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(ABSTRACT)

Low frequency Lamb waves in composite laminates were investigated theoretically
and experimentally. To have a general solution for Lamb wave propagation in multi-
layered composite laminates is not practical due to a large number of boundary condi-
tions needed to be satisfied at the interlaminar interfaces. Various approximate theories
have been proposed to model low frequency Lamb wave propagation in composite
laminates. In the present study, an approximate solution was derived from an elemen-
tary shear deformation plate theory and was shown to work well in the low frequency,

long wavelength region.

A simple method, similar in configuration to the acousto-ultrasonic technique, was
used to measure Lamb wave phase velocities. Low frequency Lamb waves, usually in
the range of 10 kHz to 1 MHz, were generated. Dispersion curves of the lowest sym-
metric Lamb mode and the lowest antisymmetric Lamb mode were obtained. The ex-
perimental data were compared with the results obtained from the approximate solution
for the lowest Lamb modes in the low frequency, long wavelength region for a
unidirectional laminate, a symmetric cross-ply laminate, a symmetric quasi-isotropic
laminate and an aluminum plate. There is good correlation between the data and the

results obtained from the approximate solution, which suggests that the lowest Lamb



modes are modeled adequately by the present theory in these cases. This experimental
procedure of measuring phase velocities can be used to characterize laminated composite
plates with and without damage since ecach material and stacking sequence gives distinct

lowest symmetric and antisymmetric curves.

Stiffness reduction of composite laminates caused by damage can be related to the
change in Lamb wave propagation speed. Damage in the form of transverse cracks in
the 90° plies of a [90/90/90/0], graphite/epoxy laminate reduced the phase velocities of
the Lamb modes. The lowest antisymmetric mode is sensitive to stiffness reduction in
composite plates. Consequently, axial stiffness reduction in [0/45/0/45/0/45], and [0],,
woven graphite/polyimide composite laminates was monitored by the lowest antisym-

metric Lamb mode.
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I. INTRODUCTION

Owing to the advantage of very large strength-to-weight and stiffness-to-weight
ratios, composite materials are attractive for a wide range of applications. Increas-
ingly, more and more high performance engineering structures are being built with
critical structural components made from composite materials. Many of these com-
ponents are in the form of plates. Usually, in the high performance engineering
structures, these laminated compo'sitc plates are in a complex state of stress. Appro-
priate nondestructive evaluation techniques and procedures are needed to evaluate and
predict the mechanical properties of these composite plates in the as-received condi-
tion and during service loading to monitor damage development and to assure the re-

liability of the engineering structures.

Damage development in laminated composite plates is a complex sequence of ma-
trix cracking, delamination, fiber breakage, fiber/matrix debonding, and so on. A
number of testing methods has been developed to interrogate and to monitor damage

development in composite laminates. Different tests have been found to be sensitive
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to different types of damage. Generally, a more complete understanding of the dam-
age development and damage state is obtained if several tests are used. From this in-
formation, it is expected that one will be able to model the damage state and estimate

the residual stiffness, residual strength and life of the composite laminates.

Ultrasonic testing is one way to monitor damage development [1-4]. Cracks and
delaminations can be detected by reflection of ultrasonic signals. Moreover, the
measurement of ultrasonic wave specd is directly related to material stiffness and
hence is a quantitative parameter which yields information about the mechanical state
of the material [5-10]. It may also be related indirectly to information concerning
strength and life, although knowledge at the present stage is too immature to state this
definitely. The measurements of ultrasonic wave speed and attenuation in the thick-
ness direction of a plate are relatively straightforward, especially when the material to
be studied is thick enough to allow pulse dclays of sufficiently long time to be moni-
tored by standard ultrasonic testing instrumentation. Much work has been performed
using through-the-thickness ultrasonic attcnuation and velocity measurcments to
monitor damage and evaluate material properties in laminated composite plates.
However, little information about the in-planc properties can be obtained from such
tests. Evaluation of in-plane properties of laminated composite plates will provide
information which is more useful to designers and users than measurement of
through-the-thickness properties since laminated composite plates are designed to
carry load in the plane of the plate in most cases. Thus, there is a need for ultrasonic
testing methods, such as measurement of in-plane wave speeds, to evaluate material
properties and to monitor damage in the in-plane directions of laminated composite

plates in the as-received condition and during service loading.
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In applied electromagnetism, waveguides have been widely used for a number of
decades. The same waveguide concept can be applied to elastic wave propagation in
a plate of finite thickness. In this case, the plate is considercd as an acoustic
waveguide (Figure 1). Generally speaking, acoustic waveguide problems are signif-
icantly more difficult to solve than are electromagnetic waveguide problems, and the
basic characteristics of the solutions themselves are often more complicated. Every
acoustic waveguide structure is capable of supporting an infinite number of different
guided wave solutions, called waveguide modes, each with a different propagation
speed and a different particle displacement ficld. In a traction-frec plate, several dif-
ferent types of waveguide modes can coexist. The simplest mode is the shear hori-
zontal (SH) mode, in which particle motions are parallel to the plate surface and the
wave is a pure shear wave. In the Lamb wave modes, which have particle motions in
a plane normal to the plate surfaces, both shear and longitudinal wave components
are needed to satisfy the boundary conditions at the surfaces of the plate. For com-
posite laminates, unlike wave propagation in layered media as discussed by
Brekhovskikh [11] and Ewing, Jardetzky and Press [12], Lamb waves use the whole
laminate as the wave medium. Lamb waves may be the most adequate nondestructive
means to interrogate and to evaluate material properties of laminated composite plates
in the plane of the plate, which usually coincides with the direction of applied loads.
However, in order to utilize Lamb waves to their full potential, it is necessary that we

have a complete understanding of the characteristics of Lamb waves.
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II. LITERATURE REVIEW

2.1 Theoretical Background

Lamb wave propagation in isotropic and anisotropic plates has been the subject
of numerous investigations for many years. The theories of Lamb wave propagation
in isotropic and orthotropic plates are well established [13-15]. More recently, Lamb
wave propagation in laminated composite plates has drawn much attention. There
are two distinct types of harmonic motion in Lamb waves, symmetric (or dilatational)
modes and antisymmetric (or flexural) modes (Figure 2). In a homogeneous isotropic
solid bounded by two parallel surfaces, waves will propagate as symmetric Lamb
modes, antisymmetric Lamb modes or SH modes having their wave vectors in the
plane of the solid. These wave types will be set up in such a manner as to maintain
the traction-free boundary conditions at the surfaces. For a given frequency, a num-
ber of modes can exist that will satisfy the traction-free boundary conditions. Stand-
ing waves will be established in the transverse direction and traveling waves will be

propagated in the plane of the plate. The analysis for SH modes is straightforward
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Figure 2. Lamb modes.
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while the analysis for symmetric and antisymmetric Lamb modes is much more com-

plicated.

The Lamb modes were first discussed by Lamb [13] in 1917. Lamb formulated the
problem by using potentials and arrived at the well-known Raylcigh-Lamb relation for
wave propagation in isotropic plates. Solie and Auld [14] investigated waves in
anisotropic plates theoretically and compared the results to the uncoupled shear ver-
tical and longitudinal modes, which in turn were rclated to the slowness curves for
bulk waves. Tﬁis approach provides a means of approximating Lamb wave dispersion
curves from the behavior of the slowness curves. Habeger, Mann, and Baum [15]
conducted a theoretical and éxperimental study of ultrasonic Lamb waves in
machine-made papers. The papers were modeled as homogeneous orthotropic plates.
The dispersion equation for Lamb wave propagation in the principal directions was

developed analytically and verified experimentally.

For Lamb wave propagation, unidirectional co‘mposite plates can be considered as
homogeneous,{ orthotropic plates as long as the wavelength of the Lamb wave of in-
terest is much larger than the ply thickness. Thus, the solution for orthotropic plates
can be applied to unidirectional laminates. To obtain a general solution for Lamb
wave propagation in multilayered composite laminates is not practical, due to a large
number of boundary conditions needed to be satisfied at the interlaminar interfaces.
Owing to the difficulty of this problem, various approximate theories have been pro-
posed to model low frequency Lamb wave propagation in composite laminates. Moon
[16] used a variational method to obtain an approximate solution for Lamb wave

propagation in laminated composite plates. Sun and Tan [17] derived an approximate
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solution based on Mindlin’s plate theory for isotropic materials. Stiffler and Henneke

[18] obtained a low frequency Lamb wave solution using elementary plate theory.

