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(ABSTRACT) 

The objective of this research is to perform an in-depth study of the force components 

within the H25A compressor along with a computer simulation program and the dynamic 

response analysis of the compressor internals using the finite element method. 

The model tor force prediction was created based on the assumption that the frame of the 

shell structure is rigid and the subassemblies within the shell behave as one lumped mass. 

Springs are the connections between the shell and the subassemblies. Various parameters 

of the model were entered through the preprocessor of the simulation program which 

provides a series of data entry forms. The processor part of the program contains several 

modules for performing different tasks, such as the eigenanalysis, kinematic force 

computation. displacement/velocity/acceleration prediction, spring-end force calculation 

and variable-speed motor simulation. The simulation program also features post- 

processor functions in order to display the results of the analysis in plots, tables or with 

animation. 

Further research was focused on the correlation of the predicted force and orbit with the 

observations. With a finite element mode! of the full compressor. the spring-end forces 

due to the excitation at mass center were obtained from the dynamic response analysis 

and compared to the force gauge measurements. The excitations included the enforced 

displacement at the mass center which was regenerated trom the accelerometer 

measurements. and the superposition of the kinematic forces and equivalent valve impact 

forces at the mass center.
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CHAPTER ONE 

INTRODUCTION 

1.1 Project Overview 

This thesis is part of the effort of severai teams working on different aspects of the Bristol 

H25A compressor project. These teams consists of an analytical modeling team, a finite 

element modeiing team, an experimental modal analysis team, and an acoustic analysis 

team. The project was originally started in Jamuary 1993 and ended in August 1995. The 

subjects that were investigated included (1) prediction of the orbit of the compressor 

through an analytical model, (2) generation of a force function matrix based on kinematics, 

(3) gathering experimental data from an operating H25A compressor and verification of 

the anaivtical modei, (4) construction of a multip!le-input/single-output model to identify 

and rank the transmission paths of sound within the compressor, (5) development of a 

finite element model and determine the response RAPES © of tne compressor housing, and 

(6) verification of the finite element model by modal a:aiy-i. 

New subjects that had been addressed included (1) prediction of acoustic radiation using 

experimental torce transducer inputs, (2) study the effect of change in thickness of shell, 

(3) study of mass addition on top, (4) study the movement of the side suspensions to 

alternate positions, (5) study of a stiffener addition to top, (6) study the radiation due to 

each suspension spring, and (7) study of tuned absorber additions to the lower spring 

Vann aria Wes! LONGS tha. Tere ee 
- a foe 3 : 

Sp re 

The work presented in this thesis focuses on the analytical modeling which predicts the 

dynamic forces and accelerations of the subassemblies within the compressor. These 

subassemblies include the crank-case assembly, muffler, and the electric motor and these 

were connected to the compressor shell through two side springs, one top spring and a 

shock- loop structure. With the assumption that these subassemblies have rigid-body 

motion and that the shell has negligible moucn compared to the compressor frame, a 
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system model consisting of four springs and one tumped mass was developed. The 

kinematic forces due to the slider-crank mechanism have been analyzed and applied to the 

system to obtain the forced vibration response. This work has been implemented as an 

integrated compressor analysis program COA/P using tbe Visual Basic™ programming 

language *. COMP features a preprocessor for entering the compressor parameters, a 

srocessor which performs the computations and a post processor to display the analysis 

results. The erogram is a Microsofte Windows™ * application and adopts standard 

Wiadows graphical user interface, along with an on-line help system. 

Further work was focused on the experimentai data and the finite element model. The firs 

step was the enforced motion excitation anaiysis. Based on the accelerations measured a 

two locations within the compressor, the accelerations at the mass center were 

regenerated through kinematic principles. The accelerations at the mass center were then 

converted into excitation forces using the penalty method and appued to a finite element 

modei to solve for the responses at the he spring ends and these forces were compared with 

the force yauge measurements. Meanwhile, the forces and moments at the shock icor and 

the moments at ali spring ends which had not been measured are also obtained through 

w
i
 this dynamic analyst: 

The second step was the forced excitation analysis. The excitation force ts the summation 

of the kinematic force computed by COMP and the valve forces generated by a valve 

simulation program. Meanwhile, the original finite element model was modified with the 

COMSIQSTRUON OF Lie fias$ aud stlilites wWsiuu ude we ine we tive wi ue force gauges. 

Both the original model and the instrumental model are studied, with the consideration of 

local resonances, such as the muffler/shock-loop assembly and the stator. 

* Microsofts Visual Basic™ Version 3.0 Professional Edition, Microsoft» Windows™ Version 3.1 
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{.2 Bristol H2SA Compressor 

The Bristoi H25A compressor is a two-cylinder reciprocating Freon compressor for air 

conditioning or refrigeration purposes. its nominal capacity is 61,000 BTUH. The 

compresscr is driven by a three-phase, 5.4 kW electric motor running at 3450 rpm. Figure 

1.1 and Figure 1.2 stows the outside view and the internal components of the H25A 

compressor respectively. 

1.3 Previous Analysis Results 

ig results are mainly contributed by Ramakant Arcot [3], Matthew wa
 The previous analy: 

Craun [2] and Anand Ramana [4] durin a
 1993, and Samir Singh [S$] in 1994. Arcot created 

an analytical model of the subassemblies within the compressor and performed 

kinematic force analysis and orbit prediction. Arcot’s model was that of a two-cylinder 

elastically mounted to the shell through three springs and the shock-loop. 

Analyses were performed in three areas, (1) natural frequencies and normal modes, (2) 

my 

kinematic force analysis and (3) orbit response at the mass center of gravity. The 

calculates the kinematic forces at the mass center, 2 FORTRAN program which performs 

the eigenanalysis and soives the equation of motion of the system and a PHIGS program 

which animates the orbit of the compressor mass. The force analysis FORTRAN program 

has been converted into several Visual Basic™ subroutines within COMP. 

Craun [2] developed a mullple-impuu’single-output (MISO) model to analyze the 

pevpescion paths of sound “unis the somercccer, ord aise nurformed the instrumentation 

and testing of the H25A compressor. The measurements included the force measurement 

at the top mount, the left and right mounts in the X, Y and Z directions, the acceleration 

measurements at the crank-case and mctor-cap in the X, Y and Z directions, and the 

pressure measurements within the top and bottom cylinders, and at the suction and 

exhaust plenums. Figure 1.3 shows the views of the compressor and a summary of the 

instr:mentation. The plots of the measured data are shown in Chapter 5. 

G
a
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Figure 1.1 The Bristol H25A Compressor (From Rose [1 ]) 
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Figure 1.3 The Bristol H25A Compressor Instrumentation (From Craun [2]) 
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The full compressor was modeled using the finite element method by Ramani [4]. 

Considerable efforts were made on raodeling the housing structure. The subassemblies 

within the housing were modeled as a single lumped mass element except for the springs 

and the shock loop which were modeied as beams. The natural frequencies obtained from 

the finite element model were compared with those gathered from modal experiments, and 

revisions were made in order to reduce the differences between the analytical method and 

the experimental method to a minimum. In addition, the crank-case had been investigated 

separately. 

The study of Samir Singh [5] ts focused on the investigations of pressure fluctuations 

inside the compressor cavity and their effect on the forces generated by the impact of the 

valves on the valve seats and valve stops. A computer simulation program was developed 

for prediction of the cylinder pressures as weil as the pressures within various cavities 

inside the compressor. Singh’s program also computes the valve impact forces due to both 

suction and discharge valves and the results can be imported into COMP for further orbit 

analysis. 
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CHAPTER TWO 

THEORETICAL MODEL 

The theoretical model of the H25A compressor is developed in order to ascertain the 

response at the mass center. Subassemblies within the compressor, including the crank- 

case, muffler, electric motor, etc., are modeled as a combined single rigid body and 

attached to the rigid shell through three mounting springs and the shock-loop. This model 

was first developed by Arcot [3] and was adopted by COMP. This chapter briefly 

describes the modeling procedure, the evaluation of the parameters, and the details are in 

reference [3]. 

The modeling follows the procedure: 

e Establish the system equations of motion 

e Evaluate the parameters in the system equations of motion 

e Solve the system equations of mowusn. 

2.1 Establish the System Equations of Motion 

The system equations of motion can be determined utilizing the sketch of the compressor 

model in Figure 2.1. The system shown in Figure 2.1 consists of one lumped mass, three 

helical springs and a shock-loop. With the assumption that the shell is rigid, one end of the 

mounting spring can be treated as grounded. The shock-loop also behaves similar to a 

Leuee! Spo 2S Sylilc. equations of motion can ns written 25° 

Mx+Gx+Kx= F(t) (2.1) 

where M is the mass matrix, G is the gyroscopic matrix, A is the system stiffness matrix, F 

is the shaking force vector. The displacement vector x is a six-DOF vector, that represents 

the response at the mass center. The vector includes the translational displacements in the 

X, Y and Z axes, and the rotational displacements about the X, Y and Z axes. The sizes of 

these matrices are, therefore. 6x6, and the force vector F also includes both forces and 

moments. 
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Shell Connection 

at Shock-loop 
; ing Mounting Spring <8 

  

Lumped Mass & Inertia 
      

Mounting Spring 
R 

Mounting Spring 

Figure 2.1 A Sketch of the Compressor Model 

2.2 Evaluation of the Parameters in the System Equations of Motion 

From the equations of motion, the parameters that need to be evaluated are: (1) system 

mass and inertia matrix, (2) gyroscopic matrix, (3) systern stiffness matrix, and (4) the 

shaking forces and moments vector. The evaluation of these narameters will involve both 

experimental method and finite element analysis. 

2.2.1 System Mass and Inertia Matrix 

When constructing the system mass and inertia matrix, the first step 1s the determination of 

the center of mass of the assembly. The center of mass also serves as the origin of the 

coordinate system used for calculating the inertias, forces, moments, and also the 

responses. The nicliaed-plane method 1s used to locate the center of mass ct the assemoty 

[3]. With respect to the global coordinate system *, the center of mass is located at 

(x,,¥,,z,)=(0.01, -3.51, 5.71) (in) 

* The origin of the global coordinate system in [3] is located at a point where the center line of the 

bottom cylinder intersects with the outer surface of the cylinder head plate as shown in Figure 2.2. In 

COMP, the origin is defined at the intersection of the center line of the crank-shaft and the center line of 

the bottom cylinder. 
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After coordinate transformation, the center of mass in C’OM/P 1s at 

(x,,¥,,2,) = (0.01, 0.64, 5.71) (in.) 

The weight moment of inertia of the compressor is determined by Arcot [3] and verified 

by Ramani [4] using the torsional pendulum method discussed by Holman [6] as 

I. = 1.45 Ib- in-sec’ 

The product of inertia terms for the compressor were obtained trom the solid model dy 

Ramani [4], and are as follows 

I, = 0.00 ib- in-sec® 

l.. = -(.49 Ib-in-sec” 

I, = 9.00 lb- in-sec* 

The weight of the compressor internal assembly is 79.6 lb., which in terms of mass is 

0.206 lb-sec’/in. So the mass and inertia matrix can be written as 

[0206 60 0 oOo 0 0 | 
0 0206 0 oO 9 0 | 

ue 0 0 0206 0 0 0 | “Ib: sec*/in. Ib-sec"/rad | 

0 0 0 338 O 0 : ~ lb-sec? Ib in sec?/rad | 

0 0 0 0 297 -049; 
FO 00) (OOO 049 145 |   

2.2.2 System Gyroscopic Matrix 

The system gyroscopic matrix is determined by a couple of gyroscopic moments due to 

the high speed rotation of the rotor of the electric motor and the crank-shaft about the 
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vertical axis. According to Mabie and Ocvirk [7], the gyroscopic moments are calculated 

by 

M. = i 2 66, 

— (2.2) 
M,=~-1.00. . 

where @ is the rotational speed cf the rotor and 6. and 6. are the rotational speed about 

the X and Y axes. Thus, the system gyroscopic matrix can be written as 

[co 0 0 0 0 Ol 

  

0 00 0 0 9 
—j0 90 0 0 0 / 
“=! 00 0 £60 23) 

0 00 -1,6 0 0 
16 00 0 0 0 

Again, the torsional pendulum method of Holman [6] ts used to ascertain the mass 

moment of inertia of the rotor with respect to the tts axis. 

f= 0.0262 Ib- in-sec” 

At steady state, the rotating speed is 2 (50 rpm, which is 361.28 rad/sec. Substituting /.. 

and @ into G, we have the system gyroscopic matrix as 

(0 0 0 0 0 Ol 

(0 0 0 9 0 0| 

10 0 0 0 0 0. 'Ib-sec/in. Ib-sec/rad | 

G=l 0 0 O 945 0 : lb- sec Ib-in-sec/rad | 

0 0 0 -945 0 01 | 

[000 0 0 06! 

2.2.3 System Stiffness Matrix 

The system stiffness matrix is constructed based on the information for each of the 

individual springs, which includes the position of the attachment point of the spring to the 

shell and the stiffness matrix of each spring. The position of the attachment point is 

determined by the coordinates in a Cartesian coordinate system, where the origin lies at 

the center of mass of tne compressor. The element stiffness matrix for each individual 

Spring is a 6x6 matrix, including the stiffnesses in all six directions. 
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The coordinates of the four attachment points as measured by Arcot [3] are as follows: 

¢ Top Spring: (Xt, Mu, Zt) = (-0.010, -0.93, 7.43) (in.) 

e Left Spring: (x1, vi, 21+) = (3.18, -0.27, -2.48) (in. ) 

© Right Spring: (Xn Mi Zr) = (-3. 18, -0.27, -2.48) (in.) 

@ Shock-Loop. (xy, Vs 25) = CL 11, 4.14, 2.48) (in. ) 

and the local stiffness matrix of each individual spring is computed by Arcot [3] as 

  

  

[ 136 0 0 0 1018-126 | 
! 136 0 -1DIS 0 | -141, 

e §=Top Spring: K : ee 1S ° 
~ oy 7808 -0.953 105 

| 7723 939 

I Synumetric 117 | 

' 562 uO 0 ~-1394 151 | 

562 0 1394 0  -1798 

450 -121 1439 0 

4413. ~387 —-4458 i r 

| | 

e Left and Right Springs) A, = = 

| 
| 

  

8983-375 

| Symmetric 579] | 

| 666 189 141 102 -351 -43.5 | 
| 943 364 474 141 110 | 

oo od 792 220 -169 329 | 
B SHEERSE CEE ay 6410 -900 300 | 

: 5240 ~2196 | 

Symmetric 2862 | 

The system stiffness matrix is then assembled as 
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[ | 

| 1079-115 2710329 
* sorum = 23043-1675 860555 | 

| 30929-2007 | 
| Symmetric 1456] | 

Units tor the stiffness matrix are 

‘Abjin. — ib/ rad | 

lb Lb in /rad_ 

2.2.4 Shaking Forces and Moments Vector 

The total shaking forces and moments vector, Fyjaing, 8 the summation of the reactive 

forces and moments vector, the torque effect vector, and the counter-weight forces and 

moments vector. 

F vrcang = Preaceve + Prceque 7 FP councernergin (2.4) 

The subroutines for calculating the forces and moments are converted from the 

FORTRAN programs into a Visual Basic™ module FORCEANA.645. There are four 

subroutines in the module which are: 

® COMPR Computes the forces and moments due to reaction 

¢ CWFM Computes the forces and moments due to the counter-weight 

¢« LOAD! Computes the torque 

e FORCE © Performs the Fast Fourier Transform to transform the force into the 

frequency domain. 

