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1.1 Purpose & Scope 

CHAPTER I 

INTRODUCTION 

This the~i.f;L.i~ ____ cqnc~i::ne.d .with_the. ___ s.t_~i_lity.: .. oJ .. _a_ 

reticulated dome subjected to multiple independent loads. 
,___-- -- ------·-. -··----· 

A reticulated space structure is a network of_ st~~Jght. bar 

elements ~~-~~ic:=_l} __ t~~--jc:>in~s lie on a curved surf~ce [lSJ *. 
The geodesic dome invented by Fuller is one type of reticu-

lated dome. In this thesis, a type of reticulated dome 

classified as a three-way grid dome [21] is studied. 

Reticulated domes, because they are network structures ---------- --- ·-··-·-. 

a~eQ __ t._o _c_cmt~-~~Q!l.~ __ 5-t:ruc!:!lres, are relatively light-

weight. A 130 foot reticulated dome may weigh 15 times less, 

but ~ua~ly as strong as the same size dome made of con-

crete [34]. As a result, reticulated domes have a high 

strength versus weight ratio.and are economical from a mate-

rial use 'standpoint. Minimal falsQwork and the ease of 

handling the individual components enables rapid erection of 

these structures [34]. Another advantage of reticulated domes 

is the uniformity of many of the components, which permits 

the economical use of prefabrication. In addition to their 

practical qualities, reticulated domes are aesthetically 

* Numbers in brackets ref e~ to references listed in the 
bibliography. 
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appealing, a quality noted in a variety of publications 

(16, 17, 21, 34] • 

Reticulated domes are particularly well suited for 

spanning large open areas. The New Orleans Superdome (680 

ft span) and the Houston Astrodome (642 ft. span) are two 

well known examples (34] ; another example not so well known 

is the geodesic dome at the South Pole. This 52 foot high 

aluminum dome, spanning 264 feet, was constructed to protect 

enclosed buildings from wind and snow. Design live loads 

included a pressure load ranging from 120 psf at the apex 

to 300 psf at the base [29] • The individual components 

were all prefabricated and weigh no more than 50 lbs each 

[29] • Construction required less than five months total 

time and was performed at ground level by men.wearing 

awkward cold weather clothing [24] • 

While the light weight of reticulated domes is advan-

tageous with respect to construction and material economy, 

it is also the cause of a practical stability problem. 

With a conventional structure, the dead load is ~uch a 

dominant part of the total load that variations in the live 

load have little effect on the stability of the structure. 

With a reticulated dome, however, the live load is a much 

more prominant part of the total load. Variations in the 

magnitude of localized live loads become critical because 

they can cause local snap-through buckling. Snap-through 

buckling occurs because of the small angle between.the 
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structural elements at a joint and a plane tangent to the 

surface at that joint [15] and is due to the structure's 

poor shear load carrying capacity. Local snap-through 

buckling may initi~te total collapse. 

In 1963, a large reticulated dome in Bucharest collapsed 

during high winds and after fresh snow had built up in a 

localized concentration [2]. This failure dramatically 

demonstrated the significance of variations in the live load 

portion of the total load when the structure under consider~ 

ation is a reticulated dome. Since the magnitude of live 

loads is rarely known exactly, the designer needs to know 

the stability of the structure for a range of possible live 

load magnitudes to ensure a safe design. This information 

can be obtained from.stability boundaries. 

The main purpose of this thesis is to develop and study 

stability boundaries for a shallow reticulated dome. A 

stability boundary outlines the mathematical region of stabi-

lity in a load space and is composed of points representing 

critical combinations of independent loads. Stability 

boundaries are also referred to in the literature as load 

interaction curves, characteristic curves, and stability 

envelopes [5, 28, 34] • To select the applicable stability 

boundary, the designer must choose independent load config-

urations which can represent a possible distribution of the 

total load. The usefulness of the stability boundary as a 

design aid is portrayed in the following example. 
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FIGURE 1.1 THE STABILITY BOUNDARY AS A DESIGN AID 
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Fig. 1.1 presents a stability boundary for an imaginary 

structure under a uniformly distributed load, such as dead 

weight and a concentrated load, such as a localized accumu-

lation of snow. Using the stability boundary, the designer 

can easily see that the margin between the dead weight and 

the stability boundary, which determines the factor of safety, 

varies considerably over the range of possible concentrated 

load magnitudes. Realizing this variance, the designer can 

then compensate for it. Without using a stability boundary,· 

the lower safety factors resulting from some possible load 

combinations might be overlooked, and result in an unsafe 

design. 

The reticulated dome studied in this thesis has 21 

degrees of freedom and a span to height ratio· of a·pproxi-

mately 12. An elastic geometrically noniinear model is 

considered. Stability boundaries are plotted for several 

combinations of independent gravity load configurations. 

Symmetric and asymmetric loads are represented. The result-

ing stability boundaries presented consist of a curved 

surf ace displaying the interaction between three 

independent load configurations and 5 curves displayinq" 

the interaction between various pairs of load configurations. 

To ensure the accuracy of the results two different 

computer programs were used to determine critical ·1oads 

in this study. The program used most frequently was 

developed by the author from existing subroutines and 
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utilizes the principle of minimum potential energy. The 

results of this program were occasionally checked for valid-

ity by a. previously· developed program [1, 40] ·utilizing 

the static perturbation method. A comparison is made of the 

two programs and brief discussions of how they operate are 

presented. 

The stability boundaries developed in this thesis are 

investigated, with emphasis placed on characterizing the 

points composing the boundaries and the ways that point 

characteristics relate to the shape of the boundaries. A 

method of determining lower bounds is presented. The inves-

tigation is concluded by a review of theory relevant to the 

particular problem studied. 

1.2 Literature Review 

a. History 

A brief view of the development of theory dealing with 

stability of equilibrium will provide perspective in consid-

ering the present problem. The following short history is 

mainly derived from the introduction to Huseyin's recent 

book, Ref. 14 • 

Over two centuries ago problems of elastic stability 

were first solved by Euler [14] • He considered the buckling 

of axially compressed slender columns under conservative 

loads and developed a linear theory for finding the critical, 
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or buckling, value of the load [37]. It is from this begin-

ning that stability theory, as we now understand it, has 

grown. Poincare, in a paper dealing with the stability of 

rotating liquid masses, was the first to systematically 

study the existence of branching, or bifurcation, points 

associated with the loss of stable equilibrium (14] • A few 

years later, Bryan utilized Lagrange's Theorem in.developing 

his general theory of stability [l~ • Three years after 

that, in 1892, Liapunov presented a mathematically rigorous 

general theory of stability of motion [2] • In 1930, •rrefftz 

presented the first general formulation of the variation-al 

principle of minimum potential energy which yields the 

critical load [14] • Later, experiments by von Ka'rma'n and 

Tsien showed discrepancies between theoretical· and· actual 

shell buckling loads, indicating the possibility of non-

linear behavior (36]. 

In 1945, Keiter presented a systematic, nonlinear 

theory of stability which made possible the explanation of 

the failure of shells at loads below the theoretically 

obtain~d critical loads (14] • 

bo Stability Boundaries 

The term "stability boundary" is relatively new and 

appears to originate with Huseyin. The concept of a 

stability boundary, however, predates Huseyin•s work by at 

least thirty years; numerous examples of stability 
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boundaries, under different names, can be found in the 

literature. Timoshenko included stability boundaries for 

the buckling of rectangular plates under combined shear and 

bending stresses in a book published in 1936 [37]. Many 

stability boundaries have been developed to study specific 

problems or as design aids for. certain structural forms. 