2.2 Experimental Techniques

There are many methods to generate and detect Lamb waves in composite materi-
als. The most popular method is the leaky Lamb wave method. In this particular
method, two transducers and a composite plate are immersed in a water tank. By
varying the sending and receiving angles of the transducers, relative maxima corre-
sponding to Lamb modes are detected when the Lamb wave energy leaks from the
surfaces of the plate. By knowing the angles and the excitation frequencies, dispersion
curves can be obtained experimentally. Worlton [19] was the first one to confirm the
theory of Lamb waves and determined the dispersion curves for aluminum and
zirconium experimentally by using this method. Chimenti and Nayfeh [20] verified
their approximatec solution for unidirectional composite plates in the fiber direction
by the detection of null zones which indicated the presence of leaky Lamb waves.
Bar-Cohen and Chimenti [21] studied the application of leaky Lamb waves for non-
destructive testing of composite laminates. They observed a correlation between the
character of the excited Lamb modes and the presence of certain defects such as
porosity and delaminations. Martin and Chimenti [22] refined this method by signal
processing. While the results of the leaky Lamb wave method look promising, the
technique may not be particularly well suited for field inspection of composite lami-
nates since the method requires the composite plates to be immersed in water. Using

plexiglass variable angle beam wedges instead of water as the elastic wave medium
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may solve the problem. A simple method similar to the acousto-ultrasonic technique
[23,24] has been studied by Stiffler and Henneke [18,25,26] to generate and detect
Lamb waves in composite laminates. The experimental data obtained by this simple
method generally belong to the lowest symmetric and antisymmetric Lamb modes.
In this method, two piezoelectric transducers acoustically coupled to the plate by wa-
ter soluble couplant are directly in contact with the composite plate to create and re-
ceive Lamb waves. The Lamb wave speed can be determined by measuring the change
in arrival time of a phase point on the receiving signal while moving the receiver a
certain distance. Chapman [27] used the same idea in the detection of debonding in
fiberglass reinforced plastic lap joints. In a similar approach, Rose, Rokhlin and Adler
[28] measured Lamb wave speeds with energy flux deviation in composite laminates.
Liu [29] generated Lamb modes and SI1 modes in a unidirectional graphite/aluminum
composite plate by a shecar wave transducer, and used an electromagnetic acoustic
transducer (EMAT), which was not sensitive to the SH modes, to detect the signals.
Wormley and Thompson [30], who used two EMATSs as receivers, determined the
wave speed by cross-correlation between the two receiving signals and thus evaluated

the texture of rolled metal plates.

2.3 Summary

Lamb waves may be the most adequate nondestructive means to interrogate and
to evaluate in-plane properties of laminated composite plates. The theories of Lamb
wave propagation in isotropic and orthotropic plates are well established. However,

to have a general solution for Lamb wave propagation in multilayered composite
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laminates is not practical, and hence approximate theory is needed to model Lamb
wave propagation in this situation. The method studied by Stiffler and Henncke may
be an easier technique to implement in field inspection of laminated composite plates
than the leaky Lamb wave method, since the leaky Lamb wave method requires

composite plates to be immersed in water.
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III. ANTISYMMETRIC LAMB MODES

There are two distinct types of harmonic motion in Lamb waves. They are called
symmetric (or dilatational) modes and antisymmetric (or ﬂéxural) modes. Stiffler and
Henneke [18,25,26] employed the classical plate theory in their analysis of antisym-
metric Lamb modes. The classical plate theory is based on the Kirchhoff hypothesis,
which assumes that normals to the midplanc before deformation remain straight and
normal to the midplane after deformation, and hence neglects transverse shear defor-
mation effects. For homogeneous isotropic thin plates, the effects of the transverse
shear deformation are negligible. However, these effects are significant in the case of
laminated composite plates due to the relatively low transverse shear modulus. Thus,
the effects of transverse shear deformation should be included in the formulation. The
present study deals with an analysis of antisymmetric Lamb waves using a shear de-
formation theory which incorporates the effects of transverse shear deformation and
rotary inertia. Exact solutions for the antisymmetric Lamb wave propagation in

transversely isotropic plates are also presented.
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3.1 Shear Deformation Theory

The classical plate theory is a special case of the shear deformation theory. In the
classical plate theory, the shear moduli are taken to be very large so that the transverse
shear deformation can be neglected. A variety of shear deformation theories have
been proposed to date. The analysis presented here is based on the work of Yang,
Norris and Stavsky [31] who extended Mindlin’s theory for homogeneous plates [32]

to laminates consisting of an arbitrary number of anisotropic layers.

Considering a laminated composite plate of thickness A, the origin of the global
coordinate system is located at the midplane, with the z axis being normal to the
midplane, and the x and y axes in the midplane of the plate (Figure 3). The approach
of Yahg, Norris and Stavsky, which takes into account the effccts of transverse shear

deformation and rotary inertia, assumes the following displacecment field:
u=uy(xp,0) + 2y (x 1)
v=vo(xw,1) + 29, (x 1) (M

w = w(xy,t)

where u, v, w are the displacement components in the x, y and z directions, 4, and v,
are the midplane displacement components, and ¥, and ¥, are the rotation compo-
nents along the x and y axes, respectively. From the strain-displacement relations,

we have
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Figure 3. Coordinate system of a plate.
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The stress-strain relations for any layer are given by

[0, ] -Q—n 512 0 0 éxe [ ey |

% Q12 On _0 .9 O || &

el = o o Qae@as o || ()
Fxz 0 0 Q45 Qss O || 7=

d L§l6 Q% 0 0 566_ &4

where Q, for ij=1,2,6 are planc-stress reduced stiffnesses, and Q for ij=4,5 are
transverse shear stiffnesses. Defining the force and moment resultants per unit length

as

hj2

Vo Ny Ng) = [ (0,0, 500
A2
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h[2
(Ox, Qy )= (sz.tyz)dz

-hj2

hj2

(M, M,, M) = hlz(ax’ay’txy)zdz

where h is the thickness of the plate, we have

N -

* Ay Ap
N,

d Ay Ay
Q 0 0
Ox 0 0
Ng | |41 42
M, By, B,
M, By, By
M, Bis By

Ass Ass
Ags Ass
0 O
0 O
0O O
0 O

(4)

(5)

where the laminate stiffnesses are given by (4, B, D)) = _[:’/’Z(Q,),(l,z, 2%)dz, ij=1,2,6

and A, = kk; :’;(Q,),dz, ij =4,5 (see Appendix A). The shear correction factors £, &,

are included to account for the fact that the transverse shear strain distributions are

not uniform across the thickness of the plate. Neglecting body forces, the equations

of motion are
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where (p,R,]) = f 1’/’2p(l,z, 2%)dz and p is the mass density. Substituting equation (5)

into (6), we obtain the equations of motion in terms of the displacements and the ro-

tations as
All"a’.'x_z"*'zfilam*‘/‘oo‘ay_;‘*‘Aw'g;z_‘*'(/‘lz*'Aés)M'*‘Azo'Qy_z
%y o*y %y o’y o'y oy,
+ By, == + 2B, === + By ——= + Bjs———+ (B, + Byy) =—=—+ B
11 axz 16 axoy 66 ayz 16 axz ( 12 66) ) 26 ayz
8’ o
-5y R
ot ot
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3’u, 8’u, 8%u, 3%v, 3%v, %y,
Ag = + (A1 + Age) axdy + Ay o + Age P + 245 aeoy T Az o
2 2 2 2 2 2
'//x '»bx d '/’x d 'l’)’ 0 'I’y d w}’
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A Y
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2 2 2
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For symmetric laminates, the coupling stiffnesses B, 's and the coupling normal-rotary
inertia coeflicient R are identically zero. The equations of motion decouple into two

sets of equations governing the in-plane and the transverse motions respectively:
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For wave propagation, we consider plane waves of the type

w= W exp{ilk(l,x + Ly) — wt]}

Vx="Yy exp{ilk(hx + by) — wil}
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Y, =Y, exp{ilk(x + by) — wi]}

where k is the wave number, /, and /;, are the direction cosines of the wave vector in
the x and y directions, respectively, w is the circular frequency, and W, ¥, and ¥, are
the amplitudes of the plane harmonic waves. Substituting equation (10) into equation
(9), the determinant of this resulting set of equations gives the characteristic equation
for antisymmetric Lamb modes. For symmetric quasi-isotropic laminates, in addition
to B,=0and R=0, we have A4, = A,, = A, =0and D, = D, . The characteristic

equation for antisymmetric Lamb modes is

Dy K*1 + 2Dkl Dygk® + (D, + Do)kl iAsskl,

+ Dggk®l + Ags — I

2,2 [
D\4k* + (Dyy + Deg)kll,  Desk™ly + 2D,6k’ 11 idaakly ~ 0
+ D22k2122 + AM - 1(02
2,2 2,2
iAsskll iAMklz - Assk 1] - A44k [2
- 2
+ pw

If, =1 and [, =0 (i.e., waves propagating in the x direction), equation (1}) gives