The details on the force analysis and calculation are discussed in Arcot’s thesis [3]. 

2.3 Solution of the System Equations of Motion 

The system equations of motion consists of six coupled first-order ordinary differential 

equations. When the gyroscopic matrix is negligible, the modal matrix method can be 

applied to decouple the coupled equations of motion of the six-DOF system into six 

uncoupled SDOF equations. However, when the gyroscopic matrix is present, the modal 
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matrix method can not be applied since the gyroscopic matrix is skew symmetric and not 

proportional to the mass and stiffness matrices. In this case, the state vector method is 

introduced to solve the system in the state space. The state vector contains both 

displacement and velocity information. Chapter Three illustrates the details on the state 

vector method and the modal matrix method. 
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CHAPTER THREE 

PROCESSOR 

The processer part of COMP solves for the compressor model created based on the 

parameters entered in the preprocessor. There are several different tasks undertaken 

during the model solution phase. First, an eigenvaJue/eigenvector analysis 1s performed to 

calculate the natural frequencies and their associated mode shapes. Then, the kinematic 

forces and moments are analyzed and applied to the mass center. The dynamic responses 

at the mass center are then obtained by solving the equations of motion. 

All these tasks are accomplished through various subroutines in COMP. Some commonly 

used subroutines, such as the eigen-analysis subroutines and the Fast Fourier Transform 

subroutines are available from many sources. Others are user-defined subroutines and 

must be deveioped based on the kinematics, vibration, or mathematics principles. 

This chapter also describes the kinematic, vibration, and mathematics principles used in the 

program. 

3.1 Eigenvalue and EFigenvector Problems 

3.1.1. Natural Frequencies and Normal Modes 

The equations of motion for an N-DOF vibration system can be derived by Lagrange’s 

oyaaaou and has the matrix ‘rm of 

Mx+(G+Ox+ Kx =F (3.1.1) 

where M is known as the mass matrix or inertia matrix, C ts called the viscous damping 

matrix and A is the stiffness matrix. These matrices are VxN real symmetric matrices. 

Matrix G is referred as the gyroscopic matrix and is skew symmetric. Vector F is the 

generalized force vector. 
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In the simple, undamped, linear and unforced case where the gyroscopic, circulatory and 

damping matrices and the force vector are not present, the equation of motion is simplified 

to 

M+ Kx = 0 (3.1.2) 

Assume the sclution for the above differential equation is 

X(1)= CCU (3.1.3) 

where # is a constant m-element vector. 

Substitution of Eq. (3.1.3) into Eq. (3.J.2) leads to 

Ku = AMu, where A= —s* (3.1.4) 

which represents a set of simultaneous homogeneous algebraic equations with the 

unknowns uw, (@=1, 2, ..., 7). 

This equation has nontrivial solutions if 

detl K - AM] =0 (3.1. cs
r ) 

Equation (3.1.5) is called the characteristic equation, and it is a polynomial of order 7 in 

w’. tt the mess matrix is positive definite and the stiffness matrix is either positive definite 

ov positive semi-definite, the roots of the characteristic equation are real non-negative 

numbers, called eigenvalues. The square root of the eigenvalues, the w,'s, are cailed the 

circular natural frequencies. 

. . 7 4 . . . . . 
With each eigenvalue, ,, there is an n-dimension vector called the eigenvector, which 

satisfies the following relationship 

Au, = 7Mu, (3.1.6) 

The eigenvector w, is also referred as the /th normal modes. 

3.1.2 Solving the Eigenvalue and Eigenvector Problems 

From Eq. (3.1.5), the solution for the eigenvalues is simply a root finding problem. 

However, it becomes difficult to find the root of a polynomial of an order higher than 

three. Therefore, normally the eigenvalues are solved by matrix iteration method. There 

are many different algorithms available and are described by Meirovitch [8]. The most 
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�t�i�m�e�-�d�o�m�a�i�n� �s�o�l�u�t�i�o�n�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �k�i�n�e�m�a�t�i�c� �f�o�r�c�e�s� �a�r�e� �c�o�m�p�u�t�e�d� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n�,� 

�a�n�d� �n�e�e�d� �t�o� �b�e� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� 

�T�h�e� �F�o�u�r�i�e�r� �T�r�a�n�s�t�o�r�m� �i�s� �a� �v�e�r�y� �e�f�f�i�c�i�e�n�t� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�o�o�l� �f�o�r� �a�c�c�o�m�p�l�i�s�h�i�n�g� �t�h�e� 

�m�a�n�i�p�u�l�a�t�i�o�n�s� �o�f� �d�a�t�a� �b�e�t�w�e�e�n� �t�h�e� �t�i�m�e� �a�n�d� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �T�h�e� �B�A�S�I�C� �s�u�b�r�o�u�t�i�n�e� 

�F�F�T� �B�A�S� �[�9�]� �c�o�m�p�u�t�e�s� �t�h�e� �F�o�r�w�a�r�d� �a�n�d� �I�n�v�e�r�s�e� �F�a�s�t� �F�o�u�r�i�e�r� �T�r�a�n�s�f�o�r�m� �(�F�F�T� �&� �I�F�F�T�)� 

�o�f� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �r�e�a�l� �a�n�d� �c�o�m�p�l�e�x� �d�a�t�a� �u�s�i�n�g� �t�h�e� �D�a�n�i�e�l�s�o�n�-�L�a�n�c�z�o�s� �o�r� �b�i�t� �r�e�v�e�r�s�a�l� 

�m�e�t�h�o�d�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �1�2� �o�f� �r�e�f�e�r�e�n�c�e� �[�1�0�]�.� 
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�T�h�e� �i�n�p�u�t� �d�a�t�a� �o�f� �F�F�T�/�.� �B�A�S� �a�r�e� �s�t�o�r�e�d� �i�n� �a� �r�e�a�l�,� �o�n�e�-�d�i�m�e�n�s�i�o�n� �a�r�r�a�y� �o�f� �l�e�n�g�t�h� �2�x�J�N�,� 

�w�h�e�r�e� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �a�n�d� �t�h�e� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t� �a�r�e� �s�t�o�r�e�d� �a�l�t�e�r�n�a�t�e�l�y�.� �S�i�n�c�e� �t�h�e� 

�f�o�r�c�e� �d�a�t�a� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �f�o�r�c�e� �a�n�a�l�y�s�i�s� �r�o�u�t�i�n�e� �a�r�e� �a�l�l� �r�e�a�l�,� �a�l�l� �o�f� �t�h�e� �e�v�e�n� �t�e�r�m�s� �o�f� �t�h�e� 

�i�n�p�u�t� �a�r�r�a�y� �a�r�e� �z�e�r�o�.� �T�h�e� �o�u�t�p�u�t� �d�a�t�a� �i�s� �a�l�s�o� �s�t�o�r�e�d� �i�n� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n� �a�r�r�a�y� �o�f� �l�e�n�g�t�h� 

�2�x�N�,� �w�i�t�h� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �s�t�o�r�e�d� �a�l�t�e�r�n�a�t�e�l�y�.� 

�T�h�e� �s�u�b�r�o�u�t�i�n�e� �F�F�T�/�.�B�A�S� �c�a�n� �a�l�s�o� �b�e� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �/�n�v�e�r�s�e� �F�a�s�t� �F�o�u�r�i�e�r� 

�T�r�a�n�s�f�o�r�m� �w�h�i�c�h� �t�r�a�n�s�f�o�r�m�s� �t�h�e� �d�a�t�a� �f�r�o�m� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �i�n�t�o� �t�h�e� �t�i�m�e� �d�o�m�a�i�n�.� �T�o� 

�d�o� �t�h�i�s�,� �o�n�e� �m�u�s�t� �c�a�l�l� �t�h�e� �s�u�b�r�o�u�t�i�n�e� �F�F� �7�/�.�B�4�S�,� �a�n�d� �i�n�p�u�t� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �a�r�r�a�y� �o�f� 

�i�e�n�g�t�h� �2�x� �w�h�i�c�h� �s�t�o�r�e�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�a�t�a� �a�n�d� �m�u�l�t�i�p�l�y� �t�h�e� �o�u�t�p�u�t� �d�a�t�a� �b�y� �a� �f�a�c�t�o�r� �o�f� 

�1�/�N�.� �S�i�n�c�e� �w�e� �a�r�e� �o�n�l�y� �i�n�t�e�r�e�s�t�e�d� �t�n� �t�h�e� �f�i�r�s�t� �4�0� �h�a�r�m�o�n�i�c�s�,� �t�h�e� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �a�l�g�o�r�i�t�h�m� 

�F�(�t�j�=� �=� �+�a�,� �c�o�s� �a�t�t� �&� �s�i�n� �@�l�t�+�.�.�+�a�,�,� �c�o�s�4�0�w�t� �+� �5�,� �s�i�n� �4�0�a�t� �(�3�.�2�.�1�)� 

�i�s� �u�s�e�d� �i�n� �C�O�M�P�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a�.�3� �a�n�d� �b�,�s�,� �a�r�e� �t�h�e� �c�o�s�i�n�e� �a�n�d� �s�i�n�e� �c�o�e�f�f�i�c�i�e�n�t� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �F�F�T�.� 

�3�.�3� �S�t�a�t�e� �V�e�c�t�o�r�  ��V�f�e�t�h�o�d� �f�o�r� �S�o�l�v�i�n�g� �t�h�e� �S�y�s�t�e�m� �w�i�t�h� �G�y�r�o�s�c�o�p�i�c� �M�a�t�r�i�x� 

�T�h�e� �m�o�d�e�l� �d�e�v�e�l�o�p�e�d� �i�n� �C�h�a�p�t�e�r� �2� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �a� �r�i�g�i�d� �c�r�a�n�k�-�c�a�s�e� �a�n�d� 

�c�o�m�p�r�e�s�s�o�r� �m�e�c�h�a�n�i�s�m�,� �s�u�p�p�o�r�t�e�d� �b�y� �t�h�r�e�e� �m�o�u�n�t�i�n�g� �s�p�r�i�n�g�s� �a�n�d� �a� �s�h�o�c�k�-�l�o�a�p�.� �S�i�n�c�e� �t�h�e� 

�r�o�t�o�r� �a�n�d� �t�h�e� �c�r�a�n�k�-�s�h�a�f�t� �r�o�t�a�t�e�s� �a�t� �h�i�g�h� �s�p�e�e�d�,� �t�h�e� �g�y�r�o�s�c�o�p�i�c� �c�o�u�p�l�e� �b�e�c�o�m�e�s� �i�m�p�o�r�t�a�n�t�.� 

�T�h�e� �g�y�r�o�s�c�o�p�i�c� �c�o�u�p�l�e� �d�e�p�e�n�d�s� �o�n� �t�h�e� �m�a�s�s� �p�o�l�a�r� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �o�f� �t�h�e� �r�o�t�o�r� �a�b�o�u�t� �i�t�s� 

�a�v�i�c� �a�n�d� �t�h�e� �r�o�v�a�t�i�n�g� �s�p�e�e�d� �o�f� �t�h�e� �r�o�t�a�r�/�c�r�a�n�k�-�s�h�a�f�t� �a�s�s�e�m�b�l�y�,� �a�n�d� �t�h�e� �r�e�s�p�o�n�s�e� �a�n�g�u�l�a�r� 

�v�e�l�o�c�i�t�y� �a�b�o�u�t� �t�h�e� �t�w�o� �a�x�e�s� �n�o�r�m�a�l� �t�o� �t�h�e� �r�o�t�o�r� �a�x�i�s�.� �S�i�n�c�e� �t�h�e� �g�y�r�o�s�c�o�p�i�c� �m�a�t�r�i�x� �i�s� �a� �s�k�e�w� 

�s�y�m�m�e�t�r�i�c� �m�a�t�r�i�x� �a�n�d� �n�o�t� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s�,� �t�h�e� �m�o�d�a�l� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �c�a�n� �n�o�t� �b�e� �a�p�p�l�i�e�d� �t�o� �d�e�c�o�u�p�l�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�.� �T�h�e� �s�t�a�t�e� 

�v�e�c�t�o�r� �m�e�t�h�o�d� �t�s� �i�n�t�r�o�d�u�c�e�d� �t�o� �s�o�l�v�e� �t�h�e� �s�i�x�-�D�O�F� �f�o�r�c�e�d� �v�i�b�r�a�t�i�o�n� �s�y�s�t�e�m� �w�i�t�h� �g�y�r�o�s�c�o�p�i�c� 

�m�a�t�r�i�x�.� 
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�3�.�3�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� �o�f� �t�h�e� �S�t�a�t�e� �V�e�c�t�o�r� �M�e�t�h�o�d� 

�T�h�e� �s�l�i�d�e�r� �c�r�a�n�k� �m�e�c�h�a�n�i�s�m� �i�n� �t�h�e� �H�2�5�A� �r�e�f�r�i�g�e�r�a�t�i�o�n� �c�o�m�p�r�e�s�s�o�r� �i�s� �d�r�i�v�e�n� �b�y� �t�h�e� �r�o�t�a�t�i�n�g� 

�c�r�a�n�k�-�s�h�a�f�t� �c�l�o�s�e�-�c�o�n�n�e�c�t�e�d� �t�o� �t�h�e� �r�o�t�o�r� �o�f� �t�h�e� �e�l�e�c�t�r�i�c� �m�o�t�o�r�.� �T�h�e� �r�o�t�o�r�/�c�r�a�n�k�-�s�h�a�f�t� 

�a�s�s�e�m�b�l�y� �t�y�p�i�c�a�l�l�y� �h�a�s� �c�o�n�s�i�d�e�r�a�b�l�e� �i�n�e�r�t�i�a� �a�n�d� �r�o�t�a�t�e�s� �a�t� �a� �v�e�r�y� �h�i�g�h� �s�p�e�e�d�,� �w�h�i�c�h� �c�r�e�a�t�e�s� 

�t�h�e� �g�y�r�o�s�c�o�p�i�c� �m�o�m�e�n�t� �a�s� �d�e�s�c�r�i�b�e�d� �b�y� �M�a�b�i�e� �a�n�d� �O�c�v�i�r�k� �[�7�]� �a�s� 

�M�,� �=� �1�,�6�0�,� �(�3�.�3�.�1�)� 

�a�n�d� 

�M�,� �=�-�L�,�,� �0�0�.� �(�3�.�3�.�2�)� 

�E�q�u�a�t�i�o�n� �(�3�.�3�.�1�)� �a�n�d� �E�q�.� �(�3�.�3�.�2�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� �t�h�e� �s�y�s�t�e�m� �g�y�r�o�s�c�o�p�i�c� �m�a�t�r�i�x� �a�s� 

�f�o� �0� �9� �0� �0� �9�0�)� 
�|� 

�(�0� �0� �0� �0� �0� �9�0� �|� 
�~�1�0� �0�0� �0� �0� �0� 
�G�=� �.� �3�.�3�.�3� �0� �0� �0� �1�,�8� �0�!� �(�3�.�3�.�3�)� 

�1�0�0� �0� �-�1�,�8� �0� �O�F� 
�1� �|� 
�(�9� �0� �0� �9� �0� �0�!� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �o�f� �t�h�e� �s�y�s�i�c�:� �c�o�n� �h�e� �p�r�e�s�e�n�t�e�d� �i�n� �m�a�t�r�i�x� �f�o�r�m�:� 