Some of these curves have been developed solely by experi-

ment and some have been developed mathematically and 

corroborated by experiment. Numerical analysis has been 

used to develop curves in situations where no classical 

buckling formulas exist. 

The following examples illustrate the variety of loads 

and structures for which stability boundaries have been 

published. Stability boundaries have been developed for 

cylindrical shells under torsion and external pressure [9], 

and under axial compression and external pressure [38] • 

The stability boundaries for conical shells under both of 

these two combinations [35, 38] and for the interaction of 

combined torsion and axial compression have been developed 

[23) • The stability boundaries for spherical shells under 

external pressure and a radial point load [19, 3~ and for 

a hemisphere under external pressure and a boundary moment, 

and external pressure and heat [25] have also been developed. 

In addition, stability boundaries for various arches under 

self weight and a radial point load [5, ~ 7] and for arches 
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under three concentrated independent gravity loads [27, 39] 

have been developed. Stability surfaces for a skew plate 

under inplane stresses have been developed [20] • The idea 

of: a curve depicting independent load interaction has even 

been applied to problems dealing with plastic materials [26, 

32, 33]. However, with the exception of Refs. 1 and 13, 

there appears to be no publication in which stability 

boundaries are developed for a reticulated space structure. 

Publications which present theory dealing with stability 

boundaries ate quite limited at present. The earliest work 

appears to have been done by Papkovich1 , who presented a 

theorem dealing with the stability boundary of a conser-

vative elastic system in which the total potential energy 

has a quadratic form. Huseyin•s work extends that of 
r'4-l Papkovich and includes theory dea ing with systems in which 

the total potential energy is an arbitrary form. Huseyin's 

theorems deal with the shape of the stability boundary in 

the vicinity of a critical point. The work of Mandadi 

investigates the stability boundary at a specific type of 

critical point called a coincident critical point at 

which simultaneous (or mixed) buckling occurs [22] • 

The system dealt with in this paper does not have a 

total potential energy which is quadratic, hence it is 

1 • Papkovich published his theorem in Russian in Works 
on the Structural Mechanics of Ships, Vol. 4, Moscow, 
1963. 'rhe theory is discussed in Refs. 14 and 28. 
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the more comprehensive theory of Huseyin which is of interest 

here. In this regard, the discussion by Roorda (30] provides 

a beneficial separate viewpoint. The relation of Huseyin's 

theory to the stability boundaries determined herein will 

be examined in Section 3.2o 



CHAPTER 2 

SOLUTION MI:."'THODS 

The method used to construct the stability boundaries 

presented in this thesis co~sists of locating a number of 

points on the boundary and connecting these points with a 

curve or curves. Since the points represent crit.ical load 

combinations, the accuracy of the method used to determine 

the critical loads is crucial. Two approaches to this 

problem are possible, one based on an assumption of linear 

pre-buckling behavior and one which takes nonlinear pre-

buckl inq behavior into account. 

Reticulated domes built today may contain hundreds of 

thousands of joints and members [41] , making the task of 

performing a discrete nonlinear analysis seem enormous. The 

attractiveness of the assumption of linear pre-bucking 

behavior lies in the fact that it simplifies analysis. In 

a linear.analysis the reticulated dome is represented by 

an analogous continuous dome which allows the use of 

classical buckling formulas [4, 34, 41]. However, classical 

bucklinq formulas only exist for load configurations which 

cause buckling to occur at a bifurcation point, and do not 

exist for problems such as a dome under gravity loads. 

Additionally, it has been pointed out that no rational 

basis exists for approximating a reticulated dome with 

a continuum [8 , 34] o 

11 
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Nonlinear analysis takes advantage of numerical tech-

niques used in conjunction with large capacity computers 

[3, 11, 15, 42] • The geometric nonlinearity associated 

with reticulated domes [l]is accounted for and response can 

be determined for any desired load configuration •. The 

classification of critical points as limit or bifurcation 

points is made possible and critical loads can be predicted 

accurately for both limit and bifurcation points. 

Since the majority of critical points found in this 

study were limit points, the accuracy available with non-

linear analysis is especially important. In the remainder 

of this chapter the two nonlinear analysis methods used 

in this study are presented. 

2.1 Definitions, Principles and Theories 

a. System Representation 

The system under consideration can be characterized 

as discrete, holonomic and conservative and can be repre-

sented by its total potential energy function (13) • The 

potential energy is formed by adding the strain energy and 

the potential energy of the external forces. 

where 

V =lf +fl= V(Qi,Aj) 

1T =1f(Q.) i = 1, 2, •••• N 1 

(1) 

(2) 

0 = .0. ( Q. ,A j) j = 1, 2, ••• , M ( 3) 
. 1 

In Eqs. 1-3 TI= strain energy; n~ the potential energy 

of the external forces; Q. = the generalized displacements; 
1 

N = the number of generalized displacements; Aj = the 
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generalized loading parameters; and M = the number of 

independent loading parameters. In this study, n is linear 

in Aj and can be expressed as 

where p, 
1 = 

(4) 

M . . 
l: AJp,J 
J=l 1 

(5) 

. j 
Pi is the ith generalized force component and Pi is the 

ith component of the jth independent load configuration. 

An independent load configuration, Pj, is a unique constant 

N dimensional vector, defining the distribution of a set of 

forces. The individual magnitudes of these forces are 

determined by the value of the variable scalar Aj. In 

this study, the 21 degree of freedom structure was loaded 

by configurations of gravity loads at the joints. Since 

there were no horizontal loads, 14 components of the Pj's 

were consistently zero valued. For convenience, the 

presentation of Pj's in Chapter 3 shows only the 7 components 

which can assume non-zero values. 

During the solution process, loading is proportional 

and the critical value of the total load is determined by 

incrementing along a load ray from the origin. Each load 

ray has some slope m, 
11.2 

m = Al (6) 

where o. -~ m ~ olQ. If M = 2 in Eq. 5, then Eqs. 5 and 6 
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can be combined to form 

P. =Al (P.l + mP.2)./ 
1 . 1 1 

(7) 

Eq. 7 demonstrates that by choosing a loading ray with 

slope.m before starting the solution process the single 
1 . . 

loading·parameter,A can adequately represent the two 

parameter system. The stability boundary surface presented 

in Chapter 3 shows the interaction of 3 independent loading 

parame~ers and was constructed using several different load 

planes. However, it could have been constructed without 

using load planes by extending the loading ray concept into 

three dimensions. If M = 3 in Eq. 5 and 
A3 

n = 11.l (8) 

where O < n =: oo, then Eqs. 5, 6, and 8 can be compined to 

form 
P. = A1 (P. 1 + mP. 2 + nP. 3) 

1 1 1 1 
(9) 

Eq. 9 demonstrates that the single loading parameter A1 can 

adequately represent three loading parameters as well as 

two and provides the basis for logical extension of the 

loading ray concept into systems with more than three 

independent parameters. 

b. Equilibrium 

The principle of stationary potential energy is used 

to form the equilibrium equations of the perturbation 

method, which is one of the solution techniques used. This 
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principle can be expressed as 

(10) 

For an elastic system with finite degrees of freedom, such 

as the system under consideration, this is equivalent to [18] 

= O, i = 1, 2, ••• , N (11) 

Eq. 11 forms a set of N equilibrium equations. The set of 

all equilibrium points in the M + N load-displacement space 

forms the M dimensional equilibrium surface [14]. 

c. Stability of Eguilibrium 

In this study, the stability of equilibrium is deter-

mined using the law of minimum potential energy, stated as 

follows: 
A conservative, holonomic system is in a 
configuration of stable equilibrium if, 
and only if, the value of the potential 
energy is a relative minimum [18]. 