(Dy1k% + Ass — 107)(Dgok® + Agg — I07)(Assk® — pw’)
(12)
— D6k (Assk® = Bw?) = (Assk) (Degh® + Ags — T0?) = 0

If /, =0 and /, =1, the characteristic equation is
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(Dygk® + Agg — 10°)(Deoh® + Ass — I0®)(Ageh® — Boo’)

= (Dy6k*)(Agsh® = Bwo") — (A4ak)*(Deek® + Ass — Io?) = 0 )
For symmetric cross-ply laminates, if /, =1 and /, =0, we obtain
(DK + Ass — [o®)(Assk® — Bw’) — Aisk” =0 (14)
and if [, =0 and , =1, we have
(Dygk? + Agg — [0))(Agek® — Pw?) — ALK =0 (15)

In each situation, the characteristic equation has more than one root. However, only
one of these roots approaches zero circular frequency as the wave number approaches
zero, and this is the root corresponding to the lowest antisymmetric mode. It is ap-
parent that the phase velocity w/k of the antisymmetric Lamb modes is dispersive
since it is a function of the wave number. Equations (12-15) are the dispersion re-
lations for antisymmetric Lamb waves traveling in symmetric quasi-isotropic and
symmetric cross-ply laminates. A similar approach has been investigated by Sun and
Tan [17]. However, shear correction factors are not included in their model. The re-
lation for wave propagation at an angle with respect to the x direction can be obtained

in a similar fashion.

3.2 Exact Solutions for Transversely Isotropic Plates

Lamb [13] analyzed the problem of wave propagation in isotropic plates using po-

tentials and arrived at the well-known Rayleigh-Lamb relation. Habeger, Mann, and
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Baum [15] studied Lamb wave propagation in machine-made paper. In their study,
the paper was assumed as a homogenecous orthotropic plate. A relatively
straightfoward approach for transversely isotropic plates suggested by Green [33] is

presented here.

Considering an infinite plate of transversely isotropic material with the boundary
surfaces at z = + h/2 and the axis of symmetry in the x direction, the stress-strain re-

lations for the transversely isotropic material are given by

- - r 1r -
Ox Cn Ci C, 0 0 0 x
ay CIZ C22 C23 0 0 0 8)’
721 _ G2 Gy Gy 0 0 011 & (16)
Tyz 0 O 0 (C22 - C23)/2 0 0 Yyl
Txz 0 0 0 0 Css 0 Vxz
foy_ 0 0 0 0 0 Css L/xy_
Also, the strain-displacement relations are
e = 0u
X Ox
_ v
gy = »
ow
2= %z
_Ou v
Xy = 3y + E® (17
Ju ow
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~ Qv ow

W=7, 15,

where u, v, w are the displacement components in the x, y and z directions, respec-

tively. Our problem is to solve the equations of motion

do,  Otxy 01y _ o’u
ax oy Tz TP
91y, N do, N dty, _ 3_2‘,
ox oy 0z o1t
0ty; 0%y do, _ 0w
ax T oy gz U a2

subjected to the traction-free boundary conditions

0, =Ty, =71,=0 at z==%h/2

(18)

(19)

Green [33] suggested that for waves propagating in the plane of the plate in a direction

making an angle with the x axis the displacements have the form

u=U(z) sin(k(l;x + Ly) — w(]

v=V(z) sin[k(l,x + Ly) — 0]

w = W(z) cos[k(l,x + Ly) — wi]

(20)

For antisymmetric Lamb waves, the lateral displacement w must be an even function

of z, while the in-plane displacements « and v must be odd in z. Substituting equation

(20) into equations (17) and (16), we obtain
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0x = [Cukl U + Cp(kl¥ + )] cosh(lx + by) — 1]
aw
0y = [Ciakly U + CopkyV + Cpy 5] coslk(hx + by) = wi]
F1i4
0, = [Ciakly U + Cpskb ¥V + Cyp 5T cos[k(lyx + by) — wi] (21)
Ty = Cssk(LU + [, V) cos[k(l,x + Ly) — wi]
U :
Ty = Css( 5 — kL W) sink(hx + by) — 1]

= [(Caa = Coall 205 = Kby ) sinlk(lyx + by) = (]

Introducing the stresses (21) into equation (18), the equations of motion become

o*U
— Css 772 + kX(Cy il + Cosly = pyYU + (Cpp + Cs)k P14,V
p4
ﬂ;p’
+(Ciy + Css)kly %;" =0
2 v 2 2 2 2
(Cra + Cs)k“ LU — [(Cpy — Cy3)/2] Pl + k(Cssly + Cpaly — pvI)V
z (22)

oW
+ {[(Cyy = Cy3)/2] + Cy3}kly 05—2 =0

U 14 W
(Ciz + Css)kl - {[(Cya = Cy3)12] + Cy3}khy I Gy Xl

— KX (Cssl? + [(Cyy = C3)/2083 — pv')W =0

where v, which is equivalent to w/k , is the phase velocity. From the solution of the

isotropic plate problem [13,34-37] and the requirements that W(z) must be even, and
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Urz) and V(z) must be odd for antisymmetric Lamb waves propagating in the plate,

we let

U = A sinh kpz

V = B sinh kpz (23)

W = C cosh kpz

Substituting these expressions into the equations of motion (22) and setting the de-
terminant of the resulting system of three homogeneous equations to zero for non-

trivial solutions, the outcome takes the form

Chl} + Cusl? (Cr2 + Css)hiy (Ciz + Css)pl,
- Cssp2 - PV2
(Cpz + Cslily Csslt + Cpyl? {(Cyy = Gy3)[2] + Cs}phy

- =0 (29)
= [(Cyy = Gy3)2]p" — pv

(Cia+ Css)ply  {[(Cyy — Co3)[2] + Cpadply,  — Csslt = [(Cya — Cy3)/2082
+ szpz + pv2

If [, =1 and [, =0 (i.e. waves propagating in the x direction), ¥ is uncoupled from U

and W in equation (22). Therefore, equation (24) gives
(Ciy = Cssp” = pv)(Css = Cpap” = pv") +(Cry + Css)'p" = 0 (25)

for nontrivial solutions of U and #. Consequently, the general solution of equation

(22) is
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U= A, sinh kp,z + A, sinh kp,z

2 2 ) ) (26)
_ LG = Goopy —pv) 4 cosh kp,z — (Ciy = Csspy — pv7) Ay
(Cy2 + Css) 13 : (Cy3 + Css) 1)

W= cosh kp,z
where A, and A, are arbitrary constants, and p? and p? are the roots of equation (23).

With the boundary conditions (19), we arrive at

A [Cio(Cyy + Css) — Goa(Cyy — Csspi — pv®)] sinh kp, (h[2)

+ A;[C1o(Cyy + Css) = Cpp(Cyy — Csspa — pv*)] sinh kpy(h/2) = 0
(27)

cosh kp,(h/2)

5. cosh kpy(h[2)
_ e =0
P

A (Cyy + szl’l2 - pv?) + A,(Cy, + Cios = pv°) P

Finally, in order to have a solution to our problem, equation (27) yields the condition

(Cyy + Cy3p2 = py)[C1a(Cyy + Css) = Cop(Cyy = Csspi — pv*)1p, tanh kp,(h/2)

28)
—(Cpy + Ciop} = pv*)[C15(Ci + Css) = Cop(Cyy = Csspy — pv?)p, tanh kpy(h[2) = 0

Thus, the phase velocity v is a function of kh and equation (28) is the dispersion re-
lation for antisymmetric Lamb waves traveling in the x direction. Similarly, the con-
dition for antisymmetric Lamb waves traveling in the y direction of an infinite

transversely isotropic plate having traction-free boundary surfaces is

[(Cpa = Cy3) = pv"T" tanh kpy(]2) = (Cpp = C33)’rp; tanh kpy(h2) (29)
with p? and pj satisfying the equation

(Coa = Cp” = pV'){I(Cp = Cp3)/2] = [(Cp = Cp3)/20p” = pv} = 0 (30)
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3.3 Experimental Procedure

A simple method [18,25,26], similar in configuration to the acousto-ultrasonic
technique [23,24], was used to measure Lamb wave phase velocities. Low frequency
Lamb waves, usually in the range of 10 kHz to | MHz, were gencrated. Figure 4 is
a schematic diagram of the experimental sctup. A piezoelectric transducer was excited
by gated sincwaves. Lamb waves wcre generated at a transmitter and detected by a
receiving transducer. The position of the receiver was advanced a known distance
relative to the transmitter in the direction of the phase velocity, and the change in time
for a particular phase point of the wave was noted on a digital oscilloscope. From this
information, the phase velocity was calculated. Then, the wave number was obtained
from the phase velocity for the frequency at which the measurement was made.
Finally, the frequency f and the wave number k were each multiplied by the thickness
of the plate A, and fh was plotted against kh with data obtained at different frequen-
cies. For any fh, the phase velocity is related to the ratio fh/kh, while the group ve-
locity is related to the slope of the tangent to the curve. Since the curve is normalized
with respect to the thickness of the composite plate, the curve is independent of the
ply thickness. Typical input and output signals are shown in Figure 5. Figure 6 in-
dicates the change in time for a particular phase point as the receiver changes its po-
sition. In this figure, the effect of the difference between phase velocity and group

velocity is apparent.

