. Data Structures for Statistical Computing in Python. In Stéfan van der
Walt and Jarrod Millman, editors, Proceedings of the 9th Python in Science Conference,
pages 56 — 61, 2010. doi: 10.25080/Majora-92bf1922-00a.

Hui Zou, Trevor Hastie, and Robert Tibshirani. Sparse principal component analsysis. Jour-

nal of Computational and Graphical Statistics, 15(2):265-286, 2006.



Appendices

101



Appendix A

Checking for Covariance-Stationarity

of Simulated VAR(p)

A.1 Vector Autoregressive Model (VAR(p))

Suppose we have the following VAR(p):

yi=a+ Ay, +Ay, o+ .+ ALY, T &,

where

E(e) =0

Q fort=r
E(e€]) =

0 otherwise

Note that unlike the specification above, here the VAR(p) model is viewed as a stochastic
difference equation; see Hamilton (1994) for details. Much like the AR(p) process, one can
rewrite the VAR(p) as the following VAR(1) (Hamilton, 1994; p. 259):
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Note that Z; is (np x 1), F is (np X np), and vy is (np x 1). As shown in Hamilton (1994), in
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order for the VAR(p) to be covariance-stationary, then all of the the eigenvalues of F must
lie within the unit circle, i.e. |A| < 1, for all A satisfying the following proposition (Hamilton,

1994):

Proposition: The eigenvalues of F satisfy

LA — AN — AN 2 A | =0.

Equivalently, the VAR is covariance stationary if all values of z satisfying:

L, — Az — Apz® — ... — A 2P| = 0.

lie outside the unit circle.
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A.2 Covariance-Stationary Check Python Code
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#import packages
import numpy as np
import pandas as pd
import math
def reparam_cov_partition(SIGMA,k,p):
1 = p+1
S00 = np.hsplit(np.vsplit(SIGMA,1) [0],1) [0]
S01_dict = {}
for i in range(1,1):
S01_dict['S10%d' %(i)] = np.hsplit(np.vsplit(SIGMA,1)[0],1) [i]
S01 = np.hstack(1list(S01_dict.values()))
S10 = SO01.T
S11_dict = {}
for m in range(1,1):
for n in range(1,1):
S11_dict['S11%d%d' %(m,n)] = np.array(np.hsplit(np.vsplit(SIGMA,1) [m],1) [n])

S11_values = 1list(S11_dict.values())

S11 = [np.hstack(S11_values[int(len(S11_dict)/p)*s:int(len(S11_dict)/p)*(s+1)]1)
for s in range(p)]

S11 = np.concatenate(S11)

return S00, SO1, S10, Sii

def cov_check_var(SIGMA,k,p, output = False):
# p is number of lags, k is number of variables, SIGMA must by (p+1)*k x (p+1)*k

#0btain partitioned covariance matrix
S00, SO01, S10, S11 = reparam_cov_partition(SIGMA, k, p)

#Reparameterize to find coefficient matrix
A = np.array(S01 @ np.linalg.inv(S11))

#Create the "F" matrix in Hamilton (1994)
M = np.size(A,0)*(p-1)

N = np.size(A,1)
I = np.eye(M,N)
F = np.vstack((A,I))

#Check whether the eigenvalues are less than 1
Eigvals = list(abs(np.linalg.eigvals(F)))

if output == True:
return A,I, F, Eigvals

else:
print(all(vals < 1 for vals in Eigvals))
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Simulation Python Code

B.1 Trending VAR Simulation Code

1 # VAR(1) Simulation With Trend
2 import statsmodels.api as sm
3 import numpy as np
4 import pandas as pd
5 import matplotlib.pyplot as plt
6 import scipy as sc
7 from numpy import size, random
8 from statsmodels.tsa.api import VAR
9
10 random.seed (12345)
11
12 #%/% Initialize Parameters
13 k=2
14 p=1
15 n = 200
16 r = 20000
17
18 S00 = np.array([[1.3,0.7],[0.7,1.8]1])
19 S01 = np.array([[0.7,0.5],[0.4,0.6]1])
20 S10 = SO01.T
21 S11 = S00
22
23 SIGMA = np.vstack((np.hstack((S00,S01)) ,np.hstack((S10,S11))))
24
25 alpha_1 = SO01 @ np.linalg.inv(S11)
26
27 mu_O = np.array([3,6])
28 mu_1 = np.array([0.5,0.25]) #Set this to zero if you do not have a trend
29
30 alpha O = (np.eye(k,k) - alpha_1) @ mu_O + (alpha_1 @ mu_1)
31 delta = (np.eye(k,k) - alpha_1) @ mu_1
32
33 coefs = np.hstack((np.ndarray.flatten(alpha_0),np.ndarray.flatten(alpha_1)))
34 coefs = coefs[[0,1,2,4,3,5]]
35
36 sig2 = S00 - SO1 @ np.linalg.inv(S11) @ S10
37
38 #)% Simulate the VAR(1)
39
10 c=1
41 std_err = []
12
43 #Simulate r times and collect estimated coefficients and standard errors
14
45 i=1
16
47 while i <= r:
A8
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print (i)

y_data = []

yO = np.random.multivariate_normal((mu_O + mu_1), S00, 1) #first observation at t
y_data.append(y0)

for j in range(p,n):

107

=1

#obs = alpha_0 + deltax(j+1) + y_datal[j-1] @ alpha_1.T + np.random.multivariate_normal (np.zeros((k

,)), sig2,1)
#y_data.append (obs)
mean = np.reshape(alpha_0 + delta*(j+1) + y_data[j-1] @ alpha_1.T, (k,))
y_data.append(np.random.multivariate_normal (mean, sig2, 1))
y_data = np.array(y_data) .reshape((n,k))

model = VAR(y_data)
results = model.fit(p)

C.append(np.ndarray.flatten(results.params))
std_err.append(np.ndarray.flatten(results.stderr))

C = np.array(C) .reshape((r,6))
std_err = np.array(std_err).reshape((r,6))

#)% Compute the test statistics
test_stat = [abs(C[1,:] - coefs)/std_err[l,:] for 1 in range(r)]
test_stat = pd.DataFrame(np.array(test_stat).reshape((r,6)))

#/% Compute Type I Error Probabilities

#Count the number of times that the test statistic exceeds the
#critical point for the t-test with (n - k - 1) df

alpha_data = test_stat.copy()

alpha_datal[alpha_data < 1.9721] = 0 #1.9721 for n = 200
alpha_datalalpha_data >= 1.9721] = 1

err = alpha_data.sum(axis = 0)/r
print(err)

#Histograms z

for m in range(size(C,1)):
fig, ax = plt.subplots(figsize = (10,5))
ax.hist(C[:,m])
sm.qqgplot(C[:,m], fit = True, line = "45")

print ("The mean:", np.mean(C[:,m]))
print("The SD:", np.std(C[:,m]))

print("The mean of the test statistic:", np.mean(test_stat.iloc[:,m]))
print("Average error:", err[m])

#)% Function to compute Type 2 Error Probabilities and Power

def power_curve(r, coefs, std_err, discrep_range, discrep_interval, type_1_actual, df):

power = []
power_corrected = []

#type_2_err = []

for j in range(0,discrep_range):
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beta_1_alt = coefs + discrep_intervalxj

#Calculate non-centrality parameter- note that numerator could be replaced with discrepency!
delta_beta_1 = [(abs(coefs - beta_1_alt))/std_err[1l] for 1 in range(r)]

#Find the area under the non-central t distribution to the left of alpha (type 2 error probability

crit_value = sc.stats.t.ppf(0.975, df) #times 0.5 for the two-sided test
beta_1 = sc.stats.nct.cdf(crit_value, df, delta_beta_1)

crit_value_corrected = sc.stats.t.ppf(1-(type_1_actual*0.5), df) #times 0.5 for the two-sided test
beta_1_corrected = sc.stats.nct.cdf(crit_value_corrected, df, delta_beta_1)

#1 minus the type 2 error probability -power
pi_l =1 - beta_1
pi_l_c =1 - beta_1_corrected

power . append (np.mean(pi_1))
power_corrected.append (np.mean(pi_1_c))

power = np.array(power)
power_corrected = np.array(power_corrected)
#type_2_err = np.array(type_2_err)

X

np.linspace(0, discrep_interval*discrep_range, num = discrep_range, endpoint = False)

fig, ax = plt.subplots(figsize = (10,5))

ax
ax

ax
ax

ax.
ax.
.legend(['Power', 'Size-Corrected Power'])

ax

.plot(x, power,'k--')
.plot(x, power_corrected,'r—-")

.plot(-x, power,'k--')
.plot(-x, power_corrected, 'r--')

set_xlabel ("Discrepency")
set_ylabel ("Power")

#)% Print power curves

#alpha_

01

power_curve(r, coefs[0], std_err[:,0], 100, .1, err[0], 196)

#alpha_

02

power_curve(r, coefs[1], std_err[:,1], 100, .1, err[1], 196)

#alpha_

11

power_curve(r, coefs[2], std_err[:,2], 100, 0.01, err[2], 196)

#alpha_

12

power_curve(r, coefs[4], std_err[:,4], 100, 0.01, err[4], 196)

#alpha_

21

power_curve(r, coefs[3], std_err[:,3], 100, 0.01, err[3], 196)

#alpha_

22

power_curve(r, coefs[5], std_err[:,5], 100, 0.01, err[5], 196)

B.2

Seasonal VAR Simulation Code

# VAR(1) Simulation With Seasonality

import
import
import

statsmodels.api as sm
numpy as np
pandas as pd
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5 import matplotlib.pyplot as plt

6 import scipy as sc

7 from numpy import size, pi, random

8 from statsmodels.tsa.api import VAR

9

10 random.seed (12345)

11

12 #%/% Initialize Parameters

13 k=2

14 p=1

15 n = 200

16 r = 20000

17

18 S00 = np.array([[1.3,0.7],[0.7,1.8]1])

19 S01 = np.array([[0.7,0.5],[0.4,0.6]1])

20 S10 = SO01.T

21 S11 = S00

22

23 SIGMA = np.vstack((np.hstack((S00,S01)) ,np.hstack((S10,S11))))

24

25 alpha_1 = S01 @ np.linalg.inv(S11)

26

27 mu_0 = np.array([3,6])

28 gamma_1 = np.array([0.9,0.25]) #Set these to zero if no seasonality

29 gamma_2 = np.array([0.4,0.65])

30 psi_1 = np.array([0.2,0.85])

31

32 #gamma_1 = np.array([0.,0.]) #Set these to zero if no seasonality

33 #gamma_2 = np.array([0.,0.])