To use the law of minimum potential energy, the potential 

energy surface in the neighborhood of an equilibrium point 

is examined. The change in energy about an equilibrium 

point can be written as [18] 
1 

£!.V = SV + 2 (12) 

where O is Landau's error symbol. Since at an equilibrium 

point SV = O, the second order term predominates. For the 

discrete system under consideration 
a2v 

(13) 



16 

Since the system is holonomic, SQi' &Qj may be arbitrary 

displacements. The matrix of coefficients in Eq. 13 

J2v 
'\Q,'\Q, 
"'· 1"' J 

i,j = 1,2, ••• , N 

determines the stability. If this matrix is positive 

definite, then AV in Eq. 12 will assume a positive value 

for any small displacement from the equilibrium state. This 

means that the equilibrium state in question is at a local 

minimum on the potential energy surface and is thus a stable. 

state. The determinant of the matrix 

J2v 
d0iJQj 

i,j = 1,2, ••• , N 

is referred to as the stability determinant [14]and is used 

to determine loss of stability. Since at the origin of an 

equilibrium path the coefficient matrix in Eq. 13 is positive 

definite, the stability determinant is positive. Proceeding 

along the equilibrium path, a point is reached at which the 

stability determinant becomes zero valued. This signifies 

that the coefficient matrix is no longer positive definite 

and that we are no longer at a local minimum on the potential 

energy surface. Therefore, loss of stability, and the pre-

sence of a critical point, can be defined by the vanishing 

of the stability determinant [14]. 

d. Critical Point Classification 

Since the above criterion for determination of critical 

points makes no distinction between limit points and bifur-
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cation points, we must use other criteria for such classi-

fication. Two theorems presented by Thompson [3~ are useful 

for this purpose. Fig. 2.1 illustrates Theorem 1 and Figs. 

2.lb and c illustrate Theorem 2. ·ropological and analytical 

proofs for general one degree of freedom systems can be 

found in Ref. 36. The theorems can be stated as followss 

Theorem ls An initially - stable {primary) equilibrium 
path defined by a single valued load function, 
the value of which increases with increasing 
displacement values, cannot become unstable 
without intersecting another distinct 
{secondary) equilibrium path. 

Theorem 21 If an initially - stable equilibrium path 
which exhibits increasing load values for 
increasing displacement values reaches an 
unstable equilibrium state from which the 
system would exhibit a finite dynamic snap 
then there must be an equilibrium path 
exhibiting decreasing load values for 
increasing displacement values leaving that 
unstable equilibrium state. In the case of 
a limit point the equilibrium path leaving 
the unstable equilibrium state is a contin-
uation of the original path, in the case of 
a bifurcation point, a second distinct 
equilibrium path leaves the unstable 
equilibrium. 

Since a "finite dynamic snap" was observed at the critical 

load for all loads under this study, all that is needed to 

distinquish a bifurcation point from a limit point is to 

demonstrate existence of an {unstable) equilibrium path 

rising with the load from a critical point. 

2.2 Solution Techniques 

The static perturbation and energy minimization methods 

were used to find the necessary solutions for this investi-
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gation. However, a study of the formulation of solution 

techniques is not the intent.of this thesis. With this in 

mind, the following explanations of the two methods used 

are presented. 

a. Static Perturbation 

The computer program based on the static perturbation 

method which is used in this study was first developed by 

Wongkoltoot [40] and later modified by Abatan (1, 2]. The 

formulation follows those presented by Huseyin, Sewell and 

Thompson; it differs from them mainly in that the scheme 

remains non-diagonalized for analysis through a bifurcation 

point which increases the efficiency of the solution 

process [l, 2]. The method has been thoroughly discussed 

in Ref. 2. In this section an overview of the method is 

presented. 

Basically the static perturbation method makes use of 

Taylor series expansions of the nonlinear equilibrium 

equations about a known equilibrium state. The expansions 

are combined in such a way that the unknowns are· expressed 

in terms of one variable which is designated as the pertur-

bation parameter. There are K sets of n equations in 

( n + 1) unknowns formed. The number K is determined by 

how many terms of the Taylor series are used1 n is the 

number of displacements. There are ( n + 1) unknowns 

because the formulation uses one loading parameter. Since 
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we have ( n + 1) unknowns and n equations, we specify the 

value of the perturbation parameter. Let m denote the 

order of a particular set of equations of the K sets of 

equations. The solution of the m ordered set of equations 

is required to solve the ( m + 1) ordered set of equations 

(l]. This makes the solution to the first or lowest 

ordered set of equations the key solution to the remaining 

sets. 

The technique is referred to as displacement increment 

or load increment depending on the variable chosen as the 

perturbation parameter. In this investigation, the dis-

placement increment scheme was used because the load incre-

ment scheme was found not to be as accurate. The critical 

load values obtained with the load increment scheme differed 

from those obtained by the displacement increment scheme and 

the energy minimization method, which were in close agreement. 

One possible reason for this inaccuracy is discussed by 

Abatan, who argued that the choice of. perturbation parameter 

was very important (1], and that an incorrect choice could 

lead to fictitious critical points. The choice of the 

perturbation parameter is based on an energy minimization 

solution for the structure in response to a small value of 

the load. For reasons elaborated upon by Abatan [l], the 

. variable·corresponding to the largest displacement at this 

value of the load is chosen as the perturbation parameter. 
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It can be shown [l]that the Taylor series expansion of 

the equilibrium equations as a function of the perturbation 

parameter is a power series which converges uniformly as the 

perturbation parameter approaches zero. Accordingly, the 

size of the error involved with the Taylor series approxi-

mation is dependent upon the size of the perturbation para-

meter; smaller values of this parameter yield smaller errors. 

The range of values used in this study is from 0.05 to 0.005. 

Additional comments concerning errors involved with the 

static perturbation method may be found in Ref. 1. 

At a critical point the method as outlined ceases to 

function because the coefficient matrix of the perturbation 

equations becomes singular. This matrix is, in fact, the 

matrix discussed in section 2.lc~ the determinant ·of which 
is the stability determinant. Inversion of this. matrix is 

necessary to the solution process. The required modifi-

cations for analysis through a limit point and through a 

bifurcation point have been written into the program and 

are described in deta~l in Refs. 1 and 2. 

b. Energy Minimization 

The energy minimization method makes use of the fact 

that the potential energy of the structure is at a relative 

minimum at a stable equilibrium state. It may be thought 

of as a load increment, iterative procedure. Starting from 

a known equilibrium state a load increment is specified, 

which is then considered as the initial load. A predefined 
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energy minimization routine is used to find the equilibriu"m 

state corresponding to the minimum potential energy for the 

load. The load is then incremented· and the enerqy minimi-

zation routine again minimizes the potential energy and 

determines a new stable con~iguration, this time making use 

of information derived with the previous solution [10] • The 

process continues until a discontinuity is observed in the 

equilibrium path, indicating a snap-through from one distinct 

stable equilibrium state to another. Considering that at an 

energy minimum the stationarity condition discussed in 

section 2.lb is satisfied, it follows that to minimize the 

potential energy is to implicitly solve the equilibrium 

equations for a stable equilibrium. 

The minimization method used in this inve.stigation is 

the Davidon-Fletcher-Powell algorithm [10] , as found in 

subroutine DFMFP of the IBM System /360 Scientific Subroutine 

Package. This algorithm is an iterative modified steepest 

descent method [10]. For potential energy functions which 

are quadratic in form it has been shown to always converge [10]. 