During the measurement, as the frequency of the excitation signal was increased,
it was observed that there existed a frequency at which an abrupt change in the phase

velocity took place. This occurred due to a change in modes from the lowest anti-
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Figure 4. Schematic diagram of the experimental sctup for Lamb wave phase velocity meas-
urcments.
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Figure 5. Typical input and output signals.
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Figure 6. Change in arrival time for a phase point.
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symmetric Lamb mode at low frequencies to the lowest symmetric Lamb mode at
higher frequencies. This transitional frequency is related to the center frequency of the
sending transducer and the thickness of the plate. The transitional frequency can be

lowered by using a low center frequency sending transducer or a thick plate.

Owing to the anisotropy of composite laminates, there are energy flux deviations
in Lamb waves as in the case of body waves propagating in composite materials
[38,39]. Thus, one must take into account this phenomenon of energy flux deviation

while measuring Lamb wave phase velocities in composite laminates [16,28].

3.4 Results and Discussion

The previous sections have provided the exact solutions for antisymmetric Lamb
waves propagating in transversely isotropic plates and the approximate solutions ob-
tained by shear deformation theory for antisymmetric Lamb waves traveling in com-
posite laminates. An AS-4(Gr)/Pr 288 [0], graphite/epoxy composite plate supplied
by General Electric can be treated approximately as a transversely isotropic plate with
the axis of symmetry in the fiber direction. The lamina properties of AS-4(Gr)/Pr 288
graphite/epoxy are E,, = 18.30 x 10® 1b/in? ( 1.26 x 10? GPa) , E, = 1.30 x 10¢ 1b/in?
(8.96GPa) , G,,= G;= 0.66x 10° Ib/in* (4.55GPa) , Gy= 0.56 x 10¢ 1b/in?
(3.86GPa), v,;=v,;=0.32 and p = 1.487 x 10* Ibf-sec?/in* ( 1,589 kg/m?) . Since the
data obtained using the experimental approach outlined above are mostly on the
lowest antisymmetric and the lowest symmetric branches of the Lamb wave dispersion

curves, the two lowest branches are used to characterize composite laminates. All the
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experimental data were taken with wavelengths which are much larger than the

thickness of the plate; thus the interfaces between plics can be neglected.

In Figure 7, the lowest branch of the dispersion curves from the exact solution (ES)
for antisymmetric Lamb waves traveling in the fiber direction of the [0],
graphite/epoxy laminate is plotted along with the numerical solutions obtained by the
shear deformation theory with different values of shear correction factor A2 for the
[0]; laminate. The exact solution (ES) for waves propagating perpendicular to the fi-
ber direction and the shear deformation theory solutions with different values of 4} for
the [0], laminate are shown in Figure 8. Judging from these two figures, it is accept-
able to assume that k2= k3= 5/6 for this unidircctional graphite/cpoxy composite
laminate in the low frequency, long wavelength range. Experimental data are com-
pared with the results obtained by the classical plate theory (CPT) [18,25,26], the exact
solution (ES) and the shear deformation theory (SDT) with A} = k? = 5/6 in Figures 9
and 10 for waves propagating parallel and perpendicular to the fiber direction, re-

spectively.

In order to apply the shear deformation theory to multi-ply laminated composite
plates, the selection of appropriate values for the shear correction factors is necessary.
Chow [40] and Whitney [41], using a procedure which follows the approach of
Reissner [42] for homogeneous isotropic plates, have determined 4} and 42 for cross-ply
laminates under static cylindrical bending. In general, &} and 4} have different values
for symmetric laminates. The same procedure can be applied to symmetric quasi-
isotropic laminates. It has been shown that the factors calculated from static cylin-
drical bending yield a good approximation to the exact solution for cross-ply laminates

subjected to static or buckling loading [41,43]. Using this approach, the values of the
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Figure 7. Theoretical dispersion curves for antisymmetric Lamb waves propagating along the
fiber direction of a [0]s graphite/epoxy laminate. ( 1 in/sec = 0.0254 m/sec )
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Figure 8. Theoretical dispersion curves for antisymmetric Lamb waves propagating perpen-
dicular to the fiber direction of a [0]s graphite/epoxy laminate. ( 1 in/sec = 0.0254

m/sec )
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Figure 9. Dispersion curves for antisymmetric Lamb waves propagating along the fiber di-
rection of a [0]s graphite/cpoxy laminate. ( 1 in/sec = 0.0254 m/sec )
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Figure 10. Dispersion curves for antisymmetric Lamb waves propagating perpendicular to the

fiber direction of a [0]s graphitc/epoxy laminate. ( 1 infsec = 0.0254 m/sec )
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shear correction factors are found to be 5/6 for homogeneous isotropic plates. This
is the classic value determined by Reissner [42]. For unidirectional composite lami-
nates, the same value of 5/6 is obtained for the shear correction factors. Thus, this is
consistent with our results for antisymmetric Lamb waves propagating in the [0],
composite plate. For a [0/90], cross-ply graphite/epoxy laminate, we obtain
k? =0.8607 and k2 =0.7133, and for a [0/45/90/-45], quasi-isotropic laminate, we have
k3 =0.8837 and &} = 0.6462 (sce Appendix B).

The results of the classical plate theory (CPT) [18,25,26] and the shear deformation
theory (SDT) with the shear correction factors calculated from static cylindrical
bending together with the experimental data are plotted in Figures 11 and 12 for the
[0/90],, cross-ply laminate. Figures 13 and 14 show the results for the symmetric
quasi-isotropic laminate. For these laminates the experimental data for antisymmetric
Lamb waves traveling in the x direction (i.e., the 0° direction) are slightly below our
predicted curves obtained by the shear deformation thcory, while the data for the y
direction are slightly above our predicted dispersion curves. Figure 1S shows the re-
sults for a 6061-T4 aluminum plate. It is suspected that the shear correction factors
for static cylindrical bending are not preciscly applicable to the cross-ply and quasi-
isotropic laminates and cause the predicted dispersion curves to deviate from the data
since the transverse shear strain distributions in these cases are more complicated.
Using a higher order shear deformation theory may improve the results. With regard
to the validity of cylindrical bending in our experimental method, there is excellent
correlation between the experimental data and the theoretical results in the aluminum
plate and the unidirectional laminate, which suggests that the cylindrical bending as-
sumption is appropriate for these cases. Other factors, such as the combined effects

of residual thermal stresses and the bimodulus character of composite materials, may
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Figure 11. Dispersion curves for antisymmetric Lamb waves propagating along the x axis of
a |0/90];s graphite/epoxy laminate. ( 1 in/sec = 0.0254 m/sec )
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Figure 12. Dispersion curves for antisymmetric Lamb waves propagating along the y axis of

a |0/90]2s graphite/epoxy laminate. ( 1 in/sec = 0.0254 m/sec )
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Figure 13. Dispersion curves for antisymmetric Lamb waves propagating along the x axis of
a [0/45/90/-45]s graphite/epoxy laminate. ( 1 in/sec = 0.0254 m/sec )
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Figure 14. Dispersion curves for antisymmetric Lamb waves propagating along the y axis of
a [0/45/90/-45]s graphite/epoxy laminate. ( 1 in/sec = 0.0254 m/sec )
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Figure 15. Dispersion curves for antisymmetric Lamb wave propagation in a 6061-T4 alumi-
num plate. ( 1 in/sec = 0.0254 m/sec )
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also contribute to the deviation between the theory and the data. Further investi-

gation is necded to identify the source of the deviation.

It is apparent that the effects of transverse shear deformation and rotary inertia are
significant in laminated composite plates while the effects are relatively small in alu-
minum plates. For thin aluminum plates, in addition to the small thickness A , if the
region of interest is in the low frequency, long wavelength range, the classical plate
theory can be used instead of the shear deformation theory without much discrepan-
cies. Surprisingly, in Figure 10, the inclusion of transverse shear deformation and ro-
tary inertia in the plate theory has relatively little effect on the results of waves
propagating perpendicular to the fiber direction in the [0], graphite/epoxy composite
plate. That is, there is little deviation from classical plate theory. This is a special
situation for laminated compositc plates because the ratio between the transverse
shear modulus and the Young's modulus perpendicular to the fiber direction for this
transversely isotropic plate and the similar ratio for the isotropic aluminum plate are
of the same order of magnitude. Thus, the effects of transverse shear deformation and

rotary inertia are relatively small as in the case of the aluminum plate in Figure 185.