34 #psi_1 = np.array([0.,0.])

35

36 alpha_0 = (np.eye(k,k) - alpha_1) @ mu_0

37 delta_1 = (gamma_1 + alpha_1 @ psi_1)

38 delta_2 = (psi_1 - alpha 1 @ gamma_1)

39 delta_3 = (gamma_2 + alpha_1 @ gamma_2)

40

41 coefs = np.hstack((np.ndarray.flatten(alpha_0),np.ndarray.flatten(alpha_1)))

42 coefs = coefs[[0,1,2,4,3,5]]

43

44 sig2 = S00 - SO1 @ np.linalg.inv(S11) @ S10

45

46 #/% Simulate the VAR(1)

47

48 c=1

49 std_err = []

50

51 #Simulate r times and collect estimated coefficients and standard errors

52

53 i=1

54

55 while i <= r:

56

57 print (i)

58

59 y_data = []

60

61 yO = np.random.multivariate_normal(mu_O + gamma_1*np.cos(pi/2) + psi_1l*np.sin(pi/2) + gamma_2*np.cos(
pi), 800, 1)

62

63 y_data.append (y0)

64

65 for j in range(p,n):

66

67 #obs = alpha_0 + delta_l#*np.cos(pi*(j+1)/2) + delta_2*np.sin(pi*(j+1)/2) + delta_3*np.cos(pix*(j+1)
) + y_datal[j-1] @ alpha_1.T + np.random.multivariate_normal(np.zeros((k,)), sig2,1)

68

69 #y_data.append (obs)

70

71 mean = np.reshape(alpha_0 + delta_1*np.cos(pi*(j+1)/2) + delta_2*np.sin(pi*(j+1)/2) + delta_3*np.
cos(pix(j+1)) + y_datal[j-1] @ alpha_1.T , (k,))

72
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73 y_data.append(np.random.multivariate_normal (mean, sig2, 1))

74

75 y_data = np.array(y_data).reshape((n,k))

76

77 model = VAR(y_data)

78 results = model.fit(p)

79

80 C.append(np.ndarray.flatten(results.params))

81 std_err.append(np.ndarray.flatten(results.stderr))

82

83 i=1i+1

84

85 C = np.array(C) .reshape((r,6))

86 std_err = np.array(std_err) .reshape((r,6))

87

88 #/,,Compute the test statistics

89 test_stat = [abs(C[1l,:] - coefs)/std_err[l,:] for 1 in range(r)]

90 test_stat = pd.DataFrame(np.array(test_stat).reshape((r,6)))

91

92 #/% Compute Type I Error Probabilities

93

94 # Count the number of times that the test statistic exceeds the critical point for the t-test with (n - k

- 1) df

95 alpha_data = test_stat.copy()

96 alpha_datal[alpha_data < 1.9721] = 0 #Change this based on the number of observations, "n"
97 alpha_datalalpha_data >= 1.9721] = 1

98

99 err = alpha_data.sum(axis = 0)/r

100 print (err)

101

102 #Time Series Plots

103 fig, ax = plt.subplots(figsize=(10, 5))

104 ax.plot(y_data)

105 ax.set_xlabel("Time (Quarters)")

106 ax.set_ylabel("y")

107 plt.show()

108

109 #Histograms

110 for m in range(size(C,1)):

111 fig, ax = plt.subplots(figsize = (10,5))

112 ax.hist(C[:,m])

113

114 sm.qqplot(C[:,m], fit = True, line = "45")

115

116 print ("The mean:", np.mean(C[:,m]))

117 print("The SD:", np.std(C[:,m]))

118

119 print("The mean of the test statistic:", np.mean(test_stat.iloc[:,m]))
120 print ("Average error:", err[m])

121

122 #/% Function to compute Type 2 Error Probabilities and Power

123

124 def power_curve(r, coefs, std_err, discrep_range, discrep_interval, type_1_actual, df):
125

126 power = []
127 power_corrected = []

128

129 #type_2_err = []

130

131 for j in range(0,discrep_range):

132

133 beta_1_alt = coefs + discrep_intervalx*j

134

135 #Calculate non-centrality parameter- note that numerator could be replaced with discrepency!
136 delta_beta_1 = [(abs(coefs - beta_1_alt))/std_err[1l] for 1 in range(r)]
137

138 #Find the area under the non-central t distribution to the left of alpha (type 2 error probability

)

139 crit_value = sc.stats.t.ppf(0.975, df) #times 0.5 for the two-sided test
140 beta_1 = sc.stats.nct.cdf(crit_value, df, delta_beta_1)
141
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crit_value_corrected = sc.stats.t.ppf(1-(type_1_actual*0.5), df) #times 0.5 for the two-sided test

beta_1_corrected = sc.stats.nct.cdf(crit_value_corrected, df, delta_beta_1)

#1 minus the type 2 error probability -power
pi_l1 =1 - beta_1
pi_l_c =1 - beta_1_corrected

power . append (np.mean(pi_1))
power_corrected.append(np.mean(pi_1_c))

power = np.array(power)
power_corrected = np.array(power_corrected)
#type_2_err = np.array(type_2_err)

x = np.linspace(0, discrep_interval*discrep_range, num = discrep_range, endpoint = False)

fig, ax = plt.subplots(figsize = (10,5))
ax.plot(x, power,'k--')
ax.plot(x, power_corrected,'r--')

ax.plot(-x, power,'k--')
ax.plot(-x, power_corrected,'r--')

ax.set_xlabel("Discrepency")
ax.set_ylabel("Power")
ax.legend(['Power','Size-Corrected Power'])

#)% Print power curves

#alpha_01
power_curve(r, coefs[0], std_err[:,0], 100, .1, err[0], 196)

#alpha_02
power_curve(r, coefs[1], std_err[:,1], 100, .1, err[1], 196)

#alpha_11
power_curve(r, coefs[2], std_err[:,2], 100, 0.01, err[2], 196)

#alpha_12
power_curve(r, coefs[4], std_err[:,4], 100, 0.01, err[4], 196)

#alpha_21
power_curve(r, coefs[3], std_err[:,3], 100, 0.01, err[3], 196)

#alpha_22
power_curve(r, coefs[5], std_err[:,5], 100, 0.01, err[5], 196)
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Appendix C

Data and Transformations

Data Series Source Frequency | Aggregation Method Units (Original) Transformation Seasonal Dates Available
. . i 1939-01-01 to
All Employees: Total nonfarm U.5.BLS M End of Period (Quarter) Thousands of Persons MNatural Logarithm NSA and SA available 10/1/2020
i . . . 1947-01-01 to
Real gross domestic product U.S. BEA Q N/A Billions of Chained 2012 Dollars Natural Logarithm SA only 7/1/2020
. . . s ) 1992-01-01 to
Retail Sales and Food Services U.S. Census Bureau M End of Period (Quarter) Millions of Dollars Natural Logarithm MSA and SA 5/1/2020
i . . . 1939-13-01 to
CPI-U: All items U.S. BLS M End of Period (Quarter) Index 1982-1984 = 100 Natural Logarithm MNSA and SA Available 10/1/2020
House prices (S&P/Case-Shiller U.5. 1987-01-01 to
. P ( _l S&P Dow Jones Indices LLC M End of Period (Quarter) Index Jan 2000 = 100 Natural Logarithm NSA and SA available
National Home Price Index) 8/1/2020
i . . . i 1959-01-01 to
Housing starts U.S. Census Bureau M End of Period (Quarter) Thousands of Units Natural Logarithm NSA and SA available 5/1/2020
. . ) 1948-01-01 to
Civilian Unemployment Rate U.5.BLS M End of Period (Quarter) Percent N/A NSA and 5A Available
10/1/2020
. . Board of Governors of the ) ) ) 1919-02-01 to
Industrial Production Index M End of Period (Quarter) Index 2012 =100 Natural Logarithm MNSA and 5A Available
Federal Reserve System 9/1/2020
Merchant wholesalers: Inventories M (end of } . } } 1992-01-01 to
U.S. Census Bureau End of Period (Quarter) Millions of dollars Natural Logarithm MNSA and SA Available
Total month) 9/1/2020
Philly Fed Mfg. business outlook: Fed. Reserve Bank of 1968-05-01 to
Y . -g _ . M End of Period (Quarter) Index N/A NSA and SA available
Current activity Philadelphia 10/1/2020
. e Board of Governors of the } ) 1967-01-01to
Capacity Utilization M End of Period (Quarter) Percent of Capacity N/A SA only
Federal Reserve System 9/1/2020
Stock Price Index (SP500): SPINDX Wharton Q End of Period (Quarter) Level Natural Logarithm NSA Q41925-Q42019

Figure C.1: Preliminary Data Information and Transformations
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The figure above contains preliminary information on each of the data series used in the
project. Note that in the case of real gross domestic product (GDP), the data from the
Bureau of Economic Analysis was only available as seasonally adjusted for the period of
interest. For reasons discussed in Section 3.3.1, seasonally adjusted data is not ideal for
analysis. As such, nominal GDP data was obtained from the Bureau of Economic Analysis
and adjusted for inflation manually via the GDP deflator with base year equal to 2012. The

conversion from nominal to real GDP was accomplished via the following transformation:

. Nominal GDP (billions)
1 GDP (bill = 1
Real GDP (billions) = =r s i tor @012 = 100) 0

The converted Real GDP data was then plotted and compared with the unadjusted values
on the FRED database !. The plot of the transformed data for the period available on FRED

is given in Figure C.2.