�M�X� �+� �G�x� �+� �K�x� �=� �F�(�t�)� �(�3�.�3�.�4�)� 

�E�q�u�a�t�i�o�n� �(�3�.�3�.�4�)� �i�s� �g�e�n�e�r�a�l�l�y� �a� �s�e�t� �o�f� �V� �c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n�s�.� 

�W�h�e�n� �s�o�l�v�i�n�g� �t�h�e� �p�r�o�p�o�r�t�i�o�n�a�l� �d�a�m�p�e�d� �s�y�s�t�e�m�,� �t�h�e� �d�a�m�p�i�n�g� �m�a�t�r�i�x� �C� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �m�a�s�s� �m�a�t�r�i�x� �M� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �K�.� �T�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �c�a�n� �b�e� 

�d�e�c�o�u�p�l�e�d� �a�n�d� �t�h�e� �N�-�D�O�F� �s�y�s�t�e�m� �c�a�n� �b�e� �s�o�l�v�e�d� �a�s� �N� �S�D�O�F� �p�r�o�b�l�e�m�s� �i�n�d�e�p�e�n�d�e�n�t�l�y�.� �I�n� 

�t�h�e� �c�a�s�e� �a�f� �r�h�e� �g�v�r�g�g�s�c�a�n�i�c� �m�a�t�r�i�x�,� �w�h�i�c�h� �c�a�n�n�o�t� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� 

�t�h�e� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s�,� �t�h�e� �p�r�e�c�e�d�i�n�g� �d�e�c�o�u�p�l�i�n�g� �p�r�o�c�e�d�u�r�e� �w�i�l�l� �n�o�t� �g�e�n�e�r�a�t�e� �a� 

�d�i�a�g�o�n�a�l� �(�o�r� �d�e�c�o�u�p�l�e�d�)� �g�y�r�o�s�c�o�p�i�c� �m�a�t�r�i�x�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �s�y�s�t�e�m� �c�a�n�n�o�t� �b�e� �s�o�l�v�e�d� �a�s� �N�V� 

�S�D�O�F� �p�r�o�b�l�e�m�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �N�-�D�O�F� �s�y�s�t�e�m� �c�a�n� �b�e� �s�o�l�v�e�d� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �t�h�e� �s�t�a�t�e� 

�v�e�c�t�o�r� �a�s� �b�e�l�o�w� �a�s� �d�e�s�c�r�i�b�e�d� �b�y� �S�h�a�b�a�n�a� �[�1� �|�]�.� 

�3�.�3�.�2� �S�t�a�t�e� �V�e�c�t�o�r� �S�o�l�u�t�i�o�n� �f�o�r� �G�y�r�o�s�c�o�p�i�c� �S�y�s�t�e�m� 

�3�.�3�.�2�.�1� �S�t�a�t�e� �V�e�c�t�o�r� 
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�5�0�0�3� �1�8�0� �3�6�0�)� �o�s�o�o�:� �A�9�0�1� �0� �6�0� 
�g�o�a�l�s� �%� �2�4�3�8�0�3� 
�0�.�9�9�7�2�0� �-�O�.�H�0�0�1�0� �0�.�2�0�0�4� 
�9�0�0�2�5� �.� �2�)� �0�0�5� 
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�.�3� �R�e�s�p�o�n�s�e� �a�t� �t�h�e� �M�a�s�s� �C�e�n�t�e�r� �i�n� �t�h�e� �T�i�m�e� �D�o�m�a�i�n� 

�i�f� �w�e� �s�e�t� �t�h�e� �g�y�r�o�s�c�o�p�i�c� �m�a�t�r�i�x� �G� �t�o� �z�e�r�o�,� �t�h�e� �a�b�o�v�e� �s�y�s�t�e�m� �c�a�n� �b�e� �s�o�l�v�e�d� �b�y� �u�s�i�n�g� �t�h�e� 

�d�e�c�o�u�p�l�i�n�g� �m�e�t�h�o�d�,� �w�h�i�c�h� �i�s� �m�o�r�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �e�f�f�i�c�i�e�n�t� �t�h�a�n� �t�h�e� �s�t�a�t�e� �v�e�c�t�o�r� �m�e�t�h�o�d�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �d�e�c�o�u�p�l�i�n�g� �m�e�t�h�o�d� �a�n�d� �s�t�a�t�e� �v�e�c�t�o�r� �m�e�t�h�o�d� �m�a�t�c�h�e�d� �w�e�l�l� �w�h�e�n� 

�d�o�u�b�l�e� �p�r�e�c�i�s�i�o�n� �n�u�m�b�e�r�s� �a�r�e� �u�s�e�d�.� 

�T�h�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �r�o�t�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �r�o�t�o�r� �(�Z�)� �a�x�i�s� �a�t� �t�h�e� �m�a�s�s� �c�e�n�t�e�r� �i�n� �i�n�e� �t�u�n�e� 

�d�o�m�a�i�n� �w�i�t�h� �a�n�d� �w�i�t�h�o�u�t� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �g�y�r�o�s�c�o�p�i�c� �m�o�m�e�n�t� �a�r�e� �p�l�o�t�t�e�d� �i�n� �t�h�e� �F�i�g�u�r�e� 

�3�.�4�.� �F�r�o�m� �F�i�g�u�r�e� �3�.�3�,� �t�h�e� �p�e�a�k� �v�a�l�u�e�s� �o�f� �t�h�e� �r�o�t�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �r�o�t�o�r� �(�Z�)� �a�x�i�s� �a�r�e� �l�o�c�a�t�e�d� 

�a�t� �|�2�0� �d�e�g�r�e�e� �a�n�d� �2�4�0� �d�e�g�r�e�e�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �a�t� �t�h�e�s�e� �a�n�g�l�e�s� �a�r�e� �l�e�s�s� �t�h�a�n� �5�%� �a�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �3�.�4�,� �w�h�i�c�h� �i�n�d�i�c�a�t�e�s�,� �t�h�a�t� �t�h�e� �g�y�r�o�s�c�o�p�i�c� �e�f�f�e�c�t� �i�s� �n�o�t� �s�i�g�n�i�f�i�c�a�n�t�.� 
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�C�r�a�n�k� �A�n�g�l�e� �(�D�e�g�r�e�e�)� 

�F�i�g�u�r�e� �3�.�4� �T�h�e� �D�i�f�f�e�r�e�n�c�e� �i�n� �R�o�t�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �R�o�t�o�r� �(�Z�)� �A�x�i�s� �S�o�l�v�e�d� �b�y� �D�e�c�o�u�p�l�i�n�g� 

�M�e�t�h�o�d� �a�n�d� �S�t�a�t�e� �V�e�c�t�o�r� �M�e�t�h�o�d� �(�i�n� �p�e�r�c�e�n�t�a�g�e�)� �v�s�.� �C�r�a�n�k� �A�n�g�l�e� 

�C�h�a�p�t�e�r� �3� �P�r�o�c�e�s�s�o�r� �3�9



�T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �g�y�r�o�s�c�o�p�i�c� �m�o�m�e�n�t�,� �i�n� �t�h�i�s� �m�o�d�e�l�,� �i�s� �m�a�i�n�l�y� �o�n� �t�h�e� �r�o�t�a�t�i�o�n� �a�b�o�u�t� �t�h�e� 

�r�o�t�o�r� �a�x�i�s�.� �W�h�e�n� �t�h�e� �g�y�r�o�s�c�o�p�i�c� �m�o�m�e�n�t� �b�e�c�o�m�e�s� �l�a�r�g�e�r�,� �t�h�e� �r�o�t�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �p�i�t�c�h� �a�x�i�s� 

�(�t�h�e� �a�x�i�s� �n�o�r�m�a�l� �t�o� �t�h�e� �r�o�t�o�r� �a�x�i�s� �a�n�d� �c�y�l�i�n�d�e�r� �a�x�i�s�)� �i�s� �a�l�s�o� �i�n�c�r�e�a�s�e�d�.� 

�T�h�e� �s�t�a�t�e� �v�e�c�t�o�r� �m�e�t�h�o�d� �t�s� �n�o�t� �l�i�m�i�t�e�d� �i�n� �s�o�l�v�i�n�g� �t�h�e� �g�y�r�o�s�c�o�p�i�c� �m�a�c�h�i�n�e� �p�r�o�b�l�e�m� �W�h�e�n� 

�t�h�e� �s�y�s�t�e�m� �i�s� �s�u�p�p�o�r�t�e�d� �b�y� �t�h�e� �s�p�r�i�n�g�-�d�a�m�p�e�r� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �s�y�s�t�e�m� �d�a�m�p�i�n�g� �m�a�t�r�i�x� �c�a�n� �b�e� 

�c�o�n�s�t�r�u�c�t�e�d� �i�n� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �1�s� �c�o�n�s�t�r�u�c�t�e�d�,� �a�n�d� �s�o�l�v�e�d� �b�y� �t�h�e� �s�t�a�t�e� 

�v�e�c�t�o�r� �m�e�t�h�o�d�.� 

�3�.�4� �M�o�d�a�l� �M�a�t�r�i�x� �M�e�t�h�o�d� 

�T�h�e� �s�t�a�t�e� �v�e�c�t�o�r� �m�e�t�h�o�d� �i�n�t�r�o�d�u�c�e�d� �i�n� �s�e�c�t�i�o�n� �3�.�3� �c�a�n� �b�e� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �m�a�t�r�i�x� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �f�o�r� �a� �g�e�n�e�r�a�l� �N�-�D�O�F� �v�i�b�r�a�t�o�r�y� �s�y�s�t�e�m�.� �I�n� �t�h�e� �c�a�s�e� �w�h�e�r�e� 

�t�h�e� �s�y�s�t�e�m� �d�a�m�p�i�n�g� �m�a�t�r�i�x� �a�n�d� �g�y�r�o�s�c�o�p�i�c� �m�a�t�r�i�x� �a�r�e� �n�o�t� �p�r�e�s�e�n�t�,� �m�o�d�a�l� �m�a�t�r�i�x� �m�e�t�h�o�d� 

�c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �d�e�c�o�u�p�l�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�n�d� �s�o�l�v�e� �t�h�e� �N�-�D�O�F� �s�y�s�t�e�m� �a�s� �V� 

�S�D�O�F� �s�y�s�t�e�m�s� �s�e�p�a�r�a�t�e�l�y�.� �T�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �m�o�d�a�i� �m�a�t�r�i�x� �m�e�t�h�o�d� �t�s� �t�h�a�t� �t�h�e� �s�i�z�e� �o�f� 

�t�h�e� �m�a�t�r�i�c�e�s� �r�e�m�a�i�n�s� �N�x� �w�h�e�n� �d�e�c�o�u�p�l�i�n�g� �a�n�d� �t�h�e�r�c�l�c�-�:� �c�o�r�m�p�u�t�a�t�i�o�n�a�l�l�y� �m�o�r�e� �e�f�f�i�c�i�e�n�t� 

�t�h�a�n� �t�h�e� �s�t�a�t�e� �v�e�c�t�o�r� �m�e�t�h�o�d� �w�i�t�h� �i�t�s� �l�a�r�g�e�r� �m�a�t�r�i�c�e�s�.� 

�3�.�4�.�1� �O�r�t�h�o�g�o�n�a�l�i�t�y� �o�f� �E�i�g�e�n�v�e�c�t�o�r�s� 

�C�o�n�s�i�d�e�r� �t�h�e� �V�-�D�O�F� �s�y�s�t�e�m� 

�M�x�+� �K�x� �=�0� �(�3�.�4�.�1�)� 

�T�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �n�o�r�m�a�l� �m�o�d�e�s� �a�r�e� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 
�.� �.� �:� �a�g�r�-�l� 

�e�i�g�e�n�v�e�c�t�o�r�s� �o�f� �t�h�e� �d�v�r�a�m�i�c� �m�a�t�r�i�x� �=� �M�K� 

�L�e�t� �#�,� �a�n�d� �u�,� �b�e� �t�h�e� �/�t�h� �a�n�d� �j�t�h� �e�i�g�e�n�v�e�c�t�o�r� �a�n�d� �7� �#� �/�,� �t�h�e� �n�o�r�m�a�l� �m�o�d�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� 

�i�t�h� �a�n�d� �j�t�h� �m�o�d�e�s� �a�r�e� 

�K�u�,� �=� �0� �M�u�.� �(�3�.�4�.�2�)� 

�K�u�,� �=� �w�o�;� �M�u�,� �(�3�.�4�.�3�)� 

�P�r�e�m�u�l�t�i�p�l�y�i�n�g� �E�q�.� �(�3�.�4�.�2�)� �b�y� �t�h�e� �t�r�a�n�s�p�o�s�e� �o�f� �m�o�d�e� �w�,�,� �w�e� �h�a�v�e� 

�C�h�a�p�t�e�r� �3� �P�r�o�c�e�s�s�o�r� �4�0



�u �� �K�u�,� �=�u �� �@�,� �M�u�,� �(�3�.�4�.�4�)� 

�W�e� �c�a�n� �a�l�s�o� �g�e�t� 

�u�w� �K�'�u�,�=�u� �w�o� �M�'�u�,� �(�3�.�4�.�5�)� 

�b�y� �t�a�k�i�n�g� �t�h�e� �t�r�a�n�s�p�o�s�e� �o�f� �E�q�.� �(�3�.�4�.�3�)� �a�n�d� �p�o�s�t� �m�u�l�t�i�p�l�y�i�n�g� �b�y� �w�,�.� 

�S�i�n�c�e� �t�h�e� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� �a�r�e� �s�y�m�m�e�t�r�i�c�,� �w�e� �h�a�v�e� 

�K ��=�K� �(�3�.�4�.�6�)� 

�a�n�d� �M ��=�M� �(�3�.�4�.�7�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�.� �(�3�.�4�.�6�)� �a�n�d� �(�3�.�4�.�6�)� �i�n�t�o� �E�q�.� �(�3�.�4�.�5�)� �y�i�e�l�d�s� 

�u�o� �K�u�,� �=�u�)� �o�:� �M�u�,� �(�3�.�4�.�8�)� 

�S�u�b�t�r�a�c�t�i�n�g� �E�q�.� �(�3�.�4�.�8�)� �f�r�o�m� �E�q�.� �(�3�.�4�.�4�)� �y�i�e�l�d�s� 

�(�a� �-� �o�u�)� �M�u�,� �=� �0� �(�3�.�4�.�9�)� 

�W�e� �c�a�n� �c�o�n�c�l�u�d�e� �t�h�a�t� 

�u ��M�u�,�=�0� �f�o�r� �i�*�j� �(�3�.�4�.�1�0�)� 

�a�n�d� �o�u�i�M�u�,�=�m�,� �f�o�r� �i�=� �j� �(�3�.�4�.�4�1�)� 

�E�q�u�a�t�i�o�n�s� �(�3�.�4�.�1�0�)� �a�n�d� �(�3�.�4�.�1�1�)� �d�e�f�i�n�e� �t�h�e� �o�r�t�h�o�g�o�n�a�l� �c�h�a�r�a�c�t�e�r� �o�f� �t�h�e� �n�o�r�m�a�l� �m�o�d�e�s�.� 