Finally, the characteristic equation derived from the shear deformation theory has
three distinct roots, however, only one approaches zero circular frequency as the wave
number approaches zero. This is the root corresponding to the lowest antisymmetric
branch of the dispersion curves for Lamb waves and is the one shown in the figures.
In the case of waves propagating parallel or perpendicular to the fiber direction in the
[0]; graphite/epoxy composite plate, this lowest root from the shear deformation the-
ory with a static bending shear correction factor begins to deviate from the lowest

branch of the exact solution as kA becomes large. A different value of shear correction
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factor is nceded to correct the deviation. In addition, one of the two remaining roots
correctly predicts the cut-off frequency of the second lowest antisymmetric branch.
Similar results have been reported by Mindlin [32,34] for isotropic plates. The dis-
placement field in the Yang, Norris and Stavsky approach is a one term approxi-
mation of the power series expansion of the displacement field in the elasticity
approach for transversely isotropic plates. Using a higher order approximation may
improve the results for transversely isotropic plates as well as the results for composite

laminates.
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IV. SYMMETRIC LAMB MODES

4.1 Shear Deformation Theory

The equations obtained from the shear deformation theory for the symmetric Lamb
modes are not as complicated as the equations for the antisymmetric Lamb modes.
Using the same procedure as in the antisymmetric Lamb modes and equation (8), the
relations governing the lowest symmetric Lamb modes for symmetric cross-ply and

quasi-isotropic laminates are:

A k2 —pw? =0, (31)
for wave propagation in the x direction, and,

Ayk* = 50? =0, (32)

for wave propagation in the y direction, where & is the wave number, w is the circular

frequency, A, are the extensional stiffnesses, p = [ ’;'//zzpdz and p is the mass density.
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It is easy to reconize that the equation is linear; this implies that the wave is

nondispersive.

4.2 Exact Solutions for Transversely Isotropic Plates

The approach used to obtain the exact solutions for the antisymmetric Lamb
modes in the transversely isotropic plates can be used to obtain the exact solutions for
the symmetric Lamb modes. In this case, the lateral displacement w must be an odd

function of z, while the in-plane displacements u and v must be even in z.

The equations for the symmetric Lamb modes are similar to the equations for the
antisymmetric Lamb modes. The governing equation for the symmetric Lamb modes

in the x direction is

(G + Clz!’z2 - PVZ)[Clz(Clz + Css) = Cy5(Cyy = Csspi — pv*)]p, tanh kp,(h[2)

(33)
-(Ch + C12P12 - PVZ)[Cn(Clz + Css) — Cyo(Cyy = Cssl’z2 - PVZ)]Pz tanh kp;(h/2) =0
with p? and p? satisfying the equation
(C1y = Cssp® — pv*)(Css = Cpp® — pv?) + (Cyy + Css)p* =0 (34)

which looks almost identical to the equation governing the antisymmetric Lamb

modes

(Cyy + Craps = oY) C1o(Cyp + Css) = Cop(Cyy = Csspi — pv?)Ip, tanh kpy(h/2)

28)
= (Cyy + Cpapf = pv))[C15(Ca + Css) — Cp(Cyy = Cssps — pv*)p, tanh kpy(h[2) =0
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with p? and p? satisfying the equation

(Cyy — Cssp” — pv?)(Css — Cpap® — pv)) + (Cy + Cs5)’p* =0
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V. DISPERSION CURVES OF LAMB WAVES

Now, we have the approximate solutions from the shear deformation theory for
both symmetric and antisymmetric Lamb modes in multilayered laminates and the
exact solution for transversely isotropic plates. In order to test their validity, the

theoretical solutions are compared with experimental data.

5.1 Exact Solutions

Lamb wave dispersion curves and experimental data for Lamb wave propagation
parallel and perpendicular to the fiber direction of a unidirectional, AS-4(Gr)/Pr 288,
graphite/epoxy composite plate are shown in Figures 16 and 17, respectively. The
data obtained using the experimental procedure are mostly on the lowest antisym-
metric and the lowest symmetric branches of the Lamb wave dispersion curves, al-

though there is some cross over to higher order modes for the higher frequencies. For
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Figure 16. Lamb wave dispersion curves for wave propagation along the fiber direction of a
unidirectional laminate.
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Figure 17. Lamb wave dispersion curves for wave propagation perpendicular to the fiber di-
rection of a unidirectional laminate.




simplicity, we call the Lamb wave dispersion curves for Lamb wave propagation along
the fiber direction of the unidirectional laminate the 0° dispersion curves, and the
dispersion curves for wave propagation perpendicular to the fiber direction the 90°
dispersion curves. The Lamb wave dispersion curves for multilayered composite lam-
inates other than unidirectional laminates are unavailable since the clasticity formu-
lation for Lamb wave propagation in multilayered composite laminates is -not
explicitly solvable. However, it is reasonable to assume that the dispersion curves for
symmetric laminates of AS-4(Gr)/Pr 288, including the dispersion curves for wave
propagation at an angle with the fiber direction of the unidirectional laminate, are
bounded between the 0° dispersion curves and the 90° dispersion curves, with the 0°
dispersion curves as the upper limit and the 90° dispersion curves as the lower limit.
Figure 18 shows the regions where the lowest symmetric and antisymmetric modes of
an AS-4(Gr)/Pr 288 graphite/epoxy symmetric laminate are most likely located. The
regions for the second lowest symmetric and antisymmetric branches are shown in

Figures 19 and 20, respectively.

5.2 Approximate Theory

Since the exact solution for multilayered laminates is not available, we turn our
attention to our approximate theory, which holds for the low frequency, long wave-
length region. Figures 21 and 22 show the results from the shear deformation theory
(SDT), the lowest symmetric modes (S,) and the lowest antisymmetric modes (4,) for
the exact solution from the theory of elasticity and the experimental data for the

unidirectional laminate. It is apparent that the SDT dispersion relation is consistent
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Figure 19. Region of the second lowest symmetric modes for symmetric laminates.
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Figure 20. Region of the sccond lowest antisymmetric modes for symmetric laminates.
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Figure 21. Theoretical results and data for Lamb wave propagation along the fiber direction
of a unidirectional laminate.
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Figure 22. Theoretical results and data for Lamb wave propagation perpendicular to the fiber
direction of a unidirectional laminate.



with the lowest antisymmetric branch, while the SDT nondispersion relation repres-
ents only the linear long wavelength portion of the lowest symmetric mode. In order
to compare the nondispersion relation with the experimental data in the case where
an elasticity solution is not available (i.e., for the multidirectional laminates), care
must be taken to make sure that the data used for comparison belong to the lincar
long wavelength portion of the lowest symmetric mode instead of any higher order
modes or other portions of the lowest symmetric mode. From Figure 22, the lowest
symmetric mode of the 90° dispersion curves begins to deviate significantly from a
straight line at 1,000 m/sec, while the corresponding value for the 0° dispersion curves
is 1,200 m/sec (Figure 21). Hence, for the case of symmetric laminates, the corre-
sponding values are probably in between 1,000 m/sec and 1,200 m/sec, in keeping with
our assumption that the 0° and 90° dispersion curves represent the limits of the re-
spective ranges. For symmetric composite laminates of AS-4(Gr)/Pr 288
graphite/epoxy, we assume that any data which are taken after the abrupt change in
the phase velocity takes place, and below 1,000 m/sec, belong to the linear long
wavelength region of the lowest symmetric mode. Thus, we can compare these data
with the nondispersion relation which represents the linear long wavelength portion

theoretically.

Figures 23-26 show the results from the shear deformation theory (SDT) and the
experimental data for a symmetric cross-ply laminate and a symmetric quasi-isotropic
laminate. Figure 27 shows the results for an aluminum plate. There is agreement
between the experimental data and the results from the shear deformation theory,
which suggests that the shear deformation theory works for the lowest symmetric and
antisymmetric modes in the low frequency, long wavelength region. Data for the

lowest symmetric mode at lower frequencies can be generated by a modified exper-
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Figure 23. Theoretical results and data for low frequency Lamb wave propagation in the x

direction of a [0/90];s laminate.
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Figure 24. Theoretical results and data for low frequency Lamb wave propagation in the y

direction of a [0/90];s laminate.
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Figure 25. Theoretical results and data for low frequency Lamb wave propagation in the x

direction of a [0/45/90/-45]s laminate.
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Figure 26. Theoretical results and data for low frequency Lamb wave propagation in the y

direction of a [0/45/90/-45]s laminate.
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Figure 27. Theoretical results and data for low frequency Lamb wave propagation in a
6061-T4 aluminum plate.
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imental approach. In this approach, the sending transducer in Figure 4 is placed at
the edge of the plate. Figure 28 shows that the results from the shear deformation
theory for the symmetric cross-ply and quasi-isotropic laminates are in between the

upper limit and the lower limit, and this is what we expected.
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Figure 28. Upper and lower limits of approximate solutions.
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VI. APPLICATION TO MONITOR AXIAL

STIFFNESS REDUCTION

Lamb waves may be the most adequate nondestructive means to interrogate com-
posite plates. Lamb waves have been used to evaluate delamination and porosity in
composite plates in a C-scan type of operation [21]. Mcasurement of Lamb wave at-
tenuation is another way to evaluate damage. We are interested in relating stiffness
reduction of composite laminates caused by damage to the change in Lamb wave ve-

locity.