Real Gross Domestic Product (2012 = 100)
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Figure C.2: Plot of Real GDP via GDP Deflator

'The data on FRED can be found here: https://fred. stlouisfed.org/series/ND000334Q


https://fred.stlouisfed.org/series/ND000334Q

Appendix D

AR(1) Model and M-S Testing: Real
GDP

D.0.1 Estimated Model and Auxiliary Regressions

Model mis-specification testing is conducted on the estimated residuals from the normal
AR(1) model in order to ensure its statistical adequacy prior to selecting the number of trends
and lags in the forecasting framework. Auxiliary regressions on the estimated residuals, as
shown in Spanos (2018, 2019a), detect departures from the probabilistic assumptions invoked
in the model. In the context of the normal, autoregressive model for the natural log of gross

domestic product, auxiliary regressions take the following form: AR(1) Specification:

3 2
Ingdp, = ap + Z Sitl + Z(aiCOSit + Bising) + 11 D68 + yilngdp,_1 + .

i=1 i=1
Mean auxiliary regression:

original specification
7\

N (5]

~ 3 ' 2 | ——
U = ag + Z oit! + Z(aicosit + Bising) + 11 D68 + v1lngdp,_1 + art, + ast;,
=1 =1
(2] [4]

A

/—AT P ~
+ B3lngdp;_; + Balngdp,—o + Bslngdp,_s +vy,
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Variance auxiliary regression:

5] 3 4

A\

W2 = 6o + Oith + 6ot + Bulngdp? | + 2 | + Yo02 o, +vy

Table D.1 shows the null hypotheses for testing each assumption explicitly. Note that these
mis-specification tests detect departures from the probabilistic assumptions by testing the

additional terms, not the terms from the original model specification.

Table D.1: M-S Tests: Normal AR(1) Model: Natural Log of GDP

Assumptions Null Hypothesis

Joint (Regression Function) Hy: a1 =as =3 =L04=05=0
Linearity Hy: B3=0

Dependence (Mean) Hy: By = P55 =0

1st t-invariance Hy: a1 = a5, =0

Joint (Skedastic Function) Hy: 61 =0 =1 =711 =7 =0
Heteroskedasticity Hy: 81 =0

Dependence (Variance) Hy: 1 =7 =0

2nd t-invariance Hy: 61 =0,=0
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D.0.2 Estimated Equation and M-S Testing Results

The estimated AR(1) equation is given below:
Ingdp, = 0,689 + 0,097, — 000312 + 0,003 — 0.024D68 — 0,003 oy, — 0,00 simy
+ ((()) (%219 coS9; + (O 0%}153 Ingdp; 4

Standard errors are given under each estimated coefficient in parentheses. Note that an
asterisk next to the standard error in the estimated equation indicates statistical significance
at the 2.5% significance level. Table D.2 provides the M-S test results for the AR(1) model
specification above. Here, the F-statistics are given alongside the corresponding p-values
in brackets. In light of these results, one can conclude that the current specification is
statistically adequate, as there is no evidence that the assumptions listed in Table D.1 are
invalid.

Table D.2: M-S Test Results for AR(1) Model: Real GDP

Assumptions

Joint (regression) 0.93[.4641]
Linearity 0.92[.3387]
Dependence (Mean) 0.49[.6145]
Ist t-invariance 1.66[.1962]
Joint (skedastic) 1.29[.2752]
Heteroskedasticity 2.65[.1069]

Dependence (Variance) 0.73[.4840]
2nd t-invariance 1.60[.2059]




Appendix E

Testing for Non-Normality: VAR(L)
Model Residuals

As mentioned previously, the forecasting methodology in Chapter 3 incorporates the rigorous
testing of the model assumptions. It is important to highlight that testing for non-normality
is conducted after testing the other model assumptions. That is because, as noted in Spanos
(2019a), if the other model assumptions are invalid, then so too is the distributional assump-
tion. Non-normality is assessed in two ways: first through the use of the Anderson-Darling

test on the VAR(3) model residuals and second through distributional plots.

E.1 Anderson-Darling Test

The null hypothesis for the Anderson-Darling (A-D) test is that the data follows a specified
distribution, in this case a normal distribution. In this case, it is the VAR(3) model residuals
from Chapter 3 that are being tested, as this model was deemed to be statistically adequate
in the last chapter. Table E.1 below shows the results for the test, with bold font indicating

test statistics significant at the 2.5% level or lower.

117
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Table E.1: Anderson-Darling Test Results for VAR(3) Model

Equation A-D Test Statistic

Ingdp, 0.6318
Innon farm; 0.3233
Inretail; 0.4056
Inepiy 0.3624
Inhp; 0.2321
Inhs; 0.3687
Inip; 0.4278
Ininwv, 0.3751
Inspb00, 0.7604
outlook; 0.7198
cap.util 0.3941
ur 0.2264

Note that the critical values are 0.761, 0.888, 1.056 for the 5%, 2.5% and 1% levels, respectively.

Distributional Plots

Another check to the distributional assumption of normality comes in the form distributional
plots, specifically QQ-plots. Figure E.1 shows the plots for statistically adequate VAR(3)

model residuals.

For each of the equations, the quantile plots show that a majority of the points lie on the
standardized red line. However, toward the tail ends, the points start to deviate from the
line, which is indicative of larger tails for the distribution. Longer, or “fatter”, distribution
tails are characteristic of a distribution more like the Student’s ¢ distribution, and, as such,
these results ultimately demonstrate that the Student’s ¢ model may be more appropriate.
However, since the Normal VAR(3) model was established to be statistically adequate in
Chapter 3, i.e. no evidence detecting a violation of model assumptions, the Normal VAR(3)

was selected over a Student’s ¢ version of the VAR model.
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Forecasting Python Code

F.1 Importing Macroeconomic Data

1 import statsmodels.api as sm
2 import numpy as np
3 import pandas as pd
4 import matplotlib.pyplot as plt
5 import datetime
6 import warnings
7 import scipy as sc
8
9 #pip install pandas-datareader
10 import pandas_datareader as pdr
11
12 #pip install yfinance
13 import yfinance as yf
14
15 warnings.filterwarnings('ignore')
16
17 #%% Import the Updated Data
18 start_date = datetime.datetime(1992, 1, 1)
19 end_date = datetime.datetime(2019, 12, 1)
20
21 #Import Macroeconomic Predictors Other than GDP
22 FRED = ['PAYNSA#0', 'RSAFSNA', 'CPIAUCNS#0', 'CSUSHPINSA#0', 'HOUSTNSA#0', 'UNRATENSA', 'IPB50001N#0',
23 'T42IMNM144NCEN', 'GACDFNAO66MNFRBPHI', 'TCU']
24
25 macro_df = pdr.DataReader(FRED, 'fred', start_date, end_date)
26
27 #Import Nominal GDP and GDP Deflator; Note that GDP Deflator is seasonally adjusted
28 GDP = ['NA000334Q']
29
30 gdp_data = pdr.DataReader(GDP, 'fred', start_date, end_date)
31 gdp_deflator = pdr.DataReader (['GDPDEF'], 'fred', start_date, end_date)
32
33 #Import S&P500 Closing Prices
34 SP500 = pd.DataFrame(yf.download(' GSPC', start = start_date, end = end_date, interval = "3mo")['Adj Close
b
35
36 #Convert data to quarterly data using end of period values
37 clean_data = macro_df.copy()
38 clean_data =clean_data.drop(clean_data.index[clean_data.index.month.isin([1,2,4,5,7,8,10,11])])
39 clean_data.index = gdp_data.index
40
41 #Merge the DataFrames by columns
42 Data_Original = pd.concat([gdp_data, clean_data, SP500], axis = 1)
43
44 #%% Transform the Dataset
45 Transformed_Data = Data_Original.copy()
46
47 #Convert Units
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Transformed_Datal['NA000334Q'] = Transformed_Datal['NA000334Q']/1000 #Millions to Billions
Transformed_Data['UNRATENSA'] = Transformed_Datal['UNRATENSA']/100 #Convert percent to decimal
Transformed_Data['TCU'] = Transformed_Datal['TCU']/100 #Convert percent to decimal

#Convert Nominal GDP to Real GDP
Transformed_Datal['NA000334Q'] = Transformed_Datal['NA000334Q'].div(gdp_deflator['GDPDEF'], axis = 0)*100

#Rename Data Columns
Transformed_Data.columns = ['gdp', 'nonfarm', 'retail','cpi','hs','hp','ur','ip','inv', 'business’,'’

capacity_util', 'sp500']

#Take Natural Logs of Data

Transformed_Datal[['gdp', 'nonfarm', 'retail','cpi','hs','hp','ip','inv','sp500']] = np.log(Transformed_Data

[['gdp', 'nonfarm', 'retail','cpi','hs','hp','ip','inv', 'sp500']1])

F.2 Factor Augmented Autoregressive Model Python
Code

#%7% Import required modules

import statsmodels.api as sm

import numpy as np

from numpy import size

import pandas as pd

import math

import matplotlib.pyplot as plt

import sympy as sym

from numpy.linalg import eig

from sklearn.metrics import mean_squared_error, mean_absolute_error
from sklearn.linear_model import LinearRegression