Results of convergence studies for non-quadratic functions 

are contained in Ref. 10. The formulation contained in the 

DFMFP subroutine occasionally failed to converge within the 

allowed number of iterations, apparently caused by setting 

the allowable error value too small. For the problem under 
-8 study, an allowable error of 10 was found to usually 

permit conv~rgence within 200 iterations. 
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Since minimization will only determine stable equili-

brium states, the critical load will not be found exactly 

since it occurs at an unstable equilibrium state at which 

snap-throuqh takes place. The accuracy of the solution 

is therefore dependent on the size of the load increment. 

Smaller values of the load increment will result in a 

closer approximation to the critical load. 

In order to permit critical points to be determined 

with more precision, ,the program contains a subroutine 

which tests for the proximity of a critical point. If the 

load exceeds an input test value or if the DFMFP routine 

fails to converge in the allowed iterations, the load 

increment is halved. Additionally, the slope of the 

equilibrium path is indirectly examined. Let· m be the 

current equilibrium state; then ( m - 1 ) is the. previous 

equilibrium state and ( m + 1 ) is the equilibrium state 

being computed (see Fig. 2.2). If the slope of the chord 

of the equilibrium path from m to ( m + 1 ) is less than 

half the value of the slope of the chord from ( m + 1 ) 

to m, then the load increment is halved and point ( m + 1 ) 

is recomputed. This criterion is designed to detect the 

"flattening" of the equilibrium path that occurs in the 

vicinity of limit points. 

It has been stated that at the critical load snap-

through takes place. Thjs·was found to be true only for 

limit points when usinq the energy minimization program. 
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FIGURE -2.2 AN EQUILIBRIUM PATH LEADING TO A LIMIT POINT 
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At bifurcation points, which exhibit an unstable path 

along which the load increases, the program consistently 

converged on a small portion of what appeared to be the 

unstable equilibrium path before snapping throuqh. This 

phenomenon was also observed by Welton (39] ; currently 

no rigorous explanation for it exists. The existence of 

this peculiarity is of interest, since if this unstable 

portion is a true unstable equilibrium path, there would 

be no need to use the perturbation method to classify 

critical points (see section 2.ld). 

c. Comparison of Programs 

The static perturbation method has one great advantage 

over the energy minimization method; it can provide post-

bucklinq information necessary for classifying critical 

points as limit or bifurcation points. However, a major 

concern of this study is the accurate computation of the 

critical load. The following comments are based on a 

comparison of 8 separate problems solved by both programs. 

Both programs use the same potential energy formulation 

and the same method of finding the stability determinant. 

Additionally, the exact strain-displacement relation is 

used by both programs, allowing for large displacements 

and large rotations [13] • 

·rhe critical loads computed by the static perturbation 

program differ from those computed by the energy minimi-
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zation proqram by 0.3 to 7.2 percent, with a tendency for 

greater difference at higher critical load values. The 

static perturbation program was clearly more efficient, 

taking less time and using less memory space to compute 

the same information. However, the perturbation program 

was also less reliable. The behavior of the program when 

passing through apparent bifurcation points was inconsistent; 

in most cases it became numerically unstable. Slight 

discontinuities in the immediate post critical equilibrium 

path were occasionally observed when numerical instability 

was not a problem. In contrast, the energy minimization 

program consistently passed through the apparent bifur-

cation point and converged on a small section of the 

apparent unstable equilibrium path with load.increasing before 

snap-through to the stable failure configuration. The 

observed increase in load prior to snap through ranged 

from 5 to 13 percent of the critical load. ·rhis consistent 

behavior led to the hypothesis that the energy minimization 

program solutions alone might be used to classify critical 

points. 

'I'he gradients of the potential energy (partial deri va-

tives of the energy with respect to displacements) repre~ 

sent force imbalances and provide a convenient means to 

judge the accuracy of the solution. At an equilibrium 

state the gradients should vanish. The gradients 
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computed by the static perturbation program tended to be 

of order 10-7 , while those computed by the energy minimi-
. b -10 zat1on program tended to e of order 10 • 

The difficulty of verifying bifurcation points with 

the static perturbation program, which arose because of 

the inconsistent post critical convergence characteristic, 

was overcome by using estimates of an unstable equilibrium 

state at a load greater than the bifurcation load. Two 

problems in which the perturbation program had converged 

on a post critical equilibrium path with decreasing load 

values were made to converge on such estimated unstable 

equilibrium states and generate unstable equilibrium paths 

with increasing load values, thus verifying bifurcation. 

The estimated unstable states were obtained from energy 

minimization solutions for the same problems. The pertur-

bation program would not have converged on the estimated 

states if they had been inaccurate, which implies that the 

unstable post buckling paths somehow found by the energy 

minimization program were actual paths. These two cases 

support the unproven hypothesis that the energy minimization 

program solutions alone can be used as a basis for classi-

fication of critical points as limit or bifurcation points. 

As a final comparison, it should be made clear that 

the coding of the static perturbation method calls for a 

much greater amount of problem information than the energy 
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minimization method. The energy minimization method 

requires the calculation of the potential energy and its 

first and second partial derivatives with respect to dis-

placement. The perturbation method as used, which is a 

third order approximation, calls for calculation of the 

potential energy and its first, second, third and fourth 

partial derivatives with respect to displacement and load. 

d •. Comparison with Published Solutions 

As a validation of the two programs used, solutions 

were compared with other published solutions. Fig. 2.3 

shows the solutions to a one bar truss problem in which 

the initial slope of the bar is equal to unity. The closed 

form solution for this problem, computed by Yamada [15] , 

is also shown. The differences .are to be expected; the 

definition of axial strain used in Yamada's solution is 
1 

E = + ( u 2 + v 2 + w 2) ux 2 x x x (14) 

where u, v and w are the displacements along the local 

X, Y, and z axes and the subscripts represent differentiation 

with respect to x. In this study the volumetric strain term 

1 (u 2 + v 2 + 2 ) x x wx 2 

was not included in the formulation of the solution process. 

This omission is felt to be justified because the_ size of 

the axial displacements in the bar buckling problem found 

in a reticulated dome is such that volumetric strain does 
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not play a significant part. This statement is verified 

by Fig. 2.4, which shows the energy minimization program 

solution vs. the closed form solution for the problem in 

which the initial slope of the bar is 1/10. This latter 

problem is more closely related to the bar buckling situ-

ation found in the structure considered by this study. 

Further favorable solution comparisons are made in 

Ref. 13 which presents comparisons with solutions published 

by Hangai and Kawamata [11] and by Jagannathan, et al. [15). 
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CHAPTER 3 

DENONSTRATION PROBLEMS 

3.1 Problem Statement 

The reticulated dome model of this study was previously 

investigated by Wongkoltoot [40], Abatan [l] and Holzer, et al. 

[13] • In this chapter, stability boundaries for· the model 

are developed and presented. The points used to construct 

the boundaries are classified as limit or bifurcation points 

and buckled states corresponding to these points are noted. 

The use of the boundaries as design aids is discussed. A 

hypothesis supporting classification of critical points at 

cusps in the boundaries as bifurcation points is presented. 

An explanation for the occurrence of load maxima at cusps is 

offered. A method of determining lower bounds· is reviewed 

and a theorem presented by Huseyin which concerns the con-

vexity of the boundaries is briefly discussed. 

Fig. 3 .1 depicts the geometry of the model and 'rable 

3.1 lists the joint coordinates. The choice of units of 

length and force is optional and determines the units of area 

and modulus of elasticity. All members are assumed to be 

prismatic and have identical cross sectional properti~s. 