�W�e� �c�a�n� �a�l�s�o� �d�e�f�i�n�e� 

�a �� �K�u�,� �=�0� �f�o�r� �L�z�]� �(�3�.�4�.�1�2�)� 

�a�n�d� �o�u�' ��K�u� �=�k�,� �f�o�r� �i�=� �j� �(�3�.�4�.�1�3�)� 

�{�n�e� �q�u�a�n�t�i�t�i�e�s� �m�,�,� �a�n�d� �k�,�;� �a�r�e� �c�a�l�l�e�d� �g�e�n�e�r�a�l�i�z�e�d� �m�a�s�s� �a�n�d� �g�e�n�e�r�a�l�i�z�e�d� �s�t�i�f�f�n�e�s�s� �r�e�s�p�e�c�t�i�v�e�l�y� 

�b�y� �T�h�o�m�s�o�n� �[�1�2�]�.� 

�3�.�4�.�2� �M�o�d�a�l� �M�a�t�r�i�x� 

�W�h�e�n� �t�h�e� �N�V� �n�o�r�m�a�l� �m�o�d�e�s� �a�r�e� �a�s�s�e�m�b�l�e�d� �i�n�t�o� �a� �s�q�u�a�r�e� �m�a�t�r�i�x� �w�i�t�h� �e�a�c�h� �n�o�r�m�a�l� �m�o�d�e� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �c�o�l�u�m�n�,� �w�e� �c�a�l�l� �i�t� �t�h�e� �m�o�d�a�l� �m�a�t�r�i�x� �P� �[�1�2�]�.� �T�h�e� �m�o�d�a�l� �m�a�t�r�i�x� �f�o�r� �a� �N�-� 

�D�O�F� �s�y�s�t�e�m� �c�a�n� �a�p�p�e�a�r� �a�s� 

�C�h�a�p�t�e�r� �3� �P�r�o�c�e�s�s�o�r�  ��1
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�B�y�e� �|� �|� 
�P�=� �.� �4� �|� 

�l�s� �|� �.� �|� 

�[� 

�=�(�0� �0�,� �«�=� �®�|� �(�3�.�4�.�1�4�)� 

� � 

�a� �m�n�) �� 
�P�i�e� �(�x�,� �x�.� �x�y�)� �-�[�©� �O�,� �-� �o�,� �|� �(�3�.�4�.�1�5�)� 
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�F�i�g�u�r�e� �3�.�6� �T�r�a�n�s�l�a�t�i�o�n�a�l� �D�i�s�p�l�a�c�e�m�e�n�t� �i�n� �X� �D�i�r�e�c�t�i�o�n� �!�n� �t�h�e� �T�i�m�e� �D�o�m�a�i�n�,� �O�n�e� �P�e�r�i�o�d� 

�O�n�c�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �e�i�t�h�e�r� �t�h�e� �t�i�m�e� �d�o�m�a�i�:� �o�r� �t�h�e� �t�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �a�r�e� �o�b�t�a�i�n�e�d�,� 

�t�h�e� �v�e�l�o�c�i�t�i�e�s� �a�n�d� �a�c�c�e�l�e�r�a�t�i�o�n�s� �c�a�n� �a�l�s�o� �b�e� �c�a�l�c�u�l�a�t�e�d�.� �T�h�e� �v�e�l�o�c�i�t�y� �i�s� �t�h�e� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� 

�o�f� �d�i�s�p�l�a�c�e�m�e�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�i�m�e�,� �a�n�d� �t�h�e� �a�c�c�e�l�e�r�a�t�i�o�n� �i�s� �t�h�e� �s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e� �o�f� 

�d�i�s�p�l�a�c�e�m�e�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�i�m�e�.� �I�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�p�p�e�a�r�s� �a�s� 

�X�=� �X�,�+� �X�,�,� �c�o�s�(�@�t�)�+� �X�,�,� �s�i�n�(�@�t�)�+� �X�,�,� �c�o�s�(�2�@�t�)� �+� 
�.� �;� �(�3�.�5�.�2�)� 

�X�,�,� �s�i�n�(�2�@�t�}�+�-�:�-�+�X�,�,�.� �c�o�s�(�4�0�@�t�)� �+� �X�,�,�,� �s�i�n�(�4�0�a�r�)� �4�0�c�¢� �A�G�s� 

�w�h�e�r�e� �X�,�,� �a�n�d� �X�,�,�,� �a�r�e� �t�h�e� �c�o�s�i�n�e� �a�n�d� �s�i�n�e� �c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �t�h�e� �n� �h�a�r�m�o�n�i�c� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�a�k�i�n�g� �t�h�e� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� �o�f� �E�q�.� �(�3�.�5�.�1�)� 

�X�= ��-�X�,�,�o�s�i�n�(�w�@�t�)�+� �X�,� �@� �c�o�s�(�@�r�)�  �� �X�,�,�2�@� �s�i�n�(�2�w�t�)� �+� 
�.� �3�.�5�.�3� 

�X�,�,�2�@� �c�o�s�(�2�@�t�) ��-�- ��X� �,�,�,� �4�0� �s�i�n�(�4�0�a�@�t�)� �+� �X�,�,�,� �4�0�@� �c�o�s�(�4�0�a�r�)� �(�3�.�9�.�3�)� 

�a�n�d� �t�h�e� �s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e� �t�s� 

�X� �=� �-�X�,�,�@�°� �c�o�s�(�w�t�) �� �X�,�,�a�°� �s�i�n�(�w�t�)� �-� �X�,�,�4�@�°� �c�o�s�(�2�@�t�)� �-� �6�.�5�.�4�)� 
�I�,�J�.� 
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�I�t� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �p�e�r�f�o�r�m� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �o�p�e�r�a�t�i�o�n� �a�b�o�v�e� �w�h�e�n� �a�c�t�u�a�l�l�y� �c�o�m�p�u�t�i�n�g� �t�h�e� 

�v�e�l�o�c�i�t�y� �a�n�d� �a�c�c�e�l�e�r�a�t�i�o�n�.� �T�h�e� �v�e�l�o�c�i�t�y� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �s�i�m�p�l�y� �i�n�t�e�r�c�h�a�n�g�i�n�g� �t�h�e� �s�i�n�e� 

�a�n�d� �c�o�s�i�n�e� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �e�x�p�r�e�s�s�i�o�n� �a�n�d� �m�u�l�t�i�p�l�y� �b�y� �n�@� �a�n�d� �-�n�o� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �t�h�e� �a�c�c�e�l�e�r�a�t�i�o�n� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �m�u�l�t�i�p�l�y� �-�(�n�@�) �� �t�o� �t�h�e� �s�i�n�e� �a�n�d� �c�o�s�i�n�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �e�x�p�r�e�s�s�i�o�n�.� 

�I�n� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e�r�e� �i�s� �a� �n�e�e�d� �t�o� �k�n�o�w� �t�h�e� �r�e�s�p�o�n�s�e� �a�t� �a�n�y� �l�o�c�a�t�i�o�n� �o�n� �t�h�e� �c�o�m�p�r�e�s�s�o�r�,� 

�w�e� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �m�o�d�e�l� �b�e�h�a�v�e�s� �a�s� �a� �r�i�g�i�d� �b�o�d�y�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s�h�i�p� 

�c�a�n� �b�e� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �v�e�l�o�c�i�t�y� �a�n�d� �a�c�c�e�l�e�r�a�t�i�o�n� �a�t� �a�n�y� �l�o�c�a�t�i�o�n� �w�i�t�h�i�n� 

�t�h�e� �r�i�g�i�d� �b�o�d�y�,� �g�i�v�e�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �v�e�l�o�c�i�t�y� �a�n�d� �a�c�c�e�l�e�r�a�t�i�o�n� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �g�r�a�v�i�t�y� �a�s� 

�d�e�s�c�r�i�b�e�d� �b�y� �M�a�b�i�e� �a�n�d� �O�c�v�i�r�k� �[�7�]�.� 
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�@� �=� �a�n�g�u�l�a�r� �v�e�l�o�c�i�t�y� �o�f� �x�y�z� �s�y�s�t�e�m� �r�e�l�a�t�i�v�e� �t�o� �X�Y�Z� �s�y�s�t�e�m� 
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�3�.�6� �S�p�r�i�n�g� �E�n�d� �F�o�r�c�e�/�M�o�m�e�n�t� �C�a�l�c�u�l�a�t�i�o�n� 

�A�c�c�o�r�d�i�n�g� �t�o� �H�o�o�k�e�'�s� �L�a�w�,� �t�h�e� �f�o�r�c�e�-�d�e�f�o�r�m�a�t�i�o�n� �r�e�l�a�t�i�o�n�s�h�i�p� �o�f� �a� �l�i�n�e�a�r� �s�p�r�i�n�g� �o�f� �a� 

�S�D�O�F�,� �n�e�g�l�e�c�t�i�n�g� �t�h�e� �t�h�e�r�m�a�l� �e�x�p�a�n�s�i�o�n� �d�u�e� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �c�h�a�n�g�e�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�F�=� �K�x� �(�3�.�6�.�1�)� �_� 

�w�h�e�r�e� �F� �i�s� �t�h�e� �a�p�p�l�i�e�d� �f�o�r�c�e�,� �K� �i�s� �t�h�e� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �s�p�r�i�n�g�,� �a�n�d� �x� �1�s� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�.� 

�N�o�r�m�a�l�i�y�,� �w�i�t�h� �a� �s�p�r�i�n�g� �i�n� �t�h�e� �t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e� �w�h�i�c�h� �h�a�s� �s�i�x� �d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m�,� 

�E�q�u�a�t�i�o�n� �(�3�.�6�.�1�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� �m�a�t�r�i�x� �f�o�r�m� �a�s� 

�F� �=� �K�x� �(�3�.�6�.�2�)� 

�w�h�e�r�e� �f�o�r�c�e� �F� �i�s� �a� �s�i�x�-�d�i�m�e�n�s�i�o�n� �v�e�c�t�o�r� �w�h�i�c�h� �i�n�c�l�u�d�e�s� �t�h�e� �f�o�r�c�e�s� �i�n� �t�h�e� �x�,� �y� �a�n�d� �z� 

�d�i�r�e�c�t�i�o�n�s� �a�n�d� �t�h�e� �m�o�m�e�n�t�s� �a�b�o�u�t� �t�h�e� �t�h�r�e�e� �a�x�e�s�.� �T�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �K� �w�i�l�l� �b�e� �a� �s�i�x� �b�y� �s�i�x� 

�m�a�t�r�i�x� �a�n�d� �t�h�e� �d�i�a�g�o�n�a�l� �t�e�r�m�s� �t�s� �t�h�e� �s�t�i�f�f�n�e�s�s� �f�o�r� �p�u�r�e� �t�r�a�n�s�l�a�t�i�o�n� �a�n�d� �r�o�t�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� 

�t�o� �t�h�r�e�e� �a�x�e�s�.� �T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �v�e�c�t�o�r� �x� �i�s� �a�l�s�o� �a� �s�i�x�-�d�i�m�e�n�s�i�o�n� �v�e�c�t�o�r�.� �E�q�u�a�t�i�o�n� �(�3�.�6�.�2�)� 

�c�a�n� �b�e� �u�s�e�d� �f�o�r� �c�o�m�p�u�t�i�n�g� �t�h�e� �s�p�r�i�n�g� �e�n�d� �f�o�r�c�e� �a�n�d� �m�o�m�e�n�t� �w�h�e�n� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �o�f� 

�t�h�e� �s�p�r�i�n�g� �a�n�d� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �a�t� �t�h�e� �s�p�r�i�n�g� �e�n�d� �a�r�e� �g�i�v�e�n�.� 

�3�.�7� �V�a�r�i�a�b�l�e� �S�p�e�e�d� �M�o�t�o�r� �S�i�m�u�l�a�t�i�o�n� 

�T�h�e� �a�n�a�l�y�s�e�s� �p�e�r�f�o�r�m�e�d� �a�b�o�v�e� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �e�l�e�c�t�r�i�c� �m�o�t�o�r�,� �w�h�i�c�h� 

�d�r�i�v�e�s� �t�h�e� �c�o�m�p�r�e�s�s�o�r�,� �1�s� �r�u�n�n�i�n�g� �a�t� �a� �c�o�n�s�t�a�n�t� �s�p�e�e�d�.� �I�n� �t�h�e� �r�e�a�l� �s�i�t�u�a�t�i�o�n�,� �t�h�e� �t�o�r�q�u�e� 

�p�r�o�v�i�d�e�d� �b�y� �t�h�e� �e�l�e�c�t�r�i�c� �m�o�t�o�r� �i�s� �n�o�t� �a�l�w�a�y�s� �e�q�u�a�l� �t�o� �t�h�e� �r�e�a�c�t�i�v�e� �t�o�r�q�u�e� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� 

�s�l�i�d�e�-�c�r�a�n�k� �m�e�c�h�a�n�i�s�m�,� �t�h�e�r�e�f�o�r�e� �t�h�e� �r�o�t�a�t�i�n�g� �s�p�e�e�d� �d�o�e�s� �n�o�t� �r�e�m�a�i�n� �s�t�a�b�l�e�.� �I�n�s�t�e�a�d�,� �t�h�e� 

�s�p�e�e�d� �w�i�l�l� �f�l�u�c�t�u�a�t�e� �a�b�o�u�t� �t�h�e� �r�a�t�e�d� �s�p�e�e�d�.� 

�I�n� �a�d�d�i�t�i�o�n�,� �i�t� �i�s� �i�m�p�o�s�s�i�b�l�e� �f�o�r� �t�h�e� �e�l�e�c�t�r�i�c� �m�o�t�o�r� �t�o� �a�c�c�e�l�e�r�a�t�e� �i�n�s�t�a�n�t�a�n�e�o�u�s�l�y� �f�r�o�m� �z�e�r�o� 

�s�p�e�e�d� �t�o� �t�h�e� �r�a�t�e�d� �s�p�e�e�d�.� �W�h�e�n� �t�h�e� �e�l�e�c�t�r�i�c� �m�o�t�o�r� �s�t�a�r�t�s� �f�r�o�m� �z�e�r�o� �s�p�e�e�d�,� �i�t� �a�l�s�o� 

�u�n�d�e�r�g�o�e�s� �t�h�e� �a�c�c�e�l�e�r�a�t�i�o�n�/�d�e�c�e�l�e�r�a�t�i�o�n� �p�a�t�t�e�r�n� �d�u�e� �t�o� �t�h�e� �u�n�b�a�l�a�n�c�e� �o�f� �t�h�e� �d�r�i�v�e� �t�o�r�q�u�e� 

�a�n�d� �r�e�a�c�t�i�v�e� �t�o�r�q�u�e�,� �a�n�d� �e�v�e�n�t�u�a�l�l�y� �r�e�a�c�h�e�s� �t�h�e� �r�a�t�e�d� �s�p�e�e�d�.� 

�C�h�a�p�t�e�r� �3� �P�r�o�c�e�s�s�o�r� �4�7



�T�h�e� �v�a�r�i�a�b�l�e� �s�p�e�e�d� �m�o�t�o�r� �s�i�m�u�l�a�t�i�o�n� �s�u�b�r�o�u�t�i�n�e�s� �w�a�s� �a� �F�O�R�T�R�A�N� �p�r�o�g�r�a�m� �p�r�o�v�i�d�e�d� �b�y� 