#from statsmodels.tsa.deterministic import DeterministicProcess, Fourier

#// Functions for Scaling t and Chebyshev

The functions below were created in response to Michaelides and Spanos (2020)
and Spanos (2019), where it was found that the inclusion of trend polynomials
in estimation can lead to misleading results due to near-multicollinearity.
Hence, as suggested in the paper, a combination of Chebyshev Polynomials of the
First Kind and scaling are used to detrend the data.

def scaled_t(data):

Parameters

t_scaled : list containing scaled time variable
i

n = size(data,0)
t_scaled = []

for t in range(l,n+1):
t_s = (2%t - n - 1)/(n-1)
t_scaled.append(t_s)
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return t_scaled

#Chebyshev Polynomial of the First Kind

)| def Chebyshev_poly(t_s, trend):

Parameters

t_s: is a list containing the scaled time variable
trend: is an int describing the order of the trend (trend > 0)

t_poly: dictionary containing scaled, orthogonal time polynomials

t = sym.symbols('t')
t_poly = {}

for k in range(l,trend+1):
constant = ((-1)*xk*2%*k*math.factorial(k))/(math.factorial (2xk))
w = (1 - t*x*2)*%(0.5)
der = (1 - t*x2)**(k-0.5)
ddt = sym.diff(der,t,k)
poly = sym.expand(constant*wxddt)

f = sym.lambdify(t,poly)
t_poly['t_%d' %] = []

for i in range(0, size(t_s,0)):
t_poly['t_%d' %(k)].append(f(t_s[i]))

return t_poly

#Function defining seasonal terms
def trig_seasonal(data, s):
Vi

Parameters

data: dataframe containing data
s: is an int denoting the number of seasons

Returns

seasonal_vars: dictionary containing trig seasonal terms

terms = int(s*0.5)
t = np.array(np.arange(1,np.size(data,0)+1))

seasonal_vars = {}

for i in range(l, terms + 1):

seasonal_vars['cos_%d' %(i)] = np.round(np.cos(2xi*math.pi*t/s),4)
seasonal_vars['sin_%d' %(i)] = np.round(np.sin(2*i*math.pi*t/s),4)

return seasonal_vars

#The adjustments below make the seasonal dataframe equivalent to the

)| #Fourier produced in the Deterministic Process module

# terms = int(4x0.5)
# t = np.array(np.arange(0,np.size(Transformed_Data,0))) #Index vs Time (start with O or 1, respectively)
# seasonal_vars_test = {}

# for i in range(l, terms + 1):
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# seasonal_vars_test['cos_%d' %(i)] = np.round(np.cos(2*i*math.pixt/4),4)
# seasonal_vars_test['sin_%d' %(i)] = np.round(np.sin(2*i*math.pix*t/4),4)
#

seasonal_df = pd.DataFrame(seasonal_vars_test).apply(pd.Series.explode).reset_index(drop = True)

#/% Detrending and De-Seasonalizing Regression Results

L)

Construct the independent and dependent variables. The independent variables

in the regression are the scaled time polynomials, seasonality terms, and

the dummy variables. Note that the intercept and coefficients are saved into

a list and stored for later use. At this step, the intercept is also subtracted
out, but will be added back in.

def detrend_data(data_trend, data):

trend_intercept = []
trend_coef = []

k = size(data, 1)

X

data_trend
data_detrended = pd.DataFrame()

for i in range(0,k):
y = data.iloc[:,i]

Im = LinearRegression()
Im.fit(X,y)

trend_intercept.append(lm. intercept_)
trend_coef.append(lm.coef_)

y_hat = 1lm.predict(X)
data_detrended['y’d_d'%(i+1)] = y - y_hat #intercept also included in subtraction
return data_detrended, trend_intercept, trend_coef

#%7% Add lags back to detrended dataset

As mentioned in the paper, the number of lags and time trends were determined
prior to the analysis through the use of vector autoregressive models. Now that
the data has been detrended, lags are constructed and added into a copy of the
detrended dataset.

The lagged data columns now have NAN's in the first "lag" rows. To avoid an
error message when computing the sample variance, the estimated trends are
added back into the copied dataset. Note that the addition of a constant will
not change the sample variance. Moreover, see the paper for additional notes
on how the modules in python deal with the NAN problem.

LI
def lagged_dataset(data, lags, k, trend_intercept = None, intercept = False):
data_with_lags = data.copy()

for p in range(l, lags+1):
for i in range(1,k+1):

data_with_lags['L%d'%(p) + "." + 'y%d_d'%(i)] = data_with_lags['y/d_d'%(i)].shift(p)

if intercept == False:
return data_with_lags

else:

123




124 CHAPTER F. ForecAsTING PyTHON CODE

184 data_with_lags_int = data_with_lags.copy()

185 data_with_lags_int = data_with_lags_int.fillna(value=0)

186

187 # for r in range(lags+1):

188 # data_with_lags_int.iloc[:,kxr:k*(r+1)] = data_with_lags_int.iloc[:,k*r:k*(r+1)]
189 # + np.asarray(trend_intercept) #lag O

190

191 return data_with_lags_int

192

193| #/% Estimated Variance-Covariance Matrix and Standardized Correlation Matrix
194

195| def cov_matrix(data, corr):

196

197 SIGMA = np.cov(data, rowvar = False, bias = True) #Bias is for MLE! Divides by N instead of N-1
198

199 if corr == False:

200

201 return SIGMA

202

203 else:

204

205 #0btain Standard Deviations (From Diagonal of SIGMA)

206 D = np.sqrt(np.diag(np.diag(SIGMA)))

207

208 #Invert

209 D_inv = np.linalg.inv(D)

210

211 #Standardized Correlation Matrix

212 CORR = D_inv @ SIGMA @ D_inv

213

214 return CORR

215

216| #%4/ Functions for Determining the Number of Principal Components to Use
217

218| def and_test(values, per):

219

220 L

221 Parameters

222 —mmmmm———=

223 values: list of ordered eigenvalues (from smallest to largest)
224 per: threshold for percentage of variance explained

225

226 Returns

227 -

228 prints the number of principal components needed to reach the pre-
229 specified threshold for the proportion of the variance explained
;g(i) L

232 count = 1

233 sum_ = values[-1]

234

235 sum_all = np.sum(values)

236

237 for i in range(2,size(values)+1):

238 if (sum_/sum_all) < per:

239 sum_ = sum_ + values[-i]

240

241 count = count + 1

242

243 else:

244 print("Sum:", sum_)

245 print("Trace:", sum_all)

246 print( "Proportion of Variance Explained:", sum_/sum_all)
247 break

248

249 print ("Number of Components Needed:", count)

250

251| def exp_var(values, per):

252

253 te

254 Parameters
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values: list of eigenvalues from smallest to largest
per: threshold for percentage of variance explained

Returns

explained_var: list of variance explained by each additional eigenvalue
count: # of components needed to reach pre-specified threshold

L]

explained_var = []

count = 1

sum_ = values[-1]

sum_all = np.sum(values)
explained_var.append(sum_/sum_all)

for i in range(2,size(values)+1):
if (sum_/sum_all) < per:

sum_ = sum_ + values[-i]
count = count + 1
explained_var.append(sum_/sum_all)
else:
break
print ('Proportion of Variance Explained', (sum_/sum_all))
print('Count:', count)
return explained_var, count
#%% Decomposition of SIGMA Matrix and CORR Matrix and Testing Number of Components Needed

def eig_decomp(Matrix) :

val, vec = eig(Matrix)

idx = np.argsort(val)

val = vall[idx]
vec = vec[:, idx]

return val, vec
#%7% Function to compute Principal Components

#Function to compute principal components
def pc(k, p, vector, data):

PC = pd.DataFrame()
Comp = {}
for i in range(p):
Comp['PC_%d'%(i+1)] = np.matmul(vector[:,k-1-i].T, np.asarray(data.transpose()))
PC['PC_%d'%(i+1)] = Comp['PC_Jd'%(i+1)]
return PC
#%% Function for Dropping Principal Components
def drop_pc(X, y, count, display = True):
Im = sm.0LS(y.values, X.values).fit()
p_val = 1lm.pvalues
for r in range(count):

if p_vall[r] >= 0.025:
X = X.drop(['PC_%d'%(r+1)], axis = 1)
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#hth

def

#holh

def

if display == True:
print(p_vallr])
print ("Dropped", 'PC_%d'%(r+1))

else:
continue
else:
continue

return X

Temporal Principal Components Function

temp_pc(data, data_trend, a, lags, drop_contemp, SIGMA, pc_intercept = False):
k = np.size(data,1)

#Detrend data
data_d, trend_intercept, trend_coef = detrend_data(data_trend, data)

#Drop the contemporaneous data from the model, only considering lagged values for forecasting!
if drop_contemp == True:

#If no columns need to be added (additional lags for the VAR(p) model)

#data_with_lags = lagged_dataset(data_d, lags, k, trend_intercept = None, intercept = False).iloc[:,k
:1

#data_with_lags_int = lagged_dataset(data_d, lags, k, trend_intercept, intercept = True).iloc[:,k:]

#Adding another lag and dropping contemporaneous columns

data_with_lags = lagged_dataset(data_d, int(lags+1l), k, trend_intercept = None, intercept = False).
iloc[:,k:]

data_with_lags_int = lagged_dataset(data_d, int(lags+1), k, trend_intercept, intercept = True).iloc[:,
k:]

else:
data_with_lags = lagged_dataset(data_d, lags, k, trend_intercept = None, intercept = False)
data_with_lags_int = lagged_dataset(data_d, lags, k, trend_intercept, intercept = True)

#Compute the sample covariance matrix
if SIGMA == True:

CORR = cov_matrix(data_with_lags_int, corr = False)
else:

CORR = cov_matrix(data_with_lags_int, corr = True)

#Spectral decomposition
val, vec = eig_decomp(CORR)
ex_val, count = exp_var(val, a)

#Compute temporal principal components (with or without intercept added back in)
if pc_intercept == False:

PC = pc(size(data_with_lags_int, 1), count, vec, data_with_lags)
else:

PC = pc(size(data_with_lags_int, 1), count, vec, data_with_lags_int)

return PC, count

In sample forecasting method- similar to benchmark drop pc changed - there was an error in the ordering of
the columns

forecast_far(data, test, q, lags, a, k, trend, s, column, lags_ar, scaling, droppc, drop_contemp, SIGMA,
pc_intercept):

Parameters

data : pandas dataframe or array containing data
q: number of observations in test set

lags: number of lags for VAR(q) model

a: percentage of variance explained threshold

k: number of data series

trend: degree of trend polynomial
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392 s: number of seasons (e.g. 4 for quarterly data)

393 column: location of dependent variable in dataframe

394 lags_ar: number of lags in the AR(p) model

395 scaling: True uses the scaled time variables (and orthogonal polynomials), False does not

396 droppc: if True, drops statistically insignificant principal components

397 drop_contemp: if True, drops contemporaneous columns from the model, primarily for forecasting

398 SIGMA: if True, uses the covariance matrix. if False, uses the standardized correlation matrix

399 pc_intercept: if True, adds intercept to dataset in PC computation

400

401 Returns

402  -—————-

403 predictions_arry: array containing the specified predictions

404 te

405

406 #Construct the time variables dataset for detrending

407 data_trend = pd.DataFrame()

408

409 if scaling == True:

410 #applies scaling and orthogonal polynomials

411 t_scaled = scaled_t(data)

412 t_poly = pd.DataFrame(Chebyshev_poly(t_scaled, trend)).apply(pd.Series.explode).reset_index(drop =
True)

413

414 data_trend = pd.concat([data_trend, t_polyl)

415

416 else:

417 #scaling is not applied

418 t = np.array(np.arange(1,np.size(data,0)+1))

419

420 for i in range(trend):

421 data_trend['t_%d'%(i+1)] = t**(i+1)

422

423 seasonal_vars = trig_seasonal(data, s)

425 for i in range(0, int(s/2)):

426

427 data_trend['cos_%d'%(i+1)] = seasonal_vars['cos_%d'%(i+1)]

428 data_trend['sin_%d'%(i+1)] = seasonal_vars['sin_%d'%(i+1)]

429

430 PC, count = temp_pc(data, data_trend, a, lags, drop_contemp, SIGMA, pc_intercept)

431

432 #Create the lags for the autoregressive (p) process

433 Lags_AR = pd.DataFrame ()

434 for j in range(l, int(lags_ar + 1)):

435 Lags_AR['L%dy'%(j)] = data.iloc[:,column].shift(j)

436

437 #Specify the data matrix for FAR(1,3) independent variables

438 X = pd.concat([Lags_AR.iloc[:,:],PC.iloc[:,:],data_trend.iloc[:,:]1],axis = 1) #Create new dataframe with
trends

439

440 #Add constant to the dataframe for OLS

441 X = sm.add_constant (X)

442

443 #Include all data except last q observations (q observations)

444 X_train = X.iloc[:-test,:]

445 y_train = data.iloc[:-test, column]

446

447 #Dropping insignificant principal components

448 if drop_contemp == True:

449

450 if droppc == True:

451

452 if pc_intercept == True:

453 #Fit the model and record p-values

454 Im = sm.OLS(y_train.iloc[lags_ar:], X_train.iloc[lags_ar:,:]).fit()

455 else:

456 #Fit the model and record p-values

457 Im = sm.0OLS(y_train.iloc[int(lags+1):], X_train.iloc[int(lags+1):,:]1).£it()

458

459 p_val = 1lm.pvalues

460
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#Drop insignificant principal components
for r in range(int(lags_ar+1), int(lags_ar + 1 + count)):
if p_vall[r] >= 0.025:
X_train = X_train.drop(['PC_%d'%(int(r-lags_ar))], axis = 1)
else:
continue

list_cols = list(X_train.columns.values)
X = X.drop(columns = X.columns.difference(list_cols))

#Reestimate the Model Without Insignificant PC's
if pc_intercept == True:

#Fit the model and record p-values

Im = sm.OLS(y_train.iloc[lags_ar:], X_train.iloc[lags_ar:,:]).fit()
else:

#Fit the model and record p-values

Im = sm.0LS(y_train.iloc[lags:], X_train.iloc[lags:,:]).fit()

p_val = 1lm.pvalues
params = lm.params

else:

#Fit the model
if pc_intercept == True:
#Fit the model and record p-values
Im = sm.OLS(y_train.iloc[lags_ar:], X_train.iloc[lags_ar:,:]).fit()

else:
#Fit the model and record p-values
Im = sm.0OLS(y_train.iloc[lags:], X_train.iloc[lags:,:]).fit()

params = lm.params

if droppc == True:

if pc_intercept == True:

#Fit the model and record p-values

1m = sm.0LS(y_train.iloc[lags_ar:], X_train.iloc[lags_ar:,:]).fit()
else:

#Fit the model and record p-values

Im = sm.0LS(y_train.iloc[lags:], X_train.iloc[lags:,:]).£fit()

p_val = lm.pvalues

#Drop insignificant principal components
for r in range(int(lags_ar+1), int(lags_ar + 1 + count)):
if p_vall[r] >= 0.025:
X_train = X_train.drop(['PC_%d'%(int(r-lags_ar))], axis = 1)
else:
continue

list_cols = list(X_train.columns.values)
X = X.drop(columns = X.columns.difference(list_cols))

#Reestimate the Model Without Insignificant PC's
if pc_intercept == True:

#Fit the model and record p-values

Im = sm.OLS(y_train.iloc[lags_ar:], X_train.iloc[lags_ar:,:]).fit()
else:

#Fit the model and record p-values

Im = sm.0OLS(y_train.iloc[lags:], X_train.iloc[lags:,:]).£fit()

p_val = 1lm.pvalues
params = lm.params

else:

#Fit the model
if pc_intercept == True:
#Fit the model and record p-values
Im = sm.OLS(y_train.iloc[lags_ar:], X_train.iloc[lags_ar:,:]).fit()
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#%h
def

else:
#Fit the model and record p-values
Im = sm.0OLS(y_train.iloc[lags:], X_train.iloc[lags:,:]1).fit()

params = lm.params

#Record estimated coefficients and intercept
intercept = params[0] #intercept is last column in X
coefficient = params[1:] #evertyhing but intercept, makes separating trend terms less confusing

#Break coefficients into respective FAR(p,q) parts

coefficient_ar = coefficient[0:lags_ar]

coefficient_trends = coefficient[-int(np.size(data_trend,1)):]
coefficient_pcs = coefficient[lags_ar:-int(np.size(data_trend,1))]

#prediction = intercept + trends + lagged dep. var + principal components
predictions = list(y_train.iloc[-lags_ar:])

predictions.append(intercept + np.dot(coefficient_trends, data_trend.iloc[np.size(X_train,0),:1)

+ np.dot(list(reversed(coefficient_ar)), y_train.iloc[-lags_ar:])

+ np.dot(coefficient_pcs, X_train.iloc[-1,int(1+lags_ar):-int(np.size(
data_trend,1))])

)

for r in range(l,q):
prediction = (intercept +
np.dot(coefficient_trends, data_trend.iloc[np.size(X_train,0) + r,:]) + #
intercept + trends
np.dot(list(reversed(coefficient_ar)), predictions[r:]) + #lagged dep var
np.dot(coefficient_pcs, X.iloc[np.size(X_train,0) + r,
int (1+lags_ar) :-int(np.size(data_trend,1))])
)#principal components

predictions.append(prediction)
predictions_array = np.asarray(predictions)
return predictions_array[lags_ar:]

Forecast Evaluation Metrics
far_forecast_eval(predictions_dictionary, data, test, q, column, evaluation = True, plot_forecasts = True,
plot_errors = False):

predictions_dictionary: dictionary containing forecast results

data: dataframe containing data to compare

q: the number of observations in the forecasting horizon

column: data column matching dependent variable

evaluation: string specifying evaluation metrics. Options are "All", "MSE", "RMSE", "MAE"
plot_forecasts: if True, plots forecasts for each dictionary key

plot_errors: if True, plots the forecasting errors
K

if plot_forecasts == True:
name_list = data.columns.values.tolist()

#Plot the Forecasts against the actual values-last q quarters——-—-----—-—-—-—-----
fig, ax = plt.subplots(figsize=(10, 5))
ax.plot(np.array(data.iloc[-test:,0]) ,np.array(data.iloc[-test:,column]), 'k', label = 'Actual')
for key in predictions_dictionary.keys():
ax.plot(np.array(data.iloc[int(size(data,0) - test): int(size(data,0)- test +q),0]),
np.array(predictions_dictionary[key]), label = key, linestyle = 'dashed', marker = 'o')
ax.set_xlabel("Time (Quarters)")
ax.set_ylabel (name_list [column])
ax.legend()
ax.grid(True)
plt.title("Forecasts of " + str(name_list[column]) + " Using FAR(p,L)")
plt.show()
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else:
pass

if plot_errors == True:
forecasting_errors = {}
dict_keys = list(predictions_dictionary.keys())
for key in predictions_dictionary.keys():
forecasting_errors[dict_keys[dict_keys.index(key)]] =\
np.array(data.iloc[-q:, column]).reshape((len(data.iloc[-q:, column]),1)) \
-predictions_dictionary [key]

#Plot Forecasting Errors
fig, ax = plt.subplots(figsize=(10, 5))

for key in forecasting_errors.keys():
ax.plot(forecasting_errors[key], label = key)

ax.set_xlabel("Time (Quarters)")
ax.set_ylabel("Forecasting Errors")
ax.legend()

plt.title("FAR(p,L) Forecasting Errors")
ax.grid(True)

if evaluation == True:
MSE = []
RMSE = []
MAE = []

for key in predictions_dictionary.keys():
MSE_key = mean_squared_error(predictions_dictionary[key] .values,
data.iloc[int(size(data,0) - test): int(size(data,0)- test +q):,column].values)