Only the axial forces in the members are considered; the 

joints are assumed to transmit no bending moments or torques 

and to function as ball and socket joints. This structure 

might be put to practical use as the framework for a skylight, 

a small span roof, or a tank cover. 

32 
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TABLE 3,1 

JOINT COORDINATES OF THE RETICUI.ATED DOME 

JOINT COORDINATES 

x y z 

1 0.0000 0.0000 0.0000 
2 2.0000 0.0000 2500000 
3 2.0000 21.6500• 12.5000 
4 2.0000 2106500'' -12.5000 
5 2.0000 0.0000 -2500000 

6 2 .oooo . -21.6500 ' -1205000 
7 2.0000 -21.6500 12.5000 
8 8.1609 25.0000 43.3000 
9 8.1609 50.0000 0.0000 

10 8,1609 25.0000 -43.3000 

11 8,1609 -2500000 -43.3000 
12 801609 -50.0000 OoOOOO 
13 8.1609 -25.0000 43.3000 
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TABLE 3.2 
LOAD COMBINATIONS USED TO DEVELOP 

THE s·rABILITY BOUNDARIES 
COMBINED INDEPENDENT 

FIGURE LOAD COMBINATION LOAD CONFIGURATIONS 
3.2 A P = A1 ·1 + A2 ·o 

0 1 
0 1 
0 1 
0 0 
0 0 
0 0 

3.3 B P = Al·o + A2 0 
1 . 0 
1 0 
1 0 
0 1 
0 1 
0 1 

3.4 c p = Al 1 + A2 ·o 
0 1 
0 1 
0 1 
0 1 
0 1 
0 1 

3.5 D p = Al 1. + A2 'O 
1 1 
l. 1 
1 1 
1 0 
1 0 
1 0 

3.6 E p = Al i· + A2 ·1 
0 1 
0 1 
0 1 
0 1 
0 li 0 

3.7 F p = Al 1 +·A2 0·+ A3 8 8 1 
1 0 
1 0 

8 8 1 
1 

0 0 1 
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The loading of the model consists of various combinations 

of independent configurations of gravity loads imposed at the 

free joints. Table 3.2 lists the different load combinations 

considered in this thesis and the corresponding figures pre-

senting the stability boundaries. Tables 3.3 - 3.8 accompany 

Figs. 3.2 - 3.7 and define the points, and their character-

istics, used to construct the stability boundaries. In Tables 

3.3 - 3.7, points are numbered starting with the point on 

the vertical axis of the corresponding stability boundary 

and proceeding along the stability boundary to the horizontal 

axis point. In Figs. 3.2, 3.4 and 3.5, the large size of 

the point at the cusp indicates that the cusp location was 

not precisely determined. This imprecision is due to the 

use of the loading ray concept in the analysis· process. In 

the disotssion of this concept in Chapter 2, it is pointed 

out that the slope of the loading ray must be determined 

before starting the solution process. Unless the cusp 

occurs on a ray with symmetrical loading (see Fig. 3.3), 

the determination of the ray with the cusp is practically 

impossible. 

In Tables 3.3 - 3.8, the column labeled "Joints Snapped 

Through" indicates those joints which exhibited snap-through 

at· buckling. Snap-through is defined as a larqe increase 

in the displacement (in comparison with previous increases) 

in response to a small increase in the load. An easily 
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FIGURE 3. 2 STABILI'l'Y BOUNDARY; LOAD COMBINATION A 
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TABLE 3.3 

.EOINTS USED TO PLOT FIG. 3.2 

A1 x104 A2 Xl04 JOINTS 
PT CLASSIFICATION SNAPPED CR CR THROUGH 

1 3.156 o.ooo Limit 1 
2 3.188 0.128 Limit 1 
3 3.216 0.257 Limit 1 
4 3.355 0.838 Limit 1 
5 4.334 4.334 Limit 1 
6 5.160 6.450 Limit 1 

7 5.528 70088 Bifurcation? 1 
8 50175 6.900 Limit 4 
9 4.655 6.650 Limit 4 

10 4.371 6.556 Limit 2,4,6 
11 lo442 5.769 Limit 2,4 
12 o.ooo 5.513 Limit 2,4 
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FIGURE 3.3 STABILITY BOUNDARY; LOAD COMBINATION B 
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'I'ABLE. 3 • 4 

POINTS USED TO PLOT FIG. 3 .3_ 

1 -4 A2 x164 JOINTS 
PT A CRxlO CIASSIFICATION SNAPPED CR THROUGH 

1 5.513 o.ooo Limit 2,4 
2 5.700 1.900 Limit 2,4 
3 6.300 4.200 Limit 2,4 
4 7.100 6.200 Limit 4 
5 7.500 7.500 Bifurcation 4,7 

By Symmetry 

6 6.745 7.100 Limit 7 
7 4.200 6.300 Limit 5,7 
8 10900 5.700 Limit 5,7 
9 o.ooo 5.513 Limit 5,7 
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FIGURE 3.4 STABILITY BOUNDARY; LOAD COMBINATION C 
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TABLE 3.5 

POINTS USED TO PLOT FIG. 3.4 

1 4 A2 x104 JOINTS 
PT A CRxlO CLASSIFICATION SNAPPED CR . THROUGH 

l 3.156 OoOOO Limit l 
2 3.572 o.893 Limit 1 
3 4.169 2.084 Limit l 
4 5.163 3.872 Limit ·1 
5 6.647 6.182 Limit 1 

6 7.399 7.219 Limit 1 
.; 7 8.031 8.031 Limit 1 

8 9.557 9.796 Limit 1 
<Jg 10.274 100654 Bifurcation?· Undetermined 
10 9.909 10.405 Bifurcation? All 

-
11 8.910 9.900 Bifurcation Undetermined 
12 7.916 9.500 Bifurcation? Undetermined 
13 6.844 9.125. Bifurcation? Undetermined 
14 5.900 8.850 Bifurcation? Undetermined 
15 4.200 8.400 Bifurcation 3,6 

16 3.038 8.100 Bifurcation? 2,4,6 
17 lo975 7.900 Bifurcation? 3,5,7 
18 0.963 7.700 Bifurcation? 4,6 
19 o.ooo 7.500 Bifurcation 4,7 
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FIGURE 3.5 STABILITY BOUNDARY; LOAD COMBINATION D 
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TABLE 3 •. 6 

POINTS USED TO PLOT FIG. 3.5 

1 4 2 4 JOINTS 
PT A CRxlO A CRxlO CI.ASSIFICATION 8NAPPED 

. THROUGH 

1 8.031 0.0000 Limit 1 
2 8.545 0.2136 Limit 1 
3 8.868 0.3104 Limit 1 
4 9.702 0.4~70 Bifurcation? 'All 
5 9.433 004717 . Limit All 

6 8.592 0.7160 Limit All 
7 s.011 1.0010 Limit 2,4 
8 30375 3 .3750 Limit 2,4 
9 2.050 4 .1000 Limit 2,4 

10 o.ooo 5.5130 Limit 2,4 
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FIGURE 3.6 STABILITY BOUNDARY; LOAD COMBINATION E 
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TABLE 3.7 

POINTS USED TO PLOT FIG. 3 .6 

A1 xl04 A2 x104 JOINTS 
PT CIASSIFICATION . ,SNAPPED CR CR THROUGH 

l 3.156 o.ooo Limit 1 
2 2.679 Oo893 Limit 1 
3 . 2 .084 2.084 Limit l 
4 1.291 3.872 Limit 1 
5 0.465 60182 Limit 1 

6 Ool81 7.219 Limit 1 
7 o.ooo 8.031 Limit 1 
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p = Al 1 + A2 0 + A3 0 
0 1 0 
0 1 0 
0 1 0 
0 0 1 
0 0 1 
0 0 1 