6.1 Stiffness Reduction

In Figure 29, experimental data are compared with theoretical results from the

shear deformation theory (SDT) in the low frequency, long wavelength region for a
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Figure 29. Data and theoretical results from the shear deformation theory (SDT) for a

|0/90]2s graphite/epoxy laminate.
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[0/90],, graphite/epoxy laminate. The shear deformation theory is shown to work well
in the low frequency, long wavelength region in Chapter 4. By applying load in the
0° direction of the [0/90],, laminate, transverse cracks are developed in the 90° plies
as illustrated graphically in Figure 30. These transverse cracks degrade the laminate
and reduce the laminate stiffnesses. To account for the stiffness reduction caused by
the damage, the ply discount method is used to analyze the damaged laminate. By
setting E; = G,; = Gy = 0 for the cracked plies in the ply discount method, the re-
sulting theoretical dispersion curves for Lamb wave propagation in the 0° direction
drop relatively as shown in Figure 31. The lower curve which represents the lowest
antisymmetric mode is more sensitive to the stiffness reduction of the laminate since
it changes more significantly in comparison with the upper curve after the introduction
of cracks. In Figure 32, the changes of the theoretical dispersion curves are more

dramatic for a [90/90/90/0], laminate.

However, in practice, we do not expect the dispersion curves to drop as much as
is shown in Figures 31 and 32, even when the 90° plies are fully degraded. Actually,
a ply with cracks does not mean that it can no longer carry load and this is not the
same as having it completely removed from the laminate. The cracked ply continues
to contribute to the stiffnesses of the laminate. To create cracks in the 90° plies and
to cause stiffness reduction, a [90/90/90/0], graphite/epoxy laminate was bent around

a 10 in. diameter cylinder.

Experimental data before damage and after damage are shown in Figure 33. There
are some small changes in the experimental dispersion curves for the antisymmetric
mode before and after damage. In Figure 34, the previous data for the antisymmetric

mode together with new data obtained after further damaging the laminate by bending
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Figure 31. Theoretical dispersion curves for Lamb wave propagation in the 0° direction of a
[0/90]2s laminate.
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Figure 32. Theoretical dispersion curves for Lamb wave propagation in the 0° direction of a
[90/90/90/0}s laminate.
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Figure 34. Experimental data for the lowest antisymmetric Lamb mode in the 0° direction of
a [90/90/90/0]s graphite/epoxy laminate.
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the plate around a 7 in. diameter cylinder are shown in a different scale. From this
figure, it can be concluded that the stiffness reduction caused by damage does indced
reduce the Lamb wave velocity. From observing the crack spacing in the laminate, it
was noted that the cracked plies had not reached their characteristic damage state,
even after bending around the 7 in. diameter cylinder. More cracks can be introduced
into the 90° plies before a saturated spacing is attaincd. A final comment is that, in
order to measure the global effect of the cracks instead of their local effect, it is nec-
essary that the wavelength of the Lamb waves be very long in comparison with the
crack spacing. Hence, experimental measurements are restricted to the low frequency,

long wavelength region.

6.2 Modified Method

Although the previous method successfully gives data that indicate the drop of the
dispersion curve with stiffness reduction caused by damage, the method is not gener-
ally suitable to use to measure wave propagation in cracked laminates since the cracks
in the laminates scatter and reflect waves at their surfaces. These scattered and re-
flected waves confuse the receiving signal and make it very difficult to follow the signal
while moving the receiving transducer. Consequently, a modified method was used to
obtain experimental data. In this modified method, instead of moving the receiving
transducer a known distance, two transducers with piezoelectric elements of 0.053 in.
diameter are used as receivers. These two receivers are separated by a known distance
in the direction of the phase velocity. The two receiving signals are overlapped on the

oscilloscope by imposing a time delay on the first received signal. From the time delay
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and the known distance separating the receiving transducers, the same information

can be obtained as before.

Figure 35 shows the arrangement of the modified method. The two receiving
transducers are held by a fixture which sets them apart by a fixed distance. In the
experiment, the two receivers are 1/2 to 1 inch apart with the distance between the
transducers determined so as the phase shift between the two recciving signals is small
and the corresponding phase points are easy to identify. The experimental results are
also checked against the data obtained from the original method to ensure that the

correct phase points are identified and overlapped.

In order to maintain the stress free boundary conditions, the fixture holding the
transducers is supported so that it does not come into contact with the laminate sur-
face. Also, the receivers are held in position so as to be barely touching the surface
of the composite laminate. Water soluble couplant connects the receivers to the
laminate. The use of small size receiving transducers and the fixture have the advan-
tages of getting pointwise information and maintaining virtually traction-frece bound-
ary conditions at the surfaces. Moreover, using this technique, rather than an
immersion technique, strongly reduces the transmission of leaky Lamb waves out of
the laminates. The modified method eliminates the difficulty of following the signal
while moving the receiving transducer, thus making it easier to obtain experimental

data.
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6.3 Woven Materials

Two different layups of 8-harness satin woven composite materials were used to
further study the relation between Lamb waves and axial stiffness reduction of com-
posite laminates. To bring about damage and stiffness reduction, woven Celion
3000/PMR-15 graphite/polyimide composite laminates of [0/45/0/45/0/45], and [0],,
were put under tension-tension fatigue loading in the 0° dircction at a maximum stress
level of 75% of the tensile strength with the ratio of minimum to maximum load of
0.1. Two [0/45/0/45/0/4S], specimens were subjected to 70,000 and 370,000 fatigue
cycles, respectively, and had axial stiffness reductions of 4.9% and 7.7%. In addition,
experimental data of the lowest antisymmetric Lamb mode in the 0° direction were
obtained before and after axial stiffness changes for the two specimens. Their
dispersion curves are shown in Figure 36. From these dispersion curves, it is clear that
the lowest antisymmetric Lamb mode can detect axial stiffness changes in composite
laminates. Penectrant-enhanced X-ray radiographs of both specimens are shown in
Figures 37 and 38. The thick dark lines are Kevlar tracer fibers used by the man-
ufacturer to check ply orientations during layup. Cracks are spaced uniformly and are
very densely populated in these specimens. The evidence of the onset of edge delam-
ination can be seen in Figure 38. The [0],, specimen was fatigued to 400,000 cycles
and was close to the final stage of its life, but had only a 3% axial stiffness reduction.

Very small changes in the dispersion curve is observed in Figure 39.
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Figure 36. Experimental data for the lowest antisymmetric Lamb mode in the 0° direction of
two [0/45/0/45/0/45)s woven graphite/polyimide specimens.
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Figure 37. X-ray radiograph of a [0/45/0/45/0/45]s woven graphite/polyimide specimen after
axial stiffness reduction of 4.9%.
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Figure 38. X-ray radiograph of a [0/45/0/45/0/45}s woven graphite/polyimide specimen after
axial stiffness reduction of 7.7%.
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Figure 39. Experimental data for the lowest antisymmetric Lamb mode in the 0° direction of
a |0],2 woven graphite/polyimide specimen.
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VII. CONCLUSIONS