�M�i�t�c�h�i�n�e�r� �[�1�3�]� �a�n�d� �h�a�s� �b�e�e�n� �c�o�n�v�e�r�t�e�d� �i�n�t�o� �a� �V�i�s�u�a�l� �B�a�s�i�c!"� �m�o�d�u�l�e�.� �T�h�e� �m�o�d�u�l�e� �i�n�c�l�u�d�e�s� 

�s�e�v�e�r�a�l� �s�u�b�r�o�u�t�i�n�e�s� �a�s� �f�o�l�l�o�w�s�:� 

�e� �S�u�b� �D�E�R�I�V� �W�i�t�h� �t�h�i�s� �s�u�b�r�o�u�t�i�n�e�,� �g�i�v�e�n� �t�h�e� �f�o�r�m�a�t�i�o�n� �f�o�r� �t�h�e� �d�e�r�i�v�a�t�i�v�e�,� 

�w�i�l�l� �c�o�m�p�u�t�e� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �v�e�c�t�o�r� �d�y�,� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �t�h�e� �y� �v�e�c�t�o�r� 

�a�n�d� �o�t�h�e�r� �p�r�o�v�i�d�e�d� �v�a�r�i�a�b�l�e�s�.� 

�e� �S�u�b� �R�D�G�L�I� �R�u�n�g�e�-�K�u�t�t�a�-�G�i�l�l� �4�t�h�-�o�r�d�e�r�,� �f�i�x�e�d�-�s�t�e�p�-�s�i�z�e�,� �i�n�t�e�g�r�a�t�i�o�n� �s�u�b�r�o�u�t�i�n�e� 

�b�y� �L�e�o�n�a�r�d� �[�1�4�]�.� 

�W�i�t�h� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �e�n�t�e�r�e�d� �i�n� �t�h�e� �V�a�r�i�a�b�l�e� �S�p�e�e�d� �M�o�t�o�r� �A�n�a�l�y�s�i�s� �f�o�r�m�,� �t�h�e� �p�r�o�g�r�a�m� 

�s�i�m�u�l�a�t�e�s� �t�h�e� �m�o�t�o�r� �s�t�a�r�t�i�n�g� �f�r�o�m� �z�e�r�o� �s�p�e�e�d� �t�h�r�o�u�g�h� �f�u�l�l� �s�p�e�e�d�,� �a�n�d� �c�o�m�p�u�t�e�s� �t�h�e� �r�o�t�o�r� 

�c�u�r�r�e�n�t�,� �r�o�t�o�r� �v�o�l�t�a�g�e�,� �e�l�e�c�t�r�i�c� �t�o�r�q�u�e�,� �r�e�a�c�t�i�v�e� �t�o�r�q�u�e�,� �r�o�t�o�r� �p�o�s�i�t�i�o�n�,� �r�o�t�o�r� �s�p�e�e�d� �a�n�d� 

�r�o�t�o�r� �a�c�c�e�l�e�r�a�t�i�o�n�,� �e�t�c�.� �T�h�e� �s�i�m�u�l�a�t�i�o�n� �p�r�o�g�r�a�m� �w�i�l�l� �b�e� �t�e�r�m�i�n�a�t�e�d� �a�u�t�o�m�a�t�i�c�a�l�l�y� �w�h�e�n� �t�h�e� 

�t�o�l�e�r�a�n�c�e� �f�o�r� �s�t�e�a�d�y� �s�t�a�t�e� �i�s� �l�e�s�s� �t�h�a�n� �t�h�e� �p�r�e�s�e�t� �v�a�l�u�e�.� 

�3�.�8� �E�f�f�e�c�t�s� �o�f� �V�a�l�v�e� �I�m�p�a�c�t� 

�3�.�8�.�1� �M�o�t�i�o�n� �o�f� �t�h�e� �D�i�s�c�h�a�r�g�e� �a�n�d� �S�u�c�t�i�o�n� �V�a�l�v�e�s� �D�u�r�i�n�g� �O�p�e�r�a�t�i�o�n� 

�T�h�e� �H�2�5�A� �c�o�m�p�r�e�s�s�o�r� �h�a�s� �t�w�o� �c�y�l�i�n�d�e�r�s� �w�h�i�c�h� �a�r�e� �l�o�c�a�t�e�d� �p�a�r�a�l�l�e�l�l�y� �i�n� �t�h�e� �Y�-�Z� �p�l�a�n�e�,� 

�w�i�t�h� �t�h�e� �c�y�l�i�n�d�e�r� �c�e�n�t�e�r� �l�i�n�e� �i�n� �t�h�e� �Y� �d�i�r�e�c�t�i�o�n�.� �D�u�r�i�n�g� �n�o�r�m�a�l� �o�p�e�r�a�t�i�o�n�,� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� 

�v�a�l�v�e�s� �a�n�d� �p�i�s�t�o�n� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�e� �P�h�a�s�e� �|� 

�I�n� �p�h�a�s�e� �1�,� �t�h�e� �p�i�s�t�o�n� �i�s� �l�e�a�v�i�n�g� �t�h�e� �t�o�p� �d�e�a�d� �c�e�n�t�e�r� �m�o�v�i�n�g� �t�o�w�a�r�d� �b�o�t�t�o�m� �d�e�a�d� 

�c�o�t�t�e�r� �P�o�t�h� �t�h�e� �d�i�s�c�h�a�r�g�e� �v�a�l�v�c� �a�n�d� �t�h�e� �s�u�c�t�i�o�n� �v�a�l�v�e� �a�r�e� �f�u�l�l�y� �c�l�o�s�e�d�,� �h�o�w�e�v�e�r�,� �t�h�e� 

�s�u�c�t�i�o�n� �v�a�l�v�e� �i�s� �a�b�o�u�t� �t�o� �o�p�e�n� �a�n�d� �d�r�a�w� �i�n� �t�h�e� �w�o�r�k�i�n�g� �f�l�u�i�d�.� 

�e� �P�h�a�s�e� �2� 

�I�n� �p�h�a�s�e� �2�,� �t�h�e� �p�i�s�t�o�n� �h�a�s� �l�e�f�t� �t�h�e� �t�o�p� �d�e�a�d� �c�e�n�t�e�r� �a�n�d� �i�s� �m�o�v�i�n�g� �t�o�w�a�r�d� �t�h�e� �b�o�t�t�o�m� 

�d�e�a�d� �c�e�n�t�e�r�.� �T�h�e� �s�u�c�t�i�o�n� �v�a�l�v�e� �i�s� �o�p�e�n� �a�n�d� �t�h�e� �d�i�s�c�h�a�r�g�e� �v�a�l�v�e� �t�s� �c�l�o�s�e�d�.� �T�h�e� �c�y�l�i�n�d�e�r� 

�p�r�e�s�s�u�r�e� �i�s� �d�e�c�r�e�a�s�i�n�g� �d�u�e� �t�o� �t�h�e� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �c�y�l�i�n�d�e�r� �v�o�l�u�m�e�.� �F�r�e�o�n� �i�s� �d�r�a�w�n� �i�n� 

�t�h�r�o�u�g�h� �t�h�e� �s�u�c�t�i�o�n� �v�a�l�v�e�.� 

�e� �P�h�a�s�e� �3� 

�C�h�a�p�t�e�r� �3� �P�r�o�c�e�s�s�o�r� �4�8



�T�h�e� �p�i�s�t�o�n� �r�e�a�c�h�e�s� �t�h�e� �b�o�t�t�o�m� �d�e�a�d� �c�e�n�t�e�r�.� �T�h�e� �v�a�l�v�e�s �� �s�t�a�t�u�s� �r�e�m�a�i�n�s� �s�a�m�e� �a�s� �i�n� 

�p�h�a�s�e� �2�.� 

�e� �P�h�a�s�e� �4� 

�T�h�e� �p�i�s�t�o�n� �h�a�s� �l�e�f�t� �t�h�e� �b�o�t�t�o�m� �d�e�a�d� �c�e�n�t�e�r� �a�n�d� �1�s� �m�o�v�i�n�g� �t�o�w�a�r�d� �t�h�e� �t�o�p� �d�e�a�d� �c�e�n�t�e�r�.� 

�B�o�t�h� �v�a�l�v�e�s� �a�r�e� �c�l�o�s�e�d�.� �T�h�e� �c�y�l�i�n�d�e�r� �p�r�e�s�s�u�r�e� �t�s� �i�n�c�r�e�a�s�i�n�g� �d�u�e� �t�o� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n�.� 

�e� �P�h�a�s�e� �5� 

�T�h�e� �p�i�s�t�o�n� �i�s� �c�l�o�s�e� �t�o� �t�h�e� �t�o�p� �d�e�a�d� �c�e�n�t�e�r� �w�h�i�l�e� �t�h�e� �c�y�l�i�n�d�e�r� �p�r�e�s�s�u�r�e� �r�e�a�c�h�e�s� �t�h�e� 

�m�a�x�i�m�u�m� �o�f� �2�9�8� �p�s�i�.� �T�h�e� �d�i�s�c�h�a�r�g�e� �v�a�l�v�e� �i�s� �a�b�o�u�t� �t�o� �o�p�e�n�.� 

�e� �P�h�a�s�e� �6� 

�T�h�e� �d�i�s�c�h�a�r�g�e� �v�a�l�v�e� �i�s� �o�p�e�n� �a�n�d� �t�h�e� �p�i�s�t�o�n� �r�e�a�c�h�e�s� �t�h�e� �t�o�p� �d�e�a�d� �c�e�n�t�e�r�.� �F�r�e�o�n� �i�s� 

�d�i�s�c�h�a�r�g�e�d� �t�h�r�o�u�g�h� �t�h�e� �d�i�s�c�h�a�r�g�e� �v�a�l�v�e�.� �T�h�e� �d�i�s�c�h�a�r�g�e� �v�a�l�v�e� �c�l�o�s�e�s� �a�f�t�e�r� �t�h�e� �d�i�s�c�h�a�r�g�e� 

�i�s� �c�o�m�p�l�e�t�e�d�.� 

�T�h�e� �s�i�n�g�l�e� �c�y�l�i�n�d�e�r� �v�a�l�v�e� �s�i�m�u�l�a�t�i�o�n� �p�r�o�g�r�a�m� �a�l�s�o� �g�i�v�e�s� �a�n� �a�n�i�m�a�t�i�o�n� �w�h�i�c�h� �s�h�o�w�s� �t�h�e� 

�p�o�s�i�t�i�o�n�s� �f�o�r� �t�h�e� �p�i�s�t�o�n� �a�n�d� �v�a�l�v�e�s� �d�u�r�i�n�g� �o�p�e�r�a�t�i�o�n�.� �F�i�g�u�r�e� �3�.�7� �s�h�o�w�s� �t�h�e� �p�o�s�i�t�i�o�n�s� �o�f� �t�h�e� 

�p�i�s�t�o�n�,� �a�n�d� �t�h�e� �s�t�a�t�u�s� �o�f� �t�h�e� �s�u�c�t�i�o�n� �a�n�d� �d�i�s�c�h�a�r�g�e� �v�a�l�v�e�s�,� �r�e�p�r�e�s�e�n�t�i�n�g� �p�h�a�s�e� �|� �t�o� �p�h�a�s�e� �6� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 

�V�a�l�v�e� �i�m�p�a�c�t� �f�o�r�c�e�s� �o�c�c�u�r� �i�n� �p�h�a�s�e� �2� �a�n�d� �p�h�a�s�e� �4� �w�h�e�n� �t�h�e� �s�u�c�t�i�o�n� �v�a�l�v�e� �1�s� �o�p�e�n�i�n�g� �a�n�d� 

�c�l�o�s�i�n�g�,� �a�n�d� �i�n� �p�h�a�s�e� �6� �w�h�e�n� �t�h�e� �d�i�s�c�h�a�r�g�e� �v�a�l�v�e� �i�s� �o�p�e�n�i�n�g� �a�n�d� �c�l�o�s�i�n�g�.� �T�h�e� �i�m�p�a�c�t� �o�f� �t�h�e� 

�d�i�s�c�h�a�r�g�e� �v�a�l�v�e� �i�s� �m�a�i�n�l�y� �d�u�e� �t�o� �t�h�e� �i�m�p�a�c�t� �b�e�t�w�e�e�n� �t�h�e� �v�a�l�v�e� �a�n�d� �t�h�e� �v�a�l�v�e� �p�l�a�t�e�,� �a�n�d� 

�b�e�t�w�e�e�n� �t�h�e� �v�a�l�v�e� �a�n�d� �t�h�e� �s�e�a�t�i�n�g� �p�l�a�t�e�.� �T�h�e� �v�a�l�v�e� �i�m�p�a�c�t�s� �t�h�e� �v�a�l�v�e� �p�l�a�t�e� �w�h�e�n� �c�l�o�s�i�n�g�,� 

�a�n�d� �i�m�p�a�c�t�s� �t�h�e� �s�e�a�t�i�n�g� �p�l�a�t�e� �w�h�e�n� �o�p�e�n�i�n�g�.� �T�h�e�s�e� �t�w�o� �i�m�p�a�c�t� �f�o�r�c�e�s� �a�r�e� �i�n� �t�h�e� �Y� 

�d�i�r�e�c�t�i�o�n�.�  ��T�h�e� �s�u�c�i�t�o�n� �v�a�i�v�e� �i�m�p�a�c�t� �r�o�r�c�e� �i�s� �d�u�e� �t�o� �t�h�e� �i�m�p�a�c�t� �b�e�t�w�e�e� �t�h�e� �v�a�l�v�e� �a�n�d� �t�h�e� 

�p�i�s�t�o�n� �w�h�e�n� �t�h�e� �v�a�l�v�e� �i�s� �o�p�e�n�i�n�g� �a�n�d� �c�l�o�s�i�n�g�.� �T�h�i�s� �i�m�p�a�c�t� �f�o�r�c�e� �i�s� �i�n� �t�h�e� �Y� �d�i�r�e�c�t�i�o�n� �a�l�s�o�,� 

�b�u�t� �a�l�s�o� �c�r�e�a�t�e�s� �a� �s�i�d�e� �t�h�r�u�s�t� �i�n� �t�h�e� �X� �d�i�r�e�c�t�i�o�n� �o�n� �t�h�e� �c�y�l�i�n�d�e�r� �w�a�l�l�.� 

�3�.�8�.�2� �D�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �I�m�p�a�c�t� �F�o�r�c�e� �f�o�r� �t�h�e� �S�e�c�o�n�d� �C�y�l�i�n�d�e�r� �f�r�o�m� �t�h�e� �S�i�n�g�l�e� 

�C�y�l�i�n�d�e�r� �M�o�d�e�l� 

�T�h�e� �v�a�l�v�e� �f�o�r�c�e� �i�s� �c�o�m�p�u�t�e�d� �f�r�o�m� �a� �s�i�n�g�l�e� �c�y�l�i�n�d�e�r� �c�o�m�p�r�e�s�s�o�r� �v�a�l�v�e� �s�i�m�u�i�a�t�i�u�n� �p�r�o�g�r�a�m� 

�d�e�v�e�l�o�p�e�d� �b�y� �M�i�t�c�h�i�n�e�r� �[�1�3�]� �a�n�d� �S�i�n�g�h� �[�5�]�.� �I�n�p�u�t� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �p�r�o�g�r�a�m� �i�n�c�l�u�d�e� �t�h�e� 