MSE. append (MSE_key)

RMSE_key = np.sqrt(mean_squared_error(predictions_dictionary[key] .values,
data.iloc[int(size(data,0) - test): int(size(data,0)- test +q),column].values))

RMSE. append (RMSE_key)

MAE_key = mean_absolute_error(data.iloc[int(size(data,0) - test):
int(size(data,0)- test +q),column].values,
predictions_dictionary[key] .values)

MAE . append (MAE_key)

return np.array(MSE), np.array(RMSE), np.array(MAE)




Appendix G

The ‘Exact’ Log-Likelihood for the
VAR (p) Model

It is typically the case that when estimating the VAR(p) model, the initial p observations
are omitted from the sample. To see this, begin by re-examining the probabilistic reduction
from the VAR(p) specification under the probabilistic assumptions that the intrinsic vector
stochastic process {Z;,t € N}, where each Z; is a (k x 1) vector, is (i) multivariate normal,

(ii) Markov dependent of order p, and (iii) Second-order stationary:

F(Z1, 2o, Zoip) = f(Z05 ) || F(ZW|ZT; 90))

t=p+1
= (2 ¢0) ] £1(2ZZi%; ¢,) (G.1)
t=p+1
L pan gy [ £(ZIZ: ),
t=p+1

where Z8 = (Z1,Zy, ..., Zp), Zi° 8 = (Zy_1,Z4_o, ..., Zy_).

Using the product of the conditional distributions, one can then form the VAR(p) model
specification in Table 3.1 above, as well as the log-likelihood function. However, notice that
in this case, the observations in Z¥ have been ignored. Hence, the log-likelihood function

omitting the first p observations will approximate the exact log-likelihood function, and
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the sampling distributions of the ‘approximate’ maximum likelihood estimators are roughly
equal to those in the multivariate least squares estimation for a sufficient number of obser-
vations. For another example of the omission of the initial observations, see the derivation
of the VAR(p) log-likelihood function in Hamilton (1994), where the author uses recursion

to formulate f(Z¢|Zi—1,...,7Z,;0).

Now suppose that one wanted to include the missing observations Z,...,Z, in the log-
likelihood function. For simplicity, consider the instance where p = 1, i.e. the vector
stochastic process {Z;,t € N} is Markov(1l) dependent. Denote the full sample as Z :=
(Z1,Zs,...,7,). Note that from this assumption Z7 = Z;. Under the assumption that the
stochastic process follows a multivariate normal distribution, and that the Zf is an element

of the stochastic process, the marginal distribution f(Z%; ¢,), where ¢, = (i, Xo0), is
_k _1 1 _
f(ZY; @) = 2172 [ S0 Zexp <—§(Z117 — )2 (Zh - .U)) :
The remainder of the sample, Z_; := (Zs,Zs, ..., Z,) has the joint distribution:

=1 /(2Z:: ).
t=2

As shown, normality implies that the distribution f(Z;|Z;-1; ¢) has the form:

Z, N 12 ’ Yoo o1 7 (G.2)
Y 1 ZIO X

where p is the mean vector of Z; and is of vector of length ((p+ 1)k x 1), ;5 isa k x k

covariance matrix for ¢,j = 0,1,...,p. In the context of the VAR(1) model, the density
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function can be written as:

“ ; 1
fZ_:0)=]] 277 |Q " Zexp <—§(zt —ay—A/Z_ ) QN Z, —ay— AIZH))

t=2

n n ]. i
=27~ 7|0 Fexp (‘5 Z(Zt —ag—A/Z, ) QN (Z —a - AlTZt—l)> :

t=2

It becomes quickly apparent that in order to construct the distribution of the sample, f(Z; ¢),
through the inclusion of ZY, the parameters in ¢, need to be re-parameterized into those
parameters found in the VAR(1) model, i.e. ¢ := (ap,A1,2). Hence, one can use the
inherent parameterizations found in Table 3.1 to solve for the parameters in ¢,. These

parameterizations are given for the case of the VAR(1) model below:
A = (Ik - AI)H’)
AI = 20121_11,
Q - EOO - 20121_1123—1.
Since this example is a VAR(1) model, where it is assumed that the underlying stochastic

process is second-order stationary, it follows that 3y = 31;. Using the first parameterization

equation to solve for the parameter p yields the straightforward result that:
ag = (Ik — AI)[L = M= (Ik — AlT)ilao, (G3)

where Iy denotes a (k x k) identity matrix. The more complicated problem is the re-

parameterization of 3yy. This will utilize both the second and third parameterization equa-
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tions above. Some preliminary transformations:

A;r — 20121_11 — 2012601

:> 23—1 = [Alzog]—r == 2001&1r

The last line follows from the fact that 3, is assumed to be a semi-positive definite, sym-

metric matrix. Substitution results in:

Q=35 - X032,
= B0 — To1 Zgp Sy
= Yoo — A1 D,

- EOO - A1200AI.

Solving this equation for Xy requires the use of the vec operator and its properties, where

the vec operator is defined as in Hamilton (1994):

Definition G.1 (‘vec’ Operator). Let X be an (k x [) matrix. Then vec(X) results in a
(kl x 1) vector, which is formed by stacking the columns of X. This stacking is done such

that the columns are stacked one underneath another, from left to right.

'For example, let

11 T2
X — [T Ti2|
T21  T22]
Then -
L11
x
vee(X) = |72
T12
T22 |
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Applying the ‘vec’ operator to the equation for €2 above:

vec(2) = vee(Bgo) — (A1 ® Ay) vee(Xgo)
= (Txx — (A1 ® Ay)) vec(Xoo)

= vec(Boo) = Tk — (A1 ® Ay)) " vec(Q)

Now, let vec™! be defined as the operator such that vec™!(vec(X)) = X for some matrix

1

X. That is, the operator vec™ reverts a column vector back into a matrix of the original

dimensions. Utilizing this operator, it follows that

vec  (vee(Boo)) = vee " (T — (A1 ® A vec(Q2))

and thus,

oo = vec ' (L — (A1 ® A7t vec(§2))

For compactness, let J = ((Iyx — (A1 ® Ay)). Then

Yoo = vec ' ((J) tvec()) .
Putting this altogether, the joint density function f(Z; ¢,) can be rewritten as:

F(25: ¢) = 2w~ 8 vec™ (3) vee() |7

o (= (20~ (1~ AT a0) (vee™ ((0) vec(s0)) ™ (2 (1~ A]) )
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The distribution of the sample, f(Z; ¢), therefore equals the product:

f(Z; @) = f(Z; d) x f(Z_1; D)

[N

= [27r§]vecl ((J) vec()) |
xemp<‘%(2€—<nf—AI>1&0Twa:1«J>%wdﬂ»>1<2€—<h—”55‘h”>]

0o n RS _
X [2%162‘”’26Xp <—§ Z(Zt — ag — Alzt,l)TQ 1(Zt — ag — A1Zt1>>]

t=2

") Jvec™ () vec(€2)) |_%|Q|_%

X exp( — (I, — A])” 1ao)T (vee™ () vec(2))) ™ (ZF — (I, — A]) 'ay)

1
-5 > (Zi—a0—AZ 1) QN (Z,—ag— AIZH)>
t=2

Now that the distribution of the sample is specified, the form of the ‘exact’ log-likelihood
function for the VAR(1) model can be specified:

logL(¢;Z) = —klog(27) — %10g(|vec—1 () vec()) ]) — %1og(|g|)
— 5 (2~ W= A a0) (vee™! ((3) vee(®)) ! (2 - (L~ A]) )

— 5 Z(Zt —ag — AIZt_l)Tgil(Zt —ag — A;l—zt_l).
t=2

Given this log-likelihood function, one can go on to derive the ‘exact” MLE of the full sample

and their sampling distributions without relying on approximations.



Appendix H

GDP Growth Forecasting: Principal
Components and the Student’s ¢

Vector Autoregressive Model

H.1 Student’s t Vector Autoregressive Model

In this appendix, the forecasting framework established in Chapter 3 is extended to handle
cases where assumptions other than independence do not hold. The main contribution to
the literature on Principal Component Analysis is the use of the Student’s ¢ VAR model
(StVAR), which is based on the results found in Spanos (1994). One clear advantage of
the StVAR as opposed to the Normal VAR is that whereas the Normal model assumes
that the conditional variance is not a function of the conditioning variables, the Student’s ¢
VAR model allows one to relax the homoskedasticity assumption and model heteroskedastic
behavior. Moreover, the StVAR model allows the conditional variance to take into account
trending means, whereas this is not the case in the Normal VAR model. Poudyal and Spanos

(2022) provides additional details as to how the Student’s ¢t and Normal models differ.

Furthermore, another contribution that this method provides is the use of the probabilistic

reduction approach in Spanos (1994, 2019a). This approach uses a few, key pre-specified as-
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sumptions to simplify the derivation of joint, conditional and marginal distributions utilized

in the model.

H.1.1 Student’s t Distribution

This appendix utilizes a multivariate Student’s ¢ distribution to create the corresponding
VAR model. However, as explained in Poudyal (2012), the literature on the Student’s
t distribution is divided into two areas: that which studies the Multivariate Student’s ¢
distribution and that which examines the Matrix variate ¢ distribution. The density functions

for each of the types are described in more detail below.