5 

4 

G> - Point. 7, 
TABLE 3.8 

FIGURE 3.7 STABILITY BOUNDARY; LOAD COMBINATION F 
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TABLE 3. 8 

POINTS USED TO PLOT FIG. 3.7 

PT A1 x104 ~2 x104 A3 x104 CLASSIFICATION CR CR CR 

1 3.156 
2 3.572 
3 4.168 
4 5.163 
5 6.647 

6 7.399 
7 8.031 
8 9.557 
9 10.274 

10 9.909 

11 8.910 
12 7.916 
13 6.844 
14 5.900 
15 4.200 

16 3.038 
17 1.975 
18 0.963 
19 o.ooo 

20 3.188 
21 3.216 
22 3.355 
23 4.334 
24 5.160 

25 5.528 
26 50175 
27 4.655 
28 4.371 
29 1.442 

From FIGS. 3.4 and 3.6 
o.ooo 
0.893 
2.084 
3.872 
6.182 

7.219 
8.031 
9.796 

10.654· 
10.405 

9.900 
9.500 
9.125 
8.850 
8.400 

8.100 
7.900 
70700 
7.500 

Ool28 
0.257 
0.838 
4.334 
6.450 

70088 
6.900 
60650 
6.556 
5.769 

o.ooo 
Oo893 
2.084 
3.872 
6.182 

7.219 
8.031 
9.796 

10.654 
10.405· 

9.900 
9.500 
9.125 
8.850 
8.400 

80100 
7.900 
7.700 
7.500 

Limit 
Limit 
Limit 
Limit 
Limit 

Limit 
Limit 
Limit 
Bifurcation? 
Bifurcation? 

Bifurcation? 
Bifurcation? 
Bifurcation? 
Bifurcation? 
Bifurcation 

Bifurcation? 
Bifurcation? 
Bifurcation? 
Bifurcation 

From FIG. 3.2 

OaOOO 
o.ooo 
o.ooo 
o.ooo 
o.ooo 
o.ooo 
o.ooo 
o.ooo 
o.ooo 
o.ooo 

Limit 
Limit 
Limit 
Limit 
Limit 

Bifurcation? 
Limit 
Limit 
Limit 
Limit 

JOINTS 
SNAPPED 
THROUGH 

.1 

.1 
1 
1 
1 

1 
1 
1 
Undetermined 
All 

Undetermined 
Undetermined 
Undetermined 
Undetermined 
3,6 

2,4,6 
3,5,7 
4,6 
4,7 

.1 
1 
1 
1 
1 

1 
4 
2,4,6 
2,4,6 
2,4 

Points 1-19 lie in the plane of symmetry, points 
20-43 21ie on the half of the surface which contains 
the n axis. Symmetry is used to construct the 
opposing half of the total surface. 
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TABLE 3.·a (CONTINUED) 
1 4 2 4 3 4 JOINTS 

PT A CRxlO A CRxlO A CRxlO CLASSIFICATION SNAPPED 
THROUGH 

30 o.ooo 5.513 o.ooo Limit 2,4 

From ·FIG. 3.3 

31 0.090 5.700 10900 Limit 2,4 
32 o.ooo 6.300 4.200 Limit 2,4 
33 o.ooo 7. ioo 6.745 Limit 4 

From FIG. 3.5 

34 8.545 8.759 8.545 Limit 1 
35 8.868 9.179 8.868 Limit 1 
36 9.702 10.139 9.702 Bifurcation? All 
37 9.433 9.905 9.433 Limit All 
38 8.592 9.308 8.592 Limit ·All 

39 8.011 9.013 s.011 Limit 2,4 
40 3.375 6.750 3.375 Limit 2,4 
41 2_.050 6.150 2.050 Limit 2,4 

Additional Points To Show Smoothness 
of "Uppermost".Surface 

42 3.572 1.072 0.714 Limit 1 
43 3.575 1.251 0.536 Limit l. 

Points 1-19 lie in the plane of symmetry, points 
20-432 lie on the half of the surface which contains 
the~ axis. Symmetry is used to construct the 
oppostng ~lf of the total surface. 
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visualized example is Point 1 of Table 3.3; at the buckling 

load, joint 1 snapped approximately 4 units in the x-direction. 

In the column labeled "Classification" in Tables 3.3 -

3.8, the type of failure is classified as a limit or bifur-

cation point. Some of the bifurcation point classifications 

are shown with question marks, for example, Point- 7 of Table 

3.3. The question mark indicates that classification is not 

proved, but is based on at least one of two hypothesized 

methods of classification. The behavior of the energy 

minimization program used in this study, which was previously 

discussed in this regard, provides one of these methods of 

classification. Another basis for classification is Huseyin's 

theory, which classifies the failure at a cusp in the 

stability boundary as a bifurcation point. 

Fig. 3.7 presents a stability boundary surface des-

cribing the interaction of three independent load configura-

tions. Upon close inspection this stability boundary can 

be seen to contain all the curves presented in Figs. 3.2 -

3.6; it was, in fact, constructed from these curves. The 

heavy lines contained within the load space, that is, 

excluding those lines contained in the planes defined by 

load axes, indicate ridges which are discontinuities in the 

slope of the surface. The thin lines show space curves 

traced on the surface. The three smooth surfaces appear to 

be composed of limit points, while the ridges appear to be 

composed of bifurcation points. 
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3.2 Discussion of Results 

Although the stated purpose of this thesis goes beyond 

presenting a set of design aids for the studied structure, 

the use of stability boundaries as design aids is a very 

practical reason for their study. Two of the stability 

boundaries presented (Figs. 3.5 and 3.6) show the interaction 

of a uniformly distributed load configuration with other 

possible load configurations •. These two stability bound-

aries can be used as design aids for this structure in the 

followinq manner. Fig. 3.6 is used to demonstrate the method. 

Construct a line representing the dead weight (uniform load) 

times the safety factor (line I, Fig 3.6). Now construct a 

line representing the maximum live load (such as a concen-

trated snow load at the apex) times the safety factor (line 

II, Fiq. 3.6). If the rectangle formed is not wholly con-

tained in the region of stability, as it is here, then the 

design should be reconsidered. 

The stability boundary presented in Fig. 3.7 is not 

directly useful as a design aid because of the difficulty 

in locating a point on a three dimensional surface portrayed 

in two dimensions. However, it can provide an indication of 

the shape of a stabi.lity boundary for a uniformly distributed 

load confiquration and any other independent load conf iquration 

formed by a combination of the load confiqurations·at the axes. 

The method of deriving this boundary shape information is 

presented here in two steps. 
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The first step consists of visualizing the two loading 

rays defined by the uniformly distributed load configuration 

and the other load configuration in question. The loading 

ray for the uniformly distributed load configuration extends 

from the origin through a point defined by Point .7 of Table 

3.8, which is marked on Fig. 3.7 for convenienc~. The 

second step is to visualize the intersection of the plane 

containing the two loading rays with the stability boundary 

surface. The portion of the curve defined by this inter-

section and lying between the two loading rays, indicates 

the general shape of the stability boundary which would 

result from the interaction of the two load configurations 

represented by the two loading rays. 

The more a designer understands about stability bound-

aries, the more useful they will be to him as design aids. 