�C�h�a�p�t�e�r� �3� �P�r�o�c�e�s�s�o�r� �4�9
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�P�h�a�s�e� �6� �P�h�a�s�e� �5� �P�h�a�s�e� �4� 

�F�i�g�u�r�e� �3�.�7� �P�i�s�t�o�n� �a�n�d� �V�a�l�v�e� �P�o�s�i�t�i�o�n�s� �f�r�o�m� �P�h�a�s�e� �|� �t�o� �P�h�a�s�e� �6� �*� 

�5�]� �g�i�n�a�l� �d�r�a�w�i�n�g� �b�y� �S�i�n�g�h� �[� �e�u�r�e� �3�.�7� �w�e�r�e� �c�r�e�a�t�e�d� �b�a�s�e�d� �o�n� �t�h�e� �o�r�i� �g�s� �s�h�o�w�n� �i�n� �F�i�g� �*� �T�h�e� �d�r�a�w�i�n� 

�3�0� �C�h�a�p�t�e�r� �3� �P�r�o�c�e�s�s�o�r



�d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �c�y�l�i�n�d�e�r�s�,� �p�i�s�t�o�n�s�,� �v�a�l�v�e�s�,� �d�i�s�c�h�a�r�g�e� �a�n�d� �s�u�c�t�i�o�n� �m�a�n�i�f�o�l�d�,� �d�i�s�c�h�a�r�g�e� �a�n�d� 

�s�u�c�t�i�o�n� �m�u�f�f�l�e�r�,� �v�o�l�u�m�e� �o�f� �c�o�m�p�r�e�s�s�o�r� �c�a�v�i�t�y�,� �p�r�o�p�e�r�t�i�e�s� �o�f� �w�o�r�k�i�n�g� �f�l�u�i�d�,� �i�n�p�u�t�/�o�u�t�p�u�t� 

�p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� �t�h�e� �o�u�t�p�u�t� �a�r�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�/�v�e�l�o�c�i�t�y�/�a�c�c�e�l�e�r�a�t�i�o�n� �o�f� �t�h�e� 

�d�i�s�c�h�a�r�g�e� �a�n�d� �s�u�c�t�i�o�n� �v�a�l�v�e�,� �m�a�s�s� �f�l�o�w�,� �d�i�s�c�h�a�r�g�e� �a�n�d� �s�u�c�t�i�o�n� �v�a�l�v�e� �i�m�p�a�c�t� �f�o�r�c�e�,� �p�r�e�s�s�u�r�e� 

�i�n� �c�y�l�i�n�d�e�r�,� �p�r�e�s�s�u�r�e� �i�n� �d�i�s�c�h�a�r�g�e� �m�u�f�f�l�e�r� �a�n�d� �m�a�n�i�f�o�l�d�,� �p�r�e�s�s�u�r�e� �i�n� �s�u�c�t�i�o�n� �m�a�n�i�f�o�l�d�,� �a�n�d� 

�c�o�m�p�r�e�s�s�o�r� �c�a�v�i�t�y�.� �F�o�r� �t�h�e� �t�w�o�-�c�y�l�i�n�d�e�r� �c�o�m�p�r�e�s�s�o�r� �m�o�d�e�l�,� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �i�n� �t�h�e� �s�e�c�o�n�d� 

�c�y�l�i�n�d�e�r� �c�a�n� �b�e� �e�a�s�i�l�y� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �f�o�r�c�e� �i�n� �t�h�e� �s�i�n�g�l�e� �c�y�l�i�n�d�e�r� �m�o�d�e�l�.� �T�h�e� �i�m�p�a�c�t� �f�o�r�c�e� 

�f�o�r� �a� �s�i�n�g�l�e� �c�y�l�i�n�d�e�r� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�f�i� �=�a�,�+�a�,� �c�o�s�(�a�t�)� �+� �4�,� �s�i�n�(�w�t�)� �+� �a�,� �c�o�s�(�2�a�t�)� �+� �.� 

�b�,� �s�i�n�(�2�@�t�)�+�-�+�a�,�,� �c�o�s�(�4�0�a�r�)� �+� �6�,� �s�i�n�(�4�0�a�r�)� �G�7�1�)� 

�S�i�n�c�e� �t�h�e� �c�r�a�n�k� �a�n�g�l�e� �o�f� �t�h�e� �s�e�c�o�n�d� �c�y�l�i�n�d�e�r� �i�s� �1�8�0� �d�e�g�r�e�e�s� �b�e�h�i�n�d� �t�h�e� �f�i�r�s�t� �c�y�l�i�n�d�e�r�,� �t�h�e� 

�i�m�p�a�c�t� �f�o�r�c�e� �f�o�r� �t�h�e� �s�e�c�o�n�d� �c�y�l�i�n�d�e�r� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n� �i�s� �o�b�t�a�i�n�e�d� �b�y� �s�p�l�i�t�t�i�n�g� �t�h�e� �t�i�m�e� 

�d�o�m�a�i�n� �c�u�r�v�e� �p�l�o�t� �o�f� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �o�f� �t�h�e� �f�i�r�s�t� �c�y�l�i�n�d�e�r� �a�n�d� �m�o�v�i�n�g� �t�h�e� �l�e�f�t� �h�a�l�f� �p�o�r�t�i�o�n� 

�o�f� �t�h�e� �c�u�r�v�e� �t�o� �t�h�e� �r�i�g�h�t� �o�f� �t�h�e� �r�i�g�h�t� �h�a�l�f� �p�o�r�t�i�o�n� �o�f� �t�h�e� �c�u�r�v�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �s�i�g�n� �f�o�r� �t�h�o�s�e� 

�t�e�r�m�s� �i�n� �E�q�.� �(�3�.�7�.�1�)� �w�i�t�h� �e�v�e�n� �f�r�e�y�.�:�c�n�c�i�e�s� �r�e�m�a�i�m� �t�h�e� �s�a�m�e�,� �w�h�i�l�e� �f�o�r� �t�h�e� �t�e�r�m�s� �w�i�t�h� �o�d�d� 

�f�r�e�q�u�e�n�c�i�e�s� �i�s� �c�h�a�n�g�e�d�.� �T�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �f�o�r� �t�h�e� �s�e�c�o�n�d� �c�y�l�i�n�d�e�r� �1�s� 

�f�f�,� �=�a�,�  �� �a�,� �c�o�s�(�a�@�t�)�  �� �4�,� �s�i�n�(�@�t�)� �+� �a�,� �c�o�s�(�2�@�t�)� �+� �,� 

�6�,� �s�i�n�(�2�@�t�) ��-�-�+�a�,�,� �c�o�s�(�4�0�a�r�)� �+� �4�,�,� �s�i�n�(�4�0�@�r�)� �(�3�.�7�.�2�)� 

�3�.�8�.�3� �E�q�u�i�v�a�l�e�n�t� �F�o�r�c�e�s� �a�n�d� �M�o�m�e�n�t�s� �a�t� �t�h�e� �M�a�s�s� �C�e�n�t�e�r� 

�S�i�n�c�e� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �1�s� �m�o�d�e�l�e�d� �a�s� �a� �r�i�g�i�d� �l�u�m�p�e�d� �m�a�s�s�,� �a�n�y� �e�x�t�e�r�n�a�l� �f�o�r�c�e� �c�a�n� �b�e� �a�p�p�l�i�e�d� 

�a�t� �t�h�e� �m�a�s�s� �c�e�n�t�e�r� �o�n�l�y�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �a�b�o�v�e� �f�o�r�c�e�s� �a�r�e� �c�o�n�v�e�r�t�e�d� �i�n�t�o� �t�h�e� �f�o�r�c�e�s� �a�n�d� 

�m�o�m�e�n�t�s� �a�t� �t�h�e� �m�a�s�s� �c�e�n�t�e�r� �a�s� �d�i�s�c�u�s�s�e�d� �b�e�l�o�w�.� 

�T�h�e� �e�q�u�i�v�a�l�e�n�t� �f�o�r�c�e� �a�t� �t�h�e� �m�a�s�s� �c�e�n�t�e�r� �i�n� �Y� �d�i�r�e�c�t�i�o�n� �d�u�e� �t�o� �t�h�e� �d�i�s�c�h�a�r�g�e� �v�a�l�v�e�s� �i�s� �t�h�e� 

�s�u�m�m�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�c�h�a�r�g�e� �v�a�l�v�e� �i�m�p�a�c�t� �f�o�r�c�e� �o�n� �b�o�t�h� �c�y�l�i�n�d�e�r�s�:� 

�F�F� �&� �+� �¥�,� �D�i�s�c�h�a�r�g�e� �=� �1�,� �D�i�s�c�h�a�r�g� �e� �2�,� �D�i�s�c�h�a�r�g� �e� 

�T�h�e�s�e� �t�w�o� �i�m�p�a�c�t� �f�o�r�c�e�s� �w�i�l�i� �a�l�s�o� �c�r�e�a�t�e� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �m�o�m�e�n�t�s� �a�b�o�u�t� �t�h�e� �X� �a�n�d� �Z� 

�d�i�r�e�c�t�i�o�n�s� �a�s� 

�C�h�a�p�t�e�r� �3� �P�r�o�c�e�s�s�o�r� �>�1



�M� 

�M� 

�x� �2� �o�g� �+� �F�y� �p�i�s�c�h�a�r�g�e� �x� �(�2�,� �_�  ��4� �)� 

�x�x� �-�F� �x�x� �2�.� �D�i�s�c�h�a�r�g�e� �=� �F�Y� �p�i�s�c�h�a�t�e� �e� �c�g� �2�,� �D�i�s�c�h�a�r�g�e� �c�g� 

�x�,�D�i�s�c�h�a�r�g�e� �~�~� �F�y� �D�i�s�c�h�a�r�g�e� 

�w�h�e�r�e� �Z�2� �i�s� �t�h�e� �Z� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �s�e�c�o�n�d� �c�y�l�i�n�d�e�r� 

�T�h�e� �e�q�u�i�v�a�l�e�n�t� �f�o�r�c�e�s� �a�n�d� �m�o�m�e�n�t�s� �f�r�o�m� �t�h�e� �s�u�c�t�i�o�n� �v�a�l�v�e�s� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �f�r�o�m� �t�h�e� 

�d�i�s�c�h�a�r�g�e� �v�a�l�v�e�s�,� �e�x�c�e�p�t� �t�h�e� �s�i�d�e� �t�h�r�u�s�t� �f�o�r�c�e�s�.� 

�E�y� �s�u�c�t�i�o�n� �~� �F�y� �s�u�c�t�i�o�n� �T�E� �2� �S�u�c�t�i�o�n� 

�=� �z� �7�  ��7� 
�M� �.� �s�u�c�t�i�o�n� �F�Y� �s�u�c�n�o�n� �x�  ��c�g� �+� �L�y� �s�u�c�n�o�n� �x� �(�2�.�9� �Z�,�)� 

 ��  �� �N�v�  �� �4�  �� 

�z�,�s�u�c�t�i�o�n� �F�Y� �s�u�c�t�i�o�n� �x� �X�o�o� �L�y� �S�u�c�h�o�n� �x� �X� �o�g� 

�T�h�e� �s�i�d�e� �t�h�r�u�s�t� �f�o�r�c�e� �i�s� �a� �c�o�n�t�a�c�t� �f�o�r�c�e� �b�e�t�w�e�e�n� �t�h�e� �p�i�s�t�o�n� �a�n�d� �c�y�l�i�n�d�e�r� �w�a�l�l� �i�n� �t�h�e� �X� 

�d�i�r�e�c�t�i�o�n�.� �I�t� �c�a�n� �b�e� �d�e�r�i�v�e�d� �a�s� 

� � 

�S�i�n� �Q�,� �s�i�n� �Q�,� 
�x� �S�i�d�e�T�h�r�u�s�t� �=�~� �l�L�.� �S�u�c�t�i�o�n� �x� �c�o�s� �Q�,� �~� �2� �S�u�c�t�i�o�n� �x� �c�o�s� �Q�,� 

�w�h�e�r�e� 

�C�r�a�n�k� �R�a�d�i�u�s� 
�s�I�n�@� �=� �s�i�n�(�C�r�a�n�k� �A�n�g�l�e�)� 

�C�o�n�n�e�c�t�i�n�g� �R�o�d� �L�e�n�g�t�h� 

�T�h�e� �e�q�u�i�v�a�l�e�r�:� �m�o�m�e�n�t�s� �c�u�e� �t�o� �t�h�e� �s�i�d�e� �t�h�r�u�s�t� �a�b�o�u�t� �t�h�e� �Y� �a�n�d� �Z� �d�i�r�e�c�t�i�o�n�s� �c�a�n� �b�e� �w�r�i�t�t�e�n� 

�a�s� 

�M�,�,� �s�i�d�e�r�n�r�u�s�e� �=�  ��F� �i� �s�i�d�e�r�h�r�u�s�t� �x� �Z� �o�g� �~� �P�y� �s�i�d�e�T�h�r�u�s�t� �x� �(�2�.� �~� �Z�,�)� 

 ��_ �� �_� �C�C� �»�  �� 

�M�,� �s�i�d�e�r�h�r�u�s�t� �=� �~�F� �\� �s�i�d�e�t�h�r�u�s�e� �*� �V�i� �~� �£�9� �s�i�d�e�t�n�r�u�s�e� �*� �Y�2� 

�w�h�e�r�e� �t�h�e� �m�o�m�e�n�t� �a�r�m� �y� �i�s� �a�l�s�o� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �c�r�a�n�k� �a�n�g�l�e� 

�y� �=� �(�C�r�a�n�k� �R�a�d�i�u�s�)� �x� �c�o�s�(�C�r�a�n�k� �A�n�g�l�e�)� �+� �(�C�o�n�n�e�c�t�i�n�g� �R�o�d� �L�e�n�g�t�h�)� �x� �c�o�s�g� �-� �y�,�,� 

�C�h�e�s�s�e�r� �F�o�u�r� �h�a�s� �t�h�e� �d�e�t�a�i�l�.�e�n� �h�o�w� �t�o� �t�m�n�a�r�t� �t�h�o�s�e� �v�a�l�v�e� �f�o�r�c�e� �i�n�t�a� �C�O�M�P� 

�C�h�a�p�t�e�r� �3� �P�r�o�c�e�s�s�o�r� �5�2



�C�H�A�P�T�E�R� �F�O�U�R� 

�P�R�E�P�R�O�C�E�S�S�O�R� �A�N�D� �P�O�S�T� �P�R�O�C�E�S�S�O�R� 

�4�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�e� �c�o�m�p�r�e�s�s�o�r� �a�n�a�l�y�s�i�s� �p�r�o�g�r�a�m� �C�O�M�P� �c�o�n�s�i�s�t�s� �o�f� �t�h�r�e�e� �c�o�m�p�o�n�e�n�t�s�:� �a� �p�r�e�p�r�o�c�e�s�s�o�r�,� �a� 

�p�r�o�c�e�s�s�o�r� �a�n�d� �a� �p�o�s�t�-�p�r�o�c�e�s�s�o�r�.� �T�h�r�o�u�g�h� �t�h�e� �p�r�e�p�r�o�c�e�s�s�o�r�,� �t�h�e� �u�s�e�r� �e�n�t�e�r�s� �v�a�r�i�o�u�s� 

�p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �d�e�s�c�r�i�b�e� �t�h�e� �c�o�m�p�r�e�s�s�o�r�.� �T�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �i�n�c�l�u�d�e� �c�y�l�i�n�d�e�r� �p�a�r�a�m�e�t�e�r�s� 