Matrix Variate Student’s ¢t Distribution

Following the work done in Poudyal and Spanos (2022), let Z be a (7' x m) random matrix
with parameters pu, €2, V and a degree of freedom parameter, v. This random matrix admits

a matrix variate Student’s t distribution when the density function takes the form:

T((v+m+T—1)/2)

1@ = =12

1
VIR I+ VT (2= ) T ()| R
v

However, as observed in Poudyal (2012), this version of the Student’s ¢ distribution is a
special case of the multivariate Student’s ¢ where the matrix ¢ distribution heavily restricts

the variance-covariance matrix.
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Multivariate Student’s t Distribution

In order to avoid the restrictions that exist for the matrix variate Student’s ¢ distribution,
one can use the multivariate Student’s ¢ distribution. Let Z; be a stochastic vector process
with length (m x 1) and let ¥ = (u, X, ). The density function for the multivariate case is

given as:

v+m

S (2w S @) ()

s

f(zt§¢> = (ﬂ-y)_% F[Z]

For the remainder of the appendix, the more general multivariate Student’s ¢ will be used
to both define the respective vector autoregressive model and the corresponding principal

components.

Important Notes on the Student’s ¢ Distribution

One addition that the Student’s ¢ distribution has over the Normal is the degrees of freedom
parameter, v. The number of moments available, as well as the nature of the distribu-
tion depends on the value v takes. For example, as v approaches infinity, the Student’s ¢

distribution becomes the Normal distribution.

H.1.2 Model Specification: Probabilistic Reduction Approach

Let {Z;,t € N} be a stochastic vector process, where Z; : (k x 1). Here, the model specifi-
cation is derived via the probabilistic reduction approach, outlined in Spanos and McGuirk
(2001) and Spanos (2019a). This approach requires the imposition of three assumptions on
the stochastic process, specifically in the categories of (i) Distribution, (ii) Dependence, and

(iii) Heterogeneity. In this instance, the it is assumed that Z, is (i) multivariate Student’s ¢,
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(ii) Markov dependent (p) and (iii) second-order stationary. More specifically:

(i) Distribution: Z, follows a multivariate Student’s t distribution, i.e. Z; ~ Sty(pu, V;v),
where v is the degrees of freedom and V = v3. Therefore, the density function for Z, takes

the following form:

f(Zy;p) = (mv) "2

Note that in equation (4.2), 9 = (u, 3, v). This assumption is the key distinction from the

typical, normal VAR model.

(ii) Dependence: Z; is Markov dependent of order p, where Markov dependent of order p
is as defined in Spanos (1986, 2019a).

(iii) Heterogeneity: Z, is second-order, or covariance, stationary, i.e. E(Z;) = p and

Cov(Zy, Zi—p) = E((Ze — p)(Ze—p — 1) ") = X(p).

From assumptions (i)-(iii) above, the Probabilistic Reduction approach in Spanos (1994,
2019a) is used to simplify the joint distribution of the sample, D(Z1, Zs, ..., Zy; 1), which

takes the form:

M B _ _
D(Zla ooy Ly ¢) = D(Z% ¢0) H Dt(Zt’Zi—If; 1,t)D(Z§—]1D§ ¢2,t>

t=p+1

M/S D(ZP: ) H D(Zy|Z;7%; ) D(Z. 7% ¢,),

t=p+1

(H.3)

where Z¥ := (Z1,Zs,...,Z,) and Z." % = (Z,_1,Z;_5,...,Z,_,). This reduction is almost
identical to that for the Normal VAR model found in Chapter 3. However, notice there is

now an additional term, particularly the marginal distribution D(Z!_?: ¢,). This inclusion
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follows directly due to a lack of weak exogeneity in Student’s ¢ model; see Spanos (1994,
2019a) for the definition of weak exogeneity and for more discussion. Once again, the first p
observations are omitted, resulting in the approximate version of the log-likelihood function

when performing Maximum Likelihood Estimation.

Thus, keeping the notation similar to that found in the previous work of Poudyal (2012), let
Xy = Ly, Lo, . .., Zt_p]T. Given the reduction presented above, the joint distribution of x;

takes the form:

1294 Yoo o1 o2 ... Xop
X Zn Zp o X
X, ~ St |p= Kz 0= o S v v, (H.4)
i Hz 2;0 221 2;2 X ]

where g, is the mean vector of Z,, p is of vector of length ((p + 1)k x 1), and X;; is a
k x k covariance matrix for 7,7 = 0,1,...,p. Since x; follows a Student’s ¢ distribution, the

density function is given as:

S G ) S (-] L (1)

In this case m = (p + 1)k.

Conditional Distribution and Parameterization

Once the mean and variance-covariance matrices are estimated, they can then be used to
derive the conditional mean, conditional variance and estimated equation coefficients. Fol-
lowing Poudyal (2012) and Poudyal and Spanos (2022), the vectors x;, u, and ¥ are parti-

tioned into the following:
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Zt, (k? X 1) Kz, (k’ X ].) 200, (k? X k?) 201, (k’ X pk))
Xt = 7“ == 72 = ;
7.7 (pk x 1) i (DK % 1) 2, (pk x k) Xy, (pk x pk)

Using the partitioning above, one can derive the joint, conditional and marginal distributions

as done in Poudyal (2012) and Spanos (1994):

D(Zy, 2,53 4p) = D(Zo|Zy %3 1) D(Zi2%; by) ~ St(p, s v) (H.6)
D(ZZ 735 1) ~ Stlao + AT 27, (2 )Ra(Z8)i v 4 ph) (H.T)
D<Z§:If§ Py) ~ St(l"”pk? 3i;v) (H.8)
Note that in this context:

AT =3,%! (H.9)
a = M, — ATl‘l’pk (H.10)
Q=35 - X032, (H.11)

i 1, o
q(Z0) =1+ ;(Ziff — o) ST (20 = )] (H.12)

and that ¢, := {ap, b, A, 2,311} and ¢, = {p, X11}. It is also important to consider the
lack of variation freeness, and subsequently the violation of weak exogeneity, in this context,
since it is clear that both ¢, and ¢, share the same elements. Hence, as mentioned in the
reduction of the joint distribution, one cannot ignore the marginal distribution in equation

(4.8). With this parameterization, one can fully specify the Student’s ¢ VAR model found
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in Poudyal and Spanos (2022), which is summarized in Table H.1 .

Table H.1: Student’s t Vector Autoregressive (VAR(p)) Model

Statistical GM:  Z, = ag + A]Z/? + u,, t€N,
[1]  Student’s t: D(Z,|Z;7":0), for Z!":=(Z_,,...Z,) is Student’s t with d.o.f v,
2] Linearity: E(Zo(Z%))=ag + ATZ; 7,
3] Heteroskedasticity: Var(Zi|o(Z/~?))= (m) Qq(Z!77),
_ _ T e _
q<Z§—Il)):1 + %( Zfﬁ—llj_l"l’pk ) 2111( ZE—Z{_IJ’pk )
[4]  Markov(p): {Z;, teN} is a Markov(p) process,

[5] t-invariance: 0:=(ap, A, 2,3) are t-invariant.

Degrees of Freedom Assumption

In this appendix, it is assumed that the degrees of freedom parameter v is the same for
each of the predictors included in the StVAR model. While this is most likely not the case,
extending the model to take into account varying degrees of freedom can be considered in
future research. This issue was also encountered in Poudyal (2012) and has not been adjusted

for here.

H.1.3 StVAR Model Estimation

The method of estimation for the StVAR model parameters is Maximum Likelihood Esti-
mation (MLE). Here, the log-likelihood function for x; follows from the density function in

equation (H.5) above,

L(¢;x;) =c— %ln|§]| - %(l/ +m)in[l + %(Xt — ) S (x, — )], (H.13)
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where

c:lnF(V+m

v, m
) — lnf(i) - Elmrl/.

Since there are T observations, the log-likelihood function for the sample with an identical

distribution assumption is:

T
L(h: %1, %o, ., X1 = Tc—zln|2|—— (v+m Z )T (x, — ). (H.14)

Once the parameters in v are estimated, the StVAR model parameters are obtained via
the parameterization outlined above. As the number of parameters to estimate increases
rather quickly with additional lags or predictors, estimation becomes more computationally
challenging. This increases the time needed to optimize the log-likelihood. In this case,
an iterative optimization algorithm, such as Sequential Least Squares Programming, can be

used to find the maximum.

H.2 The Student’s ¢t VAR Principal Components: Fore-

casting Methodology

The goal of this appendix is to connect the Student’s ¢ VAR model with conventional princi-
pal component analysis. Let {Z;,t € N} be a vector stochastic process, where each random
vector Z, is of length (k x 1). Recall the baseline definition of the Normal Principal Com-

ponents model, detailed in Chapter 1, which is fully described in the following table:
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Table H.2: Normal Principal Components Model

Statistical GM: C; = I‘;(Zt — W) + uy,

[1] Normality: C,~ N(,.)

[2] Linearity: E(C,) = F;(Zt — W),

[3] Constant Covariance: Cov(C;) = A,

[4] Independence: {C,,t € N} is an independent process
[5] t-invariance: 0 = {p,A,,T',} does not change with ¢

In Chapter 3, the Normal Principal Components model was further expanded upon to ac-
count for the temporal dependence inherent in many macroeconomic indicators. The result
of this extension is the the Normal, Temporal Principal Components model given in Table
H.3, which loosens the assumption of Independence instead replaces it with the assumption of
Markov Dependence(L). To accommodate the aforementioned change, principal components
were derived from the Normal Vector Autoregressive model (VAR), outlined in Chapter 2.
The main connection between these two models arises from the estimated temporal covari-

ance matrix of the VAR model.

Table H.3: Normal, Temporal Principal Components Model

Statistical GM Ft = V:(Yt — [,Ly) =+ Uy, Yt = [Zt7 Zt—17 ceey Zt_q]—r, T S (L + 1)k

[1] Normality: F,~ N(.,.)