The inclusion of shear deformation and rotary inertia in classical plate theory sig-
nificantly improves the theorctical dispersion curves for the low frequency antisym-
metric Lamb waves propagating in composite laminates, but has relatively little effect
on isotropic aluminum plates which are modeled quite well at long wavelengths by the
classical plate theory. The shear correction factors for static cylindrical bending are
applicable to the problem of low frcqucncy,%long wavelength antisymmetric Lamb
wave propagation in isotropic plates and unidirectional laminates. Using a higher
order approximation of the displacement field may improve our results and the pre-
diction of the higher order modes for transversely isotropic plates and composite
laminates. Experimental data for the dispersion curves are obtained by using a simple
method similar in configuration to the acousto-ultrasonic technique. For the anti-
symmetric Lamb modes, the experimental daté; and the theoretical results in the alu-
minum plate and the unidirectional laminate agree quite well. The data for the
symmetric cross-ply and the symmetric quasi-isotropic laminates definitely have the

characteristic of a dispersion curve for antisymmetric Lamb waves.
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From the comparison between the experii‘nental data and the exact solutions for
the unidirectional laminate and the aluminum plate of both modes, we conclude that
this method for measuring Lamb wave phase‘velocities can be used to obtain data for
the Lamb wave dispersion curves, especially for the lowest symmetric and antisym-
metric modes. The exact solution for Lamb wave propagation in multilayered com-
posite laminates is not available. However, the Lamb wave dispersion curves for
symmetric laminates are probably bounded between the 0° dispersion curves and the
90° dispersion curves, with the 0° dispersionl curves as the upper limit and the 90°
dispersion curves as the lower limit. There is good correlation between the exact sol-
utions and the solutions from the shear dcformation theory in the low frequency, long
wavelength region of the lowest symmetric and antisymmetric rﬁodcs for the
unidirectional laminate and the aluminum plate. Agreement is also found in the ex-
perimental data and the solutions from the shear deformation theory for the symmet-
ric cross-ply and quasi-isotropic laminates. Thus, these results suggest that the shear
deformation theory works in the low frequency, long wavelength region of the lowest
symmetric and antisymmetric modes. Finally, the solutions from the shear deforma-
tion theory for the symmetric cross-ply and quasi-isotropic laminates are bounded
between the upper limit and the lower limit set by the unidirectional laminate results,

as we expected.

Lamb waves may be the most adequate nondestructive means to interrogate and
to evaluate damage in the in-plane directions of laminated composite plates. Damage
in the form of transverse cracks in composite laminates reduces the phase velocities

of the Lamb modes. The experimental procedure of generating and detecting the
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lowest antisymmetric Lamb mode can be used to monitor axial stiffness reduction of
composite laminates caused by damage. Furthermore, the modified method improves
the efficiency of obtaining experimental data and works extremely well in the case of
cracked laminates since there is no need to move the receiver and to follow the re-
ceiving signal. However, more sophisticated electronic equipment is required to im-
prove the accuracy of the results and the sensitivity of the experimental technique to

detect small axial stiffness changes.

The results of the present work indicate that the shear deformation theory can be
usced to model the low frequency, long wavelength region of the lowest symmetric and
antisymmetric modes for composite laminates. The experimental procedure for
measuring phase velocities of the lowest symmetric and antisymmetric modes can be
utilized as a nondestructive means to characterize laminated composite plates since
each material and stacking sequence gives distinct lowest symmetric and antisymmet-
ric curves. The lowest antisymmetric Lamb mode is sensitive to damage in composite

laminates, and is capable of monitoring axial stiffness reduction in these materials.
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APPENDIX A

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

THIS COMPUTER PROGRAM IS DESIGNED TO CALCULATE
LAMINATE STIFFNESS MATRICES FOR ANY ARBITRARY
LAMINATE.

VARIABLES:
ELLE2 = YOUNG'S MODULI
V12 = POISSON’S RATIO
G12,G13,G23 = SHEAR MODULI
N = THE NUMBER OF LAYERS
Z(1) = THE DISTANCE FROM THE MIDDLE
SURFACE TO THE INTERFACE
ANGLE(I) = ANGLE OF PLY ORIENTATION
INPUT:
LINE I: E1LE2,V12,G12,G13,G23
LINE 2: N
LINE 3: Z(1)
LINE 4: ANGLE(])
OUTPUT:
A, B, AND D MATRICES

elelvieieieoleloioivcielieivieielieololeieieiniole!

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

IMPLICIT REAL*8 (A-H,0-Z)
DIMENSION A(3,3),B(3,3),D(3,3),Q(3,3),QBAR(3,3),Z(41),ANGLE(40)
DIMENSION A4455(2,2),QB45(2,2)

BEGIN TO READ INPUT DATA

annnon

READ(S5,*)E1,E2,V12,G12,G13,G23
READ(S,*)N

NN=N+1

READ(S,*}Z(I),I = 1,NN)
READ(S5,*)(ANGLE(I),l = 1,N)

a0
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C INITIALIZE MATRICES

an

10 QBAR(I,J)=0.0
DO 171=1,2
DO 17J=1.2
A4455(1,J)=0.0
QB45(1,J)=0.0

b
~

CALCULATE Q MATRIX

annnon

V21=VI2*E2/El
Q(1,1)=E1/(1.-V12*V21)
Q(1,2)=V21*Q(1,1)
Q(1,3)=0.0
Q(2,1)=Q(1,2)
Q(2,2)=Q(1,1)*E2/El
Q(2,3)=0.0

Q(3,1)=0.0

Q(3,2)=0.0
Q(3,3)=GI12

BEGIN LOOP TO CALCULATE A, B, AND D MATRICES

DO 20 K=1,N

CALCULATE QBAR MATRIX OF THE KTH LAYER

anOnn an0n0nnon

CALL CQBAR(Q,ANGLE(K),QBAR)
CALL CQ4455(G13,G23,QB45,ANGLE(K))

PRINT [QB45] MATRIX OF THE KTH LAYER

ololelele)

WRITE(6,70)K

FORMAT(////,’ THE QB45 MATRIX OF THE ",12, LAYER IS :",/})
DO 80 I=1,2
80 WRITE(6,277)(QB45(1,J),J = 1,2)

<
S
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277 FORMAT(20X,2(1PE11.4,3X),/)

C
C
C ACCUMULATE VALUES OF A4455 MATRIX FROM EACH LAYERS
C
C

DO271=1,2
DO 27J=1,
27 A4455(1,J)= Add55(1,J) + QBAS(1J)*(Z(K + 1)-Z(K))
C
C
C ACCUMULATE VALUES OF A, B, AND D MATRICES
C FROM EACH LAYERS
C
C
DO 20 I=1,3
DO 20 J=1,3
A(1J)=A(1J) + QBAR(I1)*(Z(K + 1)-Z(K))
B(1,J)=B(1,] *QBAR(I,))*(Z(K + 1)**2-Z(K)**2)

J) + 0.5
20 D(IJ)=D(J) + (1./73)*QBAR(LI)*(Z(K + 1)**3-Z(K)**3)

C
C
C PRINT A, B, AND D MATRICES
C
C

WRITE(6,100)
100  FORMAT(////, THE EXTENSIONAL STIFFNESSES A(1,J) ARE :",//)
DO 1101=1,3
110 WRITE(6,200(A(1,J),J = 1,3)
WRITE(6,120)
120  FORMAT(////, THE COUPLING STIFFNESSES B(1,J) ARE :",//)
DO 130 1=1,3
130 WRITE(6,200)(B(1,J),J=1,3)
WRITE(6,140)
140 FORMAT(///!/, THE BENDING STIFFNESSES D(1,J) ARE +',//)
DO 150 I=1,3
150 WRITE(6,200)(D(I,J),J = 1,3)
200 FORMAT(20X,3(1PE11.4,3X),/)
WRITE(6,177)
177 FORMAT(////, THE EXTENSIONAL STIFFNESSES A4455 ARE :",//)
DO 147 1=1,2
147 WRITE(6,277)(A4455(1,3)J=1,2)
STOP
END

SUBROUTINE CQ4455(G13,G23,QB45,ANGLE)
IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION QB45(2,2)
ANG=ANGLE*3.14159/180.
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C=DCOS(ANG)
S=DSIN(ANG)

C2=C*C

S2=5*S

QB45(1,1)= G23*C2 + G13*S2
QBA45(1,2)= (G23-G13)*C*S
QB45(2,1)= QB45(1,2)
QB45(2,2)=G13*C2 + G23*S2
RETURN

END

SUBROUTINE CQBAR(Q,ANGLE,QBAR)

IMPLICIT REAL*8 (A-H,0-2)

DIMENSION Q(3,3),QBAR(3,3)

ANG = ANGLE*3.14159/180.

C=DCOS(ANG)

S=DSIN(ANG)

C2=C*C

S2=S§*S

C4=C2*C2

Sd=1S§2*S2

QBAR(1,1)=Q(1,1)*Cd + 2+(Q(1,2)+2*Q(3,3))*S2*C2 + Q(2,2)*S4

QBAR(1,2)=(Q(1,1)+ Q(2,2)-47Q(3,3))*S2*C2 + Q(1,2)*(S4+ C4)

QBAR(1,3)=(Q(1.1)-Q(1,2)-27Q(3,3))*S*C*C2

+ + (Q(1,2)-Q(2,2) +2*Q(3,3))*S*S2*C

QBAR(2,1)= QBAR(1,2)

QBAR(2,2)= Q(1,1)*S4 + 2%(Q(1,2)+2*Q(3,3))*S2*C2 + Q(2,2)*C4

QBAR(2,3)=(Q(1,1)-Q(1,2)-2*Q(3,3))*S*S2*C

+ + (Q(1,2)-Q(2,2) +2%Q(3,3))*S*C*C2

QBAR(3,1)= QBAR(1,3)

QBAR(3,2)= QBAR(2,3)

QBAR(B 3)=(Q(I, l)+Q(2 2)-2*Q(1,2)-2*Q(3,3))*S2*C2 + Q(3,3)*(S4+ C4)
ETU

E\D

APPENDIX A



APPENDIX B

...................................................................