�s�u�c�h� �a�s� �c�y�l�i�n�d�e�r� �d�i�a�m�e�t�e�r�,� �v�o�l�u�m�e�,� �e�x�p�a�n�s�i�o�n� �f�a�c�t�o�r�,� �e�t�c�.�,� �m�o�u�n�t� �i�n�f�o�r�m�a�t�i�o�n�,� �1�.�e�.�,� �m�o�u�n�t� 

�s�p�r�i�n�g� �l�o�c�a�t�i�o�n� �a�n�d� �s�t�i�f�f�n�e�s�s�,� �m�a�s�s� �p�r�o�p�e�r�t�i�e�s�,� �a�n�d� �m�o�t�o�r� �p�a�r�a�m�e�t�e�r�s�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �i�s� 

�t�h�e�n� �s�a�v�e�d� �i�n� �d�a�t�a� �a�r�r�a�y�s�.� �T�h�e� �p�r�o�c�e�s�s�o�r� �p�e�r�f�o�r�m�s� �t�h�e� �a�n�a�l�y�s�i�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�s�p�o�n�s�e� 

�o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �i�n�c�l�u�d�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�,� �n�o�r�m�a�l� �m�o�d�e�s�,� 

�f�o�r�c�e�s� �a�n�d� �m�o�m�e�n�t�s� �a�p�p�l�i�e�d� �a�t� �m�a�s�s� �c�e�n�t�e�r�,� �o�r�b�i�t� �o�f� �t�h�e� �m�a�s�s� �c�e�n�t�e�r�,� �a�n�d� �s�p�r�i�n�g� �e�n�d� �f�o�r�c�e�.� 

�T�h�e� �p�r�o�c�e�s�s�o�r� �w�r�i�t�e�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �t�o� �a�n� �o�u�t�p�u�t� �d�a�t�a� �a�r�r�a�y�.� �T�h�i�s� �o�u�t�p�u�t� �d�a�t�a� 

�a�r�r�a�y� �i�s� �u�s�e�d� �b�y� �t�h�e� �p�e�s�t� �p�r�o�c�e�s�s�o�r� �t�o� �d�i�s�p�l�a�y� �t�h�e� �r�e�s�u�l�t�s� �e�i�t�h�e�r� �g�r�a�p�h�i�c�a�l�l�y� �o�r� �i�n� �t�a�b�u�l�a�r� 

�f�o�r�m� �s�o� �t�h�a�t� �t�h�e�s�e� �r�e�s�u�i�i�s� �w�e� �c�a�s�y� �t�o� �u�n�d�e�r�s�t�a�n�d�.� 

�4�.�2� �P�r�e�p�r�o�c�e�s�s�o�r� 

�I�n� �o�r�d�e�r� �t�o� �p�r�o�v�i�d�e� �t�h�e� �u�s�e�r� �w�i�t�h� �a� �u�s�e�r�-�f�r�i�e�n�d�l�y� �e�n�v�i�r�o�n�m�e�n�t� �f�o�r� �d�a�t�a� �e�n�t�r�y�,� �t�h�e� 

�p�r�o�g�r�a�m�m�i�n�g� �o�f� �t�h�e� �p�r�e�p�r�o�c�e�s�s�o�r� �f�u�l�l�y� �u�t�i�l�i�z�e�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �V�i�s�u�a�l� �B�a�s�i�c!"� 

�p�r�o�g�r�a�m�m�i�n�g� �l�a�n�g�u�a�g�e�,� �w�h�i�c�h� �t�s� �t�h�e� �e�v�e�n�t�-�d�r�i�v�e�n� �p�r�o�g�r�a�m�m�i�n�g�.� �T�h�e� �i�n�p�u�t� �p�a�r�a�m�e�t�e�r�s� �o�f� 

�t�h�e� �c�o�m�p�r�e�s�s�o�r� �a�r�e� �c�l�a�s�s�i�f�i�e�d� �a�n�d� �g�r�o�u�p�e�d� �i�n�t�o� �a� �s�e�r�i�e�s� �o�f� �d�a�t�a� �e�n�t�r�y� �f�o�r�m�s�,� �a�n�d� �c�a�n� �b�e� 

�a�c�r�e�s�c�a�d� �b�y� �c�o�l�e�c�t�i�n�g� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �m�e�n�u� �i�t�e�m�s� �T�h�i�s� �m�a�n�i�d�r�i�v�e�n� �d�a�t�a� �e�n�t�r�y� �r�e�t�h�e�d� 

�h�a�s� �t�h�e� �f�l�e�x�i�b�i�l�i�t�y� �o�v�e�r� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �t�e�x�t� �f�i�l�e� �b�a�s�e�d� �d�a�t�a� �e�n�t�r�y�,� �a�n�d� �a�l�s�o� �p�r�o�v�i�d�e�s� �t�h�e� 

�u�s�e�r� �w�i�t�h� �t�h�e� �c�o�n�t�r�o�l� �o�f� �t�h�e� �p�r�o�g�r�a�m�.� 

�4�.�2�.�1� �M�e�n�u� �S�t�r�u�c�t�u�r�e�s� 

�T�h�e� �m�a�i�n� �m�e�n�u� �t�s� �b�u�i�l�t� �i�n� �t�h�e� �m�a�i�n� �f�o�r�m� �n�a�m�e�d� �a�s� �C�o�m�p�r�e�s�s�o�r� �A�n�a�l�y�s�i�s�.� �M�e�n�u� �i�t�e�m�s� 

�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �p�r�e�p�r�o�c�e�s�s�o�r� �p�a�r�t� �a�r�e� �t�h�e� �/�i�/�e� �m�e�n�u� �a�n�d� �t�h�e� �E�d�i�t� �m�e�n�u�.� �M�e�n�u�s� �a�n�d� 

�C�h�a�p�t�e�r� �4� �P�r�e�p�r�o�c�e�s�s�o�r� �a�n�d� �P�o�s�t� �P�r�o�c�e�s�s�o�r� �5�3



�s�u�b�m�e�n�u�s� �w�i�t�h� �t�h�e�i�r� �f�u�n�c�t�i�o�n�s� �a�r�e� �l�i�s�t�e�d� �b�e�l�o�w�.� �T�h�e� �n�u�m�b�e�r� �o�f� �f�o�r�w�a�r�d� �s�l�a�s�h�e�s� �s�h�o�w�s� �t�h�e� 

�s�u�b�m�e�n�u� �l�e�v�e�l�s�.� 

�F�i�l�e� �O�p�e�n� �t�h�e� �s�u�b�m�e�n�u�s� �u�n�d�e�r� �F�i�/�e� �m�e�n�u� 

�/�N�e�w�/� �C�r�e�a�t�e� �a� �n�e�w� �c�o�m�p�r�e�s�s�o�r� �m�o�d�e�l�,� �i�n�i�t�i�a�l�i�z�e� �t�h�e� �p�r�o�g�r�a�m� 

�/�O�p�e�n�/� �O�p�e�n� �t�h�e� �O�p�e�n� �F�i�l�e� �f�o�r�m� �t�o� �l�o�a�d� �a�n� �e�x�i�s�t�i�n�g� �m�o�d�e�l� �f�r�o�m� �d�i�s�k� �f�i�l�e� 

�/�S�a�v�e�/� �S�a�v�e� �a�n� �e�x�i�s�t�i�n�g� �m�o�d�e�l� �u�n�d�e�r� �i�t�s� �o�r�i�g�i�n�a�l� �f�i�l�e� �n�a�m�e� �|� 

�/�S�a�v�e� �A�s�/� �O�p�e�n� �t�h�e� �S�a�v�e� �A�s� �f�o�r�m� �t�o� �s�a�v�e� �a�n� �e�x�i�s�t�i�n�g� �m�o�d�e�l� �u�n�d�e�r� �a� �d�i�f�f�e�r�e�n�t� 

�f�i�l�e� �n�a�m�e� �o�r� �s�a�v�e� �a� �n�e�w� �m�o�d�e�l� �w�i�t�h� �a� �s�p�e�c�i�f�i�e�d� �f�i�l�e� �n�a�m�e� 

�/�I�m�p�o�r�t� �P�r�e�s�s�u�r�e� �A�n�g�l�e� �D�a�t�a�/� 

�O�p�e�n� �t�h�e� �/�m�p�o�r�t� �P�r�e�s�s�u�r�e� �A�n�g�l�e� �D�a�t�a� �f�o�r�m� �t�o� �i�m�p�o�r�t� �p�r�e�s�s�u�r�e� �d�a�t�a� 

�g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �v�a�l�v�e� �s�i�m�u�l�a�t�i�o�n� �p�r�o�g�r�a�m� 

 ��I�m�p�o�r�t� �V�a�i�v�e� �I�m�p�a�c�t� �F�o�r�c�e�/� 

�O�p�e�n� �t�h�e� �/�m�p�o�r�t� �V�a�l�v�e� �I�m�p�a�c�t� �F�o�r�c�e� �f�o�r�m� �t�o� �i�m�p�o�r�t� �v�a�l�v�e� �i�m�p�o�r�t� 

�f�o�r�c�e�s� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �v�a�l�v�e� �s�i�m�u�l�a�t�i�o�n� �p�r�o�g�r�a�m� 

�/�P�r�i�n�t� �P�r�e�v�i�e�w�/�Q�o�e�n� �t�h�e� �P�r�i�n�t� �P�r�e�v�i�e�w� �f�o�r�m� �t�o� �s�e�l�e�c�t� �o�u�t�p�u�t� �d�a�t�a� �a�n�d� �p�r�e�v�i�e�w� 

�p�r�i�n�t� �c�u�t� 

�/�P�r�i�n�t�/� �O�p�e�n� �t�h�e� �P�r�i�n�t� �f�o�r�m� �t�o� �p�r�i�n�t� �o�u�t� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� 

�F�E�x�i�t�/� �T�e�r�m�i�n�a�t�e� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� 

�E�d�i�t� �O�p�e�n� �t�h�e� �s�u�b�m�e�n�u�s� �u�n�d�e�r� �A�d�i�t� �m�e�n�u� 

�/�C�o�m�p�r�e�s�s�o�r�/� �O�p�e�n� �t�h�e� �s�u�b�m�e�n�u�s� �u�n�d�e�r� �C�o�m�p�r�e�s�s�o�r� �s�u�b�m�e�n�u� 

�/�/�(�C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s�/�/� 

�O�p�e�n� �t�h�e� �s�u�b�m�e�n�u�s� �u�n�d�e�r� �C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s� �s�u�b�m�e�n�y� 

�/�/�/�P�r�e�s�s�u�r�e�/�/�/� �O�p�e�n� �t�h�e� �C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s� �(�P�r�e�s�s�u�r�e�)� �f�o�r�m� 

�/�/�C�r�a�n�k�/�/�/� �O�p�e�n� �t�h�e� �C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s� �(�C�r�a�n�k�)� �f�o�r�m� 

�/�/�/�C�o�n�n�e�c�t�i�n�g� �R�o�d�/�/�/� 

�O�p�e�n� �t�h�e� �C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s� �(�C�o�n�n�e�c�t�i�n�g� �R�o�d�)� �f�o�r�m� 

�/�/�/�P�i�s�t�o�n� �a�n�d� �C�y�l�i�n�d�e�r�s�/�/�/� 

�O�p�e�n� �t�h�e� �C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s� �(�P�i�s�t�o�n� �a�n�d� �C�y�l�i�n�d�e�r�s�)� �f�o�r�m� 

�/�/�C�o�u�n�t�e�r� �W�e�i�g�n�t�/�/�/� 

�C�h�a�p�t�e�r� �4� �P�r�e�p�r�o�c�e�s�s�o�r� �a�n�d� �P�o�s�t� �P�r�o�c�e�s�s�o�r� �5�4



�O�p�e�n� �t�h�e� �C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s� �(�C�o�u�n�t�e�r� �W�e�i�g�h�t�)� �f�o�r�m� 

�/�/�C�y�l�i�n�d�e�r� �V�a�r�i�a�b�l�e�s�/�/� 

�O�p�e�n� �t�h�e� �C�y�l�i�n�d�e�r� �V�a�r�i�a�b�l�e�s� �f�o�r�m� 

�/�M�o�u�n�t�s�/� �O�p�e�n� �t�h�e� �s�u�b�m�e�n�u� �u�n�d�e�r� �M�o�u�n�t�s� �s�u�b�m�e�n�u� 

�/�/�N�u�m�b�e�r� �o�f� �M�o�u�n�t�s�/�/�/� 

�O�p�e�n� �t�h�e� �N�u�m�b�e�r� �o�f� �M�o�u�n�t�s� �f�o�r�m� 

�/�/�L�o�c�a�t�i�o�n�s�/�/� �O�p�e�n� �t�h�e� �M�o�u�n�t� �L�o�c�a�t�i�o�n�s� �f�o�r�m� 

�/�/�S�t�i�t�i�n�e�s�s�/�/� �O�p�e�n� �t�h�e� �f�o�u�n�t� �S�t�i�f�f�n�e�s�s�e�s� �f�o�r�m� 

�/�(�D�a�m�p�e�r�s�/�/� �O�p�e�n� �t�h�e� �M�f�o�u�n�t� �D�a�m�p�e�r�s� �f�o�r�m� 

�/�M�a�s�s� �P�r�o�p�e�r�t�i�e�s�/� �O�p�e�n� �t�h�e� �M�a�s�s� �P�r�o�p�e�r�t�i�e�s� �f�o�r�m� 

�/�M�o�t�o�r� �P�a�r�a�m�e�t�e�r�s�/�.� �O�p�e�n� �t�h�e� �M�o�t�o�r� �P�a�r�a�m�e�t�e�r�s� �f�o�r�m� 

�4�.�2�.�2� �F�o�r�m�s� �a�n�d� �T�h�e�i�r� �F�e�a�t�u�r�e�s� 

�T�h�e� �p�r�e�p�r�o�c�e�s�s�o�r� �f�e�a�t�u�r�e�s� �t�w�o� �d�i�f�f�e�r�e�n�t� �t�y�p�e�s� �o�f� �f�o�r�m�s�.� �T�h�e� �f�i�r�s�t� �t�y�p�e� �o�f� �f�o�r�m�s� �i�s� �f�o�r� �t�h�e� 

�p�u�r�p�o�s�e� �o�f� �f�i�l�e� �p�r�o�c�e�s�s�i�n�g�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �O�p�e�n� �F�i�l�e� �f�o�r�m�,� �S�a�v�e� �A�s� �f�o�r�m�,� �I�m�p�o�r�t� �P�r�e�s�s�u�r�e� 

�A�n�g�l�e� �D�a�t�a� �f�o�r�m�,� �I�m�p�o�r�t� �V�a�l�v�e� �i�i�i�p�a�s�i� �t�o�i�c�e� �f�o�r�m�,� �a�n�d� �t�h�e� �P�r�i�n�t� �f�o�r�m�.� �T�h�e�s�e� �f�o�r�m�s� �a�r�e� 

�c�r�e�a�t�e�d� �b�y� �u�s�i�n�g� �V�i�s�u�a�l� �B�a�s�i�c!" ��s� �c�o�m�m�o�n� �d�i�a�l�o�g� �b�o�x� �V�B�X� �f�i�l�e� �w�h�i�c�h� �p�r�o�v�i�d�e�s� �t�h�e� �a�c�c�e�s�s� 