[2] Linearity: E(F,) =V (Y, - Ky,),

[3] Constant Covariance: Cov(F;) = D,,

[4] Markov: {Z;,t € N} is an Markov(p) process

[5] t-invariance: 0 = {p,,D,,V,} does not change with ¢

In this appendix, an additional assumption of the baseline Principal Components model is
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being altered. That is, the assumption of normality is being replaced with a different dis-
tributional assumption, in addition the relaxing of independence. In this context, once the
temporal covariance matrix, ﬁ], from the Student’s ¢ VAR model is estimated via the MLE
method prescribed above, the eigenvalues and respective eigenvectors are extracted using
the spectral decomposition. Then, upon selecting the p largest eigenvalues, p principal com-
ponents are constructed using the corresponding eigenvectors. These principal components

coincide with the “temporal principal components” presented in Chapter 3.

H.2.1 Forecasting Methodology

Since the basis of the principal components used in this chapter follow closely to those
defined previously, the forecasting methodology will also be similar to that in Chapter 3.
However, the models used in the previous chapter assumed both a normal distribution and

homoskedasticity, whereas now those assumptions are being relaxed.

Summary of Steps

In summary, the updated forecasting procedure in this chapter consists of the following steps:

Step 1. Determine the number of trends and lags via statistically adequate AR(p) and
VAR(L) models.

Step 2. (New) If the assumption of homoskedasticity is violated in the first step, intro-
duce the the Student’s ¢t VAR(L) model to ensure statistical adequacy. Recheck

the residuals via Mis-specification testing.

Step 3. Detrend and de-seasonalize the data using the estimated trends from the statis-

tically adequate VAR(L) or StVAR(L) model.



H.2. T STUDENT’S T VAR PrincipAL COMPONENTS: FORECASTING METHODOLOGY 147

Step 4.

Step 5.

Step 6.

Step 7.

Step 8.

Step 9.

Estimate the covariance matrix from the VAR(L) or StVAR(L) model.

Estimate the temporal principal components using spectral decomposition or

SVD.

Choose which components to keep based on statistical significance, scree plot,

ete.
Estimate the Dynamic Factor-Augmented Autoregressive model (FAR(p,L)).
Check the statistical adequacy of the FAR(p,L) using M-S testing,.

Construct out-of-sample forecasts iteratively over the forecast horizon.



Appendix 1

Factor Augmented VAR Model

Benchmark

I.1 Model Specification

One of the benchmark forecasts presented in Chapter 3 is that of the Factor Augmented
Vector Autoregressive model (FAVAR) created in Bernanke et al. (2005). Bernanke et al.
(2005) expands on the DFM literature through the definition of the FAVAR model to study
the impacts of monetary policy on the macroeconomy. The purpose of this benchmark is
to show that the forecasting methodology in Chapter 3 can produce competitive results, in
terms of forecasting accuracy, when compared to prevalent methods that ignore statistical
adequacy. Here, one of the forecasting methodologies presented in Bernanke et al. (2005)
is similar to Stock and Watson (2002b), where principal components are used to estimate
the latent factors in the model. For some background, the underlying representation of the

DFM in Stock and Watson (2002b) used to produce their forecasts is given as:

Y1 = OF, +v(L)ys + €441

Xt = AFt + Uy,

148
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where y, is the target series, X, is a vector of predictors of dimension (N x 1). Here,
F, = (ff,.... fi_,) is an (r x 1) vector of unobserved factors," L is the lag operator,” and
u; is the idiosyncratic disturbance of length (r x 1). Forecasting is carried out in Stock
and Watson (2002b) in two-steps. Namely, in the first step, the training data is used to
estimate the unobserved factors via the method of principal components. Subsequently, the

unobserved factors are used as independent variables in the forecasting regression.

Returning to Bernanke et al. (2005), the FAVAR is specified as follows. Using the same
notation found in the paper, let Y; be a (K X 1)vector denoting the macroeconomic variables
which move the economy. Furthermore, let F; be an (R x 1) vector of unobserved factors,
where R is less than the number of original data series, and let X; be the vector of predictors
of length (S x 1). The model in Bernanke et al. (2005) is specified via transition and

observation equations:

F, Fyy

=d(L) + uy (1.1)
Y Vi
X, =MNF, 4+ A, +¢ (1.2)

where ®(L) is a lag polynomial similar to that found in Hamilton (1994). In the second
equation, A7 denotes the factor loadings. To estimate this model, the authors provide two
potential methodologies. The first, which is utilized in this paper, is the two-step procedure

given in Stock and Watson (2002b) above. Namely, principal components of X; are used

Tt is assumed that there are a finite number of lags, ¢ for the factors.
2In Stock and Watson (2002b), the lag polynomial is denoted as (L) = Z?:o ;L7 , where p is the number
of lags of the target variable.
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to estimate the unobserved factors (Bernanke et al., 2005). These factor estimates are then

used to estimate the VAR model depicted in equation 1.1.

1.2 Seasonal Adjustment and Data Trends

To create the benchmark forecast presented in Chapter 3, the data was first run through
the X-13 ARIMA-SEATS Seasonal Adjustment Program, maintained by the U.S. Census
Bureau.® To reiterate, this type of seasonal adjustment was not considered for the FAR(p,L)
forecasts in Chapter 3, because the ARIMA model underlying the software could be statis-
tically mis-specified, and the forecasting methodology above directly estimated the seasonal
trends. However, many papers, such as Bok et al. (2018), start with the seasonally adjusted
data. That is, seasonality is largely assumed to have been corrected prior to the analy-
sis/forecasting. As such, the benchmark model assumes that the seasonal component of the
data has been removed prior to analysis. This allows for the same seasonal adjustment across
the training and testing periods. Moreover, it is common practice to remove other trends
through the use of natural logarithms and differences; see the data methodology outlined in
Stock and Watson (2002b) for an example. Following Stock and Watson (2002b), natural
logarithms were applied for data not already in percents. Table 1.1 below depicts the data
transformations applied to each series. The methodology of Stock and Watson (2002b) fur-
ther assumes that the data is I(0), which implies that the data is subsequently transformed

via first differences.

Moreover, as in Stock and Watson (2002b), the data was combed for outliers using the
interquartile range, and values above and below ten times the bounds were replaced with

missing values. To make the transformed data amenable to principal components, it was

3The link for the download is: https://www.census.gov/data/software/x13as.html
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Table I.1: Benchmark: Data Transformations

Data Series Transformation
All Employees: Total Nonfarm Log-differences
Real Gross Domestic Product Log-differences
Retail Sales and Food Services Log-differences
CPI-U: All Items Log-differences
House Prices (S&P|Case-Shiller U.S. National Home Price Index) Log-differences
Housing Starts Log-differences
Civilian Unemployment Rate Differences

Industrial Production Index Log-differences
Merchant Wholesalers: Inventories Total Log-differences
Philly Fed Mfg. Business Outlook: Current Activity Differences

Capacity Utilization Differences

Stock Price Index (SP500): SPINDX Log-differences

then standardized to have mean zero and variance equal to one.

1.3 Benchmark Forecasts

The benchmark model splits the data into training and test sets to align with Chapter 3.
That is, the data up until Q4 2016 is considered for the training dataset and the remaining
data is used for the testing set. The target variable for this exercise is Real GDP, as these
results were depicted in Chapter 3. Thus, the GDP variable was separated from the other
predictors. As done in Stock and Watson (2002b) and Bernanke et al. (2005), principal
components are used as estimates of the latent factors in the DFM, FAVAR, respectively.
In this case, these principal components are estimated from the training set predictors, and
the corresponding weights are used to transform the data in the testing dataset. In order to
compare the results of the benchmark with those given earlier, a threshold of 95% variance
explained was chosen. This amounted to the inclusion of eight principal components, which

is depicted in Figure [.1.
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Figure I.1: Benchmark: Explained Variance Plot

The number of lags for the factors were chosen to be three based on the AIC, whereas BIC
is used in Stock and Watson (2002b). Coincidentally, this is the same number of lags used in
the statistically adequate VAR model presented in Chapter 3. Forecasts are generated using
the same recursive methodology applied in Chapter 3, see 3.3.8 for more elaboration on this
step. The resulting forecasts are depicted in Figure [.2. Note that the standardization to
mean zero and unit variance was first undone by multiplying each forecast value with the

sample deviation and then adding the sample mean.

Reversing the log-difference transformation produces the final benchmark forecasts in Figure

1.3.4 When looking at the forecasts closely, a few details are immediately noticed. First,

4The inverse of the difference transformation is given as the cumulative sum of the last training period
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Figure 1.2: Benchmark DFM: Log-Difference RGDP Forecast

the benchmark forecasts lack seasonality. This, however, ties back into the assumptions of
the benchmark. Namely, the benchmark assumes that the model does not take statistical
adequacy into consideration and that the seasonality has been subtracted out of the data
prior to the forecasting exercise. Second, the forecast appears to generally overpredict, which
results in elevated forecasting errors over the longer horizon. This result is indicative of mis-
specified model. It is also important to keep in mind that to achieve the same threshold of
the percentage of variance explained, 95%, eight principal components were required, out of
a total of eleven predictors. This fact, coupled with the number of lags, resulted in a large
number of regressors in the prediction equation, which usually leads to model overfitting.
In contrast, the FAR(p,L) model defined in Chapter 3, the number of principal components
was reduced based on their statistical significance, keeping in mind the goal of maintaining

statistical adequacy.

entry and the forecasted values
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Figure 1.3: Benchmark FAVAR: InRGDP Forecast

[.4 depicts a comparison between the forecasted values and the seasonally unadjusted, orig-
inal data. Clearly, the adjusted forecasts cannot predict the seasonal cycles in the original
data, as that component was subtracted out using X-13 ARIMA-SEATS. In this case, accu-
racy measures, such as the MSFE, produce elevated levels when compared to those depicted
from the statistically adequate forecasts. However, these results are not reported, as it
does not make much sense to compare the seasonally adjusted forecasts with the seasonally

unadjusted data.
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Figure 1.4: Benchmark FAVAR: InRGDP Forecast
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