A detailed study of stability boundaries begins with a 

consideration of the points composing them. An inspection 

of Tables 3.3 - 3.8 indicates that the majority of failures 

are limit points. The implication is that under- the majority 

of loading conditions, the structure will undergo significant 

nonlinear pre-buckling deformation. A comparison of the 

behavior of this reticulated dome with the behavior of 

shallow arches, which also exhibit nonlinear pre-buckling 

deformation, is interesting. The preponderance of limit 

point failures was noted in the arch studies of Plaut [27) 
I) 

. ·.~ 
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and Welton (39]. However, those studies indicated that 

bifurcation point failures occurred when symmetrical loads 

were imposed on symmetrical arches. This does not appear 

to be the case with the reticulated dome. Points 1 - 8 of 

Table 3.5 present symmetrical load configurations which 

resulted in limit points, and there is no apparent symmetry 

in the load configurations of Point 7 of Table 3.3 or Point 

4 of Table 3.6, both of which are classified as bifurcation 

point failures. 

The variety of buckled shapes which occur is indicated 

by the different joints which snapped-through under different 

.l:-oad configurations. These different buckled shapes provide 

information which indirectly supports the classification of 

critical points at cusps as bifurcation points. Tables 3.3, 

3.4, and 3.6 appear to indicate that independent load con-

figurations which exhibit limit point failures resul.ting in 

different buckled shapes when acting alone will interact to 

form stability boundaries characterized by two smooth curves 

composed of limit points which meet at a cusp which is a 

bifurcation point. However, the classification of the cusp 

critical point is on1y proved for the cusp in Fig. 3.3 

(corresponding to Table 3.4). To proved the classification 

of the cusp critical point in Figs. 3.2 and 3.5 (corre-

sponding to Tables 3.3 and 3.6, respectively), these points 

would have to be located exactly. The difficulty.of finding 
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the exact locating of these points has already been 

observed. Here, a hypothesis is presented which supports 

classification of these cusps as bifurcation points. 

At the limit points on either side of the cusp one of 

the independent load configurations dominates the total 

load and thus determines the single buckling mode associated 

with a limit point. The buckled shapes at these limit 

points provide no information about the buckling mode itself, 

but do demonstrate which load configuration is dominant. 

Starting at a load axis and proceeding along the stability 

boundary toward the cusp, identical (Points 1 - 6, Table 3.3) 

or similar (Points 12 - 8, Table 3.3) buckled shapes indicate 

that the dominant load configuration along the curve of 

limit points does not change and is the load configuration 

at the axis. The minor changes in the buckled shapes which 

occur are due to the influence of the non-dominant load. 

As the stability boundary passes through a cusp the 

changes in the buckled shapes indicate a change in the 

dominant load configuration. Therefore, at the cusp, the 

magnitudes of the two load configurations are somehow 

balanced so that neither is dominant. This in turn indicates 

that either of the two different buckling modes associated 

with the two different load configurations is possible. The 

existence of two different buckling modes for the·same 

equilibrium state is characteristic of bifurcation. There-

fore, the cusp must be a bifurcation point. 



55 

The bifurcation points in Figs. 3.2, 3.3, and 3.5 are 

all located at the cusps in these figures. However, Fig. 

3.4 demonstrates the existence of a smooth curve composed 

entirely of bifurcation points. The construction of Fig. 

3.7 demonstrated that this curve formed a ridge in the sur-

face, but raised another question. All the bifurcation 

points in Table 3.8, with one exception, occur at ridges 

in the surface. The one exception is Point 9, Table 3.8 

(this is the same point as Point 9, Table 3.5) which occurs· 

at a three dimensional cusp. The question is, what charac-

teristic of the point causes it to form a three dimensional 

cusp? 

The hypothesis presented above supports the existence. 

of two simultaneous buckling modes at a cusp·in two dimen-

sions which lies at the intersection of smooth curves com-

posed of limit points. If this hypothesis is valid, then 

there is reason tcr believe that three simultaneous buckling 

modes exist at the cusp in three dimensions. The support 

for this conjecture is stated as follows. The three dimen-

sionai cusp lies at the intersection of three smooth 

surfaces composed of limit points. Logically, three separate 

buckling modes are associated with the .three surfaces. If 

the hypothesis above is valid, at the intersection of the 

three surfaces the three separate buckling modes exist 

simultaneously. 



56 

The "peaking .. of load magnitudes which occurs at cusps 

is another interesting feature of these points. Apparently 

a loading ray with a cusp defines a particular combination 

of the independent load configurations which results in an 

optimal distribution of stress among the members. This is 

not to imply that equal stresses exist in all the members 

at a cusp, but that the distribution of stress is more 

balanced at a cusp than not at a cusp. An example supporting 

this notion of balance is presented here. 

Table 3.9 shows the stresses just prior to buckling 

in three typical members under two symmetric loadings, one 

of which forms a cusp. Type I members all meet at the apex, 

Type II members form the hexagonal "ring" around the apex, 

and Type III members lead to the supports, or ·fixed joints 

(see Fig. 3.1). Due to the load symmetry, the stress values 

presented are reasonably representative of stresses in 

members of each type. Note the relative similarity of the 

stresses in member Types I and II for Point 9, Fig. 3.4 (a 

cusp) as opposed to those same stresses for Point-1, Fig. 

3.4. Also not that this has allowed the Type I members at 

Point 9 to be stressed to more than twice the value shown 

for Type I members at Point 1, Fig. 3.4. The "balance" in 

the stresses of Type I and II members at Point 9 is certainly 

why the magnitude of the apex load at Point 9, Fig.· 3 .4 is 

more than three times the magnitude of the apex load at 

Point 1, Fig. 3.4. 



MEMBER 
TYPE 

I 

II 

III 

57 

TABLE 3.9 

STRESS DISTRIBUTION 

JOINT 
INCIDENCE 

1-2 

2-3 

2-8 

<T E .rust Prior to Buckl inq 
POINT 1 POINT 9 

Fig. 3~4. Fia·~ 3."4 

-0.00109 -0 ·.00223 

+0.00093 -0.00199 

-0.00013 -o·.00352 

indicates compression 

+ indicates tension 
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Returning to practical considerations of stability 

boundaries, perhaps their most important characteristic, to 

the designer, is their general shape. If the designer knows 

the general shape beforehand, he can determine new stability 

boundaries he needs using fewer points ( and less analysis 

time) to locate these new boundaries. All the stability 

boundaries determined in this thesis are convex or piecewise 

convex toward the origin. It seems logical to assume that 

new stability boundaries for the studied structure would 

also be convex toward the origin • 
. , 

Prediction of stability boundary shape for reticulated 

structures other than the dome studied here is difficult. 

It is not reasonable, based only on the results presented 

here, to make assuptions about convexity of boundaries for 

·reticulated structures in general. The observations leading 

to the hypothesis concerning bifurcation at cusps may provide 

a basis for assuming the existence of at least one cusp 

somewhere in a load plane defined by independent load con-.. 
figurations which exhibit different buckled shapes when 

acting alone. Add~tionally, the idea of a certain combina-

tion of independent load configurations causing an optimal 

stress distribution, which was used to explain the peaking 

o.f load values of a cusp, makes the existence of many cusps 

. in _one plane seem unreasonable. However, there may be some 

reticulated geometry for which these ideas do not apply. 
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There appears to be only one published stability boundary for 

a reticulated structure other than the structure studied 

here, so the validity of the notions concerning boundary 

shape cannot be checked. If stability boundaries are to be 

used as design aids, they will have to be determined individ-

ually for the structure under consideration. 

The exact determination of a stability boundary takes 

time even when its general shape is known, and the designer 

may require many stability boundaries for a structure. To 

concerve analysis time, a method of estimating lower bounds 

[i] is reviewed here. The designer must first ascertain, by 

developing a reasonable number of stability boundaries, 

whether the boundaries are convex or concave toward the 

origin. The development of a sta.bility boundary surface 

may be helpful in this· regard. 