�o�f� �W�i�n�d�o�w�s� �s�t�a�n�d�a�r�d� �d�i�a�l�o�g� �b�o�x�e�s�.� �T�h�e� �s�e�c�o�n�d� �t�y�p�e� �o�f� �f�o�r�m�s� �i�s� �u�s�e�d� �f�o�r� �d�a�t�a� �e�n�t�r�y�.� �T�h�e�s�e� 

�d�a�t�a� �e�n�t�r�y� �f�o�r�m�s� �a�r�e� �s�p�e�c�i�a�l�l�y� �d�e�s�i�g�n�e�d� �f�o�r� �e�n�t�e�r�i�n�g� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �p�a�r�a�m�e�t�e�r� �g�r�o�u�p�s�.� 

�S�t�a�n�d�a�r�d� �M�i�c�r�o�s�o�f�t�e� �W�i�n�d�o�w�s!"� �U�s�e�r� �G�r�a�p�h�i�c�s� �I�n�t�e�r�f�a�c�e� �(�G�U�I�)� �a�r�e� �a�d�o�p�t�e�d� �t�h�r�o�u�g�h�o�u�t� 

�t�h�e� �p�r�o�g�r�a�m�m�i�n�g�.� �S�o�m�e� �c�o�m�m�o�n� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �d�a�t�a� �e�n�t�r�y� �f�o�r�m�s� �a�r�e� �d�e�s�c�r�i�b�e�d� �a�s� �b�e�l�o�w�:� 

�o�n� �t�w� 
�a�p�a�c�e� �a�t� �S�v�e� �e�t� �o�e�  ��,� �e�e� 

�w�h� �i�a�r�d�i�d�e�a�t�h�e� �a�e�s�a�c�i�i�v�t�i�v�s� 

�e� �O�K� �h�e� �O�X� �b�u�t�t�o�n� �w�i�l�l� �s�a�v�e� �t�h�e� �c�u�r�r�e�n�t� �c�h�a�n�g�e� �t�o� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�n�d� 

�c�l�o�s�e� �t�h�e� �d�a�t�a� �e�n�t�r�y� �f�o�r�m�.� �I�n� �t�h�e� �M�o�u�n�t� �L�o�c�a�t�i�o�n�s�,� �S�t�i�f�f�n�e�s�s�e�s�,� 

�D�a�m�p�e�r�s�,� �a�n�d� �t�h�e� �C�y�l�i�n�d�e�r� �V�a�r�i�a�b�l�e�s� �f�o�r�m�s�,� �t�h�e� �O�K� �b�u�t�t�o�n� �o�n�l�y� 

�s�a�v�e�s� �t�h�e� �c�h�a�n�g�e�s� �w�h�i�c�h� �h�a�v�e� �b�e�e�n� �r�e�c�o�g�n�i�z�e�d� �b�y� �t�h�e� �N�e�x�?� �b�u�t�t�o�n�.� 

�e� �C�a�n�c�e�l� �T�h�e� �C�a�n�c�e�/� �b�u�t�t�o�n� �w�i�l�l� �c�l�o�s�e� �t�h�e� �d�a�t�a� �e�n�t�r�y� �f�o�r�m� �w�i�t�h�o�u�t� �s�a�v�i�n�g� �t�h�e� 

�c�u�r�r�e�n�t� �c�h�a�n�g�e� �t�o� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� 

�C�h�a�p�t�e�r� �4� �P�r�e�p�r�o�c�e�s�s�o�r� �a�n�d� �P�o�s�t� �P�r�o�c�e�s�s�o�r� �5�5



�e� �N�e�x�t�/�P�r�e�v� �I�n� �t�h�e� �M�o�u�n�t� �L�o�c�a�t�i�o�n�s�,� �S�t�i�f�f�n�e�s�s�e�s�,� �D�a�m�p�e�r�s�,� �a�n�d� �t�h�e� �C�y�l�i�n�d�e�r� 

�V�a�r�i�a�b�l�e�s� �f�o�r�m�,� �t�h�e� �n�u�m�b�e�r� �o�f� �m�o�u�n�t�s� �o�r� �t�h�e� �n�u�m�b�e�r� �o�f� �c�y�l�i�n�d�e�r�s� 

�a�r�e� �u�s�u�a�l�l�y� �g�r�e�a�t�e�r� �t�h�a�n� �o�n�e�.� �T�h�e� �N�e�x�t� �a�n�d� �P�r�e�v�i�o�u�s� �b�u�t�t�o�n�s� �a�r�e� 

�p�r�o�v�i�d�e�d� �s�o� �t�h�a�t� �t�h�e� �u�s�e�r� �c�a�n� �s�e�l�e�c�t� �t�h�e� �m�o�u�n�t� �n�u�m�b�e�r� �o�r� �c�y�l�i�n�d�e�r� 

�n�u�m�b�e�r�.� �T�h�e� �N�e�x�/� �b�u�t�t�o�n� �w�i�l�l� �a�l�s�o� �s�a�v�e� �t�h�e� �c�u�r�r�e�n�t� �c�h�a�n�g�e�.� 

�T�e�x�t� �B�o�x�e�s�/�G�r�i�d� �C�o�n�t�r�o�l� 

�T�e�x�t� �b�o�x� �i�s� �u�s�e�d� �t�o� �e�n�t�e�r� �o�r� �e�d�i�t� �a� �s�i�n�g�l�e� �n�u�m�e�r�i�c�a�l� �d�a�t�a� �i�t�e�m� �w�h�i�l�e� �t�h�e� �g�r�i�d� �c�o�n�t�r�o�l� �i�s� �u�s�e�d� 

�t�o� �e�n�t�e�r� �a� �m�a�t�r�i�x�,� �s�u�c�h� �a�s� �t�h�e� �m�a�s�s� �o�r� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� 

�L�a�b�e�l�s� 

�L�a�b�e�l�s� �p�r�o�v�i�d�e� �t�h�e� �i�n�p�u�t� �p�r�o�m�p�t� �a�n�d� �d�i�s�p�l�a�y� �t�h�e� �u�n�i�t�s� �f�o�r� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �t�e�x�t� �i�n�s�i�d�e� �t�h�e� 

�l�a�b�e�l� �(�c�a�p�t�i�o�n�)� �i�s� �n�o�t� �e�d�i�t�a�b�l�e� �a�t� �r�u�n� �t�i�m�e�.� 

�O�r�i�g�i�n� �o�f� �t�h�e� �G�l�o�b�a�l� �C�o�o�r�d�i�n�a�t�e� �S�y�s�t�e�m� 

�T�h�e� �o�r�i�g�i�n� �o�f� �t�h�e� �g�i�o�v�a�l� �c�o�u�r�d�i�n�a�t�e� �s�y�s�t�e�m� �i�s� �l�o�c�a�t�e�d� �a�t� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �c�e�n�t�e�r� �l�i�n�e� 

�o�f� �t�h�e� �c�r�a�n�k�-�s�h�a�f�t� �a�n�d� �t�h�e� �c�e�n�t�e�r� �l�i�n�e� �o�f� �t�h�e� �l�o�w�e�s�t� �c�y�l�i�n�d�e�r�.� �T�h�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� 

�f�o�l�l�o�w�s� �t�h�e� �r�i�g�h�t� �h�a�n�d� �r�u�l�e�,� �a�n�d� �t�h�e� �d�i�r�e�c�t�i�o�n�s� �o�f� �t�h�e� �a�x�e�s� �a�r�e� �d�e�f�i�n�e�d� �a�s� �b�e�l�o�w�:� 

�e� �T�h�e� �Y� �a�x�i�s� �i�s� �o�n� �t�h�e� �c�e�n�t�e�r� �l�i�n�e� �o�f� �t�h�e� �l�o�w�e�s�t� �c�y�l�i�n�d�e�r�,� �p�o�s�i�t�i�v�e� �o�u�t�w�a�r�d� �(�f�r�o�m� �p�i�s�t�o�n� 

�t�o� �d�i�s�c�h�a�r�g�e� �v�a�l�v�e�)� 

�e� �T�h�e� �Z� �a�x�i�s� �i�s� �o�n� �t�h�e� �c�e�n�t�e�r� �l�i�n�e� �o�f� �t�h�e� �c�r�a�n�k�-�s�h�a�f�t�,� �p�o�s�i�t�i�v�e� �u�p�w�a�r�d�.� 

�+� �e�.�k� �C�o�m�p�r�e�s�s�o�r�/�C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s� �D�i�r�t�s�s�u�t�e� �u�s�u� 

�T�h�e� �P�r�e�s�s�u�r�e� �f�o�r�m� �a�i�l�o�w�s� �t�h�e� �u�s�e�r� �t�o� �e�n�t�e�r� �t�h�e� �i�n�i�t�i�a�l� �a�n�d� �t�h�e� �f�i�n�a�l� �p�r�e�s�s�u�r�e� �o�f� �t�h�e� �c�y�l�i�n�d�e�r�.� 

�B�o�t�h� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �i�n� �p�s�i�.� �F�i�g�u�r�e� �4�.�1� �s�h�o�w�s� �t�h�e� �P�r�e�s�s�u�r�e� �i�n�p�u�t� �f�o�r�m�.� 

�C�h�a�p�t�e�r� �4� �P�r�e�p�r�o�c�e�s�s�o�r� �a�n�d� �P�o�s�t� �P�r�o�c�e�s�s�o�r� �5�6
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�F�i�g�u�r�e� �4�.�1� �P�r�e�s�s�u�r�e� �I�n�p�u�t� �F�o�r�m� 

�4�.�2�.�2�.�2� �C�o�m�p�r�e�s�s�o�r�/�C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s�/�C�r�a�n�k� �F�o�r�m� 

�T�h�e� �C�r�a�n�k� �f�o�r�m� �h�a�s� �t�w�o� �p�a�r�a�m�e�t�e�r�s� �t�o� �e�n�t�e�r�,� �w�h�i�c�h� �i�s� �t�h�e� �c�r�a�n�k� �r�a�d�i�u�s� �a�n�d� �t�h�e� �c�r�a�n�k� 

�s�p�e�e�d�.� �T�h�e� �c�r�a�n�k� �s�p�e�e�d� �i�s� �m�e�a�s�u�r�e�d� �i�n�r�.�p�.�m�.� �F�i�g�u�r�e� �4�.�2� �s�h�o�w�s� �t�h�e� �C�r�a�n�k� �i�n�p�u�t� �f�o�r�m�.� 
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�C�r�a�n�k� �R�a�d�i�u�s�:� 

� � 

�C�r�a�n�k� �S�p�e�e�d�:� 

� � 

� � � � 

� � 

� � � � � � � � � � � � 

�F�i�g�u�r�e� �4�.�2� �C�r�a�n�k� �I�n�p�u�t� �F�o�r�m� 

�a�y� 

�b
�w
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�)� !"� �a�g�p�a�e� �e�t�e� �t�h� �7� �c�/�o� �a�o�e� �i�t� �-�.� �_� �~� �y�e� �?� �C�o�m�p�r�e�s�s�a�: ��C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s�;�C�e�n�m�e�t�i�a�g� �m�e�u� �b�u�r�t� 

�T�h�e� �p�a�r�a�m�e�t�e�r�s� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �c�o�n�n�e�c�t�i�n�g� �r�o�d� �a�r�e� �t�h�e� �l�e�n�g�t�h�,� �w�e�i�g�h�t� �a�n�d� �m�a�s�s� �c�e�n�t�e�r� 

�l�o�c�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�n�e�c�t�i�n�g� �r�o�d�.� �A� �t�y�p�i�c�a�l� �c�o�n�n�e�c�t�i�n�g� �r�o�d� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�3�.� �T�h�e� 

�l�e�n�g�t�h� �o�f� �t�h�e� �c�o�n�n�e�c�t�i�n�g� �r�o�d� �i�s� �m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e� �c�r�a�n�k� �p�i�n� �c�e�n�t�e�r� �t�o� �t�h�e� �w�r�i�s�t� �p�i�n� �c�e�n�t�e�r�,� 

�a�n�d� �t�h�e� �m�a�s�s� �c�e�n�t�e�r� �l�o�c�a�t�i�o�n� �c�a�n� �b�e� �m�e�a�s�u�r�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �e�i�t�h�e�r� �c�r�a�n�k� �p�i�n� �o�r� �w�r�i�s�t� �p�i�n�.� 

�F�i�g�u�r�e� �4�.�4� �s�h�o�w�s� �t�h�e� �C�o�n�n�e�c�t�i�n�g� �R�o�d� �i�n�p�u�t� �f�o�r�m�.� 

�C�h�a�p�t�e�r� �4� �P�r�e�p�r�o�c�e�s�s�o�r� �a�n�d� �P�o�s�t� �P�r�o�c�e�s�s�o�r� �5�7
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�F�i�g�u�r�e� �4�.�3� �C�o�n�n�e�c�t�i�n�g� �R�o�d� �o�f� �B�r�i�s�t�o�l� �H�2�5�A� �C�o�m�p�r�e�s�s�o�r� 
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�C�o�n�n�.� �R�o�d� �L�e�n�g�t�h�:� 
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�C�o�n�n�.� �R�o�d� �W�e�i�g�h�t�:� �1�3�1� �I�b� 

�C�.� �G�.� �L�o�c�a�t�i�o�n� �w�r�t� �6�2�5� �i�n� 
�;� �C�r�a�n�k� �P�i�n� 
�t� 

�C�.� �G�.� �L�o�c�a�t�i�o�n� �w�r�t� �W�r�i�s�t� �|� �4�-�7�5� �i�n� 
�:� �P�i�n� � � � � � � 

�F�i�g�u�r�e� �4�.�4� �C�o�n�n�e�c�t�i�n�g� �R�o�d� �I�n�p�u�t� �F�o�r�m� 

�4�.�2�.�2�.�4� �C�o�m�p�r�e�s�s�o�r�/�C�o�m�m�o�n� �V�a�r�i�a�b�l�e�s�/�P�i�s�t�o�n�s� �&� �C�y�l�i�n�d�e�r�s� �F�o�r�m� 

�T�h�i�s� �i�n�p�u�t� �f�o�r�m� �c�o�n�t�a�i�n�s� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �w�h�i�c�h� �a�r�e� �i�d�e�n�t�i�c�a�l� �f�o�r� �a�l�l� �t�h�e� �c�y�l�i�n�d�e�r�s� �a�n�d� 

�p�i�s�t�o�n�s�,� �s�u�c�h� �a�s� �c�y�l�i�n�d�e�r� �d�i�a�m�e�t�e�r�,� �c�l�e�a�r�a�n�c�e� �v�o�l�u�m�e�,� �e�x�p�a�n�s�i�o�n� �f�a�c�t�o�r�,� �p�i�s�t�o�n� �w�e�i�g�h�t� �a�n�d� 

�C�h�a�p�t�e�r� �4� �P�r�e�p�r�o�c�e�s�s�o�r� �a�n�d� �P�o�s�t� �P�r�o�c�e�s�s�o�r� �5�8



�w�r�i�s�t� �p�i�n� �w�e�i�g�h�t�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �N�o�.� �o�f� �C�y�l�i�n�d�e�r� �n�v�-�s�t� �s�e� �2�n�t�e�r�e�d� �h�e�r�e� �i�n� �o�r�d�e�r� �t�o� �e�n�a�b�l�e� 
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