THIS COMPUTER PROGRAM IS DESIGNED TO CALCULATE
THE SHEAR CORRECTION FACTORS FOR SYMMETRIC
CROSS-PLY AND SYMMETRIC QUASI-ISOTROPIC
LAMINATES UNDER STATIC CYLINDRICAL BENDING.

VARIABLES:
ELLE2 = YOUNG’'S MODULI
V12 = POISSON’'S RATIO
G12,G13,G23 = SHEAR MODULI
N = THE NUMBER OF LAYERS
Z(1) = THE DISTANCE FROM THE MIDDLE
SURFACE TO THE INTERFACE
ANGLE(I) = ANGLE OF PLY ORIENTATION
INPUT:
LINE I: E1,LE2,V12,G12,G13,G23
LINE 2: N
LINE 3: Z(1)
LINE 4: ANGLE(I)
OUTPUT:
SHEAR CORRECTION FACTORS

elololelsieleielisivciclsieiciclieloieioiolsigiele)

...................................................................

IMPLICIT REAL*8 (A-H,0-Z)
DIMENSION A(3,3),B(3,3),D(3,3),Q(3,3),QBAR(16,3,3),Z(17), ANGLE(16)
DIMENSION A4455(2,2),QB45(16,2,2)
READ(S,*)E1,E2,V12,G12,G13,G23
READ(S,*)N

NN=N+1

READ(5,*}Z(1),] = 1,NN)
READ(5,*)(ANGLE(I),l = I,N)

DO 101=1,3

DO 10J=1,3

A(1J)=0.0

B(1,J)=0.0

D(1,J)=0.0

Q(1,J)=0.0
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DO 10 K=1,16
10 QBAR(K,IJ)=0.0

DO 171=1,2

DO 17J=1.2

Ad455(1,3)=0.0

DO 17 K=1,16
17 QB45(K,1,J)=0.0

V21=VI12*E2/El

Q(1,1)=E1/(1.-V12*V21)

Q(1,2)=V21*Q(1,1)

Q(1,3)=0.0

Q(2,1)=Q(1,2)

Q(2,2)=Q(1,1)*E2/EI

Q(2,3)=0.0

Q(3,1)=0.0

Q(3,2)=0.0

Q(3,3)=GI2

DO 20 K=1,N

CALL CQBAR(Q,ANGLE(K),QBAR,K)

CALL CQ4455(G13,G23,QB45,ANGLE(K),K)

DO 271=1,2

DO 27J=1,2
27 A4455(1,J)= Add55(1,)) + QBAS(K,II)*Z(K + 1)-Z(K))
DO 20 1=1,3
DO 20J=1,3
A(1J)=A(J) + QBAR(K,IJ)*Z(K + 1)-Z(K))
B(1,J)=B(I,J) + 0.5*QBAR(K,I,J)*(Z(K + 1)**2-Z(K)**2)
D(1.J)=D(1,J) + (1./3.)*QBAR(K,I,J)*(Z(K + 1)**3-Z(K)**3)

CALCULATE K52

nOannAar

XXA =-0.5D0*QBAR(1,1,1)
XXB=0.5D0*QBAR(1,1,1)*Z(1)*Z(1)
ALPHA = (XXA*XXA)/(QB45(1,2,2))
BETA = (2.D0*XXA*XXB)/(QB45(1,2,2))
GAMMA = (XXB*XXB)/(QB45(1,2,2))
SUM = (ALPHA*0.2D0*(Z(2)**5-Z(1)**5))
+  +(BETA*(Z(2)**3-Z(1)**3)/(3.D0))
+  +(GAMMA*(Z(2)-Z(1)))
DO 1000 K=2,N
KK =K-1
XXA =-0.5D0*QBAR(K,1,1)
XXB=(-0.5D0*(QBAR(KK,1,1)-QBAR(K,1,1))*Z(K)*Z(K)) + XXB
ALPHA = (XXA*XXA)/(QB45(K,2,2))
BETA = (2.D0*XXA*XXB)/(QB45(K,2,2))
GAMMA = (XXB*XXB)/(QB45(K,2,2))

1000 SUM = ((ALPHA*0.2D0*(Z(K + 1)**5-Z(K)**5))
+  +(BETA%Z(K + 1)**3-Z(K)**3)/(3.D0))
+  +(GAMMA®*Z(K + 1)-Z(K)))) + SUM
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XXK52=D(1,1)*D(1,1)/(A4455(2,2)*SUM)

PRINT K52

olololole!

WRITE(6,1200)XXK 52
1200 FORMAT(////,, THE SHEAR CORRECTION FACTOR K52 IS,
+F7.4,//)

CALCULATE K42

olpleleole!

XXA = -0.5D0*QBAR(1,2,2)
XXB=0.5D0*QBAR(1,2,2)*Z(1)*Z(1)
ALPHA = (XXA*XXA)/(QB45(1,1,1))
BETA = (2.D0*XXA*XXB)/(QB45(1,1,1))
GAMMA = (XXB*XXB)/(QB45(1,1,1))
SUM = (ALPHA*0.2D0%(Z(2)**5-Z(1)**5))
+  +(BETA*Z(2)**3-Z(1)**3)/(3.D0))
+  +(GAMMA*(Z(2)-Z(1)))
DO 1400 K =2,N
KK =K-1
XXA =-0.5D0*QBAR(K,2,2)
XXB=(-0.5D0*(QBAR(KK,2,2)-QBAR(K,2,2))*Z(K)*Z(K)) + XXB
ALPHA = (XXA*XXA)/(QB45(K,1,1))
BETA = (2.D0*XXA*XXB)/(QB45(K,1,1))
GAMMA = (XXB*XXB)/(QB45(K,1,1))
1400 SUM = ((ALPHA*0.2D0*(Z(K + 1)**5-Z(K)**5))
+  +(BETA*Z(K + 1)**3-Z(K)**3)/(3.D0))
+  +(GAMMAXZ(K+ 1)-Z(K)))) + SUM
XXK42=D(2,2)*D(2,2)/(A4455(1,1)*SUM)

PRINT K42

olololole!

WRITE(6,1600)XXK42
1600 FORMAT(////,, THE SHEAR CORRECTION FACTOR K42 IS ’,
+F14,/])
STOP
END

SUBROUTINE CQ4455(G13,G23,QB45,ANGLE,K)
IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION QB45(16,2,2)

ANG = ANGLE*3.14159/180.

C=DCOS(ANG)
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S=DSIN(ANG)

C2=C*C

S2=S*S

QB45(K,1,1)= G23*C2 + G13*S2
QB45(K,1,2)=(G23-G13)*C*S
QB45(K,2,1)= QB45(K,1.2)
QB45(K,2,2)=G13*C2 + G23*S2
RETURN

END

SUBROUTINE CQBAR(Q,ANGLE,QBAR,K)

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION Q(3,3).QBAR(16,3,3)

ANG = ANGLE*3.14159/180.

C=DCOS(ANG)

S=DSIN(ANG)

C2=C*C

S2=S*S

C4=C2*C2

S4=1S2%S2

QBAR(K,1,1)=Q(1,1)*C4 + 2*%(Q(1,2)+2*Q(3,3))*S2*C2 + Q(2,2)*S4
QBAR(K,1,2)=(Q(1,1)+ Q(2,2)-4*Q(3,3))*S2*C2 + Q(1,2)*(S4+ C4)
QBAR(K,1,3)=(Q(1,1)-Q(1,2)-2#*Q(3,3))*S*C*C2

+ + (Q(1,2)-Q(2,2) +2%Q(3,3))*$*52*C

QBAR(K,2,1)= QBAR(K,1,2)

QBAR(K,2,2)=Q(1,1)*84 + 2*(Q(1,2)+ 2*Q(3,3))*S2*C2 + Q(2,2)*C4
QBAR(K,2,3)=(Q(1,1)-Q(1,2)-2*Q(3,3))*S*S2*C

+ + (Q(1,2)-Q(2,2) +2*Q(3,3))*S*C*C2

QBAR(K,3,1)= QBAR(K,1,3)

QBAR(K,3,2)= QBAR(K,2,3)

QBAR(K,3,3)=

+ (Q(1,1)+Q(2,2)-2*Q(1,2)-2*Q(3,3))*S2*C2 + Q(3,3)*(S4+ C4)
RETURN

END
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