If the stability boundaries are consistently concave 

toward the origin, the designer need only determine the 

critical magnitudes of each independent load configuration 

acting alone. The lower bound is formed by a straight line 

joining these two load axis points (see Fig. 3.8). If the 

stability boundaries are consistently convex toward the 

origin, the designer must determine small sections of the 

stability boundary in the vicinity of the two load axes. 

The lower bound is formed by constructing tangents to the 

stability boundary at the load axes (see Fig. 3.4). 
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FIGURE 3.8 CONCAVE STAB,ILITY BOUNDARY 
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3.3 The Theory of Huseyin 

The previous discussion of lower bounds demonstrates 

the value of knowing whether a stability boundary is conve 

or concave toward the origin. Therefore the following 

theorem, presented by Huseyin, is of interest since it 

implies that convexity or concavity can be determined with-

out constructing the entire stability boundary. This 

theorem is stated as follows. 

If the general critical point is elliptic, 
then, the associated stability boundary 
cannot have convexity toward the origin. 
In the case of two parameters, a necessary 
and sufficient condition for convexity 
toward the origin is the possiblity of 
bifurcation at the critical point [14]. 

To fully understand this theorem, a number of.terms must 

be explained. In the general theory of Huseyin,. critical 

points are classified as general critical points and 

special critical points. The theorem above applies only 

to general critical points, which are subclassified as 

elliptic, hyperbolic, and singular. 

Huseyin's classification system is mathematical and 

makes use of his method of solution, which is a diagonalized 

perturbation scheme. At a critical point, the vanishing of 

certain terms in the expanded equilibrium equations deter-

mines the classification of the point [14]. The static 

perturbation program used in this study would have required 

extensive rewriting to make us·e of Huseyin's mathematical 
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criteria, since the necessary terms were not computed and 

diagonalization was specifically avoided [l]. Moreover, 

the perturbation program became numerically unstable at 

many bifurcation points. 

An attempted classification of critical points which 

did not rely on Huseyin's solution method failed because 

of the lack of generally applicable classification criteria. 

At present, the application of Huseyin's convexity theorem 

appears restricted to those problems solved by Huseyin's 

solution method. 



CHAPI'ER 4 

CONCLUSIONS 

The stability of a reticulated dome with 21 deqrees of 

freedom under multiple independent static loads is investi-

gated. The: model considered is elastic and geometrically 

nonlinear, and assumes that the joints have no moment re-

sisting capacity. 

Two computer programs based on different numerical 

analysis techniques are used to determine the nonlinear 

response of the model to the loads. The functioning 

of the programs is briefly discussed and a comparison of the 

two is made. The proo.ram based on the principle of minimum 

potential enerqy was found to be more rn~i~hl0 ~r~ Pasirr 

to formu1atl'>. Th~ proaram based on the static perturbation 

technique was found to be mon:~ efficient. and could be mnde 

to supply reliable informr.ition necessary for the classifj_ 

cation of critical points as bifurcation points. The 

accuracy of the two programs is verified by a comparison of 

program solutions with an exact solution for a problem with 

a closed form solution. Due to its reliability, the energy 

minimization proqram was used to determine all solutions. 

The static perturbation program was occasionally used to 

check solutions for validity and to prove the classification 

of a critical point. 

The solution results are presented in the form of 

stability boundaries, which depict the interaction of 

63 
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independent loads. Five stability boundaries for various 

pairs of independent load configurations and one stability 

boundary for three independent load configurations are 

presented. The use of these stability boundaries as design 

aids to show variance in the safety factor is discussed. 

The relationship of the classification of a critical 

·point to the smoothness of the stability boundary at that 

point is discussed. Limit points consistently form smooth 

boundaries, Bifurcation points may form either smooth 

curves or cusps {points with discontinuous slope) on two 

dimensional stability boundaries. Bifurcation points on 

three dimensional stability boundaries are consistently 

located at points where the slope of the surface is not 

continuous in all directions. 

A hypothesis supporting the classification .of some 

cusps as bifurcation_ points is presented. Application of 

this hypothesis does not require the exact location of the 

cusp. The hypothesis is based on the intuitive observation 

that a gradual transformation of one distinct buckling mode 

into another distinct buckling mode does not occur. This 

intuitive observation may possibly be used to predict cusp 

formation in stability boundaries for other reticulated 

structures. 

An explanation is qiven for the occurrence of maximum 

load values at cusps. The basis of this explanation is the 

conjecture that the combination of loads at the cusp 
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represents an optimal load combination which results in a 

greater degree of balance in the distribution of stress 

among the individual members of the structures. A simple 

presentation showing the distribution of stress at a cusp 

versus the distribution of stress at. another point on the 

same stability boundary pro_vides support for the notion of 

an optimal combination of loads at a cusp. The association 

of a cusp with an optimal load combination for this structure 

implies that, for any structure, the number of cusps in a 

stability boundary will be equivalent to the number of 

independent load combinations which result in the most 

efficient stress distributions. 

The difficulty of predicting the general shape of a 

stability boundary for an arbitrary structure· is discussed. 

Part of this difficulty is due to the lack of published 

stability boundaries, since other published stability 

boundaries could be used to check the general validity of 

observations and ideas concerning boundary shape which were 

drawn from this study. An efficient method of determining 

lower bounds to arbitrary stability boundaries is reviewed; 

however, this method requires knowledge of the general shape 

of the stability boundary. 

A theorem due to Huseyin concerning convexity of 

stability boundaries is reviewed. The theorem is ·found to 

depend on a system of critical point classification which 

is not universally applicable. This dependence seriously 
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:;:, . . ·_· 

limits the applicability of the theorem and prevented its 

application to the problem studied here. 

The lack of published stability boundaries for reti-

culated structures in general limited the number of useful 

observations which could be drawn from this study1 and 

confined the application of these observations to the 

structure which was studied. Comparison of stability 

boundaries for different reticulated structures might make 

it possible to associate certain general boundary shapes 

with certain structures. Such comparison would also allow 

the validity of some of the ideas presented here to be 

tested. The development of stability boundaries for a 

number of different reticulated structures is recommended 

for future s~udy. 
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STABILITY OF A RETICULA·rED DOME 

UNDER MULTIPLE INDEPENDENT LOADS 

by 

Willis s. White, III 

(ABSTRACT) 

The primary purpose of this thesis is to investigate 

stability boundaries, or load interaction curves, of a 

reticulated dome. An elastic, geometrically nonlinear 

model with 21 degrees of freedom is considered. 

The nonlinear response of the model to imposed loads 

is determined using two separate computer programs as a 

check on each other. One program is based on the static 

perturbation technique and the other is based on an energy 

minimization technique. Program.solutions are compared 

with each other and with other published solutions. Various 

characteristics of the two programs are discussed. 

Five stability boundaries for two independent loads 

and one for three independent loads are presented. These 

stability boundaries are all found to exhibit convexity or 

piecewise convexity toward the origin. Characteristics of 

points composing the stability boundaries are noted and 

discussed with emphasis placed on ways that point charac-

teristics affect boundary shape. Three observations are 

noted: 

1. Critical points classified as limit points 



consistently form smooth boundaries, those classified 

as bifurcation points do not. 

2. It is possible to predict the occurrence of a 

cusp in the stability boundary in certain load planes. 

3. The occurrence of load maxima at cusps in stability 

boundaries is due to the higher degree of balance 

achieved in the stress distribution throughout the 

structure at that critical point. 

In addition, a method of estimating lower bounds and a 

theorem dealing with convexity of stability boundaries are 

briefly discussed. 
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